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PREFACE

The 9-th International Workshop on Complex Structures, Integrability
and Vector Fields was held at Sofia from August 25 to August 29, 2008.
Throughout the series of these Workshops we have always been trying to
keep intact with the top level achievements in the contemporary Complex
Analysis, Differential Geometry and Mathematical Physics without ignor-
ing their classical aspects.

With the years the overlap among different research areas in Mathemat-
ics and Physics has been increasing steadily. This reflected on the Workshop
by introducing the word Integrability in its title, thus including in its pro-
gramme a new research area deeply related to Mathematical Physics. Many
deep and innovative results were reported during the Workshop; most of
them are included in the present volume.

A new positive trend in the activity of the Workshop was the increased
number of young scientists from South Korea, Poland, Ireland and Bulgaria
as well. This may give further new breed and stream to the forthcoming
Workshops.

With this volume we are paying deep respect to Professor Pierre Dol-
beault from the Pierre et Marie Curie University, Paris. He participated in
the 3rd Workshop at St. Konstantin and Elena, nearby Varna, in 1996 and
was regarded as a teacher by many of the participants. We also congrat-
ulate Professor Julian Lawrynowicz from LodZ University, Poland for his
70-th birthday. Over the long years his regular and active participation has
contributed a lot for their success.

Last, but not least, the Editors express their deepest gratitude to Pro-
fessor T. Oguro for his constant outstanding co-operations and efforts in
the preparation of this volume.

The Editors
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A DISCRETE MODEL FOR KAHLER MAGNETIC FIELDS
ON A COMPLEX HYPERBOLIC SPACE

DEDICATED TO PROFESSOR TOSHIKAZU SUNADA ON THE OCCASION OF
HIS 60TH BIRTHDAY

TOSHIAKI ADACHI

Department of Mathematics, Nagoya Institute of Technology,
Nagoya, 466-8555, JAPAN
E-mail: adachi@nitech.ac.jp

In this article we propose discrete models of trajectories for Kéhler magnetic
fields. We consider regular graphs whose edges are colored by 2 colors and
compare the asymptotic behaviors of the number of prime cycles on them with
those of prime trajectory-cycles on compact quatients of complex hyperbolic
spaces.

Keywords: Kahler magnetic fields; Trajectories; Graphs; Prime cycles; Complex
hyperbolic spaces.

1. Introduction

A graph (V, E) is a 1-dimensional CW-complex which consists of a set V' of
vertices and a set E of edges. Graphs are frequently considered as discrete
models of Riemannian manifolds of negative curvatures. Paths on a graph
correspond to geodesics on a Riemannian manifold, and the adjacency ma-
trix which shows the position of edges corresponds to the Laplace-Bertrami
operator.

The aim of this paper is to propose a discrete model for Kéhler mani-
folds with K&hler magnetic fields. On a Kéhler manifold M with complex
structure J, we can consider Kahler magnetic fields which are constant
multiples of the K&hler form B;. A smooth curve v parameterized by its
arclength is said to be a trajectory for a Kéhler magnetic field By = kB
if it satisfies V54 = kJ7. Clearly, trajectories for a trivial Kahler magnetic

The author is partially supported by Grant-in-Aid for Scientific Research (C)
(No. 20540071) Japan Society of Promotion Science.
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field By are geodesics. The author has been studying some properties on
trajectories in connection with geometry of base manifolds, hence he is in-
terested in introducing their discrete models which correspond to discrete
models of geodesics on Riemannian manifolds. In this paper we consider
graphs whose edges are colored by 2 colors as such models and study the
asymptotic behavior of the number of prime cycles with respect to their
lengths.

2. Kéahler magnetic fields on complex hyperbolic spaces

In order to explain our standing position, we shall start by recalling some
properties of K&hler magnetic fields on a complex hyperbolic space CH™(c)
of constant holomorphic sectional curvature c¢. We denote by JCH™ the
ideal boundary of a Hadamard manifold CH"™. We say a trajectory - for
B, on CH™ is unbounded in both directions if both of the sets ([0, o))
and y((—o0,0]) are unbounded. We set y(00) = limy_o0 y(t), y(—00) =
lim;—,_ o y(t) € OCH™ if they exist. For a trajectory v with bounded image
we call it closed if there is a non-zero constant ¢, with (¢ + t.) = y(t) for
all ¢. The minimum positive ¢, with this property is called the length of
~ and is denoted by £(v). It is known that every trajectory for a Kéhler
magnetic field on CH"(c) lies on some totally geodesic submanifold CH* (c).
Moreover, trajectories are classified into three classes according to forces of
magnetic fields.

1) If |k| < +/|¢|, then it is unbounded in both directions and satisfies
7(00) # ~(—00).

2) When k = £4/|c|, it is also unbounded in both directions but satisfies
3(50) = 7(=0)

3) If |k| > /|c|, then it is closed of length 27/vk? + c.

We see this fact more precisely. On the unit tangent bundle UM of
a Kéhler manifold M, a Kahler magnetic field By induces a flow By, :
UM — UM which is defined by Bryi(v) = 4, (t) with a trajectory -,
whose initial vector is v. This flow is called a Kdhler magnetic flow. For a
trivial Kéhler magnetic field By, this flow ¢; = Bgy; is the geodesic flow.
For a complex hyperbolic space CH™, Kahler magnetic flows are classified
into three congruence classes; hyperbolic flows, horocycle flows and rotation
flows.

Proposition 2.1 ([1]). Let M = T\CH"(c) be a Riemannian quotient of
a complex hyperbolic space of constant holomorphic sectional curvature c.
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A Kdéhler magnetic flow Brpy : UM — UM s hyperbolic if and only if
|k] < +/le|. It is congruent to the geodesic flow: For such k, there is a

diffeomorphism fi, on UM with fi o Brys = @Wt/\/m o fk.

In view of this result the feature of trajectories depends on the relation
of forces of magnetic fields and sectional curvatures of the base manifold.
Though the author gave some comparison theorems in [2,3], it is not enough
to make clear this relationship. This also carries us to a study of discrete
models for trajectories.

3. Graphs of Kahler type

Let G = (V,E) be a graph. The ends of each edges are vertices. We call
G oriented if each edge is oriented. For an oriented edge e € E we denote
the starting vertex and the end vertex of e by o(e), t(e) and call them the
origin and terminus of e, respectively. When all edges are not oriented, we
call G a non-oriented graph. In this case we regard both two ends of an
edge to be its origins and terminuses. When the origin and the terminus of
an edge coincide we say this edge to be a loop. If there are two edges e1, es
with o(e1) = o(ez) and t(e1) = t(e2) we call them multiple edges. If a graph
does not have loops and multiple edges, we say this graph simple. The set
E of edges of a simple graph hence is a subset of V' x V\{(v,v) | v € V}.
When a simple graph is non-oriented, we consider (v, w) € E if and only if
(w,v) € E and identify them. Given a simple graph G =(V, E) with finite
cardinality §(V') of V', we define its adjacency matrix Ag = (ayw) by

ayw = 1, if (v,w) € E, ay, =0, if (v,w) € E.

When we treat graphs it is usual to suppose there are no “hairs”. That
is, on a non-oriented graph for each vertex v there are at least two edges
emanating from v, and on an oriented graph for each vertex v there are
edges e, e with o(e1) = v = t(ea).

For a graph G=(V, E), an element ¢ = (e1,€e2,...,¢,) €E EXEX---XE
is said to be an n-step path if it satisfies t(e;) = o(e;41). We put £(c) =n
and call it the length of ¢. An n-step path c is called closed if its origin
o(¢) = o(e1) and its terminus t(c) = t(e,) coincide. When G is a non-
oriented graph, we say a path ¢ = (eq,...,e,) has backtrackings if there
is ig (1 <ip < n—1) with e;, = €;,41. When c¢ is closed and e; = e,, we
also say that it has a backtracking. For a non-oriented graph it is usual to
consider only paths without backtrackings. When c is an n-step closed path,
for a divisor k of n, we say an n-step path ¢ to be n/k-folded if e, = e;,
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i = 1,...,n, where indices are considered modulo n. If an n-step path is
not k-folded for every divisor k of n, it is called prime. We call two closed
n-step paths ¢ = (e1,...,e,) and ¢/ = (e],...,e),) are congruent to each
other if there is k with e} = e;4, i = 1,...,n. A congruence class of closed
paths is called a cycle. Clearly, prime cycles correspond to images of closed
geodesics.

If we consider the universal covering of a graph as a CW-complex, it
is a graph which is so-called a tree, which does not have closed paths. We
can consider its ideal boundary as the set of limit points of unbounded
paths from a base vertex. Hence graphs are considered as discrete models
of Riemannian manifolds of negative curvature. For the sake of later use,
we here recall graphs which are considered as models of quotients of non-
compact symmetric spaces of rank one. A non-oriented graph G = (V, E)
is called regular if the order at v € V, which is the cardinality §(o~*(v)) of
the set of edges emanating from v, does not depend on the choice of v. If we
consider the order at v as the negativity of curvature at this vertex, we can
consider regular graphs as models of quotients of real hyperbolic spaces. A
non-oriented graph G = (V, E) is called bipartite if the set of vertices are
divided into two subsets V' = V; + V5 and each edge joins only a vertex in
V1 and a vertex in V;. A bipartite graph (V1 + V3, E) is called (m, n)-regular
if the order at v € V7 is m and the order at w € V5 is n. In the case that
m = n it is an n-regular bipartite graph. From the viewpoint of sectional
curvature, this can be seen as a discrete model of a quotient of a complex
hyperbolic space and a quotient of a quaternionic hyperbolic space.

We now consider graphs where we can study models of trajectories for
Kahler magnetic fields. It is needless to say that complex structures are real
even dimensional objects and on contrary graphs are 1-dimensional. Hence,
if we intend to use graphs as discrete models of Kéhler manifolds we need
to add some structures on graphs. We shall say a simple oriented/non-
oriented graph (V, E) to be of Kdhler type if edges are colored by 2-colors.
More precisely, E is divided into 2 subsets as F = E1 + E5 satisfying that
o 1(v)NE; # 0 for i = 1,2. We call edges in E; principal, and those in Es
auzxiliary. In order to get rid of the existence of hairs, we suppose at each
vertex v € V that ﬁ(ofl (v) ﬁEi) > 2 for non-oriented graphs of Kéhler type
and that t~!(v) N E; # () for oriented graphs of Kihler type if we need. We
here note that the line graph of a graph of Kéhler type is not necessarily a
bipartite graph. A graph (V| E) of Kéhler type is called regular if both of
its principal graph (V, E1) and its auxiliary graph (V, E3) are regular. More
clearly we say a graph of Kahler type is (m, n)-regular if its principal graph
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is m-regular and its auxiliary graph is n-regular. We here show figures of
some regular non-oriented graphs of Kahler type.

- ‘#/ . ‘/
Netha g
AT
PEStamg

Fig. 1. Ks5(2,2) Fig. 2. K7(3,3) Fig. 3. complex Euclid

On a graph (V,E; + E2) of Kéhler type we can consider models of
trajectories for Kéhler magnetic fields in the following manner. Let a,b be
relatively prime positive integers. An n-step path ¢ = (eq, ..., e,) is said to
be an (a, b)-path if

i) a+ b is a divisor of n,
ii) e, € B1,i=1,2,...,a (mod a + b),
ili) e; € By, i=a+1,a+2,...,a+b (mod a + b).

We regard (a, b)-paths correspond to trajectories for a Kéhler magnetic field
B;/o- This means that an a-step path on the principal graph G0 = (V, E1)
is bended under the force of a magnetic field and turns to an (a, b)-path on
G. But as orders of vertices of the auxiliary graph Go 1 = (V, Es) are not 1,
an a-step path on G o can be seen as bended many ways. In order to get rid
of bifurcations of charged particles, we consider the auxiliary graph Gy 1
stochastically. That is, for Gp ;1 we take the stochastic adjacency matrix
P = (py,») which is given as

Do = {1/ﬂ(0‘1(v)), (v,w) € Eo, ) . .
w — LXK '

N (v0.w) & Bo. L 1nGi F.E, D,
Figure 4 shows a part of a graph of .-’—.‘.‘° ¢
Kéhler type. By use of this adjacency ""’”i./lﬁ._l_._l_,\/l/z \'1’
matrix, we consider as follows: Two O A"B Cy |
(3,1)-paths (OABCD), (OABCH) are H 1
A-steps and of weight 1/2, and the Fig. 4. weight of colored paths

path (DEFGO) is of weight 1/3.
We should note that colored paths on a graph G = (V, E) of Kéhler
type induces oriented graphs. If we set E, ; to be the set of all (a + b)-step
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(@, b)-paths on G, we obtain an oriented graph G4 = (V, Eq4p) which may
have loops and multiple edges.

Example 3.1. We take a colored complete graph Kg(3,2) which is given in
Figure 5. For an induced graph G, ; we draw two oriented edges of reversed
directions like a non-oriented edge. We then have the following figures.

&

Fig. 5. Ks(3,2) Fig. 6. Go Fig. 7. Gi1 Fig. 8. G20 Fig. 9. G2

We call a graph G = (V, E) irreducible if for arbitrary v,w € V there
is a path ¢ with o(c) = v and ¢(c¢) = w. We shall call a graph of Ké&hler
type (a,b)-irreducible if the induced graph (V, E, ) is irreducible. In view
of Example 3.1 we see a graph Kg(3,2) is (1, 1)-irreducible but is (2,1)-
reducible.

We say a graph G = (V, E1 + E2) of Kéhler type bipartite if V' is divided
into two subsets as V = V; 4+ V4 and both of principal graph (Vi + Va, Ey)
and auxiliary graph (Vi + Vi, Es) are bipartite. For a bipartite graph of
Kaéhler type we see the induced graphs G, , with odd a+0b are also bipartite
graphs and induced graphs G, with even a+b are not connected. We call
a bipartite graph (V, Ey1 + E3) of Kéhler type ((m,m’), (n,n’))-regular if
bipartite graphs (V, E1) and (V, E2) are (m, m’)-regular and (n,n’)-regular,
respectively. In the case that m = m’ and n = n’ it is an (m,n)-regular
bipartite graph of K&hler type.

4. Counting prime cycles

In order to show that we may consider (a, b)-paths on graphs of Kéhler type
as models of trajectories on Kahler manifolds of negative curvature, we shall
study the asymptotic behavior of the number of prime cycles on regular
graphs of Kéhler type. The reason why we take regular graphs lies on the
fact that every trajectories for Kéahler magnetic fields on CH™ lies on some
totally geodesic CH' = RH?2. For a graph G and a positive T, we denote by
PBa(T) the set of all prime cycles on G of length not greater than T'. Given
two functions f,g: (0,00) — R or f,g: N — R we call them asymptotic to
each other and denote by f ~ g if they satisty limp_,o f(T)/g(T) = 1. It is
well-konwn that the asymptotic behavior of the cardinality of the set P (T")
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closely related with the maximum eigenvalue of the adjacency matrix of G.
When a graph of Kéhler type is regular, then its derived graphs are also
regular. Applying Perron-Frobenius theorem, we obtain the following.

Theorem 4.1. Let G = (V,E) be a (p+ 1,q + 1)-regular graph of Kdahler

type with p > 2 and q > 1. If the induced graph G is irreducible and is

not bipartite, then the asymptotic behavior of the number of prime cycles is
8(Be,., (1)) ~ T [ hop(G)T (T — o0).

Here

_ {log(p+ 1)+ (a —1)logp + (b—1)log(q/(qg+ 1))}
a+b '

hab(G)

Theorem 4.2. Let G = (V, E) be a (p+ 1, ¢+ 1)-bipartite regular graph of
Kahler type with p > 2 and with ¢ > 1. If it is (a, b)-irreducible (in particular
a+b is odd), then the asymptotic behavior of the number of prime cycles is

t(Ba,, (2T)) ~ 2har@T [ b (G (T — o0).
Here

_ {log(p+ 1)+ (a— Dlogp+ (b—1log(g/(¢ + 1)}

fra (@) a-+b

We compare these results with the result on trajectories for Kéahler
magnetic fields. We say two trajectories 71,72 are congruent to each other
if there is to with v2(t 4+ tg) = 11 (¢) for all ¢, and say a congruence class of
closed trajectories to be a cycle. A pair p = ([7], 4(7)) of a cycle [v] and its
length is called a prime cycle. We denote by B (7T; M) the set of all prime
cycles for By on a Kéhler manifold M whose lengths are not greater than
T. We should note that the set P (M) of all prime cycles for B, on M is
identified with the set of prime cycles of Kéhler magnetic flow Byy;. When
the magnetic flow By, is hyperbolic, the generating function (g,,, which
is called the zeta function for By, is defined by

1
o (s) =[] T ot
pPEPL(M)
By Proposition 2.1 we have the following.
Proposition 4.1. Let M = T'\CH"(c) be a compact quotient of a complex

hyperbolic space. The zeta functions of the geodesic flow p; and a Kdhler
magnetic flow By, with |k| < +/|c| for M are related as

CBrie (8) = Goo (Vlel/(lc] = k2) 5).
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Therefore if we denote the topological entropy of Bry: by hi(M) which
coincides with n+/|c| — k2, it satisfies the following:

(1) By, (s) converges absolutely and is holomorphic on R(s) > hi(M),

(2) By, (5) has a nowhere vanishing meromorphic extension on a domain
containing R(s) = hi(M),

(3) CBry, (5) has a simple pole at s = hy (M), and is holomorphic on R(s) =
hi(M).

As a direct consequence we can conclude the following.

Corollary 4.1. On a compact quotient M = I'\CH"(c) of a complex hy-
perbolic space, if |k| < \/|c| then the asymptotic behavior of the number of
prime cycles for By is as follows:

8(PBr(T; M)) ~ " ODT [ py (M)T (T — o0).

We are interested in the constants hq ,(G) and hy(M). It is clear that
the topological entropy hy (M) of Bryp: and that h(M) of geodesic flow on
UM arerelated as hy (M) = /1 — (k2/|c|) h(M). If we consider a trajectory
segment v : [0,¢] — CH™(c) for By, on the universal covering of M, we see
the distance d(v(0),y(¢)) between two end points of ~ satisfies

sinh(y/[c] — k2¢/2) B sinh(y/]e[ d(7(0),7(¢0))/2)

Vel = &2 Vel

Thus one can see that for about K&ahler magnetic fields the relation on
topological entropies and the relation between arc-lengths and distances
of trajectory segments are closely related to each other. Next we consider
m(V, By) covering graph G of G. On this graph for an (a+b)-step (a, b)-
path ¢ we may consider the distance between o(c) and t(c) is equal to a
because we can consider an a-step path on the principal graph is bended
by a magnetic field to this path. On the other hand, for regular graphs
it is known that their zeta functions are essentially the same as the Ihara
zeta function associated with a cocompact torsion-free discrete subgroup of
PSL2(Qp) over p-adic numbers. Therefore, the asymptotic behavior of the
number of prime cycles on the principal graph G, is given as follows: If
G0 is irreducible and is not bipartite, then

8(Ba,o(T)) ~ MOOT /(G )T (T — o),

and if G is irreducible and is bipartite

8(PBe,,o(21)) ~ MG /h(GL )T (T — o0),
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where h(G1 ) = log(p+1). Since the entropy hq,(G) approximately equals
to mh(Gl,o), the relation of entropies and the relation between steps
and distances of colored paths have a similar relationship as for trajecto-

ries for Kéhler magnetic fields. From this point of view, we may say that

colored paths on graphs of Kéahler type can be regard as discrete models of
trajectories for Kéhler magnetic fields.
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We consider the question whether with the constraint from the Bethe ansatz
solution on the ASEP boundary parameters the matrix product ansazt fails to
produce the stationary state. We discuss applicability of the matrix product
ansatz from the point of view of the boundary algebra which reveals deep
symmetry properties of the ASEP. We argue that the Bethe ansatz integrability
constraint is the defining condition for a finite dimensional representation of the
boundary algebra when the system reaches a steady state satisfying detailed
balance.

Keywords: Stochastic system; Nonequilibrium physics; Steady state; Boundary
algebra; Orthogonal polynomials

1. Introduction

The asymmetric simple exclusion process (ASEP) has become a paradigm in
nonequilibrium physics [1,2] due to its simplicity, rich behaviour and wide
range of applicability. It is an exactly solvable model of an open many-
particle stochastic system interacting with hard core exclusion. Introduced
originally as a simplified model of one dimensional transport for phenom-
ena like hopping conductivity [3] and kinetics of biopolymerization [4], it
has found applications from traffic flow [5] to interface growth [6], shock
formation [7], hydrodynamic systems obeying the noisy Burger equation,
problems of sequence alignment in biology [8]. At large time the ASEP ex-
hibits relaxation to a steady state, and even after the relaxation it has a
nonvanishing current. An intriguing feature is the occurrence of boundary
induced phase transitions [9] and the fact that the stationary bulk proper-
ties strongly depend on the boundary rates.
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The ASEP dynamics is governed by a master equation for the proba-
bility distribution P(s;,t) of a stochastic variable s; = 0,1, at a site ¢ =
1,2,..., L of alinear chain. In the set of occupation numbers (s1, s2, ..., sr.)
specifying a configuration of the system s; = 0 if a site ¢ is empty, or s; =1
if the site i is occupied. On successive sites particles hop with probability
go1dt to the left, and giodt to the right. The event of hopping occurs if
out of two adjacent sites one is a vacancy and the other is occupied by a
particle. The symmetric simple exclusion process is the lattice gas model
of particles hopping between nearest-neighbour sites with a constant rate
go1 = g10 = ¢. The asymmetric simple exclusion process with hopping in
a preferred direction is the driven diffusive lattice gas of particles moving
under the action of an external field. The process is totally asymmetric if
all jumps occur in one direction only, and partially asymmetric if there is a
different non-zero probability of both left and right hopping. The number
of particles in the bulk is conserved and this is the case of periodic bound-
ary conditions. In the case of open systems, the lattice gas is coupled to
external reservoirs of particles of fixed density and additional processes can
take place at the boundaries. Namely, at the left boundary ¢ = 1 a particle
can be added with probability adt and removed with probability ~vdt, and
at the right boundary ¢ = L it can be removed with probability Gdt and
added with probability ddt. The master equation

dPst ZPSS )

can be mapped to a Schrodinger equation in imaginary time
dP(t)
Sdt
for a quantum Hamiltonian with nearest-neighbour interaction in the bulk
and single-site boundary terms. Through the mapping the equivalence to
the integrable spin 1/2 XXZ quantum spin chain with anisotropy A =
—(g+q71)/2, ¢ = go1/910 and most general non diagonal boundary terms
was obtained [10] which allowed for the derivation of exact results for the
ASEP using Matrix Product Approach (MPA) and Bethe Ansatz (BA).
Bethe Ansatz solution was recently achieved [11] for the XXZ chain
Hamiltonian and subsequently for the ASEP [12] provided the model pa-
rameters satisfy a condition which in terms of the ASEP notations reads

(242 —1)(af — g7 F72F2)q4) = 0 1)
with |k| < L/2. Given k, the first factor zero in (1) assumes ¢ to be a
root of unity which is unacceptable for the ASEP. The second factor zero

= —HP(t)
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imposes a relation between the bulk and the boundary parameters and it
is believed [10,13] that with this constraint the MPA fails to produce the
stationary state. Quite remarkably, however, for generic ¢, one can satisfy
the constraint [12] by choosing k to be k = —L/2, which, as commented in
[13] implies additional symmetries for the ASEP.

Emphasizing the dependence of the steady state bulk behaviour on the
boundary rates we consider the boundary Askey-Wilson algebra (as well
as the tridiagonal one) which reveals hidden symmetries of the ASEP. We
discuss the consequences of the algebraic properties on the applicability of
the MPA in relation to the BA integrability condition.

2. Matrix Product State Ansatz (MPA)

The idea is that the steady state properties of the ASEP can be obtained
exactly in terms of matrices obeying a quadratic algebra [7,14]. For a given
configuration (s1, se,...,sr) the stationary probability is defined by the
expectation value P(s) = (w|Ds, Ds, ... Ds, |v)/Z1,, where Ds, = D, if a
site ¢ =1,2,..., L is occupied and Dy, = Dy if a site ¢ is empty and Z;, =
(w|(Dg + D1)¥|v) is the normalization factor to the stationary probability
distribution. The operators D;,i = 0, 1 satisfy the quadratic (bulk) algebra

D1Dg — qDoD1 = 1Dy — D1, zo+x1 =0 (2)
with boundary conditions of the form
(BD1 — 6Dg)|v) = xo|v),

(w|(aDg — vD1) = —{w|x. ®)

and (w|v) # 0. We stress the one parameter dependence of the MPA due
to xgp = —x1 = ¢ with 0 < ¢ < oo. In most known applications it is
restricted to the choice ( = 1. In our opinion the relation z¢o + x1 = 0
implies an abelian symmetry with a conserved quantity Dy + D1, following
from DO — DO + o, D1 — D1 + 7.

The MPA is an efficient method to evaluate exactly all the relevant phys-
ical quantities such as the mean density at a site 4, the correlation functions,
the current J through a bond between sites ¢ and i+ 1. Exact results for the
ASEP with open boundaries were obtained within the MPA through the
relation of the stationary state to ¢-Hermite [16] and Al-Chihara polyno-
mials [17] in the case v = ¢ = 0 and to the Askey-Wilson polynomials [18]
in the general case. Finite dimensional representations [10,15] have been
considered too and they simplify calculations. Due to a constraint on the
model parameters they define an invariant subspace of the infinite matrices
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and give exact results only on some special curves of the phase diagram.
The MPA was readily generalized to many-species models and to dynamical
MPA [19].

In the general case of incoming and outgoing particles at both bound-
aries with all boundary parameters nonzero there are four operators D1,
—06Dgy, —yD1, aDy and one needs an addition rule to form two linear
independent boundary operators acting on the dual boundary vectors.
A solution to the boundary problem can be obtained by using the bulk
Uy(su(2)) symmetry algebra written as a deformed (u, —u)-algebra (u < 0
and 0 < ¢ <1)

[N As]=+Ax  [A- A =ug" —ug™ (4)
with a central element Q = AL A_ —u(¢" +¢*~V)/(1 — q). The represen-

tations, labeled by the values of the Casimir Q(x) = —u(¢® + ¢'=*)(1 — q)
for a fixed parameter k, are finite dimensional and in a basis |n, k) given by

Nin, &) = (k+n)|n, k), A_|n, k) =ryln—1,K), AL|n, k) = rpp1ln+1,K),

where r2 = ((1 — ¢")(—ug" + ug* =" %)/(1 — q). (|0, x) is the vacuum with
ro = 0.) The dimension [ 4 1 of the spin x-representation is defined by the
condition

—ug® +ug” 7" =0 (5)

for some n = I. Given the Uy(su(2)) generators Ax and N we can present
the boundary operators in the form

z10 N/2 200 N/2
Dy — 6Dy = —— A — A_
Dy =0D0 = === Ay = T A-a
_w1fBg P+ wd  wif 4wl

)

1—gq 9 1—g¢q (6)

_ o _Ny2 1y —N/2
aDy —vDy = ——¢q Ay +——A ¢
V1—gq V1—g¢q
zoaq V2 v 11y _y  moa+ a1

1—g¢q ¢ 1—g¢q
Separating the shift parts from the boundary operators and denoting the
corresponding rest parts by A and A* we can prove that the operators A
and A* defined by
10 + o6
I—q
oo + T17Y
l—gq

A=03Dy—6Dg+

)

(7)
A* = OéD() - ’)/Dl -

)
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and their g-commutator [A, A*], = ¢'/2AA* — ¢~ '/2A*A form a closed
linear algebra

14, 4%, Al, = —pA” —wA —,

[A 7[A7A ]Q]q:_p A—-wA* —n",

where the operator-valued structure constants depend on g, «, 3,7, and
the suq(2) Casimir Q. In particular

—p = mz186q *(¢"/* + ¢~ /?)?,
_p* = zomang (g2 + ¢ )2

9)

Relations (8) are the well known Askey-Wilson (AW) relations [20,21] for
the shifted boundary operators A, A*, from which the defining relations of a
tridiagonal algebra follow as well. This is an associative algebra with a unit
generated by a (tridiagonal) pair of operators A, A* [22,23], A — tA + ¢,
A* — t*A* 4 ¢* where t, t*, ¢, ¢* are some scalars.

The AW algebra (8) possesses important properties that allow to obtain
its ladder representations, spectra, overlap functions. Namely, there exists
a basis (of orthogonal polynomials) f,. according to which the operator A
is diagonal and the operator A* is tridiagonal. There exists a dual basis f,
in which the operator A* is diagonal and the operator A is tridiagonal. The
overlap function of the two basis (s|r) = (f¥|f;) is expressed in terms of
the Askey-Wilson polynomials. Let p, = p,(x;a,b,c,d|q) denote the nth
AW polynomial [25] depending on four parameters a,b, ¢, d, with pg = 1,
z=y+y ', 0<qg<1and a three term recurrence relation

TPn = bnanrl + anPn + CnPn—1, p—1=0. (]-0)
We need only the explicit form of the matrix elements b,

1 —abq™)(1 — acq™)(1 — adq™)(1 — abedg™ 1)

(
by =
a(l — abedg®—1)(1 — abedg?™)

(11)

After rescaling A — %A, A* — éA* we have found the explicit form of the
infinite dimensional representation (and the dual one) for the boundary op-
erators. Let A denote the matrix satisfying (10) in the basis (po, p1,p2,- .- ).
Result: There exist a representation 7 in the space of Laurent polynomials
with basis (po, p1,p2, - .. ) with respect to which (D — %DO) is diagonal
with eigenvalues

1
A= —— (bg " +dg" )+ ——(1+0bd 12
d )+ g (b 12)
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and 7(Do — 1 D) is tridiagonal

n(Dy ~ 1D)) = 1iqut+ liq(l—&-ac). (13)
The dual representation 7* has a basis pg, p1, p2, ... with respect to which
7*(Do — 1 D1) is diagonal with eigenvalues
AF = 1 i . (aq_" + cq") + %q(l + ac) (14)
and 7*(Dy — %DO) is tridiagonal
Dy — 2Dg) = — A+ (1 1 ba). (15)
g l—q l—gq

The choice (w| = ho_l/Q(po,O,O, )y o) = ho_l/Q(po,O,O, )t (ko is a
normalization) as eigenvectors of the diagonal matrices m(D; — %DO) and
7*(Do — 2 D) yields a solution to the boundary equations which uniquely
relates a, b, c,d to «, 3,7,d. Namely

a=ri(ay), b=k (B,0), c=ri(ay), d=r_(50),

where

ﬁ$)(V,T) =

—-r-(-q) /T - -qP+dur

2v '
These are the functions of the parameters which define the phase diagram
of the ASEP. They have been used in previously known MPA applications
where have always been taken for granted. It is remarkable that here they
follow from the AW algebra representations.

The condition for the representation to be finite dimensional is b,, = 0
for some n = ny, where ny = 1,2,... is the dimension of the represen-
tation. From the explicit form of b, it follows that the representation is
finite dimensional if any of the factors in the numerator in (11) is zero, in
particular, with our normalization abcd = Z—g, if the condition holds

af = q" 1. (16)

Since we are using U, (su(2)) besides the constraint (16) there is one more
constraint (given by eq. (5)) which is the first factor in (1). Comparison with
the second factor in (1) (with the value k from the first factor) suggests that
it defines a finite dimensional representation of the MPA boundary opera-
tors of dimension ny = L. Finite dimensional representations of the bound-
ary algebra imply finite dimensional matrices Dy and D;. The examples
considered in [15] correspond to the condition ab = k% k4 = ¢' %, which
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defines an L-dimensional representation of the boundary algebra according
to the first factor in the nominator of b,. A special case of the tridiagonal
algebra with ¢ = d = 0 is the open system with only incoming (outgoing)
particles at the left (right) boundary when the (shifted) diagonal elements
are of the form ¢*" and the tridiagonal operators satisfy the recurrence
relation for either g-Hermite or Al-Chihara polynomials. A nontrivial spe-
cial case of an open system with four boundary parameters related to the
representations above with b = 0 and ¢ = 0, was considered in [26] for
the MPA solution of the weakly ASEP. The constraint o3 = ¢“~1~§ was
found to describe the detailed balance when the steady state is a Bernoulli
measure at density, the same for both reservoirs.

3. Detailed Balance and MPA

Detailed balance (DB) means that the probability P({s}) for a transition
from a configuration {s} to another configuration {s'} is equal to the prob-
ability of the reverse transition. Thus for the event of hopping between site
¢ and ¢ + 1 one has

P(s1,...,0,1,...,s1) =q 'P(s1,...,1,0,...,5L), (17)
for an event at the left boundary -
P(1,52,...,51) = %P(O, ) (18)
and correspondingly at the right boundary

)
P(Sla"'vsL—lal):BP(Sla"'aSL—laO)' (19)

Starting from a given configuration and using egs. (17) and (18) one can al-
ways calculate the weights of all configurations by removing particles at the
left boundary and the consistency with eq. (19) [26] requires a3 = ¢L =146
which is the DB condition. As can be readily verified the above DB rela-
tions with P expressed as matrix elements of the type (w|Ds, Ds,...Ds, |v)
are consistent with the limit 29 = —x; = 0 of the MPA defining relations
(2) and (3). The presence of the parameter dependent linear terms in the
bulk algebra is due to the boundary processes and these quadratic-linear
algebraic relations provide recursive expressions for matrix elements of the
steady weights, the current, the correlation functions. The quadratic algebra
induces a reordering property and an element of length L can be brought in
a linear combination of elements of length L — 1 with positive coefficients.
Hence one can compute all matrix elements of length L if (w|DEDF=*|v),
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k=0,1,...,L, and all (L — 1)- elements are known. From the boundary
conditions (3) and after reordering one has

B(w|DEDE vy — X 15 (w| DET DEF ) = 2o Py,
—¢" y(w|D§ DY ~*|v) + aw| DT DY o) = —an Py,

where Pr,_; and Pj_, are positive linear combinations of matrix elements
of length L — 1. The conclusion is straightforward: If a3 — ¢“~1v6 # 0,
then the recursions are conmsistent. If af — ¢“~ 14§ = 0, then in order
that a matrix element of length L exists, the zero determinant xoaPr,_1 —
z1¢E=F=15P, | = 0 implies 29 = —x7 = 0. (All matrix elements of length
L — k, with k =0,1,...,L — 1 are nonzero if a8 — ¢“~*~14§ = 0 for some
a, 3,7,6.) This has the consequence that the current

(w|(Dg + D1)"=Y(D1Dg — qDoD1)(Dg + D1)E=11v)
Zr

J =

vanishes and the probabilities satisfy the DB condition. Thus with the con-
straint on the boundary parameters even though the boundary processes
are present they become irrelevant and the nonequilibrium behaviour of
the system is no longer maintained. The MPA in the limit g = 23 = 0
produces a stationary state whose probability weights satisfy DB.

The boundary operators of the detailed balance case satisfy an AW al-
gebra with n = n* = 0 and p = p*, w ~ Q. Without writing the explicit
form of the representation, related now to g-Hahn polynomials, we note that

in the limit x9 = —z; = 0 from the boundary equations it follows b = d
and a = ¢, with b = \/—g and a = \/—2. Inserting it in the condition
abed = a?b?> = ¢*~F we obtain the DB condition. Formally a?b? = ¢'~%

for some parameters o’ = —a?, ¥’ = —b?, with L = 1, resembles the limit
q — 1 and we recover the detailed balance case at equal density p, = pp,
with por = 255, o = % [27]. The system will be in a product measure
state with uniform density and zero current when o't/ = 1, valid for the
one dimensional representation. We can identify the one dimensional rep-
resentation of the boundary operators with (w|D1|v) and (w|Dg|v), which
are non zero in the limit zg = —z; = 0. A non vanishing matrix element
of length L can be formed as the product of single-site matrix elements
(w|Dy|v)E=* and (w|Dg|v)¥. Given the DB condition a3 = ¢L =146, we can
always find corresponding o’ 3’ = 4’¢’ which define the one dimensional rep-
resentation of the boundary algebra and hence determine the steady state
as a Bernoulli product measure at equal density for both reservoirs.
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4. Conclusion

The MPA defining algebraic relations (2) and boundary conditions (3)
provide solvable recursions for the stationary state, the current, the cor-
relation functions of an open L-site nonequilibrium system for all values
of the parameters in the range 0 < «,3,7,6,< 1, ay # 0, 85 # 0,
0 <g<1land zg = —z1 = ¢ > 0. The recursions remain valid with
final dimensional matrices of dimension L determined by (one of) the con-
ditions k1 (o, 7)k4(3,6) = rky(a,7)k_(3,6) = ¢*~%, which also define L
dimensional representations of the boundary AW algebra. Exceptional sub-
range of parameters is given by the constraints o3 = ¢~ 1§ and ¢ = 0
when the MPA produces a stationary state satisfying detailed balance.

In the BA condition (1) the first factor zero with &k = —L /2 defines a rep-
resentation of dimension L+ 1 of the bulk U, (su(2)) symmetry. The second
factor zero defines a finite L-dimensional representation of the boundary
AW algebra. The BA condition relates a spin |k| = L/2 representation of
the Uy(su(2)) symmetry to a finite L representation of the boundary al-
gebra. The Bethe integrability condition on the boundary parameters cor-
responds to finite dimensional representations of the MPA matrices which
constrain the parameters of the open system to a range when the system
will eventually reach a steady state satisfying detailed balance. For arbi-
trary values of the ASEP parameters the BA condition is automatically
satisfied by the spin |k| = L/2 representation of the bulk U,(su(2)). The
symmetry behind this property is the boundary algebra, which assures the
exact solvability and allows for employing Bethe ansatz or applying matrix
product ansatz with no restriction on the physics of the system.
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These remarks are devoted to a basic properties of the double-complex Laplace
operator AL U(z,w) = 9 %(ZZ’W +i i gfvzz,w)
and U(z,w) is a double-complex value function. A decomposition into two
complex operators is given. An initial problem for the double-complex Laplace
operator on the whole space C(1, ) is solved with a D’Alember’s type formula.
An initial problem on the cartesian product of two unit squares in C for the zero
eigenvalue problem for the double-complex Laplace operator is treated with the
Fourier method of separating of the variables in double-complex context. The
corresponding system of two equations of second order and the corresponding
operator of fourth order with real coefficients are obtained.

, where z, w are complex variables

Keywords: Double-complex number; Fundamental solution; Double-complex
Laplace operator; Ultrahyperbolic system; Double-complex Laplace operator.

1. Double-complex Laplace operator

Let C(1,5) be the commutative algebras of the arranged couple of complex
numbers (z,w) written also as z + jw, z,w € C with an unit j having the
property j? = i, i being the imaginary unit in C. This is a commutative
algebras without division, as the numbers (z,w) : 22 —iw? = 0 are divisors
of the zero in C(1, j). Actually, (z+ jw)(z — jw) = 22 — j2w? = 2% —iw? =0
and z + jw is a divisor of the zero in the case 22 — jw? = 0.

We shall consider the functions of double complex variables with values
double-complex variables, i.e. functions of the type f: U — C(1,j), where
U is an open subset in the algebra C(1, j).

In papers [1,5] the following differential operator of second order with
complex coefficients

0? 0?

+= 02 T g o
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is obtained. This operator is called a double-complex Laplace operator.
Differential operators arising for other generalizations of the numbers are
given in [2].

Let us show the factorization of the operator A, as a composition of
two operators of first order with double-complex coefficients. We shall make
the following transformations:

82 ] 82 82 o 82 82 82
SR TR i A e e i

(D, a0 (D _ a0
T\ oz ow 0z 811)

0 0 0 0 .
- (62 it aw) (62 gt 6w) = 00"

This factorizations shows the appropriate Cauchy-Riemann equations for
double-complex functions and the conjugate Cauchy-Riemann equation as-
sociated with operator A.
52
Now let us consider the double complex Laplace operator A = 9.2 +
z
2

i~ which is a second order partial differential operator with complex
w
coefficients. We shall obtain the complex symbol of the double-complex

Laplace operator

A= L(20Y (2o
T oz 8y ou ov)
To do this we replace respectively 9/9x by &1, 8/0y by &, 8/0u by & and
0/0v by &4. In such a way we obtain the quadratic form

B(&1,62,83,&4) = (51 —i€s)? + (53 —i&y)?
= 1(51 — & — 266 g5 — i8] + 268),

whose matrix is the following one

1 —i00
1| —-i-100
Q‘Z 0 041
0 0 1—i

The quadratic form B(&1,&2,&3,&4) is the complex symbol of the operator
A . The matrix of this quadratic form has rank 2 and so the operator is a
degenerate one. We shall note that the matrix @ of the operator A is not
a Hermitian matrix.
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2. Decomposition of the double-complex Laplace operator
into two d-operators

We propose a decomposition of the double-complex Laplace operator into

_ N2
two O operators. Since —i = (1—\751) we can present A, as follows

S e
:&%_ié%%)<mg?m+i%mq%wv'

Introducing new variables z; = z — (1 —14)/v2w and w; = z + (1 —1)/v/2w,
we get

oU(z,w) _ OU(z,w) 1-idU(z,w)

071 o 0z \/i ow ’
oU(z,w)  9U(z,w) n 1—-4i0U(z,w)
ow, = 0z V2 o ow
and we obtain
ALU(z1,w1) = 9 M

— O
071 0w,
Then the composition of the operators A, and A, will be equal to the
composition of the two real Laplace operators, namely
PU = A+Z+U(x1, yl,ul,vl)
_ ( o? & ) (32[](331791,%&1,01) + 32U($1,Z/1,U1,Ul))

ot o ou? 902
_ 34U(x1,y1,u1,v1) 84U(x1,y1,u1,v1) 34U(x1,y1,u1,v1)
dz3ou? dz30v? dy2ou?
84U(x1,y1,u1,v1)
Ayt ovi

It is appropriate to assume that in the formula above the function
U(z1,y1,u1,v1) is real valued.

3. D’Alamber’s type formula for the initial value problem
in the whole space C(1, j)

Let us consider the initial value problem for the equation

ALF(z,w) =0 (2)
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on the whole space C(1, ), namely we shall consider a function F(z,w) :
C(1,5) — C(1,7) with the following initial conditions

F(2,0) = po(2) +je1(2),  Fi(2,0) =1ho(2) + jir(2), ®3)

on the complex space C. Here ¢o(2), p1(z) and ¥o(2),11(2) are holomor-
phic functions on C. As the Laplace operator A has complex coefficients,
the problem reduces to two complex-valued problems, namely one for the
complex-valued function Fy(z,w) and one for the complex-valued function
Fi(z,w).

We can obtain immediately a solution of this problem by D’Alamber’s
type formula as follows:

i~ 55 0 (- 255
A o ) (L5

1 24-(14+i)w/v/2
IRV /z<1+i>w/¢§
1 24-(1443)w/V/2

+J V2(1 414) /z—(1+¢)w/x/§

In this formula the integration does not depend on the curve along which
it is performed, since 1y (z) and 1 (z) are holomorphic functions. We assume
it is performed along the segment between the points z — (1 +i)w/+/2 and
2+ (1+i)w/V2.

Actually, it would be checked that the function F'(z,w) defined above,
satisfies the equation AL F'(z,w) = 0 as well as the initial conditions

F(Z7O):<p0(z)+j<pl(z)7 Fw(zao):¢0(3)+j¢l(z)

Therefore this formula gives a solution of the given initial problem in
the whole space C(1, j).

Yo(t)dt

br(¢) dt.

4. Real representation of the equation A u =0

Now we shall reduce the partial differential equation of second order with
complex coefficients and one unknown function

: O*(f +ig) | .0*(f +ig)
A-i-(f + Zg) = 622 +1 8’[1}2 = Oa
to a system of two partial differential equations of second number with real

coefficients and two unknown function f and g. Indeed, if we separate the
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real and the imaginary parts in the written above equations we obtain the
system

O _Pf _LOf g g 0

5t~ oy~ 2oan et T vt * 2wy = i
Of OF L0 g g, 0
ou?  Ov? Oxdy Ox?2  Oy? oudv
Denoting
0?f  0*f 0 f o?f  0*f 0 f
AN =52 732 2w PV "5 "3 " Zawoy
the system can be written as
Af —Bg=0,
(B)
Bf+ Ag=0.
The symbol of this system is the following matrix
_ (U(A)a —G(B)) _ <§f — & 2686, &+ 2§1€2)
o(B), o(A) £ — & 2686, § -8 264
The rank of this matrix over the line & = & = 753, &4 = 0 is equal
to 0 and over the line & = & = —\/7553, &4 = 0 is equal to 1. So it is of

variable type.
Then we see that

(4% + B%)f = A(A(f)) + B(B(f)) = A(B(g)) — B(A(g)) =0,

as the operators A and B have constant coeflicients.
So the system (B) implies the following partial differential equation of
fourth order with one unknown function:

(A2 + B:)f =0,
and analogously
(A% + B*)g = 0.
Written down in explicit form we get
2 92 9> 2 92 9\’
—_— _——_—— 2— =
(6962 o2 8uav) U (6u2 Ov? 8x8y> f=0

and the same equation for the function g.
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The symbol of the operator A2 + B2 then is
(67 — € — 26380)” + (65 — & — 26&)%
The system
§-6+266=0 - -206=0,

has as nonzero real characteristic vectors the following four straight lines
in the corresponding hyperplanes:

L. & =6= giaa =0,

II. =8 ="—"&, &=0,

2
V2

II1. 53 = 54 = 761, 62 = O, and
V2 .

VI =4 = 752, €& =0, in R.

Let us note also that the operators A and B are ultra-hyperbolic which is
seen by the change of variables v’ = (u + v)/V2, v' = (u — v)/v/2 for the
operator A and =’ = (z +y)/V2, ¥ = (x — y)/V/?2 for the operator B.

The double complex Laplace operator has very interesting properties
from the point of view of linear partial differential operators, see also [4].
We also note that the theory of double-complex power series is considered
in [3].
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also studied.
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Introduction

Geometry of conjugate connections is a natural generalization of geometry
of Levi-Civita connections from Riemannian manifolds theory. Since conju-
gate connections arise from affine differential geometry and from geometric
theory of statistical inferences, many studies have been carried out in the
recent 20 years [1-3].

In this paper, we study generalizations of conjugate connections. Some
of such generalizations have been introduced independently. The genere-
lized conjugate connection was introduced in Weyl geometry [4]. The semi-
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conjugate connection was introduced in affine differential geometry [7]. In
order to consider the relations between these connections, we introduce the
dual semi-conjugate connection. Then we shall discuss the properties and
the relations between these connections.

In the later part of this paper, we concentrate to study generalized con-
jugate connections. It is known that the generalized conjugate connection
is invariant under gauge transformations. Hence, under suitable conditions,
the generalized conjugate connection reduces to the standard conjugate
connection. This property is called local triviality. Therefore, we give suf-
ficient conditions for the generalized conjugate connection to have a local
triviality.

1. Generalizations of conjugate connections

We assume that all the objects are smooth throughout this paper. We may
also assume that a manifold is simply connected since we discuss local
geometric properties on a manifold.

Let (M, g) be a semi-Riemannian manifold, and V an affine connection
on M. We can define another affine connection V* by

Xg(Y,2)=g(VxY,Z)+ g(Y, VX Z). (1)

We call V* the (standard) conjugate connection or the (standard) dual
connection of V with respect to g. It is easy to check that (V*)* = V.
In this paper, we consider generalizations of these conjugate connections.
Let (M, g) be a semi-Riemannian manifold, V an affine connection on
M, and C a (0,3)-tensor field on M. We define another affine connection
V* by

Xg(Y,2) = g(VxY,Z) + g(Y.V*x Z) + C(X.Y, Z). (2)

If the tensor C vanishes identically, then V* is the standard conjugate con-
nection of V. Since the metric tensor g is symmetric, using twice Equation
(2), we obtain the following proposition.

—~— %

Proposition 1.1. g((V*) Y - VxY,Z2)=C(X,Y,Z2) - C(X,Z,Y).

Next, we shall define generalizations of the aforementioned conjugate
connections.

Definition 1.1. Let (M, g) be a semi-Riemannian manifold, V an affine
connection on M, and 7 a 1-form on M.
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(1) The generalized conjugate connection [5,6] V' of V with respect to g
by 7 is defined by

Xg(Y,2) = g(VxY.2) +9(Y.Vx Z) - 7(X)g(Y.2).  (3)

(2) The semi-conjugate connection [5,7) V* of V with respect to g by 7 is
defined by

Xg(Y,2) = g(VxY, Z) +9(Y,ViZ) + 7(2)g(X,Y).  (4)

(3) The dual semi-conjugate connection V* of V with respect to g by 7 is
defined by

Xg(Y, Z2) = g(VxY,Z)+ g(Y, V5 Z) = 7(X)g(Y, Z) — 7(Y)g(X, Z).
(5)

The generalized conjugate connection is introduced in Weyl geometry
to characterize Weyl connections [4]. The semi-conjugate connection arises
naturally in affine hypersurface theory [7]. The dual semi-conjugate con-
nection is introduced in this paper. As we will see later in this section, the
dual semi-conjugate connection has dual property of the semi-conjugate
connection. .

From Proposition 1.1, (V*) = V holds for a generalized conjugate
connection. On the other hand, this equality does not hold for a semi-
conjugate connection @, or a dual semi-conjugate connection V*.

To clarify relations among the connections v*, V* and V*, let us re-
call the projective equivalence relation and the dual-projective equivalence
relation of affine connections.

Suppose that V and V’ are affine connections on a semi-Riemannian
manifold (M, g). We say that V and V' are projectively equivalent if there
exists a 1-form 7 such that

VY = VxY +7(Y)X + r(X)Y. (6)

We say that V and V' are dual-projectively equivalent if there exists a
1-form 7 such that

VS(Y:VXY—Q(X,Y)T#, (7)

where 77 is the metrical dual vector field, i.e., g(X,7%) = 7(X).

The readers should not confuse that, even if V and V' are projectively
(or dual-projectively) equivalent, their dual connections V* and (V’)* may
not be dual-projectively (or projectively) equivalent, respectively.
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Proposition 1.2. Let (M, g) be a semi-Riemannian manifold, V an affine
connection on M, and V* the standard conjugate connection of V with
respect to g. Suppose that an affine connection V' is projectively equivalent
to V by 7. Then the following relations hold.

(1) The generalized conjugate connection v of V' by 7 is dual-projectively
equivalent to V' by T with respect to g.
e dual semi-conjugate connection V "o Yy T coincides wi )
2) The dual ) jugat tion V' V'b d th V
that is, v =vV.
(8) The semi-conjugate connection V' of V' by T is given by

VY = VY + g(X,Y)r# + (V)X + 7(X)Y.

Proof. Form Equations (1), (3) and (6), we obtain
Xg(Y,2) = g(VxY, 2) + g(Y, V' Z) = 7(X)g(Y, 2)
= g(VxY, 2) + g(Y,V'x Z) = 7(Y)g(X, 2).
The last equality implies that v s dual-projectively equivalent to V* by
T with respect to g.
On the other hand, from Equations (1), (5) and (6), we obtain
Xg(Y.2) = g(VxY. 2) +9(Y,V'x Z) = 7(Y)g(X, Z) — 7(X)g(Y, Z)
= 9(VxY,2) +g(Y.V'x 2).
This implies that the dual semi-conjugate connection V' i by 7 coincides
with V*.
From Equations (1), (4) and (6), we obtain the third statement. |

Following similar arguments as in Proposition 1.2, we obtain the follow-
ing proposition.

Proposition 1.3. Let (M, g) be a semi-Riemannian manifold, V an affine
connection on M, and V* the standard conjugate connection of V with re-
spect to g. Suppose that an affine connection V' is dual-projectively equiv-
alent to V by 7. Then the following relations hold.

(1) The generalized conjugate connection N7 of V' by 7 is projectively
equivalent to V' by 7.
(2) The semi-conjugate connection v of V' by T coincides with V*, that
18, v =V.
(8) The dual semi-conjugate connection N/~ of V' by T is given by
V'yY = VY + g(X,YV)m# + 7(Y)X + 7(X)Y.
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2. Generalized conjugate connections and gauge
transformations

Here after, we concentrate on generalized conjugate connections.

Let (M, g) be a semi-Riemannian manifold, V an affine connection on
M, and ¢ a function on M. We consider a conformal change of the metric
g := e®g. Denote by V' the standard conjugate connection of V with
respect to the conformal metric g. Then we obtain

Xg(Y,2) = g(VxY,2) +g(Y,Vx2)
= Xg(Y.2) = g(VxY. 2) + 9(Y.VxZ) = dp(X)g(Y. Z).  (8)
This implies that ¥V~ is the generalized conjugate connection of V with
respect to g by do¢.
Let 7 be a 1-form on M. Set
(9,7) := (e®g, 7 — d9). (9)
The pair (g, 7) is called a gauge transformation of (g, 7).
Proposition 2.1. The generalized conjugate connection is invariant under
gauge transformations. That is, V' s the generalized conjugate connection

of V with respect to g by 7 if and only if V' s the generalized conjugate
connection of V with respect to g by T.

Proof. From Equations (8) and (9), we easily obtain
Xg(Y,2) = g(VxY, Z) +9(Y, Vi Z) = 7(X)g(Y, 2)
= Xg(¥,2) =g(VxY. 2) +g(Y,Vx2) - 7(X)g(¥.Z). O

We remark that the gauge invariance is an important notion in Weyl
geometry. We can discuss Weyl geometry in terms of the generalized con-
jugate connections [4,8].

3. Local triviality of generalized conjugate connections and
equiaffine structures

Suppose that V' is the generalized conjugate connection of an affine con-
nection V by a 1-form 7. Equation (8) implies that V' is reduced to the
standard conjugate connection with respect to some conformal metric g if
T =dg.

Definition 3.1. The generalized conjugate connection V' is called locally
trivial if there exists a function ¢ such that V' is the standard conjugate
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connection with respect to some conformal metric § = e®g. That is, the
equivalence (8) holds.

In order to elucidate the local triviality of generalized conjugate con-
nections, we consider equiaffine structures on a manifold.

Definition 3.2. Let V be a torsion-free affine connection on M. Let w be
a volume form on M, that is, w is an n-form on M which does not vanish
everywhere. We say that the pair (V,w) is an equiaffine structure on M if
w is parallel with respect to V, that is, Vw = 0. We say that the connection
V is equiaffine, and the volume form w is parallel with respect to V.

Let R be the curvature tensor of V, and Ric the Ricci tensor of V,
ie, Ric(Y,Z) = tr{X — R(X,Y)Z}. In local coordinate expressions, the
quantities are given by

61 833] Z 7’]8 9.k
9 9N\ 0 <~ 0
R (a— a_) ot~ 2 Ths g

81—‘56 arfz - k m k
oot~ ot > (DRl —TRT,). (10)

m=1

with
k
Rlij =
Proposition 3.1. Let V be a torsion-free affine connection on M. Then

the following conditions are equivalent.

(1) V is equiaffine.
(2) Ric is symmetric.

8 2 k _ 8 - k

Proof. The statement (1) <= (2) is Proposition 3.1 in Section 1 by
Nomizu and Sasaki [1]. Contracting (10) to get the Ricci tensor, we can
easily obtain (2) <= (3). |

For further information about equiaffine structures, see Zhang’s paper
[9], or Zhang and Matsuzoe’s paper [10].

Proposition 3.2. Let V be a torsion-free affine connection on M, and
dv = \/del A -« ANdz" the standard volume element with respect to g.



32 O. Calin, H. Matsuzoe, J. Zhang

Then the connection is equiaffine if and only if there exists a function f
such that

5,7 (08 (£9) ZF (11)

Proof. Recall that ,/g is a non-zero function on M. If V is equiaffine, then
the condition (3) in Proposition 3.1 holds. This is the integrability condition
of f since /g is a non-zero function.

On the other hand, if the formula (11) holds, then the condition (3) in
Proposition 3.1 holds. This implies the desired result, and we may say that
the function f is just the proportionality function between the parallel form
w and the volume form dv. O

In the following it makes sense to assume 7 exact. If M is connected
and simply connected, by Poincaré’s lemma, there is a function ¢ on M
such that 7 = d¢. Since we are considering local properties on a manifold,
we have the following result.

Theorem 3.1. Let (M,g) be a connected and simply connected n-
dimensional semi-Riemannian manifold. Let V be a torsion-free affine con-
nection on M, and 7 a 1-form on M. Suppose that the generalized conjugate
connection V' of V is torsion-free. Consider the following three conditions:

(1) T is an exact 1-form.
(2) V is equiaffine.
(8) V' is equiaffine.

Then any two of the above conditions imply the third one.

Proof. In a local coordinate expression, the definition of V' in (3) is writ-
ten
9gij
oxk

Contracting the above equation with ¢/, we have

_Fm,] +Fk]z TkGij-

n

Z gl ag” Z i, il f*jﬂ. — N7k

i,j=1

Let V() be the Levi-Civita connection with respect to g. Using that

n

©i_ 1 i1 99ij
ZP - Zgjaxlz’

4,j=1
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we obtain
nme= > {rg; + Ty, - 207}
j=1

Differentiating with respect to z* and then 2*, subtracting, yields
aTk 8Ti 2 0 j 0 j 0 0 —=xj
n(52-55) :Z{<axifka‘ =5 ) + (5T o~ 5T
=
r©@i _ 9 )
_22(31 3xkrij )

The last parenthesis vanishes since the Levi-Civita connection V() is
equiaffine (it admits a parallel volume element dv = \/gdacl Ao ANda™,
or, equivalently, it has a symmetric Ricci tensor). Then

o, 07 s 0 0 0 0 —xj

— - = T I‘J T —T ).
(o5 m) =X (et ) + (32T
If any two of the above parentheses vanish, then the third one must vanish.
Applying Proposition 3.1 leads to the desired result. O

From Theorem 3.1 and Proposition 3.1, we obtain the following.

Corollary 3.1. Suppose that V and V' are torsion-free. Consider the fol-
lowing three conditions:

(1) T is an exact 1-form.
(2) V has a symmetric Ricci tensor.
(8) V' has a symmetric Ricci tensor.

Then any two of the above conditions imply the third one.

Let w = fdv, and @* = T*dv be the volume elements associated with
the generalized conjugate connections V and V', with f, f functions, i.e.,

Vw =0, Vo =0,

where dv = /g dx denotes the Riemannian volume element. We shall con-
sider the following notations

wl=1f  @=F"
Theorem 3.2. Let 7 = d¢. Then
w]fw®] = Ce™?, (12)
with C > 0, constant.
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Proof. Applying Proposition 3.2 to formula (11) yields

n = S og(£8) + o (a(F* V) — 25 (08 V)

Using 7, = %, the above relation can be written as an exact equation

57 (16 —log(£/g) —log(f*\/g) + 2log \/g) = 0 =

O (n6 —log(/]") =0 =
ng —log(ff*) =c¢ constant <
= e,
with C' =e™°. O
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We consider a family of Herglotz functions Fy (y € R) generated from a Her-
glotz function F', and obtain their integral representations. We review the the-
ory of value distribution for boundary values of Herglotz functions, and present
a result for limiting generalized value distribution for translated Herglotz func-
tions.

Keywords: Herglotz functions; Generalized value distribution.

1. Introduction

Given a Lebesgue measurable function R — R, the distribution of values
of f can be described by a mapping D : (A, S) — R, defined for arbitrary
Borel sets A, S by

D(A,S: f) = AN f71(9)].

Here |.| denotes Lebesgue measure, and D(A, S; f) is the Lebesgue measure
of the set of points A € A for which f(\) € S.

A case of particular interest is when f(A) is the real boundary value
of the Weyl-Titchmarsh m-function [1,2] associated with the Schrédinger
equation

&P f(x,2)
dx?

where z € C, is a complex spectral parameter. Let u, v be solutions of eq.
(1) which satisfy, at « = 0, the boundary conditions

+ V(@) f(z,2) = 2f (2, 2), (1)

u(0,2) =1, v(0,2) =0,

u'(0,2) =0, v'(0,2) = 1. (2)
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The m-function m(z) is defined by the condition
u(., 2) + m(2)v(., z) € L*(0,00). (3)

It is analytic and has positive imaginary part in the upper half-plane C, =
{#z € C : Imz > 0}. Functions with these properties are called Herglotz
functions. The spectral analysis of the Sturm-Liouville differential operator
T= —j—; +V associated with eq. (1) can be carried out through an analysis
of the boundary behaviour of the m-function. See for example [3], and [4],
where the large = asymptotic behaviour of the solution v defined in (2) has
been studied.

One of the main theoretical tools in [4] was the determination of limiting
value distribution for a family of value distribution mappings D° (§ > 0)
defined by

D°(A,S;F) =D(A,S; F°),

where F9 is the Herglotz function F?(z) = F(z + i6) obtained from a Her-
glotz function F' by translation through distance § parallel to the imaginary
axis. It was proved that D? converge, and precise bounds were obtained.
We present in this paper an analogous result in the case of generalized value
distribution for Herglotz functions.

The paper is organized as follows. In Section 2 we introduce Herglotz
functions and their integral representation. We consider a one-parameter
family of Herglotz functions Fy, (y € R) generated from a Herglotz function
F', and obtain their integral representations and spectral properties for the
corresponding measures. In Section 3 we are concerned with value distribu-
tion for Herglotz functions. The main result regarding limiting generalized
value distribution for translated Herglotz functions is stated in Theorem 3.1.

2. Herglotz functions and their integral representation

Let F be a Herglotz function, that is, analytic and with positive imaginary
part in the upper half-plane C,.. Then F' admits the integral representation

5.6
(=) = ap + bpz + /m{ Lot }dp<t>, (1)

o \lt—2 241

where ap, br are constants (bp > 0), and the function p(t), which is deter-
mined up to an additive constant, is non-decreasing and right-continuous.
For given Herglotz function F' the constants ar, br are determined by

1
arp = Re F (i), bp = lim —Im F(is).

s—00 §
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The spectral function p(t) gives rise to a measure u through the relation
1((a,b]) = p(b) — p(a) for finite intervals (a, b], and p extends to Borel sets.
Then p is said to be the spectral measure corresponding to the Herglotz
function F', and satisfies the convergence condition

1

If b = 0 and the measure p is finite, then we can absorb the term
Je dp(t)t(t* +1)~! into the constant ap, drop the linear term, and adopt
the simpler representation

.m@:aF+/

— 0o

<1

——dp(t) (5)
In this case we have F(is) = ap + iu(R)/s + o(1/s) as s — oc.

By the Lebesgue decomposition theorem [7], the measure p can be de-
composed into an absolutely continuous and a singular part, u = pigc + s,
and further, the singular part can be decomposed into a singular but con-
tinuous and a discrete part, ps = s + tg- The supports of the components
of p can be characterized through an analysis of the boundary behaviour
of F(z) as z approaches the real axis [8]. Thus,

ps=pl{AeR: lir(r)1+ImF(/\—|—i€)=oo};
fae = [ {ANER: ImF(A+iec) isbounded for 0<e <1}
a=pl{AeR: 111ng1+ —ieF(A +ie) = u{\} # 0}.

We denote by F () the boundary value of F(z) as z approaches the
real axis; that is,

Fi(\) = lim F(\ +ie), (6)

e—0t

for each A € R for which this limit exists finitely. It is known from the theory
of boundary values of analytic functions that F(\) is defined Lebesgue
almost everywhere [9]. The density function of pge. is given by f(A) =
Im Fy (A\)/7, whereas the measure p restricted to the set {\ € R: F{()\) €
R} is identically zero [8]. In the special case that F' has real boundary value
Fy ()) almost everywhere, the measure p is purely singular, and F () takes
every real value in any neighbourhood of a point of the essential spectrum
of p (see [10] for further details).

In spectral analysis we require not a single Herglotz function but a
family of them. Given a Herglotz function F, consider the one-parameter
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family of Herglotz functions defined by the relation

1

Fy(2) = m7

z € Cy, y eR. (7)
Denote by ar,, br,, py, iy respectively the constants, spectral function,
and measure corresponding to Fy, defined through the representation (1).
Let F(is) = A(s) + iB(s), and suppose that bp = lims_,o Im F(is)/s =
lims_,o0 B(s)/s > 0. We must have in this case B(s) — oo as s — oo, and
it follows that

1 B
bp, = lim - Im F,(is) = lim - ()

A s ) = e G AmE T B

for all y € R.

The Lebesgue dominated convergence theorem implies that A(s)/s — 0
as s — 00. Therefore, we have Fy(is) =i(sbp)~' +0(1/s) as s — oo, from
which we conclude that i, (R) = lims_o. sIm Fy (is) = b,.' for all y € R.

If bp = 0 and the measure 4 is finite, then we can substitute F'(is) =
ar +ip(R)/s+0(1/s) into (7) in order to determine the large s asymptotic
behaviour of F, (is). We find in this case that the measure p,, is finite except
fory =ap.

These two cases, together with the resulting Herglotz representations
for Fy(z), are given under (i) and (ii) below. The remaining case (iii), in
which bp = 0 and the measure p is infinite, follows from (i) and (ii) on
reversing the roles of F and Fy, and observing that F(z) =y — (F,(2))"*.
In summary, we have:

(i) if bp # 0, then for y € R we have by, = 0 and F), has the representation
% dpy(t)
Fy(z) = Y
y(2) Lw PR

where f1,, is a finite measure and p,(R) = bz".
(ii) if bp = 0 and p(R) < oo, then for y # ar we have b, = 0 and

o= [~

Yy —ap t—z

where i, is a finite measure and 1, (R) = p(R)(y — ar) 2.
(iii) if bp = 0 and p(R) = oo, then br, = 0 for all y € R, and either
ty(R) < 00, or py(R) = oo, for all y € R.

We note that in each case bp, > 0 for at most one value of y. Eq. (7) is
equivalent to Fy(z) = Fy(2)/(1 + (y — x)F,(z)). By using this relation we
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can take any one of the family {F,(z)} and define the others in terms of
that function.

The discrete spectrum of p, is determined by the boundary behaviour
of F' as follows. If A is a discrete point of the measure p,, for some y € R,
then F (A\) =y, and we have

. F(A+ie) = F (N /OO p(t) 1
1 =b = . 8
B A Y = VRnt T Y S
To see this, note first that since lim,_,g+ Im Fy (A + ie) = oo, it follows that
1
Fi(A) = lim F(A+1ie)= 1i - =y
L) = i FOeie) = i [y Fy(mg)] Y

Moreover, p,{A\} = —lim._ ¢+ ie Fy (X + ie) implies that

. F(A+ie) — 1 1
lim _7 = lim = )
e—0+ ie " emo+ —icF, y(A+ie)  py{A}
Taking the real part and using the representation (1), we see that this limit
is also
1 - . > dp(t) < dp(t)
| —Im F(\ =) 1 — =}
ore A+ i) F+Ei%l+ oo (E—=A)2 + 2 F+/_m(t—>\)2’

which completes the proof of (8).

An immediate consequence is that the singular part of the measure p,, is
supported on the set {\ € R: F{ (\) = y}, and hence, for any two distinct
values of y, the singular parts of j,, are mutually singular.

3. Value distribution for Herglotz functions

A theory of value distribution for boundary values of Herglotz functions
has been developed in the last fifteen years [3,4,10]. By a value distribution
mapping we mean a mapping D : (A,S) — D(A4,S) which assigns an ex-
tended real non-negative number to pairs of Borel subsets A, S of R and
satisfies the following properties:

(i) A — D(A,S) defines a measure on Borel subsets of R, for fixed S;
S — D(A, S) defines a measure on Borel subsets of R, for fixed A;
(ii) D(A,R) = |AJ; this implies that the measure A — D(A,S) is abso-
lutely continuous with respect to Lebesgue measure;
(iii) the measure S — D(A,S) is absolutely continuous with respect to
Lebesgue measure.



40 Y.T. Christodoulides

The value distribution mapping associated with a Herglotz function F
is given by [10]

D%&H=wam, (9)

where {1y} (y € R) are the measures corresponding to a family of Her-
glotz functions F), generated from F. If F' has real boundary value almost
everywhere, then the measure p corresponding to F', and the measures fi,
corresponding to F,,, are purely singular, and we have [10]

DA 8:F) = [ Ay = AN (S). (10)

Thus, in this case, D(A4,S; F) is the Lebesgue measure of the set of points
A € A for which F (\) € S.

An alternative characterization of the value distribution mapping asso-
ciated with a Herglotz function F' uses the angle 6(z,.S) subtended at the
point z € C4 by a Borel set S on the real axis, defined by [4]

0(z,8) = /SIm [%} dt, z € Cy. (11)

Define w(z,S;F) = 0(F(2),5)/n, for z € C,, and w(\,S;F) =
lim. o+ O(F (X + i), S)/m, for A € R. If it is clear from the context, we
shall write w(z, S), and w(A, S), respectively. We then have

1 Fi(\)€R and F,()) €S,
w(A,S) = 0 Fy(A) eR and Fi(A) ¢S,
O(Fy(N),S)/m ImFy(\) > 0.

In particular, if F' has real boundary value almost everywhere, then w(\, .S)
is a.e. the characteristic function of the set Fi/'(.S), and we have [4]

D(A7S;F):/w(>\, S)dx = [ANFH(9)|. (12)
A

The integral in eq. (12) is also a natural value distribution mapping asso-
ciated with the Herglotz function F.

In [4], the determination of the asymptotic value distribution of the
Herglotz function —v’ /v, where v is the solution of the Schrodinger equation
(1) which was defined in (2), was based on an important estimate about
value distribution for translated Herglotz functions F°(z) = F(z + i6). If
we denote w?(z,9; F) = w(z,S; F?), for z € C,, and similarly for points
A € R, it was shown that

/wé(A,S;F)dA—/w(A,S;F)dA' < EA(6), (13)
A A
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where A, S are arbitrary Borel sets (|A| < 00), and E4(0) is a non-decreas-
ing function of §, with lims_o+ E4(d) = 0. Surprisingly, it was found that
the bound in (13) holds uniformly for all Herglotz functions F' and Borel
sets S.

The results can be generalized by allowing a description of value distri-
bution in terms of measures other than Lebesgue measure. The generalized
value distribution [11] associated with a Herglotz function F is described
by a measure vg defined by

vs(A) = /ﬂ iy (A)dor(y). (14)

In (14), A, S are arbitrary Borel sets, p, are the measures appearing in
(9), and do is a Herglotz measure corresponding to a Herglotz function ¢
having representation
e 1 t

The measure vg satisfies the condition [ 1/(14¢*)dvs(t) < oo, and there-
fore it is also a Herglotz measure. It can easily be verified that if the measure
do is absolutely continuous, then vg is also absolutely continuous. If F' has
real boundary value almost everywhere, then the measure u is purely sin-
gular and we have vg(A) = vg(AN F7'(9)) = vr(A N F{'(S)). For any
Borel set B we have the relation [11]

vs(B) = N(¢soF)(B) —byu(B), (16)

where p is the measure corresponding to the Herglotz function F, by is
the constant appearing in the representation (15) of ¢, and p(450r) is the
measure corresponding to the composed Herglotz function ¢go F, where ¢g
has the same representation as that of ¢ except that integration takes place
over the Borel set S instead of R. The integral representation of composed
Herglotz functions, and their boundary values, have been studied in [12].

We present a result for generalized value distribution which is analogous
to the one in (13). Define first, for any Borel set S of R and z € Cy4, a
generalized angle subtended 6, by

0,(z,S) = /SIm [t i J do(t).

Thus 0, (z, S) may be thought of as an angle subtended at the point z € C.
by the set S, weighted on R by the measure 0. We define w,(z,S; F) =
0,(F(z),S)/n for z € C4, and w, (A, S; F) = limgs_,g+ we (A + 16, 5; F) for
points A € R.
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In the remainder of the section we shall assume that the measure do is
absolutely continuous, with density function h,.
We have the relation

/ S(A)do(y /9 t+1i8, A)dvs(t), (17)

where the measures ug correspond to the translated Herglotz functions
Fj(z) = F,(z +1i6). A detailed proof of (17) will be published elsewhere.

For any Borel set S and positive constant C, let the sets Sy, S; be
defined by

So={y € S:hs(y) <C}, S1={yeS:hs(y) >C}

We define Herglotz functions ¢, ¢ having the integral representations

¢0(2):a¢+b¢z+/so{i tQil}dU() (18)

o) = [ {25 - g ot (19)

and let vy, v1 be the measures corresponding to the composed Herglotz
functions ¢g o F', ¢1 o F respectively. Since (¢so F)(z) = (¢poo F)(z)+ (¢10
F)(z) for all z € Cy, we have i(pgor)(B) = vo(B) + vi(B) for any Borel
set B, and from eq. (16) we obtain vg(B) = vo(B) + v1(B) — byu(B).

The measure (vyg — bgp) is absolutely continuous with respect to
Lebesgue measure, with density function bounded by C'. For finite intervals
(a, b] whose endpoints are not discrete points of the measure (vg—bg ), this
follows from the standard result [8] about Herglotz measures of intervals, by
an application of the Lebesgue dominated convergence theorem. We have

(o — bap)((a, b)) :Eli%l+%/ab{/q m [m]da(t)}d/\
<C(b-a), 0

since do is bounded by Lebesgue measure on the set Sy, and for any fixed
value € > 0 we have [, Im [t — F(X +ig)] " dt = 7.

The result extends to arbitrary open intervals by considering sequences
of intervals whose endpoints are not discrete points of (vo —bgu), and hence
to open Borel sets.

Now fix C' > 0. If B is any bounded Borel set, given € > 0 there is an
open set G containing B such that |G| < |B| + ¢/C. Then, we have

(vo = bpp)(B) < (o — byu)(G) < C|G| < C|B| +¢,
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and since € was arbitrary we can infer (vg — byu)(B) < C|B].

Finally, the result generalizes to arbitrary Borel sets through the relation
(vo = bop)(B) = (vo — byp)(Un B N [-N, N]).

Let [a, b] be a finite closed interval. For any Borel set A C [a, b] we have,

therefore,
1
1 / Ot + 6, A°)d(vo — bop) () < CEA(S),
1 (20)
— 0(t + 10, A)d(vo — bpp)(t) < CEA(9),
™ JAc
where
E4(0) = 1 O(t +id, A)dt. (21)
T JAc
Note that

Ea(s) = = /0t+26 A)dt—l/{w— Ot + i6, A°) }dt

= /9t+z§AC

It has been shown [4] that E4(0) is a non-decreasing function of J§, with
lim6_>0+ EA(5) =0.

We also have the following result: let € > 0 be given, and take § with
0 < § < 1. Then, a constant N = N(g) can be found such that

1 / Ot + i6, A%Ydwn (1) < e,
mla (22)

1
L[ o +i6, A (t) < e,
™ J Ac

hold for all C > N(e) and for all Borel sets A C [a,b], where C is the
constant appearing in the definition of the sets Sy, S1. The proof of (22)
will be published elsewhere.

From eq. (17) and the definition of the measure vg we have

| [anao) - [ ot -

S S

— /{lo(t+¢5,A) s (t) + -
AT ™

In (23), the integral on the left is negative, and the integral on the right is
positive. Hence an upper bound for this expression is

sup{% /A Ot + 10, A%)dvs (1), % 0(t+i5,A)dz/5(t)}.

1 .
= /R 0(t + 6, A)dvs(t) —VS(A)}

O(t + i6, A)dvs (t) ‘ (23)
Ac

Ac
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Since vg(B) = (1o — beu)(B) — v1(B) for any Borel set B, combining (20)
and (22) we have

‘/SH(;(A)do—(y)—/Suy(A)do—(y)‘ < CEA(6) +, (24)

for all C > N(e) and for all Borel sets A C [a, b].
The measures ug are absolutely continuous, with density functions
Im (lim. o+ F (A + ig))/m = Im F (A + i6) /7. Thus, we have

[t~ 2 [l i}

= lHU(F(x\—kié),S)dA:/wg(A, S; F)d\,
AT A

by a change in the order of integration. The absolute continuity of do implies
the absolute continuity of vg, which has been associated with the Herglotz
function (¢g o F') — by F. Thus, the density function h,4 of vg is given by
hys(X) = lim, o+ Im (¢ps 0 F —byF)(A+ic)/m, and from the representation
of ¢s we have

o) = Jim [ ot

lim %HU(F()\ +ig),S) = ws (A, S).

e—0t

Hence,

vs() = [y A)doty) = [ wo(rS)ir
s A
We have therefore obtained the following Theorem.

Theorem 3.1. Let [a,b] be a finite closed interval, K a compact subset of
Cy4, and S any Borel set. Take 6 with 0 < § < 1, let E4(J) be defined by
(21), and suppose that the measure do is absolutely continuous. Then, given
€ >0, a constant N = N (e) can be found such that

/wg(/\,S;F)d/\—/wg(A,S;F)dA‘ < CEA(d) +¢, (25)
A A

for all C > N(e), A C [a,b], and for any Herglotz function F such that
F(i) € K.

We remark that the condition F(i) € K is required in order to prove the
inequalities (22).

The application of Theorem 3.1 in the spectral analysis of differential
operators is the aim of research in progress.
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In the paper we consider cyclic hyper-number systems which are naturally
related to the partial differential equations over the paracomplex algebra with
zero divisors. This research is somehow parallel to the notion of the classical
hypercomplex systems. At the end we shortly describe the Hankel geometry
as a special cyclic geometry. Due to some page restrictions in this volume, we
shall develop the analytic and the geometric approaches to this specific kind
of cyclic geometry in another article of ours.
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Let K denotes the field of complex numbers or the field of real numbers,
i. ee. K = R or K = C. By definition K(jo, j1,---,Jn) := {aojo + a1j1 +
oot angn tar € Kok =0,1,2,...,n}, dimK(jo,j1,.--,0n) = n+ 1, is
called an (n 4 1)-dimensional hyper-K-system with units jy.

Addition in such systems is defined naturally by the addition of the
corresponding coefficients, and the multiplication with the help of the units
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(clrk), r=0,1,...,n:
Jrii=chljo+ it 4 g, Gk = cifdo + i+ + .

In general we have that jxji # Jijk, k.0 = 0,1,2,...,n, i.e a non-
commutative multiplication. We see that K C K(jo, j1,72,---,jn). We set
Jo =1 and therefore jojo = jo, jojk = Jkjo = Jk-

1. Hyper-real systems: K = R
The ordinary complexr numbers x + iy can be considered as
linear combinations of the kind -1+ 1y -1 constructed from the

units 1 and i with the help of the (real) parameters x and y.

Feliz Klein, The Elementary Mathematics from the Point of
View of the Higher.

The simplest hyper-real system is the field of complex numbers, namely
R(1,i):={z+iy:z,y € R, i* = —1},

where 4 is the unique unit j;. In fact, there are two other 2-dimensional
hyper-real systems:

R(1,k) ={z+ry: 2,y €R, v? =1}

(double-real numbers, or para-complex numbers, or hyperbolic numbers),
and

R(l,w) ={z+wy:z,y €R, v’ =0},

known as E. Study’s numbers. The unit in the case of double-real numbers
can be interpreted using the matrix representation of the hyper-real system
R(1, k). The elements of this system have the following matrix representa-
tion as 2 x 2 real cyclic matrices:

o= (32)==(on) v (10) ()

01
10

2
:17

and we set Kk = ( > . Let us recall that the matrix representation of

the real numbers can be written as follows: if » € R, then r — <g 2)

Therefore we have k = <(1) (1)) Z R.
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The hyper-real systems above are two-dimensional systems. The follow-
ing hyper-real systems are real four-dimensional. They are closely related
to the non-commutative division quaternion algebras (Hamilton, 1843):

R(1,4,4,k) = {xo + iz1 + jao + kxs : 20,21, 22,23 € R,
i*=j%=-1, k=1ij}

The bicomplex numbers (Segre, 1894) are: R(1,%,j,e) = {xo + ix1
+jwa+exs : ¥, w1, 72,73 € R,i2 = j2 = —1,€? = +1}. The corresponding
algebra is a commutative algebra with zero divisors.

2. Hyper-complex systems

Some of the above presented hyper-real systems admit a complexification.
We shall note this for the complex and bicomplex numbers [1]:

R(1,i)=C(1),  R(l,i,j,¢) = C(1,5), j*=—1

These are true up to an isomorphism.

3. Real double-variables or para-complex variables

The real double-number system R.(1, k), 2 = 1, is an algebra and we denote
its elements by z = x 4+ Ky, x,y € R. They are also called para-complex
numbers. By definition z* := x—ky is called the conjugate of z. This algebra
has zero divisors. We have that dz = dz + rdy, dz* = dz — kdy.

One can consider differentiable real double-number functions

f:R(L"{)_)R(]-vK)» Le. f(Z):fo(x,y)+Iif1(x,y)~

From here on we consider only continuously differentiable functions, i.e.
functions with continuous partial derivatives.
The following representation for the differentials is valid:

df = fd L9y 29y, O

dy 0z 0z 90

where

3 3 3 0 0 0

We say that f (z) is holomorphic real double-number or holomorphic
paracomplex function if

of of _.of

% = 07 or % ay =0. (1)
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The condition above implies

af()(xvy) 8f1($,y) 3fo(3:,y) afl(xvy) _
oz + kK B —/Q( By + K By )-O,

and since k2 = 1, we get

Afo(z,y)  0fi(z,y) ofi(z,y)  Ofo(z,y)\ _
dr Oy +H( dr Oy >_O'

Finally, we get the following system of two unknown functions fy and fi:

Ofo(z,y)  Ofi(z,y) Ofr(z,y)  Ofo(z,y)

Ox oy - Ox oy =0, 2)
8f0(xay) _ 8f1(xay) 8f1(xay) _ 8f0(xay)
oz oy oz oy
From (2) we get the following second order equations:
2 2 2 2
a fO(xay) _a fO(xay) :O, a fl(xay) _a fl(ivay) —0. (3)

O y? Ox? Oy?

Remark 3.1. The system (2) is a hyperbolic system of two unknown func-
tions, and the second order equations are hyperbolic equations respectively.

Example 3.1. Let fo(z,y) =z, f1(z,y) =y, i.e. f(x+Ky) =z + Ky . The
system (2) and the second order equations (3) are satisfied.

Example 3.2. Let fo(z,y) = z, fi(z,y) = —y, ie. f(z — Ky) = = — Kky.
The system (2) and the second order equations are not satisfied.

4. Four real variables, K =R

abcecd
. . . dabc
Let us consider the cyclic matrices cdab | Then any real number can
beda
r000
. 0r00 L . .
be represented in the form ooro |’ which is a cyclic matrix. We denote
000~

the set of all real (4 x 4)-matrices by My (R). This set is a non-commutative
real algebra. For r = 1 the matrix above is the unity element in the algebra
My(R).

We see that the set of all cyclic matrices is a subalgebra of M4(R), which
include the reals and the unity of My(R). It is denoted by R(1, 7,72, 7%).
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In the previous paragraph we considered, in fact, cyclic (2 x 2)-matrices
(R(1,K) C M3(R)).
Let us define

0100 0010 0001

~|oo10 o |oo01 5. [1o000
0001 ]’ 1000 |’ “lotoo0 |’
1000 0100 0010

and 74 coincides with the unity matrix I in the algebra My (R). It is easy
to see that 7579 = 7%+9 k. ¢=1,2,3,4and 7* = I.

Let (a, b, ¢,d) denotes the cyclic (4 x 4)-matrix defined by these four real
numbers.

Proposition 4.1. Each cyclic matriz (a,b,c,d) can be represented in the
form:

(a,b,¢,d) = al +br +cr? +dr3, ol =a.
Proof. The proof is obtained by straightforward computations. O

Proposition 4.2. Fach four-real number can be represented as a sum of
two double-real numbers.

Proof. It is obvious that a + b7 + cr? + dr® = a + e + 7(b+ dr?). Let us
set a + cm? = a and b+ d7? = 3. Since (72)? = 1, it follows that « and 3
are double-real numbers. So we obtain that

a+br+er?+dr =a+pr, with 71=1 O

The above is often called a doubling of the initial real variables.

5. Four-real functions of four real variables

The set of four-real variables is denoted by R(1, 7,72, 73) C My(R). It is
a commutative algebra with zero divisors which is a subalgebra of My(R),
or 4-dimensional commutative hyper real system. If £ € R(1, 7,72, 73), we
have that

E=x+yr+ur’+ord® with xz,y,u,veR.
A function ¢ : R(1,7,72,73) — R(1,7,72,73) is represented as follows:
(x4 y7r + ur® + vr?)
= ¢o(z,y,u,v) + ¢1(x, Yy, u, V)T + o, y, u,v)T2 + da(z, y, u, v)7°,
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where ¢;, j = 0,1,2,3 are function of four real variables.

On the other hand the function ¢ can be considered as a function of
two double-real variables ¢ : [R(1,72)](1,7) — [R(1,7%)](1,7) if it can be
represented as follows:

(ZS(O‘—'—Tﬁ) :¢0(avﬂ)+7¢l(avﬂ)7 a7ﬁ€R(177—2)'

This means that ¢ is differentiable as a function of double-real variables
if there are two functions ¢g and ¢; of the double-real variables o and [
such that the equality above is true.

Let dz, dy, du, dv be the ordinary differentials. Then the differentials of
the double-real variables o and (3 are

da = dx + 72du, dB = dy+ 3dv.

6. Partial derivatives with respect to the double-real
variables a and (3

Let f(&) be a four-real function of four-real variables

TYuv
Yyuvzx
UV TY
VT YU

E=x+Ty+ 7T ut 0=

We have that

P W
df = axd;v—f— 8ydy—l— 8udu—i— 8vdv’

where
% = %4—7% +72%+73%,
etc. We recall that
a=uz+7 B=y+7%0, S B =y -7
Then
da=dr+73du, df=dy+7*v, do*=dx—7du, dB*=dy— T dv,
and it follows that

2dz = do + do*, 2dy = df + d*, 2du = 72 (do — da*),
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and 2dv = 72(df — d3*). We introduce the following differential operators:
O (A pl), U L0, 00)

9o~ 2\0z ' Ou 98~ 2\ay " du
of .__<ﬁ 25f) of .__(ﬁ_ﬁg)
dax Ox ou opr Ay o)’
Then the following equalities are true:
o) )
dr  \da Oo* oy \9B 0B
2af (3f 5f) of _ <3f 5f>
ou o  Oo* )’ v \apg 9p*)’

Proposition 6.1. The following equalities hold:

of 0f py — 0F g OF 4o OF, OF,  Of of
8xd+3d % Sor —da 8d+8d ﬂdﬁ+ﬂdﬂ 4)
Proof. We have that
of of 4.
20t g™
f . of of of
(8a+8a)< (da+da)) T <% 8a>< (da—da))
_of, o
92T Bar
The second equality can be proved in exactly the same way. O

If we put f(&) = f(a+ 78) where a = = + 72u and 3 = y + 720, we
obtain the following

of of

d+%

f of

op*

Corollary 6.1. df = —da”™ +

dg*.

7. Para-complex differentiability

Let f be a four-real function of four-real variables.

Definition 7.1. We say that a function f is a para-complex differentiable
if
0 0
Of g 01

Do a5 =0 5)
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It follows that

;fd —|—§ﬂf*dﬁ*

(e} ()
3 (72 - zaﬁ) “%(g—f— 5 )
w5 (g (o5 )

It turns out that the differentiability condition (5) implies a new condition:

of _ ,0f  0f _ ,0f .
Ox ou’ dy o’

In terms of components fo, f1, f2, f3, we have

22 T Tor T 0 T ar o "o T o T ou

0fo , Of | 20fr  50fs _ > <% Ofi | 202 3%)

dfo  0h 25f2+ 30f3 _ <5f0 0f1 | 50fs 35f3>.

o Ty T oy dy "o T o T o

Comparing coefficients before 1,7, 72,73, one arrives at the next

Theorem 7.1. The components f; of the differentiable four-real function

f = fo+7f1 + 12fo + T3 f3 satisfy the following system of 8 first order
partial differential equations

O _0f2  Ofo _0f 0K _9fs  Oh _9fs

Ox ou’ ou Oz’ or  ou’ ou oz’
Of _0f  Oh_0f  0fi_ofh  oh _ o
Ay ov’ v oy’ Oy v’ Ov Oy

For the 4 second order partial differential equations of hyperbolic type, we
have respectively

Pfo Pfo _ 0 ’fhH PhH

Ox? 2 9z2  ouz
*fo 9%*fo ~0 P*fH 0%f

Oy? Ov? ’ o2 2 -
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8. Hyper four-dimensional real scalar systems and the
Hankel geometry [2—4]

Here we recall another pure geometric aspect of the cyclic 4 x 4 matrices,
namely the decomposition

abced
beda
=aH; + bHs + cH3 + dHy,
cdabd
dabc
where
1000 0100
0001 1000
M=too10l° ™= |o001]"
0100 0010
0010 0001
0100 0010
Hs=11000]| Ha=1o100]
0001 1000

anda+b+c+d#0,a+c—b—d#0,a#c, and b # d. The last are
sufficient for the matrices to be non-singular. The set of all such matrices
is denoted by R(H1,Hz,Hs,Hs). The following properties of the above
considered matrices are valid:

HiHa = HoHs = HsHy;
HiHs = HaHy.

The considered matrices are called Hankel matrices and the geometry in-
duced by them is called a Hankel geometry.

Since the product of two Hankel matrices is not a Hankel matrix,
R(H1, Ha, Hs,H4) is not a ring with the usual matrix multiplication, but
it is a linear space. The inverse matrix of a Hankel matrix is a Hankel ma-
trix too. Sometimes the inverse of a non-singular Hankel matrix is called a
Bézout matriz. Hence, it is easy to formulate the following assertion:

Any product of two Hankel matrices is a linear combination of the ma-
trices H1H1 = Z, H1H2, H1Hs and H1H4 defined already above.
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Let now

TYZU
Yyzuzx
zuzxy
UTY 2

S R(Hl,Hz,Hg,H4).

One can define the following transformations:

X :=azx + by + cz + du, Y :=ay + bz + cu + dx,

7
Z :=az+bu+ cx + dy, U:=au+bxr+cy+dz. ()

Points (vectors) v(z,y, z,u) are the points (vectors) in Hankel geometry,
and (7) are the Hankel transformations. One can study some specific in-
variants under these transformations.

Let v1(z1,y1,21,u1), v2(x2,y2, 22,u2) be two vectors in Hankel geome-
try. Then we define a scalar product as follows:

V1V2 = 2122 + Y1Y2 + 2122 + uius.

It is proved that scalar product in Hankel geometry is an absolute invariant
iff a2 402 +c2+d>=1,ab+bc+cd+ud =0 and ac+ bd = 0 i.e. the
considered cyclic matrix is an orthogonal matrix.

Analogously, it is possible to define a pseudo-scalar product of two vec-
tors and a cross-product of three vectors. In particular, a pseudo-scalar
product of two vectors vy and vs is defined as follows:

v1v2 = 172 + Y1y + K (2122 + ugug). (8)

Then the following remarkable fact is true:
Pseudo-scalar product (8) is invariant under the Hankel transformations
iff K = —1 and these transformations are of the form
X = cosh(t)z + sinh(t)z, Y = cosh(t)y + sinh(t)u,
Z = sinh(t)z + cosh(t)z, U = sinh(t)y + cosh(t)u,
i.e. iff the Hankel transformations are extensions to the Lorentz transfor-
mations and K = —1.
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This paper deals with plane curves which being integral curves of a certain
dynamical system of two degrees of freedom can be thought of as trajecto-
ries of a particle of unit mass in a potential field. Two special cases of this
system that are integrable by quadratures are identified in another paper of
this volume. Typical examples of curves, corresponding to each of these two
cases are the so-called Lévy’s elasticae and the profile curves of the Delaunay
surfaces, respectively. Here their parameterizations are derived in explicit form
and illustrated by a number of figures.

Keywords: Dynamical system; Integrability; Lévy’s elastica; Delaunay surfaces.

1. Dynamical systems of the Frenet-Serret type

The present contribution is concerned with the integral curves of systems
consisting of two second-order ordinary differential equations of form

i+ K(z,2)2 =0, Z—K(z,2)t =0 (1)

where (z, z) are Cartesian co-ordinates in the Euclidean plane R? and dots
denote derivatives with respect to the archlength s of the respective curve.
Systems like (1) may be referred to as systems of Frenet-Serret type since
they originate from the prominent Frenet-Serret formulas as is shown in
another paper in this volume (see Ref. 1). Each system of the form (1)
can be also regarded as a dynamical system of two degrees of freedom
determining the motion (trajectories) of a particle of unit mass, s playing
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the role of time. Given a system of the aforementioned form, the function
K(z, z) is easily identified with the curvature of its integral curves.

Two cases of dynamical systems of Frenet-Serret type that are integrable
by quadratures are identified in Ref. 1. Examples of such systems within
each of these cases are given below, and explicit parametric equations of
the respective curves are derived for all of them.

2. Lévy’s elasticae

The first example is the so-called Lévy’s elasticae [3] — curves of curvature
K(z,z) = K(r) = ar® + ¢, a,ceR, az#0 (2)
where
r= a2 22,

It is shown in Ref. 1 that in this case, integrability in quadratures of the
respective system of the form (1) can be accomplished in polar coordinates

x =rcosb, y =rsinf (3)
in which it reduces to
o1 . 1 2
I= 5 (UG =), F=Efr = (U () <) (4)
where
1 1,
U(r)z; r/C(r)dr:Z(ar + 2cr)

and € is a real number.

Instead of integrating directly for r(s) and 9(r), we chose another path
on the way to determine the explicit parametric equations of the curves with
curvature specified in (2). Namely, we first differentiate the expressions (3)
with respect to s, then substitute the so obtained derivatives of z and z in
& = cosp, # = siny, where ¢ is the slope angle (¢ = k(s) = K (x(s), 2(s)))
and finally solve for cos ¢ and sin . Substitution of the so obtained expres-
sions in (3) yields

T . 729 .
r=————cosp+ ———sinp,
r202 + 72 7292 4 72
7 . 29
z2=————8np - ———cos p.

7202 4 72 r202 + 72
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Substituting here equations (4) and taking into account the relation

1
2 e g— _—
e = CL/ﬁ(s) c
that is inherent to Lévy’s elasticae (see Ref. 3 as well as formula (2)), one
ends with the expressions

1d 1

z(s) = — ~s) cos p(s) + — (K %(s) — ¢* — dae) sin ¢(s),

2a ds da (5)
1 dk(s) . 1, ., 9
= — g _— — — 4 1
z(s) 5n s Sin () 4a(lﬂ (s)—c ae) cos p(s)
which produce the position vector components in terms of the curvature
k(s) and the slope angle ¢(s), obtained by other means in Ref. 2. Thus, the
problem for determination of explicit parametric equations of the curves

constituting Lévy’s elasticae reduces to the problem for determination of
explicit expressions for the curvature x(s) and the slope angle ¢(s).

After the above substitutions, the equation for 7 can be written in the
form

2

where
1
E= —§c4 — 2a%? — cae — 2ca, p=c® 4+ 4dae, o = 4a.

The very same equation has been studied recently by the present authors
in the context of the equilibrium shapes of lipid bilayer membranes [2] and
it has been proved that depending on the values of the parameters u, o and
E, two cases for the intrinsic equation of the curve and the corresponding
slope angle ¢(s) have to be considered.

Case 1. The polynomial P(x) has two real roots o < [ and two complex
conjugate roots v and § = 7. In this case there exist both periodic and
non-periodic solutions of the equation (6) for the curvature s(s).

If Ba+ B)(a+306) # 0and n = (y—9)/(2i) # 0, then there exist

periodic solutions which are given below by the following formulas

(AB + Ba) — (AB — Ba) cn(us, k)
= ) 7
F(s) (A+ B) — (A— B)cn(us, k) @
_AB-Ba  (A+B)(a—p) (A— B)?
w1 (s) = 1B s+ 50 (A—B) I 1A ;am(us, k), k
a—f

A - B)? k
+ arctan k2—|—( )" sn (us, k)

A-B)? 4AB dn (us,k
2uy/k? + 4B) (us, k)

(8)




60 P.A. Djondjorov, V.M. Vassilev, .M. Mladenov

where

1
A=\/42+(Ba+pP)’, B=y42+(a+38)> u TVAB,
1

PR P 4n* + (3a + B) (o + 30) .
VIl + Ba+ ) (a + 39 + 1652(8 — )?

Non-periodic solutions are obtained in the cases in which
(Ba+B)(a+36) =n=0,

and they are of the form

4
@(S)ZC_TQCW’

where ( =aif 3a+8=0and (=0 if a+38=0.

2 (s) = (s — 4arctan ((s),

Case 2. The polynomial P(£) has four real roots o < § < v < §. Then,
two periodic solutions of the equation (6) exist, i.e.,

0-a)(6-0)
(0= B) + (8 — a)sn®(us, k)’

k3 (s)=0—

Ca W (9)
w3 (8) = 0s — d - I (gﬁ,am(us, k:),k)
and
. -8 68
AR R (R ) o)
B—r(0—7
@4 (s) = Ps — " I <m,am(us, k:),k)

where in both cases

1 (B—a)(6—7)
_ - \/f , = .
u=V(r—a)(é-5) k (=) (0=7)

Depending on the chosen values of the constants p, 0 and F, the curves
constituting the Lévy’s elasticae can be open or closed, the latter being
simple or self-intersecting. It is shown in Ref. 2 that the respective simple
curves are generated by the periodic solutions specified in the first case
while the two solutions in the second case produce only self-intersecting
curves.

Typical examples of curves, corresponding to curvatures of the form (7)
are seen in Figure 1. Curves of this kind with only one axis of symmetry
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are necessarily self-intersecting, whereas curves of more axes of symmetry
could be simple as it is illustrated in that Figure.

WA X

Fig. 1. Examples of closed curves of curvature (7).

Figure 2 represents typical examples of curves whose curvatures are
of the forms (9) or (10). It is already pointed out that these curves are
necessarily [2] self-intersecting ones, but in Figure 2 one can see that the
protuberances, which are shaped due to the self-intersection, are directed
inward for curvatures of the form (9) and outward for curvatures of the
form (10).

Fig. 2. Closed self-intersecting curves generated via (9) (top) and (10) (bottom).

3. Profile curves of Delaunay’s surfaces

As another quite interesting example, let us consider the profile curves of
classic Delaunay’s surfaces [4]. Elsewhere [5] it is shown that their curva-
tures are specified by the general formula

k(xz) =m+ %, x>0, m,n € R. (11)
x
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Here, for typographical reasons we have replaced the canonical variables
q, p in formulae (39) and (40) presented in Ref. 1 with z, respectively z.
Besides, according to them, the system (1) for these surfaces reduces to the
quadratures

(mz? — n)dx

B xdz L 2 .
S‘i/m’ i/¢m2_<mx2_n>2

Apparently, the integration depends crucially on whether m = 0 or not.
Note that the parameter m in formula (11) is the mean curvature of the
Delaunay’s surfaces as can be traced in more details in Ref. 5.

In the case of profile curves of Delaunay’s surfaces with nonzero mean
curvature (m # 0), and omitting the signs in the above integrals, x(s) is
expressed by the elementary function

\/1 +2mn + /1 4+ dmnsin(2ms)
x(s) = Tam

whereas z(s) is expressed in terms of the first and the second kind elliptic
integrals

(12)

A ™ n ™
z(s) = EE (ms - Z’k) - XF (ms - Z’k) (13)
with
\ V14 2mn+ I+ dmn . 2v1 + dmn
N V2 ’ V14 2mn+ 1+ 4mn

The case m = 0 corresponds to the profile curves of Delaunay’s surfaces
with zero mean curvature (minimal surfaces). In this case both, z(s) and
z(s) are expressed via elementary functions, namely

x(s) = V' s% + n?, z2(s) = —nln (3 +Vs2+ n2) . (14)

Typical examples of Delaunay’s surfaces and their profile curves are
given in Figure 3. The most interesting profile curves — nodary, undulary
and catenary are shown on the top and the corresponding surfaces obtained
after their revolution about the symmetry axes are depicted at the bottom.
All of them are produced by making use of the solutions of the system
(1) given in (12)—(14). The nodoids and unduloids are obtained when the
parameters m and n in (12)—(13) have the same, respectively different signs.
The solutions to the system (1) of the form (14) correspond to catenoids.
Expressions (14) imply also that since the catenoids are infinite in both
directions surfaces of revolution, their shapes are independant of the sign
of the parameter n.
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Fig. 3. Left to right: the nodary, undulary and catenary (top), and the nodoid, unduloid
and catenoid (bottom).

Acknowledgments

This research is partially supported by the Bulgarian National Science
Foundation under the grant B-1531/2005 and the Inter Academy contract
# 23/2006 and # 35/2009 between the Bulgarian and the Polish Academies
of Sciences. The authors are grateful also to Mrs. Mariana Hadzilazova for
her help with the graphics files.

References

1. V. Vassilev, P. Djondjorov and I. Mladenov, Integrable Dynamical Systems of
the Frenet-Serret Type, This volume pp 261-271.

2. V. Vassilev, P. Djondjorov and I. Mladenov, Cylindrical Equilibrium Shapes
of Fluid Membranes, J. Phys. A: Math. and Theor. 41, 435201 (2008).

3. M. Lévy, Mémoire sur un nouveau cas intégrable du probléme de I’élastique
et 'une de ses applications, Journal de Mathematiques Pures et Appliquees,
Sér. 3 X, 5-42 (1884).

4. C. Delaunay, Sur la surface de révolution dont la courbure moyenne est con-
stante, Journal de Mathematiques Pures et Appliquees, Sér. 1 VI, 309-315
(1841).

5. I. Mladenov, M. Hadzhilazova, P. Djondjorov and V. Vassilev, On the Intrinsic
Equation Behind the Delaunay Surfaces, AIP Conference Proceedings vol.
1079, Melville-New York, 2008, pp. 274-280.



64

RELATIVISTIC STRAIN AND ELECTROMAGNETIC
PHOTON-LIKE OBJECTS

STOIL DONEV* and MARIA TASHKOVA

Institute for Nuclear Research and Nuclear Energy,
Bulgarian Academy of Sciences,
blvd. Tzarigradsko chaussee 72, 1784 Bulgaria
* E-mail: sdonev@inrne.bas.bg

This paper aims to relate some properties of photon-like objects, considered as
spatially finite time-stable physical entities with dynamical structure, to well
defined properties of the corresponding electromagnetic strains defined as Lie
derivatives of the Minkowski (pseudo) metric with respect to the eigen vector
fields of the Maxwell-Minkowski stress-energy-momentum tensor. First we re-
call the geometric sense of the concept of strain, then we introduce and discuss
the notion for PhLLO. We compute then the strains and establish important
correspondences with the divergence terms of the energy tensor and the terms
determining some internal energy-momentum exchange between the two com-
ponents F' and *F of a vacuum electromagnetic field. The role of appropriately
defined Frobenius curvature is also discussed and emphasized. Finally, equa-
tions of motion and interesting PhLO-solutions are given.

Keywords: Strain; Frobenius curvature; Photon-like object.

1. Strain

The concept of strain is introduced in studying elastic materials subject to
external forces of different nature: mechanical, electromagnetic, etc. The
classical strain describes mainly the abilities of the material to bear force-
action from outside through deformation, i.e. through changing its shape,
or, configuration.

The mathematical counterparts of the allowed (including reversible) de-
formations are the diffeomorphisms ¢ of a riemannian manifold (M, g),
and every (M) represents a possible configuration of the material con-
sidered. The essential diffeomorphisms ¢ must transform the metric g to
some new metric ¢*g, such that g # ¢*g. The naturally arising tensor field
e = (¢*g — g) # 0 appears as a measure of the physical abilities of the
material to withstand external force actions.
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The continuity of the process of deformation leads to consider 1-
parameter group ¢, t € [a,b] C R of deformations, i.e. of local diffeo-
morphisms. Let the vector field X generate o, then the quantity

*
Fhesi= g i B2,
i.e. one half of the Lie derivative of g along X, is called (infinitesimal) strain
tensor, or deformation tensor.

Remark. Further in the paper we shall work with Lx g, i.e. the factor 1/2
will be omitted.

A consecutive relativistic approach to elasticity may be found in [3] (see
also the corresponding quotations therein). In our further study we shall
carry the above given Lie derivative definition of strain tensor to the case of
Minkowski space-time, so we shall call Lx n, where g = n is the Minkowski
(pseudo)metric and X is any local nonisometry of 7, just strain tensor.

Clearly, the term “material” does not seem to be appropriate for photon-
like objects (PhLO) because, as we suggest in the next section, these objects
admit NO static situations, they are of entirely dynamical nature, so
the corresponding relativistic strain tensors must take care of this.

2. The Concept of photon-like object(s)

We introduce the following notion of Photon-like object(s) (we shall use the
abbreviation “PhLO” for “Photon-like object(s)”):

PhLO are real massless time-stable physical objects with a
consistent translational-rotational dynamical structure.

We give now some explanatory comments, beginning with the term real.
First, we emphasize that this term means that we consider PhLO as re-
ally existing physical objects, not as appropriate and helpful but imagi-
nary (theoretical) entities. Accordingly, PhLO necessarily carry energy-
momentum, otherwise, they could hardly be detected. Second, PhLLO can
undoubtedly be created and destroyed, so, no point-like and infinite mod-
els are reasonable: point-like objects are assumed to have no structure,
so they cannot be destroyed since there is no available structure to be
destroyed; creation of infinite physical objects (e.g. plane waves) requires
infinite quantity of energy to be transformed from one kind to another for
finite time-period, which seems also unreasonable. Accordingly, PhLO are
spatially finite and have to be modeled like such ones, which is the only
possibility to be consistent with their “created-destroyed” nature. It seems
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hardly reasonable to believe that PhLLO can not be created and destroyed,
and that spatially infinite and indestructible physical objects may exist at
all. Third, “spatially finite” implies that PhLO may carry only finite val-
ues of physical (conservative or non-conservative) quantities. In particular,
the most universal physical quantity seems to be the energy-momentum,
so the model must allow finite integral values of energy-momentum to be
carried by the corresponding solutions. Fourth, “spatially finite” means
also that PhLO propagate, i.e. they do not “move” like classical particles
along trajectories, therefore, partial differential equations should be used
to describe their evolution in time.

The term “massless” characterizes physically the way of propagation in
terms of appropriate dynamical quantities: the integral 4-momentum p of a
PhLO should satisfy the relation p,p* = 0, meaning that its integral energy-
momentum vector must be isotropic, i.e. to have zero module with respect
to Lorentz-Minkowski (pseudo)metric in R*. If the object considered has
spatial and time-stable structure, so that the translational velocity of every
point where the corresponding field functions are different from zero must
be equal to ¢, we have in fact null direction in the space-time intrinsically
determined by a PhLO. Such a direction is formally defined by a null vector
field ¢,(? = 0. The integral trajectories of this vector field are isotropic (or
null) straight lines as is traditionally assumed in physics. It follows that
with every PhLO a null straight line direction is necessarily associated, so,
canonical coordinates (z!, 22, 23, 2*) = (z,y, 2, £ = ct) on R* may be chosen
such that in the corresponding coordinate frame ¢ to have only two non-zero
components of magnitude 1: {* = (0,0, —¢, 1), where ¢ = £1 accounts for
the two directions along the coordinate z (further such a coordinate system
will be called (-adapted and will be of main usage). Our PhLO propagates
as a whole along the (-direction, so the corresponding energy-momentum
tensor T}, of the model must satisfy the corresponding local isotropy (null)
condition, namely, T, T" = 0 (summation over the repeated indices is
throughout used).

The term “translational-rotational” means that besides translational
component along ¢, the propagation necessarily demonstrates some ro-
tational (in the general sense of this concept) component in such a way
that both components exist simultaneously and consistently. It seems rea-
sonable to expect that such kind of behavior should be consistent only
with some distinguished spatial shapes. Moreover, if the Planck relation
FE = hv must be respected throughout the evolution, the rotational com-
ponent of propagation should have time-periodical nature with time period
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T =v~! = h/E = const , and one of the two possible, left or right, orien-
tations. It seems reasonable also to expect periodicity in the spatial shape
of PhLLO, which somehow to be related to the time periodicity.

The term “dynamical structure” means that the propagation is sup-
posed to be necessarily accompanied by an internal energy-momentum re-
distribution, which may be considered in the model as energy-momentum
exchange between (or among) some appropriately defined subsystems. It
could also mean that PhLO live in a dynamical harmony with the outside
world, i.e. any outside directed energy-momentum flow should be accompa-
nied by a parallel inside directed energy-momentum flow.

3. The Electromagnetic strain tensors

From formal point of view the relativistic formulation of classical electrody-
namics in vacuum (zero charge density) is based on the following assump-
tions. The configuration space is the Minkowski space-time M = (R*n)
where 7 is the pseudometric with sign(n) = (—, —, —, +) with the corre-
sponding volume 4-form w, = dz A dy A dz A d§ and Hodge star * de-
fined by ao A f = n(*a, fw,, @ and G are p-form and (4 — p)-form re-
spectively. The electromagnetic filed is described by two closed 2-forms
(F,+F) :dF =0, d « F' = 0. The physical characteristics of the field are
deduced from the following stress-energy-momentum tensor field

T, (F,*F) = —% [FuoF"7 + (xF) 1o (xF"7)]. (1)

In the non-vacuum case the allowed energy-momentum exchange with other
physical systems is given in general by the divergence

V., T, = % Faﬂ(dF)aBN—l—(*F)aﬁ(d*F)agu} =F, (0F) +(+F),, (0% F)",

(2)
where & = xdx* is the co-derivative. Since dF' = 0,d x F' = 0, this divergence
is obviously equal to zero on the vacuum solutions: its both terms are zero.
Therefore, energy-momentum exchange between the two component-fields
F and *F, which should be expressed by the terms (xF)*?(dF)ag,, and
F8(d * F)qp,, summation over a < 3, is NOT allowed on the solutions of
dF = 0,d x FF = 0. This shows that the widely used 4-potential approach
(even if two 4-potentials U, U* are introduced so that dU = F, dU* = xF
locally) to these equations excludes any possibility to individualize two
energy-momentum exchanging time-stable subsystems of the field that are
mathematically represented by F' and *F'.
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According to the above introduced and discussed concept of PhLO we
have to impose the condition T}, T** = 0 on the energy tensor (1). As is
well known [3] this is equivalent to zero eigenvalues of T/, which implies
zero invariants [; = %FWF’“’ = %FW(*F)W = 0, and that 7); admits just
one null eigen direction defined by the vector field ¢, (2 = 0, determining
a null straight-line direction along which the energy density propagates
translationally. So, the spatial-like electric and magnetic 1-form components
of the field, further denoted correspondingly by A and A*, in this case are
mutually orthogonal and with equal magnitudes: (A4, A*) = 0, A% = (4*)?,
and orthogonal to the n-corresponding to ¢ 1-form ¢: (A, ¢) = n(A*,¢) =
0. Under these conditions it is possible to find, and convenient to use,
a canonical coordinate system (z,y,z,£ = ct) such that { = edz + d§,
A=udx+pdy, A* =cpdr—cudy, F = AN(, xF = A* A (, where (u, p)
are two functions, and € = 41 carries information about the direction of
propagation along the coordinate z of our PhLO.

Remark 3.1. All further identifications of tangent and cotangent objects
will be made by 7, and if A is 1-form we shall denote by A the corresponding
vector field.

Since we have three generic vector fields (¢, A, A*), we compute the
corresponding three strain tensors.

Proposition 3.1. The following relations hold:

2uy Uy + P U U
Uy +Pz 2Dy Dz D¢
L:;n=0 Lin)uw=D,,=|" Y
cn ) (Lamu ,u u, P, 0 ol
Ug Pe 00

—2ep, _5(py + um) —EPr —EP¢

. —e(py + uz) 2eu, EU, EUg
L A * v = D =
( A 77)//0 uv —ep, EUsy 0 O
—E&Pe EUg 0 0
Proof. Immediately verified. O

Let [X, Y] denote the Lie bracket of vector fields on M, and ¢ = u?+p?,
1 = arctg(p/u), i.e. u = ¢ cosp, p = ¢ siny. We note that the local
conservation law V, T, = 0 reduces in our case to ngbz = 0, so (u,p)
would be running waves if Lzt = 0 too.
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We give now some important from our viewpoint relations.

D(¢) = D({)da" = D,y CVda” = (ue — eus)dx + (pe — ep.)dy,
o 0 0 0 -
1 =priv L (e — 2 (pe — - _
‘D(C) 8 n - ‘Dl/ axu (u§ €UZ)8J: (p§ Epz)ay [A7 C]?
o 1 1
Dy AMCY = —3 [(zﬂ +pY)e —e(u? + p2)z} = —5 L, (3)
DWA*”EV = —¢ [u(pg —epz) — plue — Euz)} =R =—¢¢? Lep,  (4)
where R = u(pe — ep.) — p(ue — eu;). We also have:

D*(¢) = 6[— (pe — ep2)dx + (ue — auz)dy},

~, 0 -, 0 0 0 .
D*(C)”@ = (D*)’JCV@ = —¢e(pe — €pz)% + (ug — 5”2)8_11 = [A*, (],
S 1 1
Dy AC = =2 |(u? + pP)e — 2w +p).| = —5Le?, (5)
D;VA“E” =¢ [u(pg —epz) — pue — suz)} = cR = g¢? Leyp. (6)

Clearly, D(¢) and D*({) are linearly independent in general:

D) AD*(0) = (g — eu.)? + (pe — ep2)?|da A dy
=ed? (e — ev.)* dx A dy # 0.

Recall now that every 2-form F defines a linear map F from 1-forms to
3-forms through the exterior product: F(a) := a A F, where o € AY(M).
Moreover, the Hodge *-operator, composed now with F, gets F(«) back to
*F(a) € A*(M). We readily obtain now

DONF =D ()N F)=D)ANANC=D"(C) NA" A
= —6{u(p§ —epz) — plug — guz)} dx N dy N dz

— [u(pg —epz) — plue — Euz)]dx Ady N dE
= —¢” L (edw Ady Adz + do A dy A dE)
= —-R(edz ANdy Ndz + dz A dy A dE),

D() A (+F) = —D*(O) AF = D) A A" NG = —D*(O) NANC

1
=3 [(u2 +pH)e —e(u? +p?).|(dx Ady Adz + edx A dy A dE).
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Thus we get
*[D(g’) /\A/\C} - *[D*(z) A A* /\C}
= eR( = —i(+F)dF = i(F)d(+F), (7)
*[D(g’) A A* Ag} =% [D*(()AAAC]
= %ngﬁg = i(F)dF = i(xF)d(xF), (8)

where, if (F,G) are respectively a 2-form and a 3-form, we have denoted

W(F)G = FMGuuedz?, p <.

4. Discussion

The above relations show various dynamical aspects of the energy-
momentum redistribution during evolution of our PhLO in terms of elec-
tromagnetic strain. Let’s look closer to some of them.

Relation (8) shows how the local conservation law V, T}, = 0, being
equivalent to Lz¢® = 0, and meaning that the energy density ¢ propa-
gates just translationally along (, can be expressed in terms of the strain
components. On the other hand the phase function ¢ would satisfy Lzy) =0
ONLY if the introduced quantity R is equal to zero: R = 0. Now, what is
the sense of R reveals the following

Proposition 4.1. The following relations hold:
dANANA" =0 dA* ANA*NA=0;
dANANC =elulpe — ep2) — plue — eu.)|wo;
dA* A A* A ¢ = elulpe — ep.) — plug — cus) | wo.

Proof. Immediately verified. O

These relations say that the 2-dimensional Pfaff system (A, A*) is com-
pletely integrable for any choice of the two functions (u, p), while the two
2-dimensional Pfaff systems (A, () and (A*,({) are NOT completely inte-
grable in general, and the same curvature factor

R = u(pe — ep) — p(ue — eu.)

determines their nonintegrability. Hence, the condition R # 0 allows in
principle rotational component of propagation, i.e. u and p NOT to be plane
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waves, so consistency between the translational and rotational components
of propagation is possible in principle.

As we mentioned above it is possible the translational and rotational
components of the energy-momentum redistribution to be represented in
form depending on the (-directed strains D(¢) and D*(¢). So, the local
translational changes of the energy-momentum carried by the two compo-
nents F' and *F of our PhLO are given by the two 1-forms * [D(f) NA*N C]
and * [D* ©) /\A/\(] ), and the local rotational ones are given by the 1-forms
*[D(C)ANANC] and «[D*({) AA* AC]. In fact, the 1-form x[D(C) AAAC] de-
termines the strain that tends to "leave” the 2-plane defined by (A4, () and
the 1-form *[D*({) A A* A ¢] determines the strain that tends to ”leave”
the 2-plane defined by (A*,(). So, the particular kind of nonintegrabil-
ity of (A,¢) and (A*,¢) mathematically guarantees some physical inter-
communication through establishing local dynamical equilibrium (eq.(7)))
between two subsystems of the field, that are mathematically represented
by F and *F.

Since the PhLO is free, i.e. no energy-momentum is lost or gained, this
means that the two (null-field) components F' and = F exchange locally equal
energy-momentum quantities:

*[D(f)/\A/\(} = *[D*({‘)/\A* /\g}.
Now, the local energy-momentum conservation law
Vo [FuoF"7 + (+F) 4o (xF)*7] = 0,

ie. Lg(b2 = 0, requires the corresponding strain-fluxes x [D*(f) ANANA (]
and * [D(f) NA* N d to become zero. It seems important to note that, only
dynamical relation between the energy-momentum change and strain fluxes
exists, so NO analog of the assumed in elasticity theory generalized Hooke
law, i.e. linear relation between the stress tensor and the strain tensor [1],
seems to exist here. This clearly goes along with the fully dynamical nature
of PhLO, i.e. linear relations exist between the divergence terms of our
stress tensor & [ — F,o F7 — (F) 0 (*F)"?] and the (-directed strain fluxes
as given by equations (2), (7), (8).

The constancy of the translational propagation and the required
translational-rotational compatibility suggest also constancy of of the ro-
tational component of propagation, i.e. L) = const , so we consider the
equations

2 K
Lz =0, Lgy = o
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where k = +1 and [, is a parameter of dimension of length. These equations
admit the following solutions:

u(z,y,2,8) = d(x,y,§ +€2) (:os(—sffli + const ),

o

P,y 2,€) = dlx,y, § + 2) sin(—er = + const ),

o
where ¢(z,y,£ + €z) is an arbitrary smooth finite function, so it can be
chosen to have compact support inside an appropriate 3-region such, that
at every moment our PhLO to be localized inside an one-step long helical
cylinder wrapped up around the z-axis (the figures bellow).

Fig. 1. Theoretical example with Kk = —1. The translational propagation is directed
left-to-right.

Fig. 2. Theoretical example with k = 1. The translational propagation is directed left-
to-right.

5. Conclusion

We introduced and discussed a concept of photon-like object(s) (PhLO) as
real, massless time stable physical object(s) with an intrinsically compatible
translational-rotational dynamical structure. So, PhLO are spatially finite,
with every PhLO a straight-line null direction is necessarily associated,
and the corresponding stress-energy-momentum tensor must be isotropic:
T,,T* = 0. We showed that in the frame of the relativistic formulation
of vacuum electrodynamics two essential strain tensors D and D* can be
introduced as corresponding Lie derivatives of the flat Minkowski metric.
In terms of the components of these strain tensors can be defined impor-
tant characteristics of the internal dynamics of PhLO, in particular, internal
energy-momentum exchange between the F-component and *F'-component
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of the free field was explicitly obtained. Definite relations of the projections
of D and D* along the null direction of translational propagation to the
Lie brackets of the electric and magnetic components were also given. We
defined amplitude ¢ and phase 1 of PhLO and showed that the plane wave
character of ¢ is admissible and corresponds to the local energy conser-
vation. The non plane wave character of v guarantees the availability of
rotational component of propagation, which property turned out to be well
defined in terms of corresponding Frobenius curvature. The physical un-
derstanding of the Frobenius nonintegrability of some subcodistributions in
this context should read: there is internal energy-momentum exchange be-
tween two individualized subsystems of PhLLO mathematically represented
in our case by F' and *F.

Assuming constant nature of the rotation we come to an extension of the
Riemann-Clifford-Einstein idea for linear relation between energy-density
and Riemannian curvature to linear relation between energy-density and
Frobenius curvature as a measure of nonintegrability. This helps also to
define linear equations of motion, which equations admit spatially finite
solutions of helical structure along the corresponding spatial direction of
propagation.

Finally we note that integrating any of the two 4-forms I,/c dAAN AN
and l,/c dA* A A* A ¢ over the 4-volume R3 x 4l, gives £E.T, where
T = v=! = 4l,/c and E is the integral energy of the solution. This is
naturally interpreted as action for one period, and represents an analog of
the famous Planck formula E.T = h.

As for the question what is the “material” that PhLO are made of we
leave the corresponding reasoning for the future.
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1. Introduction

Micallef [6] proved that a full, compact, orientable, stable, hyperelliptic
minimal surface in a Riemannian flat torus is holomorphic with respect to
a suitable orthogonal complex structure on the torus. Hence it is homo-
logically area-minimizing by the Wirtinger inequality. On the other hand,
there are many full, compact, orientable, stable, non-hyperelliptic minimal
surfaces that are not holomorphic with respect to all orthogonal complex
structure in Riemannian flat tori [2,4]. However, since there are at least two,
full, compact, orientable, homotopically area-minimizing, non-hyperelliptic
minimal surfaces of genus 4 that are not holomprphic with respect to all
orthogonal complex structures in some Riemannian flat torus of dimension
8 [4, Corollary 12.5], we consider whether the stableness of minimal surfaces
implies the area-minimizingness. Let M, denote the moduli of Riemann sur-
faces of genus g > 4. Let n be a positive integer and My(n) the subset of
of My(g > 4) such that the Riemann surface corresponding to each point
of Mgy(n) admits a stable minimal immersion into a torus of dimension 7
which contains at least n homotopic, compact, orientable, stable, minimal
surfaces of genus g with different areas.

Theorem 1.1. M,(n) is dense in M.

Our idea is as follows: Put a compact, orientable, immersed minimal
surface of genus g with only trivial Jacobi fields, which are caused by par-
allel translations of the torus, in a torus of dimension < 2g and swell the
torus to the higher dimensional (indefinite) torus. Then we find that many
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homotopic, minimal surfaces of genus g with different areas appear in the
swelled thin torus.

Arezzo and Micallef [2] have given stable nonholomorphic minimal im-
mersion of ¥, into T?7=2k for k = 1,2 or 3 and sufficently large v ( if
v >7,9,10, then k = 1,2, 3, respectively). They expect that such examples
also exit for any k < vy — 4. From our Theorem 1.1, we can infer the result
that their expectation is true.

2. Preliminary

We reviw some results [4]. Let M be a Riemann surface of genus g,
{4;, B;} a canonical homology basis and {t;} the associated 1 forms such
that [, 1; = di; holds. Then the matrix 7 = (7;;) of size g defined by
i = . B, 1; is called the Riemann matrix, which provides an element of
the Siegel upper half space H, (the space of complex symmetric matrices
7 of size g such that Im 7 is positive (see, for example, [5])). Let RM be
the space of Riemann matrices in Hg. Let RMyon-nyper and RMpyper be the
space of Riemann matrices of non-hyperelliptic Riemann surfaces and hy-
perelliptic Riemann surfaces, respectively. Then RM pon-hyper and RMpyper
are the (3g — 3) and (2¢ — 1)- dimensional complex submanifold, respec-
tively, RM = RMynon-hyper U RMpyper and RMpyper is the singularity of RM
(see, for example, [1]).

Let RN denote the real vector space of dimension N given by vec-
tors of *(x1,...,2N), where x1,..., 2y are real numbers. Then the indefi-
nite innnerproduct of type (p, q) is defined by (z1,...,2N5)Ipq" (Y1, .-, yn),

where p+ ¢ = N,
-1, 0
b= (03)

and I, is an identity matrix of size p. Let I" be a lattice group of RY and
TV the indefinite flat torus R" /T of dimension N with the innerproduct

of type (p, q).
Let ¥ denote the R?9-valued 1-form given by
"(Ret)r,...,Rethy, Imapq, ..., Im,).

Let F be a harmonic map of M into TV. Then, since the differential dF
of F is the R¥-valued harmonic 1-form, there exists the (IV,2g)-matrix Q
such that dFF = QW. We define the periods of F' by

/ dFZEj, / dF:Engj’ j:].,...7g
Aj B;

J J
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and set L = ({1,...,0z5). Let T, denote the matrix

I Rert
<0 Im 7'> '
Then QT = L holds and hence, we obtain dF = LT-1W. We call L the
period matrix of F' with respect to {4;, B;}.
In this paper, we consider the case that the periods of F' generate I'.
If L =T,, then F is called the Albanese map of M into the Jacobian
variety whose lattice group is generated by column vectors of I, and 7.

Theorem 2.1 ([4]). The energy of F is given by %tr(P(T)z), where
Ly ="L1l, 4Ly, Lo ="L1I, 4L, Loy ="'Lal, L1, Log ="Lal, 4 Lo,

~ Ly L12>
L=
(L21 Log

((Im 7) 4+ (Re7)(Im7)"(ReT) —(ReT)(ImTw) |

and

P(r) =
—(Im7) Y (ReT) (Im 7)1

We consider a harmonic map of a Riemann surface of genus g into TV
whose period matrix is only L = (L1, Lo) for a suitable canonical homology
basis and select such harmonic map for all Riemann surfaces. Note that
these harmonic maps are homotopic. Then we obtain the function on RM,
which can be extended to the function E; (1) = %t’f’(P(T)Z) on H,. We call
it the enegy function. We relate the critical points of the energy function
to minimal surfaces.

Theorem 2.2 ([4]). Let 7 be an element of RMpon-hyper- Then the re-
striction of E; to RMuon-hyper 18 critical at 7 if and only if there exist the
unique Riemann surface M and the two canonical homology basis {A;, B;},
{—A;, —B;} up to automorphisms of M such that dF = £LT 'V is weakly
conformal. Similarly, let T be an element of RMpyper. Then the restriction
of E; to RMpyper is critical at 7 if and only if there exist the unique Rie-
mann surface M and the unique canonical homology basis {A;, B;} up to
automorphisms of M such that dS = LT 'V is weakly conformal.

If the ambient torus is a Riemannian flat torus, then we can define
index4 and nullity 4, by the index and the nullity of Jacobi operators for
minimal surfaces, respectively.

Let index; and nullity; be the index and the nullity of the hessian of
E5. Then we related index; and nullity; to index s and nullity 4.
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In this paper, we need the following [4].

Fact 1. For a critical point 7 € RMyon-nypers indexEE = index holds. If
the map is immersed, then nullity; = nullity , — N.

Fact 2. For a critical point T € RMpyper of the restriction of K5, there is a
non-negative integer o < g—2 such that index;+a = index 4 holds.
If the map is immersed, then nullity; +2(g—2)—2a = nullity , —N.

3. Minimal surfaces in Riemannian flat tori

Let Ty be a lattice group of R and TV the Riemannian flat torus RY /Iy.
Let M be a compact, orientable, minimal surface of genus g in T with
N < 2g and F the branched minimal immersion of M into T™. Since the
periods of F generate I'g, F, : Hy(M,Z) — H1(T",Z) is surjective.

Lemma 3.1. There exists a canonical homology basis {A;, B;} satisfying
F.(A;)=0.

Proof. Let Ker F, be the kernel of F,. Then Ker F, is of rank 2g — N
of Hi(M,Z) and there exists a basis eq,...,eay of Hi(M,Z) and integers
ki,...,kag—n such that kieq,..., kog_neag—n is a basis of Ker F,. Thus
ki = -+ = kog—-n = 1 and eq,...,e24—n is a basis of Ker Fi. Let a - b
denote the intersection number of a and b for a,b € Hi(M,Z). Putting
A; = eq, we can construct By such that A; - By = 1 as follows: Integers
e1 - e; are relatively prime, because the determinant of the matrix (e; - €;)
is 1. Thus we have integers oy, such that By = > ayer and Ay - By = 1.
Since {X € Hy(M,Z) | A1+ (X) = By (X) =0} is of dimension 2g — 2, we
have a basis e1, . . ., €292 of {X € H1(M,Z) | A1-(X) =B+ (X)=0}. We
set As = e; and can construct By by the same method as above. Continuing
this process, we can obtain a canonical homology basis seeked in Lemma
3.1 O

Note that the canonical homology basis {A4;, B;} given in Lemma 3.1 is
not unique.

Lemma 3.2. Let m be an integer and {E,E} the canonical homology
bassis defined by 4; = A, i =1,...,9, B = B + mA, B, = B;,
i = 2,...,9. Then the associated holomorphic 1 forms 1% with respect
to {E,E} are v; and F, (;1;) = 0 holds. Furthermore we denote by T
a@ fp/(m) the associated Riemann matrices with respect to {A;, B;} and

{4, B;}, respectively. Then
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mo -0
00---0
To(m) =70 +
00---0

Proof.AI/t is easy to see that {:4\;, E} is a canonical homology basis, @Zl =;
and F,A; = 0. Then we see

/ %/Jg / = Toij + mMd;ij01s. O
i+mA; 511

Let Ly be the period matrix of F' with respect to {4;, B;} and ES =
tLoLo. Then 7y is a critical point of E»L~0 restricted to RMyon-hyper OF
RMpyper-

Lemma 3.3. The period matriz of F' with respect to {:4:, E} is also given
by Lo. So 1o(m) is also a critical point of Ep restricted to RMnon-nyper 0T
RMhyper-

Proof. By F.(A1) = 0, (A1) = 0, Fi(4;) :F*(A) F.(By) = F.(B; +
mAl):F(B)andF( i) = F*( )forZ—Q . m|

Note Lo = (043 - - - £24). We define the (N +1,2g)-matrix L, (s > 0) by

Vs0 -0
0 ly--loy)"
It is easy to see the following.

Lemma 3.4. The column vectors of Ls generate a lattice group of RN*L.

Remark 3.1. The obtained torus is S'( Tf) x TN. We may consider
{one point} x TN as TN and say that TV is swelled to S'(X2) x TV,

Lemma 3.5. Let L, be YLsIpqLs, where p=0 or 1. Then

-~ +s0
L,=1L .
o—I—(O 0)

So we obtain the following.

Lemma 3.6. Ef (7) = %tr(P(T)Hﬂ + %tr(P(r) (jgs 8))
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Lemma 3.7. E (10(m)) = L2Q(m) + Er (10), where

Q(m) = (II’I17'Q)1711777,2 +2m Z(ImTo)ilRe (10)i1 + Im(70)11
+ ZRe(To)ij(ImTo_l)ije(To)]ﬂ'.
ik

Q(m) is a polynomial of degree 2 with respect to m, because Im 7 is positive.

From now, If M is non-hyperelliptic, then, we assume that M is
immersed and has only trivial Jacobi fields (nullity, = N) and hence
nullityL~0 = 0 by Fact 1. If M is hyperelliptic, then, we assume that
2(g — 2) — 2a = nullity , — N holds. By Fact 2, again nullity 7 = 0 holds.
So the hessian of E- is non-degenerate at 7o(m).

For non-degenerate critical points of a function with parameteres, we
obtain the following (see, for example, [7]).

Lemma 3.8. There is a positive integer €, and a smooth curve T5(m),
0 <s < ey starting at To(m) such that 7s(m) is a non-degenerate critical
point of B .

By the Taylor expansion,

d
By, (7 (m) = B (mm) + | Ep ()|
d
|| Ermen]soe.
dS s=0 0
Since 79(m) is a critical point of B,
d
Sz -0
By Lemma 3.7,
d +1
E| 2 rom) = Fram)

Thus we obtain
Lemma 3.9. E (15(m)) = EL (10(m)) + Z2Q(m) + O(s?).

Hence for any positive integer n, there are my, ..., m, such that Q(m;)
are different for each other. So Bz (75(m;)) are all different for small s(<

€m,) by Lemma 3.9. The minimal surfaces corresponding to the critical
points 75(m;), i = 1,...,n have different area. Namely, we obtain n different
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homotopic minimal surfaces in a torus of dimension N + 1 corresponding
to L.

Theorem 3.1. Let M be a compact, orientable, immersed minimal sur-
face of genus g with only trivial Jacobi fields in a Riemannian flat torus
TN of dimension N < 2g. Then, by swelling of TN for a natural num-
ber n, we obtain n homotopic minimal surfaces with different areas in a
swelled indefinite torus of dimension N + 1. If M s non-hyperelliptic and
hyperelliptic, then obtained minimal surfaces are non-hyperelliptic and hy-
perelliptic, respectively. When the ambient space is a Riemannian flat torus,
these minimal surfaces have the same index and nullity as M. In particular,
if M is stable, then obtained minimal surfaces are stable.

Corollary 3.1. Let M be a holomorphic curve of genus g with only trivial
infinitesimal holomorphic deformations in a complex torus TN of complex
dimension N < g. Let n be a natural number. Then, by swelling of T™ we
obtain n homotopic stable minimal surfaces with different areas in a swelled
Riemannian flat torus of real dimension 2N + 1.

Proof. A holomorphic curve of genus g with only trivial infinitesimal holo-
morphic deformations in a complex torus TV is immersed and has only
trivial Jacobi fields. O

Colombo and Pirola [3] proved the density of the subset of M, for g > 4
such that the Riemann surface corresponding to each element of the subset
admits a holomorphic map with only infinitesimal holomorphic deformation
in complex tori of dimension 3. So we obtain Theorem 1.1 by Corollary 3.1.

Remark 3.2. We may deform a complex torus of dimension 3 to a real Rie-
mannian flat torus of dimension 6 which contains a stable minimal surface.
However, the obtained minimal surface is again holomorphic [2].

Remark 3.3. We may consider a holomorphic curve in a complex torus of
dimension 2. However, the holomorphic curve has non-trivial infinitesimal
holomorphic deformations. So, we would like to know what occurs when we
swell the torus to tori of higher dimension.

We do not know whether one of stable minimal surfaces obtained in
Corollary 3.1. is homotopically area-minimizing.

Let f{ = T T,,. We set f; =(1- s)fa + sa. Since 7y is a critical
point of B~ and E-, 79 is a critical point of E7- by Theorem 7.1 [4]. Since
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E;,l > s > 0 is positive-definite, the square root of Ly = \/i exists and
the column vectors generate a lattice group of R?9 which gives a torus 7729
of dimension 2g. This gives a swelling of 7™ to the Jacobi variety and a
minimal surface M with the fixed conformal structure in T29. We see that
if M is a holomorphic curve in a complex torus of dimension 3, then 729 is
isomorphic to the Jacobi variety and M is again holomorphic in T29. We
can prove that our argument is useful in this case. So we get the following.

Corollary 3.2. The dense set given by Colombo and Pirola of My, (g > 4)
has the property as follows: The Jacobi variety of the Riemann surface cor-
responding to each point of the dense set admits a Riemannian flat metric
depending on each positive integer m which contains at least n different
compact, orientable, non area-minimizing, stable minimal surfaces of genus
g homotopic to the Albanese map, which is the only one area-minimizing
minimal surface.

We consider another application of Theorem 3.1. Ross [8] proved that
Schwarz’ P and D surfaces have index4 = 1 and only trivial Jacobi fields.
So we get the following.

Corollary 3.3. When we swell the torus containing Schwarz’ P and D
surfaces to a Riemannian flat torus of dimension 4, many different hyper-
elliptic minimal surfaces of genus 3 appear in the Riemannian flat torus of
dimension 4.

Corollary 3.4. When we swell the torus containing Schwarz’ P and D
surfaces to a Minkowski flat torus of dimension 4, many different hyper-
elliptic minimal surfaces of genus 3 appear in the Minkowski flat torus of
dimension 4.

For Schwarz’ P surface, one of obtained minimal surfaces may be iso-
metric to Schwarz’ P surface [4].
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We analyze the algebraic aspects of solving the multicomponent nonlinear
Schrédinger (MNLS) equations related to the symmetric spaces of BD.I-type.
This analysis includes: i) the spectral properties of the MNLS equations under
the nonvanishing (constant) boundary conditions; ii) the construction of new
equations of MNLS type imposing additional reductions; iii) the involutivity of
their integrals of motion proven by using the method of the classical R-matrix;
iv) brief but explicit description of their hierarchies of Hamiltonian structures.
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1. Introduction

We analyze the algebraic aspects of solving the multicomponent nonlinear
Schrodinger (MNLS) equations [1-5] equations related to the symmetric
spaces.

In Section 2 we formulate the Lax representation for the MNLS on
BD.I type symmetric spaces [1,5] and give examples of new reductions. In
Sections 3 and 4 we formulate the MNLS equations and outline the spec-
tral properties of the Lax operator for the class of potentials with constant
boundary conditions (CBC). In Section 5 we derive the regularized Hamil-
tonian for the MNLS with CBC and prove the involutivity of their integrals
of motion by using the classical R-matrix method.

2. MINLS eqgs on BD.I-symmetric spaces

These symmetric spaces are SO(n + 2)/SO(n) x SO(2). The Lax pairs for
the corresponding MNLS egs. with vanishing boundary conditions take the



84 V.S. Gerdjikov, N.A. Kostov

form:
dy
Ly = zE +U(z,t,\) ) ¥(z,t,\) =0,
[ .dy 2 _ 2
M¢= ZE"’_VO(xat)—’_)‘q(‘rat)_)\ J) ’@[J(irvta/\)__w)‘ J7
d 1 1
Uz, \) = q(z,t) — \J, Vo(z,t) = iad jlﬁ + 3 [ad }1q,q(x7t)] , (1)
0¢g" o0 100
g=|p 0 soq |, J=[1000
0pTsy 0 00-1

Here sg is the matrix used to define the orthogonality condition. For n =

2r+41 we have sg = Zzzl(—l)kEk,,; with & = n+1—k and (Exi)sp = OksOip-
The corresponding MNLS have the form:

Zatq_u'_ aiwq'—’_ 2(15; (7)67_ (q_)SOQ) Soﬁ: 0,

100 — 02,0 — 2(P, Q)P + (Psop) s0q = 0.

The reductions of these equations are obtained following the method of

Mikhailov [6] using automorphisms of the corresponding Lie algebra of finite

order, see also [7]. The typical reduction with an automorphism K; from
the Cartan subgroup with K; = 1 gives rise to p = ¢* and:

i0:4 + 02,4+ 27", DT — (7" 507) 507" = 0. 3)

For n = 3 with K| = diag(e1,€2,1,€z,€1), €15 = 1 we get py = €1€23,
D3 = €1¢3, pa = €1€2¢;, which gives a 3-component system of NLS equation

(2)

ig2t + G220 + 2€1(€2]q2] + |g31%)q2 + €16245¢% = 0,
i3, + @320 + 261020405 + €1(2e2|q2|” + 2€lqal® + [g3]*)gs =0, (4)
iqat + Qaoe + 2€1(e2]qul® + lgs|*)qs + €1€20305 = 0.
A second type of reductions are produced via Weyl reflections. Taking
n = 2r 4+ 1 and Ky to correspond to Se,Se, - - - Se, leads to p'= so¢™ and
the MNLS eq. (3) becomes:
10,7+ 02,7+ 2(7s0) 7 — ((ITSOLT) g =0. (5)
For r = 2 we get po = ¢i,p3 = —q3,p4 = ¢5 and another inequivalent
system of 3 NLS equations:
ig2,0 + 42,00+ 2(0245 — las|*)az + a3 = 0,
ig3.¢ + G3.00 — 2020405 + (20205 + 20405 — |as]*)as = 0, (6)
1946 + Qaex + 2(925 — |a3[*)aa + a3q; = 0.
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3. MINLS with Constant Boundary Conditions

Below we fix up the boundary conditions on ¢ in such a way that the two
asymptotic operators Ly = id/dx + Ux(\) with

Uz, t,A) = q(x,t) — AJ, Us(N) = lirin Uz, t,\) =qx —AJ (7)

have the same continuous spectrum. Here ¢+ = limg,_ 1o q(z,¢) and
qr = lim,_ 1 ¢z, t). Besides we consider only solutions which have time-
independent limits for x — oo. This can be done by modifying the M-
operators as follows:

My = <zﬂ + Vo(z,t) — Voo + Ag(z, t) — )\2J)) U(x,t, \)
dt (8)
= —p(x,t, \)A?J, Voo = lim Vo(z,t) = lim Vp(a,t).

Tr—00 r— —00

The last condition in eq. (8) is satisfied if and only if 7= = €, where
the overall phase 6 is an integral of motion. In other words
qr = ug'que, ug = e /2 9)
so Ux(A) and U_ () are related by a similarity transformation and therefore
have the same sets of eigenvalues.
The corresponding regularized MNLS with 5 = —¢™* have the form:
iG+ Goa — 2061, 0) — P77+ (7L, D@ + (@ s0@)507™ — (€L, s0d) 5075 = 0.
(10)
Note that due to eq. (9) the coefficients in eq. (10) are the same for both
choices of the subscript + and —.

4. Spectral properties of BD.I-type MNLS with CBC

Using the typical reduction 7 = —¢'T, the eigenvalues of U (\) are the roots
of the characteristic polynomial:

P2 (ut = p?(2a + %) +a® = b) = 0, )
a=—(qL,qx)=—p"  b=|(@sod:).
They are given by:

2 A2 Al 5 A2 2\
M2V = T bat\[ T+ aX b, yi3 0 (V) = e[ ek £,

and ps3 4., = 0. The Jost solutions are determined by their asymptotics
for x — £oo:
lim oz, \)er N = lim ¢z, A)e N =y
T—00 r——00 (12)
g+ — A\ = —ug +p(N)to,+, p(A) = —diag (u1(A), - - -, fint2(N)),
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and the scattering matrix is defined as T'(¢, \) = 1~ ¢ (x,t, \). The contin-
uous spectrum of L4 lies on those lines in the complex A-plane on which
Im p1;(A) = 0. With the typical reduction p'= —¢* we get that the spectrum

fills in the two semiaxis [Re \| > po, where pg = \/2p% + 2+/p* — b, see the

figure.

ey

—Po Po

Fig. 1. The continuous spectrum of Lyt for BD.I-type MNLS with typical reduction
7= —g" and p* > b.

The characteristic equation determines a Riemannian surface R which
is characterized by the cuts on the figure. On each of the leaves of & we
can introduce a fundamental analytic solution (FAS). Let us denote by :R™
(resp. R7) the leaf on which

Im pq (A) > Im pa(A) > 0, for e nRt,

13
Im g1 (A) < Impg(X) <0, for AeR™. (13)

Then the FAS y*(z,t, \) that are analytic on SR* are constructed by using
the generalized Gauss decomposition of the scattering matrix [8]:

xE (@, 6, N) = o, t, ) ST (8, N) = bz, t, )T T (¢, \)DE(N),
TN =T~ (£, \)DTN)SHT(E, ) =T, D™ (NS~ (£, ),

where TF(t, \), ST(¢,\) (vesp. T~ (¢, A\), S~ (¢, \) are block-upper-triangular
(resp. block-lower-triangular) whose diagonal elements are equal to 1 and
whose block-matrix structure is compatible with p(A). The block-diagonal
factors DE(X\) = bdiag (mi)*!, (m$)E, mi, (mF)F!, (mF)F!) have the
same block structure with block dimensions 1,1,n — 2,1,1. Note that
D*()\) are analytic functions for A € M\* and are the generating func-
tionals of the integrals of motion. In the particular case of n = 3 T (¢, \),
ST(t, A\) (resp. T~ (t,\), S~ (¢, \) are simply upper-triangular (resp. lower-
triangular) whose diagonal elements are equal to 1.

(14)
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Hamiltonian properties

The phase space M for non-vanishing boundary conditions is a nonlinear
space: M = Ug My,

Mo = {q(z,t) = Mosq(,t), lim q(z,t) = qz, g4 = uy q-ug}.

Here Iy = ad }1ad 7 and uyg is an integral of motion which must be fixed
up in order to have non-degenerate symplectic structures.

The invariants of the transfer matrix T(A\) such as, e.g. its principal
minors generate integrals of motion, i.e. if all Im y; are different we have
only r independent series of conserved quantities. The methods of deriving
of these integrals as functionals of the potential ¢ is based on the Wronskian
relation [7]:

tr [z’(;ﬁ)—lM - d“—wmc}

oo

dX dX

T=—00

dio

_ZZ dktr (H,C) + itr <¢0( )—=C — do(A )d%c)

d\
= /OO dx tr [JRc(a:,t,)\) — /\/,Fl(A)C} , (15)

where C' is a constant element of h and Rc(z,t, ) = xTC(xT)"1(x,t, )
is a natural generalization of the diagonal of the resolvent of L. It satisfies
the equation:
dRC
! dx
Eq. (16) allows one to derive the recurrent relations for evaluating the
expansion coefficients

+la(z,1) = AJ,Rc] =0, lim Re(x,t,3) = 4o(A)Ct ' (A). (16)

Ro(w,t,\) = Co+ Y Rid ™ (x,t), voCug'(\) = Co+ Y Cpd™*. (17)
k=1 k=1
In what follows we fix up C' = J.
The trace identities for the MNLS type equations with CBC can be
derived by inserting the asymptotic expansions of R;(z,\) and m; ()):

nmf(\)=> I, k=1, (18)

in both sides of (15) and equating the corresponding coefficients of A~P.

Here m; (\) are the upper principal minors of order k of T'()), which are
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all analytic on the sheet 8. The matrix elements of DT ()) are expressed
by them as m{ = m{(\), m3 = mJ (\)/m]()), ete.

The first three of the local integrals of motion coming from the principal
series with C' = J, see [9]:

I = / detr (JRpy1(2,t) — Cryt),

é”:%/wmﬂ@ﬁmm+mﬂ=iﬁm“«W@Mﬁ%w%7

=3 [artesazie) =5 [ (@) - @2).
B0 =5 [ drle o) + (0 (@0). Y (0,0) - (40, 0)
—5 | as{@ha) + @ - s - o+ |
where
Y@ﬂzéhwﬁhmﬁL Yo= lim (a0, (19)

The correct use of the Wronskian relation (15) allowed us to derive
renormalized integrals of motion, i.e. ones that converge for ¢(z,t) € M.

However among the integrals in this series one can not find the Hamilto-
nian of the MNLS (10). The obvious candidate for Hamiltonian —3i1. 3()1) has
two defects: 1) its gradient 51351) /6q" (x,t) does not vanish for 2 — 4oo0 and
ii) it does not produce the terms in (10) depending on the boundary values
¢+. In order to deal with these difficulties we have to regularize —32'1351)
by adding additional integrals of motion. For the scalar NLS with CBC
the regularization is obtained just by taking proper linear combination of
—3i1§1) and —iIl(l). For the MNLS related to the BD.I-type of symmetric
spaces this still does not solve the problem. Therefore we need to consider
an additional series of integrals, which generically have non-local densi-
ties. Fortunately among the simplest of them one may find local ones. For
example, there exist first integrals of zeroth order with local densities:

. 1 [
iV = 5/ do (Y (z,t) = Yo, YY), 1=1,... (20)
Note, that since Yy € so(n + 2) then Y2 belongs to so(n + 2) too for

any positive integer [. Besides Yy € so(n + 2) and satisfies characteristic
polynomial equation of order 2r 4 1, so at most 7 of them are independent.
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In particular 1" = —ip2IV 4+ K| where

1 [ b o N ot o N .
Ky = 5/ dz {(@%, @)@l a(@.0) - p* = (@"s0de )@ Lsodlw, 1) + 0}

: (1)
Using these integrals we can regularize the other higher integrals. For ex-
ample, the Hamiltonian of the MNLSE (10) is obtained by:

Hynis = —3i18" — 27"

— % /Z dz {— (qe, @z) + (Y(z,t) = Yo, Y (x,t) — Yp)}

/ dx {((Tlaq_)w) + (iTvq)Q - pQ((TTa(D - ((fT,q_)i)((Tl,(T((E,t))

1o oo o 1
— =(q"s0q™) (@  s0@(x, 1)) + (775075 ) (T Ls0q(2, t)) + p* — gb}- (22)

2
It is easy to check that Hynpg is a regular integral of motion since the
gradient 6 Hynrs/0q” (,t) vanishes for both  — oo and 2 — —o0; it also
gives rise to the MNLS equation (10).

In analyzing the Hamiltonian properties of the MNLS with CBC we will
make use of the classical r-matrix approach. It allows one to write down
in compact form the Poisson brackets of the transfer (monodromy) matrix.
Since our problem is ultra-local in the terminology of Faddeev then the
definition of 7 is independent on the boundary conditions. Using [1] we find

’f’(}\, ;u') Z (Ea ® Efa + Efa ® Ea) + Z Hj ® HJ ) (23)

p— —A —
o\ pea+ =1

where AT is the set of positive roots of simple Lie algebra g and E, and
Hj are its Cartan-Weyl generators. In order to derive the Poisson brackets
for the MNLS on the whole axis with CBC we need to take into account
the corresponding oscillations coming from the Jost solutions.

Skipping the details we just write down the expressions for the Poisson
brackets between the matrix elements of T'(\):

{T0 8T} =T © T0) - T 8 TGO, 1)

re(A p) = zgglm T£1($7 A p)r(As )T (2, A, 1)

T (2, A, 1) = Yo(Ne VT @ g (p)e 1,
(2, A ) = do(N)e N @ g (p)e W,
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where {T'()\) @T(u)}ij,kl ={Ti;(N), Tha(p)}-

An important and difficult problem here is to take correctly into account
the the threshold singularities of Ty;(\) at the end points of the continuous
spectrum.

As a consequence of (24) we get the involution properties of m; (\):

{my;(N),mI(\)} =0, (25)

for all values of 1 < 4,7 < r and A and )\ taking values on the continuos
spectrum of L. From (25) there follows that {I,(,k), Is(l)} = 0 for all positive
values of p and s, and for all 1 < k,I < r. A consequence of eq. (25) is the
involutivity of the integrals of the principal series {1 1(k), 1 5(1)} = 0. This is
a necessary condition in proving the complete integrability of the MNLS
equations with CBC.

Of course the rigorous proof of the complete integrability and the deriva-
tion of the basic properties of the MNLS equations must be based on the
completeness relation of the relevant ‘squared solutions’ of L. For the single
component NLS such relation has been proposed in [10]; for the multicom-
ponent systems this is still open question.

5. Discussion

Recently it was discovered by Wadati [11], that the so(5) and so(7) MNLS
with vanishing BC have important applications to BEC with spin F' = 1
and F' = 2 respectively. The dark solitons are also relevant for the BEC
[12] and attract attention, which enhances the interest to the MNLS type
models.

The soliton solutions of MNLS with non-vanishing boundary conditions
have been reported in 1983 (see Ref. 2) for the su(n+m)/s(u(n) @ su(m))
case. Later in [13] it was worked out for some special choices of the boundary
constants g3 = g2 = p?1. Then it is possible to introduce uniformization
variable and the dressing can be done as for vanishing boundary conditions.
In the generic case however, uniformization variables do not exist, which
makes the problem still more difficult. Deriving the dressing factors for the
MNLS for the symmetric spaces of types C.IT and D.III requires substan-
tial changes even for vanishing BC (see [7,14-16]); doing the same for CBC
is still a bigger challenge.
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1. Introduction

The purpose of this paper is to construct the family of induced almost com-
plex structures on S2 x R* (compatible with the induced metric) in purely
imaginary octonions Im€. It is well known that any orientable hypersurface
M6 in Im€ can admit the almost Hermitian structure ([1,2]) (/, (,)) where
(,) and J are the induced metric on M and the almost complex struc-
ture compatible with the metric, respectively. Also, note that the structure
group of the tangent bundle of M can reduce to SU(3).

We construct the 1-parameter family of the isometric imbeddings from
52 x R* to purely imaginary octonions. As Riemaniann manifolds, they
coincide. However, the induced almost complex structures are different. We
will prove this, and show that the induced almost Hermitian structures of
1-parameter family are all homogeneous.

2. Preliminaries

Let H be the skew field of all quaternions with canonical basis {1, 1, j, k},
which satisfy
= =k>=-1,ij=—ji=k, jk=—kj=1i, ki=—ik=j.

The octonions (or Cayley algebra) € over R can be considered as a direct
sum H & H = ¢ with the following multiplication

(a + be)(c + de) = ac — db + (da + be)e,



Orthogonal almost complex structures on S2 x R* 93

where e = (0,1) € H® H and a, b, c,d € H, where the symbol “” denote
the conjugation of the quaternion. For any z,y € €, we have

(zy, zy) = (z,2)(y, y)

which is called “normed algebra” in ([3]). The octonions is a non-
commutative, non-associative alternative division algebra. The group of
automorphisms of the octonions is the exceptional simple Lie group

Gy = {g € 50(8) | g(zy) = g(x)g(y) for any z,y € C}.

1, we have G2 C SO(7) ~ SO(Im€) where Im€ = {z €

Since g(1) =
= 0} (which is called purely imaginary octonions).

¢l {x,1)

3. Hypersurfaces in Im¢€&

In ([1,2]), it is proved that any orientable hypersurface ¢ : M% — Im € of
purely imaginary octonions admits the almost complex (Hermitian) struc-
ture defined by

Pa(JX) = @u(X)E,

where ¢ is the (oriented) unit normal vector field on M®. The structure
equations of Gg is given by

Proposition 3.1 ([1]). Let » : M% — Im¢€ be an isometric immersion
from an oriented 6-dimensional manifold M to the purely imaginary octo-
nions and £ be an unit normal vector field on MS. Then

do = fw+ fo, (1)
d¢ = f(—2v—=16) + f(2v/—10), (2)
df = &(—vV=1"0) + fr+ fl0], (3)

and the integrability conditions imply that

dw=—-kANw—[0] N, (
0=—"9Nw+'0ND, (5
df=—kANO+[0] N0, (
de = -k NE+30N0— ("ON0)I;5, (

where (&, f, f) is a Ga-adapted (local) frame field along ¢, and 0, k are
M351(C), M3y«3(C) valued 1-forms on M, respectively.
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By (5), we see that there exist M3y 3-valued matrices 2, B satisfying
V=10 ="Bw + Ao,

where ‘2 = 2A. More explicitly, there exists a unitary frame {e;, Je;} (i =
1,2,3), such that

fi = (1/2)(61 — \/—_lJei).

We denote by II the second fundamental form of M®. Then the components
of second fundamental form are given by

Uij = (1(fi. f5):€), Bij = {(fi, ;) €)-

Let ¢, ¢' : M® — Im € be two isometric immersions from an oriented 6-
dimensional manifold M9 to Im €. If there exist g € Go, a € Im € satisfying

gop+a=y¢,

then we say that ¢ and ¢’ are Ga-congruent. We can easily see that, if
¢ and ¢’ are Ga-congruent, then the induced almost Hermitian structures
coincide. However, the induced almost Hermitian structure of § o ¢ are
different from the one of ¢ in general, for § € SO(7).

4. On G, frame field on S? x R*

In this section, we give an explicit representation of Ga-frame fields on
5% x R* C Im¢, and the Go-invariants. Let ¢ € S3(C H) be the unit
quaternion. We define the map 7 : S3 — S? such that 7(q) = ¢iq, which is
called the Hopf map.

Next we define the 1-parameter family of imbeddings from S? x R* to
Im €, as follows

¢a(qiq, ) = cos(a)qiq + sin(a)(qiq)e
+ yoe + y1(— sin(a)i + cos(a)ic) ®)
+ ya(—sin(a)j + cos(a)je)

+ y3(—sin(a)k + cos(a)ke),
where ¢ig € S? and § = (yo, y1,%2,y3) € R*, for some fixed a € [0, 7/3].
Note that the imbeddings are equivariant in the following sense.

Let prir: Sp(l) — G2 be the representation of the Lie subgroup Sp(1)
of G5, which is defined by

pir(q)(a + be) = qag + (gbq)e, 9)
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where a,b € H (see [5]). In fact, we may show that py; satisfies

prr(q)(a + be)prr(q)(c + de) = pr(q)(ac — db + (da + be)e),

for any a,b,c,d € H. From (8) and (9), it follows immediately that the
imbedding ¢, is rewritten as

Pa(qiq,§) = pur(q)(cos(a)i + sin(a)ic)
+ yoe + y1(—sin(a)i + cos(a)ie) (10)
+ ya(—sin(a)j + cos(a)je)
+ y3(—sin(a)k + cos(a)ke).
Therefore, we see that the imbeddings are equivariant and the induced
almost Hermitian structures are homogeneous for all o € [0, 7/3]. In fact,
we define the Gs-adapted frame fields by

&= {pm(q)(cos(a) i+ Sin(a)ifs)},

fi = %{pm(q)(_ sin(«) - ¢ + cos(a)ie — \/—_1(5))},
fo= %{pm(q)(j — /=1 (—cos(a)k + sin(oz)kf))}7
f3= _%{pm((ﬁ(— sin(a)k — cos(a)ke — \/__UE)}'

Then we may see that (f1, fo, f3) is a SU(3)—frame field on ¢, (S? x R?).
To calculate the G5 invariants, we define the local 1-forms p1, 2 on S?
by

p = (d(qiq), 4j7),  p2 = (d(qiq), ¢k7)-
Then, we obtain
w' = dy1 — V=1dyo,
w?® = cos(a) 1 — sin(a)dyz + v—1 (- cos(2a)pz + sin(2a)dys),
w? = sin(2a) 2 + cos(2a)dys — v/ —1 (sin(a)uy + cos(a)dyz),
at ¢ = 1. Since
d¢ = cos(a)dqiq + sin(w)(dgiq)e
= cos(a)(qJq @ p1 + qkq @ p2) + sin(a) ((¢jg)e © p1 + (gkg)e @ p2)

we get

d€ = cos(a)(j ® 1 + k ® p2) + sin(a) (je ® p1 + ke @ p2)
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at ¢ = 1. Hence we have

0 0 0
B= —i 0 cos®(a) +cos?(2a)  ¥5l(sin(2a) —sin(4a)) |,
0 —@(sin@a) —sin(4a))  sin*(a) + sin?(20)
(Y 0 0
A= 1 0 CosQ(a) — COSQ(ZQ) —@(Sin(?a) +sin(4a)) | . (11)
0 —@(sin@a) +sin(4a))  —sin®(a) + sin?(20)

Thererfore from (11), we get the Gy invariants on S? x R* given by
— 1 = 1
tr(*BB) = §(1 +cos?(3a)), tr(*AA) = §(1 — cos?(3a)).
Summing up the above arguments, we have

Theorem 4.1. For a € R (0 < a < 7/3), let (5% x R*, ¢,) be defined as
above. The family of the imbeddings ¢, induce the 1-parameter family of
the almost complex structures J, on S% x R*, which are not Go—conguent
to each other. Moreover the induced almost Hermitian structure (Jo, {(,)) is
(1,2)-symplectic iff a =0 or 7/3.

We here note that g and ¢r/3 are Ga-congruent. The almost Hermitian
manifold (M, J,(,)) is said to be (1,2)-symplectic if (dw)?) = 0, where
w = (J, ) is the canonical 2-form (or Kéhler form) on M. In our situation,
(dw)2) =0, is equivalent to A = 0.

5. Orbits related to G-

It is well known that 6-dimensional, 5-dimensional spheres can be repre-
sented as follows

S8 =Gy /SU(3), S°=18SU(3)/SU(2). (12)

Let G5 (R") be the Grassmann manifold of oriented 2-planes in R” and
let V2(R") be the Stiefel manifold of oriented orthonormal 2-frames in R7.
Then

Va(R7) = {(u,v) € S®x SO (u,0) =0}.
By (12) we see that
Va(R7) ~ G2/SU(2), G§(R")~G2/U(2).

A 3-dimensional vector space V in Im € is called associative if spang {u, v,
wv} =V, where {u,v} is an oriented orthonormal pair of V. We also note
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that the Grassmann manifold G ,ss(Im €) of associative 3-planes are given
by

Goss(Im€) = G5 /SO(4).
We note that the representation p from SO(4)(~ Sp(1) x Sp(1)/Z2) to G2
is given by
p(q1; q2)(a + be) = qragr + (g2a7)e,

where (g1, g2) € Sp(1) x Sp(1) and a+be € Im €. Let S? be a 2-dimensional
sphere in Im €. Then there exists a 3-dimensional vector space V' such that
S? C V. In general, V is not necessarily associative.

If V is an associative 3-plane, then the imbedding from S? x R* to Im ¢
is Ga-congruent to o (S? x R*).

Next we assume that V' is not an associative 3-plane. Let {v1,v2,v3} be
the oriented orthonormal base of V. From assumption

spang {v1,ve,v1v2} # V.
We set
cos 0 = (vyve,v3),
then, we may choose a vector u; € V, (Ju1| = 1, (u1,v1v2) = 0) satisfying
v3 = cos Qv vg + sin fug.
By algebraic properties of G2, we can take g € G2 satisfying
g(i) =v1, g(j)=v2, g(k)=viv2, g(e) =u1.

From which, we may assume that S? is included in the 3-dimensional vec-
tor space spang {g(i), g(j), g(cos 0k + sinfe)}, for some 6 € [0,7/2]. By
reparametrizing 3-dimensional subspace in Im¢€ suitably, we may assume
that

S? ¢ spanR{cos at + sin avte, cos aj + sin aje, cos ak + sin aks},
for some « € [0, 7/3]. Therefore we obtain

Proposition 5.1. Let ¢ be any isometric imbedding from S? x R* to Im €.
Then there exist a g € G and o € [0,7/3] such that

gop=Pa.

Hence the moduli space (up to the action of G2) of isometric imbedddings
from S% x R* to Im € coincide with {¢, | a € [0,7/3]}.
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In the following article we present some recently derived results describing
how a class of solutions of a family of nonlinear dispersive equations evolve
over time. We describe the physical relevance of certain integrable members of
this family, including applications in modelling shallow water waves over a flat
bed and the propagation of waves in hyperelastic rods. The results contained
in this article are of relevance to the soliton solutions of these equations.
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1. Introduction

The equations of motion for a perfect (homogeneous and inviscid) fluid in
two dimensions are described by Euler’s equation,

up + Uty + vuy = =Py,
Vg + uvg +vvy = —Py — g,

where (u(z,y,t),v(z,y,t)) is the velocity field, P(x,y,t) is the pressure
function and g is the gravitation constant of acceleration. This equation,
coupled with the equation of mass conservation and equations describing
boundary conditions on the surface and at the bottom of the fluid domain,
describe the full governing equations for the water wave problem. The equa-
tions of motion are highly intractible, due to nonlinearity, and this difficulty
is compounded by the fact that the free-surface of the fluid is also an un-
known element of the problem [26]. In general the full governing equations
are not well understood. As a first step in tackling the water wave problem,
we can study approximations to the full governing equations. Such approx-
imations can be derived in a variety of ways, however most follow from the
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introduction of small shallowness or amplitude paramters. We assume the
water motion is two-dimensional over a flat bed, where the water has a
typical depth ho— this is a reasonable assumption for water flowing in a
channel, or for wave motion in the ocean. In the case where the scale of the
amplitude is small compared to that of the water depth then the parameter
€ = a/hy is tiny, and where the scale of the wavelength is long compared to
that of the water depth then the shallowness parameter § = hg/\ is very
small. If we perform asymptotic expansions in terms of these parameters
[24,25], then we find that, to the first order, the motion is described by the
well-known Korteweg-deVries equation,

U — Uy + Ugge =0

and to the next asymptotic order we obtain a nonlinear dispersive partial
differential

Ut — Ugzy + DUUL; = DU ULy + Ulgay (1)

where, depending on how we manipulate various coefficients, we can have
b=2,3[24].

2. The b-equations

The family of equations Eq. (1), parameterised by the real coefficient b € R,
are commonly known as the b-equations, and have been the focus of much
research in their own right. However, as mentioned above, there are two
special cases of great interest.

The Camassa-Holm (CH) equation (b = 2) arises in a variety of different
contexts. It has been widely studied since 1993 when Camassa and Holm [3]
proposed it as a model for the unidirectional propagation of shallow water
waves over a flat bed. In the shallow water setting u(z,t) represents the
horizontal velocity of the fluid motion at a certain depth over a flat bed
in nondimensional variables [24,25]. The equation was originally derived in
1981 as a bi-Hamiltonian equation with infinitely many conservation laws
by Fokas and Fuchssteiner [19]. It also models axially symmetric waves in
hyperelastic rods [12].

The Degasperis-Procesi (DP) equation (b = 3) was originally derived
by Degasperis and Procesi [14], and it was shown to be formally integrable
by Degasperis, Holm and Hone [13] when they obtained a Lax pair and a
bi-Hamiltonian structure for it. Concerning the existence of solutions to the
DP equation, certain classical solutions exist for all times, whereas others
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blow up in finite time [17,28,32] — a situation which occurs for the CH
equation [4,7] but not for KdV (where all classical solutions are global).

The solitary wave solutions of the DP and CH equations are solitons
[2,11,13,16] — in fact they also admit a class of weak solutions which are
peaked-solitons (peakons) [2,3,13]. A property which is unique to the DP
equation is the existence of discontinuous shock wave and periodic shock
wave solutions [18].

Geometrically, the KAV and CH equations are re-expressions of geodesic
flow on the Bott-Virasoro group and the diffeomorphism group respectively
[1,4,9,27]. However, the DP equation has not currently been afforded such
a geometric interpretation.

The main reason the CH and DP equations have generated such interest
is that the CH and DP equations are the only members of the b-equation
family with a bi-Hamiltonian structure and which are integrable [24]. In
what follows we present a summary of recently derived results which de-
scribe how solutions of Eq. (1) which initially have compact support, or so-
lutions which initially have a weighted asymptotic exponential decay rate,
retain these properties as they evolve over the duration of their existence.

If p(z) = 3717, 2 € R, then (1 —92)"1f = px f for all f € L*(R)
and so p*xm = u, where * denotes convolution in the spatial variable. If we
define the function

F(w,t) = 3T_bui(a:,t) + guz(m

which depends on the parameter b € R, then we can re-express equation
Eq. (1) as

s + Uty + Oyp x FC =0, reR, t>0. (2)

The space H*(R), is the space of functions f for which the following sum
is finite,
1

1flls = < > (1+n2)5|f(n)l2> < o0,

n=—oo

where f(n) denotes the Fourier series of f. The above expression for || f|s
defines a norm on H?*(R). An application of Kato’s semigroup theory to
Eq. (2) ensures, for each fixed b € R, the local existence of solutions to
Eq. (2) for ug € H*(R), where s > 3/2 [21]. We will regards these strong
solutions of Eq. (2) to be weak solutions of Eq. (1).
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2.1. Compactly supported solutions
Note that we can rewrite Eq. (1) as
ms + bugzm + myu = 0, (3)

where m = u—ug, represents the momentum density. Compactly supported
solutions of Eq. (3) represent localised perturbations, and it is of interest to
see how such perturbations develop over time. The first result we present
tells us that, for each fixed b € R, initially compactly supported classical
solutions of Eq. (3) remain compactly supported throughout their evolution.

Proposition 2.1 ([20]). Assume that ug € H*(R) is such that mo = ug —
U0,z has compact support. If T = T'(ug) > 0 is the mazimal existence time
of the unique solution u(x,t) to Eq. (3) with initial data wo(zx), then for
any t € [0,T) the C! function x — m(x,t) has compact support.

Proof. We fix b € R, and associate to the solution m the fam-
ily {¢(-,t)}1epo,) of increasing C? diffeomorphisms of the line defined by
pi(x,t) = u(p(x,t),t), te[0,T), (4)
with
p(z,0) =z, zekR (5)
We find that the following identity holds:
m(p(x,t),t) - 2 (x,t) = m(z,0), z€R, tec0,T). (6)
Note that if we are dealing with the case b = 0, then Eq. (6) gives
m(-,t) =mp xeR, te€]0,T),
and so m(-,t) is automatically compactly supported. For the rest of the

cases, we infer from Eq. (4)-Eq. (5) that

u(,1) = exp </Otur(tp(a:,s),s)ds>, zER te[0,T).  (7)

It follows that if mg is supported in the compact interval [a,b], then
since g (z,t) > 0 on R x [0,T) from Eq. (7), we can conclude from Eq. (6)
that m(-,t) has its support in the interval [p(a,t), (b, t)]. O

It is worth noting that the Hunter-Saxton (HS) equation,
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which is an integrable equation that arises in the theoretical study of ne-
matic liquid crystals [23], arises from the CH equation in what is called the
high frequency limit — essentially we end up with m = —u,, in Eq. (3).
Following basic computations we see that the above Proposition also holds
for the HS equation, and so any solution of the HS where m which is ini-
tially compactly supported, retains this property for all future times of
existence. Since m = —ug,, it follows that if u is a solution of the HS
equation Eq. (8) with ug = u(z,0) compactly supported, then w is com-
pactly supported throughout its evolution. In general, the b—equations do
not share this property, as we see from the following theorem.

Theorem 2.1 ([20]). Fiz b € [0,3] in Eq. (1). Assume that the function
up € H*(R) has compact support. Let T > 0 be the mazimal evistence time
of the unique solution u(x,t) to Eq. (1) with initial data uo(x). If at every
t €[0,T) the C? function x — u(z,t) has compact support, then u must be
identically zero.

A consequence of this result is that any solution to Eq. (1) which is
initially compactly supported, for b € [0, 3], instantly loses this property —
to see this, apply the statement of the Theorem to u on the interval [0, €],
for any € > 0.

2.2. Soliton-type solutions

We now study the evolution of solutions of Eq. (1) which admit a larger
class of initial data. First, we extend our definition of solutions to allow
weak solutions of Eq. (1), that is, classical solutions of Eq. (2).

We adopt the following notation: we write |f(z)| ~ O(g(x)) as x — oo
if lim, o0 | f(2)]/g(x) = C, where C is a constant (allowed to be zero); we
write |f(x)] ~ o(g(x)) as x — oo if lim, . | f(2)|/g(x) = 0.

The next result provides an asymptotic description of how solutions
of Eq. (2) propagate, if they initially decay asymptotically at a weighted
exponential rate. Such a class of solutions trivially include the functions
whose initial data is compactly supported, but more importantly, since the
CH and DP are integrable, it includes soliton type solutions— solutions
with rapid decay outside a localised region.

The solitons of the CH equation are weak solutions of the form u(z,t) =
ce~1*=<tl where ¢ is both the speed and the amplitude. This travelling wave
is known as a peakon (peaked soliton) and it is smooth everywhere except
at the cusp (where x — ¢t = 0), and here it is not differentiable. There are
also multi-peakon solutions for the CH equation [2], which consist of a finite
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sum of peakons. The DP equation also admits multi-peakon solutions [30]
as well as solutions which display even more exotic properties [29].

The evolution of such solutions is particularly interesting in the context
of CH as an equation describing the propagation of waves in a rod. This
equation acts as a model for nonlinear waves in cylindrical hyperelastic
rods, with the solutions representing the radial stretch relative to a pre-
stressed state [12]. Solitary waves in solids are interesting from the point of
view of applications, as they are easy to detect because they do not change
their shapes during propagation and can be used to determine material
properties and to detect flaws.

We state the following result, which was obtained in Ref. 21, and
describes the persistence of decay properties for the entire family of
b—equations.

Theorem 2.2 ([21]). Let b € R. For s > 3/2, let T > 0 be the mai-
mal existence time of the strong solution v € C([0,T),H*(R)) to equation
Eq. (2) with initial data uo = u(x,0). Suppose there is a 0 € (0,1) such
that both

luo(z)|  and |ug.(z)| ~ O™l as |z| — 0. (9)
Then both

u(e, )] and  Jug(z, )| ~ Oe™"*) as  [a] — oo, (10)
uniformly in the time interval T, where

_ [0,T — €] for any €€ (0,T), if T < oo, (11)

B [0,7] for any T >0, if T =o0.

The condition on the interval 7 is necessary to ensure uniformity — for
solutions of the CH and DP equations which breakdown then wave-breaking
occurs [4,7,28,32], that is, ||u(.,?)||c is bounded for all ¢ € [0, T] but

iy sup [|ue ()| oo = 00 (12)

The next Theorem sharpens the result of Theorem 2.1 by prescribing an
asymptotic rate of decay which no non-trivial solution of Eq. (2) can satisfy
at any more than one instant. Since a compactly supported solutions auto-
matically satisfies this rate, therefore any non-trivial compactly supported
solution to Eq. (1) must instantly lose its compact support.

Theorem 2.3 ([21]). Let b € [0,3]. For s > 3/2, let T > 0 be the maxi-
mal existence time of the strong solution v € C([0,T),H*(R)) to equation
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Eq. (2) with initial data uo = u(z,0). Suppose there is a § € (1/2,1) such
that
luo(x)| ~ o(e™1") and  |ugo(x)| ~ O™l as |z| — oo  (13)
If there is a t1 € (0,T) such that
lu(z, t1)| ~o(e™*l) as |z| — oo, (14)
then v = 0.

We saw in Theorem 2.1 that, for fixed b € [0, 3], every nontrivial solution
of Eq. (1) which is initially compactly supported must instantly lose this
property. The following result provides a more explicit description of this
process.

Theorem 2.4 ([21]). For b€ R, let u be a nontrivial solution of equation
Eq. (2) with mazimal time of existence T > 0 and u € C([0,T),H*(R)) for
s>5/2.

(a) If the initial data uo(z) = u(x,0) is initially compactly supported on
[a, 8] then for t € [0,T) we have

w(at) = {1/2E+<t>e—f for x> @(B,t),

(15)
1/2E_(t)e® for x < p(a,t),

where Ey and E_ are continuous nonvanishing functions with E4(0) =
E_(0) = 0; and when b € [0,3] then B4 > 0 and E_ < 0 with E4
strictly increasing and E_ strictly decreasing for t € (0,T).

(b) Suppose for some constant p > 0 we have

U0, U025 U0 2z ~ Oe™ AT as 2] — oo, (16)

then for t € [0,T) we have

m(z,t) ~ O(e” Wl 4s |z — oo, (17)
and
lim eFu(x,t) = 1/2E4(t). (18)

Proof. Since u = p* m let us re-express u in the form

oo

u(z,t) = %e‘z/ eYm(y,t)dy + %ez/ e Ym(y, t)dy. (19)

—00 x
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Notice Proposition 2.1 tells us that if ug is initially supported on the com-
pact interval [«, 3] then, for any ¢ € [0, T), our function m(-, t) is supported
on the compact interval [p(a, t), ¢(8,t)]. To prove (a) we define

e (B,t) e (B,t)
&mzj’ wmwmwwwamzf e m(y,Hdy,  (20)
® ®

(a,t) (a,t)
with
1
u(z,t) = p(x) * m(z,t) = ge_mEJr(t), x> @(B,1),
(21)
1
u(z,t) = p(x) * m(z,t) = §exE_ (1), x < p(a,t).
It follows from the relations in Eq. (21) that
1
u(a:,t) = _Uz(xat) = urr(xvt) = 567%E+(t)a T > @(ﬂa t),
1
u(z,t) = ug(x,t) = uga(x,t) = 2e$E, (1), x < p(a,t),
and so E4(0) = E_(0) = 0 by definition of {«a, }. Since m(p(a,t)) =
m(p(B8,t)) =0, for fixed ¢ we have
(B,t) o
Ll [ ety = [ a2
dt @ (o) —00

If b € [0, 3], then from Eq. (3) and integration by parts, and using the fact
that both u and consequently m have compact support, we get

dE(t e >
+(®) = —b/ eYu,mdy —/ eYum,dy

dt

— 00 — 00

e b -b
:/ e¥ <§u2 + 3Tui> dy > 0.

Thus E4 (t) is initially zero and strictly increasing for all ¢t € [0,7). In a

similar manner one can show that, when b € [0, 3], E_ is also initially zero

but strictly decreasing for ¢ € [0,T). This proves part (a) of the theorem.
To prove (b) we write equation Eq. (3) in the form

me(x,t) + u(z, t)my(z,t) = —buz(x,t)m(z,t), z€R, t€[0,T), (23)
and proceeding as in Theorem 2.2 we find that

sup [|m(t)e 1| o < e(T) m(0)e T o, (24)
tel

where ¢(Z) is a constant depending on the choice of time interval Z for
supyer(||tuz(7)|loo + [|4(7)]|0o). We note that for any 6 € (0, 1)

w(t), ug (), Uge (t) ~ O™l as  |z| — oo, (25)
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meaning that all of the integrals in the computations above are well-defined.
The property Eq. (18) follows by an approach similar to the one performed
before, taking into account Eq. (19) and defining Ey as in Eq. (20) but

with « = —o0, f = . O
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SOME GEOMETRIC PROPERTIES AND OBJECTS
RELATED TO BEZIER CURVES
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Classical Bézier curves (the parabolic case) with the natural barycentric de-
scription are considered. The explicit expressions for lenght, curvature, shape
etc. are given. It is introduced the notion trajectory of Bézier curve and by
means of the projective isotomic conjugation the corresponding envelope conic
surfaces in the space are obtained.

Keywords: Barycentric coordinates and orbits; Projective isotomic conjugation;
Bézier curves; Curvature; Shape; Envelope.

1. Preliminaries
1.1. Barycentric coordinates and barycentric trajectories

Let « be fixed euclidean plane, AABC be fixed triangle in A and E}(«)
be the extended euclidean plane — the basic model of the real projective
plane RPs. The set of points (resp. lines) in E3(a) will be denoted by X
(resp. A). For G € 3, Ag will stand for the set of lines, incident (z) with G
(known as star of lines with center G), for g € A, ¥, will stand for the set
of points z g and U, denotes the infinity (unproper) point of g. The infinity
line in « is the set of all infinity points and will be denoted by w.

For any point P € ¥ and p € R there exist unique z,y, z € R, so that

— — — —

p-OP=x-OA+y-OB+2z-0C
rT+y+z=np.

The ordered triple (x,y, 2) is said to be triple of barycentric coordinates

(b-coordinates) [4-6] of P with respect to basic Mébius triangle ABC and

it will be written P(x,y,z). The case p = 0 corresponds to P € w and

p # 0 describes finite euclidean points. From projective point of view, b-
coordinates of P are the affine coordinates with respect to space coordinate
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system
K = {O(Za), a1 (| OA), as(| OB), a5 (| OC)}.

of a vector pHO—Iﬁ and « : x +y + z = p. That is why we do not use the
terminology “homogeneous relative (absolute) b-coordinates” [4-6].

From algebraic point of view b-coordinates z, y, z of finite P € ¥ are
the unique solution of the system of linear equations (SLE)

Ay +z2=0
pe +(1-Ny =0, (1)
(I—px =p

of BA
where A = (BCA') et o and p = (AA'P) are the affine ratios, always

A
# 1 for each finite points P and A’ = PA N BC (it is assumed) and
A=1 <= A" = Upc. We rewrite (1) in the matrix form A4.X; = B,
where

1 2 0

0 z1
A: 0 1—A 1% 5 B: 0 9 Xl_ 'A%
0 0 1—p 1

Thus, in transposed form,

T T/ 4—1\T PA ) bH ._Pp
X =8 = (= TR )
The triangle matrix A is of stochastic type by columns (left(L)-stochastic-
like) and generates the affine transfomation ¢ 4 in Ej (). The reason to use
“like” is that A is not non-negative. The set A of all such matrixes is mul-
tiplicative, non-commutative group. We express the commutator [A;, As]
of such matrixes in the form

A1 A
[A1, Ao] = "1 2. D (2)
1 p2
where
00 1 1 N\ 0
D= 00 -1 s AZ‘: 01—>\1’ i
00 O 0 0 1—ypu

Moreover A is Lie group. We call A L-stochastic-like Lie group with basic
Mobius triangle ABC.
By the consideration of the powers of A € A, we get the following
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Definition 1.1. The orbit of the point P(z,y, z) under the action of the
matrix A € A, i.e. the set of points { Py, (2n, Yn, 2n) = go}[”(P), n € N},
such that (x,,Yn, 2,) is the unique solution of SLE

Zn 0
A"X, = B, Xn = Yn | > B=1{0
Tn p

is said to be barycentric trajectory (b-trajectory) of the point P(=P;) with
respect to basic AABC.

We get the explicit form of the b-trajectory in the form

vty [t )

"R [( e ] ¥

A (=g (1= A)n
S
(1 —p)n
Any point P, (n,Yn,2n) € a: x +y + 2z = p and determines
A = (BOAR) =~ iy = (AA,P,) = —nt2n
Yn Tn

where A,, = AP, N BC. Thus, the position of P, is determined by

— 1 — Lon, 1

CP, = 1_IunCA—1_#”1_)\116'3.

1.2. Barycentric characterization of the duality in the
projective plane. Projective isotomic conjugation

Further we assume P(z,y,2):z+y+z=1,le a:x+y+2z=1.

In the following theorem we resume some well known facts from the
analytic geometry of Ej(«).

Theorem 1.1. Let in the plane o of a basic ANABC be given in b-
coordinates the points A'(a1,az,a3), B'(b1,ba,b3) and C'(c1,ca,c3). Let

a1 as as
M(A/B/CI) = b1 bg b3 and A/ = detM(A'B/C/)
C1 C2 C3

be the matriz and it’s determinant, formed by the ordered triple (A’, B',C").
Then:
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(i) A’, B', C' are incident with a line < A’ =0;
SA/B/C/
- = |A;

ABC

(ii) the ratio of the areas

4 Bl(bl, bg, b3) is

(i) the barycentric equation of the line o’ : {z C'(cr,e2,03)

Ty z
a b1 by b3| =0 <~— a/IA23.$+A31.y+A12.Z=0.
C1 Cg C3

The minors A;; are called b-coordinates of the line o’ and it is written

a'[Azsz, Az, Ar2l;

(iv) the b-coordinates of the intersect point P = m N n of the lines
P23 P31 P12
m[Mi, My, M3] and n|Ni, N2, N3] are P (K’ N K)’ where
pij are the minors, formed with {i, j}-columns of the matriz
1 1 1
P(m,n) = (%1 %2 “)\4/3) and A= |M; My Mj|;
1 2 3 Nl NQ NB

(v) the b-equation of a conic C is C : (z,y,2).A.(x,y,2)T = 0, where A
is 3 X 3 real symmetric matriz. In particular, C passes through the
vertexes of the basic triangle iff a;; =0, 1 =1,2,3.

There are several kinds of conjugate maps (isogonal, isotomic) with
respect to fixed triangle, defined as colineations over E}, for example by
means of point multiplication [6]. The theorems of Ceva and Menelaus give
rise
Definition 1.2. Projective (RP2-) isotomic conjugation with respect to
basic AABC' is the map

T E\{EAB UXpgcU ECA} — A\{AB uUBCU CA}
P=AANBB' NCC'— n(P)=p z A*, B*,C*,
where the points I’, I* are harmonically-conjugated to the pair (J, K), i.e.
I''T*z JK and (JKI') = —(JKI*) for I,J,K € {A, B, C}. The Ceva

point P is called pole, the Menelaus line p = 7(P) is called polar line and
the map = is known also as polarity w.r. to AABC.

The image of the medicenter G is 7(G) = w.
The following theorem is easy to check by using Theorem 1.1.

Theorem 1.2.
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(i) The RPy—isotomic conjugation is involutive corelation, i.e. m # id (the
identity), 7 =id (or =1 = 7) and analytically in b-coordinates

¥ 3 P(p1, pa, ps) — 7(P) = p [p2ps, psp1, pip2] € A.

(ii) The sets of stars of lines in the plane of basic AABC and the set of
conics, incident with the vertexes A, B,C' are equivalent in the sence
of the RPy-isotomic conjugation.

2. Bézier curves and related geometric properties and
objects

Bézier curves, as basic tools for Computer Aided Geometric Design [1], are
intensively studied by many autors. We recall the well known

Definition 2.1. Let AAyA;As be fixed triangle with vertex-vector-posi-
tions a; = OA;, i = 0,1,2. The polynomial curve of second degree

C:r(t)=(1—t)2ap +2t(1 —t)a; +t?as, 0<t<1

is said to be Bézier curve of 274 power with basic AAgA; As. It is also in
use the denotation Cy4,4,4,}-

n
Generally, Ciaya,..4,1 : 7(t) = Z (Z)t"(l )", t € [0,1] is
k=0
b power with basic symplex AgA;...A,, formed as
the linear combination of ¢ = O—A;; with coefficients the basic Bernstein’s
polynomials By, = (Z)tk(l —t)""% k = 0,1,...,n. Point Ay is called
initial, A, — end-point, all the rest Ay — control points. Any Bézier curve
is invariant under the action of any affine transformation.

Bézier curve of n=*

We use the following matrix forms for Cya,4, 4,)

—_— —_—
OAO OAO

—_— —_—
Claga,az) i r(t) = (1, ¢, 1) - 2404 =(1,t, %) - | 2404, |,
—_— —_— —_—

AlA() + A1A2 2A1M1

where M; is the midpoint of AgAs, from which it’s easy to calculate the

derivatives 7(t) = 40

in the De’Casteljau algorithm:

ets. and to proove the well known properties, used

Lemma 2.1. Arbitrary Bézier curve Cya,a, .1 passes through Ao(t = 0)
— —
and Ax(t = 1), tangent to AgAq||7(0), A1As||7(1), with curvatures at the
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initial point Ag and the end-point As

#(0) = SAA0A1A2’ (1) = SAADA1A27
|ApAq[? | A1 Az|?

respectively, where Saaya, a, is the area of AAgA;1Aaz. Moreover Ca,a, Ay}
intersects the median A1 My at the midpoint M (t = %) and is tangent at M
to the midsegment: 7 (3)|| Ao As.

From barycentric point of view any Bézier curve Cya,4, a,) is the set of
points P with b-coordinates with respect to basic AAygA; Ay — the basic
Bernstein polinomials of second degree P((l —1)2, 2t(1—t), t2 ), t €[0,1].

Lemma 2.2.

(i) Let P((l —1)2, 2t(1—1t), t2 ) , t €[0,1] be arbitrary point of the Bézier
curve Cya,a,4,3- The b-coordinates of the points: By = AgP N A As,
Bl = A1P N A()AQ, BQ = AQP N A1A0 are

21—t) ¢t (1—1t)2 t?
By ( 0; p— B  0; :
0<’2—t’%%)’ 1@#—%+r T2 — 2t + 1

1—t 2t
By | ——; ——0]).
2(1+t 1+t )

ii) Any Bézier curve Cya.a, .1 generates the functional matriz A(t) from
{ 01 2}
the L-stochastic-like Lie group A with

At) = and  p(t) = telo,1).

Proof. The statement (i) follows by applying Theorem 1.1. and (ii) — by
calculating the affine ratios \(¢) = (A241Bg) and u(t) = (AgBoP). O

—_— —_—
For AAOAlAQ we denote: l1 = |AjAk|, m; = |A1M1|, Mz — the
midpoints of A;A, for ¢ # j # k € {0,1,2}, ¢ = £LAyA1As and
=& AgA1 M.

Theorem 2.1. Let Ca,a,4,) be Bézier curve.

i) For any P € Cya,4, 4,1 the ratio of the areas
{ 0441 2}

s(t) = SABoBiBy _ 42 (1 —t)? < {(} z}
SAAA; Ay 2-t)(1+1)(2t2 -2t +1) "9’
maxs = s(1) = 2 <= P = M(Z; 1, 1) — the midpoint of the
2 9 21

[0,1]
median Ay M, for NAgA;As;
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(ii) The length of the curve is

2mq — lg cos ; 12 cos v
e 2 — 2 2 2 27
lc o \/( my1 — la cos))? + 15 sin” ¢ + o
N 12 sin2 4 . \/(2m1 —lycos))2 +13sin® Y + 2my — Iy cos )
2m; I2(1 — cos 1) '

Proof. The statement (i) follows from Theorem 1.1.-(ii) and standard ob-
taining of the max s(t) over [0, 1]. For (ii) we apply the lenght-formula

1
lc:/o #(t)|dt  for Iv*(t)=2\/(172t)~r(mA1M1)'<21t)

—_— _—
where I'(Ag A1 A1 M) is the Gramm-matrix for the pair {AgA;, A1 M;}. O

Theorem 2.2. The curvature x(t) of any Bézier curve Cya,a,,) 15
w(t) = Sanga, a,-l9(t)] %2,

where the function g(t), defined over [0,1], is of the form

— I+ — T A2 (4 1. 12 lolacosp\ (t—1
g(t) = |(t — )AL Ag + A A = (t— 151) (ZOZQCOW : ).

Proof. It follows by direct calculations, analogous to Theorem 2.1.-(ii),
o

over the well known formula s(t) = % O
T

Theorem 2.2. implies immediately the well known

Corollary 2.1. The Bézier curve Cia,a, 4,y 18 a parabola with vertex at
point K, such that OK = r(to), where

l% ~+ lglacosp

tnh =
0 13+ 2lply cosp + 13

is the unique (global) mazimum for s(t): x|, = »(lo) = I[%al)]( #(t).
Moreover, the result of Theorem 2.2. gives additional geometric infor-
mation of the shape of Bézier curve Cy4,4, 4,}, considered and discussed in
[2] and generalized in [3] for cubic Bézier curve.
By cosidering the action of RPs-isotomic conjugation over each point of
Craoa, 423 \{ Ao, A2}, jointly with Lemma 2.2. (i), we get
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Theorem 2.3. The RPz-isotomic-conjugated image of Cia,a, a,) 18

T(Cragaany) = {2635 H(1 = 1) 20067 s te (0, 1)},
i.e. is the 1-parameter set of polar lines

p=m(P):2t* 2 +t(1—t)-y+2(1—-1)*-2=0, tec(0,1), u,v€R.

The lines, corresponding tot = %, %, %,

points of Cya,a,4,) with the medians through Az, A1, Ao and are parallel to
A1 Ay, ApAa, AsAy, respectively.

are the polar lines of the intersecting

From projective point of view w.r. to the space coordinate system
K = {0,a1,a2,a3} the obtained l-parameter family of lines p, give rise

1-parameter family of the planes o : { ZZ(; The envelope of the last one is

conic surface § with vertex O and generator Ercy = SNa:z+y+z=1—
the envelope of 7(Cy4,4,4,})- More precisely, after standard calculations,
we get the following

z O

2 7(Crapa, 42})
with respect to KK = {0, a1, a2,a3} is the real hyperbolic conic surface

Theorem 2.4. The envelope S of the set of planes o : {

S:162z—14*> =0
with generator in the basic plane o : x +y+ z = 1, the envelope

e (e (1-02  4t-1) L t2
O\ T2 6t T 62 —6t+1°  62—6l+1

(in b-coordinates) and t € (0, 1)\{3 + ﬁ}
Proof. From Theorem 2.3. the b-equation F'(z,y,z,t) = 0, where

F(x,y,2,t) = 2622+ t(1 — t).y + 2(1 — t)%2.z for t € (0,1) describes the
1-parameter set of polar lines. Then the envelope is obtained by the solu-

tions of
F(z,y,z,t) =0
8F( v:2,0) 202 t(1—t) 2(1—1)? T 0
Sﬂ-(c) : —(g;, Y, z7t) =0 < 4 1 -2t 4(t — ].) |yl = 0
ot
1 1 1 z 1
r+y+z=1
By solving the SLE with respect to x,y, z we proof the theorem. O

Analogous to Lemma 2.2, we get
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Lemma 2.3. The envelope Ercy of RPa-isotomic image of any Bézier
curve Cqa,a, A, generates the functional L-stochastic-like matriz A (t) with

t (451

A(t) = OB !

1

-+ —.

2723
By applying (2) to Lemma 2.2 (ii) and Lemma 2.3, we calculate the

commutators and obtaine

4
t€(07 ].)t?ég,

Lemma 2.4. Let A(t) and A.(t) be the functional matrices in A of
Crapa,a.y and Excy respectively. For ty # to in (0,1), the following re-
lations for the commutators are valid

tita(ta —t1)
2(1—t1)2(1 — t9)?

[A(t1), Alt2)] = —2[Ac(t1), Ac(t2)] = D.

By the notion b-trajectory of a point we consider b-trajectories of the
Bézier curve Cy 4,4, 4.} as the family of lines C%Z)0A1A2} formed by the n?"—
b-image of any point of C;4,4, 4,3, V1 € N.

Theorem 2.5. The b-trajectories of the Bézier curve Cia,a,a,} are the
elements of the sequence of curves

CEZ)OAlAz} P (t) = Tn(t).a0 + yn(t).a1 + 2n(t).az, ¢ €0, 1],
with
(2 (8);Yn(1); 20 (1))

= (a-vm20 [0 2

(t—2)"

_ n+1 n+1
§1—f(t)‘(t i) (tEQ)n—l

)

(4)

(1—t"

and where f(t) = RPN

(i) For arbitrary n € N, r,(0) = ao, i.e. Ay € C‘EZ)OAlAQ}’ (1) = ag and

(n)
A € C{A0A1A2}'

(ii) The tangent vectors to each CX?AlAQ at Ag and As are

=
7, (0) = 2n - (a1 — ag) = 2n - ApAy, Vn €N,

0, for n>2
—_
2(ag —a1) =2.A1Ay, for n=1.

(1) = f(1)2" (a2 —a1) = {
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(iii) The envelope &, of w(Ci?Alh), in b-coordinates, is

xTr = Al.A_l
En:l y=AN0s AL
Z = Ag.A_l

for all (t,n) in order to have well defined

—1 (yn —1 Zn. -1 xn.
A= () a= (), A= (),
7 (3) 2z (@) -2 ()

and A = Zle A;.
Proof. By applying Lemma 2.2.(ii) jointly with (3) we get (4) and calculate
(i). We express the derivatives @y, §n, 2, of (4) are as follows:
iy =2n(t — 1)1

. 21 (t) (t—1)"(t —2)" on
I DE-2)B -1 ‘t—1+n(t—3) t—1+2nt—-2)3-1)|’
_ 2f(t) ‘(t — 1)t —2)m ! —2" ‘
TTUDE-2B 1) | t—1+n{t—3) G-Hl-nt-2)]-1|

Thus we calculate (ii).
(iii) The RPy— isotomic conjugated image of each CEZ)O Ay A} is the 1-
parameter family of lines

7T(C{AgA1A2})_p”' (En(t) $+yn(t) y+2n(t) z .
=Fy,(x,y,2,t)

The envelope &, of w(C%Z)OAlAQ}) is obtained by the solutions of the system

z+y+z=1

r+y+z=1
g Fulzy2t) =0 ¢ e bty byt 2=0
OF, R - -
5tn(x’y7z7t):0 $n$n2'$+ynyn2'y+znzn2'Z=O.
By applying the Cramer’s rule for all ¢t and n, each determinant to be well
defined, we get the evelope &, in b-coordinates. O

By (iii) of Theorem 2.5 in the space arises the sequence of conic surfaces
S, with vertex O and generators &£, — the envelopes of W(CEZ)O A A2}).
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The Heisenberg relations are derived in a quite general setting when the field
transformations are induced by three representations of a given group. They
are considered also in the fibre bundle approach. The results are illustrated in
a case of transformations induced by the Poincaré group.
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1. Introduction

As Heisenberg relations or equations in quantum field theory are known a
kind of commutation relations between the field operators and the gener-
ators (of a representation) of a group acting on system’s Hilbert space of
states. Their (global) origin is in equations like

pi(r) =Uowpi(r)oU™, (1)

which connect the components ¢; and ¢} of a quantum field ¢ with respect
to two frames of reference. Here U is an operator acting on the state vectors
of the quantum system considered and it is expected that the transformed
field operators ¢} can be expressed explicitly by means of ¢; via some
equations. If the elements U (of the representation) of the group are labeled
by b= (bt,...,b%) € K® for some s € N (we are dealing, in fact, with a Lie
group), i.e. we may write U(b) for U, then the corresponding Heisenberg
relations are obtained from Eq. (1) with U(b) for U by differentiating it
with respect to b, w = 1,...,s, and then setting b = by, where by € K? is
such that U(bg) is the identity element.

The above shows that the Heisenberg relations are from pure geometric-
group-theoretical origin and the only physics in them is the motivation lead-
ing to equations like Eq. (1). However, there are strong evidences that to
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the Heisenberg relations can be given dynamical/physical sense by identify-
ing/replacing in them the generators (of the representation) of the group by
the corresponding operators of conserved physical quantities if the system
considered is invariant with respect to this group (see, e.g. the discussion
in [1, §68]).

In sections 2-4, we consider Heisenberg relations in the non-bundle ap-
proach. At first (section 2), we derive the Heisenberg relation connected
with the Poincaré group. Then (section 3) the Heisenberg relations arising
from internal transformation, which are related with conserved charges, are
investigated. At last, in section 4 are considered the Heisenberg relations in
the most general case, when three representations of a group are involved.
In section 5 are investigated the Heisenberg relation on the ground of fibre
bundles. Section 6 closes the paper.

2. The Poincaré group

Suppose we study a quantum field with components ¢; relative to two
reference frames connected by a general Poincaré transformation

o' (x) = Au(z) + a. (2)

Here z is a point in the Minkowski spacetime M, u and 1 are the coordinate
homeomorphisms of some local charts in M, A is a Lorentz transformation
(i.e. a matrix of a 4-rotation), and a € R* is fixed and represents the com-
ponents of a 4-vector translation. The “global” version of the Heisenberg
relations is expressed by the equation

U(A,a) 0 pi(x) o U (A, a) = D] (A, a)p;(Az + a), 3)

where U (resp. D) is a representation of the Poincaré group on the space of
state vectors (resp. on the space of field operators), U(A, a) (resp. D(A, a) =
[D{ (A, a)]) is the mapping (resp. the matrix of the mapping) corresponding
via U (resp. D) to Eq. (2). Note that here we have rigorously to write
Qu.i = p;ou! for ¢;, i.e. we have omitted the index u. Besides, the point
x € M is identified with & = u(z) € R*. Since for A = 1 and a = 0 € R*
is fulfilled «/(z) = u(x), we have U(1,0) = id, D(1,0) = 1, where id is the
corresponding identity mapping and 1 stands for the corresponding identity
matrix. Let A = [A#,], AP := n¥ A#), with n*¥ being the components of
the Lorentzian metric with signature (—-+++), and define
AU (A, a) _OU(A,a)

T, = 224 Sy = W .
" dat  l(a,a)=(1,0) " OA™  |(A,a)=(1,0) (42)
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ODi(A, a) . 9Di(Aa)

Hi = = " . 4b
s da*  l(a0)=(1,0) Jhy OAMY  {(A,a)=(1,0) (4b)

The particular form of the numbers I;:W depends on the field under con-
sideration. In particular, we have Illlw = 0 for spin-0 (scalar) field and
I3, = 67 Mwp — 67 My, for spin-1 (vector) field.

Differentiating Eq. (3) relative to a* and setting after that (A,a) =

(1,0), we find

[T pi(2)]. = Oupi(x) + Hz‘jp(pj(m)v (5)

where [A, B]_ := AB— BA is the commutator of some operators or matrices
A and B. Since the field theories considered at the time being are invariant
relative to spacetime translation of the coordinates, i.e. with respect to x +—
x + a, further we shall suppose that H;:# = 0. In this case equation Eq. (5)
reduces to

[T #i(@)]. = Oupi(). (6a)

Similarly, differentiation Eq. (3) with respect to A#” and putting after that
(A,a) = (1,0), we obtain

(S, 0i(2)]. = 2,0, 0:(x) — 2, 0u0i () + I, 05 () (6b)

where z,, := 7n,,2”. The equations Eq. (6) are identical up to notation
with [1, eqs.(11.70) and (11.73)]. Note that for complete correctness one
should write ¢, ;(x) instead of ¢;(z) in Eq. (6), but we do not do this to
keep our results near to the ones accepted in the physical literature [2—4].

As we have mentioned earlier, the particular Heisenberg relations Eq. (6)
are from pure geometrical-group-theoretical origin. The following heuristic
remark can give a dynamical sense to them. Recalling that the translation
(resp. rotation) invariance of a (Lagrangian) field theory results in the con-
servation of system’s momentum (resp. angular momentum) operator P,
(resp. M,,,) and the correspondences

IFLTM — PM ihSﬂu e Mp,l/a (7)

with 7 being the Planck’s constant (divided by 27), one may suppose the
validity of the Heisenberg relations

[Py pi(@)]. = ihdupi(), (8a)
(Mo, i(@)). = iM2,0,0i(2) — 2, 0upi(@) + I, 05(@)}. (8b)
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However, one should be careful when applying the last two equations in the
Lagrangian formalism as they are external to it and need a particular proof
in this approach; e.g. they hold in the free field theory [3,5], but a general
proof seems to be missing. In the axiomatic quantum field theory [2,6,7]
these equations are identically valid as in it the generators of the transla-
tions (rotations) are identified up to a constant factor with the components
of the (angular) momentum operator, P, = ikT,, (M, =ihS..).

3. Internal transformations

In our context, an internal transformation is a change of the reference frame
(u, {e'}), consisting of a local coordinate system u and a frame {e'} in some
vector space V', such that the spacetime coordinates remain unchanged. We
suppose that e’: x € M + e%(x) € V, where M is the Minkowski spacetime
and the quantum field ¢ considered takes values in V, ie. p: x € M +—
p(2) = pi(z)e’(z) €V

Let G be a group whose elements g, are labeled by b € K?® for some
s € N. ® Consider two reference frames (u,{e‘}) and (v, {e’*}), with
v = u and {e'} and {e’‘} being connected via a matrix I-1(b), where
I: G — GL(dimV,K) is a matrix representation of G and I: G > g, +—
I(b) € GL(dim V,K). The components of the fields, known as field opera-
tors, transform into (cf. Eq. (1))

i (r) = U(b) 0 pu,i(r) o U (b) (9)

where U is a representation of G on the Hilbert space of state vectors and
U: G > gp— U(b). Now the analogue of Eq. (3) reads

U(b) 0 pui(r) o U™ (b) = I] (B)pu,;(r) (10)

due to v/ = u in the case under consideration.
Suppose by € K is such that gy, is the identity element of G and define

_ 7
0, = oU (b) , o oI (b)
Ob%  lb=by v Ob¥  lb=b,
where b = (b%,...,b%) and w = 1,...,s. Then, differentiation Eq. (10)
with respect to b* and putting in the result b = by, we get the following
Heisenberg relation

(11)

[Qus Pui ()] = I, 0y (r) (12)

& In fact, we are dealing with an s-dimensional Lie group and b € K* are the (local)
coordinates of g; in some chart on G containing g, in its domain.
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or, if we identify x € M with r = u(x) and omit the subscript u,

[Qu» pi(@)]. = I (). (13)
To make the situation more familiar, consider the case of one-

dimensional group G, s = 1, when w = 1 due to which we shall identify b!
with b = (b'). Besides, let us suppose that

1(b) = Lexp(f(b) — f(bo)) (14)
for some C! function f. Then Eq. (13) reduces to
[Q1, @i ()] = f'(bo)i(=), (15)

where f'(b) := df (b)/db. In particular, if we are dealing with phase trans-
formations, i.e.

Ub) = /6 [(h) =1e /69 peR (16)

for some constants ¢ and e (having a meaning of charge and unit charge,

respectively) and operator @)1 on system’s Hilbert space of states (having a

meaning of a charge operator), then Eq. (10) and Eq. (15) take the familiar
form [2, egs. (2.81) and (2-80)]

o (z) = ebQ1/(e) o @i(z) o e~ 0Q1/(ie) efqb/(ie)(p(fc% (17)

[Q1, pi(2)]. = —gqypi(). (18)

The considerations in the framework of Lagrangian formalism invariant

under phase transformations [2-4] implies conservation of the charge opera-

tor @ and suggests the correspondence (cf. Eq. (7)) Q1 — @ which in turn

suggests the Heisenberg relation [Q,¢;(z)]. = —qpi(x). We should note

that this equation is external to the Lagrangian formalism and requires a
proof in it [5].

4. The general case

The corner stone of the (global) Heisenberg relations is the equation

W(A_l(u_l(r))ﬁ%,j((u’ou_l)(T)) (19)

representing the components @;,71. of a quantum field ¢ in a reference frame
(u, {€/* = A%e?}) via its components ¢, ; in a frame (u, {¢'}) in two different

Uopyi(r) oU L =

way. Here A = [A?] is a non-degenerate matrix-valued function, r € R* and
@u.i = i ou"t. Now, following the ideas at the beginning of section 1,
we shall demonstrate how from the last relation can be derived Heisenberg
relations in the general case.
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Let G be an s-dimensional, s € N, Lie group. Without going into details,
we admit that its elements are labeled by b = (b1, ...,b%) € K® and gy, is the
identity element of G for some fixed by € K?®. Suppose that there are given
three representations H, I and U of G and consider frames of reference
with the following properties:

(1) H: G > gp — Hp: RIMM  RAMM anq any change (U, u) — (U’ u')
of the charts of M is such that «’ o u~! = Hj, for some b € K?.

(2) I: G > gy I(b) € GL(dim V,K) and any change {e'} — {€" = A%e’}
of the frames in V is such that A=!(z) = I(b) for all z € M and some
b e K°.

(3) U: G 3 g — U(b), where U(b) is an operator on the space of state
vectors, and the changes (u, {e‘}) — (v, {€’'}) of the reference frames
entail Eq. (1) with U(b) for U.

Under the above hypotheses equation Eq. (19) transforms into

o(H L
U(E) 0 pus(r) o U (1) = det [ gy, i) (20)
which can be called global Heisenberg relation in the particular situation.
The next step is to differentiate this equation with respect to b*, w =
1,...,s, and then to put b = by in the result. In this way we obtain the
following (local) Heisenberg relation

: 8 w.i\T
U Puilr)l. = Dol (r) + Fipug (1) + () 22280 (o)
where
O(H, (r))?
U (b) 0 det | 500 i M

V= . A= — T ] RAmM (99

U obw ‘b:bo (r) obw € (22a)
b=bg

. OIl(b) OH, . _
o= K, hy:=—"o c RUMM _, pdim M 22b
w obv ‘b:bo €5, obv }b:bo - (22b)

In particular, if Hy, is linear and non-homogeneous, i.e. Hy(r) = H(b)-r+a(b)
for some H(b) € GL(dim M,R) and a(b) € K¥™M with H(by) = 1 and
a(bo) = 0, then (Tr means trace of a matrix or operator)

_ 9det(H (b)) _ OTx(H(b))
Ay(r) = T‘b:bg - T‘b:bo
and
_ 9H(D) da(b)
ho(-) = ob., ‘b:bo )+ b, ‘b:bo
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as BdetB/abﬂB:
the Heisenberg relations corresponding to Poincaré transformations (see
subsection 2) are described by b — (A", a*), H(b) +— A, a(b) — a and
I(b) — I(A), so that U, +— (Su1y), Au(r) =0, I, — (I7,,0) and

) tiw [

0 0 0
£ 9 o I
(he(r) ark "o T Vg

1= 5; for any square matrix B = [bf] In this setting

The case of internal transformations, considered in the previous subsection,
corresponds to Hy, = idgaim» and, consequently, in it A, (r) =0 and h, =
0.

5. Fibre bundle approach

Suppose a physical field is described as a section ¢: M — FE of a vector
bundle (E,7,M). Here M is a real differentiable (4-)manifold (of class
at least C1), serving as a spacetime model, E is the bundle space and
n: M — E is the projection; the fibres 7~ !(z), * € M, are isomorphic
vector spaces.

Let (U,u) be a chart of M and {e‘} be a (vector) frame in the bundle
with domain containing U, i.e. e': z +— e’(z) € m~!(z) with z in the domain
of {e'} and {e’(x)} being a basis in 7~!(z). Below we assume x € U C M.
Thus, we have

p: M > a = p(r) = pi(@)e’ (@) = pui(@)e’ (™ (), (23)
where
x = u(x), Guii=piou (24)

and @;(x) are the components of the vector ¢(z) € m~1(x) relative to the
basis {e!(z)} in 77 1(x).

The origin of the Heisenberg relations on the background of fibre bundle
setting is in the equivalent equations

Uowi(z) o U™t = (A1) (2)p; (), (25)
Uopui(e) o U = (A7) (2)pu(x). (25)

Similarly to subsection 4, consider a Lie group G, its representations I
and U and reference frames with the following properties:

(1) I: G > gy — I(b) € GL(dim V,K) and the changes {e'} — {¢" = A%e’}

of the frames in V are such that A=!(z) = I(b) for all z € M and some
b e K®.
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(2) U: g > g» — U(b), where U(b) is an operator on the space of state
vectors, and the changes (u, {e'}) — (v, {€/*}) of the reference frames
entail Eq. (1) with U(b) for U.

Remark 5.1. One can consider also simultaneous coordinate changes
u — u' = Hy ou induced by a representation H: G > g, — Hy,: R4mM _,
RAmM a5 in subsection 4. However such a supposition does not influence
our results as the basic equations Eq. (26) and Eq. (26") below are in-
dependent from it; in fact, equation Eq. (26) is coordinate-independent,
while Eq. (26') is its version valid in any local chart (U, u) as ¢, 1= @ou~!
and z = u(z).

Thus equations Eq. (25) and Eq. (25") transform into (cf. Eq. (20))
U(b) o ilw) o UL (b) = I} () (a), (26)
U(b) 0 pui(@) o U (b) = I} (b)pu,;(). (26")

Differentiating Eq. (26) with respect to b* and then putting b = by, we
derive the following Heisenberg relation

Vs 0i()]. = I}, 5 () (27)

or its equivalent version (cf. Eq. (21))

[Uwa@mi(m)]_: ijwspuu’(w)a (271)
where
_ou)
Uoi= S ‘b:bo, (28a)
. O (b)
J . (3
I, = ’b:bo. (28b)

We can rewire the Heisenberg relations obtained as
U, ¢l = I €. (29)

One can prove that the r.h.s. of this equation is independent of the partic-
ular frame {e'} in which it is represented.

The case of Poncaré transformations is described by the replacements
b (A, a*), Uy = (S, Th) and IZ, — (I7,,,0) and, consequently, the

equations Eq. (26) and Eq. (26”) now read
U(A,a) o pi(x) o U (A, a) = I} (A, a)p;(2), (30)
U(A, a) o pui(z) o UTH(A,a) = I/ (A, a)pu i (). (30")
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Hence, for instance, the Heisenberg relations Eq. (27) now takes the form
(cf. Eq. (6))

[Ty, pi(x)]. = 0, (31a)

(S i()]. = I}, 5 (). (31D)

Respectively, the correspondences in Eq. (7) transform these equations
into
(B, pi(x)]. = 0, (32a)
(M, i) = I, ;(x) (32b)
which now replace Eq. (8).

Since equation Eq. (8a) (and partially equation Eq. (8b)) is (are) the
corner stone for the particle interpretation of quantum field theory [3-5],
the equation Eq. (32a) (and partially equation Eq. (32b)) is (are) physically
unacceptable if one wants to retain the particle interpretation in the fibre
bundle approach to the theory. For this reason, it seems that the corre-
spondences Eq. (7) should not be accepted in the fibre bundle approach to
quantum field theory, in which Eq. (6) transform into Eq. (31). However, for
retaining the particle interpretation one can impose Eq. (8) as subsidiary
restrictions on the theory in the fibre bundle approach. It is almost evident
that this is possible if the frames used are connected by linear homoge-
neous transformations with spacetime constant matrices, A(x) = const or
0uA(z) = 0. Consequently, if one wants to retain the particle interpretation
of the theory, one should suppose the validity of Eq. (8) in some frame and,
then, it will hold in the whole class of frames obtained from one other by
transformations with spacetime independent matrices.

Since the general setting investigated above is independent of any (local)
coordinates, it describes also the fibre bundle version of the case of inter-
nal transformations considered in section 3. This explains why equations
like Eq. (12) and Eq. (27') are identical but the meaning of the quanti-
ties @, and Ifw in them is different. P In particular, in the case of phase
transformations

U(b) =@/t I(b) =1e /09 peR (33)
the Heisenberg relations Eq. (27) reduce to
[Qu, pi(2)]. = —qpi(z), (34)

b Note, now I(b) is the matrix defining transformations of frames in the bundle space,
while in Eq. (16) it serves a similar role for frames in the vector space V.
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which is identical with Eq. (18), but now ¢; are the components of the
section ¢ in {e’}. The invariant form of the last relations is

[Q1, 0] = —qp (35)

which is also a consequence from Eq. (29) and Eq. (17).

6. Conclusion

In this paper we have shown how the Heisenberg equations arise in the gen-
eral case and in particular situations. They are from pure geometrical origin
and one should be careful when applying them to the Lagrangian formal-
ism in which they are subsidiary conditions, like the Lorenz gauge in the
electrodynamics. In the general case they need not to be consistent with
the Lagrangian formalism and their validity should carefully be checked.
For instance, if one starts with field operators in the Lagrangian formalism
of free fields and adds to it the Heisenberg relations Eq. (8a) concerning
the momentum operator, then the arising scheme is not consistent as in it
start to appear distributions, like the Dirac delta function. This conclusion
leads to the consideration of the quantum fields as operator-valued distri-
bution in the Lagrangian formalism even for free fields. In the last case,
the Heisenberg relations concerning the momentum operator are consistent
with the Lagrangian formalism. Besides, they play an important role in the
particle interpretation of the so-arising theory.
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1. Camassa-Holm equation

The Camassa-Holm (CH) equation can be considered as a member of the
family of EPDiff equations, that is, Euler-Poincaré equations, associated
with the diffeomorphism group in n-dimensions [18]. Let us consider first
the CH equation in the form

qt + 2uzq + ugy = 0, q=1U—Ugz + W, (1)

with w an arbitrary parameter. The traveling wave solutions of (1) are
smooth solitons [5] if w > 0 and peaked solitons (peakons) if w = 0 [4,13,
14,24,28], assuming that u(x;t) is rapidly decaying to zero at x — too.

CH is a bi-Hamiltonian equation, i.e. it admits two compatible Hamil-
tonian structures [4,15] J; = —(qd + dq), Jo = — (0 — 8°):

6Hz[g] 6Hi[q]
5 =Ji 5q (2)

1
H, = §/qudx, (3)

g = Jo
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1 3 2 2
H, = 3 (v’ + uus + 2wu”) de. 4)

If w # 0 the invariance group of the Hamiltonian is the Virasoro group,
Vir = Diff(S') x R and the central extension of the corresponding Vira-
soro algebra is proportional to w [10-12,19,25,30]. Thus CH has various
conformal properties [21]. It is also completely integrable, possesses bi-
Hamiltonian form and infinite sequence of conservation laws [4,8,9,22,32].

The soliton solution has the form

q@¢%=Awa—X@JDP@ﬂd& (5)

where X (£,¢) and P(¢,t) are quantities well defined in terms of the scat-
tering data [7,8,10] (¢(z,0) > 0 is assumed, otherwise wave breaking occurs
[6]). From (5) one can easily compute u = (1 — 9?)7(q — w),

1 oo
u(w,t) = 5/ e 2= XEDIPe 1) dE — w. (6)
0
Substitution of (5) and (6) into the equation (1) and using the fact that

f(2)d" (x —x0) = f(20)d' (x — x0) — f'(0)d(x — w0)

we derive a system of integral equations for X and P:

xmwzfcu@w—xgwwgw%—% (7)

Pt = [ XD - XENPEOPEDE  ©)
where G(z) = 1e~l*l. From (5) and (6) the Hamiltonian H; can be ex-
pressed as

H,(X,P)
— %/G(X(fl,t) — X (&,t))P(&1,t)P(&2,t) d&1dEs —w/P(§7t) d¢

and the equations (7) and (8) as
0H 0H
Xt(fat):m, Pt(fat):—ma (9)

i.e. these equations are Hamiltonian, with respect to the canonical Poisson

bracket
0A B 0B 0A
“ﬁh:/CM@ww@w‘meW@w%ﬁ (10)
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and the canonical variables are X (£, t), P(&,t):
{X(&1,0), P(&2,t)}e = 6(61 — &2), (11)
{P(&1,1), P(§2, ) e = {X (&1, 1), X (&, 1) }e = 0. (12)

Now we can show that (5) is a Clebsh parametrization that produces the
Poisson brackets, given by the Hamiltonian operator .J;. To do this we will
use the canonical Poisson brackets (11), (12) to compute {q(x1), ¢(x2)}e.

Indeed with X; = X (;,t), and P; = P(&;,t), i = 1,2 we get:

{q(x1,1), q(x2,1) }e

= {/oo 5(331 — Xl)Pl dfl s /Oo 5(332 — XQ)PQ dfg}
0 0

(&

= —/ / {Xl,PQ}C5/($1 —Xl)P15(332 _XQ) d§1d£2
0 0

—/ / {Pl,XQ}C(S(xl —X1)5’(x2 —XQ)PQ dfldfg
0 0

= —5/(331 — xg) /Oo P25($2 — XQ) d{Q + 5/(332 — 331) /OO P15($1 — Xl) dfl
0 0
= —q(z2,t)8 (x1 — 22) + q(21,t)0" (22 — 1)

0 0
= t)=— 4+ —q(x1,t) | (1 —
O P e G LR
= Jl (331)5(.1?1 — xg).
Now it is straightforward to check, using (2), that (1) can be written in
a Hamiltonian form as

@ = {q, Hi}e,
with the Poisson bracket, generated by Ji:
0A 0B
A B C:/—J z)——dx
W= | 50 g

(13)

0A 0 6B 0B 0 6A
~J 1) (5o awsates ~ 5ac ey

A singular version of (5) is used [18] for the construction of peakon, filament
and sheet singular solutions for higher dimensional EPDiff equations.

The parallel with the geometric interpretation of the integrable SO(3)
top can be made explicit by a discretization of CH equation based on Fourier
modes expansion [23]. Since the Virasoro algebra is an infinite-dimensional
algebra, the obtained equation represents an ‘integrable top’ with infinitely
many momentum components.
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If we compare (6) and (7) we have

Xt(gvt) = U(X(&t),t), (14)

ie. X(&,t) is explicitly the diffeomorphism related to the geodesic curve
[10,27,30], i.e. X (x,t) is an one-parameter curve of diffeomorphisms of R
(or, with periodic boundary conditions, of the circle S'), depending on
a parameter ¢ and associated with a right-invariant metric given by the
Hamiltonian H;.

For the peakon solutions (w = 0) the dependence on the scattering data
is also known. For completeness and comparison we mention the analogous
results for this case. The N-peakon solution has the form [2,4]

1 N
u(z,t) = §Zpi(t) exp(—|z — zi(t)]), (15)

provided p; and z; evolve according to the following system of ordinary
differential equations:

OH OH
_ = — ot 1
o P oz, (16)

5

where the Hamiltonian is H = 1/4 Zﬁfj:l pip; exp(—|z; —x;|). Now one can
see immediately the analogy between X (£, ) and z;(t); P(&,t) and p;(t) due
to the fact that the N-soliton solution with the limit w — 0 converges to
the N-peakon solution [3].

2. n-dimensional EPDiff equations

Let us consider motion in R™ with a velocity field u(x,t): R® x R — R"
and define a momentum variable m = Qu for some (inertia) operator @
(for CH generalizations @ is the Helmholtz operator Q = 1 —0;0; = 1 — A,
where 0; = 3/0x%). The kinetic energy defines a Lagrangian

L[u] = %/m -ud™x. (17)

Since the velocity u = u'9; is a vector field, m = m;dz’ ® d"x is a n + 1-
form density, we have a natural bilinear form

(m, 1) = /m Cud"x, (18)

The Euler-Poincaré equation for the geodesic motion is [18,19]

dsL 6L

%E auE—O, u:G*m, (19)
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where G is the Green function for the operator ). The corresponding Hamil-
tonian is

H[m]:<m7u>—L[u]:%/m-G*md"X, (20)

and the equation in Hamiltonian form (u = 0H/ém) is

om .
i —adsp/5mm. (21)

The left Lie algebra of vector fields is [u,v] = —(u*(9xvP) — v*(9xuP))0,.
For an arbitrary vector field v one can write [19]
(ad;m,v) = (m,ad,v) = (m, [u,v])

—(my dz' @ d"x, (u” (OpvP) — v* (OkuP)) Op)
/mp (OpvP) — v (OpuP)) d"x

= /(ak (my ukv”) (Ormyp) uFvP — myvP (8kuk) — mpyo” (OpuP)) d"x

= /vp (u* (Okmyp) +my (Opu”) +my (Opu*)) d"x
={(((u-V)mp+m-Jdyu+mpdivu) dz? @ d"x, v),
and therefore (21) has the form

om,
ot
Let us now define an one-parametric group of diffeomorphisms of R™, with
elements that satisfy
0X(x,1t)
ot
Due to the invariance of the Hamiltonian under the action of the group
there is a momentum conservation law:

+ (u-V)mpy, +m-dyu+mydiva = 0. (22)
=u(X(x,t),t), X(x,0) = x. (23)

mi(X(x,t),)0; X (x,t) det (aa—x

X

) =m0 (24)

where (0X/0x);; = 0X'/0z7 is the Jacobian matrix.
The Lie-Poisson bracket is

o= ([ 222

2
YT N P >
- i omy, k&mi omy, kdmi x
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When n = 1 clearly (25) gives (13) and the algebra, associated with
the bracket is the algebra of vector fields on the circle. This algebra admits
a generalization with a central extension, which is the famous Virasoro
algebra [10-12,19,25,30]. In two dimensions, n = 2, the algebra, associated
with the bracket is the algebra of vector fields on a torus [1,16,33]. This
algebra also admits central extensions [16,20].

3. Reduction to the subgroup of volume-preserving
diffeomorphisms

In the case of volume-preserving diffeomorphisms we consider vector fields,
further restricted by the condition divu = 0. Let us restrict ourselves to the
three-dimensional case (n = 3) and let us assume that m = (1 — A)u, so
that divm = 0 as well. According to the Helmholtz decomposition theorem
for vector fields, m can be determined only by the quantity 2 = V x m.
Therefore we can write the Lie-Poisson brackets (25) in terms of Q. Indeed,
one can compute that

0A 0A
gm VX 5a (26)
Thus
0A 0A

i.e. the vector fields % are divergence-free. Therefore

A, 0B ( 0A 6B

and from (25) we obtain

{A,B}—/(akmz)<ﬂ63 0B 5A>dx

omy om; 5mk om;

o (e
o () e o

This is the well known Poisson bracket used in fluid mechanics [1,17,26,29,
31,34]. The curl of the equation (22) gives the following equation for €2 [19]:

Q+u-V)2—(Q-Viu=0, Q=1-A)Vxu). (29
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Note that u can be expressed through €:
_ Q(x')
_ _ 1 3/
ulQ]=(1-4) (VX/747T|X—X/|d x|,

thus

H[Q] = 5 /u[ﬂ] (1 - A)u[Q] d*x.

The vector €2 is always perpendicular to u. The further reduction to
an equation in n = 2 dimensions is straightforward. Introducing a (scalar)
stream function v (x!, 22) we have

u(z',2?) = (=020, 019, 0) = e3 x V), (30)
Q" 2?) = (1= A)(V x u) = (1 — A)Aves, (31)

where e is the unit vector in the direction of z3. Since (2-V)u = Qd3u = 0,
(29) leads to the equation

Q+(u-V)Q =0,

which produces a scalar equation for the stream function ¥ due to (30) and
(31), or alternatively for Q = Q - e3. The Poisson bracket that one can find
from (28) is

- (0 (2)0 ()5 ()0 ()
)@ e

and the Hamiltonian

_ 1 (1 25
_5/% (1 AV dx.
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1. Introduction

In the differential geometry of surfaces in hyperbolic three-space H?,
surfaces of constant mean curvature one (CMC-1 surfaces) and surfaces
of constant Gaussian curvature zero (flat surfaces) are well studied. (cf.
Refs. 1,2,4,6-13, etc.) These surfaces have representation formulas which
turn the complex function theory into the efficacious tool. They play the
role such as the Weierstrass-Enneper formula in the minimal surface theory
of Euclidean space. Galvez, Martinez and Mildn (Ref. 3) also derived a rep-
resentation formula for a certain class of Weingarten surfaces in H?, which
contains CMC-1 surfaces and flat surfaces. These Weingarten surfaces are
the ones satisfying a(H — 1) = K for some constants a and 3, where K
denotes the Gaussian curvature and H the mean curvature. In Ref. 5, the
author gave a refinement for their representation formula.

In these formulas, the hyperbolic Gauss maps (see Section 2 for the
definition) play an important role. Moreover, one of the remarkable thing
is that this class of Weingarten surfaces is closed under taking the parallel
surfaces. The author thinks it rather important to investigate hyperbolic
Gauss maps and parallel surfaces themselves, before representation formu-
las. For this reason, the purpose of this note is to collect some elementary
properties of hyperbolic Gauss maps and parallel surfaces.

The author was supported by Grant-in-Aid for Scientific Research (C) No. 18540096
from the Japan Society for the Promotion of Science.
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2. Basic items

Let L* be the Minkowski 4-space with the Lorentzian metric ( , ), i.e.,
(z,y)r, = —2%° + > 2y’ for x = (2%),y = (y*) € L*. As is well known,

H? :={zel*; (z,x) = —1, 2° > 0}

is a simply-connected, complete 3-dimensional Riemannian manifold of con-
stant negative curvature —1, which is called hyperbolic 3-space.

Let M? be an oriented connected surface and f: M? — H? an immer-
sion. We denote by n the unit normal field along f. Let e;, e2 be a local
orthonormal frame defined on U C M?2.

Structure equations. We consider f, e;, e, n as L*-valued functions and
local frame field (eg = f, e1,e2,e3 =n): U(C M?) — SO(1,3). The 1-form
(w?) defined by de, = Zg:o ep ®wp is valued in o(1, 3), the Lie algebra of
SO(1,3). In other words, 1-forms w? satisfy

wi=0, w¥=0, —wd4+ws=0, w§+wg=0 (1<a,B<3).

Moreover, w3(= w) = 0 and the following equations hold:

deg = ¢€; ® wi, (1)
dei:eo®wi+ej®wg+eg®wi3, (2)
des = e; ® wg, (3)
dw® = —wj— AW, (4)
0(= dw?) = —wjg» Aw?, (5)
dwl = —w3 Awd —w! AW, (6)
dwf— = —ws /\w;-“. (7)

Here, the indices i, j, k run over the range 1 <1, 4,k < 2 and the Einstein’s
summation convention is used, i.e., the notation > is omitted. Moreover,
w} is denoted by w? for simplicity.

Fundamental forms, curvatures. The first and second fundamental
forms I, I are, by definition,

I=(whH?+ W??, T =wdw!+wiw?

Determining the locally defined functions h;; by w? = h;;w’, we have
hij = hj; and can write I = h;jw'w’. On the other hand, the Gaussian
curvature K is intrinsically defined by the equation dws = Kw!' Aw?. It fol-
lows from (6) that K = —1+ hy1hog — (h12)?. It is usually called the Gauss
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equation. The eigenvalues k1, ko and their eigenvectors of the symmetric
matrix (h;;) are called principal curvatures and principal directions. The
Gaussian curvature K equals —1 + k1k2. The average H := (k1 + k2)/2 of
the principal curvatures is called mean curvature. H equals (h11 + ha2)/2.

Recall that the third fundamental form is T = (w$)? + (w3)2. We also
set IV := det(f, df,n, dn) = w?w} —w'ws, and call it the fourth fundamental
form. A tangent vector v is a principal vector if and only if IV(v,v) = 0.
A curve v: I — M? on the surface is called the curvature line or the line
of curvature if the tangent vectors are always principal. In other words, a
curve 7 satisfying v*IV = 0 is the curvature line.

Hyperbolic Gauss maps. Let us consider the lightcone LC in L*;
LC :={z € L*\ {0}; (z,2)r = 0}.

Moreover, we consider the projectification P(LC') of the lightcone LC'. Then
P(LC) is diffeomorphic to the 2-sphere S2. It is naturally endowed with a
conformal structure induced by (, ). This conformal 2-sphere S? is called
the ideal boundary of H3, and is also denoted by 0H?®. Since f 4 n are
lightlike vectors, we can define two maps G* = [f £ n]: M? — S% = 9H3.
These maps G* are called the hyperbolic Gauss maps.

Center surfaces. If one of the principal curvatures k; of the surface
f: M? — H3 satisfies |k;| > 1 at p € M?, then the radius of principal
curvature corresponding to k; can be defined. The radius of principal cur-
vature is, by definition, the real number r; determined by cothr; = k;.
Using this r; at every point p € M?, we can define another surface

C; = coshr; eg + sinhr; es: M? — H? c L4,

called the center surface or the caustic or the focal surface of f. C; draws
the locus of the centers of the principal curvature corresponding to ;. Note
that, in general, the center surface C; is not defined whole on M?. The center
surface C; is defined only on the domain U; = {p € M?; |k;(p)| > 1}.

Finally we introduce formulas for the surface f = eg and the unit normal
field n = ez recovering from two center surfaces if they exist:

Lemma 2.1.

1 . .

= m (Cysinhr — Cysinhry), (8)
1

n=————(Cycoshry — Cycoshri). 9)

sinh(ry — r2)
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Proof. Since C7 = coshry eg + sinhry e3 and Cy = coshry eg + sinhrs e3
hold, we have
Cy sinhrg — Cysinhr; = (coshry sinh g — sinhr coshra) f
= —sinh(r; —r9)f,
C4 coshry — Cy coshry = (sinh 7y coshry — coshry sinhro)n

= sinh(ry — ro)n. |

3. Parallel surface

For a surface f: M? — H3 and a real number ¢, the parallel surface at the
distance t is defined to be a surface f, = cosht- f +sinht-n: M? — H3.
The unit normal field n; of f; is given by n; = sinht - f 4+ cosht - n.

Singularities of parallel surfaces. In general, the parallel surface f; may
fail to be an immersion. In fact, since

df; = cosht deg + sinht des = cosht e;w' + sinht eiwg
= e;(cosht w® + sinht wi),
the first fundamental form I; = (df, df;), is given by
I; = (cosht w' + sinht w3)? 4 (cosht w? + sinht w3)?.
If we set §° = cosht w' + sinht wg, the singularities of f; appear at the

point where ' A9? = 0. At regular points, i.e., the point where 81 A% £ 0,
6* and 6? form an orthonormal coframe of f;.

Proposition 3.1. A point p € M? is a singularity of f; if and only if t
coincides with the radius of principal curvature of f at p.

Proof. p € M? is a singularity of f; if and only if (coshtw?! + sinhtwl) A
(coshtw?+sinhtw3) = 0 at p. We will examine this condition taking a frame
e1, es that are principal vectors at p. Because w% = kw! and wg = Kow?,
we find that the condition p a singularity is equivalent to x; = cotht at p

at least for one of i =1, 2. O

Corollary 3.1. Assume that an immersion f: M? — H3 has principal
curvatures k1, ko such that |k;| < 1. Then singularities never appear in its
parallel surfaces.

Corollary 3.2. The singular locus S; = { f:(p) | p € M?,k;(p) = cotht}
coincides with the image of the center surface C; (i =1,2) .
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Invariants of parallel surfaces. The fundamental forms of f; are written
in terms of the fundamental forms of the original surface f as follows:

I; = cosh?t1 — 2 coshtsinh¢ I + sinh? ¢ I

l; = — coshtsinh ¢ I + (cosh® ¢ + sinh? #) T — cosh ¢ sinh ¢ Il
II; = sinh?¢1 — 2 coshtsinh ¢ I + cosh? ¢ I
vV, =NV

10
11
12
13

o~ o~ o~ o~

)
)
)
)

(13) asserts that the fourth fundamental form IV is invariant under the
parallel surface transform. There also exist invariants other than IV.

Proposition 3.2. The following (i)-(vii) are the common geometric in-
variants of parallel surfaces:

(i) hyperbolic Gauss maps G*

(i) KdA, where dA is the are element
(i1i) the ratio [k1 — ko : 1 — K1K2]

(iv) umbilical points

(v) lines of curvature

(vi) the difference 11 — ro of radii of principal curvatures
(vii) center surfaces

Proof.

(i) It is obvious from the following equation:
[ft £ nt] = [(coshteg + sinhtes) + (sinhteg + coshtes)]
= [(cosht £ sinht)(ep £ e3)] = [eo £ e3].

(i) Recall that I, = (01)2 + (0?)? and 6° = cosht w’ +sinht wi. It follows
from (4) and (7) that d¢* = —wj A 67. Tt implies that wy is also the
connection form of f;. Therefore (dw} =)K;0' A 0> = Kw! A w?.

(iii) Let p be an arbitrary point. Take a frame e, e3 so that it is in the
principal direction at p. Then I(p) = (w!)? + (w?)?, L(p) = k1 (w!)? +
ko (w?)?, W(p) = k3 (w!)? + k3(w?)?. Hence, by (10), (11), we have

L(p) = Z{cosh2 t — 2k; cosht sinh t + k2 sinh?t}(w?)?

K2

L(p) = Z{— cosht sinh ¢+ k;(cosh?t + sinh?t) — k2 cosh ¢ sinh t } (w?)?

K3

Therefore the principal curvature Iigt) of f; is given by

(ty _ —coshtsinht + m(cosh2 t + sinh? t) — k2 coshtsinht
B —

v cosh®t — 2r; coshtsinh t + k2 sinh® ¢
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_ —(cosht — k;sinht)(sinht — x; cosht)
(cosht — k; sinh t)?
kicosht — sinh ¢
= 14
—k;sinht + cosht (14)
at p. Since p is arbitrary, the equation (14) holds on M?2.

Hgt) is also written as ml(.t) = (k; —tanht)/(—k; tanh t +1). Solving

this for tanh ¢, we have tanht = (k; — mgt))(l - H‘,ilil(»t)). Hence we have
(®) (t) (t) _ (t)

Ki—Ki _ K2—hy ie. ki—hke _ H

1— ksl 1= kard) T l-kike 1 ng%gt)
(iv) It immediately follows from (iii).
(v) It immediately follows from (13).

(vi) By (14), the radius r( ) of principal curvature of f; satisfies

0 _ K cosht — sinht cothr; cosht — sinht
cothr; - = -
—#;sinht + cosht  —cothr;sinht + cosht

_coshrjcosht —sinhr;sinht  cosh(r; —t)
~ —coshr;sinht + sinhr; cosht  sinh(r; —¢t)
= coth(r; —t).

Thus we have 7"( ) — = r; —t. It implies that r(t) T‘;t) =7r —7To9.

(vii) By r§- ) = rj — t, the center surface Ci( = cosh 7’1@ - ft +sinh rgt) - Ny

of f; is given by
Ci(t) =cosh(r; — t){cosht - f +sinht-n}
+ sinh(r; — t){sinht¢ - f + cosht-n}
=cosh((r; —t) +t) - f +sinh((r; —t) +1t)-n
=coshr; - f+sinhr; -n=C;. O

It is natural to ask the converse problem of Proposition 3.2.

Theorem 3.1. Suppose that there are two surfaces f.f: M2 — H3.If
Cy=C1 (or Cy = Cg) and GF = Gi then f and f belong to the common
parallel family.

Proof. Since the hyperbolic Gauss maps coincide, eg + e3 = A(ég + €3)
holds for some A. It follows that the condition C';y = C, i.e., coshryeg +
sinh 71 eg3 = cosh 7y €y + sinh 7 €3 is equivalent to

cosh ry eg + sinh Tl{)\(éo + ég) — 60} = cosh 71 €y + sinh 71 €3,

(coshr; —sinhry) eg = (cosh7; — Asinhry) ég + (sinh 7y — Asinhry) €3
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Hence, we can set eg = aéy + bés. Taking the norm of both side of ¢g =
aép + bés, we find that a? — b% = 1.
On the one hand, by (deg,e0)r = (deg,e3)r, = 0, we have (deg,eq =
€3>L =0. ThUS7 <d60, éo + ég>L =0. Hence7 <d60, éQ>L = <d€0, ég>L =0.
On the other hand, differentiating e = aéy+ bés, we have deg = daéy+
adéy + dbés 4+ bdés and then

—da + b<dég, é0>L =0, a<déo, é3>L +db = 0.
Using (dés, €y)r, = 0 and (déy, €3);, = 0, we have da = db = 0. Thus a and

b are constants. It means that e is a parallel surface of €. O

Theorem 3.2. Suppose that there are two surfaces f, f: M? — H3. If they
have the common center surfaces (i.e., C1 = C~’1, Cy = C’g) and the same
difference of radii of principal curvature (i.e., r1 —ro = 1 — T2), then f
and f belong the same parallel family.

Proof. It follows from (8) and (9) that

; 1 . o

f = m (Cg smhrl - Cl Slnh'f‘g) y
1

n= (C1 coshy — Cycosh).

sinh(r; —rg)
It implies that
[f:l: 7] = [C1 (% cosh 7y — sinh ) + Ca(sinh 7 F cosh )]
= [Cl + CQ(—€f27F1)] or [Cl — Cgeiffr;l]
= [C1 + Co(—e™ " ™)] or [C] — Coe™ 1] = [f £ n],

that is, the hyperbolic Gauss maps coincide. Therefore Theorem 3.1 com-
pletes the proof. O

4. Linear Weingarten surface

Recall that the surface is called a Weingarten surface if the Gaussian cur-

vature K and the mean curvature H are dependent, i.e., dK AdH = 0. One

can also say that a surface is Weingarten if and only if dk1 A dke = 0.
The formula (14) immediately implies the following proposition:

Proposition 4.1. Any parallel surface of Weingarten surface is also Wein-
garten.
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A surface satisfying aK + bH + ¢ = 0 for some [a : b : ¢] € RP? is called a
linear Weingarten surface.

Proposition 4.2. Any parallel surface of a linear Weingarten surface is
also linear Weingarten.

Proof. It follows from (14) that the Gaussian curvature K; and the mean
curvature H; of the parallel surface f; is given by

K
K sinh® t — 2H cosh t sinh ¢ + cosh? ¢ + sinh? ¢’
B H(cosh?t + sinh?t) — (2 + K) cosht sinh ¢
' Ksinh?t — 2H coshtsinht + cosh? t + sinh? ¢’

where K, H are Gaussian, mean curvatures of f. By (15), (16), we have

K= (K= — K.t 2 2

K;sinh“ ¢t + 2H; coshtsinht + cosh” ¢ + sinh“ ¢

B Hy(cosh?t + sinh®t) + (2 + K;) cosh tsinh ¢
B K, sinh? ¢ + 2H; coshtsinht + cosh?t + sinh? ¢’
It follows from the condition a K + bH + ¢ = 0 that

(16)

H = (H)_

0 = {a+ bcoshtsinht + csinh® ¢t} K;
+ {b(cosh?® t + sinh? t) + 2ccosh t sinh t} H, (17)
+ 2bcoshtsinht + ¢(cosh® t 4 sinh? t).

It means that f; is linear Weingarten. O

In the right-hand side of the equality (17) above, we shall denote each
coefficient by ay, bs, c;, respectively:
a; = {a + beoshtsinht 4 ¢sinh? t},
b; = {b(cosh®t + sinh?® t) 4+ 2ccoshtsinht},
¢t = 2bcoshtsinht + c¢(cosh® t + sinh? t).
The ratio [a; : by : ¢] can be written as
1 0 0
[a; b :ci) =]a:b:c] |coshtsinht cosh?t + sinh®t 2coshtsinht
sinh? ¢ 2coshtsinht cosh?t + sinh? ¢
20—c 0 0
= [1 : cosh 2¢ : sinh 2¢] c  2b2c
b 2c2b
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20—c 0 0
The rank of the matrix ¢ 2b2c| is given by
b 2c2b

3 when ¢ # 2a,b* # ¢?
rk =<2 when (¢ # 2a,b?> = c? #0) or (c = 2a,b? # c?)
1 when (¢ # 2a,b=c=0) or (c = 2a,b*> = c?)

1 whenfa:b:¢/=[1:0:0]or [1:£2:2]
2 whenfa:b:c]=[a:xb:b](2a #b+#0) or
[a:b:2a](4a® # b?)
3 otherwise
when K =0or K £2H +2=0
2 when aK +b(1+ H)=0(2a#b#0)or
a(K +2) = bH(4a® # b?)

3 otherwise.

Here, rank 3 means the curve r: t +— [a; : by : ¢] is full, rank 2 means
the curve r lies in the one-dimensional subspace, and rank 1 means that r
degenerates to a single point.

The observation above leads us to the following proposition:

Proposition 4.3.

(i) Any parallel surface of a flat surface is also flat.

(ii) Any parallel surface of a surface satisfying 2H = £(K +2) also satis-
fies 2H = £(K + 2).

(iii) Let f be a surface satisfying bH = a(K + 2) for some ratio [a : b|(#
[£1 : 2]). Then the parallel surfaces of f also satisfy the condition
VH =d (K +2).

(iv) Let f be a surface satisfying aK +b(1 £ H) = 0 for some ratio [a : b
(# [1:0],[1 : 2]). Then the parallel surfaces of f also satisfy the
condition o’ K +b'(1+ H) = 0.
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We study two wave interacting system by the inverse scattering method. We
develop the algebraic approach in terms of classical r-matrix and give an in-
terpretation of the Poisson brackets as linear r-matrix algebra. The solutions
are expressed in terms of Weierstrass functions and Jacobian functions.

1. Two-wave interaction system and monomer

Several studies have appeared recently on discrete systems of coupled
quadratic nonlinear oscillators, each with two frequencies, a fundamental
one W,, and a second harmonic V,, close to resonance [1,2]. A prototype of
these systems is of the form

iagwn + (Wn+1 + anl) + W;Vn =0, (1)
1
Zafvn + 7](‘/77,—!—1 + Vn—l) —aV, + §WTQL = 07 (2)

where ¢ is the evolution coordinate and 7 is the ratio between nearest
neighbor coupling strength of the second harmonic V;, and the fundamental
W,,. The quantity a corresponds to the normalized wave number mismatch.
This system is used in optics to describe arrays of quadratic nonlinear
waveguides [2] and in solid state physics to describe nonlinear interface
waves between two media close to Fermi resonance. For a single waveguide
(n = 1) Egs. (1), (2) reduce to second harmonic generation, which is one
of earliest and most well studied effects of nonlinear optics [3,4]. The case
n =1 we shall refer as monomer [1] or explicitly we have

AW

Zd—g‘FWl*Vl:O, (3)
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d€

and introduce the following Lax representation
dL

dé

_O[V]_+ Wl—O

= [L, M],

where L, M are 2 x 2 matrices satisfying the following linear system:

@
s

In explicit terms we have that

(I i[WA P/ (4N) —ia/2 Vi — WZ2/(4N)
L&) = < Ve WRI(4) —id iR (40) +m/2>

M(&,A) = (11/? —V;A>

To integrate the system (3), (4) we introduce new variable

M(ENP(EA) L NP(E,A) = 0.

dvi W12
— —aln)/2V; =
:u’ (Z dé— « 1)/ 1= 4‘/1 ?
in terms of which our equations can be written as
dp
— = 21/ R(p),
g (1)

where
RO\ =M — o\ + ap)\? —az\ + ay
2 1 1 2 2 2 *
={A +§04/\—1|W1| = [Vi[P(A = ) (A = p").

The p variable and Vi, W7 obey the equations
2

(e
— = aq, Z_|‘/1|2_§|W1|2:O[27

a *
Z|W1|2 — VAP (p+ p*) = as,

1 *
1—6|W1|4 — VA = au,

(10)

(11)

(12)

which are related to the integrals of motion of the monomer system with

a4 = 0. The equation of motion is then

a2
<d_g) +4 (p* +ap®) + (@ —2N)p® — Hip = 0,

(13)
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where the system (3), (4) conserves the dimensionless power N and the
Hamiltonian H

N = W |? + 2|V %, Hy =aN —2H,
1 1 .
H=a|Vi|* - 5val* - 5V1W12.

Solving Egs. (12) for u variable we obtain

I 4—1V (H—I—i«/P(y)), (14)
where
P(v) = 4v® — (4N + o*)v? + (2aH + N?*)v — H. (15)

We seek the solution V; in the following form

13 de’

Vi =vVwv(§)exp —ia§/2—|—iC’/ 5/

o v(&)

where v = |V1|2 = p(€ + w') + Oy, p is the Weierstrass function, and w’ is
half period.Using Eq. (14) and the following equation

) = Vvexp(iv(€)),  (16)

d
& = 2wl u), an)
derived from (9) and the monomer equations we obtain
dv\>
<d—€> =4v® — (@® + ANW? + (2aH + N?*)v — H?, (18)

whose solution can be expressed in terms of the Weierstrass elliptic func-
tions as

v=p(+u)+(a®+4N)/12. (19)
Substituting this expression in Eq. (16) we obtain
Vi = V(€ + ') + (a? + 4N) /12 exp(iv)(€)), (20)
where the phase 1(£) is given by

)2 H na(§—|—w'—ﬁ)
6 = otz g5 (nTE ST

and g is initial constant phase. Here we are using the well known relation
from elliptic functions theory [5]

[ s =70 (W’”“) ““%) ’

+ 2<<n>a) e (1)
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with the parameters k, C, C satisfying
1 1
WMﬁﬂH,CH:—MM:I#J+ANL O:—§H (22)
Using the relation between p and sn functions we have

v(€) = v1 + (o — v1)sn’ Vs —vi(€ + o, k). (23)
Here sn(W, k) is the Jacobi elliptic function determined by the three real
roots 0 < v; < vy < v3 < N/2 and with modulus k? = (15 — v1)/(v3 — 11),
&o is determined by initial condition. These results are in agreement with
results obtained in [1,6,7]. The integrability of this system can also be seen
in terms of the existence of a classical r-matrix algebra. To be specific,
introduce standard Poisson bracket, {-;-}

(frgy=—i (2L 09 _OF 99\ _,(9f 99 _ O 99
="\ avavy T avy ovy oW, oWy oWy owy )’
and denote the entries of L-matrix as follows,
_ (A B(A)
b= (cm b)) @4

Then the L operator yields the linear r-matrix algebra

{AN); A(w)} = {B\); B(n)} = {C(\); C(w)} = {D(A); D(w)} = 0

{AM%MW}=ﬂ%WDWH=—ﬂy%BG%M—BWM

{AM%CWH={COﬁDWH=56%;ﬂCO%—CW»
1

{BM%CWH=>XA_H%AQ)—AWM

{A); D(n)} =0,
which leads to the r-matrix representation. Indeed, by introducing the 4 x4-
matrices L1(A) = L(A) ® 12 and La(A) = 12 ® L(A) one recognize that
{L1(N) @ La(p)} = [r(A = p), L1(A) + La(p)] (25)

where the 4 x 4-matrix{L1()\) ® Lo(p)} represents itself the direct product

of the matrices L(A) and L(u) with the products of two matrix elements
replaced by the Poisson bracket and the r-matrix has the form

1000
1 P 0010
2N —pu’ 0100

0001

rA—p) =
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This algebra can be extended at the quantum level (quantum linear R-
matrix algebra [8]) this leading to the quantization of the system in the
same way as done in [9] for the DST dimer. The bihamiltonian structures
for different Hamiltonian systems are given in [11,12].

2. Three-wave interaction system

Let us consider three wave system [10],
dA, . .dAs . .dAs
Zd—é_ = 6A3A2, Zd—é_ = €A1A3, Zd—f = €A1A2. (26)

The corresponding elements of Lax matrices are

o —Z/\/2 + Z.A/(Q/\) —i€A1 — ZA3A§/>\
L(&A) = (—ieA; CiAgAs/N N2 —iA)(2N) ) (27)
o _Z)\/2 _Z€A1 . 2 2
men = (T T ) A= P -l )
To integrate the system (26) we introduce new variable with € = 1
1 dAy A3Aj
=] = 2
T A (29)
in terms of which our equations can be written as
d .
2 = 2VEwW), (30)
where
1 1\?
RO = (14 - 54) — AP0 - 00 - ) (31)
= i)\‘* — a1 X + aod? — as\ + ay. (32)
The p variable and A;,j = 1,...3 obey the equations
1
oy =0, |A1|2—§A:ag, (33)
1
— AP (e + 1) = as, TA- A =an (34)

The equation of motion is then

(2—@:—4 (u' + Npu? — Hp) (35)
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where the system (26) conserves the dimensionless variable N and the
Hamiltonian H

1
N = A2 - §A, H = A1 A2 A5 + A3 AT AL (36)
Solving Egs. (34) for u variable we obtain
1 )
= (H +i P(V)) ) (37)
where
P(v) = 4% —4NV? + N?v — H?. (38)

We seek the solution A; in the following form

13 !
Ay = /o(®) exp (z‘c /0 ® >=\/u<§>exp<w<£>>, (39)

(&)

where v = A2 = p(& + W) + C1, p is the Weierstrass function, and o’ is
half period.Using Eq. (37) and the following equation

dv

r —2iv(p — p*), (40)
derived from (29) and three wave equations we obtain
dv\? 3 2 2 2

€ =4v° —4Nv° + N°v — H*, (41)

whose solution can be expressed in terms of the Weierstrass elliptic function
p as

v=pE+uw)+ % (42)

Substituting this expression in Eq. (39) we obtain

Av = \fole+ ) + 5 epliv(©), (43)

where the phase 1(£) is given by
_H o +w — k)
0= 5y (oo

where o, ( are Weierstrass functions and g is initial constant phase.

T 2<<n>5) + Yo, (44)
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We decide to use some fractals of the algebraic Clifford structure in relation
with the quaternionic sequence of Jordan algebras, and this appears to be quite
promising (Theorem 2). Finally we outline further perspectives of investigation
in this direction.

Keywords: Fractals; Chaos; Ising lattice; Clifford structure; Quaternion; Jordan
algebra; Bilinear form; Quadratic form.

1. Introduction and relationship with Bethe-type fractals

The idea of fractal modeling of crystals comes back to Bethe [3] who ob-
served its convenience when coming to first, second and third nearest neigh-
bours etc. Taking into account that an atom is a neighbour of two or more
other atoms, even in the case of one layer with a lattice formed by squares,
one naturally comes to the notion of cluster [4,12]. It is then natural to
cut the plane of lattice (dashed lines — — on Fig. 1) correspondingly to the
cluster involved and construct a Riemann surface or a Bethe lattice — a
fractal set of the branch type [7,14] (Fig. 2). The construction is parallel to
that related to the holomorphic function f(z) = expz? in C (Fig. 3); cf.
also [1].

Fig. 1. Cuts — — in the plane of lattice. Fig. 2. A Bethe lattice.

The Bethe method allows us to discuss the order at large and small
distances, distinguishing two degrees of order, influence of the number of
dimensions, qualitative discussion of the transition point, and approxima-
tion for vanishing long distance order; it gives an exact solution for the Ising
model [5] on a Bethe lattice. Unfortunately, the lattice cannot be realized
as a physical system in the sense that in order to preserve the homogeneity
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S

@:)— exp z2

N--—-> W-—————=———=—=3> DN 5>

A
.

Fig. 3. Construction of the Riemann surface corresponding to the function f(z) =
exp z2 in C.

of the structure and the equivalence of the branches of each vertex, one
would have to think of each branch as a step along a new dimension in a
regular lattice of an infinite number of spacial dimensions.

In connection with an elegant generalization by Z.-D. Zhang [17] of the
exact solution by Onsager [13] to the problem of description of Ising lattices
it is natural to proceed in four steps:

e to characterize the differences when taking into account the first, second,
and third nearest neighbours of an atom in an alloy;

e to discuss the Ising-Onsager-Zhang lattices in the context of possible
application of the Jordan-von Neumann-Wigner approach [6];

e to use some fractals of the algebraic Clifford structure in relation with
the quaternionic sequence of Clifford algebras;

e to analyze further perspectives of investigation in this direction.

Wu, McCoy, Fisher, and Chayes [16] have downloaded their comment on
Zhang’s work with criticism of correctness of the Zhang’s extension. Some
other criticism has been downloaded by Perk [15]; cf. also Zhang’s replies.
We believe we are referring to the well-motivated results of Zhang only.
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2. First, second, and third nearest neighbours of an atom
in an alloy

Mathematically, an alloy is an ordered pair of foliation of a sample space by
layers and a lattice determined by various atoms of type A (e.g. A = Au -
gold), B (e.g. B = Cu - copper), ..., situated in the crystallographic lattice
sites which, in the stochiometric and ordered case, are denoted by «, 3, ...,
respectively [3]. Some of the sites may correspond to vacancies and, because
of fluctuations, it is possible, that for instance an atom A appears in a site
denoted by 3, etc.

Choosing a binary ABj3 alloy of fec lattice and (111) surface orientation
we can determine the first, second, and third nearest neighbours of an a-
or (-site (Fig. 4). To this end we have to consider the spheres of radii
R = %\/5@, Ry =a, R3 = %\/ga, where a is the lattice constant. Atoms of
the i-th (i + 1-st, i + 2-nd, etc.) layer are denoted by i, i + 1, ¢ + 2, etc. In
analogy we can consider the case of ABj3 fcc (100) alloy (Fig. 5). In the case
of a ternary ABC5 alloy of bece lattice and (111) surface orientation we have
to consider the spheres of radii Ry = @a, Ry = %a, and Rz = %ﬁa and to
distinguish three cases at least, corresponding to the nearest neighbours of
an a-, or (-, or v-site (Fig. 6). A configuration for ABj3 fcc with vacancies
is shown in Fig. 7. It can be regarded a particular case of a ternary alloy or
even of a quaternary alloy because a vacancy may be situated in an a-site
or in a (-site.

3. Ising-Omnsager-Zhang lattices vs. Jordan-von
Neumann-Wigner approach

We observe that the very elegant Zhang’s basis is determined by the for-
mulae (8a), (8b), (8¢) and (12) of [17], which can be equivalently written
as

5., =101® 100018 - ®1;

1
Sgs:1®1®...®1®702®1®...®1 with 1:<é§_)),
’ (3

(1)
2, =101® - ®10031® - ®1;

r—2, s—2 n—r, £—s

2(”‘2)
Z = (2sinh 2K71)2™ ™ trace(VaVaVi)™ = (2sinh 2K7) 2™ 3~ A,

Jj=1
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Fig. 4. First, second, and third neighbours of an a- or S-site in an AB3 fcc (111) alloy
in the stochiometric case (A in «, B in 3).

Here, if Ey(vj,vj41) denotes the energy due to interaction between two
contiguous rows (j = 1,2,...,m) in all the monoatomic layers represented
by planes (i = 1,2,...,¢), E2(u;) denotes the energy due to interaction
between two j-th rows in two contiguous monoatomic layers, and E3(u;)
stands for the energy due to interactions within the j-th row in all the
monoatomic layers (we assume that each row contains n sites with particles
or vacancies: k = 1,2,...,n), then the matrices [s? ], 7 = 1,2,...,n; s =
1,2,...,0; a=1,2,3, satisfy some relations

1% (El (Vjv Vj+1)) = (I); (Klv 571“,5))7 Va (Ea(yja Vj+1)) = (I)?(KOM S?ﬁs))a

a = 2,3; whereas A; are the eigenvalues of V.= V5 - V3 -V . It is very
important that s in (1), « = 1,2, 3, represent 27f_dimensional quaternion
matrices and o, are the familiar Pauli matrices.

Therefore the relations (1) suggest a relationship with the Jordan-von
Neumann-Wigner approach [6]. The idea of Jordan was to consider the
family of algebras A with addition + and multiplication o such that

MeA for Ae A NeR; (2)
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Fig. 5. First, second, and third neighbours of an a- or §-site in an AB3 fcc (100) alloy
in the stochiometric case (A in «, B in ().

((AcA)oB)oA=(AoA)o(BoA) for A, Be A (3)
it (AocA)+(BoB)+(CoC)+---=0 for A,B,CcA, (1)
then A=B=C=---=0.

He was looking for matrix algebras A > A, B such that
1
AoB:i(AB—&-BAL (5)

where AB represents the usual matrix multiplication.
In the quoted paper Jordan, von Neumann and Wigner had proved what
follows:

Theorem 1. The only irreducible algebras satisfying the conditions (2)—(4)
are the following:

e the algebra of real numbers with A+ B, AA, Ao B defined in the usual
way;

o C,,n=23,4,...;C being the algebra with the linear basis 1,s1,...,Sp—1,
where A+ B and MA are defined in the usual way, but Ao B is defined
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Fig. 6. First, second, and third neighbours of an a-, or (-, or y-site in an ABC2 bcc
(111) alloy in the stochiometric case (A in o, B in 8, and C' in 7).

i ’ L A
e i el "R R
y o= 5: a@ : -2 : : E] : : A
o] , ! !
Siu Pig Vg Mg & B
S e i e
(3 . O 'x"?‘_',*q“;“fd( ) '
Rt ik O * =t i.' ! = a-vacancies
t ! I | 5 8-
g : @ = .‘ @ | .L. | | B-vacancies
| i e b e ap
S @ [ 8 | @ (R @ [

Fig. 7. An example of a binary ABs3 fcc alloy with a- and (-vacancies.
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by
lol=1,1o0s;=sjandsjos,=6;,01, j,k=1,2,...,.n—1

and d; . denoting the Kronecker delta;
e HY,p=1,248 andq=3, orp=1,2,4 and ¢ =4,5,..., HY being the

algebra of Hermitian matrices of order q whose elements are:

— real numbers for p=1,

— complex numbers for p = 2,

— quaternions for p =4,

— octonions for p = 8;

A+ B and M\A are defined in the usual way, but for o we have (5).

From our point of view, because of (1) with Spgy @ = 1,2, 3, representing

27f_dimensional quaternion matrices, the H-sequence (Hg) is of a particular
importance.

4. The use of fractals of the algebraic structure

In [8-11] we are dealing with and applying the interaction and approxi-
mation process of constructing subsequent structure fractals related to the
foliated manifold endowed with a lattice joining vertices being distinguished
points of n kinds (or of one kind with n gradation functions). We can extend
our geometry to n = %, 1, 1%, ..., and consider the iteration process

p(n) — p(n+2) with p(n)=4n+1,

involving generators of a Clifford algebra. The objects constructed, graded
fractal bundles %, appear to have an interesting property of periodicity
related to the fractal sets situated on the diagonals of the matrices rep-
resented by squares — generators of Clifford algebras, normalized to unit

squares.
Explicitly, given generators Aj, A3, ..., A, | of a Clifford algebra
Clyp_1(C), p=2,3,..., consider the sequence
AL 0
Adtt = Al ="« =1,2,...,2p+2¢—3;
a U3®Q<O_Ag>,a 02,.0,2p 429 = 3;

1 . 0 I,
Ag:)r+2q—2 =01Q®Ipq= (Ipq %q> )

+1 _ 0 i,
Al piog1=—02®@ g = < Sq) )

—ilpq
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of generators of Clifford algebras Clapi24—1(C), ¢ = 1,2,..., and the se-
quence of corresponding systems of closed squares Q7 of diameter 1, cen-
tered at the origin of C, where I, ; = Isp+q—2, the unit matrix of order
2P+t94=2 Tt is convenient to start with ¢ always from 1, i.e., to shift ¢ for
« > 2p correspondingly. For understanding the idea of this choice in details
we refer to Fig. 3 in [8] and the related description. In particular we may
take AL = 04, a =1,2,3; p = 2, so that

AT — 3@ A1, a=1,2,...,2¢+1; (6)
Ag;r,lg =01 ® Iz, Ag;r,ll =—-02®Ih, q=12,.... (7)

Leaving details for a subsequent paper, we announce

Theorem 2. The fractal bundles obtained correspond in a canonical way
to (Hg), the “quaternionic” sequence of Jordan algebras, with q = 2272
(2n+1).

Physically, we get at least five models:

e Melting model with ¥y ~ Hj; = Hj, and 5 degrees of freedom: 3 co-
ordinates, time, entropy.

e Binary alloys model with £4 ~ Hg,.o = Hizg and 9 degrees of freedom:
6 co-ordinates, time, entropy, long range order parameter.

e Ising-Onsager model of order ¢ and number of degrees of freedom to be
calculated from (1)—(3), with an arbitrary ¢ € N.

e Ternary alloy with X4 ~ Hij4.153 = Higs1o and 13 degrees of freedom:
9 co-ordinates, time, entropy, 2 long range order parameters.

e Zhang model of order ¢ and number of degrees of freedom to be calculated
from the (1)—(3), with an arbitrary ¢ € N.

5. Further perspectives

We can see the following perspectives of the present research:

relationship with Kikuchi-type fractals [3];

relationship with duality for fractal sets;

relationship with lattice models on fractal sets;

fractal renormalization and the renormalized Dirac operator;
relationship with Schauder and Haar bases on fractal sets;
meromorphic Schauder basis and hyperfunctions on fractal boundaries;

the role of noncommutative isomorphisms between the function spaces;
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application of globally defined meromorphic functions to studying chaotic
dynamical systems;

the role of periodic orbits and dense orbits;

an analysis of the conclusion that fluctuations observed in the nature
can be realized as the image of fluctuation mappings of smooth functions
without fluctuations.

The major part of these remarks is due to Professor Osamu Suzuki (Tokyo).
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We characterize Clifford minimal hypersurfaces S”(nc/r) x S™~"(nc/(n — 1))
with 1 £7 < n —1 in a sphere S"*1(c) of constant sectional curvature c by
observing their geodesics from this ambient sphere.
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1. Introduction

In an (n + 1)-dimensional sphere S"*1(c) (n = 2) of constant sectional
curvature c, a Clifford hypersurface M, . (c1,cz) is defined as a Rieman-

nian product of two spheres S™(c;) and S™ "(¢g) with 1 £ < n—1 and
1/e1+1/eq = 1/c. Tt is known that M, _ (c1,c2) has two constant principal

rmn—r

curvatures Ay = ¢1/+/c1 + ¢2 and Ay = —ca/+/c1 + c2 whose multiplicities
are r and n — r, respectively. Moreover, they are the only examples of non
totally umbilic hypersurfaces with parallel shape operator in S™*1(c).

We here recall the fact that a hypersurface M™ of S"!(c) is totally
umbilic if and only if all geodesics on M™ are mapped to circles, namely
great circles and small circles, in the ambient space S™*1(c). In this con-
text, we investigate geodesics on M, _,.(c1,c2) which are mapped to cir-
cles in S"*1(c) (see Lemma 2.1). Lemma 2.1 shows that some geodesics on
each M, (c1,¢z) are mapped to circles in S"**(¢). Considering the con-
verse of Lemma 2.1, we characterize all Clifford hypersurfaces M., _,.(c1, c2)

(1<r=<n-1,1/c1 4+ 1/ca = 1/c) and all minimal Clifford hypersurfaces

The author is partially supported by Grant-in-Aid for Scientific Research (C) (No.
19540084), Japan Society for the Promotion of Science.



168 S. Maeda

M, (ne/r,ne/(n—1)) (1 £ r < n—1) (see Proposition 3.1 and Theo-

rn—r

rem 3.1).

2. Geodesics on Clifford hypersurfaces

Let TM),, _,(c1,c2) = Vi, @V, be the decomposition of the tangent bundle

rn—r

TM;,_.(c1,c2) into principal distributions V, = {X € T rn—r(c1,c2) |
AX = M X} and Vy, = {X € TM[,_,(c1,¢2) | AX = A X}. Our aim

here is to classify geodesics on the hypersurface M, .(c1,c2) which are
mapped to circles in the ambient sphere S"*(c).

Lemma 2.1. For each Clifford hypersurface M}, _,.(c1,c2) (1 =7 <n—1,
1/e1 +1/ca = 1/c) of S"*1(e), the following hold:

(1) A geodesic v on M, . (c1,c2) is mapped to a small circle in S™1(c) if

rmn—r
and only if the initial vector ¥(0) satisfies either 4(0) € Vy, or 4(0) €
WVaas

(2) A geodesic v on M, . (c1,c2) is mapped to a great circle in

S"*L(e) if and only if the initial vector 4(0) is expressed as ¥(0) =
co/(c1 4 c2) u+ +/c1/(c1 + ) v for some unit vectors u € Vy, and
v E Vy,.

Proof. We denote by V and V the Riemannian connections of
S™+l(c) and M™, _,.(c1,cz), respectively. TM!, _ (ci,c2) is decomposed as:

TMT’fn_T(Cl, CQ) = VAI D VAQ.
We find that VxY € V), holds for any X,Y € V), (¢ = 1,2), namely
the principal distribution Vj, is integrable and its each leaf L, is a totally

geodesic submanifold of our hypersurface M, . (c1,c2). Indeed,

A(VxY)=Vx(AY) - (VxA)Y = Vx(\Y) = Ai(VxY),

where we have used the fact that the shape operator A of M, . (c1,c2)
in S"T1(c) is parallel. Also, our leaf Ly, (i = 1,2) is a real space form
of constant sectional curvature d; with d; = ¢ + )\12, which is a totally
umbilic but non totally geodesic submanifold in the ambient sphere S™*1(c).
Then we see that every geodesic on Ly, (i = 1,2) is also a geodesic on
M, _.(c1,¢2) and a small circle (of positive curvature [A\;]) on S"(c).
These, together with the existence and uniqueness theorem for geodesics,
yield the “if part” of Statement (1). That is, we can see that every geodesic
v = 7(s) on M, _, (c1,co) satisfying §(0) € Vi, (resp. ¥(0) € Vi,) is

mapped to a small circle of positive curvature [A;| (resp. |A2|) on S™+1(c).
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Conversely, we take a geodesic v = ~(s) on M, (c1,c2) which is

mapped to a small circle of curvature (, say) k in S"*!(c). Then this curve
satisfies

Vi Vi = —k*4. (1)
On the other hand, using the Gauss formula VxY = VxY +(AX,Y)A and

the Weingarten formula Vx N = —AX for the hypersurface M, (e, c2),
we see that

Vi Vi = —(A% VAT + (V5 AV, AN (2)

Here N is a unit normal vector field on M, (c1,c2). Comparing the

tangential components of Equations (1) and (2) for M}, _.(c1,ca), we have
(A%, 4)A% = k?¥. This, combiend with k # 0, shows that A%(s) = k¥(s)
for every s or Ay(s) = —k%(s) for every s. Hence, in particular the initial
vector 4(0) is a principal curvature vector. Thus we can check the “only if”
part of Statement (1).

Next, we shall check Statement (2). For a geodesic v on M, (c1,c2)
we have Vi4 = (A%,4)N. We remark that (A%(s),%(s)) is a constant
function along the geodesic v, since VA = 0. This tells us that a geodesic
7 on the submanifold M;", _,.(c1,¢2) is a great circle on S™!(c) if and only
if (A9(0),7(0)) = 0. Here we set ¥(0) = (cost)u + (sint)v (0 < t < 7/2),
where u, v are unit vectors with v € V, and v € V,,. Then the equation
(47(0),7(0)) = 0 gives

C2

2 ! .2
cos“t+ ——= —sin“t - —— =0,
Vel + e Vel + e
. _ c : o c
so that we obtain cost = oto o sint = /. Hence we get State-
ment (2). |

3. Statements of resuls

Motivated by Lemma 2.1, we characterize all Clifford hypersurfaces.

Proposition 3.1. A connected hypersurface M™ in S™i(c) is locally
congruent to a Clifford hypersurface M}, _,.(c1,c2) (1 = r = n — 1,
1/c1 + 1/co = 1/¢) if and only if there exist a function d : M — N, a
constant o (0 < a < 1) and an orthonormal basis {vi,...,vn} of TuM at
each point x € M satisfying the following two conditions:

(1) All geodesics ~v; on M™ with initial vector v; (1 £ i < n) are small
circles in S"*1(c);
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(i1) All geodesics ~;; on M™ with initial vector av; + V1 —a? vj (1 =i S
d: < j < n) are great circles in S"T(c).

In this case d is a constant function with d = r and

M™=M", . (c/a? c/(1—a?)).

rmn—r

Proof. Lemma 2.1 shows that all Clifford hypersurfaces M;",, _,.(c1,c2) sat-
isfy Conditions () and (¢4) in our Proposition by taking an othonormal basis

{v1,...,v,} of TxMan,r(Cl, ¢2) in such a way that each v; is a principal
curvature vector of M, (c1,¢2) in S"'(c).

Conversely, we consider a connected hypersurface M" satisfying Con-
ditions () and (i7). We explain the discussion in [1,4] in detail. We first
concentrate our attention on Condition (7). We study on an open dense
subset

Uz{xEM"

the multiplicity of each principal curvature of M™ in
S™*+1(c) is constant on some neighborhood V,(C U) of

of M™. For an orthonormal basis {vi,...,v,} of T,M™ at x € U which
satisfies the conditions, we take geodesics v; (1 <4 < n) on M™ with initial
vector v;. Since the geodesic v; is a circle of positive curvature (, say) k;, the
same discussion as that in the proof of Lemma 2.1 yields that Av; = k;v;
or Av; = —k;v; for 1 £ ¢ < n. This means that the tangent space T, M™ is
decomposed as:

oM = {veTM | Av=—kv} & {veT,M | Av=k;v}
@_,.@{UGTzM‘AU:—ka'gU}@{UGTxM|AU:k'L9U})

where 0 < k;; < k;, <--- <k;, and g is the number of distinct positive k;
(t=1,...,n). We decompose T, M in such a way at each point € U. Note
that each k;; is a smooth function on V, for each x € Y. We shall show the
constancy of each k;;. It suffices to check the case of Av;; = k;,v;,. As k;;
is a constant function along the curve v;, in S"*1(c), we have v ki; = 0.
For any vy (1 = ¢ #1i; £ n), since A is symmetric, we have

<(V'Uij A)’l}g, vij> = <’Ug, (vvij A)’U”> (3)

We extend an orthonormal basis {v1,...,v,} of T, M™ to a local field of
orthonomal frames (, say) {V1,...,V,} on some open neighborhood W, (C
V). In order to compute Equation (3) easily, we extend the vector v;; to
the vector field V;; satisfying that AV;, = k;;V;, on W, and VVij Vi, =0
at the point x € U. Indeed, such a principal curvature smooth unit vector
field V;; can be obtained in the following manner.
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First of all we define a smooth unit vector field W;, on some “sufficiently
small” neighborhood W, (C V,) by using parallel displacement for the vec-
tor v;; along each geodesic with origin z. We note that in general W;, is
not principal on W,, but AW;, = k; W;, on the geodesic v = 7(s) with
7(0) = x and §(0) = v;,;. We here define the vector field U;, on W, as: U;; =
1o ki, (A—al)W;,, where a runs over the set of all distinct principal curva-
tures of M™ except for the principal curvature k;,. We remark that U;, # 0
on the neighborhood W,, because (U; j)w # 0. Moreover, the vector field U; ;
satisfies AU;; = k;;U;; on W;,. We define V;, by normalizing U;; in some
sense. That is, when Ha;ﬁkij (ki, —a)(x) > 0 (resp. H(#ki] (ki —a)(z) < 0),
we define Vi, = Uy, /||Uy, || (vesp. Vi, = —Us, /||Ui,||). Then we know that
AVy, = ki, Vi, on W, and (Vj; ), = v;;. Furthermore, our constrction shows
that the integral curve of V;, through the point z is a geodesic on M™, so
that in particular Vvij Vi, = 0 at the point z.

Thanks to the Codazzi equation ((VxA)Y,Z) = (VyA)X, Z), at the
point x we have

(the left-hand side of (3)) = ((Vy, A)vi,,vi;) = (Vv, A)Vi,, Vi,)
= <vVﬁ (kh ‘/lj) - AVVFV;J ) ‘/;’J>
= <(V€sz)VzJ + (kijl - A)VWV%’V%) = veks;

and
(the right-hand side of (3)) = (V%, (v%j A)WVi)

= <‘/£7 vVij (kly Vlj) - Asz’j ‘/Z]>

= <’U@, (Uijkij)vij> =0.
Thus we can see that the differential dk;; of k;; vanishes at the point z,
which shows that every k;; (> 0) is constant on W,, since we can take
the point = as an arbitrarily fixed point of W,.. So the principal curvature
function k;; is locally constant on the open dense subset U of M™. This,
together with the continuity of k;; and the connectivity of M™, implies that
k;; is constant on the hypersurface M™. Hence all principal curvatures of
M™ are (nonzero) constant if M™ satisfies Condition (7).

Next, we consider Condition (i7). The above argument tells us that
each v; (1 £ ¢ < n) is principal. We set Av; = A\;v;. Then the condition
(i1) yields aX; + vV1—a? X\j = 0for 1 <4 < dy < j < n. Hence M
has just two distinct constant principal curvatures. Therefore we conclude
that the hypersurface M™ is locally congruent to a Clifford hypersurface
MY, (c1,c0) (1SrEn—1,1/c1+1/co =1/¢) with d, = r. O

rn—r
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As an immediate consequence of Proposition 3.1 we establish the fol-
lowing:

Theorem 3.1. A connected hypersurface M™ in S"*1(c) is locally congru-
ent to a minimal Clifford hypersurface M, ,.(nc/r,nc/(n—r)) (1 =r =
n — 1) if and only if there exist a function d : M — N and an orthonormal
basis {v1,...,vn} of T M at each point x € M satisfying the following two

conditions:

(i) All geodesics v; on M™ with initial vector v; (1 £ i < n) are small
circles in S"*1(c);

(i1) All geodesics ~v;; on M™ with initial vector \/r/n v; ++/(n —7r)/n v;
(1=i<d, <j<n) are great circles in S"!(c).

In this case d is a constant function with d =r and

M™ =M., . (nc/r,nc/(n—r)).
Proof. By virtue of Proposition 3.1 we find that the hypersurface M™
satisfying Conditions (7), (44) of Theorem 3.1 is locally congruent to some
Clifford hypersurface M, _,.(c1, ca). Next, we shall investigate the case that
M, _,(c1,c2) is minimal in the ambient space S"*!(c). Equation Tr A =
0 holds if and only if r¢; — (n — r)ce = 0. This, combiend with 1/¢; +
1/ea = 1/c¢, implies that ¢; = ne/r, ca = ne/(n —r). As the constant « in
Proposition 3.1 is given by y/c2/(c1 + ¢2) (see the proof of Lemma 2.1), we
know that o = /7/n. Thus we obtain the desirable conclusion. O

Remark 3.1.

(1) In Proposition 3.1 and Theorem 3.1, we need Condition (i) at some
point x € M™.

(2) If we add a condition that M™ is complete to assumptions of Propo-
sition 3.1 and Theorem 3.1, then these results characterize globally
M, (c1, c2).

(3) In assumptions of Proposition 3.1 and Theorem 3.1, we do not need
to take the vectors {vy,...,v,} as a local field of orthonormal frames
of M™. However, for each Clifford hypersurface M;’, _,.(c1,c2), we can
take a global smooth field of orthonormal frames {v, ..., v,} satisfying
these assumptions.

(4) A connected hypersurface M™ of S"*!(c) is isoparametric without null
principal curvatures, namely all principal curvatures of M™ are nonzero
constans, if and only if M™ satisfies Condition (i) of Proposition 3.1.
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In fact, the discussion in the proof of Proposition 3.1 gives the “if”
part and the “only if” part can be proved by the following well-known
lemma ([3]):

Lemma 3.1. For each isoparametric hypersurface Mg of S™H(e)
with g distinct principal curvatures, every principal distribution Vi,
(i = 1,...,9) is integrable and its any leaf Ly, is totally umbilic in
the ambient sphere S"1(c), moreover such a leaf is totally geodesic in
the hypersurface Mg'.

Proof. It suffices to verify that VxY € V), for VX,Y € V,,. By the
same discussion as in the proof of Lemma 2.1 we see that
A(VxY) =Vx(AY) = (VxA)Y = N(VxY) = (VxA)Y.
On the other hand, for every Z € T'M the Codazzi equation shows
(VxA)Y, Z) = ((VZA)Y, X) = (V5(AY) — AV,Y, X)
= (NI —A)V2Y, X)=(VzY, (M — A)X) =0.

Hence we get Statement of Lemma 3.1. O

At the end of this paper we refer to some papers on Clifford minimal hy-
persurfaces ([2,5,6,7,8]).
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ifold with Norden metric is considered. The curvature tensor and the special
sectional curvatures are characterized. The canonical connection on such man-
ifolds is studied and the form of the corresponding Ké&hler curvature tensor is
obtained. Some curvature properties of the manifolds belonging to the widest
integrable main class of the considered type of hypersurfaces are given.
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Introduction

The Kéhler manifolds with Norden metric have been introduced in [9].
These manifolds form the special class Wy in the decomposition of the
almost complex manifolds with Norden metric, given in [2]. This most im-
portant class is contained in each of the basic classes in the mentioned
classification.

The natural analogue of the almost complex manifolds with Norden
metric in the odd dimensional case are the almost contact manifolds with
Norden metric, classified in [4].

In [5] two types of hypersurfaces of an almost complex manifold with
Norden metric are constructed as almost contact manifolds with Norden
metric, and the class of these hypersurfaces of a WWy-manifold is determined.

An important problem in the differential geometry of the Kéhler mani-
folds with Norden metric is the studying of the manifolds of constant totally
real sectional curvatures [3]. In this paper we study some curvature prop-
erties of the real time-like hypersurfaces of Kahler manifolds with Norden
metric of constant totally real sectional curvatures and particularly curva-
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ture properties of nondegenerate special sections.

1. Preliminaries
1.1. Almost complex manifolds with Norden metric

Let (M’ J,g") be a 2n’-dimensional almost complex manifold with Norden
metric, i.e. J is an almost complex structure and ¢’ is a metric on M’ such
that:

PX=-X,  ¢UX,JY)=—¢(X.Y)

for all vector fields X,Y € X(M’) (the Lie algebra of the differentiable
vector fields on M’). The associated metric g~’ of the manifold is given by
¢(X,Y) = g¢'(X,JY). Both metrics are necessarily of signature (n’,n).

Further, X, Y, Z, U will stand for arbitrary differentiable vector fields on
the manifold, and x,y, z, u — arbitrary vectors in its tangent space at an
arbitrary point.

The (0,3)-tensor F’ on M’ is defined by F'(X,Y,Z) = ¢'(Vx J)Y ,Z),
where V' is the Levi-Civita connection of ¢'.

A decomposition to three basic classes of the considered manifolds with
respect to F’ is given in [2]. In this paper we shall consider only the class
Wy : F' = 0 of the Kahler manifolds with Norden metric. The complex
structure J is parallel on every Wy-manifold, i.e. V'J = 0.

The curvature tensor field R’, defined by

R(X,Y)Z = V\ViyZ ~ V4V Z — Vix 12,

has the property R'(X,Y,Z,U) = —R'(X,Y,JZ,JU) on a Wy-manifold.
Using the first Bianchi identity and the last property of R it follows
R(X,JY,JZ,U) = —R/(X,Y,Z,U). Therefore, the tensor field R
E(X, Y,Z,U) = R'(X,Y,Z,JU) has the properties of a Kahler curvature
tensor and it is called an associated curvature tensor.

The essential curvature-like tensors are defined by:

m(2,y,2,u) = ¢'(y,2)g (x,u) — g'(z,2)g (y, u),

m(x,y, 2,u) = ¢'(y, J2)g (x, Ju) — ¢'(x, J2)g' (y, Ju),

(2, 2,u) = —g'(y, 2) (2, Ju) + ¢'(, 2)g" (y, Ju)
—9'(y, J2)g (x,u) + ¢'(x, J2)g' (y, u).

For every nondegenerate section o' in T,y M’, p’ € M’, with a basis
{z,y} there are known the following sectional curvatures [1]: k'(c/;p) =
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K'(x,y) = R'(z,y,y,2)/7\(2,y,y, ) — the usual Riemannian sectional cur-
vature; k' (o/;p') = K'(z,y) = R (z,y,y,2)/7) (x,y,y,x) — an associated
sectional curvature.

The sectional curvatures of an arbitrary holomorphic section o’ (i.e.
Ja/ = o) is zero on a Kahler manifold with Norden metric [1].

For the totally real sections o’ (i.e. Jo/ L ') it is proved the following

Theorem 1.1 ([1]). Let M’ (2n’ > 4) be a Kdhler manifold with Norden
metric. M’ is of constant totally real sectional curvatures v’ and 17’, i.e.
K (o p) =V (p), K (;p) = v/ (p') whenever o is a nondegenerate totally
real section in Ty M', p" € M', if and only if

R =V [z} — wh) + v'=}

Both functions V' and V' are constant if M'is connected and 2n’ > 6.

1.2. Almost contact manifolds with Norden metric

Let (M,p,&,1,9) be a (2n+1)-dimensional almost contact manifold with
Norden metric, i.e. (¢, &,n) is an almost contact structure determined by a
tensor field ¢ of type (1,1), a vector field £ and a 1-form 1 on M satisfying
the conditions:

P’X =-X+nX)E, 0 =1,

and in addition the almost contact manifold (M, ¢, £, n) admits a metric g
such that [4]

g(pX,9Y) = —g(X,Y) +n(X)n(Y).

There are valid the following immediate corollaries: 7o ¢ = 0, € = 0,
n(X) = g(X.6), g(pX.Y) = g(X,pY).

The associated metric g given by g(X,Y) = g(X,Y) + n(X)n(Y) is a
Norden metric, too. Both metrics are indefinite of signature (n,n + 1).

The Levi-Civita connection of g will be denoted by V. The tensor field
F of type (0,3) on M is defined by F(X,Y,Z) = g((Vx @)Y ,Z).

If {e;,&} (i = 1,2,...,2n) is a basis of T,M and (g%) is the inverse
matrix of (gi;), then the following 1-forms are associated with F:

0() = gijF(eiv €js ')7 9*() = gijF(eia PEj, ')7 w() = F(&f, )

A classification of the almost contact manifolds with Norden metric with
respect to F is given in [4], where eleven basic classes F; are defined. In the
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present paper we consider the following classes:

Fu:F(z,y,2) = —@{g(@xmy)n(Z)+g(<px7s02)77(y)};

2n
Fo Fla.0.2) = -2 g(w oupnz) + gl o2 ) N
B Flor, ) = Flo 3,60 + F(orfy sfa), 66 = 6(6) =0
F(z,y,&) = F(y,x,§), F(ex,py,§) =—F(z,y,§);
Fur : Flay, 2) = n(e) (n(y)w(z) + n()e()}.

The classes F; ® Fj, etc., are defined in a natural way by the conditions
of the basic classes. The special class Fy : F' = 0 is contained in each of the
defined classes. The FP-manifold is an F; -manifold (i = 1,4,5,11) with
closed 1-forms 6, 8* and w o ¢.

The following tensors are essential curvature tensors on M:

T (2, y, 2,u) = g(y, 2)g(x,u) — g(z, 2)g(y, u),
m2(z,y, z,u) = g(y, p2)g(x, pu) — g(x, pz)g(y, pu),

T3(2,y, 2, u) = —g(y, 2)9(@, pu) + g(z, 2)g(y, pu)
= 9(y, p2)g(z,u) + g(z, 92)g(y, u),
T4z, y, 2, u) = n(y)n(z)g(z, u) — n(@)n(z)g(y, u)
+n(z)n(u)g(y, z) — n(y)n(u)g(z, z),
(2, Y, 2, u) = (y)n(Z)g(x ou) —n(x)n(2)g(y, pu)
+ n(@)n(u)g(y, z) — n(y)n(u)g(z, ¢z).

In [7] it is established that the tensors m — mo — my and 73 + 75
are Kéahlerian, i.e. they have the condition of a curvature-like tensor L:
L(X,Y,Z,U)=—-L(X,Y,pZ,oU).

Let R be the curvature tensor of V. The tensors R and R : ﬁ(x, Y, 2,u) =
R(z,y, z, pu) are Kahlerian on any Fy-manifold.

There are known the following sectional curvatures with respect to g
and R for every nondegenerate section « in T, M with a basis {z, y}:

R(xmyaych) T T E(xmyaywx)

k(a;p) = k(z,y) = @y ) k(a;p) = k(z,y) = @)

In [8] there are introduced the following special sections in T),M: a &-section
(e.g. {&,z}), a p-holomorphic section (i.e. & = pa) and a totally real section
(i.e. a L pa).
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The canonical curvature tensor K is introduced in [7]. The tensor K is
a curvature tensor with respect to the canonical connection D defined by

DxY = V¥ + 5 {(Vxg)e¥ + (VxnVieh —u(V)Vxe.  (2)

The connection D is a natural connection, i.e. the structural tensors are
parallel with respect to D. Let us note that the tensor K out of Fy has the
properties of R in Fy.

2. Curvatures on the real time-like hypersurfaces of a
Kahler manifold with Norden metric

In [5] two types of real hypersurfaces of a complex manifold with Norden
metric are introduced. The obtained submanifolds are almost contact man-
ifolds with Norden metric. Let us recall the real time-like hypersurface with
respect to the Norden metric.

The hypersurface M of an almost complex manifold with Norden metric
(M',J,g"), determined by the condition the normal unit N to be time-
like regarding ¢’ (i.e. ¢'(N, N) = —1), equipped with the almost contact
structure with Norden metric

¢ :=J+cost.g'(-,JN){cost.N —sint.JN},

3
£ :=sint.N + cost.JN, n:=cost.g'(-, JN), g:=9|m, )

where ¢t := arctan{g'(N, JN)} for t € (—%;%), is called a real time-like
hypersurface of (M', J,g’).

In the case when (M’, J, g') is a Kéhler manifold with Norden metric (i.e.
a Wy-manifold), in [6] it is ascertained the following statement: The class
Fi1®Fs®Fs®F11 is the class of the real time-like hypersurfaces of a Kahler
manifold with Norden metric. There are 16 classes of these hypersurfaces
in all. When n = 1 the class Fg is restricted to Fy. Therefore, for a 4-
dimensional Kéahler manifold with Norden metric there are only 8 classes
of the considered hypersurfaces.

The tensor F' and the second fundamental tensor A of the considered
type of hypersurfaces have the following form, respectively:

F(X,Y,Z) = sint {g(AX, Y )nN(Z) + g(AX, oZ)n(Y)}
—cost {g(AX,Y)n(Z) + g(AX, Z)n(Y) — 2n(AX)n(Y)n(Z2)},

;iffs)tn(X){f —sint{Vx¢&+ g(Ve, X)€}

+cost{pVx&+ g(eVel, X)ET

AX = —
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The basic classes of the considered hypersurfaces are characterized in terms
of the second fundamental tensor by the conditions [5]:

dt
Fo: A=— (§)n®f;
2cost
PR 1(9) o) . 2.
Fi: A= 2costn®£ o {sint.p — cost.p”};
L dE) 0, o
.7:5 : A——mﬂ@ﬁ‘Fw{CObt.(p—FSlnt.(p },
. _ di(§) _ o
Fo: Aop=9poA, trA 2COSt—tr(Aogp)—07
dt
Fi1: A=— (§)n®f—cost{n®9+w®f}
2cost

—sint{n @+ (Wop) @€}, w() = g(- Q).

According to the formulas of Gauss and Weingarten in this case VY =
VxY —g(AX,Y)N, Vy N = —AX, we get the relation between the curva-
ture tensors R’ and R of the Wy-manifold (M’, J, ¢') and its hypersurface
(M, p,&,m, g), respectively:

R'(z,y,2z,u) = R(z,y, 2,u) + m (Az, Ay, 2, u),
R(z,y)N = = (Vo A)y + (VyA) z.
Hence, having in mind Theorem 1.1, we obtain:
R(z,y,z,u) = {V’ [r] — 7h] + Ijlﬂé} (2,9, 2,u) — m1 (A, Ay, 2, u),
R(z,y, vz, pu) = — {R — V' [my — tantms] + 17’[7r5 + tantm]} (x,y,2,u)
— [m + m2)(Az, Ay, z,u),

R(z,y)§ = {V/[M — tantms] — /|15 + tantm]} (z,9)¢

—T1 (AJI, Ay)ga
1 -
R(z,y)N = —@[1/7% + V'], y)E.
Therefore
1 -
(Vi Ay — (VyA)z = @[1/%5 + v'my)(z, y)E. (5)

Having in mind the equations:
9'(y, J2) = g(y, pz) + tant n(y)n(z),  m =m,
7h = Ty + tant 7, 7h = T3 — tant my,

which are valid for real time-like hypersurfaces, we obtain
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Proposition 2.1. A real time-like hypersurface of a Kdhler manifold with
Norden metric of constant totally real sectional curvatures v’ and v' has
the following curvature properties:

R(z,y,z,u) = {V’[m — my — tantms] + V~’[773 - tantm]} (z,y,2,u)
- ﬂ-l(AiEa Aya 2 u)v
T =4n%/ — dnv tant — (tr A)? + tr A2,
7= —2n/ tant + 2n(2n — 1)1/ — tr Atr (A o @) + tr (A% 0 ©);
for a &-section {&,x}

k(€,z) =V — v/ tant — [V tant + /] glz,pr) _ m(AS A 2,6),

gz, z) —n(x)?  glz,z) —n(r)?’

for a p-holomorphic section {(px, apzx} and for a totally real section {x,y},
orthogonal to &, respectively:

T (Apz, Ap*z, oz, px)

o 1 (A$7 Aya Y, 'T)
m(px, o2z, P2, o) '

Wl(xaya yvx)

k(pz, *x) = . k(z,y)=v

If (M,p,&,m,9) is a real time-like hypersurface of Wp-manifold, then
(2), (4) and (5) imply that the canonical curvature tensor has the form

K(z,y,2,u) = R(z,y, 9z, ¢*u) + m1(Az, Ay, 9z, pu)
+ sint {sint[m; — wy — my4| — costms + ws]} (Az, Ay, z,u).

Then, because of the last equation and Proposition 2.1 we have

Proposition 2.2. Let (M, ¢,£,n,9) be a real time-like hypersurface of a
Wo-manifold (M, J,g") of constant totally real sectional curvatures. Then
K of M is Kahlerian and

K(z,y,z,u) = {l/l[ﬂ'l — Ty — ma) + 17’[71'3 + 71'5]} (z,y,2,u)

— cost{ cost[m — mo — m4] + sint[ms + m5] } (Az, Ay, z,u),
7(K) = 4n(n — 1)1’ — cost(acost + 2bsint),
(K)=4n(n — 1)17’ — cost(asint — 2bcost),
a=(trA)? —tr A% — [tr (Ao )]? + tr (Ao ¢)? — 2n(A&)tr A + 2g(AE, AE),
b=tr(A%0p) —tr Atr (Ao ) + n(A&)tr (A o ) — g(pAE, Af).

N
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3. Curvatures on Wjy'’s real time-like hypersurfaces,
belonging to the main classes

Now, let (M, ¢, &,n,g) belong to the widest integrable main class Fy & Fs
of the real time-like hypersurfaces. Let us recall that a class of almost
contact manifolds with Norden metric is said to be main if the tensor F' is
expressed explicitly by the structural tensors ¢, &, 7, g. In this case for the
second fundamental tensor we have [5]:

dt(f)

A=— 5eont” §——{ &) sint — 0*(£) cost]p
— [6(¢) cost + 6% (€) sint] ¢},
A MO . )
trA= ~Soost (&) cost — 0*(&) sint,

tr(Aop) =0(&)sint — 0*(€) cost.

Then, having in mind the last identities and Proposition 2.1, we obtain

Corollary 3.1. If a real time-like hypersurface of a Kdhler manifold with
Norden metric of constant totally real sectional curvatures is an Fyq @ Fs-
manifold, then it has the following curvature properties:

R=V [71'1 — Ty — tantms) + /[ — tan tmy]

{9 [sin t75 + cos tma] + 0% (€)[sin tmy — costms]}

4n cost
CE2 0792 (B©)cost+07(Osint)”
4n? 2 An2 [my — 2 — ma]
N (6() cost + 6*(£) sin i)n(f(f) sint — 6% (£) cost) ims 4 7s],
T =4n(ny — V' tant) — dt(€)0(€) — dt(€)0*(€) tan t
— L 0(¢) cost + 0% () sint)? — W
7 =2n(n— 1)V + 2n/ tant + L(%H(g) tant — 76”({)20* ©)
"L (p(e) sint — 0*(€) cos )(0(€) cost + 0*(¢) sint),
08+ 07(8)? (6(&) cost + 6%(&) sint)g'

k(@$7@2x) = An2 ) k((E,y) =v - An2

Let us remark that we can obtain the corresponding properties for the
classes Fy, F5 and Fy, if we substitute 6*(£) = 0, 8() = 0 and 0(¢) =
0* (&) = 0, respectively.
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Using the equations (2) and (1), we express the canonical connection
explicitly for the class Fy @ F5 as follows

(&)
2n

DxY = VXY+9(€) {9(x, py)€ —n(y)px}— {9(pz, 0y)¢ — n(y)p*z} .

2n
Let (M,p,&,m,9) € F) @ F2, ie. (M,p,&,n,9) is an (F4 ® Fs)-manifold
with closed 1-forms 6 and 6*. The canonical curvature tensor K of any
(F{ ® F2)-manifold is Kihlerian and it has the form

K—R4 £0(%) s 4 59*(§)W4
2n 2n
62 0*2 0(£)0*
+ —47(52-) [7T2 — 7T4] + 471(25)7T1 — (ginQ(g) [71’3 — 7T5].

Then, using Corollary 3.1, we ascertain the truthfulness of the following

Corollary 3.2. If a real time-like hypersurface of a Kdhler manifold with
Norden metric of constant totally real sectional curvatures is an (.7-'4(1J EB.’FQ) -
manifold, then K is expressed in the following way:

K= (u'+ 9*@) [y — 2] + (;, - M) s

4An? 4n?
= dt(£)0(§) | di(§)0"(€) £0"(€) , 0(6)°
— (V tant + in + n tant — o + in? )m
ot MG MGG KOO,
(6(€) cost + 6*(£) sin t)2 [
- g T — g — 4
N (9(5) sint — 0*(&) cos t) (9(5) cost + 6* (&) sin t) S

4n?

We compute the expression (V;A) y—(V4A) x using (6) and we compare
the result with (5). Thus, we get the relations

;o dt(§)0(§)  cost
 4n + 2n

[£0(¢) sint — €0 (&) cost]

cos? t ) .l sintcost *
Tz 0O = 7€) + =5 5—0(€)6"(¢) @)
+ aty cost[0(&) cost + 0%(£) sint],

2n
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~ di(§)*(§) | cost
B 4dn + 2n

[€0(&) cost + £6* (&) sint]

IS g€ — 0(6)?) + g 08" (6) ®)
_ae)

™ cost[0(&) sint — % (&) cost].

Hence, we have

K = \[m — w2 — 4] + p[ms + 7],
07§ €09

R:)\[Wl—ﬁg—ﬂ4]+u[ﬂ3+ﬂ'5]— on T4 on 5
GRS S T
CI Syl CE FRCIGE R
A=— dt(i)j(ﬁ) + d;(f) cost[0(&) cost + 0*(€) sint]
+ %Tsf [59(5) sint — £07(&) cos t} ,
= - dt(ai* © _ d;(f) cost[0(&) sint — 0% (&) cost]
cost

+ o [£0(&) cost + £6% (€) sint].

We solve the system (7), (8) with respect to the functions 6(¢) and 6* ()
for t = const and get

V' cost —vV'sint + 12 + 0?2
0 = 2¢ )
© n\/ 2cost

Veost(v' tant +7')

\/2(V’ cost — V' sint + v’ + 1'?)

0% (&) = 2en

where & = £1. Since v/ and v/ are point-wise constant for M’* (n = 1) and
they are absolute constants for M’?"*2 (n > 2) (Theorem 1.1), then the
functions 0(¢) and 6*(£), which determine the real time-like hypersurface as
an almost contact manifold with Norden metric, are also pointwise constant
on M3 and absolute constants on M2"*! (n > 2). Hence, we have

Theorem 3.1. Let (M’,J,¢') be a Kdahler manifold with Norden metric
of constant totally real sectional curvatures. Let the (]:2 EB.’FQ) -manifold
(M, p,&,m,9), dim M > 5, be its real time-like hypersurface, defined by (3).
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Ift = const, then K =0 on M and

=2 i - C o + ) gy
Tz%fz—(%ﬂ)%, ;:%”;@7
() = 9(5)24—7129*(5)2 N 29(25;‘(5) gszga;’w;;)’
k (o, %) = —W, ki (2,y) = _91(52)2.
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1. Introduction

Let (M, p,&,m,g) be a (2n + 1)-dimensional almost contact manifold with
Norden metric, i. e. (¢,&,n) is an almost contact structure [1] and ¢ is a
metric [3] on M such that
P’X =—-id+n®¢ ) =1,
9(eX, oY) = —g(X,Y) + n(X)n(Y),
where id denotes the identity transformation and X, Y are differentiable
vector fields on M, i. e., X, Y € X(M). The tensor § given by
9(X,Y) = g(X,9Y) +n(X)n(Y)
is a Norden metric, too. Both metrics g and g are indefinite of signature
(n+1,n).
Let V be the Levi-Civita connection of the metric g. The tensor field F'
of type (0,3) on M is defined by

F(XvYa Z) = g((vX‘P)Yv Z)

(1)

A classification of the almost contact manifolds with Norden metric
with respect to the tensor F' is given in [3] and eleven basic classes Fj,
(1 =1,2,...,11) are obtained.
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Let R be the curvature tensor field of V defined by
R(X,Y)Z =VxVyZ ~VyVxZ —VxyZ.
The corresponding tensor field of type (0,4) is determined as follows
RX,Y,Z,W)=g(R(X,Y)Z,W).

Let (M,%,£,7,9), (dimM = 2n + 3) be an almost contact manifold
with Norden metric and let M be a submanifold of M. Then for each point
p € M we have

TZDM =T,M& (TpM)Lv

where T, M and (T,M)* are the tangent space and the normal space of M
at p respectively. When the submanifold M of M is of codimension 2 we
denote (T,,M)l by a = {N1, N2}, i.e. a is a normal section of M. Let « be
a 2-dimensional section in T, M. Let us recall a section « is said to be

e non-degenerate, weakly isotropic or strongly isotropic if the rank of the
restriction of the metric g on « is 2, 1 or 0 respectively;

e of pure or hybrid type if the restriction of g on « has a signature

(2,0), (0,2) or (1,1) respectively;

holomorphic if pa = «;

& section if € € a;

totally real if paLa.

Submanifolds M of M of codimension 2 with a non-degenerate of hybrid
type normal section « are studied. In [4] two basic types of such submani-
folds are considered: « is a holomorphic section and « is a &-section. In [5]
the normal section o = {Ny, Na} is such that Ny ¢ a, N2 € . In this
paper we consider submanifolds M of M of codimension 2 in the case when
the normal section « is a non-degenerate of hybrid type and « is a totally
real. The totally real sections o are two types: a is non-orthogonal to € and
« is orthogonal to &.

2. Submanifolds of codimension 2 of almost contact
manifolds with Norden metric with totally real
non-orthogonal to £ normal spaces

Let (M,%,€,7,9) (dim M = 2n + 3) be an almost contact manifold with
Norden metric and let M be a submanifold of codimension 2 of M. We
assume that there exists a normal section o = {Ny, Na} defined globally
over the submanifold M such that
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e « is a non-degenerate of hybrid type, i.e.
g(N1, N1) = —g(Na, Na) =1, g(N1, N2) = 0; (2)
e « is a totally real, i.e.
g(N1,PN1) = g(Na2, N2) = g(N1,PN2) = g(N2, pN1) = 0;  (3)
e o is a non-orthogonal to & (€ ¢ T,M) and £ ¢ a.

Then we obtain the following decomposition for &, BX, BNi, BN, with
respect to { Ny, No} and T, M

€ =& +alNy + bNy;
PX =X + 0" (X)N1 +7*(X)N2, X € x(M); (4)
PN1=8&; PN = —&;
where ¢ denotes a tensor field of type (1,1) on M; &y, &1,& € x(M); nt
and n? are 1-forms on M; a,b are functions on M such that (a,b) # (0,0).
We denote the restriction of g on M by the same letter.

Let a # 0, |a| > b and a? — b? = k?. Taking into account the equalities
(1)—(4) we compute

n'(X)=9(X,&),  (i=0,1,2); (5)
9(pX,9Y) = —g(X,Y) +1°(X)n° (V) = n* (X)n' (V) + n*(X)n*(Y); (6)
X = =X +0°(X)& — 0 (X)é + 7 (X)&s;
1°(pX) = —an* (X) + bn*(X); (7)
' (eX) = an’(X);  n(pX) = bn°(X);
& = —a&1 + béa; &1 = ap; &2 = b&o; (8)
960, &0) =1 —a® +b% 9(&1,&1) = a* — 1
9(&,8) =1+b% 9(%0:&1) = 9(60,&2) = 0; (9)
9(&1,82) = ab;

for arbitrary X, Y € x(M).
Now we define a vector field £, an 1-form 7 and a tensor field ¢ of type
(1,1) on M by

f= o+ le

WX) = g (X) + P (X), X € (M) (10)

X = N> X + poX, X € x(M);
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where
€ e(1+ k% +k)
M=o, =
k(k+ 1) k(k+ 1) »
€= =+1.
€ e(1+k*—k)
Ao = =

kk—1) 7 Tkk-1)
Further we consider the following cases for k:

1) k2 # 1 <= k # £1. In this case ¢,¢&,n are given by (10) and A = A,
=1 or A= Ag, p = fio.

2) k = —1. We obtain ¢,¢,n from (10) by £k = —1 and A = Ay = €/2,
w= 2 = 3€/2.

3) k=1. We obtain ¢,&,n from (10) by k=1land A=\ =€¢/2, p = p1 =
3e/2.

Using (5)—(10) we verify that (¢,£,n) is an almost contact structure on
M and the restriction of g on M is Norden metric. Thus, the submanifolds
(M, ¢,€&,m,g) of M considered in 1), 2), 3) are (2n + 1)-dimensional almost
contact manifolds with Norden metric.

Denoting by V and V the Levi-Civita connections of the metric ¢ in M
and M respectively, the formulas of Gauss and Weingarten are

vXYP - VXY + g(AN1X7 Y)Nl - g(ANszy)N2;
VXNl = _ANlX —l—’}/(X)NQ; (1].)
vXNQZ_AN2X+’y(X)N1, X,Y € x(M);

where Ay, (i = 1,2) are the second fundamental tensors and ~ is a 1-form
on M.

3. Submanifolds of codimension 2 of almost contact
manifolds with Norden metric with totally real
orthogonal to £ normal spaces

Let (M,%,£,7,9) (dim M = 2n + 3) be an almost contact manifold with
Norden metric and let M be a submanifold of codimension 2 of M. We
assume that there exists a normal section o = {Ny, Na} defined globally
over the submanifold M such that

e « is a non-degenerate of hybrid type, i.e. the equality (2) holds;
e « is a totally real;
e « is orthogonal to &, i.e. £ € T,M.
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Then from (4) by a = b = 0 we obtain the following decomposition with
respect to {N1, N2} and T, M

& = &o;
PX =X + ' (X)N1 + > (X)N2, X € x(M); (12)
PN =& PNy = —&o.
Substituting a = b= 0in (7), (8), (9) we have
0 .1 2 —0N-
N (pX) =n (pX) =n*(pX) = 0;
8o = &1 = &2 = 0;

9(60,60) = 9(§2,62) = 15 9(&1,&1) = -1
9(&o0,&1) = 9(&0,&2) = 9(&1,&2) = 0.

(13)

Now we define a vector field £, an 1-form 7 and a tensor field ¢ of type
(1,1) on M by

£ = to&o — t2&o;
n(X) =ton’(X) — ton*(X), X € x(M); (14)
X = oX + to{n" (X)L +n*(X).&} + t2{n°(X).& + 0" (X) Lo}

where tg, to are functions on M and t% + t% =1.

Using equations (5), (6), (13), (14) we verify that (¢,&,7) is an almost
contact structure on M and the restriction of g on M is Norden metric. So,
the submanifolds (M, ¢, &,7,g) of M are (2n + 1)-dimensional almost con-
tact manifolds with Norden metric. The formulas of Gauss and Weingarten
are the same as those in section 2.

4. Examples of submanifolds of codimension 2 of almost
contact manifolds with Norden metric with totally real
normal spaces

In [6] a Lie group as a 5-dimensional almost contact manifold with Norden
metric of the class Fy is constructed. We will use this Lie group to obtain
examples of submanifolds considered in sections 2 and 3.

First we recall some facts from [6] which we need. Let g be a real Lie al-
gebra with a global basis of left invariant vector fields { X1, X3, X3, X4, X5}
and G be the associated with g real connected Lie group. The almost con-
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tact structure (3, £,7) and the Norden metric g on G are defined by:

X = Xoyy, wXor; = —X;, 0X5=0, (i=1,2);
9(Xi, Xi) = —g(Xopi, Xogi) = 9(X5,X5) =1, (1=1,2);
9(X;, Xx) =0, (J#k jk=1,....5);
&= Xs, 71(X;) = 9(Xi, X5), (t=1,...,5).
(15)
The commutators of the basis vector fields are given by:
[X1, X2] = —[X1, X3] = aXy, [X2, X3] = aX2 + a X3,
[X3, X4] = —[ X2, X4] = a X7, [Xa, €] =2mXy, (16)
[X3,&] = —2m Xy, (X1, Xa] = [X1, €] = [X4,€] =0,

where a,m € R. So, the manifold (G,%,£,7,g) is an almost contact mani-
fold with Norden metric in the class Fy.

Theorem 4.1 ([2]). Let G be a Lie group with a Lie algebra g and b be a
subalgebra of g. There exists a unique connected Lie subgroup H of G such
that the Lie algebra b of H coincides with b.

From the equalities for the commutators of the basis vector fields
{X1, X3, X3, X4, X5} it follows that the 3-dimensional subspaces of g by
with a basis {X1, X2, X3}, bz with a basis { X1, X3, X4} and bg with a ba-
sis {X1, X4, € } are closed under the bracket operation. Hence b; (i = 1,2, 3)
are real subalgebras of g. Taking into account Theorem 4.1 we have there
exist Lie subgroups H; (i = 1,2, 3) of the Lie group G with Lie algebras b;
(1 = 1,2, 3) respectively. The normal spaces «; (i = 1,2, 3) of the submani-
folds H; (i = 1,2,3) of G are: a1 = {X4,&}, ag = {X2,&}, az = { X2, X3}
Because of (15) we have «; is &-section of hybrid type, as is &-section of
pure type and a3 is a totally real orthogonal to & section of hybrid type.
So, the submanifold Hs of G is of the same type submanifolds considered
in section 3.

We choose the unit normal fields of H3 N = X5 and Ny = X3. For
an arbitrary X € x(H3) we have X = !X + 2* X4 + 7(X ). Taking into
account (15) we compute

& =& PX = -2 Xo + 2! X3;

_ _ (17)
0X2 = Xy; pX3 = —X;.
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From (12), (17) it follows

n’(X) =7(X);
pX = 0; n(X) = -2t pPX) =2l (18)
& =Xy £ = X1

Substituting (18) in (14) for the almost contact structure on H3 we obtain

£ =1to€ — ta X1;
n(X) = toT(X) — taa; (19)
dX = to{ 2 X1 + 2" Xy} + to{7(X) Xy — 1€},

where tg, to € R and 3 + 13 = 1.
Using the well known condition for the Levi-Civita connection V of g

29(VxY,Z) = Xg(Y, 2) + Yg(X, Z) = Zg(X,Y) + g([X,Y], 2)

(20)
+9([2, X].Y) +9([Z,Y], X)
we get the following equation for the tensor F' of Hj
FX.Y.2) = 5 (0(1X,6Y) = 6lX,Y)2) + 9012, X) = 2. XLY)

—|—g([Z,¢Y]—[¢Z,YLX)}, vaszX(HS)'
From (16) we have [X1, X4] = [X1,£] = [X4,€] = 0. Having in mind the
last equalities, (19) and (21) for the tensor F' of Hs we obtain F' = 0. Thus,
the submanifold (Hs, ¢,£&,n,g) of G, where (¢,£,n) is defined by (19) is an
almost contact manifold with Norden metric in the class Fj.
In order to construct an example for a submanifold from section 2 we
make the following change of the basis of g

E; X 10 000
Es X, 0¥ Loo
Es | =1T|¢ |, T = o-%@oo € 0(3,2). (22)
E, X3 00 010
Es Xy 00 001

Taking into account (16) and (22) we compute the commutators of the basis
vector fields {E1, Ea, E3, E4, E5} of g
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U%Eﬂ:%i&ﬁ [&JM:%M% U%Ed:—%mJ
[E%l%]:-—%gaEh [Ey, E4] = —aFs,

[Eq, E4) = %CLEQ + ?aEg + \/7§aE4 — mkEs, (23)
(B3, Ey] = ‘/TgaEg + iaEg + %aE4 +V3mEs,

[Ey, Es) = aBEy,  [Ey Es]=2mE,, [E1,Es]=0.

Because of the elements of the matrix T are constants the Jacobi iden-
tity for the vector fields {E1, Fs, E5, Ey, E5} is valid. Now, we compute
the matrix B of % and the coordinates of £ with respect to the basis
{E1,Es, E5,Ey4, E5}

000-1 0
V£
000 0- ) 3
100 0 O
V3
021 0 o0

From T € O(3,2) it follows the matrix of the metric g with respect to the
basis {E1, Fa, E5, E4, E5} is the same as the matrix

100 0 0
010 0 0

c=|001 0 0 (25)
000-1 0
000 0-1

of g with respect to the basis { X1, X», &, X3, X4}

Using (23) we have that the 3-dimensional subspace b of g with a basis
{E1, Es, E5} is a subalgebra of g. Let H be the Lie subgroup of G with a Lie
algebra b. Having in mind (24), (25) we obtain that the section & = {Fs5, E4}
is a normal to the submanifold H, « is a totally real non-orthogonal to &
section of hybrid type and € ¢ a, i.e. H is of the same type submanifolds
considered in section 2. We have the following decomposition of £ , BX,
©E3, $E4 with respect to {Es, B4} and T,H
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— 1 V3
=B+ LR,
§ 52 + 5 135
BX — —§—5E n ‘/——2E5 - —55E3 T By (26)

pl3 = §E5; YEy = —Ex;

where X € x(H) and X = 7' F; + T2E, + T°E5. We substitute

az‘/;, b=0, k:?, /\=74\/§(23_\/§), p=A+1,
L=E, n(X)=7", ¢X= —§_5E2 + ‘/——QE
in (10) and obtain an almost contact structure (¢, £, n)
E=EB;  n(X) =T
dX = %SDX = —T°Ey + T°Es; 27

on the submanifold H.
Using (11), (16) and (20) we get

Ap, X = —mZ°E; — mT' Eq;
L(3 =5 [
A, X = —5 | 597 +mz | By + 3™z Es;

v(X) = \/73 (az® — mz°).

Then the formulae of Gauss and Weingarten (11) become
— 1//3
VxY=VxY—-m (@7 +2'7°) E3 +3 <<§a§2 + mT5) 7+ m#yf’) Ey;
= 3
VxFE3 =mz’Ey + mT E; + \é— (am* — mZ°) Ey;
= 1/3 1 3
VxE4s = 5 <§aE2 +mzT ) Es — §mx2E5 + g (ax2 ES) FEs.

Having in mind the last formulas, (26) and (27) we compute the tensor F
of H
F(X,Y,Z) = _\f_’ 222 +7%2Y), X,Y,Z < x(H)

and verify that the submanifold (H, ¢, &, 7, g) of G, where (¢, &, n) is defined
by (27) is an almost contact manifold with Norden metric in the class
Fi® Fs.



194 G. Nakova

Acknowledgement

Partially supported by Scientific researches fund of “St. Cyril and St.
Methodius” University of Veliko Tarnovo under contract RD-491-08 from

27. 06. 2008.

References

1. D. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Math.,
vol. 509, Springer Verlag, Berlin, 1976.

2. F. Warner, Foundations of differentiable manifolds and Lie groups, Springer
Verlag, New York Berlin Heidelberg Tokyo, 1983.

3. G. Ganchev, V. Mihova and K. Gribachev, Almost contact manifolds with
B-metric, Math. Balkanica, vol. 7, 1993, 262-276.

4. G. Nakova, K. Gribachev, Submanifolds of some almost contact manifolds with
B-metric with codimension two, I, Math. Balkanica, vol. 11, 1997, 255-267.

5. G. Nakova, K. Gribachev, Submanifolds of some almost contact manifolds with
B-metric with codimension two, II, Math. Balkanica, vol. 12, 1998, 93-108.

6. G. Nakova, On some non-integrable almost contact manifolds with Norden

metric of dimension 5, Topics in contemporary differential geometry, complex
analysis and mathematical physics, Proceedings of the 8th International Work-
shop on Complex Structures and Vector Fields, Singapore, 2007, 252—-260.



195
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This short communication deals with several properties of the double-complex
Laplace operator, namely it is constructed a fundamental distribution solu-
tion, it is proved the partial C'*® hypoellipticity and it is proved a theorem on
microlocal propagation of singularities of the solutions along the leaves (two
dimensional) of the real and imaginary parts of the Hamiltonian vector field of
the symbol.

Keywords: Fundamental solution; Partial hypoellipticity; Microlocal propaga-
tion of singularities.

1. Introduction and formulation of the main results

1. The double-complex Laplace operator was introduced by S. Dimiev in [1].
The Cauchy problem for it was studied by L. Apostolova in [2]. Stimulated
by the talk of these two authors on the 9th International workshop on
complex structures, integrability and vector fields, held in Sofia, August
2008, we propose a look at the same operator from the point of view of
the general theory of linear partial differential operators and microlocal
analysis too. Therefore, we have constructed its fundamental solution in the
sense of L. Schwartz, we have shown its non-hypoellipticity and its partial
C° hypoellipticity, we have proved a result on propagation of microlocal
singularities along canonical two-dimensional leaves etc.

2. This is the definition of the double-complex Laplace operator:
P(D) = 9%/0u* + i9* | 0v?, (1)
0

0
where © = z1 +ixe € Cl, v = 25 +ix4 € C! and as usual — = 1/2(=—+
ou 0x1
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Evidently, if f(.) is analytic, then (,%f(ﬂ) = 0, while (,%f(u) = f'(u).
We remind of the reader that a distribution £(z) € D’ is called a fun-
damental solution of (1) if P(D)&(x) = §(x) and 6(z), x € R* is the Dirac
delta function. The characteristic set of (1) is given by:

Char P = {(,€) € T*(R") \ 0: p(¢) = 0}

), @' = (x1,72),2" = (w3,24) € R?.

where the symbol p of the operator P is the following one:
p(&) = 1/4[(i& + &)* +i(i&s + &)%) = —1/4[(&1 — i&2)? + (&3 — i&)?].

Let us put A = & + i€, = & +i&s. Thus, —4p(€) = X + i,
Evidently,

P =0 <= p({)=0=p() =0 < N —ipg® =0 < \=+e'iy,

i.e. A # 0. This way we conclude that Char P can be written in real and
complex forms:

Char P = R} x Char¢P, (2)
ChareP = {€ € R*\ 0: &§ — & + 2636 =0, & — & — 266 =0}
={(\p) e C?: x==+e™*u} and A#£0, p#0.

Evidently, VeRep(§) # 0, VeImp # 0 and VeRep(§) |} Velmp(§).
Consequently, Char¢ P is 2 dimensional conical submanifold of R‘é \ 0.

We shall denote & = (£1,&), € = (£3,&4) and D;)ei,,ﬂl ={ze C!:
|z — e /4] < e}, D? _ea={2€C: |2+ e™/4 < e}, where 0 < & < 1 is
arbitrary small. Put M*! = D!\ (D;’ei,,/4 U D§776iﬂ/4). In a similar way we
define D;e,,i,w, Diie,mﬂ, M2, DY = {z:]2| < 1}.

One can easily see that |P(\, p)| > e1|p)?, c1 > 0if \/p € MY, u # 0
and |P(\, )| > ca| A, ca > 0if u/X € M2, X # 0. Certainly, ¢1,2 = ¢12(e).

We point out that CharP C T*(R*) \ 0 is a conic manifold of codimen-
sion 2 and the Poisson bracket {Rep(¢),Imp(§)} = 0. Therefore, Char P

is involutive manifold of codimension 2. If

0 0
HRep = <V€Rep7 HImp = <V€Impa %>7 ([HRep7 HImp] = 0)

)
are the corresponding Hamilton vector fields of Rep and Imp we obtain
according to Frobenius theorem that Char P foliates by 2 dimensional leaves
I". We shall call them bicharacteristics of P. This is the complex involutive
case considered in section 26.2 of [3].
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We are ready now to formulate the main result of this short communi-
cation.

Theorem 1.1. The following results hold for the double-complex Laplace
operator P:

1.) P is neither C°, nor analytic hypoelliptic.
2.) P has the fundamental solution E(x) = % € D(RY, ¢z =
u® + 10

const. # 0.

3.) P is partially C> hypoelliptic, i.e. if Pw € C*°(Q), w € D'() and for
each multiinder o = (o, a2) € Z% we have that D w € C°(Q) then
w e C®(Q), (respectively, if D% w € CO(Q) then again w € C=(Q)).

4.) P is operator of principal type, i.e. p(€§) = 0 = Vep(§) # 0. If w €
D'(Q) and Pw = f then (Char PN WF(w)) \ WF(f) is invariant
under the bicharacteristic foliation in CharP \ WF(f).

5.) Let Pw € C*, w € D'(Q). Then for each ¢ € C§(Q) and each
N € N there ezists a constant Cy > 0 and such that |gw(€)| < Cn(1+

)7, when 52 € MY frespectively, |w(€)| < D (1-+1¢)
3 +i6a
when &1+ 16 € M),

If g € D’ then $g(§) stands for its Fourier transformation, while W F(f)
is the wave front set of the Schwartz distribution f € D' (see [3], vol. I]).

The result, formulated in p. 4 of Theorem 1 can be given in the form:
Singularities of Pw = f € C* propagate along the bicharacteristics I' of p.

Proofs of the results of Theorem 1
1. P.1. follows from p.2 as sing supp & # {0}. So we shall prove at first p.2.
1 1

As it is known (see [4]) &1(u) = E(x1,22) = — = ——— is a

. w(xp —izg)

fundamental solution of 2, i. e.
ou
, 0
El(u) = %51($1,x2) =d(z1,22) = 0(Rew,Imu).

Let a € C!. Then (,%Sl(u—k a) =& (u+a) =6((z1,22) + (Rea,Ima)).

We are looking for the fundamental solution of the form

E(x) = E(u,v) = & (u+ /) (u — /).



198 P. Popivanov

Therefore,
PE = 4&] (u + ™ *0) &} (u — ™/ *v)
= 46(2' + (Ree'™*v, Im e"™/*0))8(z" — (Re '™/ *v, Im €™/ *v)).

Put y; = Re(e'™/*v), yo = Im(e’™/*v). Then the identity 6(z’ + 3/)6(z’ —
y') = const.6(x’,y") completes the proof. (See ([3], Chapter 8)).

In fact, let p(z’,y') € C$°(R?*). Then the linear change 2’ — ¢y’ = z,
¥ +y = w leads to (6(z' — y)d(@ + v'),0(z',y")) = const.(6(z) ®

Z+w w—z2
5(w),g0< 5 )) = const.p(0,0) = const. (§(z",y), (2", y"));

const. 20,y =0 <= €™ =0 <= v=0 < 23 =14 = 0.

P.3. of Theorem 1 follows immediately from Theorem 11.2.3 and 11.2.5
from [3].

P.5 follows from the fact that P is microelliptic outside Char P (see also
[3], vol. 2, page 72).

P.4. of Theorem 1 is a special case of Corollary 26.2.2. of [3].

As we have seen, the double complex Laplace operator has very inter-

esting properties from the point of view of the linear partial differential
operators.
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MONOGENIC, HYPERMONOGENIC AND HOLOMORPHIC
CLIFFORDIAN FUNCTIONS — A SURVEY
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The aim of this paper is to make an overview on three generalizations to higher
dimensions of the function’s theory of a complex variable. The first one con-
cerns the so-called monogenic functions which were introduced by F. Brackx,
R. Delanghe and F. Sommen, the second is the theory of hyper-monogenic
functions developed by H. Leutwiler, and the last one studies the theory of
holomorphic Cliffordian functions due to G. Laville and I. Ramadanoff. The
basic notions in this three theories will be given. Their links and differences
will also be commented.

Keywords: Clifford analysis; Monogenic; Hypermonogenic and holomorphic
Cliffordian functions; Special functions.

1. Clifford algebras
Denote by RPTY a real vector space of dimension d = p + g provided with
a non-degenerate quadratic form @ of signature (p, q).
Main definition: The Clifford algebra, we will denote by R, 4, of the
quadratic form @ on the vector space RPT? is an associative algebra over
R, generated by RPT4, with unit 1, if it contains R and RPTY as distinct
subspaces and
(1) Yo € RPH, 02 = Q(v),
(2) the algebra is not generated by any proper subspace of RPT4.
Actually, if we consider the Clifford algebra R, 4 as a vector space, it has
the splitting:
_ o 1 k d
Rpqg =R, OR, (& ORy & OR

where RY | = R are the scalars, R}, , = RPT7 is the vector space, R7 | is the
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vector space of the so-called bivectors corresponding to the planes in RP14,
and so on. Finally, R g contains what we call the pseudoscalars. Moreover,
dimg R’Z’i = Cd, dimr R, 4 = = 29 Now, set eg = 1 as basis of RO = R and
suppose {e1, €a,...,eq} be an orthonormal basis for R1 = Rp+q Thus the
corresponding vector spaces of the splitting will be prov1ded with respective
basis

{60 = 1}, {61,62,...,€d}, {eij = €;¢j, 1§Z<j Sd}, ey
. {eil___ik:eileh...eik, 1§i1<i2<"'<ik§d}, ey

oy Heza=erez.. . eq},

and the algebra will obey to the laws:

e?zl, i1=1,...,p, e?:—L i=p+1,....d=p+q,
€;€; = —€4€4, Z%j

This allows us to write down any Clifford number a € R, 4 as a sum of its
scalar part (a)o, its vector part (a); € R}, its bivector part (a)2 € R,

P,q’
up to its pseudoscalar part (a)q € RY , namely

= <a>0 +{a)y + -+ {(a)aq,

where (a), = Z ajey, with J = (j1,...,Jk) is a strictly increasing mul-
| 7=k

tiindex of length k£ and ey = ¢j,¢ej, ... ¢, , while ay € R.

Some examples. The Clifford algebra R ; can be identified with the com-
plex numbers C. The algebra Ry, is nothing else than the set of quaternions
H if we identify e; = i,es = j,e12 = k using the traditional notations.
Physicists are working very often with the algebras R 3 or Rga . It suf-
fices to note the nature of the corresponding signatures (+,—, —, —) and
(+, 4+, +, —), respectively. However, Ry 3 and Rs 1 are not isomorphic as
algebras.

Some models. Let Ms(R) be the algebra of all 2 x 2 matrices with real
entries. Put:

(10 (10 (01 (01
=\ o1) 7 o-1) 27 \10) 27210/

In a first case, let us identify ey = €g,e1 = €1,e5 = €2,e12 = €3. Thus
we get a model for the algebra Rg . On the other hand, if we identify
€9 = €p,€1 = €1, = €3, €12 = £2, then we will obtain a model for R ;.
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Recall that the main involution *, the reversion ~ and the conjugation
~act on a € Ry 4 as follows:
d d d
a* = (=D)Ma), a™ =Y ()M a), a=) (~1)FFHI2(a),,
k=0 k=0 k=0
These operations are not of algebraic type, they are of geometric type.

Remark 1.1. For C = Ry 1, the usual complex conjugation is the main
involution, as well as the conjugation. The reversion is useless.

Remark 1.2. For H = Ry 2, with the classical notations, we have:
a=a+ pi+yj+ ok, a* =a— Bi—vj+ ok,
a” =a+ Gi+vj— 0k, a=a«a—0i—~yj—ok.

Periodicity properties. Let us turn to the problem how to classify Clif-
ford algebras. There is an algebraic point of view 13,14. Here we will illus-
trate the pseudoscalar computational point of view. Actually, they are four
possibilities for the behavior of the pseudoscalar basis element e12. 4:

(1) d=p+qeven < VYa e RPT aeiy 4= —e12. qa.

(2) d=p+qodd < Vaec R, aejs 4= €12 qa.

(3) p—q¢=0 (mod4)orp—g=1 (mod 4) < €2, ,=1.
(4) p—q¢=2 (mod4) orp—qg=3 (mod 4) < €3, ,=—1.

In [5] Guy Laville introduced the notations i4,i_,e;,e_ for the pseu-
doscalar ejs. 4 having in mind that ¢ commutes, e does not, the index +
corresponds to a square equal to +1, the index — to —1.

2. Generalizations of the one complex variable theory

Henceforth, we will consider Clifford algebras of antieuclidean type [1,2],
namely Rg 4. Note the first three, for d =0,1,2 : R, C and H, are division
algebras by the well known theorem of Frobenius.

Our aim is to survey different generalizations of the function theory of
a complex variable which can be viewed as the study of those functions
defined in a domain of R? and taking their values in the Clifford algebra
Ry =C.

The first key of the theory of holomorphic functions is, of course, the
Cauchy-Riemann operator (0/0Z in the classical notations), which can be
written now as:

0 0

D=_—"—
8330 +€18x1’
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omitting the famous normalization constant 1/2. It should be noted that
the definition domain of f lies in a space whose elements are couples of a
scalar and a vector, so that R? should be identified to R ¢ iR.

Monogenic functions. Let Ry, be the Clifford algebra of the real vector
space V of dimension n provided with a quadratic form of negative signa-
ture, n € N. denote by S the set of the scalars in Rg ,, identified with R.
Let {e;}; be an orthonormal basis of V and set also eg = 1.

A point x = (x¢,x1,...,7,) of R"! will be considered as an element

of S@® V, namely x = inei. Such an element will be called a paravec-

i=0
tor. Obviously, it belongs to R, and we can act on him with the main
involution: x* = xg — Z;;l z;e;. It is remarkable that:

rz* =z*r = |z)?,

where | 2 | denotes the usual euclidean norm of z in R"*! and it shows
that every non-zero paravector is invertible. Sometime, if necessary, we will
resort to the notation & = x9 + @, , where 7 is the vector part of z, i.e.
— n
r = Zi:l ZTi€;.

Let f: Q — Ry, where Q is an open subset of S @ V. Introduce the
Cauchy-Dirac-Fueter operator:

and that DD* = D*D = A, where A is the usual Laplacian.

Definition 2.1. A function f : Q — R n, of class C?, is said to be (left)
monogenic in Q if and only if D f(z) = 0 for each z € Q.

Obviously, in the case n = 1, we get the holomorphic functions of one
complex variable.

Remark 2.1. If n > 1, then the functions x — z and * — z™,x €
S @ V,m € N are not monogenic.

Following R. Brackx, R. Delanghe and F. Sommen [1], recall that there
exists a Cauchy kernel: F(z) = (w,; 1) (z*/|z|" ) for x € SV — {0}, where
wy, is the area of the unit sphere in R™*!. This kernel is really well adapted
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to the monogenic functions because it is himself a monogenic function with
a singularity at the origin, i.e. DE(z) =d forz e S V.
Then, put w(y) = dyo A -+ - A dy, and

V(y)ZZeidyoA---Ad@iA---Adyn.
1=0

Thus, we have:

Integral representation formula. If f is monogenic in Q and U is an
oriented compact differentiable variety of dimension n 4+ 1 with boundary
U and U C 2, then

Ely—2)yW)fly) = f(z), z€U.
oU

Thanks to this, the analogous of the mean value theorem, the maximum
modulus principle, Morera’s theorem follow easily.

The depth and the wealth of the one complex variable theory come
also thanks to the “duality”: Cauchy-Riemann and Weierstrass, i.e. every
holomorphic function is analytic and the reciproque. How to understand
what is the generalization of a power series?

In the frame of monogenic functions, an answer exists because, for-
tunately, the functions wy = xpeqg — xoer,k = 1,...,n are monogenic.
Omitting the details and roughly speaking one can expand every mono-
genic function in a series of polynomials which elementary monomials are
the wy and their powers. Just for an illustration let us show this phenom-
ena is somehow natural: suppose f : S @ V — Ry, is real analytic on a
neighborhood of the origin, so

F00 =3 (horl ) f00)
o P O@xo " Ok ’
But at the same time f is monogenic, i. e.

o 0

8:100 . 6:& '
=1

Hence
oo n k
F =3 (Z(hi - h)(%) 1(0).
k=0 \i=1 ¢

Holomorphic Cliffordian functions. Here, consider functions f : Q —
Ro.2m11, where Q is an open subset of S®V = R@R?™+! = R?™+2, The
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paravectors of S @V will be written as

2m—+1
— —
T=x9+ X, o € R, xr = E Ti€;.
=1

Definition 2.2. A function f : Q@ — R 2m+1 is said to be (left) holomor-
phic Cliffordian in € if and only if:

DA™ f(x) =0
for each z € Q. Here A™ means the iterated Laplacian [7].

The set of holomorphic Cliffordian functions is wider than those of the
monogenic ones: every monogenic is also holomorphic Cliffordian, but the
reciprocate is false. Indeed, if Df = 0, then DA™ f = A™Df = 0 because
A™ is a scalar operator. The simplest example of a holomorphic Cliffordian
function which is not monogenic is the identity x +— x. Actually, one can
prove that all entire powers of x are holomorphic Cliffordian, while they
are not monogenic.

Note that f is holomorphic Cliffordian if and only if A™ f is monogenic.

There is a simple way to construct holomorphic Cliffordian functions
which is based on the Fueter principle [4].

Lemma 2.1. If u : R? — R is harmonic, then u(xg,|2|), where © =

xo+ 7 and |T|? = Zf;”ﬁl 22 is (m + 1)-harmonic, i. e.

A y(z, |T]) = 0.

Lemma 2.2. If f:(&,n) — f =wu+iv is a holomorphic function, then

—
x

F(z) = u(zo,|7) + ?'U(l‘o, Ed)

is a holomorphic Cliffordian function.

If we summarize: from an usual holomorphic function f, with real part
u, we construct the associated (m + 1)-harmonic u(zo,|Z’|) and then it
sufficies to take D*u(zo, | 7'|) in order to get a holomorphic Cliffordian one.
This receipt is very well adapted for the construction of trigonometric or
exponential functions [10] in Rg 2m+1. Note also the set of holomorphic
Cliffordian functions is stable under any directional derivation.

It is natural to ask for an integral representation formula but in this
case, the operator DA™ being of order 2m + 1, such a formula would be
much more complicated. Anyway, the first step is to exhibit an analog
to the Cauchy kernel. Remember the fundamental solution of the iterated
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Laplacian A™ "1 h(z) = 0 for z € S®&V —{0} is known: that is h(z) = In|z|.
Hence D*(1/2 In(xz*)) must be holomorphic Cliffordian. But:

D" (lm(m*)) _1Del) &

2 2 |=f? |2

By the way, we found the first holomorphic Cliffordian function with an
isolated punctual singularity at the origin.

It is remarkable that, after computations, one get: A™(z~ 1) =
(—1)m22" (m!)%w,, E(x). Tt becomes natural to introduce a new kernel:

N(z) =emz?,

with the suitable choice for the constant e, = (—1)™[22mTlmlrm+l]—1
So, N is the natural Cauchy kernel for holomorphic Cliffordian functions
and we have:

DA™N(z)=DE(x)=46, z€SaV.

Integral representation formula. Let B be the unit ball in R?™+2,  an
interior point of B, % means the derivation in the direction of the outward
normal. Thus, we have:

f(2) = /8 (ATNG =21 )
> /a (AN =) DA (e,

+Z/ (A™FN(y — z)) %DAk’lf(y)doy.

The above formula involves 2m + 1 integrals on 0B, which means one
can deduce the values of f inside B knowing the values on OB of f, DAF~1f
and %DAkilf, k=1,2,...,m

Recall that all integer powers of a paravector x are solutions of DA™ =
0, and we saw also that DA™ (xz~1) = §. Those facts can be proved directly
following straightforward computations. Let © = ¢+ @ be a paravector in
a general Clifford algebra of antieuclidean type Rg 4,d € IN. Very fastidious
calculations give:

DAm(xfl):(—l)zmm!ﬁ@jH— d)(Ja|) =2,
j=0
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The right hand side is a scalar vanishing for d = 1,3,5,...,2m + 1. More-
over, we have:

DA™ (@) = [[@i+1-d) > H (2q — 2k + 2)Cait ag" 2722,

7=0 qg=m k=1
and a similar formula for an even power x2" of z. In both cases, the right
hand sides are again scalars vanishing for d = 1,3,5,...,2m + 1.

Polynomial solutions of DA™ = 0. Set
2m—+1

o = (04070% e ,042m+1), a; € N, |a| = Z Q.
Consider the set
{ey}: {60,...,60,61,...,61,...,62m+1,...,62m+1},

where eq is written g times, e; : «; times. Then set:
la]—1

=> 11 Cowm@esqa:
e v=1

the sum being expanded over all distinguishable elements o of the permu-
tation group © of the set {e,}. The P, are polynomials of degree |a| — 1.
A straightforward calculation carried on them shows that P, is equal up
to a rational constant to 9l°l(xz2l*/=1). Thus, it follows that the P, are
holomorphic Cliffordian functions, which are left and right, thanks to the
symmetrization process.

The classical way for getting Taylor’s series of a holomorphic function
is to expand the Cauchy kernel in the integral representation formula. The
same procedure is available here:

(y—a) ' =yl-y " 2) =1y ey
=y ty ey y ey T ey T e (T )y

L= 9*(ly])~2, and thus:

e * .0\ Kk, *
-1 _ (y" =)™y
(y—2)" = Z g2k 2
k=0
It is not difficult to observe the polynomials P, appear again. Finally, as in

the classical case, we can deduce the expansion in a ”power series” of any
holomorphic Cliffordian function f under the form:

=Y Pu(x)C

|a]=1

Obviously, we have y~
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where C,, € R072m+1.

Further, let us mention that a function f which is holomorphic Cliffor-
dian in a punctured neighborhood of the origin possesses a Laurent expan-
sion [7,8]. So, the set of meromorphic Cliffordian functions with isolated
singularities is well defined. For this reason, it was possible to generalize
the classical theory of elliptic functions to the Cliffordian case [8,9]. Note
that only the additive properties of the Weierstrass ¢ and p functions, also
for the Jacobi sn, cn and dn, are used for this purpose. The multiplication
of two holomorphic Cliffordian functions is not yet so clear.

What about the case Rg 2,7 More precisely, could we pass from holo-
morphic Cliffordian functions in Rg 2m+1 to their restrictions in Rg 2, 7
Roughly speaking, it is the same as between C and R. In the general case
of a Clifford algebra of type R 4, we can observe that the set of homoge-
neous polynomials of degree n which are holomorphic Cliffordian is a right
Ry g-module generated by the monomials (ax)™a, where a is a paravector.

Now, let us consider f: R@® R? — Ry 4.

Case 1: d is odd. The function f will be holomorphic Cliffordian if
DAW=D/2f —,

Case 2: d is even. We say that f is holomorphic (analytic) Cliffordian
[6] if there is a holomorphic Cliffordian function of one more variable F :
R o R — Ro,4+1, which is even with respect to eq4+1 and such that
F |rd+1:0: I

Hypermonogenic functions. In this part we will briefly discuss another
class of functions, named hypermonogenic, which were introduced by H.
Leutwiler [11,12] and studied by himself and Sirkka-Liisa Eriksson-Bique
[3].

Recall that any element a € Ry, may be uniquely decomposed as
a = b+ ce, for b,c € Ry pn—1. This should be compared with the clas-
sical decomposition of a complex number a = b + ic. Using the above
decomposition, one introduces the projections P : Rg, — Ron—1 and
Q :Ron — Roppn1 given by Pa =b,Qa = c.

Now define the following modification of the Dirac operator D as follows:

Mf=Df+ Qf)7,

where * denotes the main involution introduced above.

n—1
xn
Definition 2.3. An infinitely differentiable function f : @ — Ry 5, {2 being

an open subset of R" ™!, such that M f =0 on Q — {x : 2, = 0} is called a
(left) hypermonogenic function.
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Decomposing f into f = Pf + (Qf)en, its P-part satisfies the Laplace-
Beltrami equation:

(Pf)
T, A(Pf)—(n—1 =0,
WAPF) = (n =1
associated to the hyperbolic metric, defined on the upper half space R’}r“
by ds? = x,;?(dxd + da? + - - - + dz?).
Its @-part solves the eigenvalue equation:

AQf)

oxy,
It turns out that hypermonogenic functions are stable by derivations in all
possible directions excepted this one on e, and that, for any m € N, the
maps z — 2™ and 2 — 2™ are hypermonogenic in R"*1, resp. R"*1—{0}.

Tn AQf) — (n— Dy, +(n-1)Qf =0.

Clearly, hypermonogenic functions generalize usual holomorphic func-
tions of a complex variable. But what about the relations of this class with
the class of holomorphic Cliffordian?

Let us study this problem in the case n = 3.

We can prove that hypermonogenic are holomorphic Cliffordian. As-

2
suming f : @ — Rp3 is hypermonogenic, Df = _x_(Qf)* and hence
3
D(Af) = —-2A (Ci ) . On account of the above eigenvalue equation for
3

the Q-part of f, we conclude that

A{(Qf)*} :L[A(Qf) 2 0Q1) | ,QI"_,,
T3 T3 T3 Ox3 x5

forcing D(Af) = 0.

In contrast to left hypermonogenic functions, the left holomorphic Clif-
fordian ones may also be multiplied from the right by es and not just by e;
and es. In addition, partial differentiation with respect to x3 does not lead
out of the class of left holomorphic Cliffordian functions.

On the other hand, it can be shown [3] that if f : @ — Rgg3 is a
holomorphic Cliffordian function in Q C R*, then there exist, locally, hy-
permonogenic functions g1, g2, g3 and g4 such that

0
[ =91+ g2e3+ 5—(93 + gaes).
X3

The conclusion is clear: both theories agree.

Recently, the last two statements were improved and they give now a
better interconnection between hypermonogenic and holomorphic Cliffor-
dian functions in Ry ,,. Let say also the theory of hypermonogenic functions
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is provided with an integral representation formula and that the expansion
in power series is generated by polynomials which are deeply related to the
P, above.

Acknowledgements

The largest part of the mentioned results concerning the holomorphic Clif-
fordian functions was obtained thanks to joint works with Guy Laville
in the Laboratoire de Mathématiques Nicolas Oresme, CNRS UMR 6139,
Département de Mathématiques, Université de Caen Basse-Normandie.

References

1.
2.

3.

10.

11.

12.

13.
14.

F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, Pitman (1982).

R. Delanghe, Clifford Analysis: History and Perspective, Comput. Methods
and Function theory 1 (2001), 107-153.

S.-L. Eriksson-Bique, H. Leutwiler, Hypermonogenic functions, Clifford alge-
bras and their applications in Math. Physics 2, Birkhausen, Boston (2000),
287-302.

R. Fueter, Die Funktionnentheorie der Differentialgleichgungen Au = 0 und
AAu = 0 mit vier reellen Variablen, Comment. Math. Helv. 7 (1935), 307—
330.

G. Laville, Some topics in Clifford Analysis, 7-th International Conf. on Clif-
ford Algebras (2005), Toulouse.

G. Laville, E. Lehman, Analytic Cliffordian functions, Annales Acad. Sci.
Fennicae Math. 20 (2004), 251-268.

G. Laville, I. Ramadanoff, Holomorphic Cliffordian functions, Advances in
Applied Clifford Analysis 8 (2) (1998), 323-340.

G. Laville, I. Ramadanoff, Elliptic Cliffordian functions, Complex variables
45 (4), (2001), 297-318.

G. Laville, I. Ramadanoff, Jacobi elliptic Cliffordian functions, Complex Vari-
ables 47 (9), (2002), 787-802.

G. Laville, I. Ramadanoff, An integral transform generating elementary func-
tions in Clifford analysis, Math. Meth. Appli. Sci. 29 (2006), 637-654.

H. Leutwiler, Modified Clifford analysis, Complex Variables Theory Appl. 20
(1992), 19-51.

H. Leutwiler, Generalized Function Theory, Proceedings Conference in Tam-
pere (2004).

P. Lounesto, Clifford Algebras and Spinors, Cambridge (1996).

I. Porteous, Clifford Algebras and the Classical Groups, Cambridge (1995).



210

ON SOME CLASSES OF EXACT SOLUTIONS OF
EIKONAL EQUATION

L. T. STEPIEN

Department of Computer Sciences and Computer Methods,
Pedagogical University,
Krakow, 30-084, Poland
E-mail: Istepien@inf.ap.krakow.pl, Istepien@ap.krakow.pl, stepien50@poczta.onet.pl

Some classes of exact solutions of eikonal equation has been found by using
some decomposition method. There is also prsented its application to quantum
mechanics.
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1. Introduction
Eikonal equation

uut =n (1)

o

appears in many branches of physics, as:

e describing a propagation of wave front or so called characteristic surface
[172]7

e in classical electromagnetic field [3], and in algebrodynamics [4,5],

e in semiclassical approximation [6],

e a version of relativistic Hamilton-Jacobi equation [7].

In this paper we obtain some new classes of exact solutions of the eikonal
equation, by using a method, called decomposition method or decomposi-
tion scheme. We also discuss the properties of some of these solutions. The
paper is organized as follows. In section 2 we briefly describe the main idea
of the mentioned method. We present its extension and its applications for
some selected cases of eikonal equation in the section 3. Section 4 includes
an applicaion of extended decomposition method in quantum mechanics.
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2. The main idea of decomposition method

The essential version of this method has been presented in [8]. If we want
to use it for solving eikonal equation (1), we must extend this method.
We want to solve analytically a partial differential equation:

F(x“, ULy ooy Um, Ull,zu,ULruIV, ceey um,ru, U7n’ruzv, . ) = 0, (2)

where m € N, u,v = 0,1,2,3 and u is in general an unknown function of
class C*, k € N.
Let us limit in this introduction to the case: m =1, k = 2.

(1) we examine, whether there is possible to decompose this equation into
such fragments, which are characterized by a homogenity of the deriva-
tives of the unknown function u. A meaning of ”"homogenity of the
derivatives”: the mentioned fragments should be products of at least
two factors:

A. arbitrary expression, which may depend on the unknown function
u, its derivatives (this expression may be obviously a constant) and the
independent variables (in general: z*, u =0, 1,2, 3);

B. a sum of: at least two derivatives and (or) at least two products of
the derivatives, so that there we can find for any derivative and (or)
any product some other derivative and (or) other product, which has
the same degree and order.

(2) For example, the investigated equation may be as follows:

Fr-[(ug)? + (uy)?] + Fo - [Upe + gy =0, (3)

where F; and F5 may depend on x*, u, ugu, . ...
(3) we insert some ansatzes, presented below.

e The ansatz of first kind, being a nonlinear superposition of travelling
waves:

U(%ya Z,t) = ﬁl + f(al/bxu + ﬂ?a bl/xl/ + 637 cpxp + 64)7 (4)

where: v,2® = —vgz® + vy ¥, au, by, Cpypt, v, p=0,1,2,3, k=1,2,3,
are some constants to be determined later, §;,7 = 1,2, 3,4, are arbi-
trary constants and z* € R.

A talk delivered during the conference “9th International Workshop on Complex Struc-
tures, Integrability and Vector Fields”, in 25-29 August 2008, in Sofia, Bulgaria.
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e The ansatz of second kind:
u(z,y,t) = B1 + f(Agx z + Aya®2? + Axx®2® + Azata? (5)
+ Agxta® + Az + Bo)

where Ay, A = 0,1,...,5 may be in general complex constants and
they are to be determined later, z* € R.
e The combined ansatz

u(z,y, 2,t) = B1 + flaua” + B2, Agz’z" + A1z + A2’z (6)
+ Asxta? + Ayrta® + Asa?ad + B2),

where at,..., AN p = 0,1,2,3, A = 0,...,5 and 2° = ¢, 2! = z,
22 =y, 2% = 2.
As far as the function f is concerned, we assume only that it is arbitrary
function of class C2.
After inserting these ansatzes, we try to collect all algebraic terms, ap-
pearing by the variables x, and the derivatives of the function f with
respect to the arguments like: a,z" + (5 and (or) Aga’z! + A12%2% +
AoxO23 4+ Azzlz? + Agxta® + Asx?a® + By. We require vanishing of all
such algebraic terms. Therefore we obtain a system of algebraic equa-

tions, which we call determining system. The coefficients a,,, ..., Ay are
to be determined as the solutions of such obtained system of algebraic
equations.

For example, after inserting a two-dimensional version of ansatz of first
kind (4) into (3), we get:
Fy-[(af +a3)(D1f)? + (b + 3)(D2f)? + (cf + 3)(Ds f)?

+2(a1b1 + a2b2) D1 f Do f + 2(arc1 + aze2) D1 f D3 f (7)
+2(bic1 + baca) Do fDsf] + Fy - [(af + araz) D11 f (8)
+ (2a1b1 + a1ba + agb1) D12 f + (2a1¢1 + aica + asc1) D1 s f
+ (b3 + bib2) Do f + (2b1cy + bica + bac1)Dasf
+ (¢ + c1c2) D33 f] = 0,

where D; f denotes the derivative of function f with respect to i-nary

argument and D; ; f denotes the mixed derivative of this function with
respect to: i-nary and j-nary argument.

To sum up:

e this method (or scheme) does not use any other known analytic method
(i.e. Lie group method) of solving of PDE’s,



On some classes of exact solutions of eikonal equation 213

e the main goal of the method is to obtain the wide classes of solutions of
the NPDE, as general as possible,

e it assumes applying some ansatzes,

e the necessary conditions for using this method are: the homogenity of the
derivatives in the investigated NPDE and possibility of obtaining some
system of algebraic equations.

The above procedure constitutes the main version of decomposition
method. We have found the classes of the solutions, given by the all above
ansatzes for 4-dimensional real eikonal equation and complex eikonal equa-
tion, in the case, when n = 0. The appropriate values of the coefficients
Auy -, Ax, 0 =0,...,3, A =0,...,5 are (in the case of complex eikonal
equation in Minkowski spacetime, when n = 0): for the solution of first
kind:

ap =0, a1 =0, az=1a2, by="b1,b3=1iby, 9)
€1 =cp, C€3=1icCa, (10)

for the solutions of second kind:

Ay =idg, Az=Aog, As=idy, Ay=0,4,= A, (11)

and for the combined solutions:
Ag=A4;, A1 =0, Ay =1iA;, As;=1iAs, (12)
Ay =0, ag=—ag, ag=ia. (13)

However, if we want to apply this method for solving the more general
case of eikonal equation, i.e. when n # 0, we must extend this method.

3. An extension of decomposition method
Now, let us look at the eikonal equation (1) in flat space-time:
—(u,0)® + (u1)® + (u2)? + (u3)? =n(a'), i€{,2,3}  (14)

We will be engaged now with more general cases n = const and n =
n(z?), i € {1,2,3} and we will want to find the class of solutions of first kind
(4). Then, let us come back to the idea of an extension of the decomposition
method.

This idea is such that for n # 0 we split the unknown function u :
u(z,y,z,t) = fi(z®) + fo(2?), and next balance the term n by second
power of the derivative of fi. It has turned out that in the case, when n =
const #£ 0, there does not exist the classes of solutions of II- and combined
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kind. When n = n(x,y, z), the solutions of all kinds exist [9]. However, ow-

ing to limited amount of the space of this paper we limit our considerations

to the class of solutions of I kind in three cases:

(1)

If n = const, then f; is a linear function of at least, two independent
variables, for example y and z: fi = —yot + 12, fo = 61 + f(auzt +
B2, b,a” + B3, c,x” 4+ B4), Ve are to be determined later as the coefficients
in the function f1, & = 1,2, pu,v,p = 0,1,2,3. Then after inserting
u = f1 4+ f2 into (1) and collecting appropriate algebraic terms, we
obtain determining system:

7 - 73 =mn, 71c3—"¢co =0,

v1b3 —vobo =0, a3 —yoag = 0,
ab =0, au,ct =0, by =0,

agat =0, b, =0, cuct=0.

The solutions of this above system are:

n aszcCq
= ag, | ——— = 83 19
g4t ao CL(QJ — G;Q), y a1 cs ) ( )
as = \/(ag — a%)cg — a%c%’ (20)
C3
b b
bO:M, 51:3_61, (21)
as C3
by — bsy/ (a2 —a3)c? — a%c%, (22)
ascCs
¢ = Q00 V(6§ —ad)ci — afef (23)
as as
a
'YO — 71 3 (24)
ao

where the values of the coefficients have be such that the square roots
are real and of course ag, as, cg # 0.

If we put n = 0 in (1) and in formulas of corresponding coefficients
above, we obtain the solution of (1) for special case n = 0.

In the case of n = n(x,y), we apply separation of variables and we put
u(z,y, 2,t) = B1 + f1(z%) + fa(apyz? + Ba, box® + B3, cca® + Ba), where
a=1,2and p,0,( = 0,3. The values of the coefficients are determined
accordingly with the main decomposition method. These values are:

a; = —aop, b1 = —b(), C1 = —Cp. (25)
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The function fi(z,y) must satisfy the equation:

(f11)* + (fr.2)? = n(z,y), (26)

where f1,; = %, 1=1,2.
(3) Separately in this paper we treat 3-dimensional complex eikonal equa-

tion, when n = n(x,y, 2):
(U’,I)2 + (u,y)2 + (u,2)2 = Tl(ﬂ]‘, Y, Z)7 (27)

for which we apply also extended decomposition method, but without
separation of variables (section 4).

4. Some applications to quantum mechanics

Now, we apply the extended decomposition method for the case n =
n(x,y, z), considered previously, to some situation from quantum mechan-
ics.

As it is known, the most simple idea of limit transition from quantum
mechanics to classical mechanics is to choose a wave-function of the form

[6]:

W(F,t) = exp (%S(ﬁ t)) , Sec. (28)
After inserting it into Schroedinger equation [6]:
I
zha = 2mv W+ V(2 (29)
we get:
95  (VS)? I
%= am + V(@) zzmv S. (30)

If we pass over the third term on the right hand of (30), we get Hamilton-
Jacobi equation:
aS  (VS)?
— = V(Z). 31
5 = 2, V@ (31)
So, as it is well-known, the limit transition to classical mechanics, is realized
by transition to the limit 7z — 0. Let’s investigate a case of stationary state:

S(Z,t) = u(¥) — Et. (32)
Then, the equation (30) is [6]:
(Vu)? . ih o
B vy =o.
oo + V(%) 2mV u=0 (33)
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If | 72> h|V-p|, then [6]:
(Vu)?

2m

Usually the equation (34) is to be solved by WKB method.

Now, in order to solve this equation, we apply the results, obtained for
the eikonal equation in the previous part of this talk.

Another approach towards the extension of decomposition method will
be now applied directly to quantum mechanics.

We will now illustrate, on the example of this equation, some ex-
tension of decomposition method. Namely, we assume that the potential
U(z,y,2) = U(cra® + B4), k = 1,2,3, B4 = const. Now we split the func-
tion w:

+V (@) - E=0. (34)

u = 61 + fl(Ckxk + 64) + fQ(U;ixi + 627bjxj + 63)5 ivja k= 1a273? (35)

so it is a special case of the ansatz of first kind (4) and: X = c,z® + 4.
If we insert this function into (34), we get:

(af + a3 +a3)fs, + (b] + b3 +b3)f3 5+ 2(arby + asbs + asbs) fo1 f2.2

d d
+2(a1c1 + ages + a303)£f2,1 +2(bic1 + baco + b303)£f2,2 (36)
o o o (dh)
+ (i +c3+c3) Ix +2m(V(X) - E)=0.

Now, similarly to the main version of decomposition method, we require
vanishing of all underlined terms in the ebove equation. Then we get some
system of equations:

a?+ai+a2=0, b2+b3+0bE=0, (37)

a1by 4+ asby +aszbs =0, ajc1 + ascs + azez =0, (38)
bicy + bacs + b3ez =0, (39)

(3 +c5+c3) (%) : +2m(V(X) - E) =0. (40)

The roots of the system of algebraic equations are:

b b /2 2
a;;:iua%—l—a%, bl = —acll 2, b3:7;72 C;l—’_ag, (41)
2 2

=0, c3=i—222 (42)

2 2
vai+a;
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and the solution of the ordinary differential equation (40) is

/*fV mE VX)) v o (43)

Cl—l—CQ—l—Cg

The simplest example: m = 1, V(X) = X = c1z + coy + c32z, where
Cc1 = 07 C3 = 1

T+a3
22 (E—X)2
fX)==+ ( 1 = (44)
3 02 _ ‘1262
2 a +a2
so we have the exact solution of (34) for V(y, z) = coy + i—22—2.
( ) (y ) 2Y \/Taz
B — (cay + i—222))}
22 ( a2+a2
ulrry, ) = + & Y2 Vo (15)
3 2 _ 3%
2 aj+a;
) aib bar/a? + a?
+ fa(arz + agy + iy/a? + a3z + Ba, %x + boy + z%z + (33).
2 2

However, the potential V' should be real function and thus the coeffi-
cients ¢; must be real. Hence we chose ay = ip, where p and a; must be
real numbers.

5. Summary

The presented decomposition method and its extension give some chance
for obtaining exact solutions of eikonal equation.

As far as the application of the decomposition method to quantum me-
chanics is concerned, let us note that when we apply WKB method, there in
return points or where V(X)) = E, the wave-function is singular [6]. Namely,
here, for example, when V(X) = X, the wave-function is non-singular, even
when V(X)) attains the value E (return points).

More exact discussion of physical context of the results obtained by
extended decomposition method, in among others, quantum mechanics, will
be included in separate paper [9].

6. Resources

The computations was carried out by using Waterloo MAPLE 12 Software
on computers: MARS and SATURN (No. of grants MNiI /IBMp CyS21/
AP/057/2008 and MNil/Sun6800/ WSP/008/2005, correspondingly) in
ACK-Cyfronet AGH in Krakow.
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We take a convex pentagon R = ABCDE satisfying AB = BC, AE = ED and
/B = ZE = 7/2. By use of 4 pentagons congruent to R we make a fundamental
hexagon and give a tessellation of a Euclidean plane, which is called a tessel-
lation of tiling-type 4 by congruent pentagons. This tessellation has 3-valent
and 4-valent vertices. We study Dirichlet property for such tessellations of a
plane. We also consider similar tessellations by congruent original and reversed
pentagons which have fundamental regions made by 4 pieces and study their
Dirichlet property.

Keywords: Dirichlet tessellations; Even-valent vertices; Congruent pentagons;
Tiling-type 4; Fundamental region made by 4 pentagons.

1. Introduction

The aim of this paper is to study the Dirichlet property of some tessella-
tions by congruent convex polygons which have even-valent vertices. In the
preceding paper [5] we studied the Dirichlet property of periodic tessella-
tions by congruent quadrangles. We are hence interested in getting other
Dirichlet tessellations by congruent convex polygons.

Classifying patterns of tiling on a Euclidean plane by congruent convex

*The second author is partially supported by Grant-in-Aid for Scientific Research (C)
(No. 20540071) Japan Society of Promotion Science.
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polygons itself is an interesting problem. It was shown by Reinhardt [3] that
when we consider a convex polygon with n (> 7) edges then there are no
patterns of tiling on a plane all of whose tiles are congruent to this polygon.
For about tiling by convex triangles and tiling by convex quadrangles, there
are infinitely many patterns. But for tiling by convex pentagons and tiling
by convex hexagons their situations are not the same. It is known that there
are (at least) 14 types of tiling on a Euclidean plane by congruent convex
pentagons (see [4] for example).

Our meaning of “tessellation” which is due to Ash and Bolker [1] is
a bit different from the meaning of tiling (for detail see section 2). Being
different from a tiling, if two regions of a tessellation have an intersection
it should be either their vertices or their edges. But we can make use of
reversed polygons. In this sense tiling of types 1,2,3,10,11,12 and 14, are
not tessellations in the sense of [1] in general. In this paper, we restrict
ourselves on tessellations by congruent convex pentagons whose tiling-type
is 4 and some similar tessellations and study their Dirichlet property.

2. Dirichlet tessellations

A convex tessellation R = {R,} of a Euclidean plane R? is a family of
convex closed polygons which satisfies the following two conditions:

]‘) R2 = Ua Ra’
2) if Ry N R # 0, then this set R, N R is either an edge of each R, and
Rg or a vertex of each of them.

We do not arrow that a vertex of some region R, € R lies on an edge of
other region Rz where it is not a vertex of Rg. We call a convex tessellation
R = {Ra} of R? Dirichlet if there is a point P, € R, for each o and each
polygon R, coincides with the set

({P eR?|d(P,P,) < d(P,Ps)}.
o
These points {P,} are called cites of R.

It is an interesting problem to know when a convex tessellation is Dirich-
let. A vertex V of a convex tessellation R, which is a vertex of some R, € R,
is said to be n-valent if n edges of polygons in R meet at V. Under the as-
sumption that all vertices of a tessellation are odd-valent, Ash and Bolker
[1] gave a necessary and sufficient condition for this tessellation to be Dirich-
let. But if a tessellation contains an even-valent vertex, the situation is not
simple and we still do not have any general conditions. From probabilistic
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point of view, tessellations containing even-valent vertices are exceptional.
But from the viewpoint of applications it seems useful to treat tessellations
containing 4-valent vertices, if one imagines cages in a zoo. We hence study
tessellations with even-valent vertices whose regions are congruent to each
other. As we obtain Dirichlet tessellations by convex quadrangles in [5], we
investigate tessellations by congruent pentagons.

3. A tessellation of tiling-type 4 by congruent pentagons

We give tessellations by congruent pentagons whose tiling-type is 4 in
this section. Let R = ABCDE be a convex pentagon whose lengths of
edges satisfy AB = BC, DE = EA and whose angles at vertices satisfy
/B = /E = 7/2. In order to make a tessellation of a Euclidean plane R?, we
construct a “fundamental region” in the following manner. We take a pen-
tagon Ry = A1B1C1D;1E; which is congruent to R. We rotate Ry centered at
the vertex By with angle —7/2 and obtain a pentagon Ry = AsBaCoDoEs.
We also rotate original Ry centered at the vertex E; with angle w/2 and
obtain another pentagon Ry = A4B4C4D4Ey. Let Ry = A3B3C3sD3E3 be
a pentagon which is symmetric to R; with respect to the midpoint of the
edge C1D; (see Figure 2).

A BE=E,y
Dy
A
B E G
G
c
Dy _
D R A
Fig. 1. original pentagon Fig. 2. Fundamental region

Lemma 3.1. For about the region Ry U R U R3 U Ry we can conclude the
following:

(1) The pentagons Ra, Rs are adjacent to each other by the edge AsEs =
DsEs.

(2) The pentagons Rs, R4 are adjacent to each other by the edge AyBy =
C3Bs.

Proof. Since R is a convex pentagon and /B = ZE = 7/2, we find that
/A + Z/C + /D = 27. As we have AB = CB and AE = DE, we get our
conclusions. 0
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By this lemma we find that S = Ry U Ry U R3 U R4 forms a hexagon.
We shall call this S a fundamental region of our tessellation. We denote
S by FGHKMN, where vertices are named as F = A, G = Co, H = Do,
K = A3, M = C4, N = Dy. We here note that this fundamental region
S is symmetric with respect to the mid point of the edge C;D; = D3Cs.
Moreover, the motion which gives this symmetry preserves the partitions
by 4 pentagons. In particular, we have GH = MN (= CD). Thus if we take
hexagons S; = F,;G,H,K;M;N, (¢ = 0,+1,£2,...) which are congruent to
the fundamental region S so that G;H; = N;_1M;_1, then they form a
band. We consider infinitely many such bands. We note that these bunds
are congruent to each other by parallel translations. Since the angles of the
hexagon satisfy /F = /K = ZA, /G = /M = ZC, /H = 4N = /D, we
have

/F+/H+/M=mn, LG+ LK+ 4N =T.

As we have FG = MK (= 2AB) and FN = HK (= 2AE), we obtain a
tessellation R = {R,} of R? which consists of congruent pentagons by
using bands like Figure 3. This tessellation is said to be of tiling-type 4.

Fig. 3. Tessellation of tiling-type 4

We here note that all 3-valent vertices of this tessellation R are formed
by vertices corresponding to A, C and D. They are the same type in the
following sence: If R; UR2U R3 and ﬁl Uﬁg U}A%g form 3-valent vertices, then
they are congruent to each other with respect to parallel movements and
rotations. In order to see this we are enough to investigate at the vertices
in the inside of a fundamental region S and at vertices F,N € S. In view
of Figure 3, our assertion is clearly true. We also note that in R meeting
pairs of edges are uniquely determined in the following sense:

i) Edges corresponding to AB only meet with edges corresponding to CB,
ii) edges corresponding to CD only meet with edges corresponding to DC,
iii) edges corresponding to DE only meet with edges corresponding to AE.
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4. Dirichlet property

In this section we show our tessellation R of a Euclidean given in section 2
satisfies the Dirichlet condition.

Theorem 4.1. Let R = ABCDE be a conver pentagon satisfying AB =
BC, DE = EA and /B = ZE = 71/2. Let R be a tessellation of R? given in
section 2 all of whose regions are congruent to R. Then this tessellation R
of tiling-type 4 is Dirichlet. Cite for each R € R is uniquely determined.

For a Dirichlet tessellation with odd-valent vertices, positions of cites
are restricted by information on alternative sum of angles formed by edges
around odd-valent vertices (see [1]).

Lemma 4.1. There are three vertices Py, P1, Po and three edges OAg, OA;
and OAy which meet at the vertex O on R?. We suppose the line OA; is the
perpendicular bisector of the segment P;_1P;, where indices are considered
in modulo 3. We then have OPy = OP; = OP5 and

1
ZP;0A; = 5(91‘ —0it1 +6it2),

where 0; = ZA;OA;41.

Proof. We denote by Q; the crossing point of
edges P;_1P; and OA,;. As triangles AP;0Q;
and AP;_10Q; are congruent to each other, we
see OPy = OP; = OP, and

0; = ZP;OA; + ZP;110A, 1,

Fig. 4. Positions of cites
which leads us to the conclusion. O around 3-valent vertex

As was pointed out in section 2, in this tessellation every vertex of order
3 is a point where vertices corresponding to original A, C and D of R meet
(recall Figure 2). We hence consider on the original R. For the pentagon R
we take a ray A(A; R) which is emanating from A whose angle between the
edge AB is the half of the alternative sum 65 = (LA — ZD + ZC)/2 of the
angles around the vertex A, where we measure the angle anticlockwisely
from the edge AB. We also consider a ray A(C; R) which is emanating from
C whose angle between the edge CD is ¢ = (LC — ZA 4+ 4ZD)/2, and a
ray A(D; R) which is emanating from D whose angle between the edge DE
is Op = (4D — ZC + ZA)/2. Since R is convex, each angle is less than m,
hence these angles are positive because ZA + ZC + /D = 2.
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Lemma 4.2. Three rays AM(A; R), A\(C; R) and A(D; R) meet at one point
in R. If we denote this point by P, then it satisfies PA = PC = PD and it
lies in the interior of R.

Proof. The angle between the ray A(C; R) and the edge CD is 0, and the
angle between the ray A\(D; R) and the edge CD is /D —0p = 6. As AB =
BC, DE = EA and /B = ZE = /2, we find ZA > /ZBAC + /DAE = /2.
Hence we have

Oc + (LD —0p)=/C— A+ /D=2r—2/A <.

We therefore see that two rays A(C; R), A(D; R) meet at some point. We

denote this point by P’. Since ZP’CD = /P’DC = f¢, we have P’C = P'D.
Draw a circle 7 of radius P’C centered at P’.

As AB = BC, DE = EA and /B = /E = /2, we

see that (‘
/CAD = /A — Z/BAC — /DAE = ZA——

On the other hand, we have
LCP'D=7m—20c=m— (2nr —24A) = 2/A — 7. Fig. 5.

We hence get ZCP'D = 2/CAD and therefore find that the vertex A lies
on the circle 7. In particular, we have P’A = P’C. Moreover, we have

/BAP' = /P'CA + % — /C— 0o =04,

hence P’ lies on the ray A(A; R). Thus we find three rays meet at the point
P’ = P. As R is convex, by the way of taking three rays we find it lies in
the interior of R. O

We are now in the position to prove Theorem 4.1. For each region R, €
R we take the point P, € R, corresponding to the point P € R. This
means that (Rs,P,) is pointed congruent to (R, P). More precisely, there
is a congruent transformation ¢ : R, — R satisfying (P, ) = P.

For the sake or readers’ convenience, we shall start by studying inside the
fundamental region S = Ry URoU R3U Ry (recall Figure 2). We consider Ry
and Ry. By Lemma 4.2 we have P1C; = PyA,. As Ay = C; and ZP,C B, =
ZC — O = 05 = ZP2A5Bs, we find the line B1C; is the perpendicular
bisector of the segment P1Ps. Next we consider R; and R4 by the same
way. By Lemma 4.2 we have P1D; = P4A;. As Ay = D; and ZP,A4E, =
/A — 0y = 0p = £ZP1D1Eq, we find the line D1E; is the perpendicular
bisector of the segment P1P4. Hence we also obtain the following;
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e the line AsE5 is the perpendicular bisector of the segment PoP3,
e the line B3C3 is the perpendicular bisector of the segment P3Py.

We consider R, and R3. As we have PC = PD and /PCD = /PDC, we
find the line C1D; is the perpendicular bisector of the segment P1Ps5.

Next we study P,’s beyond the boundary of a fundamental region. Sup-
pose that Rs € R is adjacent to R; by the edge A1B; = C5;Bs5, and that
Rs € R is adjacent to Ry by the edge A1E; = DgEg. Since the situation of
Ry, R5 and Rg is completely the same as the situation of Ro, Ry and Rg,
we find the following;

e the line A1B; is the perpendicular bisector of the segment PPs,
e the line A1E; is the perpendicular bisector of the segment P;Pg,
e the line C5Dj is the perpendicular bisector of the segment P5Pg.

These guarantee that R is Dirichlet with cites {P,}. The uniqueness of
choosing cites is guaranteed by Lemma 4.1 because each R € R has three
3-valent vertices. We hence get our conclusion.

Fig. 6. Cites in tessellations of tiling-type 4

5. A tessellation of semi-tiling type 4

We consider another tessellation of a plane by congruent pentagons whose
pattern of tiling is closely related to that of a tessellation of tiling-type 4.
Let R" = ABCDE be a convex pentagon satisfying

AB = BC = DE = EA and 4B + ZE = 7. Since A

ZA + ZC+ £ZD = 27, we can construct a fundamental B

region S = R} U R, U R, U R) by just the same way as E
in section 2. When /B # /2, this fundamental region
is a decagon, but we can obtain a bund of fundamental
regions in the same manner. We take two bunds and Fig. 7.
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reverse one of them. We then obtain a thick bund like Figure 7, hence get

a tessellation R’ = {R.,} of R2.

Fig. 8. Tessellation made by original and reversed fundamental regions

Unfortunately, this tessellation R’ is essentially not Dirichlet. We should
note that we have two types of 3-valent vertices in general. One is the type
of vertices in the inside of a fundamental region, and the other is the type
of some vertices on the boundary of a fundamental region. More precisely,
there are R} U R, U Ry and R} U R, U R}, which form 3-valent vertices
and which are congruent to each other with respect to parallel movements,
rotations and axial symmetries but not congruent to each other with respect
to parallel movements and rotations. We also note that in R’ meeting pairs
of edges are uniquely determined. For example, edges corresponding to AB
meet either edges corresponding to CB or edges corresponding to DE.

Proposition 5.1. A tessellation R’ which is obtained by the above manner
is Dirichlet if and only if the original pentagon R’ satisfies /B = /E = /2.

Proof. We consider in R]. Since C1, Dy lie in the inside of the fundamental
region S, we take two rays A\(Cq; R}) and A(Dy; R}) which are the same as
in Lemma 4.2. As we can see in Figure 8, because A; lies on the boundary
of S, we have to consider a ray A(A1; R1) whose angle between the edge
A1By is (LA—ZC+ £D)/2. In view of the proof of Lemma 4.2, these three
rays meet at one point if and only if ZC = ZD. By the assumption that
AB = BC = DE = EA we find that /B = ZE and get the conclusion. O

This proposition shows that a tessellation R’ in this section is Dirichlet if
and only if it can be regard as the type in section 2. Though the tessellation
in section 2 and for the above tessellation contain 4-valent vertices, their
Dirichlet property and their cites are determined by 3-valent vertices.

6. Other tessellations by congruent pentagons

Since we can reverse tiles we can consider many such patterns of tiling. We
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here give some examples of patterns of tiling on a plane by congruent pen-
tagons which have a fundamental region made by 4 original pentagons, and
consider their Dirichlet property.

As for the first example, we take a convex pentagon R’ = ABCDE
whose lengths of edges satisfy AB = CD = DE = EA and whose angles
satisfy 2/A + ZE = 2%, 2/B + /D + Z/E = 27, 2/C + /D = 27. We
construct a fundamental region in the following manner. We take a pentagon

! = A;B1C1D1E; which is congruent to R”. Let Ry = A3B2C3DsEs be a
pentagon which is symmetric to R} with respect to the line B;C; = B2Cs
and RY = A3B3C3D3E3 be a pentagon which is symmetric to R} with
respect to the mid point of the edge C1D; = D3Cj3. Let
R} = A4B4C4D4E,4 be a pentagon which is symmetric to

4 with respect to the line B3Cs = B4C4. We note that g E
the faces of Ry and R} are the reverse of the face of RY.
By the assumption that CD = DE and 2/C + ZD = 27
we find these 4 pentagons form a region like Figure 10.

A

Cc

We can make a bund of fundamental regions by just the Fig. 9.

same way as in section 2. We take two bunds and reverse one of them. As
AB = DE = EA and 2/B+ /D + ZE = 2x, 2/A + /E = 27, we can obtain
a thick bund like Figure 11, hence we obtain a tessellation R” = {R/} of

R2.
E
A

Fig. 11. Tessellation made by original and
Fig. 10. Fudamental region reversed fundamental regions

Proposition 6.1. A tessellation R" which is obtained by the above manner
is mot Dirichlet.

Proof. We suppose this tessellation R” to be Dirichlet. We take pentagons

Y, Ry, RY and R} as we mentioned above. Let R = A5;B5C5D5E5 be a
pentagon which is adjacent to R{ by the edge A1B; = EsDs. Let Rf =
AeBsCsDgEg be a pentagon which is adjacent to RY by the edge AsBy =
AgEg and is adjacent to RY by the edge C5D5 = DgEg. We denote by
P, (i=1,2,...,6) the cites of these pentagons.
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Since A1, C1, D are 3-valent in this tessellation, calculating alternative
sums in Lemma 4.1 at these vertices we find that

/P1C1Dy = /P1D1Cy = LP1D1Ey = ZD/2, /P1A1By = ZE/2.

On the other hand, it is clear that two pairs (R}, P1), (RS, P2) and (RY, P3),
(R),P4) are pointed congruent to each other. In view of their 3-valent
vertices, we see by Lemma 4.1 that (R}, P1), (RS, P3) are pointed congruent
to each other. Since a fundamental region R} URYURYUR) of R” contains
two 3-valent vertices in its interior, cites are uniquely determined. Recalling
the way of constructing the tessellation we hence find (R}, P;) (i =1,...,6)
are pointed congruent to each other. As we suppose R” to be Dirichlet, we
have

/P1E1D1 = £P4D4Cy, £P1B1A1 = LP5D5E5, £ZPsBoAs = Z/PsEgAs.
Therefore we see
/P1B1Ay = /P1E1Ay = /P1E1Dy = £D/2,

which leads us to ZD = ZE and hence to ZP1A1B; = ZD/2. As we have
A1B; = C1D; = D1 Eq, these equalities on angles show that three triangles
AP1A1B1, AP1C1Dq, AP1D;E; are congruent to each other. Thus we have

P1A1 = P1B1 = P1(31 = P1D1 = PlEl.

We hence find /P1B;C; = ZP;C1B; and therefore /B = ZC. By use of
the assumption that 2/B + ZD + ZE = 27, 24C + ZD = 2w, we have
/E = 0, which is a contradiction. O

As for the second example, we take a convex pentagon R’ = ABCDE
whose lengths of edges satisfy AB = DE, BC = EA and A

whose angles satisfy /B+ /ZE = 7. We take 4 pentagons 2
R/ = A;B;C;D;E; (i = 1,2,3,4) which are congruent B

to R"'. Two pentagons R{’, RY' are adjacent to each

other by the edge C;D; = D3C3 and are symmetric to c D
each other with respect to the mid point of this edge. Fig. 12.

We reverse the tiles Ry’ and R})’. By the condition on angles we have ZA +
/D + /E = 2x. Therefore with the conditions on lengths of edges, we
can construct a fundamental region by 4 pentagons like Figure 13: R}’ is
adjacent to R}’ by the edge B1C; = EsAs and R)’ is adjacent to R{" by
the edge D1E; = A4By. We can make a bund of fundamental regions by
just the same way as in section 2. By the conditions on lengths of edges
and on angles we can obtain a tessellation R"’ of R? by use of such bunds
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without reversing them (see Figure 14). This tessellation R”’ has a similar
property as of tessellations of tiling-type 4. In R"’ meeting pairs of edges
are uniquely determined:

i) Edges corresponding to AB only meet with edges corresponding to DE,
ii) edges corresponding to BC only meet with edges corresponding to EA,
iii) edges corresponding to CD only meet with edges corresponding to DC.

But being different from tessellation of tiling-type 4, it has two types of
3-valent vertices; vertices in the interior and those on the boundary of a
fundamental region.

Fig. 13. Fudamental region Fig. 14.

Theorem 6.1. A tessellation R which is obtained by the above manner
is Dirichlet if and only if /B = /E = w/2. When R is Dirichlet, its cites
are uniquely determined.

Proof. We suppose R” is Dirichlet. We take pentagons R’ R}’ and R}’
as we mentioned above. In view of 3-valent vertices in these pentagons,
Lemma 4.1 shows that (RY",P1), (R}, Pa), (R}’,P4) are pointed congruent
to each other. Since R’ is Dirichlet, we have

ZP1B1Cy = £PsEsAg, /P1E1Dy = ZP4ByAy,

which gurantee that ZP1B1C1 = 4P1E1A1, 4P1B1A1 = ZPlElDl. Thus
we obtain /B = ZE. As /B + ZE = 7, we get /B =
LE =7/2.

We now show the converse. We suppose /B =
/E = /2. With the conditions AB = DE, BC = EA
this condition on angles shows two triangles AABC
and ADEA are congruent to each other. In particular,
we see AC = AD and ZBAC = ZEDA. Let P € R
be the center of circumcircle of the triangle AACD.
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We shall show that points corresponding to P are cites of our tessellation
R". We study Dirichlet property of R” at 3-valent vertices each of which
is formed by vertices corresponding to A, C and D. Since P is the center of
circumcircle of AACD, we have PA = PC = PD. This gurantees that

/PAC = /PCA, /PAD = /PDA, /PCD = /PDC.
As AACD is an isosceles triangle, we have /ZPAC = ZPAD, hence we obtain

/PAB = /PAC + ZBAC = Z/PDA + ZEDA = /PDE,

/PAE = Z/ZPAD + /DAE = /PCA + ZACB = /PCB.
Next we study at 4-valent vertices each of which is formed by vertices
corresponding to B and D. By use of the condition AB = DE and equalities

PA = PD and /PAB = /PDE, we obtain two triangles APAB and APDE
are congruent to each other. Hence we get PB = PE and

/PBA = /PED, /PBC = g — /PBA = g — /PED = /PEA.

For each pentagon R. € R" we take a point P, € R/ corresponding to
P € R"”. The above argument shows that these {P,} are cites of R”'. O

Fig. 16. Cites in a tessellation of the type in Theorem 6.1
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Introduction

Almost complex manifolds with Norden metric were first studied by
A. P. Norden [9]. These manifolds are introduced in [6] as generalized B-
manifolds. A classification of the considered manifolds with respect to the
covariant derivative of the almost complex structure is obtained in [2] and
two equivalent classifications are given in [3,5].

An important problem in the geometry of almost complex manifolds
with Norden metric is the study of linear connections preserving the almost
complex structure or preserving both, the structure and the Norden metric.
The first ones are called almost complex connections, and the second ones
are called natural connections. A special type of a natural connection is the
canonical one. In [3] it is proved that on an almost complex manifold with
Norden metric there exists a unique canonical connection. The canonical
connection and its conformal group on a conformal Kéhler manifold with
Norden metric are studied in [5].

In [10] we have studied the Yano connection on a complex manifold with
Norden metric and in [11] we have proved that the curvature tensors of
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the canonical connection and the Yano connection coincide on a conformal
Kéhler manifold with Norden metric.

In the present paper we define a four-parametric family of almost com-
plex connections on an almost complex manifold with Norden metric. We
find necessary and sufficient conditions for these connections to be natural.
By this way we obtain a two-parametric family of natural connections on an
almost complex manifold with Norden metric. We study a two-parametric
family of complex connections on a conformal Kahler manifold with Nor-
den metric, obtain the form of the Kéhler curvature tensor corresponding
to each of these connections and prove that these tensors coincide.

1. Preliminaries

Let (M, J,g) be a 2n-dimensional almost complex manifold with Norden
metric, i.e. J is an almost complex structure and ¢ is a metric on M such
that

X =-X, g(JX,JY)=—g(X,Y) (1)

for all differentiable vector fields X, Y on M, ie. X,Y € X(M).

The associated metric g of g, given by g(X,Y) = ¢g(X, JY), is a Norden
metric, too. Both metrics are necessarily neutral, i.e. of signature (n,n).

Further, X, Y, Z, W (z,y, z,w, respectively) will stand for arbitrary dif-
ferentiable vector fields on M (vectors in T, M, p € M, respectively).

If V is the Levi-Civita connection of the metric g, the tensor field F
of type (0,3) on M is defined by F(X,Y,Z) = g((VxJ)Y,Z) and has the
following symmetries

F(X,Y,Z)=F(X,2,Y)=F(X,JY,JZ). (2)

Let {e;} (i = 1,2,...,2n) be an arbitrary basis of T, M at a point p
of M. The components of the inverse matrix of g are denoted by ¢g* with
respect to the basis {e;}. The Lie 1-forms 6 and 6* associated with F, and
the Lie vector €2, corresponding to 6, are defined by, respectively

0(z) = g F(e;, ej, 2), 0* =00 J, 0(z) = g(z,Q). (3)

The Nijenhuis tensor field N for J is given by N(X,Y) = [JX,JY] —
[X,Y]-J[JX,Y]-J[X, JY]. The corresponding tensor of type (0,3) is given
by N(X,Y,Z) = g(N(X,Y), Z). In terms of V.J this tensor is expressed in
the following way

N(X,Y) = (VxJ)JY — (Vy )JX + (Vyx J)Y — (Vyy )X, (4)
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It is known [8] that the almost complex structure is complex if and only if
it is integrable, i.e. N = 0. The associated tensor N of N is defined by [2]

N(X,Y):(VXJ)JY+(VYJ)JX+(VJXJ)Y+(VJYJ)X, (5)

and the corresponding tensor of type (0,3) is given by N (X,Y,Z) =
g(N(X,Y), 2).

A classification of the almost complex manifolds with Norden metric is
introduced in [2], where eight classes of these manifolds are characterized
according to the properties of F. The three basic classes W; (i = 1,2,3)

and the class Wy @ W, are given by

e the class Wy:
F(X,)Y,Z)= % [¢(X,Y)0(Z) 4+ g(X,JY)0(JZ) ©)
+9(X, 2)0(Y) + g(X,JZ)0(JY)];

e the class Wy of the special complex manifolds with Norden metric:
FX\)Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY)=0, 6=0; (7)
e the class W5 of the quasi-Kdhler manifolds with Norden metric:
F(X,Y,Z)+ F(Y,Z,X)+ F(Z,X,Y)=0< N = 0; (8)
e the class Wy & W, of the complex manifolds with Norden metric:
FX,Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY)=0< N =0. 9)

The special class Wy of the Kdhler manifolds with Norden metric is char-
acterized by F' = 0.

A W;i-manifold with closed Lie 1-forms 6 and 6* is called a conformal
Kahler manifold with Norden metric.

Let R be the curvature tensor of V, ie. R(X,Y)Z = VxVyZ —
VyVxZ —Vxy)Z and R(X,Y, Z,W) =g (R(X,Y)Z,W).

A tensor L of type (0,4) is said to be curvature-like if it has the
properties of R, i.e. L(X,Y,Z, W) = —L(Y, X, Z, W) = —L(X,Y,W, Z),
LX) Y, Z W)+ L(Y,Z, X, W)+ L(Z,X,Y,W) = 0. Then, the Ricci tensor
p(L) and the scalar curvatures 7(L) and 7%(L) of L are defined by:

p(L)(y’Z) = gijL(ei,y,Z,ej),
(L) = g"p(L)(eise;), (L) =g p(L)(ei, Jej).

A curvature-like tensor L is called a Kahler tensor if L(X,Y,JZ, JW) =
~L(X,Y, Z,W).

(10)
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Let S be a tensor of type (0,2). We consider the following tensors [5]:
+9(X,W)S(Y, Z) — g(Y, W)S(X, Z),
+9(X, IW)S(Y, JZ) — g(Y, JW)S(X, ] Z),

M=) m=se() me= (@) = (@)

The tensor 91 (S) is curvature-like if S is symmetric, and the tensor 12(5)
is curvature-like is S is symmetric and hybrid with respect to J, i.e.
S(X,JY)=S(Y,JX). The tensors m; — w2 and 73 are Kéhlerian.

2. Almost complex connections on almost complex
manifolds with Norden metric

In this section we study almost complex connections and natural connec-
tions on almost complex manifolds with Norden metric. First, let us recall
the following

Definition 2.1 ([7]). A linear connection V' on an almost complex man-
ifold (M, J) is said to be almost complex if V'J = 0.

Theorem 2.1. On an almost complex manifold with Norden metric there
exists a 4-parametric family of almost complex connections V' with torsion
tensor T defined by, respectively:

g(VxY —VxY,2)

1
= 5F(X, Y, 2) + . {F(Y. X, Z) + F(JY,]X. Z)}

12
+0{F(Y,JX,Z) - F(JY,X,Z)} + t3{F(Z,X,Y) -
+F(JZ,JX,Y)} +ta{F(Z,JX,Y) - F(JZ,X,Y)},
T(X,Y,Z)
=t {F(Y,X,Z) - F(X,Y,Z)+ F(JY,JX,Z) - F(JX,JY,Z)}
(13)

1
+ (5 —tg){F(X, JY,Z) - F(Y,JX, Z)} +t2{F(JX, Y, Z)
—F(JY7X7Z)}+2t3F(JZ, JX)Y)+ 204 F(Z,JX,Y),
where t; e R, 1=1,2,3,4.

Proof. By (12), (2) and direct computation, we prove that V'J = 0, i.e.
the connections V' are almost complex. O
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By (8) and (9) we obtain the form of the almost complex connections
V'’ on the manifolds belonging to the classes W; @ W, and Wj as follows,
respectively

Corollary 2.1. On a complex manifold with Norden metric there exists a
2-parametric family of complex connections V' defined by

1
VY =VxY + i(VXJ)JY
+p{(VyJ)X + (VJyJ)JX} + q{(VyJ)JX — (VJyJ)X},
where p =t1 +t3, q = to + t4.

(14)

Corollary 2.2. On a quasi-Kdhler manifold with Norden metric there ex-
ists a 2-parametric family of almost complex connections V' defined by

1
VY =VxY + =(VxJ)JY
X XY +5(VxJ) (15)
+ S{(VyJ)X + (VJYJ)JX} + t{(VyJ)JX - (VJyJ)X},
where s =t —t3, t =ty — 4.
Definition 2.2 ([3]). A linear connection V' on an almost complex man-
ifold with Norden metric (M, J,g) is said to be natural if

VJI=Vg=0 (&Vg=Vg=0). (16)

Lemma 2.1. Let (M,J,g) be an almost complex manifold with Norden
metric and let V' be an arbitrary almost complex connection defined by
(12). Then

(Vig) (Y. 2) = (t2 + ta) N(Y, Z,X) = (11 + t3)N(Y, Z, T X),
(V) (Y, Z2) = —(t1 +t3)N(Y, Z,X) — (t2 + t))N(Y, Z, J X).
Then, by help of Theorem 2.1 and Lemma 2.1 we prove

Theorem 2.2. An almost complex connection V' defined by (12) is natural
on an almost complex manifold with Norden metric if and only if t1 = —t3
and tog = —ty, i.e.

1
! — = —
9(ViY = VxY.Z) = JF(X, Y, 2) 8)

+ 8 N(Y,Z,JX) — t2N(Y, Z, X).

The equation (18) defines a 2-parametric family of natural connections on
an almost complex manifold with Norden metric and non-integrable almost
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complex structure. In particular, by (8) and (17) for the manifolds in the
class W3 we obtain

Corollary 2.3. Let (M, J,g) be a quasi-Kdhler manifold with Norden met-
ric. Then, the connection V' defined by (15) is natural for all s,t € R.

If (M, J,g) is a complex manifold with Norden metric, then from (9)
and (18) it follows that there exists a unique natural connection V' in the
family (14) which has the form

1
XY = VxY + 5 (VxJ)JY. (19)

Definition 2.3 ([3]). A natural connection V' with torsion tensor T on
an almost complexr manifold with Norden metric is said to be canonical if

T(X,Y,Z)+T(Y,2,X)-T(JX,Y,JZ)-T(Y,JZ,JX)=0.  (20)

Then, by applying the last condition to the torsion tensors of the natural
connections (18), we obtain

Proposition 2.1. Let (M, J, g) be an almost complex manifold with Norden
metric. A natural connection V' defined by (18) is canonical if and only if
t1 =0, t2 = 5. In this case (18) takes the form

1
29(ViY — VxY,Z) = F(X,JY.Z) - IN(Y. Z.X).

Let us remark that G. Ganchev and V. Mihova [3] have proven that
on an almost complex manifold with Norden metric there exists a unique
canonical connection. The canonical connection of a complex manifold with
Norden metric has the form (19).

Next, we study the properties of the torsion tensors (13) of the almost
complex connections V’.

The torsion tensor T of an arbitrary linear connection is said to be
totally antisymmetric it T(X,Y,Z) = g(T(X,Y), Z) is a 3-form. The last
condition is equivalent to

T(X,Y,Z) = -T(X,Z,Y). (21)

Then, having in mind (13) we obtain that the torsion tensors of the almost
complex connections V' defined by (12) satisfy the condition (21) if and
onlyif t1 =ty =t3=0, t4y = i. Hence, we prove the following

Theorem 2.3. Let (M, J,g) be an almost complex manifold with Norden
metric and non-integrable almost complex structure. Then, on M there ex-
ists a unique almost complex connection V' in the family (12) whose torsion
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tensor is a 3-form. This connection is defined by

9(VxY = VxY,Z)
1 (22)
= (2F(X.JY.2) + F(Z.JX.Y) - F(JZ,X,Y)}.

By Corollary 2.2 and the last theorem we obtain

Corollary 2.4. On a quasi-Kdhler manifold with Norden metric there ex-
ists a unique natural connection V' in the family (15) whose torsion tensor
is a 3-form. This connection is given by

ViY = VY + i{2(VXJ)JY —(Vy )X + (Vo )X} (23)

Let us remark that the connection (23) can be considered as an ana-
logue of the Bismut connection [1,4] in the geometry of the almost complex
manifolds with Norden metric.

Let us consider symmetric almost complex connections in the family
(12). By (13) and (4) we obtain

T(X,Y)-T(JX,JY) = %N(X, Y). (24)

From (24), (13) and (4) it follows that T = 0 if and only if N = 0 and
t1=1t3=14=0, 1ty = i. Then, it is valid the following

Theorem 2.4. Let (M, J,g) be a complex manifold with Norden metric.
Then, on M there exists a unique complex symmetric connection V' belong-
ing to the family (14) which is given by

ViY =VxY + %{(VXJ)JY +2(VyJ)JX - (Vyx J)Y}. (25)

The connection (25) is known as the Yano connection [12,13].
We give a summery of the obtained results for the 4-parametric family
of almost complex connections V' in the following Table.

3. Complex connections on conformal Kéahler manifolds
with Norden metric

Let (M, J,g) be a Wi-manifold with Norden metric and consider the 2-
parametric family of complex connections V' defined by (14). By (6) we



238 M. Teofilova

Class manifolds

Connection type W1 & Wo & W3 Wi @ Wa Ws

almost complex  t1,t2,t3,t4 € R p,q €ER s,teR

natural t = —t3, p=q=0 s, teR
tg = —t4

canonical t1 =t3=0, p=¢qg=20 s=0,t=1/4
ty = —ty =1/8

T is a 3-form ti =ty =t3 =0, 7 s=0,t=-1/4
ty=1/4

symmetric A p=0,q=1/4 7

obtain the form of V/ on a W;-manifold as follows
1
VY =VxY + —{g X, JY)Q — g(X,Y)JQ +0(JY)X
—0()IX} + 2{0X)Y +0(IX)IY} + L{(IX)Y —0(x)JY ).
(26)
Then, by (26) and straightforward computation we prove

Theorem 3.1. Let (M, J,g) be a conformal Kdhler manifold with Norden
metric and V' be an arbitrary complex connection in the family (14). Then,
the Kdhler curvature tensor R’ of V' has the form

, 1 1 0(Q
R =R-— R{wl + 2 }(S) — W%( ) — T6n2
where S and P are defined by, respectively:
S(X,Y) = (Vx0)JY + %{9(){)9(1/) —0(JX)0(JY)},
PX,Y)=60(X)0(Y)+0(JX)(JY).

0(J)
16n2 "

{3 1+ 2}+

(27)

By (26) we prove the following

Lemma 3.1. Let (M, J,g) be a Wy-manifold and V' be an arbitrary com-
plex connection in the family (14). Then, the covariant derivatives of g and
g are given by

(Viea) (V,2) = 2 {[p(X) + a0 X)] (¥, 2)

+ pATX) — g0(X)]g(Y, I 2)}
(Vd) (Y, 2) == {[ph(1X) — ab(X)] 4(¥, 2)

— [pO(X) +q0(J X)) g(Y, JZ)} .
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It is well-known [7] that the curvature tensor R’ and the torsion tensor
T of an arbitrary linear connection V' satisfy the second Bianchi identity,
ie.

X,?Z{ (VXR)(Y,Z W)+ R(T(X,Y),Z,W)} =0, (29)

where G is the cyclic sum over X,Y, Z.
From (26) it follows that the torsion tensor of an arbitrary connection
V' in the family (14) has the following form on a W;-manifold

T(X,Y) =

(X)JY — 0(Y)JX — 0(JX)Y +0(JY)X}
+ % (0(X)Y —0(Y)X +0(JX)JY —0(JY)JIX}.
Let us denote 7/ = 7(R’) and 7"* = 7*(R’). We establish the following

Theorem 3.2. Let (M, J,g) be a conformal Kdihler manifold with Norden
metric, and ™ and T'* be the scalar curvatures of the Kdahler curvature
tensor R’ corresponding to the complex connection V' defined by (14). Then,
the function ™" + i7'* is holomorphic on M and the Lie 1-forms 6 and 6*
are defined in a unique way by T’ and T* as follows:

/
0 =2nd (arctan %) , 0" = —2nd (ln VT2 + 7-’*2) . (31)
T
Proof. By (29) and (30) we obtain
(V’XR’) (Y Z,W) + (Vi R)(Z, X, W) + (VR (X,Y,W)
X)R'(JY,Z,W) —0(JX)R(Y,Z,W) —0(Y)R (JX,Z,W)
+ 9(JY)R’(X ZW)+0(Z2)R (JX,Y,W) - 0(JZ)R (X,Y,W)}

{9 X)R'(Y,Z,W) +0(JX)R'(JY,Z,W) — 0(Y)R'(X, Z,W)

— G(JY)R’(JX, ZW)+0(Z)R (X, Y, W)+ 0(JZ)R' (JX,Y, W)}
(32)
Then, having in mind the equalities (28) and their analogous equalities for
g%, we find the total traces of the both sides of (32) and get

dr’ = %{T/*H — 70"}, dr"™ = —%{T’G + 776" . (33)

From (33) it follows immediately that d7’* o J = —d7’, i.e. the function
7’ 4 i7" is holomorphic on M and the equalities (31) hold. O
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Coherent states (CS) for non-Hermitian systems are introduced as eigenstates
of pseudo-Hermitian boson annihilation operators. The set of these CS includes
two subsets which form bi-normalized and bi-overcomplete system of states.
The subsets consist of eigenstates of two complementary lowering pseudo-
Hermitian boson operators. Explicit constructions are provided on the example
of one-parameter family of pseudo-boson ladder operators. The wave functions
of the eigenstates of the two complementary number operators, which form
a bi-orthonormal system of Fock states, are found to be proportional to new
polynomials, that are bi-orthogonal and can be regarded as a generalization of
standard Hermite polynomials.
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1. Introduction

In the last decade a growing interest is shown in the non-Hermitian PT-
symmetric (or pseudo-Hermitian) quantum mechanics. For a review with an
enlarged list of references see the recent papers [1,2]. This trend of interest
was triggered by the papers of Bender and coauthors [3], where the Bessis
conjecture about the reality and positivity of the spectrum of Hamiltonian
H = p? + 2% + iz® was proven (‘using extensive numerical and asymptotic
studies’) and argued that the reality of the spectrum is due to the unbroken
PT-symmetry. The Bessis-Zinn Justin conjecture about the reality of the
spectrum of the PT-symmetric Hamiltonian p? — (ix)?” for v > 1 has been
proven in Ref. 4. A criterion for the reality of the spectrum of non-Hermitian
PT-symmetric Hamiltonians is provided in Ref. 5. Mustafazadeh [6] has
soon noted that all the PT-symmetric non-Hermitian Hamiltonians studied
in the literature belong to the class of pseudo-Hermitian Hamiltonians. A
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Hamiltonian H was said to be pseudo-Hermitian if it obeys the relation [6]
H# :=n~'H'y = H, (1)

where 7 is an invertible Hermitian operator. H# was called n-pseudo-
Hermatian conjugate to H, shortly n-pseudo-adjoint to H. The PT-
symmetric Hamiltonian H = p? — (iz)?”, examined in Refs. 3,4, obeys (1)
with 7 equal to the parity operator P. The spectrum of a diagonalizable
pseudo-Hermitian H is either real or comes in complex conjugate pairs. A
diagonalizable (non-Herimitian) Hamiltonian H has a real spectrum iff it is
pseudo-Hermitian with respect to positive definite 7 [7]. In terms of P and
T operations the reality of the spectrum of H occurs if the PT symmetry is
exact (not spontaneously broken) (see e.g. Refs. 1,2 and references therein).
In fact many of the later developments in the field are anticipated in the
paper by Scholtz et al [8] (see comments in Ref. 1).

In the present paper we address the problem of construction of pseudo-
Hermitian boson (shortly pseudo-boson) creation and annihilation opera-
tors and related Fock states and coherent states (CS). For pseudo-fermion
system ladder operator CS have been introduced by Cherbal et al [11]
on the example of two-level atom interacting with a monochromatic em
field in the presence of level decays. For non-Hermitian PT-symmetric sys-
tem CS of Gazeau-Klauder type have been constructed, on the example
of Scarf potential, by Roy et al [9]. Annihilation and creation operators in
non-Hermitian (supersymmetric) quantum mechanics were considered by
Znojil [13]. For the bosonic PT symmetric singular oscillator (which de-
picts a double series of real energy eigenvalues) [14] ladder operators and
eigenstates of the annihilation operators have been built up by Bagchi and
Quesne [15]. Our main aim here is the construction of overcomplete fami-
lies (in fact bi-overcomplete) of ladder operator CS for pseudo-bosons. The
problem of pseudo-boson ladder operators is considered in section 2. In the
third section we consider the construction of eigenstates of pseudo-boson
number operators. The pseudo-boson CS are introduced and discussed in
section 4. Explicit example of pseudo-boson ladder operators and related
eigenstates is provided and briefly commented in section 5. Outlook over
the main results is given in the Conclusion.

2. Pseudo-boson ladder operators

With the aim to construct pseudo-Hermitian boson (shortly pseudo-boson)
coherent states (CS) we address the problem of ladder operators that are
pseudo-adjoint to each other. In analogy with the pseudo-Hermitian fermion
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(phermion) annihilation and creation operators [10] the n-pseudo-boson lad-
der operators b, b# := n~'bT7 can be defined by means of the commutation
relation

[b,07] = bb* — bFb = 1. (2)

If n = 1 the standard boson operators a, a' are recovered.
From (2) it follows that the pseudo-Hermitian (pseudo-selfadjoint) op-
erator b#b = N commutes with b and b# according to

[b, N] =b, [b#, N] = —b¥, (3)

and could be regarded as pseudo-boson number operator. For a pair of non-
Hermitian operators b, b with commutator [b, l~J] = 1, the existence of ) such
that b = n~ bty = b#, stems from the existence of b-vacuum. We have the
following

Proposition 2.1. If the operators b and b and a state |0) satisfy
[b,b] =1,  bj0)=0, (4)
then b is n-adjoint to b with

n=_ ln)(@nl, ()
n=0
where |, are eigenstates of N' = bibT.

Proof. Note first that the non-Hermitian operator N = bb is diagonalizable
and with real and discrete spectrums. It’s eigenstates can be constructed
acting on the b-vacuum by the operators b correspondingly (see the next
section). The spectrum of a diagonalizable non-Hermitian operator H is
real iff H is n-pseudo-Hermitian (theorem of Ref. 6), and this n may be
chosen as a sum of projectors onto the eigenstates of H' [6]. In our cases
H =N and HT = Nt = bTb!. This ends the proof of the Proposition. O

For the sake of completeness however we provide in the next section the
construction (and brief discussion) of the eigenstates of N, N'.

Remark 2.1. A similar Proposition can be formulated and proved for a
pair of non-Hermitian nilpotent operators g, §, g?> = 0 with anticommutator

{9,§} = 1: just replace b, b, [b,b] with g, g, {g,d}-



244 D.A. Trifonov

3. Pseudo-boson Fock states

The eigenstates of pseudo-boson number operators N = bb can be con-
structed by acting on the ground states |0) by the raising operator b:

1 In

However in view of b # bT these number states are not orthogonal. It turned
out that a complementary pair of pseudo-boson ladder operators and num-
ber operator exist, such that the system of the two complementary sets
of number states form the so-called bi-orthogonal and bi-complete sets. In-
deed, if b is creating operator related to b, then, on the symmetry ground,
we could look for new operators b’ for which b' is the creating operator,

v, b1 =1. (8)

The pairs of “prime”-ladder operators b’, b'f is just bf, bf, and the “prime”
number operator is

N = v = b'pt. (9)

The eigenstates of N’ are constructed in a similar way acting with b on
the b'-vacuums |0):

1
|50n> - ﬁ

The existence of the b’-vacuum |0)" = |pg) follows from the properties of
the pseudo-Hermitian operators H with real spectra [6,7]: the spectrum of
H and H' coincide since they are related via a similarity transformation.
In our case H = bb, HT = bTb! = b1V,

Using the commutation relations of the above described ladder operators
one can easily check that if (0|0)’ = 1 then the “prime” number-states |¢y,)
are bi-orthonormalized to |¢y,) (that is (¥ |@m) = dnm), and form together
the bi-complete system of states {|1n), |¢n)}:

D ldn) (pal = 1= lpn) (vl (11)

(b')"10)" (10)

The set {|1n), |pn)} can be called the set of Fock states for pseudo-
Hermitian boson system (shortly pseudo Fock states). In terms of the pro-
jectors on these states the pseudo-boson ladder operators b, b can be rep-
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resented as follows

b= Z \/ﬁ|¢n—1> <<Pn|, l; = Z \/ﬁ|¢n> <(Pn—1|7

(12)
b = Z \/ﬁ|(p”_1> <1/)n|a bt = Z \/ﬁ|‘pn> <¢n—1|-

Now consider the operator [6]
n=>_len) (@nl. (13)

This is Hermitian, positive and invertible operator, n=* = Y [¢,) (¥n].
From the above expressions of 7 and ~! one can see that |¢,) = n|{,).

Finally one can easily check (using (12) ) and (13) that b is 7-pseudo-
adjoint to b, b’ is " '-pseudo-adjoint to bf,

b=n"tbty, ¥ =nn7l, (14)

and N and N’ are - and ! pseudo-Hermitian: N# := n~'Nfp = N,
(N)# = ()" (NI = N', o/ =~

4. Pseudo-boson coherent states

We define coherent states (CS) for the pseudo-Hermitian boson systems as
eigenstates of the corresponding pseudo-boson annihilation operators. In
this aim we introduce the pseudo-unitary displacement operator D(«) =
exp(ab” —a*b) and construct eigenstates of b as displaced ground state |0),

bla) =ala), = |a) = D(a)]0), (15)

where a € C. Using BCS formula one gets the expansion

ja) = ¢4l 3 %wn» (16)

The structures of the above two formulas are the same as those for the case
Hermitian boson CS (the Glauber canonical CS [16]), but the properties of
our D(«) and |a) are different. First note that D(«) is not unitary. There-
fore | are not normalized. Second, the set {|a); & € C} is not overcomplete
(since |1, ) are not orthogonal).

The way out of this impasse is to consider the eigenstates of the dual
ladder operator b’ = (b#)f, which take the analogous to (15) form,

Vi’ =ala),  —  a)' = D'(a)0)', (17)

where D'(a) = exp(ab! — o) is the complementary pseudo-unitary dis-
placement operator. Therefore the eigenstates |«)’ are again non-normalized



246 D.A. Trifonov

and do not form overcomplete set. However they are bi-normalized to |a)
(that is (a|a)’ = 1) and the system {|a),|a)’;a € C} is {bi-overcomplete}
in the following sense

1 /dza la) (a] =1, 1 /dza la) (] = 1. (18)

™ ™

It is this bi-overcomplete set that we call pseudo-boson CS, or CS of pseudo-
boson systems. More precisely they are n- pseudo-boson CS. When 1 = 1
these states recover the famous Glauber CS |a) = exp(aa’ —a*a)|0), where
a, a' are canonical boson annihilation and creation operators.

5. Example

In this section we illustrate the above described scheme of construction
of pseudo-boson Fock states and CS on the example of the following one-
parameter family of non-Hermitian operators,

b(s) = a+ sal,

b(s) = sa+ (1 + s?)al, (19)

where s € (—1,1) and a, a' are Bose annihilation and creation operators:
[a,af] = 1. Tt is clear that b(0) = a, b(0) = af and b(s) # bi(s). In this
way the parameter s could be viewed as a measure of deviation of b(s) and
b#(s) from the canonical boson operators a and af.

5.1. Pseudo-boson Fock state wave functions

The b(s)- and b’-vacuums |0) and |0)’ do exist. Using the coordinate repre-
sentation of b(s) and b(s),

1 d
b(s) = 7 ((1—|—s)x—(1—s)%> , (20)
d

b(s) = \/ii <(s +14+s)r—(s—1— 52)£> , (21)

we find the wave functions of |0) and |0)":

Yo(x, s) = N(s)exp (—ﬁxg) , (22)
wo(z,s) = N(s)exp (—%ﬁ) , (23)

—1/4

N(s) = (7r(1 —s)(1—s+ 32))
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The above two wave functions are bi-normalized, that is (¢o|¢o) = 1, if the
parameter s is restricted in the interval (—1,1), that is —1 < s < 1.

Therefore, according to Proposition 1 (and the related development in
the previous section) b(s) is 7-pseudo-adjoint to b(s) and (for s < 1) the
bi-orthonormalized Fock states and bi-overcomplete CS can be explicitly
realized. The wave functions of the pseudo-boson Fock states (6) and (10)
are obtained in the following form:

Un(x,8) = P, (x, s)¢o(z, s),

1
v 21"”! (24)
on(r,s) = \/ﬁ@n(ma s)po(w, s),

where P, (x, s), Qn(x, s) are polynomials of degree n in x, defined by means
of the following recurrence relations

2 2(s—s2—1
Pn - —mPn—l + (n - I)Mpn—%
1—s5 1—s5 (25)
Q _2733@ +(n_1)MQ
71_1-’-82—8 n—1 1+S2—S n—2-

For the first three values of n, n = 0, 1,2, the polynomials P,(z,s) and
Qn(z,s) read:

2 42 2(s —s? —1)

Py=1 P = P, =
0 ) 1= T, 2 (1_8)24- 15
2 42 2(s—1
Qo =1, Q1 Q2 = (s = 1)

=——1u, .
1—s+s2 (I1—s+s2)2 1—s+s?
At s = 0 these two polynomials P, (x,0) and Q,(z,0) coincide and recover
the known Hermite polynomials H,,(x). Therefore P, (z, s) and Q,(x, s) can
be viewed as two different generalizations of H,,(z). They are not orthog-
onal. Instead of the orthogonality they satisfy the bi-orthonality relations,

the weight function being w(z, s) = ¥o(z, s)po(z, s),

/Pn(a:, $)Qm(x, 8) Yo (x)po(x) = nl2"0pm. (26)

Therefore P,(x,s) and Q.(z,s) realize bi-orthogonal generalization of
H,(x). The relations between these three types of polynomials may be
illustrated by the following diagram (where pu(s) = 1/(1 — s)(1 — s + s2)):

H,(z) —  [HyHpe " dz = /72" 6pm

/\

P,(z) Qn(r) — anQme_“(s)xzda: =N"2(5)2"n! 6,
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It is worth emphasizing that the above bi-orthogonal generalization of
H,(z) is not unique. If instead of (19), we take another pair of b, b (satisfying
the Proposition 2.1), say

ba(s) = a+ sa',
bals) , (27)
bo(s) = —sa + (1 — s?)al,

and apply the above described scheme, we would get another similar pair
of bi-orthogonal polynomials.

5.2. Pseudo-boson CS wave functions

Equations (15), (17) for the eigenstates of b(s) and b/(s), given in (20), (21)
in the coordinate representation, lead to the following wave functions for
any o € C,

1+s o V2a
@ ’ = - 5 2
ta(x,s) = Nexp 2(1_S)x t1 % (28)
1+s+s2 V2a
! 2
al\d, = - y 29
Yalz,s) = N exp 2(1—s+s2)x L (29)

where N and A’ are bi-normalization constants. Up to constant phase
factors they are determined by the bi-normalization condition (4 |pa) = 1.
We put o = a1 + iz and find

(N*NI)71

I x? x(2—2s+82)a1+ia252 N
_/ p[ (1—3)(1—s+52)+\/§ (1 =s)(1—s+s?) } (30)

_ 5 (2a1 —2a15 4+ o182 + ia252)2
_\/ﬁ(l—s)(l—s—l—s)exp[ 0= —5759)

At s = 0 we get, up to a constant phase factor, N' = N’ = 7 1/4 exp(—a?).
At s = 0 both ¢, (z,0) and ¢, (x,0) recover the wave functions of Glauber
canonical CS.

The constructed Fock states and CS are time independent, and can be
used as initial states (initial conditions) of pseudo-boson systems. Important
question arises of the temporal stability of these states. In analogy with the
case of Hermitian mechanics we define temporal stability of a given set of
states by the requirement the time evolved states to belong to the same set.
This means that, up to a time-dependent phase factor, the time-dependence
of any state from the initial set should be included in the time-dependent
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parameters only. Clearly the time dependent parameters should remain in
the same domain as defined initially.

For our CS the temporal stability means that the time evolved wave
functions ¥4 (z, s,t), va(x, s, t) should keep the form

¢0¢ (33, S, t) = eiX(t)wa(t) (33, S)a

iy (31)
(pa(xv 57t) =eX (t)(pa(t) (33, S))7

where x(t),X'(t) € R, a(t) € C and s(t)? < 1. It is clear, that if the time
evolved CS obey (31) they remain eigenstates of the same ladder operators
b(s) and b'(s). (Let us recall at this point that we are in the Schrodinger
picture, where operators are time-independent). As an illustration consider
now the time evolution of CS governed by the simple pseudo-Hermitian
Hamiltonian

1

Hyo = w (b#(s)b(s) + 5 ) (32)
(+#emto +5)

where b#(s) = n71b7(s)n, w € Ry. System with Hamiltonian of the type
(32) should be called pseudo-Hermitian oscillator. At s = 0 it coincides
with the Hermitian harmonic oscillator of frequency w. In pseudo-Hermitian
mechanics the time evolution of initial 1, (x, s) and ¢ (x, s), by definition,
is given by

’l,/)a(x, 57t) = eiiH%boc(ma S),

_ —iHt (33)
valz,s,t) =e valz, s).
For H = Hj,, equations (33) produce
¢0¢ x? 57 t = e_lUJt/Q (0% x? S )
(@, 5,t) Ya() (T, 5) (34)

valz,s,t) = eii“’t/zgoa(t)(x, s), aft) = ae” ™t
which shows that the evolution of CS, governed by the pseudo-Hermitian
oscillator Hamiltonian Hp, is temporally stable. Comparing (34) and (31)
we see that for the system (32) the time-evolved CS remain stable with
Wl and y = —iwt/2.

Finally it is worth noting that the pseudo-Hermitian Hamiltonian Hp,
has unbroken PT-symmetry [1]. Indeed, from (20) and (20) it follows that
PTH,,PT = Hy,, and from (24) and (25) it follows that all eigenstates of
Hp, (and of Hgo as well) are eigenvectors of PT with eigenvalue +1 or —1.

constant s, a(t) =e
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Conclusion

We have shown that if the commutator of two non-Hermitian operators b
and b equals 1 and b annihilates a state 1y then b is n-pseudo-Hermitian
agjoint b# of b and bl is n~'-pseudo-adjoint of (b#)!. Eigenstates of the
pseudo-boson number operator b#b and its adjoint bT(b#)T form a bi-
orthonormal system of pseudo-boson Fock states, while eigenstates of b
and its complementary lowering operator b’ = (b*)! are shown to form bi-
normalized and bi-overcomplete system.This system of states is regarded as
system of coherent states (CS) for pseudo-Hermitian bosons. We have pro-
vided a simple one-parameter family of ladder operators b(s) and b(s) that
possess the above described properties and constructed the wave functions
of the related Fock states and CS. Fock state wave functions are obtained
as product of an exponential of a quadratic form of x and one of the two
new polynomials P, (x), Q. (z) that are bi-orthogonal and at s = 0 recover
the standard Hermite orthogonal polynomials. The pseudo-boson CS are
shown to be temporally stable for the pseudo-boson oscillator Hamiltonian
w (b7 (s)b(s) + 1/2).
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by using the method of reduction group. Their 1-soliton solutions are derived as
well by applying the dressing procedure with an appropriately chosen dressing
factor.
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1. Introduction

The modified Korteweg-de Vries equation (mKdV)
Vg + Vpze + 6020, =0 (1)

is one of the classical soliton equations which describes the propagation of
ion-acoustic waves in warm plasma. It was Wadati [1] who solved mKdV
for the first time by means of the inverse scattering problem.

One of the purposes of this report is to present multicomponent S-
integrable generalizations of the equation (1) which are to be expected to
find physical applications as well. In order to achieve this we apply the
reduction group method [2] on the generic Lax representation of mKdV
associated with symmetric spaces of the series BD.I [3]. Generic multi-
component mKdV equations associated with different types of symmetric
spaces are considered for the first time by Athorne and Fordy [4]. An-
other purpose of the report is to demonstrate how one can generate soliton
solutions to these reduced mKdV equations by applying the well-known
Zakharov-Shabat’s dressing method [5] with an appropriate dressing fac-
tor. This dressing factor has to be compatible with the structure of the
symmetric space and the action of the reduction group.
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2. Some facts from the theory of solitons

In the present paragraph we are going to expose some basic facts from
the theory of solitons, for more details see Ref. 6. We consider nonlinear
evolution equations® which admit a zero curvature representation (Lax rep-
resentation)

(L, M] =0 (2)

where L and M are linear differential operators of the type

L =140, + U(x,t,\) =0, + q(x,t) — \J, (3)
M =idy +V(w,t,\) =0, + > NVi(x,1). (4)
k

The matrix-valued functions ¢ and Vj, take values in a simple Lie algebra
g and the real constant matrix J belongs to its Cartan subalgebra § C g.
We shall resrict ourselves with considering only zero boundary conditions
for g, i.e. ¢ is inifinitely smooth and satisfies

lim |z|"q(z,t) =0

|z|—o00

for any n. Since L and M commute there exist functions ¢ (z, ¢, ) taking
values in the Lie group G corresponding to the Lie algebra g which satisfy

1000+ 3 N Vith = $O(). (6)
k

The linear problem (5) is called generalized Zakharov-Shabat problem
(GZS).

An important role in the scattering theory is played by fundamental
solutions of GZS to obey the property

lirf Yz, t, N)e® =1, (7)
These are the so-called Jost solutions. By choosing

C\) = lim V(x,t,\)

r—to00

one can ensure the relevance of definition (7). The transition matrix

Yo (x,t,N) = P (x, t, )T (t, \)

@ These equations are sometimes called S-integrable, see Ref. 7.
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between the two Jost solutions is the scattering matrix. Its time evolution
is determined by the equality

T(t,\) = N0, N)e N

where f(A) := lim,;_ 10 V(z,t,A) is the dispersion law of the nonlinear
equation.

Another important notion in the theory of solitons is provided by the
so-called fundamental analytic solutions introduced by Shabat [8]. These
are fundamental solutions which have analytic properties in the upper and
lower half plane of the A-plane. They can be constructed from the Jost
solutions in the following manner

Xi(xv 2 /\) =9P_ (SE, L, A)Si (tv >‘) =y (SE, L, )‘)T:F (tv A)Di()‘) (8)

where ST, TF and D* are factors in the Gauss decomposition of the scat-
tering matrix

T(t,\) = TT(t, \)DE(\)(SE(t,\) L.

As a direct consequence of (8) it follows that y* can be viewed as solutions
of a local Riemann-Hilbert problem

Xz, t,N) = x " (2,6, )G (¢, N), G(t,\) = (S~ (t,\) 1S (¢, \).

This is a manifestation of the deep connection between the inverse scatter-
ing method and the Riemann-Hilbert problem.

One of the basic applications of the fundamental analytic solutions is
in the dressing method. The idea that underlies the dressing method is
deriving a new solution ¢; from a known one ¢y taking into account the
existence of auxiliary linear problems. Given an auxiliary linear problem

Lotpo = 102100 + (g0 — AJ )0 = 0 9)

for some known potential go. In principle, one can obtain a fundamental
solution, say g, and then construct a function ¥ = gy which is assumed
to be a fundamental solution of a linear problem

Lytpy = i0z101 4 (@1 — AJ )1 =0 (10)

with a potential ¢; to be found. Combining (9) and (10) we convince our-
selves that the dressing factor g satisfies

0.9 + q19 — 990 — A[J, g] = 0. (11)
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Due to reasons concerning the relation between the inverse scattering
method and the Riemann-Hilbert problem we choose the dressing factor
in the form
A B
=1 , At eCy. 12
g=lt Tt + (12)

After taking the limit A — oo we obtain the following interrelation

q1 :q0+[J,A+B].

If we know the residues A and B we are able to generate another solution
q1 from go. A more detailed analysis of the definition gg~! = 1 shows that
the matrices A and B admit a decomposition of the type

A=XFT B=YGT,
where X and Y are given by
X=W\" -2\ Z-WGTW) '[IFTZ - a(GTW)157E, (13)
Y =\ =MW - Z2(FT2)'a@)[GTW — g(FTz)~ta) L. (14)
As a consequence of (11) and the corresponding equation for g—! all quan-

tities above can be expressed via the fundamental analytic solutions x§ of
the initial linear problem

F'(x) = F [ (2, X071 6T (@) = GG Ixg (2, A7) 7
W (z) = xg (z, A")Wo, Z(x) = Xo (2, A7) 20,
a(x) = —(\F = A7) FT [xg (2, A7) 710G (2, AT)Wo + do,
Bla) = (A" = ANGT [xg (@, A7) Oaxg (@, A7) Zo + o,
where all matrices with a subscript 0 are constant. The dressing factor take
values in SL(n). This factor generalizes those obtained by Zakharov and

Mikhailov [9] and Ivanov [10] which are suited for the case of symplectic
and orthogonal algebras. We can apply the dressing procedure on ¢g; and

thus obtain another solution g» and so on. In particular, when ¢y = 0 the
dressed solution ¢ is called 1-soliton solution, go — 2-soliton solution etc.

Consider a discrete group Gr (reduction group) acting on the set of
fundamental solutions as follows

K2 ip(z,A) = (a,\) = K [¢ (z, 57 (V)]

where K € Aut(G) and k : C — C is some conformal mapping. This action
yields another action on the Lax operators

L— L=KLK™}, M — M=KMK™*.
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From the Gg-invariance condition of the set of fundamental solutions one
derives certain restrictions on the potential U. We require that the dressing
factor is G g-invariant

(Kg)(z,\) =K [g (x, /i_l(/\))] =g(z, \). (15)
For example, let us consider the following action of Z,
K s (@A) = d(w, \) = K (¢ (2,07) 7 K, (16)

provided K € G and K2 = £1. Therefore the potential fulfills the symme-
try condition

KUYz, XK' =U(2,)) = Kq¢'(x)K ' =q(x), KJK'=J (17)
and the dressing factor satisfies the equality

Klg'(a, \)] K = g2, A). (18)

3. Multicomponent mKdV associated with symmetric
spaces of BD.I series

The generic system of mKdV type equations associated with symmetric
spaces SO(2r +1)/50(2) x SO(2r — 1) have the following form

Gt + Qraz + 3P, 9) Gz + 3 (G, P) ¢ — 3 (q50q) s0P = 0,

Pt + Daaa + 3(F, Q)Pr + 3 (P2, ) P — 3 (PzSop) s0q = 0,
where
)T ), (s0)ig = (1) iy
The connection with the symmetric spaces of the mentioned kind is via its
Lax pair

q_): (CI27QB7'~a(]2r 9 ﬁ: (p27p37"'7p2r

L =1i0y + q(z,t) — A\J,
M =id; + Vo(z,t) + A\Vi(z,t) + N2Va(x, t) — A3 .
It is known [3,4,11] that with any symmetric space G/ K it can be associated
a splitting g = £ 4+ m where £ C g is the Lie subalgebra corresponding to K

and m is its complement to g. J is the element whose centralizer is ¢ while
¢ € m. In the case under consideration J = H., = diag(1,0,...0,—1) and

04¢' o )
g=17 0 s0q |, Vo =q, V1=iadJ5xq+§[aqu,q],
OﬁTSO 0

1 .
Vo=-02q+ B [ad sq, [ad sq,q]] + i [02q,q] -
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From now on we shall focus on the case when » = 2. Then the poten-
tial ¢ and the Cartan element J associted with SO(5)/S0O(2) x SO(3) are
presented by

0 g2 g3 g2 O
p2 0 0 0 g4
gq=1]p30 0 0 —g3 |, J = diag(1,0,0,0,—1).
pa 0 0 0 ¢
0 ps—p3p2 O

Let us consider several examples.

Example 3.1. Let the following Zs reduction be given
KUYz, )K" ' =U(z,)) = Kq'(x)K ' =q(z), KJK'=J (19)
with K = diag(e1,€2,1,€2,€1), €12 = 1. Hence we have the following
relations
P2 = €1€2G5, p3 = €143, P4 = €1€2q;-

As a result one derives the following 3-component mKdV type system

G2t + 42,000 + 3€1(4203) 205 + 3€1€2q3¢5q3,2 + 6ere2|q2|* g2, = 0,
g3t + q3,z20z + 3€1(q2q4) 245 + 3€1€2(q203) 245 + 3€1€2(q3q4) 2 Q)
+ 3e1lgs gz = 0,
Qat + Qazzx + 3€1(4304) 205 + 3€1€205G303  + be1€2|qa]?qa . = 0.
In order to find its soliton solution we apply the dressing procedure with
a dressing factor to take values in SO(2r + 1), i.e. g7'Sg = S is satisfied.
More specifically, we choose S;; = (—1)"~'8;6_;. This implies that
zZ=5"'G¢, w=s'r a'=-a [=-5
Taking into account the Zs symmetry condition (18) we obtain that the

dressing factor (12) in the simplest case when rank(X) = rank(F) = 1
reads

A n KSA*S—1K!
A— AT A— (AT)*
The resudue A admit the following decomposition

2ivK F*(x,t)
Fi(z,t)KF(x,t)’
In the soliton case, i.e. ¢ = 0 we have

xg (@ N =e ™" = F(z)= NIy

g=1+

A=xFT, X-= FT(z) = Fy X" (2, A0)) 7"
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Thus we obtain a reflectionless potential. To derive the soliton solution it
remains to recover the time dependence using the formula

Fy — Ot p

Taking into account all these facts we can derive the following expressions
for the 1-soliton solution

6le—v(x—ut—§g)]:2 + 626u(z—ut—fo)fz

£ =i —ipu(z—vt—3ap)
@2z, t) = ive €1 cosh2v(z — ut — &) +C 7
qs(x,t) = e in(z—vt—50) erevE—ut=8) Fy ey(w7Ut7£D)f§

; ercosh2v(x —ut — &) +C ’
ot —— ere v@—ut=8) r, 4 626u(35—u15—£0)‘7:§k

€1 cosh2v(x —ut — &) +C

where u = v? — 3u?, v = 3v2 — 2 and

1 ok
C = Slea(|F2” + |Fa?) + |75, Frp= ——e
2 VI Fo,1]|Fo,s]
1 F
§o = [P, oo = —arg Fo1 = arg Fo 5.

—In ,
2v |F075|
Example 3.2. Let us consider another example of a Zs reduction

KUY -M)K"'=U(\) = K¢{K'=¢ KJK'=-J (20)

In order to fulfill the condition for J we choose K in the form

000O0-1 0 00 0 —¢
01000 0 e2 0 00
Wee=1 00-100 = K= 0 0-10 0
00010 0 0 0 e O
-10 000 - 0 0 0 O

As a result the following relations hold true

* * * *
g4 = —€1€245, g3 = —€143, P4 = —€1€2D9, P3 = —€1P3

and we have a 4-component mKdV system

@2t + 92,200 + 3(92¢3)2P3 — 3€1€293D5G3,2 + 6¢2p2g2. = 0,

@3t + G3,.020 — 3€162]q2|2p3 + 3(q243)2p2 + 3(¢543)2Ps + 3¢3P3G3,2 = 0,
D2t + D2,zex + 3(P2D3)2q3 — 3€1€205P3D3,2 + 6q2pap2 . = 0,

3.t + P3.aae — 3€1€2|p2|203 + 3(p2p3)atz + 3(P3Ps)2ds + 3¢3psps.. = 0.
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In this case the dressing factor satisfies
Klg' (=)' K~ = g(V).

After taking into account the explicit form of g

we conclude that
A = +ivt, A=-—KSA*ST1K~ B=-KSB*ST'K~!

Like before the residues admit the decomposition A = XFT, B = YGT
where

SG SF
e Y = —i(vt =
FTSG’ W) prse
F(z,t) = e TR, G(x,t) =e” "*Gy.

X =it +v7)

After substituting all expressions in
q=1[J, A+ B]

we reach to the following expressions for 1-soliton solution

4 = W%i) (e*V_(‘T*“_t)FO,QGM — e”+(w7“+t)Go72Fo75) ;
g3 = W%i) (e’”_(wfu_t)Fo,gG(w — 6V+(‘T7“+t)Go,3F0,5) )
Dy = W%_) (e—”“z_"”)Fo,lGOA — e”i(z_"it)Go,lFoA) ;
p3 = Z(VJF%—) (e”i(r_“it)Go,lFma — e_”+(r_“+t)Fo71Go73) ;

A ei(u++y—)(w7ut)FO,1GO)5 + e(u++V_)($*U«t)FO,5GO)1 +C,
C = Fo3Go3 — Fo2Goa — Fo.4Go 2,
ui _ (Vj:)27 u = (V+)2 + (V7)2 — vty

Example 3.3. Let us consider now two Zs reductions acting simultane-
ously as follows

UMz, \) = Uz, \) = q'(2) =qx), (21)
Ul (z,~\) = ~U(z, \) = q" (z) = —q(x). (22)
As a consequence of both reductions we find that ¢} = —qi, k =2, 3,4, i.e.

qr = iqx- These 3 independent fields obey the following system of equations
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for three real functions:

2.t + 92,200 + 3(A293)293 + 30394932 + 6G3q2,2 = 0,

Q3,6 + 3,000 + 3(A204)203 + 3(A243)92 + 3(A394) 2G4 + 3d3d3,2 = 0,

Qa,t + Ga,zee + 3(A394)203 + 30203932 + 6Q3q4 » = 0.
In the present case there exist two essentially different types of soli-
ton solutions: doublet solitons (2 eigenvalues +ir) and quadruplet solitons
(4 eigenvalues +AT, +(AT)*). The situation resembles that of sin-Gordon
equation or Zy X Zo -reduced N-wave equations where there also exist two
types of solitons [12]. The doublet soliton can be obtained by using a 2-poles

dressing factor of the form

A SA*S—1

— + -
A—iv A+iv

g=1+ , A* = —-A

The result reads

v

,t _ ( 71/(:E7ut7£0)]_- V(:E*Ut*ﬁo)f ) ,
d2(. ) cosh2v(z —ut — &) +C ‘ 2 e *

2usinhv(z — ut — &) Fs
) =—
a3(, ) cosh 2v(z — ut — &) +C’
v

,t _ ( 71/({E7’UJ§7€0)F V(ZIJ*’UI*&Q)F ) ,

da( ) cosh2v(x —ut — &) +C ¢ ite 2

C=F3+F;+F;, u=r~
The quadruplet solution requires a dressing factor with 4-poles as follows

14 A . SA*S SAS A*

D W © S N 5 X LIS Wb U W G e T

Then the quadruplet soliton can be derived using next formula
q=2Im[J, A — SAS].

Like before A = X FT is fulfilled and it can be proven that the factors now
are given by

1 ,
X = A (a*F + bF* — cSF*), F = elntz—vt)—v(@—ut)]J 7.
FTF FTF* FTSF*
b - o= — o

Finally we obtain
Qi = 2Im [(a*eiu(:pfvt)fu(ajfut)FO)l + befiu(:rfvt)fu(azfut)Fék,l

_ ceip,(m71)15)Jr1/(a:7ut)‘Fo>s<)5)Fv07lC + (_l)k(a*efip,(zfvt)JrV(a:fut)F0)5

+ beiy(r—vt)+y(x—ut) nge—i,u(x—vt)—u(z—ut)FO* 1)F0 E]
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There exists another possible combination of two Zs reductions: first of
the type (20) and the second one in the form (22). In this case one obtains
a coupled system of just two mKdV equations, see Ref. 13.

4. Conclusion

New two, three and four component generalizations of the classical mKdV
equation have been obtained by imposing additional Zs and Zs X Zsy reduc-
tions on the generic Lax representation. The Lax representation of all equa-
tions is associated with symmetric spaces of the type SO(5)/S0O(2) x SO(3).
This fact explains the variety of possible reductions which mKdV admits.
Following the same procedures one is able to derive mKdV equations as-
sociated with symmetric spaces SO(2r)/S0(2) x SO(2r — 2) as well. The
only difference consists in the choice of the matrix sg. By using the dressing
technique with a dressing factor which is compatible with the reductions
we have derived their soliton solutions.
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Let the curvature of a plane curve parametrized by arclength s be given as a
function of the Cartesian co-ordinates of the points the curve is passing through
in the Euclidean plane. Then, the co-ordinates of its position vector are deter-
mined by a system of equations arising from the Frenet-Serret relations that
can be regarded as a dynamical system of two degrees of freedom determining
the motion (trajectories) of a particle of unit mass, s playing the role of time.
Here, two classes of integrable systems of the foregoing type are identified. For
that purpose, we explore the variational symmetries of a generic system of this
kind with respect to Lie groups of point transformations of the involved vari-
ables. As a result, a set of sufficient conditions are found which ensure that
such a system possesses two functionally independent integrals of motion and,
consecutively, is integrable by quadratures. In each such case, we achieve either
an explicit parameterization of the corresponding trajectory curves in terms of
their curvatures or, at least, a separation of the dependent variables.

Keywords: Integrability; Dynamical systems; Plane curves; Parameterization.

1. Introduction

Suppose that the curvature x of a plane curve I parametrized by arclength
s is given explicitly as a function of the arclength, i.e., the intrinsic equation
of the curve I' is known. Then, it is possible to recover the position vector
x(s) = (z(s), 2(s)) € R? of the curve in the plane R? (up to a rigid motion)
by quadratures in the standard manner.
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First, recall that the unit tangent t (s) and normal n (s) vectors to the
curve I'

t(s) = (2(s),2(5)),  m(s) = (=2(s),2(s)) (1)

(
are related to the curvature x(s) through the Frenet-Serret formulae

t(s) = r(sn(s),  n(s) = —r(s)t(s). (2)

Here and throughout this paper, the dots denote derivatives with respect
to s. Then, expressions (1) and the Frenet-Serret relations (2) provide the
following system of two second-order ordinary differential equations for the
components of the position vector

¥+ k(s)2=0, Z—k(s)z =0 (3)

which is readily integrable by quadratures to give the parametric equations
of the curve I'. Indeed, in terms of the slope angle ¢ (s) of the curve I' one
has

r(s) =¢(s),  d(s) =cosp(s),  2(s) =sinep(s)

and hence, the parametric equations of the curve I' can be expressed in the
form

2(s)= [eosp(s)ds, ()= [sinp(s)ds
where
o) = [ ()

Suppose now that the intrinsic equation of the curve I' is not known but
its curvature « is given as a function of the Cartesian co-ordinates (z, 2)
of the points the curve is passing through in the Euclidean plane R2 i.e.,
k = K(z, z) is a known function. In this case, system (3) reads

&+ K(zx,2)2 =0, Z—K(z,2)t =0 (4)

and here, each system of this form is referred to as a planar Frenet-Serret
system as it arises from the Frenet-Serret relations (2) for planar curves.
In this setting, unlike the case when the intrinsic equation of the curve I
is known, the integrability of a system of form (4) by quadratures is not
clear in advance. Below, we identify two types of functions K(x, z) which
are such that the solutions of the corresponding systems of form (4) can
be expressed explicitly by quadratures. Before proceeding with the details,
however, let us note the following.
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Although the considered systems (4) have appeared here in a purely
geometric context, it is convenient to regard them as dynamical systems of
two degrees of freedom determining the motion (trajectories) of particles
of unit mass, s playing the role of time. Actually, a generic system of this
type coincides with the system of Newton-Lorentz equations [1] describing
the planar non-relativistic motion of a charged particle of unit mass in the
transverse magnetic field which essential component is K(z, z). Due to this
analogy, it is clear that the system (4) is a Lagrangian system consisting of
the Euler-Lagrange equations associated with the action functional

A /L(x, 2@ 2)ds (5)
in which the Lagrangian L can be taken in the form
1
L:§(¢2+z2)+F(:c,z):'c+G(x,z)z' (6)

where the functions F (z,2) and G (z, z) are the non-zero components of
the vector potential and
OF (x,z) 0G(x,2) .

0= 0z )
At the same time, Eqgs. (4) are the equations of motion corresponding to
the Hamiltonian function

H=3 (247~ F (5, 2)pe — G (,2)p: + 5 (F(2,2) + G (2, 2)?)
which can be established directly by eliminating the momenta p, and p,
from the associated canonical Hamilton’s equations and taking into account
relation (7).

This latter property of system (4) gives a hint of what one has to look
for in order to find integrable systems of this form. Indeed, according to the
famous Liouville theorem [2] if an n-degree-of-freedom Hamiltonian system

K(z,z) =

possesses n functionally independent integrals of motion in involution, then
it is integrable by quadratures, i.e., it is possible to express its general
solution in terms of integrals.

As far as v = @2 + 22 is an obvious integral of motion for any dynamical
system of form (4), the problem here is to find conditions under which a
system of that form has at least one more appropriate integral of motion.
To settle this matter, we explore the variational symmetry of a generic
system of form (4) with respect to Lie groups of point transformations of
the involved variables. As a result, a set of sufficient conditions are found
below which ensure that such a system admits a suitable second integral of
motion and, consequently, is integrable by quadratures.
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2. Variational Symmetries

By a variational symmetry of a system of form (4) we assume each local
one-parameter Lie group G, of local point transformations of the involved
independent s and dependent variables x,z whose generator, which is a
vector field v of the form

0 o )
V:é.(sava)a+77(S7I,Z)%+<(3’x’z)a (8)

(here &, n and ¢ are certain smooth functions of the indicated variables),
is an infinitesimal divergence symmetry (see Definition 4.33 in Ref. 3) of
any action functional (5) with Egs. (4) as the associated Euler-Lagrange
equations. It should be noted that if two action functionals lead to the same
system of Euler-Lagrange equations, then they have the same collection of
infinitesimal divergence symmetries.

According to the aforementioned definition and Theorem 4.7 in Ref. 3,
a system of form (4) admits a group Gy as a variational symmetry group
if and only if its generator v is such that the relation

E [pr(l) v(L) + (D¢) L} =0 9)

holds, where L is the Lagrangian (6). Here, E is the Euler operator, pr(") v
is the first prolongation of the vector field v and D is the total derivative
operator [3].

Thus, to find the variational symmetries of the systems of form (4), we
assume initially that the components &, n and ¢ of the vector field (8) are
unknown functions of the variables s,  and z, and then write down the
left-hand side of (9) by using expression (6) and the prolongation formulae
(2.38) and (2.39) given in Ref. 3. Finally, equating the coefficients at the
derivatives of the dependent variables z and z to zero we arrive at the
following result (see also Refs. 4-8).

Proposition 2.1. A system of form (4) admits a one-parameter Lie group
Gy as a variational symmetry group if and only if the components &, n and
¢ of its generator (8) are of the form

£ =2a15 + ag, n=aa1x + asz + as, (=a1z—asx+ay (10)
where o, ..., a4 € R, and the respective function K(x,z) is such that
v(K) +20nK =0 (11)

i.e., the function K(z,z) is either an invariant of the admitted group Gy
(when a1 = 0) or an eigenfunction (when aq # 0) of its generator v.
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3. Conservation Laws

Actually, the interest in the determination of the variational symmetries
of a given system of differential equations is motivated by the fact that,
in virtue of Bessel-Hagen’s extension of Noether’s theorem (see Refs. 3, 9
and 10), to each variational symmetry of the regarded system corresponds
a conservation law (integral of motion) admitted by its smooth solutions.

Thus, if a given system of form (4) admits a vector field of form (8)
as an infinitesimal divergence symmetry, then the aforementioned theorem
implies that this system has an integral of motion of the form

€= —%g (2% + 2%) +nE + (2 + h(z, 2) (12)

where the function h(x, z) remains to be determined by the condition € =0
on the solutions of the respective system.

In this setting, we can formulate the following results that unify and
generalize the achievements of various authors [4-8].

Proposition 3.1. Any system of form (4) admits the group Gy, generated
by the vector field vo = 0/0s as a variational symmetry group and the
corresponding integral of motion can be cast in the form v = &2 + 32.

Proof. This statement is a straightforward consequence of Proposition 2.1
and formula (12) and has already been mentioned in the Introduction. 0O

Proposition 3.2. Each system of form (4) that admits a nontrivial group
Gv, generated by a vector field vi of the form (8), (10) with oy =0, i.e.,

0 0 0
v = 2(115% + (1 + sz + ag) E + (a12 — agw + ay) p (13)

as a variational symmetry group has two integrals of motion v and € that
can be written as follows

1
v=d%+ 3% e=—5¢ (2% + 2%) + 02 + (2 + h(z, 2) (14)

where the function h(zx,z) is such that
Oh (x, 2)
Ox

Oh (z, 2)

+CIC($,Z):0, T

—nK(z,z) =0. (15)
Proof. From Proposition 3.1 we already know that v is an integral of
motion for any system of form (4). Moreover, under the above assumptions
it is easy to ascertain also that ¢ = 0 on the solutions of system (4) provided
that relations (15) hold. This completes the proof but it should be noted
that relation (11) is just the compatibility condition for equations (15). O
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4. Group Classification

Propositions 2.1 and 3.2 allow us to characterize the systems of form (4)
that have variational symmetries by representing the respective functions
K in terms of the canonical co-ordinates [11] of the admitted Lie group G+,
and to express the corresponding integrals of motion (14) by means of these
functions. Below, we analyze in detail all possible cases.

First, suppose that a system of form (4) admits a vector field v, specified
by formula (13) as an infinitesimal divergence symmetry and that « # 0.
In this case, we can introduce new dependent variables

U= # [al arctan (%) +a21n\/772+<2} , (16)

a? + o
1
w=——= |a1In/n? + (% — as arctan g 17
2 2
o] +a; n

which, as follows by relations (8), (10) and (13), obey
vi(u) =0, vi(w) =1

i.e., u and w are the canonical co-ordinates of the restriction of admitted
variational symmetry group Gy, on the space of the dependent variables.
In these variables, condition (11) reads

% +20Z1’C =0
ow

and the latter can be easily solved to obtain
K = K (u) exp [—20;w] (18)
where K (u) is an arbitrary function of the indicated variable. At the same
time, relations (15) take the form
oh oh
7= — - K 2 =0
50 0, 5 1 (u) exp [2a2u]

that immediately gives the following expression for the function A, namely
h = hi(u), hi(u) = /Kl (u) exp [2cu] du (19)

up to an arbitrary real constant that can be omitted. Consequently, the
two integrals of motion (14) read
v = (04 ?) exp [2 (a2u + ayw)] (20)
e =wexp [2 (agu + aqw)] — ars + hi(u) (21)

in which the first one is taken into account for the derivation of the second.
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The following Proposition summarizes the above results.

Proposition 4.1. A system of form (4) admits a Lie group G, generated
by a vector field vy specified by formula (13) with a1 # 0 as a variational
symmetry if and only if upon the transformation of the dependent variables
x and z to u and w, giwen by formulae (16) and (17), the function K has
the form (18). Each such system possesses two integrals of motion, given
by expressions (20) and (21), where the function hq(u) has the form (19).

Next, suppose that a system of form (4) admits a variational symmetry
group Gy, generated by a vector field of the form

vy = (a2z + a3) =— — (ex — ay) (22)

0

Ox 0z

with ag # 0. In this case, without loss of generality one may set as = 1
and transform the dependent variables to the following ones

r=\/(z— )’ +(z+as)? = arctan (Z+a3) (23)

Tr — Oy

which, together with the independent variable s, are nothing else but the
canonical co-ordinates of the admitted symmetry group Gv,. Indeed, in
view of relations (8), (10) and (22), we have

va(s) =0, va(r) =0, va(¥) = —1.

Then, according to Proposition 2.1, cf. condition (11), the function X is an
invariant of the admitted symmetry group, i.e.,

K = Ks(r) (24)

where Ko(r) is an arbitrary function of the basic invariant r. Successively,
in the new dependent variables (23), equations (15) take the form

oh_, oh
o9 or
and can be readily solved to obtain

h=hy(r) = /TKQ (r)dr (25)
again up to an arbitrary real constant that can be omitted. Consequently,
the integrals of motion (14) this time read

v = 129?472, (26)
e = —120 + hy(r). (27)

—rKy(r)=0
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This results can be stated as follows.

Proposition 4.2. A system of form (4) admits a Lie group G, generated
by a vector field vo specified by the formula (22) with ag # 0 as a variational
symmetry if and only if upon the change of the dependent variables x and
z tor and ¥, given by formulae (23), the function K has exactly the form
(24). Fach such system possesses two integrals of motion which are given
by expressions (26) and (27).

Finally, let us characterize the systems of form (4) that admit a Lie
group Gy, generated by a vector field of the form

9] 0
V3 = 013% + 0145 (28)

such that a3 + a2 # 0 as a variational symmetry group. In these cases, the
canonical co-ordinates of the admitted variational symmetry group G, are
s and

_asx + ayz Q4T — Q32

_ Qar—as? 29
4 ai+a3 (29)

)

ai+a3
since, according to expressions (8), (10) and (28), they satisfy the relations
vs(s) =0, vi(p) =1, vs(q) = 0.

Here again, according to Proposition 2.1, the function K is an invariant of
the admitted symmetry group, i.e.,

K = Ks(q) (30)

where K3(q) is an arbitrary function of the basic invariant ¢. In the new
dependent variables (29), equations (15) take the form

Oh oh

=0 gy (6T K@) =0
which immediately produces
h=hale) = ~ (o3 + o) [ Kala)da (31)

up to a real constant that is omitted. Thus, in terms of the variables p and
q the integrals of motion (14) become

v = (a% + ai) (]52 + q'2) , (32)
e= (a3 +a}) (6 —ha(a)) (33)

where relation (31) is taken into account.



Integrable dynamical systems of the Frenet-Serret type 269

The latter results can be formulated in the following way.

Proposition 4.3. A system of form (4) admits a Lie group G, generated
by a vector field v3 such that o3 + a3 # 0 as a variational symmetry if
and only if under the change of the dependent variables x and z to p and g,
given by formulae (29), the function IC has the form (30). Each such system
possesses two integrals of motion given by expressions (32) and (33).

It is worth noting that each one of the Frenet-Serret systems described in
Propositions 4.1 — 4.3 admits a two-parameter variational symmetry group
whose two-dimensional Lie algebra is spanned by the vector field vy and
one of the vector fields vy, v or vs. According to formulae (13), (22) and
(28), the respective commutators are

[Vo, V1] = 21V, [Vo,va] =0, [Vo,v3] = 0.

Thus, all possible cases for a two-dimensional Lie algebra, namely, to be
abelian or isomorphic to the one with a basis satisfying the first of the
above commutator relations (see Exercise 1.21 in Ref. 3), appear in our
group classification problem.

5. Integrable Systems

Once the dynamical systems of form (4) admitting variational symmetries
are identified and the corresponding integrals of motion are derived, we are
at the position to examine the problem of their integrability by quadratures.
The systems characterized in Proposition 4.1 possess two functionally
independent integrals of motion (20) and (21). Relation (21) can be cast in
the form
d

o <%M exp [2a1w]> = (e + @15 — h1 (u)) exp [—2a9u]

which gives

w(s) = L In {2a1 / (e +a1s — hy (u(s))) exp [—2azu (s)] ds} - (34)

2041

In this way, one of the sought functions, i.e., w (s), is expressed by means
of the other one, u (s), by a quadrature. It is clear however that the substi-
tution of the expression (34) in the second integral of motion (20) or in the
respective equations (4) leads to a rather complicated integro-differential
equations for the function wu (s). These equations can hardly be solved by
quadratures but, nevertheless, a separation of the variables for the systems
of the considered type is actually achieved.
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Next, let us specialize to the systems described in Proposition 4.2. Here,
we have at disposition the two functionally independent integrals of motion
(26) and (27). The second one readily gives the expression

. 1
V=5 (ha(r) =€) (35)
which when substituted into the first yields
el \/117"2 _ o) (36)

Now, the integrability of the dynamlcal systems of the foregoing type by
quadratures is obvious. Indeed, combining relations (35) and (36) we have

9= i/ \/ —5)dr

where 9 € R, which, together with equation (36)7 completes the problem.
Finally, consider the systems of form (4) specified in Proposition 4.3. In

+ Yo (37)
vr? — —e)?

these cases, there are two functionally independent integrals of motion (32)
and (33) to deal with. By solving (33) one finds

D= 3_|_ 2+h3() (38)

which substituted into (32) produces

2
v £
S+ .

and hence the solution of our problem is given by the relations (39) and

b i/ a+(a3+a4)h3( ))dg
Vo (a3 +a2) = (= + (03 + a3) hala)

which is obtained by combining the expressions (38) and (39).

+ Po, po € R (40)

2

6. Concluding Remarks

Two quite interesting classes of dynamical systems of the Frenet-Serret type
(4) that are integrable by quadratures are identified in the present paper.
These are the systems characterized in Propositions 4.2 and 4.3. In these
cases the explicit parametrization of the corresponding trajectory curves
can be obtained via direct integration of (37), respectively (40).

Two particular examples of plane curves associated with systems of the
aforementioned types — the so-called Lévy’s elasticae and the profile curves
of classic Delaunay’s surfaces — are considered in Ref. 12 where explicit
parametric equations of the respective curves are derived to the very end.
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