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Preface

vii

For reasons that are explained in the preface to Essential Mathematical Methods for the
Physical Sciences the text of the third edition of Mathematical Methods for Physics and
Engineering (MMPE) (Cambridge: Cambridge University Press, 2006) by Riley, Hobson
and Bence, after a number of additions and omissions, has been republished as two slightly
overlapping texts. Essential Mathematical Methods for the Physical Sciences (EMMPS)
contains most of the more advanced material, and specifically develops mathematical
methods that can be applied throughout the physical sciences; an augmented version of
the more introductory material, principally concerned with mathematical tools rather than
methods, is available as Foundation Mathematics for the Physical Sciences. The full text
of MMPE, including all of the more specialized and advanced topics, is still available
under its original title.

As in the third edition of MMPE, the penultimate subsection of each chapter of EMMPS
consists of a significant number of problems, nearly all of which are based on topics drawn
from several sections of that chapter. Also as in the third edition, hints and outline answers
are given in the final subsection, but only to the odd-numbered problems, leaving all
even-numbered problems free to be set as unaided homework.

This book is the solutions manual for the problems in EMMPS. For the 230 plus odd-
numbered problems it contains, complete solutions are available, to both students and
their teachers, in the form of this manual; these are in addition to the hints and outline
answers given in the main text. For each problem, the original question is reproduced
and then followed by a fully worked solution. For those original problems that make
internal reference to the main text or to other (even-numbered) problems not included in
this solutions manual, the questions have been reworded, usually by including additional
information, so that the questions can stand alone. Some further minor rewording has been
included to improve the page layout.

In many cases the solution given is even fuller than one that might be expected of
a good student who has understood the material. This is because we have aimed to
make the solutions instructional as well as utilitarian. To this end, we have included
comments that are intended to show how the plan for the solution is formulated and have
provided the justifications for particular intermediate steps (something not always done,
even by the best of students). We have also tried to write each individual substituted
formula in the form that best indicates how it was obtained, before simplifying it at the
next or a subsequent stage. Where several lines of algebraic manipulation or calculus
are needed to obtain a final result, they are normally included in full; this should enable
the student to determine whether an incorrect answer is due to a misunderstanding of
principles or to a technical error.
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As noted above, the original questions are reproduced in full, or in a suitably modified
stand-alone form, at the start of each problem. Reference to the main text is not needed
provided that standard formulae are known (and a set of tables is available for a few of the
statistical and numerical problems). This means that, although it is not its prime purpose,
this manual could be used as a test or quiz book by a student who has learned, or thinks
that he or she has learned, the material covered in the main text.
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Matrices and vector spaces

1.1

Which of the following statements about linear vector spaces are true? Where a statement is false,
give a counter-example to demonstrate this.

(a) Non-singular N x N matrices form a vector space of dimension N2.

(b) Singular N x N matrices form a vector space of dimension N?.

(c) Complex numbers form a vector space of dimension 2.

(d) Polynomial functions of x form an infinite-dimensional vector space.

(e) Series {ag, a1, az, ..., ay} for which lequo |a,|*> = 1 form an N-dimensional vector space.
(f) Absolutely convergent series form an infinite-dimensional vector space.

(g) Convergent series with terms of alternating sign form an infinite-dimensional vector space.

We first remind ourselves that for a set of entities to form a vector space, they must
pass five tests: (i) closure under commutative and associative addition; (ii) closure under
multiplication by a scalar; (iii) the existence of a null vector in the set; (iv) multiplication
by unity leaves any vector unchanged; (v) each vector has a corresponding negative vector.

(a) False. The matrix Oy, the N x N null matrix, required by (iii) is not non-singular
and is therefore not in the set.

(b) Consider the sum of ( (1) 8) and (g (1) . The sum is the unit matrix which is not

singular and so the set is not closed; this violates requirement (i). The statement is false.

(c) The space is closed under addition and multiplication by a scalar; multiplication
by unity leaves a complex number unchanged; there is a null vector (= 0 +i0) and a
negative complex number for each vector. All the necessary conditions are satisfied and
the statement is true.

(d) As in the previous case, all the conditions are satisfied and the statement is true.

(e) This statement is false. To see why, consider b, = a, + a, for which Z:L\I:o |b,|? =
4 # 1, 1.e. the set is not closed (violating (i)), or note that there is no zero vector with unit
norm (violating (iii)).

(f) True. Note that an absolutely convergent series remains absolutely convergent when
the signs of all of its terms are reversed.

(g) False. Consider the two series defined by

,  a, = 2(—%)" forn>1;, b, = —(—%)" forn > 0.

=

ap =

The series that is the sum of {a,} and {b, } does not have alternating signs and so closure
(required by (1)) does not hold.
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1.5

Matrices and vector spaces

By considering the matrices

1 0 0 0
A=<O O), B=(3 4),

show that AB = 0 does not imply that either A or B is the zero matrix but that it does imply that at
least one of them is singular.

1 0\/0 O 00
AB:(O o)(3 4>:<0 0)'
Thus AB is the zero matrix 0 without either A = 0 or B = 0.

However, AB =0 = |A||B| = |0] = 0 and therefore either |A| =0 or |B] =0 (or
both).

We have

Using the properties of determinants, solve with a minimum of calculation the following equations
for x:

2 z Z i x+2 x+4 x-—3
(a) a b x 1 =0, d) (x+3 X x+5=0.
a b c 1 x—2 x—1 x+1

(a) In view of the similarities between some rows and some columns, the property most
likely to be useful here is that if a determinant has two rows/columns equal (or multiples
of each other) then its value is zero.

(i) We note that setting x = a makes the first and fourth columns multiples of each
other and hence makes the value of the determinant O; thus x = a is one solution to the
equation.

(ii) Setting x = b makes the second and third rows equal, and again the determinant
vanishes; thus b is another root of the equation.

(iii) Setting x = ¢ makes the third and fourth rows equal, and yet again the determinant
vanishes; thus c is also a root of the equation.

Since the determinant contains no x in its final column, it is a cubic polynomial in x
and there will be exactly three roots to the equation. We have already found all three!

(b) Here, the presence of x multiplied by unity in every entry means that subtracting
rows/columns will lead to a simplification. After (i) subtracting the first column from each
of the others, and then (ii) subtracting the first row from each of the others, the determinant
becomes

x+2 2 =5 x+2 2 =5

x+3 =3 2|=|1 -5 7

x—=2 1 3 -4 -1 8
=x+2)(—404+7)+2(—28 —8) — 5(—1 —20)
= —-33(x +2)—-724105
= —33x — 33.
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Matrices and vector spaces

Thus x = —1 is the only solution to the original (linear!) equation.

Prove the following results involving Hermitian matrices.

(a) If A is Hermitian and U is unitary then U~'AU is Hermitian.

(b) If A is anti-Hermitian then i A is Hermitian.

(c) The product of two Hermitian matrices A and B is Hermitian if and only if A and B commute.
(d) If S is a real antisymmetric matrix then A = (I — S)(I + S)~! is orthogonal. If A is given by

cosf  sin6
(S <— sinf cos 9)
then find the matrix S that is needed to express A in the above form.
(e) If K is skew-Hermitian, i.e. K = —K, then V = (I + K)(I — K)~! is unitary.
The general properties of matrices that we will need are (AN~ = (A Hf and
(AB...CO)T =CT...BTAT, (AB---O)f =C'...BTAT.
(a) Given that A = AT and UTU = |, consider
(UTTAU)T = UTATUHT = U'AUD ! = U AU = U AU,

i.e. U"'AU is Hermitian.
(b) Given AT = —A, consider

(A = —iAT = —i(=A) = iA,

i.e. A is Hermitian.
(c) Given A = Af and B = B'.
(i) Suppose AB = BA, then

(AB)' = BTAT = BA = AB,

i.e. AB is Hermitian.
(ii) Now suppose that (AB)" = AB. Then

BA = B'AT = (AB)" = AB,

i.e. A and B commute.
Thus, AB is Hermitian <= A and B commute.
(d) Given that S is real and ST = —S with A = (I — S)(I + S)~!, consider

ATA =1 =S+ 1 =S +957]
=0+ 1 +S)01 -0+
=(1=5""'1+S=S=5HU+9S)"!
=(1=9"'1=91+S)(1+95"
=1l=1,

i.e. A is orthogonal.
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IfFA=(1-S)(1+S) ", then A+AS=1—-Sand (A+ 1S =1—A, giving

S=A+DH1-A)
_ (1+cosb sinf \ ' [1—cos® —sinf
“ \ —sinf@ 1+4cosf sin 6 1 —cos#
_ 1 1+cos® —sin® 1 —cosf® —sinf
T 2+42cos6 sin 6 1+ cosf sin 6 1 —cos®
. 1 0 —2sin6
~ 4cos2(9/2) \2sin6 0

(0 —tan®/2)
~ \tan(6/2) 0 '

(e) This proof is almost identical to the first section of part (d) but with S replaced by
—K and transposed matrices replaced by Hermitian conjugate matrices.

1.9 The commutator [ X, Y | of two matrices is defined by the equation
[X,Y]=XY-YX.
Two anticommuting matrices A and B satisfy
A’=1, B*=I,  [AB]=2iC

(a) Prove that C? = | and that [B, C] = 2iA.
(b) Evaluate [[[A,B1,[B,C]11,[A,B1].

(a) From AB — BA = 2iC and AB = —BA it follows that AB = i C. Thus,
—C? =iCiC= ABAB = A(—AB)B = —(AA)(BB) = —I | = —I,

ie.C*=1.In deriving the above result we have used the associativity of matrix multipli-
cation.
For the commutator of B and C,

[B,C]=BC—CB
— B(—iAB) — (—i)ABB
= —i(BA)B + iAl
— —i(—AB)B + iA
= iA+iA = 2iA.

(b) To evaluate this multiple-commutator expression we must work outwards from the
innermost “explicit” commutators. There are three such commutators at the first stage.
We also need the result that [ C, A] = 2iB; this can be proved in the same way as that
for [ B, C] in part (a), or by making the cyclic replacements A - B — C — A in the
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assumptions and their consequences, as proved in part (a). Then we have

[[IA,B],[B,C]].[A B]]=[[2iC,2iA],2iC]
= —4[[C,A],2iC]
= —4[2iB, 2iC]
= (—4)(—4)[B, C] = 32iA.

1.11 A general triangle has angles «, § and y and corresponding opposite sides a, b and c. Express

the length of each side in terms of the lengths of the other two sides and the relevant cosines,
writing the relationships in matrix and vector form, using the vectors having components a, b, ¢
and cos &, cos B, cos y. Invert the matrix and hence deduce the cosine-law expressions involving o,

B and y.

By considering each side of the triangle as the sum of the projections onto it of the other
two sides, we have the three simultaneous equations:

a=>bcosy + ccosf,
b =ccosa +acosy,

c=bcosa +acospf.
Written in matrix and vector form, Ax =y, they become

0 ¢ b cos o a
c 0 a cosB|l=1|b
b a O cos y c

The matrix A is non-singular, since | A | = 2abc # 0, and therefore has an inverse given
by

—a*  ab ac

-1 1 2
=525 ab —b bc
W\ ac  be —c?
And so, writing x = A~'y, we have

cos« 1 —a’> ab ac a
cosf | = ab —b*> bc b

2abc 5
cos y ac bc —c c

From this we can read off the cosine-law equation

b2+t —a?
2bc

’

1
cosa = %(—a3 +ab® 4+ ac*) =

and the corresponding expressions for cos 8 and cos y .
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1.13 Determine which of the matrices below are mutually commuting, and, for those that are, demonstrate
that they have a complete set of eigenvectors in common:

6 -2 1 8
A=<—2 9)’ B=<8 —11)’
-9 -10 14 2
C:(—IO 5)’ D:<2 11)'
To establish the result we need to examine all pairs of products.

o=(5 )6 )

-9 —10
10 5
(34 =70 34 72
=72 65 )7 70 65
-9 —10\ (6 -2
—\-10 5) -2 9)=CA
Continuing in this way, we find:
80 —10
AD = (_10 95) = DA.
—89 30 —89 38
BC = (38 —135)5&(30 —135) =CB.
30 90
BD = <90 _105) — DB.

—146 —128 —146 —130
D= (—130 35 ) 7 <—128 35 > =Db¢
These results show that whilst A, B and D are mutually commuting, none of them com-
mutes with C.
We could use any of the three mutually commuting matrices to find the common set

(actually a pair, as they are 2 x 2 matrices) of eigenvectors. We arbitrarily choose A. The
eigenvalues of A satisfy

6—1 =2

-2 9—2x
A2 — 150 +50=0,
(L —5)(L — 10) = 0.

-
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For A =5, an eigenvector (x y)" must satisfy x — 2y = 0, whilst, for A = 10, 4x +
2y = 0. Thus a pair of independent eigenvectors of A are 2 1) and (1 —2)T. Direct
substitution verifies that they are also eigenvectors of B and D with pairs of eigenvalues
5, —15 and 15, 10, respectively.

Solve the simultaneous equations

2x 4+3y+z =11,
x+y+z=6,
S5x —y+ 10z = 34.

To eliminate z, (i) subtract the second equation from the first and (ii) subtract 10 times the
second equation from the third.

x+2y =35,
—5x — 11y = -26.

To eliminate x add 5 times the first equation to the second
—y=—1.

Thus y = 1 and, by resubstitution, x = 3 and z = 2.

Show that the following equations have solutions only if 7 = 1 or 2, and find them in these cases:
x+y+z=1, )
x+2y+4z =n, (i1)
x 44y + 10z = n*. (iii)

Expressing the equations in the form Ax = b, we first need to evaluate |A| as a preliminary
to determining A~'. However, we find that |A| = 1(20 — 16) 4+ 1(4 — 10) + 1(4 —2) = 0.
This result implies both that A is singular and has no inverse, and that the equations must
be linearly dependent.

Either by observation or by solving for the combination coefficients, we see that for the
LHS this linear dependence is expressed by

2x () + 1 x (i) — 3 x (i) = 0.
For a consistent solution, this must also be true for the RHSs, i.e.
249 =3n=0.

This quadratic equation has solutions n = 1 and n = 2, which are therefore the only
values of 1 for which the original equations have a solution. As the equations are linearly
dependent, we may use any two to find these allowed solutions; for simplicity we use the
first two in each case.
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Forn =1,

x4+y+z=1 x+2y+4z=1=x'=1+2a —3a o).
For n = 2,

x+y+z=1, x4+2y+4z=2=x=Qa 1-3a o).

In both cases there is an infinity of solutions as & may take any finite value.

Make an LU decomposition of the matrix

3 6 9
A=|1 0 5
2 =2 16
and hence solve Ax = b, where ()b =21 9 28T, Gi)b=@21 7 22)T.

Using the notation

1 0 0 U11 U12 U13
A=1|Ly 1 0 0 Uxn Ux|,
Ly L3z 1 0 0 Us

and considering rows and columns alternately in the usual way for an LU decomposition,
we require the following to be satisfied.

Istrow: Uy =3, Up=6, U;z=09.

Istcol: LUy =1, L3 Uy =2= Ly Z%, L3 Z%

2ndrow: LyyUjp +Ux»p =0, LyUp+Up=5=Up=-2, Up3y=2
2nd col: L3 U+ LUy = -2 = L3y = 3.

3rdrow: L31Ujz + L3xUyz + Usz = 16 = U3 = 4.

Thus
1 00 3 6 9
L= 31 1 0 and U=|0 -2 2
% 3 1 0O 0 4

To solve Ax = b with A = LU, we first determine y from Ly = b and then solve Ux =y
for x.
(i) For Ax=(21 9 28)", we first solve

1 0 0\ [y 21
3l 1 0 v | = 9
2 3 1/ \» 28

This can be done, almost by inspection, to givey = (21 2 8)T.
We can now write UX = y explicitly as

36 9 X1 21
0o -2 2 X2 = 2
0 0 4 X3 8

to give, equally easily, that the solution to the original matrix equationisx = (—1 1 2)T.
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(i) To solve Ax = (21 7 22)T we use exactly the same forms for L and U, but the

new values for the components of b, to obtainy = (21 0 8)" leading to the solution
x=(-3 2 2.

Use the Cholesky decomposition method to determine whether the following matrices are positive
definite. For each that is, determine the corresponding lower diagonal matrix L :

2 1 3 5 0 43
A=|1 3 —-1|. B=|lo0o 3 o].
3 -1 1 J3 0 3

The matrix A is real and so we seek a real lower-diagonal matrix L such that LLT = A. In
order to avoid a lot of subscripts, we use lower-case letters as the non-zero elements of L:

2 1 3
=11 3 -1
3 -1 1

Firstly, from A, a®> = 2. Since an overall negative sign multiplying the elements of L
is irrelevant, we may choose a = +./2. Next, ba = A, = 1, implying that b = 1/,/2.
Similarly, d = 3/4/2.

From the second row of A we have

P+f=3 = c:fg,

bd+ce=-1 = e= %(—1—%):—\/5

And, from the final row,
1/2
d+ee+ =1 = f=(1-3-3)" =J-6.

That f is imaginary shows that A is not a positive definite matrix.

The corresponding argument (keeping the same symbols but with different numerical
values) for the matrix B is as follows.

Firstly, from A}, a> = 5. Since an overall negative sign multiplying the elements of L is
irrelevant, we may choose a = +./5. Next, ba = By, = 0, implying that b = 0. Similarly,

d = /3/5.

From the second row of B we have

P+ct=3 = c=./3
bd+ce=0 = e=\@(0—0)=0.

And, from the final row,

2 2 2 3 12
Pré+ =3 = f=(3—5—0)1/2:\/;
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Thus all the elements of L have been calculated and found to be real and, in summary,

J5 0 0
L=]10 V3 0
30 12

5

That LLT = B can be confirmed by substitution.

Find three real orthogonal column matrices, each of which is a simultaneous eigenvector of
0 0 1 0 1 1
A=10 1 0 and B=|1 0 1].
1 0 0 1 10

0
1
1

We first note that

1
AB = 0 = BA.
1

O = =

The two matrices commute and so they will have a common set of eigenvectors.
The eigenvalues of A are given by

—A 0 1
0 1—x2 0|=0-M»A*=1)=0,
1 0 —A
ie. A =1,A =1 and A = —1, with corresponding eigenvectors el=( Vi l)T, e =

1 Dfand e =(1 0 —1)T. For these to be mutually orthogonal requires that
yiy2 = —2.

The third vector, €?, is clearly an eigenvector of B with eigenvalue ;13 = —1. For e! or
e? to be an eigenvector of B with eigenvalue u requires
0—pu 1 1 1 0
1 0—pu 1 y]=10];
1 1 0—pn 1 0
ie. —u+y+1=0,
and l—puy+1=0,
2
giving ——+y+1=0,
y

= Y +y-2=0,
= y=1 or -2.

Thus, y; = 1 with u; = 2, whilst y, = —2 with u, = —1.
The common eigenvectors are thus

el=1 1 DT, =1 =2 DT, =1 o -nT.

We note, as a check, that )", u; =2+ (—=1)+(—1) =0 =Tr B.
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Given that A is a real symmetric matrix with normalized eigenvectors €', obtain the coefficients «;
involved when column matrix X, which is the solution of

AX — ux=v, (%)
isexpandedasx = ), a;e’. Here yu is a given constant and V is a given column matrix.

(a) Solve (*) when

w=2andv=(1 2 3)T.
(b) Would (%) have asolutionif () u = landv=(1 2 3)T, G)v=(Q2 2 3)T? Whereitdoes,
find it.

Letx = Y, o;€’, where Ae’ = A;e’. Then

AX — ux =v,

ZAaiei — Z,uoziei =v,
i i
Z ()LiOliei — lLOliei) =V,

i .
(eHlv
Olj = .
Aj— 1

To obtain the last line we have used the mutual orthogonality of the eigenvectors. We note,
in passing, that if ;+ = A; for any j there is no solution unless (eHiv=0.
(a) To obtain the eigenvalues of the given matrix A, consider

O=A—AM=C -G —dr+22=1) =G =13 =11 —21).

The eigenvalues, and a possible set of corresponding normalized eigenvectors, are there-
fore,

for r=3, e'=@0 0 DT
for A=3, =221 1 07:
for A=1, e =220 -1 oT.

Since A = 3 is a degenerate eigenvalue, there are infinitely many acceptable pairs of
orthogonal eigenvectors corresponding to it; any pair of vectors of the form (a;, a;, b;)
with 2aja; + b1b, = 0 will suffice. The pair given is just about the simplest choice
possible.

With p =2andv=(1 2 3)T,

3 3/2 —1/2
) =——, a3= .
3-2 1-2
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Thus the solution vector is

O 3 ¢ (1Y 1 (1
1l =11

L +——
N IRVEIVC ) RVCIVAR

(b) If w =1 then it is equal to the third eigenvalue and a solution is only possible if
efv=0.

For(i)v=(1 2 3)T, (e*)tv=—1/,/2and so no solution is possible.

For (i) v=2 2 3), (e%)fv =0, and so a solution is possible. The other scalar
products needed are (e!)'v = 3 and (e?)'v = 2,/2. For this vector v the solution to the
equation is

0
3 22 1
0 v

= — + Y- |1
31\ ) "3-1v2),

1
X

NI = =

[The solutions to both parts can be checked by resubstitution.]

1.27 By finding the eigenvectors of the Hermitian matrix

10 3i
H= (—31’ 2 ) ’
construct a unitary matrix U such that UTHU = A, where A is a real diagonal matrix.

We start by finding the eigenvalues of H using

‘10—x 3i

—3i 2—1‘:0’

20— 124+ A2 =3 =0,
A=1 or 11.

As expected for an Hermitian matrix, the eigenvalues are real.
For & = 1 and normalized eigenvector (x y)T,

Ix+3iy=0 = x'=00""*aq 3.
For A = 11 and normalized eigenvector (x y)T,
—x+3iy=0 = xX>=010""2@3@i DT.
Again as expected, (x')'x? = 0, thus verifying the mutual orthogonality of the eigenvec-

tors. It should be noted that the normalization factor is determined by (x')'x’ = 1 (and not
by (x)Tx! = 1).
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We now use these normalized eigenvectors of H as the columns of the matrix U and
check that it is unitary:

1 j 1 —3i
Us 1_ 3i LU= L 1. 3i ’
J10 \3i 1 J1o \=3i 1

11 3i\( 1 =3i 1 /10 0
[ — = — =
=1 <3i 1) <—3i 1 ) 10 (0 10) .

U has the further property that

| Y N .
UTHU = 1 . 3i 10. 3i 1. 3i
/10 \ —3i 1 =3i 2/ . /10\3i 1
/i1t =3 1 33§
10\-3i 1 3i 11
_ Lo oy _(1 0)_ A
—10\0 110/ \0 11) "7

That the diagonal entries of A are the eigenvalues of H is in accord with the general theory
of normal matrices.

1.29 Given that the matrix

has two eigenvectors of the form (1 y 1)T, use the stationary property of the expression J(X) =
xTAx/(xTx) to obtain the corresponding eigenvalues. Deduce the third eigenvalue.

Since A is real and symmetric, each eigenvalue A is real. Further, from the first component
of Ax = Ax, we have that 2 — y = A, showing that y is also real. Considered as a function
of a general vector of the form (1 y 1)T, the quadratic form xTAx can be written
explicitly as

2 -1 0 1

xX'Ax=(0yDh|-1 2 —1|]yvy
0 -1 2 1

2-y
=1yDh|2y-2

2-y
=2y’ —4y +4.

The scalar product xT'X has the value 2 + yz, and so we need to find the stationary values
of

I— 2y? — 4y +4
=5
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These are given by

_dl 24 )4y —4) — (2y* —4y +4)2y

0= — =
dy 2+ y?)?
0=4y> -8,
y = £4/2.
The corresponding eigenvalues are the values of [ at the stationary points:
22)—42+4
f =./2, AM=—"—T"T""=2-./2;
ory=+ : 242 v
2)+4/2+4
for y=—./2, A2=%=2+\/2.

The final eigenvalue can be found using the fact that the sum of the eigenvalues is equal
to the trace of the matrix; so

L=Q2+2+2)-2-/2)-2+2)=2.

The equation of a particular conic section is
Q = 8x7 4 8x7 — 6x;x; = 110.

Determine the type of conic section this represents, the orientation of its principal axes, and relevant
lengths in the directions of these axes.

The eigenvalues of the matrix ( 8 ) associated with the quadratic form on the LHS

-3 8
(without any prior scaling) are given by
8§—x1 3
0= ‘ -3 8- A‘
= A* — 161 + 55
=(A—=50G—11).

Referred to the corresponding eigenvectors as axes, the conic section (an ellipse since
both eigenvalues are positive) will take the form

.

22 10

Thus the semi-axes are of lengths 4/22 and /10 ; the former is in the direction of the vector
(x; x2)T given by (8 — 5)x; — 3x, =0, i.e. it is the line x; = x;. The other principal
axis will be the line at right angles to this, namely the line x; = —x;.

5yl2 + 11y§ =110 or, in standard form,

Find the direction of the axis of symmetry of the quadratic surface

7x% 4+ 7y* +77% — 20yz — 20xz 4 20xy = 3.

The straightforward, but longer, solution to this problem is as follows.
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Consider the characteristic polynomial of the matrix associated with the quadratic
surface, namely,

7—% 10 -—10
foy=|10 7-x» =10
~10 —-10 7—Ax

= (7 — A)(=51 — 14x 4+ 1%) + 1030 + 101) — 10(=30 — 101)
= —2% + 2122 + 1531 + 243.

If the quadratic surface has an axis of symmetry, it must have two equal major axes
(perpendicular to it), and hence the characteristic equation must have a repeated root. This
same root will therefore also be a root of df/dA = 0, i.e. of

—302 4420+ 153 =0,
22— 141 —51 =0,
A=17 or —3.

Substitution shows that —3 is a root (and therefore a double root) of f(1) = 0, but that
17 is not. The non-repeated root can be calculated as the trace of the matrix minus the
repeated roots, i.e. 21 — (—3) — (—3) = 27. It is the eigenvector that corresponds to this
eigenvalue that gives the direction (x y z)' of the axis of symmetry. Its components
must satisfy

(7 —27)x + 10y — 10z = 0,
10x + (7 — 27)y — 10z = 0.

The axis of symmetry is therefore in the direction (1 1 —1)".

A more subtle solution is obtained by noting that setting A = —3 makes all three of the
rows (or columns) of the determinant multiples of each other, i.e. it reduces the determinant
to rank one. Thus —3 is a repeated root of the characteristic equation and the third root is
21 — 2(—3) = 27. The rest of the analysis is as above.

We note in passing that, as two eigenvalues are negative and equal, the surface is the
hyperboloid of revolution obtained by rotating a (two-branched) hyperbola about its axis
of symmetry. Referred to this axis and two others forming a mutually orthogonal set, the
equation of the quadratic surface takes the form —3x? — 35> + 27¢2 = 3 and so the tips
of the two “nose cones” (x = n = 0) are separated by % of a unit.

This problem demonstrates the reverse of the usual procedure of diagonalizing a matrix.

(a) Rearrange the result A’ = S~'AS (which shows how to make a change of basis that diagonalizes
A) so as to express the original matrix A in terms of the unitary matrix S and the diagonal matrix
A’. Hence show how to construct a matrix A that has given eigenvalues and given (orthogonal)
column matrices as its eigenvectors.

(b) Find the matrix that has as eigenvectors (1 2 DT, (1 —1 DTand 1 0 —1)T and
corresponding eigenvalues A, u and v.

(c) Try a particular case, say A = 3, u = —2 and v = 1, and verify by explicit solution that the
matrix so found does have these eigenvalues.
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(a) Since S is unitary, we can multiply the given result on the left by S and on the right by
ST to obtain

SA'ST = SST!ASST = (DA () = A.
More explicitly, in terms of the eigenvalues and normalized eigenvectors X' of A,
A=x'" x* . xXHAX! x* .. xH.

Here A is the diagonal matrix that has the eigenvalues of A as its diagonal elements.
Now, given normalized orthogonal column matrices and n specified values, we can use
this result to construct a matrix that has the column matrices as eigenvectors and the values
as eigenvalues.
(b) The normalized versions of the given column vectors are

1 1 1

%(1 2 DT, %(1 -1 DT, %(1 0o -,

and the orthogonal matrix S can be constructed using these as its columns:
1 1 V2 /3
S= % ? —\}/22 _?/ X

The required matrix A can now be formed as SAS':

1 1 /2 V3 A 0 0 1 2 1
A:E 2 =2 0 0 n O J2 =2 )2
1 /2 =3 0 0 v /3 0 -3
1 I 2 V3 A 21 A
=2 —v2 0 V2 =2 2p
1 V2 =J3) \J3v 0 —/3v
1 A+2u+3v 20 -2 A+2u—3v
:6 20 —2u 414+ 2u 20 — 21
A4+2u—3v 24 —-2u A+2u+3v
(c) Setting A = 3, u = —2 and v = 1, as a particular case, gives A as
1 2 10 —4
A= A 10 8 10
-4 10 2

We complete the problem by solving for the eigenvalues of A in the usual way. To avoid
working with fractions, and any confusion with the value A = 3 used when constructing
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A, we will find the eigenvalues of 6A and denote them by 7.

0=]6A—npl|
2—n 10 -4
=10 8—n 10
-4 10 2-7

=2 — n)(n* — 10n — 84) + 10(10n — 60) — 4(132 — 4n)
—n® 4+ 12n* + 1801 — 1296
—(n — 6)(1* — 6n — 216)
—(n —6)(n + 12)(n — 18).

Thus 6A has eigenvalues 6, —12 and 18; the values for A itself are 1, —2 and 3, as
expected.

1.37 A more general form of expression for the determinant of a 3 x 3 matrix A than (1.45) is given by

|Al€imn = Ali Amj Ank€iji- (1.1)

The former could, as stated earlier in this chapter, have been written as

|Al = €jxAi1 Aj2Ags.

The more general form removes the explicit mention of 1,2, 3 at the expense of an additional
Levi—Civita symbol; the form of (1.1) can be readily extended to cover a general N x N matrix.

Use this more general form to prove properties (i), (iii), (v), (vi) and (vii) of determinants stated in
Subsection 1.9.1. Property (iv) is obvious by inspection. For definiteness take N = 3, but convince
yourself that your methods of proof would be valid for any positive integer N.

A full account of the answer to this problem is given in the Hints and answers section at
the end of the chapter, almost as if it were part of the main text. The reader is referred
there for the details.

1.39 Three coupled pendulums swing perpendicularly to the horizontal line containing their points of
suspension, and the following equations of motion are satisfied:
—mX; = cmx; +d(x; — x7),
—M3y = cMxy + d(xy — x1) + d(x2 — x3),
—mX3 = cmxz + d(x3 — x3),
where x1, x, and x3 are measured from the equilibrium points; m, M and m are the masses of the

pendulum bobs; and ¢ and d are positive constants. Find the normal frequencies of the system and
sketch the corresponding patterns of oscillation. What happens as d — 0 ord — 00?

In a normal mode all three coordinates x; oscillate with the same frequency and with fixed
relative phases. When this is represented by solutions of the form x; = X; cos wt, where
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the X; are fixed constants, the equations become, in matrix and vector form,

cm +d — mw? —d 0 X
—d cM +2d — Mw? —d X, | =0
0 —d cm +d — mw? X3

For there to be a non-trivial solution to these simultaneous homogeneous equations, we
need

(c—o>m+d —d 0
0= —d (c — )M +2d —d
0 —d (c —w)m+d
(c—oPm+d 0 —(c—®m—d
= —d (c — )M +2d —d
0 —d (c — > )m+d

= [(c — 0®)m + d]{[(c — & )M + 2d][(c — &*)m + d] — d* — d*}
= (em — mw? 4+ d)(c — H)[Mm(c — »*) + 2dm + dM].
Thus, the normal (angular) frequencies are given by

2d d
w=c, @w=c+— and ’=c+—+ —.
m M m

If the solution column matrix is X = (X; X, X3)T, then
(i) for w* = ¢, the components of X must satisfy

dX, —dX, =0,
—dX,+2dX, —dX;=0, = X'=a 1 DT,
d
(ii) for w* = ¢ + —, we have
m
—dX, =0,

dM
—dX1+<——+2d>X2—dX3:O, = X=(1 0 -1
m

2d
(iii) for w* = ¢ + = 4 —, the components must satisfy
m

M
2d  d
4 dlx,—dx, =o,
(57— ) mea] xiax
dxo (=22 - W mralxs=0. = x=(1 2'"1T
2 M m)" T - M '

The corresponding patterns are shown in Figure 1.1.

If d — 0, the three oscillations decouple and each pendulum swings independently
with angular frequency +/c.

If d — o0, the three pendulums become rigidly coupled. The second and third modes
have (theoretically) infinite frequency and therefore zero amplitude. The only sustainable
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d
(a) ©*=c+ —
m

O O O
(b)) w?*=c
kM Q kM
o (c) @*=c+ %Jri
O/ m M m
O

Figure 1.1 The normal modes, as viewed from above, of the coupled pendulums in
Problem 1.39.

mode is the one shown as case (b) in the figure; one in which all the pendulums swing as
a single entity with angular frequency +/c.

Find the normal frequencies of a system consisting of three particles of masses m| = m, m, = pum,
m3 = m connected in that order in a straight line by two equal light springs of force constant k.
Describe the corresponding modes of oscillation.

Now consider the particular case in which u = 2.

(a) Show that the eigenvectors derived above have the expected orthogonality properties with
respect to both the kinetic energy matrix A and the potential energy matrix B.

(b) For the situation in which the masses are released from rest with initial displacements (relative
to their equilibrium positions) of x; = 2¢, x, = —e and x3 = 0, determine their subsequent
motions and maximum displacements.

Let the coordinates of the particles, x1, x,, x3, be measured from their equilibrium positions,
at which the springs are neither extended nor compressed.
The kinetic energy of the system is simply

T =dm (] + pi3 +i3),
whilst the potential energy stored in the springs takes the form

V = %k [(X2 - X1)2 + ()C3 - X2)2] .
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The kinetic- and potential-energy symmetric matrices are thus

1 00 k 1 -1 O
0 0 1 0o -1 1

To find the normal frequencies we have to solve |[B — w?A| = 0. Thus, writingmw?/k = A,
we have

-2 -1 0
0=| -1 2—pr -1
0 1 1-a

=1 =2 —pr =224+ ur> =D+ (=142
=1 =MA(—p =2+ pa),

which leadstoA =0, 1or 1 +2/u.
The normalized eigenvectors corresponding to the first two eigenvalues can be found
by inspection and are

V2
The components of the third eigenvector must satisfy
— X1 — X2 =0 and Xp — — X3 =0.
2 u

The normalized third eigenvector is therefore

e )
X=——1 —— 1 .
V2+ @/ w
The physical motions associated with these normal modes are as follows.

The first, with A = @ = 0 and all the x; equal, merely describes bodily translation of
the whole system, with no (i.e. zero-frequency) internal oscillations.

In the second solution, the central particle remains stationary, x, = 0, whilst the other
two oscillate with equal amplitudes in antiphase with each other. This motion has frequency
w = (k/m)'/?, the same as that for the oscillations of a single mass m suspended from a
single spring of force constant k.

The final and most complicated of the three normal modes has angular frequency
o = {[(n + 2)/n](k/m)}'/?, and involves a motion of the central particle which is in
antiphase with that of the two outer ones and which has an amplitude 2/u times as great.
In this motion the two springs are compressed and extended in turn. We also note that in
the second and third normal modes the center of mass of the system remains stationary.

Now setting u = 2, we have as the three normal (angular) frequencies 0, Q and /2%,
where Q2 = k/m. The corresponding (unnormalized) eigenvectors are

xX'=a 1 D, x¥*=a o =T, ¥*=1 -1 D



21

1.43

Matrices and vector spaces

(a) The matrices A and B have the forms

1 00 1 -1 0
A=|10 2 0}), B=|-1 2 -1
0 0 1 0o -1 1
To verify the standard orthogonality relations we need to show that the quadratic forms

(x')fAx/ and (x')'Bx/ have zero value fori # j. Direct evaluation of all the separate cases
is as follows:

xHIAX*=140—-1=0,
xHAC=1-24+1=0,
A)AC=140-1=0,
cHIB=Ha 0 —D'=1+0-1=0,
cHB =xHf2 -4 2)'=2—-442=0,
OB =032 -4 2'=2+0-2=0.

If (x')T Ax/ has zero value then so does (x/)'Ax’ (and similarly for B). So there is no need
to investigate the other six possibilities and the verification is complete.

(b) In order to determine the behavior of the system we need to know which modes are
present in the initial configuration. Each contributory mode will subsequently oscillate
with its own frequency. In order to carry out this initial decomposition we write

Qe — OT=a@ 1 D'+b01 0 —D"+c@@ -1 DT,

from which it is clear that a = 0, b = € and ¢ = €. As each mode vibrates with its own
frequency, the subsequent displacements are given by

x1 = €e(cos Qt + cos /29),
Xy = —€cos /281,
X3 = €(— cos Q1 + cos ,/21).

Since 2 and /2% are not rationally related, at some times the two modes will, for all
practical purposes (but not mathematically), be in phase and, at other times, be out of phase.
Thus the maximum displacements will be x;(max) = 2¢, xp(max) = € and x3(max) = 2e.

It is shown in physics and engineering textbooks that circuits containing capacitors and inductors
can be analyzed by replacing a capacitor of capacitance C by a “complex impedance” 1/(iwC) and
an inductor of inductance L by an impedance iwL, where w is the angular frequency of the currents
flowing and i? = —1.

Use this approach and Kirchhoff’s circuit laws to analyze the circuit shown in Figure 1.2 and
obtain three linear equations governing the currents /;, I, and I3. Show that the only possible
frequencies of self-sustaining currents satisfy either (a) w*LC =1 or (b) 3w?>LC = 1. Find the
corresponding current patterns and, in each case, by identifying parts of the circuit in which no
current flows, draw an equivalent circuit that contains only one capacitor and one inductor.
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C
P e
U
”?525?5\ ) DLZS —
s, =,
Bl T o b
Figure 1.2 The circuit and notation for Problem 1.43.

We apply Kirchhoff’s laws to the three closed loops PQU P, SUTS and TURT and
obtain, respectively,

1
—— I +ioLl(l; — L) +iol(l; — L) =0,
iwC
1
ioL(lb — L)+ ——5L =0,
ioC
1
ia)L(I3 - 11) + ,—13 =0.
ioC

For these simultaneous homogeneous linear equations to be consistent, it is necessary that

1
— +2ioL —iwL —iwL
iowC A—=2 1 1
0= —ioL - +iwL 0 =] 1 A—1 (U
twC | 1 0 i-1
—iwL 0 — +iwL
iwC

where, after dividing all entries by —iwL, we have written the combination (LCw?)~! as
A to save space. Expanding the determinant gives

0=A—2)A—1> = -=D—=Q-1)
=(—-DRA*=31+2-2)

=AA — 1)(A —3).
Only the non-zero roots are of practical physical interest, and these are A = 1 and A = 3.
(a) The first of these eigenvalues has an eigenvector I"=(, L, I&)" thatsatisfies
—ILi+5L+15=0,

L =0 = I'=0 1 =DT.

Thus there is no current in P Q and the capacitor in that link can be ignored. Equal currents
circulate, in opposite directions, in the other two loops and, although the link T U carries
both, there is no transfer between the two loops. Each loop is therefore equivalent to a
capacitor of capacitance C in parallel with an inductor of inductance L.
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(b) The second eigenvalue has an eigenvector I>=(, I &))" that satisfies

L+hL+1=0,
L+2L=0 = P==2 1 DT.

In this mode there is no current in 7U and the circuit is equivalent to an inductor of
inductance L + L in parallel with a capacitor of capacitance 3C/2; this latter capacitance
is made up of C in parallel with the capacitance equivalent to two capacitors C in series,
i.e. in parallel with %C . Thus, the equivalent single components are an inductance of 2L
and a capacitance of 3C/2.

A double pendulum consists of two identical uniform rods, each of length ¢ and mass M, smoothly
jointed together and suspended by attaching the free end of one rod to a fixed point. The system
makes small oscillations in a vertical plane, with the angles made with the vertical by the upper
and lower rods denoted by 6; and 6,, respectively. The expressions for the kinetic energy T and the
potential energy V of the system are (to second order in the 6;)

T ~ MI* (367 + 26,6, + 363)
V ~ Mgl (367 + 363) .

Determine the normal frequencies of the system and find new variables £ and 7 that will reduce
these two expressions to diagonal form, i.e. to

a1? +ax® and  biE* 4 ban’.

To find the new variables we will use the following result. If the reader is not familiar with
it, a standard textbook should be consulted.

If Q; = uTAu and Q, = uTBu are two real symmetric quadratic forms and u” are those column
matrices that satisfy

Bu" = 1, AU”,

then the matrix P whose columns are the vectors u” is such that the change of variables u = Pv
reduces both quadratic forms simultaneously to sums of squares, i.e. O = vICvand Q, = vIDv,
with both C and D diagonal.

Further points to note are:

(i) that for the u’ as determined above, (U™)TAU" = 0 if m # n and similarly if A is replaced
by B;

(ii) that P is not in general an orthogonal matrix, even if the vectors u” are normalized.

(iii) In the special case that A is the identity matrix |: the above procedure is the same as
diagonalizing B; P is an orthogonal matrix if normalized vectors are used; mutual orthogonality of
the eigenvectors takes on its usual form.

This problem is a physical example to which the above mathematical result can be applied,
the two real symmetric (actually positive-definite) matrices being the kinetic and potential

energy matrices.
8 2
= 1 °l
A= (31 ) , = ) with A; = ——.

e

N
O Njw
= O

W
= |
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We find the normal frequencies by solving

0=|B—2A|
3 8
_lz—3r A
S

_ 3 7 1642 2
=32+ 82—

=  0=281>—84)+27.

Thus, A =2.634 or A =0.3661, and the normal frequencies are (2.634g/1)'/?> and
(0.3661g/1)'/2.

The corresponding column vectors U’ have components that satisfy the following.
(1) For A = 0.3661,

(3-303661)6, —036616,=0 = u'=( 1431
(i1) For A = 2.634,
(3-%2634)0,—2.6346, =0 = uw=(1 —2.097)".

2 3
o_( ! 1
1431 —2.097

and define new variables (£, n) by (6, 0,)T =P (¢ n)'. When the substitutions 6; =
&+ nand 6, = 1.431£-2.097n = o€ — Bn are made into the expressions for 7 and V,
they both take on diagonal forms. This can be checked by computing the coefficients of
&n in the two expressions. They are as follows.

We can now construct P as

16 4
ForV: 3—aB8 =0, and for T: ?—1—2(0(—;3)—301,8:0.

As an example, the full expression for the potential energy becomes V = Mgl (2.524 £ +
3.699 ).

1.47 Three particles each of mass m are attached to a light horizontal string having fixed ends, the string
being thus divided into four equal portions, each of length @ and under a tension 7'. Show that for
small transverse vibrations the amplitudes X' of the normal modes satisfy Bx = (maw?/ T)X, where
B is the matrix

Estimate the lowest and highest eigenfrequencies using trial vectors (3 4 3)Tand(3 —4 3)'.

T T
Use also the exact vectors (1 V2 1) and (1 -2 1) and compare the results.

For the ith mass, with displacement y;, the force it experiences as a result of the tension

in the string connecting it to the (i + 1)th mass is the resolved component of that tension

Yi+1 — Vi

perpendicular to the equilibrium line, i.e. f = i T. Similarly the force due to the
a
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tension in the string connecting it to the (i — 1)th mass is f =

Yi—1

Rl Bl T . Because the

a
ends of the string are fixed the notional zeroth and fourth masses have yy = y4 = 0.
The equations of motion are, therefore,

m)'c'l

m)fz

m)'c'3

T
;[(0 —x1) + (x2 — x1)],
T
;[(M —x2) + (x3 — x2)],

T
;[(Xz —x3) + (0 — x3)].

If the displacements are written as x; = X; coswt and X = (X; X»

X5)T, then these

equations become

2

maw
— X =-2X1+ Xa,
T
maw?
- Xy =X —2X, + X3,
2
maw
— X3 =X, —2X;5.
w2
This set of equations can be written as Bx = X, with
2 -1 0
B=[|-1 2 -1
0o -1 2
T
The Rayleigh—Ritz method shows that any estimate A of X always lies between the

lowest and highest possible values of maw?/T.
Using the suggested trial vectors gives the following estimates for A.

() Forx=(3 4 3)T

A=1[3,43B3 4 3)T/34
=13, 4,32 2 2)T/34
=20/34 = 0.588.

(i) Forx=(3 —4 3)T

A=1[(3, —4,3)B(3
=[(3, —4, 3)(10
= 116/34 = 3.412.

—4 3)T1/34
—14 10)T)/34

Using, instead, the exact vectors yields the exact values of A as follows.
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(i) For the eigenvector corresponding to the lowest eigenvalue, X = (1, /2, 1)T,

A= [(1, 2, DB, 2, D] /4
=[(1, V2, D@ =2, 22-2,2— 2] /4
=2—./2=0.586.

(ii) For the eigenvector corresponding to the highest eigenvalue, X = (1, —/2, 1)T,

r=[1, —y/2, DB(1, —y/2, D'] /4
=[(1, =2, DR+ /2, =22 -2, 2+ 2)"] /4
=2+ .,/2=3414,

As can be seen, the (crude) trial vectors give excellent approximations to the lowest and
highest eigenfrequencies.
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2.1

2.3

Evaluate the integral
/[a(b-a+b.a)+a(b-a)—2(a-a)b—blal2] di
in which a and b are the derivatives of the real vectors a and b with respect to ¢.
In order to evaluate this integral, we need to group the terms in the integrand so that each

is a part of the total derivative of a product of factors. Clearly, the first three terms are the
derivative of a(b - a), i.e.

d .
E[a(b -a)]=a(b-a)+a(b-a)+ a(b-a).
Remembering that the scalar product is commutative, and that |a|*> = a - a, we also have

%[b(a-a)] =b(a-a)+b@-a)+ba-a)
=bh(a-a)+2b(a- a).

Hence,

1—/{i[ (b )]—i[b( )]}dt
= Slab-a)]——[b@a-a

=a(-a)—b(a-a)+h
=ax(axb)+h,

where h is the (vector) constant of integration. To obtain the final line above, we used a
special case of the expansion of a vector triple product.

The general equation of motion of a (non-relativistic) particle of mass m and charge ¢ when it is
placed in a region where there is a magnetic field B and an electric field E is

mi =g(E + 1 x B);

here r is the position of the particle at time ¢ and r = dr/dt, etc. Write this as three separate
equations in terms of the Cartesian components of the vectors involved.

For the simple case of crossed uniform fields E = Ei, B = Bj, in which the particle starts from
the origin at t = 0 with i = ygk, find the equations of motion and show the following:
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(a) if vo = E /B then the particle continues its initial motion;
(b) if vy = 0 then the particle follows the space curve given in terms of the parameter £ by

x:@(l—cosg) y=0 z=ﬂ(s—sins)~
B%g ’ ’ Bg
Interpret this curve geometrically and relate £ to 7. Show that the total distance traveled by the
particle after time 7 is given by
2E ('
B Jy

Bgt’
2m

sin dt’.

Expressed in Cartesian coordinates, the components of the vector equation read

mi = qu + Q(sz - ZBy)’
my = qEy + q(ZBy —XB;),
mZ=qE; +q(xBy — yBy).

For E; = E, B, = B and all other field components zero, the equations reduce to
mX =qE — qBz, my =0, mZ = qBx.

The second of these, together with the initial conditions y(0) = y(0) = 0, implies that
y(t) = 0 for all 7. The final equation can be integrated directly to give

mz = g Bx + muvy, ()

which can now be substituted into the first to give a differential equation for x:

" 9B
mi =qFE —qB|—x+v |,
m

A
= x+<—> x =—(E —vyB).
m m

(i) If v9 = E/B then the equation for x is that of simple harmonic motion and
x(t) = Acoswt + B sin wt,

where w = g B/m. However, in the present case, the initial conditions x(0) = x(0) =0
imply that x(¢) = 0 for all #. Thus, there is no motion in either the x- or the y-direction and,
as is then shown by (x), the particle continues with its initial speed vy in the z-direction.
(i) If vy = 0, the equation of motion is
E
¥4 wix = q—,

m
which again has sinusoidal solutions but has a non-zero RHS. The full solution consists
of the same complementary function as in part (i) together with the simplest possible
particular integral, namely x = g E/ma?. It is therefore

qE

x(t) = Acoswt + Bsinwt + —.
mo
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The initial condition x(0) = 0 implies that A = —g E /(mw?), whilst %(0) = 0 requires
that B = 0. Thus,

qFE
X = —2(1 — coswt),
mo
B E E
= = q—x = wq—2(1 —coswt) = q—(l — cos wt).
m mw mw

Since z(0) = 0, straightforward integration gives

qE sin wt qFE .
z=—\f— = —z(a)t — sinwt).
mw w mw

Thus, since g E /mw? = mE / B?q, the path is of the given parametric form with & = wt.
It is a cycloid in the plane y = 0; the x-coordinate varies in the restricted range 0 < x <
2¢ E /(mw?), whilst the z-coordinate continually increases, though not at a uniform rate.

The element of path length is given by ds? = dx* + dy?> 4+ dz>. In this case, writing
qE/(mw) = E/B as u,

1/2
d dx)", (dzY’ / di
s = — —
dt dt
= [,uz sin® wt + u?(1 — cos wt)? ]1/2 dt
= [26%(1 —coswr)|"? dt = 2p]sin Lot dt.

Thus the total distance traveled after time 7 is given by
_ ' | / ’ 2E !
s = 2ulsinjot'ldt’ = —
0 B Jo

If two systems of coordinates with a common origin O are rotating with respect to each other, the
measured accelerations differ in the two systems. Denoting by r and r’ position vectors in frames
OXYZ and OX'Y'Z , respectively, the connection between the two is

qBt’
m

sin dt’.

F=F4+®@Xr+2mwxr+wx (®xr),

where ® is the angular velocity vector of the rotation of OXYZ with respect to OX'Y'Z’ (taken as
fixed). The third term on the RHS is known as the Coriolis acceleration, whilst the final term gives
rise to a centrifugal force.

Consider the application of this result to the firing of a shell of mass m from a stationary ship
on the steadily rotating earth, working to the first order in w (= 7.3 x 107 rad s~1). If the shell is
fired with velocity v at time # = 0 and only reaches a height that is small compared with the radius
of the earth, show that its acceleration, as recorded on the ship, is given approximately by

F=g—2w x (V+gt),

where mg is the weight of the shell measured on the ship’s deck.
The shell is fired at another stationary ship (a distance s away) and v is such that the shell would
have hit its target had there been no Coriolis effect.
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(a) Show that without the Coriolis effect the time of flight of the shell would have been 7 =

—2g-v/g>.
(b) Show further that when the shell actually hits the sea it is off-target by approximately

2T , 1 3
?[(gxw)-V](ngrV)—(w X V)T° — g(‘" X g)T.

(c) Estimate the order of magnitude A of this miss for a shell for which the initial speed v is
300m s, firing close to its maximum range (v makes an angle of 77 /4 with the vertical) in a
northerly direction, whilst the ship is stationed at latitude 45° North.

As the earth is rotating steadily @ = 0, and for the mass at rest on the deck,

mt' =mg+ 0+ 2w x 0+ mw x (@ x r).

This, including the centrifugal effect, defines g which is assumed constant throughout the
trajectory.
For the moving mass (i is unchanged),

mg+® X (@ Xr)=mt+2mw X+ mo X (@ Xr),
ie. F=g—2w xT.
Now, wi* < g and so to zeroth order in w

F=g = Tr=gr+v.
Resubstituting this into the Coriolis term gives, to first order in w,
F=g—2w x (v+ gt).
(a) With no Coriolis force,
f=gr+v and r=1lgr’+vr.

Lets = %gt2 + vt and use the observation that s - g = 0, giving

v -
18T +vogr=0 = T=- Vzg.
8
(b) With Coriolis force,
F=g—2(wxgt—2(wxV),
i':gt—(wxg)t2—2(wxv)t—|—v,
r=1g’— Yo x g — (@ x V)2 + vi. (%)

If the shell hits the sea at time 7 in the positionr =s + A, then (s + A) - g = 0, i.e.

=@8+A)-g=38"T*"—0—(@xV)-gT*+v-gT,
= —v-g=TGg —(@xV) g

v-g (coxv)g_1
%2 23
( 2(wxv)g+”).

= T=-

22
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Working to first order in w, we may put 7 = 7 in those terms in (x) that involve another
factor w, namely @ x v and @ x g. We then find, to this order, that

4wxVv)-8 ,
— 7

! 2
s+A:§g 7+ pe

+ 1 :

—(wx VT2 +vr + 2%%’
8

@ XV)-
_S+( 2) g

2 1 3 2
(2gt” 4 2vr) — g(a) X g)T” —(w X V)T~
Hence, as stated in the question,

27 , 1 3
A= ?[(g X ®)-v](gT +V)—(0xXV)T" — §(w X g)T”.

(c) With the ship at latitude 45° and firing the shell at close to 45° to the local horizontal,
v and @ are almost parallel and the @ x v term can be set to zero. Further, with v in a
northerly direction, (g X ®) - v = 0.

Thus we are left with only the cubic term in 7. In this,

2 x 300 cos(mr/4)
T =
9.8
and @ x g is in a westerly direction (recall that w is directed northwards and g is directed

downwards, towards the origin) and of magnitude 7 107> x 9.8 x sin(7/4) = 4.8510~*
m s~3. Thus the miss is by approximately

=433 s,

—1 x 485107 x (43.3)) = —13 m,

i.e. some 10—-15 m to the East of its intended target.

2.7 Parameterizing the hyperboloid

x2 y2 Z2

a? b2 2

by x = acosfsec¢, y = bsinb sec ¢, z = ctan ¢, show that an area element on its surface is

12

ds = sec’ ¢ [02 sec? ¢ (b2 cos? 0 + a? sin® 0) + a’b? tan? ¢] dode.

Use this formula to show that the area of the curved surface x> 4+ y> — z? = a? between the planes

z=0and z = 2a is

1
2 P |
wa” | 6 + — sinh 2\/§>
( V2

Withx = acosf sec¢,y = bsinf sec ¢ and z = c tan ¢, the tangent vectors to the surface
are given in Cartesian coordinates by

dr
do
dr
d¢

= (—asinfsec ¢, bcosbsecp, 0),

= (acosfsecptan¢, bsinf sec g tang, csec’ @),
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and the element of area by

d d
B L P L)
do  do
= | (becosB sec® ¢, acsinf sec® ¢, —ab sec? ¢ tan @) | dodeo
= sec’ ¢ [ ¢* sec® ¢ (b* cos® O + a® sin® 0) + a*b* tan” ¢ ]1/2 dodg.

We set b = ¢ = a and note that the plane z = 2a corresponds to ¢ = tan~! 2. The ranges
of integration are therefore 0 < 6 <27 and 0 < ¢ < tan—! 2, whilst

ds = sec® ¢(a* sec® ¢ + a* tan> ¢)/> d6 d ¢,

i.e. it is independent of 6.
To evaluate the integral of dS, we set tan ¢ = sinh v/,/2, with

1
sec’pdgp = ﬁ coshydy and sec’¢p =1+ % sinh? .

The upper limit for v will be given by W = sinh™! 2./2; we note that cosh ¥ = 3.
Integrating over 0 and making the above substitutions yields

Yo 1 1 172
S=27r/ —coshy dy a® | 1 + = sinh® ¢ + = sinh®
) 2 2
v
= /2na? / cosh?® ¥ dr
0

2 v
=‘/2;”’ / (cosh2y + 1) dyr
0

_ /2ma’ [ sinh2y v
2 [ 2 J”/’}

0
2

s .

7[12 [sinh ¢ cosh ¥ + ¥/]y

wa?

V2

[(24/2)(3) + sinh™' 2,/2] = wa? (6 + % sinh™! 2«6) .

2.9 Verify by direct calculation that
V-(axb)=>b-(Vxa)—a-(V xbh).

The proof of this standard result for the divergence of a vector product is most easily carried
out in Cartesian coordinates though, of course, the result is valid in any three-dimensional



33 Vector calculus

coordinate system.
LHS =V -(axb)

0 d 0
= a(aybz - azby) + a(asz —ayb;) + a_z(axby - aybx)
ab, + 3by + ab, ob, + ab, + b,
=a,|—+—)+a, | — — a, | ——=
ay 0z 7\ ox 9z ¢ ax ay

da aa, da da da, da
b | — - =2 b, [ ——= X b | = - =X
+ <8y az)+’< 8x+8z)+z<8x dy

= —a-(Vxb)+b-(V x a)=RHS.

2.11 Evaluate the Laplacian of the function

7x?

X020 = 5T 5 2
V(x,y,2) P

(a) directly in Cartesian coordinates, and (b) after changing to a spherical polar coordinate system.
Verify that, as they must, the two methods give the same result.

(a) In Cartesian coordinates we need to evaluate

2 2 2
_0W oy 9

2
VY= 8x2+3y2 9z’
The required derivatives are
W 2z’ +7) Y (y*+2H)(Q2zy? 4227 — 6x%2)
ox (2 +yr+2)? oaxr (a2 4+ y2 4+ 22y ’
dy  —2x2yz Py 2zx(x? 422 —3y?)
By Py F22 2 (P4
Yy X224y -z Py 2ax’(Bx243y?—7?)
9z 2+ 422 922 (24242

Thus, writing 7> = x2 + y? + 72,

2z[ (2 + 2 (0 + 22 — 3x?) — 4x*]
(x2+y2+ %)
2z[ (r? — x2)(r? — 4x?) — 4x*]
= r6
2z(r? — 5x?)

Viy =

(b) In spherical polar coordinates,

r cos 0 r? sin® § cos? ¢ . 5
Y(r,0,¢)= > = r cos 0 sin® 0 cos” ¢.
r
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The three contributions to V2 in spherical polars are

V), = aogz)

2 ar or

2 . 2 2
= — cos @ sin” 0 cos” ¢,
.

19 oy
V2Y)e = — (sin6—
V% = 2 dne 90 (Sm )

1 cos’¢p 0
_ s ¢ — |:sin0£((:059 sinze)}

r sinf 90

2
_ & ¢ (4 cos® 6 — 8sin® 6 cos 0),
’
1 %y
r2sin?6 9¢?
cos 6

= (=2 cos? ¢ + 2sin’ ).
p

(Vi) =

Thus, the full Laplacian in spherical polar coordinates reads

0
Vi = cos (2sin® 6 cos® ¢ + 4 cos? 0 cos’ ¢
r
— 8sin 6 cos® ¢ — 2 cos® ¢ + 2 sin’ @)
cos 0 2 -2 2 2 L2
= (4cos” ¢ — 10sin”“ 8 cos” ¢ — 2 cos” ¢ + 2sin” ¢)
’

cos 6 .5 5
= (2 — 10sin”“ 6 cos” ¢)
,

_ 2rcosf(r* — 5r*sin® 0 cos® ¢)

o

Rewriting this last expression in terms of Cartesian coordinates, one finally obtains

2z(r? — 5x?)
20—
Vi = r—“’

which establishes the equivalence of the two approaches.

The (Maxwell) relationship between a time-independent magnetic field B and the current density J
(measured in ST units in A m~2) producing it,

V x B = upl,

can be applied to a long cylinder of conducting ionized gas which, in cylindrical polar coordinates,
occupies the region p < a.

(a) Show that a uniform current density (0, C, 0) and a magnetic field (0, 0, B), with B constant
(= By) for p > a and B = B(p) for p < a, are consistent with this equation. Given that
B(0) = 0 and that B is continuous at p = a, obtain expressions for C and B(p) in terms of By
and a.
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(b) The magnetic field can be expressed as B = V x A, where A is known as the vector potential.
Show that a suitable A can be found which has only one non-vanishing component, A,(p), and
obtain explicit expressions for A,(p) for both p < a and p > a. Like B, the vector potential is
continuous at p = a.

(c) The gas pressure p(p) satisfies the hydrostatic equation Vp = J x B and vanishes at the outer
wall of the cylinder. Find a general expression for p.

(a) In cylindrical polars with B = (0, 0, B(p)), for p < a we have

10B 0B
I‘LO(O7 Ca O)ZVXB: -, =, 0).
pogp
As expected, dB/d¢ = 0. The azimuthal component of the equation gives

9B
—%=MOC for p<a = B(p)=B(0)— wuCp.

Since B has to be differentiable at the origin of p and have no ¢-dependence, B(0)
must be zero. This, together with B = By for p > a requires that C = —By/(aup) and
B(p) = Bop/a for0 < p < a.

(b) With B = V x A, consider A of the form A = (0, A(p), 0). Then

d

1 0
0, 0, B(p)) = — (—(pA), 0, —(pA))
p \ 0z ap

(00 S5om)
=10, 0, ——(pA) |.
p ap

We now equate the only non-vanishing component on each side of the above equation,
treating inside and outside the cylinder separately.
For0 < p <a,

10 Byp
p 0p a
B 3

pA = 0P 4D,
3a

Bop?> D

Alp)= =+~

a P

Since A(0) must be finite (so that A is differentiable there), D = 0.
For p > a,
19
——(pA) = By,
p dp

Bop*
2

1 E
A(p) = EBO'O +—.
P

pPA =

+ E,
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At p = a, the continuity of A requires

Boa2 1B 4 E ~ E Boa2
= — a — = — .
3 2% g 6
Thus, to summarize,
B 2
A(p) = 0P for 0<p <a,
3a
a2
and AP =B (2-L) for p>a
2 6p

(c) For the gas pressure p (p) in the region 0 < p < a, we have Vp =J x B. In

component form,
d B B
<—p, 0, 0) - (0, _ 2o 0) x (0, 0, Lp),
dp ag a

dp _ Bip Bj [ p\?
—=- = p= 1—(—) :
dp poa? 2p0

with p (a) = 0.

2.15 Maxwell’s equations for electromagnetism in free space (i.e. in the absence of charges, currents
and dielectric or magnetic media) can be written

@i V-B=0, (i) V-E=0,
(i) V E—I—BB 0, (iv) VxB L
iii X — =0, (v xB——— =
ot c? ot
A vector A is defined by B=V x A, and a scalar ¢ by E = —V¢ — dA/dt. Show that if the
condition
1 3¢
V- A+ —=-—=0
™ + c? ot
is imposed (this is known as choosing the Lorentz gauge), then A and ¢ satisfy wave equations as
follows.
1 8%¢
i) V2 — —— =0,
V) c? 9r?
1 9%A
og VZA e
(vii) EarYs

The reader is invited to proceed as follows.

(a) Verify that the expressions for B and E in terms of A and ¢ are consistent with (i) and (iii).

(b) Substitute for E in (ii) and use the derivative with respect to time of (v) to eliminate A from the
resulting expression. Hence obtain (vi).

(c) Substitute for B and E in (iv) in terms of A and ¢. Then use the gradient of (v) to simplify the
resulting equation and so obtain (vii).

(a) Substituting for B in (i),

V.- B=V.(VxA)=0, asitisforanyvector A.
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Substituting for E and B in (iii),
VxE+ oB (VxVg¢p)—V 8A+ 9 (V x A)
X — =—(V x — VX —+— X =
ot ot ot

Here we have used the facts that V x V¢ = 0 for any scalar, and that, since d/d¢ and V

act on different variables, the order in which they are applied to A can be reversed. Thus

(i) and (iii) are automatically satisfied if E and B are represented in terms of A and ¢.
(b) Substituting for E in (ii) and taking the time derivative of (v),

3
0:V-E=—V2¢—§(V-A),

0= 9 (V-A)+ L %
ot c a2’
Adding these equations gives
1 9%
2
0=-Vo+—= 22

This is result (vi), the wave equation for ¢.
(c) Substituting for B and E in (iv) and taking the gradient of (v),

1 9 9%A
VX(VXA)——(——V )—0,

2\ ot or?
1 9%A
V(V-A)— +——( é) + ZWZO
1
From (v), V(V-A)+ —2— (Vo) =0.
c® ot
. . V2 1 9%A
Subtracting these gives V°A + poirvoli =0.

In the second line we have used the vector identity
VIF=V(V-F)—V x (VxF)

to replace V x (V x A). The final equation is result (vii).

Paraboloidal coordinates u, v, ¢ are defined in terms of Cartesian coordinates by
_ . : 1.2 2
X = Uvcos e, y = uvsing, z—z(u — V7).

Identify the coordinate surfaces in the u, v, ¢ system. Verify that each coordinate surface (1 =
constant, say) intersects every coordinate surface on which one of the other two coordinates (v,
say) is constant. Show further that the system of coordinates is an orthogonal one and determine its
scale factors. Prove that the u-component of V X a is given by

1 as  0ag 1 da,
. — + R I .
W2 +v)12 \ v v uv 9¢

To find a surface of constant u we eliminate v from the given relationships:

. X24y°

2 = 27=u’-—

x2+y2=u2v 5
u
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This is an inverted paraboloid of revolution about the z-axis. The range of z is —oo <
7 < u?
f— 2 .

Similarly, the surface of constant v is given by

2 2
X<+
= Y —U2.

2z
02

This is also a paraboloid of revolution about the z-axis, but this time it is not inverted. The
range of z is —%vz <z < o00.

Since every constant-u paraboloid has some part of its surface in the region z > 0 and
every constant-v paraboloid has some part of its surface in the region z < 0, it follows
that every member of the first set intersects each member of the second, and vice versa.

The surfaces of constant ¢, y = x tan ¢, are clearly (half-) planes containing the z-axis;
each cuts the members of the other two sets in parabolic lines.

We now determine (the Cartesian components of) the tangential vectors and test their
orthogonality:

ar .
e = — = (vcosg, vsing, u),
u
ar .
e, = — = (ucos¢, using, —v),
v
X (—uvsing, uvcosd, 0)
e3 = — = (—uvsing, uvcose, 0),
3 9%

e; - e = uv(cos¢cos ¢ + sing sing) —uv =0,
e, - e3 = u’v(— cos ¢ sin¢g + sin ¢ cos ¢) = 0,
e; - e3 = uv’(—cos ¢ sin ¢ + sin ¢ cos ) = 0.
This shows that all pairs of tangential vectors are orthogonal and therefore that the
coordinate system is an orthogonal one. Its scale factors are given by the magnitudes of
these tangential vectors:
h? = le||* = (vcos@)* + (vsing)? + u? = u? +v?,
h% = |es|> = (ucos ¢)* + (using)? + v> = u* + v,

hy = les|* = (uvsing)® + (uv cos ¢)* = u’v’.

Thus
h, =hy, = Vu?+ 12, hy = uv.

The u-component of V x a is given by

il i (hpay) i (hyay)
haliohy | v ° 29 " gg 0

1 d d
- - |Z _ %S 2
Cuvu? + 02 |:3U (tvag) 3¢( W av)i|

[Vxal, =

_ 1 ag 4 dag 1 da,
N AN ov uv 9¢

as stated in the question.
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2.19 Hyperbolic coordinates u, v, ¢ are defined in terms of Cartesian coordinates by
x = coshu cosvcos ¢, y = coshu cosvsing, z = sinh u sin v.

Sketch the coordinate curves in the ¢ = 0 plane, showing that far from the origin they become
concentric circles and radial lines. In particular, identify the curves u =0, v =0, v = 7/2 and
v = 7. Calculate the tangent vectors at a general point, show that they are mutually orthogonal and
deduce that the appropriate scale factors are

hy = hy = (cosh? u — cos® v)'/2, hg = coshu cosv.

Find the most general function /() of u only that satisfies Laplace’s equation V21 = 0.

In the plane ¢ = 0, i.e. y = 0, the curves u = constant have x and z connected by

x2 ZZ

=1.

cosh’u  sinh®u

This general form is that of an ellipse, with foci at (1, 0). With u = 0, it is the line
joining the two foci (covered twice). As u — 00, and coshu = sinh u the form becomes
that of a circle of very large radius.

The curves v = constant are expressed by

x2 2

cos2v  sinZw

These curves are hyperbolae that, for large x and z and fixed v, approximate z = %x tan v,
i.e. radial lines. The curve v = 0 is the part of the x-axis 1 < x < oo (covered twice),
whilst the curve v = 7 is its reflection in the z-axis. The curve v = 7 /2 is the z-axis.

In Cartesian coordinates a general point and its derivatives with respect to u, v and ¢
are given by

r = coshucosvcos¢i-+ coshucosvsingj+ sinhusinvk,

ar
e = i sinhu cos v cos ¢ i+ sinhu cosvsing j+ coshusinvk,
u
ar ) . . S .
e = ™ = —coshusinvcos¢i— coshusinvsing j+ sinhu cos vk,
v
ar C .
ey = % = coshu cosv(—singi—+ cos ¢ j).

Now consider the scalar products:

e - € = sinh u cos v cosh u sin v(— coszda — sin2¢ +1)=0,
2 v cosh u(— sin ¢ cos ¢ + sin ¢ cos ¢) = 0,

e, - 3 = cosh” u sin v cos v(sin ¢ cos ¢ — sin ¢ cos ¢) = 0.

e - e3 = sinh u cos

As each is zero, the system is an orthogonal one.
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The scale factors are given by |e;| and are thus found from:

le;|> = sinh? u cos? v(cos” ¢ + sin’ ¢) + cosh? u sin® v
= (cosh? u — 1) cos® v + cosh? u(1 — cos® v)

= cosh® u — cos’ v;

les|? = cosh? u sin® v(cos? ¢ + sin® ¢) + sinh® u cos® v
= cosh? u(1 — cos® v) + (cosh® u — 1) cos? v
= cosh’® u — cos? v;
|e3|2 = cosh® u cos® v(sin2 ¢+ cos® o) = cosh? u cos® v.
The immediate deduction is that

hy = h, = (cosh? u — cos® v)'/?, hgy = coshu cosv.

An alternative form for A, and h, is (sinh? u + sin? v)'/2.
If a solution of Laplace’s equation is to be a function, ¥ (u), of u only, then all dif-
ferentiation with respect to v and ¢ can be ignored. The expression for V2 reduces

to
Vi = 1 9 _h“h¢ (A
huhyhg | Ou h, ou

‘ v (comecons )|
= 5 — | coshucosv— |} |.
cosh u cos v(cosh” u — cos? v) | du ou
Laplace’s equation itself is even simpler and reduces to
0 0
— | coshu _W =0.
ou ou
This can be rewritten as

w  k 2k 2ke"

du  coshu et +e v 41’

Ae" du
1+ (e)?
This is the most general function of u only that satisfies Laplace’s equation.

dy = V¥ = Btan"' " +c.
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The vector field F is defined by
F = 2xzi + 2yz%j + (x* 4+ 2y*z — Dk.

Calculate V x F and deduce that F can be written F = V¢. Determine the form of ¢.

With F as given, we calculate the curl of F to see whether or not it is the zero vector:
VxF=U@lyz—4yz, 2x —2x, 0—-0)=0.

The fact that it is implies that F can be written as V¢ for some scalar ¢.

The form of ¢(x, y, z) is found by integrating, in turn, the components of F until
consistency is achieved, i.e. until a ¢ is found that has partial derivatives equal to the
corresponding components of F:

9

= o, y,2) =x*2+ 80, 2),
0x

2xz=F, =
2y = Fy = %[xzz +8(. 2] = g2 =y +h@),
x24+2yz2—-1=F, = %[xzz+y2zz+h(z)]
= h(z)=-z+k.

Hence, to within an unimportant constant, the form of ¢ is

d(x,y,2) =x* 2+ y*2% — 2.

A vector field F is given by F = xy%i + 2j + xk and L is a path parameterized by x = ct, y = ¢/1,
7z = d for the range 1 < ¢ < 2. Evaluate the three integrals

(a) /th, (b) /de, (© /F~dr.
L L L

Although all three integrals are along the same path L, they are not necessarily of the
same type. The vector or scalar nature of the integral is determined by that of the integrand
when it is expressed in a form containing the infinitesimal dr.

(a) This is a vector integral and contains three separate integrations. We express each
of the integrands in terms of 7, according to the parameterization of the integration path
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L, before integrating:

2 63
/Fdr:/ (—i+2j+ctk)dt
L 1 \?

_|.3 ; oL ’
= clntl+2tj+zctk
1

31ms Ly O
=c ln21+2J+§ck.

(b) This is a similar vector integral but here we must also replace the infinitesimal dy
by the infinitesimal —c dt/t? before integrating:

2 /3 —c
/de:/ (—i+2j+ctk)<—2>dt
L 1 t t

. 2c. 2 2
= ﬁl—i_T']_C lntkl

34
=—%'—cj—czln2k.

(c) This is a scalar integral and before integrating we must take the scalar product of F
with dr = dx i+ dy j+ dzk to give a single integrand:

2 C3 C
/F-dr:/ <7i+2j+ctk>‘(ci—l—2j+0k)dt
L 1
2 4 2
:/ (f___c) dr
.\t 12
2072
:|:c4lnt+—c]
1

=c*In2 —c.

3.5 Determine the point of intersection P, in the first quadrant, of the two ellipses

2 2 2 2
3 F Z—z =1 and 7 aln 2:7
Taking b < a, consider the contour L that bounds the area in the first quadrant that is common to
the two ellipses. Show that the parts of L that lie along the coordinate axes contribute nothing to
the line integral around L of x dy — y dx. Using a parameterization of each ellipse of the general
form x = X cos¢ and y = Y sin ¢, evaluate the two remaining line integrals and hence find the
total area common to the two ellipses.
Note: The line integral of x dy — y dx around a general closed convex contour is equal to twice the

area enclosed by that contour.

=1.
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From the symmetry of the equations under the interchange of x and y, the point P must
have x = y. Thus,

1 1y ! . ab
\aetw)T T T @
Denoting as curve C) the part of
2 2
LYy
a’>  b?

that lies on the boundary of the common region, we parameterize it by x = a cos8; and
y = bsin6;. Curve C; starts from P and finishes on the y-axis. At P,

ab a
= tanb, = —.

a00591=x:m b

It follows that 6, lies in the range tan~!(a/b) < 6; < /2. Note that 6, is not the angle
between the x-axis and the line joining the origin O to the corresponding point on the
curve; for example, when the point is P itself then §; = tan~' a/b, whilst the line O P
makes an angle of /4 with the x-axis.

Similarly, referring to that part of

2 2
X Yy
prta=!
that lies on the boundary of the common region as curve C,, we parameterize it by
x =bcosh, and y = asiné, with 0 < 6, < tan~!(b/a).
On the x-axis, both y and dy are zero and the integrand, x dy — y dx, vanishes. Simi-
larly, the integrand vanishes at all points on the y-axis. Hence,

I:%(xdy—ydx)
L

= (xdy —ydx)+ (xdy — ydx)
Cz Cl

tan~'(b/a)
= / [ab(cos B, cos B,) — ab sin B,(— sin6,) | dO,
0

/2
+ / [ab(cos b cosB;) — absinb(—sinb) | dO;
tan—!(a/b)

b
=abtan”' = 4+ ab (z —tan~! 6—1)
a 2 b

= 2abtan”! —
a

As noted in the question, the area enclosed by L is equal to % of this value, i.e. the total
common area in all four quadrants is

1

b b
— = 4abtan

1
4 x — x 2abtan™ -
2 a a
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Note that if we let b — a then the two ellipses become identical circles and we recover

the expected value of 7a? for their common area.

3.7 Evaluate the line integral
I= % [y(4x2 + v dx + x(2x% + 3y?) dy]
c

around the ellipse x2/a® + y*/b* = 1.

As it stands this integral is complicated and, in fact, it is the sum of two integrals. The form
of the integrand, containing powers of x and y that can be differentiated easily, makes this
problem one to which Green’s theorem in a plane might usefully be applied. The theorem

states that
0 oP
7§(de+ Qdy)=// 90 _ar dx dy,
lol R 8X 8y

where C is a closed contour enclosing the convex region R.
In the notation used above,

P(x,y) = y(4x2 + yz) and Q(x,y) = )c(2x2 + 3y2).

It follows that

oP d
P 443y and 22 _6x? 4342,
ay ax
leading to
d P
00 0P _op.
ax ay

This can now be substituted into Green’s theorem and the y-integration carried out imme-
diately as the integrand does not contain y. Hence,

I://2x2dxdy
R
“ X2 172
= 2x°2b (1 — — dx
—a a

0
= 4b/ a® cos’ ¢ sing (—asing d¢), on setting x = a cos ¢,

0
= —ba’ / sin’(2¢)d¢ = Lmwba’.

In the final line we have used the standard result for the integral of the square of a sinusoidal
function.
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A single-turn coil C of arbitrary shape is placed in a magnetic field B and carries a current /. Show
that the couple acting upon the coil can be written as

M:I/(B-r)dr—]/B(r-dr).
c c

For a planar rectangular coil of sides 2a and 2b placed with its plane vertical and at an angle ¢ to a
uniform horizontal field B, show that M is, as expected, 4abB I cos ¢ k.

For an arbitrarily shaped coil the total couple acting can only be found by considering that
on an infinitesimal element and then integrating this over the whole coil. The force on an
element dr of the coil is dF = I dr x B, and the moment of this force about the origin is
dM =r x F. Thus the total moment is given by

M:jgrx(ldpr)
c

:If(r-B)dr—IfB(r-dr).
c c

To obtain this second form we have used the vector identity
ax((bxc)=(a-c)b—(a-b)c.

To determine the couple acting on the rectangular coil we work in Cartesian coordinates
with the z-axis vertical and choose the orientation of axes in the horizontal plane such that
the edge of the rectangle of length 24 is in the x-direction. Then

B = Bcos¢i+ Bsingj.

Considering the first term in M:
(1) for the horizontal sides

r=xitbk, dr=dxi, r-B=xBcoso,

/(r-B)dr:Bcos¢i<faxdx+/_axdx> =0;

(i1) for the vertical sides

r==ai+zk, dr=dzk, r-B==aBcosg,
b —b
f(r-B)dr:Bcosqbk(/ (+a)dz+/ (—a)dz>:4abBcos¢k.
—b b

For the second term in M, since the field is uniform it can be taken outside the integral as
a (vector) constant. On the horizontal sides the remaining integral is

/r-dr::l:/ xdx =0.

Similarly, the contribution from the vertical sides vanishes and the whole of the second
term contributes nothing in this particular configuration.
The total moment is thus 4ab B cos ¢ Kk, as expected.
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An axially symmetric solid body with its axis A B vertical is immersed in an incompressible fluid
of density py. Use the following method to show that, whatever the shape of the body, for p = p(z)
in cylindrical polars the Archimedean upthrust is, as expected, ppg V', where V is the volume of the
body.

Express the vertical component of the resultant force (— f p dS, where p is the pressure) on the
body in terms of an integral; note that p = —pgz and that for an annular surface element of width
dl,n - n,dl = —dp. Integrate by parts and use the fact that p(z4) = p(zp) = 0.

We measure z negatively from the water’s surface z = 0 so that the hydrostatic pressure
is p = —ppgz. By symmetry, there is no net horizontal force acting on the body.

The upward force, F, is due to the net vertical component of the hydrostatic pressure
acting upon the body’s surface:

F:—ﬁz~/pdS

= -1, - /(—pogz)(Zﬂpﬁdl),

where 2 p dl is the area of the strip of surface lying between z and z 4+ dz and  is the
outward unit normal to that surface.

Now, from geometry, fi, - fi is equal to minus the sine of the angle between d/ and dz
and so fi, - fidl is equal to —dp. Thus,

iB
F =2mpog / pz(—dp)

ZA

B 8[0
=2 P08 '08_ zdz
ZA <
2%B ZB 2
o 1%
= —2mpog [z—} —/ —dz¢.
2], w2

But p(z4) = p(zp) = 0, and so the first contribution vanishes, leaving

B

F= pog/ mp*dz = pogV.,
ZA

where V is the volume of the solid. This is the mathematical form of Archimedes’ principle.

Of course, the result is also valid for a closed body of arbitrary shape, p = p(z, ¢), but a

different method would be needed to prove it.

A vector field a is given by —zxr—3i — zyr3j + (x> 4+ y?)r >k, where r> = x2 + y* + z2. Estab-
lish that the field is conservative (a) by showing that V x a = 0, and (b) by constructing its potential
function ¢.

We are told that
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with 72 = x% + y? + z2. We will need to differentiate » 3 with respect to x, y and z, using
the chain rule, and so note that dr/dx = x/r, etc.
(a) Consider V x a, term by term:

D (x4)2\ 9 [
IV xal, = — (Z X)L (2
dy r3 dz \ r3

=32 +y)y 2y oy 3@y
r4r r3 rtr

3
=r—z(—xz—y2+x2+y2+z2—zz)=0;

d [—zx a [(x*+y?
v =gz (55) -5 (55

3(zx)z x 2x n 3(x? 4+ yH)x

rtr r3 3 rér
3x
= —S(Zz—xz—yz—zz+x2+y2) = 0;
,

a (—zy a [—zx
\Y% = (=2 ) - = ==
=5 (5F) -5 (5)

3(zy)x  3(zx)y
= - =0.
rtr rtr

Thus all three components of V x a are zero, showing that a is a conservative field.
(b) To construct its potential function we proceed as follows:

% _ = = ¢ = : + (. 2)
ix Pyt Ty
¢ —zy —zy of

5y S I IR i R ey F&,2) =80,

a¢ B X2+y2
9z (x2 4 y2 47232
_ 1 N -2z N ag
- (x2+y2+22)1/2 (x2+y2+Z2)3/2 0z
= g@)=c
Thus,
Z Z
ox,y,2)=c+ TR —c+;

The very fact that we can construct a potential function ¢ = ¢(x, y, z) whose derivatives
are the components of the vector field shows that the field is conservative.
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A force F(r) acts on a particle at r. In which of the following cases can F be represented in terms
of a potential? Where it can, find the potential.

_ 2
(a)F:Fo[i—j—z(xzy)r exp —r—z);
a a
2P 2
) F= 20 [Z.er] exp <_';2>;
a a a
© F=F, |:k N a(rrx k)i| '

(a) We first write the field entirely in terms of the Cartesian unit vectors using r =
x i+ yj-+ zk and then attempt to construct a suitable potential function ¢:

2Ux — 2
F=F0|:i—j—¥ri|exp<—:?)

F
= a—(z)[(a2 —2x% 4+ 2xy) i+ (—a® — 2xy + 2y%)j
2
+(—2xz 4+ 2yz2) k] exp (——2> .
a

Since the partial derivative of exp(—r?/a?) with respect to any Cartesian coordinate u is
exp(—r?/a*)(—2r/a*)(u/r), the z-component of F appears to be the most straightforward
to tackle first:

8(P F() r2
a—Z = ;(—ZXZ + 2yz) exXp <—a—2>
2

= ¢(X,y,z) = FO(-x —y)eXP <_:?> +f(x’ y)
= ¢1(X»J’»Z)+f(x»J’)-

Next we examine the derivatives of ¢ = ¢ + f with respect to x and y to see how closely
they generate F, and F):

BRI i r2 r2 —2x
Gl () e (5) ()

Fo

= E(a2 —2x% 4+ 2xy)exp(—r?/a®) = F, (as given),

Rlog) i r2 r2 -2y
and — =F|—exp|l——= |+ & —=yexp|—— || —
dy | a? a? a?

F
= ;3(—02 — 2xy + 2y*)exp(—r*/a®) = F, (as given).

2

L. . r . .
Thus, to within an arbitrary constant, ¢(x, y, z) = Fo(x — y)exp ——|isa suitable
a

potential function for the field, without the need for any additional function f(x, y).
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(b) We follow the same line of argument as in part (a). First, expressing F in terms of

i, jand Kk,
F 2 2 2 2
F:—O Zk_{_ur exp _r_
a a? a?

F
= a—;)[x(x2 +y?—ad)i+yar+y* —adj
2
+z(x* + y) k] exp (—a—2> :

and then constructing a possible potential function ¢. Again starting with the
z-component:

9¢  Foz, , ) r?
9= T (ma )
2

F
= ¢,y )= —2—2()62 +y%)exp (—27
= ¢l(xa Yy, Z) + f(.x, y)

2’ + yz)}

+ f(x,y)

] F 2

Then, % = —2—2 |:2x e exp <_a_2> = F, (asgiven),
P F 2 2 2 2

and ﬂ =2 2y — M exp A F, (as given).
dy 2a a? a

F r?
Thus, ¢1(x, y,z) = 2—0(x2 + y2) exp (——2>, as it stands, is a suitable potential function
a a
for F(r) and establishes the conservative nature of the field.

(c) Again we express F in Cartesian components:

K
ﬂ%qzﬂpgﬁx
r

F=E{k+ a
-

’
That the z-component of F has no dependence on y whilst its y-component does depend
upon z suggests that the x-component of V x F may not be zero. To test this out we
compute

me=%ﬂ—i<

=0- =3 #0.

72

—ax 2axz
ay az

and find that it is not. To have even one component of V x F non-zero is sufficient to
show that F is not conservative and that no potential function can be found. There is no
point in searching further!

The same conclusion can be reached by considering the implication of F, = k, namely
that any possible potential function has to have the form ¢(x, y, z) = z + f(x, y). How-
ever, d¢/dx is known to be —ay/r*> = —ay/(x> + y* + z%). This yields a contradiction,
as it requires df (x, y)/dx to depend on z, which is clearly impossible.
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3.19

Line, surface and volume integrals

The vector field f has components yi — xj + k and y is a curve given parametrically by
r=(a—c+ccosf)i+ (b+csind)j+ c*0k, 0<6 <2m.

Describe the shape of the path y and show that the line integral fy f - dr vanishes. Does this result
imply that f is a conservative field?

As 0 increases from 0 to 2, the x- and y-components of r vary sinusoidally and in
quadrature about fixed values @ — c and b. Both variations have amplitude ¢ and both return
to their initial values when 6 = 2w. However, the z-component increases monotonically
from O to a value of 27t ¢2. The curve y is therefore one loop of a circular spiral of radius ¢
and pitch 27 2. Its axis is parallel to the z-axis and passes through the points (a — ¢, b, z).

The line element dr has components (—csinf dé, c cosf dé, c* df) and so the line
integral of f along y is given by

2
/f-dr = / [y(—csin®) — x(ccos ) + c*] do
y 0
2
= / [—c(b+csin9)sin0 —c(a —c+ ccosB)cosb +c2] do
0

2

= / (—bcsin@ —?sin*0 — c(a — ¢)cos @ — ¢ cos® 6 —|—cz) do
0

=0—7c¢* —0—mc® + 2w =0.

However, this does not imply that f is a conservative field since (i) y is not a closed loop,
and (ii) even if it were, the line integral has to vanish for every loop, not just for a particular
one.

Further,

Vxf=0-0,0-0, —-1-1)=(0, 0, —2) #0,

showing explicitly that f is not conservative.

Evaluate the surface integral f r - dS, where r is the position vector, over that part of the surface

7z = a®> — x*> — y? for which z > 0, by each of the following methods.

2 cos? 6, and show that

(a) Parameterize the surface as x = asinf cos¢, y = asinf sing,z =a
r-dS = a*(2sin® 6 cos 8 + cos’® 0 sin0) d6 dé.

(b) Apply the divergence theorem to the volume bounded by the surface and the plane z = 0.

(a) With x = asinf cos¢, y = asiné sin¢, z = a® cos” 6, we first check that this does
parameterize the surface appropriately:
a? — x* — y* = a® — a*sin” O(cos® ¢ + sin® ¢) = a’*(1—sin® ) = a’ cos’ 0 = z.

We see that it does so for the relevant part of the surface, i.e. that which lies above the plane
z =0 with0 < 0 < 7/2. It would not do so for the part with z < 0 for which x> + y? has
to be greater than a?; this is not catered for by the given parameterization.



51

Line, surface and volume integrals

Having carried out this check, we calculate expressions for dS and hence r - dS in terms
of 6 and ¢ as follows:

r=asinfcos¢i+asin@singj+ a’cos’ Ok,

and the tangent vectors at the point (6, ¢) on the surface are given by

ar

30 = acosfcospi+acosfsingj— 24’ cos O sin O k,
or . S . .

% = —asinfsingi+asinfcosej.

The corresponding vector element of surface area is thus
0 ]
ds = ax X o
060  0¢

= 2a> cos @ sin® 0 cos ¢ i + 2a° cos O sin® 0 sin ¢ j + a* cos O sin O k,
giving r - dS as

r - dS = 2a* cos 0 sin’ 6 cos® ¢ + 2a* cos 0 sin’ 0 sin® ¢ + a* cos® 0 sin H

= 2a* cos O sin® 0 + a* cos’ 0 sin 6.

This is to be integrated over the ranges 0 < ¢ < 27 and 0 < 6 < 7r/2 as follows:
2 /2
/r-ds = a4/ d¢f (2sin’ @ cos 6 + cos’ 0 sin ) db
0 0

4 n7/2 A g2
gt 2[sm 9} +[ cos 9}
4 o 4 0

2 1 3wa*
—2ra* 24+ 2) = .
rd <4+4> 2

(b) The divergence of the vector field r is 3, a constant, and so the surface integral [ r - dS
taken over the complete surface ¥ (including the part that lies in the plane z = 0) is, by
the divergence theorem, equal to three times the volume V of the region bounded by X.
Now,

112 112
V= / npldz = / 7@ —2)dz = n(a* — %a“) = %zm“,
0 0
and so [ r-dS = 3mwa/2.

However, on the part of the surface lying in the plane z = 0, r = x i + y j + Ok, whilst
dS = —dS k. Consequently the scalar product r - dS = 0; in words, for any point on this
face its position vector is orthogonal to the normal to the face. The surface integral over
this face therefore contributes nothing to the total integral and the value obtained is that
due to the curved surface alone, in agreement with the result in (a).
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Use the result

/ VédV =?§¢ds,
\%4 S

together with an appropriately chosen scalar function ¢, to prove that the position vector r of the
center of mass of an arbitrarily shaped body of volume V and uniform density can be written

1
f':—% 3rds.
Vs

The position vector of the center of mass is defined by

f'/pdV:/r,odV.
1% 1%

In order to make use of the given equation, we need to find a scalar function f that is such
that V f = r; when this is substituted into the RHS of the above equation, the expression
for F can be transformed into a surface integral, rather than a volume integral.

A suitable function for this purpose is f(r) = %rz. Writing r in this form and canceling
the constant p, we have, using the given general result, that

1
f'V:/V —r? dV:%%erS.
v \2 s

From this it follows immediately that
1
= f 3rtds.
Vs

This result provides an alternative method of finding the center of mass zk of the uniform
hemisphere r = a,0 <6 <1 /2,0 < ¢ < 2m. The curved surface contributes 3a/4 to 7
and the plane surface contributes —3a/8, giving 7 = 3a/8.

-
Il

Demonstrate the validity of the divergence theorem:

(a) by calculating the flux of the vector
ar
= 2 + a2)32
through the spherical surface |r| = v/3a;
(b) by showing that

3aa?

Vel = e e

and evaluating the volume integral of V - F over the interior of the sphere |r| = +/3a. The
substitution r = a tan § will prove useful in carrying out the integration.

(a) The field is radial with
_ ar _ ar
- (r2 + a2)3/2

- (r2 4 a2)3/2 €
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The total flux is therefore given by

dnriar

dra’a3/3 3./3na
= 2+ a2y _, = = :

3 - 86l3 o 2

(b) From the divergence theorem, the total flux over the surface of the sphere is equal to
the volume integral of its divergence within the sphere. The divergence is given by

19 19 2
V'F=—2—< gy L (_a>

r29r \(r2 + a2)3/2

or
B 3art
- (,,2 +a2)3/2 o (r2 + a2)52
(rz i a2)5/2

and on integrating over the sphere, we have

V3a 3aa’®
/V-FdV:/ —  _Axrtdr, setr:atan@,Of@f%,
v 0o GTEa)”

, [ a*tan’ 6 asec? O
= 12naa ————db
0

adsecd d
/3
= 127roz/ sin® 6 cos 6 do
0
397"’ 3 3./3
= 12n« [sm } = 127104% = —Jzna’ as in (a).
0

The equality of the results in parts (a) and (b) is in accordance with the divergence theorem.

3.25 In a uniform conducting medium with unit relative permittivity, charge density p, current density
J, electric field E and magnetic field B, Maxwell’s electromagnetic equations take the form (with
o€o = %)

V-B=0, (i) V- E = p/eo,

() VxE+B=0, (@(v)VxB—®E/c? = puol.

The density of stored energy in the medium is given by %(60E2 + gy 'B?). Show that the rate of
change of the total stored energy in a volume V is equal to

/J EdV—— (ExB) ds,

where S is the surface bounding V.

[The first integral gives the ohmic heating loss, whilst the second gives the electromagnetic energy
flux out of the bounding surface. The vector 1, Y(E x B) is known as the Poynting vector.]
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The total stored energy is equal to the volume integral of the energy density. Let R be its
rate of change. Then, differentiating under the integral sign, we have

d 1
R=2 | (Lg24 B2 av
a ), \2 210

A
=/ <GOE-E+—B-B) av,
v Ho

Now using (iv) and (iii), we have

1
R = / [GOE (=poc?J+*V xB)— —B - (V x E)] dv
Vv Mo

=—/E-JdV+/ [eoczE-(VxB)—iB-(VxE)] dv
1% 1% Mo

1
=—/E-JdV—— V- (ExB)dV
v Mo Jv

1
= —/ E-Jdv — — f(E x B) -dS, by the divergence theorem.
1% Mo Js

To obtain the penultimate line we used the vector identity

V-(axb)y=b-(Vxa)—a-(V xh).

The vector field F is given by
F = Bx%yz 4+ ¥’z + xe ™ )i+ Gxy’z + x3z + ye)j + (y + y3x + xy*zH)k.

Calculate (a) directly, and (b) by using Stokes’ theorem the value of the line integral f , F-dr,
where L is the (three-dimensional) closed contour OABCDEO defined by the successive vertices
(0,0,0),(1,0,0), (1,0, 1), (1, L, 1), (1, 1, 0), (0, 1, 0), (0, 0, 0).

(a) This calculation is a piece-wise evaluation of the line integral, made up of a series of

scalar products of the length of a straight piece of the contour and the component of F

parallel to it (integrated if that component varies along the particular straight section).
OnOA,y=z=0and F, = xe™;

1 1
L = / xe Ydx = [—xe"‘](l) +/ e Fdx=1-2e".
0 0

OnAB,x =1 and y = 0 and F, = 0; the integral I, is zero.
OnBC,x =landz = land F, = 3y* + 1 + ey;

1
I3=/ (3y2+1+ey)dy=1+1+%e.
0
OnCD,x =landy=1and F. = 1 + 1 + 22

0
14:f(1+1+z2)dz:—1—1—§.
1
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OnDE,y=1andz =0and F, = xe™™;
0
Is =/ xe ¥dx =—1+2e".
1

OnEOQ,x =z=0and F) = ye';

0
If,zf yeody:—%.
1

Adding up these six contributions shows that the complete line integral has the value
e

(b)6As a simple sketch shows, the given contour is three-dimensional. However, it is
equivalent to two plane square contours, one OADEQO (denoted by S;) lying in the plane
z = 0 and the other ABCDA (S,) lying in the plane x = 1; the latter is traversed in the
negative sense. The common segment AD does not form part of the original contour
but, as it is traversed in opposite senses in the two constituent contours, it (correctly)
contributes nothing to the line integral.

To use Stokes’ theorem we first need to calculate

(Vx F), = x> +3y%x +2yxz? — 3xy* —x* = 2yxz?,

(V x F), = 3x2y 4+ 93— 3x2y — y3 — 3222 = —y22,

(V x F), =3y2z 4+ 3x%z 4 ye* —3x%z — 3y%z = ye*.
Now, S; has its normal in the positive z-direction and so only the z-component of V x F
is needed in the first surface integral of Stokes’ theorem. Likewise only the x-component

of V x F is needed in the second integral, but its value must be subtracted because of the
sense in which its contour is traversed:

/ (VxF)-dr= | (VxF),dxdy— | (VxF),dydz
OABCDEO 5

M
1,1 1,1
=//yexdxdy—//2yx1xz2dydz
0 Jo 0o Jo

1 11 e
=—(e—1)—-2--==
2 23 2
As they must, the two methods give the same value.

5
<
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4.1

Prove the orthogonality relations that form the basis of the Fourier series representation of functions.

All of the results are based on the values of the integrals

xo+L 2 xo+L 2
S(n) :/ sin( me) dx and C(n) :/ cos< nnx) dx
X0 L X0 L

for integer values of n. Since in all cases with n > 1 the integrand goes through a whole
number of complete cycles, the “area under the curve” is zero. For the case n = 0, the
integrand in S(n) is zero and so therefore is S(0); for C(0) the integrand is unity and the
value of C(0) is L.

We now apply these observations to integrals whose integrands are the products of two
sinusoidal functions with arguments that are multiples of a fundamental frequency. The
integration interval is equal to the period of that fundamental frequency. To express the
integrands in suitable forms, repeated use will be made of the expressions for the sums
and differences of sinusoidal functions.

We consider first the product of a sine function and a cosine function:

/X”“ ) (27trx) (271px)
I, = sin Ccos
o L L
/WL 1 [ . <27r(r +p)x) . <27r(r —p)x)]
= —|sm|{ ——— | +sin| —— dx
X0 2 L L

1
= E[S(V + p)+ Sr — p)] =0, for all r and p.

Next, we consider the product of two cosines:
/x”L <2nrx) (Zpr)
L, = cos cos
Xo L L
/"0““ 1 [ (27r(r+p)x) <2n(r—p)x>:|
= —|cos| ————— ) +cos| ——— | | dx
o 2 L L

1
= E[C(l” +p)+Cr—pJl=0,

unless r = p > O when I, = %L. If r and p are both zero, then the integrand is unity and
I, =L.
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Finally, for the product of two sine functions:

xotL o omgrx\ . (2wpx
I; = sin sin
X0 L L
| 27 (r — p)x 27 (r + p)x
= —|cos | ————) —cos | ————— ) | dx
W 2 L L

1
= E[C(r —p)—Cr+pl=0,

unless r = p > 0 when I3 = %L. If either of r and p is zero, then the integrand is zero
and I; = 0.

In summary, all of the integrals have zero value except for those in which the integrand
is the square of a single sinusoid. In these cases the integral has value %L for all integers
r (= p) that are > 0. For r (= p) equal to zero, the sin® integral has value zero and the
cos? integral has value L.

Which of the following functions of x could be represented by a Fourier series over the range
indicated?

(a) tanh™!(x), —00 < X < 00;
(b) tan x, —00 < X < 00
(c) | sinx |~1/2, —00 < X < 00;
(d) cos™!(sin 2x), —00 < X < 0Q;
(e) x sin(1/x), —m7! < x < 7!, cyclically repeated.

The Dirichlet conditions that a function must satisfy before it can be represented by a
Fourier series are:

(1) the function must be periodic;
(i1) it must be single-valued and continuous, except possibly at a finite number of finite
discontinuities;
(iii) it must have only a finite number of maxima and minima within one period;
(iv) the integral over one period of | f(x)| must converge.

We now test the given functions against these:

(a) tanh~'(x) is not a periodic function, since it is only defined for —1 < x <1 and
changes (monotonically) from —oo to 400 as x varies over this restricted range. This
function therefore fails condition (i) and cannot be represented as a Fourier series.

(b) tan x is a periodic function but its discontinuities are not finite, nor is its absolute
modulus integrable. It therefore fails tests (ii) and (iv) and cannot be represented as a
Fourier series.

(c) | sinx|~'/? is a periodic function of period 7 and, although it becomes infinite at
x = n, there are no infinite discontinuities. Near x = 0, say, it behaves as |x| !/ and its
absolute modulus is therefore integrable. There is only one minimum in any one period.
The function therefore satisfies all four Dirichlet conditions and can be represented as a
Fourier series.
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(d) cos~!(sin 2x) is clearly a multi-valued function and fails condition (ii); it cannot be
represented as a Fourier series.

(e) x sin(1/x), for —m~! < x < w~! (cyclically repeated) is clearly cyclic (by defini-
tion), continuous, bounded, single-valued and integrable. However, since sin(1/x) oscil-
lates with unlimited frequency near x = 0, there are an infinite number of maxima and
minima in any region enclosing x = 0. Condition (iii) is therefore not satisfied and the
function cannot be represented as a Fourier series.

Find the Fourier series of the function f(x) = x in the range —7 < x < 7. Hence show that
) 1 o 1 1 P b4
35 7 4

This is an odd function in x and so a sine series with period 27 is appropriate. The
coefficient of sin nx will be given by

27 r
1 { X cosnx T T cosnx
== [——] + dx

g n -7 - n

—1\* — (— 1\ _1\n+1
:%[_ﬂ( 1" — (=m)(—=1) +0}:u.

n

" xsinnx dx

n

o (_1)n+1
Thus, x=f(x)=2 E —————sinnx.
n
n=1

We note in passing that although this series is convergent, as it must be, it has poor (i.e.
n~') convergence; this can be put down to the periodic version of the function having a
discontinuity (of 2) at the end of each basic period.

To obtain the sum of a series from such a Fourier representation, we must make a
judicious choice for the value of x — making such a choice is rather more of an art than a
science! Here, setting x = /2 gives

T i (=1 sin(nm/2)

2=7
n=1 n
—1)yrtl(—1)—D/2
oy EDTEDT
n odd n
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For the function
f&x)=1-—x, 0<x<1,

a Fourier sine series can be found by continuing it in the range —1 < x <0 as f(x) = —1 —x.
The function thus has a discontinuity of 2 at x = 0. The series is

l—x:f(x):%ZSimmx. )

n

n=1

In order to obtain a cosine series, the continuation has tobe f(x) = 1 4+ x intherange —1 < x < 0.
The function then has no discontinuity at x = 0 and the corresponding series is

1 4 COSNITX
l—x=f@=5+—5> —;

nodd

(k)

n

For these continued functions and series, consider (i) their derivatives and (ii) their integrals. Do they
give meaningful equations? You will probably find it helpful to sketch all the functions involved.

(1) Derivatives
(a) The sine series. With the continuation given, the derivative d f/dx has the value —1
everywhere, except at the origin where the function is not defined (though f(0) = 0 seems

the only possible choice), continuous or differentiable. Differentiating the given series ()
for f(x) yields

This series does not converge and the equation is not meaningful.

(b) The cosine series. With the stated continuation for f(x) the derivative is +1 for
—1 <x <0andis —1for 0 < x < 1. It is thus the negative of an odd (about x = 0) unit
square-wave, whose Fourier series is

4 Z sinnmwx
T n
nodd

This is confirmed by differentiating () term by term to obtain the same result:

df 4 —n sinnwx 4 sinnmwx
I o2 Z - 2 T Z T
dx T nodd n T nodd n

(i) Integrals

Since integrals contain an arbitrary constant of integration, we will define F(—1) = 0,
where F(x) is the indefinite integral of f(x).

(a) The sine series. For —1 < x <0,

=
|

Fa(x)=F(—1)+f (—1—x)dx=—x_% 2 %
—1
ForO<x <1,

Fy(x) = F(0)+/ (I-x)dx = -3+ [x =32  =x — Ix2 - L.
0
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This is a continuous function and, like all indefinite integrals, is “smoother” than the
function from which it is derived; this latter property will be reflected in the improved
convergence of the derived series. Integrating term by term we find that its Fourier series
is given by

2 [FKsinnmx’
R =2 [y,

—1

_Z[ COSNTTX }
-1

2 (=" —cosnmx

= ;Z 02
n=1
_ 1 2 S CcoSnmX
=D D
n=1

a series that has n=2 convergence. Here we have used the result that Y oo (—1)"n~? =
2
—m</12.
(b) The cosine series. The corresponding indefinite integral in this case is

Fb(x)=x—|—%x2+% for —1<x<0,

F;,(x):x—%xz—l—% for 0<x <1,

and the corresponding integrated series, which has even better convergence (n3), is given
by

sinnmwx
—(x +D+— Z
nodd

However, to have a true Fourier series expression, we must substitute a Fourier series for
the x /2 term that arises from integrating the constant (%) in (k). This series must be
that for x /2 across the complete range —1 < x < 1, and so neither (*) nor (x*) can be
rearranged for the purpose. A straightforward calculation (see Problem 4.25 part (b), if
necessary) yields the poorly convergent sine series

)n+l

x=2 E sinnmx,

and makes the final expression for Fj(x)

1 e (=1rt! sinnmwx
— —— sinnmx + —
S+ sinnmx Sy e

n=1 nodd

As will be apparent from a simple sketch, the first series in the above expression dominates;
all of its terms are present and it has only n~! convergence. The second series has alternate
terms missing and its convergence ~ n 3.
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4.9 Find the Fourier coefficients in the expansion of f(x) = exp x over the range —1 < x < 1. What
value will the expansion have when x = 2?

Since the Fourier series will have period 2, we can say immediately that at x = 2 the series
will converge to the value it has at x = 0, namely 1.

As the function f(x) = expx is neither even nor odd, its Fourier series will contain
both sine and cosine terms. The cosine coefficients are given by

2 1
a, = —/ e* cos(nmwx)dx
2/
1
= [cos(nmx) ex]l_l —1—/ ni sin(nmwx) e* dx
-1

=(=D"e'—e H+ [nﬂ sin(nmwx) e"]l_l

1
—/ n*n? cos(nmx) e’ dx
-1

= 2(=1)"sinh 1 — n’72a,,
2(—1)"sinh 1

= a,=
" 1+ n272

Similarly, the sine coefficients are given by

2 1
b, = —/ e*sin(nmwx)dx
2/

1
= [sin(nmx) ex]l_l —/ nm cos(nmwx) e dx
-1

1
=04+ [—nn cos(nmx) e"]il — / n’7? sin(nmx) e® dx
= 2(—=1)""'nz sinh 1 — n’x’b,,

2(—1Y"*'n7 sinh 1

b, =
= " 14+ n272

4.11 Consider the function f(x) = exp(—x?) in the range 0 < x < 1. Show how it should be continued
to give as its Fourier series a series (the actual form is not wanted) (a) with only cosine terms, (b)

with only sine terms, (c) with period 1 and (d) with period 2.
Would there be any difference between the values of the last two series at (i) x = 0, (ii)) x = 1?

The function and its four continuations are shown as (a)—(d) in Figure 4.1. Note that in
the range 0 < x < 1, all four graphs are identical.

Where a continued function has a discontinuity at the ends of its basic period, the series
will yield a value at those end-points that is the average of the function’s values on the
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RN

0 |1 0 |1 0 |1 0 2 4

(@) (b) (c) (d)
Figure 4.1 The continuations of exp(—x?) in 0 < x < 1 to give: (a) cosine terms
only; (b) sine terms only; (c) period 1; (d) period 2.

two sides of the discontinuity. Thus for continuation (c) both (i) x = 0 and (ii) x = 1 are
end-points, and the value of the series there will be (1 + ¢~')/2. For continuation (d),
x = 01is an end-point, and the series will have value %(1 + 6_4). However, x = 1 isnota
point of discontinuity, and the series will have the expected value of e~ .

4.13 Consider the representation as a Fourier series of the displacement of a string lying in the interval
0 <x < L and fixed at its ends, when it is pulled aside by yy at the point x = L /4. Sketch the
continuations for the region outside the interval that will

(a) produce a series of period L,

(b) produce a series that is antisymmetric about x = 0, and

(c) produce a series that will contain only cosine terms.

(d) What are (i) the periods of the series in (b) and (c) and (ii) the value of the “ap-term” in (c)?
(e) Show that a typical term of the series obtained in (b) is

32y0 . nm . nmx
—— sin — sin —.
3n’m? 4 L

Parts (a), (b) and (c) of Figure 4.2 show the three required continuations. Condition (b) will
result in a series containing only sine terms, whilst condition (c) requires the continued
function to be symmetric about x = 0.

(d) (i) The period in both cases, (b) and (c), is clearly 2L.

(i1) The average value of the displacement is found from “the area under the triangular
curve” to be (%Lyo)/L = %yg, and this is the value of the “ay-term”.

(e) For the antisymmetric continuation there will be no cosine terms. The sine term
coefficients (for a period of 2L) are given by

2 L
b, =2 7L / f(x)sin(nkx)dx, where k = 2w /2L = 7/L.
0

Here use has been made of the antisymmetry about x = 0 of both f(x) and the sine
functions. However, because of the change in analytic form of f(x) between x < L /4 and
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0 L
@ )
g - -
®
0 L 2L
©
- \0 T —

Figure 4.2 Plucked string with fixed ends: (a)—(c) show possible mathematical
continuations; (b) is antisymmetric about 0 and (c) is symmetric.

x > L/4, the integral will have to be split into two parts. Thus

2y [ [H/*4x . L4 4x\ |
b, = — — sin(nkx)dx + — — — | sin(nkx)dx
L 0 L 4 \3 3L

8y0 L/4 ) L )
= [/ 3x sin(nkx)dx + (L — x)sin(nkx) dx]
0 L/4

T3
8yo 3x cos(nkx) Lja /”4 3 cos(nkx)
== 3|-—— + ——dx
3L nk 0 0 nk
L cos(nkx) " kx) 7" L k
N [_ cos(n x):| n [x cos(n x)] _/ cos(nkx) g b
nk L4 nk L4 L4 nk
Evaluation of the remaining integrals then yields
_ 8yo 3L cos(nm/4) 0 3 sin(nkx) L L cos(n)
" 3L 4n(m/L) n2k? |, n(w/L)

Lcos(nm/4) Lcos(nmw) Lcos(nm/4) sin(nkx) L
n(/L) n(x/L)  4n(z/L) _[ n2k> LM

- 3L2

_ 8y [3L%sin(nm/4)  L?sin(nw)  L>sin(nm/4)] 32y . (nn>
n2m? n2m? n?m? T 3n272 4 /)"

A typical term is therefore
32y0 . (nn) . (nnx)
——sin{— )sin(—).
3n2n? 4 L

We note that every fourth term (n = 4m with m an integer) will be missing.
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The Fourier series for the function y(x) = |x| in the range —7 < x < 7 is
cos(2m + 1)x
y(x)_* *Z Qm+ 12

By integrating this equation term by term from O to x, find the function g(x) whose Fourier series
is

4 i sin@m + 1)x

m = 2m +1)3

Using these results, determine, as far as possible by inspection, the form of the functions of which
the following are the Fourier series:

(a)
cos9+1cos39+ icosS@-l—--- ;
9 25
(b)
sinf + ism39 + L51r159+
27 125
©
L>  4L? ox 1 2nx 1 3rx
3T [COST—ZCOST-FgCOST —:|

[You may find it helpful to first set x = O in the quoted result and so obtain values for S, =
> C2m+ 1)~2 and other sums derivable from it.]

First, define

S = Zn_z, SO=Zn_2, Se = Z n=2.

all n#0 odd n even n#0

Clearly, S, = ;S.

Now set x = 0 in the quoted result to obtain

v/ > 1 T 4

4
o=2_2y_~ T Zg.
2 JTmX:;)(Zm-i—l)2 2 0w

Thus, S, = w2/8. Further, S = S, + S = S, + %S; it follows that S = 72/6 and, by
subtraction, that S, = 72 /24.
We now consider the integral of y(x) = |x| from O to x.
X X

! 1
(i) For x <0,/ |x|dx=/ (—x)dx = —=x>.
0 0 2

X X 1
(ii)Forx>0,/ |x|dx:/ xdx:5x2.
0 0
Integrating the series term by term gives

x4 S sin@m + Dx

3
2 = 2m+1)
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Equating these two results and isolating the series gives

4 O sin@m + 1
4 - sin@m + 3)x = lx(x —x) forx > 0,
w A= 2m A+ 1)

= %x(n 4+ x) forx <O0.

Questions (a)—(c) are to be solved largely through inspection and so detailed working is
not (cannot be) given.

(a) Straightforward substitution of 8 for x and rearrangement of the original Fourier
series give g(0) = 1w (3 — |6)).

(b) Straightforward substitution of 6 for x and rearrangement of the integrated Fourier
series give g2(0) = §O(T — |6]).

(c) This contains only cosine terms and is therefore an even function of x. Its average
value (given by the a( term) is %Lz. Setting x = 0 gives

L? 417 1 1
o= ()

3 72 4 9
L? 412
=3 7(50 —Se)

_L2 412 7r2_
T~ 3 g2 \8 24)

Setting x = L gives

F P S (R
-t ()

3 2
B L2 4L2( §)—
3

All of this evidence suggests that f(x) = x> (which it is).

Find the (real) Fourier series of period 2 for f(x) = coshx and g(x) = x?intherange —1 < x < I.
By integrating the series for f(x) twice, prove that

o0

Z (_1)n+1 _ 1 1 5
< 2 (n’n? + 1) " 2\sinh1 6/

n=

Since both functions are even, we need consider only constants and cosine terms. The
series for x% can be calculated directly or, more easily, by using the result of the final part
of Problem 4.15 with L set equal to 1:

n

1 4 (=1
= x2 = — —_— E
g(x) = x 3 + 2 — n?

cosmnx for—1 <x <1.
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For f(x) = coshux,
2 1
apg = 3 2/ cosh x dx = 2 sinh(1),
0

2 1
a, = 3 2/ cosh x cos(nmx)dx
0

_5 [coshx sin(mrx)]l _, /1 sinh x sin(nmx) I
nmw 0 0 nmw

042 [sinhx cos(mnc)]l _an

n2m? n2mg?’

Rearranging this gives

_ (~1)"2sinh(1)

" 14+ n2n2

Thus,

S —1)
cosh x = sinh(1) <1 +2 Z 1(—) cosnnx) .
n=1

+n2n?

We now integrate this expansion twice from 0 to x (anticipating that we will recover a
hyperbolic cosine function plus some additional terms). Since sinh(0) = sin(mm0) = 0,
the first integration yields

i . h(1)< 5 = (=" . )
sinh x = sin x + E ———————sinnwx|.
2.2
- nr(l +n*m?)

For the second integration we use cosh(0) = cos(mm0) = 1 to obtain

h(x) — 1 = sinh(1) L 2quzi SV
cosn(x) — = SIn —X
2 — n’mw

W[COS(}’NTX) — 1]) .

However, this expansion must be the same as the original expansion for cosh(x) after a
Fourier series has been substituted for the % sinh(1)x? term. The coefficients of cos nwx
in the two expressions must be equal; in particular, the equality of the constant terms
(formally cos nrx with n = 0) requires that

o0 +2
inh(1) — 1 L h(1) ! + 2si h(l)Z D"
S1n! — = — SIn — Sin SO e———
2 3 — n?72(1 + n?x?)

i.e.
o0

5 -y 115
1 n?m2m?n2+1) 2 \sinh1 6/

n=

as stated in the question.
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Demonstrate explicitly for the odd (about x = 0) square-wave function that Parseval’s theorem is
valid. You will need to use the relationship

e} ] 2

Zi_l
= 2m+ 12 8

Show that a filter that transmits frequencies only up to 87 /7T will still transmit more than 90% of
the power in a square-wave voltage signal of period 7.

As stated in the solution to Problem 4.7, and in virtually every textbook, the odd square-
wave function has only the odd harmonics present in its Fourier sine series representation.
The coefficient of the sin(2m + 1) x term is

4
2m+ D
For a periodic function of period L whose complex Fourier coefficients are c,, or whose

cosine and sine coefficients are a, and b, respectively, Parseval’s theorem for one function
states that

byns1 =

1 xo+L 5 o 5
L i@k = Y e
Xo r=—00
o0
r=1

and therefore requires in this particular case, in which all the a, are zero and L = 2, that

> | — 1!
= =-) b=- + 112dx = 1.
2222 2m+1)2n2 222: 2f_1| I"dx

Since

i 1 _ 7?2
—~@em+1? 8’

this reduces to the identity

116 n2

272 8
The power at any particular frequency in an electrical signal is proportional to the square
of the amplitude at that frequency, i.e. to |b,|? in the present case. If the filter passes only
frequencies up to 8m/7T = 4w, then only the n = 1 and the n = 3 components will be
passed. They contribute a fraction

LoV o0
1 9/ 8

of the total, i.e. more than 90%.
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Find the complex Fourier series for the periodic function of period 27 defined in the range —m <
x < m by y(x) = cosh x. By setting x = 0 prove that

oo

Z(—l)” _1( T 1)
n2+1 2 \sinhz ’

n=1

We first note that, although cosh x is an even function of x, e~ is neither even nor
odd. Consequently it will not be possible to convert the integral into one over the range
0 < x < 7. The complex Fourier coefficients ¢, (—oo < n < 00) are therefore calculated

as

b/

Cp = — coshx e "™ dx
T J-n

U™, e i
:2_ E(elxx_’_elxx)dx
T J_x

1 [e(d—imxq7 1 [e-1=imxq™
ZH[l—in]_ﬂJrE[—l—m]_ﬂ

1 (1+in)(=1)"@2sinh7) — (1 — in)(—1)"(=2sinh )

 4rm 1+ n?
. (—1)*4 sinh(7r)
C dr(l+n?)
Thus,
o _1 n o h )
coshx = Z —( )" sinh 7 e'".
= w(l+n?)

We now set x = 0 on both sides of the equation:

e e]

. (—1)*sinh
= Z 7(1+n?) ’

n=—0oo

0 (_l)n T
= Z 1 +n2  sinhm
n=—00

Separating out the n = 0 term, and noting that (—1)" = (—1)7", now gives

00
—1)"
TS e V.

n=1

— 1 +n?  sinhmw

and hence the stated result.
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The complex Fourier series for the periodic function generated by f(¢) = sint for 0 <t < /2,
and repeated in every subsequent interval of /2, is

2 X dni—1
in(t) = = t4nt'
sin(z) - n;oo TeZ — 1 e

Apply Parseval’s theorem to this series and so derive a value for the sum of the series
17 65 145 16n” + 1

e T tame T T Qe o1

Applying Parseval’s theorem (see Solution 4.19) in a straightforward manner to the given
equation:

2 [, 4 K dni—1 —dni—1
— sin“() dt = — ,
71/0 ® 712”:2_:00 16n2 —1 16n? —1

217 4 . 16n? +1
722 72 (16n2 — 1)2°
n=—0oo

2 o0
T 16n% +1
— =142 ,
8 + Z(16n2— 1)2

e e]

Z 16n% +1 7’ -8
1(16n2—1)2_ 16

To obtain the second line we have used the standard result that the average value of the
square of a sinusoid is 1/2.

Show that Parseval’s theorem for two real functions whose Fourier expansions have cosine and sine
coefficients a,,, b, and «,,, B, takes the form

1 [t 1 s
Z/o f()g(x)dx = 7 %% I 5 ;(ancxn + b, By).

(a) Demonstrate that for g(x) = sinmx or cosmx this reduces to the definition of the Fourier
coefficients.

(b) Explicitly verify the above result for the case in which f(x) = x and g(x) is the square-wave
function, both in the interval —1 < x < 1.

[Note that g = g*, and it is the integral of fg* that will have to be formally evaluated using the
complex Fourier series representations of the two functions.]

If ¢, and y, are the complex Fourier coefficients for the real functions f(x) and g(x) that
have real Fourier coefficients a,, b, and «,,, 8,, respectively, then

Cn = %(an —ib,) and Y, =a, —iB,,

Cn = %(an + lbn) and Ven =0y + ZIBn
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The two functions can be written as

ad 2mwinx
f(x>=n;oocn exp( )
g(x) = i Yo XD (2”””‘) )
n=—o ! L .
Thus,
o = N 2mwinx
fxg (x)—n;wcng (x)exp( 7 )

Integrating this equation with respect to x over the interval (0, L) and dividing by L, we
find

1t SR .
Z[) f(X)g*(x)dx = Z an/o g*(X)exp< Ngnx) dx

n=—0o0

_ i l/L (x)ex (_zmnx)d *

n=—0o0

o
= Z Cn¥y -
n=—o0
To obtain the last line we have used the inverse of relationship (x).
Dividing up the sum over all n into a sum over positive n, a sum over negative n and
the n = 0 term, and then substituting for ¢, and y,,, gives

1 [t . - . .
- fo fg ) dx = 5 ;(an — iby) (@, +if,)

o0
1
+ = Y (an + iby)en — i) + a0
n=1

4

-

1
(Zanan + 2bn.8n) + Z(loao

I
ENG-
M2

n=1

1
(anaty + bpBp) + ZQOWO,

I
N —
K

n=1

i.e. the stated result.
(a) For g(x) = sinmx, B,, = 1 and all other «, and B, are zero. The above equation

sim(m d - bn,
o X X X

which is the normal definition of b,,. Similarly, setting g(x) = cos mx leads to the normal

definition of a,,.
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(b) For the function f(x) = x in the interval —1 < x < 1, the sine coefficients are

2 1
b, = —/ xsinnmwx dx
2J4

1
Zf xsinnmx dx
0

—XCcosnmwx ! 1 cosnmx
of [t o dx
nm 0 0 nmw

(=1t sinnmxq!
=2 + [ ]
nmw nim? lo
_ 2(_1)n+1
oam

As stated in Problem 4.19, for the (antisymmetric) square-wave function g8, = 4/(nm) for
odd n and B, = 0 for even n.
Now the integral

1 [F 1 0 1 1
Z/O fx)g*(x)dx = 3 [/1(_1)de —1—/0 (+D)x dxj| =3

| & 1 4 2=t 4 1
DI I e DML

nodd

whilst

The value of the sum )" n~2 for odd n is taken from S, in the solution to Problem 4.15.
Thus, the two sides of the equation agree, verifying the validity of Parseval’s theorem in
this case.
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5.1

Find the Fourier transform of the function f () = exp(—|¢|).

(a) By applying Fourier’s inversion theorem prove that

T ° cos wt
— —|t) = ——dw.
> exp(=lr) /0 o do

(b) By making the substitution @ = tan 6§, demonstrate the validity of Parseval’s theorem for this
function.

As the function || is not representable by the same integrable function throughout the
integration range, we must divide the range into two sections and use different explicit
expressions for the integrand in each:

flw) =

efiwt dt

1 [
_ / ol
A/ 21 J -0

1 = (I+iw) 1 ‘ (I-iw)
- e— Lw)t dl _|_ _/ e _lwtdl
V2 A V2 J -

1 1 1
N (1—|—ia)+ l—ia))
12
V2 L+ o?

(a) Substituting this result into the inversion theorem gives

exp—ltl — iwt

1 o 2
m/_oo S +ad)

Equating the real parts on the two sides of this equation and noting that the resulting
integrand is symmetric in w, shows that

_ 2 [ coswt
exp = = ———dw,
7Jo (1+w?)

as given in the question.
(b) For Parseval’s theorem, which states that

/ If(t)lzdt=/ | (@) do,
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00 0 00
/ | £(0)? dt =f e dt+/ e 2 dt
—00 —00 0
= 2[ e 2 dr
0
-2t o
=2 [e ] —1.
-2 0

oo ~ o 2
/ |f(a))|2dw = 2/ mdw, set w equal to tan 6,
—o0 0o T @

4 (721
= —/ sec® 0 d
7 Jo sec*d

4 (72 4
= —f cos’0do = —
T Jo T

i.e. the same as the first one, thus verifying the theorem

we first evaluate

The second integral, over w, is

=1,

| =
|

[g]

or this function.

5.3 Find the Fourier transform of H(x — a)e™?*, where H(x) is the Heaviside function.

The Heaviside function H(x) has value O for x < 0 and value 1 for x > 0. Write H(x —
a)e ™ = h(x) with b assumed > 0. Then,

~ 1 i .
h(k) = E/ H(x —a)e ™ e % dx

1 X ik

= — e T dx
21 ./a‘

1 e—bx—ikx o
- 2r [—b — ik]a

1 e*baefika ik e*ba b—ik
= =c¢ _

27 b+ik V2w b2+ k2

This same result could be obtained by setting y = x — a, finding the transform of e ~>@¢ %>
and then using the translation property of Fourier transforms.

>

5.5 By taking the Fourier transform of the equation
d’¢ )
ﬁ — K¢ = f(x),
show that its solution, ¢(x), can be written as
—1 (o) eikx f(k)
Vo S K2+ K2

where f(k) is the Fourier transform of f(x).

¢(x) =
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We take the Fourier transform of each term of

d’¢
i K¢ = f(x)
to give
1 /°° d*¢
V21 J-o dx?
Since ¢ must vanish at +o0o, the first term can be integrated twice by parts with no
contributions at the end-points. This gives the full equation as

e dx — K*p(k) = L /OO Fx)e ™ dx.
V2r J-s

—k*P(k) — K*¢k) = f(k).

Now, by the Fourier inversion theorem,

1 R ;
- k zkxdk
é(x) m/ooﬂ )e

B 1 00 f(k) eikx "
- V2w J 0o k2 + K2 '

Note

The principal advantage of this Fourier approach to a set of one or more linear differen-
tial equations is that the differential operators act only on exponential functions whose
exponents are linear in x. This means that the derivatives are no more than multiples of
the original function and what were originally differential equations are turned into alge-
braic ones. As the differential equations are linear the algebraic equations can be solved
explicitly for the transforms of their solutions, and the solutions themselves may then be
found using the inversion theorem. The “price” to be paid for this great simplification is
that the inversion integral may not be tractable analytically, but, as a last resort, numerical
integration can always be employed.

Find the Fourier transform of the unit rectangular distribution

1 |t <1,
0 otherwise.

f(t)Z{

Determine the convolution of f with itself and, without further integration, determine its transform.

Deduce that
® sin% @ ® gin* @ 2
3 do =, 7 do = —.
o @ o W 3

The function to be transformed is unity in the range —1 < ¢ < 1 and so

—iot g _ 1 eTlv — @ 2 sin w
iw

. 1 !
J@) 21 /1 ¢ N2 V2w
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Denote by p(t) the convolution of f with itself and, in the second line of the calculation
below, change the integration variable from s tou = ¢ — s:

fe'e) 1
p(t) = / £t —5)f(s)ds = / a=-s1ds

t—1 t+1

= | fe(=dwy= [  fadu.

t+1 t—1
It follows that

{(z+1)—(—1) 0>t>-2 {2—|t| 0<|t] <2,
p[: =

1—@¢—-1) 2>t>0 0 otherwise.

The transform of p is given directly by the convolution theorem [which states that if 4(¢),
given by & = f % g, is the convolution of f and g, then 7 = /27 f ] as

F2sinw 2sinw 4 sinfw

2rw 2rw 27 @?

Noting that the two integrals to be evaluated have as integrands the squares of functions
that are essentially the known transforms of simple functions, we are led to apply Parseval’s
theorem to each. Applying the theorem to f(¢) and p(¢) yields

4 gi 2
/ > “’dw=/ fOPdr=2 = / e _
—00 27'[(1)2 _ 0 (1)2

p(w) =

and /mgsm‘*wdw: 0(2+z) dt+/(2—t)2dt
oo 2 @ _
B (2+z)3 Q—1?
_[ 3 ]_2_[ 3 L
8 8
+§,

3

N /‘X’ sin4a)d 27
w="—.

oo @ 3

By finding the complex Fourier series for its LHS show that either side of the equation

o0 o0

Z 8t +nT) = % Z g=2mnit/T

n=—00 n=—00

can represent a periodic train of impulses. By expressing the function f (¢ 4+ nX), in which X is a
constant, in terms of the Fourier transform f(w) of f(¢), show that

= \/E = x [ 2nm nit
2 fe+n0= Zf(?)‘fz .

n=—0o n=—00

This result is known as the Poisson summation formula.
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Denote by g(¢) the periodic function Y oo 8(t +nT) with 27/T = w. Its complex

Fourier coefficients are given by

1 [T ‘ 1 [T ‘
= — e " d = — S()e " dt = —
€ T[o g(t)e T/o ®e

Thus, by the inversion theorem, its Fourier series representation is

n=—0o0

o0

g(t) = Z _ pinwt _ i T e inot _ Z fi2nm/T’

n=-00 - n=-—00

showing that both this sum and the original one are representations of a periodic train of
impulses.
In this result,

o0 o0

Z 8(t+nT):% Z e~ 2mnit/ T

n=—0oo n=—oo
we now make the changes of variable t - w,n — —n and T — 27/ X and obtain
o0} o

Z 5 w_Zrm . X oinXo )
X ) 27 '

n=—0oo n=—0Q

If we denote f(t +nX) by f,x(t) then, by the translation theorem, we have f,x(w) =
"X f(w) and

ft+nX)= / Fux(w) e dw
V27
1 * inXe F it

= — e f(w)e'” dw,
27'[ —00
i 1
t+nX —[ w) e "X dw, use (*) above,
n:Z_joo £ == J@ n_X_joo ()

1 © it 270 > 2mn

|
g5
NIERP
~

In the final line we have made use of the properties of a §-function when it appears as a
factor in an integrand.
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For a function f(z) that is non-zero only in the range |¢| < T/2, the full frequency spectrum f(w)
can be constructed, in principle exactly, from values at discrete sample points w = n(2w/T'). Prove
this as follows.

(a) Show that the coefficients of a complex Fourier series representation of f(¢) with period 7' can
be written as

«/T~ 27n
C”:Tf<T>'

(b) Use this result to represent f(¢) as an infinite sum in the defining integral for f(w), and hence

show that
flw) = Z f (?) sinc (nr[ — %) ,

n=—0oo

where sinc x is defined as (sinx)/x.

(a) The complex coefficients for the Fourier series for f(¢) are given by

/2 '
€y = — f(l) eszJ'rnt/T dt.
T J_rp

But, we also know that the Fourier transform of f(¢) is given by

T2

- 1 o0 , 1 ,
_ —ilwt d - —lwt d .
f(w) = /_ N ft)e == o fte t

Comparison of these two equations shows that ¢, = %«/ 21 f (2”7”) .
(b) Using the Fourier series representation of f(¢), the frequency spectrum at a general
frequency w can now be constructed as

1 T/2

~ - 7iwtd
f(w) N fe t

1 (TP &1 L (2mn\ ,
— . /2 = i2mwnt)T —iwt dt
\/2JT/T/2|:ZT nf<T>e :|e

n=—00

o sm| — — — ~
1 ~ 27‘[1’1 2 2 _ 27-[” . a)T
:?ﬂ;oof( T ) Zﬂn_w :n;oof(T)SlnC<nn_7)'
T

This final formula gives a prescription for calculating the frequency spectrum f(w) of
f (@) for any w, given the spectrum at the (admittedly infinite number of) discrete values
w =2mn/T. The sinc functions give the weights to be assigned to the known discrete
values; of course, the weights vary as w is varied, with, as expected, the largest weights
for the nth contribution occurring when w is close to 2rwn/T.
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5.13 Find the Fourier transform specified in part (a) and then use it to answer part (b).
(a) Find the Fourier transform of

e V'sinpt t>0,
f(yap7t)_{ 0 t<0,

where y (> 0) and p are constant parameters.
(b) The current /(¢) flowing through a certain system is related to the applied voltage V (¢) by the
equation

I1(t) = /00 K —u)Vu)du,

(o.¢]

where

K@) =aif(y1, p1, ©) +ax f(y2, p2, 7).

The function f(y, p, t)is as given in part (a) and all the a;, y; (> 0) and p; are fixed parameters.
By considering the Fourier transform of /(¢), find the relationship that must hold between a;
and a; if the total net charge Q passed through the system (over a very long time) is to be zero
for an arbitrary applied voltage.

(a) Write the given sine function in terms of exponential functions. Its Fourier transform
is then easily calculated as

5 1 oo e(—y—iw+ip)z _ e(—y—iw—ip)t
form=—=[ _ dr
V2w Jo 2i
11 —1 n 1
C V2r 2 \~y —io+ip  —y—iw—ip
1 p

= ox (y +ioR+ p2

(b) Since the current is given by the convolution

I(t) = /00 K(t —u)V(u)du,

ee}

the convolution theorem implies that the Fourier transforms of 7, K and V are related by
I[(®) = V27 K () V(w) with, from part (a),

- 1
K(w) = m[

a p axpr ]
i +io)Y+p? (n+ie?+pil

Now, by expressing /(¢') in its Fourier integral form, we can write

Q(OO):/ I(t/)dt/zf dt// Li(a))e"“” do.
- —00 —00 21
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But [* e dt’ = 278(w) and so

Q(OO)=/OOLI~(w)2n8(a))da)
—00 27
5 - -
=——10) =272 K©O) V(O
N 0) 7~ 2 K(0) V(0)

T

[\

1 |: a1 pi ap>
Var Lyvi + et v
For Q(o0) to be zero for an arbitrary V(¢), we must have
aipi apr
vi+pi vitp

and so this is the required relationship.

} V(0).

=0,

5.15 A linear amplifier produces an output that is the convolution of its input and its response function.
The Fourier transform of the response function for a particular amplifier is

iw
V2 (o +iw)?

Determine the time variation of its output g(¢) when its input is the Heaviside step function.

K(w) =

This result is immediate, since differentiating the definition of a Fourier transform (under
the integral sign) gives

£ : 0 :2 00

ldf(a)) — ! i </ f(t) €7iwl dt) — —! / [f(t) e*iwt dt,
dw \/ﬂ ow —o0 217 J -

i.e. the transform of 7 f ().

Since the amplifier’s output is the convolution of its input and response function, we will
need the Fourier transforms of both to determine that of its output (using the convolution
theorem). We already have that of its response function.

The input Heaviside step function H(¢) has a Fourier transform

7 L : [ 11
A== [ o= —— [T ar=——
V21 J -0 V27 Jo V27 iw

Thus, using the convolution theorem,

iw 1 1

g(w) = V21 —

8 N2 (o +iw)? /27 o
1 1

= 27 @+ iw)?

o 8( 1 )
T V27 0w \a+io
i {Fle " H®) ]}
=F[teH®)],
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5.19
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where we have used the “library” result to recognize the transform of a decaying expo-
nential in the penultimate line and the result proved above in the final step. The output of
the amplifier is therefore of the form g(z) = te~* for ¢t > 0 when its input takes the form
of the Heaviside step function.

[This problem can only be attempted if Problem 5.16 of the main text has been studied.]

For some ion—atom scattering processes, the spherically symmetric potential V (r) of the previous
problem may be approximated by V = |r; — |~ exp(—u|r; — r2|). Show, using the result of the
worked example in Subsection 5.1.9, that the probability that the ion will scatter from, say, p; to p
is proportional to (u? + k)2, where k = |k| and k is as given in part (c) of the previous problem.

As shown in Problem 5.16, the Fourier transform of a spherically symmetric potential
V(r) is given by

~ 1 % )
V() = mfo Ax V(r)r sinkr dr.

The ion—atom interaction potential in this particular example is V (r) = r~! exp(—ur). As
this is spherically symmetric, we may apply the result to it. Substituting for V(r) gives

—ur
rsinkrdr

~ 1 [®e
MocV(k)o<—/
k Jo

1 o ;
= _Im / e*/trJrlkr dr
k 0
1 -1
=-Im | ——
k |:—/L+lki|
1k
- k M2+k2'

Since the probability of the ion scattering from p; to p| is proportional to the modulus
squared of M, the probability is oc [M|? o (u? + k?)72.

Find the Laplace transforms of =1/ and !/2, by setting x> = ts in the result

/ exp(—x)dx = .
0

Setting x? = st, and hence 2x dx = s dt and dx = s dt/(2+/st), we obtain

R
2
0

2 ]

= L[] E/ 712 e gt = \/?
0
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Integrating the LHS of this result by parts yields

[e2¢'7] —/ (—s)e™" 2612 dt = \/i
0 N

The first term vanishes at both limits, whilst the second is a multiple of the required
Laplace transform of ¢'/2. Hence,

E[tl/z]sfoo e‘”tl/zdt:i T
0 25V s

Use the properties of Laplace transforms to prove the following without evaluating any Laplace
integrals explicitly:

@ L[] =R/msT

(b) L[ (sinhan)/t]1=LIn[s +a)/Gs —a)], s > lal;

(c) L[sinhat cosbt] = a(s* — a*> + b>)[(s — a)*> + b1 [(s + a)> + b*]7L.

(a) We use the general result for Laplace transforms that

d" f(s)

, forn=1,2,3,....
ds"

L f®)] =1

If we take n = 2, then f(t) becomes ¢!/2, for which we found the Laplace transform in
Problem 5.19:

c[eP) = el = (V)

ds? 2
_ VT (3NS5 e IVT
2 \72)\ 72 8 ‘

(b) Here we apply a second general result for Laplace transforms which states that
t R
E[?]:/ fu)du,
provided lim,_, o[ f(¢)/¢] exists, which it does in this case.
inh(at o
o[ sin (at) =/ Ldu, u> lal.
t s ur—a?
1 [* 1 1
) ()
2 Js u—a u-ta

1 s+a
=—In , 8§ >|al.
2 s—a
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(c) The translation property of Laplace transforms can be used here to deal with the
sinh(at) factor, as it can be expressed in terms of exponential functions:

L [sinh(at) cos(bt)] = L [ %e‘” cos(bt)] - L [ %e’“’ cos(bt)]
1 s—a 1 s+a
- E(s—cl)z—I-b2 B E(s—i—a)z—l—b2
1 (52 — a*)2a + 2ab*
T 2[(s — a)® + b2[(s + a)? + b?]
_ a(s®> —a®> + b?)
C s — a2+ B2[(s +a)? + b2

The result is valid for s > |a].

5.23 This problem is concerned with the limiting behavior of Laplace transforms.

(a) If f(t) = A + g(¢), where A is a constant and the indefinite integral of g(¢) is bounded as its
upper limit tends to oo, show that

lim s f(s) = A.
s—0
(b) For ¢t > 0, the function y(t) obeys the differential equation

d’y | dy
—~ +a-—= + by = ccos’ wf,
dr? dt Y
where a, b and c are positive constants. Find j(s) and show that sy(s) — ¢/2b as s — 0.

Interpret the result in the 7-domain.

(a) From the definition,

f() =/ [A+g®)] e dt
0

A e—st 0 T
= [ ] + lim g@) e dt,
—S 0 T—o00 0

T
sf(s) = A+s lim / gt) e dt.
T—00 0

Now, for s > 0,

Tli_)rrgo/:g(t) e dt| < Tli_)lrgo/OTg(t)dt < B, say.
Thus, taking the limit s — 0,
}iir})sf(s) =A :I:}ig(l)sB =A.
(b) We will need
s 1

L[cos’wt]=L[Lcos2w+ 1] = m-yg
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Taking the transform of the differential equation yields

s 1
—y'(0) — sy(0 ’y —y(0 yl+by=c| ———5+—|-
y(0) = sy(0) + 57y + a[—y(0) + sy] + by c[xﬂ+4w)+ZJ
This can be rearranged as
C DY 40 + asy©) + s2500)
N2t 4wy T2 T T AR
sy = 5
s?4as+b

In the limit s — O, this tends to (¢/2)/b = c/(2b), a value independent of that of @ and
the initial values of y and y’.

The s = 0 component of the transform corresponds to long-term values, when a steady
state has been reached and rates of change are negligible. With the first two terms of the
differential equation ignored, it reduces to by = ¢ cos? wt, and, as the average value of
cos® wt is % the solution is the more or less steady value of y = %c /b.

The function f,(x) is defined as unity for 0 < x < a and zero otherwise. Find its Laplace transform
fa(s) and deduce that the transform of x £, (x) is

1 _
;D—ﬂ+mk”}
Write f,(x) in terms of Heaviside functions and hence obtain an explicit expression for
8= [ Li01ux = 1) dy.
0

Use the expression to write g,(s) in terms of the functions f,(s) and f,(s), and their derivatives,
and hence show that g,(s) is equal to the square of f,(s), in accordance with the convolution
theorem.

From their definitions,

f_‘a(s) = /u le ™ dx = 1(1 — e,
0 s
dfe _ 1

a
= — (]l — ¥4 — Zpsa
ds s2( ) s

/ax fax)e ™ dx = —
0

1 —Ssa
s—z[l—(1+as)e ] (%)
In terms of Heaviside functions,

fx)=H(x)— H(x —a),

and so the expression for g,(x) = fox JaO) falx —y)dy is

0.¢]
/ [H(y) — H(y — )| [H(x — y) — H(x — y — a)ldy.
—00

This can be expanded as the sum of four integrals, each of which contains the common
factors H(y) and H(x — y), implying that, in all cases, unless x is positive and greater
than y, the integral has zero value. The other factors in the four integrands are generated
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analogously to the terms of the expansion (@ — b)(c — d) = ac — ad — bc + bd:
o0
/ H()H(x — y)dy
- o0
- / H()H(x —y—a)dy
- o0
- / H(y —a)H(x —y)dy

+ f H(y—a)H(x —y —a)dy.

In all four integrals the integrand is either O or 1 and the value of each integral is equal to

the length of the y-interval in which the integrand is non-zero.

e The first integral requires 0 < y < x and therefore has value x for x > 0.

e The second integral requires 0 < y < x — a and therefore has value x —a for x > a
and O for x < a.

e The third integral requires a < y < x and therefore has value x —a for x > a and 0
forx < a.

e The final integral requires a < y < x — a and therefore has value x — 2a for x > 2a
and O for x < 2a.

Collecting these together:
x <0 g.x)=0—-0-040=0,
O<x<a gx)y=x-0-04+0=ux,
a<x<2a gx)y=x—(x—-a)—(x—a)+0=2a—x,
2a < x gax)=x—(x—-a)—(x—a)+ (x —2a)=0.
Consequently, the transform of g,(x) is given by

a 2a
8a(s) = / xe N dx + 2a — x)e ™ dx
0

a

2a a 2a
= —/ xe ¥dx + 2/ xe Fdx + Za/ e Ydx
0 0 a

1 2
=5 [1 —(1+ 2as)e_2m] + 2 [1 —(1 +as)e_“’]

2a
4+ e8¢ e—2sa
L )

1 —sa —2sa
= (1 =2e7" 47
N

1 -
= S0 =P = [P,

which is as expected. In order to adjust the integral limits in the second line, we both
added and subtracted
a
/ (—x)e ™ dx.
0

In the third line we used the result () twice, once as it stands and once with a replaced
by 2a.
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6.1

A simple harmonic oscillator, of mass m and natural frequency wy, experiences an oscillating
driving force f(t) = ma cos wt. Therefore, its equation of motion is

d?*x L ;
— 4+ wix = acoswt,
a2 ' °

where x is its position. Given that at # = 0 we have x = dx /dt = 0, find the function x(¢). Describe
the solution if w is approximately, but not exactly, equal to wy.

To find the full solution given the initial conditions, we need the complete general solution
made up of a complementary function (CF) and a particular integral (PI). The CF is
clearly of the form A coswot + B sinwpt and, in view of the form of the RHS, we try
x(t) = C coswt 4+ D sinwt as a PI. Substituting this gives

—w*C coswt — @*Dsinwt + wjC cos ot + wiD sinwt = acos wt.

Equating coefficients of the independent functions cos wt and sin wt requires that
—2C 2~ __a
o C+oyfC=a = C=— X
Wy —
—0’D+@}D=0 = D=0.
Thus, the general solution is
a
x(1) = Acoswpt + Bsinwgt + ———— cos wt.
wy — w?
The initial conditions impose the requirements
a
Wy —
and X(0) =0 = 0=wyB.

Incorporating the implications of these into the general solution gives

a
x(t) = ——— (cos wt — cos wot)
wj — w?

_ 2a sin[ 5(@ + wo)t ] sinf 5(wy — @)t ]

(@0 + w) (o — w)
For wy — w = € with [e|t <K 1,

2a sin wyt %et at
——= = —sinwyt.

1)~
X( ) 2(,()0 € 20)0
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Thus, for moderate ¢, x(¢) is a sine wave of linearly increasing amplitude.
Over along time, x(¢) will vary between +2a/ (a)(z) — w?) with sizeable intervals between
the two extremes, i.e. it will show beats of amplitude 2a/ (w(z) — ).

6.3 The theory of bent beams shows that at any point in the beam the “bending moment” is given

by K/p, where K is a constant (that depends upon the beam material and cross-sectional shape)
and p is the radius of curvature at that point. Consider a light beam of length L whose ends,
x = 0 and x = L, are supported at the same vertical height and which has a weight W suspended
from its center. Verify that at any point x (0 < x < L/2 for definiteness) the net magnitude of the
bending moment (bending moment = force x perpendicular distance) due to the weight and support
reactions, evaluated on either side of x, is Wx /2.
If the beam is only slightly bent, so that (dy/dx)*> <« 1, where y = y(x) is the downward

displacement of the beam at x, show that the beam profile satisfies the approximate equation

d*y . Wx

dx2 2K’
By integrating this equation twice and using physically imposed conditions on your solutionatx = 0
and x = L/2, show that the downward displacement at the center of the beam is W L3 /(48K).

The upward reaction of the support at each end of the beam is %W.
At the position x the moment on the left is due to
(i) the support at x = 0 providing a clockwise moment of %Wx.
The moment on the right is due to
(ii) the support at x = L providing an anticlockwise moment of %W(L —X);
(iii) the weight at x = %L providing a clockwise moment of W(%L —X).
The net clockwise moment on the right is therefore W(%L —X)— %W(L —Xx)=
— % Wx, i.e. equal in magnitude, but opposite in sign, to that on the left.
The radius of curvature of the beam is p = [ 1 + (=y")? 1>/2/(—y"), but if |y'| < 1 this
simplifies to —1/y” and the equation of the beam profile satisfies
Wx K d?y
—=M=—=—-K—.
2 0 dx?
We now need to integrate this, taking into account the boundary conditions y(0) = 0 and,
on symmetry grounds, y’(%L) =0:

W iy =0 = a= YL
= — ,Wl = = = s
Y 4K Y2 16K
/ w L2 2
y=— (= —x?),
4k \ 4
WoEx B i ©=0 = B=0
= — | — —— , Wi = =0.
YZaxk\ 4 T3 Y

The center is lowered by

42 38

. W (L*L 1L3 wL?
YGL) =+~ = :
2 4K 48K
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Note that the derived analytic form for y(x) is not applicable in the range %L <x <L
the beam profile is symmetrical about x = %L, but the expression %sz —1x3

3X 1s not
invariant under the substitution x — L — x.

The function f(¢) satisfies the differential equation

d*f df 4
— 48— +12f = 127",
dt? + dt +12f ¢

For the following sets of boundary conditions determine whether it has solutions, and, if so, find
them:

@ fO=0, [f(©0)=0, flny2)=0;
(b) f(0)=0, f'(0)=-2, f(ny2)=0.

Three boundary conditions have been given, and, as this is a second-order linear equation
for which only two independent conditions are needed, they may be inconsistent. The plan
is to solve it using two of the conditions and then test whether the third one is compatible.
The auxiliary equation for obtaining the CF is
m*+8m+12=0 = m=-2o0rm=—6
=  f(t)=Ae ¥ + Be .
Since the form of the RHS, Ce~*, is not included in the CF, we can try it as the particular
integral:
16C —-32C+12C=12 = C=-3.

The general solution is therefore
f(t)=Ae™® + Be™™ —3e7".
(a) For boundary conditions f(0) =0, f(0)=0, f(n,/2)=0:

f0O)=0 = A+B-3=0,
f(0)=0 = —6A-2B+12=0,
3 3
Hence, f(t) = 3e 4372 -3¢,

Recalling that e="v? = 1/,/2, we evaluate

PSP RIS B U R
28 22 4 16
Thus the boundary conditions are inconsistent and there is no solution.
(b) For boundary conditions f(0) =0, f’(0)= -2, f(In,/2) =0, we proceed as
before:

fO=0 = A+B-3=0,
f(0)=0 = —6A—2B+12=-2,

Hence, f(1) = 2¢ % +e 2 —3e7%.
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We again evaluate
1 1

1
fany2) =24 +5 -3, =0.

This time the boundary conditions are consistent and there is a unique solution as given
above.

A solution of the differential equation

d’y _dy
S oy —de
dx2+ dx+y ¢

takes the value 1 when x = 0 and the value ¢~! when x = 1. What is its value when x = 2?

The auxiliary equation, m? + 2m + 1 = 0, has repeated roots m = —1, and so the general
CF has the special form y(x) = (A + Bx)e™™.

Turning to the PI, we note that the form of the RHS of the original equation is contained
in the CF, and (to make matters worse) so is x times the RHS. We therefore need to take
x? times the RHS as a trial PI:

y(x)=Cx’™, ¥y =CQ2x—x»e™, ' =CQ2—4x+x>)e™.
Substituting these into the original equation shows that
2Ce™ =4 = C=2
and that the full general solution is given by
y(x) = (A + Bx)e™ + 2x%e ™",

We now determine the unknown constants using the information given about the solution.
Since y(0) = 1, A = 1. Further, y(1) = e~ requires

e'=(0+Be'+2' = B=-2
Finally, we conclude that y(x) = (I — 2x 4 2x?)e™* and, therefore, that y(2) = 5¢ 2.

Find the general solutions of

d’y - dy

— — 12— + 16y =32x — 8
(@) dx3 dx T 1oy T

d (1dy 1dy 5
b) — [ —— 2a coth 2 —— ) =2a7,
()dx <ydx)+( a co ax)(ydx) a

where a is a constant.

(a) As this is a third-order equation, we expect three terms in the CF.
Since it is linear with constant coefficients, we can make use of the auxiliary equation,
which is

m® —12m + 16 = 0.
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By inspection, m = 2 is one root; the other two can be found by factorization:
m? —12m + 16 = (m — 2)(m* + 2m — 8) = (m — 2)(m + 4)(m — 2) = 0.

Thus we have one repeated root (m = 2) and one other (m = —4) leading to a CF of the
form

y(x) = (A + Bx)e* 4+ Ce™.
As the RHS contains no exponentials, we try y(x) = Dx + E for the PI. We then need

16D =32 and —12D + 16E = —8, giving D =2 and E = 1.
The general solution is therefore

y(x) = (A4 Bx)e™ + Ce™ +2x + 1.

(b) The equation is already arranged in the form

d
% + h(0)g(y) = j(x)
X

and so needs only an integrating factor to allow the first integration step to be made. For
this equation the IF is

exp { / 2a coth 2ax dx} = exp(In sinh 2ax) = sinh 2ax.

After multiplication through by this factor, the equation can be written

. d (1dy Ldy 2 .
sinh2ax— ( ——— ) + (Qa cosh2ax) | —— | = 2a“ sinh 2ax,
dx \\ydx ydx
d 1d
— | sinh 2ax R 2a” sinh 2ax.
dx ydx
Integrating this gives
. ldy 2ad°
sinh2ax —— = — cosh2ax + A,
ydx 2a
1dy
—— =acoth2ax + ——.
ydx sinh 2ax

1 A
Integrating again, Iny = 3 In(sinh 2ax) + / Snh oo dx + B
sinh 2ax

1 A
= — In(sinh 2ax) + — In(] tanh ax|) 4+ B,
2 2a

=y = C(sinh2ax)"? (| tanh ax|)?.
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The indefinite integral of (sinh2ax)~! appearing in the fourth line can be verified by
differentiating y = In | tanh ax| in the form y = % In(tanh? ax) and recalling that

1
coshax sinhax = 3 sinh 2ax.

The quantities x(¢), y(¢) satisfy the simultaneous equations
i+ 2n% + n’x =0,
¥4 2ny +n’y = ux,
where x(0) = y(0) = y(0) = 0 and %(0) = A. Show that
y(t) = Jurt* (1 — int) exp(—n).
For these two coupled equations, in which an “output” from the first acts as the “driv-

ing input” for the second, we take Laplace transforms and incorporate the boundary
conditions:

(s2)? —0—A)+2n(sk —0) +n’x =0,
(5’5 — 0 —0)+2n(sj — 0) + n’y = u(sx — 0).
From the first transformed equation,

A

X=———"—.
s2 4 2ns +n?

Substituting this into the second transformed equation gives

_ o usx UAS
y= (s+n)2  (s+n)xs+n)?
UA urn

- (s+n3 (+n¥
2 ni

t —nt
= y(t)-uk(z—!e —?e

1 nt
— _ )\'tz 1__ 7}1[’
2" ( 3)6

i.e. as stated in the question.

’”) , from the look-up table,

Two unstable isotopes A and B and a stable isotope C have the following decay rates per atom
present: A — B,3s7; A — C,1s7!; B — C, 2s~!. Initially a quantity xo of A is present but
there are no atoms of the other two types. Using Laplace transforms, find the amount of C present
at a later time 7.
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Using the name symbol to represent the corresponding number of atoms and taking
Laplace transforms, we have

dA _ _
E:—(3+1)A = sA—xy=—-4A
A=20
s+4
dB _ _ _
E:3A_2B = sB=3A-2B
B:¢,
(s +2)s+4)
dc _ _ _

Xxo(s + 2) + 6x¢
s(s+2)(s +4)°

= C

Using the “cover-up” method for finding the coefficients of a partial fraction expansion
without repeated factors, e.g. the coefficient of (s +2)~! is [ (=2 + 8)x¢ 1/[ (=2)(=2 +
4)] = —6x0/4, we have

C _ X()(S + 8) _ X0 6)6() n 4)C()
s+ +4) s 4G+2) 8(s+4)

= C(t) = xo (1 — %e—Zt + %€_4t) ‘

This is the required expression.

The “golden mean”, which is said to describe the most aesthetically pleasing proportions for the
sides of a rectangle (e.g. the ideal picture frame), is given by the limiting value of the ratio of
successive terms of the Fibonacci series u,,, which is generated by

Unt2 = Upy1 + Un,

with up = 0 and u; = 1. Find an expression for the general term of the series and verify that the
golden mean is equal to the larger root of the recurrence relation’s characteristic equation.

The recurrence relation is second order and its characteristic equation, obtained by setting
u, = A\, is

M—i—1=0 = i=3(1+£5.

The general solution is therefore

e (55 a5
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The initial values (boundary conditions) determine A and B:

up=0 = B=-A,

1 S 1-45
wet (I

e = (55 (5]

If we write (1 — 4/5)/(1 + 4/5) = r < 1, the ratio of successive terms in the series is

)=1 = A=—.

Uorr L4+ /5 = (1= /5]

, (I+ /57 — (1= /5y
I+ 5= Y]
o 1—r"
— 1+2\/5 asn — 0Q;

i.e. the limiting ratio is the same as the larger value of A.

This result is a particular example of the more general one that the ratio of successive
terms in a series generated by a recurrence relation tends to the largest (in absolute
magnitude) of the roots of the characteristic equation. Here there are only two roots, but
for an Nth-order relation there will be N roots.

6.17 The first few terms of a series u,,, starting with u, are 1, 2, 2, 1, 6, —3. The series is generated by

a recurrence relation of the form
u, = Pu,_5 + Qun74»

where P and Q are constants. Find an expression for the general term of the series and show that,
in fact, the series consists of two interleaved series given by

2 1
Uym = 3 + §4m’

7 1
Udm+1 = 3= §4m,

form=0,1,2,....

We first find P and Q using

n=4 6=2P+0,
n=5 —-3=P+20, = Q=-4andP =5.

The recurrence relation is thus

Up = Suy_o —4uy,y_y.
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To solve this we try u,, = A 4+ B)" for arbitrary constants A and B and obtain

A+ BMN'=5A+5BA"2 —4A —4BA"4,
= 0=1"-5.2+4
== =4) = 1=+l 42.

The general solution is u, = A + B(—1)" + C2" + D(-2)".
We now need to solve the simultaneous equations for A, B, C and D provided by the
values of ug, ..., us:

1=A+B+C+ D,

2=A-B+4+2C-2D,
2=A+B+4C+4D,
1=A—-B+8C—38D.

These have the straightforward solution

and so

3.5 1 1
—D"+ =2 (=2
D+ 52+ (D)

U, = — — —
2

When 7 is even and equal to 2m,

5+4m+4m_2+4m
6 12 4 3 3

3
uZmZE
+

When 7 is odd and equal to 2m + 1,

3 5 4m 4m 7 4m
L{Qm_;’_]:——i——_l____:___.

2 6 6 2 3 3

In passing, we note that the fact that both P and Q, and all of the given values uy, . .., u4,
are integers, and hence that all terms in the series are integers, provides an indirect proof
that 4™ 4 2 is divisible by 3 (without remainder) for all non-negative integers m. This can
be more easily proved by induction, as the reader may like to verify.

Find the general expression for the u,, satisfying
Up+1 = 2un72 —Up

with ug = u; = 0 and u; = 1, and show that they can be written in the form

1 2n2 3mn #
n==-——=cos| — —¢ ),
MEs5T /s 4

where tan ¢ = 2.
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The characteristic equation (which will be a cubic since the recurrence relation is third
order) and its solution are given by

)\'VH*] :2)\'}172_)\'}1’
MEaz-2=0,
A=DA24+224+2)=0 = r=lora=—1+i

Thus the general solution of the recurrence relation, which has the generic form AL} +
BA, + C)5, s

Uy, =A+B(—=1+)"+C(—1-1i)
= A4+ an/26i3nn/4 + C2n/26i511n/4.
To determine A, B and C we use

uy =0, 0=A+B+C,

up =0,  0=A+ B2 4 C22HTH
=A+B(=1+i)+C(—=1—1),

u, =1, 1 = A+ B2e/%7/* 4 C217/% = A 4+ 2B(—i) 4+ 2C().

Adding twice each of the first two equations to the last one gives 5SA = 1. Substituting
this into the first and last equations then leads to

1 2
B4+C=—- d —B+C=_=,
+ 5 4 te=g

from which it follows that

P VR T

10 10
10 10

where tan¢ = 2/1 = 2.
Thus, collecting these results together, we have

n/2
2 1(;/5(61‘37”1/461'(717(2))+ei57‘rn/4ei(ﬂ+¢))

1
5
n/2

_ % . 2 /1(;/5 (ei3nn/4efi¢ + efi37m/4ei¢)
1
5
1
5

212 /5 3

[ ()]
/2 (37rn )

— cos| ——¢ ),

i.e. the form of solution given in the question.
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Find the general solution of

d*y dy
2= 7 7 .
x dx? xdx V=en

given that y(1) = 1 and y(e) = 2e.

This is Euler’s equation and can be solved either by a change of variables, x = ¢, or by
trying y = x*; we will adopt the second approach. Doing so in the homogeneous equation
(RHS set to zero) gives

XA — D2 —x Mt =o.
The CF is therefore obtained when A satisfies
MA=—D—=A+1=0 = (—-1°=0 = =1 (repeated).

Thus, one solution is y = x; the other linearly independent solution implied by the repeated
root is x In x (see a textbook if this is not known).

There is now a further complication as the RHS of the original equation (x) is contained
in the CF. We therefore need an extra factor of In x in the trial PI, beyond those already
in the CF. (This corresponds to the extra power of ¢ needed in the PI if the transformation
to a linear equation with constant coefficients is made via the x = ¢’ change of variable.)
As a consequence, the PI to be tried is y = Cx(In x):

1 2C 21
x2|:2C£+—j|—x|:Cx nx+C(lnx)2]+Cx(lnx)2:x.
X X X

This implies that C = % and gives the general solution as
y(x)=Ax + Bxlnx + %x(lnx)2.

It remains only to determine the unknown constants A and B; this is done using the two
given values of y(x). The boundary condition y(1) = 1 requires that A = 1, and y(e) = 2e
implies that B = %; the solution is now completely determined as

yx)=x+ %x Inx(1 + Inx).

Prove that the general solution of

d*y . dy 4y
—=2 4322 T
(x )dx2 * dx + x2

)—;k i l 2
yox _(x—2)2|: <3x_2>+cx]'

This equation is not of any plausible standard form, and the only solution method is to
try to make it into an exact equation. If this is possible the order of the equation will be
reduced by one.

0

is given by
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We first multiply through by x? and then note that the resulting factor 3x? in the
second term can be written as [ x%(x — 2)] + 4x, i.e. as the derivative of the function
multiplying y” together with another simple function. This latter can be combined with
the undifferentiated term and allow the whole equation to be written as an exact equation:

d | , dy dy
4 ) a4y =
dx [x (x )dx]+ xdx+ y=0

d 5 dy d(4xy)
— —2)— =0,
dx |:x (x )dx] * dx

d
= x}x - 2)% +4xy = k.

Either by inspection or by use of the standard formula, the IF is (x — 2)/x* and leads to

d |:(x—2)2 ] k(x = 2)
yl=—7F:

dx x2 x4
(x —2)? 1 2
12 yzk(—g+§)+C,
1 k 2k 2
= y=(x_2)2(—2+§+cx>

6.25 Find the Green’s function that satisfies
d*G(x, &)

T —GH=3x-§ wih  GO.5=G(18§=0.

It is clear from inspection that the CF has solutions of the form e**. The other pair
of solutions that may suggest themselves are sinhx and coshx, but these are merely
independent linear combinations of the same two functions.

As both boundary conditions are given at finite values of x (rather than at x — 400)
and both are of the form y(x) = 0, it is more convenient to work with those particular
linear combinations of ¢* and e~ that vanish at the boundary points. The only common
linear combination of these two functions that vanishes at a finite value of x is a sinh
function. To construct one that vanishes at x = x( the argument of the sinh function must
be made to be x — x¢. For the present case the appropriate combinations are

1 1
sinhx = =(e* —e ™) and sinh(l —x) = <€> e —[— )€
2 2 2e
Thus, with 0 < & < 1, we take

A(&)sinh x x <&,

Glx,§) = {B(é)sinh(l —x) x>E&
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The continuity requirement on G(x, &) at x = & and the unit discontinuity requirement on
its derivative at the same point give

Asinhé — Bsinh(1 — &) =0

and — Bcosh(l —&) — Acoshé =1,
leading to
A sinh & cosh(1 — &) + A cosh & sinh(1 — &) = —sinh(1 — &),
A[sinh(§ + 1 —&)] = —sinh(1 — &).
Hence,
:_smh.(l —£&) and B=_s%nh$’
sinh 1 sinh 1
giving the full Green’s function as
inh(1 —
—M sinhx x <&,
sinh 1

CE=1 e

sinh 1

sinh(l —x) x > &.

Show generally that if y,(x) and y,(x) are linearly independent solutions of

o2 1 g0y =0
—= x)— x)y =0,
dx? P dx ax)y

with y;(0) = 0 and y,(1) = 0, then the Green’s function G(x, &) for the interval 0 < x,& < 1 and
with G(0, §) = G(1, §) = 0 can be written in the form

yi()»@E)/WE) 0<x<§,
@€/ WE) §<x <1,

where W(x) = W[yi(x), y2(x)] is the Wronskian of y;(x) and y,(x).

G(x,$)=[

As usual, we start by writing the general solution as a weighted sum of the linearly
independent solutions, whilst leaving the possibility that the weights may be different for
different x-ranges:

G(x, &) = AG)y1(x) + BE)y(x) 0<x <§,
, CE)y1(x) + DE)yr(x) & <x < 1.

Imposing the boundary conditions and using y;(0) = y»(1) =0,

0=0G(0,8) =AE)»(0)+ B¢)y(00 = B() =0,
0=G6(1,8) =CEn)+DEn1) = CE)=0.
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The continuity requirement on G(x, £) at x = & and the unit discontinuity requirement on
its derivative at the same point give

AE)y1(§) — D(E)y2(8) =0,
A1) — DE)y () = -1,

leading to
ABIny, =yl 1=y = AE) = i;i ;
Thus,
G g = [MOE/WE 0<x <k

nyiE)/WE) §<x <L

This result is perfectly general for linear second-order equations of the type stated and
can be a quick way to find the corresponding Green’s function, provided the solutions that
vanish at the end-points can be identified easily. Problem 6.25 is a particular example of
this general result.

The equation of motion for a driven damped harmonic oscillator can be written
P42+ 1+ = f@),

with k # 0. If it starts from rest with x(0) = 0 and x(0) = 0, find the corresponding Green’s function
G(t, t) and verify that it can be written as a function of + — 7 only. Find the explicit solution when
the driving force is the unit step function, i.e. f(#) = H(¢). Confirm your solution by taking the
Laplace transforms of both it and the original equation.

The auxiliary equation is
m>+2m+(1+«>)=0 = m=—1=ixk,

and the CF is x(t) = Ae~ " coskt + Be ! sinkt.
Let

Gt o) A(t)e Tcoskt + B(t)e 'sinkt 0 <t <,
1, 7) = )
C(t)e'coskt + D(t)e'sinkt t > T.

The boundary condition x(0) = 0 implies that A = 0, and
i(0)=0 = B(—e'sinkt+ke'coskt)=0 = B=0.

Thus G(t,7) =0fort < .
The continuity of G att = t gives
Ccoskt

Ce "coskt+ De "sinkt=0 = D=——
sinkt
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The unit discontinuity in the derivative of G at ¢ = t requires (using s = sinkt and
¢ = cos kT as shorthand)
Ce " (—c—ks)+ De "(=s +xkc)—0=1,
c
C [—c — ks — —(—s+ KC)] =",
s
C(—sc — ks> + cs — kc?) = se’,
giving
e’ sinkt e’ coskT

C=——— and D=
K K

Thus, fort > 7,

T

G(t,7) = —(—sinkt coskt + coskT sinkt)e
K

e—(t=7)
= sink(t — 7).
K

This form verifies that the Green’s function is a function only of the difference t — t and
not of ¢ and t separately.
The explicit solution to the given equation when f(t) = H(¢) is thus

x(1) =/ G(t,t)f(r)drt
0

t
= / G(t,t)H(t)dt,since G(t,t) =0fort > 1,
0

1 t
= —[ e "Dsink(t —t)dt
0

K

e*l t
=~ Im / er+ik(t—r)dt
Kk 0

— i —i T=t
e t ell{tel' IKT
=—Im |[——
K 1—-ic |,

Now multiplying both numerator and denominator by 1 + i« to make the latter real gives
x(1) = Im [ (' — e*")(1 +iK)]
K(] K2)

= ——[«(e' —coskt) —sinkt ]

k(1 4 «2)
1 ( _ I, . )
= 1—e"coskt — —e 'sinkt ).
K
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The Laplace transform of this solution is given by

) 1 1 s+ 1 1 K
T xR <§_(s+1)2+x2 _E(s+1)2+x2>
G+D2+k2—s(s+1)—s
T A+ + 12 +«2]
1
BT EE

The Laplace transform of the original equation with the given initial conditions reads
2 - |
[sx—0s—0]+2[sx —0]4+4+«k)x = —,
s

again showing that

1 1
s[s242s+14+k2]  s[(s+ 12 +«2]

=
and so confirming the solution reached using the Green’s function approach.

6.31 Find the Green’s function x = G(¢, ty) that solves

d*x dx

— — =8t — 1

dt? T dt ( 0)
under the initial conditions x = dx/dt = 0 at t = 0. Hence solve

d*x dx
- - = 1),
dt? +adt U

where f(t) = 0 for t < 0. Evaluate your answer explicitly for f(t) = Ae™?" (¢t > 0).

It is clear that one solution, x(¢), to the homogeneous equation has ¥ = —ax and is
therefore x(t) = Ae~®'. The equation is of second order and therefore has a second
solution; this is the trivial (but perfectly valid) x is a constant. The CF is thus x(¢) =
Ae ™™ + B.
Let
Ae ™ + B, 0<t <1,

Gt to) =1 . _
Ce ™™ 4+ D, t>1.

Now, the initial conditions give

x0)=0 = A4+B=0,
x0)=0 = —aA=0 = A=B=0.

Thus G(t,1%) =0for0 <t < 1.
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The continuity/discontinuity conditions determine C and D through
Ce ™ +D—-0=0,

oty

1
—aCe™™ —0=1, = C=-°—andD=—.
o o

1
It follows that Gt tg) = —[1—e %" fort > t,.
o

The general formalism now gives the solution of

d*x dx
- = t
dt? to dt F®

as
"1
x(t)=/ —[1—e "] f(r)dr.
0o o
With f(¢) = Ae ' this becomes
"
x(t) = / —[1—e "D ]Ae P dr
0o o

A t
= —[ (e hT — e @ Py g
a Jo

’1 _ e—ﬁt e—ﬁt _ e—at:|

= A _
L B a(a — B)

[ — B —ae P+ Be=
L Pale — B) }

_ [o(1 —e Py — B(1 — e‘“’)] ‘
L Ba(a — B)

=A

This is the required explicit solution.

Solve

d>y dy\ d’y dy\?
252 po(y 432 )22 4o (2) = sinx.
Yax? + (y—l— dx) dx? + (dx) —

The only realistic hope for this non-linear equation is to try to arrange it as an exact
equation! We note that the second and fourth terms can be written as the derivative of a
product, and that adding and subtracting 2y’y” will enable the first term to be written in a
similar way. We therefore rewrite the equation as

d d?y d dy dy d*y
L2 )+ S () +6-222 22 —ginx,
dx(ydx2)+dx<ydx>+( )dx X .

dx2
d2d2y+d2dy+d2dy2 ,
- — J— —_— —_ —_— = Ssimx.
dx ya’x2 dx ydx dx X
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This second form is obtained by noting that the final term on the LHS of the first equation
happens to be an exact differential. Thus the whole of the LHS is an exact differential and
one stage of integration can be carried out:

d*y . dy dy\?
2o 4oyl 4oL} = - Al
ydx2 + ydx + (dx) cosx +

‘We now note that the first and third terms of this integrated equation can be combined as
the derivative of a product, whilst the second term is the derivative of y2. This allows a
further step of integration:

4 () 4 )% +A
— — — = —cosx ,
dx ydx ydx
d ( dy\  dO?)
—(2y— =— A,
dx(ydx>+ I cosx +
dy 2 _ :
= 2yd—+y = —sinx 4+ Ax + B,
X
d 2
L)+y2=—sinx+Ax+B.
dx

At this stage an integrating factor is needed. However, as the LHS consists of the sum
of the differentiated and undifferentiated forms of the same function, the required IF is
simply e*. After multiplying through by this, we obtain

d
I (exyz) = —e*sinx + Axe* + Be",
X
X
= yl=¢ |:C —I—/ (B + Au—sinu)e* du]

=Ce ™+ B+ A(x — 1) — (sinx—cosx).

The last term in this final solution is obtained by considering

X X
/ e“sinudu:lm/ T gy

|:e(l+i)ui|x
=Im -

141

= Im [%(1 - l‘)e(1+i)x]

= %e"(sinx— CoS x).
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Confirm that the equation
d?y dy\?
2x2vE Y 2_ 24
Yy Ty =7, ()

is homogeneous in both x and y separately. Make two successive transformations that exploit this
fact, starting with a substitution for x, to obtain an equation of the form

d*v dv\? dv
2— — ) - 2—+1=0.
dr? + (dt) dt i

By writing dv/dt = p, solve this equation for v = v(¢) and hence find the solution to ().

The “net-power” (weight) of x in each of the terms is 2 —2 =0, 0,2 — 2 = 0, i.e. they
are all equal (to zero) and the equation is homogeneous in x. Similarly for y, the weights
are 2, 2 and 2; and so the equation is also (separately) homogeneous in y.

Using the homogeneity in x, set x = ¢’ with i e’ TS The equation then reads
X

d dy dy\?
22 ye ! — [ 122 2 _ 2 ) i
e~ ye 7 <e dt> +y e e i

d*y dy dy\?
Ive DA St 2 _ 2,2 ) ,
ye (e 72 e dt) +y e“e 7

>y  dy dy’
2y— —2y—+y*=(—=) .
Yar ar (dt
Now using the homogeneity in y, set y = e” with

dy dydv ,dv d’y d ( Udv) ydvdv d*v

= — = —_— d —=— — | = _— _—
at dvdar ‘at M T e\ a) T arar T ar

and obtain

v Udvz ,d?v v pdv 5 dv\*
2e |:e (E) +e ﬁ]—% e“z—ke”:e”(z) .

Canceling e?" all through, this reduces to

2d2v+ dv\? 2dv+1_0
dr? dt dt -

Since v does not appear in this equation undifferentiated, write dv/dt = p, obtaining

d d
2Py _pri=0 = Lo_lpoan

dt dr
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This is separable:

dp |
—— = —2dt — D '=+1 4+ A.
R A
Rewriting p as dv/dt, we now have
dv 1
— — 1= —t=2In(A+ ir) + B.
dt 1+ A - v n(4+50)+

Resubstituting for v and ¢ now gives
Iny =2In(A+ jInx)+ B +Inx,
= y=x(C+ Dlnx)?,

where C = Ae®/2 and D = %eB/z.
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7.1

Find two power series solutions about z = 0 of the differential equation
(1—zY)y" =3z + 1y =0.

Deduce that the value of A for which the corresponding power series becomes an Nth-degree
polynomial Uy(z) is N(N + 2). Construct U,(z) and U3(z).

If the equation is imagined divided through by (1 — z?) it is straightforward to see that,
although z = =£1 are singular points of the equation, the point z = 0 is an ordinary point.
We therefore expect two (uncomplicated!) series solutions with indicial values o = 0 and
o=1.

(@0 =0and y(z) = Y o a,2" withag # 0.

Substituting and equating the coefficients of 7,

oo oo oo
(1-2% Zn(n — Da,7" % -3 Znanz” + A Zanz” =0,
n=0 n=0

n=0
(m + 2)(m + Dayyo — m(m — a,, — 3ma,, + ra,, =0,

gives as the recurrence relation
mm — 1)+ 3m — A m@m+2) — A
m = ay.
(m +2)(m + 1) (m + 1)(m + 2)

Since this recurrence relation connects alternate coefficients a,,, and ay # 0, only the
coefficients with even indices are generated. All such coefficients with index higher than
m will become zero, and the series will become an Nth-degree polynomial Uy(z), if
A =m(m +2) = N(N + 2) for some (even) m appearing in the series; here, this means
any positive even integer N.

To construct U,(z) we need to take A = 2(2 + 2) = 8. The recurrence relation gives a,
as

Am4+2 =

. 0-8
T 0+ D0+2"

(b)o =1and y(z) =z o yanz" withag # 0.
Substituting and equating the coefficients of z

a =—4ay = Uy(2) =ap(1— 4Z2)'

m+1
b

oo oo oo

(1= @+ a2 =3+ Dap™ + 1) 4,2 =0,
n=0 n=0 =0

(m =+ 3)(m + 2)am 2 — (m + Dmay, — 3(m + Day, + rayn =0,
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gives as the recurrence relation

mm+1D+3m+1) -2  (m+Dm+3)—2
(m +2)(m + 3) " m+2)(m +3)

Am42 = me

Again, all coefficients with index higher than m will become zero, and the series will
become an Nth-degree polynomial Uy (z), if A = (m + 1)(m + 3) = N(N + 2) for some
(even) m appearing in the series; here, this means any positive odd integer N.
To construct Us(z) we need to take A = 3(3 4+ 2) = 15. The recurrence relation gives
a, as
3—-15

= —(0 n 2)(0 n 3)61() = —2610.

ap
Thus,

Us(z) = ao(z — 22°).

Find power series solutions in z of the differential equation
Zy// _ 2y/ + 9Z5y =0.

Identify closed forms for the two series, calculate their Wronskian, and verify that they are linearly
independent. Compare the Wronskian with that calculated from the differential equation.

Putting the equation in its standard form shows that z = 0 is a singular point of the equation
but, as —2z/z and 9z’ /z are finite as z — 0, it is a regular singular point. We therefore
substitute a Frobenius-type solution,

o
y(@) =12° Zanz” with ag # 0,
n=0

and obtain

o0
Y (n+o)n+o — Daz" !

n=0
o0 o0
-2 Z(n +0)a,2" T 49 Zanz”+"+5 =0.
n=0 n=0

Equating the coefficient of z° ! to zero gives the indicial equation as
o(c —1l)ay—20ay=0 = o=0, 3.

These differ by an integer and may or may not yield two independent solutions. The larger
root, o = 3, will give a solution; the smaller one, o = 0, may not.

(a)o =3.

Equating the general coefficient of 7”2 to zero (with o = 3) gives

(m+3)(m + 2)a,, —2(m + 3)a,, + 9a,,_¢ = 0.
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Hence the recurrence relation is

9am—6
an = —————,
m(m + 3)
9 dgp— —1)?a
o agy=— op—6  _ (=DPag

—— dgp—6 — — = .
6p6p+3) T T2p2p+ 1) @Qp+ 1)

The first solution is therefore given by

e (=D on _ =" B g in 2
yl(X)—aoZ ;m Z(2n+1)' =aqapsSmnzg .

(b)yo =0.
Equating the general coefficient of z”~! to zero (with o = 0) gives

m(m — Da,, — 2ma,, + 9a,,_¢ = 0.

Hence the recurrence relation is

9am—6
al?’l = - T A
m(m — 3)
9 ag,— —1D%a
o Gy =g, g = — 6p—6 =( )'o
6p (6p —3) 2p2p—1) (2p)!
A second solution is thus
1
ya(x) = ((2 ))' = aycosz’.

We see that o = 0 does, in fact, produce a (different) series solution. This is because the
recurrence relation relates a, to a,,¢ and does not involve a,,3; the relevance here of
considering the subscripted index “m 4 3” is that “3” is the difference between the two
indicial values.

We now calculate the Wronskian of the two solutions, y; = ag sin z> and y, = by cos z°:

Wy, y2) = y1¥5 — »2),
= ag sin z°(—3byz* sin z°) — by cos 2> (3apz> cos z°)
= —3aybyz* # 0.

The fact that the Wronskian is non-zero shows that the two solutions are linearly indepen-
dent.
We can also calculate the Wronskian from the original equation in its standard form,

2
y// _ Zy/ + 9Z4y — O,
as

L2
W = Cexp{—/ —du} = Cexplnz) = CZ2.
u

This is in agreement with the Wronskian calculated from the solutions, as it must be.
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7.5 Investigate solutions of Legendre’s equation at one of its singular points as follows.

(a) Verify that z = 1 is a regular singular point of Legendre’s equation and that the indicial equation
for a series solution in powers of (z — 1) has a double root o = 0.

(b) Obtain the corresponding recurrence relation and show that a polynomial solution is obtained
if £ is a positive integer.

(c) Determine the radius of convergence R of the o = O series and relate it to the positions of the
singularities of Legendre’s equation.

(a) In standard form, Legendre’s equation reads
g2z, e+ D
N P P
This has a singularity at z = 1, but, since

—27(z — 1 L+ 1)(z — 1)?
1—2z2 1—22
i.e. both limits are finite, the point is a regular singular point.
We next change the origin to the point z = 1 by writing u = z — 1 and y(z) = f(u).
The transformed equation is

s 2w+, e+
" Cuwr! T ouwrn” =0
or —u(u+2)f" =2+ Df +Ll+1)f =0.

The point u =0 is a regular singular point of this equation and so we set f(u) =
u® Y > au" and obtain

—u(u + 2) Z(G +n)o +n — Dau®t?
n=0

o0 o0
—2u+ 1)) (0 +mau e+ 1Y au”t =0.
n=0 n=0

Equating to zero the coefficient of u%~! gives
—20(0 — Dag —20ap=0 = o>=0;

i.e. the indicial equation has a double root o = 0.
(b) To obtain the recurrence relation we set the coefficient of u™ equal to zero for
general m:

—m(m — Da,, — 2(m + Dma,,,1 — 2ma,, —2(m + Va1 + £ + a,, = 0.
Tidying this up gives

2m + D(m 4+ Day =€+ 1) — m? +m — 2mlay,
N W+ —mim+1)
Ay =

i 2m + 1)2

n-
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From this it is clear that, if £ is a positive integer, then a,,; and all further a,, are zero and
that the solution is a polynomial (of degree £ ).
(c) The limit of the ratio of successive terms in the series is given by

n+1

Qn41U _ (ule + 1) —m@m + D] |ue]

2(m—|—1)2 —)735171—)00.

a,u"

For convergence this limit needs to be < 1, i.e. |u| < 2. Thus the series converges in a
circle of radius 2 centered on u = 0, i.e. on z = 1. The value 2 is to be expected, as it
is the distance from z = 1 of the next nearest (actually the only other) singularity of the
equation (at z = —1), excluding z = 1 itself.

The first solution of Bessel’s equation for v = 0 is
o]
(=1)" Z\2n
=3 U2y
D=2 e 3
n=0
Use the derivative method to show that

o~ D" (L) 2y
fo@lnz =2 oo (Z r) (3)
n=1 r=1

is a second (independent) solution.

Bessel’s equation with v = 0 reads
" /
2y +y +zy=0.

The recurrence relations that gave rise to the first solution, Jy(z), were (o + 1)?a; = 0 and
(0 +n)*a, + a,_, = 0 forn > 2. Thus, in a general form as a function of &, the solution
is given by
b z*
o122 A2 142
(_ 1)nz2n
[0 1200 +4).. (o + 201 +}

y(o,2) = aopz’ {1 7

Setting o = 0 reproduces the first solution given above.
To obtain a second independent solution, we must differentiate the above expression
with respect to o, before setting o equal to 0:

daZn (o) ()'+2n

=Inz JO(Z)+Z ato =0.
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Now
da, (o) _i{ (=1 }
do |,_y do |l[(c+2)oc+4)...(c +2m)]2f,_,
G OGS I VU I PP [...]
TOLLP <o+2+a+4+"'+o+2n>

IR CIVERS 1

L ZG—{—Zr
—2(—1)"

= 22"(n')2 Z ato = 0.

Substituting this result, we obtain the second series as
o0 n
(—1)" 1 Z\2n
J(](Z) 11’1Z — ; W ;zl ; (5) .

This is the form given in the question.

7.9 Find series solutions of the equation y” — 2zy’ — 2y = 0. Identify one of the series as y|(z) = exp z°
and verify this by direct substitution. By setting y,(z) = u(z)y;(z) and solving the resulting equation
for u(z), find an explicit form for y,(z) and deduce that

[ee}

& 2 2 n!
—V dy =¥ 2 2 2n+1
fo e 7 2(2n +1)'( &

(a) The origin is an ordinary point of the equation and so power series solutions will be
possible. Substituting y(z) = Y-, a,z" gives

o0 o0 o0
Z nn — Daz"2 =2 Z na,z" —2 Zanz” =0.
n=0 n=0 n=0
Equating to zero the coefficient of z”"~2 yields the recurrence relation
2m — 2 2
ay = — - ay—2 = — dy 2.
m m(m — 1) m—2 m m—2

The solution with ag = 1 and a; = 0 is therefore

222 22Z4 2nz2n
n@=1+ 7+(2)(4)+~--+ TP
00
ZZH— —CXpZ2.
n=0

Putting this result into the original equation,
(422 +2) exp 2 —272z exp -2 exp 2 =0,

shows directly that it is a valid solution.
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The solution with ag = 0 and a; = 1 takes the form

277 2%7° 2" 2" pl 22!

yZ(Z):Z+T+(3)(5)+"' W
o '(2Z)2n+1
Z 2Qn+ D!

n=0

(b) We now set y,(z) = u(z)y1(z) and substitute it into the original equation. As they
must, the terms in which u is undifferentiated cancel and leave

u” expz® + 2u'(Qzexpz?) — 2zu’ expz® = 0.

It follows that
i ) X 2
—=-2 = W =A% = ukx) = A/ eV dv.
u

Hence, setting the two derived forms for a second solution equal to each other, we have

i n! (2x)2n+1

2en+1)! = 3200 = n)ux) = esz/ e dv.

n=0

For arbitrary small x, only the n = 0 term in the series is significant and takes the value
2x/2 = x, whilst the integral is A [* 1dv = Ax. Thus A = 1 and the equality

X o0 12 2n+1
/ ey = et 3 T
0 22n + 1!
n=0
holds for all x.

7.11 For the equation y” + z 3y = 0, show that the origin becomes a regular singular point if the
independent variable is changed from z to x = 1/z. Hence find a series solution of the form
1) = Z(o)o a,z~". By setting y,(z) = u(z)y;(z) and expanding the resulting expression for du /dz
in powers of z~!, show that y,(z) is a second solution with asymptotic form

Inz
Y2(Z)=C[ +lnz—§+0( E )]

where c is an arbitrary constant.

With the equation in its original form, it is clear that, since 7?/7> — oo as 7 — 0, the
origin is an irregular singular point. However, if we set 1/z = &€ and y(z) = Y(§), with
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then

2 2 3y _
¢ dé( ) +er =0,

g2 Y+ édY—i-éY—o
d&? dg -
Y”—|—2Y’+1Y—O

& 3 '

By inspection, & = 0 is a regular singular point of this equation, and its indicial equation
is
oc(c—1)4+20=0 = o=0, —1.

We start with the larger root, o = 0, as this is “guaranteed” to give a valid series solution
and assume a solution of the form Y (§) = Y -, a,&", leading to

o0 o0 o0
D onmn = Dag" ™ 23 na g+ ) aE" =0
n=0 n=0 n=0

Equating to zero the coefficient of £”~! gives the recurrence relation
—p—1 ="

- = ——4a

" A m)?

and the series solution in inverse powers of z,

(-1
N = Z( + D@

To find the second solution we set y,(z) = f(z)y1(z). As usual (and as intended), all terms
with f undifferentiated vanish when this is substituted in the original equation. What is
left is

0= f"@n@E +2f(2)y @),
which on rearrangement yields

2

I o
This equation, although it contains a second derivative, is in fact only a first-order equation
(for f'). It can be integrated directly to give

In f'=—-2Iny; +c.

After exponentiation, this equation can be written as

1 1 N 1 -2
2x 12z 3 x 2272

[ezro(3)]

af _ A _
dz  y}z)

Sl > S

where A = e€.
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Hence, on integrating a second time, one obtains

A 1
f@=— (z +Inz4+0O (—)) )
agp Z
which in turn implies

(2) 4 +Inz+ 0O ! 1 ! + !
[ pp— n — —_ —_ e
»(Z aé Z Z Z ao 2z 1222

1 Inz
=c|:z+lnz——+0<—>]
2 Z

This establishes the asymptotic form of the second solution.

The origin is an ordinary point of the Chebyshev equation,
(1 =2y — 2y +m’y =0,
which therefore has series solutions of the form z° ) " a,z" foroc =0and o = 1.

(a) Find the recurrence relationships for the a,, in the two cases and show that there exist polynomial
solutions 7;,,(z):
(i) for o = 0, when m is an even integer, the polynomial having %(m + 2) terms;
(i) for o = 1, when m is an odd integer, the polynomial having %(m + 1) terms.
(b) T,,(z) is normalized so as to have 7,,(1) = 1. Find explicit forms for 7,,(z) form =0, 1, 2, 3.
(c) Show that the corresponding non-terminating series solutions S,,(z) have as their first few terms

s, _ 153,95
0(z) = aop z+§z +§z qFeee |)g

1 3
SI(Z):aO(l_iZZ_Z!Z4_...>’

3 15
Sz(z)zao<z——z3—f15_...>,

3! 5!
9 45
S3(z) = ag (1 = 5224-5144_...).

(@ @If foro =0, y(z) = Z:io a,z" with ay # 0, the condition for the coefficient
of 77 in

o o o
(1-2% Zn(n — Da,?" 2 -2 X:na,,z”_1 + m? Zanz”
n=0 =0 n=0
to be zero is that
(r +2)(r + Dayy» — r(r — Da, — ra, +m?a, =0,

r? —m?
——— a
(r+2)(r+1)
This relation relates a,4, to a, and so to ag if r is even. For a,,, to vanish, in this
case, requires that r = m, which must therefore be an even integer. The non-vanishing
coefficients will be ag, as, . .., a,, i.e. %(m + 2) of them in all.

= ar42 = re
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(i) If, for o = 1, y(z) = Zzio a,z"*! with ag # 0, the condition for the coefficient
of z7*lin

o0 o0 o0
(1—2% Z(n + Dna,z"' —z Z(n + Dayz" +m? Zanz"“
n=0 n=0 n=0

to be zero is that

(r +3)r + 2, — (r + Dra, — (r + Da, +m?a, =0,
(r + 1)? —m?
T+ +2)"
This relation relates a,,, to a, and so to aq if r is even. For a,,, to vanish, in this
case, requires that » + 1 = m, which must therefore be an odd integer. The non-vanishing
coefficients will be, as before, ag, as, ..., a,_1, i.c. %(m + 1) of them in all.

(b) For m = 0, Ty(z) = ap. With the given normalization, ay = 1 and Ty(z) = 1.

For m =1, T\(z) = apz. The required normalization implies that @y = 1 and so
To(z) = z.

For m = 2, we need the recurrence relation in (a)(i). This shows that

= ar4p = re

02" 200 = Th(z) = ap(1 — 22%)
ay = ap = —zqp 20Z) = apll — 2727).
(2)(1)
With the given normalization, ay = —1 and T>(z) = 27> — 1.

For m = 3, we use the recurrence relation in (a)(ii) and obtain

12 - 32 4 R 473
a; = ay = —=a =a -—).
2 B0 0 3% 3(2 0|z 3
For the required normalization, we must have ay = —% and consequently that 73(z) =

473 — 3z

(c) The non-terminating series solutions S, (z) arise when ¢ = 0 but m is an odd integer
and when ¢ = 1 with m an even integer. We take each in turn and apply the appropriate
recurrence relation to generate the coefficients.

(i) 0 =0, m = 1, using the (a)(i) recurrence relation:

_0-1 1 413
CTo0CT T YT ee T e
Hence,
1 3
S1(z) = ag <1 - 512 — 524—-~-).
(i) o = 0, m = 3, using the (a)(i) recurrence relation:
0-9 9 4—-9 45
= = —— y = a) = — .
CEmNT T BT e T a®
Hence,

9 45
S3(Z)=ao<1—2—!z2+4—!z4+...>.
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(iii)) 0 = 1, m = 0, using the (a)(ii) recurrence relation:

1-0 1 9-0 9

CT0CTHY “Tee T nY
Hence,
So(z)=ao(z+lz3+2z5+---).
3! 5!
(iv) 0 = 1, m = 2, using the (a)(ii) recurrence relation:
1—4 3 9—-4 15
ap = Q) ay = T ap, a4 = maz =-3 ap.

Hence,

o 3, 15,
2(2) = ap e TR TE A b
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N

8.1 By considering (k|h), where h = f + Lg with X real, prove that, for two functions f and g,
(F11)(glg) = 5[ f1g) + (gl /)T

The function y(x) is real and positive for all x. Its Fourier cosine transform j.(k) is defined by

o0
Ye(k) = / y(x) cos(kx)dx,
—00
and it is given that j.(0) = 1. Prove that
Fe(2k) = 2[F ()] — 1.

For any |h) we have that (h|h) > 0, with equality only if |#) = |0). Hence, noting that A
is real, we have

0 < (hlh) = (f +2glf +1g) = (fIf) + Mgl f) + A{flg) +1*(glg).

This equation, considered as a quadratic inequality in A, states that the corresponding
quadratic equation has no real roots. The condition for this (“b? < 4ac™) is given by

[(glf) + (FI) < 4(f1f)(glg), (%)

from which the stated result follows immediately. Note that (g|f) + (f|g) is real and its
square is therefore non-negative.
The given datum is equivalent to

o0

1 =73.00) = /00 y(x)cos(Ox)dx = / y(x)dx.

o0 —0o0

Now consider

Y.(2k) = /OO y(x) cos(2kx) dx

:2/ y(x)coszkx—/ y(x)dx,
= J.C2hH+1= 2/ y(x)cos? kx.

In order to use (), we need to choose for f(x) and g(x) functions whose product will
form the integrand defining (k). With this in mind, we take f(x) = y'/?(x)cos kx and

116
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g(x) = y'/?(x); we may do this since y(x) > 0 for all x. Making these choices gives

00 00 2 00 00
(/ ycoskxdx+/ ycoskxdx) 54/ ycoszkxdx/ ydx,
—0 —00 —00 —00

00 2 00
(/ 2ycoskxdx> 54/ ycos?kxdx x 1,

oo
452(k) < 4/ ycos® kx dx.

—00

Thus,

o0

Ve(2k) + 1 = 2/ y(x) cos” kx = 2[Fe(k)]?

—0o0

and hence the stated result.

8.3 Consider the real eigenfunctions y,(x) of a Sturm—Liouville equation
(PY) +4qy+ipy =0, as<x=b,

in which p(x), g(x) and p(x) are continuously differentiable real functions and p(x) does not
change sign in @ < x < b. Take p(x) as positive throughout the interval, if necessary by changing
the signs of all eigenvalues. For a < x; < x, < b, establish the identity

X2
X1

X2
(An — )Wn)/ PYnYm A% = [Yu P Vi — Ym P Y] -
X1

Deduce that if A, > A, then y,(x) must change sign between two successive zeros of y,, (x).

[The reader may find it helpful to illustrate this result by sketching the first few eigenfunc-
tions of the system y” + Ay = 0, with y(0) = y(r) = 0, and the Legendre polynomials P,(z) for
n=23,4,5]

The function p (x) does not change sign in the interval a < x < b; we take it as positive,
multiplying the equation all through by —1 if necessary. This means that the weight
function p can still be taken as positive, but that we must consider all possible functions
for g(x) and eigenvalues A of either sign.

We start with the eigenvalue equation for y,(x), multiply it through by y,,(x) and then
integrate from x, to x,. From this result we subtract the same equation with the roles of n
and m reversed, as follows. The integration limits are omitted until the explicit integration
by parts is carried through:

/ym(p ) dx +fqu Yo dx + / YmhnpYn dx =0,
/yn(P yp) dx + / Ynq Ym dx + / YnAmPYm dx = 0,

/ (2 33 = yu(p ) ] dx + Gun — Am) / YmpYndx =0,
[omp yi]5 - / VP ¥pdx = [yap VI

+ /y;p Vi dx 4+ (h, — Am)/ympyn dx = 0.
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Hence
(hn — km)/ YnOYn dx = [Yup ¥y, = YmP Yl - (0

Now, in this general result, take x; and x, as successive zeros of y,(x), where m is
determined by A,, > A, (after the signs have been changed, if that was necessary). Clearly
the sign of y,,(x) does not change in this interval; let it be «. It follows that the sign of
y,,(x1) is also o, whilst that of y; (x) is —«. In addition, the second term on the RHS of
() vanishes at both limits, as y,,(x1) = yu(x2) =0

Let us now suppose that the sign of y,(x) does not change in this same interval and is
always B. Then the sign of the expression on the LHS of (x) is (+1)(«)(+1)8 = of. The
first (41) appears because A, > A,,.

The signs of the upper- and lower-limit contributions of the remaining term on the RHS
of (%) are B(+1)(—a) and (—1)B(+1)«, respectively, the additional factor of (—1) in the
second product arising from the fact that the contribution comes from a lower limit. The
contributions at both limits have the same sign, —a8, and so the sign of the total RHS
must also be —af.

This contradicts, however, the sign of +«f found for the LHS. It follows that it was
wrong to suppose that the sign of y,(x) does not change in the interval; in other words, a
zero of y,(x) does appear between every pair of zeros of y,,(x).

Use the properties of Legendre polynomials to solve the following problems.

(a) Find the solution of (1 — x2)y” — 2xy’ + by = f(x) that is valid in the range —1 < x < 1 and
finite at x = 0, in terms of Legendre polynomials.
(b) Find the explicit solution if » = 14 and f(x) = 5x>. Verify it by direct substitution.

[Explicit forms for the Legendre polynomials can be found in any textbook. In Mathematical
Methods for Physics and Engineering, 3rd edition, they are given in Subsection 18.1.1.]

(a) The LHS of the given equation is the same as that of Legendre’s equation and
so we substitute y(x) =Y a,P,(x) and use the fact that (1 —xz)P,i’ —2xP, =
—n(n + 1)P,. This results in

D anlb —n(n+ DIP, = f(x).

n=0

Now, using the mutual orthogonality and normalization of the P,(x), we multiply both
sides by P,,(x) and integrate over x:

Zan[b n(n + 1)] 8mn / f(Z)Pm(Z) dz,

n=0
2m + 1

= = mm + 1)

1
/ f(@Pu(z)dz.
—1

This gives the coefficients in the solution y(x).
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(b) We now express f(x) in terms of Legendre polynomials,
fx) =5x" =2[5(5x = 3x)] + 3[x] = 2P5(x) 4+ 3P1(x),

and conclude that, because of the mutual orthogonality of the Legendre polynomials, only
a3 and a; in the series solution will be non-zero. To find them we need to evaluate

1
4
Ps(z)dz =2 = -
f_lf(z) 5(z)dz 17
similarly, [, f(2)Pi(2)dz =3 x (2/3) = 2.
Inserting these values gives
7 4 3 1
Ga3=———-=1 and aj=——2=-.
2014 —12) 7 204—2)" " 4
Thus the solution is
1 1 1 52x3 —
Y0 = 2 PI@) + Pr(x) = 13+ 5 (55> = 3x) = %.

Check:

5. 60x 30x% -5  140x° — 70x
(1 —x°)— —2x +
4 4 4

= 60x — 60x> — 60x> + 10x + 140x> — 70x = 20x°>,

= 5x°,

which is satisfied.

8.7 Consider the set of functions, { f(x)}, of the real variable x defined in the interval —oco < x < oo,
that — 0 at least as quickly as x~!, as x — =o0. For unit weight function, determine whether each
of the following linear operators is Hermitian when acting upon { f(x)}:

(>d+ (b) L ()'d (d)'d3
a) — + x; —1— +Xx7; C)Iix—; 1—.
dx dx dx dx3

For an operator £ to be Hermitian over the given range with respect to a unit weight
function, the equation

/ FrOLg(x)]dx = {/ gL ()] dX} (%)
must be satisfied for general functions f and g.
(a) For £ = i + x, the LHS of (%) is
dx
/ ) (ﬁ +xg> dx = [f*g]™. —/ I g dx +/ Fixgdx

oo dx

=0-— gdx + [ xgdx.
—00

oo dx
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The RHS of (x) is

Nl B R T R TR
:/_ngd]: dx+/_:gxf*dx.

Since the sign of the first term differs in the two expressions, the LHS # RHS and L is not
Hermitian. It will also be apparent that purely multiplicative terms in the operator, such
as x or x2, will always be Hermitian; thus we can ignore the x? term in part (b).

(b) As explained above, we need only consider

f (%) (—z—) dx = [—lf g] +lf df*gdx

+1/_ p gdx

o aAX

and
/ g () —1—f dxt =i / g f dx.
oo dx oo dx
d d
These are equal, and so £ = —i — is Hermitian, as is £ = —i — + x>
dx dx

. d .
(¢c) For L = zxd—, the LHS of (x) is
X

o % . dg I PP |- R e ]Nk _
/_Oof(x)(zxa)d)c_[l)cfg]_oo l/—oo I gdx lf frgdx

o d k
:O—i/ X fgdx—i/ frgdx.
s dx oo

The RHS of () is given by

P e (4 L dft
/m:g (X)lx(%) dx} = lfoogx I dx.

. . . o * . . .
Since, in general, —i [~ ~ fg"dx # 0, the two sides are not equal; therefore £ is not
Hermitian.

3 d
(d) Since L = i— is the cube of the operator —i e which was shown in part (b) to
: X

be Hermitian, it is expected that £ is Hermitian. This can be verified directly as follows.
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The LHS of (x) is given by
[ d3 d2 00 00 g f* d2
i/ R N FY —i/ 748
oo dx3 dx?|_ oo dx dx?

=0-— =2 2 a
l|:dx dxj|oo+l oo dx?* dx *

. de* S . ood3f*
:0+1|:dx2 g:|oo—1/oo yrs gdx

) d3 *
:O—I—{/ ig*—{dx} = RHS of (%).
—00

dx

Thus L is confirmed as Hermitian.

8.9 Find an eigenfunction expansion for the solution with boundary conditions y(0) = y(;r) = 0 of the
inhomogeneous equation

dzy
T2 +ry = f(x),
where k is a constant and
| =x 0<x<m/2,
f(x)_{n—x 7/2 <x <m.

2
The eigenfunctions of the operator £ = ) + k are obviously
X

yu(x) = A, sinnx + B, cosnx,
with corresponding eigenvalues A, = n*> — k.

The boundary conditions, y(0) = y(;r) = 0, require that # is a positive integer and that

B, =0,i.e.
. 2.
ypu(x) = A, sinnx =,/ — sinnx,
T

where A, (for n > 1) has been chosen so that the eigenfunctions are normalized over the
interval x = 0 to x = 7. Since £ is Hermitian on the range 0 < x < , the eigenfunctions
are also mutually orthogonal, and so the y,(x) form an orthonormal set.

If the required solution is y(x) = ), a,y,(x), then direct substitution yields the result

Y k= nPapya(x) = f(x).

n=1

Following the usual procedure for analysis using sets of orthonormal functions, this implies
that

1

Kk —m?

ay, =

/O f@ym(2)dz
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and, consequently, that
o0 .
2 sinnx [2 [T .
y(x) = Z — v/ —/ f(z)sin(nz)dz.
= Vrmk—n*VwJo

It only remains to evaluate

I, = /w sin(nx) f(x)dx
0

/2 b4
=/ xsinnxdx+/ (m — x)sinnx dx
0 /2

—xcosnx]*? /2 cosnx
=| — + dx
h 0 0 n

[—(n—x)cosnx}” N u (—l)cosnxdx

72 /2 n

+

i cos(nmr/2)

sinnx ]ﬂ/Z [sinnx ]ﬂ

2 0 n? lip
(_1)(1171)/2
=0+ —2(1 + 1) for odd n and = O for even n.
n
Thus,
4 - (DR
y(x) = ; Z m smnx
n odd

is the required solution.

8.11 The differential operator £ is defined by

d dy
Ly=——(&"—=] - ie*y.
4 dx (e dx) o

Determine the eigenvalues A, of the problem
Ly, = A€ y, 0<x<l,
with boundary conditions
dy

y(0) =0, E+%y=0 at x=1.

(a) Find the corresponding unnormalized y,, and also a weight function p(x) with respect to which
the y, are orthogonal. Hence, select a suitable normalization for the y,.
(b) By making an eigenfunction expansion, solve the equation

£y=—e"/2, 0<x <1,

subject to the same boundary conditions as previously.

When written out explicitly, the eigenvalue equation is

d xdy 1 x re” ( )
——|e'— ) — zefy =Xre'y, *
dx dx a¢y Y
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or, on differentiating out the product,
ey +e'y + (A4 1)efy =0.
The auxiliary equation is
m2+m+(k+%)=0 = m=—%:i:i\/X.
The general solution is thus given by
y(x) = Ae */?cos Vax + Be ™ sinv/ax,

with the condition y(0) = 0 implying that A = 0. The other boundary condition requires
that, at x = 1,

—1Be /2 sinV/Ax + v/ABe /% cos /Ax + 1 Be™*/?sin/Ax = 0,
i.e. that cos +/A = 0 and hence that A = (n + %)2712 for non-negative integral n.

(a) The unnormalized eigenfunctions are

ya(x) = B,e*/*sin (n + %)nx

and (%) is in Sturm-Liouville form. However, although y,(0) = 0, the values at the upper
limit in [y, p yn](l) are y,(1) = Bye™"2(=1)", p(1) = €' and y},(1) = =3 Be™/2(=1)".
Consequently, [y,’n p y,,] (1) # 0 and SL theory cannot be applied. We therefore have to find a
suitable weight function p(x) by inspection. Given the general form of the eigenfunctions,
p has to be taken as e*, with the orthonormality integral taking the form

1
Lim = /0 PX) Y (x)y, (x) dx

1
= B, By, / e“e™*sin[(n + 3)mx]e ™ sin[(m + 1)mx]dx
0

)0 for m # n,
- %Ban for m = n.

It is clear that a suitable normalization is B, = /2 for all n.
(b) We write the solution as y(x) = Zzio a,yn(x), giving as the equation to be solved

—e*? = Ly = ,CZanyn(x)

n=0

= Z a, [)\-np(x)yn (x)]

n=0

o
= Zan (n+ %)ane"«/2e*"/2 sin[(n + §)mx]
n=0

o0
= 1= Za” (n+ %)an\/Z sin[(n + §)mx].
n=0
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After multiplying both sides of this equation by sin (m + %)nx and integrating from O to
1, we obtain

1 -1 1
a, sin® (m + 1 nxdx:—/ sin (m + )7 x dx,
[y s o s = e [Finon )
G —_1 /lsin( + 1)71 d
omo_ m -+ s )mwxdx
2 (m+%)27r2\/2 0 g

1 1
_ 1 cos (m + E)nx
(m+3) w2 (mts)r |
V2
a, = - 3 .
(m+ 1)’

Substituting this result into the assumed expansion, and recalling that B, = /2, gives as
the solution

oo

==y

e *?sin(n+ Lmx.
ot (Vl + %)37[3 ( 2)

By substituting x = exp1, find the normalized eigenfunctions y,(x) and the eigenvalues A, of the
operator £ defined by
Ey:xzy”—i—ny’—{—%y, 1<x<e,

with y(1) = y(e) = 0. Find, as a series _ a, y,(x), the solution of Ly = x~!/2,
Putting x = ¢’ and y(x) = u(¢) with u(0) = u(1) =0,

dx ; d

—=¢ —=¢ _

dt dx dt
and the eigenvalue equation becomes

d d d 1
eXle™ — (e_t u) + Zete_’d—b; + —u = \u,

dt dt 4
d*u  du du 1
— 42— 4 (-=a)=0.
dr>  drt + dt + (4 )

The auxiliary equation to this constant-coefficient linear equation for u is
m4+m+E-10)=0 = m=-1+Vx,
leading to

ut) =e'? (Aeﬁ’ + Be_‘/x’> .

In view of the requirement that u# vanishes at two different values of ¢ (one of which is
t =0), we need A < 0 and u(t) to take the form

u(t) = Ae "*sin/—rt with /=1 1 = nm, ie. A = —n’n?,
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where n is an integer. Thus

n

Jx

u,(t) = Ay,e "?sinnmt  or, in terms of x, yu(x) = sin(ns In x).

Normalization requires that
e A2 1
1:/ 2 sin*(nr In x) dx :f Arsin’(nmt)dt = 142 = A, =2
1 X 0

To solve

1
Vx

Ly =x>y" +2xy' + =

we set y(x) = ZZ‘;O a, y,(x). Then the equation becomes

Ly = Zan(—nznz)yn(x) = Z —n*n2a, Y= sin(nw Inx) = —.
n=0 n=0 ﬁ ﬁ

Multiplying through by y,,(x) and integrating, as with ordinary Fourier series,

‘2a, . .
/ 2 sin(n Inx) sin(mm Inx)dx = —
. X n%m?

1 ¢ J2si |
/ /2 sin(mz Inx) .
1 X

The LHS of this equation is the normalization integral just considered and has the value
A, 8mn. Thus

a, =

2 /e sin(mz In x)
- dx
1

m2m? X
/2 [—cos(mmrInx)]
 m2n? mm |

V2 m
= _m3n3[1 —(=D"]
22

—% for m odd,

= m3m
0 for m even.

The explicit solution is therefore

4 & sin[(2p + 1) Inx]

y(x)=—;p=0 2p+ D3 /x
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In the quantum mechanical study of the scattering of a particle by a potential, a Born-approximation
solution can be obtained in terms of a function y(r) that satisfies an equation of the form

(=V? = KHy(r) = F(r).

Assuming that y,(r) = (27)~3/? exp(ik - r) is a suitably normalized eigenfunction of —V? corre-
sponding to eigenvalue k2, find a suitable Green’s function G ¢ (r, ). By taking the direction of the
vector r — r’ as the polar axis for a k-space integration, show that G (r, r’) can be reduced to

/ w sin w
47r2|r—r’| wz—w v

[This integral can be evaluated using contour integration and gives the Green’s function explicitly
as (4 |r — r'|)lexp(iK|r —r'|).]

where wy = K|r —r/|.

Given that y,(r) = (27)~*? exp(ik - r) satisfies
—V2y(r) = K yi(r),
it follows that
(=V? = KH)y(r) = (k% = K)y(o).

Thus the same functions are suitable eigenfunctions for the extended operator, but with
different eigenvalues.

Its Green’s function is therefore (from the general expression for Green’s functions in
terms of eigenfunctions)

1
Gi(r,r') = / ka(r)yfi(r’) dk

1 f exp(ik - r) exp(—ik - 1) Jk
- (@2n)? k2 — K2 '

We carry out the three-dimensional integration in k-space using the direction r — r’ as the
polar axis (and denote r — r’ by R). The azimuthal integral is immediate. The remaining
two-dimensional integration is as follows:

k-R
5 )3 / / eXp(l )an2 sin 6, d6, dk
JT

kR 9

/‘ exp(lkR) —exp(—ikR)
(27r)2 ikR(k? — K?)

. 1 /‘OO ksinkR Jk
~ 272R k2 — K2

Gg(r,r') =

k% dk




127 Eigenfunction methods for differential equations

1 > wsin
= / W w2 dw, where w = kR and wy = kR,
272R Jo  w?—w}

1 /‘ * wsinw d
= w.
472R J_oo w? — w}
Here, the final line is justified by noting that the integrand is an even function of the
integration variable w.
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Use the explicit expressions

Yo =%, Y) = /2 coso,
T =,/ & sinf exp(+ig), YY) = /:2-(3cos*0 — 1),

Y5 = F,/ & sinf cosOexp(Eig), Y, =/ sin? 0 exp(£2ig),

to verify for £ = 0, 1, 2 that

20 4+ 1
S |76, o - =

m=—{

and so is independent of the values of 6 and ¢. This is true for any ¢, but a general proof is more
involved. This result helps to reconcile intuition with the apparently arbitrary choice of polar axis
in a general quantum mechanical system.

We first note that, since every term is the square of a modulus, factors of the form
exp(£mi¢) never appear in the sums. For each value of ¢, let us denote the sum by S,.
For £ =0 and £ = 1, we have

0
1
So = Z Yool = .
1

Si= Y |y, )|’ ——cos 9+283 sm29=%.
m=—1

For ¢ = 2, the summation is more complicated but reads

2
Si= Y [¥e.9)

m=-—2

5 15 15
:E(3C0829_1)2+28 sin® 6 cos® 9+2ﬁsm 0

5
= F(9COS40 — 6¢0s’60 + 1 + 12sin? 6 cos® 6 + 3 sin* )
T
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5
= F[6 cos*0 — 6¢os? 60 + 1 + 65sin® 0 cos> 0 + 3(cos” 6 + sin” 6)?]
T

5
= [6cos’O(—sin*0) + 1 + 6sin’O cos’ O + 3] = —
167 4

All three sums are independent of 6 and ¢, and are given by the general formula
(2¢ 4+ 1)/4m. It will, no doubt, be noted that 2¢ 4+ 1 is the number of terms in Sy, i.e.
the number of m values, and that 47 is the total solid angle subtended at the origin by all
space.

Use the generating function for the Legendre polynomials P, (x) to show that

2n)!

1
P, dx =(-1)' ——————
/0 () = (<1

and that, except for the case n = 0,

1
/ P, (x)dx = 0.
0

Denote fol P,(x)dx by a,. From the generating function for the Legendre polynomials,
we have

(1 = 2xh + h2)1/2 Z P,(x)h".

Integrating this definition with respect to x gives

e¢}

! dx 1 )
/ (1 — 2xh + K12 — ; (/0 Pn(x)dx> h
_ 24172
|: (1 2x:+h ) :| Zanhn

1
E[(l +HY2 14 hn]= Zanh".

Now expanding (1 + h?)!/? using the binomial theorem yields

Zanh" = [1 +Z V2C,h*m — 1+h:| =1+i V2C,hm

m=1 m=1

Comparison of the coefficients of 4" on the two sides of the equation shows that all a,, are
zero except foragp = 1. Forn =2r+1weneed2m — 1l =n=2r+1l,ie.m=r +1,
and the value of as, 1 is /?C,1.
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Now, the binomial coefficient '/>C,, can be written as

2 — %(%_1)(%_2)"’(%_’""‘1)

’

m!
_ 1(1 —2)(1 —4)...(1 _2m_|_2)
B 2 m!
— -t DDA 2m =3
2mm!
—(—1y"! 2m —2)!
R vy Ty p—t
= (=1"! (2m — 2)!

22m=lpl (m — D!
Thus, setting m = r 4 1 gives the value of the integral as, 1 as
2r)!
= 12c . = (=1 f(—
Aoy 41 ri1 =55 TR

as stated in the question.

9.5 The Hermite polynomials H, (x) may be defined by

[e e}

1
_ AN il n
®(x, h) = expxh —h*) =) n!Hn(x)h )
n=0
Show that
BRI Rl 9D
— —2x— +2h— =0,
o ax T n

and hence that the H, (x) satisfy the Hermite equation,
vy —2xy +2ny =0,

where # is an integer > 0.
Use @ to prove that

(a) H,(x) =2nH,_(x),
(b) Hyp1(x) = 2xHy(x) + 2nH,—,(x) = 0.

With
1
D(x, h) = expQxh — h*) = — H,(x)h",
= n!
we have
oD 9D 9%d 5
— =2hd, — =(2x —2h)D, — =4h’D.
x oh ax2

It then follows that

7o 2 0 +2haq) (4h? — 4hx + 4hx — 4h*)® =0
— —2X— — = —4dhx X — =0.
dx? ox oh
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Substituting the series form into this result gives

o0
> (L -2 2o
= n! n! n!
= H'—2xH +2nH,=0.
This is the equation satisfied by H, (x), as stated in the question.
(a) From the first relationship derived above, we have that

oo
— =2h®,
0x
21 =1
> —H0OR" =2k —H,(x)h",
n! n!
n=0 n=0
| 2 .
= —H,6 = ———H,_, from the coefficients of 2.
m! (m—1)!
Hence, H(x) = 2nH,_(x).

(b) Differentiating result (a) and then applying it again yields
H'=2nH, |, =2n2(n—1)H,_».
Using this in the differential equation satisfied by the H,, we obtain
dn(n — )H,_» —2x2nH,_; +2nH, = 0.
This gives
H, 1(x) — 2xH,(x) +2nH,_1(x) =0
after dividing through by 2n and changing n — n + 1.

9.7 For the associated Laguerre polynomials, carry out the following:

(a) Prove the Rodrigues’ formula
ex™m d"

Lln =
n () n!  dx"

n+m67X)’

(x

taking the polynomials to be defined by

N . (n 4 m)! k
L) (x) = kZ:(;( D k!(n _k)!(k-i-m)!x -

(b) Prove the recurrence relations

(n+ DL, (x) =Qn+m+1—x)L)(x) — (n+m)L;" (x),
x(Ly)' (x) = nLy(x) = (n + m)Ly_ (x),
but this time taking the polynomial as defined by

m

d
Ly(x) = (_l)mﬁLn+m(x)

or the generating function.
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(a) It is most convenient to evaluate the nth derivative directly, using Leibnitz’ theorem.
This gives

-m N

LZl(_x) _ e*x Z n! d" ( n+M) K(E—X)

n! rl(n —r)! dx’

|
— " Z (I’l + m) xn+m7r (_l)nfrefx
s r!(n -l n+m-—r)

~ (=D (n4m)!
g rim—r)! n+m—r)!

n—r

r=

Relabeling the summation using the new index k = n — r, we immediately obtain

m (n+m)'
Ln (X) Z(_ )k k)'(k—l—m)' ka

which is as given in the question.
(b) The first recurrence relation can be proved using the generating function for the
associated Laguerre functions:

—xh/(1—h)

G(x, h) = T Z L"(x)h".

Differentiating the second equality with respect to /2, we obtain

(m+1)(A—h)—x o—¥h/(A=h) _ mpn—1
(1 _ h)m+3 ZnL h

Using the generating function for a second time, we may rewrite this as

[n+ D) —h)—x] > LIA" = (1—h)*> aLrh"".
Equating the coefficients of 4" now yields

(m+ DL —(m+ DL | —xL" = (n + DL, —2nL" +(n — DL

n—1°

which can be rearranged and simplified to give the first recurrence relation.

The second result is most easily proved by differentiating one of the standard recurrence
relations satisfied by the ordinary Laguerre polynomials, but with n replaced by n + m.
This standard equality reads

XL/ () = (0 + m) Ly (x) — (0 + m)Ly,_11m(x).

We convert this into an equation for the associated polynomials,

m

Lm = (=" n+m )
() = (=" L ()
by differentiating it m times with respect to x and multiplying through by (—1)". The
result is

x(L™ +mL! = +m)L" —(n+m)LY |,
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which immediately simplifies to give the second recurrence relation satisfied by the
associated Laguerre polynomials.

9.9 By initially writing y(x) as x'/2 f(x) and then making subsequent changes of variable, reduce
Stokes’ equation,

2y
dx2
to Bessel’s equation. Hence show that a solution that is finite at x =0 is a multiple of

x'2 01 3(5V/Ax3).

+Axy—0

With y(x) = x'2 £ (x),

f 172 f f 172
/o / " "
y_2x1/2+x f and y 43/2+W+x f
and the equation becomes

4xJ;/2 + {/2 + x4 f =0,

f 4 xf +0x =P =0,

Now, guided by the known form of Bessel’s equation, change the independent variable to
u = x3/? with f(x) = g(u) and

du 3, d 3 ,.,d
ax 28 T a2 aw
This gives
33034 (31398 3 ipds (e 1Y g
2 du \2 du 2 du 4
3 o5 (3 1ad’s 1 ,ndg\ 3 dg 1
3 sa (3, 23 208 =) e =0
2" (2 d2+” d)+2ud+ LTy)ETE
° ,d’g 9 dg , 1
8 L2 (=) g =0,
e T +< " 4)g
d2g dg 4 5, 1
8 L uE (S Z)e=0
e T +( 9)g

This is close to Bessel’s equation but still needs a scaling of the variables. So, set %\/Xu =
uu = v and g(u) = h(v), obtaining

v2 ,d*h v dh , 1
W+ﬁﬂd_+(v —§)h:0.
This is Bessel’s equation and has a general solution
h(v) = c1Ji3(v) + c2J-13(v),
= (M)—ClJl/a(zf )+Czl—1/3( X )
= f(x)_c1J1/3(2f 32) + crd_ 1/%( 312,
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For a solution that is finite at x = 0, only the Bessel function with a positive subscript can
be accepted. Therefore the required solution is

y(x) = Clxl/211/3(¥x3/2)-

The complex function z! is defined by
o0
z!=/ u‘e™" du forRe z > —1.
0

For Re z < —1 it is defined by
_ (z+m)!
@Mz t+n—1D-- @+ 1)’

where n is any (positive) integer > —Re z. Being the ratio of two polynomials, z! is analytic
everywhere in the finite complex plane except at the poles that occur when z is a negative integer.

z!

(a) Show that the definition of z! for Re z < —1 is independent of the value of n chosen.
(b) Prove that the residue of z! at the pole z = —m, where m is an integer > 0,is (—1)"~! /(m — 1)!.

(a) Let m and n be two choices of integer withm > n > —Re z. Denote the corresponding
definitions of z! by (z!),, and (z!), and consider the ratio of these two functions:

@Dm (z 4+ m)! z+mz+n—-1)---(z+1
@n  G+m@+m—1D--(z+1) (z +n)!
_ (z+m)!
S @EmEEm =D @+ 1) x (@ +n)!
_etmt
(z+m)!

Thus the two functions are identical for all z, i.e the definition of z! is independent of the
choice of n, provided that n > —Re z.

(b) From the given definition of z! it is clear that its pole at z = —m is a simple one.
The residue R at the pole is therefore given by

R = lim (z +m)z!
z—>—m

) (z+m)(z+n)!
= lim
oom (z+n)z+n—1--(z+1)

(integer n is chosen > m)

= lim e+ n)
Ceem )z tn =D +m+DE+m =1 (z+ 1)
B (—m + n)!
C(=mAn)(—mAm+D(—mtm—1)-(—=m+1)
1
©[=1=21- - [=(m = 1)
_ (_1yn—1
= (=D o

as stated in the question.
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9.13 The integral

oo e—k2
= —dk,
/;00 k2 4+ a2 ()

in which a > 0, occurs in some statistical mechanics problems. By first considering the integral

(%)
J = / eiu(k+ia) du
0

and a suitable variation of it, show that I = (7r/a) exp(a?) erfc(a), where erfc(x) is the comple-
mentary error function.

The fact that a > 0 will ensure that the improper integral J is well defined. It is

00 eiu(k+ia) © i
J = / eiu(k+iu) du = — .
A ik+ia)|, ~ k+ia

We note that this result contains one of the factors that would appear as a denominator
in one term of a partial fraction expansion of the integrand in (). Another term would
contain a factor (k — ia)~!, and this can be generated by

00 ) ) e—iu(k—ia) S —i
J = / g~ iubk—ia) g, . : — .
0 —i(k —ia) |, k—ia

Now, actually expressing the integrand in partial fractions, using the integral expressions
J and J’ for the factors, and then reversing the order of integration gives

1 (™ [ie? ie ¥
I =— — — - dk
2a J_o \k+ia k—ia
1 0 2 R i 1 OO 2 ® i
—_ 67]( dk/ elu(kJrla) du 4 _/ 67]( dk/ e*tu(kfza) du,
—00 2 0

2a 0 aJ
00 00 . 00 00 .
= 2al = / du/ e—k +iuk—ua dk _|_/ du/ e—k —iuk—ua dk
0 —00 0 —00

00 0
— / du / e—(k—iu/2)2—u2/4—ua dk
0 —00

0 00
+ / du / e—(k+iu/2)2—u2/4—ua dk
0 —00

o
= 2ﬁ/ e W /Amua gy
0

using the standard Gaussian result. We now complete the square in the exponent and set
2v = u + 2, obtaining

oo
20l = 2ﬁ/ e—(u+2a)2/4+a2 du,
0

o0
= Zﬁ/ eV % 2dv.
a
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From this it follows that

I = 2e?

[%
ol%

erfc(a) = T e’ erfc(a),
a

as stated in the question.

Prove two of the properties of the incomplete gamma function P(a, x2) as follows.

(a) By considering its form for a suitable value of a, show that the error function can be expressed
as a particular case of the incomplete gamma function.
(b) The Fresnel integrals, of importance in the study of the diffraction of light, are given by

X X
Cx) =/ cos (fﬂ) dt, S =/ sin (fﬂ) dr.
0 2 0 2
Show that they can be expressed in terms of the error function by

C(x) +iS(x) = Aerf [7” (g

where A is a (complex) constant, which you should determine. Hence express C(x) + i S(x) in
terms of the incomplete gamma function.

(a) From the definition of the incomplete gamma function, we have

xZ

et dr.
I'(a) Jo

P(a, xz) =

Guided by the x? in the upper limit, we now change the integration variable to y = +/7,
with 2y dy = dt, and obtain

1

P(a,x?) = @)

X
f e yz(‘“l) 2ydy.
0

To make the RHS into an error function we need to remove the y-term; to do this we
choose a such that2(a — 1)+ 1 =0, 1i.e.a = % With this choice, I'(a) = /7 and

2 T
P(%,x2)=ﬁ/0 e dy,

i.e. a correctly normalized error function.
(b) Consider the given expression:

2A [YE=Dx/2
z=Aerf ﬁ(l—i)x = — e du.
2 V7T Jo
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Changing the variable of integration to s, given by u = %ﬁ (1 —i)s, and recalling that

(1 —i)?> = —2i, we obtain
24 7 4
i=7 e s (=204 */TE (1 —1i)ds
T Jo

X
— Al —i)/ eS2 g
0

7 s? . (7s?
= A —z)/O [cos (T) + i sin <T>i| ds

=A0-)[Cx)+iSkx)].

For the correct normalization we need A(1 — i) = 1, implying that A = (1 +1i)/2.
Now, from part (a), the error function can be expressed in terms of the incomplete
gamma function P(a, x) by
erf(x) = P(%, xz).

Here the argument of the error function is %ﬁ (1 —i)x, whose square is — %m’ x2, and so

Cx)+iSx) = ! eri P <1, —iixz) )

2 2
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10.1

Determine whether the following can be written as functions of p = x> 42y only, and hence
whether they are solutions of

ou ou

— =x—.

ax dy

(a) x2(x? —4) + 4y(x? —2) + 4(y* — 1);
(b) x* + 2x2y + y2;
(©) [x*+ 4x2y + 4y2 + 4]/[2)c4 + x2(8y +1)+ Sy2 + 2y].

As a first step, we verify that any function of p = x> + 2y will satisfy the given equation.
Using the chain rule, we have

du ap du ap
_— — =X — —,
ap ox ap dy

= —2x=x—2.

This is satisfied for any function u(p), thus completing the verification.

To test the given functions we substitute for y = %( p — x?) or for x> = p — 2y ineach
of the f(x, y) and then examine whether the resulting forms are independent of x or y,
respectively.

(@) f(x,y) = (7 —4) +4y(x* —2) +4(3° — 1)
=27 = +2p —xHEP =2+ pP —2px* +x* —4
=x*1 =2+ D) +xX(—4+2p+4—-2p)—4p+p*—4
=p*—4p—4=g(p).

This is a function of p only, and therefore the original f(x, y) is a solution of the PDE.

Though not necessary for answering the question, we will repeat the verification, but
this time by substituting for x rather than for y:

fx,y) =222 —4) +4y(x? —2) + 407 — 1)
=P —2)(p—2y—H+4y(p -2y =)+ 4> - 1)
=p?—4py+4y> —4p+8y+4yp — 8y — 8y +4y* — 4
=p*—4p—4=g(p);
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i.e. it is the same as before, as it must be, and again this shows that f(x, y) is a solution
of the PDE.

() f(x,y) =x*+ 27y + 57
=(p—2y) +2y(p —2y) + ¥
=p —4py+4+2py—4y* +)°
=(p—y)’ #gp).

As this is a function of both p and y, it is not a solution of the PDE.

x4 4x%y +4y* +4

x*+x28y + 1)+ 8y2 + 2y

_ pP—4py+4y* +4yp — 8y  +4y> +4

C 2p2—8py+8y2+8yp+ p— 16y —2y +8y2 42y
p*+4

= 2+ p = g(p).

© flx.y) =3

This is a function of p only and therefore f(x, y) is a solution of the PDE.

10.3 Solve the following partial differential equations for u(x, y) with the boundary conditions given:
u .
(a) xa——l—xy:u, u = 2y on the line x = 1;
X

d
(b) 1 +x—u = xu, u(x, 0) = x.
dy

(a) This can be solved as an ODE for u as a function of x, though the “constant of
integration” will be a function of y. In standard form, the equation reads

u u

PR

By inspection (or formal calculation) the IF for this is x~! and the equation can be
rearranged as
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for which the IF is clearly e, leading to

0 e
Z Aoy — —
e = -

e
= e ’u=—+ fx),
X
Mnm:x=>ﬂﬂzx—%.

Substituting this result, and multiplying through by e”, gives u(x, y) as

1 1y
u(x,y):;—i— x—; e’.

10.5 Find solutions of
10u 10u
xox ' ydy
for which (a) (0, y) = y and (b) u(1, 1) = 1.

As usual, we find p (x, y) from
dx dy s o

(@Onx =0, p=—y?and

u@,)=y==p)'? = ulkx,y =[-a>-y)]"?=0p*—-xH)"

(b) At (1, 1), p =0and
w(l, D=1 = ulx,y)=1+gx*—yo,

where g is any function that has g(0) = 0.

We note that in part (a) the solution is uniquely determined because the boundary values
are given along a line, whereas in part (b), where the value is fixed at only an isolated
point, the solution is indeterminate to the extent of a loosely determined function. This is
the normal situation, though it is modified if the boundary line in (a) happens to be one
along which p has a constant value.

10.7 Solve
. du ou
Sinx — 4+ coSX— = cos X (%)
ax dy
subject to (a) u(mr/2, y) = 0 and (b) u(w/2,y) = y(y + 1).

As usual, the CF is found from

dx dy .
- = = y—Insinx = p.
sinx  cosx
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Since the RHS of (x) is a factor in one of the terms on the LHS, a trivial PI is any function
of y only whose derivative (with respect to y) is unity, of which the simplestis u(x, y) = y.
The general solution is therefore

u(x,y)= f(y —Insinx) + y.

The actual form of the arbitrary function f(p) is determined by the form that u(x, y) takes
on the boundary, here the line x = 7 /2.
(a) With u(/2,y) = 0:

0=fO-0+y = fp)=-p
= u(x,y)=Insinx —y+ y = Insinx.

(b) With u(m/2, y) = y(y + 1):

Yo+D=f-0+y = f(p)=p
= u(x,y):(y—lnsinx)2+y.

If u(x, y) satisfies

9%u 9%u 9%u

[ - 0
9x2 9xdy dy?

and u = —x? and du/dy = 0 for y = 0 and all x, find the value of u(0, 1).

If we are to find solutions to this homogeneous second-order PDE of the form u(x, y) =
f(x 4+ Ay), then A must satisfy

1-324+22°=0 = i=1 1

Thus u(x, y) = g(x + 39) + f(x +y) = g(p1) + f(p)
Ony=0,p; =pr=xand

—x* =u(x,0) = g(x)+ f(x), (¥
0
0= 8—”(x, 0) = 1g'(x) + £/(x).
y

From (), —2x =g'(x)+ f(x).
Subtracting, 2x = —%g’(x).
Integrating, g)=-2x>4+k = f(x)=x*—k, from (x).
Hence, u(x,y) = —=2(x + %y)2 +k+Gx+y)?—k
= —x2+ %yz.

At the particular point (0, 1) we have (0, 1) = —0% + $(1)> = 1.
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In those cases in which it is possible to do so, evaluate u(2, 2), where u(x, y) is the solution of

ou ou 5 )
2y — —x—— =xyQ2y~ —x)
ax ay

that satisfies the (separate) boundary conditions given below.

(@) u(x, 1) = x>
(b) u(1,/10) = 5.
(©) u(+/10, 1) = 5.

To find the CF, u(x, y) = f(p), we set
dx dy

— = = xZ4 2y2 =p.

2y X

The point (2, 2) corresponds to p = 2 + 2(2%) = 12.
For a PI we try u(x, y) = Ax"y™:

2Anx" "Lyt — Amxtym=l = 2xy% — 3y,
which has a solution, n = m = 2 with A = % Thus the general solution is
u(x, y) = f(?+2y%) + 3x°y%.

(a) We must find the function f that makes u(x, 1) = x2. This requires f to satisfy

x> =ux, 1) = f(x2 +2)+ %xz

=  f(p=3p-2

= u(x,y) =37 +2y* = 2) + 3x%)?

= %(x2 + x%y? 4+ 2y? - 2).

From which it follows that u(2, 2) = %(4 + 1648 —2)=13.

(b) With u(1, v/10) = 5: At the point (1, +/10) the value of p is 1 4+ 2(10) = 21. As the
“boundary” consists of just this one point, it is only at the points that have p = 21 that the
value of u(x, y) can be known. Since for the point (2, 2) the value of p is 12, the value of
u(2, 2) cannot be determined.

(c) With u(+/10, 1) = 5: At the point (+/10, 1) the value of pis 10 + 2(1) = 12. Since
for (2, 2) it is also 12, the value of u(2, 2) can be determined and is given by f (12) +
@@ =5+8=13.

. . ?u  u ) 2
Find the most general solution of — + — = x"y~.
axz = 0y?

The complementary function for this equation is the solution to the two-dimensional
Laplace equation and [either as a general known result or from substituting the trial form
h(x + Ay) which leads to A> = —1 and hence to A = =i has the form f(x +iy) + g(x —
iy) for arbitrary functions f and g.

It therefore remains only to find a suitable PI. As f and g are not specified, there are
infinitely many possibilities and which one we finish up with will depend upon the details
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of the approach adopted. When a solution has been obtained it should be checked by
substitution.

As no PI is obvious by inspection, we make a change of variables with the object of
obtaining one by means of an explicit integration. To do this, we use as new variables the
arguments of the arbitrary functions appearing in the CF.

Setting £ = x + iy and n = x — iy, with u(x, y) = v(§, n), gives

d J v v
(%Jra_n)(%’L%)
(.a .a)(.av .av> (S+n>2<§—n)2
+liem—i—||lis—i— ) =|— - ,
& any 9 In 2 2i

G- e pa-nZr oL ey
9E2 9E0n o 160 )

3%v | P

0Edn AR

When we integrate this we can set all constants of integration and all arbitrary functions
equal to zero as any solution will suffice:

3% 1,
- _0E22 4 ’
2E0m 64(5 En +n)
av 1 /& 28%?
—=—— (= - = +&n"),
an 64\ 5 3
1 (& 2$3n3+€n5
64\ 5 9 5 )°

Re-expressing this solution as a function of x and y (noting that £ = x? + y?) gives

1
u(x,y) = s 108 — 96 + )]
1
= @S [10(x* + y*)? — 18(x* + yH)(x* — 6x7y* + yH)]
x4 y? 4 2.2 4 4 2.2 4
= (64)(45)(10x 4+ 20x~y° 4+ 10y™ — 18x" + 108x~y~ — 18y™)
x4+ y?
= ————(128x%y* — 8x* — 8y*
(64)(45)( x7y” = 8x" —8y")
1
= ﬁ(ﬁx“y2 — x84+ 15x2y* — y9).
Check )
a
Applying 2 + pYe) to the final expression yields
X y

1
ﬁ[15(12)x2y2 —30x* + 30y* + 30x* 4+ 15(12)x%y? — 30y*] = x2y?,

as it should.
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The non-relativistic Schrodinger equation,

n’ 3
— SV V(o = iha—”;,

is similar to the diffusion equation in having different orders of derivatives in its various terms;
this precludes solutions that are arbitrary functions of particular linear combinations of variables.
However, since exponential functions do not change their forms under differentiation, solutions in
the form of exponential functions of combinations of the variables may still be possible.

Consider the Schrodinger equation for the case of a constant potential, i.e. for a free particle,
and show that it has solutions of the form A exp(/x + my + nz + At), where the only requirement
is that

2

“om (12 + m? +n2) =ih\.
m

In particular, identify the equation and wavefunction obtained by taking A as —i E /7, and /, m and n
asip,/h,ip,/h andip,/h, respectively, where E is the energy and p the momentum of the particle;
these identifications are essentially the content of the de Broglie and Einstein relationships.

For a free particle we may omit the potential term V (r) from the Schrédinger equation,
which then reads (in Cartesian coordinates)

i [ 9%u n 9%u n 9%u _ .hau
2m \9x2 ~ 3y?  9z2) ot
We try u(x, y,z,t) = Aexp(Ix + my + nz + At), i.e. the product of four exponential
functions, and obtain
72
—— (> +m? 4+ nPu = ihiru.
2m
This equation is clearly satisfied provided
72
——(* 4+ m* +n? =ihAr.
2m

With A as —iE/fi,and[,m andn asip,/h,ip,/h and ip_/h, respectively, where E is the
energy and p is the momentum of the particle, we have

which can be written more compactly as E = p?/2m, the classical non-relativistic rela-
tionship between the (kinetic) energy and momentum of a free particle.
The wavefunction obtained is

i
u(r,t) = Aexp [%(pxx + pyy + pz — Et)]

= Aexp [%(p-r— Et):l,
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i.e. a classical plane wave of wave number k = p/7 and angular frequency w = E /7
traveling in the direction p/p.

10.17 An incompressible fluid of density p and negligible viscosity flows with velocity v along a thin,
straight, perfectly light and flexible tube, of cross-section A which is held under tension 7'. Assume
that small transverse displacements u of the tube are governed by

9%u 9%u T \ 9%u
IS V.S
a2 T oxor <v ,oA) ox?2

(a) Show that the general solution consists of a superposition of two waveforms traveling with
different speeds.

(b) The tube initially has a small transverse displacement u = a cos kx and is suddenly released
from rest. Find its subsequent motion.

(a) This is a second-order equation and will (in general) have two solutions of the form
u(x,t) = f(x + At), where both A satisfy

A 4200 + I N P I S S
v oA = = = —v v v—l—pA_ VT,

and gives (minus) the speed of the corresponding profile. Thus the general displacement
consists of a superposition of waveforms traveling with speeds v F «.

(b) Now u(x, 0) = a cos kx and u(x, 0) = 0, where the dot denotes differentiation with
respect to time ¢. Let the general solution be given by

ulx,t) = flx — w4+ a)y]+ glx — (v — a],
with acoskx = f(x)+ glx)
and 0=—-(W+a)f(x)—@w-—a)g k).
We differentiate the first of these with respect to x and then eliminate the function f’(x):
—kasinkx = f'(x) + g'(x),

—ka(v 4 ) sinkx = (v + o — v+ a)g'(x),

_ka(v + o)

gx) = sinkx,

= gkx)= v+aacoskx+c,

o —v
acoskx —c.

= fx)=

Now that the forms of the initially arbitrary functions f(x) and g(x) have been determined,
it follows that, for a general time ¢,

a_vacos[kx—k(v+a)t]+a+v

ux,t) = acoslkx — k(v — a)t]
a va . .
= 52 cos(kx — kvt) cos kat + w 2 sin(kx — kvt) sin(—kat)
o

= acos[k(x — vt)]cos kat — va sin[k(x — vt)] sin kact.
o
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In an electrical cable of resistance R and capacitance C, each per unit length, voltage signals obey
the equation 92V /dx?> = RC3V /dt. This (diffusion-type) equation has solutions of the form

x(RC)\/?

2 4 9
f@) = ﬁ/o exp(—v~)dv, where { = 5172

It also has solutions of the form V = Ax + D.

(a) Find a combination of these that represents the situation after a steady voltage V; is applied at
x =0attimer = 0.

(b) Obtain a solution describing the propagation of the voltage signal resulting from the application
of the signal V. = Vj for0 < t < T, V = 0 otherwise, to the end x = 0 of an infinite cable.

(c) Show that for ¢ > T the maximum signal occurs at a value of x proportional to #/2 and has a
magnitude proportional to ¢!

(a) Consider the given function

x(RC)'/?

012
The requirements to be satisfied by the correct combination of this function and V(x, t) =
Ax + D are (i) that,att = 0, V is zero for all x, except x = 0 where it is Vj, and (ii) that,
ast — oo, Vis V, for all x.

(i) Att =0, =ooand f(¢) = 1forall x # 0.

(i) Ast — 00,¢ — 0Oand f(¢) — O for all finite x.

The required combination is therefore D = Vj and —V; f(¢), i.e.

¢
f) = %/0 exp(—v?)dv, where ¢ =

exp(—vz) dv

5 3x(CR/D'?
Vix,t) =V /
0

S

(b) The equation is linear and so we may superpose solutions. The response to the input
V =V, for 0 <t < T can be considered as that to V; applied at + = 0 and continued,
together with —V{ applied att = T and continued. The solution is therefore the difference
between two solutions of the form found in part (a):
1 /2
2V, [ AXICR/G=T)]
Vix,t) = i} exp (—vz) dv.

ﬁ 1X(CR/D)'/?
(c) To find the maximum signal we set 3V /dx equal to zero. Remembering that we are
differentiating with respect to the limits of an integral (whose integrand does not contain
x explicitly), we obtain

1/ CR \'? x2CR 1 /CR\'? x2CR
| —= expl——=|—=z|— exp | — =0.
2\tr—T 4t —T) 2\ ¢ 4t

This requires
t— T\ x2CR N x2CR
=exp|—
: o TP AP

_ |:x2CR(—t +t-T) ]
= P 41— T)
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For ¢t > T, we expand both sides:

| 1T+ _ Tx2CR+
2t o 412 ’

Lo 1 [2c (CR\'* 1
N V=—/——| — = —.
YT CR 2Ver\ 't 2

The corresponding value of V is approximately equal to the value of the integrand,
evaluated at this value of v, multiplied by the difference between the two limits of the
integral. Thus
Voo 2Vo 2. X7/ CR 1 1
max ﬁexp(—v ) ) G—T2 1
2Vo _1pxvCR1 T
 ——e _
JT 2 2132
_ Vo Te '/?

B N2t '

In summary, for ¢ > T the maximum signal occurs at a value of x proportional to ¢
and has a magnitude proportional to .

12

Consider each of the following situations in a qualitative way and determine the equation type, the
nature of the boundary curve and the type of boundary conditions involved:

(a) a conducting bar given an initial temperature distribution and then thermally isolated;

(b) two long conducting concentric cylinders, on each of which the voltage distribution is specified;
(c) two long conducting concentric cylinders, on each of which the charge distribution is specified;
(d) a semi-infinite string, the end of which is made to move in a prescribed way.

‘We use the notation
A0 g O P 0~ Ry
— — — — — u = R(x,
9x? dxdy ay? dx dy Y

to express the most general type of PDE, and the following table

Equation type Boundary Conditions

hyperbolic open Cauchy
parabolic open Dirichlet or Neumann
elliptic closed Dirichlet or Neumann

to determine the appropriate boundary type and hence conditions.
*T AT
(a) The diffusion equation KF = o has A = k, B = 0and C = 0; thus B> = 4AC
and the equation is parabolic. This needs an open boundary. In the present case, the initial
heat distribution (at the + = 0 boundary) is a Dirichlet condition and the insulation (no

temperature gradient at the external surfaces) is a Neumann condition.
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(b) The governing equation in two-dimensional Cartesians (not the natural choice for
this situation, but this does not matter for the present purpose) is the Laplace equation,

%y %9 ) 2
W + a—y2 =0, which has A=1, B=0 and C =1 and therefore B~ < 4AC. The
equation is therefore elliptic and requires a closed boundary. Since ¢ is specified on the
cylinders, the boundary conditions are Dirichlet in this particular situation.
(c) This is the same as part (b) except that the specified charge distribution o determines
d¢/dn, through d¢/dn = o /€p, and imposes Neumann boundary conditions.
02 192
(d) For the wave equation gu__ou_ 0,wehave A=1,B=0and C = —¢2,
9x2 2 9r?
thus making B> > 4AC and the equation hyperbolic. We thus require an open boundary
and Cauchy conditions, with the displacement of the end of the string having to be specified
at all times — this is equivalent to the displacement and the velocity of the end of the string

being specified at all times.

The Klein—Gordon equation (which is satisfied by the quantum-mechanical wavefunction &(r) of
a relativistic spinless particle of non-zero mass m) is

Vid —m*®d =0.
Show that the solution for the scalar field ®(r) in any volume V bounded by a surface S is unique

if either Dirichlet or Neumann boundary conditions are specified on S.

Suppose that, for a given set of boundary conditions (® = f ord®/dn = gon S), there are
two solutions to the Klein—Gordon equation, ®; and ®,. Then consider ®3 = & — P,
which satisfies

ViP; = V2P, — V2D = m* D) — m> Dy = m>ds
and

: 03
either &3 = f — f =0, ora—:g—g:OOnS.
n

Now apply Green'’s first theorem with the scalar functions equal to ®3 and ®3:
5 L0d; * 2 *
D3 o dS = | [PV D3+ (VD3) - (VP3)]dV,
n 14

= 0=/(m2|¢3|2+lv¢3|2)dV,
\4

whichever set of boundary conditions applies. Since both terms in the integrand on the
RHS are non-negative, each must be equal to zero. In particular, |®3| = 0 implies that
®; = 0 everywhere, i.e. &; = P, everywhere; the solution is unique.
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Solve the following first-order partial differential equations by separating the variables:

9 9 9 9
@— _xE_0 marr_y_y,
dx ay ax ay

In each case we write u(x, y) = X(x)Y(y), separate the variables into groups that each
depend on only one variable, and then assert that each must be equal to a constant, with
the several constants satisfying an arithmetic identity.

ou ou
(a) ——x— = 0,
ax ay
XY —-xXy = 0,
X' Y’
x_X=7= = lnX:%kx2+c1, 1nY=ky+C2,
= X=A?, Y =B,
= u(x,y) = C™) wherek = 22.
) ou 5 ou 0
x— —2y— = ,
ox y8y
xX'Y =2yXY' = 0,
xX'  2yY’
X = ); =k = mIhX=klnx+c,
InY = 1klny + ¢,
= X =Ax Y =By
= ulx,y) = C(xzy)A, where k = 2.

11.3 The wave equation describing the transverse vibrations of a stretched membrane under tension 7

and having a uniform surface density p is

T 82u+82u . 9%u
ax2  9y? ) "2’
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Find a separable solution appropriate to a membrane stretched on a frame of length @ and width b,
showing that the natural angular frequencies of such a membrane are given by

o WL (2 m
T op \a?2 )’

where n and m are any positive integers.

We seek solutions u(x, y, t) that are periodic in time and have u(0, y, t) = u(a, y,t) =
u(x,0,t) =u(x,b,t) =0. Write u(x, y, t) = X(x)Y(y)S(¢) and substitute, obtaining

T(X"YS+ XY"S) = pXYS",
which, when divided through by XY, gives

) Y’ 0 S (,()2,0
X YyTrs T T
The second equality, obtained by applying the separation of variables principle with
separation constant —w?p/ T, gives S(¢) as a sinusoidal function of ¢ of frequency w, i.e.
A cos(wt) + B sin(wt).
We then have, on applying the separation of variables principle a second time, that

" " a)2,0
— = A and — = u, where A = ——. *
X y M +u T (%)
These equations must also have sinusoidal solutions. This is because, since u(0, y, t) =
u(a,y,t) =u(x,0,t) = u(x, b, t) = 0, each solution has to have zeros at two different

values of its argument. We are thus led to
X = Asin(px) and Y = Bsin(g x), where p> = —1 and ¢*> = —p.

Further, since u(a, y, t) = u(x, b, t) = 0, we must have p = nrw/a and g = mm /b, where
n and m are integers. Putting these values back into (x) gives

2 2 2 2

s 2 w*p ,(n® m w*p
PP =-2L 5 (542 )=2L
p—d T <a2 b2> T

Hence the quoted result.

Denoting the three terms of V? in spherical polars by V2, V2, V; in an obvious way, evaluate V2u,
etc. for the two functions given below and verify that, in each case, although the individual terms
are not necessarily zero their sum V2u is zero. Identify the corresponding values of £ and .

B 3cos?6 — 1
@) u(r, 0. ¢) = (Ar2 + 7) =
r’ 2

() u(r, 0, ¢) = <Ar + %) sin6 expi.
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In both cases we write u(r, 9, ¢) as R(r)®(0)P(¢) with

- 19 (,0 - 1 a8 /. o 9 - 1 3?2
=—=—\r—1, = ——F———|smo— |, = ——.
T 29 U or 97 ¥25in6 30 90 97 r2sin2 6 9¢>

3 cos? 0—1

@ u(r,0,¢) = (Ar + ) >

1 0 3B 6B 6
r r

r2or r2

2 R 1 —65sin6 cos® 6 + 3sin’ 0
V9u= —( 3 sin? 90050)_—
25in6 90 r? sin 6
5 6u
=—2(—9COS 9+3)=—r—2,
,

Vq%u =0.
Thus, although V?u and VZu are not individually zero, their sum is. From V?u = €(¢ +
Du = 6u, we deduce that £ = 2 (or —3) and from Véu =0thatm = 0.

B\ . .
®) u(r, 0, ¢) = (Ar + r—2> sin6 e'?.

, 1a( , 2B 2A 2B 2u
Viu=5— (A -—=)eo=(=+=)eo="3
r r

r2 or r r2’
R® 1 R® [ —sin?0 + cos? 6
Vgu = (sm@ cosf) = — - +
2 sin6 96 r2 sin @
_u cos?6 u
T2 sin26 2’
RO® 3?2 u
Vi = ()= —
) sin @ 8¢2( ) r2sin? 0
Hence,
,  2u u  cos’0 u u u cos?6 — 1
Viu=—S—-—S+——S—5—"5=- —,) =0
r2  r?  sin?6 r2 r2sin2@  r2 sinZ 0

Here each individual term is non-zero, but their sum is zero. Further, £(£ 4+ 1) = 2 and
s0 £ = 1 (or —2), and from Vu = —u/(r*sin0) it follows that m* = 1. In fact, from the
normal definition of spherical harmonics, m = +1.
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11.7 If the stream function ¥ (r, 8) for the flow of a very viscous fluid past a sphere is written as
V¥ (r,0) = f(r)sin® @, then f(r) satisfies the equation

4" 8f  8f
@ = = =30
f = + 3 A
At the surface of the sphere r = a the velocity field u = 0, whilst far from the sphere ¥ =~

(Ur?sin®6)/2.
Show that f(r) can be expressed as a superposition of powers of r, and determine which powers
give acceptable solutions. Hence show that

U 3
Y(r,0) = 7 <2r2 — 3ar + @ ) sin 0.
r

For solutions of

f(4)_4i_|_8f/_g=0

72 r3 r4

that are powers of r, i.e. have the form Ar”, n must satisfy the quartic equation

nn—1n—-2)n—-3)—4n(n —1)+8n —8 =0,
(n—Dnn—-2)(n—-3)—4n+ 8] =0,

n—1Dm —2)[nn—-3)—4]=0,
(n—Dn—=2)n—-4)n+1)=0.

Thus the possible powers are 1, 2,4 and —1.
Since ¢ — %U r?sin’ @ as r — oo, the solution can contain no higher (positive) power
of r than the second. Thus there is no n = 4 term and the solution has the form

Ur? B\ .,
Y(r,0)=—+ Ar + — ] sin“ 6.
2 r
On the surface of the sphere » = a both velocity components, u, and uy, are zero. These
components are given in terms of the stream functions, as shown below; note that u, is
found by differentiating with respect to 6 and uy by differentiating with respect to r.

1 3y Ua? B
=0 Yo ~—~ tAa+Z=o0,
u aZsing 90 = T tAdty
1 3 B
Up =0 = LW _o o vera-B oo
asin® or a?

= A= —%Ua and B = jTUa3.

The full solution is thus

Y(r,0) =

N~

3
(2r2 —3ar + a_) sin® 6.
r
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A circular disc of radius a is heated in such a way that its perimeter p = a has a steady temperature
distribution A + B cos® ¢, where p and ¢ are plane polar coordinates and A and B are constants.
Find the temperature 7' (p, ¢) everywhere in the region p < a.

This is a steady state problem, for which the (heat) diffusion equation becomes the Laplace
equation. The most general single-valued solution to the Laplace equation in plane polar
coordinates is given by

oo
T(p.¢)=Clnp+ D+ Y (A,cosng + B,sinng)(Cup" + Dup™").
n=1
The region p < a contains the point p = 0; since In p and all p™" become infinite at that
point, C = D,, = 0 for all n.
Onp=a

T(a,¢) = A+ Bcos’ ¢ = A+ 1 B(cos2¢ + 1).

Equating the coefficients of cos n¢, including n = 0, gives A + %B =D, A,Cra®> = %B
and A, C,a" = 0 for all n # 2; further, all B, = 0. The solution everywhere (not just on
the perimeter) is therefore

Bp?

B
T(p,(])):A—i—E—i—ﬁcosZ(p.

It should be noted that “equating coefficients” to determine unknown constants is justified
by the fact that the sinusoidal functions in the sum are mutually orthogonal over the range
0<¢ <2m.

The free transverse vibrations of a thick rod satisfy the equation

a484—u + @ =0
ax*  0r2 ’
Obtain a solution in separated-variable form and, for a rod clamped at one end, x = 0, and free at
the other, x = L, show that the angular frequency of vibration w satisfies

w21 W\ 2L
cosh( ):—sec( )
a a

[At a clamped end both u and du /dx vanish, whilst at a free end, where there is no bending moment,
8%u/3x? and 3%u /x> are both zero.]

The general solution is written as the product u(x, t) = X(x)T (¢), which, on substitution,
produces the separated equation

Here the separation constant has been chosen so as to give oscillatory behavior (in the
time variable). The spatial equation then becomes

X% — u*X =0, where p = 0'?/a.



154

11.13

Solution methods for PDEs

The required auxiliary equation is A* — u* = 0, leading to the general solution
X(x) = Asin ux + Bcos ux + C sinh ux 4+ D cosh ux.

The constants A, B, C and D are to be determined by requiring X(0) = X’(0) = 0 and
X"(L) = X"(L) = 0.
At the clamped end,
X(0)=0 = D=-B,
X" = p(Acosux — Bsinpux + C cosh ux — B sinh pux),
X0)=0 = C=-A.

At the free end,

X" = p*(—Asin ux — B cos ux — A sinh ux — B cosh jux),

X" = pu3(—Acos ux + Bsin ux — A cosh ux — B sinh pux),
X"(L)=0 = A(sinuL + sinhuL) + B(cos wL + cosh uL) = 0,
X"(L)y=0 = A(—cosuL —coshuL)+ B(sinpuL — sinh uL) = 0.

Cross-multiplying then gives

—sin® uL + sinh? uL = cos® uL + 2 cos L cosh L + cosh® uL,
O0=142cospuLcoshul +1,
—1 =cosuLcoshul,

2L 2L
cosh = —secC .
a a

Because sinusoidal and hyperbolic functions can all be written in terms of exponential
functions, this problem could also be approached by assuming solutions that are (exponen-
tial) functions of linear combinations of x and ¢ (as in Chapter 10). However, in practice,
eliminating the ¢#-dependent terms leads to involved algebra.

A string of length L, fixed at its two ends, is plucked at its mid-point by an amount A and then
released. Prove that the subsequent displacement is given by

= 84 _[@n+ Drx @n + Drct
u(x,t) = ; 2on 1) sin |: T ] cos |: I ] ,

where, in the usual notation, ¢ = T /p-
Find the total kinetic energy of the string when it passes through its unplucked position, by
calculating it in each mode (each n) and summing, using the result
> 1 w2

ZO:(2n+1)2_ 8’

Confirm that the total energy is equal to the work done in plucking the string initially.



155

Solution methods for PDEs

We start with the wave equation:

9%u 1 0%u

ax2 2o
and assume a separated-variable solution u(x, ) = X (x)S(¢). This leads to

X// 1 S//

== — =k~
X &S
The solution to the spatial equation is given by

X(x) = Bcoskx + Csinkx.

Taking the string as anchored at x = 0 and x = L, we must have B = 0 and k constrained
by sinkL = 0 = k = nm/L with n an integer.
The solution to the corresponding temporal equation is

S(t) = Dcoskct + E sinkct.

Since there is no initial motion, i.e. S(O) = 0, it follows that £ = 0.
For any particular value of k, the constants C and D can be amalgamated. The general
solution is given by a superposition of the allowed functions, i.e.

o0
nwx nimct
u(x,t) = Z C, sin —— cos
o L L

‘We now have to determine the C, by making u(x, 0) match the given initial configuration,
which is

2Ax L
- forO0<x < 7
w0 =194 -x) L .
— < X
2 2 ==

n dx
n L L

C,L /”2 2Ax . nmx /’“ 2A(L —x) . nmx
dx + Si
0 L
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with

xL nrx " Lr nmwx
J3 = | ——cos— + —cos — dx
L L2 L2 nm

Thus

and so it follows that

C,L 2A(J St LIy =24 2L . nw
- 27 — =2A——sin —.
2 L 3 2 n2m? 2

This is zero if n is even and C,, = 8A(—1)""V/2/(n?x?) if n is odd. Write n = 2m + 1,
BA(—1D)™"

Qm + 1272’
The final solution (in which m is replaced by n, to match the question) is thus

m=0,1,2,..., with Capys; =

o0

BA(—-1)" . [@n+ Dnx 2n + Dmet
u(x,t) = Z 201 1) sin |: T ] cos [f} .
n=0

The velocity profile derived from this is given by

o0

_ 8A(—1y" [—(@n+ Dre
it )= 7220 + 12 ( L )
n=0

. [(Zn + 1)7rxi| ) |:(2n + 1)ncti|
X sin sin ,
L L
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giving the energy in the (2n + 1)th mode (evaluated when the time-dependent sine function
is maximal) as

L
_ 12
E2n+1—/ Fpu, dx
0

(/Lp BA¥c? . ,(@n+ rmx
= — Sin
o 2 L2Q2n+ 1)2n2 L
_ 324%pc* L
 L2Qn+ 1)2xm2 27
Therefore
o0 o0
16A2%pc? 1 2A2%pc?
E = E = = .
2:(:) 2t 2L ; Qn + 12 L

When the mid-point of the string has been displaced sideways by y (< L), the net
(resolved) restoring force is 27 [y/(L/2)] = 4Ty /L. Thus the total work done to produce
a displacement of A is

Adqr 2TAZ  2pc?A?
W = / y dy = = pc ,
o L L L

i.e. the same as the total energy of the subsequent motion.

11.15 Prove that the potential for p < a associated with a vertical split cylinder of radius a, the two halves
of which (cos ¢ > 0 and cos ¢ < 0) are maintained at equal and opposite potentials £V, is given
by

4V & (=1 2141
u(p, ) = 722::1 (g) cos(2n + D).

n=0

The most general solution of the Laplace equation in cylindrical polar coordinates that is
independent of z is

T(p,¢)=Clnp+ D + Z(A” cosng + B, sinng)(C,p" + D, p™").

n=1

The required potential must be single-valued and finite in the space inside the cylinder
(which includes p = 0), and on the cylinder it must take the boundary values u = V for
cos¢ > 0 and u = —V for cos¢ < 0, i.e the boundary-value function is a square-wave
function with average value zero. Although the function is antisymmetric in cos ¢, it is
symmetric in ¢ and so the solution will contain only cosine terms (and no sine terms).

These considerations already determine that C = D = B, = D, =0, and so have
reduced the solution to the form

u(p.§) =) Aup" cosng.

n=1
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On p = a this must match the stated boundary conditions, and so we are faced with a
Fourier cosine series calculation. Multiplying through by cos m¢ and integrating yields

1 /2 b4
Amam§2n=2/ Vcosm¢d¢+2/ (=V)cosmep do
0 b4

2
_ov |:sinm¢]”/2 Yy [sinm¢]"
m g m 1,
2V /. mm . mm
= — (sm— + sin —)
m 2 2

4V
= (=1)""Y2__ for m odd, = 0 for m even.
m

Writing m = 2n + 1 gives the solution as

o0

uto. ) = 23 (O costan 1 1.

T 2n+1 \a
n=0

11.17 Two identical copper bars are each of length a. Initially, one is at 0 °C and the other at 100 °C; they
are then joined together end to end and thermally isolated. Obtain in the form of a Fourier series an
expression u(x, t) for the temperature at any point a distance x from the join at a later time 7. Bear
in mind the heat flow conditions at the free ends of the bars.

Taking a = 0.5 m estimate the time it takes for one of the free ends to attain a temperature of
55 °C. The thermal conductivity of copper is 3.8 x 102 Jm~! K~ s~!, and its specific heat capacity
is3.4 x 10 Tm3 K~

The equation governing the heat flow is

o

dx? ot
which is the diffusion equation with diffusion constant k = k/s = 3.8 x 10?/3.4 x 10° =
1.12 x 10~* m?s~ 1.

Making the usual separation of variables substitution shows that the time variation is
of the form T(t) =T (O)e"(m when the spatial solution is a sinusoidal function of Ax.
The final common temperature is 50 °C and we make this explicit by writing the general
solution as

u(x, 1) = 50+ Y (Aj sindx + By cos Ax)e ™.
A

This term having been taken out, the summation must be antisymmetric about x = 0 and
therefore contain no cosine terms, i.e. B, = 0.

The boundary condition is that there is no heat flow at x = +a; this means that du /dx =
0 at these points and requires

. @2n+ DHm

AA) COSAX|yete =0 = Aa:(n—i—%)n = A 5
a
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where 7 is an integer. This corresponds to a fundamental Fourier period of 4a. The solution
thus takes the form

o0
u(x, £) =50+ A,sin

Q2n + Drx ( (2n + 1)27r2;<z)

T exp| ———-S—— ).
a

n=0

4q?

Att = 0, the sum must take the values +50 for 0 < x < 2a and —50 for —2a < x < 0.
This is (yet) another square-wave function — one that is antisymmetric about x = 0 and has
amplitude 50. The calculation will not be repeated here but gives A, = 200/[(2n + 1)z ],
making the complete solution

200~ 1 . @n+ Dax ( (2n+1)2n2/<t>
n exp\————— ) .

, ) =50+ —
u(x, 1) + b4 nZZ;ZrH—lSI 2a 4q2

For a free end, where x = a and sin[(2n + 1)7x/2a] = (—1)", to attain 55 °C needs

2 (=1 ( (2n+1)2n21.12><10—4> 57
Z exp| — t) =

= = 0.0785.
o+l 4%0.25 200

In principle this is an insoluble equation but, because the RHS « 1, the n = 0 term alone
will give a good approximation to ¢:

exp(—1.105 x 1073¢) ~ 0.0785 =t~ 2300s.

For an infinite metal bar that has an initial (# = 0) temperature distribution f(x) along its length,
the temperature distribution at a general time ¢ can be shown to be given by

1 o0 _£\2
e [ exp [—(x 4Kf) } £(&)d.

Find an explicit expression for u(x, ¢) given that f(x) = exp(—x2/a?).

The given initial distribution is f(£) = exp(—£2/a?) and so

1 e8] _=\2 2
u(x,t) = m/_wexp [—%} exp (—%) dg.

. . . .. 4rt
Now consider the exponent in the integrand, writing 1 + —- as 72 for compactness:
a

%-21,2 _ 2?,:)6 +x2

exponent = —
4t
o Er—xr!')Y — x4 a?
B 4t
,  xPTr—x? .
=-n"+ , defining n,
4it
d
with dy = —%5
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With a change of variable from £ to 5, the integral becomes

1 (x27:2 — x2> /oo () Vit
ex exp(—
VAt P dict _ P

00 T

u(x,t) = dn

a ( x? )
= —F—7 —exp|———— ).
Va® + 4kt a* + 4kt
In words, although it retains a Gaussian shape, the initial distribution spreads symmetri-

cally about the origin, its variance increasing linearly with time (a*> — a® + 4«t). As is
typical with diffusion processes, for large enough times the width varies as /7.

11.21 In the region —co < x, y < 0o and —¢ < z < t, a charge-density wave p(r) = A cosgx, in the
x-direction, is represented by

eiax %) i
r) = o(a)e'** da.
p(r) o [m pler)

The resulting potential is represented by

e'er /‘00 ‘7( ) iOtZd
a)e o.
LV 27 J-

Determine the relationship between V() and f(c), and hence show that the potential at the point

(0, 0, 0) is given by
A > sinkt
—_— ——dk
ey J_oo k(K% + %)

V() =

Poisson’s equation,

ViV(r) = —@,
€0

provides the link between a charge density and the potential it produces.
Taking V (r) in the form of its Fourier representation gives V2V as

9*V(r) ~9*V(r)  2*V(r) €
ax2 dy2 022 2m

with the —g? arising from the x-differentiation and the —«? from the z-differentiation;
the 3*V/dy? term contributes nothing.
Comparing this with the integral expression for —p(r)/eg shows that

—p(a) = eo(—q” — &)V ().

With the charge-density wave confined in the z-direction to —¢ < z < t, the expression
for p(r) in Cartesian coordinates is (in terms of Heaviside functions)

00 ~ .
/ (—q* — ) V(@)e'* da,
—00

p(r) = A [H(z +1) — H(z — 1)].
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The Fourier transform p(«) is therefore given by

pla) = J%/:A[H(z +1)— H(z —t)]e " dz

A ro
= — e ' dz
N2t J
A efiat _ eiat
2 —ia

A 2sinat

V21 o

e[ )

Now. V(0.2 = V27 Jooo €0(g? + a?) ¢ de
el [0 elo? A 2sinat

= Cl,
V27 Joo €0(@®> +0?) 27«
A ®  sinat

= V(0,0,0)= — —
( ) ey Jooo a(@? +g?)

a7
as stated in the question.

11.23 Find the Green’s function G(r, ry) in the half-space z > 0 for the solution of V2® = 0 with &
specified in cylindrical polar coordinates (p, ¢, z) on the plane z = 0 by

1 for p <1,

o, ¢,2) = { 1/p for p > 1.

Determine the variation of ®(0, 0, z) along the z-axis.

For the half-space z > 0 the bounding surface consists of the plane z =0 and the
(hemi-spherical) surface at infinity; the Green’s function must take zero value on these
surfaces. In order to ensure this when a unit point source is introduced at r = y, we must
place a compensating negative unit source at y’s reflection point in the plane. If, in cylindri-
cal polar coordinates, y = (p, ¢, zo), then the image charge has to be aty’ = (p, ¢, —z¢).
The resulting Green’s function G(x, y) is given by

1 1

Gx,y)=— .
x.y) 4|x —y| + 4|x —y/|

The solution to the problem with a given potential distribution f(p, ¢) on the z = 0 part
of the bounding surface § is given by

G
<1><y>=/f<p,¢) (—B—)pdasdp,
Ky Z
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the minus sign arising because the outward normal to the region is in the negative z-
direction. Calculating these functions explicitly gives

1 1
Gx,y) = T An[p + (z — 2002112 * 4 [p? + (z + 20)?1/%’
G 72— 20 (z + z0)
0z Amlp?+ (@ — 2P 4nlp® + (2 + 20
G| —22¢
Tzl wml+gPe

Substituting the various factors into the general integral gives

229
Amp? + g5

1 o)
20 P 20
Y D V- / S —
/0 (p? + 23)*/2 (o2 2

T2 2 enr?

_ 2, 21271 Zpsecu

=—z0|(p"+27) +/ ——du,
o[(o 0"l z3sec u

®(0, 0, zo)=/ f(p) 27 pdp
0

where, in the second integral, we have set p = zptanu with dp = 79 sec?udu and 6 =
tan~'(1/zo). The integral can now be obtained in closed form as

20 Lo an
®0,0,z) =——————+ 1+ —[sinu
( 0) (1 + Z%)l/z 20 [ ]0
20 1 1

I+ 20 zo(1 422

Thus the variation of ® along the z-axis is given by

A+ -2+ +PDHV? -1

11.25 Find, in the form of an infinite series, the Green’s function of the V? operator for the Dirichlet
problem in the region —00 < x < 00, —00 <y <00, —¢c <z < c.

The fundamental solution in three dimensions of V2 = §(r) is ¢ (r) = —1/(4nr).

For the given problem, G(r, ry) has to take the value zero on z = ¢ and — 0 for
|x| = oo and |y| — oo.Image charges have to be added in the regions z > cand z < —c¢
to bring this about after a charge g has been placed at ry = (xo, Yo, zo) with —c < 79 < c.
Clearly all images will be on the line x = xg, y = yo.

Each image placed at z = £ in the region z > ¢ will require a further image of the same
strength but opposite sign at 7 = —c — & (in the region z < —c) so as to maintain the
plane z = —c as an equipotential. Likewise, each image placed at z = — in the region
z < —c will require a further image of the same strength but opposite sign at z = ¢ + x
(in the region z > c) so as to maintain the plane z = c¢ as an equipotential. Thus successive
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image charges appear as follows:

—q 2c—z0 —2c—72
+qg —3c+z20 3c+2z20
—q 4c—z0 —4c—2
+q etc. etc.

The terms in the Green’s function that are additional to the fundamental solution,
1 2 2 29-1/2
—E[(x—xo) +O—y) +@—z0)1 ",

are therefore

D { (=1
Am [(x — x0)> + (y — y0)* + (z + (—=1)"z0 — nc)*]'/?

n=2

(="
[(x — x0)? + (y — y0)* + (z + (—1)"z0 + nc)?]'/? } '

11.27 Determine the Green'’s function for the Klein—-Gordon equation in a half-space as follows.

(a) By applying the divergence theorem to the volume integral

Ajmw—m%w—wv%mﬂﬂdw

obtain a Green’s function expression, as the sum of a volume integral and a surface integral, for

the function ¢(r’) that satisfies

Vi —m’p=p

in V and takes the specified form ¢ = f on S, the boundary of V. The Green’s function,

G(r, 1), to be used satisfies
VG —m?G =8(r —r)

and vanishes when r is on S.

(b) When V is all space, G(r, r’) can be written as G(¢) = g(¢)/t, where ¢t = |[r — r’| and g(¢) is

bounded as t — oo. Find the form of G(¢).

(c) Find ¢(r) in the half-space x > 0 if p(r) = 6(r —r;) and ¢ = 0 both on x = 0 and as r — oo.

(a) For general ¢ and 1y we have
[ [0 iy = w5 = mtio] av = [ [y — 5] av
14 v
= [ v-@vv-pvarav
1%

= fs(ww — ¢yV¢) - nds.
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Now take ¢ as ¢, with V2¢ — m*¢ = p and ¢ = f on the surface S, and ¥ as G(r, 1)
with V2G — m?G = 8(r —r') and G(r,r') = O on S:

/ [¢(M)s(r — 1) — G(r,r)p(r)]dV = /[f(r)VG(r, 1) — 0] - nds,
1% N

which, on rearrangement, gives

qb(r’):/ G(r, r’)p(r)dV—|—/f(r)VG(r, r')-nds.
v s

(b) In the following calculation we start by formally integrating the defining Green’s
equation,

VG —m?G =8(r — 1),

over a sphere of radius ¢ centered on r’. Having replaced the volume integral of V2G with
the corresponding surface integral given by the divergence theorem, we move the origin
tor’, denote |r — r’| by ¢’ and integrate both sides of the equation from ¢’ = 0to ¢ = ¢:

/VzGdV—/szdV=f8(r—r’)dV,
14 14 \%4

/VG.ndS—mzf Gdv =1,
S \%4

dG t
4rt2™ —m? | GaHant?dl =1, (%)
dt 0

4nt’G" + 871G’ — Anm*t*G = 0, from differentiating w.r.t. 7,
tG" +2G —m*tG = 0.

With G(1) = g(t)/1,

8.8 b_ 28 28 ¢
G__t_2+_ and G_t_3_[_2 T,
and the equation becomes
2 2¢' 2 !
O=g”—m2g,

= g(t) = Ae™™, since g is bounded as t — oo.

The value of A is determined by resubstituting into (x), which then reads

!

Ae—mt mAe—mt t Ae—ml
dre? | — - —m? drt?dt =1,
12 t 0ot

te—m ] — et
—4x Ae7™ (1 + mt) — 47w Am? (— ¢ + 62 ) =1,
m m
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making the solution

—mt

G, r)=- e47rt

,where t = |r — r/|.

(c) For the situation in which p(r) = §(r —ry), i.e. a unit positive charge at r; =
(x1, ¥1, 21), and ¢ = 0 on the plane x = 0, we must have a unit negative image charge at
ry = (—xy, y1, 21)- The solution in the region x > 0 is then

1 e—mir=ri e~ mir—r|
oo - )

4 \ |r —ry| B r — ;|




1 2 Calculus of variations

12.1 A surface of revolution, whose equation in cylindrical polar coordinates is p = p(z), is bounded
by the circles p = a, z = £c (a > ¢). Show that the function that makes the surface integral
I = [ p~1/24S stationary with respect to small variations is given by p(z) = k + z?/(4k), where
k =[a + (@®> — cH)'?])2.

The surface element lying between z and z 4 dz is given by
dS = 27p [(dp)® + (d271" = 27p (1 4 0 dz

and the integral to be made stationary is
c
I = /p1/2d5=27'[/ o 2o+ p'H'2dz.
—C

The integrand F (o', p, z) does not in fact contain z explicitly, and so a first integral of the
EL equation, symbolically given by F — p’d F/dp’ =k, is

o2

P
a+y%m}_A
p1/2
(+pA)2

On rearrangement and subsequent integration this gives

P+ P~ ! [

Now, p(£c) = a implies both that C = 0 and that a — A’ = 40? Thus, writing A% ask,

42 —4ka+ct=0 = k= %[a + (a? — V2.

The two stationary functions are therefore

Z2

=2 4k
P= ™

166
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with k as given above. A simple sketch shows that the positive sign in k corresponds to a

smaller value of the integral.

12.3 The refractive index n of a medium is a function only of the distance r from a fixed point O. Prove
that the equation of a light ray, assumed to lie in a plane through O, traveling in the medium satisfies

(in plane polar coordinates)
1 (dr\> r? n2(r)
— (=) = -1,
r2 \d¢ a’ n(a)

where a is the distance of the ray from O at the point at which dr/d¢ = 0.
If n =[1+ («?/r?)1"? and the ray starts and ends far from O, find its deviation (the angle
through which the ray is turned), if its minimum distance from O is a.

An element of path length is ds = [(dr)? + (r d$)*]'/? and the time taken for the light
to traverse it is n(r) ds/c, where c is the speed of light in vacuo. Fermat’s principle then
implies that the light follows the curve that minimizes

ANV
T:/n(r)dsz/n(r +r°) o,

C C

where r’ = dr/d¢. Since the integrand does not contain ¢ explicitly, the EL equation
integrates to (see Problem 12.1)

nr’

2 28172 —A
n(r’” +r°) r —(r/2 FREINTE ,
nr?

42
Sincer’ =0whenr =a, A = n(a)az/a, and the equation is as follows:

aznz(a)(r’2 +r%) = n?(r)yrt,
2 n?(ryrt 2
n%(a)a?

l ﬂ 2_ n?(r)r? ]
r2 (d¢> T n2@a?

If n(r) = [1 + (a/r)*]'/?, the minimizing curve satisfies

)

2
(dr) _ r2(r? + a?) 2

d¢ a’+ a?
202 —a?)

a’ + o?

do dr

==+ .
@+ g
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By symmetry,

A _ Pfinal — Pinitial
@+ a2~ (@1 ad)P

2/00 dr ¢ hy
= ——————, setr =acos
_2/00 a sinh ¢

7 Jo a2coshy sinh

2 o0

= —/ sechyr dyr, seteV =z
aJo

B 2/°° 'z
ali Yz+zh

_2/00 2dz
_a 1 Zz+1
4

= E [tan_1 Z]TO

_4<7r yr)_yr
T a T a’

2 4

If the refractive index were everywhere unity (¢ = 0), A¢ would be & (no deviation).
Thus the deviation is given by

T
—@®+aH? - 7.
a

Prove the following results about general systems.

(a) For a system described in terms of coordinates ¢; and ¢, show that if ¢ does not appear explicitly
in the expressions for x, y and z (x = x(g;, t), etc.) then the kinetic energy 7 is a homogeneous
quadratic function of the ¢; (it may also involve the ¢;). Deduce that ), ¢;(d7/94g;) = 2T.

(b) Assuming that the forces acting on the system are derivable from a potential V, show, by
expressing dT /dt in terms of ¢; and ¢;, that d(T + V)/dt = 0.

To save space we will use the summation convention for summing over the index of
the qi.

(a) The space variables x, y and z are not explicit functions of ¢ and the kinetic energy,
T, is given by

T = Houk? + oy y? + o 2%)

1 ax \2 ay  \? az \?
<3 (ra) e (ia) e (o) |
= Annqmqn,

with

- nm-

1( dx 0x dy dy 0z 8Z>
2

Ap==|tx— — F+a,— — +a,—
“0Gm 3qn T 0Gm Gy 3qm 3qn
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Hence T is a homogeneous quadratic function of the ¢; (though the A,,, may involve the
q;). Further,
oT

P Ain‘?n + AmiQm = 2Amiq.m
94

. oT . .
and Gigo- = 2Gi Amigm = 2T.
(b) The Lagrangianis L =T — V,with T = T(gq;, ¢;) and V = V(g;). Thus

dr T | dT av. v

— =—q +—4d d — =
ar g et M T g

qgi- €))

Hamilton’s principle requires that

d (aL\ 0L
dt \9¢;)  0q;’

d (0T oT oV
> alw) 5w o
But, from part (a),
2T = C'Iig,
94gi
L 0T) = o 44,2 (8—T)
dt 8q',' dt aC]i
.oT 9T 0V |
= Qia—q.i + l]ia—qi - qia_q,»’ using (),
dT dv .
= o T using ().
This can be rearranged as
i(T +V)=0.
dt

In cylindrical polar coordinates, the curve (p(0), 6, @p(0)) lies on the surface of the cone 7z = ap.
Show that geodesics (curves of minimum length joining two points) on the cone satisfy

2
p* =B + 07,
where c is an arbitrary constant, but 8 has to have a particular value. Determine the form of p(6)

and hence find the equation of the shortest path on the cone between the points (R, —6y, « R) and
(R, 6y, ¢R).

[You will find it useful to determine the form of the derivative of cos~!(u~").]

In cylindrical polar coordinates the element of length is given by

(ds)* = (dp)* + (p dO)* + (d2),
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and the total length of a curve between two points parameterized by 6; and 6, is
6 2 2
! dp ) dz
= — — ] do
=, \/(d9> +o+ (5)

0 dp 2
= [ e rase (—) do, since z = ap.
% do

Since the independent variable 6 does not occur explicitly in the integrand, a first integral
of the EL equation is

(I+ad)p
Vot (Lt a?)p?

After being multiplied through by the square root, this can be arranged as follows:

Jor+ 4+t =

P (L adp? — (a2 = e +(1 a2
pt =P + (1 + M),
This is the given equation of the geodesic, in which ¢ is arbitrary but 82 must have the

value 1 + 2.
Guided by the hint, we first determine the derivative of y(u) = cos™!(u~"):

dy -1 -1 1

du~ T—u2 > w2 —1

Now, returning to the geodesic, rewrite it as
2
ot — 2p? = 22,
dp
2 2N1/2
—c =cf—.
p(p ) P

Setting p = cu,

du
202 — 2 = 2L
uc-(u ) c 'Bdé
Bdu
d0 = ———,
u(u? — 112

which integrates to

(1
6 = Bcos — ) +k,
u
using the result from the hint.
Since the geodesic must pass through both (R, —0y, « R) and (R, 6y, o R), we must have
k = 0and

6() C
COS — = —.
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Further, at a general point on the geodesic,

0 c
cos — = —.
P

Eliminating ¢ then shows that the geodesic on the cone that joins the two given points is

_ Rcos(y/p)
PO = "cose/p)

12.9 You are provided with a line of length 7a/2 and negligible mass and some lead shot of total mass
M. Use a variational method to determine how the lead shot must be distributed along the line if
the loaded line is to hang in a circular arc of radius a when its ends are attached to two points at the
same height. Measure the distance s along the line from its center.

We first note that the total mass of shot available is merely a scaling factor and not a
constraint on the minimization process.
The length of string is sufficient to form one-quarter of a complete circle of radius a,
and so the ends of the string must be fixed to points that are 2a sin(r /4) = \/2a apart.
We take the distribution of shot as p = p(s) and have to minimize the integral
[ gy(s)p(s)ds, but subject to the requirement [ dx = a/./2. Expressed as an integral
over s, this requirement can be written

a /s=7m/4 J /na/4(1 /2)1/2 J
= X = -y S,
\/2 s=0 0

where the derivative y’ of y is with respect to s (not x).
‘We therefore consider the minimization of f F(y,y',s)ds, where

F(y,y'.s)=gyp+1/1 -y~

The EL equation takes the form
d (0F\ 0F
ds \dy') 3y’
d -y
A (—/2) = 8p(s),

_)"y/ * / /
——=— = [ gp(s)ds' = gP(s),
Vvi—=y 0

since y'(0) = 0 by symmetry.
Now we require P(s) to be such that the solution to this equation takes the form of an
arc of a circle, y(s) = yo — a cos(s/a). If this is so, then y'(s) = sin(s/a) and

—Asin(s/a) .
cos(s/a)

P(s).
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When s = wa/4, P(s) must have the value M /2, implying that A = —Mg/2 and that,
consequently,

=Y m(3)
s)=—tan(—).
2 a
The required distribution p(s) is recovered by differentiating this to obtain

A general result is that light travels through a variable medium by a path that minimizes the travel
time (this is an alternative formulation of Fermat’s principle). With respect to a particular cylindrical
polar coordinate system (p, ¢, z), the speed of light v(p, ¢) is independent of z. If the path of the
light is parameterized as p = p(z), ¢ = ¢(z), show that

V(0 + 29 + 1)
is constant along the path.
For the particular case when v = v(p) = b(a> + p?)"/?, show that the two Euler—Lagrange
equations have a common solution in which the light travels along a helical path given by ¢ =
Az + B, p = C, provided that A has a particular value.

In cylindrical polar coordinates with p = p(z) and ¢ = ¢(2),

1/2
dp\? L (d¢ 2

ds =11 — — dz.

s |:+(dz) +p (dz z

The total travel time of the light is therefore given by

L [0
v(p, @)
Since z does not appear explicitly in the integrand, we have from the general first integral
of the EL equations for more than one dependent variable that
(1402 +p%M" 2 1 p” L p*¢” _
v(p. ¢) v (L4 p% P22 v (L p 4 p2 )2
Rearranging this gives
L+ 7+ 02 — p — p?¢” = kv(1 + p”° + p?¢")'"2,
L=ku(l+p” + p7¢™)'",
= 21+ p” 4 p*¢*) = ¢, along the path.

Denoting (1 + ,0’2 + ,02¢’2) by (xx) for brevity, the EL equations for p and ¢ are, respec-
tively,

,0(}5/2 (**)1/2 ov B d |: /0/ i|’ (1)

v(kx)1/2 2 % T dz V() 1/2
12 2.4
and 0T _dl |,
v2 0¢  dz | v(xx)1/2
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Now, if v = b(a® + p?)'/?, the only dependence on z in a possible solution ¢ = Az + B
with p = C is through the first of these equations. To see this we note that the square
brackets on the RHSs of the two EL equations do not contain any undifferentiated
¢-terms and so the derivatives (with respect to z) of both are zero. Since dv/d¢ is also
zero, equation (2) is identically satisfied as 0 = 0. This leaves only (1), which reads

CA? (1404 C?2A%»)2pC

b(a2 4 C2)1/2(1 L1004+ C2A2)1/2 - bz(az 4 Cz)(az 4 C2)1/2 -

This is satisfied provided

AXa? + CH =1+ C?A%,

ie. A=al.

Thus, a solution in the form of a helix is possible provided that the helix has a particular
pitch, 2w a.

The Schwarzchild metric for the static field of a non-rotating spherically symmetric black hole of
mass M is given by

2GM (dr)? .
dsy) =c*(1- dt)} — —————— —r*(d0)* — r*sin? 0 (d¢)*.
(ds) c( c2r>() e (dp)
Considering only motion confined to the plane 6 = 7 /2, and assuming that the path of a small
test particle is such as to make [ ds stationary, find two first integrals of the equations of motion.
From their Newtonian limits, in which GM /r, 72 and r2¢? are all <« 2, identify the constants of
integration.

For motion confined to the plane 6 = /2, d6 = 0 and the corresponding term in the
metric can be ignored. With this simplification, we can write

) 1/2
ds = {6‘2 (1 - 2G2M) - i — r2¢? } dt.
c?r 1 - QR2GM)/(c?r)

Writing the terms in braces as {*x}, the EL equation for ¢ reads

d —r2p
dr ({**}1/2) —0=0
24

(s} 1/2 =A

=

In the Newtonian limit {**} — ¢? and the equation becomes r2¢ = Ac. Thus, Ac is a
measure of the angular momentum of the particle about the origin.

The EL equation for r is more complicated but, because ds does not contain ¢ explicitly,
we can use the general result for the first integral of the EL equations when there is more
. oF . .
than one dependent variable: F — Zqi Py k. This gives us a second equation as
- qi
]
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follows:

7 7 )

245
2 = @Gmy @] | iz T

{xx}1/% +

Multiplying through by {x%}'/? and canceling the terms in /> and ¢? now gives

, 2GM

r

Cc

2GM -2 V2
=B {CZ — r 2¢2}

- —r
r [1 —Q2GM)/(c?r)]

In the Newtonian limits, in which GM /r, 72 and r?¢? are all < ¢, the equation can be
rearranged and the braces expanded to first order in small quantities to give

( ) 2GM>{ , 2GM 72 2.2}”2
B=(c- ¢’ = - -
r r [1—(Q2GM)/(c?*r)]

B , 2GM AAGM i P
¢cB=c"— ..
r c2r 2¢2 2¢2

GM 1 .
=02—T+§(i’2+r2¢2)+~-- S

which can be read as “total energy = rest mass energy + gravitational energy + radial and
azimuthal kinetic energy”. Thus Bc is a measure of the total energy of the test particle.

Determine the minimum value that the integral
1
J= f (") +4x*(y) 1 dx
0

can have, given that y is not singular at x = 0 and that y(1) = y’(1) = 1. Assume that the Euler—
Lagrange equation gives the lower limit.

We first set y'(x) = u(x) with u(1) = y’(1) = 1. The integral then becomes
J = /01[)64(1/)2 +4x%u®)dx. (%)
This will be stationary if (using the EL equation)
%(2x4u’) — 8x%u =0,

8x3u’ + 2x*u” — 8x%u = 0,

x2u” + dxu' —4u = 0.
As this is a homogeneous equation, we try u(x) = Ax", obtaining

nn—1)4+4n—-4=0 = n=—-4orn=1.
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The form of y’(x) is thus
I A .
y(x):u(x)=—4+Bx with A+ B=1.
x

Further,

we-A B

X)=———+ — .

4 3x3 2

Since y is not singular at x = 0 and y(1) = 1, we have that A =0, B=1and C =
yielding y(x) = 1(1 4 x?). The minimal value of J is thus

1
2°

1 1
Jmin = / x*(1)? + 4x%(x)*1dx = / 5x4dx = [xS](l) =1.
0 0

12.17 Find an appropriate but simple trial function and use it to estimate the lowest eigenvalue A of
Stokes’ equation

d2y
T2 + Axy =0, y(0) = y(r) =0.

Explain why your estimate must be strictly greater than Ag.

Stokes’ equation is an SL equation with p = 1, ¢ = 0 and p = x. For the given boundary
conditions the obvious trial function is y(x) = sinx. The lowest eigenvalue Ao < I/J,

where
T T
T
1 =/ py’zdx:/ cos?xdx = =
0 0 2
T g
and J:f ,oyzdxzf x sin® x dx
0 0

= / 1x(1 — cos 2x) dx
0

|:x2:|n |:x sin2xi|” 1 /‘” sin 2x
=|—| —|= + = dx
4 1, 2 2 1o 2 2
2
1
Thus Ao < (37)/(37%) = 2/7.
However, if we substitute the trial function directly into the equation we obtain

—sinx + —xsinx = 0,
b4

which is clearly not satisfied. Thus the trial function is not an eigenfunction, and the actual
lowest eigenvalue must be strictly less than the estimate of 2/7.
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A drum skin is stretched across a fixed circular rim of radius a. Small transverse vibrations of the
skin have an amplitude z(p, ¢, ) that satisfies
1 8%z
Vizg=——
c? 012

in plane polar coordinates. For a normal mode independent of azimuth, in which case z =
Z(p) cos wt, find the differential equation satisfied by Z(p). By using a trial function of the form
a’ — p", with adjustable parameter v, obtain an estimate for the lowest normal mode frequency.

[The exact answer is (5.78)/%c/a.]
In cylindrical polar coordinates, (p, ¢), the wave equation
Vii=—=—

has azimuth-independent solutions (i.e. independent of ¢) of the form z(p,?) =
Z(p) cos wt, and reduces to

1d ( dZ) Za?
—— | p— ) coswt = ——— cos wt,

pdp \' dp c?
d dz L w? 70
dp p dp 2Pe="

The boundary conditions require that Z(a) = 0 and, so that there is no physical disconti-
nuity in the slope of the drum skin at the origin, Z’(0) = 0.

This is an SL equation with p = p, ¢ = 0 and weight function w = p. A suitable trial
function is Z(p) = a* — p", which automatically satisfies Z(a) = 0 and, provided v > 1,
has Z'(0) = —v,o"_llp:o =0.

We recall that the lowest eigenfrequency satisfies the general formula

“ N2 2
w_2</0[(p2) —42%1dp

2~ “
/ wZ?dp
0

a
> / pvip™ 2 dp
0

/ p(a’ — p") dp
0

a
/ V202 1y
0

= a
/ (pa2v_2pv+1av+p21)+l)dp
0

In this case
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(v2a®)/2v
= a2 Qg2 a2 2
2 v 2 T2
1 v(v +2)2v +2)

az (v+2)Q2v +2) —4Q2v +2) +2(v +2)
w4+
- va? )

Since v is an adjustable parameter and we know that, however we choose it, the resulting
estimate can never be less than the lowest true eigenvalue, we choose the value that
minimizes the above estimate. Differentiating the estimate with respect to v gives

Vv +3) = (¥ +3+2)=0 = vV-2=0 = v=2
Thus the least upper bound to be found with this parameterization is

2 2
, ¢ (\/2+2)(\/2+1)_ c ) _ 12€
0 < — NE =57 W2+2° = w=(583) —

As noted, the actual lowest eigenfrequency is very little below this.

12.21 For the boundary conditions given below, obtain a functional A(y) whose stationary values give
the eigenvalues of the equation

dzy

d
—= +(2+x)£ fAy=0, O =0, y(2)=0.

1+ x)

Derive an approximation to the lowest eigenvalue Ao using the trial function y(x) = xe™*/2. For
what value(s) of y would

—x/2

y(x) = xe + Bsinyx

be a suitable trial function for attempting to obtain an improved estimate of 1¢?
Since the derivative of 1 + x is not equal to 2 + x, the given equation is not in self-adjoint
form and an integrating factor for the standard form equation,

d’y 2+xdy Ay
dx2  14+xdx 1+x

is needed. This will be

exp{/xiizmt}:exp{/x(l—l-l_i_%) du}:e"(l—l—x).

Thus, after multiplying through by this IF, the equation takes the SL form

[(1+x)eyT +re’y =0,

with p(x) = (1 4+ x)e*, g(x) = 0 and p(x) = €*.
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The required functional is therefore

S+ x)ety™? + 0] dx

A(y) =
f02 y2e* dx

9

provided that, for the eigenfunctions y; of the equation, [ yip(x) y; (x)](z) = 0; this condition
is automatically satisfied with the given boundary conditions.

For the trial function y(x) = xe /2, clearly y(0) =0 and, less obviously, y'(x) =
(11— %x)e_x/ 2, making y'(2) = 0. The functional takes the following form:

f02(1 + x)e* (1 — %x)ze_x dx
f02 xZe Ye* dx
_ [0t =5x) dx
f02 x2dx
foz (1—x?+ x>+ 1x¥) dx
N 8/3
3 ) 38 L 16\ 3
-8 43 16) 8
Thus the lowest eigenvalue is < %
We already know that xe*/? is a suitable trial function and thus y,(x) = sin yx can be
considered on its own. It satisfies y,(0) = 0, but must also satisfy y5(2) = y cos(2y) = 0.
This requires that y = %(n + %)7‘[ for some integer n; trial functions with y of this form

can be used to try to obtain a better bound on A¢ by choosing the best value for n and
adjusting the parameter .

A

The unnormalized ground-state (i.e. the lowest-energy) wavefunction of the simple harmonic oscil-
lator of classical frequency w is exp(—ax?), where o = mw/2%. Take as a trial function the
orthogonal wavefunction x2"*! exp(—ax?), using the integer n as a variable parameter, and apply
either Sturm-Liouville theory or the Rayleigh—Ritz principle to show that the energy of the second
lowest state of a quantum harmonic oscillator is < 37iw/2.

We first note that, for n a non-negative integer,

00
L2 o2
/ x2n+le ax” ,=ax” 1y ()

ee}

on symmetry grounds and so confirm that the ground-state wavefunction, exp(—ax?), and
the trial function, Y, = x*"*! exp(—ax?), are orthogonal with respect to a unit weight
function.
The Hamiltonian for the quantum harmonic oscillator in one dimension is given by
wod: ko,

H=—— " 42
2mdx2+2x
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This means that to prepare the elements required for a Rayleigh—Ritz analysis we will need
to find the second derivative of the trial function and evaluate integrals with integrands of
the form x" exp(—2ax?). To this end, define

> n —2ax? . . n—1
I, = x"e dx, with recurrence relation I,, = ——1,,_».
—oo 4o
Using Leibnitz’ formula shows that

d*Yont1
dx?

= [2n(2n + Dx™" +22n + D)(—2a)x>*""

+ (4a2x2 _ 20l)x2"+1] efotxz

= [2n(2n + Dx? 7t —2(4n + 3yax? ! 4 4a2x2n+3] oo

Hence, we find that (H) is given by

B[

2n+1 —ax2d2w2”+1 k OO 2 4n+2 —2ax?
- X e — dx + = x“x e dx
2m J_o dx o
2

7 k
= —% [2]’1(21’1 + 1)I4n - 2(47’1 + 3)0[14n+2 + 40[214,1+4:| + §I4n+4

72 [2n(2n + Dda 402(4n + 3) k(4n + 3)
= I4n+2 - - . < + )

. —2(n +3
om | dn+1 (n+ 3o+ —7 8at

where we have used the recurrence relation to express all integrals in terms of Iy,;.
This has been done because the denominator of the Rayleigh—Ritz quotient is this (same)
normalization integral, namely

o0
*
/ Vo1 Vonr1 dx = lypyo.
—00

Thus, the estimate E», = (H)/l4,42 1S given by

fila (1612 +8n — 1602 — 16n —3\  k(4n +3)
Eyp=——— +
2m 4n + 1 S8«
_ Ra8n+3  k(@n+3)

C 2m 4n+1 8
k
Using w®> = — and o = me then yields
m 2h

hw 8n2 + 12n+3
2 4n + 1 ’

fiw <8n—|—3

Eyp1 = — a1

dn+3) =
1 +n+>

For non-negative integers n (the orthogonality requirement is not satisfied for non-integer
values), this has a minimum value of %ha) when n = 0. Thus the second lowest energy
level is less than or equal to this value. In fact, it is equal to this value, as can be shown by
substituting ¥r; into HyYr = Ev.
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The upper and lower surfaces of a film of liquid, which has surface energy per unit area (surface
tension) y and density p, have equations z = p(x) and z = ¢(x), respectively. The film has a
given volume V (per unit depth in the y-direction) and lies in the region —L < x < L, with
p0) =¢g(0) = p(L) = q(L) = 0. The total energy (per unit depth) of the film consists of its
surface energy and its gravitational energy, and is expressed by

E=1pg [t (P —qdx+y [f [+ pD2 4+ dx.

(a) Express V in terms of p and g.
(b) Show that, if the total energy is minimized, p and g must satisfy

2 q/2
(+pD)72 (A +¢D)7

(c) As an approximate solution, consider the equations

= constant.

p = a(L — |x]), q = b(L — |x]),

where a and b are sufficiently small that a® and b? can be neglected compared with unity. Find
the values of a and b that minimize E.

(a) The total volume constraint is given simply by

L
Vz/ [p(x) —g(x)]dx.
—L

(b) To take account of the constraint, consider the minimization of E — AV, where A is an
undetermined Lagrange multiplier. The integrand does not contain x explicitly and so we
have two first integrals of the EL equations, one for p(x) and the other for ¢(x). They are

1 2 2 12N1/2 12N1/2 / yp' .
and

lpg(p2 — ) +yA+ P 4y + gD —ap —q) - q’y—q/ = k.

2 (144172

Subtracting these two equations gives
2 q/2

U+ pD2 (L4 gD)P

= constant.
©If
p =a(L —|x)), g = b(L — |x]),

the derivatives of p and g only take the values +-a and 4b, respectively, and the volume
constraint becomes

L
V=/(a—b)(L—lxl)dx:(a—b)L2 = b=a-——.
—L
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The total energy can now be expressed entirely in terms of a and the given parameters, as
follows:

1 L
E = Epg/ (@* = bH)(L — |x])*dx + 2y L(1 +a®)'? + 2y L(1 + bH)'/?
-L

1 2L3
= 5pg(a2 — 192)T +2yL(1 + 3a* + 1 + 5b%) + O(a*) + O(b*)

%

L3
1% [az_(“—%)2]+2)/L[2+%a2+%(a_%)2]

3
pogl? (2aV  V? av.  V?
= 2yL |2 - —
3 <L2 )L (2te - m )
This is minimized with respect to a when
20gL’V 2yLV
T + 4)/La - L2 = O,
% gV
= 2L 6y’
|4 pgV
h=—— 57
= 212 6y

As might be expected, || > |a | and there is more of the liquid below the z = 0 plane
than there is above it.
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Solve the integral equation

/oo cos(xv)y(v)dv = exp(—x2/2)
0

for the function y = y(x) for x > 0. Note that for x < 0, y(x) can be chosen as is most convenient.

Since cos uv is an even function of v, we will make y(—v) = y(v) so that the complete
integrand is also an even function of v. The integral / on the LHS can then be written as

oo (e9]

. 1 .
e’'y(w)dv = 5/ e*’y(v)dv,

—0o0

1= %/w cos(xv)y(v)dv = %Re /

oo —00

the last step following because y(v) is symmetric in v. The integral is now +/ 27 x a Fourier
transform, and it follows from the inversion theorem for Fourier transforms applied to

%foo e y(v)dv = exp(—x?/2)

o0
that
2 [ .
Yo =5 [ e e dy
T J-o
1

oo
— _/ e*(u+ix)2/267x2/2 dx
T J-c

= l V2 e 12
T

— / 2 e—x2/2
T

Although, as noted in the question, y(x) is arbitrary for x < 0, because its form in this
range does not affect the value of the integral, for x > 0 it must have the form given. This
is tricky to prove formally, but any second solution w(x) has to satisfy

/OO cos(xv)[y(v) — w()]dv =0
0

for all x > 0. Intuitively, this implies that y(x) and w(x) are identical functions.
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Convert
X
@ =expr+ [ = nredy
0
into a differential equation, and hence show that its solution is

(a + Bx)expx + y exp(—x),

where o, B, y are constants that should be determined.

We differentiate the integral equation twice and obtain

Fw=e e -nfm+ [ o,
') =€ + fx).
Expressed in the usual differential equation form, this last equation is
f"(x) — f(x) = e*, for which the CFis f(x) = Ae* + Be™*.

Since the complementary function contains the RHS of the equation, we try as a PI
f(x) = Cxe*:

Cxe* +2Ce* —Cxe' =¢' = ,8=C=%.

The general solution is therefore f(x) = Ae* + Be™ + %xe‘.

The boundary conditions needed to evaluate A and B are constructed by considering
the integral equation and its derivative(s) at x = 0, because with x = 0 the integral on the
RHS contributes nothing. We have

fO="+0=1 = A+B=1
and ffO=e"4+0=1 = A-B+i=1
Solving these yieldsa = A = % andy = B = i and makes the complete solution

3 1,—x 4 1
f(x)=3€e" + e + sxe’.

Solve for ¢(x) the integral equation

sw=rw+a [ [(2) +(2)] o0

where f(x) is bounded for 0 < x < 1 and —% <n< %, expressing your answer in terms of the

quantities F,, = fol FO)y™dy.

(a) Give the explicit solution when A = 1.

(b) For what values of A are there no solutions unless F., are in a particular ratio? What is this
ratio?

This equation has a symmetric degenerate kernel, and so we set

d(x) = f(x)+ax" +ax™",
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giving

_ 1 n n
M=f <X—n+y—n> [LfO)+ay" +ay™ 1dy
A 0o \Y X

1 1
:x”/ —f(:)dy+x_”/ V' f(y)dy + aix"
o Y 0
1

1
+a2x”+a1x”/ yz"dy+a2x”/ y*Z”dy
0 0

' (F a4+ —2 V4x"(F +a+—2).
1—2n n+ 1

This is consistent with the assumed form of ¢(x), provided

ap a
=A| Fon d =A|Fy .
ap ( +(11+1_2n> and ap ( +a2+2n—|—1>

These two simultaneous linear equations can now be solved for a; and a;.
(a) For A = 1, the equations simplify and decouple to yield

ap=—1-=2n)F_, and a; =—(+2n)F,,
respectively, giving as the explicit solution
o) = fx)—A+2n)Fx" — (1 —2n)F_,x".

(b) For a general value of A,

(I —=Ma; —

a2=)\F7n7
1—2n

- 1 — May = AF,.
1_|_2n111+( )az

The case A = 0 is trivial, with ¢(x) = f(x), and so suppose that A # 0. Then, after
being divided through by A, the equations can be written in the matrix and vector form

Aa=F:
1, __1
A 1—2n a _ F—n
_ 1_1 (“2>_<Fﬂ>'
14+2n A

In general, this matrix equation will have no solution if |A| = 0. This will be the case if

1 12 1 _o
A 1—4n2

which, on rearrangement, shows that A would have to be given by
1 1
1+ ——.
A V1 —4n?
1

We note that this value for A is real because n lies in the range —5 <n < % In fact
—00 <A< % Even for these two values of A, however, if either F,, = F_,, = 0 or the
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matrix equation
+ 1 1
1 —4n? 1 —2n ay F_,
T T A v
1+ 2n V1 —4n?
is equivalent to two linear equations that are multiples of each other, there will still be a
solution. In this latter case, we must have

Again we note that, because of the range in which r lies, this ratio is real; this condition
can, however, require any value in the range —oo to oo for F, /F_,.

13.7 The kernel of the integral equation

b
Y = A / K, ¥ G)dy

has the form
o]
K(-xv )’) = Z hn(x)gn(y),
n=0
where the £, (x) form a complete orthonormal set of functions over the interval [a, b].
(a) Show that the eigenvalues X; are given by
M —x"Y =0,

where M is the matrix with elements
b
My; = / grw)h;(u)du.

If the corresponding solutions are ¥®(x) = > °° ' ah, (x), find an expression for a®.

n=0"n n
(b) Obtain the eigenvalues and eigenfunctions over the interval [0, 27 ] if

oo

1
K(x,y)= Z - COS nX COSny.

n=1

(a) We write the ith eigenfunction as

YO =Y ah,(x).
n=0

From the orthonormality of the £, (x), it follows immediately that
b
ay’ = f hon ()Y () dx.

However, the coefficients @) have to be found as the components of the eigenvectors a‘”)
defined below, since the ") are not initially known.
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Substituting this assumed form of solution, we obtain

o0 b 00 o
S D) = A / > h@)gn) Y @ hi(y) dy
4 p=0 =0

m=0
= )w' Z a/(l)Mnlhn(x)-
n,l

Since the {A,} are an orthonormal set, it follows that

oo
a::;) = )\i Za[(l)Mnlamn = A Z Mmlal(l)a
n,l =0

ie. (M- "ha? =o.

Thus, the allowed values of A; are given by [M — A~!I| = 0, and the expansion coefficients
a') by the components of the corresponding eigenvectors.
(b) To make the set {h,(x) = cosnx} into a complete orthonormal set we need to add
the set of functions {n,(x) = sin vx} and then normalize all the functions by multiplying
them by 1//7. For this particular kernel the general functions g,(x) are given by g, (x) =
n~'/m cosnx.

The matrix elements are then

2w

My = / Lcosju ﬁcosku du = zékj,
0 k k

N

2
Mk,,=/ —sinvuﬂcoskuduzo.
o T k

Thus the matrix M is diagonal and particularly simple. The eigenvalue equation reads
o0
> (T8 =278 ) e =0,
j=0

giving the immediate result that A, = k /7 with @\’ = 1 and all other aﬁk) =a® = 0. The
eigenfunction corresponding to eigenvalue k /7 is therefore

v Ox) = hp(x) = L cos kx
7 .

For f(¢) = exp(—t%/2), use the relationships of the Fourier transforms of f’(¢) and ¢f (¢) to that of
£ (@) itself to find a simple differential equation satisfied by f(w), the Fourier transform of f(z), and
hence determine f(w) to within a constant. Use this result to solve for A(z) the integral equation

o0
/ e 21y d = 3518,
—0o0

As a standard result,

Flro]=iof(),
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though we will not need this relationship in the following solution.
From its definition,

Fltf)l= tf(t)e " dt

1
5.
- —11 = <\/_/ F@) _”"tdt) é.

Now, for the particular given function,

o 1 2 :
f(a)) — _/ e—t /2 e—zwt dt
V21
1 e—t2/2 —iwt e ! /2 —iwt
— . dt
27T —lw \/ /
1 df
0— L ;4L
iw dw
Hence,
df . . N
ﬁ:—wf = lnfz—%a)z—i—k = szefwz/z, (€))]

giving f(w) to within a multiplicative constant. Now, we are also given

oo
/ e—t([—Zx)/Z l’l(t) dt = e3x2/8’
—00
o0 2 2 2
= f e TR p(ryde = 7,
oo

= / ey dt = e 18, (%)
—00

The LHS of (xx) is a convolution integral, and so applying the convolution theorem for
Fourier transforms and result (x), used twice, yields

V2rAe i) = j:[e—<x/2>2/2] — Ae—COr2,

= m}z(w) — 302 e*(‘/S“’)z/z,

1 . 1 .
= h(t)= ——— e Vo S,
V2w A V2w A

We now substitute in (xx) to determine A:

o0
1
—(x=0)?2)2 —12/6 ;. _ —x?/8
e —e dt =e ,
V/—oo A 2T A

1 )
/ e—2t2/3 ext e—x2/2 ex2/8 dt = 1

V2T A

1 /00 2(; 3x>2 b
exp| —=(t—— =1.
VoAl P 3T
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From the normalization of the Gaussian integral, this implies that

1 2
V2rA 2w )3

which in turn means A = ,/3/2, giving finally that
2
h(t) = ) —e " 1°.
3n

13.11 At an international “peace” conference a large number of delegates are seated around a circular
table with each delegation sitting near its allies and diametrically opposite the delegation most
bitterly opposed to it. The position of a delegate is denoted by 6, with 0 < 6 < 2. The fury
f(0) felt by the delegate at 6 is the sum of his own natural hostility 4(0) and the influences on
him of each of the other delegates; a delegate at position ¢ contributes an amount K (6 — ¢) f(¢).
Thus

2w
1O =h®)+ [ KO-/ @)do.
Show that if K () takes the form K () = ko + k; cos ¢ then
fO)=h®)+ p+qcosb + rsinb

and evaluate p, g and r. A positive value for k; implies that delegates tend to placate their
opponents but upset their allies, whilst negative values imply that they calm their allies but infuriate
their opponents. A walkout will occur if f(6) exceeds a certain threshold value for some 6. Is this
more likely to happen for positive or for negative values of k;?

Given that K (1) = ko + ki cos ¥, we try a solution f(6) = h(0) + p + g cos6 + r siné,
reducing the equation to

p + gcosf +rsinf

2
= / [ko + k1(cos 6 cos ¢ + sin 8 sin ¢)]
0
x [h(p) + p + g cos¢ + rsing] do
=ko(H 4+ 2mp) + ki(H.cosO + Hgsinf + wq cosO + mrsinf),

where H = fozn h(z)dz, H. = foh h(z)coszdz and Hy = fOZH h(z)sinzdz.
Thus, on equating the constant terms and the coefficients of cos 8 and sin 6, we have

koH + 2kop = koH

= T = —)

P =ko op p 1 — 27ko
ki H,

q=kH.+kirq = ¢q=-——,
1—/(17'[
ki H,

r=kiHs+kinr = r=——.
1—k17l'
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And so the full solution for f(0) is given by

F0) = h@oy+ 0 K o B g
= COS Sin
1—27Tk0 1—](17'[ l—klj'[
koH k
= hO) + ———— 4 — L (B2 + H2)" cos(0 — o),

1—27‘[/{0 1—k17‘[

where tano = H/H..

Clearly, the maximum value of f(6) will depend upon A(6) and its various integrals,
but it is most likely to exceed any particular value if k, is positive and ~ 7 ~!. Stick with
your friends!

The operator M is defined by

oo

M[f(x) E/ K(x,y)f(y)dy,

—0Q
where K (x, y) = 1 inside the square |x| < a, |y| < a and K(x, y) = 0 elsewhere. Consider the
possible eigenvalues of M and the eigenfunctions that correspond to them; show that the only
possible eigenvalues are 0 and 2a and determine the corresponding eigenfunctions. Hence find the
general solution of

[e¢)

F) = g0 + A / K, ) f)dy.

—0o0

From the given properties of K(x, y) we can assert the following.

(i) No matter what the form of f(x), M f(x) = 0if |x| > a.

(ii) All functions for which both ffu f(»)dy =0and f(x) =0 for |x| > a are eigen-
functions corresponding to eigenvalue 0.

(iii) For any function f(x), the integral | fa f(¥)dy is equal to a constant whose value is
independent of x; thus f(x) can only be an eigenfunction if it is equal to a constant, u, for
—a < x < a and is zero otherwise. For this case ffa f(y)dy = 2ap and the eigenvalue
is 2a.

Point (iii) gives the only possible non-zero eigenvalue, whilst point (ii) shows that
eigenfunctions corresponding to zero eigenvalues do exist.

Denote by S(x, a) the function that has unit value for |x| < @ and zero value otherwise;
K(x,y) could be expressed as K(x,y) = S(x,a)S(y, a). Substitute the trial solution
f(x) = gx)+ kS(x, a) into

Fr) = (o) + f K ) fO)dy.
This gives
gx) +kS(x,a) =gx)+ k/ K, lgy)+kS(y,a)ldy,

a

kS(x,a) = AS(x, a) g(y)dy + Ak2aS(x, a).

—a
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Here, having replaced K (x, y) by S(x, a)S(y, a), we use the factor S(y, a) to reduce the
limits of the y-integration from 00 to Z-a. As this result is to hold for all x we must have

k rG here G ’ (y)d
= — ( = .
ooy Where - g)dy

The general solution is thus

O+ —C for x| <
x)+ ——— for |x| < a,
g 1— 2an =

g(x) for |x| > a.

fx) =

Use Fredholm theory to show that, for the kernel
K(x,z) = (x + 2)exp(x — 2)
over the interval [0, 1], the resolvent kernel is

exp(x —2)[(x +2) — A(3x + $z —xz— 1)]
R(x,z;1) = XV
1—n— 1y

and hence solve
1
y(x) =x* + 2/ (x + z)exp(x — 2) y(z) dz,
0

expressing your answer in terms of 7, where [, = fol u" exp(—u)du.

We calculate successive values of d, and D,,(x, z) using the Fredholm recurrence relations:

b
dn:/ anl(xyx)d-x,

b
D,(x,z) = K(x, 2)d, —n/ K(x,z1)Dp_1(z1, 2) dz1,

starting from dy = 1 and Dy(x, z) = (x + z)e* ~*. In the first iteration we obtain

1
d; =/ (u+ue""du=1,
0

1
Di(x,2)=(x+2e" () =1 [ (x+wu)e"(u+z)e" “du
0
1
=42 = | [xz+ & +u+u’ldu
0

= e"*z[%(x +z)—xz7— %]



191 Integral equations
Performing the second iteration gives

1
_ u—u 21 _1_1_1 _ 1
dz—/oe (u u 3)du_

Dy(x,2) = (x +2)e" (= ¢)

1
—2/ (x—i-u)ex*“e”*z[
0
— el 2 (i i) (

=
—~
<
+
a\l
~
|
<
N
|
I—
fu—
QU
<

B AT S [

Since Dy(x, z) = 0,d3 = 0, D3(x, z) = 0, etc. Consequently both D(x, z; 1) and d()) are
finite, rather than infinite, series:
D(x,z;0) = (x + 2" F = A[3(x +2) —xz — 3|7,
1 5
mm:1-x+07)5

The resolvent kernel R(x, z; 1), given by the ratio D(x, z; A)/d(}), is therefore as stated
in the question.

— 142
=1-i— 522

For the particular integral equation, A = 2 and f(x) = x2. It follows that

d0)=1=2=h = =4t Dlr.zi)= (2 P

The solution is therefore given by
1
y(x) = fx) +)»/ R(x, z; M) f(2)dz
0

[ e
0

7 dz
3

1
=x*- / Bxz> 4+ 2He 7 dz
0

= x> = BxL + h)ée .
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Find an analytic function of z = x + iy whose imaginary part is

(ycosy+ xsiny)expx.
If the required function is f(z) = u + iv, with v = (ycos y + x sin y) exp x, then, from
the Cauchy—Riemann equations,

dv . . ou
— =¢'(ycosy+xsiny +siny) = ——.
3x ay

Integrating with respect to y gives

u= —e’“/(ycosy+xsiny+siny)dy+f(x)

—e* (ysiny—/sinydy—xcosy—cosy) + f(x)

= —e*(ysiny +cosy —xcosy —cosy)+ f(x)
=e"(xcosy — ysiny) + f(x).

We determine f(x) by applying the second Cauchy—Riemann equation, which equates
ou/dx with dv/dy:

ou X . /
Py =e'(xcosy —ysiny +cosy)+ f'(x),
X
av .
— =¢€"(cosy — ysiny + x cos y).
dy
By comparison, ffx)=0 = f(x)=k,

where k is a real constant that can be taken as zero. Hence, the analytic function is given
by

f@ =u+iv=e"(xcosy—ysiny+iycosy+ixsiny)
=e'[(cosy +isiny)(x +iy)]
=" eV (x +iy)

= zet.

The final line confirms explicitly that this is a function of z alone (as opposed to a function
of both z and z*).
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Find the radii of convergence of the following Taylor series:

) e ) n'z"
@) = )Y
n=2

n=1

00 00 i n?
© Y ™, (@ Z( n”) 2", with p real.
n=1 n=1

In each case we consider the series as ), a,z" and apply the formula

— = lim |a,|""
R n—00

derived from considering the Cauchy root test for absolute convergence.

1 1\
(a) — = lim | — =1, since —n 'Inlnn — 0asn — oo.
R n—-oo\Inn

Thus R = 1. For interest, we also note that at the point z = 1 the series is

NE
Z|

V
N
s |

which diverges. This shows that the given series diverges at this point on its circle of
convergence.

1 o /an\"
o pem ()"

Since the nth root of n! tends to n as n — oo, the limit of this ratio is that of n/n, namely
unity. Thus R = 1 and the series converges inside the unit circle.

1 T Inm\1/n _ . (Inn)/n
© = Am )= lim
In
= lim exp[—nlnn] =exp(0) = 1.
n—00 n

Thus R = 1 and the series converges inside the unit circle. It is obvious that the series
diverges at the point z = 1.

2= 1/n

1 n n
d - = lim [(”J“”) } — lim <”+p)
R n—o00 n n—00 n

lim <1+£) =e’.
n

n—-oo

Thus R = e~? and the series converges inside a circle of this radius centered on the origin
z=0.
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Determine the types of singularities (if any) possessed by the following functions at z = 0 and
7 = 00:

@ =27 b 1+2)/2%, (c) sinh(1/z),

@) e*/2, @ '/ + D)V

(a) Although (z — 2)~! has a simple pole at z = 2, at both z =0 and z = oo it is well
behaved and analytic.

b) Near z = 0, f(z) = (1 + z°)/z* behaves like 1/z% and so has a double pole there. It
is clear that as z — 0o f(z) behaves as z and so has a simple pole there; this can be made
more formal by setting z = 1/& to obtain g(£) = £ + £~ ! and considering & — 0. This
leads to the same conclusion.

(c) As 7 — o0, f(z) = sinh(1/z) behaves like sinh & as & — 0, i.e. analytically. How-
ever, the definition of the sinh function involves an infinite series — in this case an infinite
series of inverse powers of z. Thus, no finite n for which

liII(l) [Z" f(z)]1is finite
—>

can be found, and f(z) has an essential singularity at z = 0.

(d) Near z = 0, f(z) = ¢%/z> behaves as 1/z> and has a pole of order 3 at the origin.
At z = oo it has an obvious essential singularity; formally, the series expansion of e!/¢
about & = 0 contains arbitrarily high inverse powers of .

(e)Nearz = 0, f(z) = z'/%/(1 + z%)!/2 behaves as z'/? and therefore has a branch point
there. To investigate its behavior as z — oo, we set z = 1/& and obtain

5—1 1/2 £ 1/2
f(Z)=g(§)=<l+§_2> =<§2+1> ~ Va5 — 0.

Hence f(z) also has a branch point at z = oo.

Find the real and imaginary parts of the functions (i) z2, (ii) %, and (iii) cosh 7 z. By considering
the values taken by these parts on the boundaries of the region x > 0, y < 1, determine the solution
of Laplace’s equation in that region that satisfies the boundary conditions

¢(x,0) =0, #(0, y) =0,
¢(x, 1) =x, o(l,y) =y +sinmy.

Writing fi(z) = ux(x, y) + ivi(x, y), we have

i) fik) = zZ2=@x+iy)?
= ulzxz—y2 and v; = 2xy,
() foz) = e =T =e (cosy+isiny)

= upy=-ce cosyandv, =e*siny,
(i) f3(z) = coshmz =coshmxcosmy+isinhmxsinmy
= u3 = coshmwxcosmy and v3 = sinhx sinmy.

All of these u and v are necessarily solutions of Laplace’s equation (this follows from
the Cauchy-Riemann equations), and, since Laplace’s equation is linear, we can form
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any linear combination of them and it will also be a solution. We need to choose the
combination that matches the given boundary conditions.

Since the third and fourth conditions involve x and sin 7y, and these appear only in v,
and v3, respectively, let us try a linear combination of them:

¢(x,y) = A(2xy) + B(sinhx sinmy).

The requirement ¢(x, 0) = Ois clearly satisfied, as is ¢(0, y) = 0. The condition ¢(x, 1) =
x becomes 2Ax 4+ 0 = x, requiring A = % and the remaining condition, ¢(1,y) =y +
sin 'y, takes the form y + B sinh 7 sinty = y + sin 7wy, thus determining B as 1/ sinh 7.

With ¢ a solution of Laplace’s equation and all of the boundary conditions satisfied,
the uniqueness theorem guarantees that

sinhwx sinmy

dx,y) =xy+ -
sinh 7

is the correct solution.

The fundamental theorem of algebra states that, for a complex polynomial p,(z) of degree n, the
equation p,(z) = 0 has precisely n complex roots. By applying Liouville’s theorem, which reads

If f(z) is analytic and bounded for all 7 then f is a constant,

to f(z) = 1/p,(2), prove that p,(z) = 0 has at least one complex root. Factor out that root to obtain
pn—1(z) and, by repeating the process, prove the fundamental theorem.

We prove this result by the method of contradiction. Suppose p,(z) = 0 has no roots in
the complex plane, then f,(z) = 1/p,(z) is bounded for all z and, by Liouville’s theorem,
is therefore a constant. It follows that p,(z) is also a constant and that n = 0. However, if
n > 0 we have a contradiction and it was wrong to suppose that p,(z) = 0 has no roots; it
must have at least one. Let one of them be z = z;; i.e. p,(z), being a polynomial, can be
written p,(z) = (z — 21) pu—1(2).

Now, by considering f,_1(z) = 1/p,—1(z) in just the same way, we can conclude that
either n — 1 = 0 or a further reduction is possible. It is clear that n such reductions are
needed to make f a constant, thus establishing that p,(z) = 0 has precisely n (complex)
roots.

The function
f@=Q1-z5H"

of the complex variable z is defined to be real and positive on the real axis for —1 < x < 1. Using
cuts running along the real axis for 1 < x < +00 and —0o0 < x < —1, show how f(z) is made
single-valued and evaluate it on the upper and lower sides of both cuts.

Use these results and a suitable contour in the complex z-plane to evaluate the integral

I_/Oo dx
S x@2 =2

Confirm your answer by making the substitution x = sec 6.
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As usual when dealing with branch cuts aimed at making a multi-valued function into a
single-valued one, we introduce polar coordinates centered on the branch points. For f(z)
the branch points are at z = +1, and so we define r; as the distance of z from the point
1 and 6, as the angle the line joining 1 to z makes with the part of the x-axis for which
1 < x < 400, with 0 < 0; < 2x. Similarly, r, and 6, are centered on the point —1, but
6, lies in the range —m < 6, < 7.

With these definitions,

fR=01=2)"=01-2"01+2"
= [(=re™)re™)]"

— (V1V2)1/2ei(6]+92_n)/2.

In the final line the choice between exp(+im) and exp(—im) for dealing with the minus
sign appearing before r; in the second line was resolved by the requirement that f(z)
is real and positive when —1 < x < 1 with y = 0. For these values of z, r; =1 —x,
n=1+x,0; =m and 6, = 0. Thus,

f(Z) — [(1 _ x)(l +x)]l/2 e(?‘[+0*7‘[)/2 — (1 _ x2)l/2€i0 — +(1 _ x2)l/2’

as required.
Now applying the same prescription to points lying just above and just below each of
the cuts, we have

x>1,y=04 rn=x—-1 mn=x+1 6=0 6,=0
= f(Z) — (xz _ l)l/zei(0+0—n)/2 — _l'(xz _ 1)1/27
x>1,y=0_ rn=x—1 rn=x+1 6=2r 6,=0
= f(Z) — (xz _ l)l/zei(2ﬂ+07ﬂ)/2 — i(xz _ 1)1/2’
x<—1,y=04 rn=1-x rmn=—-x-1 6i=1 6,=mxm
= f(Z) — (xz _ l)l/zei(T[«HTfT[)/Z — l-(x2 _ 1)1/2’
x<—1,y=0_ n=1l1-x rmn=—-x-1 6i=n 6,=-7
i f(Z) — (xz _ l)l/zei(ﬂfﬂfn)/z — _i(x2 _ 1)1/2'

To use these results to evaluate the given integral /, consider the contour integral

_/ dz _/‘ dz
S JezQ =22 o2 f(2)

Here C is a large circle (consisting of arcs I'; and I'; in the upper and lower half-planes,
respectively) of radius R centered on the origin but indented along the positive and negative
x-axes by the cuts considered earlier. At the ends of the cuts are two small circles y; and y;
that enclose the branch points z = 1 and z = —1, respectively. Thus the complete closed
contour, starting from y; and moving along the positive real axis, consists of, in order,
circle y,, cut Cy, arc '}, cut C,, circle y,, cut Cs, arc I'; and cut Cy, leading back to y;.
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On the arcs T'; and I', the integrand is O(R™2) and the contributions to the contour
integral — 0 as R — oo. For the small circle y;, where we can set z = 1 + pe'® with
dz = ipe'® d¢, we have

/ dz _ /2” ipe'? o
W 20 DPA = 7 Jy (T4 pe?) 2+ pei) P(=peit)? %
and this — 0 as p — 0. Similarly, the small circle y, contributes nothing to the contour

integral. This leaves only the contributions from the four arms of the branch cuts. To relate
these to / we use our previous results about the value of f(z) on the various arms:

c d/ /Oo dx i1
onC,z =x an = =il;
e o i ==
c d/ /1 —dx i1
on C,, z = —x an = =il;
a o, Jo Al D)172]
C d/ /OO —dx i1
on C3,z = —x an = =il
» e R A N VN

C d/ /1 dx %
on C4, 7 = x an = — =il
e o ) xliG2— D]

So the full contour integral around C has the value 4i/. But, this must be the same as
27i times the residue of z7!(1 — z2)~!/2 at z = 0, which is the only pole of the integrand
inside the contour. The residue is clearly unity, and so we deduce that / = /2.

This particular integral can be evaluated much more simply using elementary methods.
Setting x = sec § with dx = sec 6 tan0 df gives

I_/‘OO dx
) x(x2 =12

/2 secHtanf do /2 b4
= = d6 = —,
o sech (seczf — 1)1/2 0 2

and so verifies the result obtained by contour integration.

The following is an alternative (and roundabout!) way of evaluating the Gaussian integral.

(a) Prove that the integral of [exp(i 7z2)]cosecr z around the parallelogram with corners £1/2 £+
R exp(im /4) has the value 2i.

(b) Show that the parts of the contour parallel to the real axis give no contribution when R — oo.

(c) Evaluate the integrals along the other two sides by putting z’ = r exp(ir/4) and working in
terms of 7’ + % and 7/ — % Hence by letting R — oo show that

R 2
/ e " dr =1.
—00
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Im z

L2 Ll
/4
® Re z

N —
N —

Figure 14.1 The parallelogram contour used in Problem 14.13.

The integral is

. ) el?TZ
e cosecmzdz = - dz
C c STz

and the suggested contour C is shown in Figure 14.1.

(a) The integrand has (simple) poles only on the real axis at z = n, where n is an integer.
The only such pole enclosed by C is at z = 0. The residue there is
inz?

. ze
a_; = lim =

1
>0sinwz T

The value of the integral around C is therefore 27ri x (') = 2i.
(b) On the parts of C parallel to the real axis, z = +Re™/* 4+ x', where —% <x' <
The integrand is thus given by

Nl

1 - .
f2) = — exp | in(+ Re'™/4 +x’)2]
sinmz i
1 - . .
= — exp|im (Rze”r/2 + 2Rx' ™% + x/2> ]
sinmz i
1 i 2miRx'
= — exp| —mR*+ ki (l—l—i)—l—irrx’z]
sinmz V2

=0 (exp[—ﬂ}_’?2 T \/271Rx/])

— 0as R — oo.

Since the integration range is finite (—% <x' < %), the integrals — 0 as R — oo.
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(c) On the first of the other two sides, let us set z = % + re™/* with —R < r < R. The
corresponding integral I; is

. 2
1 :/ e cosecmwzdz
Ly

eiﬂ/4 dr

R exp [in(% + rei”/“)z]
B ,/;R sin [n(% + rei”/4) ]
/R et exp(inre™*) exp(inrii)e’™* J

R cos(mrei™/4)

dr.

. . P _ 2
/‘R i exp(imre™*) e "
) cos(mrrei™/4)

Similarly (remembering the sense of integration), the remaining side contributes

/R i exp(—imrei™4) e
I, =—

- dr.
R —cos(mreiT/4)

Adding together all four contributions gives

dr,

040+ / " ilexplimre™™) + exp(—imre™) le
-R cos(mrei™/4)

which simplifies to

R
/ Die ™" dr.
—R
o0

From part (a), this must be equal to 2i as R — 00, and so / e dr = 1.

—00
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15.1

Many of the problems in this chapter involve contour integration and the choice of a suit-
able contour. In order to save the space taken by drawing several broadly similar contours
that differ only in notation, the positions of poles, the values of lengths or angles, or other
minor details, we make reference to Figure 15.1 which shows a number of typical contour

types.

In the method of complex impedances for a.c. circuits, an inductance L is represented by a complex
impedance Z; = iwL and a capacitance C by Z¢ = 1/(iwC). Kirchhoff’s circuit laws,

Z I; = 0 at a node and Z Z: 1, = Z V; around any closed loop,

i J

are then applied as if the circuit were a d.c. one.

Apply this method to the a.c. bridge connected as in Figure 15.2 to show that if the resistance
R is chosen as R = (L/C)"/? then the amplitude of the current I through it is independent of the
angular frequency w of the applied a.c. voltage Vj ',

Determine how the phase of I, relative to that of the voltage source, varies with the angular
frequency .

Omitting the common factor e/ from all currents and voltages, let the current drawn
from the voltage source be (the complex quantity) / and the current flowing from A to D
be I;. Then the currents in the remaining branches are AE : I — I}, DB : I} — I and
EB: [ — 11 =+ IR.

Applying }; Z;I; = }_; V; to three separate loops yields

1
loop ADBA ioL i + —— (I — Ir) = Vo,
ioC
1
loop ADEA ioLLi + RIg — — U — 1) =0,
ioC
1
loop DBED — (= I —iwL (I =+ 1) = Rl = 0.
iw
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B
T T
@r R / =
AN
(a) (b) (c)
T T
yr Y1
— 0 R 0| y
(d) (e) ()

(8) (h)

Figure 15.1 Typical contours for use in contour integration.

R 1!
hhas

Figure 15.2 The inductor—capacitor—resistor network for Problem 15.1.
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Now, denoting (LC)~! by @] and choosing R as (L/C)"/? = (wyC)~!, we can write these

equations as follows:
w? )
(1 — —2) Il — IR = l(,()CV(),

Eliminating / from the last two of these yields

2 2 . 2
(1+w—2>(1—‘”—2>11—<£+1)<1—‘”—2>1R:0.
w; w; wo wj

Thus,
w?
I+ 2 2 2 2
w; wy + o wyioCVy + Ig)
Ip=——77 5= - 5 > .
1+i— wolwy + iw) Wy —
wo

After some cancellation and rearrangement,

(0 — *) Ig = wo(wo — i®)(iwC Vo + Ig),

(iwwy — @°) Ir = wow(iwy + ©)CV,,
and so

iwy+ o (iwg + w) (—iwy — w)
. = woCVo— .
iwyg — w (iwg — w)(—iwy — w)

a)(z) — w? = 2iww

IR = a)oCV()

= a)()CVO

W + &?

From this we can read off

(a)2 — w2)2 + 4’ w? ] 2
0 0

[Ir| = woCVp [ = woCVp, i.e.independent of w,

W} + w?
and

—2wwy

2

¢ = phase of Iz = tan™! .
wj — w?

Thus Iz (which was arbitrarily and notionally defined as flowing from D to E in the
equivalent d.c. circuit) has an imaginary part that is always negative but a real part that
changes sign as w passes through wyp. Its phase ¢, relative to that of the voltage source,
therefore varies from 0 when w is small to —m when w is large.
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For the function

f(z)zln(”c),

Z—C

where c is real, show that the real part u of f is constant on a circle of radius c cosech u centered on
the point z = ¢ cothu. Use this result to show that the electrical capacitance per unit length of two
parallel cylinders of radii a, placed with their axes 2d apart, is proportional to [cosh™'(d /a)]~".

. <Z+c>
+1arg ,
z—¢

LGP+ GO+

From

Z+c¢

f(z):1n<z+c> —n
i

c

z—cC
we have that

Z+c¢
z—¢C

=1 - =
hem 2 a—ory T Tha—orty

The curve upon which u(x, y) is constant is therefore given by
(x? = 2cx + A + y?)e® = x* + 2xc + S + Y2
This can be rewritten as

X2 — 1) = 2xc(e® + D)+ Y2 — 1)+ (e* — 1) =0,
eZu

e —1
x? —2xccothu + y?> + 2 =0,

x% —2xc +y2+c2=0,

which, in conic-section form, becomes

2

(x — ccothu)? + y* = ¢? coth? u — ¢? = c*cosech’u.

This is a circle with center (c coth #, 0) and radius |c cosech u].

Now consider two such circles with the same value of |c¢ cosechu|, equal to a, but
different values of u satisfying c cothu; = —d and c cothu, = +d. These two equations
imply that u; = —u;, corresponding physically to equal but opposite charges — Q and +Q
placed on identical cylindrical conductors that coincide with the circles; the conductors
are raised to potentials u#; and u.

We have already established that we need ¢ coth u, = d and c cosech u; = a. Dividing
these two equations gives coshu, = d/a.

The capacitance (per unit length) of the arrangement is given by the magnitude of the
charge on one conductor divided by the potential difference between the conductors that
results from the presence of that charge, i.e.

0 1 1

X = P D
Uy — Uy 2up  2cosh™'(d/a)

C =

as stated in the question.
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By considering in turn the transformations
z=3cw+w™") and w=exp¢,

wherez = x +iy,w = rexpif,¢ = & + in and c is areal positive constant, show that z = c cosh ¢
maps the strip & > 0,0 < n < 2m, onto the whole z-plane. Which curves in the z-plane correspond
to the lines & = constant and 1 = constant? Identify those corresponding to £ =0, n =0 and
n=2m.
The electric potential ¢ of a charged conducting strip —c < x < ¢, y = 0, satisfies
¢ ~ —kIn(x? + y*)!/2 for large values of (x2 + y?)!/2,

with ¢ constant on the strip. Show that ¢ = Re [—k cosh™!(z /c)] and that the magnitude of the
electric field near the strip is k(c? — x%)~1/2.

We first note that the combined transformation is given by
c Z
z=3 (€ +ef)=ccosh¢ = ¢=cosh'Z.
c

The successive connections linking the strip in the ¢-plane and its image in the z-plane
are

z =ccosh¢ = ccosh(& +in)
= ccosh&cosn+icsinhésinn, withé > 0,0 <n < 2m,

re' = w = et = efe' withthe stripas 1 < r < 00,0 <6 < 2,

c
x+iy:z:5(w+w_l)

= %[r(cos@ +isinf) 4 r~'(cos@ —isinh)]

=S (r+ ) coso+iE (r— L) sine
—27” rCOS l27” rSlIl.

This last expression for z and the previous specification of the strip in terms of r and 6
show that both x and y can take all values, i.e. that the original strip in the ¢-plane is
mapped onto the whole of the z-plane. From the two expressions for z we also see that
x = ccoshé& cosn and y = c¢sinh§& sinn.

For & constant, the contour in the xy-plane, obtained by eliminating 7, is

)C2 y2

+
c2cosh’&  ¢2sinh*&

=1, ie.anellipse.

The eccentricity of the ellipse is given by

1/2 |

- cosh&’

<c2 cosh? &€ — ¢%sinh? & )
e =

c2cosh’ &
The foci of the ellipse are at + e x the major semi-axis, i.e. £1/cosh& x ccoshé = =+c.
This is independent of £ and so all the ellipses are confocal.
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Similarly, for  constant, the contour is

)C2 y2

c2cos?n  c?sin?p

=1.

This is one of a set of confocal hyperbolae.

H&=0 = y=0, x=ccosn.
This is the finite line (degenerate ellipse) on the x-axis, —¢c < x < c.

i)n=0 = y=0, x=ccoshé&.
This is a part of the x-axis not covered in (i), ¢ < x < oo. The other part, —co < x < —c,
corresponds to n = 7.

(i11) This is the same as (the first case) in (ii).

Now, in the ¢-plane, consider the real part of the function F(¢) = —k¢, with k real. On
& = 0[case (i) above | it reduces to Re {—ikn}, which is zero for all 7, i.e. a constant. This
implies that the real part of the transformed function will be a constant (actually zero) on
—c¢ < x < c in the z-plane.

Further,
(x% + yH1? = (c? cosh? & cos® i + ¢? sinh? & sin? n)!/?
~ %ceE for large &,
= £x ln(x2 + yz)l/2 -+ fixed constant.
Hence,

Re {—k¢) = —k& ~ —kIn(x? + y*)'/? for large (x> 4 y*)'/2.
Thus, the transformation
F()=—kt — f(z)=—kcosh™! :
c

produces a function in the z-plane that satisfies the stated boundary conditions (as well as
satisfying Laplace’s equation). It is therefore the required solution.

The electric field near the conducting strip, where y = 0 and 72 = x2, can have no
component in the x-direction (except at the points x = =£c¢), but its magnitude is still
given by

. k
- (c2 _ x2)1/2'

E=|f’(z)|=‘—

k
/22 — 2

Prove that if f(z) has a simple zero at 7o then 1/f(z) has residue 1/f’(zo) there. Hence evaluate

T H 9
/ sm. a6,
_pz a—sin@

where a is real and > 1.

If f(z) is analytic and has a simple zero at 7 = z then it can be written as

f@ =) az—2z)".  witha #0.
n=1
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Using a binomial expansion,

1 1
fx) >
ai(z — zo)(l + Z Zﬂ(z — zo)"_l)
n=2 1

1
= (1+bi(z—z20) + balz —20)* + ),
a1(z — 2o)

for some coefficients, b;. The residue at z = zq is clearly a; I
But, from differentiating the Taylor expansion,

f@) =) nayz—z)"",
n=1

= fl=a+0+0+ - -=ai,
. . 1
L.e. the residue = — can also be expressed as ———.
a J'(z0) .
Denote the required integral by / and consider the contour integral
7= / dz _ / 2izdz
- 1 -~ - Daiz — 72 1’
Ca—z—i(z—zl) c 2dlZ7 -+

where C is the unit circle, i.e. contour (c) of Figure 15.1 with R = 1. The denominator has
simple zeros at z = ai &+ —a% + 1 = i(a &+ +/a?> — 1). Since a is strictly greater than
1, o = i(a — ~/a? — 1) lies strictly inside the unit circle, whilst 8 = i(a + ~/a% — 1) lies
strictly outside it (and need not be considered further).

Extending the previous result to the case of h(z) = g(z)/f (z), where g(z) is analytic at
20, the residue of h(z) at z = 7 can be seen to be g(z0)/f”(zo). Applying this, we find that
the residue of the integrand at z = « is given by

2iz
2ai — 2z

_ io _ o
e ai—ait+iva—1 Ja?-1

Now on the unit circle, z = ¢’ with dz = i ¢ d6, and J can be written as

,_ /n 1i el? do _ /” i(cosf + i.sin9)d9‘
—_ Z(eie A o a —sinf
Hence,

I = —Re J = —Re 27i
a?—1

=271(\/%—1>.
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Although it is not asked for, we can also deduce from the fact that the residue at z = « is

purely imaginary that
T cosé
/ —F——df =0,
_r a—sin6

a result that can also be obtained by more elementary means, when it is noted that the
numerator of the integrand is the derivative of the denominator.

Prove that

L cosmx b1
— - —-m/2 _ —m
/0 4x4+5x2+1dx_6(4e e™) form > 0.

Since, when z is on the real axis, the integrand is equal to

im im
ez e

Re =Re - . . =,
2+ D@22+ 1) Z+i)z—DRz+i1)Q2z—1i)
eimz

we consider the integral of f(z) = - - - — around contour (d) in
(z+i)(z—)2z+ )2z —1i)

Figure 15.1.

As | f(z)| ~ |z|™* as z = oo and m > 0, all the conditions for Jordan’s lemma to hold
are satisfied and the integral around the large semi-circle contributes nothing. For this
integrand there are two poles inside the contour, at z =i and at z = %i . The respective
residues are

e M e ™M e—m/2 —2i€_m/2
Ty and 3 [ - =
2i3ii 6 5 (—=5)2i 3

The residue theorem therefore reads

/oo eimx J 40 = 2 ie ™ 2ie—m/2
Ty R 3 )

and the stated result follows from equating real parts and changing the lower integration
limit, recognizing that the integrand is symmetric about x = 0 and so the integral from 0
to oo is equal to half of that from —oo to oo.

Using a suitable cut plane, prove that if « is real and 0 < o < 1 then

00 L,—a
/ ud dx
0 l+x

has the value 7 cosec ra.

—a

. . . Z . .
As « is not an integer, the complex form of the integrand f(z) = 7 is not single-

valued. We therefore need to perform the contour integration in a cut plane; contour (f)
of Figure 15.1 is a suitable contour. We will be making use of the fact that, because the
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integrand takes different values on y; and y», the contributions coming from these two
parts of the complete contour, although related, do not cancel.

The contributions from y and I" are both zero because:
zz7¢ _ .
=z"" > 0as|z| = 0,since o < I;

(i) around y, |zf ()| ~

o

1
27"

(ii) around T, |zf (2)| ~ =z %— 0as|z| — oo, since o > 0.

Therefore, the only contributions come from the cut; on y;, z = xe%, whilst on y,,
z = xe*™ . The only pole inside the contour is a simple one at z = —1 = ¢'™, where the
residue is e '"*. The residue theorem now reads

00 Y« 00 x—ote—Zm'a )
0—|—/ dx—i—O—/ —dx =2mie "%,
o 1+x o 1+xem

o0 —
= (1- e_Z”io‘)/ Y dx = 2mie i,
0 1 +X

This can be rearranged to read

x = = — = —
1+x (1 — e=2mia)y — pina _ p=ina  gingg’

/"o x¢ 2mi e~im 2mi 7
0
thus establishing the stated result.

By integrating a suitable function around a large semi-circle in the upper half plane and a small
semi-circle centered on the origin, determine the value of

(] 2
1=/ Q%) 4
0 1+X2

and deduce, as a by-product of your calculation, that
* In
/ 2 ax=o.
0 1 —+ )Cz

The suggested contour is that shown in Figure 15.1(e), but with only one indentation y
on the real axis (at z = 0) and with R = oo. The appropriate complex function is

The only pole inside the contour is at z = i, and the residue there is given by

(Ini)>  (nl4i(w/2)*  n?
i+i 2i T

To evaluate the integral around y, we set z = p e’ with Inz =Inp +i6 and dz =
ip €'’ dO; the integral becomes

012 . 2

In“p+2i6lnp — 0O . .
/ pra > 25 ipe'® do, which — 0as p — 0.
. 1+ p?e?
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!and tends to zero

Thus y contributes nothing. Even more obviously, on I', |zf(2)] ~ z~
as |z| — oo, showing that I also contributes nothing.

On y,, z = xe'* and the contribution is equal to I.

On y_, z = xe'™ and the contribution is (remembering that the contour actually runs

from x = oo to x = 0) given by

0 (] i)
1_=—/ (nx+im)” ix 4
0 1+ x?

> In © 1
=1+2in/ al dx—nZ/ dx.
o 1+x? o L+x?

The residue theorem for the complete closed contour thus reads

. * Inx 2 1 7% . —7'[2
O+I+0+I—|—21nL 1+x2dx—71 [tan x]o =2m(8i .
Equating the real parts = 2] —jn’=—in° = [= é,-ﬂ_

Equating the imaginary parts gives the stated by-product.

Prove that
> =
—— =4m.
3 1
Sttty

Carry out the summation numerically, say between —4 and 4, and note how much of the sum comes
from values near the poles of the contour integration.

In order to evaluate this sum, we must first find a function of z that takes the value of the
corresponding term in the sum whenever z is an integer. Clearly this is

1
24+3z+4

Further, to make use of the properties of contour integrals, we need to multiply this function
by one that has simple poles at the same points, each with unit residue. An appropriate
choice of integrand is therefore

mcotmy Tcotmy

(R e A S

The contour to be used must enclose all integer values of z, both positive and negative
and, in practical terms, must give zero contribution for |z| — 00, except possibly on the
real axis. A large circle C, centered on the origin (see contour (c) in Figure 15.1) suggests
itself.
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As |zf(z)] — Oon C, the contour integral has value zero. This implies that the residues
at the enclosed poles add up to zero. The residues are

1
mweot(— 5
1( 12 ):0 atz:—%,
__+_
2Ty
1
mweot(— 4
1( f )=—4natz=—i,
__+_
172
> 1

- __atz=n, — .
Yy T TR EE

The quoted result follows immediately.
For the rough numerical summation we tabulate n, D(n) = n> + %n + % and the nth
term of the series, 1/D(n):

n D(n) 1/D(n)
—4 13.125 0.076
-3 6.875 0.146
-2 2.625 0.381
—1 0.375 2.667
0 0.125 8.000
1 1.875 0.533
2 5.625 0.178
3 11.375 0.088
4 19.125 0.052

The total of these nine terms is 12.121; this is to be compared with the total for the entire

infinite series (of positive terms), which is 47 = 12.566. It will be seen that the sum is

dominated by the terms for n = 0 and n = —1. These two values bracket the positions on
1

the real axis of the poles at z = —% and z = —7.

15.17 By considering the integral of

|9

sin oz L
. 9 a < b
oz sinmz 2

around a circle of large radius, prove that

i( l)m_lsinzmoz 1
o (ma)> 2

Denote the given function by f(z) and consider its integral around contour (c) in
Figure 15.1.
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As |z] — o0, sinaz ~ ¢!, and so f(z) ~ |z|"2e**le I = 7722~ and, since
o< %n, |zf(z)dz| — 0 as |z| — oo and the integral around the contour has value zero
for R = oo.

The function f(z) has simple poles at z = n, where # is an integer, —00 < n < co. The
pole at z = 0 is only a first-order pole as the term in parentheses — 1 as z — 0 and has
no singularity there. It follows that the sum of the residues of f(z) at all of its poles is
zero. For n # 0, that residue is

- (Sin no )2 < d(sinmz)

no dz

—1 .
) ( sinno )2 1
imn no cosmn

— 1y (sinmx)Z.

no

For n = 0 the residue is 1.
Since the general residue is an even function of n, the sum for —oco < n < —1 is equal
to that for 1 < n < oo, and the zero sum of the residues can be written

1+ 2%(—1)” (Sm”“)z =0
o no ’

leading immediately to the stated result.

Find the function f(¢) whose Laplace transform is

fs) = w_

52

Consider first the Taylor series expansion of f(s) about s = 0:

_ e —14+s (I—s+3s2+-)—1+s 1
F) = ——3 _ — ) ~ 5 +00).

Thus £ has no pole at s = 0, and A in the Bromwich integral can be as small as we wish
(but > 0). When the integration line is made part of a closed contour C, the inversion
integral becomes

—s 5t __ st st
£) :/‘ e e e’ +se ds.
c

52

For t < 0, all the terms — 0 as Re s — oo, and so we close the contour in the right
half-plane, as in contour (h) of Figure 15.1. On I', s times the integrand — 0, and, as
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the contour encloses no poles, it follows that the integral along L is zero. Thus f(t) =0
fort < 0.

For t > 1, all terms — 0 as Re s — —o0, and so we close the contour in the left
half-plane, as in contour (g) of Figure 15.1. On I', s times the integrand again — 0, and,
as this contour also encloses no poles, it again follows that the integral along L is zero.
Thus f(t) =0fort > 1, as well as fort < 0.

For 0 < ¢ < 1, we need to separate the Bromwich integral into two parts (guided by
the different ways in which the parts behave as |s| — 00):

—5 8t — et
f(t):/e ‘ ds+/¥dssll+12.
L L s

52

For I; the exponent is s(¢ — 1); ¢ — 1 is negative and so, as in the case ¢ < 0, we close the
contour in the right half-plane [ contour (h) ]. No poles are included in this contour, and
we conclude that I; = 0.

For I, the exponent is s¢, indicating that (g) is the appropriate contour. However,
(s — 1)/s? does have a pole at s = 0 and that is inside the contour. The integral around I’
contributes nothing (that is why it was chosen), and the integral along L must be equal to
the residue of (s — 1)e*’ /s? at s = 0. Now,

(s — e 1 1 s°t? 1 1
2 (S (st ) =S =D
s s2 s

N N

The residue, and hence the value of I, is therefore 1 — ¢. Since I; has been shown to have
value 0, 1 — ¢ is also the expression for f(¢) for0 < < 1.

—1/2 172,

Use contour (i) in Figure 15.1 to show that the function with Laplace transform s is (x)~

~1/2 exp(—rx), change variable to t = r!/2 ]

[For an integrand of the form r
With the suggested contour no poles of s~!/2¢%* are enclosed and so the integral of
(2mi)~'s~1/2¢% around the closed curve must have the value zero. It is also clear that the
integral along I will be zero since Re s < OonT.
For the small circle y enclosing the origin, set s = p ¢!, with ds = ip €? df, and
consider
2
lim p 1271072 exp(xp eip e do.
=0 Jo
This — 0 as p — 0 (as p'/?).
On the upper cut, y;, s = re'™ and the contribution to the integral is

1 0 ,—in/2 o
oy / — exp(rxe'™)e'™ dr,
i r

whilst, on the lower cut, y», s = re~'™ and its contribution to the integral is

1 oo ein/Z ) )
57 / 5 exp(rxe ")e " dr.
L Jo r
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Combining the two (and making both integrals run over the same range) gives

1 2 1 1
- gy = / — e "1 dr, after setting r = 12,
2i 0 r1/2 T Jo t
27
T 2Jx

Since this must add to the Bromwich integral along L to make zero, it follows that the
function with Laplace transform s ~/? is (7rx)~!/2.
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16.1

By shading or numbering Venn diagrams, determine which of the following are valid relationships
between events. For those that are, prove the relationship using de Morgan’s laws.

@ XuYy)=XnY.
(b)) XUY =(XUY).
C©Xuy)ynz=Xuz)ny.
@Xu@XnzZ)=XUur)nz.
e) Xu(¥NZ)=XUY)UZ

For each part of this question we refer to the corresponding part of Figure 16.1.

(a) This relationship is correct as both expressions define the shaded region that is both
inside X and outside Y.

(b) This relationship is not valid. The LHS specifies the whole sample space apart from
the region marked with the heavy shading. The RHS defines the region that is lightly
shaded. The unmarked regions of X and Y are included in the former but not in the latter.

(c) This relationship is not valid. The LHS specifies the sum of the regions marked 2,
3 and 4 in the figure, whilst the RHS defines the sum of the regions marked 1, 3 and 4.

(d) This relationship is not valid. On the LHS, Y N Z is the whole sample space apart
from regions 3 and 4. So X U (Y N Z) consists of all regions except for region 3. On the
RHS, X U Y contains all regions except 3 and 7. The events Z contain regions 1, 6, 7 and
8 and so (X U Y) N Z consists of regions 1, 6 and 8. Thus regions 2, 4, 5 and 7 are in one
specification but not in the other.

(e) This relationship is valid. The LHS is as found in (d), namely all regions except
for region 3. The RHS consists of the union (as opposed to the intersection) of the two
subregions found in (d) and thus contains those regions found in either or both of X U Y
(1,2,4,5,6and 8) and Z (1, 6, 7 and 8). This covers all regions except region 3 — in
agreement with those found for the LHS.

For the two valid relationships, their proofs using de Morgan’s laws are:

(a) XUY)=XNY=XnNY,
(e) XUunNz2)=XuUuzZ)=XUY)U?Z.

Here we have also used the result that the complement of the complement of a set is the
set itself.
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(a) (b)

(c) (d) and (e)
Figure 16.1 The Venn diagrams used in Problem 16.1.

16.3 A and B each have two unbiased four-faced dice, the four faces being numbered 1, 2, 3 and 4.

Without looking, B tries to guess the sum x of the numbers on the bottom faces of A’s two dice
after they have been thrown onto a table. If the guess is correct B receives x? euros, but if not he
loses x euros.

Determine B’s expected gain per throw of A’s dice when he adopts each of the following
strategies:

(a) he selects x at random in the range 2 < x < §;

(b) he throws his own two dice and guesses x to be whatever they indicate;

(c) he takes your advice and always chooses the same value for x. Which number would you
advise?

We first calculate the probabilities p(x) and the corresponding gains g(x) = p(x)x? —
[1 — p(x)]x for each value of the total x. Expressing both in units of 1/16, they are as
follows:

X 2 3 4 5 6 7 8

p(x) 1 2 34 3 2 1
glx) =26 =24 -4 40 30 0 -56

(a) If B’s guess is random in the range 2 < x < 8 then his expected return is

11 40
— —(=26—-24—4+40+30+0—56) = —

—— = —0.36 euros.
16 7 112
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(b) If he picks by throwing his own dice then his distribution of guesses is the same as
that of p(x) and his expected return is

11

T 7¢ 11(=26) +2(=24) + 3(=4) + 4(40) + 330) +2(0) + 1(=56)]
108

= — = 0.42 euros.
256

(c) If B chooses y, then his expected return is

h(y) = p(n)y* =Y pt)x.
xFy

An additional line in the table (in the same units) would read h(x), —74, —56, —20, 40,
46, 32, —8. You should not advise B, but take his place, guess “6” each time, and expect
an average profit of 46/16 = 2.87 euros per throw.

Two duelists, A and B, take alternate shots at each other, and the duel is over when a shot (fatal or
otherwise!) hits its target. Each shot fired by A has a probability « of hitting B, and each shot fired
by B has a probability g of hitting A. Calculate the probabilities P; and P,, defined as follows, that
A will win such a duel: P;, A fires the first shot; P,, B fires the first shot.

If they agree to fire simultaneously, rather than alternately, what is the probability P; that A will
win, i.e. hit B without being hit himself?

Each shot has only two possible outcomes, a hit or a miss. P; is the probability that A will
win when it is his turn to fire the next shot, and he is still able to do so (event W). There
are three possible outcomes of the first two shots: Cy, A hits with his shot; Cp, A misses
but B hits; C3, both miss. Thus

Py =) Pr(Ci)Pr(W|C;)

=[x 1]+ [(1—-a)B x 0]+ [(1 —a)(1—pB) x P]

o
Pp=—.
= : a+ B —af

When B fires first but misses, the situation is the one just considered. But if B hits with
his first shot then clearly A’s chances of winning are zero. Since these are the only two
possible outcomes of B’s first shot, we can write

=B

P=[fx0]+[1-p)xP] = Pzzm-

When both fire at the same time there are four possible outcomes D; to the first round:
D, A hits and B misses; D;, B hits but A misses; D3, they both hit; D,, they both miss.
If getting hit, even if you manage to hit your opponent, does not count as a win, then

Py =) " Pr(D;)Pr(W|D;)

=la(1=B) x 11+ [(1 —a)B x 0]+ [aBf x 0] + [(1 —a)(1 = B) x Ps].
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This can be rearranged as

al—p)
a+ B —af

Thus the result is the same as if B had fired first. However, we also note that if all that

matters to A is that B is hit, whether or not he is hit himself, then the third bracket takes
the value 8 x 1 and P; takes the same value as P;.

3 2-

An electronics assembly firm buys its microchips from three different suppliers; half of them are
bought from firm X, whilst firms ¥ and Z supply 30% and 20%, respectively. The suppliers use
different quality-control procedures and the percentages of defective chips are 2%, 4% and 4% for
X, Y and Z, respectively. The probabilities that a defective chip will fail two or more assembly-line
tests are 40%, 60% and 80%, respectively, whilst all defective chips have a 10% chance of escaping
detection. An assembler finds a chip that fails only one test. What is the probability that it came
from supplier X?

Since the number of tests failed by a defective chip are mutually exclusive outcomes
(0, 1 or > 2), a chip supplied by X has a probability of failing just one test given by
0.02(1 — 0.1 — 0.4) = 0.010. The corresponding probabilities for chips supplied by Y
and Z are 0.04(1 — 0.1 — 0.6) = 0.012 and 0.04(1 — 0.1 — 0.8) = 0.004, respectively.

Using “1” to denote failing a single test, Bayes’ theorem gives the probability that the
chip was supplied by X as

Pr(1]X) Pr(X)

Pr(1/X) Pr(X) + Pr(1]Y) Pr(Y) + Pr(1|Z) Pr(Z)
B 0.010 x 0.5 50
T 0.010 x 0.5+ 0.012 x 0.3+0.004 x 0.2 94"

Pr(X|1) =

A boy is selected at random from amongst the children belonging to families with n children. It is
known that he has at least two sisters. Show that the probability that he has k — 1 brothers is

(n — 1)
Q1 =)k — Di(n — k)’

for 1 < k < n — 2 and zero for other values of k. Assume that boys and girls are equally likely.

The boy has n — 1 siblings. Let A; be the event that j — 1 of them are brothers, i.e. his
family contains j boys and n — j girls. The probability of event A; is

)T @b
Yo e (M) 20 = D = b

j=1

Pr(A;) =

If B is the event that the boy has at least two sisters, then

Pr(BIAj):{O n—1<j<n.
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Now we apply Bayes’ theorem to give the probability that he has k — 1 brothers:

1 Pr(Ay)

Pr(A¢|B) = —————,
YT Pr(A))

for 1 <k <n — 2. The denominator of this expression is the sum 1 = (% + %)"" =
> GG (%)n_l, but omitting the j = n — 1 and the j = n terms, and so is equal
to
(n—1)! (n—1)! _ 1
2=l =21 2l —1lor 27!

2" =@ -1 —1].

Thus,

(n—1)! i (n—1)!
2k — Dn—k)! 271 —n 2" — )k — D!(n — k)!

Pr(Ax|B) =

as given in the question.

A set of 2N + 1 rods consists of one of each integer length 1,2, ..., 2N, 2N + 1. Three, of lengths
a, b and c, are selected, of which a is the longest. By considering the possible values of b and c,
determine the number of ways in which a non-degenerate triangle (i.e. one of non-zero area) can
be formed (i) if a is even, and (ii) if @ is odd. Combine these results appropriately to determine the
total number of non-degenerate triangles that can be formed using three of the 2N + 1 rods, and
hence show that the probability that such a triangle can be formed from a random selection (without
replacement) of three rods is

(N — D@N + 1)
2(4N2 — 1)

Rod a is the longest of the three rods. As no two are the same length, leta > b > c. To
form a non-degenerate triangle we require that » 4+ ¢ > a, and, in consequence, 4 < a <
2N + 1.

(i) With a even. Consider each b (< a) in turn and determine how many values of ¢
allow a triangle to be made:

b Values of ¢ Number of ¢ values
a—1 2,3, ---,a—-2 a—3
a—2 3,4 ---,a-3 a—>5
%a-l—l %a 1

Thus, there are 1 +3 4+ 54 - - - + (a — 3) possible triangles when a is even.

(ii) A table for odd a is similar, except that the last line will read b = %(a +3),c= %(a -
1) or %(a + 1), and the number of ¢ values = 2. Thus thereare2 +4 4+ 6+ --- 4+ (a — 3)
possible triangles when a is odd.
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To find the total number n(N) of possible triangles, we group together the cases a = 2m
anda =2m + 1, wherem = 1,2, ..., N. Then,

A(N) =Y [1+3+-+Qn—=3)]+2+4+ - +Q@m+1-3)]

m=2

N 2m-=-2
—ZZk—Z Qm —2)2m —1)=YN_ 2m> —3m + 1
m=2 k=1

[éN(N+1)(2N+1)—1]— NN +D—1]+N -1
N

g[Z(N—i- D2N +1) = 9N + 1) + 6]

N N
= €(4N —-3N—-1)= €(4N + DN —1).
The number of ways that three rods can be drawn at random (without replacement) is
2N + 1)(2N)(2N — 1)/3! and so the probability that they can form a triangle is
NM@N + 1)(N —1) 3! _(N=DUAN+1)
6 N + D2N)QN —1)  2(4N2—1)

as stated in the question.

The duration (in minutes) of a telephone call made from a public call-box is a random variable 7.
The probability density function of 7 is

0 t<0
fo=1 3 0=<t<l,
ke % t>1,

where k is a constant. To pay for the call, 20 pence has to be inserted at the beginning, and a further
20 pence after each subsequent half-minute. Determine by how much the average cost of a call
exceeds the cost of a call of average length charged at 40 pence per minute.
From the normalization of the PDF, we must have
1 o 1 ke? 5
1= f(t)dt —+ ke dt = 5 - = k=e".

The average length of a call is given by

11 o0
f:/ t—dt+/ tete ¥ dt

o 2 1
_11+ tete +/‘°°e262’dt_1+1+62 e’2’w_3+1_1
22 -2 ], 1 2 42 2| -2, 4 4 7

Let p, = Pr{%(n —1<t< %n}. The corresponding cost is ¢, = 20n.
Clearly, p; = pr = 4—11 and, forn > 2,

» [ 2[e "2 1, —n
pn=e e “dt=e = —e“(e — De™".
(n—1)/2 =2 Ju-np 2
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The average cost of a call is therefore
¢ =20 1+21+Z 2(e — e™ | = 15 + 10e%( 1)2 ~n
c= n—e-(e — e = e“(e — ne .
4 n=3

Now, the final summation might be recognized as part of an arithmetico-geometric series
whose sum can be found from the standard formula

§_ a 4 rd
Cl—r (=1

witha = 0,d = 1andr = e~!, or could be evaluated directly by noting that as a geometric
series,

e e]

| I
Ze X _ —

n=

Differentiating this with respect to x and then setting x = 1 gives

—X 71

o0
—X_;ne_’”‘:—(l_e—ex)z = X:ne”:—l)2

From either method it follows that

Zne T el 272
(6—1)2

e—e+2—el—244e 1 —2e72 3ol —2¢2

B (e — 12 T e 12
The total charge therefore exceeds that of a call of average length (1 minute) charged at
40 pence per minute by the amount (in pence)

el —2¢72 103e —2) —25¢+25 5e+5

3
15+ 10e’(e — ) ———— —40 = = = 10.82.
+10e%e = D=7 e—1 e—1

A tennis tournament is arranged on a straight knockout basis for 2" players, and for each round,
except the final, opponents for those still in the competition are drawn at random. The quality of the
field is so even that in any match it is equally likely that either player will win. Two of the players
have surnames that begin with “Q”. Find the probabilities that they play each other

(a) in the final,
(b) at some stage in the tournament.

Let p, be the probability that before the rth round the two players are both still in the
tournament (and, by implication, have not met each other). Clearly, p; = 1.

Before the rth round there are 2"+~ players left in. For both “Q” players to still be
in before the (r 4+ 1)th round, Q; must avoid Q» in the draw and both must win their

matches. Thus
2n+17r ] 1 2
Pr+1 = prEEE— <§) Dr-
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(a) The probability that they meet in the final is p,,, given by

Mmoo —21  22-21
»—142-1-14 22_14

(" -1 @ '—=pER—2-1---2' =1
B (Z) [ -1t —1)-.-(22-1) ]

n—1
— l 2n—1 1
4 1

_ 1
- 2:1—1(211 _ 1)'

pn=1

(b) The more general solution to the recurrence relation derived above is

M2l 21 223
142114 22714

_ l r—1 2r—1 (2”—1 _ 1)(2”—2 —1)- ._(zn+1—r 1)
B (4) [ @ = DR —1)..-(2n+2r — 1) }

1 r—1 2n+1—r -1
- (E) m—1

Before the rth round, if they are both still in the tournament, the probability that they will
be drawn against each other is (2*~"*! — 1)~!. Consequently, the chance that they will
meet at some stage is

pPr =

. 1 S AN/ | 1
Zpr on—r+l _ = Z 5 m ] n—r+1 _ 1
r=1 r=1
1 n 1 r—1
5723
1
Lo-dy

o1 -1 T oer

This same conclusion can also be reached in the following way.

The probability that Q, is not put out of (i.e. wins) the tournament is (%)". It follows
that the probability that Q; is put out is 1 — (%)" and that the player responsible is Q»
with probability [1 — (%)”] /(2" — 1) = 27", Similarly, the probability that O, is put out
and that the player responsible is Q; is also 27". These are exclusive events but cover
all cases in which Q| and O, meet during the tournament, the probability of which is
therefore 2 x 27" = 217",
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This problem is about interrelated binomial trials.

(a) Intwo sets of binomial trials 7 and 7, the probabilities that a trial has a successful outcome are P
and p, respectively, with corresponding probabilities of failure of Q =1 — Pandg =1 — p.
One “game” consists of a trial T', followed, if T is successful, by a trial 7 and then a further trial
T. The two trials continue to alternate until one of the T '-trials fails, at which point the game
ends. The score S for the game is the total number of successes in the ¢-trials. Find the PGF for
S and use it to show that

E[S]:Q, V[S]:M.
Q 02

(b) Two normal unbiased six-faced dice A and B are rolled alternately starting with A; if A shows
a 6 the experiment ends. If B shows an odd number no points are scored, one point is scored
for a 2 or a 4, and two points are awarded for a 6. Find the average and standard deviation of
the score for the experiment and show that the latter is the greater.

(a) This is a situation in which the score for the game is a variable-length sum, the length
N being determined by the outcome of the T-trials. The probability that N = n is given
by h, = P"Q, since n T-trials must succeed and then be followed by a failing T -trial.
Thus the PGF for the length of each “game” is given by

XN(I)EZhnt" =ZPthn — 0
n=0 n=0

1 - Pt

For each permitted Bernoulli z-trial, X; = 1 with probability p and X; = 0 with probability
q; its PGF is thus ®x(f) = g + pt. The score for the game is § = ZZN=1 X; and its PGF
is given by the compound function

Es(t) = xn(Px (1)

-2
1— P(qg+ pt)’
in which the PGF for a single 7-trial forms the argument of the PGF for the length of each
‘Ggame?7'
It follows that the mean of S is found from
- OPp - QPp Pp
E(t) = s = E[Sl=8()=——0 =
(1 —Pqg — Ppr) (1-7P) 0
To calculate the variance of S we need to find E'(1). This second derivative is
2.2 2.2
iy = —22Fp i1y = 2P
(1—Pq— Ppty 0’

The variance is therefore

VIS] = Eg(1) + (1) — [E(D]?
_ 2P2p2 +Q B P2p2
0?2 0 02

_ Pp(Pp+ Q) Pp(P—Pq+ Q) Pp(l—Pq)

- 02 - 0?2 - 0?2 :
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(b) For die A: P = % and Q = é giving yn(t) = 1/(6 — 5t).

Fordie B: Pr(X = 0) = 2,Pr(X = 1) = 2 and Pr(X = 2) = | giving x(1) = 3 + 2 +
t2)/6.
The PGF for the game score S is thus
1 B 6
6—32(3+2+12) 21—10r =502

Bs(1) =

We need to evaluate the first two derivatives of Eg(¢) at r = 1, as follows:

. —6(—10 — 107) 60 + 601
S5 = 2T —10r =322 ~ 1= 10 — 5027
=  E[S] = E\(1) = 120 _10_ 435
6 3
iy 60 2(60 + 601)(—10 — 107)
S50 = AT 1o 522~ @1 — 100 — 52
i 60  2(120)(—20) 215

Substituting the calculated values gives V[S] as

v = 215, 10 10\* 145
9 3 3

9 9
from which it follows that

os = +/ V[S] = 4.01, i.e. greater than the mean.

16.19 A point P is chosen at random on the circle x> 4+ y? = 1. The random variable X denotes the
distance of P from (1, 0). Find the mean and variance of X and the probability that X is greater
than its mean.

With O as the center of the unit circle and Q as the point (1, 0), let O P make an angle 6
with the x-axis O Q. The random variable X then has the value 2 sin(6 /2) with 6 uniformly
distributed on (0, 27), i.e.

1
fx)dx = Ed@.

The mean of X is given straightforwardly by

2 o (o) 1 1 07" 4
(X):[ Xf(x)dx:f 2sin| = | =—df = —|—2cos = | =—.
0 0 2) 2n b4 2, g

For the variance we have

e 0\ 1 16 41 16 16
0;2(=(X2)—(X)2=/ 4 sin’ (—)— 0 = = )
0 2 27T
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When X = (X) = 4/m, the angle 6 = 2sin~!'(2/m) and so

2
27 —4sin~! =

Pr(X > (X)) = Tﬂ —=0.561.

The number of errors needing correction on each page of a set of proofs follows a Poisson distribution
of mean p. The cost of the first correction on any page is o and that of each subsequent correction
on the same page is 8. Prove that the average cost of correcting a page is

a+Bpn—1)—(a—pBe.

Since the number of errors on a page is Poisson distributed, the probability of n errors on
any particular page is

M
Pr(n errors) = p, = e™" —.
n!

The average cost per page, found by averaging the corresponding cost over all values of
n,is

o0
c=0po+api+ Y _la+@—1Blp,
n=2

=ape ™ +@—PB)Y put+BY npu

n=2 n=2

Now, >, p, = 1 and, for a Poisson distribution, Y -, np, = u. These can be used to
evaluate the above, once the n = 0 and n = 1 terms have been removed. Thus

c=ape " +(a—p)1 —e —pe )+ pu—0—pe™)
=a+Bu—1+eap—a+p—po+up—up)
=a+pu—D+e "B —-a),

as given in the question.

The probability distribution for the number of eggs in a clutch is Po(A), and the probability that
each egg will hatch is p (independently of the size of the clutch). Show by direct calculation that
the probability distribution for the number of chicks that hatch is Po(Ap).

Clearly, to determine the probability that a clutch produces k chicks, we must consider
clutches of size n, for all n > k, and for each such clutch find the probability that exactly
k of the n chicks do hatch. We then average over all n, weighting the results according to
the distribution of n.

The probability that k chicks hatch from a clutch of size n is "Cyp*q"*, where
g = 1 — p. The probability that the clutch is of size n is e™*A"/n!. Consequently, the



225 Probability

overall probability of k chicks hatching from a clutch is

o0 A‘n
Pr(k chicks) = X:e_A =y pFgtt
— n!
e (g n! B
—=e pkg P Yy T setn —k=m,
L0 g
—¢ T 2::0 m!
— A (p) rq
= T ¢
_ e 0p)
kT

since ¢ = 1 — p. Thus Pr(k chicks) is distributed as a Poisson distribution with parameter
n = Ap.

16.25 Under EU legislation on harmonization, all kippers are to weigh 0.2000 kg and vendors who
sell underweight kippers must be fined by their government. The weight of a kipper is normally
distributed with a mean of 0.2000 kg and a standard deviation of 0.0100 kg. They are packed in
cartons of 100 and large quantities of them are sold.

Every day a carton is to be selected at random from each vendor and tested according to one of
the following schemes, which have been approved for the purpose.

(a) The entire carton is weighed and the vendor is fined 2500 euros if the average weight of a kipper
is less than 0.1975 kg.

(b) Twenty five kippers are selected at random from the carton; the vendor is fined 100 euros if the
average weight of a kipper is less than 0.1980 kg.

(c) Kippers are removed one at a time, at random, until one has been found that weighs more than
0.2000 kg; the vendor is fined 4n(n — 1) euros, where 7 is the number of kippers removed.

Which scheme should the Chancellor of the Exchequer be urging his government to adopt?

For these calculations we measure weights in grammes.

(a) For this scheme we have a normal distribution with mean © = 200 and s.d. ¢ = 10.
The s.d. for a carton is +/100 0 = 100 and the mean weight is 20 000. There is a penalty if
the weight of a carton is less than 19 750. This critical value represents a standard variable
of

S, 19750 — 20000
o 100 o

—2.5.

The probability that Z < —2.5 =1 — $(2.5) = 1 — 0.9938 = 0.0062. Thus the average
fine per carton tested on this scheme is 0.0062 x 2500 = 15.5 euros.

(b) For this scheme the general parameters are the same but the mean weight of the
sample measured is 5000 and its s.d. is V25 (10) = 50. The Z-value at which a fine is
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imposed is

(198 x 25) 5000 _
- = -

—1.

The probability that Z < —1.0 =1 — &(1.0) = 1 — 0.8413 = 0.1587. Thus the average
fine per carton tested on this scheme is 0.1587 x 100 = 15.9 euros.

(c) This scheme is a series of Bernoulli trials in which the probability of success is
% (since half of all kippers weigh more than 200 and the distribution is normal). The
probability that it will take 7 kippers to find one that passes the testis ¢" ' p = (%)". The
expected fine is therefore

—004 1 1”—42}*)—16
f—Z n(n — )<§> =4 ——= = 16 euros.

n=2 (%)3

The expression for the sum was found by twice differentiating the sum of the geometric
series Y r" with respect to r, as follows:

> 1 > 1
no_ = nfl=
2= ;"r 1—rp2

n=0

> 2
= Zn(n — 2= —
e 1-r)

" 2r?

n=2

There is, in fact, little to choose between the schemes on monetary grounds; no doubt
political considerations, such as the current unemployment rate, will decide!

A practical-class demonstrator sends his 12 students to the storeroom to collect apparatus for an
experiment, but forgets to tell each which type of component to bring. There are three types, A, B
and C, held in the stores (in large numbers) in the proportions 20%, 30% and 50%, respectively,
and each student picks a component at random. In order to set up one experiment, one unit each of
A and B and two units of C are needed. Let Pr(V) be the probability that at least N experiments
can be set up.

(a) Evaluate Pr(3).
(b) Find an expression for Pr(N) in terms of k; and k;, the numbers of components of types A and
B, respectively, selected by the students. Show that Pr(2) can be written in the form
6 8—i
Pr(2) = (0.5 ) 1°C; (0.4) ) 1*7'C; (0.6)’.

i=2 =2

(c) By considering the conditions under which no experiments can be set up, show that
Pr(1) = 0.9145.
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(a) To make three experiments possible the 12 components picked must be three each of
A and B and six of C. The probability of this is given by the multinomial distribution as

Pr(3) = U2 (0.2)°(0.3)°(0.5)° = 0.06237.

31316!

(b) Let the numbers of A, B and C selected be k;, k; and k3, respectively, and consider
when at least N experiments can be set up. We have the obvious inequalities k; > N,
ko > N and k3 > 2N. In addition k3 = 12 — k| — kp, implying that k, < 12 — 2N — k.
Further, k; cannot be greater than 12 — 3N if at least N experiments are to be set up, as
each requires three other components that are not of type A. These inequalities set the
limits on the acceptable values of k; and k; (k3 is not a third independent variable). Thus
Pr(N) is given by

12-3N 12-2N—k, (12)!

ki ks 12—k)—k,
Z Z kilka! (12 — ky — ky)! (0.2)™ (0.3)™(0.5) )

ki>=N ky>N

The answer to part (a) is a particular case of this with N = 3, when each summation
reduces to a single term.
For N = 2 the expression becomes

i (12)!
& ks 12—k;—k>
Pr(2) = szl'kz'(u r— )(02) (0.3)2(0.5)

k1>2 kp>2

8—i : . .
B . (12)! (0.2/0.5)" (12 —i)!(0.3/0.5)/
=05 Z JX_: 112 —i)! jraz2 —i— !

8—i

= (0. 5)122120 0.4 ) " 1*7C; (0.6).

i=2 j=2

(c) No experiment can be set up if any one of the following four events occurs: A} =
(k1 =0), Ay = (kp = 0), A3 = (k3 = 0) and A4 = (k3 = 1). The probability for the union
of these four events is given by

4
Pr(A; UAyUA3UAg) =Y Pr(A;) — Y Pr(AiNA)+ -
i=1 ij
The probabilities Pr(A;) are straightforward to calculate as follows:

Pr(A;) = (1 —0.2)"?, Pr(A,) = (1 —0.3)'2,
Pr(A;) = (1 — 0.5)'?, Pr(As) = 2C(1 = 0.5)'%(0.5).

The calculation of the probability for the intersection of two events is typified by

Pr(A; N A)) = [1 — (0.2 + 0.3)]"?
and Pr(A; N As) = "2Ci[1 = (0.2 + 0.5)]'1(0.5)".
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A few trial evaluations show that these are of order 10~* and can be ignored by comparison
with the larger terms in the first sum, which are (after rounding)

4
ZPr(Ai) = (0.8)"2 + (0.7)"% + (0.5)"% + 12(0.5)'(0.5)
i=1

= 0.0687 4 0.0138 + 0.0002 + 0.0029 = 0.0856.

Since the probability of no experiments being possible is 0.0856, it follows that
Pr(1) = 0.9144.

The continuous random variables X and Y have a joint PDF proportional to xy(x — y)?> with
0<x <1 and 0 <y < 1. Find the marginal distributions for X and Y and show that they are
negatively correlated with correlation coefficient —%.

This PDF is clearly symmetric between x and y. We start by finding its normalization
constant c:

b 11 11 11 ¢
3 2,2 3
c(x’y — 2x%y —I—xy)dxdy—c(———Z——+——)—_—,
/o/o 33 24 36

Thus, we must have that ¢ = 36.
The marginal distribution for x is given by

1
fx) = 36/ (3y —2x%y? + xy*)dy
0
= 36(%)63 - %xz + ix)

= 18x> — 24x% + 9x,
and the mean of x by

! 18 24 9 3
=x= 18x* —24x3 + 9x%)dx = — - — 4+ 2 ==,
Ux =X /0( X x” +9x%)dx 5 4+3 3

By symmetry, the marginal distribution and the mean for y are 18y> — 24y? 4+ 9y and 2,
respectively.

To calculate the correlation coefficient we also need the variances of x and y and their
covariance. The variances, obviously equal, are given by

1
o = / x2(18x — 24x% 4 9x)dx — (3)?
0
18 24 9 9

6 5 1 35
900 — 1440 + 675 — 108 9

300 ~ 100

The standard deviations ox and oy are therefore both equal to 3/10.
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The covariance is calculated next; it is given by

Cov[X, Y] = (XY) — puxpy

—36/ /(x 23y + x2yHdx dy —
36 9

T 5x3 4x4+3x5_E
12 9 12 9

5 2 5 25
120 — 225 + 120 — 18 3

| W
| W

50 50
Finally,
Cov[X,Y] —= 2
Corr[X,Y] = ovl ] = 5 52 =_Z,
Ox Oy mm 3

16.31 Two continuous random variables X and Y have a joint probability distribution

flx,y) = A+ y?),

where A is aconstantand 0 < x < a,0 < y < a. Show that X and Y are negatively correlated with
correlation coefficient —15/73. By sketching a rough contour map of f(x, y) and marking off the
regions of positive and negative correlation, convince yourself that this (perhaps counter-intuitive)
result is plausible.

The calculations of the various parameters of the distribution are straightforward (see
Problem 16.29). The parameter A is determined by the normalization condition:

1 /a/af‘(2+ Nardy=a(S+L) 5 4=
- X X = — — = —.
o Jo Y Y 373 2

The two expectation values required are given by
E[X] = / / Ax(x* 4+ y?)dx dy
0o Jo

3 a’ a’ Sa
—< + ) — (E[Y] = E[X]),

2a* x1 2x3 8’

E[Xz]—/ / Ax*(x? + yHdx dy

a® Ta?
+ - —.
2a4 S5x1 3x3 15

Hence the variance, calculated from the general result V[X] = E[X?] — (E[X])?, is

Vix] 70> (5a\* T3 ,
= — — —_— = —a,
15 8 960
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and the standard deviations are given by

73
Ox = Oy = %a.

To obtain the correlation coefficient we need also to calculate the following:

E[XY]:/ / Axy(x* 4+ y*)dx dy
0 0

. 3 a® n ab _3:12
T 2a*\4x2 2x4)  8°

Then the covariance, given by Cov [X, Y] = E[XY] — E[X]E[Y], is evaluated as

Combining this last result with the standard deviations calculated above, we then obtain

2
Corr[X. V] = —4 /%D _ 15

\/97_3 a \/% a 73
As the means of both X and Y are %a = 0.62a, the areas of the square of side a for which
X — pnx and Y — puy have the same sign (i.e. regions of positive correlation) are about
(0.62)> ~ 39% and (0.38)*> & 14% of the total area of the square. The regions of negative
correlation occupy some 47% of the square.

However, f(x,y) = A(x?+ y?) favors the regions where one or both of x and y are
large and close to unity. Broadly speaking, this gives little weight to the region in which
both X and Y are less than their means, and so, although it is the largest region in area,
it contributes relatively little to the overall correlation. The two (equal area) regions of
negative correlation together outweigh the smaller high probability region of positive
correlation in the top right-hand corner of the square; the overall result is a net negative
correlation coefficient.
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A group of students uses a pendulum experiment to measure g, the acceleration of free fall, and
obtains the following values (in ms~2): 9.80, 9.84, 9.72, 9.74, 9.87, 9.77, 9.28, 9.86, 9.81, 9.79,
9.82. What would you give as the best value and standard error for g as measured by the group?

We first note that the reading of 9.28 m s 2 is so far from the others that it is almost certainly
in error and should not be used in the calculation. The mean of the ten remaining values is
9.802 and the standard deviation of the sample about its mean is 0.04643. After including
Bessel’s correction factor, the estimate of the population s.d. is o = 0.0489, leading to a
s.d. in the measured value of the mean of 0.0489/+/10 = 0.0155. We therefore give the
best value and standard error for g as 9.80 4 0.02 m s72.

The following are the values obtained by a class of 14 students when measuring a physical quantity
x:53.8,53.1,56.9,54.7,58.2, 54.1, 56.4, 54.8, 57.3, 51.0, 55.1, 55.0, 54.2, 56.6.

(a) Display these results as a histogram and state what you would give as the best value for x.

(b) Without calculation, estimate how much reliance could be placed upon your answer to (a).

(c) Data books give the value of x as 53.6 with negligible error. Are the data obtained by the
students in conflict with this?

(a) The histogram in Figure 17.1 shows no reading that is an obvious mistake and there
is no reason to suppose other than a Gaussian distribution. The best value for x is the
arithmetic mean of the 14 values given, i.e. 55.1.

(b) We note that 11 values, i.e. approximately two-thirds of the 14 readings, lie within
42 bins of the mean. This estimates the s.d. for the population as 2.0 and gives a standard
error in the mean of & 2.0/m ~ 0.6.

(c) Within the accuracy we are likely to achieve by estimating o for the sample by eye,
the value of Student’s ¢ is (55.1 — 53.6)/0.6, i.e. about 2.5. With 14 readings there are 13
degrees of freedom. From standard tables for the Student’s z-test, C13(2.5) &~ 0.985. It is
therefore likely at the 2 x 0.015 = 3% significance level that the data are in conflict with
the accepted value.

[ Numerical analysis of the data, rather than a visual estimate, gives the lower value
0.51 for the standard error in the mean and implies that there is a conflict between the data
and the accepted value at the 1.0% significance level. ]
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20 ¢t

50 55 60

mean = 55.1
Figure 17.1 Histogram of the data in Problem 17.3.

17.5 A population contains individuals of k types in equal proportions. A quantity X has mean pu;
amongst individuals of type i and variance o2, which has the same value for all types. In order to
estimate the mean of X over the whole population, two schemes are considered; each involves a
total sample size of nk. In the first the sample is drawn randomly from the whole population, whilst
in the second (stratified sampling) n individuals are randomly selected from each of the k types.

Show that in both cases the estimate has expectation

1 k
w= ) i
kg

but that the variance of the first scheme exceeds that of the second by an amount

k
1 2
TE (i — )"
kni=1

(i) For the first scheme the estimator [ has expectation

where
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since the k types are in equal proportions in the population. Thus,

The variance of & is given by

. 1
Vii] mnk Vix]

again since the k types are in equal proportions in the population.
Now we use the relationship o = (xiz) - M,'z to replace <xi2> for each type, noting that
o2 has the same value in each case. The expression for the variance becomes

k
1 1
Vial=e — | 2 2, 2y _ 2
[al=— [kl;(“’JrG) M:|
o —u? 1 & )
i +W§(Mi—u+ﬂ)
o — u? 1 < 3
=———+— i— 2ppi — ?
——t+— i=l[(M W)+ 2u(pi — ) + p |
o2 — 12 1 & ) ke
= — P — 0+ —
nk +nk2 ;w W _'_nk2

o2 1 k )
=J+@;(Mi—l/«)-

(i1) For the second scheme the calculations are more straightforward. The expectation
value of the estimator /i = (nk)™! Zle (x;) 1s

1 & 1<
(ﬂ)zggnmz%;/iizm

whilst the variance is given by

k k
A 1 _ 1 2 _
V[“]‘WEV“"’”‘nzkzg”“f =Z =5

since 0 = o* for all i.



234

17.7

Statistics

Comparing the results from (i) and (ii), we see that the variance of the estimator in the
first scheme is larger by

k
1 2
— Y (i — )’
nk P

According to a particular theory, two dimensionless quantities X and Y have equal values. Nine
measurements of X gave values of 22, 11, 19, 19, 14,27, 8, 24 and 18, whilst seven measured values
of Y were 11, 14, 17, 14, 19, 16 and 14. Assuming that the measurements of both quantities are
Gaussian distributed with a common variance, are they consistent with the theory? An alternative
theory predicts that ¥? = 2 X; are the data consistent with this proposal?

On the hypothesis that X = Y and both quantities have Gaussian distributions with a
common variance, we need to calculate the value of # given by

= NN\
6 \N+N,)

where w = X; — X, w = 1 — i = 0 and

A Nis? + Nas3 12
N+ N, —2 '

The nine measurements of X have a mean of 18.0 and a value for s> of 33.33. The
corresponding values for the seven measurements of ¥ are 15.0 and 5.71. Substituting
these values gives

9x33.33+7x5.717"°
a:[ x trx } — 493,

94+7-2
18.0—15.0—0 /9 x 7\
- X =121
4.93 947

This variable follows a Student’s z-distribution for 9 4+ 7 — 2 = 14 degrees of freedom.
Interpolation in standard tables gives C14(1.21) ~ 0.874, showing that a larger value of
t could be expected in about 2 x (1 — 0.874) = 25% of cases. Thus no inconsistency
between the data and the first theory has been established.

For the second theory we are testing Y2 against 72X the former will not be Gaussian
distributed and the two distributions will not have a common variance. Thus the best we
can do is to compare the difference between the two expressions, evaluated with the mean
values of X and Y, against the estimated error in that difference.

The difference in the expressions is (15.0)> — 18.0m2? = 47.3. The error in the difference
between the functions of Y and X is given approximately by

VY2 —m2X)=QY?V[Y]+@H*V[X]

5.71 33.33
= (30.0)> =—— B
GO T+ g

=1262 = o ~=355.
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The difference is thus about 47.3/35.5 = 1.33 standard deviations away from the theoret-
ical value of 0. The distribution will not be truly Gaussian but, if it were, this figure would
have a probability of being exceeded in magnitude some 2 x (1 — 0.908) = 18% of the
time. Again no inconsistency between the data and theory has been established.

During an investigation into possible links between mathematics and classical music, pupils at a
school were asked whether they had preferences (a) between mathematics and English, and (b)
between classical and pop music. The results are given below.

Classical None Pop
Mathematics 23 13 14
None 17 17 36
English 30 10 40

Determine whether there is any evidence for

(a) a link between academic and musical tastes, and
(b) a claim that pupils either had preferences in both areas or had no preference.

You will need to consider the appropriate value for the number of degrees of freedom to use when
applying the x? test.

We first note that there were 200 pupils taking part in the survey. Denoting no academic
preference between mathematics and English by NA and no musical preference by NM,
we draw up an enhanced table of the actual numbers mxy of preferences for the various
combinations that also shows the overall probabilities px and py of the three choices in
each selection.

C NM P Total Px
M 23 13 14 50 0.25
NA 17 17 36 70 0.35
E 30 10 40 80 0.40
Total 70 40 90 200
2% 0.35 0.20 0.45

(a) If we now assume the (null) hypothesis that there are no correlations in the data and
that any apparent correlations are the result of statistical fluctuations, then the expected
number of pupils opting for the combination X and Y is nxy = 200 x px X py. A table
of nxy is as follows:

C NM P Total
M 17.5 10 22.5 50
NA 24.5 14 315 70
E 28 16 36 80

Total 70 40 90 200
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Taking the standard deviation as the square root of the expected number of votes for each
particular combination, the value of x? is given by

2
n; —m;
= 12.3.
()

For an n x n correlation table (here n = 3), the (n — 1) x (n — 1) block of entries in
the upper left can be filled in arbitrarily. But, as the totals for each row and column are
predetermined, the remaining 2n — 1 entries are not arbitrary. Thus the number of degrees
of freedom (d.o.f.) for such a table is (n — 1)?, here 4 d.o.f. From tables, a x> of 12.3 for
4 d.o.f. makes the assumed hypothesis less than 2% likely, and so it is almost certain that
a correlation between academic and musical tastes does exist.

(b) To investigate a claim that pupils either had preferences in both areas or had no
preference, we must combine expressed preferences for classical or pop into one set
labeled PM meaning “expressed a musical preference”; similarly for academic subjects.
The correlation table is now a 2 x 2 one and will have only one degree of freedom. The
actual data table is

x> = >

all XY combinations

PM NM Total Px
PA 107 23 130 0.65
NA 53 17 70 0.35
Total 160 40 200
Py 0.80 0.20
and the expected (nxy = 200px py) one is
PM NM Total

PA 104 26 130

NA 56 14 70

Total 160 40 200

The value of x? is
—3)? 3)? 3)? —3)?
R e N NG e Y

104 26 56 14

This is close to the expected value (1) of x? for 1 d.o.f. and is neither too big nor too
small. Thus there is no evidence for the claim (or for any tampering with the data!).
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A particle detector consisting of a shielded scintillator is being tested by placing it near a particle
source whose intensity can be controlled by the use of absorbers. It might register counts even in
the absence of particles from the source because of the cosmic ray background.

The number of counts n registered in a fixed time interval as a function of the source strength s
is given as:

source strength s: 0 1 2 3 4 5
counts n: 6 11 20 42 44 62 o6l

At any given source strength, the number of counts is expected to be Poisson distributed with mean
n=a -+ bs,

where a and b are constants. Analyze the data for a fit to this relationship and obtain the best values
for a and b together with their standard errors.

(a) How well is the cosmic ray background determined?

(b) What is the value of the correlation coefficient between a and b? Is this consistent with what
would happen if the cosmic ray background were imagined to be negligible?

(c) Do the data fit the expected relationship well? Is there any evidence that the reported data “are
too good a fit”?

Because in this problem the independent variable s takes only consecutive integer values,
we will use it as a label i and denote the number of counts corresponding to s =i by
n;. As the data are expected to be Poisson distributed, the best estimate of the variance
of each reading is equal to the best estimate of the reading itself, namely the actual
measured value. Thus each reading n; has an error of ,/n;, and the covariance matrix N
takes the form N = diag(ng, ny, ..., ng), i.e. it is diagonal, but not a multiple of the unit
matrix.
The expression for x?2 is

o (nj—a—bi\?
Xz(a’ b) = Z (T) ().

i=0

Minimization with respect to @ and b gives the simultaneous equations

6 .

9x? n; —a — bi

0=—==-2 -
da Z; n;

x> 6 i(nj —a — bi)
0=—=-2 _—
ab ;0 n;

As is shown more generally in textbooks on numerical computing (e.g. William H.
Press et al., Numerical Recipes in C, 2nd edn (Cambridge: Cambridge University
Press, 1996), Sect. 15.2), these equations are most conveniently solved by defining the
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quantities
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, n:
i=0 i=0 '
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S

With these definitions (which correspond to the quantities calculated and accessibly stored
in most calculators programmed to perform least-squares fitting), the solutions for the best
estimators of a and b are

SexSy — 8¢Sy

IS)
I

A ’
b SeyS — 8,8y
A 9
with variances and covariance given by
gtmdm o2 5 Cov(a,b) = ——
N ’ A’

The computed values of these quantities are: S = 0.38664; S, = 0.53225; §, =7; §,, =
1.86221; Sy, = 21; A = 0.43671.
From these values, the best estimates of a, b and the variances oaz and crbz are

a=4.2552, b=10.061, o?=4264, of=0.8853.
The covariance is Cov (a, b) = —1.2187, giving estimates for a and b of
a=43+21 and b =10.06 £ 0.94,

with a correlation coefficient r,;, = —0.63.

(a) The cosmic ray background must be present, since n(0) # 0, but its value of about
4 is uncertain to within a factor of 2.

(b) The correlation between a and b is negative and quite strong. This is as expected
since, if the cosmic ray background represented by a were reduced towards zero, then b
would have to be increased to compensate when fitting to the measured data for non-zero
source strengths.

(c) A measure of the goodness-of-fit is the value of x2 achieved using the best-fit
values for a and b. Direct resubstitution of the values found into (x) gives x? = 4.9.
If the weight of a particular reading is taken as the square root of the predicted (rather
than the measured) value, then x? rises slightly to 5.1. In either case the result is almost
exactly that “expected” for 5 d.o.f. —neither too good nor too bad. There are five degrees of
freedom because there are seven data points and two parameters have been chosen to give a
best fit.
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The following are the values and standard errors of a physical quantity f(6) measured at various
values of 6 (in which there is negligible error):

6 0 /6 /4 /3
f©) 3.72+0.2 1.984+0.1 —-0.064+0.1 —-2.05+0.1

[% /2 21 /3 3w /4 /4
f®O) —-283+02 1.15£0.1 3.99+0.2 9.71£0.4

Theory suggests that f should be of the form a; + a, cos @ + a3 cos 2. Show that the normal
equations for the coefficients a; are
481.3a; + 158.4a, — 43.8a; = 284.7,
158.4a; + 218.8a; + 62.1a3; = —31.1,
—43.8a; + 62.1a; + 131.3a3 = 368.4.
(a) If you have matrix inversion routines available on a computer, determine the best values and
variances for the coefficients @; and the correlation between the coefficients a; and a;.

(b) If you have only a calculator available, solve for the values using a Gauss—Seidel iteration and
start from the approximate solution a; = 2, a, = —2, a3 = 4.

Assume that the measured data have uncorrelated errors. The quoted errors are not all
equal and so the covariance matrix N, whilst being diagonal, will not be a multiple of the
unit matrix; it will be

N = diag(0.04, 0.01, 0.01, 0.01, 0.04, 0.01, 0.04, 0.16).

Using as base functions the three functions 4,(0) = 1, h,(0) = cos 6 and h3(0) = cos 20,
we calculate the elements of the 8 x 3 response matrix R;; = 4 ;(6;). To save space we
display its 3 x 8 transpose:

1 1 1 1 1 1 1 1
Rf=|1 0866 0.707 0.500 0 -0.500 -0.707 -1
1 0.500 0 —-0500 -1 —-0.500 0 1

Then

25 100 100 100 25 100 25 6.25
RIN"'=[25 86.6 70.7 50 0 -50 -—-17.7 —-6.25
25 50.0 0 —-50.0 -25 -50 0 625
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and
1 1 1
1 0.866 0.500
1 0.707 0
RTN-'R = RTN-! 1 0.500 -0.500
1 0 -1
1 —-0.500 -—0.500
1 -0.707 0
1 —1 1

481.25 158.35 —43.75
= | 158.35 218.76 62.05
—43.75 62.05 131.25

From the measured values,
f=(3.72, 1.98, —0.06, —2.05, —2.83, 1.15, 3.99, 9.71)T,
we need to calculate R"TN~'f, which is given by

3.72
1.98
—0.06
—2.05
-283 |’
1.15
3.99
9.71

25 100 100 100 25 100 25 6.25
25 86.6 70.7 50 0 =50 —-17.7 —-6.25
25 50.0 0 -50 -25 =50 0 625

i.e. (284.7, —31.08, 368.44)T.

The vector of LS estimators of a; satisfies RTN~'Ra = RTN~'f. Substituting the forms
calculated above into the two sides of the equality gives the set of equations stated in the
question.

(a) Machine (or manual!) inversion gives

3362 —3.177 2.623

RIN"'R)y"' =107 [ -3.177 8282 —4.975

2.623 —4.975 10.845
From this (covariance matrix) we can calculate the standard errors on the a; from the
square roots of the terms on the leading diagonal as +0.058, £0.091 and £0.104. We can

further calculate the correlation coefficient r1, between a; and a, as
=377 x 107
~0.058 x 0.091

The best values for the a; are given by the result of multiplying the column
matrix (284.7, —31.08, 368.44)T by the above inverted matrix. This yields (2.022,
—2.944, 4.897)T to give the best estimates of the a; as

ri2 = —0.60.

a; =2.02+£0.06, a=-299+£0.09, a3=4.90=0.10.
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(b) Denote the given set of equations by Aa = b and start by dividing each equation by
the quantity needed to make the diagonal elements of A each equal to unity; this produces
Ca = d. Then, writing C = | — F yields the basis of the iteration scheme,

a,41 = Fa, +d.

We use only the simplest form of Gauss—Seidel iteration (with no separation into upper
and lower diagonal matrices).
The explicit form of Ca = d is

1 0.3290 —0.0909 a 0.5916
0.7239 1 0.2836 a, | = —0.1421
—0.3333 0.4728 1 as 2.8072
and
0 —0.3290  0.0909
F=1-0.7239 0 —0.2836
0.3333  —0.4728 0
Starting with the approximate solution a; = 2, a; = —2, as = 4 gives as the result of the

first ten iterations

aj a as

2.000 —2.000 4.000
1.613 —2.724 4.419
1.890 —2.563 4.633
1.856 —2.824 4.649
1.943 —2.804 4.761
1.947 —2.899 4,781
1.980 —-2.907 4.827
1.987 —2.944 4.842
2.000 —2.953 4.861
2.005 —2.969 4.870
2.011 —2.975 4.879

This final set of values is in close agreement with that obtained by direct inversion; in fact,
after 18 iterations the values agree exactly to three significant figures. Of course, using
this method makes it difficult to estimate the errors in the derived values.








