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CHAPTER 1

INTRODUCTION

Modern mechanical and aerospace systems are often very complex and con-
sist of many components interconnected by joints and force elements such as
springs, dampers, and actuators. These systems are referred to, in modern lit-
erature, as multibody systems. Examples of multibody systems are machines,
mechanisms, robotics, vehicles, space structures, and biomechanical systems.
The dynamics of such systems are often governed by complex relationships
resulting from the relative motion and joint forces between the components of
the system. Figure 1 shows a hydraulic excavator, which can be considered as
an example of a multibody system that consists of many components. In the
design of such a tracked vehicle, the engineer must deal with many interrelated
questions with regard to the motion and forces of different components of the
vehicle. Examples of these interrelated questions are the following: What is the
relationship between the forward velocity of the vehicle and the motion of the
track chains? What is the effect of the contact forces between the links of the
track chains and the vehicle components on the motion of the system? What
is the effect of the friction forces between the track chains and the ground on
the motion and performance of the vehicle? What is the effect of the soil-track
interaction on the vehicle dynamics, and how can the soil properties be charac-
terized? How does the geometry of the track chains influence the forces and the
maximum vehicle speed? These questions and many other important questions
must be addressed before the design of the vehicle is completed. To provide
a proper answer to many of these interrelated questions, the development of a
detailed dynamic model of such a complex system becomes necessary. In this
book we discuss in detail the development of the dynamic equations of complex
multibody systems such as the tracked hydraulic excavator shown in Fig. 1. The
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2 INTRODUCTION

Figure 1.1 Hydraulic excavator

methods presented in the book will alow the reader to construct systematically
the kinematic and dynamic equations of large-scale mechanical and aerospace
systems that consist of interconnected bodies. The procedures for solving the
resulting coupled nonlinear equations are also discussed.

1.1 COMPUTATIONAL DYNAMICS

The analysis of mechanical and aerospace systems has been carried out in the
past mainly using graphical techniques. Little emphasis was given to compu-
tational methods because of the lack of powerful computing machines. The
primary interest was to analyze systems that consist of relatively small num-
bers of bodies such that the desired solution can be obtained using graphical
techniques or hand calculations. The advent of high-speed computers made it
possible to analyze complex systems that consist of large numbers of bodies
and joints. Classical approaches that are based on Newtonian or Lagrangian
mechanics have been rediscovered and put in a form suitable for the use on
high-speed digital computers.

Despite the fact that the basic theories used in developing many of the com-
puter algorithms currently in use in the analysis of mechanical and aerospace
systems are the same as those of the classical approaches, modern engineers
and scientists are forced to know more about matrix and numerical methods in
order to be able to utilize efficiently the computer technology available. In this
book, classical and modern approaches used in the kinematic and dynamic anal -
ysis of mechanical and aerospace systems that consist of interconnected rigid
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bodies are introduced. The main focus of the presentation is on the modeling of
general multibody systems and on developing the relationships that govern the
dynamic motion of these systems. The objective is to develop general method-
ologies that can be applied to a large class of multibody applications. Many
fundamental and computational problems are discussed with the objective of
addressing the merits and limitations of various procedures used in formulating
and solving the equations of motion of multibody systems. This is the sub-
ject of the general area of computational dynamics that is concerned with the
computer solution of the equations of motion of large-scale systems.

The role of computational dynamics is merely to provide tools that can be
used in the dynamic simulation of multibody systems. Various tools can be used
for the analysis and computer simulation of a given system. Thisis due mainly
to the fact that the form of the kinematic and dynamic equations that govern the
dynamics of a multibody system is not unique. As such, it isimportant that the
analyst chooses the tool and form of the equations of motion that is most suited
for hisor her application. Thisisnot aways an easy task and requires familiarity
of the analysts with different formulations and procedures used in the general
area of computational dynamics. The forms of the equations of motion depend
on the choice of the coordinates used to define the system configuration. One
may choose a small or a large number of coordinates. From the computational
viewpoint, there are advantages and drawbacks to each choice. The selection of
a small number of coordinates always leads to a complex system of equations.
Such a choice, however, has the advantage of reducing the number of equa-
tions that need to be solved. The selection of alarge number of coordinates, on
the other hand, has the advantage of producing simpler and less coupled equa-
tions at the expense of increasing the problem dimensionality. The main focus
of this book is on the derivation and use of different forms of the equations
of motion. Some formulations lead to a large system of equations expressed in
terms of redundant coordinates, while others lead to a small system of equa
tions expressed in terms of a minimum set of coordinates. The advantages and
drawbacks of each of these formulations when constrained multibody systems
are considered are discussed in detail.

Generaly speaking, multibody systems can be classified as rigid multibody
systems Of flexible multibody systems. Rigid multibody systems are assumed to
consist only of rigid bodies. These bodies, however, may be connected by mass-
less springs, dampers, and/or actuators. This means that when rigid multibody
systems are considered, the only components that have inertia are assumed to
be rigid bodies. Flexible multibody systems, on the other hand, contain rigid
and deformable bodies. Deformable bodies have distributed inertia and elastic-
ity which depend on the body deformations. As the deformable body moves, its
shape changes and its inertia and elastic properties become functions of time.
For this reason, the analysis of deformable bodies is more difficult than rigid
body analysis. In this book, the branch of computational dynamics that deals
with rigid multibody systems only is considered. The theory of flexible multi-
body systemsis covered by the author in a more advanced text (Shabana, 1998).



4 INTRODUCTION
1.2 MOTION AND CONSTRAINTS

Systems such as machines, mechanisms, robotics, vehicles, space structures,
and biomechanical systems consist of many bodies connected by different types
of joints and different types of force elements, such as springs, dampers, and
actuators. The joints are often used to control the system mobility and restrict
the motion of the system components in known specified directions. Using the
joints and force elements, multibody systems are designed to perform certain
tasks; some of these tasks are simple, whereas others can be fairly complex and
may require the use of certain types of mechanical joints as well as sophisti-
cated control algorithms. Therefore, understanding the dynamics of these sys-
tems becomes crucia at the design stage and also for performance evaluation
and design improvements. To understand the dynamics of a multibody system,
it is necessary to study the motion of its components. In this section, some of
the basic concepts and definitions used in the motion description of rigid bodies
are discussed, and examples of joints that are widely used in multibody system
applications are introduced.

Unconstrained Motion A general rigid body displacement is composed of
tranglations and rotations. The analysis of a pure translational motion is rela
tively simple and the dynamic relationships that govern this type of motion are
fully understood. The problem of finite rotation, on the other hand, is not a triv-
ial one since large rigid body rotations are sources of geometric nonlinearities.
Figure 2 shows a rigid body, denoted as body i. The general displacement of

Yi
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Figure 1.2 Rigid body displacement
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this body can be conveniently described in an inertial XYZ coordinate system
by introducing the body X'Y'Z' coordinate system whose origin O' is rigidly
attached to a point on the rigid body. The general displacement of the rigid
body can then be described in terms of the tranglation of the reference point O'
and also in terms of a set of coordinates that define the orientation of the body
coordinate system with respect to the inertial frame of reference. For instance,
the general planar motion of this body can be described using three independent
coordinates that define the translation of the body along the X and Y axes as
well as its rotation about the Z axis. The two trandational components and
the rotation are three independent coordinates since any one of them can be
changed arbitrarily while keeping the other two coordinates fixed. The body
may translate along the X axis while its displacement along the Y axis and its
rotation about the Z axis are kept fixed.

In the spatial analysis, the configuration of an unconstrained rigid body in the
three-dimensiona space is identified using six coordinates. Three coordinates
describe the trandations of the body along the three perpendicular axes X, Y,
and Z, and three coordinates describe the rotations of the body about these three
axes. These again are six independent coordinates, since they can be varied
arbitrarily.

Mechanical Joints Mechanica systems, in general, are designed for spe-
cific operations. Each of them has a topological structure that serves a certain
purpose. The bodies in a mechanical system are not free to have arbitrary dis-
placements because they are connected by joints or force elements. While a
force element such as springs and dampers may significantly affect the motion
of the bodies in one or more directions, such an element does not completely
prevent motion in these directions. As a consequence, a force element does not
reduce the number of independent coordinates required to describe the config-
uration of the system. On the other hand, mechanical joints as shown in Fig.
3 are used to allow motion only in certain directions. The joints reduce the num-

Body j Body j Body j

<" .‘) 0 ‘) {;
-

Body ¢ Body i
ul .
(a) (b) (c) (d)
Prismatic Revolute Cylindrical Spherical
Joint Joint Joint Joint

Figure 1.3 Mechanical joints
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Figure 1.4 Cam and gear systems

ber of independent coordinates of the system since they prevent motion in some
directions. Figure 3a shows a prismatic (translational) joint that alows only
relative trandation between the two bodies i and j along the joint axis. The use
of this joint eliminates the freedom of body i to trandlate relative to body j in
any other direction except along the joint axis. It also eliminates the freedom of
body i to rotate with respect to body j. Figure 3b shows a revolute (pin) joint
that allows only relative rotation between bodies i and j. This joint eliminates
the freedom of body i to trandate with respect to body j. The cylindrical joint
shown in Fig. 3c allows body i to trandate and rotate with respect to body |
along and about the joint axis. However, it eliminates the freedom of body i
to translate or rotate with respect to body j along any axis other than the joint
axis. Figure 3d shows the spherical (ball) joint, which eliminates the relative
tranglations between bodiesi and j. Thisjoint provides body i with the freedom
to rotate with respect to body j about three perpendicular axes.

Other types of joints that are often used in mechanical system applications
are cams and gears. Figure 4 shows examples of cam and gear systems. In Fig.
4a, the shape of the cam is designed such that a desired motion is obtained from
the follower when the cam rotates about its axis. Gears, on the other hand, are
used to transmit a certain type of motion (tranglation or rotary) from one body
to another. The gears shown in Fig. 4b are used to transmit rotary motion from
one shaft to another. The relationship between the rate of rotation of the driven
gear to that of the driver gear depends on the diameters of the base circles of
the two gears.

1.3 DEGREES OF FREEDOM

A mechanical system may consist of several bodies interconnected by differ-
ent numbers and types of joints and force elements. The degrees of freedom
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Crankshaft A Connectingrod  Cylinder frame

L/~ il

Figure 1.5 Slider crank mechanism

of a system are defined to be the independent coordinates that are required to
describe the configuration of the system. The number of degrees of freedom
depends on the number of bodies and the number and types of joints in the
system. The dlider crank mechanism shown in Fig. 5 is used in severa engi-
neering applications, such as automobile engines and pumps. The mechanism
consists of four bodies: body 1 is the cylinder frame, body 2 is the crankshaft,
body 3 isthe connecting rod, and body 4 isthe dlider block, which representsthe
piston. The mechanism has three revolute joints and one prismatic joint. While
this mechanism has several bodies and several joints, it has only one degree
of freedom; that is, the motion of all bodies in this system can be controlled
and described using only one independent variable. In this case, one needs only
one force input (a motor or an actuator) to control the motion of this mecha-
nism. For instance, a specified input rotary motion to the crankshaft produces
a desired rectilinear motion of the dlider block. If the rectilinear motion of the
dlider block is selected to be the independent variable, the force that acts on
the slider block can be chosen such that a desired output rotary motion of the
crankshaft OA can be achieved. Similarly, two force inputs are required in order
to be able to control the motion of a mechanical system that has two degrees of
freedom, and n force inputs are required to control the motion of an n-degree-
of-freedom mechanical system.

Figure 6a shows another example of a simple planar mechanism called the
four-bar mechanism. This mechanism, which has only one degree of freedom,
is used in many industrial and technological applications. The motion of the

B y

(a) (b)
Figure 1.6 Four-bar mechanism
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links of the four-bar mechanism can be controlled by using one force input,
such as driving the crankshaft OA using a motor located at point O. A desired
motion trgjectory on the coupler link AB can be obtained by selecting the proper
dimensions of the links of the four-bar mechanism. Figure 6b shows the maotion
of the center of the coupler AB when the crankshaft OA of the mechanism
shown in Fig. 6a rotates one complete cycle. Different motion tragjectories can
be obtained by using different dimensions.

Another one-degree-of-freedom mechansm is the Peaucellier mechanism,
shown in Fig. 7. This mechanism is designed to generate a straight-line path.
The geometry of this mechanism is such that BC = BP = EC = EP and AB =
AE. Points A, C, and P should always lie on a straight line passing through
A. The mechanism always satisfies the condition AC x AP = ¢, wherecis a
constant called the inversion constant. In case AD = CD, point P should follow
an exact straight line.

The magjority of mechanism systems form single-degree-of-freedom closed
kinematic chains, in which each member is connected to at least two other mem-
bers. Robotic manipulators as shown in Fig. 8 are examples of multidegree-of-
freedom open-chain systems. Robotic manipulators are designed to synthesize
some aspects of human functions and are used in many applications, such as
welding, painting, material transfers, and assembly tasks. Some of these applica
tions require high precision and consequently, sophisticated sensors and control
systems are used.

While the number of degrees of freedom of a system is unique and depends
on the system topological structure, the set of degrees of freedom is not unique,
as demonstrated previously by the dider crank mechanism. For this simple
mechanism, the rotation of the crankshaft or the trandation of the slider block

o-g ®)

E
Figure 1.7 Peaucellier mechanism
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Figure 1.8 Robotic manipulators

can be considered as the system degree of freedom. Depending on the choice
of the degree of freedom, a motor or an actuator can be used to drive the mech-
anism. In the design and control of multibody systems, precise knowledge of
the system degrees of freedom is crucial for motion generation and control. The
number and type of degrees of freedom define the numbers and types of motors
and actuators that must be used at the joints to drive and control the motion
of the multibody system. In Chapter 3, simple criteria are provided for deter-
mining the number of degrees of freedom of multibody systems. These criteria
depend on the number of bodies in the system as well as the number and type
of the joints. When the complexity of the system increases, the identification
of the system degrees of freedom using the simple criteria can be misleading.
For this reason, a numerical procedure for identifying the degrees of freedom
of complex multibody systems is presented in Chapter 6.

1.4 KINEMATIC ANALYSIS

In kinematic analysis we are concerned with the geometric aspects of the
motion of the bodies regardless of the forces that produce this motion. In the
classical approaches used in kinematic analysis, the system degrees of freedom
are first identified. Kinematic relationships are then developed and expressed
in terms of the system degrees of freedom and their time derivatives. The step
of determining the locations and orientations of the bodies in the mechanical
system is referred to as position analysis. In this first step, al the required dis-
placement variables are determined. The second step in kinematic analysis is
velocity analysis, which is used to determine the respective velocities of the
bodies in the system as a function of the time rate of the degrees of freedom.
This can be achieved by differentiating the kinematic relationships obtained
from position analysis. Once the displacements and velocities are determined,
one can proceed to the third step in kinematic analysis, which is referred to
as acceleration analysis. In acceleration analysis, the velocity relationships are
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differentiated with respect to time to obtain the respective accelerations of the
bodies in the system.

To demonstrate the three principal steps of kinematic analysis, we consider
the two-link manipulator shown in Fig. 9. This manipulator system has two
degrees of freedom, which can be chosen as the angles 62 and 92 that define
the orientation of the two links. Let 12 and I® be the lengths of the two links
of the manipulator. The globa position of the end effector of the manipulator
is defined in the coordinate system XY by the two coordinates ry and ry. These
coordinates can be expressed in terms of the two degrees of freedom 62 and
63 as follows:
ry =12 cos 62 + 13 cos 63
gl ang ) )
ry=1<sin6<+1°sin g

Note that the position of any other point on the links of the manipulator can
be defined in the XY coordinate system in terms of the degrees of freedom 62
and 63. Equation 1 represents the position analysis step. Given 2 and 62, the
position of the end effector or any other point on the links of the manipulator
can be determined.

The velocity equations can be obtained by differentiating the position rela-
tionships of Eq. 1 with respect to time. This yields
fx=—0212sin 62 - 633sin 63
> 2|2 2 n313 3 } (1'2)
fy=07<cos 6<+6°I° cos 0

YA

~ End effector

X

Figure 1.9 Two-degree-of-freedom robot manipulator
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Given the degrees of freedom 92 and 2 and their time derivatives, the velocity
of the end effector can be determined using the preceding kinematic equations.
It can aso be shown that the velocity of any other point on the manipulator
can be determined in a similar manner.

By differentiating the velocity equations (Eq. 2), the equations that define
the acceleration of the end effector can be written as follows:

Fx=—6212sin 62— 6°13sin 6% — (6%)42cos 62 — (§°)21° cos 6° 13
Fy = 6212 cos 62 + 613 cos 6° — (62)?12sin 92— (§%)2I3sin 93 '

Therefore, given the degrees of freedom and their first and second time deriva-
tives, the absolute acceleration of the end effector or the acceleration of any
other point on the manipulator links can be determined.

Note that when the degrees of freedom and their first and second time deriva-
tives are specified, there is no need to write force equations to determine the
system configuration. The kinematic position, velocity, and acceleration equa-
tions are sufficient to define the coordinates, velocities, and accelerations of
al points on the bodies of the multibody system. A system in which al the
degrees of freedom are specified is called a kinematically driven system. If one
or more of the system degrees of freedom are not known, it is necessary to
develop the force equations using the laws of motion in order to determine
the system configuration. Such a system will be referred to in this book as a
dynamically driven system.

In the classical approaches, one may have to rely on intuition to select the
degrees of freedom of the system. If the system has a complex topological struc-
ture or has alarge number of bodies, difficulties may be encountered when clas-
sical techniques are used. While these techniques lead to simple relationships
for simple mechanisms, they are not suited for the analysis of a large class of
mechanical system applications. Many of the basic concepts used in the classical
approaches, however, are the same asthose used for modern computer techniques.

In Chapter 3, two approaches are discussed for kinematically driven multi-
body systems: the classical and computational approaches. In the classical
approach, which is suited for the analysis of simple systems, it is assumed
that the system degrees of freedom can easily be identified and all the kine-
matic variables can be expressed, in a straightforward manner, in terms of the
degrees of freedom. When more complex systems are considered, the use of
another computer-based method, such as the computational approach, becomes
necessary. In the computational approach, the kinematic constraint equations
that describe mechanical joints and specified motion trajectories are formulated,
leading to arelatively large system of nonlinear algebraic equations that can be
solved using computer and numerical methods. This computational method can
be used as the basis for developing a general-purpose computer program for the
kinematic analysis of a large class of kinematically driven multibody systems,
as discussed in Chapter 3.
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1.5 FORCE ANALYSIS

Forces in mechanica systems can be categorized as inertia, external, and joint
forces. Inertia is the property of a body that causes it to resist any effort to
change its motion. Inertia forces, in general, depend on the mass and shape of
the body as well as its velocity and acceleration. If abody is at redt, its inertia
forces are equal to zero. Joint forces are the reaction forces that arise as the
result of the connectivity between different bodiesin mechanical systems. These
forces are sometimes referred to as internal forces or constraint forces. Accord-
ing to Newton’s third law, the joint reaction forces acting on two interconnected
bodies are equal in magnitude and opposite in direction. In this book, exter-
nal forces are forces that are not inertia or joint forces. Examples of external
forces are spring and damper forces, motor torques, actuator forces, and gravity
forces.

While in kinematics we are concerned only with motion without regard to
the forces that cause it, in dynamic analysis we are interested in the motion
and the forces that produce it. Unlike the case of static or kinematic analysis,
where only algebraic equations are used, in dynamic analysis, the motion of a
mechanical system is governed by second-order differential equations. Severa
techniques are discussed in this book for the dynamic analysis of mechanical
systems that consist of interconnected rigid bodies. Only the reader’s familiarity
with Newton’s second law is assumed for understanding the devel opments pre-
sented in later chapters. This law states that the force that acts on a particle is
equal to the rate of change of momentum of the particle. Newton’s second law,
with Euler s equations that govern the rotation of the rigid body, leads to the
dynamic conditions for the rigid bodies. D’ Alembert’s principle, which implies
that inertia forces can be treated the same as applied forces, can be used to
obtain the powerful principle of virtual work. Lagrange used this principle as
a starting point to derive his dynamic equation, which is expressed in terms of
scalar energy quantities. D’ Alembert’s principle, the principle of virtual work,
and Lagrange’s equation are discussed in detail in Chapters 4 and 5.

1.6 DYNAMIC EQUATIONS AND THEIR DIFFERENT FORMS

Depending on the number of coordinates selected to define the configuration of
amechanical system, different equation structures can be obtained and different
solution procedures can be adopted. Some of the formulations lead to equations
that are expressed in terms of the constraint forces, while in other formulations,
the constraint forces are eliminated automatically. For instance, the equations
of motion of a simple system such as the block shown in Fig. 10 can be formu-
lated using a minimum set of independent coordinates or using a redundant set
of coordinates that are not totally independent. Since the system has one degree
of freedom representing the motion in the horizontal direction, one equation
suffices to define the configuration of the block. This equation can ssimply be



1.6 DYNAMIC EQUATIONS AND THEIR DIFFERENT FORMS 13

y
X
-

ol

4 N‘%mg

Figure 1.10 Forms of the equations of motion

written as
mx = F (1.4)

where misthe mass of the block, x isthe block coordinate, and F isthe force act-
ing on the block. Note that when the force is given, the preceding equation can
be solved for the accel eration. We also note that the preceding equation does not
include reaction forces since this equation describes motion interms of the degree
of freedom. Aswe will seein subsequent chapters, it is always possible to obtain
a set of dynamic equations which do not include any constraint forces when the
degrees of freedom areused. The principle of virtual workin dynamicsrepresents
apowerful tool that enables us systematically to formulate aset of dynamic equa-
tions of constrained multibody systems such that these equations do not include
constraint forces. This principleis discussed in detail in Chapter 5.

Another approach that can be used to formulate the equations of motion of
the simple system shown in Fig. 10 is to use redundant coordinates. For exam-
ple, we may choose to describe the dynamics of the block using the following
two equations:

ms = F
X } (L5)
my =N - mg

wherey is the coordinate of the block in the vertical direction, N is the reaction
force due to the constraint imposed on the motion of the block, and g is the
gravity constant. If the force F is given, the preceding two equations have three
unknowns: two acceleration components and the reaction force N. For this rea-
son, ancther equation is needed to be able to solve for the three unknowns. The
third equation is simply the equation of the constraint imposed on the maotion
of the block in the vertical direction. This equation can be written as

y=c (1.6)

wherecisaconstant. Thisalgebraic equation along with thetwo differential equa-
tions of motion (Eg. 5) form asystem of algebraic and differential equationsthat
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can be solved for all the coordinates and forces. Here we obtained a larger sys-
tem expressed in terms of a set of redundant coordinates since they coordinateis
not adegree of freedom. Aswe will seein thisbook, use of the redundant system
can have computational advantages and can also increase the generality and flexi-
bility of the formulation used. For this reason, many general -purpose multibody
computer programs use formulations that employ redundant coordinates. There
are, however, several general observations with regard to the use of redundant
coordinates. Using our simple system, we note that the number of independent
constraint (reaction) forcesis equal to the number of coordinates used minus the
number of the system degrees of freedom. We also note that the number of inde-
pendent reaction forcesisequal to the number of constraint equations. Aswe will
seein subsequent chapters, thisisawaysthe case regardless of the complexity of
the system analyzed, and the elimination of areaction force can be equivalent to
the elimination of adependent coordinate or aconstraint equation. Inour example
we have one reaction force (N) and one constraint equation (y = ).

When the equations of motion are formulated in terms of the system degrees
of freedom only, one obtains differential equations that can be solved using a
simpler numerical strategy. When the equations of motion are formulated in
terms of redundant coordinates, a more elaborate numerica scheme must be
used to solve the resulting system of algebraic and differential equations. These
algebraic and differential equations for most multibody systems are coupled and
highly nonlinear. Direct numerical integration methods are used to solve for the
system coordinates and velocities, and iterative numerical procedures are used
to check on the violation of the constraint equations. This subject is discussed in
more detail in Chapter 6, in which the Lagrangian formulation of the egquations
of motion is introduced. In this formulation, a symmetric structure of equations
of motion expressed in terms of redundant coordinates and constraint forces is
presented. To obtain this symmetric structure, the concept of generalized con-
straint forces, which are expressed in terms of multipliers known as Lagrange
multipliers, is introduced.

The simple example of the one-degree-of -freedom block discussed in this sec-
tion alludes to some of the fundamental issuesin computational dynamics. How-
ever, the equations of motion of multibody mechanical systems are not likely to
be as simple as the equations of the block due to the geometric nonlinearities and
thekinematic constraints. Asthe complexity of the system topol ogy increases, the
dimensionality and nonlinearity increase. Computational methods for modeling
complex and nonlinear multibody systems are discussed in Chapter 6.

1.7 FORWARD AND INVERSE DYNAMICS

In studying the dynamics of mechanical systems, there are two different types
of analysis that can be performed. These are inverse and forward dynamics.
In inverse dynamics, the motion trgjectories of all the system degrees of free-
dom are specified and the objective is to determine the forces that produce this
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motion. This type of analysis requires only the solution of systems of algebraic
equations. There is no need in thistype of analysis for the use of numerical inte-
gration methods since the position coordinates, velocities, and accelerations of
the system are known. In the case of the forward dynamics, however, the forces
that produce the motion are given and the objective is to determine the position
coordinates, velocities, and accelerations. In this type of analysis, the acceler-
ations are first determined using the laws of motion. These accelerations must
then be integrated to determine the coordinates and velocities. In most appli-
cations, a closed-form solution is difficult to obtain and, therefore, one must
resort to direct numerical integration methods.

The difference between forward and inverse dynamics can be explained
using a simple example. Consider a mass m which moves only in the hori-
zontal direction with displacement x as the result of the application of a force
F. The eguation of motion of the mass is

mx = F (L7)

In forward dynamics, the force F is given and the objective is to determine the
motion of the mass as the result of the application of force. In this case, we
first solve for the acceleration as

= —
m

Knowing F and m, we integrate the accel eration to determine the velocity. Using
the preceding eguation, we have

dx F

dt  m

X t
o] Ea
Xo 0 m

where X is the initial velocity of the mass. It follows that

which yields

t
X = Xo + S F dt
o M
If theforce F is known as afunction of time, the preceding equation can be used
to solve for the velocity of the mass. Having determined the velocity, following
equation can be used to determine the displacement:

dt
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from which

t
X=Xo+ § X dt

0
wherexg istheinitial displacement of the mass. It isclear from this simple exam-
ple that one needs two initial conditions: an initial displacement and an initia
velocity, to be ableto integrate the accel eration to determine the displacement and
velocity in response to given forces. In the case of simple systems, one may be
ableto obtain closed-form solutionsfor the vel ocities and displacements. In more
complex systems, integration of the accel erations to determine the vel ocities and
displacements must be performed numerically as described in Chapter 6.

In inverse dynamics, on the other hand, there is no need for performing inte-
grations: One need only solve a system of algebraic equations. For instance, if
the displacement of the mass is specified as a function of time, one can sim-
ply differentiate the displacement twice to obtain the acceleration and substitute
the result into the equation of motion of the system to determine the force. For
example, if the displacement of the mass is prescribed as

X=ASsn wt

where A and w are known constants, the acceleration of the mass can be defined
simply as

X = —w?A sin wt

Using the equation of motion of the mass (Eq. 7), the force F can be determined
as

F = mX = —mw?A sin ot

This equation determines the force required to produce the prescribed displace-
ment of the mass.

Inverse dynamics is widely used in the design and control of many indus-
trial and technological applications, such as robot manipulators and space struc-
tures. By specifying the task to be performed by the system, the actuator forces
and motor torques required to accomplish this task successfully can be pre-
dicted. Furthermore, different design alternatives and force configurations can
be explored efficiently using the techniques of inverse dynamics.

1.8 PLANAR AND SPATIAL DYNAMICS

The analysis of planar systems can be considered as a specia case of spatial
analysis. In spatial analysis, more coordinates are required to describe the con-
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figuration of unconstrained body. As mentioned previously, six coordinates
that define the location of a point on the body and the orientation of a coor-
dinate system rigidly attached to the body are required to describe the uncon-
strained motion of a rigid body in space. In planar analysis, only three
coordinates are required, and one of these coordinates suffices to define the
orientation of the body as compared to three orientation coordinates in the
three-dimensional analysis. Furthermore, in the planar analysis, the order of
rotation is commutative since the rotation is performed about the same axis;
that is, two consecutive rotations can be added and the sequence of perform-
ing these rotations is immaterial. This is not the case, however, in three-
dimensional analysis, where three independent rotations can be performed
about three perpendicular axes. In this case, the order of rotation is not in
general commutative, and two consecutive rotations about two different axes
cannot in general be added. This can be demonstrated by using the simple
block example shown in Fig. 11, which illustrates different sequences of rota-
tions for the same block. In Fig. 11a, the block is first rotated 90° about
the Y axis and then 90° about the Z axis. In Fig. 11b, the same rotations in

Initial position Rotated 90° about Rotated 90° about
the Y axis the Z axis

(a)

Initial position Rotated 90° about Rotated 90° about
the Z axis the Y axis

(b)
Figure 1.11 Sequence of rotations
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reverse order are employed; that is, the block is first rotated 90° about the Z
axis and then 90° about the Y axis. It is clear from the results presented in Figs.
1la and b that a change in the sequence of rotations leads to different final ori-
entations. We then conclude from this simple example that the order of the
finite rotations in the spatial analysis is not commutative, and for this reason,
the finite rotations in the spatial analysis cannot be in general added or treated
as vector quantities. The subject of the three-dimensional rotations is discussed
in more detail in Chapters 7 and 8, where different sets of orientation coordi-
nates are discussed. These sets include Euler angles, Euler parameters, direction
cosines, and Rodriguez parameters. The general dynamic equations that govern
the constrained and unconstrained spatial motion of rigid body systems are also
developed in Chapter 7. This includes the Newton—Euler equations and recur-
sive formulations that are often used in computer-aided analysis of constrained
mechanical systems.

1.9 COMPUTER AND NUMERICAL METHODS

While the analytical techniques of Newton, D’Alembert, and Lagrange were
developed centuries ago, these classical approaches have proven to be suitable
for implementation on high-speed digital computers when used with matrix and
numerical methods. The application of these methods leads to a set of differen-
tial equations that can be expressed in a matrix form and can be solved using
numerical and computer methods. Several numerical algorithms are developed
based on the Newtonian or the Lagrangian approaches. These algorithms, which
utilize matrix and numerical methods, are used to develop genera- and special-
purpose computer programs that can be used for the dynamic simulation and
control of multibody systems that consist of interconnected bodies. These pro-
grams alow the user to introduce, in a systematic manner, elastic or damp-
ing elements such as springs and dampers, nonlinear general forcing functions,
and/or nonlinear constraint equations.

The computational efficiency of the computer programs developed for the
dynamic analysis of mechanical systems depends on many factors, such as the
choice of coordinates and the numerical procedure used for solving the dynamic
equations. The choice of the coordinates directly influences the number and the
degree of nonlinearity of the resulting dynamic equations. The use of a rela-
tively small number of coordinates leads to a higher degree of nonlinearity and
more complex dynamic equations. For this reason, in many of the computa-
tional methods developed for the dynamic analysis of mechanical systems, a
larger number of displacement coordinates is used for the sake of generality.

As pointed out previoudly, the reader will recognize when studying this book
that there are two basic dynamic formulations which are widely used in the
computer simulation of multibody systems. In the first formulation, the con-
straint forces are eliminated from the dynamic equations by expressing these
equations in terms of the system degrees of freedom. Variables that represent
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joint coordinates are often used as the degrees of freedom in order to be able to
express the system configuration analytically in terms of these degrees of free-
dom. The use of the joint variables has the advantage of reducing the number of
equations and the disadvantage of increasing the nonlinearity and complexity of
the equations. This can be expected since al the information about the system
dynamics must be included in a smaller set of equations. Formulations that use
the joint variables or the degrees of freedom to obtain a minimum set of equa
tions are referred to in this book as the embedding techniques. The embedding
techniques are also the basis for developing the recursive methods, which are
widely used in the analysis of robot manipulators. The recursive methods are
discussed in Chapter 7.

Another dynamic formulation that is widely used in the computer simula-
tion of multibody systems is the augmented formulation. In this formulation,
the equations of motion are expressed in terms of redundant set of coordinates
that are not totally independent. Because of this redundancy, the kinematic alge-
braic constraint equations that describe the relationship between these coordi-
nates must be formulated. As a result, the constraint forces appear in the fina
form of the equations of motion. Clearly, one of the drawbacks of using this
approach is increasing the number of coordinates and equations. Another draw-
back is the complexity of the numerical agorithm that must be used to solve
the resulting system of differential and algebraic equations. Nonetheless, the
augmented formulation has the advantage of producing simple equations that
have a sparse matrix structure; therefore, these eguations can be solved effi-
ciently using sparse matrix techniques. Furthermore, the general -purpose multi-
body computer programs based on the augmented formulation tend to be more
user friendly since they alow the user systematic introduction of any nonlin-
ear constraint or force function. In most general-purpose computer programs
based on the augmented formulation, the motion of the bodies in the system is
described using absolute Cartesian and orientation coordinates. In planar analy-
sis, two Cartesian coordinates that define the location of the origin of the body
coordinate system selected, and one orientation coordinate that defines the ori-
entation of this coordinate system in a global inertia frame, are used. In the
spatial analysis, six absolute coordinates are used to define the location and ori-
entation of the body coordinate system. The use of similar sets of coordinates
for al bodies in the system makes it easy for the user to change the model by
adding or deleting bodies and joints and/or introducing nonlinear forcing and
constraint functions.

Both the embedding technique and augmented formulation are discussed in
detail in this book, and several examples will be used to show the structure of
the equations obtained using each formulation. These two methods have been
applied successfully to the analysis, design, and control of many technological
and industrial applications, including vehicles, mechanisms, robot manipula-
tors, machines, space structures, and biomechanical systems. It is hoped that
by studying these two basic formulations carefully, the reader will be able to
make a better choice of the method that is most suited for his or her application.
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1.10 ORGANIZATION, SCOPE, AND NOTATIONS OF THE BOOK

The purpose of this book is to provide an introduction to the subject of com-
putational dynamics. The goal is to introduce the reader to various dynamic
formulations that can be implemented on the digital computer. The computer
implementation is necessary to be able to study the dynamic motion of large-
scale systems. The general formulations presented in this book can also be used
to develop general-purpose computer codes that can be used in the analysis of
alarge class of multibody system applications. The book is organized in eight
chapters, including this introductory chapter.

As the dimensionality and complexity of multibody systems increase, a
knowledge of matrix and numerical methods becomes necessary for under-
standing the theory behind general- and special-purpose multibody computer
programs. For this reason, Chapter 2 is devoted to a brief introduction to the
subject of linear algebra. Matrix and vector operations and identities as well
as methods for the numerical solution of systems of agebraic equations are
discussed. The QR and singular value decompositions, which can be used in
multibody dynamics to determine velocity transformation matrices that relate
the system velocities to the time derivatives of the degrees of freedom, are also
introduced in this chapter.

The kinematics of multibody systems are discussed in Chapter 3. In this
chapter, kinematically driven systems in which all the degrees of freedom are
specified are investigated. For these systems, to define the system configura-
tion, one need only formulate a set of algebraic equations. There is no need to
use the laws of motion since the degrees of freedom and their time derivatives
are known. Two basic approaches are discussed, the classical approach and the
computational approach. The classical approach is suited for the analysis of sys-
tems that consist of small nhumber of bodies and joints, and in which the degrees
of freedom can be identified easily and intuitively. The computational approach,
on the other hand, is suited for the analysis of complex systems and can be used
to develop a genera-purpose computer program for the kinematic analysis of
varieties of multibody system applications. Based on a systematic and general
description of the system topology, a general-purpose computer program can be
developed and used to construct nonlinear kinematic relationships between the
variables. This program can also be used to solve these relationships numeri-
caly, in order to determine the system configuration.

Various forms of the dynamic equations are presented in Chapter 4. A simple
Newtonian mechanics approach is used in this chapter to derive these differ-
ent forms and demonstrate the basic differences between them. It is shown in
this chapter that when the equations of motion are derived in terms of a set of
redundant coordinates, the constraint forces appear explicitly in the equations.
This leads to the augmented form of the equations of motion. It is shown in
Chapter 4 that the constraint forces can be eliminated from the system equations
of motion if these equations are expressed in terms of the degrees of freedom.
This procedure is referred to in this book as the embedding technique.
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Although as demonstrated in Chapter 4, the embedding technique can be
applied in the framework of Newtonian mechanics, the result of this technique
can be obtained more elegantly by using the principle of virtual work. This
principle can be used to eliminate the constraint forces systematically and obtain
aminimum set of dynamic equations expressed in terms of the system degrees
of freedom. The concepts of the virtual work and generalized forces that are
necessary for the application of the virtual work principle, Lagrange’s equation,
and the Hamiltonian formulation are among the topics discussed in Chapter
5. The chapter concludes by examining the relationship between the principle
of virtual work and the Gaussian elimination used in the solution of algebraic
systems of equations.

The analytical methods presented in Chapter 5 are used as the foundation
for the computational approaches discussed in Chapter 6. A computer-based
embedding technique and an augmented formulation suitable for the analy-
sis of large-scale constrained multibody systems are introduced. The impor-
tant concepts of the generalized constraint forces and Lagrange multipliers are
discussed. Numerical algorithms for solving the differential and algebraic equa-
tions of multibody systems are also presented in Chapter 6. It is important to
point out that the basic methods presented in Chapter 6 are not different from
the methods presented in Chapters 4 and 5 except for using a certain set of
coordinates that serves our computational goals.

In Chapters 3 through 6, planar examples are used to focus on the main
concepts and the development of the basic methods without delving into the
details of the three-dimensional motion. The analysis of the spatial motion
is presented in Chapter 7. In this chapter, methods for describing the three-
dimensional rotations are developed, and the concept of angular velocity in
spatial analysis is introduced. The three-dimensional form of the equations of
motion is presented in terms of the generalized coordinates and used to obtain
the known Newton-Euler equations. Formulations of the algebraic constraint
equations of several spatial joints, such as the revolute, prismatic, cylindri-
cal, and universa joints, are discussed. The use of Newton-Euler equations
to develop a recursive formulation for multibody systemsis also demonstrated
in Chapter 7.

In Chapter 8, special topics are discussed. These topics include gyroscopic
motion and various sets of parameters that can be used to define the orien-
tation of the rigid body in space. These parameters include Euler parameters,
Rodriguez parameters, and the quaternions.

It is important that readers become familiar with the multibody notations
used in this book as described in the preface in order to follow the develop-
ments presented in different chapters. Boldface |etters are used to indicate vec-
tors or matrices. Superscripts are used to indicate body numbers. To distinguish
between a superscript that indicates the body number and the power, parenthe-
ses are used whenever a quantity is raised to a certain power. For example, (1°)3
is a scalar | associated with body 5 raised to the power of 3.



CHAPTER 2

LINEAR ALGEBRA

Vector and matrix concepts have proved indispensable in the development of
the subject of dynamics. The formulation of the equations of motion using the
Newtonian or Lagrangian approach leads to a set of second-order simultaneous
differential equations. For convenience, these equations are often expressed in
vector and matrix forms. Vector and matrix identities can be utilized to provide
much less cumbersome proofs of many of the kinematic and dynamic relation-
ships. In this chapter, the mathematical tools required to understand the devel-
opment presented in this book are discussed briefly. Matrices and matrix oper-
ations are discussed in the first two sections. Differentiation of vector functions
and the important concept of linear independence are discussed in Section 3. In
Section 4, important topics related to three-dimensional vectors are presented.
These topics include the cross product, skew-symmetric matrix representations,
Cartesian coordinate systems, and conditions of parallelism. The conditions of
parallelism are used in this book to define the kinematic constraint equations
of many joints in the three-dimensional analysis. Computer methods for solv-
ing algebraic systems of equations are presented in Sections 5 and 6. Among
the topics discussed in these two sections are the Gaussian elimination, piv-
oting and scaling, triangular factorization, and Cholesky decomposition. The
last two sections of this chapter deal with the QR decomposition and the sin-
gular value decomposition. These two types of decompositions have been used
in computational dynamics to identify the independent degrees of freedom of
multibody systems. The last two sections, however, can be omitted during a
first reading of the book.

22
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2.1 MATRICES

An mx n matrix A is an ordered rectangular array that has m x n elements.
The matrix A can be written in the form

ap a2 -+ A
A=@)=[ 7 (21)
Aml 8m2 - @mn

The matrix A iscaled an mx n matrix since it has m rows and n columns. The
scalar element &; liesin the ith row and jth column of the matrix A. Therefore,
the index i, which takes the values 1, 2, ..., m, denotes the row number, while
the index j, which takes the values 1, 2, ..., n denotes the column number.

A matrix A is said to be square if m=n. An example of a sguare matrix is

30 -20 09
A=| 63 00 120
90 35 125
In this example, m=n =3, and A isa 3 x 3 matrix.

The transpose of an m x n matrix A is an n x m matrix denoted as AT and
defined as

ap ax o+ am
a a cee

ATo| P2 G (22)
din Ay c° @mn

For example, let A be the matrix

20 -40 -75 235
100 85 100 00

The transpose of A is

20 0.0
T -40 85
-7.5 10.0

235 00
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That is, the transpose of the matrix A is obtained by interchanging the rows
and columns.

A square matrix A is said to be symmetric if a; = a;;. The elements on the
upper-right half of a symmetric matrix can be obtained by flipping the matrix
about the diagonal. For example,

30 -20 15
A=| -20 00 23
15 23 15

is a symmetric matrix. Note that if A is symmetric, then A is the same as its
transpose; that is, A = A'.

A square matrix is said to be an upper-triangular matrix if a; = 0 for i >
j. That is, every element below each diagona element of an upper-triangular
matrix is zero. An example of an upper-triangular matrix is

6.0 25 102 -110
0 80 55 6.0
0O O 32 -40
0 O 0 -22

A square matrix is said to be a lower-triangular matrix if a; = 0 for j > i.
That is, every element above the diagonal elements of a lower-triangular matrix
is zero. An example of a lower-triangular matrix is

60 O 0 0

25 80 O 0

102 55 32 O
-110 60 -40 -22

The diagonal matrix is a square matrix such that a; = 0 if i # j, which
implies that a diagonal matrix has element a;; along the diagonal with al other
elements equal to zero. For example,

50 0 O
A=] 0 10 O
0O 0 70

is a diagonal matrix.
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The null matrix or zero matrix is defined to be a matrix in which al the
elements are equal to zero. The unit matrix or identity matrix is a diagonal
matrix whose diagonal elements are nonzero and equal to 1.

A skew-symmetric matrix is a matrix such that a;; = —a;;. Note that since &;;
= —aj; for all i and j values, the diagonal elements should be equal to zero. An
example of a skew-symmetric matrix A is

0 -30 -50
A=l 30 o0 25
50 -25 0

. . . ~T ~
It is clear that for a skew-symmetric matrix, A = —A.

The trace of a sgquare matrix is the sum of its diagonal elements. The trace
of an n x nidentity matrix is n, while the trace of a skew-symmetric matrix is
zero.

2.2 MATRIX OPERATIONS

In this section we discuss some of the basic matrix operations that are used
throughout the book.

Matrix Addition The sum of two matrices A and B, denoted by A + B, is
given by

A+B:(aij +bij) (2.3)

where byj; are the elements of B. To add two matrices A and B, it is necessary
that A and B have the same dimension; that is, the same number of rows and
the same number of columns. It is clear from Eqg. 3 that matrix addition is
commutative, that is,

A+B=B+A (2.4)

Matrix addition is also associative, because

A+(B+C)=(A+B)+C (2.5)

Example 2.1
The two matrices A and B are defined as

[3.0 10 5.0]

20 30 6.0
20 00 20

-30 00 -50
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Thesum A + B is

30 10 -50 20 30 60
A+B= +
20 00 20 -30 00 -50
[ 50 40 10]
| -1.0 00 -30
while A — B is
A B[ao 1.0 50] [ 20 30 60
120 00 20 -30 00 -50

[1.0 -20 11.0]
50 00 7.0

Matrix Multiplication The product of two matrices A and B is another
matrix C, defined as

C=AB (2.6)

The element c;; of the matrix C is defined by multiplying the elements of the
ith row in A by the elements of the jth column in B according to the rule

Cij = &1byj + @izby + -+ - + @inby;

= % aikby; (2.7)

Therefore, the number of columnsin A must be equal to the number of rowsin
B. If Alisan mx n matrix and B isan n x p matrix, then C isan m x p matrix.
Ingeneral, AB # BA. That is, matrix multiplication is not communative. Matrix
multiplication, however, is distributive; that is, if A and B are m x p matrices
and C isap x n matrix, then

(A+B)C=AC+BC (2.8)
B Example 2.2
Let
0 41 01
A=l2 1 1], B=| 0 O
3 21 5 2
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Then
0 4 1 01 5 2
AB=| 2 1 1 0 0|=|5 4
321 5 2 5 5

The product BA is not defined in this example since the number of columns in B
is not equal to the number of rows in A.

The associative law is valid for matrix multiplications. If A isan mx p
matrix, B isap x g matrix, and C isa q x n matrix, then

(AB)C = A(BC) = ABC

Matrix Partitioning Matrix partitioning is a useful technique that is fre-
guently used in manipulations with matrices. In this technique, a matrix is
assumed to consist of submatrices or blocks that have smaller dimensions. A
matrix is divided into blocks or parts by means of horizontal and vertical lines.
For example, let A be a4 x 4 matrix. The matrix A can be partitioned by using
horizontal and vertical lines as follows:

a1 a2 a3 : aug

A axp axg : axp

In this example, the matrix A has been partitioned into four submatrices; there-
fore, we can write A compactly in terms of these four submatrices as

[ An Ar
Axn Axp
where
ap a2 a3 a1
Aun=| an ax axn |, Ap=| ay |,
a3l adz2 as3 az

Ax =[aar ap ass], Az =ay

Apparently, there are many ways by which the matrix A can be partitioned. As
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we will seein this book, the way the matrices are partitioned depends on many
factors, including the applications and the selection of coordinates.

Partitioned matrices can be multiplied by treating the submatrices like the
elements of the matrix. To demonstrate this, we consider another matrix B such
that AB is defined. We also assume that B is partitioned as follows:

B Bi1 Bz Biz B
By B Bxz Bo

The product AB is then defined as follows:

Ay AlZ] [ By B B B14]

Az Az || Ba Bz Bx Bx

[ AnBn +ApBxn AuBi+ApBxn AuBiz+ApBx AunBut+ApBx
AnB1 +A2Ba AxuBia+AnBxn AxnBizt+AxnBx AxBist+AxBxy

o

When two partitioned matrices are multiplied we must make sure that additions
and products of the submatrices are defined. For example, A;3B1, must have
the same dimension as A1,B». Furthermore, the number of columns of the
submatrix Aj; must be equal to the number of rows in the matrix Bjy. It is,
therefore, clear that when multiplying two partitioned matrices A and B, we
must have for each vertical partitioning line in A a similarly placed horizontal
partitioning line in B.

Determinant The determinant of an n x n square matrix A, denoted as ‘A|
is a scalar defined as

ap a2 -+ Qi
A= 5 (29)
dn1 Q2 - Am

To be able to evaluate the unique value of the determinant of A, some basic
definitions have to be introduced. The minor M;; corresponding to the element
aj is the determinant formed by deleting the ith row and jth column from the
origina determinant |A|. The cofactor Cjj of the element &;; is defined as

Cij = (-1 IM;; (2.10)

Using this definition, the value of the determinant in Eq. 9 can be obtained in
terms of the cofactors of the elements of an arbitrary row i as follows:

n
|A| :jglaijcij (2.11)
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Clearly, the cofactors C;; are determinants of order n— 1. If Alisa2 x 2 matrix
defined as

A =
a1 ax

ain  ap l

the cofactors Cj; associated with the elements of the first row are
Cu = (- 1)%az = az, Ciz = (-1)%axn = —an

According to the definition of Eq. 11, the determinant of the 2 x 2 matrix A
using the cofactors of the elements of the first row is
|A| =anCp +a12C12 = anaz — apadn

If A is3x 3 matrix defined as
i a2 ais
A=| a1 axn ax
a3 dazx a3

the determinant of A in terms of the cofactors of the first row is given by

3
A= '21 ayjCyj = a1 Cn +a12Cy2 + a13Cy3
J =

where
ayp Az dy1 Az a1 ax
Cn= , Cp=- , Ciz=
az; as3 az1  as3 az  az
That is, the determinant of A is
axyp Az ay1 Az ay ax
|A| =ay —ap +ag3
dz2 as3 az1  as3 az  amx

= an(axazs — axsasy) — arx(azdss — axaz:) + az(dxaz — axpas)

(2.12)

One can show that the determinant of a matrix is equal to the determinant of
its transpose, that is,

|A| = |AT| (2.13)

and the determinant of a diagonal matrix is equal to the product of the diago-
nal elements. Furthermore, the interchange of any two columns or rows only
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changes the sign of the determinant. If a matrix has two identical rows or two
identical columns, the determinant of this matrix is equal to zero. This can be
demonstrated by the example of Eqg. 12. For instance, if the second and third
rows are identical, ay; = ag;, az = agp, and ayz = agz. Using these equalities
in Eg. 12, one can show that the determinant of the matrix A is equa to zero.
More generally, a square matrix in which one or more rows (columns) are linear
combinations of other rows (columns) has a zero determinant. For example,

1 0 -3 1 01
A=l 0 2 5 and B=| 0 2 2
1 2 2 -3 5 2

have zero determinants since in A the last row is the sum of the first two rows
and in B the last column is the sum of the first two columns.

A matrix whose determinant is equal to zero is said to be a singular matrix.
For an arbitrary square matrix, singular or nonsingular, it can be shown that the
value of the determinant does not change if any row or column is added to or
subtracted from another.

Inverse of a Matrix A square matrix A~* that satisfies the relationship
AA=AA =] (2.14)

where | istheidentity matrix, is caled the inverse of the matrix A. The inverse
of the matrix A is defined as

G

Al-
[A]

where C; is the adjoint of the matrix A. The adjoint matrix C; is the transpose
of the matrix of the cofactors Cj; of the matrix A.

B Example 2.3

Determine the inverse of the matrix

>

Il
o o R
o KL Pk
e

Solution. The determinant of the matrix A is equal to 1, that is,

[Al=1
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The cofactors of the elements of the matrix A are

Cu=1 C2=0, C13=0,
Cox=-1, Cx=1, Ca23 =0,
Ca1 =0, Cx2=-1, Caz=1

The adjoint matrix, which is the transpose of the matrix of the cofactors, is given
by

Cn Cxu Ca; 1 -1 0
Ci=] Co Cx Cx =0 1 -1
Ciz Cx Css 0O 0 1
Therefore,
c 1 -1 O
At==t_[o 1 1
[A]
0O 0 1
Matrix multiplications show that
1 -1 O 111 1 00
AlaA=l0 1 -1]]0 1 1]=l0 10
0O 0 1 0 01 0 01
B —AAL
If A isthe 2 x 2 matrix
an a
A | Bt 8w
d1 Az
the inverse of A can be written simply as
Al 1 d» —a
|A| —a1 an

where A(J = djidpo — Appdp1.
If the determinant of A isequal to zero, the inverse of A does not exist. This
is the case of a singular matrix. It can be verified that

(A HT=(AT)*
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which implies that the transpose of the inverse of amatrix is equal to theinverse

of its transpose.
If A and B are nonsingular square matrices, then

(AB)t=B1A1

In general, the inverse of the product of square nonsingular matrices A1, Az,
feay An,l, An |S

(A1Az---An_1An) T =AAL - AIA

This equation can be used to define the inverse of matrices that arise naturally
in mechanics. One of these matrices that appears in the formulations of the
recursive equations of mechanical systems is

1 0 00 0 07

D, | 00 0
D=l 0 -D; I 0 0

Ll 0o 0 00 - -D" I |
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from which

Dn | 0 1

(O

- —

Therefore, the inverse of the matrix D can be written as

I 0 0 0

Doy I 0 0

D1_ D32 Da; | 0
0

| Dn(r;—l) Dn(r;—z) Dn(r;—?,)
where
Dikr = DkDk—1-+Dg_r+1
Orthogonal Matrices A square matrix A is said to be orthogonal if
ATA=AAT =]
In this case

AT=A1
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That is, the inverse of an orthogonal matrix isequal to itstranspose. An example
of orthogonal matrices is

A=1+7Vsing+(1- cos 8)(V)? (2.15)

where 6 is an arbitrary angle, V is the skew-symmetric matrix

and v1, vz, and v are the components of an arbitrary unit vector v, that is, v =
[vr v2 v3]". While V is a skew-symmetric matrix, (V)? is a symmetric matrix.
The transpose of the matrix A of Eq. 15 can then be written as

AT =1-Vsin g+ (1- cos 0)(V)?
It can be shown that
(V)% =9, 0)* = -([©)?

Using these identities, one can verify that the matrix A of Eq. 15 is an orthog-
ona matrix. In addition to the orthogonality, it can be shown that the matrix A
and the unit vector v satisfy the following relationships:

Av=ATv=Alv-v

In computational dynamics, the elements of a matrix can be implicit or
explicit functions of time. At a given instant of time, the values of the elements
of such a matrix determine whether or not a matrix is singular. For example,
consider the following two matrices, which depend on the three variables ¢, 0,

VS
0 cos¢ sinf sng
G=| 0 sn¢ —sinf cosa¢
1 0 cos 6

and

snfsiny cosy O
G=| sinfcosy —-sny O
cos 0 0 1
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The inverses of these two matrices are given as

—sin¢cosf cos¢cosh snb

=— sinf cos¢ sinf sing 0

sin 6 )
sin¢ ~COs ¢ 0
and
sin ¢ cos ¥ 0
‘l:ﬁ snfcosy —snfsny O

—cosf sny -cosf cosy siné

It is clear that these two inverses do not exist if sin @ = 0. The reader, however,
can show that the matrix A, defined as

A-GG !

is an orthogonal matrix and its inverse does exist regardless of the value
of 6.
2.3 VECTORS

An n-dimensional vector a is an ordered set

a=(ag,az,...,an) (2.16)
of n scalars. The scalar a;, i =1, 2, ..., nis caled the ith component of a.
An n-dimensional vector can be considered as an n x 1 matrix that consists

of only one column. Therefore, the vector a can be written in the following
column form:

a= (2.17)

The transpose of this column vector defines the n-dimensional row vector

al=[a a - a
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The vector a of Eqg. 17 can also be written as

a=[a, a---an (2.18)
By considering the vector as special case of a matrix with only one column or

one row, the rules of matrix addition and multiplication apply aso to vectors.
For example, if a and b ar two n-dimensional vectors defined as

a=[a, a-a
b=[by by by]"

then a + b is defined as
a+tb=[ag+b; ay+by---ay+by]’

Two vectorsa and b are equal if and only if @ = b; fori=1,2, ..., n.
The product of a vector a and scalar « is the vector

ca=[oa; ady---adg] (2.19)

The dot, inner, or scalar product of two vectorsa = [a; a --- ay]' and b =
[by by --- by]" is defined by the following scalar quantity:

by
T b,
a-b=a'b=[a a---a)]| .
bn
=aiby +aby +-- - +a,b, (2208.)
which can be written as
n
a-b=ab=2 ab (2.20b)
i1

It followsthata-b=Db - a.
Two vectors a and b are said to be orthogonal if their dot product is equal
to zero, that is,

a-b=a'b=0

The length of a vector a denoted as |a‘ is defined as the square root of the
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dot product of a with itself, that is,

8] = VaTa= [(@)? + (@)% + - + (@2 (2.21)

The terms modulus, magnitude, norm, and absolute value of a vector are also
used to denote the length of a vector. A unit vector is defined to be a vector
that has length equal to 1. If & is a unit vector, one must have
18] = [()> + () + -+ + (Bn)2] Y2 =
If a=1[a; a --- ay]" is an arbitrary vector, a unit vector & collinear with the
vector a is defined by
a 1 T

é:H:H[al a -+ an)

Example 2.4
Let a and b be the two vectors
a=[0 1 3 2", b=[-10 2 3
Then
atb=[0 1 3 2]"+[-1 0 2 3T
=[-1 1 5 5"
The dot product of aand b is

-1
T 0
a-b=ab=[0 1 3 2] 2
3
=0+0+6+6=12
Unit vectors along a and b are
a 1
a= 013 27
fa] ~ Via
~ b
b:—f—[ 10 2 3"
o v

It can be easily verified that =1

Differentiation In many applications in mechanics, scalar and vector func-
tions that depend on one or more variables are encountered. An example of a
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scalar function that depends on the system velocities and possibly on the system
coordinates is the kinetic energy. Examples of vector functions are the coordi-
nates, velocities, and accelerations that depend on time. Let us first consider a
scalar function f that depends on several variables qi, qo, ..., and g, and the
parameter t, such that

f = f (qla q27 e qn7 t) (222)

where g1, Oz, ..., gn ae functions of t, that is, g = qi(t).
The total derivative of f with respect to the parameter t is
E: of dC|1+ of dq2+...+ of %Jrai
dt  o0qg; dt Jqy dt Jqn, dt ot

which can be written using vector notation as

_%-
dt

dagz
ar |of o ar [+ (2.23)
dt E)ql an BQn . ot
dgn
dt |

L

This equation can be written as

df of dg _ of

a3 at o (2.24)
in which of /ot is the partial derivative of f with respect to t, and
q=[o G --anl’
of of of of
—=fy=| = —— 2.25
oq "7 e 0 I 229

That is, the partial derivative of a scalar function with respect to a vector is a
row vector. If f is not an explicit function of t, of /ot = 0.

Example 2.5

Consider the function

f(a1, d2,1) = (a1)” + 3(@2)° - (1)



2.3 VECTORS 39

where g1 and gy are functions of the parameter t. The total derivative of f with
respect to the parameter t is
df Jf dmq . o dop N of

dt  ogqu dt  ogy dt ot

where
of of , o
= =2 - = -2
T a1, pT 9(q2)%, o t
Hence
df __ do 2 doz
at =201 at +9(q2) at A
dgu
L | dt
=[201 9(q2)7] -2t
daz
dt

where df /dq can be recognized as the row vector

of
3 fo=[201 9(02)%

Consider the case of several functionsthat depend on several variables. These
functions can be written as

fl:fl(qlaq29"'7ql’bt)
f2 :fZ(QL q29' --7Qn,t) (2 26)

fm:fm(qlaq27""qn7t)

where g = gi(t), i = 1, 2, ..., n. Using the procedure previously outlined in
this section, the total derivative of an arbitrary function f; can be written as

daf _

afj dq afj S
dt  oq dt ot J=12....m

in which df;/dq is the row vector

o [of off o

oq | dm da o
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It follows that
[ df, | [ of oy oty [ da | [ 9]
dt Jop  9dQ J0n dt ot
df dfy oz df - dfp daz of 2
dfm Ofm Im - Ifm dah o
| dt ] | dm  dg don JL dt | [ ot ]
where

f=[f1 fo---fp]" (2.28)
Equation 27 can aso be written as

df  of dq of
@ g dt o (2.29)

where the m x n matrix df/dq, the n-dimensiona vector dg/dt, and the
m-dimensional vector of /dt can be recognized as

(o o on ]
1 9qp 90n
N P P
E:fq: 8?1 8?2 | at:lln (2.30)
O OO
| di dgp 90 |
dg [dg dg,  dgn ]’
dt [ dt dt dt] (231)
of o of o]’
_f |2 S22 9m
at ‘l ot ot ot l (232)

If the function f; is not an explicit function of the parameter t, then of/ot is
equal to zero. Note also that the partial derivative of an m-dimensional vector
function f with respect to an n-dimensional vector q is the m x n matrix fg
defined by Eq. 30.
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B Example 2.6

Consider the vector function f defined as

f1 (a1)? +3(q2)® - ()2
f=| f2 = 8(a1)® - 3t

f3 2(0n)? - 60102 + (d2)?

The total derivative of the vector function f is

df; 7]
dt d
df df 201 9(q2)? % -2t
o | e 7| o 0 T N
a2
4qy — 6 20, — 6 -2
s (4q1 - 602) (202 - 601) It
[ dt ]

where the matrix fq can be recognized as

201 Yq2)?

(401 - 602) (202 - 601)

and the vector f; is

of

A o T
so=f=l-2 -3 0

In the analysis of mechanical systems, we may also encounter scalar func-
tions in the form

Q=0q'Aq (2.33)

Following a similar procedure to the one outlined previously in this section,
one can show that

Q _rasal
3q ~dA+AD (2.34)

If A isasymmetric matrix, that is A = AT, one has

NQ T
S " 2aA (2.35)
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Linear Independence The vectors a;, a,, ..., a, are said to be linearly
dependent if there exist scalars ey, e, ..., €, which are not all zeros, such that

e t+eay+---+eay=0 (2.36)

Otherwise, the vectors a;, ap, ..., a, are said to be linearly independent.
Observe that in the case of linearly independent vectors, not one of these vectors
can be expressed in terms of the others. On the other hand, if Eq. 36 holds, and
not al the scalars ey, e, ..., €, are equa to zeros, one or more of the vectors
ai, a, ..., a, can be expressed in terms of the other vectors.

Equation 36 can be written in a matrix form as

€

s 2 - ad| - |=0 (2:37)

e

which can also be written as
Ae=0 (2.38)
in which
A=lag a - a (2.39)

If thevectors ay, &y, ..., a, arelinearly dependent, the system of homogeneous
algebraic equations defined by Eq. 38 has a nontrivial solution. On the other
hand, if the vectors ay, ay, ..., a, are linearly independent vectors, then A must
be a nonsingular matrix since the system of homogeneous algebraic equations
defined by Eq. 38 has only the trivial solution

e=A10=0

In the case where the vectors a;, ay, ..., a, are linearly dependent, the square
matrix A must be singular. The number of linearly independent columns in a
matrix is called the column rank of the matrix. Similarly, the number of inde-
pendent rows is called the row rank of the matrix. It can be shown that for any
matrix, the row rank is equa to the column rank is equa to the rank of the
matrix. Therefore, a square matrix that has a full rank is a matrix that has lin-
early independent rows and linearly independent columns. Thus, we conclude
that a matrix that has a full rank is a nonsingular matrix.

If a1, a, ..., a, are n-dimensional linearly independent vectors, any other
n-dimensional vector can be expressed as a linear combination of these vectors.
For instance, let b be another n-dimensiona vector. We show that this vector
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has a unique representation in terms of the linearly independent vectors a;, ap,
.., an. To this end, we write b as

b =x1a1 +Xoap + - + Xpan (2.40)

where X1, Xo, ..., and x, are scalars. In order to show that x1, Xo, ..., and X,
are unigue, Eq. 40 can be written as

X1
b-lay & - all|
Xn
which can be written as
b = Ax (241)
where A is a square matrix defined by Eqg. 39 and x is the vector
Xx=[x X2 - Xl
Since the vectors a;, ay, ..., a, are assumed to be linearly independent, the

coefficient matrix A in EQ. 41 has a full row rank, and thus it is nonsingular.
This system of a gebraic equations has a unique solution x, which can be written
as

x=A"1b

That is, an arbitrary n-dimensional vector b has a unique representation in terms
of the linearly independent vectors as, ay, ..., a.

A familiar and important special case is the case of three-dimensional vec-
tors. One can show that the three vectors

1 0 0
aa=| 0|, a=]1]| a=|0
0 0 1

are linearly independent. Any other three-dimensional vector b = [by b, b3]"
can be written in terms of the linearly independent vectors a;, a, and az as

b =bia; + byay + bsag
where the coefficients X3, X2, and X3 can be recognized in this special case as
X1 = by, X2 = by, X3 =Dbs

The coefficients X, X», and X3 are called the coordinates of the vector b in the
basis defined by the vectors a;, a,, and as.
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Example 2.7
Show that the vectors

1 1 1
a=|0], a=|1] a=|1
0 0 1

are linearly independent. Find also the representation of the vector b = [-1 3 0]7
in terms of the vectors aj, ap, and agz.

Solution. In order to show that the vectors a3, ap, and ag are linearly independent,
we must show that the relationship

€1a1 +ea +e3a3 =0
holds only when e; = e; = e3 = 0. To show this, we write

1 1 1
e| O |+e]| 1 |+e3]l 1 ]|=0
0 0 1
which leads to

e+e+e3=0
e+e3=0
e3=0

Back substitution shows that
e3=e=6=0

which implies that the vectors a1, a2, and ag are linearly independent.
To find the unique representation of the vector b in terms of these linearly inde-
pendent vectors, we write

b =x1a1 + X082 + X383

which can be written in matrix form as

b =Ax
where
111 -1
A=10 1 1], b= 3
0 0 1 0
Hence, the coordinate vector x can be obtained as
X1 1 -1 0 -1 -4
x=| xo [=Ab=l 0 1 -1 31=| 3

X3 0O 0 1 0 0
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2.4 THREE-DIMENSIONAL VECTORS

A special case of N-dimensional vectors is the three-dimensional vector. A three-
dimensional vector a has three components, and can be written as

a=[a a& a]' (2.42)

Three-dimensional vectors are important in mechanics because the position,
velocity, and acceleration of a particle or an arbitrary point on a rigid or
deformable body can be described in space using three-dimensional vectors.
Since these vectors are a special case of the more general n-dimensional vec-
tors, the rules of vector additions, dot products, scalar multiplications, and dif-
ferentiations of these vectors are the same as discussed in the preceding section.

Cross Product Consider the three-dimensional vectors a = [a; &, a;]T, and
b = [b; b, bs]T. These vectors can be defined by their components in the three-
dimensional space XYZ. Therefore, the vectors a and b can be written in terms
of their components along the X, Y, and Z axes as

a:a1i+a2j+a3k
b:b1i+b2j+b3k

where i, j, and K are unit vectors defined along the X, Y, and Z axes, respectively.
The cross or vector product of the vectors @ and b is another vector ¢ orthog-
onal to both a and b and is defined as

i j k
c=axb=|a a a4
b, by bs

= (aphs — azhy)i + (azb; — aybs)j + (a;by — axby )k (2.43a)

which can also be written as

C ab; —azh,
C=] G |=aX b= a3b1 —a b3 (2.43b)
C3 a b2 — azbl

This vector satisfies the following orthogonality relationships:

a-c=ac=0
b-c=bTc=0
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It can also be shown that

c=axb=-bxa

(2.44)

If a and b are paralel vectors, it can be shown that ¢ = a x b = 0. It follows
that ax a=0. If a and b are two orthogonal vectors, that is, a’b = 0, it can

be shown that
] = [a][o]
The following useful identities can also be verified:

a-(bxc)=(axb)-c
ax (bxc)=(@"c)b - (aTb)c}

Example 2.8
Let a and b be the three-dimensional vectors
a=[0 -5 1]"
b=[1 -2 3"
The cross product of a and b is
i j Kk i j k
c=axb=|agyg a a|=|0 -5 1

b1 by bs 1 -2 3
=-13i +j +5k

The vector ¢ can then be defined as
c=[-13 1 5T
It is clear that

cla=c'b=0
axb=-bxa

(2.45)

Skew-Symmetric Matrix Representation The vector cross product as
defined by Eq. 43 can be represented using matrix notation. By using Eq. 43b,

one can writea x b as
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[ aybs — agb,
axb= a3b1 — aj_bg
| aby - axby

[ 0 —ag o b1

= as 0 —ag bz (246)
| g 0 b3
which can be written as
axb=ab (2.47)

where & is the skew-symmetric matrix associated with the vector a and defined
as

0 —ag ap
aa 0 - (2.48)
—adp ai 0

an
I

Similarly, the cross product b x a can be written in a matrix form as
bx a=-axb=ba (2.49)

where b is the skew-symmetric matrix associated with the vector b and is
defined as

0 by b
b= bs 0 -b
b, by O

If & is aunit vector along the vector a, it is clear that
axa=-axa=0
It follows that
—aa=4a'a=0 (2.50)

In some of the developments presented in this book, the constraints that rep-
resent mechanical joints in the system can be expressed using a set of algebraic
equations. Quite often, one encounters a system of equations that can be written
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in the following form:
axx=0 (2.51)

where a = [a; a, ag]" and x = [X; X2 x3]'. Using the notation of the skew
symmetric matrices, Eq. 51 can be written as

ax=0 (2.52)
where & is defined by Eq. 48. Equation 52 leads to the following three algebraic
equations:

Xz — azXo =0

azX; —ayxz3=0 (2.53)

xXo —axy =0
These three equations are not independent because, for instance, adding a;/as
times the first equation to ay/az times the second equation leads to the third
equation. That is, the system of equations given by Eq. 51 or equivalently, Eq.
52, has at most two independent equations. This is due primarily to the fact

that the skew-symmetric matrix a of Eq. 48 is singular and its rank is at most
two.

B Example 2.9
Let a and b be the three-dimensional vectors
a=[-1 7 1"
b=[0 -3 g’

Determine the skew-symmetric matrices & and b associated, respectively, with the
vectors a and b and evaluate the cross product a x b.

Solution. The skew-symmetric matrices & and b are

0 -1 7 0 -8 -3
a=| 1 o 1|, b=|l8 0 0O
-7 -1 0 3 0 O

The cross product a x b can be written as

axb=a=| 1 0 1 -3




2.4 THREE-DIMENSIONAL VECTORS 49

Example 2.10
Solve the system of equations

&l
CHD

where a is the vector
a=[-1 7 1"

Solution. As pointed out in this section, the system of equations &x = 0 has only
two independent equations since the rank of the skew-symmetric matrix & is at
most two. Consequently, this system of equations has a nontrivia solution that can
be determined to within an arbitrary constant. The equation ax = 0 can be written
explicitly as

a)Xz —azx2 =0

agX]1 —ax3=0

aixXo —axx1 =0

Since this system has only two independent equations, we can determine x2 and X3
in terms of x1. This leads to

This solution satisfies the three agebraic equations, and for a given vaue of xi,
the other two variables x2 and x3 can be determined. Using the components of the

vector a, we have
az
Xo = — X1 = —7X
2 a 1 1
ag
X3 =— =—X
3 a 1

Therefore, the solution vector X is

X=| -7 |x1

Cartesian Coordinate System In spatial dynamics, several sets of orienta-
tion coordinates can be used to describe the three-dimensional rotations. Some
of these orientation coordinates, as will be demonstrated in Chapter 7, lack any
clear physica meaning, making it difficult in many applications to define the
initial configuration of the bodies using these coordinates. One method which
is used in computational dynamics to define a Cartesian coordinate system is
to introduce three points on the rigid body and use the vector cross product to
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define the location and orientation of the body coordinate system in the three-
dimensional space. To illustrate the procedure for using the vector cross product
to achieve this goal, we consider body i which has a coordinate system X'Y!Z'
with its origin at point O' as shown in Fig. 1. Two other points P' and Q' are
defined such that point P' lies on the X' axis and point Q' liesin the X'Y' plane.
If the position vectors of the three points O', P', and Q' are known and defined
in the XYZ coordinate system by the vectors r, r'p, and ro, one can first define
the unit vectorsi' and i; as

o ph oy

| P 0 i Q o

el o)

where i' defines a unit vector along the X' axis. It is clear that a unit vector k'
along the Z' axis is defined as

K =i x i}
A unit vector along the Y' axis can then be defined as
=kl xi
The vector rl, defines the position vector of the reference point O' in the XYZ

Zi

Y , Y
0} Qi

Figure 2.1 Cartesian coordinate system
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coordinate system, while the 3 x 3 matrix
Ai _ [II ji kl]

as will be shown in Chapter 7, completely defines the orientation of the body
coordinate system X'Y'Z' with respect to the coordinate system XYZ. This
matrix is called the direction cosine transformation matrix.

Conditions of Parallelism In formulating the kinematic constraint equa-
tions that describe a mechanical joint between two bodies in a multibody sys-
tem, the cross product can be used to indicate the parallelism of two vectors
on the two bodies. For instance, if 8 and a' are two vectors defined on bod-
iesi and j in a multibody system, the condition that these two vectors remain
parald is given by

axa=0

As pointed out previoudly, this equation contains three scalar equations that are
not independent. An alternative approach to formulate the parallelism condition
of the two vectors @ and a! is to use two independent dot product equations.
To demonstrate this, we form the orthogonal triad @', &, and a;, defined on
body i as shown in Fig. 2. It is clear that if the vectors & and a' are to remain
paralel, one must have

al'a =0
aja =0
These are two independent scalar equations that can be used instead of using

the three dependent scalar equations of the cross product.
For a given nonzero vector @', a simple computer procedure can be used to

:

al

a) Figure 2.2 Parallelism of two vectors
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determine the vectors a} and a), such that &', &}, and a), form an orthogonal triad.
In this procedure, we first define a nonzero vector ay that is not parallel to the
vector @'. The vector ag can simply be defined as the three-dimensional vector
that has one zero element and all other elements egqual to one. The location of

the zero element is chosen to be the same as the location of the element of &
that has the largest absolute value. The vector &) can then be defined as

aj —a x ag

Clearly, &) is perpendicular to &. One can then define a, that completes the
orthogonal triad &, a, and a; as

a,=a xal
To demonstrate this simple procedure, consider the vector a defined as
a=[1 0o -3

The element of a' that has the largest absolute value is the third element. There-
fore, the vector ag is defined as

ag=[1 1 0

The vector &} is then defined as

0 3 0 1 3
aj—axa=|-3 0 -1]|]1]=]-3
01 O 0 1
and the vector a), is
0 3 0 3 -9
a,=axa =| -3 0 -1 || -3]=]| -10
01 O 1 -3

2.5 SOLUTION OF ALGEBRAIC EQUATIONS

The method of finding the inverse can be utilized in solving a system of n alge-
braic eguations in n unknowns. Consider the following system of equations:
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ap Xy tapXy+---+taXn=h
Ay Xy +tapXe+ .- +anXn=0b

(2.54)
an1 X1 +8n2 X2 + -+ + @pn Xn = by
where &, i, j =1, 2, ..., n are known coefficients, by, by, ..., and b, are
given constants, and X1, Xo, ..., and X, are unknowns. The preceding system
of eguations can be written in a matrix form as
a1 arz - an X1 b1
Ay ap - @& X b
el | Rl B s 259
81 a2 - am || x bn
This system of algebraic equations can be written as
Ax=b (2.56)
where the coefficient matrix A and the vectors x and b are given by
a1 a2 - Qi
N (2.573)
an1 An2 ‘- am
X=[x1 X2 - X' (2.57b)
b=[bs b, --- by’ (2.57¢)

If the coefficient matrix A in Eqg. 56 has a full rank, the inverse of this matrix
does exist. Multiplying Eg. 56 by the inverse of A, one obtains

AlAx=A"1b
Since
AlA =1

where | isthe identity matrix, the solution of the system of algebraic equations
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can be defined as
x=A"1b (2.58)

It is clear from Eq. 58 that if A is a nonsingular matrix, the homogeneous
system of algebraic egquations

Ax=0

has only the trivial solution

Example 2.11
Find the solution of the system of algebraic equations
2X1 — X2 = 2
—X1+3X2 — 2x3=-1
—2X2 +2x3=0

Solution. This system of algebraic equations can be written in a matrix form as

2 -1 0 X1 2
-1 3 -2 x2 |=] -1
0 -2 2 X3 0

which can also be written as

Ax=Dhb
where
2 -1 0
A= -1 3 -2
0o -2 2

Xx=[x1 X2 xa'
b=[2 -1 0]

It can be verified that the inverse of the matrix A is

11 1
Al-l1 2 2
1 2 25
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Using this inverse, the solution of the system of equations can be written as

11 1 2 1
x=Alp=l1 2 2 “1|=]o
1 2 25 0 0

Since the matrix A is nonsingular, this solution is unique.

Gaussian Elimination The method of finding the inverse is rarely used in
practice to solve a system of algebraic equations. This is mainly because the
explicit construction of the inverse of a matrix by using the adjoint matrix
approach, which requires the evaluation of the detrminant and the cofactors,
is computationally expensive and often leads to numerical errors.

The Gaussian elimination method is an aternative approach for solving a
system of algebraic equations. This approach, which is based on the idea of
eliminating variables one at a time, requires a much smaller number of arith-
metic operations as compared with the method of finding the inverse. The
Gaussian elimination consists of two main steps. the forward elimination and
the back substitution. In the forward elimination step, the coefficient matrix is
converted to an upper-triangular matrix by using elementary row operations.
In the back substitution step, the unknown variables are determined. In order to
demonstrate the use of the Gaussian elimination method, consider the following
system of equations:

2 1 1 X1 6
-1 2 -1 X |=]10
4 -3 1 X3 2
To solve for the unknowns x;, X, and X3 using the Gaussian €limination method,

we first perform the forward elimination in order to obtain an upper-triangular
matrix. With this goal in mind, we multiply the first equation by % Thisleadsto

1 1
-1 2 -1 X2 =10
4 -3 1 X3 2

By adding the first equation to the second equation, and —4 times the first equa-
tion to the third equation, one obtains

1 % % X1 3
0 2 -3 ||lx|=| 3
0 5 1| xs -10
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. . 2 .
Now we multiply the second equation by ¢ to obtain

1 3 3 x 3
1 6
0 5 -1 X3 -10

By adding 5 times the second equation to the third equation, one obtains

1 % % X1 3
01 -%||x|=] & (2.59)
0 0 -2 X3 -4

The coefficient matrix in this equation is an upper-triangular matrix and hence,
the back substitution step can be used to solve for the variables. Using the third
equation, one has

X3=2
The second equation yields
Xp =2+ ixg =2
The first equation can then be used to solve for x; as

1 1
X1 =3- 5X2— 5X3 =

glo

Therefore, the solution of the origina system of equations is
<18 ¢
It is clear that the Gaussian elimination solution procedure reduces the sys-
tem Ax = b to an equivalent system Ux = g, where U is an upper-triangular

matrix. This new equivalent system is easily solved by the process of back
substitution.

Gauss—Jordan Method The Gauss-Jordan reduction method combines the
forward elimination and back substitution steps. In this case, the coefficient
matrix is converted to a diagonal identity matrix, and consequently, the solution
is defined by the right-hand-side vector of the resulting system of algebraic
equations. To demonstrate this procedure, we consider Eq. 59. Dividing the
third equation by —2, one obtains

1 % % X1 3
0 1 *% Xo |= g
00 1 X3 2
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By adding 1 times the third equation to the second equation and —3 times the
third equation to the first equation, one obtains

1 3 0= 2
1 Xzig
0 1 [ xs 2

Adding f% times the second equation to the first equation yields

1 00 X1
010 X2 | =
0 01

X3

N vl vilo

The coefficient matrix in this system is the identity matrix and the right-hand
side is the solution vector previously obtained using the Gaussian elimination
procedure.

It is important, however, to point out that the use of Gauss-Jordan method
reguires 50 percent more additions and multiplications as compared to the Gaus-
sian elimination procedure. For an n x n coefficient matrix, the Gaussian elim-
ination method requires approximately (n)3/3 multiplications and additions,
while the Gauss-Jordan method requires approximately (n)%/2 multiplications
and additions. For this reason, use of the Gauss-Jordan procedure to solve lin-
ear systems of algebraic equations is not recommended. Nonetheless, by taking
advantage of the specia structure of the right-hand side of the system Ax =1,
the Gauss-Jordan method can be used to produce a matrix inversion program
that requires a minimum storage.

Pivoting and Scaling It is clear that the Gaussian elimination and
Gauss-Jordan reduction procedures require division by the diagonal element
a;;- This element is called the pivor. The forward elimination procedure at the
ith step fails if the pivot a;; is equal to zero. Furthermore, if the pivot is small,
the elimination procedure becomes prone to numerical errors. To avoid these
problems, the equations may be reordered in order to avoid zero or small pivot
elements. There are two types of pivoting strategies that are used in solving
systems of algebraic equations. These are the partial pivoting and full pivot-
ing. In the case of partial pivoting, during the ith elimination step, the equations
are reordered such that the equation with the largest coefficient (magnitude) of
x; is chosen for pivoting. In the case of full or complete pivoting, the equations
and the unknown variables are reordered in order to choose a pivot element
that has the largest absolute value.

It has been observed that if the elements of the coefficient matrix A vary
greatly in size, the numerical solution of the system Ax = b can be in error.
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In order to avoid this problem, the coefficient matrix A must be scaled such
that all the elements of the matrix have comparable magnitudes. Scaling of
the matrix can be achieved by multiplying the rows and the columns of the
matrix by suitable constants. That is, scaling is equivalent to performing simple
row and column operations. While the row operations cause the rows of the
matrix to be approximately equal in magnitude, the column operations cause the
elements of the vector of the unknowns to be of approximately equal size. Let
C be the matrix that results from scaling the matrix A. This matrix can be writ-
ten as

C=B1AB;

where B; and B, are diagonal matrices whose diagonal elements are the scal-
ing constants. Hence, one is interested in solving the following new system of
algebraic equations:

Cy=z
where
y=B;'x
Z= Blb

The solution of the system Cy = z defines the vector y. This solution vector
can be used to define the original vector of unknowns x as

X =By

The Gaussian elimination method, in addition to being widely used for solv-
ing systems of algebraic equations, can also be used to determine the rank of
nonsguare matrices and also to determine the independent variables in a given
system of algebraic equations. This is demonstrated by the following example.

B Example 2.12
Consider the following system of algebraic equations:

x1

1101 4 X2 0

2 2 2 01 x3 |=| O

3 3 2 15 X4 0
x5

A forward elimination in the first column yields
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x1

1 10 1 4 X2 0

002 -2 -7 x3 |=| O

00 2 -2 -7 X4 0
x5

Since the coefficients of x» in the second and third equations are equal to zero,
these coefficients cannot be used as pivots in the Gaussian elimination. By using
an elementary column operation, the second and third columns can be interchanged
leading to a reordering of the variables. Such an elementary operation yields

x1

101 1 47| x3 0

020 -2 -7 x2 |=] O

020 -2 -7 X4 0
x5

Dividing the second row by 2 and performing forward elimination in the second
column yields

X1
101 1 47«3 0
010 -1 -5 |]x2|=|0
000 0 O0ffxs 0
x5

The coefficient matrix in this equation has two independent rows and, consequently,
its rank is equal to two. This is an indication that there are only two independent
eguations. One can then disregard the third equation and use the following system
of equations:

X1

x3

101 1 4 qo
010 -1 2] lo
x4

x5

which can also be written as

R R PR |
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It is clear from this equation that x1 and x3 can be determined if the values of x»,
x4, and xs are given. Therefore, x2, x4, and x5 are called the independent variables,
while x1 and x3 are caled the dependent variables.

2.6 TRIANGULAR FACTORIZATION
In the Gaussian elimination procedure used to solve the system Ax = b, the n

X n coefficient matrix reduces to an upper-triangular matrix after n — 1 steps.
The new system resulting from the forward elimination can be written as

(@)1 (a12)1 --- (aw) X1 (b1)1
e | Il B Il B CY
0 0 e (ann)n Xn (bn)n
where () refersto step & in the forward elimination process and
(aij)k+1 = (ﬂij)k - mik(akj)k i j—k+1...n (2.61)
(bi)k+1 = (bi)i — mix(bi)x
and
mi, = (aik)k/(akk)k i—=k+1,...,n (262)

Let U denote the upper-triangular coefficient matrix in Eq. 60 and define the
lower-triangular matrix L as

1 0 0 0
L=| ™ T (2.63)
Myl My Myp3 - 1

where the coefficients m;; are defined by Eq. 62. Using Egs. 61 and 62, direct
matrix multiplication shows that the matrix A can be written as

A=LU (2.64)

which implies that the matrix A can be written as the product of a lower-
triangular matrix L and an upper-triangular matrix U.
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Example 2.13

The lower-triangular matrix L can also be defined using the elementary operations
of Gaussian elimination. In order to demonstrate this, we consider the system

2 1 1 X1
-1 2 -1 x2 |=
4 -3 1 X3

N O O

whose solution was obtained in the preceding section using Gaussian elimination.
In order to solve this system, the following three elimination steps are used.

1. Add % times the first equation to the second equation.
2. Subtract 2 times the first equation from the third equation.
3. Add 2 times the second equation to the third equation.

The result of these three elementary operations is an equivaent but simpler system
given by

2 1 1 X1 6
03 -3 ||x|=| 3
0 0 -2 ][ xs 4

in which the upper-triangular matrix U can be recognized as

C

Il
o O N
O N
N NE

Elementary operations can aso be performed using elementary matrices. An ele-
mentary matrix is obtained by performing the elementary operation on an identity
matrix. Premultiplying the coefficient matrix A by an elementary matrix produces
the same elementary operation for A. For instance, if % times the first row of a 3
x 3 identity matrix is added to the second row, one obtains the elementary matrix

Ey=

O NIk
o = O
= O O

Also, if 2 times the first row of a3 x 3 identity matrix is substracted from the third
row, one obtains the elementary matrix

Eo =

|
N O -
o O
= O O
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Similarly, if 2 times the second row is added to the third row, one obtains the
elementary matrix
1 00
E3=| 0 1 O
0 21

The product of the three elementary matrices E3, Eo, and E;1 is

100 100100 100
E=EsE;E1=| 0 1 0 0103 105 3 10
02 1fl-201fL0o01 -1 21

Note that E is a lower-triangular matrix with all the diagonal elements equal to 1.
Note also that premultiplying the coefficient matrix A by E leads to

1 00 2 1 1 2 1 1

1 5 1

EA: 2 1 0 *1 2 *l = 0 2 -2
-1 2 1 4 -3 1 0 0 -2

which is the same upper-triangular matrix U obtained previously by the elementary
operations of Gaussian elimination. The diagona elements of the matrix U are the
pivots. Therefore, one has

EA-U
or
A-Elu

where E™1 = (E3E2E1) 1 = E;1E, E3T isthe matrix L that defines the LU factor-
ization of the matrix A. The inverse of an elementary matrix is also an elementary
matrix. The inverses of the matrices E1, E2, and E3 are defined as

100 100 1
Eil=| -3 1 0 E'=[o 10| Eg=|0 1
001 2 01 0 21
It follows that
1001001 00
_pl-1-1_ | 1
L=E'E'Ez'=| -3 1 0|0 1 0ff0 10
00 1f[201]]l0 21
1 00
1
=1 10
2 21
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While Egs. 60 through 64 present the L U factorization resulting from the use of
Gaussian elimination, we should point out that in genera such a decomposition
is not unique. The triangular matrix L obtained by using the steps of Gaussian
elimination has diagonal elements that are all equal to 1. The method that gives
explicit formulas for the elements of L and U in this specia case is known as
Doolittle’s method. |f the upper-triangular matrix U is defined such that al its
diagonal elements are equal to 1, we have Crout's method. Obviously, there
is only a multiplying diagonal matrix that distinguishes between Crout’s and
Doolittle’s methods. To demonstrate this, let us assume that A has the following
two different decompositions:

A=L.U; =L,U, (2.65)

It is then clear that
UoUpt = Lo, (2.66)
Since the inverse and product of lower (upper)-triangular matrices are again

lower (upper) triangular, the left and right sides of Eq. 66 must be equal to a
diagonal matrix D, that is,

UU;t=D
L,!L;=D

It follows that
U, = DU;
L,=L,D?!

which demonstrate that there is only a multiplying diagonal matrix that distin-
guishes between two different methods of decomposition.

Cholesky’s Method A more efficient decomposition can be found if the
matrix A is symmetric and positive definite. The matrix A is said to be positive
definite if

x"Ax >0
for any n-dimensional nonzero vector x. In the case of symmetric positive def-

inite matrices, Cholesky’s method can be used to obtain a simpler factorization
for the matrix A. In this case, there exists a lower-triangular matrix L such that

A=LLT (2.67)

where the elements /;; of the lower-triangular matrix L can be defined by equat-
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ing the elements of the products of the matrices on the right side of Eq. 67 to
the elements of the matrix A. This leads to the following general formulas for
the elements of the lower-triangular matrix L:

i1
aij — 2 lidj
|ij:% j=1...,i-1 (2.68)
1]

i1 12
= laii - kzl(lik)zl (2.69)

Cholesky’s method requires only %n(n + 1) storage locations for the lower-
triangular matrix L as compared to (n)? locations required by other LU
factorization methods. Furthermore, the number of multiplications and addi-
tions required by Cholesky’s method is approximately 1(n)* rather than 1(n)*
required by other decomposition methods.

Numerical Solution Once the decomposition of A into its LU factors is
defined, by whatever method, the system of algebraic equations

Ax=LUx=hb (2.70)
can be solved by first solving
Ly=b (2.71)
and then solve for x using the eguation

Ux=y (2.72)

The coefficient matricesin Eqgs. 71 and 72 are both triangular and, consequently,
the solutions of both equations can be easily obtained by back substitution.

We should point out that the accuracy of the solution obtained using the
direct methods such as Gaussian elimination and other LU factorization tech-
nigues depends on the numerical properties of the coefficient matrix A. A linear
system of algebraic equations Ax = b is called ill-conditioned if the solution
X is unstable with respect to small changes in the right-side b. It is important
to check the effectiveness of the computer programs used to solve systems of
linear algebraic equations when ill-conditioned problems are considered. An
example of an ill-conditioned matrix that can be used to evaluate the perfor-
mance of the computer programs is the Hilbert matrix. A Hilbert matrix of
order n is defined by
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1 1 1 7
1 - - -
2 3 n
111 !
Ho=| 2 3 4 n+1
i 1 1 1
l n n+l1l n+2 2n—1

The inverse of this matrix is known explicitly. Let ¢;; be the ijth element in the
inverse of H,,. These elements are defined as

o COMnri-Din+j - 1)
T+ - DI - DG - DT - D ))!

The Hilbert matrix becomes more ill-conditioned as the dimension n increases.

i21,j<n

2.7 QR DECOMPOSITION

Another important matrix factorization that is used in the computational dynam-
ics of mechanical systems is the QR decomposition. In this decomposition, an
arbitrary matrix A can be written as

A=QR (2.73)

where the columns of Q are orthogonal and R is an upper-triangular matrix.
Before examining the factorization of Eq. 73, some background material will
first be presented.

In Section 3, the orthogonality of n-dimensional vectors was defined. Two
vectors a and b are said to be orthogonal if

a'b=0 (2.74)

Orthogonal vectors are linearly independent, for if a;, a, ..., a, is a set of
nonzero orthogonal vectors, and

o1dq tagay + -+ opan =0, (2.75)

one can multiply this equation by a' and use the orthogonality condition to
obtain

aiga =0

This equation implies that o = 0 for any i. This proves that the orthogonal
vectors a, ay, ..., a, are linearly independent. In fact, one can use any set of
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linearly independent vectors to define a set of orthogona vectors by applying
the Gram-Schmidt orthogonalization process.

Gram-Schmidt Orthogonalization Let a;, a, ..., an be a seat of
n-dimensional linearly independent vectors where m < n. To use this set of
vectors to define another set of orthogonal vectors by, by, ..., by, we first
define the unit vector

b; = a1/|a1‘ (2.76)

Recall that the component of the vector a; in the direction of the unit vector
b; is defined by the dot product agbl. For this reason, we define b’ as

5 =ap — (agby)by (2.77)

Clearly, b} has no component in the direction of b, and, consequently, b; and b}
are orthogonal vectors. This can simply be proved by using the dot product
bib’, and utilizing the fact that b is a unit vector. Now the unit vector by is
defined as

b, = b’/

b, (2.78)

Similarly, in defining bz we first eliminate the dependence of this vector on b,
and b,. This can be achieved by defining

b} = as — (ajb1)b; — (albo)b, (2.79)

The vector bz can then be defined as

bs =b3/|b5 (2.80)
Continuing in this manner, one has
bi =a — (&'b1)by — (& b2)bz- -+ — (&b 1)bi_1
i—1
=& - 2 (a'by)b, (2.81a)
j=
and
bi = b{/|b] (2.81b)

As the result of the application of the Gram—Schmidt orthogonalization process
one obtains a set of orthonormal vectors that satisfy

; 0 ifi#]
by bj = 1 ifio] (2.82)
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The Gram-Schmidt orthogonalization process cannot be completed if the vec-
tors are not linearly independent. In this case, it is impossible to obtain a set
that consists of only nonzero orthogonal vectors.

Example 2.14

Consider the linearly independent vectors defined by the columns of the rectangular
matrix

2 1 1

A -1 2 -1

-3 1

1 0 2

Let

2 1 1
-1 2 -1
a = 4 | a = 3| ag = 1
1 0 2

In order to define a set of orthogonal vectors, we first define

2 0.4264
b A 1 -1 ~0.2132
Ylal V22| 4| osszs
1 0.2132
The vector b} is
" 1] 0.4264
b (agb1)b 2 (-2.5584) 0.2132
—ap - (a = — (-2
A 0.8528
| 0 0.2132
17 [ -1.0909 2.0909
0.5455 1.4545
| -3 -21818 | | -0.8182
| o [ -05455 0.5455
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The vector b, can then be defined as
0.7658
4 0.5327
by = 7b,2 =
|b2| —0.2997
0.1998
The vector by is defined as
b% = ag - (alb1)b1 - (afb2)b2
[ 1 0.4264 0.7658
-1 -0.2132 0.5327
= — (1.9188) — (0.3330)
1 0.8528 —0.2997
2 0.2132 0.1998
[ 0.0732
B —0.7683
| -0.5366
1.5244
Therefore, the vector bz is
—0.0409
, -0.4290
bz = L? -
A ~0.2996
0.8512
The three orthonormal vectors are
0.4264 0.7658 —0.0409
| 02132 | 05327 | -0.4290
71 oss2s | 271 _0.2997 |’ 371 —0.209
0.2132 0.1998 0.8512

Q and R Matrices The Gram-Schmidt orthogonalization process can be
used to demonstrate that an arbitrary rectangular matrix A with linearly inde-
pendent columns can be expressed in the following factored form:

A=QR (2.83)

where the columns of Q are orthogonal or orthonormal vectors and R is an
upper-triangular matrix. To prove Eq. 83, we consider the n x m rectangular



2.7 QR DECOMPOSITION 69

matrix A. If a;, &, ..., &, are the columns of A, the matrix A can be written
as

A=la; a - a,l (2.84)

If the n-dimensional vectors a;, ..., and &, are linearly independent, the
Gram—Schmidt orthogonalization procedure can be used to define a set of m
orthogonal vectors by, by, ..., and b, as previously described in this section.
Note that in Eq. 83, the columns of A are a linear combination of the columns
of Q. Thus, to obtain the factorization of Eq. 83, we attempt to write a;, &,
..., &, as a combination of the orthogonal vectors by, by, ..., b,,. From Egs.
81a and 81b, one has

i—1

a = > (a b;)b; + |b!|b; (2.85)
j=1
Since by, b, ..., and b, are orthonormal vectors, the use of Eq. 85 leads to
ajb; =b/a = |b] (2.86)
Substituting Eq. 86 into Eq. 85, one gets
i—1
a = Zl(a,-Tbj)bj +(a] by)b;
j:
= 2 (@'byb; = 2. (bja)b; (2.87)
J= J=

Using this equation, the matrix A, which has linearly independent columns, can
be written as

A=[ay a - a,]
bla; bja, --- Dbla,
0 bl .. bl

by by - by| © 2% o D (2.88)
0 0 b;am

which can also be written as
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where
Q=[by bz - by (2.89%)
bIal b-{az cee b-{am
0 bla --- b}
R=| o R e (2.89)
0 0 --- bla,

The matrix Q is an n X m matrix that has orthonormal columns. The m x m
matrix R is an upper triangular and is invertible.

If A isasguare matrix, the matrix Q is square and orthogonal. If the Q and
R factors are found for a square matrix, the solution of the system of equations

Ax=Db
can be determined efficiently, since in this case we have
QRx=b
or
Rx=Q'b

The solution of this system can be obtained by back-substitution since R is an
upper-triangular matrix.

B Example 2.15

Consider the 4 x 3 matrix

2 1 1
-1 2 -1
A=
4 -3 1
1 0 2

2 1 1

-1 2 -1

a = 4l a = 3l ag = 1
1 0 2

It was shown in the preceding example that the application of the Gram-Schmidt
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orthogonalization process leads to the following orthonormal vectors:

0.4264 0.7658 ~0.0409
~0.2132 05327 ~0.4290
Y7 oss2s | 27| —02997 |’ 37| —0.2996
0.2132 0.1998 0.8512

The Q and R factors of the matrix A are

[ 04264 07658 -0.0409
O—[by by bs- -02132 05327 -0.4290
0.8528 -0.2997 -0.299
| 02132 01998 08512
[blay bja, bjag 4.6904 25584 1.9188
R=| 0 bla blag|=| © 27303 0.333
| 0 0 bla 0 0  1.7909

Householder Transformation The application of the Gram-Schmidt
orthogonalization process leads to a QR factorization in which the matrix Q
has orthogona column vectors, while the matrix R is a square upper-triangular
matrix. In what follows, we discuss a procedure based on the Householder trans-
formation. This procedure can be used to obtain a QR factorization in which
the matrix Q is a square orthogonal matrix.

A Householder transformation or an elementary reflector associated with a
unit vector V is defined as

H=1-200" (2.90)

where | is an identity matrix. The matrix H is symmetric and also orthogonal
since

HTH = (1 — 2097)(1 — 2097)
=1 — 400" + 400 = | (2.91)

It followsthat H = H' = H™L. It is also clear that if v = |v ¥, then

Hv =-v
Furthermore, if u is the column vector

u=[L 0 0 --- 0 (2.92)
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and
v=a+fu (2.93)
where
B=la|=VaTa (2.94)
then

Ha-

2w’ 2w’
I ]aa

(72 R
Using Eq. 93, one obtains

2(a+pu)’a

Haza-@rf) @rpuyar pu)

(2.95)
Since

B®uTu=(p?*=a'a
the denominator in Eqg. 95 can be written as

(a+pu)T(a+pu)=2(a+pu)a

Substituting this equation into Eq. 95 yields

Ha=-Bu=| 0 (2.96)

This equation implies that when the Householder transformation constructed
using the vector v of Eq. 93 is multiplied by the vector a, the result is a vec-
tor whose only nonzero element is the first element. Using this fact, a matrix
can be transformed to an upper-triangular form by the successive application
of aseries of Householder transformations. In order to demonstrate this process,
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consider the rectangular n x m matrix

dj; d Az - Aim
a a; a e A

a-| % 22 ol @9
Anl A2 Ap3 v 8mm

where n > m. First we construct the Householder transformation associated
with the first column a; = [ay1 @z - - - an]". This transformation matrix can be
written as

Hy=1— 20,0]

where the vector v, is defined as
Vi =ag + 61Uy

in which 37 is the norm of a;, and the vector u; has the same dimension as a;
and is defined by Eq. 92. Using Eq. 96, it is clear that

—

[ -1

Hiap =-Bur=| O

It follows that
[—B81 (a2)1 (B13)1 -+ (Bum)1 ]
0 (@21 (@)1 - (B2m)h
Ai=HiA=| 0 (ax)1 (am) --- (4sm)
o 0 (anIZ)l (an.3)1 “ee (an.m)l 3

Now we consider the second column of the matrix A; = H1A. We use the last
n— 1 elements of this column vector to form

D=[@E2)1 @)1 - ()]’
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A Householder transformation matrix H, can be constructed such that

g,
0
Hoaz=-Bu2=| ©

— 0 —
where 3, is the norm of the vector @, and u, is an (n— 1)-dimensional vector
defined by Eq. 92. Observe that at this point, the Householder transformation
H, isonly of order n— 1. This transformation can be imbedded into the lower-
right corner of an n x n matrix H,, where

G [r o
10 H,

Because only the first element in the first row and first column of this matrix
is nonzero and equal to 1, when this transformation is applied to an arbitrary
matrix it does not change the first row or the first column of that matrix. Fur-
thermore, H; is an orthogonal symmetric matrix, since H is both orthogonal
and symmetric. By applying the matrix H, to A1, one obtains

[ —B1 (a12)1 (auz)r -+ (Aum)1 |

0 B2 (am)2 - (azm)

Az = HzAl = H2H 1A = 0 0 (a33)2 cee (agm)z
| O 0 (@n3)2 -+ (3nm)2

We consider the third column of the matrix A,, and use the last n— 2 elements
to form the vector

B=[@xn)2 (@w)2 - (as)]"

The Householder transformation Hz associated with this (n — 2)-dimensional
vector can be constructed. This matrix can then be imbedded into the lower-
right corner of the n x n matrix

Hs =

o O -

0 O
1 0
0 Hs

Using this matrix, one has
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[ 81 (a1 (@)1 - (@) |

0 B2 (am)2 -+ (4zm):

H3Az =HsHHA1 =] 0 0 —B3 -+ (asm)3
| 0 0 0 - (am)s |

where (33 is the norm of the vector as. It is clear that by continuing this process,
all the elements below the diagonal of the matrix A can be made equal to zero. If
A isasguare nonsingular matrix, the result of the Householder transformations
is an upper-triangular matrix. If A, on the other hand, is a rectangular matrix,
the result of m-Householder transformations is

R1
Am:HmHm71 e HlA: O l (2.98)
where Ry is an m x m upper-triangular matrix.
B Example 2.16
Consider the matrix
2 1 1
-1 2 -1
A=
4 -3 1
1 0 2
First we consider the first column of this matrix:
a=[2 -1 4 1"
The norm of this vector is
B1= |a1| = 4.6904
The vector v, is defined as
2 1 6.6904
3 114 4.6004] © !
vi=a;+B31u= +4, -
trETR 4 0 4
1 0 1
The unit vector V1 is
01=[0.8445 - 01262 05049 0.1262]"
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The Householder transformation Hy is

-0.4264 02132 -0.8528 -0.2132

02132 09681 0.1274 0.0319
-0.8528 0.1274 0.4902 -0.1274
-0.2132 0.0319 -0.1274 0.9681

Hy=1-200" =

The matrix A1 is

-4.6904 25584 -1.9188

0 1.7672 -0.5637
A1 =H{A=

0 —-2.0686 —0.7448

0 0.2328 1.5637

The vector a; can be obtained from the second column of this matrix as
2, =[17672 -2.0686 0.2328]"
The norm of this vector is
B2= |éz| =2.7306

The vector v» is defined as

17672 1
vo=ap+Bu=| -2.0686 |+27306] O
0.2328 0
4.4978
=| —2.0686
0.2328

It follows that
V2 =[0.9075 -0.4174 0.0470]T

The matrix H» is

-0.6471 0.7576 -0.0853
Ha=1- 2\72\7; =]l 07576 0.6516 0.0392
—-0.0853 0.0392  0.9956
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The matrix H> can be written as

1 0 0 0

[t 0] |0 -oes71 07576 00853

2710 H,] |0 07576 06516 00392
0

-0.0853 0.0392  0.9956

and

-4.6904 25584 -1.9188

N oA oA | O 27306 03320
S 0  -08511
0 0 15757

Using the last two elements of the third column of this matrix, one defines
a3=[-08511 15757]"
The norm of this vector is
B3 = |53| =1.7909

The vector vz is defined as

-0.8511

1 0.9398
+1.7909 =
1.5757

Vz=a3z+(3u= =
3=8%*fs [ 0] | 15757
A unit vector in the direction of v3 is

¥3=[05122 0.8588]"

The Householder transformation associated with this vector is

0.4753 -0.8798
Vo =
-0.8798 -0.4751

Using this matrix, the transformation H3 can be defined as

10 0 0
1 0 O
01 0 0
Hz3=| 0 1 0 |=
_ 0 0 04753 -0.8798
0 0 Hs
0 0 -08798 -04751

77
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Using this matrix, one obtains

-4.6904 25584 -1.9188

Ax— HaAs — HaHoH1A — 0 -2.7306 —-0.3329
i 0 -1.7909
0 0 0
The matrix Az can be written as
R1
Al =
: [0]

where R1 is the upper-triangular matrix

-4.6904 25584 -1.9188
R1= 0 -2.7306 -0.3329
0 0 —-1.7909

Note the relationship between the matrix R1 obtained in this example by the suc-
cessive application of Householder transformations and the matrix R obtained in
Example 15 as the result of the application of the Gram-Schmidt orthogonalization
process. The similarity between these two matrices is not surprising because the
uniqueness of the QR factorization can easily be demonstrated.

The application of a sequence of Householder transformations to an n x m
rectangular matrix A with linearly independent columns leads to

HoHm-1 -+ H:A=R (2.99)

where H; is the ith orthogonal Householder transformation and R isan n x m
rectangular matrix that can be written as

ro|F 2.100
= o (2.100)

where Ry isan mx m upper-triangular matrix. If A isasguare matrix, R = Rj.
Since the Householder transformations are symmetric and orthogonal, one has
HI =H ' =H (2.101)

Using this identity, Eq. 99 leads to
A=HH, --- HuR (2.102)



2.7 QR DECOMPOSITION 79

Since the product of orthogonal matrices defines an orthogonal matrix, Eq. 102
can be written as

A=0R (2.103)
where Q is an orthogonal square matrix defined as

Q=HiH2 -+ Hpn (2.104)

B Example 2.17

In the preceding example it was shown that the Householder transformations that
reduce the matrix

to the matrix

-4.6904 25584 -1.9188
0 -2.7306 -0.3329
0 0 —-1.7909
0 0 0

R =

are

[ —04264 02132 -0.8528 -0.2132

02132 09681 0.1274 0.0319
-0.8528 01274 04902 -0.1274
-0.2132 0.0319 -0.1274 0.9681

Hi=

1 0 0 0

0 -0.6471 0.7576 -0.0853
0 07576 0.6516 0.0392
0 -0.0853 0.0392  0.9956

Hy =

0 0 0
1 0 0
0 04753 -0.8798
0 -0.8798 -0.4751

Hz =
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In this case, the matrix Q of Eq. 104 is
Q=HiHz2Hs

-0.4264 -0.7659 0.0409 0.4795

02132 -0.5327 0.4290 -0.6977
-0.8528 0.2997 0.2996 -0.3052
-0.2132 -0.1998 -0.8512 -0.4359

The similarity between the first three columns of this matrix and the matrix Q
obtained in Example 15 using the Gram-Schmidt orthogonalization process is clear.
If the fourth column of the preceding matrix is denoted as Q», that is,

Q,=[04795 -0.6977 -0.3052 - 0.4359]"
it is easy to verify that

ATQ,=0

Important Identities for the QR Factors If A is an n x m rectangular
matrix that has the QR decomposition given by Eqg. 103, the matrix R takes
the form given by Eq. 100. In this case, one can use matrix partitioning to write

R
A=[Q Qz]l 01] (2.105)

where Q, and Q, are partitions of the matrix Q, that is,
Q=[Q: Q] (2.106)

The matrix Q4 is an n x m matrix, while Q, is an n x (n— m) matrix. Both
Q; and Q, have columns that are orthogonal vectors. Furthermore,

QiQ,=0 (2.107)
It follows from Eq. 105 that
A=Q;R; (2.108)
Consequently,
ATA =R]Q]Q;R; =R[R; (2.109)

If A has linearly independent columns, Eq. 109 represents the Cholesky fac-
torization of the positive definitive symmetric matrix ATA. Therefore, R; is
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unique. The uniqueness of Q, follows immediately from Eg. 108, since
Q;=AR;! (2.110)
While Q; and R; are unique, Q, is not unique. We note, however, that
QA =Q;QiR: =0
or
ATQ,=0 (2.111)

which implies that the orthogonal column vectors of the matrix Q, form the
basis of the null space of the matrix AT. This fact was demonstrated by the
results presented in Example 17.

2.8 SINGULAR VALUE DECOMPOSITION

Another factorization that is used in the dynamic analysis of mechanical systems
is the singular value decomposition (SVD). The singular value decomposition
of the matrix A can be written as

A =Q,BQ, (2.112)

where Q; and Q, are two orthogonal matrices and B is a diagonal matrix which
has the same dimension as A. Before we prove Eq. 112, we first discuss briefly
the eigenvalue problem.

Eigenvalue Problem In mechanics, we frequently encounter a system of
equations in the form

AX =X (2.113)

where A is a sguare matrix, X is an unknown vector, and A is an unknown
scalar. Equation 113 can be written as

(A - N)x=0 (2.114)

This system of equations has a nontrivial solution if and only if the determinant
of the coefficient matrix is equal to zero, that is,

JA-NI|=0 (2.115)

This is the characteristic equation for the matrix A. If A isan n x n matrix,
Eq. 115 is a polynomia of order nin A. This polynomia can be written in the
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following general form:
aN"+a, A"+ +ay=0 (2.116)

where ay are the coefficients of the characteristic polynomial. The solution of
Eqg. 116 definesthe nroots A1, N2, ..., An. Theroots\i, i =1, ..., narecaled
the characteristic values or the eigenvalues of the matrix A. Corresponding to
each of these eigenvalues, there is an associated eigenvector x;, which can be
determined by solving the system of homogeneous equations

[A=Aillxi=0 (2.117)

If A isareal symmetric matrix, one can show that the eigenvectors associated
with distinctive eigenvalues are orthogonal. To prove this fact, we use Eq. 117
to write

AXj = \iX; (2.118)
AXJ' = )\j Xj (2.119)

Premultiplying Eq. 118 by xjT and postmultiplying the transpose of Eq. 119 by
Xi, one obtains

X AX; = NiX'Xi

x| AXi = NjX] X;
Subtracting yields

(N - )\j)XjTXi =0

which implies that

X{xj=0 ifi#] } (2.120)

# 0 ifi =]
This orthogonality condition guarantees that the eigenvectors associated with
digtinctive eigenvalues are linearly independent.

B Example 2.18

Find the eigenvalues and eigenvectors of the matrix

>

Il
N PR
o o
o onN
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Solution. The characteristic equation of this matrix is

4-N 1 2
A-N|=] 1T x 0 = (A= N\ +N+4\
2 0 -\

— AA-5)(A+1)=0

Therefore, the eigenvalues are

To evaluate the ith eigenvector, one may use the following equation:
AX; = \iX;
where x; is the ith eigenvector. The preceding equation can be written as
(A=ANDxi=0

which yields the following eigenvectors:

1 5 0
x1=| -11, Xo=| 11, X3 = 2
-2 2 -1

These eigenvectors are orthogonal because the matrix A isrea and symmetric. We
also observe that the resulting eigenvalues are al real. It can be shown that if A is
areal symmetric matrix, then al its eigenvalues and eigenvectors are real.

Equation 113 indicates that the eigenvectors are not unique since this equa
tion remains valid if it is multiplied by an arbitrary nonzero scalar. In the case
of areal symmetric matrix, if each of the eigenvectors is divided by its length,
one obtains an orthonormal set of vectors denoted as X1, Xo, ..., Xn. These
orthonormal eigenvectors satisfy the following equation:

STAR = NIt (2.121)
0 ifi~j

An orthogonal matrix whose columns are the orthonormal eigenvectors X1, X,
..., Xp can be written as

U=[%1 R - K] (2.122)
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From Eqg. 121, it follows that

A
N O
0

UTAU = (2.123)

An

Example 2.19

It was shown in the preceding example that the eigenvalues of the real symmetric
matrix

>
Il
N R OA
o o
oconN

areh1 =—1, A2 =5, and \3 = 0. The eigenvectors associated with these eigenvalues
were found to be

1 5 0
x1=| -11, Xo=| 11, X3 = 2
-2 2 -1

An orthonormal set of eigenvectors can be obtained by dividing each eigenvector
by its length. This leads to

1 ! 1|2 1 0
X1=—=1| -1, Xo=——=1 11, K3 = —— 2
Ve | 5 V3o |, VB

The orthonormal matrix U of Eq. 122 can then be defined as

—

- —

Matrix multiplications show that

0 0
uTau=| 0 5 0
000
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The zero eigenvalue that appears as the last element of the diagonal of the matrix
UTAU indicates a rank deficiency of the matrix A since the second and third rows
of the matrix A are not linearly independent. The rank of this matrix is 2.

Singular Value Decomposition Inthe singular value decomposition of Eq.
112, A can be an arbitrary n x m rectangular matrix. In this case Q; is an n
X n matrix, B is an n x m matrix, and Q, is an m x m matrix. To prove the
decomposition of Eq. 112, we consider the real symmetric square matrix ATA.
The eigenvalues of ATA are real and nonnegative. To demonstrate this, we
assume that

ATAX =\x
It follows that
XxTATAX = \xx
and also
x"TATAX = (AX)T(AX)
It is clear from the preceding two equations that

(AT(AY)

A
XTX

which demonstrates that \ is indeed nonnegative and

ATAX=0
if and only if
Ax=0
If was demonstrated previoudly in this section that if X1, X, ..., Xm are the

eigenvectors of ATA, there exists an orthogonal matrix

U=[X1 %2 - Xnl
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such that
AN O 0
0 N v 0
UTATAU=| © 72 7 (2.124)
0 0 ce )\m
where A1, N2, ..., Ay are the eigenvalues of the matrix ATA. Equation 124

implies that the columns by, by, ..., by of the matrix AU satisfy
Ai ifi=j
R S (2.125)
0 if i #j
For the r nonzero eigenvalues, where r < m, we define

A 1
bi=——=0b i=12...r 2.126
I \/g | ( )

This is an orthonormal set of vectors. If r < mand n > m, we choose Brs1,
..., bp such that

Q,=[b1 b, - by (2.127)

is an n x n orthogonal matrix. Recall that AU = [by b, --- by]. Using this
equation and Eq. 126, it can be verified that

VA 0 - 0]

0 Vi - 0

AU=[VAihy VAb, o VAmbml=Qi 0 0 o VAn
0 0 0

0 0 0

or

A=Q:BQ;



where Q, = U™, and B is the n x m matrix
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VA2

This completes the proof of Eqg. 112.

Example 2.20

ATA[

6-A
2

The eigenvectors are

>
Il
R RN

2 11
1 00

W

1

X1 =
! [ ~2.8508
The orthonormal eigenvectors are

X 0.3310
X1 =
—0.9436

o O -

Find the singular value decomposition of the matrix

Solution. The matrix ATA isa 2 x 2 matrix that can be calculated as

[:]1

The characteristic polynomia of this matrix is
=(6-N(1-N)-4=0

from which the eigenvalues can be determined as
N1 = 0.2984,

|
e

A2 =6.7016

1

0.3508

0.9436
0.3310

6 2
21

(2.128)
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The matrix U is then defined as

[ 03310 09436
| -0.9436 0.3310

It follows that

0.3310 0.9436
AU =

-0.9436 0.3310

R RN
o o R

-

[ 02816 22182
=| 03310 0.9436 |=[b1 bo]
0.3310 0.9436

The orthonormal vectors by and b, are

~0.5155 0.8569
b;=| 06059 |, b, =| 0.3645
0.6059 0.3645

The matrix Q4 can then be defined as

~0.5515 0.8569 0
Q. =[b1 by b3]=| 06059 03645 0.7071
0.6059 0.3645 -0.7071

and the matrix Q, is

; [0:3310 -0.9436

—uT=
Q2 09436  0.3310

The matrix B that contains the singular values is

0.5463 0
B= 0 2.5887
0 0

Therefore, the matrix A can be written as

A=0Q:1BQ;
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Important Results from the SVD Using the factorization of Eq. 112, one
has

AAT = (Q:BQ2)(Q1BQ,)T
=Q;BB'Q]

which implies that the columns of the matrix Q, are eigenvectors of the matrix
AAT and the square of the diagonal elements of the matrix B are the eigenvalues
of the matrix AAT. That is, the eigenvalues of ATA are the same as those of
AAT. The eigenvectors, however, are different since

ATA=QJB™BQ,

which implies that the rows of Q, are eigenvectors of ATA. These conclusions
can be verified using the results obtained in Example 20.

The matrix B, whose diagonal elements are the square roots of the eigenval-
ues of the matrix ATA, takes the form of Eq. 128 if the number of rows of the
matrix A is greater than the number of columns (n > m). If n < m, the matrix
B takes the form

VN O 0 --- 0
0 VA, --- 0O 0 --- 0

B= : : . : oo (2.129)
0 0 -+ A\ 0 -~ 0

where the number of zero columns in this matrix is m— n. This fact is also
clear from the definition of the transpose of the rectangular matrix A, for if the
singular value decomposition of a rectangular matrix A is given by Eqg. 112,
the singular value decomposition of its transpose is given by

AT-=QJB™Q] (2.130)

Now let us consider the singular value decomposition of the n x m rectan-
gular matrix where n > m. The matrix B of Eqg. 128 can be written as

B_| B 2131
=l o (2.131)

where B is a diagonal matrix whose elements, the singular values, are the
square roots of the eigenvalues of the matrix ATA. Using the partitioning of
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Eqg. 131, Eq. 112 can be written in the following partitioned form:

A=[Quq Qul

Be 2.132
0 Q2 (2132

where Q4 and Qq; are partitions of the matrix Q4. The columns of the matrices
Qg and Qg; are orthogonal vectors, and

Q14Q1i =0, QiiQu=0 (2.133)
It follows from Eq. 132 that

A =Q14B1Q, (2.134)
Multiplying this equation by Q; and using the results of Eq. 133, one obtains
QLA=0 (2.135)
which implies that the orthogonal columns of the matrix Q4; span the null space
of thematrix AT. In the dynamic analysis of mechanical systems, Eq. 135 can be
used to obtain a minimum set of independent differential equations that govern

the motion of the interconnected bodies in the system.

PROBLEMS

1. Find the sum of the following two matrices:

-30 80 -205 0 3.2 0
A 50 110 130 |, B=| -175 57 0
7.0 20.0 0 120 68 -10.0

Evaluate aso the determinant and the trace of A and B.
2. Find the product AB and BA, where A and B are given in problem 1.

3. Find the inverse of the following matrices.

-1 2 -1 0 -3 5
A= 2 -1 0], B=| -2 2 -3
0 -1 1 6 -2 O



10.

PROBLEMS 91

Show that an arbitrary square matrix A can be written as

A=A1+A>

where A1 is a symmetric matrix and A, is a skew-symmetric matrix.

Show that the interchange of any two rows or columns of a square matrix
changes only the sign of the determinant.

Show that if a matrix has two identical rows or two identical columns, the
determinant of this matrix is equal to zero.

Let

An A
Axn Axp

be a nonsingular matrix. If Ay, is sguare and nonsingular show by direct
matrix multiplications that

Al=

(A +BH™B,) —BiH™?
~H'B; H

where

Bi=AAn, Br=AxnA;
H=A2-BA=An - AxB;
=Az - AnAfAL
Using the identity given in problem 7, find the inverse of the matrices A

and B given in problem 3.
Let a and b be the two vectors

a=[1 0 3 2 -g|
b=[0 -1 2 3 -§"

Finda+ b, a- b, |a|, and |b‘
Find the total derivative of the function
f (G2, G2, Os, 1) = GaGs — 3(02)® + 5(1)°

with respect to the parameter t. Define also the partial derivative of the



92

11

12.

13.

14.

15.

16.

LINEAR ALGEBRA
function f with respect to the vector q(t) where
qt) =[o(t) oa(t) as®)]’
Find the total derivative of the vector function
fq (01)? + 3(02)? - 5(qa)® + (t)*

f=| fa |= (92)? - (gs)?
fa 0104 + Q203 +t

with respect to the parameter t. Define also the partial derivative of the
function f with respect to the vector

a=[ % gz q4"

Let Q=q"Aq, where A isan nx nsquare matrix and g is an n-dimensional
vector. Show that

0Q _ oa s AT
— =g (A+A
5o ~9/(A+AD
Show that the vectors
0 0 1
a=| 0|, a=| 1], az=| 1
1 1 1

are linearly independent. Determine aso the coordinates of the vector b =
[1 -5 3]"inthe basis a;, a, and as.

Find the rank of the following matrices:
2 51

A=l 6 9 3|, B=|2 0 -1 3
4 0 2

Find the cross product of thevectorsa=[1 0 3]Tandb=[9 -3 1]'.
If c=ax b, verify that c"a=c'b = 0.

Show that if a and b are two parallel vectors, then

axb=0
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Show that if a and b are two orthogonal vectors and ¢ = a x b, then
e =[] [o]
Find the skew-symmetric matrices associated with the vectors

a=[-2 5 -9"
b=[18 -3 10]"

Using these skew-symmetric matrices, find the cross product a x b and
bx a

Find the solution of the homogeneous system of equations
axx=0
where a is the vector
a=[-2 5 -9
Find the solution of the system of homogeneous equations
axx=0
where a is the vector
a=[-11 -3 4

Ifa=[a; a, ag]'andb=[b; by, bs]" aregiven vectors, show using
direct matrix multiplication that

¢=ab - ba
where
c=axb
Find the solution of the following system of algebraic equations:

—X1+2X; — X3 =2
2X1 — X =15
—X2+X3=5
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. Find the solution of the following system of equations:
—3Xo +5%x3=0
—2X1 + 2% — 3x3 =0
6Xx1 — 2% =5.5

. Use the Gram-Schmidt orthogonalization process to determine the QR
decomposition of the matrices

-1 2 0 -3 5
A=l 2 -1, B=| -2 2 -3
0 -1 6 -2 0

Use the Householder transformations to solve problem 24.

Determine the singular value decomposition of the matrices A and B of
problem 24.

Prove that the determinant of the matrix
.. 5 1 *Zs Y2
= 1"‘7(’}’)2 Y3 —Y1
Y2 Y1 1

is 2, where (y)? = (y1)? + (y2)? + (y3)?. Prove aso that the inverse of the
matrix G is
1+(vy)? Y1v2*v¥s Y1¥3— Y2
G1'= 5| Y1r2 73 1+(y2)? vov3+71
Y1Ys+tv2 Y23 v1 1+ (v3)?

Show that the matrix A = G(G™1)T is an orthogonal matrix. Show also that
the vector

vy=[y1 72 ’Ys]T

is an eigenvector for the matrix A and determine the corresponding eigen-
value.

Prove the polar decomposition theorem, which states that a nonsingular
square matrix A can be uniquely decomposed into

A=QV; or A=V2Q

where Q is an orthogonal matrix and V; and V, are positive-definite sym-
metric matrices.



CHAPTER 3

KINEMATICS

In kinematic analysis we are concerned with studying motion without consid-
ering the forces that produce the motion. Unlike the case of dynamic analysis,
where the motion of the system due to known forces is determined, the objective
of kinematic analysis is to determine the positions, velocities, and accelerations
as the result of known prescribed input motions. Recall that the degrees of free-
dom of a mechanical system, by definition, are the smallest set of independent
coordinates that are required to define the system configuration. If the degrees
of freedom and their time derivatives are known, other coordinates and their
time derivatives that represent the displacements, velocities, and accelerations
of the bodies of the mechanical system can be expressed in terms of the system
degrees of freedom and their time derivatives. This leads to the displacement,
velocity, and acceleration kinematic relationships that can be solved for the
state of the system regardless of the forces that produce the motion.

There are three stages that must be followed for the complete kinematic anal-
ysis of a mechanical system: position, velocity, and acceleration analyses. In
position analysis, the displacement kinematic relationships are solved assum-
ing that the selected degrees of freedom of the system are specified. These
relationships are, in general, nonlinear functions in the system coordinates and
their solution may require the use of an iterative numerical procedure such as
Newton—Raphson methods. The velocity and acceleration kinematic equations
can be obtained by differentiating the displacement equations, once and twice,
respectively. This procedure leads to a system of linear algebraic equations in
the velocities and accelerations.

In this chapter, the constrained motion of mechanical systems that consist of
interconnected bodies is examined. Two different, yet equivalent, approaches

95
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are presented in this chapter for the kinematic analysis of mechanical systems
whose degrees of freedom are specified. The first is the classical approach,
which is suited for studying the kinematics of systems that consist of small
numbers of bodies and joints. The use of this approach is demonstrated by
Examples 3 through 6 of this chapter. No detailed discussion of this approach
is provided, since the focus of the book is on computational methods. The sec-
ond approach, on the other hand, can be used for solving large-scale applica-
tions, which consist of large numbers of bodies and joints. In this approach,
the algebraic kinematic constraint relationships between coordinates are for-
mulated and used to develop a number of equations equal to the number of
unknown coordinates. These constraint equations, which are, in general, non-
linear functions of the coordinates, can be solved using iterative numerical and
computer methods to determine the positions of the bodies in the system. By
differentiating the constraint equations once, and twice with respect to time,
linear systems of equations in the velocities and accel erations can be obtained.
These linear equations can be solved in a straightforward manner to determine
the first and second time derivatives of the coordinates. Computer implementa-
tion of this general computational procedure is discussed and several examples
are presented in order to demonstrate its use.

In Section 1, the relationship between the kinematic constraints, number of
bodies, and degrees of freedom of the system is discussed, and simple criteria
for determining the number of the system degrees of freedom are introduced.
In Section 2, a planar transformation matrix that can be used to define the ori-
entation of arigid body is derived. The basic kinematic position, velocity, and
acceleration equations of rigid bodies are developed in Sections 3 and 4. While
these equations are general and are heavily used in developing the computa
tional methods discussed in later sections, several examples are presented in
Sections 3 and 4 to demonstrate use of the classical approach in the kinematic
analysis of simple multibody systems. Computational methods in kinematics
are discussed in Sections 5 through 9.

3.1 MECHANICAL JOINTS

Mechanical systems are assemblages of bodies connected by joints. The purpose
of the joints is to transmit the motion from one body to another in a certain
fashion. Throughout the analysis presented in this chapter and the following
chapters, it is assumed that mechanical systems consist of rigid bodies, such
that the effect of the deformations can be neglected. In the rigid body anal-
ysis, it is assumed that the distance between two points on the body remains
unchanged. The assumption of rigidity is justified when the components of the
mechanical system are made of bulky solids that experience only small defor-
mations such that the effect of the deformation on the overall motion is neg-
ligible. If the interest, however, is to determine the stresses, or if the defor-
mations of the body are large such that their effect cannot be neglected, the
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rigid body assumption is no longer adequate and a deformable body maodeling
approach must be adopted. In this section, we briefly discuss the formulation
of some of the joint constraints and introduce the mobility criterion that can be
used to determine the number of degrees of freedom of a multibody system.
A more detailed formulation of the planar joints is presented in Section 6 of
this chapter, while a more detailed analysis of the spatial joints is presented in
Chapter 7.

Planar Kinematics The kinematic relationships that describe the joint con-
straints can be formulated using a set of algebraic equations. As will be seenin
the remainder of this book, the form of these equations depends on the parame-
ters Or coordinates used to describe the motion of the system. Figure 1a shows
two bodies, i and j, in planar motion, which are connected by a revolute joint.
The joint definition point is defined by point P. The corresponding point on
body i is denoted as P’ while the corresponding point on body j is denoted as
P/. The conditions for the revolute joint require that point P’ on body i remain
in contact with point P/ on body j throughout the motion. This condition can
be expressed mathematically as

rh=r’ (3.1)

whereri, isthe global position vector of point P/, whiler’, isthe global position
vector of point P/. The conditions given by Eq. 1 eliminate the possibility of
the relative translation between the two bodies. The two bodies, however, have
the freedom to rotate with respect to each other. Thisisthe only relative motion
between the two bodies that can occur as the result of their connectivity using
the revolute joint. Therefore, the revolute joint in the planar analysis has one
degree of freedom since it eliminates two degrees of freedom of the relative
translation between the two bodies along two perpendicular axes.

(a) Revolute joint (b) Prismatic joint

Figure 3.1 Planar joints
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Another one-degree-of-freedom joint in the planar kinematics is the transla-
tional ( prismatic) joint shown in Fig. 1b. In this case, the only relative maotion
between the two bodies i and j is the relative trandation along the joint axis.
In the case of the prismatic joint, there are two kinematic constraint conditions
that restrict two possible relative displacements. First, there should be no rel-
ative rotation between the two bodies. Second, there is no relative translation
between the two bodies along an axis perpendicular to the axis of the prismatic
joint. These two conditions can be stated mathematically as

0 -0/ =c (3.2a)
h'ri-0 (3.2b)

where 6 and 6/ are, respectively, the angular orientations of bodies i and j, ¢
is a constant, r} is a vector that connects the two points P! and P/ defined,
respectively, on bodies i and j on the joint axis, and h' is a vector defined on
body i perpendicular to the joint axis.

Spatial Kinematics In the spatial kinematics, the unconstrained motion of
arigid body is described using six independent coordinates or degrees of free-
dom. Three of these degrees of freedom represent the trandlations of the body
along three perpendicular axes and three degrees of freedom represent three
independent rotational displacements. Figure 2 shows examples of mechanical
joints in spatia kinematics. The spherical joint shown in Fig. 2a alows only
three relative rotational motions between the two bodies i and j connected by
this joint. In this case, there is no relative tranglation between the two bodies,
and hence, one needs three kinematic constraint conditions that eliminate the
freedom of the two bodies to translate with respect to each other. Let point P
be the joint definition point, P’ be the corresponding point on body i, and P/
be the corresponding point on body j. The three kinematic conditions for the

Body j

Body j

(a) Spherical joint (b) Cylindrical joint (c) Prismatic joint (d) Revolute joint
Figure 3.2 Spatid joints
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spherical joint require that points P and P/ remain in contact throughout the
motion. These kinematic conditions can be stated in a vector form as

rh=r (3.3)

where r, and r’, are three-dimensional vectors that represent, respectively, the
global position vectors of points P! and P/. The spherical joint is considered as
athree-degree-of-freedom joint, because the three kinematic constraints of Eq. 3
do not impose any restriction on the relative rotations between the two bodies.

Figure 2b shows the two-degree-of-freedom cylindrical joint that allows rel-
ative tranglational and rotational displacements between bodies i and j along the
joint axis. Two components of the relative trandational displacements and two
components of the relative rotational displacements along two axes perpendicu-
lar to the joint axisare not allowed. In order to eliminate four degrees of freedom,
four kinematic constraint conditions areimposed in the case of acylindrical joint.
Let h' be avector drawn on body i along the joint axis, and h/ be a vector drawn
on body j along the joint axis. Also, let sV be a vector of variable magnitude that
connects points P and P/ on bodies i and j, respectively. The vector s is defined
on the axis of the cylindrical joint as shown in Fig. 2b. Throughout the motion of
the bodies i and j that are connected by the cylindrical joint, the vector h' must
remain collinear to the vectors h/ and s”. The kinematic constraint conditions of
the cylindrical joint can then be written as

hixh/=0 (3.4a)
hixs/=0 (3.4b)

Asexplained in Chapter 2, each vector equation in Eq. 4 contains only two inde-
pendent equations, that is, the number of the independent kinematic constraint
equations is four, leaving two degrees of freedom for the cylindrical joint.
The case of the prismatic joint in the spatial kinematics can be obtained as a
specia case from the case of the cylindrical joint in which the relative rotation
between the two bodies i and j is not allowed. In order to mathematically define
this condition, two orthogonal vectors n’ and n/ are drawn perpendicular to the
joint axis on bodies i and j, respectively, as shown in Fig. 2c. To eliminate the
freedom of therotations between thetwo bodiesi and j, thevectorsn’ and n/ must
remain perpendicular throughout the maotion. By considering the prismatic joint
asaspecia case of the cylindrical joint, one needs to add one condition in Eqg. 4,
leading to the following kinematic constraint equations for the prismatic joint:

hix hi=0 (354)
hixsi-0 (3.5b)
n'n/=0 (3.50)



100 KINEMATICS

where hi, h/, and s/ are as defined in Eq. 4. Equation 5 contains five indepen-
dent constraint equations that define the kinematic conditions for the single-
degree-of-freedom prismatic joint in the spatial analysis.

Similarly, the revolute joint shown in Fig. 2d can be considered a specia case
of the cylindrical joint where the relative translation between the two bodies is
not allowed. The revolute joint in the spatial kinematics is a one-degree-of-
freedom joint. In addition to the constraint equations of the cylindrical joint,
one needs another condition that guarantees that the distance between the two
points P’ on body i and P/ on body j, defined on the joint axis, remains constant
throughout the motion. If s/ (Fig. 2b) is the vector that connects points P’ and
P/, the kinematic conditions for the revolute joint obtained as a special case of
the cylindrical joint are given by

hix h/=0 (3.6a)
hixs/ =0 (3.6b)
si'di—¢ (3.60)

where the vectors h', h/, and sV are the same as in the case of the cylindrical
joint and ¢ is a constant. The condition of Eq. 6¢c guarantees that the length of
the vector sV remains constant throughout the motion.

The universal (Hooke) joint shown in Fig. 3a is a two-degree-of-freedom
joint since it allows relative rotation between the bodies connected by this joint
about two perpendicular axes. The constraint equations for this joint can be
obtained as a specia case of the spherical joint. The four conditions for the
universal joint can be written as

rh=r’, (3.7a)

h'h/ =0 (3.7b)

Body i
oY
¢ ttj
Body j
(a) Universal Joint (b) Screw Joint

Figure 3.3 Universal and screw joints
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whereri, and r/, are the global position vectors of point P’ on body i and point
P/ on body j that coincide with point P at the intersection of the two bars of
the cross, and the vectors h’ and h/ are two vectors defined on body i and body
J» respectively, along the bars of the cross as shown in Fig. 3a

The screw joint shown in Fig. 3b can be considered a specia case of the
cylindrical joint in which the trandation and rotation along the joint axis are
not independent. They are related by the pirch of the screw. By considering the
screw joint as special case of the cylindrical joint, the constraint equations of
this joint can be defined using the relationships

hixh/=0 (3.83)
hixs/ =0 (3.8b)
™ — bV = (3.80)

where h', h/, and s7 are as defined in the case of the cylindrical joint, 77 is the
relative trandation, 67 is the relative rotation, « is the pitch rate of the screw
joint, and ¢ is a constant that accounts for the initia relative displacements
between the two bodies.

Mobility Criteria It was shown in this section that the number of independent
kinematic conditions of a joint is equal to the number of degrees of freedom
eliminated as the result of using this joint. One of the basic steps in the kine-
matic and dynamic analysis of mechanical systemsis to determine the number
of the system degrees of freedom or the independent coordinates required to
determine the configuration of the system. There are different types of mechani-
cal systemsthat consist of different numbers of bodies interconnected by differ-
ent numbers and types of joints. The degrees of freedom of the system define
the minimum number of independent inputs required to drive or control the
system. A mechanical system with zero degrees of freedom is a structure. The
components of such a system are not permitted to undergo relative rigid body
motion regardless of the forces acting on the system. Most mechanisms that
are in use in industrial and technological applications are designed as single-
degree-of-freedom systems. Their motion is controlled by a single input that
is transmitted to a single output. Robotic manipulators, on the other hand, are
multidegree-of-freedom systems. They require severa inputs in order to drive
the manipulator and control the position of its end effector. In this section, a
simple criterion is presented for determining the number of degrees of freedom
of multibody systems.

As pointed out previously, the configuration of a rigid body that undergoes
unconstrained planar motion can be identified using three independent coordi-
nates or degrees of freedom. These coordinates describe the translational motion
of the body along two perpendicular axes as well as the rotation of the body. A
planar system that consists of n;, unconstrained bodies has 3 x n;, coordinates.
If these bodies are connected by joints, the number of the system degrees of
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freedom decreases. The reduction in the system degrees of freedom depends
on the number of independent constraint equations that describe the joints. In
planar motion, the number of the system degrees of freedom can be evaluated
according to the mobility criterion

ng =3X np — ne (3.9)

where n; is the number of the system degrees of freedom, », is the number
of the bodies in the system, and #.. is the total number of linearly independent
constraint equations that describe the joints in the system. Each revolute or
prismatic joint in the planar analysis introduces two kinematic constraints that
reduce the number of degrees of freedom by two.

Example 3.1

The dlider crank mechanism shown in Fig. 4 consists of four bodies, the ground
(fixed link) denoted as body 1, the crankshaft denoted as body 2, the connecting
rod denoted as body 3, and the slider block denoted as body 4. The system has
three revolute joints at O, A, and B, each introduces two kinematic constraint equa-
tions that make the total number of kinematic constraints of the revolute joints six.
The system has one prismatic joint between the slider block and the fixed link. This
joint introduces two kinematic relationships. The fixed link constraints (ground con-
straints) are three since in planar motion two conditions are required to eliminate
the freedom of the body to translate and one condition is required to eliminate the
freedom of the body to rotate. The total number of constraints n, is

n. = 6(revolute) + 2(prismatic) + 3(fixed link) = 11
Thus, the use of Eq. 9 leads to
ng=3np-—n.=3x4-11=1

That is, the mechanism has only one degree of freedom.

7 77,

Figure 3.4 Slider crank mechanism
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In spatial kinematics, the configuration of a rigid body in space is identi-
fied using six coordinates. |If the mechanical system consists of n, bodies, the
mobility criterion in the spatial analysis can be written as

Ng=6XnNy— N (3.10)

The freedom of the relative translation between two bodies is eliminated if they
are connected by a spherical joint. It follows that a spherical joint reduces the
number of the system degrees of freedom by three. A cylindrical or a universa
joint introduces four independent kinematic constraint equations that reduce the
number of degrees of freedom by four. A revolute, prismatic, or a screw joint,
on the other hand, introduces five kinematic constraint conditions that reduce
the number of degrees of freedom by five.

Example 3.2

The spatial RSSR (revolute, spherical, spherical, revolute) mechanism shown in Fig.
5 consists of four bodies. Body 2 is connected to body 1 at O by a revolute joint,
body 3 is connected to body 2 at A by a spherical joint, body 4 is connected to body
3 a B by a spherica joint, and body 4 is connected to body 1 at C by a revolute
joint. Since each spherical joint introduces three kinematic constraints, the spherical
joints at A and B introduce six kinematic constraint conditions. The two revolute
joints a O and C introduce 10 constraints. In the spatia analysis, six conditions
are required to eliminate the freedom of the body to trandate or rotate. Thus, the
number of fixed link constraints (ground constraints) for body 1 is six. The total
number of constraint equations for the RSSR mechanism is

nc = 6(spherical) + 10(revolute) + 6(fixed link) = 22

Figure 3.5 RSSR mechanism
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Using the mobility criterion of Eq. 10, the number of system degrees of freedom
can be determined as
Ng=6Np—Nc=6x4-22=2

which indicates that the system has two degrees of freedom. One of these degrees
of freedom is the freedom of the coupler link (body 3) to rotate about its own axis.

3.2 COORDINATE TRANSFORMATION

We now consider the problem of a simple finite rotation about a fixed axis and
develop the relationships between the axes of different coordinate systems as
the result of the finite rotation. These relationships define the coordinate trans-
formation between moving coordinate systems. Figure 6 shows two coordinate
systems XY and X'Y'. The axis X' is assumed to make an angle #' with respect
to the X axis of the coordinate system XY. We assume for the moment that the
origins of both coordinate systems coincide. Let i and j be unit vectors along
the X and Y axes, respectively, and let i' and j' be, respectively, unit vectors
along the X' and Y' axes. Using Fig. 7a, the components of the unit vector i'
can be expressed in the XY coordinate system as

i'=cosf' i+sing j (3.11)

From Fig. 7b, one can also show that the components of the unit vector j' can
be expressed in the coordinate system XY as

j'=—sin®'i+cosfj (3.12)

Equations 11 and 12 define the unit vectors along the axes of the coordinate
system X'Y' in terms of unit vectors along the axes of the coordinate system
XY. To obtain the inverse relationship, we multiply Egs. 11 and 12 by cos 6"

YA

Xi

9i

Figure 3.6 Rigid body rotation
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Yi Y

Xi

- X —
(a) (b)
Figure 3.7 Coordinate transformation

and sin @', respectively, and subtract the resulting equations. This leads to
cosf'i' —sin ' j' =[(cos 6)? + (sin ')

Using the trigonometric identity (cos 6')2 + (sin ') = 1, the equation above
leads to

i=cosf i —sing'j (3.13)

This equation defines a unit vector along the X axis in terms of the unit vectors
along the axes of the X'Y' coordinate system. Similarly, multiplying Egs. 11
and 12 by sin 6' and cos ', respectively, and adding leads to

j=sing'i' +cosf'j (3.14)

in which the unit vector j along the Y axis is expressed in terms of the unit
vectorsi' and j' of the coordinate system X'Y'.

3.3 POSITION, VELOCITY, AND ACCELERATION EQUATIONS

For the convenience of describing the motion of the rigid bodies in the multi-
body system, we assign a coordinate system for each body. The origin of this
body coordinate system isrigidly attached to a point on the body and, therefore,
the coordinate system experiences the same rigid body motion as the body. Let
X'Y', as shown in Fig. 8, be the body coordinate system and XY be a selected
global inertial frame of reference that is fixed in time. Let P' be an arbitrary
material point on the body. The coordinates of point P' in the body coordinate
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Y|\

> X
Figure 3.8 Rigid body displacement

system are fixed and can be defined by the vector
[yl

Up=[Xp Ypl (3.15)

which can also be written in terms of unit vectors along the axes of the coor-
dinate system X'Y' as

Up=Xpi' +Yp ]’ (3.16)

where i' and j' are, respectively, unit vectors along the X' and Y' axes of the
body coordinate system. Substituting Egs. 11 and 12 into Eq. 16 yields the
coordinates of the vector Uy in the global coordinate system as

ub =Xh(cos 6" i +sin ' j) +yh(—sin6' i +cos ' j) (3.17)

where ub is the global representation of the vector Uh. Equation 17 can be
written as

ub = (Xbcos ' — ¥ sin 0')i + (X5 sin 0' +yk cos 0')] (3.18)
This equation can also be written in the following form:

. x5 cos 0! — yi sin 6!
ub=| " yp (3.19)

b=l :
Xp sin ' +yp cos 6'
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or in the following matrix form:

. [coso' —sn6'|[xp
up=1| . . » (3.20)
sinf'  cos 6’ Vb
Using Eq. 15, Eq. 20 can be written simply as
uh = Alt, (3.21)

where Ub is the local position vector of the arbitrary point P' as defined by Eq.
15, and A' is the planar transformation matrix defined as

. | cos6 —sing’
A= snfd  cos 6 (322
The matrix A’ is an orthogonal matrix because
AAT — ATAT | (3.23)

where | isthe 2 x 2 identity matrix.

The global position vector of the arbitrary point P' in the fixed XY coordinate
system can be written as shown in Fig. 8 as the sum of the two vectors R' and
up, where R' is the global position vector of the origin O' of the coordinate
system X'Y'. One can then write the following equation:

rb =R +ub (3.24)
which upon the use of Eq. 21 yields
rb =R + At} (3.25)

It is clear from Eq. 25 that the global position vector of an arbitrary point on
the rigid body i can be written in terms of the rotational coordinate of the body
6', as well as the trangation of the origin of the body reference R'. That is,
the most general rigid body displacement can be described by a trandlation of
a reference point plus a rotation about an axis passing through this point.

Velocity Equations The second step in the kinematic analysis is to deter-
mine the velocities of the bodies in the system. In the velocity analysis, it is
assumed that the positions and orientations of the bodies are already known
from the position analysis. The absolute velocity of a point on a rigid body



108 KINEMATICS

that undergoes planar motion can be obtained by differentiating Eq. 25 with
respect to time. This yields

ih =R + AT, (3.26)

By using Eq. 22, the time derivative of the transformation matrix can be written
as

A= 0'A (327)

where Aie is the partial derivative of the rotation matrix with respect to the
rotational coordinate §' and is given by

. —sing' —cos6'
Ap = _ o (3.28)
cosf' —sing'
The velocity vector of the arbitrary point P' can then be expressed as
th=R +0' ALt (3.29)

The second term on the right-hand side of this equation can be written explicitly
as

. . [-sn6é" —coso'][xb
O ALTL = 6 . e
cosf' —sinfd' || VYp

=f' (3.30)

[ x5 sin§' — yb cos 6!
Xb cos 0 — yh sin 6
Equation 30 can be written in a simple form if we define the angular velocity

vector w' of body i as
o' =0k (3.31)

where Kk is a unit vector along the axis of rotation that is perpendicular to the
plane of the motion. Equation 31 can also be written in an aternative form as

o'=[0 0 ¢ (3.32)

The velocity vector of an arbitrary point on the rigid body can be expressed in
terms of the angular velocity vector. To prove this, we evaluate the vector o'
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x ub, where the vector u}s is given by Eq. 21 as

. [cose —sin6'][xp
Uup=Altp=| . A o
sing' cos 6 Yp

Xk cos 0 — yb sin 6 ul
- 7:3 i g zp i~ T (3:33)
Xp Sin 0' +yp cos uy
where u, and u‘y are the components of the vector uk given by
ul =x5 cos§' — yk sin ¢ (3.343)
U, =Xp sin 6' +yp, cos 6’ (3.34b)
It follows that
i j k fé‘u‘y
o'xub=|0 0 6'|=| é'u (3.35)
U uw 0 0

which upon using the definition of the components uj, and uj, of Eq. 34 leads
to

~Xb sin 0" — yh cos 6

o' X ub =0 (3.36)

Xk cos 6 — yb sin 6

Comparing Egs. 36 and 30 and using Egs. 27 and 33, we obtain the following
identity:

At~ 6IATL - o x Ub - o x (A'Th) (337)

Using this identity, the absolute velocity vector of an arbitrary point on the rigid
body i can be written in terms of the angular velocity vector as

th =R + ' x ub (3.39)

which indicates that the velocity of any point .Pi on therigid body can be written
in terms of the velocity of areference point O' plusthe relative velocity between
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the two points. This can be expressed as

Vb =Vl + Vhg (3.39)
where vi, and Vi, are, respectively, the absolute velocities of points P' and O,
and vpg is the relative velocity of point P' with respect to point O' and is given
by

Vbho = @' X Up (3.40)
Acceleration Equations The absolute acceleration of a point fixed on a
rigid body can be obtained by differentiating the velocity equation with respect

to time. If Eq. 29 is differentiated with respect to time, one obtains the accel-
eration of an arbitrary point P' on the rigid body i as

FL R+ 0 ALTL + 6 AT (3.41)

where R' isthe absolute acceleration of the reference point. In the case of planar
motion, the following identity can be verified:

Al = —Alf (3.42)

which upon substitution into Eq. 41 leads to

i =R — (0')?Altp + 6'A}b (3.43)

It can be shown that
—(0"Y?AT = @' x (o' x ub) (3.44)
6'ALTL = o' x Uk (3.45)

where o' is the angular velocity vector, and o' is the angular acceleration
vector of body i defined as

o =6'k (3.46)
By substituting Egs. 44 and 45 into Eq. 43, one obtains
b =R + o' X (0 x ub)+a x ub (3.47)
which can be rewritten as

ap = ap * (8ho)n * (o) (3.48)
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where aP = F'}, is the absolute acceleration vector of the arbitrary point P' and
ah = R' is the absolute acceleration vector of the reference point. The vectors
(abo)n and (abg); are called, respectively, the normal and tangential compo-
nents of the acceleration of point P' with respect to the reference point O'.
They are defined as

(a;?o)n = Qi X (Qi X Up) (3.49)
(@po)t =o' X Up (3.50)

The normal component has amagnitude ()25 where % is the distance between
point P' and the reference point O'. The direction of the normal component, how-
ever, isalwaysalong alineconnecting P' and O' andisdirectedfromP' to O'. The
tangential component on the other hand has a magnitude 'l and its direction is
along aline perpendicular to the line connecting points P' and O'.

Equation 48 can also be written as

ap =ap * apo (351)

where abg, is the relative acceleration of point P' with respect to point O' and
is defined as

abo = (@po)n * (abo)t (352)

The use of the position, velocity, and acceleration equations obtained in this
section for the kinematic analysis of mechanical systems consisting of inter-
connected bodies is demonstrated by the following example.

Example 3.3

Figure 9 shows an offset slider crank mechanism that consists of four bodies. Body 1
isthe fixed link or the ground, body 2 is the crankshaft, body 3 is the connecting rod,
and body 4 is the dider block at B. The system has one degree of freedom, which
is selected to be the angular orientation of the crankshaft 2. Express the angular
orientation of the connecting rod and the location of the slider block in terms of
the degree of freedom. Also determine the angular velocity and acceleration of the
connecting rod and the velocity and acceleration of the slider block in terms of the
angular velocity #2 and angular acceleration 62 of the crankshaft.

Solution. Consider point A to be the reference point of the connecting rod, the posi-
tion vector of point B on the connecting rod can be written as

3R+ A%

where R® is the global position vector of the reference point A, A2 is the trans-
formation matrix from the connecting rod coordinate system to the global coordl-
nate system, and U3 is the local position vector of point B. The vectors R3and U
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701

Figure 3.9 Offset dlider crank mechanism

and the transformation matrix A3 are defined as
2 2 3
R3[I coso] u3[|]
12sin62]|’ B 1o

cos 63 —sdn 03]
sin 3  cos 63

and

AS,

where §2 and 63 are, respectively, the angular orientations of the crankshaft and the
connecting rod, and 12 and |3 are, respectively, the lengths of the crankshaft and
the connecting rod. One can write the global position vector of point B as

3 [1?cos6?
3= ,
B 12sn62
12 cos 62 +1° cos 43
12 sin§2+13 gn 63

cos 63 sine?’Hl3
sin#3 cos63 || O

From the geometry of the slider crank mechanism, it is clear that

(3 [ Xé]
B h
where xg is the coordinate of the slider block in the horizontal direction and h is

the magnitude of the offset. The preceding two eguations lead to the following two
scalar equations:

xg =12 cos 62 +13 cos 63
h=12sin?+1%sin §°

which imply that

xg =12 cos 02 £/(13)2 - (h— 12 sin §2)2
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and

_1 hfIZSinOZ

37 .
0° =sn 3

By using Eq. 39, the velocity of point A on the crankshaft can be written using
point O as the reference point as
VA=V3 *Vio

Since O is a fixed point, V% = 0. Using Egs. 36 and 40, the global velocity vector
of point A is

2 2 2 052|2

—dn 62
VA:(,O XUA:

cos 62

The velocity of point B on the connecting rod can also be written as

3_3 v 34 emdx 13
Vg =Va +Vga =Va T ®° X Uz

Clearly, v,i = vi since both represent the global velocity vector of the same point
A. Using this fact and Eqg. 36, the velocity of point B is given by
in o2 i o3
3 o2 sm()] 2313 smﬁ]
vg =6l +0°l
B [ s 62 cos 63

The dlider block at B moves only in the horizontal direction, and as a consequence
va=Dg of

The last two vector equations lead to

- o4 Y 0 p3
X . —-siné . —sné
B :02|2 ) +03|3 3
L O 0S 0 cos 0
which can be rearranged and written as
™ 13 & p3 .
Fsno® 1 [03] - sn@Z]
4| =0 2
“13cosp3 0 |l7B cos 0

or
631 622 0 -1 ~sin 9?2
xg] 13cos63 [13cos6® 13sng3]| cos6?
622 — cos 62
~1Bcos63 [ 13sin(93 - 6?)
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The accel eration equations can be obtained by differentiating the preceding equa-
tion or by using the general expression of Eq. 51. Using Eq. 51, the acceleration
of point A on the crankshaft is

ai=ad+ a0
Since O is a fixed point, one has a% =0, and accordingly,

2 2 2 2
aa = axo = (@ao)n + (B30t

where
. cos 62
2 2 2.2 2/42\2
a =W X (w-xuy)=-1(0
(&R - 0?x (@2 x ) 12092 | o |
.o [ —sin 62
2 202 1252
a =X Uz =10
(@) A cos&z]
Thus

2 [ ~12(6) cos 62 - 1262 sin 02]
AT -12(62)2 sin 02 +12§2 cos 92
The acceleration of point B on the connecting rod is

3_.3.,.3
ag = ax +agp
3

Since a3 = ax because A represents the same point on the crankshaft and the con-
necting rod, one has

a3 =aj +ags = a3 + (a3n + (@A)

where

oS 03]

(el — 0 x (0 + 1) = PO | T

@) = o x ud =133 [ -

Using the expression for a,i, one has

[ 1%(6%? cos 62 — 1262 sin 02] [ —13(63)2 cos 63 — 1362 sin 63
| =12(6%)2 sin 62 +1262 cos 62 —13(63)2 sin 63 + 1363 cos 63

Since the dider block moves only in the horizontal direction, one has

ag=[x o
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The preceding two vector equations lead to the following two scalar equations:

%6 = —12(0%)? cos 62 — 1262 sin 6% — 13(6°)? cos 3 - 136° sin 63
0=-12(6%)? sin 62 +126° cos 6% — 13(63)? sin 6° +136° cos 63

Since 62 and 63 are assumed to be known from the position and velocity analyses,
and 62, 62, and 62 are assumed to be given, the preceding two equations are func-
tions of the only two unknowns 62 and X‘é. These equations can be rearranged and
written as

1% sin 63 1][(9'3]
~13cos9® 0

- [ ~12(2)2 cos 62 — 1262 sin 62 — 13(8%)2 cos 93]
| =12(6%)2 sin 62 +1262 cos 62 — 13(93)2 sin 63

which leads to
]~ o [0 s amec] 2]
xg] 13cos63 | 1Bcosf® 13sin63]|
e
18 ¢cos 63 | c1I8 cos 63 + ol sin 63

where

c1 = —12(6%)? cos 62 — 1262 sin 62 — 13(6%)? cos 6°
c2 = —12(6%)? sin 62 +1262 cos 62 — 13(6%)? sin 63

The kinematic equations obtained in this example can be programmed on a digital
computer to obtain the values of the coordinates, velocities, and accelerations of
the mechanism links for different values of 62, 2, and §2. Consider, for example,
the case of a dlider crank mechanism which has the following data: h = 0, 12 =
0.2 m, and I3 = 0.4 m. The angular velocity of the crankshaft 2 is assumed to be
constant and is equal to 50 rad/s. Table 1 shows 63, xg, 63, xg, 6%, and g for
different values of the crank angle §2. In Table 1, angles are measured in radians
and distances are in meters.

In some applications, the motion simulation of the single- and multidegree-
of-freedom systems does not proceed smoothly with time. A lockup configura-
tion may be encountered or more than one possible motion at certain mechanism
configurations can occur. These cases are called singular configurations. The
singularity of motion may depend on the nature of the driving input. For exam-
ple, consider the dlider crank mechanism shown in Fig. 10. First assume that
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Figure 3.10 Slider crank mechanism

the mechanism is driven by rotating the crankshaft with a given angular velocity
w? =02 It was shown in the preceding example that the angular velocity of
the connecting rod #° and the velocity of the slider block Xg can be expressed
in terms of the angular velocity of the crankshaft 82 as

1Psng® 1][63 o —sin 92 (353)
—1Bcos6® Of[sd] cos 62 '

where |2 and |3 are, respectively, the lengths of the crankshaft and the connect-
ing rod and 62 and 9 are, respectively, the angular orientations of the crankshaft
and the connecting rod. Equation 53 can be used to define 6 and X3 as

63 622 — cos 2
A (3.54)

x| " 13cos6® | 13 sin(e® - 62)

Consider now the specia case where 12 = |® and 62 = 7/2; in this specia
case, one has

12sn#?+1%sin6®=0
or
sin#?+sn63=0

It follows that
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Figure 3.11 Singular configurations

In this configuration, cos 6° = 0 and the coefficient matrix in Eq. 53 is singular.
Thisimpliesthat at this configuration, more than one possible motion can occur.
One possible motion is that the crankshaft and the connecting rod are locked
together and rotate as a single pendulum, as shown in Fig. 11a. Another possible
motion is that the slider block moves to the right or to the left in the horizontal
direction, as shown in Fig. 11b.

The configurations shown in Fig. 11 are not the only singular configurations
encountered in the analysis of the slider crank mechanism. To demonstrate this,
consider the case where the mechanism is driven by moving the slider block
with a specified velocity Xg. In this case, Eq. 53 can be rearranged and written

as
12sn92 13sing® ][ 62 X4 (355)
~12cosh2 -13cos3|| 6% | ©O '
Now consider the configuration shown in Fig. 12, where 62 = 63 = 0. At this
configuration, the coefficient matrix of Eq. 55 is singular, which indicates that it
isimpossible for the motion to continue by moving the slider block. The mech-

anism at this configuration, however, can be driven by rotating the crankshaft,
since at this configuration the coefficient matrix in Eq. 53 is not singular.

o A B
777 T

Figure 3.12 Another singular configuration
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Y2

Figure 3.13 Four-bar mechanism

Example 3.4

Figure 13 shows a four-bar linkage. Body 1 is the fixed link or the ground, body
2 is the crankshaft OA, body 3 is the coupler AB, and body 4 is the rocker BC.
Obtain an expression for the angular orientation, velocities, and accelerations of
the coupler and the rocker in terms of the angular orientation, angular velocity, and
angular acceleration of the crankshaft. Assuming that the angular velocity of the
crankshaft is constant and is equal to 50 rad/s, determine the values of the angular
coordinates, velocities and accelerations of the coupler and the rocker for different
values of the angles of the crankshaft. Assume that the lengths of the crankshaft,
coupler and the rocker are 0.2, 0.4, and 0.5 m, respectively, and the distance OC is
0.4 m.

Solution. The position vector of point C can be expressed in terms of the Cartesian
coordinates of the rocker as

ré =R+ AL

where R* is the global position vector of the reference point of the rocker, which
we select in this example to be point B, A* is the transformation matrix of the
rocker, g =[I* 0]T isthe local position vector of point C, and |4 is the length of
the rocker. The global position vector of the reference point of the rocker can be
written as

4 3 p3 33
R*=r3 =R3+ A%

where R3 is the global position vector of the reference point of the coupler, which
is selected in this example to be point A, A2 is the transformation matrix of the
coupler, T3 = [13 0T, and I3 is the length of the coupler. The vector R3 is

3[I2cos(92]
12 sin 62



120 KINEMATICS

where | 2 is the length of the crankshaft. The vector R* can then be written as

4 [Izcosﬁz]

- cos 63 sin03HI3]
12 sin §2

sin#3 cos 63 0

12 cos 62 +13 cos 63
12 sin 62 +13 §n 63

Using this equation, the global position vector of point C can be written as

12 cos 62 +13 cos 43
ré =R*+A%md =

12 sin§2+13 sin 3
12 cos 62 +13 cos 63 + 14 cos 64
[2sin62+135n63+14 sin 4

cos6* —sing4][1*
sng* cosé* || o

From Fig. 13 it is clear that

4 It
f~=
¢ [ 0 ]
where 11 is the distance OC. The preceding two equations lead to the following two
scalar equations:

12 cos 62 +13 cos 63 +1% cos 6% = 11
12sin6?+13sing3+1*sn6*=0

These two equations are called the loop closure equations of the four-bar linkage.
They can be used to express the angles 63 and 64 in terms of the angle 62. It is left
to the reader to try to solve the loop closure equations and determine 62 and 64 as
afunction of the crank angle 62.

Following the procedure described in the preceding example, one can show that
the global velocity vector of point B on the coupler is

—sin 02] SR [sin 93]

3422
cos 62 cos 63

VB

The velocity of point C, which, in this example, is equal to zero can be expressed
in terms of the velocity of point B as

VE=Vg+Vip

Using Egs. 36 and 40 and the fact that v§ = v and v¢ = 0, one obtains

[0]02I2[§n02]+63l3 ~sin 6%

0 cos 62 cos 63 cos 64

—sng3] .
sn ]+04I4
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which can be rearranged and written as

[I3sin03 I4sin04][6'3]92|2 sin02]
3cosf3 [4coso* || 64] — cos §2
or
63 1292 14 cos9* 14 sin g4 sin §2
6] 1814 sin(@%-63) | -13 cos93 —13sin§3]| — cos 62

B 1262 14 sin(92 - 6%)

~ 1314 sin(6%4 - 63) [ 1% sin(6® - 62)

Following a procedure similar to the one described in the preceding example,
one can show that the acceleration of point B is

s [ -12(6%)? cos 62 1262 sin 62— 13(63)? cos 63 - 1363 sin 63
N ; s h (3.56)
~12(6%)2 sin 62 +1262 cos 62 — 13(6°)2 sin 63 + 1363 cos 43
The acceleration of point C on the rocker is
al = ag +a¢g = a3 + (ap)n + (8¢l
Since C is a fixed point, one has a“C =0, and accordingly,
0=aj +(ap)n + (aCp)t
which leads to
&= -w*x (@ xu}) - atxud
14642 cos 64 + 1464 sin 64
(3.57)

~| 14642 sin 6% — 1464 cos 6%
Substituting Eq. 57 into Eq. 56, one obtains the following scalar equations:

14(6%)? cos 6% +1%6* sin 6%
=-12(6%)? cos 6% — 1262 sin 62 — 13(63)? cos 6° - 1362 sin 63
14(6%)? sin 6% - 146* cos 6%
=—-12(%)? sin 62 + 1262 cos 62 - 13(63)? sin 63 +136° cos 6°
Assuming that 93, 94, 62, and §* are known from the position and velocity analyses,

and 62, 62, and 62 are given, there are only two unknowns 63 and 64 in the preceding
two eguations. These equations can be rearranged and rewritten as

(3.58)

13 sin 63 I4sin04][é3][c1
Bcos3 14cos64 || 64] |c

2
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where ¢ and c; are
c1 = 14(6%)? cos 8% +12(6%)? cos 62 +1262 sin 6% +13(6%)? cos 63
c2 = 14(6%)? sin 6% +12(6%)? sin 6% — 1262 cos 62 +13(93)? sin §°

Equation 58 can be solved for the angular accelerations 62 and 64 as follows:

63 - 1 “cos6* 14sind* 1[c1
64] 1B14sin(@*-03) [ -13cosh® -13sn63|]| c
- 1 I4(c1 cos 8% + ¢, sin 6%)
~ 1314 sin(94 - 63) [ —13(c1 cos 62 + ¢, sin 69)

Using the dimensions of the mechanism and the kinematic equations presented
in this example, the angular coordinates, velocities and accelerations of the links
can be determined as functions of the crank angle as shown in Table 2. The angles
presented in this table are in radians, the angular velocities are in rad/s, and the
angular accelerations are in rad/s?.

The position kinematic equations obtained in the preceding example can be
used to express the orientations of the coupler and the rocker in terms of the
crank angle 62. One of the important considerations in the design of many of
the four-bar linkages is to ensure that the crankshaft can rotate a complete revo-
[ution. In order to determine whether the input crank of the four-bar mechanism
can make a complete revolution, Grashof’s law can be used. This law states
that, for a planar four-bar linkage, if the sum of the lengths of the shortest and
longest links is less than the sum of the lengths of the other two links, then a
continuous relative motion between two links can be achieved. Let sand | be,
respectively, the lengths of the shortest and longest links, and p and q be the
lengths of the other two links. According to Grashof’s law, the shortest link
will rotate continuoudly if

s+l<p+q

This inequality has to be satisfied, otherwise none of the links will make a
complete revolution relative to the other links. If link 2 in the four-bar linkage
(Fig. 13) can make a complete revolution while link 4 oscillates, the mechanism
is called a crank-rocker linkage. If both link 2 and link 4 oscillate between
limits, the mechanism is called a double-rocker linkage.

Grashof’s law makes no mention of which link is fixed or of the order in
which the links are connected. Several kinematic inversions of the four-bar
mechanism, however, can be obtained by selecting which link is to be fixed
and by arranging the connectivity of the links based on their lengths. When
the crank is the shortest link and it is adjacent to the fixed link, the result-
ing mechanism is of the crank-rocker type. If the shortest link is the fixed
link, one obtains the double-crank mechanism, which is also caled a drag-
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(a) (b)
Figure 3.14 Straight-line mechanisms

link mechanism. When the link opposite to the shortest link is the fixed link,
one obtains again the double-rocker mechanism. The double-rocker mechanism
is aso obtained if the sum of the lengths of the shortest link and longest link
is larger than the sum of the other two links.

It is clear in the case of the four-bar linkage of Fig. 13 that any point on the
crankshaft OA or the rocker BC moves on a circular arc that has a radius egqual
to the distance between this point and the fixed points O and C, respectively.
During the dynamic motion of the mechanism, any point on the coupler of
the four-bar linkage generates a path, called a coupler curve, that depends on
the location of this point. Clearly, the two paths generated by points A and B
are simple circles. Four-bar mechanisms can be designed such that a point on
the coupler link moves in a straight line. Such mechanisms are called straight-
line mechanisms. An example of an approximate straight-line mechanism is
the four-bar Watt's mechanism shown in Fig. 14a. If, in this mechanism, the
position of point P on the coupler is such that the ratio of the lengths of the
segments AP and PB is inversely proportional to the ratio of the lengths of
the links OA and BC, respectively, then the coupler curve of point P is an
approximate straight line. A mechanism that generates an exact straight line
is the Peaucellier mechanism shown in Fig. 14b. This mechanism consists of
eight links including the fixed link. As pointed out in Chapter 1, if the lengths of
link AB and link AE are equal, lengths of links BC, BP, EC, and EP are equal,
and the length of link AD is equal to the distance CD, point P will trace out an
exact straight-line path. Straight-line mechanisms are used in many mechanical
system applications such as gear switch equipment and engine indicators.

3.4 KINEMATICS OF A POINT MOVING ON A RIGID BODY
In the preceding section, the kinematic equations that define the position, veloc-

ity and acceleration of an arbitrary point fixed on a rigid body were developed.
In this section, we present the kinematic equations of a point moving on arigid
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Yi

Ri

> X
Figure 3.15 Motion of a point on arigid body

body. Figure 15 shows a particle point P moving on arigid body i. The position
vector of point P with respect to the body coordinate system X'Y* is defined
by the vector U}. The global position vector of point P can be written as

ri, =R+ A't,, (3.59)

where R’ is the global position vector of the reference point, and A’ is the
transformation matrix from the body coordinate system to the global coordinate
system. The vector T}, in Eq. 59 is not a constant vector since point P moves
with respect to the coordinate system of body .

The absolute velocity of point P can be obtained by differentiating Eq. 59
with respect to time. This leads to

i, = R + AT, + Al
=R +0'ALTL + AT (3.60)

By using the identity of Eq. 37, Eq. 60 takes the form
PL = R+ o X ub + (Vh), (3.61)
where

(Vp)r = AT, (362)
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Equation 61 can also be written as

Vh = Vi + @ X UL + (Vh), (3.63)
where Vi, = i, is the absolute velocity of point P, and vi, = R’ is the absolute
velocity of the reference point.

The absolute acceleration of point P can be obtained by differentiating Eq.
63 or, equivaently, Eq. 60 with respect to time. This leads to

L= R+ 0 ALUL + 0'ALTL + 0'ALTL, + 0'ALTL + AU (3.64)
The second and third terms on the right-hand side of Eq. 64 are, respectively, the
normal and tangential components of the acceleration defined in the preceding
section by Egs. 44 and 45. By combining the fourth and fifth terms in the right-
hand side of Eq. 64, this equation reduces to

= R + @ X (0 X Up) + ol X ub + 20 ALTL + Al (3.65)
where o' is the angular acceleration vector of the coordinate system of body i

and U}, is as defined by Eq. 33. Using Eq. 62 and an identity similar to Eq. 37,
one can show that

O ALUL = o x (ATUL) = @' X (Vh), (3.66)

Substituting Eq. 66 into Eqg. 65, one obtains

a, = al, + o' X (' x ub) + ' X Uh + 20" X (V5), + (a)), (3.67)
where
a = i, (3.68a)
a, =R (3.68b)
(ah), = AU, (3.68¢)

in which (ab), is the relative acceleration of point P with respect to the coor-
dinate system of body i. The fourth term in the right-hand side of Eq. 67 given

by
(@)c = 260" X (Vp), (3.69)

is called the Coriolis component of the acceleration. This component of the
acceleration has a direction along a line perpendicular to both o' and (V3),. In
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the special case where point P is fixed, the vectors (ab), and (&%), areidentically
the zero vectors and Eq. 67 reduces, in this special case, to the equation that
defines the acceleration of a point fixed on the rigid body.

B Example 3.5

Figure 16 shows a block P that slides on a slender rod i. The rod is connected to
the ground by a pin joint at O and rotates with angular velocity 6°. Determine the
absolute velocity of point P and the absolute acceleration of the slider block P.

Solution. We first select the rod coordinate system to be XY with origin at O. The
position vector of the block with respect to this coordinate system is

oL =[x, 0

Since the block is moving with respect to the rod, its velocity is described by Eq.
63 as

Vp =Vp + @' X Up + (Vp),
Since O is a fixed point, v, = 0, and

Vi = @' x b, + (Vh),

in which
[ -XLsing
w’xu;el[f}) ]
Xp cos b’
and
. .. [cos@ —s€n@il[x: xh cos 6!
VI r:AIUl = . . P = P ]
Vp) P [siné)’ cose’HO] [x})sinel

Figure 3.16 Pendulum with a sliding block
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The absolute velocity of the block P can then be written as

~x%0" sin 6 +x%, cos 0
x50' cos 6! +x*, sin 6!

i

Vp =

The absolute acceleration vector of the block P can be obtained by differentiating
the absolute velocity vector v or by using the general expression of Eq. 67. Both
methods yield the same results. In this example, the general expression of Eq. 67 is
used. Since point O is fixed, the absolute acceleration of point O is egual to zero,
that is,

a,=0
In this case, the acceleration of point P takes the form

a}, =o' x (o x U}J) +al x uj; + 2! x (Vjp)r + (aj;),

in which
. o .. [cosfi
o' x (0 X Ub) = —x5(67)2 .
( p)=—xp(6) sin 0’]
o x Ul =35 [sin@i]
=X .
p==p cos 6'
. . ....[—sin@!
20" X (Vh), = 2x 50" ;
w263 | o]
. .. [x% cos @’
ab), = Altt, = | .F .
(@)r S AT 6’]

Substituting these equations into the expression for the acceleration of point P, one
obtains

=" g4ne¢ XpO)" cos 6" Xr0
~sn@i] ., .. [cos6i] ...
2 i xP0 + . i xP
cos sin 6
b - ¥h(07)2] cos 0 — (¥hd + 2¢567) sin 0"]
L LEh - xp(6)2) s 07 + (2 +28467) cos o
B Example 3.6

Figure 17 shows two rotating rods that are connected by the slider block P. Given
the angular velocity and angular acceleration of rod 2, determine the angular veloc-
ity and angular acceleration of rod 3 and the relative velocity and acceleration of
the slider block P with respect to rod 3.
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Figure 3.17 Coriolis acceleration

Solution. First we perform the velocity analysis of the mechanism. We first consider
rod 2 as shown in Fig. 18a. The absolute velocity of point P onrod 2 is

2 2.2
Vp =Vp +Vpo

where
v3 =0
and

., [ ~1? sin §?
2 2.2 42
Vo = @ Up =0 [1200302]

Here, 12 isthe length of link 2. The absolute velocity of point P can then be written
as

2 6n g2
V2 02 -1csng
P 12 cos 62

Due to the fact that the slider block P slides on link 3, the absolute velocity of point
P can also be evaluated by analyzing the motion of link 3 shown in Fig. 18b. In
this case, one has

V3 =V3 V3, + (V3),

(a) (b)
Figure 3.18 Motion of block P
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Keeping in mind that point O3 is a fixed point, one has
3

One aso has
-3 «n o3
3 3, .3_z3 [ XpsSnd
Vi) =m X Up =10
ro P [xpcoso3
(), - A% cos §° sin03H)é,3>]).C3 c0503]
P P~ 1sn6® coso® || 0 P 1singd

where x5 is the distance between point P and point 03. The absolute velocity of
point P can then be written as

=3 gn g3 3
3 3 [ Xpsing g [cosé
Vp =0 _ 3 | tXp | . .3
Xp cosf sin 6
Since
2=y
one has
2 gn 2 =3 & p3 3
02 -l“sn§g 43 —Xpsing +x'?;, cos 6
12 cos 62 x> cos 63 sin 63

This eguation can be written in a matrix form as
~x3sin6% cosgd)[ 63 52 ~12 sin 62
x3c0s0° sned||x3]| 12 cos 62

This matrix equation contains two scalar algebraic equations that can be solved for
the two unknowns §2 and x5 as

[ 93] 62 [ 12 cos (63 - 62) ]
3] x3 [®312€n(0° - 0?)

Having determined §° and %3, one can now proceed to solve for the accelera-
tions. Considering rod 2, the absolute acceleration of point P can be written as

2 2.2 2
ap =ap + (@pp)r + (@po)n

where
a3 =0

.o [ —12sin 62
2 20 .2 52
a =X U5 =0
@o) P [1200502]

. 12 cos 2

2 2 202 202
(@b — 0P (@2 x )2 | | o |
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The absolute acceleration of point P can then be written as

.o [ —12 sin §2 ) 12 cos 2
SR Py B [
1< cos [csn@

Asthe slider block P moves with respect to rod 3, the absolute acceleration of point
P takes the form

a% = a% + 03 x (02 x uf’,) +ax u,33 +2m° x (vf’,), + (a?,),
where
-0

@3 x (@3 x ud) = (%% [

cos 03]
sin 63

. —sin 63
3. .3 _73-3
a’xup=20
P XP[ cosas]
. n.o [—sin 63
203 x (V3), = 26%%3 [ ]
W™ (vp) P | cos 63
. =3 3
3\  a3-3 |cos63 —sn@3][xp] .3 [cosO
@) = A uP[sinO?’ cos63 || o | P | sne3

The absolute acceleration of point P is

. cos 637 . —sin §3
=0 | e+ |

*P | cos 63
in.a [—SiNB3] .. [cos63
+26%%3 +%3
P | cos 63 ] Pl sing®
Using the fact that
as-a5
one obtains
5 [12 sin 02] 02 12 cos 02]
12 cos 2 12 sin 62
. cos 631 .. —sin 63
(6323 + 533
6%)°xp sin 63 P | cos6?
n.a [-SiN63] .. [cosh®
+203%3 +x3
P | cos3 ] *P | sin63
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The terms in this equation can be rearranged and written in a matrix form as

-x3sn6% cosh3[6°
3 c0s0° sn6d||x3
—6212 sin 92 — (6%)212 cos 62 + (03)%%3 cos 63 + 20%%3 sin 63

6212 cos 62 — (62)212 sin 62 + (§%)%x3 sin 63 - 26%%3 cos 63

This matrix equation can be solved for the two unknowns 4% and X3 since all the
variables on the right-hand side of this equation are either given or can be deter-
mined from the position and velocity analyses.

3.5 CONSTRAINED KINEMATICS

A careful examination of the solution procedures used for the position, veloc-
ity, and acceleration analysis of the mechanisms discussed in the examples pre-
sented thus far in this chapter reveals that, in general, a set of algebraic kine-
matic equations that describe the joint connectivity between the bodies of the
system are used. For instance, for the slider crank mechanism of Example 3, we
explicitly or implicitly used the following algebraic equations and their deriva-
tives

v3=0, Vi=\V3,  \Vi=vj
RI=0, 6*=0, 62=0?

where R;‘ and 0% are the vertical displacement and the angular orientation of the
dider block, and w? is a known function of time. The last equation describes the
constraint condition used to drive the crankshaft of the mechanism. Each one of
the preceding equations was manipulated separately so as to yield a procedure
which is tailored only for the analysis of the slider crank mechanism.

Another aternative, yet equivalent approach is to combine the preceding
equations and solve them simultaneously using matrix and computer methods.
While this aternative approach is not different in principle from the methods
used in the preceding examples, its use, as demonstrated in the remainder of
this chapter, allows us to develop a systematic computer procedure that can be
used in the kinematic analysis of varieties of mechanical system applications.
The kinematic relationships that describe the joint connectivity between bodies
as well as specified motion trgjectories will be formulated so as to obtain a
number of algebraic equations equal to the number of the system coordinates.
The resulting system of loosely coupled equations can be solved efficiently
using numerical techniques.

Absolute Coordinates As pointed out previously, the planar motion of an
unconstrained rigid body can be described using three independent coordinates.
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Two coordinates define the tranglation of the body as rpresented by the displace-
ment of the origin of a selected body reference and one coordinate defines the
orientation of the body. The trandational motion of the rigid body i can be
defined by the vector R’ that describes the position of the origin of the body
reference with respect to the global coordinate system, while the orientation of
the body can be described using the angle §'. Using the three coordinates R’ =
[R. R!]" and 6, the position vector of an arbitrary point P’ on the rigid body
can be written as (see Eq. 25)

ri, =R+ AU, (3.70)

where
A (3.71)
yp

is the position vector of the arbitrary point defined in the body coordinate sys-
tem, and A’ is the transformation matrix from the body coordinate system to
the global coordinate system defined in terms of the angle of rotation 6’ as

(3.72)

cosf! —sin@!
sin @’ cos 6’

In this chapter and in the following chapters, the coordinates R’ and 0’ are
referred to as the absolute Cartesian generalized coordinates of the rigid body
i.

A multibody system consisting of n;, unconstrained rigid bodies has 3 x n,
independent generalized coordinates. The vector q of the generalized coordi-
nates of the multibody system is then defined as

1 1 1 2 2 2 i i i n n np1T
q=[R; R} 6' RZ R’ 6°---R, R, 0'---R’ R’ 6"]
~[RY ¢t R¥ ¢2...R" g ...R% gm]T (3.73)
which can aso be written in the following form:

lT 2T T

q-=1q g )T (3.74)

where

- [R
q = l 5 (3.75)

is the vector of generalized coordinates of body i.
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Kinematic constraints impose restrictions on the relative motion between
bodies in the mechanical systems. In this text, constraints are classified as joint
constraints and driving constraints. Joint constraints, which are the result of
restrictions imposed by the mechanical joints such as revolute, prismatic, cylin-
drical, and spherical joints, describe the connectivity between the multibody
system components, and therefore, define the topological structure of the sys-
tem. The formulation of the joint constraint equations will be discussed in more
detail in the following section.

Driving Constraints Other types of constraints that arise in the dynamic
analysis of mechanical systems are the driving constraints. While joint con-
straints are assumed to depend only on the system coordinates, driving con-
straints describe the specified motion trajectories and, therefore, may depend
on the system generalized coordinates as well as time. An example of driving
congtraints is the specified motion of the crankshaft of a dider crank mecha-
nism, as the one shown in Fig. 19. If the crankshaft is denoted as body 2, and
it is assumed to rotate with a constant angular velocity, one has

62 - w2
where w? is a constant. The preceding equation is a differential equation that

can be integrated to define a kinematic constraint equation that depends on the
coordinate 62 as well as time and can be written as

02 = w’t + 62 (3.76)

where ¢ is time and 62 is the initia angular position of the crankshaft. Equa-
tion 76 is an example of a simple constraint that can be imposed on the abso-
lute coordinates of a body in the system. For body i in the system, one may
encounter situations in which one or more of the following simple driving con-
straints must be imposed:

R =f1(f) (3.77a)
R, =f2(t) (3.77b)
0" =f3(r) (3.77¢)

A

7007

Figure 3.19 Slider crank mechanism
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where f1(7), f2(t), and f5(f) are time-dependent functions and R’, R, and 6 are
the absolute coordinates of the rigid body i. '

More complex driving constraints arise in mechanical system applications
when the motion of an arbitrary point on a rigid body is prescribed. Specified
trajectories in the analysis of robotic manipulators and numerically controlled
machine tools are examples of such driving constraints. For example, if the
coordinates of a point P! on the rigid body i are prescribed such that this point
follows a given trajectory defined by the function f(r) = [ f1() f2(r)]", the use
of Eq. 70 leads to

ri, =R+ AUl = (r) (3.78)

This equation leads to two scalar equations that can be written in terms of the
absolute coordinates of body i as

R +x% cos 0 —yh sin 6' =f1(7) (3.793)
R, +Xp Sin 6" +y}, cos 0’ =fo(r) (3.79b)

In these two equations which constrain the two global coordinates of point P/,
the first constraint specifies the horizontal motion of the point while the second
specifies the vertical motion. If point P' coincides with the origin of the body
reference, that is, Up = 0, Egs. 79a and 79b reduce, respectively, to Egs. 77a
and 77b, which describe simple constraints.

Other types of driving constraints may result from imposing conditions on
the relative motion between two bodies in the mechanical system. For example,
if the relative rotation between two bodies i and j in the system is specified,
the constraint equation can be written as

0" — 07 =f£(1) (3.80)

where 6’ and 0/ are the angular orientation of bodies i and j, respectively, and
f(#) isaknown function of time. Similarly, if the relative displacement between
points P* and P/ on bodies i and j is specified, the resulting kinematic con-
straints can be classified as driving constraints and can be written as

rh,— 14 = () (3.81)
where r’, and r'j; are, respectively, the global position vectors of points P* and

P/, and f(r) =[f1(r) f2(r)]" isatime dependent vector function. By using Eq.
70, Eg. 81 can be written as

R + AT, - R/ — A/t = f(r) (3.82)

This vector equation has two scalar equations that describe the constraints
between the coordinates of point P* and point P/.
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In many mechanical system applications, both joint and driving constraints
exist. A smple example is the slider crank mechanism shown in Fig. 19. The
mechanism has four joints; three revolute and one prismatic. A driving con-
straint similar to the one given by Eq. 76 can till be imposed on the motion of
the crankshaft. We should, however, keep in mind that the maximum number of
driving constraints that can be imposed on the mation of a given system must
not exceed the number of the system degrees of freedom.

3.6 FORMULATION OF THE JOINT CONSTRAINTS

In this section, the formulation of some of the joint constraints used in the
dynamic analysis of mechanical systems are presented. The algebraic constraint
equations are formulated in terms of the absolute coordinates that describe the
location and orientation of the rigid bodies with respect to a fixed global coor-
dinate system. Only planar motion constraints are considered in this section.
The formulation of the joint constraints in the spatial analysis is presented in
Chapter 7.

Ground Constraints A body that has zero degrees of freedom is called a
ground 0r fixed link. The ground constraints imply that the body has no trans-
lational or rotational degrees of freedom. If body i is assumed to be a ground
or a fixed link, the algebraic kinematic constraints are given by

R —¢1=0 (3.83a)
R, —c;=0 (3.83b)
0 —c3=0 (3.83c)

where c1, ¢z, and c3 are constants. Equations 83a and 83b eliminate the trans-
lational degrees of freedom of the body, while Eq. 83c eliminates the freedom
of the body to rotate. Equations 83a, 83b, and 83c can be combined into one
vector equation as

q-c=0 (3.84)

where g = [Ri R 6] is the vector of absolute coordinates of body i and
c=[c1 ¢» c¢3]" isaconstant vector.

Revolute Joint  When two bodies are connected by arevolute joint, only rel-
ative rotation between the two bodies is alowed. Figure 20 depicts two rigid
bodies i and j that are connected by a revolute joint a point P which is caled
the joint definition point. It is clear from the figure that the position vector of
this point as defined using the absolute coordinates of body i must be equal
to the position vector of the same point as defined in terms of the absolute
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Y
Xi
Yi
Oi
ui J o
~
i P \Oj
o Y/
Ri
R/ X/
= X

Figure 3.20 Revolute joint

coordinates of body j. The kinematic constraint conditions of the revolute joint
can then be stated mathematically as

rh=rh (3.85)

or equivalently,
R +Alt, - R/ - Alub=0 (3.86)
where U, = [xb yh]T and uh = [xL  yL]T are the local position vectors of

point P defined with respect to the coordinate systems of body i and body |,
respectively. Equation 86 can aso be written in a more explicit form as

R . cosf' —sng|[x:] [R
R, sng' cosd [[Vp| |

cos6l —snol][xL] [
sngl  cosl [|yb|

which yields the two scalar equations

Py
Kol

(3.87)

o O
[C—

R, +Xb cos6' —yb sinf' — Rl — x5 cosgl +yL singl =0 (3.883)
R, +Xpsing' +yp cos' —~ R, -Xpsingl —ypcos6! =0 (3.880)

These are the two constraint equations that eliminate the freedom of the relative
trandation between the two bodies.
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If arigid body i is connected to the ground by arevolute joint, Eq. 86 reduces
in this special case to

R'+Alnb-c=0 (3.89)

where c is a constant vector that defines the absolute Cartesian coordinates of
point P. The kinematic conditions of Eq. 89, which are sometimes called point
congtraints, imply that point P on the rigid body i is a fixed point.

Prismatic Joint The prismatic joint, which is also called the translational
joint, alows only relative trandation between the two bodies along the joint
axis. The constraint equations for the prismatic joint reduce the number of
degrees of freedom of the system by two. Figure 21 depicts two bodies i and
j that are connected by a prismatic joint. A constraint equation that eliminates
the relative rotation between the two bodies can be written as

' -0l —c=0 (3.90)
where c is a constant defined by the eguation
c=0.-0)

in which 6! and 94 are the initial orientation angles of bodies i and j, respec-
tively.

A second condition for the prismatic joint is required in order to eliminate
the relative translation between the two bodies along an axis perpendicular to
the joint axis. To formulate this condition, the two perpendicular vectors rp and
h' are defined. The vector r'F’, connects two arbitrary points P' and P! that lie on
the axis of the prismatic joint as shown in the figure. Point P' is defined on body
i, and therefore, its coordinates are fixed with respect to the coordinate system
of body i, while point P is defined on body j and accordingly, its coordinates
are fixed in the coordinate system of body j. The vector h', which is assumed to

Figure 3.21 Prismatic joint
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be perpendicular to the joint axis, may be defined on body i and can be selected
to be the vector joining points P' and Q', as shown in the figure. The vectors
rp and h' can then be defined in terms of the coordinates of body i and body
jas

rg:¢er:W+AﬁL—R17AW£ (3.91)
hi :AI(U;:, _ UIQ) (3.92

where Tp, U}, and Ty, are the local position vectors of points P', P, and Q'
respectively. If there is no relative translation between the two bodies along an
axis perpendicular to the joint axis, the vectors r'FJ, and h' must remain perpen-
dicular, a condition that can be written as

h'rl-0 (3.93)

Thisis a scalar equation that can be written in a more explicit form using Egs.
91 and 92.

One can combine the two constraint equations of the prismatic joint given
by Egs. 90 and 93 in one vector equation as

-0 —c o 304
hrd | |o (389

While the first equation in Eq. 94 is a linear function of the rotational coordi-
nates of body i and body j, the second equation is a nonlinear equation in the
absolute coordinates of the two bodies.

B Example 3.7

Derive the algebraic kinematic constraint equations of the three-body system shown
in Fig. 22, and determine the number of the system degrees of freedom. .
Solution. The absolute coordinates of body i in the system are assumed to be R},
R), and §', i = 1, 2, 3. The ground constraints are

R%*C]_:O

R)l/ —Cc2=0
0t —c3=0
where ¢1, €2, and c3 are constants. If the axes of the coordinate system of body 1

are assumed to coincide with the axes of the global coordinate system, the constants
C1, C2, and cz are identically zeros. The two kinematic constraint equations for the
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Figure 3.22 Two-degree-of-freedom system

pin (revolute) joint a O can be written in a vector form as
2, p2:2
Re+A“ug=0

where Ug isthe position vector of point O with respect to the origin of the coordinate
system of body 2. If body 2 is assumed to be a uniform rod and the origin of this
body coordinate system is assumed to be at its center as shown in the figure, one
has

3=

12 q7
= o]

where |2 is the length of the rod 2. The constraint equations for the revolute joint
a O lead to
|2
2 inp21| ——
[R§]+ cos 0 sme] 5
R? sn#? cos6?

or

|2
szf7 cos 92 =0

|2
- — Sno"=
RS y in 62=0
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Similarly, the constraint equations for the revolute joint at A are given by
R?+A%u3 - R3 - A%03 =0

Assuming that body 3 is a uniform rod of length I3 with the origin of its body
coordinate system attached to its center, one has

S |2 T L |3 T

UA:

which can be used to define the kinematic constraints of the revolute joint at A as

12 ]
[R§]+ cos 62 -sin6?]| o Ri]
R? sin92  cos6? | | RS
O_J
- |3—1
cos6® —sn63*1| ~5 | [O
sin#® cos 63 lo
0

or
2

| 3
R)%+7 cosezfl?)3(+7 cos93=0

12 . 5 [
R$+7S|n0 —Iﬁ+7sn0 -0

The kinematic constraint equations of the system can be written in a vector form
as

B R>1<—c1 ] .
0
1
- C2
Rj 0
01— c3
0
R ose?
— — cos
c(qha% g = X" -l o
|2
I:\%,—?s,ine2 0
|2 13
RZ+ — cos 62 - RS+ — cos 63 0
2 2
|2 H 02 |3 i 03 0
+— R+ — L
_Rf, 5 Sin R A
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where C = [C1 C, C3 --- C7]T is the vector of algebraic constraints. There are
seven constraint equations, and since the system has nine absolute coordinates (R,
R, 6',i=1,2,3), the number of degrees of freedom of the system is equal to two.

Cams A camis amechanical component that is used to drive another com-
ponent called a follower. The cams are convenient and versatile mechanical
devices for motion generation because of their various geometrical shapes and
the various existing combinations between the cam and its follower. The cam
and the follower mechanism constitute an important part in many mechanism
systems such as instruments, internal combustion engines, and machine tools.
Cams may be classified according to their basic shapes or according to the basic
shapes of the followers. Figure 23 shows two different types of cam systems
classified according to the shape of the cam, while Fig. 24 shows different types
of cam systems classified according to the shape of the follower element. Asthe
result of the rotation of the camshaft, the output motion of the follower can be
translating or rotating motion. In most cam applications, as shown in Figs. 23
and 24, the shape of the follower in the contact region with the cam is chosen
to be of simple geometry, while the desired motion is achieved by the proper
design of the cam shape. The cam and follower, however, must remain in con-
tact at all times. This can be achieved by using a suitable spring, by utilizing
the effect of gravity, or by using any mechanical constraints.

In order to demonstrate the formulation of the algebraic kinematic constraints
in the case of cam systems, as an example, the offset reciprocating knife-edge
follower shownin Fig. 25 isfirst considered. The cam and the follower denoted,

(a) (b)
Figure 3.23 Cams
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3
—}

(a) (b)

(c) (d)
Figure 3.24 Follower motion

Yi

(a) (b)
Figure 3.25 Offset reciprocating knife-edge follower
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respectively, as bodies i and j may be connected with other bodies in a system
by different types of joints. The point of contact between the cam and the fol-
lower is assumed to be point P, where point P is a fixed point in the follower
coordinate system. The coordinates of this point, however, in the cam coordi-
nate system depend on the cam shape. The global position of point P as defined
using the absolute coordinates of the cam (body i) and the follower (body j)
can be written as

| | 1551
o =R +ATR } (3.95)
re=RI+AlUp

where Ul and U} are the local coordinates of point P as defined in the coordinate
systems of the cam and the follower, respectively. Whil eU} isaconstant vector,
Up depends on the shape of the cam and, therefore, it is not a constant vector.
It is clear from Fig. 25b that U, depends on the rotation of the cam relative to
the follower, and can be written as

u,=uh(0' —6') (3.96a)

This equation defines the exact nature of the shape of the cam. By using the
functional relationship of Eq. 96a, the desired follower motion can be specified
as a function of the relative rotation between the cam and the follower. This
can be accomplished if the vector U is represented in a parametric form in
terms of the two variables d and ¢. It is clear from Fig. 25b that any point on
the cam profile can be expressed as

b = l Xf’] - l d cgs¢l (3.96h)
Yp dsing¢

which implies that any point on the surface of the cam corresponds to a unique
set of the two parameters d and ¢, which define the shape of the cam that
produces the desired follower motion. The shape of the cam can be defined by
expressing d anaytically or numerically in terms of the angle ¢ as

d =d(¢) (3.97)

Consequently, the coordinates of any point on the cam surface can be defined in
terms of the angle ¢. The initial configuration of the cam system can be used to
define the relationship between the angles 6', 6!, and ¢. One can then use this
linear relationship to express the angle ¢ in terms of the angles 6" and 1 that
define the orientations of bodiesi and . This leads to the functional relationship
of Eq. 96a that can be described numerically using the cubic spline functions.

By using Eq. 95, the kinematic constraint equations for the cam system
shown in Fig. 25 can be written as
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rh-rb=0 (3.983)
or
R, coso' —sn6'][xb] [Rk
|+ . . I
R, sno'  cosf' |[Ve] [RY
cosgi —sngl][xL] [o
N Reedd TP = (3.98)
sinf! cosé! yp] |[O

These are two equations that eliminate two degrees of freedom including the
nongeneralized surface parameter ¢.

Another type of cam systems is the roller follower cam, shown in Fig. 26.
The contact point between the cam and the roller is point P, while the center
of the roller is defined by point Q! on the follower, which is denoted as body
j. The vector n connecting the two points P and Q! is perpendicular to the
vector t, which is tangent to the roller at the contact point. The two kinematic
constraint equations for this type of cam system can be written as

n'n—(r)>=0 (3.99)
t'h=0 (3.100)

where r is the radius of the roller and the vector n is defined in terms of the
absolute coordinates of the cam and the follower as

n=R'+At, - Rl - Alul, (3.101)

The vectors T and T 5 are the local position vectors of points P and Q! defined,
P Q p p

Figure 3.26 Roller follower
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respectively, in the cam and follower coordinate system. The vector u o has
fixed components in the follower coordinate system, while Uy has components
that depend on the shape of the cam. The condition given by Eq. 99 ensures
no separation or penetration between the cam and the follower.

The tangent vector t of Eg. 100 can aso be defined in the cam coordinate
system using Eqg. 96b as

R -d sin¢+gz CoS ¢
i (3.102)

d cos¢+§:: sin ¢

Using this eguation, the tangent vector can be defined in the global coordinate
system as

t = Alf

Example 3.8

Derive the kinematic constraint equations of the offset flat-faced follower shown in
Fig. 27. . _

Solution. Let point P' denote the contact point on the cam and point Q! be an arbi-
trary point on the flat-faced follower. Two perpendicular vectors n and t; emanating
from point QJ are defined. The vector t; connects the contact point P' with point
Q!. This vector can be written as

ti=rh-rh=R +Ath - Rl - Alu)

This vector must remain perpendicular to n, that is, the first constraint equation is

Figure 3.27 Offset flat-faced follower
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given by
tin=0

Another vector t, that is tangent to the cam at point P' may be defined. This vector
is aso perpendicular to the vector n, leading to the second condition

tin=0

Using the preceding two equations, the constraint equations for this type of cam
can be written in a vector form as

tin _[o

thn 0
While the second condition guarantees that the flat-faced follower remains parallel
to the tangent to the cam surface at the contact point, the first condition guarantees
that there is no separation or penetration between the cam and the follower. The
vector t1 depends on the absolute coordinates of the cam and the follower as well

as the shape of the cam, while the vector t, depends on the absolute coordinates
and the shape of the cam only.

Gears Gears are widely used in machines for the purpose of transmission
of rotary or rectilinear motion from one component to another (Litvin, 1994).
Gears are used in a variety of industrial and technological applications such
as automobiles, tractors, electric drills, helicopter rotor systems, machine toals,
kitchen appliances, aircrafts, alarming clocks, and others. The theory of gearing
is based on the fact that power can be transmitted from one body to another if
the bodies have rolling contact. A rotary motion, for instance, can be transmitted
from one body to another by friction if the two bodies are pressed against each
other. If the friction force is high enough such that the two bodies roll with-
out dlipping, the velocities of the two bodies at the point of contact are equal.
In this case, there is a definite relationship between the input and the output
motions. The friction between the two bodies can be increased by increasing
the roughness of the two surfaces in contact. A more reliable approach is to
cut teeth on the surfaces of the two bodies. In this case, motion is transmitted
by successive engagement of the teeth. Spur gears as shown in Fig. 28a are
formed if the teeth are cut in a direction parallel to the axis of rotation. Gears
can also be formed by cutting the teeth along a helix generated around the axis
of the gear. In this case, the gear is called a helical gear and is shown in Fig.
28b. Both spur and helical gears are used to transmit power between two par-
alel axes. If the diameter of one of the spur gears goes to infinity, one obtains
the rack and pinion system. Another type of gear that is widely used are bevel
gears which, as shown in Fig. 28c, are cut from cones and are used in the case
of intersecting shafts. In the case of nonintersecting and nonparallel shafts, the
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(a) Spur gear (b) Helical gear (c) Bevel gear (d) Worm gear
Figure 3.28 Gears

skew gears, hypoid gears, and worm gears (Fig. 28d) are used for the purpose
of power transmission.

The simple case of spur gears is considered as an example in this section
to demonstrate the formulation of the kinematic constraints in gear systems.
Figure 29 shows a pair of spur gears which are assumed to be attached to a
third body k. The condition that no dliding occurs between the two gearsi and

Figure 3.29 Spur gears
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j a the contact point can be written as
0 —6%a =—(0' - 6%a! (3.103)

where @ and al are, respectively, the radius of the pitch circles of gears i
and j.

Integrating Eqg. 103, one obtains the kinematic constraint equation for the
Spur gear system as

[(6"— 05) — (6"~ 95)a’ +[(0) — 0%) — (6"~ 6c)]al = 0 (3.104)

in which 0i0, Ojo, and 0'; are the initial angular orientations of bodies i, j, and
k, respectively.
If body k does not rotate, that is, 6% = 0%, Eq. 104 reduces to

(0" —0)a +(@'—6l)al =0 (3.105)

Differentiation of Eg. 105 with respect to time leads to the simple conditions
that the velocities of the gears at the points of contact are equal, that is,

iyl
Vp=Vp

The formulation of the kinematic constraints for other types of gears can be
developed using asimilar procedure as demonstrated by the following example.

Example 3.9

Figure 30 shows a rack-and-pinion mechanism in which the pinion is denoted as
body i while the rack is denoted as body j. The pinion is assumed to have only
rotational motion about its own axis, while the rack is assumed to have only trans-
lational motion along the horizontal direction. The condition at the point of contact
that ensures no diding between the two bodies is given by

jiai _ g
0'a =xp

where a' is the radius of the pitch circle of the pinion, §' is the angular velocity of
the pinion, and >'<'P is the velocity of the contact point on the rack. By integrating
the preceding equation, one obtains the kinematic constraint equation for this smple
mechanism as

(0" - 0p)a — (xp—xp) =0
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Figure 3.30 Rack and pinion

where 0{) and xjpo are the constants of integration that represent the initial condi-
tions.

3.7 COMPUTATIONAL METHODS IN KINEMATICS

The formulations of the algebraic constraint equations presented in the pre-
ceding sections are used in this section to develop computer methods for the
position, velocity, and acceleration analyses of mechanical systems consisting
of interconnected rigid bodies. In the analysis presented in this section, the con-
figuration of the mechanical system is described by n coordinates, which can
be written in a vector form as

a=[0 & G -+ On]" (3.106)

In the planar analysis, if the system consists of n, bodies, and the absolute
coordinates are selected to describe the system configuration, one has n = 3 x
N, and the coordinates are defined as

g=[h ® O3 Qs G5 G5 - On-2 Gn-1 O]
=[Rt R 8 R R ¢*> -~ R¢ Rr 6™ (3.107)

In mechanical system applications, these coordinates are not independent as the
result of the kinematic constraint equations that describe system joints, as well
as specified motion trajectories. Examples of these constraints are the driving
congtraints, prismatic joints, revolute joints, and cam and gear constraints dis-
cussed in the preceding sections. These constraint egquations can be written in
a vector form as

C(a,t) =[Ci(a,t) Co@,t) - Cnfa,B] =0 (3.108)

where n; is the total number of constraint equations and t is time.
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Kinematically Driven Systems There are two cases that are encountered
in the dynamic analysis of mechanical systems. In the first case, the number of
linearly independent constraint equations is equal to the number of the system
coordinates, that is, N = N. This situation arises when all the degrees of freedom
of the system are prescribed using driving constraints. For example, a slider
crank mechanism that consists of four bodies (including the ground) has 12
absolute coordinates. The three ground constraints, the three revolute joints, and
the prismatic joint in the mechanism make the number of the degrees of freedom
of the mechanism equal to one. One may select this degree of freedom to be the
crank angle. If a driving constraint is used to specify the angular velocity of the
crankshaft, the number of joint constraints plus the driving constraint becomes
equal to 12, equal to the number of absolute coordinates of the system. When
the number of constraint equations is equal to the number of system coordinates,
the system is said to be kinematically driven.

In the second case, the number of constraint equations including the driving
constraints is less than the number of the system coordinates, that is, ng < n.
This situation arises when some of the degrees of freedom of the system are
dynamically driven using force inputs. In this case, some of the degrees of
freedom are not specified, and the system in this case is said to be dynamically
driven. In the case of a dynamically driven system, a force analysis is required
in order to obtain the position, velocity, and acceleration of the system compo-
nents.

In this chapter, only kinematically driven systems are discussed. Dynami-
cally driven systems are discussed in later chapters when the force analysis of
mechanical systems is considered. In the case of kinematically driven systems,
the vector of the constraint equations, defined by Eq. 108, includes the joint
and driving constraints as demonstrated by the following simple example.

Example 3.10

For the three-body system of Example 7, bodies 2 and 3 are assumed to rotate
with constant angular velocities §2 = »? and 63 = w3. Determine the vector of the
constraint functions of the system.

Solution. If the absolute coordinates are used, the number of coordinates n is equal
to 9 and the number of the joint constraintsis equal to 7. By imposing constraints on
the angular velocities of bodies 2 and 3, the system becomes kinematically driven.
The two driving constraints

can be integrated, yielding
0% - 02— w’t=0
03 -63-w3t=0
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where 02 and 03 are the initial angular orientations of bodies 2 and 3, respectively.
These two driving constraint equations can be combined with the joint constraints
obtained in Example 7, leading to
C1(g.1) Ry—c1 0
C2(q,1) Ry —C2 0
Ca(a.t) 61— c3 0
2
C4(q, 1) RZ — % cos 62 0
cla.h - Cs(a,t) |_ R§77sm0 o
12 13
Cs(q, 1) R)2(+7 cosOZfR§+? cos 63 0
12 . N
C7(q,1t) R§+7sm0 7R33,'+?sm0 0
Cs(q,1) 02 - 02 — wt 0
Co(g,1) 03— 03— w3t 0

Position Analysis For kinematically driven systems, the total number of
constraint equations n; is equal to the number of system coordinates n. Con-
sequently, the vector of the constraint equations defined by Eq. 108 contains n
algebraic equations that describe joint constraints as well as driving constraints.
This vector of the constraint equations can then be written as

C(g,t) =[Ci(q,t) Ca(g,t) --- Cn(q,t)]" =0 (3.109)

Equation 109 represents n scalar equations that can be solved for the n unknown
coordinates

q=[n G - o]’ (3.110)

These eguations, however, can be nonlinear functions of the system coordinates
and time, a fact which was demonstrated in the preceding example where non-
linear trigonometric functions of the system coordinates appear in the algebraic
kinematic constraint equations.

The numerical procedure often used for solving a system of nonlinear alge-
braic equations is the Newton—Raphson algorithm. This iterative procedure
which can be employed to solve the nonlinear kinematic constraint equations
starts by making an estimate of the desired solution vector. If this estimate at
certain point in time t is denoted as q;, the exact solution can be written as q;
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+ Ag;,. By using Taylor’s theorem, the vector of constraint equations defined
by Eg. 109 can be written as

C(q; +Aq;, 1) = C(q;, 1) + Cq, AQ; + 3(Cq, AQy)q, AQ, +- - (3.111)

where Aq = [Ag1  Ags --- Ag,]" is caled the vector of Newton differences,
and Cy, is the constraint Jacobian matrix, defined as

—

d0C1 dCq 0C, aC1
31 dqz  dqs gy
d0C> dC» dC> dC»
Co=| 992 dq2  Iq3 g (3.112)
9C,.  9C,, G, 3C,,
| 91 dq2  9¢z  Oqn _

For a kinematically driven system, the Jacobian matrix is a square matrix since
n. = n, and additionally, if the constraint equations are assumed to be linearly
independent, Cq is a nonsingular matrix. If the vector g, + Aq; is assumed to
be the desired exact solution, C(qg; + Aq;, #) = 0, and Eq. 111 reduces to

C(q;, 1) + Cq, AQ; + 3(Cq, AQ))q, Ag; +---=0 (3.113)

If the assumed solution is close to the exact solution, the norm of the vector
Aq; becomes small and higher-order terms in the vector Aq in Eq. 113 can be
neglected. This assumption defines the first-order approximation of Eq. 113 as

which yields
Cq, AQ; =-C(q;,1) (3.115)

Since the constraint Jacobian matrix Cy, is assumed to be nonsingular, Eq. 115
can be solved for the vector of Newton differences Aqg,. This vector can be
used to iteratively update the vector of the system coordinates as

Qi+1=0; T AQ; (3.116)

where i is the iteration number. The updated vector q,.,,; can then be used to
reconstruct Eq. 115 and solve this system of equations for the new vector of
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Newton differences Aq;,,, which can be used again to update the vector of
the system coordinates, thus defining the vector q,,,. This process continues
until the norm of the vector of Newton differences or the norm of the vector
of constraint equations becomes less than a specified tolerance, that is,

|Aqk| <ep oOr |C(qk,t)| <er (3.117)

where €; and e, are specified tolerances and k is the iteration number.

It is important to mention at this point that due to the fact that the
Newton—Raphson method does not always converge, one must specify an upper
limit on the number of iteractions used in this numerical algorithm. Failure to
achieve convergence may be due to severa factors, such as the initial estimate
of the desired solution is not close enough to the exact solution, an error is
made in the definition of the system constraints, and/or the mechanical system
is close to a singular configuration.

B Example 3.11

For the three-body system of Example 10, it was shown that the vector of constraint
equations is

C1(a,1) Ri-c1 0
C2(q,1) Rl - c3 0
C3(a,1) 01— c3 0
12
C4(q,1) R? - - cos 62 0
2 12
Ca.1) = Cs(g.1) |_ Rf -~ sino o
12 I3
Cs(0, 1) RZ + - cos (927R§+7 cos 93 0
LA S S L
Cc7(q,1) Ry+7 sin fRy+7 siné 0
Cs(q, 1) 0% — 02 — w2t 0
Cy(q, 1) 03— 03 — w3 0

where the vector q is selected to be the vector of absolute coordinates given by

q=[Rr Ry 6% RZ RZ 6% R R} ¢°T
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The Jacobian matrix as defined by Eq. 112 can be developed for this system as
1 00 0O 0 0O O 0
01000 0 0O O 0
00100 0 0O O 0

12
00010 7s‘nf)z 0 0 0
12
00001 ——cosf?> 0 O 0
Cq:
1? 3
00010 ——sng? -1 0 ——singd
2 2
1? IS
000O01 7cos,e2 0o -1 ?00503
0 00 O0O 1 0O O 0
00 0 O0O 0 0O O 1
The matrix Cgq is a square matrix, since the number of the constraint equations 7.
is equa to the number of coordinates n.

Velocity Analysis Differentiating the vector of constraint equations defined
by Eq. 109 with respect to time, and using the chain rule of differentiation |eads
to

Cq§+C, =0 (3.118)

where C, is the constraint Jacobian matrix defined by Eq. 112 and C, is the
vector of partial derivative of the constraint equations with respect to time. This
vector is defined as

aC, 3¢, 9, T
ot ot ot

If the constraint equations are not explicit functions of time, the vector C, is
identically the zero vector.

Since the coordinates of the system components are assumed to be known
from the position analysis, the Jacobian matrix Cq and the vector C, which
can be functions of the coordinates and time only can be evaluated. Equation
118, which can be considered as a linear system of algebraic equations in the
velocity vector ¢, can be written as

Cqd=-C, (3.120)

C[:

(3.119)

Because C is assumed to be a square and nonsingular matrix in the case of
kinematically driven systems, Eq. 120 can be solved for the velocity vector g.
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Acceleration Analysis The acceleration equations can be obtained by dif-
ferentiating Eq. 118 with respect to time, leading to

% (Cqq+C))=0 (3.121)
This equation, by using the chain rule of differentiation, yields
. .. 0 .
(qu + Ct)qq + E (qu + Ct) =0

which can be written as
(Cq@)q§ + Cigd + Cqd +Cod +C;, =0
After rearranging the terms in this equation, one obtains
Caf+(Cq@)qG +2C4G+Cyy =0 (3.122)

Thisisalinear system of algebraic equations in the acceleration vector ¢, which
can be written in the following form:

Cqli=Qu (3.123)

where the vector Q, absorbs terms that are quadratic in the velocities and is
defined as

Q= *(qu)qq - 2quq -Cy (3.124)

Having determined the coordinate and velocity vectors q and ¢ using the posi-
tion and velocity analysis methods discussed previously, the coefficient matrix
C, and the vector Q, in Eq. 123 can be evaluated. Assuming C, to be nonsingu-
lar for akinematically driven system, Eq. 123 can be solved for the acceleration
vector 4.

Example 3.12

For the three-body system of Example 11, one can verify that the vector C, of Eq.
119 is given by

0C1 dC>2 aCy, T

Ci = ot o ot

=[0 0 0 0000 -w -

Using Eq. 120 and the constraint Jacobian matrix obtained in Example 11, it can
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be shown that the velocity vector ¢ is given at any point in time for this example
by

G-I B8R OR 07RO 6T

=[0 0 0 h1 hy w?® h3 hs ]
where
2,2
O)l . 2
h1=— sin 6
! 2
2,2
w?l
ha == cos 62

3,3
h3 = —w?l% sin §% - % sin 68

313
ha = w?1? cos 62 + % cos 63

For the acceleration analysis, one has to evaluate the vector Q, of Eq. 124. For this
system, if the angular velocities are assumed to be constant, the vector C; is not an
explicit function of the system coordinates or time. It follows that

th:O, C”:0
The vector Cy( is
R}
Ry
ol
6212
R? + 5 sin 02
., 0272
RZ - —5— Cos 62
22 3
RffTsinasz3f sin 93
RZ+ —— cos6? - R3+ —— cos 63
62
43
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which can be used to define the matrix (CqQ)q as

000O0O 0 00 0
000O0O 0 00 0
000O0O 0 00 0
6212
00000 ——cosf> 00 0
9212 )
) 00000 —snf?2 0O 0
(Cq0)q = 2
212 n373
000O0O chosez 00 feilcosei"
2 2
12712 0373
0000 —O—ZSInOZ 0 —Qsin03
2 2
0 00O O 0 00 0
0000 O 0 00 0
The vector Q; = —(CqQ)qd is given by
Qu=-(Cqa)qq
N2\272 N12\272
-lo0 0o o Mcose2 (O;I sin 62
N12\272 3\273
<(0;l cos 62 +(0)l c0363>

IR
( 5 sin 0

. T
3)2;3
O anr) 0 o

in which 62, 63, 2, and 63 are assumed to be known from the position and velocity
analyses. Substituting the vector Q, into Eq. 124, one obtains the acceleration vector

g as

RL=RI-§=42=-¢°=

2 o 12 2
R:=—(6°) 7 cos 6
(192)2 sin 62
—(6%)21? cos 62 —

7((92)212 S'nez (03)2

@2 -

cos 63

I
sin 63
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The results obtained in this simple example, using the general procedure outlined in
this section, can also be obtained by simply differentiating the following kinematic
relationships:
— 2_ — 2 i -
R > cos 6
2 . 2
RS - sin 6
= p
R3 12 c0502+? cos 63
3 2anp2ae g 3
R} [“sngc+ > sin 6

3.8 COMPUTER IMPLEMENTATION

The formulation presented in the preceding section for kinematically driven
systems leads to a number of nonlinear algebraic constraint equations which is
equal to the number of coordinates. These constraint equations can be solved
for the coordinates using a Newton-Raphson agorithm. Differentiation of the
kinematic constraints once and twice leads to alinear system of algebraic equa-
tionsin the velocities and accel erations which can be solved in a straightforward
manner to determine the vector of system velocities and accelerations. Clearly,
the number of resulting algebraic constraint equations depends on the choice
of coordinates. Different sets of coordinates lead to different sets of algebraic
equations. The number of the system degrees of freedom, however, remains the
same, regardless of the type of coordinates used. As a conseguence, the use of a
larger number of coordinates requires the use of a larger number of constraint
equations. Consider, for example, the four-bar mechanism shown in Fig. 31.
One may select the system coordinates as

q=[6% 6% 09" (3.125)
which isasubset of the absolute Cartesian coordinates of the mechanism. In this
case, fewer constraint equations are required in order to describe the kinematic

relationships between the angles 62, 02, and 0. The constraint equations can
be expressed in terms of these coordinates as

1% cos 62 + 1% cos 6> +1* cos 9% = I* (3.1263)
12sn@?+2sn@3+1*sinp*=0 (3.126b)

where [* is the length OC. If the system is kinematically driven, a driving con-
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Figure 3.31 Four-bar mechanism

straint must be introduced in order to control the degree of freedom of the
system, thereby making the number of constraint equations equal to the num-
ber of coordinates. In this case, the general procedure outlined in the preceding
section can still be used to solve a smaller system of equations as demonstrated
by the following example.

Example 3.13

For the four-bar linkage shown in Fig. 31, let /1 = 0C =035 m, 12 =02 m, I3
=0.35m, and /4 = 0.25 m. The crankshaft of the mechanism is assumed to rotate
with a constant angular velocity 2 = 5 rad/s. Determine the angular orientations,
velocities, and accelerations of the coupler and the rocker when 7 = 0.02 s. Use 62,
63, and 64 as the system coordinates. Assume that the initial angular orientation of
the crankshaft is 57.27°.

Solution. Since the mechanism has only one degree of freedom, the coordinates
62, 93, and §* are not independent. They are related by the following loop-closure
equations and the driving constraint equation

C1(q, 1) 12 cos 62 + 13 cos 63 + /4 cos 9% — I 0
C(a,0)=| C2(q,1) |= 12sin62+13sin 03 +[*sin 4 =lo0
C3(q, 1) 02 — w2t — 62 0

where w? = 2 = 5 rad/s, 02 is the initial angular orientation of the crankshaft, and
q= [02 93 64]T
The Jacobian matrix of the constraint equations is
~12sn9? -Psned —*sinp?
Cq=| 1%2cos6? [Pcosf® 1% cos6?
1 0 0

Att=0.02 s, §2 = 63° = 1.0996 rad. To start the numerical solution, we make an
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initial guess for the angles 62, 63, and 9% as
0o =[63" 10° 245°]T =[1.0996 0.1745 4.2761]" rad
Using the initial guess, the Jacobian matrix is
-0.1782 -0.06077  0.22658
Cq(dp) =| 0.09079 034468 —0.105646
1.0 0.0 0.0
and the constraint equations are

~0.020176
C(do.1)=| 0.01239
0.0

For this mechanism, Eg. 115 can be written as

~0.1782 -0.06077  0.22658 A3 ~0.020176
0.09079 034468 -0.105646 || A63 |=-| 001239
1.0 0.0 0.0 A0 0.0

It is clear that A2 = 0, and
—0.06077 0.22658 ] [ AOS] B [ 0.020176]
0.34468 —0.105646 Aeg B 0.01239

which can be solved for A¢3, and Af§ as
AG3=-9.4285x 103,  A#}=0.086517
The vector of the system coordinates can be updated according to Eqg. 116 as

1.0996 0.0 1.0966
0y = 0o +Agy=| 01745 |+| —9.4285x 103 |[=| 0.16507
4.2761 0.086517 4.362617

Using the vector g; = [#2 63 6%]7, the Jacobian matrix and the vector of con-
straint equations can be evaluated as

01782 -0.05751 0.23486
Cq(dy) =| 009079 034524 —0.08567
1.0 0.0 0.0

[36x 1074
C(gy,7)=| 85x 104
0.0
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Equation 115 yields

-0.1782 -0.05751 0.23486 | [ 463 36x 104
009079 0.34524 -0.08567 || A63 |=-| 85x 10°*
1.0 0.0 0.0 A0F 0.0

The solution of this system of equations yields
Agy =[467 463 A0f)T-[00 -3026x10% -22738x10°%"
We may define the norms of C and Aq as

0 1/2
gl (Ci)? 1
O = = 5 V)P (G + (€
r 1 1/2
El (Agi)? 1
Aq=t— =3 V/(A02)2 + (A63)2 + (A64)2

where n. and n are, respectively, the number of constraint equations and the number
of coordinates. It follows that

—4
|C(ag.1)| = % V/(3.6)2 +(8.5)2 + (0)2=3.077x 104

10°3
3
Since the norms of C and Aqq are relatively small, one may decide to accept q4

as the correct answer for the position analysis and proceed to perform the velocity
analysis. In this example, the vector C; is

|Agy | = V/(0)2 +(3.026)2 + (2.2738)2 = 1.261 x 103

0 0
C,=| 0 |=| O
—w? -5.0

Using the Jacobian matrix previously evaluated at q = g4, the linear algebraic veloc-
ity equations can be written as

~0.1782 -0.05751 0.23486 62 0.0
0.09079 0.34524 -0.08567 || 63 |=-] 00
1.0 0.0 0.0 64 -5.0

This equation defines the angular velocities §2, 63, and 0% at + = 0.02 s as
0>=5rad/s,  6%=-039764rad/s 6% =3.6964 rad/s
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One can verify that the vector Q, of Eq. 124 is given for this example by

(02212 cos 62 + (§2)%3 cos 63 + (6*)21* cos §*
Q,=| (6»%2 sin 62+ (63)23 sin 63 + (§%)21* sin 64
0

Using the values of the coordinates and velocities obtained previously in the position
and velocity analyses at time ¢ = 0.02 s, the vector Q, can be evaluated as

[ (5)2(0.2) cos(1.0996) + (—0.39764)2(0.35) cos(0.16507)
+ (3.6964)2(0.25) cos(4.362617)
Qs =] (5)%(0.2) sin(1.0996) + (—0.39764)2(0.35) sin(0.16507)
+(3.6964)2(0.25) sin (4.362617)
0

-

[ 1.153798
=| 1.255206
0.0

The linear algebraic equations for the angular accelerations can then be written as

-0.1782 -0.05751 0.23486 62 1.153798
0.09079 0.34524 —0.08567 63 |=—-| 1.255206
1.0 0.0 0.0 64 0.0

The solution of this system yields
[62 6% 6% =[0 51689 6.1784]" rad/s?

The choice of the coordinates 62, 62, and 6* in the preceding example was
made by examining the topological structure of the four-bar mechanism. If
another mechanism is considered, this set of coordinates is no longer suitable,
and different constraint equations that take different forms must be formulated.
For this reason, the choice of the coordinates based on the topological struc-
ture of the system under consideration makes it difficult to develop a general-
purpose computer program for the kinematic analysis of multibody systems.

An aternative method for choosing the coordinates of the four-bar mecha-
nism shown in Fig. 32 is to assume that the mechanism consists of four bodies,
the fixed link or ground (body 1), the crankshaft (body 2), the coupler (body
3), and the rocker (body 4). Every body is assigned an identical set of coordi-
nates that we select to be the absolute Cartesian coordinates R:, R!, and 6 (i
=1, 2, 3, 4). As the result of this choice, the configuration of the mechanism
is described using 12 coordinates, and consequently, the number of constraint
equations increases. In this case, we have 11 joint constraints which include
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Figure 3.32 Four-bar mechanism

three ground constraints and eight constraints resulting from the revolute joints
a 0, A, B, and C. The formulation for the ground constraints can be simply
written as

RY=R; =0"=0 (3.127)
while the revolute joint constraints can be written as

R+ At} - R? - A2 (3.1284)
RZ+A%02 - R®- AU (3.128b)
R+ A% - R* - A%Uj =0 (3.128¢)
R*+ A% - R' - Alt} = (3.128d)

[
w QN
Il

L =
I
o o

o

where U, T}, U, and U, are the local position vectors of points 0, A, B, and C,
respectively, defined with respect to the selected coordinate system of body i,
A' isthe planar transformation matrix from the body i coordinate system to the
global coordinate system, and R’ = [Rl  R!]" is the global position vector of
the origin of the body coordinate system. Note that the loop closure equations
of Egs. 126a and 126b can be obtained by adding the joint constraints of Egs.
128a, 128b, 128c, and 128d.

The use of the three absolute coordinates R., R, and 6’ for each body in
the system, however, makes it possible to develop a general-purpose computer
program for the dynamic analysis of mechanical systems. What is needed to
formulate the constraints of Eqgs. 127 and 128 is to identify which body is the
ground, the bodies connected by the revolute joints, and the local position vec-
tors of the joint definition points at O, A, B, and C. The local position vectors
U, U, Uy, U- are constant in the body coordinate systems and their values
remain constant during the simulation time. Also observe that the form of the
constraint equations in this case does not depend on the topological structure
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of the mechanism. In fact, links can be added or removed from this mechanism
by simply adding or deleting some of the kinematic constraints.

Computer Formulation of the Joint Constraints If three absolute coor-
dinates are used for each body in the mechanical system, the kinematic alge-
braic constraint equations of the joints can be formulated in a genera form.
This general formulation for the joint constraints does not depend on a specific
application problem and can be used in the computer-aided kinematic analysis
of varieties of mechanical systems that consist of interconnected rigid bodies.
Standard formulations for typical joints such as the ground constraints as well
as revolute and prismatic joints can be implemented on the digital computer
and made available for the analysis of alarge class of mechanical systems. For
example, the kinematic constraints of a revolute joint between any pair of two
rigid bodies i and j are given by

C(q,7) =R +AT, - R/ - A/U}, =0 (3.129)

where P is the joint definition point. If one provides the body numbers, and
the two constant vectors U’ and U%, a general purpose routine can be used
to automatically generate Eq. 129. Note that Egs. 128a through 128d are in
the same form as Eqg. 129 except for the superscripts, which indicate the body
numbers.

The position, velocity, and acceleration analyses require the evaluation of
the constraint Jacobian matrix. The Jacobian matrix of constraints such as the
ground as well as revolute and prismatic joints can be also made as a stan-
dard element in a general-purpose computer program. For instance, the Jaco-
bian matrix of the revolute joint constraints of Eq. 129 can be written using
vector notation as

~9C [oC aC oC oC
99 | R’ 06' ORJ 06/

Cq [ AT, 1 -AjTL] (3.130)

where | isthe 2 x 2 identity matrix, and Aj and A are the partial derivatives
of A" and A/ with respect to the rotational coordinates of bodies i and j, respec-
tively. It is clear that the form of the Jacobian matrix of Eq. 130 remains the
same for any pair of two rigid bodies connected by a revolute joint and this
equation can be used for an arbitrary revolute joint in a mechanical system.
One only has to change the superscripts, which indicate the body numbers, and
the constant vectors that define the local positions of the joint definition points.

For the velocity analysis, one has to evaluate the vector C, of Eq. 120. This
vector is equal to zero in the case of the revolute joint constraints of Eqg. 129
because these constraints are not explicit functions of time.

For the acceleration analysis, one must evaluate the vector Q, of Eq. 124.
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In the case of revolute joint, this vector reduces to
=—(Cqa)qq (3.131)
By using the Jacobian matrix of Eq. 130, one has
(Cqt) = R' + ALTLO — R/ — AT/
It follows that

(Cal)q = [(Cq@ri (CqQ)pi  (CqMri  (CqQ)s.]
[0 Ajun0" 0 —A}uRf’] (3.132)

Using the fact that the planar transformation matrix A’ satisfies the identity
Ajy=—A’
Eqg. 132 yields
(Cq)q=[0 —ATLE 0 AJTHH]

Substituting this equation into Eq. 131 yields the vector Q, in the case of a
revolute joint as

Q, = ATUL(6)2 — ATTl(8/)? (3.133)

This equation has the same form for any pair of rigid bodies connected by a
revolute joint.

B Example 3.14
The constraint equations of the prismatic joint were defined by Eq. 94 as

[ T

h' = AR’
r =R+ A, —- R/ - AJTY,

where

in which

R’ = (U} - ul)
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The nonzero elements of the Jacobian matrix are

0C1 aC1
Ci13= — =1, Ci6=—-=-—
13 BT 16 207
dC> : dC> :
Co = ==K, Cx= = =h
2= g ~he Cz2 ok,
aCZ ij i —
C23 Spi = TP Aph +h' AU,
dC> i dC2 ;
u=_—F="h, Cx=—F=-h
a X y
dC> T i
Czﬁfmffhl Alou]P

where /i, and hi, are the components of the vector h', that is,
h=[n, KT
The Jacobian matrix of the prismatic joint can then be defined as

—

J0C1  0C1 0C1 0C1 dC1 0Ch
ORL ORi 00 opl okl 061
dC2 dC2 dC2 dC2 d2C2 dC>2
| 9RL OR] 900 or) og) 00

[0 0 Ciz3 O 0 Cis
| Ca1 C2 C23 Caa Cos5 (o6

167

Since the prismatic joint constraints are not explicit functions of time, one has

C[ZO
It follows that
C,;ZO, qu:O
and
bi -4
Coq=
@ [ dy ]
where

dy=h' (R = RY) +6[rd AJR' +h AbT,] - 670 AT,
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Hence,
(Catl)q = 0 0 0 0 0 0
V971 Cor Crp Coz Coq Cxs Co
where
[ Co1 1 .. .
il B NAY
| C22 ]
Cos = (AYR)T(R' — RY)+0/[up B — r hi] - 07 (AR (A} T))
224- — AL
| C2s5 ]
Co = féi(A{,UJI'D)TAéEi + (9jhiTujI'D
in which

uh = A, ul=Alul,
The vector Q, can then be defined as

Qa1

Qd[de

](qmm

0
- [ Co1RE + CooRE + C30' + C2aR Jo+ CosRY, + Copfl/
where Q42 can be written explicitly as

iT

Qa2 =201 (ALR)T(RI — RI) — (0)2[ub R’ — r'd hi — uiy ]
+ 201/ (ALRYTA Tl — (67)2hi " ud,

Computer Algorithm It is clear from the discussion presented in this sec-
tion that the kinematic constraint equations of joints, such as revolute, pris-
matic, and other joints that are commonly used in mechanical systems, can be
derived systematically in agenera form in terms of the absolute Cartesian coor-
dinates. These joints can be made available as standard elements in a general-
purpose computer program that can be used for the kinematic analysis of vari-
eties of multibody system applications. The driving constraints, on the other
hand, depend on the application and can be introduced to the general-purpose
computer program by using user subroutines.

In what follows, a numerical algorithm that can be implemented in a general -
purpose computer program for the position, velocity, and acceleration analyses
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of mechanical systems is presented. The basic kinematic equations used in this
numerical algorithm are first summarized.

In the position analysis, one needs to solve the system of nonlinear algebraic
constraint equations

C(q,1)=0 (3.134)

As pointed out in this chapter, a Newton-Raphson algorithm can be used for
solving this equation. Thus, one must construct the matrix eguation

CqAq=-C (3.135)

where Aq is the vector of Newton differences.
The basic equations used in the velocity and acceleration analyses are

Cqq=-C, (3.136)
Cali=Qq (3.137)

where the vector Q, is defined by Eq. 124.

The computational scheme for the analysis of kinematically driven systems
that consist of interconnected rigid bodies is shown in Fig. 33 and proceeds in
the following routine.

Step 1 Atagiven point intimet, an estimte for the desired solution is made.
This estimate must be close to the exact solution in order to avoid
divergence.

Step 2 The Jacobian matrix C, and the vector of constraint equations C of
Eqg. 135 can be evaluated.

Step 3 Equation 135 is solved for the vector of Newton differences Aq.

Step 4 If the norm of the vector Aq or the norm of the vector of constraint
equations C is small and less than specified tolerances (Eq. 117),
proceed to step 5. Othrewise, update the vector of coordinates, that
is,q =0 + Aq and go to step 2 if the number of specified iterations
is not exceeded.

Step 5 Having determined the vector of system coordinates, this vector can
be used to evaluate the Jacobian matrix C, and the vector C, of Eq.
136.

Step 6 Equation 136 isalinear system of algebraic equationsin the velocity
vector. This system of equations can be solved for the vector g.

Step 7 Using the vectors q and g determined from the position and velocity
analyses, evaluate the Jacobian matrix C, and the vector Q, of Eq.
137.
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the desired solution vector)
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matrix and the constraint functions
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Perform the position analysis by
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using Newton—Raphson algorithm
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Figure 3.33 Flowchart for the kinematic analysis

Step 8 Equation 137 is a linear system of algebraic equations in the accel-
eration vector. This equation can be solved for the vector §.

Step 9 Steps 1 through 8 are repeated until the simulation time ends.

For the most part, in a well-posed problem, there are no numerical problems
encountered in the solution for the velocities and accel erations because only the
solution of alinear system of equationsis required. If the constraints are linearly
independent, the constraint Jacobian matrix is a nonsingular square matrix, and
consequently, there is a unique solution for Egs. 136 and 137. Some numerical
problems, however, may be encountered in the position analysis since an itera-



3.9 KINEMATIC MODELING AND ANALYSIS 171

tive scheme is required for the solution of a nonlinear system of equations.
As pointed out previously, the Newton-Raphson algorithm may diverge if the
assumed initial guess at each time step is not close enough to the exact solution.
The use of the solution obtained in a previous step as the initial guess for the
iterative Newton—Raphson algorithm at the current step may require the use of a
very small step size in order to achieve convergence. One method for obtaining
an improved initial approximation for the solution at a given step is to use the
velocity and acceleration vectors obtained in the previous step to predict the
solution. For example, the following truncated Taylor series expressed in terms
of the coordinates, velocities, and accelerations at the previous step can be used:

2
Girp1=0Q + A1 + 7(A2t) g’ (3.138)

where q;, g;, and g, are the coordinate, velocity, and acceleration vectors deter-
mined at step i, At is the time step, and G, ; is the improved initial guess for
the solution at step i + 1. The use of Eg. 138 to obtain the initial guess for the
Newton-Raphson algorithm may significantly reduce the number of iterations
required to achieve convergence.

3.9 KINEMATIC MODELING AND ANALYSIS

In this section, an example is used to demonstrate the use of the computer meth-
ods presented in the preceding section in the kinematic analysis of mechanism
systems. For this purpose, the single-degree-of -freedom slider crank mechanism
shown in Fig. 34 is used. The mechanism consists of four bodies; the fixed link
denoted as body 1, the crankshaft OA denoted as body 2, the connecting rod
AB denoted as body 3, and the dlider block B denoted as body 4. Bodies 1 and
2 are connected by a revolute joint a O, bodies 2 and 3 are connected by a
revolute joint at A, and bodies 3 and 4 are connected by a revolute joint at B.
Bodies 1 and 4 are connected by a prismatic joint. The length of the crankshaft
is assumed to be 0.15 m and the length of the connecting rod is assumed to
be 0.35 m. As shown in Fig. 35, a body fixed coordinate system is attached to
every body in the system including the ground. The vector of absolute coordi-

Q)

(024,

Z 7 Figure 3.34 Slider crank mechanism
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Figure 3.35 Body coordinate systems

nates of the dlider crank mechanism is given by
q=[R, Ry 60" RZ RZ 0> R R’ 6° R! R} 04"

Initially, the crankshaft is assumed to make an angle 83 = 30°. Thelocal position
vectors of the revolute joint definition points are as follows:

u5=[00 00], U3 =[-0.075 0.0]"
U3 =[0.075 0.0]", s =[-0.175 0.0]"
05 =[0175 00]", u;=[00 0.0]"

In this example, the prismatic constraints between bodies 1 and 4 reduce to

4
R} =0
0*=0

It is clear that the total number of joint constraints is 11 (three ground con-
straints, six revolute joint constraints, and two prismatic joint constraints).
Recall that in the kinematic analysis, the number of coordinates must be equal to
the number of constraint equations so as to have a kinematically driven system.
There are two aternatives for introducing a driving constraint for this mecha
nism. The first aternative is to drive the mechanism by rotating the crankshaft,
while in the second aternative, the mechanism is driven by moving the dlider
block. In each case, one driving constraint can be defined. This driving con-
straint, when it is added to the joint constraints, makes the total number of kine-
matic constraint equations equal to the total number of absolute coordinates of
the mechanism.
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Prescribed Rotation of the Crankshaft First, we consider the case where
the angular velocity of the crankshaft is prescribed as

62 = (1)
where f(¢) is a specified function of time. This equation can aso be written as
do? =f(r) dt

which upon integration yields

azazjlf(z) dt
0

where 03 is the angular orientation of the crankshaft at the initial configuration.
The preceding equation can be written as

Cq=6%-05-g()=0

where C, is the driving constraint and

ﬂﬂsdﬂodr

Using the definition of the ground and revolute joint constraints presented in
the preceding sections and the special form of the prismatic joint and driving
constraints presented in this section, the vector of the constraint equations of
the dlider crank mechanism can be written as

—

C@@.n)=| R?+A%m2 - R®*- A% [=0

6% - 05 - g(1)

—

in which the first three constraints are the ground constraints, the fourth to the
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ninth constraints represented by the three vector equations are the revolute joint
constraints, the tenth and eleventh constraints are the prismatic joint constraints,
and the twelfth constraint is the driving constraint.

The Newton-Raphson iterative procedure used for the position analysis
requires the evaluation of the constraint Jacobian matrix, which is defined for

this example as

10000 O
01000 O
00100
00010 Cue
0000 1 Cse
000 10 Ces
Cq= ’
0000 1 Cre
00000 O
00000 O
00000 O
00000 O
l0o0000 1

where

12

Cag=— sin 02,
12

C6,6:77 sin 62,
l3

Coo=—— sin 63,
3

ro
Cg’g:*? sn 03,

0O 0 0 0 0 0]
0O 0 0 0 0 O
0O 0 0 0 0 0
0O 0 0 0 0 O
0O 0 0 0 0 0
-1 0 Cso O 0 O
0 -1 C;6 0 0 0
1 0 Cgg -1 0 O
0 1 Cog 0O -1 0
0O 0 0 O 0
0 0 0 O 1
O 0 0 0 0 O]

1? )
C576 = *? cos 64,

12 )
C7,6 = 7 cos 6§

B 3
C7,9: E cos 0 ,

l3
Coo= - cos 63

Using the Jacobian matrix and the vector of constraint equations, an iterative
Newton-Raphson procedure can be used to determine the coordinates of the
bodies of the dlider crank mechanism. Figures 36a and 36b show, respectively,
the angular orientation of the connecting rod and the displacement of the dlider
block as a function of the crank angle when the crankshaft rotates with a con-
stant angular velocity equal to 150 rad/s. In this specia case, g(r) = 150x.
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For the velocity analysis, one needs to evaluate the vector C,, which is given

in this case by

C,=[0 000 00O0O0OO 0 f(n'

where f(¢) = 150. Figures 37a and 37b show, respectively, the angular velocity
of the connecting rod and the velocity of the slider block as functions of the

crank angle.

For the acceleration analysis, the Jacobian matrix and the vector Q,; must be

evaluated. The vector Q, is

70

A
?‘; \

Angular Velocity (rad/s)
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Figure 3.37a Angular velocity of the con-
necting rod
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Figure 3.37b  Velocity of the dlider block
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- 0 =
0
0
(6%)°A%T5
Qi =| (6*°A%T% - (6°°A°U}

(%A% - (0°7A“s

Using this vector and the Jacobian matrix, Eq. 137 can be solved for the accel-
erations. Figures 38a and 38b show, respectively, the angular acceleration of
the connecting rod and the acceleration of the dider block as functions of the
crank angle.

Prescribed Motion of the Slider Block If the mechanism is kinematically
driven by prescribing the motion of the slider block, the driving constraint in
this case takes the following form:

Cq=Ri-f()=0

where f(¢) is a specified function of time. In this case, the vector of the con-

12000 3000
% a ) PN
E 6000 <1000 /
AR , e /
% 0 A\ / '..% 0 / \
< \ / 3 \
& o
3 6000 \ / < _3000 / \
< \_|/ \l
™~ L/
12000, 2 4 6 8 0%, 2 4 6 8
Crank Angle (rad) Crank Angle (rad)

Figure 3.38a Angular acceleration of the  Figure 3.38b Acceleration of the dlider
connecting rod block
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straint equations can be written as

R+ A%
C(g.1) =| R*+A%W% - R®- A%} [=0
R3+A%0S - R* - A%t
R!

04
_ RY - £(0) .

and the Jacobian matrix of the kinematic constraints is

1
]

10000 0 0 O O O 0 O
01000 0 0 0O O 0O 0 O
00100 0 0 0 O 0O 0 O
00010 Cse O 0O O 0 0 0
00001Cses O 0 0 0 0 O
00010 Cge 1 0 Cog O 0 O
C0'100001c7’6 0 1 Cig 0 0 O
00000 O 1 0 Cgg -1 0 O
00000 O O 1 Cgg9 0 -1 0
00000 O 0 0O O 0 1 0
00000 0O 0O 0O O 0 0 1
looo000 0 0 0 0 1 0 0]

where the coefficients that appear in this matrix are the same as those defined
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in the case of the prescribed rotation of the crankshaft. The vectors C, and Q,
are

r T

C,:OOOOOOOOOOO%

(F2pacus
(69°A%0% - (63°A%03
(032A°T3 - (64)°A"T}
0
0
Ll
or?

- —

Qu=

Figures 39a and 39b show, respectively, the angular orientations of the
crankshaft and the connecting rod as functions of time when

f(r) =0.35—- 0.8/% sin 150¢
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Figure 3.39a Orientation of the crankshaft Figure 3.39b Orientation of the connecting
rod
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Figures 40a and 40b show, respectively, the angular velocities of the crankshaft
and the connecting rod, while Figs. 41a and 41b show their angular accelera-
tions as the result of the specified motion of the dider block.

At the special configuration in which 62 = 63 = 0, one has

Ci6=Cs6=Cs9=Cg9=0

Cs6=—-C76=—
27000
% N
£ 11000
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3 _5000 V4
(3
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= \
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Figure 3.41a Angular acceleration of the
crankshaft
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and at this specia configuration, the Jacobian matrix becomes

1 0000 O O O O O O O]
01000 O O O O O OO
00100 O O O O O OO
00010 O O O O O 0O
12
00001 -— 0 0 0 0 00
010 0 -1 0 O 0
Cy= 12 3
0 1 5> 0 -1 - 00
0000 O 1 0 0 -1 0 O
13
00000 0 0 1 — 0 -10
00000 O O O O O 0
00000 O O O O O 1
00000 O O O 0 1 0 |

This matrix is singular since the sum of the sixth, eighth and twelfth rowsisthe
fourth row. Thisis an indication that it is impossible to drive the mechanism at
this singular configuration by specifying the motion of the dider block. This
singularity, however, does not occur at this configuration when the mechanism
is driven by specifying the angular orientation of the crankshaft.

3.10 CONCLUDING REMARKS

In this chapter, methods for the analysis of kinematically driven systems are
presented. Two distinctive, yet equivalent, procedures can be recognized from
the kinematic development presented in this chapter. The first is the classical
approach, which is suited for the analysis of multibody systems that consist of
small numbers of bodies and joints. The kinematic analysis using the classi-
cal approach, as demonstrated by Examples 3 through 6, starts by developing
trigonometric relationships between the angles that define the orientation of the
bodies in the system. These trigonometric relationships, which depend on the
topological structure of the system, define a set of nonlinear algebraic equations
that can be solved for the position variables. Once the position coordinates are
defined, the kinematic velocity analysis starts by considering the velocities of
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a body in the system and their relationships to the velocities of other bodies
as the result of the joint connections. By utilizing the topological structure of
a given system, a set of linear algebraic constraint equations in the velocities
can be determined and solved for the time derivatives of the coordinates. The
acceleration analysis can be performed once the velocities are determined, and
in the classical approach it heavily utilizes the particular topological structure
of the system, as in the case of the position and velocity analyses.

The second approach presented in this chapter is more general and can be
applied to a wide class of multibody system applications. In this approach,
the nonlinear constraint equations that describe mechanical joints and specified
motion trajectories of the system are formulated. In the case of kinematically
driven systems, the resulting number of equations is equal to the number of the
system coordinates. Therefore, these equations can be solved using numerical
and computer methods to determine the system coordinates. By differentiating
the constraint equations once and twice with respect to time, one obtains linear
systems of algebraic equations in the velocities and accelerations, respectively.
These equations can be solved in a straightforward manner to determine the
first and second time derivatives of the system coordinates. This procedure for
the kinematic analysis can be implemented on the digital computer and used in
the kinematic analysis of varieties of multibody system applications as demon-
strated in this chapter.

In the analysis of kinematically driven systems, it is assumed that all the
system degrees of freedom are specified. In this case, one obtains a number of
algebraic equations equal to the number of system coordinates, and therefore, a
complete kinematic analysis can be performed without the need for developing
the differential dynamic equations of motion, which are expressed in terms of
the inertia, applied, and/or joint forces. If one or more of the degrees of free-
dom are not specified, the algebraic constraint equations are not sufficient to
solve for the system coordinates. Thisis the case of dynamically driven systems
whose analysis requires use of the laws of motion and formulation of the differ-
ential equations of the system as well as consideration of the force relationships
in addition to the kinematic relationships. In the following chapters, different
techniques for formulating the dynamic equations of constrained multibody sys-
tems are presented and the computer implementation of these techniquesis dis-
cussed.

PROBLEMS

1. Figure P1 shows arigid body i that has a body fixed coordinate system
Xyt The global position vector of the origin of the body coordinate sys-
tem O' is defined by the vector R', and the orientation of the body i coordi-
nate system in the global coordinate system is defined by the angle §'. The
local position vector of point P' on the body is defined by the vector Up. If
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Y)

Figure P3.1 =X

R'=[5 3"m, 0 =45, and Up = [0.2 15]T m, determine the global
position vector of point P'. If the body rotates with a constant angular veloc-
ity w' = 150 rad/s, determine the absolute velocity of point P' assuming
that the absolute velocity of the reference point R' = [32 —10]" m/s.

In problem 1, let R = t[5 3]" m, 6" = wt, & = 50 rad/s, and Up = [0.2
1.5]" m, determine the global position vector of point P' at t = 0, 0.25,
and 1 s. Also determine the absolute velocity of point P' at these pointsin
time.

In the dider crank mechanism shown in Fig. P2, the lengths of the
crankshaft OA and the connecting rod AB are, respectively, 0.3 and 0.5
m. The crankshaft is assumed to rotate with a constant angular velocity
6' = 100 rad/s (counterclockwise). Assuming that the offset h = 0, use
analytical methods to determine the orientation and angular velocity and
acceleration of the connecting rod and the position, velocity, and acceler-
ation of the dlider block when the angular orientation 62 of the crankshaft
is 45°. Also determine the absolute velocity and acceleration of the center
of the connecting rod.

Y|

o/

}
Figure P3.2 /%/

Repeat problem 3 assuming that the offset h = 0.05 m.

5. The lengths of the crankshaft OA and the connecting rod AB of the dlider

crank mechanism shown in Fig. P2 are 0.3 and 0.5 m, respectively, and
the offset h = 0.0. The motion of the crankshaft is such that §2 = 150t +
3.0 rad. Determine the orientation of the connecting rod and the position
of the dider block at timet = 0, 0.01, and 0.03 s.

The lengths of the crankshaft OA, coupler AB, and rocker BC of the four-
bar linkage shown in Fig. P3 are, respectively, 0.3, 0.35, and 0.4 m. The dis-
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tance OC is 0.32 m. The crankshaft rotates with a constant angular velocity
of 100 rad/s. Determine the orientation and angular velocity and acceler-
ation of the coupler and the rocker when the orientation of the crankshaft
62 = 60°. Also determine the orientation and angular velocity and angular
acceleration of the crankshaft and the coupler when the orientation of the
rocker 64 = 60°.

Figure P3.3

Using Eg. 38, show that the velocities of two points A and B on arigid
body have equal components along the line AB.

Repeat problem 1 assuming that the absolute velocity of the reference point
is zero. Provein this case, by using vector algebra, that the absol ute velocity
of point P' is perpendicular to theline O'P', where O' is the reference point.

Show that in the case of a general rigid body displacement, there exists
a point on the rigid body whose velocity is instantaneously equal to zero.
This point is called the instantaneous center of rotation.

In problem 3, let the velocity of the dider block be constant and equal to
5 m/s. Determine the angular velocities and angular accelerations of the
crankshaft and the connecting rod. Also determine the absolute velocity
and acceleration of the center of the connecting rod.

Prove the identities of Eqgs. 44 and 45.
Prove the identity of Eq. 66.

The motion of arigid body i is such that the location of the origin of its
reference is defined by the vector R' = [t 8(t)3]" m, its angular velocity 6’
= —150 rad/s (clockwise), and its angular acceleration §' = 0. Determine the
position, velocity, and acceleration of a point P that moves with respect to
the body such that its coordinates are defined in the body coordinate system
by the vector TUp = [1.5(t)> — 3(t)°]" m. Find the solution at time't = 0,
1,and 15s.
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14. Solve problem 13 assuming that §' = —150(t)? rad/s.
15. Examine the singular configurations of the four-bar mechanism.

16. In the system shown in Fig. P4, OA= 0.2 m, OB = 0.3 m, and BC = 0.6
m. Link OA is assumed to rotate with an angular velocity 50 rpm counter-

Figure P3.4

clockwise. Find the velocity and acceleration of point C and the angular
velocity and acceleration of link BC.

17. Figure P5 shows a gear system that consists of gears i, j, and k, which
are pinned at their centers to the rod r at points O, A, and B, respectively.
Gear i is fixed with r' = 0.3 m, whiler! =rX = 0.1 m. If the rod r rotates

Figure P3.5

counterclockwise with a constant angular velocity of 15 rad/s, determine
the angular velocities and angular accelerations of the gears j and k.

18. Solve prablem 17 if the angular velocity and the angular acceleration of
the rod are 15 rad/s, and 120 rad/s?, respectively. The angular velocity and
acceleration of the rod are assumed to be counterclockwise.
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The motion of arigid body i is such that the global coordinates of point
P on the rigid body is given by rp, = [ut  0]T, where v is a constant. The
angular velocity of the rigid body is assumed to be 6' = ay + a;t. Derive an
expression for the kinematic constraint equations of this system in terms
of the absolute coordinates R, R, and 6'. Assume that Up = [0.3 1.2]"
m. Also determine the first and the second derivatives of the constraint
equations. Use the resulting equations to determine the velocities R, R,
and 0' and the accelerations R,, F{/ and ' at t =0, and 2 s. Use the data
v=5m/s, ag =0, a; = 15 rad/s.

The motion of two bodies i and j is such that R, = 5 m = constant, R, = 3
sin5tm, §' - 01 = 5 rad/s = constant, and the position vector of point P!
on body j with respect to point P' on body i is defined by

0.5 sin 3t
0.1 cos 3t

where
U,=[07 12", uh=[05 -o08
Derive the vector of the constraint equations of this system and determine

the number of degrees of freedom.

For the three-body system shown in Fig. P8, use three absolute coordinates

Figure P3.6

for each body to write the kinematic constraint equations of the revolute and
prismatic joints. Also derive the constraint Jacobian matrix for the system.

Figure P7 shows two bodies i and j connected by a revolute-revolute joint
that keeps the distance between points P' and P! constant. Derive the con-
straint equations for this type of joint using the absolute Cartesian coordi-
nates. Derive aso the constraint Jacobian matrix for this joint.
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Figure P3.7
Derive the constraint Jacobian matrix of the reciprocating knife-edge fol-
lower cam system, and the roller follower cam system.

Derive the kinematic constraint Jacobian matrix of the offset flat-faced fol-
lower of Example 8.

Determine the vectors C; and Q4 of Egs. 120 and 123, respectively, for the
revolute-revolute joint of problem 22.

Determine the vectors C; and Qg of Egs. 120 and 123, respectively, in the
case of the reciprocating knife-edge follower cam system and the roller
follower cam system of problem 23.

Determine the vectors C; and Q4 of Egs. 120 and 123, respectively, in the
case of the offset flat-faced follower of Example 8.

Derive the constraint equations, the Jacobian matrix, the vector C;, and the

Figure P3.8

vector Qq for the system shown in Fig. P8 using the absolute Cartesian
coordinates.

Figure P9 shows a dider crank mechanism. The lengths of the crankshaft
and the connecting rod are 0.2 m and 0.4 m, respectively. The crankshaft
is assumed to rotate with a constant angular velocity §? = 30 rad/s. The
initial angle 62 of the crankshaft is assumed to be 30°. Using three absolute
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)

/777, Figure P3.9

coordinates R,, R, and ' for each body in the system and the methods of
constrained kinematics, determine the positions, velocities, and accelera-
tions of the bodies at timet=0, 1, and 2 s.

30. Figure P10 shows a four-bar mechanism. The lengths of the crankshaft,
coupler, and rocker are 0.2 m, 0.4 m, and 0.3 m, respectively. The
crankshaft

Figure P3.10

of the mechanism is assumed to rotate with a constant angular velocity 62
=15 rad/s. The initial orientation of the crankshaft is assumed to be 62 =
45°. By using three absolute coordinates R,, R, and 6' for each body in
the system, determine the position, velocity, and acceleration of each body
atimet=0,1and2s.

7:20 pm, 5/25/05
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CHAPTER 4

FORMS OF THE DYNAMIC
EQUATIONS

The focus of Chapter 3 was on the analysis of kinematicallly driven systems in
which all the degrees of freedom are specified. Since the system configuration
can be completely determined when the degrees of freedom are known, the anal-
ysis of kinematically driven systems leads to a system of algebraic equations
that can be solved for the coordinates, velocities, and accelerations without the
need for a force analysis. However, if one or more of the system degrees of
freedom are not known a priori, the force analysis becomes necessary and the
system equations of motion must be formulated to obtain a number of equa-
tions equal to the number of the unknown variables. In the case of unconstrained
motion, the equations of motion of the system take a simple known form defined
by Newton—Euler equations, and therefore, the selection of the system coordi-
nates is not the subject of much argument. In the case of constrained multibody
dynamics, on the other hand, different numbers of coordinates can be selected,
leading to different forms of the dynamic equations. Some formulations that
employ redundant coordinates lead to a relatively large system of equations
expressed in terms of the constraint forces, while some other formulations lead
to a minimum set of differential equations of motion expressed in terms of
the degrees of freedom. Since the degrees of freedom, by definition, are inde-
pendent and are not related by kinematic relationships, it is expected that the
constraint forces are automatically eliminated when the equations of motion are
formulated in terms of the degrees of freedom.

Much of the research on computational dynamics has been focused on the
selection of the coordinates and on studying the advantages and drawbacks of
different formulations. Despite the drawback of increasing the number of equa-
tions and the dimensionality of the problem, the use of redundant coordinates

188
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instead of using the degrees of freedom has the advantage of increasing the
generality of the formulation and achieving a sparse matrix structure. On the
other hand, the formulations in terms of the degrees of freedom have the advan-
tage of reducing the number of equations at the expense of increasing the com-
plexity of the inertia and force coefficients that appear in these equations. In
this chapter, a brief introduction to some forms of the dynamic equations of
motion is presented. D’ Alembert’s principle is introduced and its use in for-
mulating the equations of motion of mechanical systems is demonstrated using
simple examples. Different matrix formulations for the equations of motion are
then obtained using D’ Alembert’s principle. Some of these formulations lead to
a large number of equations which include the constraint forces, while others
lead to a smaller set of equations which do not include any constraint forces.
Among the matrix formulations presented in this chapter are the augmented for-
mulation, the embedding technique, and the amalgamated formulation. This
chapter aso includes a brief discussion on the analysis of open- and closed-
chain systems. The material presented in this chapter can be considered as an
introduction to some of the concepts and computational methods which are dis-
cussed in more detail in the remainder of the book. Simple procedures are used
in this chapter to introduce different formulations; a more systematic and rig-
orous development of some of these formulations is presented in the following
chapters.

41 D'ALEMBERT’'S PRINCIPLE

As demonstrated in Chapter 3, the unconstrained planar motion of arigid body
can be described using three independent coordinates. As shown in Fig. 1, two
coordinates R, and R, can be used to define the translation of the reference
point and one coordinate §' defines the orientation of the rigid body coordinate
system X'Y' with respect to the global coordinate system XY. Associated with
these three coordinates, there are three independent differential equations that
govern the unconstrained planar motion of a rigid body. If the reference point
is selected to be the center of mass of the body, these equations can be written
as

mal, - Fi
mal =F) (4.1)
Jo' =M

where m is the total mass of the rigid body J' is the mass moment of inertia

defined with respect to the center of mass, a, and al, are the components of the

absolute acceleration of the center of mass of the body, 6' is the angular accel-
eration, F! and F' are the components of the resultant force acting at the center
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Yy

R R

X
Fig. 4.1 Rigid body coordinates

of mass, and M' is the resultant moment. The first two equations in Eq. 1 are
called Newton’s equations, while the last equation is caled Euler’s equation.
The left-hand side of the first two equations in Eq. 1 is called the inertia or
effective force, and the left-hand side of the third equation is called the inertia
or effective moment. D’ Alembert’s principle states that the effective or inertia
forces and moments of arigid body are equal to the external forces acting on the
body; that is, the inertia forces and moments can be treated in the same way as
the externally applied forces. This fact is demonstrated by the simple diagram
shown in Fig. 2. Note that the system of forces and moments acting on body i
as shown in Fig. 2 can be replaced by an equivalent (equipollent) system that

Fa

Figure 4.2 D’Alembert’s principle
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consists of one force vector acting at the center of mass and a moment acting
on the rigid body.

Example 4.1

Figure 3 shows a simple system that consists of two moving bodies. Body 1 is
a dslider block that has a specified motion defined by the function z(t). Body 2 is
a uniform slender rod that has mass m?, mass moment of inertia about its center
of mass J2, and length |. The rod that is subjected to the external moment M2 is
connected to the dliding block by a pin joint at O.

Figure 4 shows a free-body diagram for the rod. By applying Eq. 1, one obtains

mPa2 = Fi2
2 12
m2a.y =R - ng
.. | I
252 2. p12 | oGhp2 12 2
J°0° =M~ +F Esmt9 -Fy Ecost9
where F¥? and Fi? are the joint reaction forces at the pin joint. Since the motion
of the diding block is specified, the system has only one degree of freedom, which

can be considered as the angular orientation of the rod 2. The coordinates of the
center of mass of the rod can be written as

RZ = z(t) + l; cos 62

RS = IEsjn(i2

WA, Z Figure 4.3 Pendulum with moving base
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2,2
m-ay

J2§2
2.2
X

Figure 4.4 Dynamic equilibrium
which upon differentiation once and twice lead to
RZ = #(t) - 02 | sin g2
RO = 62 cos 62
a2 =R2 = #(t) - 02 | sng2_ (02)2 cos 62
ag=R = 62 cos 62 — (§2)? |2 sin 62
Substituting these kinematic relationships into the dynamic equations, one obtains
mz[i(t) 62 '5 sin 6% — (6%)? lE cos 02] N
mz[éz lz cos 62 — (6%)? IE sin 02] =F? - nég
J%6%2 =M2 +FL? '2 sin 62 - F? l? cos 6

These are three equations that can be solved for the three unknowns 62, F12, and
F32. For instance, muiltiplying the first equation by —(1/2) sin 62, the second equa-
tion by (1/2) cos 2, and adding the resulting two equations to the third, one ob-
tains

2
[J2+mz<|2> ]ézMznglz 00302+mzzlE sin 62
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This equation does not contain the joint reaction forces and can be solved for the
angular acceleration 2.

Another aternative for obtaining the preceding equation isto apply D’ Alembert’s
principle. According to this principle, the moment of the inertia forces about O is
equal to the moment of the externally applied forces about the same point. This
leads to one differential equation that does not include the joint reaction forces.
The moment of the inertia (effective) forces about point O is

N | |
(M2)o = 3262 — m?aZ — sin 6% + mPa — cos 62
The moment of the externally applied forces about O is
(M2)o = M2 - mPg IE cos 62
D’ Alembert’s principle implies that

(M2)o = (M2)o

or
. I I |
242 _ pRa2 in 02 + m2a2 2_M2-mP 2
Je0° - aXZSm0+ ayzcosofo 920030

Substituting for the accelerations of the center of mass of the rod using the previ-
ously obtained kinematic relationships, one obtains

2
[J2+m2<|2> ]ézMznglz c0302+mzzlE sin 92

which is the same eguation obtained previously by eliminating the joint reaction
forces.

Itisclear from the analysis presetned in Example 1 that the direct application
of Newton’s second law or D’ Alembert’s principle to derive the dynamic con-
ditions for a body in a mechanical system leads to a set of equations expressed
in terms of the accelerations, the applied forces and moments, and the joint
reaction forces. If the applied forces and moments are known, the resulting
dynamic equations can be considered as a linear system of algebraic equations
that can be solved for the accelerations and the joint reaction forces. The accel-
erations can be integrated forward in time in order to determine the coordi-
nates and velocities. There are, however, several methods for formulating the
acceleration equations. These methods are discussed briefly in this chapter to
provide a motivation for the study of the materials covered in the following
chapters.
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4.2 CONSTRAINED DYNAMICS

Mechanical joints and specified motion tragjectories in multibody systems
impose restrictions on the motion of the system components. Because of the
kinematic constraints of the joints and specified motion trgjectories, the selec-
tion of coordinates and the form of the equations of motion is not atrivial task
and has been the subject of extensive research in the area of computational
multibody dynamics. The efficiency, generality, and numerical agorithm of a
solution procedure strongly depend on the choice of the coordinates and the
resulting form of the equations of motion. Joints and specified motion trajec-
tories introduce constraint forces that may explicitly appear in the formulation
or can be eiminated by expressing the dynamic equations in terms of a chosen
set of independent coordinates or degrees of freedom. As will be demonstrated
in this section using a simple example, the number of independent constraint
forcesis always equal to the number of independent constraint equations, which
is equal to the number of dependent coordinates. Obvioudly, if there are no con-
straints between the coordinates, there are no constraint forces and there are no
dependent coordinates. This simple fact is crucia in understanding the basis of
different forms of the dynamic equations of motion.

Consider the simple system shown in Fig. 5. This system consists of the
ground denoted as body 1, a rod OA denoted as body 2, and a disk denoted as
body 3. The rod is connected to the ground by a pin joint at O, while the disk
is connected to the rod by a pin joint at A. The rod is assumed to be uniform
and its length is I. Figures 6a and b show the free-body diagrams of the rod
and the disk. It is clear from these diagrams that

2 4

Figure 4.5 lllustrative example 1
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mzaf,
J262
mzag
M3 m3a§
F23 - .\ ma
’n3g F23
’ (b)
Figure 4.6 Dynamic equilibrium
mPa2= F2 - F2 ]
2_pF12 23
nPag = FJ? - F2% — nfég
" | |
252 _ M2 4 L2 in p2 12 2
J°0- =M+ Fy Esm0 -Fy Ec050
I I > (4.2)
23 2 23 2
+F5 > sin° - Fy > cos 0
mead = F2
mPal = F2 — mg
J3é$ - M3

These are six dynamic equations in 10 unknowns; six acceleration components
and four components of the reaction forces. Since the system has two degrees
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of freedom, the six acceleration components can be expressed in terms of two
independent accelerations. In this example, the accelerations of the centers of
mass of bodies 2 and 3 can be written in terms of the angular acceleration of
body 2. Since point O is a fixed point, the absolute accelerations of the centers
of mass of bodies 2 and 3 can be written as

a2
az[ailazxuéo+w2><(w2xuéo)
.. | | —sing? . | | cos 6?
=6% — - (6% = 4.3
2 [ cosez] ) 2 lsinez] (43)

l = a? X U0 + 0% X (@% X U30)

S &

_ 2 [ ~sin 02] ~ (6% l cos 0 (4.4)

sin 62

where U2, and uZ are the vectors that define the locations of the centers of the
rod and the disk with respect to point O. Note that the number of constraints
of Egs. 3 and 4 is equal to the number of the four independent reaction forces
of the two pin joints. This number is aso equa to the number of dependent
coordinates used to formulate the equations of motion of the system.

There are severa matrix methods for solving Egs. 2 through 4 for the
accelerations and the joint reaction forces. In this chapter we discuss briefly
some of the matrix methods that are used to formulate the acceleration equa-
tions. Among these methods are the augmented formulation, the embedding
technique, and the amalgamated formulation. Equations 2 through 4, which
describe the dynamics of the system shown in Fig. 5, are used as an example
to illustrate the concepts underlying these methods.

4.3 AUGMENTED FORMULATION

In the augmented formulation, the constraint forces explicitly appear in the
dynamic eguations, which are expressed in this case, in terms of redundant
coordinates. The constraint relationships are used with the differential equa-
tions of motion to solve for the unknown accelerations and constraint forces.
This approach leads to a sparse matrix structure and can be used as the basis for
developing more general multibody codes. Nonetheless, the augmented formu-
lation has the drawback of increasing the problem dimensionality and it requires
more sophisticated numerical algorithms to solve the resulting system of dif-
ferential and algebraic equations, as discussed in the following chapters. In this
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section, the ssimple example discussed in the preceding section is used to intro-
duce the augmented formulation.

In the augmented formulation, Eqgs. 2-4 are combined in order to form asys-
tem of 10 scalar equations that can be solved for the 10 unknown accelerations
and joint reaction forces. This leads to the following system:

[ m 0 0 0 00 -1 0 1 o 1ra71 0
0 n? 0 0 00 0 -1 0 1 az —ng
I I I I .
2 P snp2 b 2 D eng2 b 2 2 2
0O 0 J 0 00O 2sm(? 2coso 2sm¢9 20030 0 M
0 0 m 0 0 0 0 -1 0 a3 0
om0 0 0 0 -1 a3 —-mg
0 0J 0 0 0 0 63 |~ M3
oy |
-1 0 —IEsin 6> 0 00 0 0 0 0 Fi2 (02)2500502
I oo |
0 -1 Ecos(?z 0 00 0 0 0 0 Fy? (GZ)ZEsmOz
0 0 -lsng2 -1 00 0 0 0 0 F23 (6221 cos 62
| 0 0 lcos§?2 0 -10 0 0 0 o JLFE] L ©6»%sine?
(4.5)

Note that in this form of the equations of motion, the constraint equations are
not used to eliminate the dependent accelerations. As aresult, arelatively large
system of equationsis obtained. It is also clear that the coefficient matrix in this
equation is a sparse matrix since it has many zero elements. Sparse matrix tech-
nigues can then be used to solve the preceding form of the dynamic equations
efficiently in order to determine the accelerations and the constraint forces.

A more systematic and general procedure for developing the augmented
equations of motion is discussed in Chapter 6. The technique of Lagrange mul-
tipliers is used to define the generalized constraint forces and to obtain an aug-
mented formulation in which the coefficient matrix is symmetric. In Chapter 6,
the relationship between the generalized and actual joint forces is discussed in
more detail.

4.4 ELIMINATION OF THE DEPENDENT ACCELERATIONS

This approach is not one of the basic methods used in computational dynam-
ics and is not widely used for solving multibody applications. It is discussed
in this section to serve as an intermediate step and as a brief introduction to
the more widely used technique, the embedding technique, introduced in the
following section. In this section, the constraint equations are used to eliminate
the dependent accelerations leading to a system of equations that can be solved
for the independent accelerations and the constraint forces. To demonstrate the
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use of this procedure, we consider the same example that was discussed in the
preceding two sections.

To solve Egs. 2 through 4, the kinematic relationships of Egs. 3 and 4 are
used to eliminate the dependent components of the accelerations. To this end,
we subgtitute Egs. 3 and 4 into Eq. 2, and arrange the terms to obtain

| I
- = 6% §n 6% - B+ FP=nf = (6%)” cos 0

nP L 2 cos 62 - R+ FP=nr? o (697 sin 0 - rPg

| I I
— sin@?+F2 — cos6®-F2
2 yo2 2

62 - F sin 0% +FZ® l? cos 6%= M?
—mP62l sin 62 — F2=m?1(?)? cos 62
mP62l cos 62 — F22=nPl(62)? sin 6 — m’g
J3é3: M3
These six equations, which have two unknown angular accelerations and four
unknown reaction forces, can be written in the following matrix form:

'_3.11 0 -1 0 1 0] Féz_‘ —bl_‘
az 0 0 -1 0 1 g3 b,
a 0 azg amu agx a Fl2 M?
31 33 Az dazs A >1<2 _ (4.6)
an 0 0 0 -1 o]fF by
s 0 0 0 0 -1][]|F=® bs
| 0 a 0 0 o0 o][F2] [m]
where
|
a; = -—n? — sin 62
2
aglszIECOSGZ
331:J2
a41:fm3lsin62
, > (4.7)
as; = m3l cos 6
as = J°
|
Az =ag = —— sinf?
33 = a5 5
| 2
az4 = ags = Ecos(? ]
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and
by = m? IE (6?)? cos 62

I . .
bZ:mZE(GZ)2 sin 92 - mg [ (4.8)

bs = m3l(§2)? cos 62
bs— ml(62)2 sin 02— g |

The system of matrix equations defined by Eq. 6 can be solved for the unknown
independent angular accelerations and the joint reaction forces. The dependent
accelerations can be determined using Eq. 4.

4.5 EMBEDDING TECHNIQUE

In the formulations discussed in the preceding two sections, the equations of
motion are expressed in terms of the constraint forces. By using the embedding
technigue, the constraint forces can be eliminated systematically and a number
of equations of motion equal to the number of the system degrees of freedom
can be obtained. To obtain this minimum set of differential equations, it is nec-
essary to use a velocity transformation matrix. This matrix can be defined sys-
tematically when the total vector of the system accelerations is expressed in
terms of the independent accelerations. To demonstrate the use of the embed-
ding technique to eliminate the constraint forces and obtain a minimum set of
differential equations of motion, the example discussed and some of the equa-
tions obtained in the preceding sections are also used in this section. Note that
the kinetmatic relationships of Egs. 3 and 4 can be written as

— — — — — —

2 an — 62

a2 i 0 5 cos
L

af, a1 0 — sné
2

m?2
62 1 O 62 H2\2 0
= ég 7(6)

a; % 0 | cos 62

a % 0 | sin 62

6° 0 1 0
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which can be written as

4=Big; +v (4.9)
where
G=[a a2 62 a3 a 6°]" (4.10a)
g =[62 63" (4.10b)
- an -
precs 0
a1
=3 0
B to (4.10c)
i = .10C
&g
m3
asg
peecy 0
0 1
[ cosezﬂ
2
I
Esmél
y =—(6%)? 0 (4.100)
| cos 92
| sin 2
0

in which the coefficients &;; are defined in Eq. 7. Equation 6 can also be written

A +AsFc=Db (4.12)
where
Can 0]
a1 0
a; 0
A= ™ (4.124)
ann O
as; O
| 0 as
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As = (4.12b)

| 0 0 0 0]
Fe=[F? F? F2 F2IT (4.12¢)
b=[b; b, M2 by bs M3]T (4.12d)

Premultiplying Eq. 11 by the transpose of the matrix B; of Eq. 10c, one obtains
BIA.g; + B/AfF.=B[b (4.13)

By using the definitions of the coefficients a; given in Eq. 7, one can verify
that

BIA: =0 (4.14)

Substituting this equation into Eqg. 13 yields

Mid; = Q; (4.15)
where

M; = B[A, (4.16a)

Q =B'b (4.16b)

The matrix M; is 2 x 2 matrix and, consequently, Eq. 15 contains two scalar
equations that can be solved for the independent angular accelerations. The
dependent accelerations can be obtained using the kinematic relationships of
Egs. 3 and 4. Having solved for the accelerations, the joint reaction forces can
be obtained from Eq. 2.

The matrix B;, which appearsin Eq. 9 and is defined by Eq. 10c, is called the
velocity transformation matrix. This matrix, which plays a fundamental role in
the embedding formulation, allows for the elimination of the dependent accel-
erations and also for the elimination of the constraint forces as demonstrated
by Eg. 14. By so doing, a minimum set of dynamic differential equations of
motion can be defined and expressed solely in terms of the system degrees
of freedom. In Chapter 5, a systematic procedure based on the concept of the
virtual displacement is used to define the velocity transformation matrix. The
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principle of virtual work is aso used in Chapter 5 to systematically develop
the embedding technique, which is introduced in this section using the familiar
Newtonian mechanics.

4.6 AMALGAMATED FORMULATION

Another method for solving for the accelerations and the joint reaction forces
is to obtain a very large system of loosely coupled algebraic equations. To this
end, Eq. 2 is written compactly in a matrix form as

Mq - Qe+ Qc (4-17)
where
m® 0 0 0 0 0
O m 0 0 0 O
" 0 0 J 0 0 O
1o o o m 0 O
0 0 0 0 m O
| 0 0 0 0 0 2]

Q.=[0 -mPg M2 0 -mig MZ3]"
i Fl2 _F2 7
12 23
Fi2— F2

| | | |
12 : 2 12 2 23 H 2 23 2
Fy Esm0 -Fy Ecosa +F5 5smt9 -Fy icose
F23
X
23
Fy

0

- —4

It was previously shown that the vector of accelerations can be expressed in
terms of the independent accelerations using Eq. 9, which is repeated here:

d=Bid; +v (4.18)
One can verify by direct matrix multiplications or by using Eq. 14 that
B/Q.=0 (4.19)
where B; is the matrix defined by Eq. 10c.
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Equations 17, 18, and 19 can be combined in one matrix equation to yield

Mo 0 q Qe
I 0 -Bi || -Q.|=| ~ (4.20)
0 -B © d; 0

This large system, which has a sparse symmetric coefficient matrix, can be
solved for the accelerations and the joint forces.

4.7 OPEN AND CLOSED CHAINS

As demonstrated in Chapter 6, one of the advantages of using the augmented
formulation is that open and closed kinematic chains can be treated alike. When
other methods are used, special attention must be given to closed kinematic
chains, which can have singular configurations, as also discussed in Chap-
ter 6. In this section we discuss some of the basic differences between open
and closed chains to demonstrate the difficulties encountered in the analysis of
closed chains and to have an appreciation of some of the advantages of the
technique of Lagrange multipliers, which is discussed in detail in Chapter 6.

Open-Chain Systems Two methods are used in this section to develop the
dynamic equations of open-chain systems. In the first method, the dynamic con-
ditions are developed for each body in the system, leading to a set of equations
expressed explicitly in terms of the joint reaction forces. The resulting number
of equations is equal to the number of the system degrees of freedom plus the
number of the joint reaction forces. These equations can be solved for the reac-
tion forces in addition to a number of unknowns egual to the number of degrees
of freedom of the system as demonstrated in Section 4. For example, if al the
external forces are specified, the resulting dynamic equations can be solved for
the reaction forces and a number of unknown accelerations egqual to the num-
ber of degrees of freedom of the system. In the second method discussed in
this section, cuts are made at selected joints and the dynamic conditions are
formulated for selected subsystems leading to minimum number of differential
equations. The number of these equations, which do not contain the joint reac-
tion forces, is equal to the number of degrees of freedom of the system. Clearly,
this minimum number of equations can be obtained using the first approach by
eliminating the joint reaction forces, as demonstrated in Section 5.

First, we consider the formal application of the dynamic conditions to each
body in the system. The two-degree-of-freedom two-arm manipulator system
shown in Fig. 7 isused. Body 1 represents the ground or the fixed link. Body 2
represents the first movable link in the manipulator, and its orientation is defined
by the angle 2. Body 3 represents the second movable link in the manipulator,
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Figure 4.7 Open-chain system

and the orientation of this body is defined by the angle 63. Let M2 and M2 be
the joint torques that act on body 2 and body 3, respectively. Figure 8 shows the
free-body diagrams of the two bodies. From this figure the dynamic conditions
of body 2 are

Fé - B =miag (4.21)
F2 - nfg - F2 - el (4.22)

Figure 4.8 Free-body diagram
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Fxl% sin 6% — F215 cos 6%+ M? + F2I sin 62
— F213 cos 62 = J%6? (4.23)

where n? and J? are, respectively, the mass and mass moment of inertia of
body 2; a,z( and af, are the components of the acceleration of the center of mass
of this body, g is the gravity constant; and F¥ and Fy are the components of
the reaction force acting on body i as the result of its connection with body j.
In a similar manner, one may write the dynamic equations for body 3 as

F2 - mal (4.24)
FZ® - mPg=m’a] (4.25)
FZI% sin 6% — F2%13 cos 6° + M3 = %° (4.26)

In this section, the case of the inverse dynamics (kinematically driven system) is
considered to focus the attention on the basic differences between the open and
closed kinematic chains. In this case, the motion of the system is assumed to be
known and the goal is to solve for the external and joint forces. Assuming that
the accelerations are known, Egs. 21 through 26 can be arranged and combined
in one matrix equation as

1 0 -1 0 0 O7][FET
0 1 0 -1 0 0[] F?
0 0 1 0 0 0f]|F2
0 0 0 1 0 of]|F2
y
13 sin6? -13 cosf? 153sn6? —-13cosh? 1 0 || M?
| o0 0 13sn6% —I13cosf® 0 1 |[ M3 |
a2 T
nPag + nrg
m’ag
= 4.27
mPal + g (4.27)
J26?
J%6°

which can be written as

Ax =b (4.28)
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where

1 0 -1 000
0O 1 0 -1 00
O 0 1 000

A:

0O 0 0 100
A As; Ass Ass 1 0
| 0 0 A Ax O 1|

X — [Fiz F;I/.Z F)2(3 F§3 M2 M3]T

b=[mPa; (mfai+nPg) mial (mPad+m’g) J%H?

in which
Asy=12sn6%  As;=-12 cos 2
Ass=13sin 02, Asy=-1% cosf?
Asz =13 sin 63, Ay =13 cos 6°

(4.29)

(4.30)

63T (4.31)

(4.32)

and |, and |, are the distances of points O and A from the center of mass of

link i.
The solution of Eq. 28 is given by

x=A"'b

where the matrix A1 is the inverse of the matrix A given by

1 0 1 0 0

0 1 0 1 0

i | 0o 1 0 0
0 0 0 1 0

A1 Az —(Asr+Ass) —(Asa+Asg) 1

L0 0 Ag Au O

R O O O O O

(4.33)

(4.34)
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Substituting Eg. 34 into Eq. 33 and using the definitions of Eq. 32, one obtains

Fié = nag + m’ag (4.353)
Fy? = mPag + g + m’a) + m'g (4.35hb)
F2 - mPal (4.35¢)
FZ® =m’a} +m’g (4.35d)
M? = J%6% — AginPaZ — Asp(mPa + Q) — (Asy + Agg)mPal

— (Asz + Asg)(m’ay + Q) (4.35¢)
M3 = 3363 — Aggnias — Agy(mPas + mg) (4.35f)

Equations 35e and 35f do not include the reaction forces which are given
by Egs. 35a through 35d. In the analysis of open-chain systems, Egs. 35e and
35f can be obtained directly, without considering the internal reaction forces
by studying the equilibrium of selected subsystems, as shown in Fig. 9. For
example, we may consider the dynamic equilibrium of link 3 in our example
and take the moment about point A for both the systems of external and effective
forces. The moments of the external forces and moments are

Me = M3 — mgl3 cos 6° (4.36)

Fig. 49 Equilibrium of the subsystems
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The moments of the inertia forces about A are
M; =-m?all} sin 6% +m®all cos 6° + %3 (4.37)

Applying D’Alembert’s principle, which implies that the inertia or effective
moment is equal to the moment of the applied forces, one obtains

M3 — mPgl3 cos 6% =-m*all} sin 63 +m*adl3 cos 6° + %3 (4.38)
which can be rearranged as
M3 = %% — m®adl 3 sin 6° + (mal + mPg)I3 cos 6° (4.39)

This equation is the same as Eq. 35f. A second equation can be obtained by
studying the equilibrium of bodies 2 and 3 together, as shown in Fig. 9. By
taking the moments about point O, we can eliminate the internal reactions. For
the external forces and moments, we have

Me=M? + M3 - mPgl3 cos 6% — m?g(12 cos 6% +13 cos 63)
The moments of the inertia forces and moments about O yield

M; = 3262 + 3% — mPa2l 3 sin 62 + m?a2l 3 cos 67
— mPag(1% sin 6 +13 sin 6°%) + m*a3(1% cos 67 +13 cos 6°)

Thus, the dynamic equilibrium condition for this subsystem is

M? + M3 — gl 3 cos 6% — m*g(1? cos 62 +13 cos 6°)
=J%6% + 3°6° — mPaZl 3 sin 6% + m?aZl 4 cos 6°

—m*ai(1? sin 0% +13 sin %) + mPa(1* cos 6% +13 cos 6°)
which can be rearranged and written as

M2+ M3 = J%62 + 339 — nPaZl 4 sin 02 + (mPa? + Q)| § cos 67
— mPay(1% sin 0% +13 sin 6%) + (m’a] + mg)
(1% cos 62 +13 cos 6%) (4.40)
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Equations 39 and 40 represent the dynamic conditions for the two-degree-of-
freedom system. They are two independent equations that can be solved for two
unknowns. It is clear that upon subtracting Eq. 39 from Eq. 40, one obtains

M2 = J%2 - a2l 3 sin 62 + (m?ag + )l 3 cos 62
- m’ajl? sin 0% + (mPay + mg)l * cos 67 (4.41)

This is the same equation as Eq. 35e obtained from the application of the
dynamic conditions to each body in the system separately. Therefore, the two
methods discussed in this section lead to the same results. The second method,
however, represents the foundation for some of the recursive methods, which
alow elimination of the joint reaction forces in the analysis of open kinematic
chains. Another systematic and straightforward approach to obtain Egs. 39 and
41, which are the same as Egs. 35e and 35f, is to use the principle of virtua
work in dynamics, which will be discussed in the following chapter.

Closed-Chain Systems It was demonstrated by the analysis presented thus
far in this section that the joint reaction forces can be eliminated from the
dynamic equations of open-chain systems by considering the equilibrium of
selected subsystems. The analysis that follows will demonstrate the differences
between open- and closed-chain systems, and as in the case of open-chain sys-
tems, two methods will be considered. In the first method, the dynamic equa-
tions are developed for each body in the system leading to a set of equations
which are explicit functions of the joint reaction forces. In the second approach,
cuts are made at selected secondary joints and the dynamics of the resulting
subsystems is examined.

As in the case of open-chain systems, the dynamic equations of a closed-
chain system are first obtained by developing the dynamic equations of each
body in the system separately. This leads to a number of equations equal to the
number of reaction forces plus the number of degrees of freedom of the system.
To demonstrate the use of this approach, we consider the closed-chain four-bar
linkage shown in Fig. 10. The fixed link is denoted as body 1, the crankshaft is
denoted as body 2, the coupler is denoted as body 3, and the rocker is denoted
as body 4. The dynamic equations of the crankshaft, which is subjected to an
external moment M? as shown in Fig. 11, are given by the following three
equations:

FI2_F2 - nfal

12 23 2

Fy? - mfg - F2° = &g

FX1% sin 6% — F215 cos 0%+ M? + F2°1 3 sin 02 — F2°I 3 cos 67 = J%0°

where the moment equation is defined with respect to the center of mass of the
crankshaft.
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Figure 4.10 Closed-chain mechanisms
The coupler, as shownin Fig. 11, is subjected to an external force F* that acts
at its center of mass. The dynamic equations for the coupler can be written as

23 3 34 343
FX + FX F =m ax
23 3 3 34 3,53

FZI% sin 6% - F2%13 cos 63+ F3'13 sin % - F313 cos 6° = 3%6°

where F§ and F$ are the components of the external force vector F°.

Figure 4.11 Free-body diagrams
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As shown in Fig. 10, the rocker is subjected to the external moment M4. The

dynamic eguations of the rocker are

R it

34 4 41 44
F—m'g-F;/=m'ay

FRE sin 6%~ F313 cos 64+ M* + FH L sin 6% - FUE cos 6 = J%6*

The dynamic conditions of the four-bar mechanism lead to nine eguations that
can be solved for nine unknowns; eight of them are the reaction forces at the
joints. We arrange these nine equations and write them in the following matrix

form:

[ 1 0o -1
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 Asgs

| 0 0 O

where

0O o0 ©O
-1 0 O
0 -1 O
1 0 -1

An A Az Ay 0 O
Ags Ags
0 Ags Ags Ag7 Agg

Asgs

A71:|é sin 02,
A73:I,§Sin 02,
Agz =13 sin 63,
Ags =13 sin 63,
A95:|‘é sin 04,

Ag7 =14 sin 64,

Equation 42 can be written as

J

CF2
12
Fy
Fg3
23
Fy
F | =
F34
Fet
Fyt
M4

o O O O O

R O O O O O o O o

L
f
L

Az =13 cos 62
Azs = —1% cos 9?2
Ags = —13 cos 63
Ags = —13 cos 63

Ags = 1§ cos 6%

Agg = —1¢ cos 64 |

Ax=Dhb

miad +mg - F3

maZ ]
mPag + ng
m3ad — F3

m'ad
may} + mg
J2§2 — M2

3343

J4g4

—

(4.42)

(4.43)

(4.44)
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where A is the coefficient matrix

1 0 -1 0 0 0 07
0 1 0 -1 0 0 O
0 0 1 0 -1 0 0 O
0 0 0 1 0O -1 O 0 O
A=l o o 0o 0 1 0 -1 0O (4.45)
0 0 0 0 0 1 0O -1 0
A Apn A Aun O 0 0 0 O
0 O Agz Agg Ass As O 0 O
| 0O 0 0 0 Axs Ap Ay Ag 1]
and the vectors x and b are
x=[F¢ FZ FS OFP FY R R ORSE MAT (4.46)

b~ [mPel (nPel+nPg) (MPal- FY) (mPal+mg- FY) mial
(mfa) +mig) (%% - M?) %63 %7 (4.47)

The solution of Eq. 44 can be defined as

x=A"b

As in the case of the analysis of open-chain systems, a reduced number of
equations can be obtained by studying the equilibrium of subsystems resulting
from cuts at selected joints. For example, to obtain three independent equations
in terms of M* and the reactions F3* and Fj?, we make a cut at the revolute
joint at O. We first study the equilibrium of the crankshaft shown in Fig. 11.
By taking the moments of the forces acting on the crankshaft about point A,
we obtain the following equation:

F217 sin 0% - FJ212 cos 6% + M? + gl 3 cos 67

=J%6% + nPaZl 3 sin 62 — m?aZl 4 cos 6° (4.48)

A second equation can be obtained by studying the equilibrium of the system
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Figure 4.12 Equilibrium of two bodies

shown in Fig. 12. By taking the moments about joint B, one obtains

F2(12 sin 62 +1° sin 6%) - F?(1% cos 6 +1° cos 6°) + M?
+mPg(1% cos 02 +13 cos 0%) + F3I3 sin 63
+(mPg - F3)I3 cos 6°
=J%6% + mPa2(14 sin 02 +1° sin 6°)
— nPaj(13 cos 6% +1° cos 6%)

+3%°% + m*all§ sin 6% - m*a¥13 cos 6° (4.49)
which, upon using Eqg. 48, can be reduced to
F21® sin 6% - F213 cos 6% + nPgl® cos 6° + F3I 3 sin 6°
+(m*g - F))I cos 6°
=m?agl® sin 03 - m?aZ1® cos 63 + 3%6° + m*all g sin 63

- a1 cos 6° (4.50)

A third equation can be obtained by examining the system shown in Fig. 13.
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Figure 4.13 Equilibrium of three bodies

By taking the moments about point C, the following equation can be obtained:

— F21T +M? +ng(l 3 cos 67 +1° cos 6° +1* cos §%)
+F3(13 sin 6% +17 sin 0%) + (m’g — F3)(13 cos 0° +1* cos 6%)
+M*+m'gl¢ cos 64

= 3202+ mPa2(13 sin 02 +13 sin 03 + 1% sin 6%)

— mPaZ(13 cos 62 +12 cos 6% +1* cos 6%) + 363
+mead(13 sin 0% +1% sin §%)
— mPa(13 cos 63 +17 cos 6%) + 3% + mPagl ¢ sin 6*
- m*ajI¢ cos 6* (4.51)

where
I1=12 cos 02 +13 cos 03 +14 cos 64 (4.52)

By using the first two moment equations about A and B (Egs. 48 and 50), the
third equation (Eq. 51) reduces to

F214 sin %+ (mPg - F2)1* cos 6% + F{1* sin 6*
+(mPg - F)I* cos 6* +M* + m*gl¢ cos 6
= (mPaZ + mPay)l * sin 0% - (mPag + ma))l ¢ cos 6

+J%* + m'agl ¢ sin 64 — m'ajl ¢ cos 6* (4.53)
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Equations 48, 50, and 53 can be solved for the three unknowns: the two reac-
tions F;? and Fy? and the external moment M*. Using a similar procedure,
another set of three equations in terms of F23, F§3, and M4, or in terms of F34,
F34, and M*, or in terms of F¢*, FJt, and M* can be obtained. It is clear, how-
ever, that unlike the case of open kinematic chains the equilibrium conditions of
the subsystems of closed kinematic chains will always lead to a set of equations
that contain some components of the reaction forces. Obviously, these reaction
forces can be eliminated by further manipulations of the resulting equations.

The source of the extra efforts required for the solution of the closed-chain
equations can be understood because such a chain can be converted to an open
chain by making a cut at a selected secondary joint. One can systematically
derive the equations of motion of the resulting open chain and augment these
equations by a set of algebraic equations that describe the connectivity con-
ditions at the secondary joint, thereby defining the differential and algebraic
equations of the closed chain. Lagrange multipliers and the augmented formu-
lation, which is discussed in detail in Chapter 6, can be used to solve the chain
differential and algebraic equations. Another alternative approach is to use fur-
ther manipulations to eliminate the dependent variables using the algebraic con-
straint equations of the secondary joint. In the latter case, a procedure similar
to the embedding technique can be employed.

4.8 CONCLUDING REMARKS

In this chapter, different forms of the dynamic equations of motion were pre-
sented. These different forms were developed using elementary Newtonian
mechanics. Among the forms discussed in this chapter, two forms are widely
used in computational dynamics: the augmented formulation and the embed-
ding technique. The augmented formulation leads to a relatively large system
of equations expressed in terms of a redundant set of coordinates. As a result
of this redundancy, the coordinates are not independent and they are related by
a set of kinematic constraints. As was pointed out, the number of dependent
coordinates used in the augmented formulation is equal to the number of inde-
pendent constraint forces. By using the equations of motion and the constraint
equations, a number of equations equal to the number of unknown variables
can be obtained. The augmented formulation leads to a sparse matrix structure
and is used as the basis for developing many of the general -purpose multibody
computer programs. Its drawbacks are the increase in problem dimensionality
and the need for using a more elaborate numerical agorithm to solve the result-
ing system of differential and algebraic equations, as discussed in Chapter 6. A
systematic construction of the equations of motion of multibody systems using
the augmented formulation is also presented in detail in Chapter 6.

In the embedding technique, the vector of the system accelerations is
expressed in terms of independent accelerations using the velocity transforma-
tion matrix. This kinematic relationship is used to obtain a minimum set of
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differential equations expressed in terms of the independent accelerations only.
It was demonstrated that the use of the embedding technique leads to elimina-
tion of the constraint forces. In the following chapter we discuss the principle
of virtual work, which can be used to systematically eliminate the constraint
forces and obtain a minimum set of differential equations of motion.

PROBLEMS

1. Discuss the relationship between the number of dependent coordinates used
to describe the dynamics of a multibody system and the number of the
constraint forces that appear in the dynamic equations.

2. What are the advantages and drawbacks of the augmented formulation?

3. Discuss the sparse matrix structure of the augmented formulation and how
such a structure can be utilized in the computer implementation of this
formulation.

4. Can you formulate the pin joint constraints of Egs. 3 and 4 to obtain a
symmetric coefficient matrix in Eq. 5?

5. Develop the equations of motion of the two-link robotic system shown in
Fig. 7 using the augmented formulation.

6. Develop the equations of motion of the four-bar mechanism shown in Fig.
10 using the augmented formulation.

7. What are the advantages and drawbacks of the embedding technique?

8. What is the role of the velocity transformation matrix in the embedding
technique?

9. Discuss the basic differences between the techniques presented in Sections
4 and 5.

10. Develop the equations of motion of the two-link robotic system shown in
Fig. 7 using the embedding technique.

11. Develop the equations of motion of the four-bar mechanism shown in Fig.
10 using the embedding technique.

12. What are the differences between the augmented and amalgamated formu-
lations?

13. What are the differences between open and closed kinematic chains when
the equations of motion are formulated?



CHAPTER 5

VIRTUAL WORK AND LAGRANGIAN
DYNAMICS

The principle of virtual work represents a powerful tool for deriving the static
and dynamic equations of multibody systems. Unlike Newtonian mechanics,
the principle of virtual work does not require considering the constraint forces,
and it requires only scalar work quantities to define the static and dynamic
equations. This principle can be used to systematically derive a minimum set
of equations of motion of the multibody systems by eliminating the constraint
forces. To use the principle of virtual work, the important concepts of the virtual
displacements and generalized forces are first introduced and used to formulate
the generalized forces of several force elements, such as springs and dampers
and friction forces. It is shown in this chapter that the principle of virtual work
can be used to obtain a number of equations equal to the number of the sys-
tem degrees of freedom, thereby providing a systematic procedure for obtaining
the embedding form of the equations of motion of the mechanical system. Use
of the principle of virtual work in statics and dynamics is demonstrated using
several applications. The principle of virtual work is also used in this chapter
to derive the well-known Lagrange’s equation, in which the generalized inertia
force is expressed in terms of the scalar kinetic energy. Several other forms of
the generalized inertia forces are also presented, including the form that appears
in the Gibbs-Appel equation, in which the generalized inertia is expressed in
terms of an acceleration function. The Hamiltonian formulation and the rela-
tionship between the virtual work and the Gaussian elimination are discussed
in the last two sections of this chapter.

217
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5.1 VIRTUAL DISPLACEMENTS

An important step in the application of the principle of virtual work is the def-
inition of the virtual displacements and generalized forces. The concept of the
generalized forces is introduced in Section 3, while the concept of the virtual
displacement is discussed in this and the following section. Throughout this
section and the sections that follow, the term generalized coordinates is used
to refer to any set of coordinates used to describe the system configuration.

The virtual displacement is defined to be an infinitesimal displacement that
is consistent with the kinematic constraints imposed on the motion of the sys-
tem. Virtual displacements are imaginary in the sense that they are assumed to
occur while time is held fixed. Consider, for instance, the displacement of the
unconstrained body shown in Fig. 1. The position vector of an arbitrary point
P’ on the rigid body is given by

ri, =R’ +A'ul, (5.1)

where R is the position vector of the reference point, w ,g is the position vector
of point P' with respect to the reference point O, and A’ is the transformation
matrix given by

(5.2)

. | cos#’ —ging’
A= . ;
l sing’ cos@’]

where 6’ is the angle that defines the orientation of the body. A virtual change
in the position vector of point P of Eq. 1 is denoted as ér’» and is given by

ori, = 6R' + 6(A'u (5.3)

Yj

Figure 5.1 Position vector
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Since the vector A"u’, depends only on one variable, namely the angular ori-
entation 6, Eqg. 3 can be rewritten as

orh = 6R' + Ahul, 66 (5.4)

where A} is the partial derivative of A’ with respect to the angle 6, that is,

Aé:LA:

5 (5.5)

cosf! —sing!

—dné’ cose"]

In EQ. 4, the virtual change in the position vector of an arbitrary point on the
body is expressed in terms of the virtual changes in the body coordinates, or
in this case the body degrees of freedom. Equation 4 can also be written as

drp =1, 6q’ (5.6)
where
a-[RT o (5.73)
; or' i—=i
I'q; - aiql - [I AouP (57b)

Clearly, if the reference point O' is fixed, as in the case of a simple pendulum,
we have 6R' = 0 and Eq. 4 reduces to

orh, = Alu’, 66’

Example 5.1

For the two-degree-of-freedom manipulator shown in Fig. 2, express the virtua
change in the position of point P (end effector) in terms of the virtual changes in
the system degrees of freedom.

Solution. The position vector of point P is given by

12 cosf? + I3 cosf3
rp —
P~ 2sing2 + B sing3

where 12 and 2 are, respectively, the lengths of links 2 and 3 (the fixed link is
denoted as body 1), and 62 and 62 are, respectively, the angular orientations of
links 2 and 3. By taking a virtual change in the position vector of point P, we
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Figure 5.2 Two-degree-of-freedom 77777 7
mani pul ator 1

obtain

—125in02562 — 13sin#3563 ]

orp—
e [ 12 cos62662 + 1% cos§356°

which can be written as

—12sing? l3sin03] [502]

orp =
P [ 12cos§2  1Bcosg3 || 66°

Virtual displacements can be regarded as partial differentials with time
assumed to be fixed. Thus, the differential of timeistaken to be zero. To explain
the difference between the actual displacement and the virtual displacement, we
consider the case of a position vector that is an explicit function of the gener-
alized coordinates q and time ¢. This vector can be written as

r=r(q,) (5.8)
Differentiating this equation with respect to time, one obtains
dr or or
27 a4 — 59
dr  dq 175 (59)

Multiplying both sides of this equation by dr yields the actual differential dis-
placement as
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dr = = - dq+ = - di (5.10)

If r isnot an explicit function of time, the virtual displacement ér and the actual
differential displacement dr are the same provided that the partial differential
6q is the same as the total differential dq. It follows that in the case of an
n-dimensional vector of generalized coordinates, one has

or r r
or=——96g1+—=——06g>+---+ — 6q,
' BQl N 392 2 aq;z 1
" or
=2 — &q (5.11)
j=1 a(]] Bq

where g; is the jth generalized coordinate, and

or Jor or or
9q | 9q1 0gz gy

5.2 KINEMATIC CONSTRAINTS AND COORDINATE PARTITIONING

In constrained multibody systems, the system coordinates are related by a set
of kinematic constraint equations as the result of mechanical joints or specified
motion trajectories. If the system is not kinematically driven, the number of the
kinematic constraint equations n. is less than the number of the system coordi-
nates n. In this case, the constraint kinematic relationships can be used to write
a subset of the coordinates in terms of the others. Therefore, the coordinates
of a mechanica system can be divided into two groups: the first group is the
set of dependent coordinates q, and the second group is the set of independent
coordinates or the degrees of freedom of the system q,. The number of depen-
dent coordinates is equal to the number of the kinematic constraint equations
n. and the number of independent coordinates is equal to n — n.. By using the
kinematic relationships, the virtual changes in the dependent coordinates can
be expressed in terms of the virtual changes of the independent coordinates.
Consider, for example, the slider crank mechanism shown in Fig. 3. The loop-
closure equations for this mechanism can be written in a vector form as

r+r3+ri=0 (5.12)
which can be written more explicitly as

1? cosf? + I*cosh® = R? (5.133)
2sing?+3sing®=0 (5.13b)
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B
=)
T
Figure 5.3 Slider crank mechanism

where /2 and I3 are the lengths of the crankshaft and the connecting rod, and R*
is the position of the dlider block with respect to point O. By taking the virtual
changes of the coordinates, these two equations lead to

~1?sin#? 66° - I3sing® 56° = 6R? (5.14a)
12 cos0? 662 + 13 cosf® 66° =0 (5.14b)

One may select the dependent coordinates to be 62 and R?, that is,
q,=[6° R (5.15)
where q, is the n.-dimensional vector of dependent coordinates. Since the

mechanism has only one degree of freedom, there is only one independent coor-
dinate that can be selected as 62, that is,

q; = 02 (5.16)
One may then rearrange Eqgs. 14a and 14b and write them using matrix notation
as
~Bsing® 1] 663 sing? 2 507 (5.17)
~Bcosf® 0| 6R*| | cosh? '

which defines §6° and 6R? in terms of the independent coordinate 662 as
66°
OR?

It is clear from this equation that a singular configuration occurs when 6° =
w/2 or 3w/2. At this singular configuration 66° and 6R* cannot be expressed
in terms of §62.

562 (5.18)

-1 12 cos6?
- Becos6® | 23sin(62- 63)
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Alternatively, one may try to express 662 and 66° in terms of 6R* using Eq.
14. This leads to

~12sn6? —1Bsing® | [ 662 OR?
I2cosf?2 Bcoso3||s63| | O

The solution of this matrix equation is

662
663

In this case, singularity occurs whenever 62 is equal to 63.

3 3
1 [ 13 cosé ] ok

" 12Bsin(62 - 63) | [?cos6?

Example 5.2

For the four-bar linkage shown in Fig. 4, obtain an expression for the virtual changes
in the angular orientations of the coupler and the rocker in terms of the virtual
change of the angular orientation of the crankshaft.

Solution. The loop-closure equations for this mechanism are

12cos6? + 13 cos6® + 1* cosf* — It =0 (5.19a)
?sing?+1*sing® +1*sing* =0 (5.19b)

where 12, 13, and [* are, respectively, the lengths of the crankshaft, coupler, and
rocker; /1 is the distance between points O and C; and 62, 63, and 9 are, respec-

7/

Figure 5.4 Four-bar mechanism




224 VIRTUAL WORK AND LAGRANGIAN DYNAMICS

tively, the angular orientations of the crankshaft, coupler, and rocker. By taking
virtual changes in the coordinates 62, 3, and 4, and keeping in mind that /* is
constant, the loop-closure equations yield

12sin62 56 +13sin6® 56° + 1*sin6* 56* =0 (5.20a)
12 cos6? 562 + 13 cosf® 66° + 1* cosh* 66% =0 (5.20b)

The coordinates 62 and 84 may be selected as dependent coordinates and 92 as the
independent coordinate leading to the following relationship:

Bsing® 14sing ][ 663 sng2] ,  ,
3 3 4 4 i == , | 160 (5.21)
[°cosf° [*cosf 60 cosé
or
563 1 1214 sin(6% — 62
il =mia 7 | 2s (2 3) 567 (5.22)
50 IBI4 sin(63 - 04) | 1213sin(92 - 69)

A similar procedure can be used if 662 or 66 is selected to be the independent
coordinate.

Constraint Jacobian Matrix One may generalize the procedure described
in this section for expressing the virtual changes of the dependent coordinatesin
terms of the virtual changes of the independent ones. This can be demonstrated
by writing the algebraic kinematic constraint equations between coordinates in
the following general form:

C(q,7) =0 (5.23)

where q = [g1  ¢2 -~ ¢,]" is the vector of the system coordinates, ¢ is time,
and C is the vector of constraint functions, which can be written as

C=[Ciq,7) Caq.1) -+ Colq, 0] (5.24)

where n. is the total number of constraint equations that are assumed to be lin-
early independent. If the system is dynamically driven, the number of constraint
equations n. is less than the number of the coordinates n.

Equation 23, as the result of a virtual change in the vector of system coor-
dinates, leads to

C,0q=0 (5.25)

where C, is the constraint Jacobian matrix defined as



5.2 KINEMATIC CONSTRAINTS AND COORDINATE PARTITIONING 225

aCq 0C, dC1
dg1  9q2 9qn
dC dC» 0C; 2C>»
_ U= | === e ... Z= 2
Cq oq 36.]1 a(_Jz N aqn (5.26)
9, G, 3G
| dg1 9q2 g, |

The constraint Jacobian matrix has a number of rows equal to the number of
constraint equations and a number of columns equal to the number of the sys-
tem coordinates. The vector of coordinates q can be written in the following
partitioned form:

q=[q; q/1 (5.27)

where q, is an n.-dimensional vector of the dependent coordinates, and q; is
an (n — n.)-dimensional vector of independent coordinates. According to this
coordinate partitioning, Eg. 25 can be rewritten as

Cy, 09, +Cy 0q; =0 (5.28)

where the dependent and independent coordinates are chosen such that the n,
X n. matrix Cgq, is nonsingular. Equation 28 can then be used to write éq, in
terms of éq; as

8q, =-C,1Cq, 8q; (5.29)
or simply as
8q, = Cy; 8q; (5.30)
where
Cyi=-C,Cy, (5.31)

By using Egs. 27 and 30, the virtual change in the total vector of system coor-
dinates can be expressed in terms of the virtual change of the independent coor-
dinates as

Cai

[ | ba (5.32)

0
5q = l 4
0q;

This equation can be written as
6q =B, dq; (5.33)
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where the matrix B; isan n x (n — n.) matrix defined as

B, - [ CI‘“] (5:34)

The use of the general procedure described in this section can be demon-
strated using the four-bar linkage discussed in Example 2. In this example, the
vector of coordinates q is selected to be

q= [02 03 04]T

The kinematic constraint equations that relate these coordinates are defined by
the loop-closure equations (see Eq. 19). These constraint equations are

Lo

~12sinf2 6% - 1*sin63 66° — 1*sing* 661 [0
12cos02 562 + I3 cosh® 663 + 14 cosh? 564

Ci(q, 1) 1?2 cosf? + I3 cosf® + [* cosf* — I*
Ca(q,1) 2sinf? + *sing® + [*sing*

C(g, [

By taking a virtual change in the system coordinates, one has

Cq 6q[

which can also be written as

—12sinf?2 -Psinf® -[*sin®*

C,0q=
a%4 [1200502 IBcosh®  I*cosh*

o0

10

From which the Jacobian matrix of the kinematic constraints can be identified
as

—2sing? -PPsng® -[*sing*

97| 2cosh?  Bcosh® 14 cosf?

If 92 is selected as the independent coordinate, one has
q;=0% q,=[0° 0"
It follows that

~?sing® —1*sing*1[ 663
I3 cos6® 1400504”504]
—1°sing?
1? cosf?

Cy, 09, +Cy, 0q; = [

56%°=0
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where

—Bsng® -/4sng? —[2sing?
Y Bcosh®  14cosht |’ %1 12 cosh?

Thevirtual changesin the dependent coordinates can then be expressed in terms
of the virtual change in the independent coordinate as
6q, = *C;,zlcqf 6q;

Since in this example

o 1 I*cosf*  I*sing*
4 BrAsin4 - 63) | —Bcos#® —i3sing3

the preceding equation yields
5 663
Qa=1 594
1 I*cosf* 14sing*|| —1?sing? 2
~ BAsin@3-06%) | —Pcosh® —1Psing? 12 cosf?

1 [ 124 sin(6% — 62) 562
~ BIAsin@3 - 60%) | 123sin(92 - 63)

which is the same result obtained in Eq. 22 of Example 2. The matrix C,; of
Eq. 31 is recognized as

1 1214 sin(6* — 62
C., [ ( )

T BAsn0% - 0% | 23sin(0? - 63)

The virtual change in the total vector of system coordinates can be expressed
in terms of the virtual change in the independent coordinate as

86° 2sin(0* — 62)/1°sin(63 — 6%
sq=| 66* |=| 2sin(62 - 63)/1*sin(63 — 6%) | 667
662 1
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where the matrix B; of Eq. 34 can be recognized as
2sin(60% - 62)/13sin(6® - 6%)
B, =| 2sin(8? - 63)/1*sin(6° - 6%)
1

Absolute Coordinates As pointed out in Chapter 3, in many general-
purpose multibody computer algorithms the absolute coordinates are employed
for the sake of generdity. In this case, the configuration of the rigid body is
identified by the global position vector of the origin of the body reference (ref-
erence point) and by a set of orientational coordinates that define the orien-
tation of the body in a global fixed frame of reference. Kinematic constraints
that represent mechanical joints in the system can be formulated in terms of
the absolute coordinates. For example, the algebraic kinematic constraint equa-
tions that describe the revolute joint between body i and body j in Fig. 5 can
be expressed as

rh-rh=0 (5.35)

wherer’, is the position vector of the joint definition point P expressed in terms
of the coordinates of body i, and r’, is the position vector of the same point
P expressed in terms of the coordinates of body j. Equation 35 can be written in
a more explicit form in terms of the absolute coordinates as

R +Au, - R/ - A/u}, =0 (5.36)
Yi
Yi vi
./
X p j
\
TAAN al
i X/
Ri
R/
- X

Figure 5.5 Two-body system
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where R and R/ are, respectively, the position vectors of the reference points
of body i and body j, A’ and A’ are the transformation matrices of body i and
body j, and u’ and u’, as shown in Fig. 5, are the local position vectors of
point P defined in the coordinate systems of bodies i and j, respectively.

By taking a virtual change in the absolute coordinates of body i and body j,
Eq. 36 leads to

SR+ (Ahub) 66' — 6R/ — (A}u)) 66/ =0 (5.373)

Since the revolute joint eliminates two degrees of freedom, one may select R/
asthe vector of dependent coordinates and write this vector in terms of the other
absolute coordinates as

SR/ =5R' + Alu’, 560" — Aju’, 66/ (5.37h)

Example 5.3

Figure 6 shows a two-body system that consists of the ground and arigid rod with
auniform cross-sectional area and length 2. In this example, three absolute coordi-
nates R%, R}, and 6 are selected for each body i in the system. The reference point
of the rod is assumed to be at its geometric center. If the system is assumed to be
dynamically driven, there are only joint constraints that represent the ground and
the revolute joint constraints. The ground constraints are

RI=0, RI=0, 6'=0

Y2 X2

Xl

1 Figure 5.6 Simple pendulum
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The revolute joint constraints are
2 A2=2
R +A%up=0

whereu? =[-/2/2 0]7, and A is the planar transformation matrix. The revolute
joint constraints can be written more explicitly as

R ——00362 [ ]

2 2
R) sm0

The vector of the system generalized coordinates is
=lg1 g2 g3 qel' =[Rt Ry 6% R? R? 07T

The vector of the system constraint equations is

Ry
L _
Ry 0
01 0
C(qat): 12 =| 0
R? - — cosh? 0
) ? ., __0_
_R\fisme ]
and the constraint Jacobian matrix is
[1 0000 o |
1 0 0O 0
0 01 0O 0
Cq: 12
00010 7sina2
12
00001 77c0s02

In this example, there are six coordinates (n = 6) and five constraint equations (n.
= 5). Therefore, the system has one degree of freedom. One may select this degree
of freedom to be 62 and write Eq. 28 as

Cq, 09y +Cy; 6q; =0

where in this case q; = [Rf R 61 R? R?]T and q; = §2. According to this
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generalized coordinate partitioning, the matrices C,, and Cg, can be identified as

0
10000 0
01000 0
C,=[0 0 10 0], Co=| 2 . ,
00010 - siné
00001 5
,L 62
_ZCOS_

It follows that the matrix Cy4; of Eq. 31 can be written in this case as

— -

0
0
0
-1
Cai=-Cq,Cq, =— ﬁsinez
2
2 )
—— cosé
| 2 |
and the matrix B; in Eq. 33 is
_ 0 -
0
0
2 5
B;=| ——sind
! 2
2 )
— cosf
2
1

Using Eq. 33, the virtual change in the total vector of the system coordinates can
be expressed in terms of the virtual change in the system degrees of freedom as

SRY 0
1
SR} 0
56t 12
5q = —| ——sn#? | 562
a 8R? 2
aRZ 2
Y 1—00502
[ 662 ]
- 1 —
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Nonholonomic Constraints Joint and driving constraints that can be
described by Eq. 23 are caled holonomic constraints since they can be
expressed as algebraic equations in the system coordinates and time. There are
other types of constraints that cannot be expressed as functions of the coordi-
nates and time only. These types of constraints, which are known as nonholo-
nomic constraints, can be expressed in terms of differentials of the coordinates
as

> ajrdqr +b; dt=0 j=12, ... 1y (5.38)
k=1

where n, is the number of nonholonomic constraint equations, and a;; and
by can be functions of the system coordinates q = [g1 g2 --- g,]" as well as
time. One should not be able to integrate the preceding equation and write it
in terms of the coordinates and time only; otherwise we obtain the form of
the holonomic constraints. Hence, one cannot use nonholonomic constraints to
eliminate dependent coordinates and, consequently, in this case of a nonholo-
nomic system, the number of independent coordinates is more than the number
of independent velocities.

Recall that a differential form is integrable if it is an exact differential. In
this case, the following conditions hold:

i _ ajt
dgr gk
aajk - 8&
o aqk

If these conditions are not satisfied, Eq. 38 is of the nonholonomic type since
this equation cannot be integrated and written in the form of Eq. 23. It follows
that in the case of a nonholonomic system, none of the constraint equations of
Eg. 38 can be written in the form

dC(q,t)g;dq1+aaqc;dqz+-~+aa§dqn+%fdto

An example of nonholonomic constraints is

dq1—singz dqs =0
dgz — c0sq3 dgs =0

These are two independent constraint eguations expressed in terms of the dif-
ferentials of the four coordinates g1, g2, ¢3, and ¢g4. These two equations do not
satisfy the conditions of exact differentials and, therefore, cannot be integrated
and expressed in the form of Eq. 23.
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5.3 VIRTUAL WORK

The virtual work of a force vector is defined to be the dot (scalar) product of
the force vector and the vector of the virtual change of the position vector of
the point of application of the force. Both vectors must be defined in the same
coordinate system. The virtual work of a moment that acts on a rigid body is
defined to be the product of the moment and the virtual change in the angular
orientation of the body. Figure 7 shows a rigid body i that is acted upon by a
moment M and a force vector F' whose point of application is dentoed as P'.
The virtual work of this system of forces is given by

SWi=F" sri+M 50 (5.39)

where r', is the position vector of point P/, and ' is the angular orientation of
the body .

Generalized Forces The position vector of an arbitrary point on a rigid
body can be expressed in terms of the position vector of the reference point as
well as the angular orientation of the body. The coordinates of the rigid body
may be defined by the vector ¢’ where

q=[R" 607 (5.40)

where R’ is the position vector of the reference point and 6 is the angular
orientation of the body. In terms of these coordinates, the position of point P’
given by the vector r}, of Eg. 39 can be written as

rh =R + At} (5.41)

Yy

Body i

X  Figure 5.7 Virtual work
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where A’ is the transformation matrix from the body coordinate system to the
global coordinate system, and u) = [’ ﬁly]T is the local position vector of

the point of application of the force F. By taking a virtua change in the body
coordinates, Eq. 41 yields

orh = 6R' + Apul, 56 (5.42)

Substituting Eq. 42 into Eq. 39, the virtual work of the force F' and the moment
M’ can be expressed as

SW!=F (OR + Al 66°) + M' 50
—F" 6R' + (F" Abul, + M) 66' (5.43)

This equation can be written as

SW'=Qi SR +Qj 66’ (5.44)

where
Qx=F (5.45a)
Q) = M' +uh Al F' (5.45b)

The vector Q% is called the vector of generalized forces associated with the
coordinates of the reference point, and the scalar Q) is called the generalized
force associated with the rotation of the body. The second term in Eq. 45b,
which is the contribution of the force F' to the generalized force associated
with the rotation of the body, can be written as

—-sinf’  cosb' | [ Fi

T T . .
up A F = [ul ] l A
F

—cosf’ —sin’
=—Fi(u,sing’' +u! cosh’) + Fi(u; cos§' - u!, sin §')
One can verify that this equation also takes the following form:
LA F = (ub x F) - k
or

LAl F = [Al(uh x F)] - k
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where k is a unit vector along the Z axis, and
i — Al
F :AiTFi
It follows that Eq. 45b can ssimply be written as
Q) =M+ (u, x F') - k (5.46)

Equations 45a and 46 imply that a force vector F' that acts at an arbitrary point
P' is equivalent (equipollent) to another system of forces that consists of the
same force F' acting at the reference point and amoment (u;, x F') - k associated
with the rotation of the body.

The method discussed in this section for obtaining the generalized forces
can be generalized to any number of forces and moments. The procedure is to
express the position vectors of the points of application of the forces in terms of
the system coordinates. Substituting the resulting kinematic relationships into
the expression for the virtual work leads to the definition of the generalized
forces associated with the system coordinates. For example, if the configuration
of the mechanical system is described by the n coordinates

q=[q1 g2 - qa]" (5.47)

The virtual work of the forces acting on the system can be expressed in the
general form

oW =0106q1+Q28q2+---+Qy bqy (5.48)

where Q; is the generalized force associated with the jth coordinate g;.
Equation 48 can be written in a vector form as

sW=Q" 6q (5.49)

where Q is the vector of generalized forces and éq is the vector of the virtua
changes in the coordinates. The vectors Q and 6q are

Q=[01 Q- Q)" (5.50)
3q=[8g1 0q2 -+ 6qa]" (5.51)

Coordinate Transformation Equation 48 or its equivalent vector form of
Eq. 49 defines the generalized forces associated with the coordinates q = [¢1
g2 --- qa]". The generalized forces associated with another set of coordinates
can be obtained if the transformation between the two sets of coordinates is
defined. Let p = [p1 p2 --- pu]" be another set of coordinates such that the
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vector of virtual changesin g can be expressed in terms of the virtual changes
inp as

6q=B,, ép (5.52)
By substituting Eq. 52 into Eq. 49, one obtains
W =Q"B,, 5p=Qj op (5.53)
where
Q,=B,,Q=[0n Q2 - Ol (5:54)

is the vector of generalized forces associated with the vector of coordinates p.

As an illustrative example, the slider crank mechanism shown in Fig. 8 is
considered. The virtual work of the external forces acting on the links of this
mechanism is

SW=M2 562 +F ord + F*5R"

where F° = [F3 F3|T.
The vector r? is

s | 1?cos6?+15 cosf3
r~=—
€| 2sin62 + B sing3

where I3 is the distance between points A and C. Therefore, one has

662
66°

Substituting this equation into the expression for the virtual work, one obtains

~-1?sing? —3sing®

ord =
¢ I?cos? I3 cosh®

—?sing? —3sing® | [ 662
SW=M?60?+[F3 FI| L o |+ F*oRY
[~ cosf I3 coso 00
03
A
F3
M?2 C
B
0 6% B _ - 4
’ /.

Figure 5.8 Slider crank mechanism
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or
562
SW = Qpz 66 + 043 56° + Ora ORY = [0z Qps Or4] 663 (5.554q)
SR}
where
Qp2 = M? — F3I% sin 9% + F3I? cos 62
Qps = —F 35 sin 03 + F313 cos 63 (5.55b)

Ops = F*

It was shown in Section 2 that 66° and 6R? can be expressed in terms of 662
as

663 1 —12 cosf? 50 -
ort |~ Baost® | _risin? - 69) (559

One may define the vector q as
a=[0> 6° R

The virtual change in this vector can be written in terms of the virtual change
in 02 as

662 1
86° |=| —I2cosh?/i®cosf® | 662 (5.57)
oR? ~128in(6? - 6%)/cos6®

Substituting this equation into Eq. 55a leads to the definition of the generalized
force, of al the forces and moments acting on the slider crank mechanism,
associated with the coordinate 62 as

1
oW =[Qp Qpz Q]| ~—I12cos6?/cosh® |56
~12s€in(6? - 6%)/cosh®
=Q, ép
where in this case ép reduces to

5p = 662
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and
Q, = Qp2 — (Qpa1? cos 62/1% cos §%) — Qal® sin (62 — 6°)/ cos 6°

in which Qy2, Qp3, and Qg+ are defined by Eq. 55b.

B Example 5.4

Determine the generalized force associated with the rotation of the crank shaft, due
to the system of forces acting on the four-bar linkage shown in Fig. 9.

Solution. The virtual work of the forces shown in Fig. 9 is given by
oW =M2 562+ F3 or3 +M* 56%
where F2 = [F? F3|T and
, [ 1Poos6?+ 13 cosh®
es [ 12562 + 13 sing3 ]

where 13 is the distance between point A and the center of the coupler. It follows
that

5o [zzsnfﬁ zgsin03H502]
I'C:

12cos6? 13 cos63 ] | 66°

Figure 5.9 Four-bar mechanism
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Substituting this into the expression for the virtual work, one obtains

SW = (M? - F32sin6? + F 31 cos6?) 567

+(-F313sin 0%+ F313 cos 6°) 66° + M* 56°

By using the results of Example 2, 6% and §6* can be expressed in terms of §62
as

2

563] 1 1214 sin(6% - 62)
§0%] B4 sin@B3 - 0% | 123sin(62 - 63)

which upon substitution into the expression of the virtual work yields

8W =(M? - F3?sin 92 + F31% cos 62) 667
12 sin(6* - 62)
13 sin(63 — 6%)
MA12 sin(92 - 63)
14 sin(63 - 6%)

(-F35sin 03+ F33 cos 63) 662

562

which can be written as
SW =0, 667
where
Qp =M?— F31?sin 62 + F31? cos 62

12 sin(9* - 62) 33 Gn 03 4 12373 3

T Sn(e3 %) (—Fyl3sin 6° + F{l; cos 0°)
M*1? sin(9? — 6°)

14 €§in(93 - 64)

Before concluding this section it is important to point out that, in general,
the virtual work in not an exact differential. That is, the virtual work is not, in
general, the variation of a certain function. In the specia case where the virtual
work is an exact differential one has

ow
0= %
and conseguently,
90, _ 90
dqr  9g;

In this special case, the forces are said to be conservative since they can be
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obtained using a potential function. Nonconservative forces, however, cannot
be derived from a potential function, and hence their virtual work is not equal
to the variation of a certain function. Examples of conservative forces are the
gravity forces and linear spring forces. Examples of nonconservative forces are
the damping, friction, and actuator forces. In this book, for the sake of gener-
ality, we use the general expression of Eq. 49 to define the generalized forces
regardless of whether these forces are conservative or nonconservative.

5.4 EXAMPLES OF FORCE ELEMENTS
In this section, the generalized forces associated with some of the commonly
encountered forces in multibody dynamics are developed. The definitions of
these generalized forces are obtained by using the virtual work expression.
Gravity The virtual work of the gravity force acting on body i is given by

W' =-m'g 8y’ (5.58)
where m' is the mass of body i, g is the gravity constant, and y’ is the vertical
coordinate of the position vector of the body center of mass. If the reference
point is the same as the center of mass, one has

8y’ = BR;

If, on the other hand, the reference point is different from the center of mass,
y' can be expressed in terms of the coordinates of body i as

i pi =g gl T i
Y =Ry +u,sin6'+uj cos 6

whereu’ = [u} u!]" is the local position vector of the center of mass with
respect to the reference point of body i. The virtual change in y' in terms of
the virtual change in the coordinates of body i is

8y' =6R! + (), cos§' —u,sin §') 86'

which upon substitution into the expression for the virtual work of Eq. 58 leads
to

SW'=-m'g 6R, — m'g(u, cos 6" — uj sin 0') 66
=0, 6R, + Q) 80’ (5.59)

where Q; and Q) are, respectively, the generalized forces associated with the
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coordinates R, and ', and are given by

0, =-m'g (5.60a)

Qy = -m'g(u’, cos 6" — u} sin §') (5.60b)

If the reference point is selected to be the center of mass of the body, Q) is
identically zero since u = u}, = 0.

Spring—Damper—Actuator Element Figure 10 shows two bodies i and j
connected by a force element that consists of a trandational spring, damper,
and actuator. The spring stiffness is assumed to be k, the damping coefficient
is ¢, and the actuator force isf,. The point of attachment of this force element
on body i is assumed to be P!, while on body j it is assumed to be P/. The
position vectors of these points with respect to their respective body coordinate
systems are denoted as u’ and u’. The resultant force of the spring, damper,
and actuator acting along a line connecting points P’ and P/ is given by

£ =k(l — Io) + cl +, (5.61)
where [ is the current spring length, [o is the undeformed Iength of the spring,
and [ is the time derivative of [ with respect to time. In Eq. 61, k(I — lo) is the

spring force and ¢l is the damper force, which is assumed to be proportional
to the relative velocity between points P’ and P/. The spring stiffness, the damp-

Y)

=X
Figure 5.10 Spring—damper—actuator force
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ing coefficient, and the actuator force can be nonlinear functions of the system

coordinates and velocities as well as time.

The virtual work due to the force defined by Eq. 61 can be written as

oW = —f; 6l

(5.62)

where 61 isthe virtual change in the distance between points P' and P!. In terms
of the absolute coordinates of the two bodies, the position vector of point P!

with respect to point P' can be written as
rp=R +Alab - R — Alub
One can, therefore, define the current spring length as
= @E Y2
and the virtual change in this length as

8l = 9 5q = (rp vy vl —arg oq
aq P P P aq

where q is the vector of coordinates of body i and body j given by

T

q=I¢" q'I"=[R" 6 R ¢i]T
Equation 65, upon the use of Eq. 64, can be expressed as

ijr

_Trp aripj,

ol T o 6
AT orp N arg i
| od dg!

iTParg arE, oq'
| 9¢ oq’ || g

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

where 1 is a unit vector in the direction of the vector rg, and ar‘,i/aqi and
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dr/dq) can be obtained using Eq. 63 as

ij o
aa‘('lf ~[I Al (5.68a)
or! _

in which A, and A}, are the matrices

i: AJ

l —sing'  —cosf ]

—sinfl  —cosh!
cosf! —sinf’

cosfd! —sing!

The generalized forces associated with the coordinates of body i and body j
can be obtained by substituting Eq. 67 into Eq. 62, yielding

] T
fSiTl 31;1"3 aq] ] l l -Q" 3¢ +Q" 5q’ (5.69)

where Q' and Q! are the vectors of the generalized forces associated with the
coordinates of body i and body j, respectively. Using Eg. 68, these vectors are

o[ QL] .
P I 5.70a
el l l Al >
. 'Q"R' .
] — .
Q' = - QJB l oq) l pA‘ I (5.70b)

in which fs is defined by Eq. 61. In the expression for the force fs, | is defined
by EQ. 64, and | can be obtained according to

o . s arp

BRETI T

q (5.71)
The specia case, in which there is only a spring element, can be obtained
from the general development presented in this section by assuming that ¢ =

fa = 0. Similarly, if the force element consists of a damper or an actuator only,
one has k=f; =0 or k=c =0, respectively.
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Example 5.5

Figure 11 shows a spring—damper force element that is connected between the
crankshaft and the rocker of a four-bar linkage. The stiffness coefficient k of the
spring is assumed to be 250 N/m and the damping coefficient ¢ is assumed to be
10 N - s/m. The undeformed length of the spring is assumed to be 0.35 m. The
local positions of the attachment points of the spring—damper element with respect
to the crankshaft and the rocker coordinate systems are given, respectively, by ﬁ% =
[0.03 0]T andup =[-0.05 O]T. The respective lengths of the crankshaft, rocker,
and coupler are12 = 0.2 m, I3 = 0.4 m, and |* = 0.3 m. The distance between points
O and C is assumed to be 0.35 m. At a particular configuration, the angular orien-
tation of the crankshaft 92 = 70° and its angular velocity 2 = 150 rad/s. Determine
the generalized forces of the spring-damper element associated with the absolute
Cartesian coordinates R, R, and 6'. If the generalized coordinates are selected to
be 62, 63, and 9%, determine the generalized forces of the spring—damper associated
with this set of the generalized coordinates.

Solution. By performing a position analysis for the four-bar mechanism, one ob-
tains

92 =70°, 6°=1331°, ¢%=24897°
The velocity analysis leads to
6% =150 rad/s, 6°=1.6328rad/s, 6*=101.212rad/s

The spring—damper force is

fs=k(l —lo) +ci
Y3
B
X371~
//
Ale> /
X2 k
Y2
C
Y4
/ 02 x4
_0_' N _ _ C /I~
7 7. 7,

Figure 5.11 Spring-damper force
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the virtual work of the spring—damper force is

SW = —fg 6l
Note that
rZ' =R?+ A%a3 - R* - A%
12 )
| 2% | Tcose2 -sn62][ 003
|2 sing?2  cosh? 0
> sinf
_ 4
12 cosh? + 13 cosh3 + > cosf*
_ .
12sin62 +13sin§3 + ?sine“
[ cos64 —sine* ][ -0.05 [ 03773
sing*  cosd? 0 | -0.0927
It follows that

8! =1= V/(~0.3773)2 + (~0.0927)2 = 0.3885

A unit vector along a line connecting the attachment points of the spring—-damper
element is

i ﬁ _ -0.9712
—0.2386

The vector of the generalized coordinates of the crankshaft and the rocker can be
written as

q- [RzT 02 R4 647
The time derivative of the spring length is

ardt |
Jq

=y

=1 Afug -1 - Afuj]



246 VIRTUAL WORK AND LAGRANGIAN DYNAMICS

in which
» o [ —sing? —cos6?][0.03 -0.0282
Ajlip = 2 _gnp2? =
cosf“ -sind 0 0.0103
a4 [ —sin6* —cosf*][ -0.05 ~0.0467
AgUlp = 4 _Gnpd =
cosf® —sing 0 0.0179

T

q:[RZT 92 R4 é4]T

=[-14.0954 51303 150 -14.1706 5.4481 101.212]"

which yield

| =-0.4159 m/s
fs = 250(0.3885 — 0.35) + 10(—0.4159) = 5.466 N

The generalized forces can then be written as

2 5.3086 ]
2 QR I A
Q*=| % fS[ZT ,r | 1=| 1.3042
[ Qp | up Aj
0.1363 |
0% . ~5.3086 ]
Q*= fo fs[u4TA4T I-| —1.3042
-0 P 0.2246 |

These are the generalized forces associated with the absolute coordinates of the
crankshaft and the rocker. Note that the forces associated with the translational coor-
dinates are equal in magnitude and opposite in direction.

To determine the generalized forces associated with the angles 62, 63, and 6%,

we first evaluate 6r3" as

orgt ord* 9q orgt
5 24: P _ P “H 50 = P 50
P 0q 1T g 00 90
where
9:[02 03 04]T
and
ord? _ ord? aq
20 dq a0
Using this equation, it can be shown that
862
o4 [ 00658  0.0921 -0.0933 6

rg =
P —0.0342 -0.3893 0.0359 50°
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The spring—damper force vector is

. [ —5.3086
Fs = st = [ ]

—-1.3042

The virtual work of this force is

0.0658  0.0921 -0.0933

SW=-Flord'= [-53086 -1.3042]
-0.0342 -0.3893  0.0359

862
563
80%
562
=—[-0.3047 0.0188 0.4485] | 86°
66*

where the generalized forces associated with the angles 62, 63, and 6* are recognized
as

Qp1 = 0.3047
Q2 = -0.0188
Qps = —0.4485

Rotational Spring—Damper Element Figure 12 depicts two bodies i and
j that are connected by rotational spring and damper. The stiffness coefficient
of the spring is assumed to be k; and the damping coefficient is assumed to be
Cr. The resultant moment of the spring and damper can be expressed as

Ms =k (0 — o) + ¢ 0 (5.72)

where 6 is the angle between body i and body j before displacements, and 6

)

<7
>

Figure 5.12 Torsiona spring and damper
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is the relative angular displacement between the two bodies, that is,
0=0 -0
The virtual work due to the moment of Eq. 72 is
SW = —Msg 660 = —[k (6 — 60) + 0] 66
Using the preceding two equations,
SW =—[k: (6 — 00) +c.0](66' — 66)
which can be written as
SW=0Q, 56 + Q) 50! (5.733)

where Q) and ng are the generalized forces associated with the rotational coor-
dinates of bodiesi and j, respectively. These generalized forces are

Qp = [k (6 — 60) + 0] (5.73b)
Q) = k(6 — 8o) + ;6 (5.730)

If the force element consists of a spring only, ¢; = 0. On the other hand, if the
force element consists of a damper only, k; = 0

Coulomb Friction Inthe case of ideal joints, the reaction forces are assumed
to be normal to the contact surfaces. Although this assumption is valid in many
situations and its use leads to a relatively small error, there are many applica
tions wherein the interaction between the contact surfaces must be described by
normal and tangential components. The tangential component that opposes the
relative motion between the two surfaces is called the friction force. In many
types of mechanical systems, such as gears and bearings, it is desirable to mini-
mize the effect of the friction forces, while in other applications, such as brakes
and clutches, one desires to maximize the friction effect.

In the case of Coulomb or dry friction, the friction force is not an explicit
function of the displacement and its derivatives. Figure 13a shows two bodies i
and j that are in contact. Let t be a unit vector along the flat contact surface, and
v' and v/ be the absolute velocities of the reference points of the two bodies.
The velocity of body i with respect to body j along the vector t is

v =V —v)Tt

As shown in Fig. 13a, the contact force is represented by two components. the
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Frh

wk,

“/‘an

(a) (b)
Figure 5.13 Friction force

component Fn, which is normal to the flat contact surface, and the component
Fs, which is parallel to that surface. The component Fs, which is developed by
friction, opposes the relative motion. In the classical theory of dry friction, the
friction force F; is directly proportional to the normal force F,,. Depending on
the materials of the two bodies, there is a limit to the magnitude of the force
Fs. In the special case where v, = 0, one has

Ft < psFn

where us, called the coefficient of static friction, depends on the properties of
the materials in contact. The values of the coefficient of static friction can be
found experimentally. Table | shows approximate values of this coefficient in
several cases of dry surfaces.

If body i slides with respect to body j with arelative velocity vy, the friction
force takes on the value

Fr = uFn sgn(ur) (5.74)

where uy is caled the coefficient of diding friction. This coefficient can also

TABLE 5.1 Coefficient of Static Friction

Rubber on concrete 0.60-0.90
Metal on stone 0.30-0.70
Metal on wood 0.20-0.60
Metal on metal 0.15-0.60

Stone on stone 0.40-0.70
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be determined experimentally and its value is dlightly less than us for most
materials. The function sgn(vy) has the value £1 depending on the sign of its
argument v;. Figure 13b shows the friction force F; as a function of the relative
velocity vy. It is clear from this figure that when v, is equal to zero, the friction
force F¢ can have any magnitude. The actual magnitude of this force can be
determined from the static equilibrium conditions. While it is often assumed in
the analysis of systems involving dry friction that the maximum friction force
is ukFn, in reality the force required to initiate the motion is dightly larger than
the force required to maintain it.
It is clear from Eq. 74 that

Fr _ —tan ¢
Foo

where the angle ¢ shown in Fig. 13ais caled the friction angle.

Example 5.6

The mass-spring system shown in Fig. 14 has mass m = 5 kg, stiffness coefficient
k=5x 10° N/m, coefficient of friction ux = 0.1, initial displacement x, = 0.03
m, and zero initial velocity. Determine the number of cycles of oscillations of the
mass before it comes to rest.

Solution. The equation of motion of the massis
mX + kx = FFs

where the negative sign is used when the mass moves to the right and the posi-
tive sign is used when the mass moves to the left. The solution of the differential
equation of motion can be written as

F+

Az sinwt + Ap coswt — o x>0 (5.759)
X(t) = E
By sinwt + By coswt + Tf x<0 (5.75b)

(a) (b)
Figure 5.14 Mass-spring system
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where w is the natural frequency of the system defined as

3
0o K /32X g 608 radys
m 5

Substituting with the initial conditions into Eq. 75b, which describes the dynamics
of the system when the mass moves to the left, one obtains

X(,:O.03:82+F—kf
Xo=0=wB;
where
Ff = uxkmg = (0.1)(5)(9.81) = 4.905 N
It follows that

F
Bi=0, By=Xo— Tf — 0.02902

Therefore, the displacement and velocity of the mass when it first moves to the left
can be described by the equations

F F
X(t) = <X0 Tf> CoS wt + Tf

X(t) =—w (Xo T) sin wt

The direction of the motion will change when the velocity is equal to zero, that is

F
OOJ<X0kf

) sin wtg
which yields
t; = —0.0993s
w

At this time the displacement is determined from Eq. 75b, which describes the
motion to the left, as

2F
X(t1) = x(%) - Xo+ Tf ~ -0.028038 m

This equation shows that the amplitude in the first half cycle is reduced by the
amount 2F /k as the result of dry friction.
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In the second half cycle, the mass moves to the right and the motion is governed
by Eq. 75a, which describes the motion to the right with the initial conditions

oF
x(l) = X+ Tf ~_0.028038 m

w
™
Xo[— ] =0
()
These initial conditions yield
3F
A1=0, Ap=Xo— Tf — 0.027057 m

The displacement x(t) in the second half cycle can then be written as

3F F
X(t) = (Xo kf> COoS wt — Tf

and the velocity
3F
(1) = —w (xo - kf> sin ot

The velocity iszero at timety = 2nr/w = 7, where 7 is the periodic time of the natural
oscillations. At time tp, the end of the first cycle, the displacement is

4F
X(t2) = X (27’> = Xo — Tf - 0.026076 m
w

which indicates that the amplitude decreases in the second half cycle by the amount
2F /K, as shown in Fig. 15. By continuing in this manner, one can verify that there
is aconstant decrease in the amplitude of 2F /k every half cycle. It is not necessary
that the system comes to rest at the undeformed spring position. The final position

will be at an amplitude Xz, where the spring force Fs = kX is less than or equal
to the friction force. In this example, the motion will stop if

kX <4.905

x(¢) h 4F [k

. !

Figure 5.15 Effect of the friction force
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or

4.905 4.905 3
< — = =
Xi < ” B 108 0.981x 10 °m
The amplitude loss per half cycle is
2 24909 4 965510 m

k  5x108

The number of half cycles n; completed before the mass comes to rest can be
obtained from the following equation:

2F
Xo — Nf <kf> <0981x 10 3m

which implies that
0.03 - nr(1.962x 10 %) < 0.981x 10 3 m

The smallest n; that satisfies thisinequality isny = 15 half cycles; that is, the number
of cycles completed before the mass comes to rest is 7.5.

The preceding example demonstrates the complexity of the analysis of dry
friction using a simple mass spring system. In a more complex mechanical
system that consists of a set of interconnected bodies, the generalized friction
forces associated with the system generalized coordinates can be systematically
determined. Recall that in rigid body dynamics, a force is a sliding vector that
can be moved along its line of action without changing its effect. It follows that
once the friction force along the flat contact surface is determined, the gener-
alized forces associated with the generalized coordinates of two bodiesi and j
in contact can be simply obtained using the concept of equipollent systems of
forces or using the expression of the virtual work of the friction force where
the point of application of the force is assumed to be an arbitrary point on the
contact surface.

Further generalization of the development presented in this section can be
made if the friction force is considered as arising from uniformly or nonuni-
formly distributed shear stress at the contact area (Greenwood, 1988). In this
case, the frictional shear stress is equal to uk times the normal pressure. While
this approach gives the same results for the simpler case of a flat contact sur-
face, it can also be used in the analysis of more complicated systems. In order
to demonstrate the use of this approach, consider the case of a circular rotat-
ing disk of radius a being pressed against another disk with a force Fy. If the
compressive stress oy, is assumed to be uniform, one has

_ pkFn
w(a)?

On
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The moment due to the friction force acting on an annular element of radius
dr and area

dA =27r dr

as shown in Fig. 16 is

dM::oAZWrdnr:’WFg 2n(r)2 dr

m(a)
which upon integration leads to
2uxF a 2a
Q;mer3uﬁ (5.76)

Another important friction application pertains to wheeled vehicles, which
depend on the friction forces for starting, moving, and stopping. A point on
a moving wheel as the one shown in Fig. 17 can have an instantaneous zero
velocity while its acceleration is different from zero. Generally, there are two
different situations that may occur. In the first situation, the wheel rolls and
dlides on the ground such that the wheel motion can be described using two
degrees of freedom; one describes the rolling motion, while the other describes
the dliding displacement. Because of the sliding motion, the velocity of the
point of contact P on the wheel is not equal to zero. In the case of pure rolling
motion, on the other hand, no dliding occurs and the instantaneous velocity of
the contact point P on the wheel is equal to zero. In this case, the instantaneous
velocity of the center of the wheel C is

Ve =m X Ucp

Figure 5.16 Friction stress
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Figure 5.17 Rolling contact

where w is the angular velocity of the wheel, and ucp is the position vector of
point C with respect to point P. We must keep in mind that while in the preced-
ing equation the velocity of point C is expressed in terms of the instantaneous
velocity of point P, v takes on the same value so long as ucp represents the
position vector of point C with respect to the contact point P. The direction of
this velocity is always perpendicular to CP and its magnitude is equal to

|ve| =fa

where 6 is the angle of rotation of the wheel and a is the radius of the wheel.
The absolute acceleration of point C is

ac =a X Ucp

where a is the angular acceleration of the wheel. The absolute acceleration of
the contact point P can then be written as

ap =ac +apc
—aX Ucp+aX Upc+ X (0 X Upc)
= X (o X Upc)

Assuming that the wheel is balanced such that its center of mass is the same
asits geometric center, the absolute accel eration of the center of massisequal to
ac. Since in the case of pure rolling the wheel has only one degree of freedom,
the equation of motion of the wheel can be obtained by taking the moments of
the inertia and applied forces about the contact point P. This equation can be
used to determine the unknown force or acceleration. The reaction force at the
contact point can then be determined by evaluating the sum of the forcesin the
vertical direction.
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5.5 WORKLESS CONSTRAINTS

Mechanical joints in multibody systems give rise to constraint forces that influ-
ence the motion of the system components. These forces appear in the static
and dynamic equations when the equilibrium conditions are developed for each
body in the system. As demonstrated in the remainder of this book, the resulting
system of equations can be solved for a number of unknowns equal to the num-
ber of the constraint reaction forces plus the number of the system degrees of
freedom. These equations, by eliminating the reaction forces, reduce to a num-
ber of equations equal to the number of degrees of freedom of the system, and
therefore, the constraint reaction forces may be considered as auxiliary quanti-
ties that we are forced to introduce when we study the equilibrium of each body
in the system separately. These forces, which can be eliminated by consider-
ing the equilibrium of the entire system of bodies, are the result of workless or
ideal constraints. The internal reaction forces between the particles that form
a rigid body are constraint forces which do no work. This can be demonstrated
by using the fact that the distance between two particles i and | on a rigid body
remains constant, that is,

r' - —r)=¢ (5.77)
where r' and r 1 are, respectively, the position vectors of the particles i and j,
and c; is a constant. By assuming a virtual change in the position vector of the
two particles, Eq. 77 yields

(r'—r)Teri—srhy=0 (5.78)
Let Ficj be the constraint force acting on particle i as the result of the kinematic
constraint of Eq. 78. Newton’s third law states that when two particles exert
forces on each other, the resulting interaction forces are equal in magnitude,
opposite in direction, and directed along the straight line joining the two parti-

cles. According to this law, one may write Ft = fFicj as the reaction force that
acts on particle j. Furthermore,

Fi=co(r' —r) (5.79)

where c; is a constant. The virtual work of the forces Fi and F2 can be written
as

SW=FI" sri+Fi" ori —Fl" gri - FlI" 5ri —Fi"(ri —sri)  (5.80)
Substituting Eqg. 79 into Eq. 80 and using Eq. 78, yields

SW=cy(r' —ryer' —érhy=0
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Figure 5.18 Constraint forces

which implies that the connection forces resulting from the constraints between
the particles forming the rigid body do no work.

Similar comments apply to the case of other friction-free mechanical joints
such as the revolute joint shown in Fig. 18. For instance, the virtual work of
the reaction forces acting on body i is

SW' =—FI' srp
where r p is the global position vector of the joint definition point P shown in
Fig. 18. The virtual work of the joint reaction forces acting on body | is
SWI=Fil' 6rp
Using the preceding two equations, one has
SW'+sWi=0

This simple fact will be utilized in developing the principle of virtua work
to eliminate the reaction forces from the equilibrium conditions leading to a
number of equations equal to the number of degrees of freedom of the system.

5.6 PRINCIPLE OF VIRTUAL WORK IN STATICS

The concepts and definitions presented in the preceding sections are used in
this section to develop the principle of virtual work for static equilibrium. The
principle of virtual work in dynamics is discussed in the following section.

Equipollent Systems of Forces The first step in deriving the principle of
virtual work isto prove that two equipollent systems of forces produce the same
virtual work. It was shown in Section 3 that a force F' acting at an arbitrary
point P' on arigid body i is equipollent to aforce F' that acts at the reference
point and a moment M' given by

—iT

M =ub Al F (5.81)
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where T! b isthe local position vector of point P' defined with respect to the ref-
erence point, and Ae is the partial derivative of the transformation matrix with

respect to the angle 6'. The vi irtual work of the system of forces that consists
of the force F' and the moment M' is

SWi =F" 6R' + M 56' = F"' 6R +TUL AL F' 66 (5.82)

The virtual work of the original system of forces that consists of the force F'
is

Wi=F" srh, (5.83)
where rk is the global position vector of the arbitrary point P', which can be

expressed in terms of the coordinates of the reference point and the angular
orientation of the body as

rb =R + AT, (5.84)
Substituting Eqg. 84 into Eq. 83 yields
—F" 6R +F ATl 66 (5.85)
By comparing Egs. 82 and 85 one concludes that
SW' =W (5.86)
which implies that two equipollent systems of forces do the same work.

Principle of Virtual Work The fact that two equipollent systems of forces
do the same work can be utilized to provide a systematic development of the
principle of virtual Work Consider abody i that is acted upon by the system of
forces i, F), .. 1, and the system of moments M}, M5, .. . Thissys-
tem of forces and moments that also includes the reaction forces and'moments
can be replaced by an equipollent system that consists of one force F, and one
moment M., as shown in Fig. 19. The virtual work of the original system of
forces shown in Fig. 19ais

SW! = FY ori+Fy orh+---+F, or}
+(ML+ MY+ + M), ) 56 (5.87)

where r; is the position vector of the point of application of the force F} and
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(a) (b)
Figure 5.19 Equipollent forces

6" is the angular orientation of the body i. Equation 87 can be written as
SW' =2 F orj+ (Z M}) 56 (5.88)
j=1 j=1

The virtual work of the system of forces shown in Fig. 19b can ssimply be
written as

SWi=FL sri+ ML 66 (5.89)
vvihere ri isthe position vector of the point of application of the resultant force
I:e'Si nce the two systems of forces shown in Fig. 19 are equipollent, one has

W' = sW! (5.90)

or
> Fj 5r}+<2 M})M‘F'e or g+ My 66/ (5.91)
j=1 j=1

If body i isto be in static equilibrium, the following conditions must hold:
FL.=0, M,=0 (5.92)
which also yield

Foori=0, MLs6 =0 (5.93)
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Substituting these two equations into Eg. 91, one obtains
L . . Mm .
> Foor] +(Z Mj) 56'=0 (5.94)
j=1 j=1

This is a mathematical statement of the principle of virtual work for the static
equilibrium of body i. Equation 94 states that if body i isin static equilibrium,
the virtual work of all the forces and moments that act on this body must be
equal to zero. This equation can be written as

SW'=0 (5.95)

Constraint Forces Equation 95 includes the effect of the external and con-
straint forces and moments. One may write Eq. 95 as

W' = WL +6WL =0 (5.96)

where §W\, is the virtual work of the external forces and moments and sW1, is
the virtual work of the constraint forces and moments.

If the mechanical system consists of n, bodies, an equation similar to Eqg. 96
can be obtained for each body in the system. By summing up these equations,
one obtains

Ny Ny Ny

STOW = X sWL+ > sWL=0 (5.97)
i=1 i=1 i=1

Since joint constraint forces are equal in magnitude and opposite in direction,
the virtual work of the constraint forces that act on the system must be equal
to zero, that is,

Np

_gl SWL=0 (5.98)

Substituting Eqg. 98 into Eq. 97 leads to the principle of virtual work for the
static equilibrium of mechanical systems as

Np

SWe= > WL =0 (5.99)
i=1

which implies that the mechanical system that consists of interconnected bodies
is in static equilibrium if the virtual work of all the external forces acting on
the system is equal to zero.
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Equilibrium Equations Let amultibody mechanical system that consists of
n, bodies be subjected to a system of external forces and moments given by

F=[Fl F3 - FyI"
M=[M; My - Mp]"
The virtual work of this system of forces and moments is
N

SWe = Z Florj + Z M; 86 (5.100)

As demonstrated previously, r; and ¢; can be expressed in terms of the inde-
pendent coordinates of the system, that is,

rj=r;ia)
0; = 0;(a;)

where q; is the vector of system independent coordinates or degrees of freedom.
Virtual changes in the system coordinates yield

orj = g;‘ 60 (5.101q)
i
d0);

60; = 3 60; (5.101b)

Substituting Eq. 101 into Eq. 100 leads to

orj om 00
T J
awe<]§:|: - +§) M, aq,)ﬁq' (5.102)

which can be written as
W, = Q] 6q; (5.103)

where Q. is the vector of generalized external forces defined as

X ar 20 )
er21< daq; > i Z M ( aq; (51049
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If the stystem is in static equilibrium, Egs. 99 and 103 yield
8We=Q] 6q, =0 (5.105)

Since the components of the vector q; are assumed to be independent, one has

Q.-0 (5.106)

This equation implies that if the system is in static equilibrium, the vector of
generalized external forces associated with the system degrees of freedom must
be equal to zero. Equation 106 represents a system of algebraic equilibrium
equations that has a number of equations equal to the number of degrees of
freedom of the system. Therefore, these equations can be solved for a number
of unknowns equal to the number of degrees of freedom of the system.

It isclear that several basic steps are used in deriving the principle of virtual
work for static equilibrium. In the first step, the fact that equipollent systems of
forces do the same work is utilized. In the second step, the static equilibrium
conditions are used to obtain the principle of virtual work as applied to each
body in the system. At this intermediate step, the virtual work of the joint reac-
tion forces must be considered because each body is treated separately. In the
third step, the principle of virtual work for the mechanical system that consists
of a set of interconnected bodies is developed. Since in this step the equilib-
rium of the entire system is considered, the fact that the virtual work of the
joint reaction forces acting on the system is equal to zero is utilized. This step
leads to Eq. 99, which is valid regardless of the set of coordinates used. Finally,
a set of independent equilibrium conditions is obtained by writing the principle
of virtual work in terms of the virtual change in the system degrees of freedom.
This step leads to the static equilibrium conditions of Eg. 106.

lllustrative Example To demonstrate the use of the principle of virtual work
in the static equilibrium analysis of multibody systems, the slider crank mech-
anism shown in Fig. 20 is used. The crankshaft is subjected to an external
moment M2, while the slider block is acted upon by a force F*. We assume

Figure 5.20 Slider crank mechanism
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that the origins of the body coordinate systems are attached to the body centers
of mass. To illustrate the process of eliminating the reaction forces, Eq. 95 is
first used for the static equilibrium analysis of each body in the mechanism.
For the crankshaft, Eq. 95 is given by

F2 6r3 - F2 6r3 - mPg 6R2 + M2 66% =0 (5.107)

where n? is the mass of the crankshaft, r3 and r 3 are, respectively, the global
position vectors of points O and A, R; is the vertical component of the position
vector of the center of mass of the crankshaft, and F' is the vector of the joint
reaction forces acting on body j as the result of its connection with body i.

Similarly, the virtual work of the forces acting on the connecting rod can be
written as

F2' 5r3 - F3 53 mPgoRE=0 (5.108)
A B g

where m® is the mass of the connecting rod, r 3 is the global position vector of
point B, and R’ is the vertical component of the position vector of the center
of mass of the connecting rod.

The virtual work of the forces acting on the slider block is also equal to zero.
This leads to

F srg+(F* - mg) R+ F* 8R! =0 (5.109)

Observe that r 2 = 0 since point O is a fixed point, and that 6r3 = ér3 and
8r 3 = or § asthe result of the conditions of the revolute joints at points A and B,
respectively. Also, 5R§1 =0, since the dlider block moves only in the horizontal
direction. Keeping this in mind and adding Egs. 107 through 109 leads to Eq.
99 for this mechanism as

—m’g 8RS — m*g 6RS + M? 66 + F* R = 0 (5.110)

While the reaction forces appear in the static equilibrium equations when the
principle of virtual work is applied to each link separately, these reactions are
automatically eliminated by adding the resulting equilibrium equations leading
to Eqg. 110 which contains only the virtual work of the external forces. This
equation in its current form is not very useful. In order to make use of this
equation we express 6R7, 6RY, 662, and 6R; in terms of the system degree of
freedom which we may select as 62. In this case, one has

8RZ =13 cos 02 567
SRE =12 cos 02 56% +13 cos 6%56° (5.111)
SR =—-1%2sin 2 662 — 13 sin 63 66°
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where 13 is the distance from point O to the center of the crankshaft and I3 is
the distance from point A to the center of the connecting rod. Since

sin 6% = 2 sin §?
|3
one has
12 cos 62
3 _ 2

Substituting this equation into Eqg. 111 yields
SR =13 cos 62 662

3
RS = |2<1 |3) cos 62 66 (5.113)

8R! = 12(—sin 62 + cos 62 tan 63) 662

Substituting these equations into Eq. 110 leads to

|3
[nglé cos 92 — m3gI2<1 I’;) cos 92 + M?

+ F4%(—sin 2 + cos 02tan03)] 862=0 (5.114)

which can be written in the form of Eq. 105 as
Qe 66°=0 (5.115)
where Qg is the generalized force associated with the independent coordinate

62 and is given by

3
Qe = —nPgl3 cos 6% - m3gI2(1 :2) cos 0% + M?

+F*?(~sin 2 + cos # tan 6°) (5.116)

Since 6?2 is an independent coordinate, the scalar Q. of Eq. 115 must be equal
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to zero, leading to the following algebraic equation:

3
— mPgl3 cos 62 - m3gI2< - I@) cos 6% + M?

+F42(~sin 2 + cos #?tan %) = 0

This equation does not include any reaction forces and can be solved for one
unknown. For example, if the external moment M? is given, one can use the
preceding equation to determine the force F4, which is required in order to
keep the mechanism in a given static equilibrium configuration.

Example 5.7

The four-bar linkage shown in Fig. 21 is subjected to two external moments M2 and
M* that act, respectively, on the crankshaft and the rocker. If the effect of gravity
of the links is neglected and if M2 is assumed to be known, determine the moment
M# that acts on the rocker such that the mechanism is in static equilibrium.

Solution. Since the mechanism is in static equilibrium, the virtual work of all the
external forces and moments that act on the mechanism must be equal to zero. This
yields

SWe=-M256%+M*56% =0
In Example 2, it was shown that

 12sin(92 - 63)
" 14sin(63 - 6%)

Substituting this equation into the expression for the virtual work, one obtains

56% 562

12sin(92 - 63)

ki VR M4 2 _
Asin@3 o4 M |20

BWe: [M2+

Figure 5.21 Four-bar mechanism
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Since the mechanism has one degree of freedom, 2 can be selected as the inde-
pendent coordinate. The coefficient of 662 in the preceding equation must then be
equal to zero, leading to the following equilibrium condition:

12sin(92 — 63)

M2+ = L M4 =
17 sin(6% — 6%) 0

from which M4 can be determined as

4 14sin(6® - 6%

S A Y
12sin(2 — 63)

Example 5.8

The two-arm robotic manipulator shown in Fig. 22 is subjected to a torque M2 that
acts on link 2 and a force F3 that acts at the tip point of link 3, as shown in the
figure. The force F3 is assumed to have a known direction defined by the angle ¢.
The mass of link 2 is assumed to be n?, while the mass of link 3 is m. Considering
the effect of gravity, determine M2 and F2 such that the system remains in static
equilibrium.

Solution. The virtual work of the forces and moments that act on the system is

8We = M2 562 — g 6R2 — m3g 6R3 + F% or3

ZZ g
Figure 5.22 Robotic manipulator
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where
R =13 sin 62
Ry =12 sin 6% +13 sin 63
3 12 cos? + 13 cos 6
P 12sng2 +13sinp3
These equations yield

SRZ =13 cosf? 66

5RG =12 cos 62 562 +13 cos 62 66°

53 [ ~12sin6? I3sin03] [502]
P71 12cos6?2  13cos63] | 563

Substituting these virtual changes into the expression for the virtual work, and

writting F in terms of its components F3 cos ¢ and F3 sin ¢, one obtains
8We = M? 662 — m?gl3 cos 62 66% — m>g(12 cos 62 562 +13 cos 63 56°)

~12sing? I3sin03] [502]

+[F3cos¢ F3sdn [
[ ¢ 4l 12cosf2  13cosh3 || 663

If the system is in static equilibrium, one has §We = 0, and consequently

8We = [M2 — mPgl cos #2 — m3gl? cos 62
— F312 sin 62 cos ¢ + F312 cos 62 sin ¢] 662
+[-m3gl3 cos 63— F313 sin 63 cos ¢ + F 313 cos 63 sin ¢] 663
=0
Since 62 and 62 are independent coordinates, their coefficients in the preceding
equation must be equal to zero. This leads to the following algebraic eguations:
M2 + F312sin(¢ — 02) = m?gl3 cos 62 + m3gl? cos 62
F33sin( - 63) = mgl3 cos 63
The solution of these two equations defines F2 and M2 as
s _ M°gi} cos 63
13sin( - 6°)
M? = gl cos 62 + m3gl? cos 62 — m3gl3 cos 6° 1Zsin( - 0%)
o A 13sin(¢ — 63)

Note that if the gravity of the two links are neglected, M2 and F3 are equal to
zero. In this special case, external forces and moments are not required to keep the
system in static equilibrium.
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5.7 PRINCIPLE OF VIRTUAL WORK IN DYNAMICS

The principle of virtual work can be generalized to study the dynamics of
mechanical systems that consist of interconnected bodies. In this case, the iner-
tia forces and D’ Alembert’s principle can be used to establish the principle of
virtual work in dynamics. For the rigid body i, the equations of motion are

F-ma =0 (5.117)

M —J'9"' =0 (5.118)
where F' is the vector of resultant forces that act on body i, M' is the sum of
the moments about the center of mass, a' is the acceleration vector of the center
of mass, #' is the angular acceleration, m' is the mass of body i, and J' is the
mass moment of inertia of the body about an axis passing through the body
center of mass.

Using the concept of the equipollent systems of forces discussed in the pre-
ceding sections, and without any loss of generality, the force vector F' can be
selected in such a manner that its point of application is the center of mass of
the body. One may then multiply Eq. 117 by éR' and Eq. 118 by §6', where
R' is the global position vector of the center of mass of the body. This yields

(F—ma) R =0 (5.119)
(M —J3'¢") 66 =0 (5.120)
By adding these two equations, one obtains
(F'—ma)T 6R' + (M' —J'6') 66' =0
or
F'6R +M 66 —ma' 6R —J'6' 66 =0 (5.121)
This equation can be written as
W' —8W! =0 (5.122)

where W' is the virtual work of the external and reaction forces and moments
that act on body i, and §W; isthe virtual work of the inertia forces and moments
of this body, that is,
SWi=F" R +M' 5¢' (5.123)
SWi=ma' 6R +Ji§' 56 (5.124)
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Note that sW' can aso be written as
W' =W + Wi, (5.125)

where 8WL, is the virtual work of the constraint forces and moments, and sW1,
is the virtual work of the external forces and moments. Substituting Eq. 125
into Eq. 122, one obtains

WL +8WL — sW! =0 (5.126)

which implies that when the dynamics of a body is considered separately, the
virtual work of the reaction forces acting on the body must be included. It is
also important to reiterate at this point that the virtual work of Eq. 126 may be
expressed in terms of the actual system of external and reaction forces acting
on this body instead of the equipollent system, since both systems produce the
same virtual work.

Connectivity Conditions If the mechanical system consists of n, intercon-
nected rigid bodies, the use of Eq. 126 leads to

Np

> (WL +8WL — sWh =0 (5.127)
i=1
Due to the fact that the joint constraint forces that act on two adjacent bodies
are equal in magnitude and opposite in direction, one has
Np )
> 8WL=0 (5.128)
i1
Substituting this equation into Eqg. 127 yields
Np Np

S OWL— > sWi=0 (5.129)
i=1 i=1

This is the principle of virtual work for dynamics, which states that the vir-
tual work of the external forces and moments acting on the system is equal to
the virtual work of the inertia forces and moments of the system. In Eq. 129,
one does not need to consider the reaction forces of the workless constraints.
Equation 129 can be written as

SWe — W, = 0 (5.130)

where
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Np

W = > 6W.
i=1

Np

SW; = > W
i=1

The coefficients of the virtual displacements in Eq. 130 cannot be set equal to
zero because these displacements are not independent. To make use of Eq. 130,
the virtual changes in the system degrees of freedom are used.

Dynamic Equations Asin the case of the static equilibrium, the virtual dis-
placements can be expressed in terms of the virtual displacements of the inde-
pendent coordinates. By so doing, the virtual work of the external and inertia
forces and moments can be expressed as

We = Q! 6q; (5.131)
W, = Q/ g (5.132)
where Q. and Q; are, respectively, the vectors of generalized external and iner-
tia forces associated with the system independent coordinates g;. Substituting
Egs. 131 and 132 into Eq. 130, one obtains
Q¢ 8¢; — Qf 8¢; =0
or
Qe - Q) ég; =0 (5.133)

Since the components of the vector g; are assumed to be independent, Eq. 133
leads to

Qe*QiZO

or

Qe = Qi (5.134)

These are the dynamic equations for the mechanical system, which imply that
the vectors of the generalized external and inertia forces associated with the
independent coordinates must be equal. The number of scalar equations in Eq.
134 is equal to the number of degrees of freedom of the system. Conseguently,
Eqg. 134 can be used to solve for a number of unknowns equal to the number
of the system degrees of freedom.

lllustrative Example The use of the principle of virtual work in dynamics
can be demonstrated using the slider crank mechanism discussed in the pre-
ceding section and shown in Fig. 20. Since the mechanism has one degree of
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freedom, the vectors Q. and Q; of Eq. 134 reduce to scalars. It was shown in
the preceding section that the generalized external force Q. associated with the
angular rotation of the crankshaft is given by

|3
Qe = —1Pgl3 cos 6% - m3gI2(1 l’;) cos 62 + M?

+ F*?(~sin 62 + cos #%tan 6°) (5.135)

where all the variables in this equation are as defined in the preceding section.
The virtual work of the inertia forces is given by

SW; = mPag 5RE + mrag 6RG + 6% 667
+mlal 6RE + m®al RS + 333 66°
+mtal 6R} (5.136)

where &, and &), are the components of the acceleration of the center of mass
of link i, 9" is its angular acceleration, and R, and R, are the components of
the global position vector of the center of mass of link i. The components R
and RS can be written as

2 2
RZ=12 cos
R2=12 cos 02 +13 cos 63

which upon using Eqg. 112 yields
SR2 =12 sin 2 562 (5.137)
. 13
SRS =12 (sm 62 — T’; cos 02tan63> 662 (5.138)

Substituting Eqs. 112, 113, 137, and 138 into Eq, 136 yields
W, = [r’nza,z(lfj sin % + nfagl3 cos 6% + 262

. 13
—-mall? (sm 92 - I—/; cos 02tan03>

3

I .. |2 cos ?
+ m3a§’I2<1 I’;) cos §2 — J%° T oo 8%

+ m*all?(—sin 62 + cos 6% tan 03)] 562



272 VIRTUAL WORK AND LAGRANGIAN DYNAMICS

which can be written as

W, = Q; 66°

where
Q = —m?aZl3 sin 6 + mPaZl3 cos 67 +J%6?

. 13
—-m*all? (sm 02 - I—’; cos #2tan6®

3

+m3af;lz<1 IA) cos 6% - J

343 12 cos 62
|3

I3 cos 63

+mtall?(—sin 02 + cos 62 tan6°) (5.139)

By using Egs. 134, 135, and 139, the dynamic condition for the slider crank
mechanism can be written as

— mPagl3 sin 62 + mPaZl3 cos 62 + 322

|3

13 .. [ 12 cos §?
3,312 A 2 3p3
+mayl <1|3> cos < — J°0 <|3cose3>

. 13
- m3a)?(’|2<sm 02 — -2 cos 02tan03>

+m*all?(~sin 02 + cos 02 tan 6°)

3

= —mPgl? cos 62 - m39I2<l :g) cos 62 + M?

+F42(—sin 2 + cos 02 tan 6°) (5.140)

The acceleration components that appear in this equation are not independent
by virtue of the kinematic constraints. The relationships between these accel-
erations can be found by differentiating the algebraic constraint equations, as
previously explained. All the acceleration components of the slider crank mech-
anism can be expressed in terms of 62, §2, and 2 because the mechanism has
one degree of freedom only. If all the forces in Eq. 140 are given, this equation
can be solved for the angular acceleration of the crankshaft in terms of 62 and
62. Given a set of initial conditions, the angular accleration 62 can be integrated
to determine the angular displacement #2 and the angular velocity 2. Having
determined the degree of freedom and its time derivatives, other coordinates
and their time derivatives can be determined using the kinematic equations.
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Example 5.9

Obtain the dynamic equations of the two-arm robotic manipulator of Example 8.

Solution. Since the system has two degrees of freedom, the virtual work of the
applied forces can be expressed in terms of the virtual changes in these two degrees
of freedom. It was shown in Example 8 that the virtual work of the external forces
is
5We = [M? — m?gl2 cos 6% — m°gl? cos 62
— F32 sin 62 cos ¢ + F 312 cos 62 sin ¢] 662
+[-m>gl3 cos 6% - F31% sin 63 cos ¢ + F3I3 cos 63 sin ¢] 66°
or
8We = Q¢ 8
where g = [02 0%]T, and Qe =[Q1  Qa]", where
Q1 = M? - m?gl3 cos 62 — m3gl? cos 02 + F312sin(¢ - 62)
Q2= -m°gl3 cos 6% +F313 sin(p - 6°)
The virtual work of the inertia forces is
8Wi = mPag SR +mPag 5RG + 267 66% + m?a3 6RE + mPay 6RS +J3%9° 56°
where
6R2 =12 sin 62 562
SR =13 cos 67 66
SRE=—125n0266% 13 sin 63 56°
8RS =12 cos 62 6% +13 cos 6° 66°

Substituting these virtual changes into the expression of the virtual work of the
inertia forces, one obtains

8W; = (—mPaZlg sin 62 + mPaglg cos 6% + %62
m®a3l? sin 62 + m*al? cos 62) 667
+(-m3ad13 sin 63+ ma3I3 cos 6% +3%%) 663
which can be written as
3Wi = Q[ 4q;
where

Qi =[Q1 Q"
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in which
Qi1 = —m?aZlg sin 62 + mPadl3 cos 62 + 3262 — m*adl? sin 62
+mPadl? cos 6%
Qiz=-mal} sin 63+ mPaI3 cos 63 + 333

Applying Eq. 134, the dynamic equations for this system are

— mPagl3 sin 62 + mPadl3 cos 62 + 3262 - mPa3l? sin 62 + m?aJl? cos 62
= M2 - m?gld cos §2 - m3gl? cos 62 + F31%sin(¢ - 62)
- ma3l} sin 63+ mPal3 cos 62 + 333

= -m>gl3 cos 63+ F33sin(¢ - 6°)

5.8 LAGRANGE’S EQUATION

The principle of virtual work allows us to formulate the dynamic equations
using any set of independent generalized coordinates. Lagrange (1736-1813)
created this powerful tool, recognized its superiority in formulating the dynamic
equations, and used it as the starting point to formulate Lagrange's equation,
which we will discuss in this section.

The virtual work of the inertia forces of arigid body i is defined as

SWi s P eri dV/ (5.141)
VI

where p' and V' are, respectively, the mass density and volume of the rigid

body, and r' is the globa position vector of an arbitrary point on the rigid

body. The global position vector of the arbitrary point can be written in terms

of the system generalized coordinates as

r'=ri(q,t) (5.142)
It follows that
o oor
I _
Sr ,Tq 6q (5.143)

Substituting Eq. 143 into Eq. 141, the virtual work of the inertia forces of the
rigid body i can be written as

. . . i .
W s ot O sq dvi (5.144)
vi aq
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or

SWi=Q!" 5q (5.145)

where

i N L
Q jVi p ( 5 ) i dv (5.146)

is the vector of generalized inertia forces of body i associated with the system
generalized coordinates q.

We note also that the absolute velocity vector of the arbitrary point on the
rigid body is

r’ifairi' +87ri' +...+87ri‘ +Lri
T om 1 9% 02 Gn 5t

90hn
Soort o ort
“Z5q 9
ori orl
- g+ = 5.147
aq 9% (5.147)
from which one can deduce the following identity:

or'  orl!
a9 9q

(5.148)

By using a similar procedure, one can also show that

ori orl o

By using the identity of Eq. 148, the generalized inertia forces of the rigid body
i given by Eq. 146 can be written as

i oo\
Ql jvi o ( % ) i dv (5.150)

Note that

{5 s )



276 VIRTUAL WORK AND LAGRANGIAN DYNAMICS

which upon utilizing the identity of Eq. 148 leads to
N d [raei\T. 1 d i,
— | F'=—=q==) f'p——9 = ¢F
aq dt aq dt | Jq
i{%(;r”fi”;}{;r”ri} (5.151)

Substituting Eq. 151 into Eg. 150 and using the definition of the kinetic energy
of body i

1

Ti:E S PV (5.152)
VI

the generalized inertia forces of the rigid body i can be expressed int erms of
the body kinetic energy as

. d (aT\" (aTh\’
o (%) (%) 5159

The inertia forces of a system of ny rigid bodies can then be written as

Q=20
i=1
S X d o \T /aT'\T
urit(aq) (aq>
d /aT\" [oT\"
dt (aq> (aq) (5159

where T is the system kinetic energy defined as

Np

T=>T
i=1

Using the principle of virtual work in dynamics, one concludes that if the gen-
eralized coordinates are independent, the system equations of motions can be
written as

d [oT aT .
dt(aqj>aq,-Qi j=1,2,...,n (5.155)
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whereq;, j =1, 2, ..., n are the independent coordinates or the system degrees
of freedom and Q; is the generalized applied force associated with the indepen-
dent coordinate g;. Equation 155 is called Lagrange's equation of motion.

To demonstrate the use of Lagrange’s equation, we consider the system
shown in Fig. 23. The rod in this system is assumed to be uniform and has
mass m?, mass moment of inertia about its center of mass J2, and length |. The
block is assumed to have a specified motion z(t) and, consequently, the system
has one degree of freedom, which we select to be the angular orientation of the
rod 2. The kinetic energy of the rod can be written as

T = P2 + (R)?] + § 920

where R2 and Rf, are the Cartesian components of the position vector of the
center of mass of the rod. These coordinates are defined as

and their time derivatives are

RﬁzZ(t)fézlisinOZ

]
IR’§:¢92E cos 62

2(t) Figure 5.23 Pendulum with moving base
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The kinetic energy of the rod takes the form

T—imz- 'z(t)fézl—sinez 2+ 62Lcos02 i +3JZ((92)2
) 2 2 2

[ . 2
1 =\ 2 2N21 o 2 02' 1 2/n2\2
== — +| — + —
2mz(z) 20°1 sin 6 <2 2J(é?)
The virtual work of the external forces acting on the rod is

I
dWe = —nPg 8RS + M? 66% = (ng - cos 02 + M2> 567 = Qe 667

where Qg is the generalized force associated with the system degree of freedom
62 and is defined as

Q. = —Ng IE cos 2% + M? (5.156)

Lagrange’s equation of motion of this system can then be written as

d [/ oT oT
where
% mPzl sin 6 +[J +mZT 6
It follows that
% (;:2) :—mzzlE sin 2 — mPzh? IE cos 62 + J362 (5.158)
in which
e (1)
=3+ =,
One also has
% = P92 IE cos 62 (5.159)
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Substituting Egs. 156, 158, and 159 into Eg. 157, one obtains
. | [
J20% +mPg - C0s 0% = M2 + m?2 - sn 62 (5.160)

Clearly, Eg. 160 can aso be derived using D’Alembert’s principle by equat-
ing the moments of the applied and inertia forces about point O. The use of
D’Alembert’s principle to obtain Eq. 160 was demonstrated in the preceding
chapter. A third alternative for deriving this equation is to use the principle of
virtual work, which is the starting point in deriving Lagrange’s equation.

5.9 GIBBS-APPEL EQUATION
The identity of Eq. 149 clearly demonstrates that the virtual work of the inertia

forces of the rigid body i can be evaluated using any of the following expres-
sions:

i i ari T L i

Qi jVi 0 ( 3 ) it dVv (5.16149)
i ([ or ' ci gy

Q! §Vi 0 ( 2 ) i dVv (5.161b)
i AN

Qi jVi 0 ( 3 ) i dv (5.161c)

or by using the expression of the kinetic energy in Lagrange’s equation as pre-
viously discussed. All of these forms are equivalent and lead to the same results
when the same set of coordinates are used.

While in Lagrange’s equation, the generalized inertia forces are expressed in
terms of the kinetic energy which is quadratic in the velocities; in Gibbs-Appel
equation, the generalized inertia forces are expressed in terms of an accelera-
tion function. The Gibbs-Appel form of the inertiaforces can be obtained using
Eg. 161c. This equation can be written as

i i 8 1 "iT"i T i
which can also be written as

_ 95

Qi % (5.163)
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where S' is an acceleration function defined as

siés_pw”ﬂdvi (5.164)
VI

5.10 HAMILTONIAN FORMULATION

The forces acting on a mechanical system can be classified as conservative and
nonconservative forces. If Q. is the vector of generalized forces acting on the
multibody system, this vector can be written as

Qe = Qco + an (5.165)

where Q., and Q. are, respectively, the vectors of conservative and noncon-
servative forces. As pointed out previously, conservative forces can be derived
from a potential function V, that is,

AN
Qoo =— <aq> (5.166)

where g = [g1 O --- qn]" is the vector of generalized coordinates of the
mechanical system. Substituting Eq. 166 into Eqg. 165, one obtains
v\ '
Qe - (aq> + an (5-167)

If the generalized coordinates are independent, Lagrange’s equation can be
written in the following form:

d [T\  [oT\'

at (5a) (%) - (5169
Using Egs. 167 and 168 and keeping in mind that the potential function V does
not depend on the generalized velocities, one gets

d [aT-V)]" [aT-V)]"
Define the Lagrangian L as
L=T-V (5.170)

In terms of the Lagrangian, Lagrange’s equation takes the form

d /oL\" /[oL\'
ot (5a) (Gg) o o470
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Canonical Equations If the mechanical system has n degrees of freedom,
Lagrange’s equation defines n second-order differential equations of motion
expressed in terms of the degrees of freedom and their time derivatives. The
Hamiltonian formulation, on the other hand, leads to a set of first-order differ-
ential equations defined in terms of the generalized coordinates and generalized
momenta P;, which are defined as

AT AL
S0 dq

(5.172)

In obtaining Eq. 172, the fact that the potential energy is independent of the
velocitiesis utilized. This equation can be used to define the vector of generalize

momenta as

aT\ " /aL\'

> (%) (%) 6479

The Hamiltonian H is defined as

H=-q'P-L (5.174)
and

oL oL
oH=q 6P+P 6q <8q>6q (aq>6q

It is clear from the definition of the vector of the generalized momenta of Eq.
173 that the second and third terms on the right side of the preceding equation
cancel. Conseguently,

SH=q" 6P - <g:> 89 (5.175)

Using Eq. 173, the generalized velocity vector can be expressed in tems of the
generalized momenta. If the results are substituted into Eq. 174, the Hamiltonian
can be expressed in terms of the generalized coordinates and momenta as

H=H(P,q) (5.176)
If follows that

oH oH
oH =5 6P+ T 5q (5.177)
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Comparing Egs. 175 and 177, it is clear that

. [oH\T
q-= <8P ) (5.1784a)
oL oH

Using these identities and Eq. 171, one obtains the following set of 2n first-
order differential equations:

: oH\ T
P (5) ro

.
q- (gg) (5.179)

These equations are called the canonical equations of Hamilton. The 2n first-
order differential equations replace the n second-order differential equations that
can be derived using the principle of virtual work or Lagrange’s eguation. In
order to use the canonical eguations, one first needs to define the Lagrangian
L as a function of the coordinates and velocities using Eq. 170. The vector
of generalized momenta can then be defined using Eq. 173. The generaized
momenta and the Lagrangian can be used to define the Hamiltonian H using
Eqg. 174. The first-order differential equations of the system can be obtained by
substituting the Hamiltonian H into Eq. 179.

In principle, the principle of virtual work, Lagrange’s equation, Gibbs-Appel
equation, and the canonical equations of Hamilton can be used to define the same
set of differential equations. The answer to the question of which method is bet-
ter for formulating the dynamic equations depends on the application. In compu-
tational dynamicswherein the interest isfocused on developing general solution
procedures, it is not clear what advantage each method can provide as a compu-
tational tool since all these methods can be used to obtain the same equations.

B Example 5.10

It was shown in Section 8 that the kinetic energy of the system shown in Fig. 23
is given by

. 2
1 A2 552 a2 [ 07 1 502
szz|:(2) — 0% sin 6 +<2> ]+23(0)

The potential energy of the system is

V:ngRy:nglE sin 62
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The Lagrangian L is then given by
L=T-V
(I
== m2[(z)2 7021 sin %] + = 32 2(6%)% - g sin 62

where J% is the mass moment of inertia of the rod about point O. Since the system
has one degree of freedom, the generalized momentum is defined as

= ——Kh = —_—F& = ——/— +
%97~ 292 5 M zl sin 6 +Jg0

The preceding equation can be used to express #2 in terms of the generalized
momentum as

. 1 .
92 = P+§m2'zl sin 62

B
The Hamiltonian is defined as
H=6%P-L
=0%P- = mz[(z)2 26%1 sin %] - Jé(éZ)Z +n’g '5 sin 62

Substituting for 62 in terms of the generalized momentum P, one obtains

H- o P+1mz'zlsin02]
. (z)zfi P+ L 22l sin 02| 21 sin 62
2 J3 2

! P+lr¥ﬂgn022+nﬁl sin 62
232 2 92

(0]

The first-order equations of the system can then be obtained using Eq. 179 as

. H
P:7§(92+M2
1 5. 2 1 2122 sin 62 2_ g2 | 2 ap2
:fzJ—szzl cos 6 fﬁ( 12)* sin 6 cos 6< — gE cos -+ M
o] o]
: oH
2= —
JdP

- % <P+mzzl sm0>
Jo
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Conservation Theorem A generalized coordinate that does not appear in
the Lagrangian L is called cyclic or ignorable. Cyclic or ignorable coordinates
are also absent from the Hamiltonian H. For a cyclic coordinate g, one has

oL oH

ok ok

If there are no nonconservative forces associated with the cyclic coordinate g,
Eqg. 179 yields

Pc=0

which implies that the generalized momentum associated with the cyclic coor-
dinate is conserved, that is,

Py = constant

We also note that if all the forces acting on the system are conservative, one
has from Lagrange’s equation

d /L) oL
4 <aq> - (5.180)

The total time derivative of the Lagrangian L is given by

dL (oL . (9L
at \ag) 97\ 3q) ¢

Substituting Eg. 180 into the preceding equation, one gets

Efail_"-g-i aiL 0
at oq 71 at \ag) [ @

which yields
dL_d faL
dt dt | oq
or equivalently,
d oL |
4 (L - q) 0 (5.181)
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Since the potential energy function is independent of the velocities, one has
% a9 ¢
Using this equation, Eqg. 181 can be written as
d T, d
at (L-P Q)*a (-H)=0
which implies that
H=P'g - L = constant

That is, in the case of a conservative system, the Hamiltonian H is a constant
of mation. We also note that since

_aT
=5

the Hamiltonian H takes the following form:

PTq q=2T,

H=2T-L=2T-T+V=T+V (5.182)

which implies that, for a conservative system, the Hamiltonian is the sum of the
kinetic and potential energies of the system and it remains constant throughout
the system motion.

Example 5.11

Figure 24 shows a homogeneous circular cylinder of radius r, mass m, and mass
moment of inertia J about its center of mass, where J = m(r)?/2. The cylinder rolls
without slipping on a curved surface of radius R. Use the principle of conservation
of energy to derive the equation of motion of the cylinder.

Solution. The kinetic and potential energies of the cylinder are
T = 3mlwe)? + 33(w)?
V =mg(R-r)(1 - cos 6)

where v¢ is the absolute velocity of the center of mass of the cylinder and w isits
angular velocity, both defined as

ve=(R-r)d
ve _ (R- r)o

r r

Substituting from these two equations into the expression of the kinetic energy, we
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Figure 5.24 Conservation of energy

obtain
T=3mR-r)?(9)?
The Hamiltonian H is
H=T+V=23mR-r)26)?+mg(R-r)(1 - cos )
Since the Hamiltonian is constant,

?TT = g m(R—r)?06 + mg(R—r)f sin§ =0

which yields the equation of motion of the cylinder

SR-rf+gsno=0

5.11 RELATIONSHIP BETWEEN VIRTUAL WORK AND GAUSSIAN
ELIMINATION

The results obtained previoulsy in this chapter for the slider crank mechanism
shown in Fig. 20 using the principle of virtual work can aso be obtained using
the Gaussian elimination and the equations of the static equilibrium. Figure
25 shows the forces acting on the links of the slider crank mechanism. The
equations of the static equilibrium of the crankshaft can be written as

FZ-F2=0
Fy?-FZ-nfg=0

F215sing% — F213 coso? + F P13 sing? — F2°I3 cosf” + M? = 0
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Figure 5.25 Forces of the dlider crank mechanism

The eguations of the static equilibrium of the connecting rod are
F2_F3*-0
FP-F)-mg=0
FZI3sing® — F223 cosf® + FI3sing® — F 13 cos6® = 0
The eguation of the static equilibrium fo the dlider block is
F3+F*=0

The preceding seven equations of the static equilibrium of the three links of the
dlider crank mechanism can be rearranged and written in the following matrix
form:

1 0 -1 0 0 0 O0lref27r o
X
0 1 0 -1 0 0 0 ,:31/2 mg
0 0 1 0 -1 0 0 F)2(3 0
0 0 0 1 0 -1 0 EZB |- md
y | = g
0 0 0 0 1 0 0 F§4 _F4
13 sinf2 —13 cosf? 153sin62 14 cosh? 0 0 1 F 0
: : 2
0 0 13sin63 —13cosf3 13sin63 —13cose® o LM°] L O

In this matrix equation it is assumed that the unknowns are the external moment
M?2 and the components of the reaction forces F 2, Fi2, F23, F 33, F$*, and F3*.
A standard Gaussian elimination procedure can be used to obtain an upper tri-
angular form of the coefficient matrix in the preceding equation. This Gaussian
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elimination procedure leads to

[1 0 -1 0 0 O 0 ArFR1 0 T
0 1 0 -1 0 O 0 Fy? mfg

0O 0 1 0 -1 0O 0 F23 0

O 0 0 1 0 -1 0 F& |= mg

0O 0 0O 0 1 0O 0 F3* ~F4

0O 0 0 0 0 1 ~1/12 cosh? F34 ~A1/12 cosh?
[0 0 0 0 0 0 -13cosf3/1%2cos62 || M? | | A i
where

A; = Pgl3 cos 62 + migl? cos 02 + F412 sin 92
Ap =mgl3 cos 62+ F4° sin 63

The preceding matrix equation can be easily solved for M? as

12 :
M2 = mPgl3 cos 6% + m3gl? <1 I’;) cos 0% — F4%(—sin 2 + cos 82 tan §°)

which is the same equation obtained earlier in this chapter (Section 6) using
the principle of virtual work.

PROBLEMS

1. For the rod shown in Fig. P1, assumethat F=5N, M =3 N-m, and ¢ =
45°, Assuming that the generalized coordinates of the rod are the Cartesian
coordinates of point A and the angular orientation of the rod, determine the
generalized forces associated with these generalized coordinates.

Figure P5.1 15N
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2. Repeat problem 1 assuming that the generalized coordinates of the rod are
the Cartesian coordinates of point C and the angular orientation of the rod.

3. For the system shown in Fig. P2, let § be the independent generalized coor-
dinate of the rod. Determine the generalized forces associated with this
generalized coordinate. Neglect the effect of gravity.

Figure P5.2

4. Repeat problem 3 taking into consideration the effect of gravity.

5. For the system shown in Fig. P3, let F = 10 N, M2 =3 N-m, M3 =3
N-m, 62 = 45°, and 62 = 30°. Determine the geenralized forces associated
with the generalized coordinates #2 and 3. Neglect the effect of gravity.

m2 = 0.5kg, m3 = lkg
12=0.5m, %3 =1m Figure P5.3

6. Repeat problem 5 taking into account the effect of gravity.
7. Repeat problem 5 assuming that the generalized coordinates are x* and x°.

8. For the system shown in Fig. P4, write the virtual changes in the posi-
tion vector of point C in terms of the virtual change in the independent
generalized coordinates 62, 63, and 64.
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Figure P5.4

9. For the system shown in Fig. P4, obtain the generalized forces associated
with the generalized coordinates 62, 63, and 6*. Assume 62 = 45°, §° = 30°,
04 =45, ¢ =30, F=10N, M2 =10 N-m, M3 =8 N-m, and M* = 3
N - m. Consider the effect of gravity.

10. For the slider crank mechanism shown in Fig. P5, assume that 62 = 45°, M?
=10 N -m, and F# =10 N. Determine the generalized force associated with
the independent generalized coordinate §2. Consider the effect of gravity.

m?2 = 0.5kg, m3 = lkg, m* = 0.2kg
Figure P5.5 12=0.2m, 1% =0.4m

11. Repeat problem 10 assuming that the independent generalized coordinate
is the location of the slider block.

12. For the four-bar linkage shown in Fig. P6, obtain the generalized force
associated with the independent generalized coordinate §2. Assume that 62
=60°, ¢ =30°, M2=5N-m, F3 =3 N, and M% =5 N-m. Consider the
effect of gravity.

13. Repeat problem 12 assuming that the generalized coordinate is selected to
be the angular orientation of the coupler 63.

14. Repeat problem 12 assuming that the generalized coordinate is selected to
be the angular orientation of the rocker 64.



15.

16.

17.

18.

19.

20.

21.

22,
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m? = 0.2kg, m3 = 0.4kg, m* = 0.3kg
12=0.2m, 3=0.4m, 1* =0.3m,

Figure P5.6

For the unconstrained rod shown in Fig. P1, determine F, M, and ¢ such
that the rod is in static equilibrium. Use the principle of virtual work.

For the system shown in Fig. P2, let  =45°, F =5 N, and ¢ = 60°. Assume
that the mass and length of the rod are, respectively, 1 kg and 1 m. Deter-
mine the moment M such that the system is in static equilibrium position.
Use the principle of virtual work and consider the effect of gravity.

For the system shown in Fig. P2, let the length of therod be 1 m, § = 45°,
F=5N,M=3N-m, and ¢ = 60°. Using the principle of virtua work
determine the weight of the rod such that the system isin static equilibrium
position.

Use the principle of virtual work in statics to determine the joint torque
M2 and M3 of the system shown in Fig. P3. Assume that 2 = 45°, 6° =
30°, and F =5 N. Consider the effect of gravity.

For the system shown in Fig. P3, lee M2 =3 N-m, M3=5N-m, F =
5 N. Does a static equilibrium configuration exist for this system? Use
the principle of virtual work to find the answer and consider the effect of
gravity.

For the system shown in Fig. P4, let 2 = 45°, 3 = 30°, 6% = 45°, ¢ =
30°, and F = 5 N. Use the principle of virtual work to determine M?, M3,
and M# such that the system is in static equilibrium. Consider the effect of
gravity.

Use the principle of virtual work in statics to determine the input torque
M?2 of the dlider crank mechanism shown Fig. P5. Assume that 62 = 45°
and F4 = 4 N. Take into consideration the effect of the gravity. Assume
that the generalized coordinate is the joint angle 62.

Repeat problem 21 assuming that the generalized coordinate is the hori-
zontal position of the dlider block.
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23.

24,

25.

26.

27.

28.

29.

30.
31

32.

33.
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Use the principle of virtual work in statics to determine the input torque M?
of the four-bar linkage shown in Fig. P6. Consider the generalized coor-
dinate to be the crank angle 62. Consider the effect of gravity and assume
that 62 = 60°, ¢ = 45°, F>=5N, and M* =5 N-m.,

Repeat problem 23 assuming that the generalized coordinate is the orien-
tation of the coupler 6°.

Repeat problem 23 assuming that the generalized coordinate is the orien-
tation of the rocker 64.

Use the principle of virtual work in statics to determine the output torque
M* that acts on the rocker of the four-bar linkage shown in Fig. P6. Assume
that 82 = 60°, ¢ = 45°, F3 =5 N, and M2 = 5 N-m. Consider the crank
angle 62 as the generalized coordinate. Take the effect of gravity into con-
sideration.

Repeat problem 26 assuming that the generalized coordinate is the rocker
angle 64.

The components of the acceleration of the center of mass of the rod shown
in Fig. P1 are a, = 50 m/s%, a, = 120 m/s*. The angular acceleration of
the rod is assumed to be 500 rad/s2 The rod is assumed to be slender and
uniform with mass 1 kg. Use the principle of virtual work in dynamics to
determine M, F, and ¢. Consider the effect of gravity.

For the system shown in Fig. P2, let § = 45°, ¢ = 60°, F = 10 N. The rod
shown in the figure is assumed to be uniform and slender with mass 1 kg
and length 1 m. The angular velocity and angular acceleration of the rod are
assumed to be, respectively, 6 = 150 rad/s and 6 = 0 rad/s?. Considering the
effect of gravity, use the principle of virtual work in dynamics to determine
the moment M.

Repeat problem 29 assuming that the angular acceleration § = 500 rad/s?.

Use the principle of virtual work in dynamics to determine the joint torques
M2 and M3 for the system shown in Fig. P3. Use the following data: 62
= 45°, 9% = 30°, §2 = 70 rad/s, % = 40 rad/s, 6% = 120 rad/s?, 6° = 180
rad/s2 and F = 10 N. Assume that the two links shown in the figure are
uniform slender rods. Consider the effect of gravity.

The system shown in Fig. P4 consists of three uniform slender rods that
are connected by revolute joints. Let §2 = 45°, 63 = 30°, 9 = 45°, §2 = 10
rad/s, 0° = 8 rad/s, 6* = 4 rad/s, % = 200 racl/s2 63 = 250 rad/s? 64 =
500 rad/s?, ¢ = 30°, and F = 8 N. Considering the effect of gravity, use
the principle of virtual work in dynamics to determine the torques M?, M3,
and M4,

Determine the joint reaction forces in problem 31.
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Determine the joint reaction forces in problem 32.

The crankshaft and connecting rod of the slider crank mechanism shown in
Fig. P5 are assumed to be uniform slender rods. Use the principle of virtual
work in dynamics to determine the input torque M?2. Use the following data:
62 = 45°, 6% = 150 rad/s, 62 = 0 rad/<%, and F4 = 10 N. Consider the effect
of gravity.

Repeat problem 35 assuming that 62 = 500 rad/s?.
Determine the joint reaction forces in problem 35.
Determine the joint reaction forces in problem 36.

The crankshaft, coupler, and rocker of the four-bar linkage shown in Fig.
P6 are assumed to be uniform slender rods. Assume that 62 = 60°, §2 = 150
rad/s, 6% =0, ¢ = 30°, F = 10 N, and M* = 5 N - m. Considering the effect
of gravity, use the principle of virtua work in dynamics to determine the
input torque M2. Use 6?2 as the generalized coordinate.

Repeat problem 39, assuming the rocker angle 62 as the generalized coor-
dinate.

Repeat problem 39, assuming the coupler angle §* as the generalized coor-
dinate.

Determine the joint reaction forces in problem 39.
Repeat problem 39 assuming that 62 = 700 rad/s?.

The system shown in Fig. P7 consists of a slider block of mass n? and
a uniform slender rod of mass m®, length I3, and mass moment of inertia
about its center of mass J 3. The dlider block is connected to the ground by
a spring that has a stiffness coefficient k. The slider block is subjected to
the force F(t), while the rod is subjected to the moment M. Obtain the dif-
ferential equations of motion of this two-degree-of-freedom system using
Lagrange’s equation.

F(2)

7 Figure P5.7
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45. Determine the generalized inertiaforces of the system of problem 44 using
Egs. 161a, 161b, and 161c. Compare the results obtained using these three
equations with the results obtained using Lagrange’s equation.

46. Derive the differntial equations of motion of the system of problem 44
using the Gibbs-Appel equation.



CHAPTER 6

CONSTRAINED DYNAMICS

When the kinematic relationships are expressed in terms of the system degrees
of freedom, the application of the principle of virtual work in dynamics leads to
a number of dynamic differential equations equal to the number of the system
degrees of freedom. In these equations the forces of the workless constraint are
automatically eliminated. Constraint forces, however, appear in the dynamic
equations if these equations are formulated in terms of a set of coordinates that
are not totally independent. The number of independent constraint forces that
appear in these equations is equal to the number of dependent coordinates used
in the dynamic formulation.

In this chapter, we describe an approach in which the equations of motion
are formulated in terms of a set of redundant coordinates. In this approach,
the generalized inertia and applied forces associated with the redundant set of
coordinates are first defined using the virtual work as described in the preceding
chapter. A set of algebraic equations that describe the kinematic relationships
between the redundant variables is formulated and used to systematically define
the generalized constraint forces. The equations of motion of the system can
then be defined in terms of the redundant coordinates and the generalized con-
straint forces. The use of the methods developed in this chapter is demonstrated
using planar systems in order to emphasize the concepts and procedures pre-
sented without delving into the details of the three-dimensional motion. The
analysis of the spatial systems is presented in the following chapter.

6.1 GENERALIZED INERTIA

In this section we demonstrate that the concept of equipollent systems of forces
can also be applied to the inertia forces. This concept allows us to use the simple

295
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definition of the inertiaforces defined at the center of mass of the body to obtain
the inertia forces associated with the coordinates of an arbitrary point.

If the reference point O' of the rigid body is selected to be its center of mass,
the inertia force consists of the two components

qm[%l 6.)

and the inertia moment is
Mi = i (6.2)

where m' is the mass of therigid body i, J' is the polar mass moment of inertia
of the body about an axis passing through its mass center, R, and R, are the
coordinates of the reference point, and ' is the angular orientation of the body.
The mass moment of inertia J' is defined as

Ji 5 | piUiTUi dvi
VI

where o' and 'Vi are, respectively, the mass density and volume of the rigid
body i, and U' is the position vector of an arbitrary point on the rigid body i
defined with respect to the center of mass.

The virtual work of the inertia force F} and the inertia moment M' is given

by
SWi=F' R +Mi 56 (6.3)
where
R=[R RI (6.4)

The inertia forces and moment acting at the center of mass may be replaced
by an equipollent system of inertia forces and moments acting at another point
on the body. The original and the equivalent systems must do the same work
and accordingly, the selection of the reference point is a matter of preference
or convenience. To demonstrate this fact, let P' be an arbitrary point on the
rigid body. As shown in Fig. 1, the position vector of point P' in terms of the
coordinates of the reference point is

rb=R +AlT} (6.5)

where A' is the transformation matrix from the body coordinate system to the
global coordinate system, and U}, is the local position vector of point P' with
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Yi

X Figure 6.1 Reference coordinates

respect to the reference point. By assuming a virtual change in the coordinates,
Eq. 5 leads to

6rh=8R +ALTL 66" (6.6)
or equivaently

SR =6rh — ALTb 66" (6.7)
Substituting Eqg. 7 into Eqg. 3 leads to

Wi =Fl' 6rh+(M! — Fi' AlTl) 56 (6:8)
One can show that
Fi ALTL = (ub x Fl) - k (6.9)
where
Ul — Atk (6.10)

Substituting Eq. 9 into Eq. 8, one obtains
SWi=F" srh+[Mi— (U x F) - k] 66 (6.12)

This equation states that the system of inertia forces and moments acting at the
reference point (center of mass) is equipollent to another system, defined at the
arbitrary point P', which consists of the force F! and the moment M! — (ub x
F) - k. This fact is the familiar result obtained for the equivalence of systems
of applied forces.
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Parallel Axis Theorem The paralld axistheorem can be obtained from Eq.
11 as a specia case. To demonstrate this, we consider the special case where
point P' is a fixed point. In this specia case,

orb=0
and Eq. 11 reduces to
SWi = (Mi— F'Altb) 66' = [M! — (ubx F) - k] 66 (6.12)
where

F l 3.*] _mi{_HALTL + ()2

Ry

Using this equation, one can verify that
—F' AT = m (152! (6.13)
where
I = (@p Up)"?
Therefore, Eg. 12 can be written as
SW! = {M! +mi(1L)%6"} 66"

which upon the use of EqQ. 2 yields

SW! = {3 +m(1L)216' 66' =JL0' 66' (6.14)

where J5 is the mass moment of inertia about an axis passing through point P’
and is defined as

L= Jt+ml(Ih)? (6.15)

This equation is the parallel axis theorem, which states that the mass moment
of inertia defined with respect to an arbitrary point P' on the rigid bodly is equal
to the mass moment of inertia defined with respect to the center of mass plus
the product of the mass and the square of the distance between point P' and
the center of mass. This familiar result was obtained in this section using the
general expression of the virtual work of the inertia forces as defined by Eq.
11. It is important to emphasize, however, that if point P' is not a fixed point,
the general expression of Eq. 11 must be used in order to define the equivalent
system of inertia forces at P'. In this case, the resulting system consists of an
inertia force vector as well as a moment, as demonstrated by the following
example.
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Example 6.1

Figure 2 shows a composite body i that consists of a slender rod, a rectangular
prism, and a removed round disk. The length of the rod is|' = 1 m, its mass is m;
= 0.62 kg, and its mass moment of inertia about its center of mass is J} = 5.167
x 1072 kg - m?. The length of the rectangular prism is b' = 1 m, its mass before
the removal of the disk is m, = 39.45 kg, and its mass moment of inertia about its
center of massisJ}, = 4.109 kg - m?. The diameter of the removed round disk is D'
=0.25m, its mass is m; = 3.873 kg, and its mass moment of inertia about its center
of massis J§ = 3.026 x 102 kg - m?. Using the parallel axis theorem, determine
the mass moment of inertia of the composite body about the body center of mass.
If the absolute acceleration of the center of mass of the body at a given instant of
time is defined by the vector al, = [100 —45]T m/s?, and the angular acceleration
of the body is 150 rad/s?, determine the generalized inertia forces associated with
the coordinates of the reference point O' and the orientation of the body 6'. Assume
that ' = /2.

Solution. The location of the center of mass of the composite body in the coordinate
system shown in the figure is given by

i, P (i, b
o rn'12+rr12<l +2> m3<l o
‘ my +m, — my
0.62(3) +(39.45)(1 + 1) - 3.873(1 + 3)
0.62 +39.45 — 3.873

=1.483m

YA

- -

Xi

Figure 6.2 Composite body
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One can then define the location of the center of mass of the rod, the rectangular
prism, and the removed round disk, from the center of mass of the composite system,
respectively, as

. i

I

1= - XL =05-1.483=-0.983 m

. . p .
'2<I' + 2> —Xg=15-1.483=0.017m

. . j .
d! <I' + 2) —Xg=15-1.483=0.017 m

Using the parallel axis theorem, the mass moment of inertia of the composite system
about its center of mass can be obtained as

3T =34+ mi(d))?] + [+ my(dh)?] - [+ m(db)?]
= [5.176 x 102 + 0.62(—0.983)?] + [4.109 + 39.45(0.017)?]
— [3.026 x 10 2 + 3.873(0.017)?]
=0.651+4.120 - 0.314x 10 1 = 4.739%6 kg - m?

The parallel axis theorem can also be used to determine the mass moment of inertia
about the reference point O' as

Jo=3"+m(xcy
where m' is the total mass of the composite body defined as
m = mj +m), — mh = 0.62 +39.45 - 3.873 = 36.227 kg
It follows that
Jb = 4.7396 + 36.227(1.483)% = 84.413 kg - m?
The virtual work of the inertia forces is
sWi=mia] ori+Jd' 56

where rL is the global position vector of the center of mass. This vector can be
expressed in terms of the reference coordinates as

ri=R'+AlTL
where R is the global position vector of the reference point, and Uic is the position

vector of the center of mass with respect to the reference point. Using the preceding
equation, the virtual work of the inertia forces is

sWi=mial 6R + (316" +mial Ajul) 66

which defines the generalized inertia force associated with the trandation of the
body reference as

100] [ 3.6227 x 103]

i ol
Fimac3’6'227[45 | ~1.6302x 103
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and the generalized inertia moment as

Mi = 31§t + mial Alul

where
. [ -sing' —cosf' [1 o]
cosf' —sing' 0o -1
ub=[x, 0"=[1483 0]
Thus

M! = (4.7396)(150) + [3.6227 x 10° - 1.6302 x 10°]
-1 07[1.483
' [ 0 1] 0 ]
=-46615x 10°N - m

Note that J 4" = (84.413)(150) = 1.2662 x 10% N - m, which is not the same as M.

6.2 MASS MATRIX AND CENTRIFUGAL FORCES

In this section, an expression for the kinetic energy for therigid body i is defined
and used to develop the general form of themass matrix of a rigid body that
undergoes an arbitrary large displacement. The effect of the selection of the
reference point on the form of the kinetic energy and the mass matrix of the
rigid body is also examined.

The kinetic energy of the rigid body i is defined as

T =3 s P AV (6.16)
V!

where p' and V' are, respectively, the mass density and volume of the body,
and r' is the global position vector of an arbitrary point on the rigid body. The
vector r' can be expressed in terms of the coordinates R' of the reference point
and the angle of rotation #' of the body as

=R +AT (6.17)
where Al is the planar transformation matrix, and U' is the local position vector
of the arbitrary point on the body. Differentiating Eq. 17 with respect to time
yields

Fr =R +ALT'0 (6.18)
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This equation can be written in a matrix form as

= ALg']

R 6.19
0 (6.19)

where | isthe 2 x 2 identity matrix.
Substituting Eq. 19 into Eg. 16, one obtains

S5i
[l ALT'] i dv'

) T I
_1 T
Ll sw PR 0] lu‘TAi@T

which upon carrying out the matrix multiplication and utilizing the fact that

A'(,TA'(, = |, one obtains
_ T . | Al 1R
_1rpi’ ]
TI = E[RI 0'] {SVi pl UiTAieT U'TU| dV'} [ 0' l (620)
which can be written as
T =1g"M'g (6.21)

where ' and M' are, respectively, the vector of coordinates and mass matrix
of the rigid body i given by

qg=[R" 67 (6.22)
[ mie mi
Mi=| IR"I (6.23)
Myr  Mhy
in which
miRRS o'l dVi =l (6.24a)
Vi
My = Mig = Al s U dV (6.24b)
VI
'BS puu dV (6.24¢)
VI

and m' is the total mass of the body. Note that mj, is a scalar that defines
the body mass moment of inertia with respect to an axis passing through the
reference point of the body. The matrix mg, and its transpose myg represent the
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inertia coupling between the translation of the reference point and the rotation
of the body.

B Example 6.2

In order to demonstrate the use of Egs. 23 and 24, we consider the case of a uni-
form slender rod that has mass density p', cross-sectional area a', and lenght I'. We
assume that the reference point is selected to be one of the endpoints at which X' =
0, where X' is the coordinate along the rod axis. Keeping in mind that in this case

dv' =4 dx!
and
. ) . e -
m|:§ . o dvlzs pla dxi = plal
Vi 0

where V! is the volume, and i is the total mass of the rod. The matrix mpg can
be evaluated as
m 0 ]

m‘RR:S piIdVimiI[o o

Vi

The matrix miRo, which represents the inertia coupling between the trandation and
rotation of the rod, can be written as

iy = A} s Ul v

VI
in which
—sing!  —cosf! - -
= T W e/ o
cosfd' —sing'
It follows that
il [ -sing
RO 2 cosf!

The mass moment of inertia of the rod defined with respect to an axis passing
through the reference point is given by

: T : S : (112
m;w :S p'U'TU' dvi :s pIaI(YI)Z dxi = m'(l")
Vi 0 3
Therefore, the mass matrix of the rod is given by
mi 0 ~Imising!
M= 0 m 1m1¥ coso!

1ilignel 1mii [ 1 i (11Y2
—sml'sing'  sml'cosé zm' ("
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Centrifugal Inertia Forces The general expression of the kinetic energy
obtained in Eqg. 21 can be used to define the generalized inertia forces of the
rigid body i using Lagrange’s equation. In this case, one has

cod (oTi\T /oTi\T
ST IRCI

Another elegant way for defining the generalized inertia forces associated
with the absolute coordinates is to use the virtual work. Recall that the virtual
work of the inertia forces of the rigid body i is defined as

SW S plFTeri dV/ (6.26)
VI

wherer' isthe global position vector of an arbitrary point on the rigid body as
defined by Eq. 17. It follows that

sri=6R" +ALU' 60

i i oR'
=1 Alu'] 54 (6.27)
This equation can be written as
sri=L'sq (6.28)
where
L'=[I ALu'] (6.29)
5q =[6R" 86" (6.30)

Using Eg. 19, the absolute velocity vector of the arbitrary point can be written
as

Fl=L'g (6.31)

Differentiating this equation with respect to time yields the absol ute acceleration
of the arbitrary point as

":i :Liqi +Liqi (632)
in which
L'=[0 AT
=[0 - §'Alt (6.33)
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Substituting Egs. 28 and 32 into Eq. 26, one obtains

6W§§ A'gLTL g dvi+s AL 8 dV
Vi Vi

Note that the symmetric mass matrix of Eq. 23 is
M j PILITLI gV
Vi
Equation 34 can then be written as
Wi =[M'g' - Q" 5q'
where Q! is the vector of centrifugal inertia forces defined as
. R .
Q'U§ pLILG dV!
Vi
Substituting Egs. 29 and 33 into Eq. 37, one obtains

[ (@) . L :

I: . = — ! T T - ! ! ! .- d !
> l(Q;,)ol J o O A )

B i —(6")2A'T’ i

s\/i o (éi)zuiTAioTAiui] dv

The product A A’ is a skew-symmetric matrix defined as

T —-sing'  cosh'
Ae A =

—cosf' —sinf' || snf'  cosé’

L

and as a consequence

[ cosf! —sinf! ]

u' Ay AT =0

Therefore, the vector of centrifugal inertia forces of Eq. 38 reduces to

i (in)R Sin2 i‘ o'u dV! \
’ l (QL)B] ) §V 0

305

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)
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For the simple rod discussed in Example 2 one can show that the vector of
centrifuga inertia forces is

[ cosé'

i a2 M i i
Q,=(0) u sing
0

Centroidal Body Coordinate System A specia case of the foregoing
development is the case in which the reference point is selected to be the center
of mass of the body. This is the case of a centroidal body coordinate system.

The integra in Eq. 24b represents the moment of mass of the body. If the
reference point is chosen to be the center of mass, this integral is identically
zero; that is,

S o' dV' =0 (6.42)
VI

and, as a consequence, the matrices mk, and mj defined by Eq. 24b are identi-
cally equal to zero. In this special case, the mass matrix M' of the body reduces
to

MilmlRR ?] (6.43)
0 my

and the kinetic energy of the body can be written as
T' = ImRR + 3, (6')?2 (6.44)

In this specia case, there is no coupling between the translation and rotation
of the body in the mass matrix. Furthermore, the vector of centrifuga inertia
forces isidentically equal to zero, that is

Q,=0 (6.45)

Thus, in the case of a centroidal body coordinate systme, the mass matrix of a
rigid body in planar motion is diagonal, the vector of centrifugal inertia forces
vanishes, and the kinetic energy of the rigid body consists of two terms; one is
due to the trandation of the center of mass and the other is due to the planar
rigid body rotation.
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Example 6.3

Consider the slender rod of Example 2. The rod is assumed to have mass density
o', cross-sectional area a', and length I'. We consider the case where the reference
point is selected to be the center of mass of the rod. In this case, one has

12

s o dVi:s Dol
vi -lij2

x|

]dxio
0

which implies that
m@:m%:o
The matrix mg is
i i  [m o
Vi 0

The mass moment of inertia mj, is given by

. o 2 o miah2
i [ i i ai (912 Aol ("
= puudes pax)dx = ——"—
Mo §vi [y ) 12
The mass matrix of the rod can then be written as
m 0 0
Mi— 0O m 0
mi(|i)2
0 O 1

Comparing the results obtained in this example and the results of Example 2, we
see that the mass matrix in the case of a centroidal body coordinate system is diag-
onal, as compared to the nondiagonal mass matrix obtained in the preceding exam-
ple. Furthermore, the mass moment of inertia obtained when the reference point is
selected to be at one of the endpoints of the rod is equal to the mass moment of
inertia defined with respect to the center of mass plus m'(I'/2)2.

6.3 EQUATIONS OF MOTION

The equations of motion of therigid body are devel oped in this sectionin terms of
the absolute Cartesian coordinates that represent the trandation of the reference
point of the body aswell asits orientation with respect to the global inertial frame
of reference. Thisrepresentation will prove useful in devel oping general-purpose
computer algorithmsfor the dynamic analysis of interconnected sets of rigid bod-
ies, since practically speaking, there is no limitation on the number of bodies or
the types of forces and constraints that can be introduced to this formulation.

In the preceding chapter it was shown that the conditions for the dynamic
equilibrium for the rigid body i can be developed using the principle of virtual
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work as

SW! = sWL + Wi (6.46)

where 8W;| is the virtual work of the inertia forces, W4, is the virtual work
of the externally applied forces, and 6W, is the virtual work of the constraint
forces. The virtual work of the externally applied forces can be expressed in
terms of the vector of generalized coordinates as

SWL=Ql sq (6.47)

where Q‘e is the vector of generalized forces, and ¢ is the vector of generalized
coordinates of the rigid body i. Using the Cartesian coordinates, the vector ¢'
is given by

g =[R" 07" (6.48)

where R' is the position vector of the reference point, and 6' is the angular
orientation of the body.

One can also write the virtual work of the joint constraint forces acting on
the rigid body i as

sWL =Ql &q (6.49)
where Q.. is the vector of the generalized constraint forces associated with the
body generalized coordinates.

The virtual work of the inertia forces can be obtained using the development
of the preceding section as

oW} =[¢"M' - Q)] 6 (650)
where M' is the symmetric mass matrix of the body defined by Eq. 23 or equiv-

alently by Eq. 35, and Q! is the vector of centrifugal forces defined by Eq. 41.
Substituting Egs. 47, 49, and 50 into Eq. 46, one obtains

[6"M' - Q15q' = QL od + QY 5qf (651)

which, upon utilizing the fact that the mass matrix is symmetric, leads to
[M'd' - Q,-Q.-Qd"éq' =0 (6.52)
Since the constraint forces, as result of the connection of this body with other

bodies in the system, are included in this equation and represented by the vector
Q. the elements of the vector g' can be treated as independent. Consequently,
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Eq. 52 leads to
M'g' = QL+ QL+ Q) (6.53)

which can be rewritten according to the coordinate partitioning of Eq. 48 as
Ri i [ i
) l B (Qe)R] . l <QC)R] . l (QU)RI (654

(CATH I (oY 0
Equation 53, or its equivaent form of Eq. 54, represents the dynamic equations
of motion of the rigid body i, developed using an arbitrary reference point.
If the reference point is selected to be the center of mass of the body, one
has

i i
Mpr Mgy

i i
Myr My

My = M = 0 (6.55)
Q =0 (6.56)

In this case, Eqg. 53 reduces to
M'g' = QL+ QL (6.57)

which can be written in a more explicit form as
QbR (Qor

ml O0][R
.= i Y e (6.58)
l 0 J'l l 0' l(Qé)el l(QL)el

where m' is the mass of the body, and J' is its mass moment of inertia about
an axis passing through the center of mass. Clearly, Eqg. 58 is the same as the
fundamental Newton and Euler equations that govern the motion of the rigid
bodies. These equations are obtained, however, as a specia case of the general
form represented by Eq. 54.

6.4 SYSTEM OF RIGID BODIES

It was shown in the preceding section that affixing the origin of the body coor-
dinate system to the body center of mass leads to a significant simplification in
the resulting dynamic equations. Therefore, without any loss of generality, we
consider the case of a centroidal body reference where the origin of the body
coordinate system is rigidly attached to the body center of mass. In this case,
the mass matrix is diagonal and the vector of centrifugal forces is identically
equal to zero. By using Eq. 57, the equations of motion of a multibody system
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consisting of ny, interconnected bodies are given by
Mg =QL+Q. i=12...,n (6.59)
which can also be written as
l mi 0 l F'éil ) (Q‘e>Rl L[ Q0
o J[é] @] [(Qu

where all the scalars, vectors, and matrices that appear in Egs. 59 and 60 are
the same as defined in the preceding section. The number of scalar equations
given by the matrix equation of Eqg. 59 or Eg. 60 is 3 x n,. These equations
can be combined into one matrix equation given by

i=1,2,...,ny,  (6.60)

- Ml A0 =17 - Qé = - Q% =

M? 0 G Qi Q:
. =l 1+l 6.61
M g' Qe Q: (66

0 E : : :
Mnb qnb gb gb
which can be written as

M q = Qe + Qc (6-62)

where M is the system mass matrix, q is the total vector of system generalized
coordinates, Q. is the vector of system generalized external forces, and Q. is
the vector of the system generalized constraint forces. The mass matrix M and
the vectors q, Q,, and Q. are

—

YE ]
M?2 0
M = - " (6.63)
0
M™
q=[a" q" qm]" (6.64)
Q-1QF Q7 - Q ... Q¥ (6.65)

Q-[QF QF - Q ... Q¥ (6.66)
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Note that the equations of motion of the multibody system given by Eq. 62 con-
tain the generalized constraint forces, since these equations are not expressed
in terms of the system degrees of freedom.

Example 6.4

Figure 3a shows a two link planar manipulator. The origins of the body coordinate
systems are assumed to be rigidly attached to the centers of mass of the links. Let
m' and J', and m! and J! be, respectively, the mass and mass moment of inertia of
linksi and j, and M' nad M! be, respectively, the external torque applied to links
i and j. Obtain the differential equations of motion of the system in terms of the
absolute coordinates. Neglect the effect of gravity.

Solution. The virtual work of the reaction forces acting on link i can be expressed
as

SWE=[FE Fllerh —[FX Fyleri,
where FY, F3, Fil, and FY} are the reaction forces acting on link i as shown in

Fig. 3b, and 6r i and 6r, can be expressed in terms of the absolute coordinates of
link i as

oriy=8R + Abul, 66'
oriy =6R +ALTl, 56

M/

(a) (b)
Figure 6.3 Planar manipulator
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where
*lio

) Ri .
R=| X|, uh=
[ °lo

and I, and I, are, respectively, the distances of points O and A from the center of
mass of link i. The virtual work of the reaction forces of link i is

|iA] i [ ~siné! cosei]
, A= . e
0 cosfd' —sinf'

. Up=

*lio

. . SR . [ —-sing'  —cosb! -
SWL—[FL Fli [ _X] +[EL gl [ , . ] 50'
c=lFx Fyl R, [Fi Fyl cosf! —sing 0
L L TR i _ij. [ -sinf'  —cos@' 1! :
e El [ .X] Y [ . - A] 50"
[Fx vl 6R'y [Fx vl cosf' —sind' 0

This equation leads to
SWE = (FY - F)oR + (F - FY)oR,
+{(FY sin o'~ FY cos ')y + (FY sin 0 - Fyl cos 0))liy} 60

from which the vector of generalized reactions Q!; associated with the absol ute coor-
dinates of link i can be expressed as

Fi - FY
Q= Fy —Fy
(F¥ sing' — FY cosgh)l + (Fi sin6i — Fl cosgi)ly

Using Eqg. 60, the equation of motion of link i can be written as

m 0 O07[R
o m of R
o o J | é
o r FY - F}
-l o R - FY )
M' | | (F¥sing' - FJi cost))lp + (FX sing’ — Fy coso')l),

Similarly, the virtual work of the generalized reactions acting on link j is

where
srh=oRI +Alal 56!

in which

Ri=[R, R, wh=[-1, O
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and
i [ -sine) —cos6!
A} = T
cosf! —sing!

where I,& is the distance of point A from the center of mass of link j. It follows that

il 5R
L X]
Ry
N —sing! cosHJ] -1} 50]
X TV cospl —sing]

—FY sRL+FY 6R) + (Flsingl — FY cos o)) 661

from which the vector of joint reaction forces Qé associated with the absolute coor-
dinates of link j can be defined as

(FY sinol - FY cosol)l

The equations of motion of link j are

m o o7[R& 0 Fl
o m o |[R [5] O [+ Fy
o o0 J || é M) (Fsingl — Fy cosfl)i

The system equations of motion can be defined as

M 0 0 0 0 O0][R]
om 0 0 0 O0f|R
o o J o o ol|é
o o om o0 ol]|&l
o 00 0 m o]|R
|00 0 0 o J|[é]
o] [ FU - FY i
0 Fll FIJ
_ M .| Fisno'—F cosoi)l'of(Fx sin6' — Fy costi)lly
0 Fi
0 Fy
M| | (FXsingi - F coso i)z ]
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These are six scalar equations in 10 unknowns Ry, R, 6%, R, RY, 61, F3, FIi, Fyf
and Fy . The first six unknowns, however, can be expressed in terms of two acceler-
ation components only, since the system has two degrees of freedom. This reduces
the number of unknowns to six and consequently the preceding six equations can
be solved for the six independent unknowns. Note also that

SWL+5W! =0,

since 61 = 0, and 61 } = or ).

6.5 ELIMINATION OF THE CONSTRAINT FORCES

The equations of motion obtained for the multibody system in the preceding sec-
tion and given by Eq. 62 contain the generalized constraint forces due mainly
to the fact that these equations are formulated using a redundant set of coor-
dinates. It is important, however, to point out that the force of constraints can
be eliminated from the dynamic formulation if the redundant coordinates are
expressed in terms of the independent coordinates. To illustrate the use of such
a procedure, Eqg. 46, which is a statement of the principle of virtual work for
body i, is reproduced here for convenience.

SW! = WL+ 6W', (6.67)

where 8W!| is the virtual work of the inertia forces given by Eq. 50, W, is
the virtual work of the external forces given by Eq. 47, and W\ is the virtual
work of the constraint forces given by Eq. 49. If the multibody system consists
of ny interconnected bodies, Eq. 67 leads to

Np Np Np

DW= 3 sWL+ > sWL (6.68)
i=1 i=1 i=1

As demonstrated in the preceding chapter,

Np

> 6WL=0 (6.69)
i-1
Using this equation, Eq. 68 reduces to
Np ) )
S (W - sWh) =0 (6.70)
i=1

Substituting Egs. 47 and 50 into this equation, and keeping in mind that the
origin of the body i coordinate system is rigidly attached to the body center of
mass, that is Q) = 0, one obtains

.Zbl[l\/l '4' -~ Q" éq' =0 (6.71)
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which can be written in a matrix form as

~Tr —

[ Mgt | [ ot
M2 - Qe || od?
N - |=0 (6.72)
M'd' - Q. 5q
h_Mannt;f ng_‘ _5(inb_‘
This equation can aso be written as
- T M1 AL
5q* M g* e
oq? M? o || & e
sa | ) M i || e
: 0 - : :
_6qnb_ | Mnb_‘ _qnb_J | gb_‘
(6.73)
or
8q"[M§ - Qe =0 (6.74)

where M is the system mass matrix, q is the vector of system absolute coor-
dinates, and Q. is the vector of system generalized forces associated with the
absolute coordinates. The matrix M and the vectors g and Q. are defined in
the preceding section.

Coordinate Partitioning Equation 74 isa scalar equation that does not con-
tain the constraint forces. The coefficient vector [M{ — Q] of the vector 6q
cannot, however, be set equal to zero, since the components of the vector of
coordinates g are not totally independent because of the kinematic constraints
that represent specified mation tragjectories and mechanical joints in the system.
These constraints can be expressed mathematically as

C(g, t)=0 (6.75)

where C = [Cy(q, t) Ca(q, t) - - - Cn.(q, 1)]" isthe vector of linearly independent
constraint equations, and n. is the number of constraint functions.
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For a virtual change in the system coordinates, Eq. 75 yields
Cq6q=0 (6.76)

where C, is the constraint Jacobian matrix defined as

[9C & ]
o1 dG d0n
802 BCZ aCZ
i T o
9o, C  Cn,
| Jm dg2 Jan |

inwhichq=[q: 02 ---0n]" isthe n-dimensional vector of system coordinates.

Because of the kinematic constraints of Eq. 75, the components of the vector
g are not independent. One, therefore, may write the vector q in the following
partitioned form:

q=[ag ol (6.78)
where g4 is the n.-dimensional vector of dependent coordinates and g; is the
vector of independent coordinates, which has the dimension (n—n¢). According

to the coordinate partitioning of Eq. 78, Eqg. 76 can be written as

Cq, 604 +Cq, 6q;, =0 (6.79)
where the vector g is selected such that the matrix Cg, is nonsingular. This
choice of the matrix Cgq, is aways possible since the constraint equations are
assumed to be linearly independent. Equation 79 can then be used, as described

in the preceding chapter, to write the virtual changes of the dependent coordi-
nates in terms of the virtual changes of the independent ones as

80y =—Cq Cq 80, (6.80)

or
6dq = Cqi 60 (6.81)
in which

Cai = —Cy,Cq (6.82)
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The virtual changes in the total vector of system coordinates can be written in
terms of the virtual changes of the independent coordinates using Eq. 81 as

0 Ci
l Qal | ™9 5, (6.83)

50, |
which can be written as

869 = B; 8q; (6.84)
where

Cai
B = | (6.85)

Embedding Technique Equations 74 and 84 can be used to obtain a min-
imum number of differential equations expressed in terms of the independent
coordinates. In order to demonstrate this, Eq. 84 is substituted into Eq. 74, lead-
ing to

50/B/[Md - Q] =0 (6.86)

Since the components of the vector 6q; are independent, their coefficients in
Eq. 86 must be equal to zero. This leads to

B/M3 - B/Qe=0 (6.87)

Thisis a system of n— n. differential equations that can be expressed in terms
of the independent accelerations. For instance, by differentiating Eqg. 75 once
and twice with respect to time, one obtains

Cq4 = -Ci (6.88)
Call = ~[(Cq@)qd + 2Cqd + Cul (6.89)

where subscript t indicates a partial differentiation with respect to time. By
using the coordinate partitioning of Eq. 78, Eq. 89 can be written as

qd = Cdiqi + Cd (6.90)
where

Ca= *Cadl[(CqQ)qq +2Cqq+Cyl (6.91)
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Equation 90 can then be used to write the total vector of system accelerations
in terms of the independent ones as

qldd _ | Caiii + Ca
g g
= CI‘“ i (;d (6.92)
which upon using Eg. 85 leads to
g =Bid; +v; (6.93)
where
vie| & (6.94)
0
Using Egs. 87 and 93, one obtains
BIMB;d; +BMy; - BIQ.=0 (6.95)
which can be written as
Mid; = Q; (6.96)

where M; is an (n— n¢) x (n— n.) mass matrix associated with the indepen-
dent coordinates, and Q; is the vector of generalized forces associated with the
independent coordinates. This vector also contains terms that are quadratic in
the first time derivatives of the coordinates. The matrix M; and the vector Q;
are

M; = BMB; (6.97)
Qi =B/Q.-BMy; (6.98)

For a given system of forces, Eg. 96 can be solved for the independent accel-
erations as follows:

G =M, 'Q (6.99)

For a well-posed problem with linearly independent constraint equations, the
inverse of the matrix M; does exist. Equation 99 can then be used to define
the independent accelerations that can be integrated forward in time in order to
determine the independent coordinates and velocities. Dependent coordinates,



6.5 ELIMINATION OF THE CONSTRAINT FORCES 319

velocities, and accelerations can be obtained by using Egs. 75, 88, and 90,
respectively. Each of these matrix equations, by providing the known indepen-
dent variables, represents n. algebraic scalar equations, which can be solved
for the dependent variables.

It is important to mention that Eq. 96 can be obtained directly from Eq.
62 by using Eq. 93. The transformation of Eq. 93 automatically eliminates the
constraint force vector Q. of Eq. 62. Substituting Eq. 93 into Eq. 62, one obtains

M(Bid;i +vi) =Qe+Qc
Premultiplying this equation by B;, one obtains
BiTM Bid; = BiTQe + B;ch - BiTM'Yi

Since this equation is expressed in terms of the independent accelerations, one
must have

B?—Qc =0

which implies that the columns of the matrix B; are orthogonal to the constraint
force vector Q.. Conseguently, the system differential equation reduces to

BIMB;§, = B/ Q. — B/Mv;

The matrices and vectors that appear in this equation are exactly the same as
those of Eqg. 95 which was used to define Eq. 96.

Example 6.5

For the two-link manipulator of Example 4, the revolute joint constraints at points
O and A can be written as

riO =0, riA - ,{ =0
which can be expressed in terms of the absolute coordinates of the two links as
R +Aluh=0, R +Alul-RI -Alu,=0

These are four scalar constraint equations in which

up=[-lp 0

Up=[x OF

ur=[-1A O
The vector of constraints C(g, t) can then be written as

R'+Aluf
©@ Y= ri+aig, - Ri - Alg)| ~°
A A
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where
a=la" o1 =[R" ¢ R 0
“[R R, 6 R R 0
It follows that
6R +Abul 66!
anq[ P i ieoj i j]
SR +ALT, 66" - 6RI — AJTU) 86
6R!
I Ajug 0 0 || 6 o
v oAy, -1 -Ajup]] SR
56

Since the system has two degrees of freedom, we may select #' and ! to be the
independent coordinates, that is

a=10' o', o=IR. R Rt R
According to this coordinate partitioning, the preceding equation can be rewritten

I [in] -0

where the Jacobian matrices Cy, Cq, and Cq, can be recognized as

Aty 0
Altl  —AJTA

c|! Ald, 0 0
qa- i Al
I ApUp 1 —AyUp
I 0 Wiy 0
sUo
Caq = _ ] Cai=| Ai i il
. AgUa —Agla

The matrix Cq, is nonsingular and its inverse is

1 | 0
Cag =Caa=| |
The matrix Cgj of Eq. 82 can then be defined as

Aty 0

) -1 ' 0
TGt AT AT}

~Abub 0
Af(Uy—Tb) —Agla

The matrix Cqj isa4 x 2 matrix since the system has four dependent coordinates
and two independent coordinates. The virtual change of the system coordinates can




be expressed in terms of the virtual changes of the independent coordinates using
Eq. 84, where in this example, the matrix B;j of Eq. 85 is given by

6.5 ELIMINATION OF THE CONSTRAINT FORCES

~Aylig 0

B _| AIT@a-TG) ~AjTA
' 1 0
0 1

Thisis a6 x 2 matrix since the system has six coordinates and only two of them
are independent. The matrix B; can be written more explicitly as

~15sing! o

I}, cos! 0
- (b +1p)sing! f!};sin()_j
(I5+1y)cosd'  14cosh]

1 0

The mass matrix of the system, which was derived in Example 4, can be rearranged
according to the partitioning of the coordinates as dependent and independent. This
yields

'm0 0 0 0 0]
Oom 0 O 0 O
v_| 0 O m 0 0 O
1] 0 0 0o m 0 O
0O 0 0 0 J o0
|0 0 0 0 0 Ji]
It follows that
Zmi_ﬂosina_i 0o
m'l & cosé' 0
_milisng’ —millsngi
MB; - rr_1_| an nj}Asma_
mil'cosf'  mll,cosh!
J! 0
where | = Iio + IL is the length of link i. The mass matrix associated with the

independent coordinates can be evaluated using Eq. 97 as

Mi =B[MB;
[ mb)2+mig)2+31 milllAcos(d' - 6)
| miliAcos(6' - 61) mi(1})2 +J]

which isa 2 x 2 symmetric matrix, since the system has two degrees of freedom.
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The constraint force vector Q. of the system discussed in this example was
defined in Example 4. If the components of this vector are rearranged according to
the partitioning of the coordinates as dependent and independent, one obtains

— —

FU - Fyl
Fy — Fy
Fx
Fy
(F¥ sing’ — Fi cosd!)li + (Fi sinb' — Fy cosf')l
(F¥singi — Fy cosgl)ly

Qc:

It is easy to verify that

BiTQc =0

Identification of the System Degrees of Freedom |n the computer anal-
ysis of large-scale mechanical systems, numerical methods are often used to
identify the system-dependent and system-independent coordinates. Based on
the numerical structure of the constraint Jacobian matrix, an optimum set of
independent coordinates can be identified. Recall that for a dynamically driven
system, the Jacobian matrix is an n. X n nonsguare matrix, where n. is the num-
ber of constraint equations and n is the total number of the system coordinates.
If the constraints are linearly independent, the Jacobian matrix has a full row
rank, and Gaussian elimination can be used to identify a nonsingular n; x ng
sub-Jacobian. For instance, consider the equation

Cq0609=0
Applying the Gaussian elimination method with complete or full pivoting on the

constraint Jacobian matrix and assuming that no zero pivots are encountered,
the preceding equation, after n. steps, can be written in the following form:

— — - =

oup 0
Uy 0
1 Cp -+ Ciny Cyne+y -+ Cm : :
0 1 - Con, Con+n -+ Con SUn,
AT L o | |0
0 0 -+ 1 Cume+ - Cuen ov2 0
| 6Un-n. | LO]
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In the case of full pivoting, elementary column operations are used and the ele-
ments of the vector 6q are reordered accordingly. Hence, the vectors u = [6u;
dUy --- dup ] and 6V = [dv; vy -+ dup_p.]T contain elements of the vector
6, which are reordered as the result of the elementary column operations. The
preceding eguation can be written in a partitioned form as

Usu+Vév=0
where
1 Cip -+ Cip
0 1 c ) Cinc+y -+ Cun
T e R
S C ... C
0 0 o 1 Ne(ne +1) nen

The matrix U is an upper-triangular matrix with all the diagonal elements equal
to one. Because this matrix is nonsingular, the vector 6u can be expressed in
terms of the components of the vector év. The elements of the vector v can
then be recognized as the independent coordinates and the elements of the vec-
tor éu are recognized as the dependent coordinates, that is,

60y =6u
qu :6V

The Gaussian elimination method can also be used to detect redundant con-
straints. If such redundant constraints exist, the constraint egquations are no
longer independent and the constraint Jacobian matrix does not have a full row
rank. In this case, the Gaussian elimination procedure leads to zero rows, and
the number of these zero rowsis equal to the number of the dependent constraint
equations which is the same as the row-rank deficiency of the constraint Jaco-
bian matrix. The redundant constraints must be eliminated in order to determine
a set of linearly independent constraint equations that yield a Jacobian matrix
that has a full row rank.

6.6 LAGRANGE MULTIPLIERS

The embedding technique that leads to a minimum set of strongly coupled equa-
tions has several computational disadvantages. It requires finding the inverse of
the sub-Jacobian matrix associated with the dependent coordinates and it also
leads to a dense and highly nonlinear generalized mass matrix. In this section,
some basic concepts in the force analysis of constrained systems of rigid bod-
ies are discussed. These concepts, which are fundamental and are widely used
in classical and computational mechanics, will allow us to obtain a system of
loosely coupled dynamic equations in which the coefficient matrix is sparse and
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symmetric. The solution of this system of equations defines the accelerations
and a set of multipliers that can be used to define the constraint forces. In order
to introduce these multipliers, we first consider the simple system shown in Fig.
4. The system consists of two rigid bodies, body i and body j, which are rigidly
connected at point P. The constraint equations for this system can be expressed
in terms of the Cartesian coordinates as

R +Alt, - RI - Alul=0 (6.100)
9' -9 =0 (6.101)

where R' and R! are, respectively, the global position vectors of the origins
of the coordinate systems of bodiesi and j, A' and A! are, respectively, the
transformation matrices from the coordinate systems of body i and body j to
the globa coordinate system, Uh and U} are, respectively, the local position
vectors of point P with respect to the reference points of body i and body |,
and 0' and 6! are the angular orientations of bodies i and j. While Eqg. 100
guarantees that there is no trandational displacements between body i and body
i, EQ. 101 ensures that there is no relative rotations between the two bodies.
Equations 100 and 101 can be written as

C(q',q')=0 (6.102)

where C is the vector of constraint equations defined as

R +ATL - Rl - At}
o ol -0 (6.103)

Y|

Figure 6.4 Two-body system
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The Jacobian matrix of these constraint equations can be written in a partitioned
form as

Cq=1[Cq Cyil (6.104)
where
| ALub
i = 6.105
T o 1 (6.105)
| Alul
j=— 6.106
ql 0 1 ( )

where | isthe 2 x 2 identity matrix and Aig and Aé are, respectively, the par-
tial derivatives of the transformation matrices A' and A’ with respect to the
rotational coordinates 6' and 6.

Equipollent Systems of Forces Figure 5 shows the actual reaction forces
acting on bodies i and j of Fig. 4 as a result of the rigid connection between
the two bodies. Let N be the vector

A=— (6.107)

M

The reaction forces acting on body i and body j, which are equal in magnitude
and opposite in direction, can be expressed, respectively, in a vector form as

| [F] . IF]
Fle A= and Fl=x=- (6.108)
M M

The systems of the actual reaction forces of Eqg. 108 are equipollent to other
systems of generalized reaction forces defined at the origins of the coordinate

Figure 6.5 Constraint forces and moments
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systems of the two bodies and given by

- F
Q= M+ (AT x F) - k] (6.109)
Ql-— F (6.110)
¢ M+ (Alubx F) -k '

Equations 109 and 110 are the result of the simple fact that a force F acting at
a point P is equipollent to a system of forces that consists of the same force
acting at another point O plus a moment defined as the cross product between
the position vector of P with respect to O and the force vector F.

Lagrange Multipliers Recall that
[(ATTh) x F] - K :UiTAiTF (6.111)
[(A'up) x F] - kfup F (6.112)

Using these identities and Egs. 109 and 110, one obtains

. F
| = T 6.113
S e (6.113)
j F 6.114
QU= s ul A (6.114)
which can be written using matrix notation as
QL= ! oI F (6.115)
T lubAl 1| M '
Q! ! Of F (6.116)
| ubal 1M '

Comparing the matrices in these equations with the Jacobian matrices of Egs.
105 and 106, one concludes that the generalized reactions can be expressed in
this example in terms of the actual reactions as

Q.=-CiA (6.117)
Ql=-Clin (6.118)

Each of Egs. 117 and 118 contains three force components; two force compo-
nents associated with the translation of the reference point and one component
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associated with the rotation of the body. Equations 117 and 118 imply that the
generalized reaction forces as the result of the rigid connection between bodies
i and j can be expressed in terms of the Jacobian matrices of the kinematic
constraint equations. In this example, the vector A was found to be the nega-
tive of the vector that contains the reaction force and moment. The vector A,
whose dimension is equal to the number of constraint equations, is called the
vector of Lagrange multipliers. While the form of Egs. 117 and 118 is valid
for al types of constraints, the vector of Lagrange multipliers may not, in some
applications, take the ssimple form of Eg. 107.

Example 6.6

Find the generalized reaction forces associated with the Cartesian coordinates of
two bodies i and j connected by a revolute joint in terms of Lagrange multipliers.

Solution. Therevolute joint between two bodiesi and j allows only relative rotation.
The constraint equations for this joint are

R +AluL - RI - Alu} =0

where Uip and U,j; are, respectively, the local position vectors of the joint definition
points. The Jacobian matrix of the revolute joint constraints can be written as

Co=[I Alub -1 —Ajul]
which can be written as
Cq=[Cq Cyil
in which
Cy=[ Ajup]
Cqi=[-1 —AJupl

The generalized constraint reactions of the revolute joint associated with the trans-
lation of the reference points and the rotations of the bodiesi and j are

1 0 N
Qb= 0 1 ]
-xLsing' —yhcosf' XLcosf - yhsing! 2
N
- N

(Xbsin6' +yh cosh )\ — (Xb cosf — yhsinf ),
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-1 0
Ql-- 0 1 [M]
xLsindl +yLcosl —xLcosgl +ylsing]
A
- A2

~(XLsin0 +y ) costing + (XL cosoi - yLsingii,

where

=

yplT
VP]T

=

TO— T~
x|

o— T

I
~

Example 6.7

A link in a mechanism is assumed to be fixed if it is subjected to the ground con-
straints, which do not alow the translational and rotational displacements of the
link. These ground constraints for link i are given by

R =C;
o' =Cy

where C1 and C, are, respectively, a constant vector and a constant scalar. The
Jacobian matrix of the ground constraints is

10

I 0
Ci[ ]01
00

= O O

9 1o 1

The generalized reactions as the result of imposing the ground constraints are

1 0O A A
Q'C:—CqTi)\: 01 0]l x|=-]nN
- 0 01 A3 A3

Multiple Joints A body in a multibody system may be connected to other
bodies by severa joints. For example, in multibody vehicle systems the chas-
sis of the vehicle is connected to the suspension elements by different types of
joints. If a body in the mechanical system is connected with other bodies by
more than one joint, one can use the procedure previously described in this sec-
tion to define the contribution of each joint to the generalized reaction forces.
For example, let body i be connected to other bodies in the system by n; joints.
The constraint equations that describe these joints can be expressed in vector
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forms as
Ci(q,t) =0
Cz(q,t) =0
(6.119)
Cn(g,t)=0
whereq =[q¥ @2 --- g%]T isthe total vector of the system coordinates,

t istime, and ny is the total number of bodies in the system. Each of the vec-
tor equations in Eq. 119, which contains a number of scalar equations equal to
the number of degrees of freedom eliminated by the corresponding joint, con-
tributes to the vector of generalized forces of body i. By using Eq. 117, the
generalized reactions of these constraint equations are

Qi = —(CfiM
Qz= —(Ca)jA2

_ (6.120)
Qini = *(Cni gi)\ni

where Ay isthe vector of Lagrange multipliers associated with the vector of con-
straints Cy. The resultant generalized reaction forces due to all the constraints
of Eg. 119 can be written as

Qo=Qu+Qp+-+Qj

n )
-3 Q (6.121)
k=1
which upon using Eq. 120, yields
Qe = —(Co)gha — (Co)gha — -~ (Cn)jiMn
n
== 3 (CIIN (6.122)
k=1

Equation 122 can aso be written in a matrix form as

A1
Q--[Cl ©af ]| 2 (6123)

Ap
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It is clear that there will be no contribution from other joints that do not involve
body i since the constraint equations that describe these joints are not explicit
functions of the coordinates of body i. Equation 123 can then be written in a
more general form as

Q.=-CJA (6.124)

where C is the total vector of constraint equations of the system, and \ is the
vector of the system Lagrange multipliers. Constraints which are not explicit
functions of the coordinates of body i define zero rows in the Jacobian matrix
Cq4 of Eq. 124.

Equations 124 can be used to define the total vector of the system generalized
reactions. If the system consists of n, bodies, one has

.
Q. -[QF Q- QT (6.125)
which upon using Eq. 124, leads to

cgl)\

ng)\

Qc=- (6.126)

CinA
By factoring out the vector of Lagrange multipliers A and keeping in mind that
Cyq=[Cqa Cg --- Cyn] (6.127)

where C, is the constraint Jacobian matrix of the system, Eq. 126 can be
written as

Qc=-[Cqt Cgz -+- Cqm]™A
=-CiA (6.128)

Since each joint is formulated in terms of the coordinates of the two bodies
connected by this joint, the Jacobian matrix Cq in a large-scale constrained
mechanical system is a sparse matrix, which has alarge number of zero entries.

B Example 6.8

In order to demonstrate the use of Eq. 128, the dlider crank mechanism shown in
Fig. 6 is considered. The configuration of this mechanism can be identified using 12
Cartesian coordinates. There are, however, 11 constraint equations that describe the
jointsin the system. These constraint equations are the three ground constraints, the
two revolute joint constraints at O, the two revolute joint constraints at A, the two
revolute joint constraints at B, and the two constraints that allow only the translation
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Figure 6.6 Slider crank mechanism

of the dlider block in the horizontal direction. The Jacobian matrix of the constraint
equations of this mechanism was developed in Chapter 3 and is given by

—

J

1 0000 O 0O 0 o 0O 0O
01000 O 0O 0 O 0O 0O
00100 O 0O 0 o 0O 0O
0 001 0C4e O O O 0O 0O
00001CGCsg 0 0 O 0O 0O
Cq=| 0 0 01 0 Cs -1 0 Cg O 0O
0 0001C,g 0-1Co 0O 0O
0 00O0O0O O 1 0 Co -1 0O
0 00O0O0 O 0 1 Cgg O -1 0
000 OO0 O 0O 0 O 0 10
| 0 0 000 O 0O 0 O 0 0 1]
where
2 2 2 2

a2 _ | 2 _E 02 | 2
C4,67§sm0, C5,677E cos 6, Ce,e,ffE sin 64, C7,67§c056

13 3 13 3 13 3 13 3
Ceg=——=Sinf°, Cy9=—=c0sf° Cgg=——sSinfh> Cgg=— cosl
6,9 > 7975 8,9 > 9.9 5

The vector of system generalized reaction forces is

Q¢
Q2
Qc= Q% :*C?q—)\

Q¢
where

A=\ A2 A3 M As Ne A7 Mg Ao Ao Aul'
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The vector Q. is given explicitly in terms of Lagrange multipliers by

N\
-2
,)\3
—(N\4 +Ng)
~(\s +N\7)
|2
7[70\4 —Ng)sinf2 + (\s — A7) cos 2]
N6 — Mg
IV
|3
5 [(\6 +Ag) sin 8> — (A7 + N\g) cos 6°]
Ng
No — Ao
i

6.7 CONSTRAINED DYNAMIC EQUATIONS

The use of the generalized coordinate partitioning of the constraint Jacobian
matrix to develop a minimum number of differential equations that govern the
motion of the multibody system was demonstrated in Section 5. These equa-
tions are expressed in terms of the independent accelerations and, therefore, the
constraint forces are automatically eliminated. An alternative approach for for-
mulating the dynamic equations of the multibody systems is to use redundant
coordinates which are related by the virtue of the kinematic constraints. This
approach, in which the constraint forces appear in the final form of the equa-
tions of motion, leads to a larger system of loosely coupled equations which
can be solved using sparse matrix techniques.

In this section, we discuss the augmented formulation in which the kine-
matic constraint equations are adjoined to the systems differential equations
using the vector of Lagrange multipliers. This approach leads to a system of
algebraic equations with a symmetric positive-definite coefficient matrix. This
system can be solved for the accelerations and Lagrange multipliers. Lagrange
multipliers can be used to determine the generalized reactions as discussed in
the preceding section, while the accelerations can be integrated in order to deter-
mine the system coordinates and velocities.

In terms of the absolute Cartesian coordinates, the motion of a rigid body i
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in the multibody system is governed by Eq. 57, which is repeated here as
Mg = Qu+ QL (6.129)

where M' is the mass matrix of the rigid body i, §' = [R"'  §']T is the accel-
eration vector, Qy, is the vector of generalized external forces, and Q;, is the
vector of generalized constraint forces. If the reference point is taken to be the
center of mass of the body, the mass matrix is diagonal and is given by

M = mi 0 6.130
1o J (6130

where m is the mass of the body, and J' is the mass moment of inertia defined
with respect to the body center of mass.

If the system consists of n, interconnected bodies, a matrix equation similar
to Eqg. 129 can be developed for each body in the system. This leads to

MGt = QE+QE |

M26% = Q2 + Q2

e (6.131a)
M'g' = Qe+ Qc

Mannb _ ng + ng |

These equations can be combined in one matrix equation as

" M* a1 ree] e
M? 0 @ || :
M q' - di + di
e C
0 ' : : :
(6.131b)

which can be written as

M@ =Qe+Qc (6.131c)



334 CONSTRAINED DYNAMICS

where
M?2 0
M = h " (6.1323)
0
MM
q-[a" o g ---q¥" (6.132h)
. T
Q=[QY Q¥ ---Ql--- Q" (6.132¢)
. T
Q.=[QF Q7 Q- Q" (6.1320)

inwhich M isthe system mass matrix, q isthetotal vector of system generalized
coordinates, Q. is the vector of system generalized external forces, and Q.
is the vector of the system generalized constraint forces. It was shown in the
preceding section that the vector Q.. of the system generalized constraint forces
can be written in terms of the system constraint Jacobian matrix and the vector
of Lagrange multipliers as

Q.=-CiA (6.133)
where C, is the constraint Jacobian matrix, A is the nc-dimensional vector of

Lagrange multipliers, and n. is the number of constraint equations. Substituting
Eg. 133 into Eq. 131c, one obtains

M@ =Qe— Cgh
or equivalently,
M@ +CIA=Q, (6.134)

These are n second-order differential equations of motion, where n istotal num-
ber of system coordinates.

Theoretical Proof In the preceding section, we used a simple example to
introduce the technique of Lagrange multipliers. Before we start our discussion
on the solution of the equations of mation, it may be helpful to provide the
general theoretical derivation of Eqg. 134 in order to demonstrate the generality
of the technique of Lagrange multipliers. We make use of Egs. 74 and 76, which
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are given by

89'[Mg - Q] =0 (6.135a)
Cq6q=0 (6.135h)
Since the vector C, 6q is equal to zero from the second equation, the scalar
product of this vector with any other vector is aso equal to zero. Hence, the
second eguation yields
ACy89=0

for an arbitrary vector A, which has a dimension equal to the number of the
constraint equations. When this equation is added to Eq. 135a, one obtains

89'[M@ — Qe+ CIN =0
The coefficients of the elements of the vector 6q in this equation cannot be set

equal to zero because the coordinates are not independent. Using the coordinate
partitioning of Eq. 78, the preceding equation yields

Mi M, cr
(697 6q]] i Mia G Qa |, Sl at=0
Mdgi Mad | [ Gq Qe Caq

where the subscripts i and d refer, respectively, to independent and dependent
coordinates. It follows that

507 [MiiG; + Mgty ~ Qg +Cq A =0 (6.1363)
503[Mitl; + Maqtly — Qe, + CJ A =0 (6.136b)

As previously pointed out, the independent coordinates can be selected such that
the matrix Cg is a square nonsingular matrix. The vector of Lagrange multi-
pliers can then be selected to be the unique solution of the following system of
algebraic equations:

Cg N = Qe, — Maid — Myatig
This choice of Lagrange multipliers guarantees that the coefficients of the ele-
ments of the vector 6q4 in Eq. 136b are equal to zero. Furthermore, since in

Eq. 136a the elements of the vector 6q; are independent, one has

Miit; + Miqtly + Cq A = Qq
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Combining the preceding two eguations, one obtains

T
CQi

T
CQd

Mi;
Mdi Mgqg

of
o

which leads to the general form of Eq. 134:
Mg +CiA = Qe

Augmented Formulation If the vector of generalized external forces Q.
is known, the unknowns in Eqg. 134 are the vector of accelerations ¢ and the
vector of Lagrange multipliers A. The number of unknowns in this case is n
+ nc. Because Eq. 134 contains only n equations, in order to be able to solve
this system one needs to have additional n; equations. These n. eguations are
the nonlinear algebraic constraint equations that represent the joints and the
specified motion trajectories. These constraint equations can be written as

C(g,t)=0 (6.137)
which upon differentiation once and twice with respect to time, one obtains

Cql = -Cy (6.138)
Cal = Qg (6.139)

where the subscript t denotes partial differentiation with respect to time and Qq
is a vector that absorbs first derivatives in the coordinates and is given by

Qd = —Cit — (Cqd)gq — 2Cqq (6.140)

Equations 134 and 139 can be combined in one matrix equation as

| Qe
Qq

The vectors of accelerations and Lagrange multipliers can be obtained by solv-

ing Eq. 141 as
G
l N l l (6.142)

By direct matrix multiplication, one can verify that

Hoqe Ha
Hyg H

.
M C]
Cq O

G

\ (6.141)

MCT

T 71
M Cl

6.143
e o (6.143)
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where
Hw = (CqM'CJ)?
Hgg=M " +M 'CiHW\CM ! (6.144)
Hen = Hig = -M'CiH

Substituting Eqg. 143 into Eq. 142 and carrying out the matrix multiplication,
one obtains

4=HgQe+HpQq (6.145a)
A= H)\qu + H)\)\Qd (6145b)

For a given set of initia conditions, the vector § can be integrated in order
to determine the coordinates and velocities. The vector A of Eg. 145b can be
used to determine the generalized constraint forces by using Eq. 133. These
generalized constraint forces can be used to determine the actual reactions at
the joints as described in the following section.

It is important to emphasize at this point that due to the approximations
involved in the direct numerical integration, the resulting coordinates and veloc-
ities are not extact. One, therefore, expects that the constraints of Eq. 137 will
be violated with a degree depending on the accuracy of the numerical integra-
tion method used. With the accumulation of the errors in some applications, the
violation in the constraint of Eq. 137 may not be acceptable. In order to circum-
vent this difficulty, Wehage (1980) proposed a coordinate partitioning technique
in which the independent accelerations are identified and integrated forward in
time using a direct numerical integration method, thus defining the indepen-
dent coordinates and velocities. By knowing the independent coordinates as a
result of the direct numerical integration, Eq. 137 which can be considered as n¢
nonlinear algebraic constraint equations in the n.-dependent coordinates is then
used to determine the dependent coordinates using a Newton—Raphson algo-
rithm. Having also determined the independent velocities as the result of the
numerical integration, Eq. 138 can be used to determine the dependent veloci-
ties by partitioning the constraint Jacobian matrix, and rewriting Eg. 138 in the
following form:

Cqqla + Cq 0 = ~Cr
where q4 and q; are, respectively, the vectors of dependent and independent
coordinates that are selected in such a manner that C,, isnonsingular. It follows
that

0g = 7c5dlcqiqi - c:;dlct
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This equation defines the dependent velocities. Having determined both depen-
dent and independent coordinates and velocities, Eq. 141 can be constructed
and solved for the accelerations in order to advance the numerical integration.

Example 6.9

Figure 7 shows a two-body system that consists of body i and body j which are
connected by arevolute joint at point P. In this case, the system mass matrix M is

i
M = .
0o M/
where
m 0 0 m 0 0
Mi=| 0 m' 0, M=l 0 w O
0o 0 J! 0 o0 JJ
Therefore, the mass matrix M is
[ 0 0 0 0 O]
O m 0 0 0 O
M — 0O 0 Ji 0 0 O
1o o o »w 0 O
0 0 0 0 mw O
0 0 0 0 0 JJ
The Jacobian matrix of the revolute joint is
Co=[ Ajuh —1 - AT

710C13 -1 0 Cis
10 1 Cx3 0 -1 Co

Body j

Body i

Figure 6.7 Two-body system
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where
[C13]Aiul[8in0i cosei] x;][x;sinofy;cosei
Co3 =P cosf’ —sinb' [|yp Xpcosh' —ypsing'

Cis i —sin@/ —cosf/ ff,',
:7A0UP:* . . . ]
cosf’/ —sing’/
[ x%sin6i +37cos6
~x % cosf/ +5sn6/

It can also be shown that the vector Q, of Eqg. 140 is

Q- | o] - @t - Gopare;
(Qua)2
Equation 141 for this system can be written as
(m' 0 0 o0 0 0 1 o|[R]][ Fi ]
om 0 0 0 0 0 1]||R& Fi
o o J 0 0 0 Ci3 Cz3 0! M
o 0 0o m/ o o -1 olf|lk]| | F%
0 0 0 omi o o -1||R,|| F}
0 0 0 0 0 J/ Cig Cyp || 6/ Mi
1 0 Ci3 -1 0 Ce 0 O A1 (Qan
| 0 1 Cs 0 -1 Cx O O[N] LQp2]

whereF = [Fi Fi]TandF/ =[F% F{]T are, respectively, the vectors of forces
acting at the center of masses of bodies i and j, and M’ and M/ are the moments
acting, respectively, on body i and body ;.

6.8 JOINT REACTION FORCES

The solution of Eq. 141 presented in the preceding section defines the vector
of Lagrange multipliers which can be used in Eqg. 133 to determine the vector
of generalized constraint forces associated with the trandation of the center
of mass and the rotation of the body. While these generalized forces may not
be the actual reaction forces of the joint, the generalized and actual constraint
forces represent two equipollent systems of forces. This fact will be used to
determine the actual joint forces in terms of the generalized constraint forces
which are assumed, in the following discussion, to be known from the analytical
or numerical solution of Eq. 141.

For agiven joint k in the multibody system, the generalized constraint forces
acting on body i, which is connected by this joint, are

QD =—(Cgne =[FL, Fi, M]" (6.146)
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where Fi, Fi , and M are the components of the vector (Q}), which are

assumed to be known, C; is the vector of constraint equations of the joint k,
and A is the vector of Lagrange multipliers associated with these constraints.

The system of forces of Eq. 146 is equipollent to another system of forces
defined on the joint surface. Let u, be the position vector of the joint definition
point with respect to the reference point. A system equipollent to the system
of EQ. 146 can be obtained as

Fi
F = Fi, (6.147)
M — (upx Fp) -k

where Fj = [Fi  Fi]7, and k isaunit vector along the axis of rotation. Equar
tion 147 defines the system of reaction forces at the joint.

Example 6.10

The constraint equations of the revolute joint of the pendulum shown in Fig. 8 are
R'+A'u, =0

and the Jacobian matrix of the constraints are

c [ 10 Clg]
a 0 1 Cx
where
[ ClS] ALy ~sing! cosoi] [xb] ~x5sing’ - 51, cosf’
= U, = . . . = . . . .
C2 670 cosf' -sind' ||y, X C0sb' — ¥, sing’

Figure 6.8 Pendulum motion
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The generalized reaction forces can be expressed in terms of Lagrange multipliersas

1 0 N N1
Q.=-CIA-=-| 0 1 [)\z] A2
Ciz Cx3 C13N\1 + C23\2

This system must be equipollent to a system of reaction forces acting at the joint.
Using Eg. 147, the actual reaction forces can be written as
,)\1
F = —A2
—(C13\1 + C23\2) + M|,

where Mio is the moment of the generalized reactions about point O and defined
by the cross product

Ml = —(ufy x F}) -k =—{(ATTH) x [-A\1 —A2]"} -k

i j K
=—| |F,cos0’ — 3, sin6! x,sing’ +5, cosé’ 0O | -k
-\ -2 0
i 0
. 0 K
| —Na(x)) cosb’ - yi,sinb’) + \a (¥, Sinf’ + 37, cosb’)

=N\2(x} cos 0’ — yi, sin 0%) — N1(¥], sin 67 +y%, cos 07)

By substituting this expression into the definition of F and using the definition of
C13 and C»3, one obtains

which implies that the actual reactions at the joints are the negative of Lagrange
multipliers. Furthermore, the actual moment is equal to zero, which is an expected
result for the revolute joint.

Virtual Work A more systematic procedure for determining the reaction

forces at the joint definition pointsis to use the virtual work. Let F; and M: be,

respectively, the generalized constraint force and moment associated with the
reference coordinates as the result of ajoint k. The virtual work of the constraint
force and moment can be expressed as

SWL=Fl 5R + M. 66’
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The global position vector of the joint definition point r} can be expressed
in terms of the reference coordinates as

r, =R +AT

where A’ is the planar transformation matrix of body i, and T} is the local
position vector of the joint definition point with respect to the reference point.
It follows that

and
SR =ori — Ajul 66
The virtual work of the constraint forces can be expressed in terms of the virtual
change in the coordinates of the joint definition point as
SWE=FL ori+ (M. — Fi Abut) 66' (6.148)

The coefficients of ér) and 66’ in this equation define the reaction force and
moment at the joint definition point. In the case of a revolute joint, the coef-
ficient of 66' in the preceding equation is identically equal to zero as demon-
strated by the preceding example.

6.9 ELIMINATION OF LAGRANGE MULTIPLIERS

While the use of the embedding technique is not recommended as a basis for
developing general-purpose multibody computer programs because of the com-
putational overhead, it is important to understand some of the basic concepts
and techniques used in classica and computational dynamics to obtain a min-
imum set of independent differential equations. We have previously demon-
strated that if Q. is the vector of generalized constraint forces, then

BTQ. 0

where B; isthe matrix defined by Eq. 85. In the method of Lagrange multipliers,
the generalized constraint forces are expressed in terms of the Jacobian matrix
of the kinematic constraints as

Q.= 7C;:|rx
It follows that

B/CA=0
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This equation which is valid regardless of the values of Lagrange multipliers

implies that the vector of generalized constraint forces Cg)\ is orthogonal to
the columns of the matrix B;. To demonstrate that

B/C; =0

we rewrite the constraint Jacobian matrix according to the coordinate partition-
ing as dependent and independent (see Egs. 78 and 79) as

Cq = [qu qu']
Recall that
-1 h
B' _ 7qu qu
’ |
Using this matrix, one gets
T
TeT T(cT )1 q
B; Cq =[-Cq,(Cq,) 1] CTd =0
L —q;

as previoudly stated.

The matrix B; of Eq. 85 defines the relationship between the total vector of
the system velocities and a smaller independent subset of the same velocities.
There are other methods that can be used to express the system variables in
terms of a more general set of independent coordinates, each of which can be a
linear combination of the system coordinates. These methods can aso be used
to eiminate Lagrange multipliers and obtain a minimum set of independent
differential equations. Among these methods are the QR decomposition and
the singular value decomposition.

QR Decomposition Assuming that the constraint equations are independent
such that the contraint Jacobian matrix has a full row rank, Householder trans-
formations can be used, as described in Chapter 2, to write the transpose of the
constraint Jacobian matrix as

R
Cl=1Q; Q] l 01

where Q; and Q, are n x n. and n x (n— n.) matrices, respectively, and R; is
an n. X n. upper-triangular matrix. It was demonstrated in Chapter 2 that the
columns of the matrices Q; and Q, are orthogonal and

Q;Q:=0
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and
Q;Cq =0
In the QR decomposition, one can select the matrix B;, such that
Bi=Q;
With this choice of B; we are guaranteed that
B/CIA=0
and conseguently, the velacity transformation
q=Bq;

can be used, as previously described, to obtain a minimum set of independent
equations. The vector g, in this case represents a new set of independent vari-
ables, each of which may be a combination of the system coordinates. The
equations of motion can be expressed in terms of these new variables and their
time derivatives and the solution can be obtained as described in later sections
using the methods of numerical integration.

As pointed out in Chapter 2, while Q; and R; in the QR decomposition
are unique, the matrix Q, in this factorization is not unique. It is, therefore,
numerically difficult to preserve the directional continuity of the bases repre-
sented by the columns of the transformation Q,. Kim and Vanderploeg (1986)
defined constant orthogonal matrices Q; and Q,, at the initial configuration and
used the velocity constraint relationships to iteratively update these matrices in
order to preserve the directional continuity of the null space of the constraint
Jacobian matrix.

Singular Value Decomposition The singular value decomposition of the
transpose of the Jacobian matrix can be written as

Cq =Q:BQ,
where Q; and Q, are two orthogonal matrices whose dimensions are n x n and
ne X ne, respectively, and B isan n x n. matrix that contains the singular values

along its diagonal. It was shown in Chapter 2 that the preceding eguation can
be written in the following partitioned form:

B
Cl = [Qu Ql,-l[ Oll Q.

where B; is adiagonal matrix and Q,, and Q; are partitions of the matrix Q.
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The columns of the matrices Q,,; and Q; are orthogonal vectors and

Iind =0
It is aso clear that

Ci = QuB1Q,
The preceding two equations imply that
QLCE =0

If the matrix B; is selected such that

Bi=Qy

then B/CA = 0, and the transformation ¢ = B;g, can be used to eliminate
Lagrange multipliers and obtain a minimum set of independent differential
equations as described in Section 5.

Kim and Vanderploeg (1986) pointed out that the QR decomposition is about
two times more computationally expensive than the LU decomposition, while
the singular value decomposition is two to ten times more expensive than the
QR decomposition, depending upon the size of the constraint Jacobian matrix.
The QR and the singular value decompositions can also be used to obtain an
identity-generalized mass matrix associated with the independent coordinates.
For example, in the planar analysis using the absol ute Cartesian coordinates, the
mass matrix M of Eq. 132ais a diagonal matrix whose inverse can be easily
defined. Multiplying Eq. 134 by the inverse of the mass matrix, one obtains

g+M 'CIA=MTQ,

Now, let B; be the orthogona velocity transformation obtained by the QR
decomposition or the singular value decomposition of the matrix M *1CJ. Sub-
stituting the transformation ¢ = B,q;, into the preceding equation and premulti-
plying by the transpose of the matrix B; leads to an identity-generalized mass
matrix gssoci ated with the independent coordinates since in this special case
M;=B;B;=1.

6.10 STATE SPACE REPRESENTATION

By now, it should be clear that there are two basic approaches for formulating
the dynamic equations of multibody mechanical systems. These approaches are
the embedding technique and the augmented formulation. In the embedding tech-
nique, the dynamic equations are formulated in terms of the system degrees of
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freedom, thereby eliminating the workless constraint forces. This approach leads
to a system of linear algebraic equations in the independent accelerations. The
coefficient matrix in this system of algebraic equations is the generalized mass
matrix associated with the independent coordinates, and the right-hand sideisthe
vector of externally applied and centrifugal forces which depend on the system
coordinates, velocities, and possibly on time. By assuming that the mass matrix
is positive definite, the inverse of this matrix can be obtained and used to express
the independent accel erationsin terms of the independent coordinates, velocities,
and time. This procedure leads to Eq. 99, which is repeated here as

— 1

qz’ = Mi 61‘ (6-149)

where M; is the system mass matrix associated with the independent coordi-
nates, §; is the vector of independent accelerations, and Q; is the vector of
forces associated with the independent coordinates. The mass matrix can be a
nonlinear function of the system coordinates, while the force vector, which con-
tains externally applied forces and Coriolis and centrifugal forces is a function
of the system coordinates, velocities, and possibly time. Since the dependent
coordinates and velocities can always be expressed in terms of the independent
variables, Eq. 149 can be written as

4= Gi(a, 9 1) (6.150)

where G; is the vector function

Gi=M, 'Q, (6.151)

In Eqg. 150, the independent coordinates can be the joint variables or any set
of independent coordinates identified based on the numerical structure of the
constraint Jacobian matrix.

In the second approach, the augmented formulation is used, leading to the
dynamic equations which are expressed in terms of the dependent and indepen-
dent accelerations. The nonlinear algebraic constraint equations are adjoined to
the dynamic equations using the vector of Lagrange multipliers. This formula-
tion leads to a linear system of algebraic equations in the system accelerations
and Lagrange multipliers. The coefficient matrix in this system of equations
(Eq. 141) depends on the system mass matrix as well as the constraint Jaco-
bian matrix. As shown in Section 7, the solution of this system of equations
defines the vector of accelerations as well as the vector of Lagrange multipliers
(Egs. 145), which can be used to evaluate the generalized reaction forces, as
discussed in the preceding section. Clearly, in this case the independent acceler-
ations can be identified and expressed in the form of Eqg. 150, and consequently,
the form of Eq. 150 can be obtained by using the embedding technique, or by
using the augmented formulation.
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Having expressed the independent accelerations in terms of the independent
coordinates, velocities, and time, one can proceed a step further in the direction
of obtaining the numerical solution of the nonlinear equations of the multibody
system. To this end, we define the state vector y as

y[yll lq] (6.152)
Y2 Qi

The dimension of this vector is equal to twice the number of the system degrees
of freedom. Differentiating Eq. 152 with respect to time and using the definition
of Eq. 150, one obtains the following first-order state equations:

R q;
y=1.1|=1.
Yo d;

Sincey =[q] ¢/]", the preceding equation can be written as

i (6.153)
Gi(qia qh t)

R Y1
y=|""|= (6.154)
l y2 Gi(y7 t)]
which can simply be written as
y==(y., 1) (6.155)
where
Y1
fly, 1) = (6.156)
Gi(ya t)

Equation 155 represents the state space equations of the multibody system.
These equations are first-order differential equations and their number is equal
to twice the number of the system degrees of freedom. Therefore, in the state
space formulation, the second-order differential equations associated with the
independent coordinates are replaced by a system of first-order differentia
equations that has a number of equations equa to twice the number of the
degrees of freedom of the system.

[ Example 6.11

In order to demonstrate the formulation of the state space equations in both cases of
the augmented formulation and the formulation in terms of the degrees of freedom,
we consider the simple system discussed in Example 10. If the dynamic relation-
ships are formulated in terms of the degrees of freedom using the embedding tech-
nique, the system has one differential equation, which can be expressed in terms of
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this degree of freedom. If we select the angular orientation ' to be the degree of
freedom, the differential eguation of motion of the system is given by

J50 =M — mi'gli, cos 0

WhereJ = J'+mi(l%)? is the mass moment of inertia defined with respect to pomt
0,J! |sthe mass moment of inertia defined with respect to the center of mass, m' is
the total mass of the rod, M! is the applied external moment acting on the rod, and
l’ is the distance of point O from the center of mass of the rod. In this example,
the vector g; reduces to a scalar defined by the angle 6°. The preceding equation
then yields

g;=0"= [M' — migli, cos §']

Jl
From which the vector G; of Eqg. 150 reduces to a scalar and is recognized as

1 . o .
G, =— [M'—m'gl, cos 0']
Jl
0

e

and the state equations can be defined using Egs. 155 and 156 as

The state vector is

éi

HELNE
Lyl 6] - M — m'gli, cosf’
0
Let us now consider the second approach of the augmented formulation in which

the equations are developed in terms of the absolute coordinates R:, and 6. In
this case, the mass matrix M’ is

\H

m 0 0
Mi=| 0 m O
0 0 Ji

The algebraic constraints of the revolute joint are
C(g, N =R +Au, =0
and the constraint Jacobian matrix is
1 0 [,sné
Cq= ; .
0 1 -I,cosp

The vector C, of Eq. 138 is the null vector while the vector Q, of Eqg. 140 is
1%, cosf’

— (02ATTE = (672 ' '
Qo= @A, = 09| 7
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Equation 141 can be constructed for this system as

mt 0 0 1 0 RL 0

0 m 0 0 1 R —mig

0 0 J! lpsing' -1, cosp’ 0 |= M

1 0 [sing 0 0 A (6721, cosb!
0 1 -I)cosf’ 0 0 A2 (6121, sing’

One can verify that the solution of this system of algebraic equations defines

G, =0'=— [M'—m'gl, cos 0']
To
which is the same equation obtained previously using the degree of freedom of the
system as the generalized coordinate. Therefore, the state space equations are the
same as obtained previoudy in this example.

6.11 NUMERICAL INTEGRATION

Many of the existing accurate numerical integration algorithms are devel oped
for the solution of first-order differential equations. By putting the dynamic
equations in the state space form, one can use many of the existing well-devel-
oped numerical integration methods to obtain the state of the multibody system
over aspecified period of simulation time. In this section, some of these numeri-
cal integration methods are discussed, and we shall start with a simple but a
less accurate method called Euler’s method.

Euler's Method Perhaps the simplest known numerical integration method
is Euler’s method. While this method is not accurate enough for practical appli-
cations, it can be used to demonstrate many of the features that are common
in most numerical integration methods. The form of the state space equations
given by Eq. 155 can be used to derive Euler’s formula for the numerical inte-
gration. For this purpose, Eq. 155 is rewritten as

dy
— = f(y, 1) (6.157)
or
dy =1(y, 1) dr

which upon integration leads to

§yl dystl f(y, 1) dt (6.158)

Yo fo
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where
Yo = Y(t = to), Y =Y(t =11) (6.159)

in which ¢1 = 7o + h, where & is a selected time step, and y,, is the state vector
that contains the initial conditions. Equation 158 can be written as

&1

Yi=Yot S f(y, ) dt (6.160)
fo

If the time step % is selected to be very small, the integral on the right-hand
side of Eq. 160 can be approximated as

r f(y, 1) dt =1(yp, to)h (6.161)

fo

Substituting this equation into Eg. 160, one obtains

Y1 =Yo *+ (Yo, to)h (6.162)
By using a similar procedure, one can also show that

Y2 =Y1 +hf(ys, 11)

This procedure leads to Euler’s method defined in its general form by the equa-
tion

Yns1=Yn tHE(Y,, 10) (6.163)
where
Yo =Yt =12)

Equation 163 implies that if the state vector of the system is known at time 7,
and the step size & is assumed, the right-hand side of Eqg. 163 can be evaluated
and used to predict the state of the system at time, +1. Oncey,, , ; isdetermined,
the procedure can be repeated to advance the numerical integration and evaluate
the state of the system at time 7,,.,. This procedure continues until the end of
the simulation time is reached.

As pointed out earlier, Euler’s method is not an accurate technique for the
numerical integration because of itslow order of integration. In order to demon-
strate this fact, we write Taylor’s expansion for the state vector y at time ¢,,+1
as

) ()

o
() + 5

y(tn+l) y(tn) + hy(tn) =
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where
. dy(t,)
n) = =f s bn
Y1) = = =10, 1)
Loy dPY(t,)  df(y,, t)
Y = =4 =

By dropping terms of an order higher than the first order in 4, Euler’s method
can be obtained from Taylor’s series. In this case, the error in the numerical
integration is defined by the equation

(h)2 () )

3
En= 5 fV 1) + fY,s 1) + - (6.164)

Being a first-order method (straight-line approximation), Euler’s method
becomes inaccurate when the state vector is a rapidly varying function of time.

B Example 6.12

In order to demonstrate the use of Euler’s method for the numerical integration, we
consider the simple system of Example 11. We assume that the mass of the body is
1 kg, the distance from the center of mass to point O is 0.5 m and its mass moment
of inertia about point O is 0.3333 kg - m?. The joint torque M' is assumed to be
harmonic function that takes the form

M'=10sn5 N-m
The initial conditions are assumed to be zeros, that is

.y 6 =
The state space equations of this system were obtained in Example 11 as

HEE

Keeping in mind that y; = 6" and y, = 6’ = j1, the state space equations can be
written as

éi

[M’ m'glt, coso']

y2

y = =f(y, t
y Jl [M' — m'gll, cos y1] -1

If Ji, =0.3333 kg - m?, m’ = 1 kg, g = 9.81 m/s%, and I}, = 0.5 m, one has

y2

=f(y, 1) = .
y=10.1) 30sin5s — 14.715cosy1
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subject to the initial conditions

yi(t=0) o
y2(t =0) 0
If we select the time step for the numerical integration to be 4 = 0.01 s, the solution

atimer =tg+h=001sis
Y1 =Yo +hf(yo, t0)

0
[ ] [ 0-14.715 [ 0.14715]
The solution at 1 = 1 + & = 0.02 s can be obtained as
Yo =Yy1 +hf(yy, 11)
-0.14715
- [ 0.14715] +0 Ol[ 30sin(5)(0.01) — 14.715 coso]
-0.0014715
- [ ~0.279306 ]
Similarly, the solution at t3 =2 +h =0.03 sis

Y3 =Yo + hf(yy, 12)

- [ 0.0014715] .\ -0.279306
~0.279306 30sin(5)(0.02) — 14.715 cos(—0.0014715)
—4.26456 x 1073

- [ ~0.396506 ]

This process continues until the desired end of the simulation time is reached.

Higher-Order Numerical Integration Methods Euler’s methodisasingle-
step method with an order of integration equal to 1. The error resulting from the
use of this method is large, especialy in the analysis of nonlinear systems. For
rapidly varying functions, the use of low-order integration methods is not gener-
ally recommended since the error is a function of the frequency content and as
the frequency increases the error aso increases when these integration methods
are used. In order to demonstrate this, we consider the simplest oscillatory sys-
tem that consists of mass m, which is supported by alinear spring that has a stiff-
ness coefficient k. The equation of motion that describesthe free vibration of this
systemisgiven by

mx+kx=0

where x is the displacement of the mass. The exact solution of the preceding
differential equation is

x =X sin(wt +¢)
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where w = vk/m is the natural frequency of the system, and X and ¢ are
constants that can be determined using the initial conditions. For this system,
the state vector is defined as

y1 X

y2 X

If we use the exact solution to substitute for x and x, the state vector can be
written in terms of the system natural frequency as

[yl [ sin(wt +¢) l

y: =X

y2 w CoS(wt + @)

and
R cos(w? + ¢)
) yzl V=X wsn(wtw)]

In Euler’s method, first-order approximation is made. Second- and higher-order
terms are neglected and the error is in the form defined by Eq. 164. It is clear
from this error equation that the first term that appears in the error series is
function of y = f(y, ¢). For our simple oscillatory system, y is given by

sin(wt + ¢)

y - 7X(w)2 w COS(cot +¢) = 7(w)2y

As differentiation continues, the resulting terms become functions of higher
power of the frequency » and, therefore, as the frequency increases, the error
resulting from the use of Euler’s method increases. For that reason, low-
order numerical integration methods are hardly used in the anaysis of non-
linear multibody systems. More accurate numerical integration methods such
as the single-step Runge—Kutta methods and multistep Adams—Bashforth and
Adams—Moulton methods are often used. While in single-step methods only
knowledge of the numerical solution y, is required in order to compute the
next valuey, , 1, in multistep methods several previous values are required.

Runge-Kutta Methods Runge-Kutta methods are widely used in the
numerical solutions of the nonlinear differential equations of mechanical sys-
tems. While the order of integration of Runge-Kutta methods is normally higher
than one, only knowledge of the function f(y, 1) is required since the use of
Runge-K utta methods does not require determining the derivatives of the func-
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tion f(y,r). One of the most widely used Runge-Kutta formulas is
Yue1= Yo+ g (f1+2f2 + 263 +14)

where

fl - hf(yyp tn)

1 h
f2hf<yn+2f1,tn+2>

fShf<yn+;f2atn+Z>
f4:hf(yn +f3,1, + h)

where & is the time step size, and y, and y, , ; are, respectively, the solutions
atimet, and ¢, +1.

In order to demonstrate the use of Runge-Kutta methods, we consider the
problem discussed in Example 11. For this example, the vector function f is

f(y, 1) - 2
’ 30sin57 — 14.715cosy;

-

In order to advance the numerical integration using Runge-Kutta methods, we
must evaluate the functions f1, fo, f3, and f4. If & = 0.01 s, one has

0 0
f, = hf(y,, 0) = 0.01 -
1= ko, 0) l14.715l [0.14715]

Using f1, one evaluates

0 0 0
yO + %fl = + % =
0 -0.14715 —0.073575

It follows that

and

- 0.073575]

f hf< DR h) 001 ~0.73575 x 102
= — fi,t0+ =) =0.
2 Yot 5 Tufo™ ~13.96508

—0.1396508



6.11 NUMERICAL INTEGRATION 355

The function f, can be used to evaluate y, + %fz as

0
YO"'%le ]*‘
0

Therefore, f3 can be evaluated as

NI

~0.73575 x 1o3l

—0.1396508

-0.367875 x 1073
—0.069825

; hf< N 1 oy h ) oorl ~ 0.069825 —0.69825 x 1073
= —fo,t0+—=| =0. —
=M (Yot 5 f2lor 5 ~13.96508 ~0.1396508

This vector can be used to evaluate y, + f3 as

0 —0.69825 x 1073 —0.69825 x 1073
yO + f3 = + =
0 ~0.1396508 ~0.1396508
and
fo=hf(yo +fat0+h) =001 01396508
= N t = .
4= Mo ™3, lo ~13.215621

—~0.1396508 x 102
—0.13215621

The solution at time ¢, = tg + h = 0.01 s can be obtained using the Runge-Kutta
method as

Y1=Yot %(fl + 2f, + 2f3 + f4)
0 ‘2 —0.00073575 ‘2 —0.00069825
-0.14715 —0.1396508 —0.1396508
N —0.001396508
—0.13215621
-0.71075 x 104
—0.139652

ol

The vector y, can then be used to predict the solution at time ¢, = 1 + h.
This process continues until the desired end of the simulation time is reached.
Clearly, the use of the Runge-Kutta method requires many more calculations
as compared to Euler’s method, a price that must be paid for higher accuracy.
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Multistep Methods In the case of a single function y, the general form of
the multistep methods is given by (Atkinson, 1978)

k k
Yn+1= Zoajynfj +h'zlbjf(tn—jayn7j) (6.165)
J= J==
where h is the time step size, ¢, = to + nh, ao, - -+, ax, b_1, by, - -+, and b, are

constants, and k£ > 0. The multistep method is called the £ + 1 step method if
k + 1 previous solution values are used to evaluate y,+1. In this case, either
a; # 0or b, # 0. Note that Euler’s method is an example of a one-step method
with £ = 0 and

a():l, boil, b,1:0

If the term y, .1 appears only on the left-hand side of Eq. 165, the method
is said to be an explicit method. This is the case in whichb_1 =0. If b1 # 0,
Yn+1 8ppears on both sides of Eq. 165 which, in this case, defines an implicit
method. In general, iterative procedures are used to solve implicit methods.

An example of an explicit method is the two-step midpoint method defined
by the formula

Yn+1=Yn-1%t 2hf(tn,yn)

An example of an implicit method is the one-step trapezoidal method defined
by the formula

h
Yn+1=Ynt E [f(tmyn) +f(tn+1,yn+1)]

The convergence of the approximate solution obtained by using multistep
methods can be proved by defining an error function and requiring that this
error function approaches zero as the step size approaches zero. This condi-
tion, which is called the consistency condition, can be used to obtain a set of
algebraic equations that relate the constants a; and b; of Eq. 165. In general,
there are two approaches for deriving higher order multistep methods. These
are the method of undetermined coefficients and the method of numerical inte-
gration. In the method of undetermined coefficients, the algebraic equations
obtained using the consistency condition are used to define the constants q;
and b;, while in the method of numerical integration, polynomial approxima-
tions are employed. The methods based on the numerical integration are more
popular and are used to derive the most widely used multistep methods such
as the predictor—corrector Adams methods, where an explicit formula is used
to predict the solution at ¢, .1 using the previous solution values. The predicted
solution is then substituted into the implicit corrector formula to determine the



6.11 NUMERICAL INTEGRATION 357

corrected solution. Such a solution procedure can be used to control the size of
the truncation error.

Adams Methods Adams methods are widely used in solving first-order ordi-
nary differential equations. They are used to obtain predictor-corrector algo-
rithms where the error is controlled by varying the step size and the order of
the method. Adams methods can be derived using the method of numerical
integration starting with the following equation:

th+1
wﬂw+j It y@] dt
th

Interpolation polynomials are used to approximate f[t, y(t)], and by integrat-
ing these polynomials over the interval [t,, th+1], one obtains an approxima-
tion to yh+1. Two formulas are often used; these are the predictor explicit
Adams-Bashforth methods and the corrector implicit Adams-Moulton methods.

In the explicit or predictor Adams-Bashforth methods, interpolation polyno-
mials Py(t) of a degree less than or equal to k are used to approximate f (y, t) at
th_k, ..., th. A convenient way of construcitng the interpolation polynomials
is to use the Newton backward difference formula expanded at tj,,

t—t, (t — tn)(t — tn—l)
R (t*tn)"'(t*tn—k+1) kan

i kI ()

where f, = f(yn, t,) and the backward differences are defined as

Vlfn:fnffnfl
V2, =V, - V¥, 4

Ve = VA, - VR,

The integral of Py(t) is given by (Atkinson, 1978)

th+t k .
| “Raw=nz v,
tn i=0

where the coefficients ; are obtained using the formula

1
,ijlls S(s+1)---(s+j-1)ds =1
- Jo
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in which s = (t — t,)/h with v = 1. It can also be shown that v1 = 1/2, v, =
5/12, y3 = 3/8, y4 = 251/720, and 5 = 95/288.

The derivation of the corrector implicit Adams-Moulton method is exactly
the same as the Adams-Bashforth method except we interpolate f (y, t) at the
k + 1 pointsth+q, ..., th_k+1. The formula for the implicit Adams-Moulton
method is

k
Yn+l :yn + hjzoéjvjfn-'—l

where

6-:.i 1(sfl)s(s+1)---(s+j72)ds j=21
P o

with 8¢ = 1. It can aso be shown that 6; = -1/2, 6o = —-1/12, 63 =—-1/24, 64 =
—19/720, and 65 = —3/160. Note that the trapezoidal method is a specia case
of the Adams-Moulton formulawith k = 1. Since the Adams-Moulton formula
is an implicit method, the iterative procedure for solving it requires the use of
a predictor formula such as the explicit Adams-Bashforth formula. One of the
main reasons for using the implicit Adams-Moulton formulas is the fact that
they have a much smaller truncation error as compared to the Adams-Bashforth
formulas when comparable order is used. Computationally, it is desirable to
make the order of the predictor formula less than the order of the corrector
formula by one. Such a choice has the advantage that the predictor and cor-
rector would both use derivative values at the same nodes. The second-order
Adams-Moulton formula that uses the first-order Adams-Bashforth formula as
a predictor is the same as the trapezoidal method that uses the Euler formula
as a predictor.

Most of the predictor—corrector algorithms that are based on Adams method
control the truncation error by varying both the order and the step size. By using
a variable order, there is no difficulty in starting the numerical integration and
obtain starting values for the higher order formulas. For instance, the numeri-
cal integration begins with the second-order trapezoidal method that uses Euler
formula as a predictor, and as more starting values become available, the order
of the method can be increased.

6.12 DIFFERENTIAL AND ALGEBRAIC EQUATIONS

The formulation of the dynamic equations using the independent variables leads
to the smallest system of strongly coupled equations. The numerical solution
of this system that requires only the numerical integration of differential equa-
tions defines the independent velocities and coordinates which can be used to
determine the dependent coordinates and velocities in a straighforward manner
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using the kinematic equations. In the augmented formulation, on the other hand,
the kinematic constraint equations are adjoined to the system differential equa-
tions using the vector of Lagrange multipliers. This approach leads to a large
system of loosely coupled equations that can be solved for the accelerations
and Lagrange multipliers. The vector of Lagrange multipliers can be used to
determine the generalized reaction forces while the independent accelerations
are identified and integrated forward in time in order to determine the indepen-
dent velocities and coordinates. In this approach, the solution for the dependent
coordinates requires the solution of the algebraic system of nonlinear constraint
equations:

C(q,t)=0 (6.166)

where C is the vector of kinematic constraint equations, q is the total vector of
system coordinates, and t is time. A Newton—Raphson algorithm must be used
in order to solve Eqg. 166 for the dependent coordinates. Once the dependent
coordinates are determined, the dependent velocities can be determined using
Eqg. 138, which can be written according to the partitioning of the coordinates
as dependent and independent as

where g4 and q; are, respectively, the vectors of dependent and independent
coordinates, and Cqy, and Cq, are the constraint Jacobian matrices associated,
respectively, with these coordinates. The vector C; which is the partial deriva-
tive of the constraint equations with respect to time has dimension equal to the
number of the kinematic constraints.

As pointed out in the preceding sections, if the kinematic constraints are lin-
early independent, the independent coordinates can be selected in such a manner
that the matrix Cg, is anonsingular matrix. Since the independent velocities are
assumed to be known as a result of the numerical integration of the indepen-
dent state equations, Eqg. 167 can be considered as a linear system of algebraic
equations in the dependent velocities. This equation can be used to define the
dependent velocities as

Q4 = —Cqr[Cq, i + Ci] (6.168)

An aternative, yet equivaent approach for solving for the dependent veloc-
ities is to solve the following linear system of algebraic equations in the total
vector of system velocities:

(6.169)
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where |4 is a matrix that contains ones in the locations corresponding to the
independent coordinates and zeros everywhere else. The right-hand side of Eq.
169 is assumed to be known since ¢; is determined from the numerical integra-
tion and C; depends on time and the coordinates that are assumed to be known
from the position analysis. Note that Eqg. 169 is simply the result of combining
the two eguations:

qu = *Ct
di =G

While the use of Eqg. 169 is equivaent to the use of Eq. 168, the advantage
of using Eq. 169 is that one avoids the partitioning of the constraint Jacobian
matrix and identifying the sub-Jacobians C, and C . Furthermore, if the set
of independent coordinates changes during the simulation time one has only to
change the locations of the nonzero entries of the matrix 14, while the structure
of the Jacobian matrix C, remains the same.

Once the generalized coordinates and vel ocities are determined, the equations
for the accelerations and Lagrange multipliers can be constructed as

Qe
= 6.170
o 6170

where al the matrices and vectors that appear in this equation are as defined in
Section 7. Equation 170 can be solved for the accelerations and Lagrange mul-
tipliers and the independent accelerations can be identified and used to define
the independent state equations, which can be integrated forward in time to
determine the independent coordinates and velocities.

The main steps for anumerical agorithm that can be used to solve the mixed
system of differential and algebraic equations that appear in the analysis of
multibody systems can be summarized as follows.

.
M CI

C, 0 [A

1. An estimate of the initia conditions that define the initial configuration
of the multibody system is made. The initial conditions that represent the
initial coordinates and velocities must be a good approximation of the
exact initial configuration.

2. Using the initial coordinates, the constraint Jacobian matrix can be con-
structed, and based on the numerical structure of this matrix an L U factor-
ization algorithm can be used to identify a set of independent coordinates.

3. Using the values of the independent coordinates, the constraint equa-
tions can be considered as a nonlinear system of algebraic equations in
the dependent coordinates. This system can be solved iteratively using a
Newton-Raphson algorithm as discussed in Chapter 3.

4. Using the total vector of system coordinates, which is assumed to be
known from the previous step, one can construct Eq. 167 or equivalently,
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Eq. 169, which represents a linear system of algebraic equations in the
velocities. The solution of this system of equations defines the dependent
velocities.

5. Having determined the coordinates and velocities, Eq. 170 can be con-
structed and solved for the accelerations and Lagrange multipliers. The
vector of Lagrange multipliers can be used to determine the generalized
reaction forces.

6. The independent accelerations can be identified and used to define the
state space eguations which can be integrated forward in time using a
direct numerical integration method. The numerical solution of the state
equations defines the independent coordinates and velocities, which can
be used to determine the dependent coordinates and velocities as dis-
cussed in steps 3 and 4.

7. This process continues until the desired end of the simulation time is
reached.

Singular Configurations The selection of the set of independent coordi-
nates is an important step in the computer solution of the constrained dynamic
equations. This selection has a significant effect on the stability of the solu-
tion and also on reducing the accumulation of the numerical error when the
algebraic kinematic constraint equations are solved for the dependent variables.
In Section 5, a numerical procedure that utilizes the Gaussian elimination for
identifying the set of independent coordinates was discussed. It is necessary,
however, in many applications, to change the set of independent coordinates
during the numerical integration of the equations of motion.

In order to demonstrate some of the difficulties encountered when the inde-
pendent coordinates are not properly selected, we consider the closed kinematic
chain shown in Fig. 9. Such a closed kinematic chain that consists of ny links
connected by revolute joints has n, degrees of freedom. In order to define the
chain configuration in the global coordinate system, at least two translational
Cartesian coordinates must be selected as degrees of freedom, as shown in
Fig. 9. The other remaining degrees of freedom can be selected as rotation
angles, and hence there are two rotational coordinates for two links that must
be treated as dependent coordinates. The dependent rotational coordinates can
be expressed in terms of the independent angles using the loop-closure equa-
tions.

Np
> lcosh +1cosfl+1coshc=0

i=1
(i#],k)

Np

> 1snd S+1sngl+1sngk=0
2
(il#j,k)
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Figure 6.9 Singular configurations

where ny, is the total number of the links, §1 and 6% are the dependent rotation
angles of the links j and k, and | is the length of the link. For simplicity, we
assumed here that all the links are of equal length. The preceding two equations
can be written as

| cosf! +1cos® = A
lsing! +1singk=B

where
Ny
A=— > lcosf
@i

Ny )
B=— > Isn#
i=1
(%0

By differentiating the resulting loop-closure eguations with respect to time, one
obtains

nb . . . . . .

> 16'sing' »+161sing! +16Xsingk =0
i=1

(i#]j.k)



6.12 DIFFERENTIAL AND ALGEBRAIC EQUATIONS 363

nb . . .. . .
> 16'cosh S +101 cosh! +16% cosh* =0

i—1
i#ik
These two equations can be rewritten as

167 sing) +16%singk = —Aq
101 cosf! +10% cosk = —By

where
dA oo
Aj=——= > 16" sin§@'
dt i—1
(#.K
dB oo .
By=—= 16' 6'
a=gp T & 0o
(#5K)
It follows that

Isingl 1sing“][ 6] Ag
lcos@! lcosok || é%| | By

This system of equations can be solved for 6/ and 6 as

Qi
g
It is clear from this equation that singularities will be encountered when
6 — 0¥ is close to or equal to O or 7. In these situations, an aternate set of
independent coordinates must be used; otherwise, a small error in the indepen-
dent variables will lead to a very large error in the dependent variables.
Itisclear from the closed-chain example that if the set of independent coordi-
nates is defined only once at the beginning of the simulation, numerical difficul-
ties may be encountered when the system configuration changes. If the error in
the dependent coordinates becomes large, the number of the Newton-Raphson
iterations required to solve the nonlinear kinematic constraint equations will
significantly increase. Furthermore, the numerical errors in the dependent coor-
dinates may lead to significant changes in the forces and system inertia, which,
in turn, make the dynamic equations appear as being stiff, thereby forcing the
numerical integration method to select a smaller step size. For this reason, it
is recommended that one redefines the set of independent coordinates every few

" 1sn07 - 6% | ~Aycosfi +Bysing!

1 l AdcosadesinGk]
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Figure 6.10 Tracked vehicle (Photograph courtesy of Komatsu Ltd.)

time steps in order to avoid such numerical difficulties. An example of these
difficulties was observed in the analysis of the tracked vehicle shown in Fig.
10. A planar mode that consists of 54 rigid bodies was used in a numerical
investigation (Nakanishi and Shabana, 1994). These bodies, as shownin Fig. 11,
are the ground denoted as body 1, the chassis denoted as body 2, the sprocket
denoted as body 3, the idler denoted as body 4, the seven lower rollers denoted
as bodies 5-11, the upper roller denoted as body 12, and 42 track links denoted
as bodies 13-54.

In the model shown in Fig. 11, the idler, sprocket, upper roller, and lower
rollers are connected to the chassis using revolute joints. The track is mod-
eled as a closed kinematic chain in which the track segments are connected
by revolute joints. The equations of motion of the multibody tracked vehicle
was obtained using the augmented approach where the kinematic constraints are
adjoined to the dynamic equations using the technique of Lagrange multipliers.
Contact force models which describe the interaction between the sprocket, the
idler, the rollers, and the track segments were developed and were introduced
to the dynamic formulation as a set of nonlinear generalized forces that depend
on the system coordinates and velocities. Friction forces between the track seg-
ments and the ground were also considered (Nakanishi and Shabana, 1994). In
the Lagrangian formulation, the dynamics of the vehicle is described using 162
absolute coordinates and 52 revolute joints that introduce 104 kinematic con-
straint equations in addition to three ground constraint equations. Because of
the joint constraints, the vehicle has only 55 degrees of freedom. The vehicle,
however, was driven by rotating the sprocket with a constant angular velocity,
and the driving constraint of the sprocket when applied reduces the number of
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degrees of freedom by one. For the tracked vehicle model shown in Fig. 11,
the coefficient matrix of Eq. 170 is a 270 x 270 symmetric matrix.

The numerical solution of the tracked vehicle equations was obtained first by
using one set of independent coordinates throughout the dynamic simulation.
Figure 12 shows the contact forces acting on some of the rollers, while Fig. 13
shows the acceleration of the chassis of the vehicle. From the results presented
in these two figures, some unexpected dynamic behaviors can be observed.
There was no reason to justify the sudden change in the contact forces and
the accelerations shown in Figs. 12 and 13 after 4 s. The sudden increase in
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Figure 6.14 Contact forces Figure 6.15 Chassis acceleration

the contact forces was found to be the result of the motion of body 24, whose
coordinates were all selected as dependent coordinates.

In order to avoid the singular configuration, the dynamic simulation was
carried out using different sets of independent coordinates. Before the time of
the singular configuration was reached, the set of independent coordinates was
changed to include the rotation of body 24. Significant improvements in the
results were achieved as the result of changing the set of degrees of freedom.
Figures 14 and 15 show, respectively, the contact forces acting on some of the
rollers, and the acceleration of the center of the mass of the chassis when differ-
ent sets of degrees of freedom were used to avoid the singular configurations.
Figure 16 shows the results of a computer animation of the vehicle model.

Constraint Stabilization Methods The success of the numerical algorithm
based on the coordinate partitioning method, which has been extensively used
in multibody dynamics literature, depends on the convergence of the iterative
Newton-Raphson algorithm. A simple approach that can eliminate the need
for using the Newton-Raphson method is Baumgarte’s constraint stabilization
method. Recall that the second time derivative of the constraints can be written
as

C=Cqfl— Qq=0
It is known, however, that the solution of the preceding equation can be an
exponential growth, which is the case of an unstable solution. In Baumgarte’s
method, the equation above is modified and is written in the following form:
C+2aC+(B)’C=0
where « > 0 and 3 # 0. The preceding two equations lead to

Cqll = Qu — 2(Cq@ + Cy) - (B)*C
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The equations of motion of the system (Eg. 170) can be modified and written
as

.
M Cl
Cq O

G
A

B Qe
- l Qq — 20(Cy§ + Cr) - (B)’C

With this modification in the equations of motion, al the accelerations are
numerically integrated without partitioning the coordinates into dependent
and independent, thereby eliminating the need for the use of the iterative
Newton-Raphson method.

While Baumgarte’s constraint stabilization method gives accurate results in
some applications, there is no known reliable method for selecting the coeffi-
cients o and (8. Improper selection of these coefficients can lead to erroneous
results.

6.13 INVERSE DYNAMICS

We discussed in Chapter 3 the case of kinematically driven systems in which
the number of constraint equationsis equal to the number of system-generalized
coordinates. In this case, the Jacobian matrix is a square matrix, and if the
constraint equations are linearly independent, the Jacobian matrix has afull row
rank, and all the system coordinates can be considered as dependent. Equation
166 can then be solved for the system coordinates using a Newton—-Raphson
algorithm. Once the coordinates are determined, Eqg. 138 can be considered as
alinear system of algebraic equations which can be solved for the total vector of
system velocities. The accelerations, however, can be obtained by either using
Eqg. 139 as discussed in Chapter 3 or by using Eq. 170. In many multibody
computer programs, Eq. 170 is used since its solution determines the vector of
Lagrange multipliers, which can be used to evaluate the generalized constraint
forces, including the generalized driving constraint forces.

The inverse dynamics is the problem of determining the driving joint forces
that produce the desired motion trgjectories. The procedure for solving the
inverse dynamics problem is to define a kinematically driven system by intro-
ducing a set of driving constraints that define the prescribed motion. Hence, the
position coordinates, velocities, and accelerations of the bodies that form the
system can be determined using a standard kinematic analysis procedure as dis-
cussed in Chapter 3. Knowing the coordinates, velocities, and accel erations, the
equations of motion of the system can be solved as a set of agebraic equations
to determine the joint reaction forces as well as the driving constraint forces
that are required to generate the prescribed motion. The obtained driving joint
forces are often referred to as the feed forward control law. It is expected that
when these forces are used to drive the system, the desired motion trgjectories
will be obtained.
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The agorithms for the kinematic and dynamic analyses presented in Chapter
3 and in the preceding section can be used to solve the inverse dynamics prob-
lem. In order to demonstrate the procedure for solving the inverse dynamics
problem using the augmented formulation, we consider the dlider crank mech-
anism shown in Fig. 17. One may be interested in determining the crankshaft
torque that produces a specified desired motion of the slider block of the mech-
anism. Let us assume that the prescribed motion of the slider block is

Ri=f()

where f(t) is a given function of time. The objective then is to determine the
crankshaft driving torque that produces the desired motion defined by the pre-
ceding equation. Since the slider crank mechanism has one degree of freedom,
the use of the driving constraint defined by the preceding equation leads to
the kinematically driven system discussed in Chapter 3. The coordinates and
velocities of the bodies in the mechanism can be determined using a kinematic
analysis procedure similar to the one discussed in Chapter 3. Once the coordi-
nates and velocities are determined, the vectors of accelerations and Lagrange
multipliers can be determined at every time step using the equation

Qe
Qq
The solution of this equation defines Lagrange multipliers associated with the
joint and driving constraints. Lagrange multipliers associated with the driving
constraints can be identified and used to evaluate the driving constraint force.

For the dider crank mechanism example, the driving constraint can be
written in the following form:

.
M C]
Cq O

G
A

Cs=R—f(t)=0

It is clear from this equation that the only nonzero component of the driving
constraint force is the component associated with the motion of the slider block.

Figure 6.17 Inverse dynamics
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This force component is defined as
B dCyq
IR}

where \q is the Lagrange multiplier associated with the driving constraint Cyq.
The virtual work of the driving constraint force is

Fi: Nd = —Nd

Wy = F3 6RS

In order to determine the crankshaft torque that is required to generate the
desired motion of the slider block, we write 6R? in terms of the virtual change
in the crankshaft angle 62. The loop equations of the mechanism are

12 cosf? + 13 cosf® = R}
12sin? +13sng® =0

where |2 and I° are, respectively, the lengths of the crankshaft and the connect-
ing rod, and 6° is the angle that defines the orientation of the connecting rod.
Using the loop equations, one has

8R: = —1%[sin §2 — cos 6% tan6°] 662

Using this equation, the virtual work of the driving constraint force can be
written as

Wy =F2 R = —F1?[sin 2 — cos 8% tan6°] 662
X X

or
SWy = M? 662

where M? is the crankshaft driving torque that is required to generate the desired
motion of the dlider block. This torque, which defines the feedforward control
law, is given by

M2 = —F412[sin 62 — cos §2tan 6] = \gl?[sin 62 — cos 62 tan 6°]

The simple one-degree-of-freedom dlider crank mechanism example dis-
cussed in this section demonstrates the use of the augmented formulation and
general-purpose multibody computer programs to solve the inverse dynamics
problem. A similar procedure can be used if the mechanical system has multi-
degree of freedom. For such a multidegree of freedom system, one obtains the
driving generalized joint forces associated with the independent joint coordi-
nates.
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6.14 STATIC ANALYSIS
Another case that can be considered as a special case of the general computa
tional agorithm discussed earlier in this chapter is the case of the static analysis
of constrained multibody systems. It is desirable in many applications to obtain
the static equilibrium configuration prior to the dynamic simulation. Since in

the case of static equilibrium, the velocities and accelerations are assumed to
be equal to zero, Eqg. 170 reduces to

CiA=Qe (6.171)

This equation implies that if the multibody system is in static equilibrium, the

generalized constraint forces must be equal to the generalized applied forces.
Multiplying both sides of Eq. 171 by the vector 6q yields

[Qe— CiAT 6g=0 (6.172)

As described in Section 6 of this chapter, the vector 6q of the virtual changes

of the system-generalized coordinates can be expressed in terms of the virtual
changes of the independent coordinates as

60 =B 6q; (6.173)
Substituting Eq. 173 into Eq. 172 leads to
[Qe— C{AI™B; 6q; =0 (6.174)
Using the fact that CyB; = 0, the preceding equation reduces to
Q!B; 6qg; =0 (6.175)

Since the components of the vector §q; are assumed to be independent, the
preceding equation reduces to

B/Q.=0 (6.176)

This system, which has a number of equations equal to the number of indepen-
dent coordinates, can be written as

Ri(q) =0 (6.177)
where

Ri = BiTQe
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Equation 177 is a nonlinear equation in the system coordinates and can be
solved using a Newton-Raphson approach.

Keeping in mind that the kinematic constraints can be used to express the
dependent coordinates in terms of the independent ones, the numerical proce-
dure for solving Eq. 177 starts by making a guess for the independent coordi-
nates and use the constraint equations to determine the dependent coordinates.
Being able to do this, allows us to write Eq. 177 in terms of the independent
coordinates only as

Ri(;) =0 (6.178)

This vector equation can be solved for the independent coordinates using an
iterative Newton—Raphson algorithm.

Ancther aternative, yet equivalent, approach for the static analysis of a
multibody system is to consider Eg. 171 with the constraint equations

C(@) =0 (6.179)

Equations 171 and 179 represent n + n. nonlinear algebraic equations in the
n + ne unknowns g and N. These two vector equations can be solved for the
unknowns using a Newton-Raphson algorithm. The main difficulty in using this
approach is the need for having an initial estimate of the vector of Lagrange
multipliers.

PROBLEMS

1. Figure P1 shows a uniform slender rod that has mass 1 kg. At a given
configuration, the velocity and acceleration of the center of mass are given

Figure P6.1 15N
by

R=[R« R]"=[5 —15"m/s
R=[R« R]"=[100 250]" m/s?
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The angular velocity of the rod at this point in time is 150 rad/s, while
the angular acceleration is zero. Determine the generalized inertia forces
associated with the absolute coordinates of the center of mass as well as
the rotation of the rod.

. Repeat problem 1 assuming that the angular acceleration is 450 rad/s’.
What is the kinetic energy of the system and what is the mass matrix.

. In problem 1 determine the generalized inertia forces associated with the
absolute coordinates of point A as well as the rotation of the rod.

. In problem 2 determine the generalized inertia forces associated with the
absolute coordinates of point A as well as the rotation of the rod.

. In problem 1, what will be the mass matrix if the generalized coordinates
are selected to be the absolute coordinates of point A and the angular ori-
entation of the rod? Also calculate the generalized centrifugal forces.

. Thedender rod shown in Fig. PLhasmassm=1kg, F=5N,M=10N - m,
and ¢ = 45°. Determine the matrix equation of motion of this rod assuming
that the generalized coordinates are the absolute Cartesian coordinates of
the center of mass and the angular orientation of the rod. Using the obtained
equations, determine the accelerations of the center of mass and the angular
acceleration of the rod.

. Repeat problem 6 assuming that the generalized coordinates are the abso-
lute Cartesian coordinates of point A and the angular orientation of the rod.

. For the system shown in Fig. P2, let F =10 N, M =15 N - m, § = 45°,
¢ = 80°, and assume that the rod is slender with mass m = 1 kg, length |
=1 m, and its angular velocity at the given configuration is 150 rad/s. If

Figure P6.2

the generalized coordinates are selected to be the absolute coordinates of
the center of mass and the angular orientation of the rod, obtain the matrix
differential equations of the system in terms of these coordinates and the
reaction forces. Express the absolute accelerations of the center of massin
terms of the angle 6. Use these kinematic relationships with the dynamic
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10.

11

12.
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eguations to determine the numerical values of the acceleration and the
joint reaction forces.

In the preceding problem formulate the constraint equations of the rev-
olute joint. Define the constraint Jacobian matrix and use the generalized
coordinate partitioning to identify the Jacobian matrices associated with the
dependent and independent coordinates. Use the coordinate partitioning to
reduce the three differential equations obtained in the preceding problem
to one that can be solved to determine the angular acceleration of the rod.

For the system shown in Fig. P3, let M2 =M3 =15 N -m, F = 10 N,
62 = 60°, and 6° = 45°. The angular velocities of the links are assumed to
bef? = 10 rad/sand 6° = 5 rad/s. If the generalized coordinates are selected

=0.5kg, m3=1kg
Figure P6.3 12=05m,3=1m

to be the absolute Cartesian coordinates of the center of mass of the slender
rods and their angular orientations, obtain the matrix differential equations
of the system in terms of these coordinates and the joint reaction forces.
Express the absolute accelerations of the centers of mass in terms of the
angular orientations of the two links. Use these kinematic equations with
the obtained differential equations to solve for the accelerations and the
joint reaction forces.

Use the generalized coordinate partitioning of the constraint Jacobian
matrix to solve the preceding problem.

For the system shown in Fig. P4, le¢e M2 =10N - m,M3=8N - m, M* =

5N-m,F*=5N, ¢ =30° 62 =60°,0° = 30°, 04 = 45°, 62 = 4 rad/s, 6°
= 0% = 3 rad/s, and assume the links to be slender rods. If the generalized
coordinates are selected to be the absolute coordinates of the center of mass
and the angular orientations of the links, obtain the differential equations of
motion of the system in terms of these coordinates and the reaction forces.
Express the accelerations in terms of the angular orientations of the links.
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Use these kinematic relationships with the dynamic equations to solve for
the accelerations and the joint reaction forces.

F

m2=m3

=m?1lkg
P=pP=1"=05m Figure P6.4

13. Use the generalized coordinate partitioning of the constraint Jacobian
matrix to solve the preceding problem.

14. Develop the differential equations of motion of the slider crank mechanism
shown in Fig. P5 in terms of the absolute coordinates. Assume that M? =

- L F4

m?=0.5kg, m3=1kg, m*=0.2kg
2=02m,B2=04m Figure P6.5

10N - m, F4 = 15 N, 62 = 45°, and 92 = 150 rad/s. Use the general-
ized coordinate partitioning of the constraint Jacobian matrix to reduce the
number of equations to one.

15. Develop the differentia equations of motion of the four-bar mechanism
shown in Fig. P6 in terms of the absolute coordinates of each link. Assume
M2=M*=5N-m, F3=10N, #2=60°, and 2 = 150 rad/s. Use the gen-
eralized coordinate partitioning of the constraint Jacobian matrix to reduce
the number of equations of motion to one.
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18.

19.

20.
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m?=0.2kg, m3=0.4kg, m*=0.3kg
12=0.2m,13=0.4m,*=0.3m,
¢ =30°

Figure P6.6

Develop the equations of motion of the system of problem 12 in terms
of Lagrange multipliers. Use the computer to solve the resulting system
of eguations for the accelerations and Lagrange multipliers, and use the
obtained solution to determine the generalized and the actual reaction
forces.

Develop the equations of motion of the slider crank mechanism of problem
14 in terms of Lagrange multipliers. Solve the resulting system of equa-
tions using computer methods in order to determine the accelerations and
Lagrange multipliers, and determine the generalized and actual joint reac-
tion forces.

Obtain the differential equations of motion of the four-bar linkage of prob-
lem 15 in terms of Lagrange multipliers. Use the computer to solve the
resulting system of equations for the accelerations and Lagrange multipli-
ers, and determine the generalized and actual joint reaction forces.

Put the second-order differential equations of motion of the system of prob-
lem 6 in the state space form. Using the Runge-Kutta method, develop a
computer program for the numerical integration of the state space equations
of this system. Plot the angular displacement and velocity versus time for
1 s of simulation time. Use a step size At = 0.01 s, and assume that the
initial conditions are R, =[5 —15]"T m/s and 6, = 150 rad/s.

Develop the state space equations of the system of problem 8. Using the
Runge-Kutta method, develop a computer program for the numerical inte-
gration of these eguations. Plot the angular displacement and velocity of
the rod for 1 s of simulation. Assume a step size of 0.005 s and use the
configuration described in problem 8 as the initial configuration.



21.

22

23.

PROBLEMS 377

Find the state space equations of the system of problem 10. Develop a
computer program based on the Runge-Kutta method for the numerical
solution of this system. Plot the solution obtained using this program for 2
sof simulation with a step size At = 0.01 s. Use the configuration described
in problem 10 as the initial configuration.

Obtain the state space equations of the dlider crank mechanism of prob-
lem 14. Solve these equations numerically using the Runge-Kutta method
and plot the position and orientation of the links for one revolution of the
crankshaft. Use the configuration described in problem 14 as the initial
configuration. Present the solution for two different time step sizes (At =
0.001 and 0.005 s) and compare the results.

Obtain the state space equations of the four-bar mechanism of problem 15.
Solve these equations numerically using the Runge-K utta method, and plot
the angular displacements and velocities of the links for one revolution of
the crankshaft. Use the configuration described in problem 15 as the initia
configuration, and use a step size At = 0.001 s.



CHAPTER 7

SPATIAL DYNAMICS

In the planar analysis, the rotation of the rigid body can be described using one
coordinate, such that the angular velocity of the body is defined as the time
derivative of this orientation coordinate. Furthermore, the order of the finite
rotation is commutative since the body rotation is about the same axis. Two
consecutive rotations can be added and the sequence of performing these rota-
tions is immaterial. One of the principal differences between the planar and the
spatial kinematics is due to the complexity of defining the orientation of a body
in a three-dimensional space. In the spatial analysis, the unconstrained motion
of a rigid body is described using six coordinates; three coordinates describe
the translation of a reference point on the body and three coordinates define the
body orientation. The order of the finite rotation in the spatial analysis is not
commutative and, consequently, the sequence of performing the rotations must
be taken into consideration. Moreover, the angular velocities of a rigid body
are not the time derivatives of a set of orientation coordinates. These angular
velocities, however, can be expressed in terms of a selected set of orientation
coordinates and their time derivatives.

In this chapter, methods for describing the orientation of rigid bodies in space
are presented. The configuration of the rigid body in a multibody system is
described using a set of generalized coordinates that define the global posi-
tion vector of a reference point on the body as well as the body orientation.
As in the planar analysis, coordinate transformations are defined in terms of
the generalized orientation coordinates. The relationships between the angular
velocity vectors and the time derivatives of the generalized orientation coordi-
nates are developed and used to define the absolute velocity and acceleration
vectors of an arbitrary point on the rigid body. These kinematic relationships are

378
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then used to develop the dynamic equations of motion of multibody systemsin
terms of the system-generalized coordinates. As it is shown in the analysis pre-
sented in this chapter, the equations that describe the motion of arigid body in
three-dimensiona space are quite complex as compared to the equations of the
planar motion. Derivation of the dynamic equations of motion and definition of
the mass matrix of spatial rigid body systems are presented and the simplifica-
tions in the dynamic relationships when the reference point is selected to be the
body center of mass are discussed. This specia case leads to the formulation of
the Newton—Euler equations, in which there is no inertia coupling between the
translation and rotation of the rigid body. The application of the augmented for-
mulation and recursive methods to the dynamics of spatial multibody systems
consisting of interconnected rigid bodies is a'so demonstrated in this chapter.

7.1 GENERAL DISPLACEMENT

In the three-dimensional analysis, the unconstrained motion of a rigid body
is described using six independent coordinates; three independent coordinates
describe the trandation of the body and three independent coordinates define
its orientation. The translational motion of the rigid body can be defined by the
displacement of a selected reference point that is fixed in the rigid body. As
shown in Fig. 1, which depicts a rigid body i in the three-dimensional space,
the global position vector of an arbitrary point on the body can be written
as

r=R + AT (7.2)

Yy

Ri

Figure 7.1 Rigid body coordinates
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where R' is the globa position vector of the origin of the body reference
XYzt Al is the transformation matrix from the body coordinate system to
the global XYZ coordinate system, and U' is the position vector of the arbitrary
point with respect to the body coordinate system. The transformation matrix A'
isa3x 3 matrix, and R' and U' are three-dimensional vectors defined as

R=[R R RJI (7.2)

v=[m o =[x y 21" (7.3)
In the case of pure translational motion, the orientation of the body does not
change and, consequently, all the points on the rigid body move with equal
velocities. On the other hand, if the reference point is fixed, the body does
not have the freedom to trandlate and the remaining degrees of freedom are
rotational.

7.2 FINITE ROTATIONS

In this section, a method for determining the transformation matrix A' of Eq. 1
is presented. This matrix defines the orientation of the body coordinate system
X'Y'Z" with respect to the coordinate system XYZ. Figure 2 shows the coordi-
nate system X'Y'Z' of body i. The orientation of this coordinate system in the
XYZ system can be described using the method of the direction cosines. Let i',

jl, and k' be unit vectors along the X', Y', and Z' axes, respectively, and Iet
I, J, and k be unit vectors aong the axes X, Y, and Z, respectively. Let Bl be
the angle between the X' and X axes, 35 be the angle between X' and Y axes
and 35 be the angle between X' and Z axes. The components of the unit vector i'

Y|\

Figure 7.2 Direction cosines



7.2 FINITE ROTATIONS 381

along the X, Y, and Z axes are given, respectively, by

oy =cos By =i -
o120 =C0S B, =i - (7.4)
a3 =cos By =i -k

where a1, a1p, and ap3 are the direction cosines of the X' axis with respect to
the X, Y, and Z axes, respectively. In a similar manner, the direction cosines
@21, a2, and a3 of the axis Y', and the direction cosines a1, asp, and aaz of
the axis Z', can be defined as

az = -
az =" (7.5)
az=j' -k

and
oz =K' i
oz =K (7.6)
oz =k' -k

Since the direction cosines «jj represent the components of the unit vectors i

j', and k' along the axes X, Y, and Z, one has

i = i + o] + a3k
j' = ani + axj + axk (7.7)
K' = agi + agj + sk

Let us now consider the vector u' whose components in the body i coordinate
system are denoted as T, T}, and Uy, and in the coordinate system XYZ, the
components of the vector u' are denoted as uj, u, and u,. The vector u' can,
therefore, have the following different representations:

u' =o'+ j' + ok’ (7.8)
or
u' = Ui + uyj + upk (7.9)
Substituting Eq. 7 into Eq. 8, one obtains
u' = U (ani + @] + ask)
+ U (orzl + o] + 0tzgk)

+ Uh(azri + azpj + azsk)
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which leads to

Ui = (0111Uix + 0{21U; + aglUiz)i
+ (12l + ol + azolly)]
+ (O(]_3Uix + 0123Uiy + O{33Uiz)k (7.10)
By comparing Egs. 9 and 10, one concludes
Uix = Ollluix + 0121Uiy + aglUiZ
Uly = 0(12UIX + OlzzUly + O£32UIZ
UiZ B No% 13Uix + (X23Uiy + Ot33UiZ
That is, the relationship between the coordinates of the vector u' in the XYZ

coordinate system, and its coordinates in the X'Y'Z' coordinate system, can be
written in the following matrix form

U, Q1] o1 31 19
U'y =] a2 o o3z U'y (7.11)
u, Q13 o3 o33 o,

In order to distinguish between the two different representations of the vector
u', this vector will be denoted as U' whenever its components are defined in
the X'Y'Z' coordinate system. That is

u'=[u, W uyl” (7.12)

and

U=[u u o (7.13)

Using this notation, Eq. 11 can be rewritten as
u = AT (7.14)

where Al is recognized as the transformation matrix defined in terms of the
direction cosines ajj, i, j =1, 2,3 as
11 G211 (31
A=l ap ax an (7.15)

13 (23 (33
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Orthogonality of the Transformation Matrix The transformation matrix
of Eq. 15 is expressed in terms of nine parameters wjj, i, j = 1, 2, 3. The nine
direction cosines «;j are not totally independent because only three independent
parameters are sufficient to describe the orientation of a rigid body in space.
Since the direction cosines represent the components of three orthogonal unit
vectors, they are related by the six algebraic equations

akioq1 + ooz +agzouz =06k K, 1=1,2,3 (7.16)

where 6y is the Kronecker delta defined as

s 1 itk —_
MTY0 itk '

Because of the six algebraic relationships of Eqg. 16, there are only three inde-
pendent components among the elements of the transformation matrix A'.

An important property of the transformation matrix is the orthogonality, that
is

ATA ZATAT — | (7.18)

where | is the 3 x 3 identity matrix. The orthogonality of the transformation
matrix can be verified by direct matrix multiplication and the use of the identity
of Eq. 16. The relationship of Eqg. 18 remains valid regardless of the set of
coordinates used to describe the orientation of the body in the three-dimensional
space.

B Example 7.1
If theaxes X', Y!, and Z' of the coordinate system of body i are defined in the coor-
dinate system XYZ by the vector [1.0 0.0 1.0]",[1.0 1.0 -10]T, and [-1.0
2.0 1.0]", obtain the transformation matrix that defines the orientation of the coor-
dinate system X'Y'Z' with respect to the system XYZ.
Solution. The unit vectors i, ji, and ki along the axes X', Y!, and Z' are
[ 1 11"
i=|—= 0 —=
| V2 V2
- T
I I T
| V3 V3 V3
- T
Wo| L 2 1
| V6 V6 V6
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The vectorsi, j, and k are

i=[1 0 0
ji=[0 1 0
k=[0 0 11"
It follows that
g =it i
2
ap =i -j=0
| 1
a13=1 -kf\/2
Similarly,
1 1 -1
0121:%, Ol22:73, 23 73
and
-1 2 1

Q31 = —F—, a32 = —F—, Q33 = ——
NG V6 V6

The transformation matrix Al that defines the orientation of the coordinate system
X'Y'Z" with respect to the coordinate system XYZ is

[ 1 1 -1
V2 V3 Ve
a1] 621 Q31
A=l a2 az azm [=| O Loz
a13 23 33 \@ \@
1 -1 1
|2 Vi e
Note that
[ 1 1 [, 1]
V2 N3 e V2 V2
aa | o L2 |l o1 a1
V3 6 V3 V3 3
1 -1 1 1 2 1
V2 Vi Ve || ve VB e |
[[1 0 0
-lo 1 o]|A”A
[0 01
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vy YA

Xi

¢i

Figure 7.3 Simplerotation 2, Z*

Simple Rotations We now consider the case of simple finite rotations of
the coordinate system X'Y'Z' about the axes of the coordinate system XYZ.
Consider the case in which the axes of the two coordinate systems are initially
paralel and the origins of the two systems coincide. First we consider the rota-
tion of the coordinate system X'Y'Z' about the Z axis by an angle ¢'. As shown
in Fig. 3, as aresult of this finite rotation

=i -i=cos¢
app=i"-j=sng
Oélgiii k:0

Similarly, one can show that the other direction cosines are

az = -Sing', axp=C0S¢, axp=0
a3 =0, az =0, azz=1

It follows that the transformation matrix that defines the orientation of the coor-
dinate system X'Y'Z' as the result of a rotation ¢' about the Z axis is given

by
cos¢ —sing O
A'=| sin¢d cos¢ O (7.19)
0 0 1
The use of a similar procedure shows that if the coordinate system X'Y'Z!
rotates an angle 6' about the Y axis, the transformation matrix is
cosf' 0 sing
Al = 0 1 0 (7.20)
—-sind'" 0 cosf!
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and in the case of a rotation /' about the X axis, the resulting transformation
matrix is

1 0 0
A'=| 0 cosy' -—siny (7.21)
0 sny' cosy!

Successive Rotations Asdemonstrated in Chapter 1, the order of the finite
rotation is not commutative. An exception to this rule occurs only when the axes
of rotation are parallel. Consider the case of three coordinate systems X1Y1z?,
X2Y?Z2, and X3Y3Z3. Asshown in Fig. 4, these three coordinate systems have
different orientations. Let A3? be the transformation matrix that defines the ori-
entation of the coordinate system X3Y3Z 3 with respect to the coordinate system
X2Y272 and let A% be the transformation matrix that defines the orientation of
the coordinate system X2Y?2Z2 with respect to the coordinate system X1Y1z2,
Let U° be a vector defined in the coordinate system X3Y3Z3. The components
01‘2 the vector U can be defined in the coordinate system X2Y2Z2 by the vector
u<, where

u? = A3 (7.22)

The components of the vector u? can be defined in the coordinate system
X1Y1z1 py the vector u!, where

ul = A%y? (7.23)

ZZ

Yl

XZ

Xl

Zl
Figure 7.4 Successive rotations
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Substituting Eq. 22 into Eq. 23, the vector u' can be expressed in terms of the
original vector U2 as

ul = AZA%ES (7.24)

which can be written as
ul = A3 (7.25)

where, in this case, the transformation matrix A3 that defines the orientation of
the coordinate system X3Y3Z2 with respect to the coordinate system X1y?1z?!
is given by

ASl = AZIp®2 (7.26)

Similarly, in the case of n coordinate systems, one has
AN A2Lp32 . A(-D(n-2)pn(n-1) (7.27)

where Al is the transformation matrix that defines the orientation of the ith
coordinate system with respect to the jth coordinate system. Note that in general

AlATK o2 ATKAT]

as previously demonstrated.

Example 7.2

In the initial configuration, the axes X', Y, and Z' of the coordinate system of
body i are defined in the XYZ coordinate system by the vectors [1.0 0.0 1.0]T,
[1.0 1.0 -1.0]T, and [-1.0 20 1.0]", respectively. The body then rotates an
angle §', = 90° about its Z' axis followed by a rotation 6, = 90° about its X' axis.
Determine the transformation matrix that defines the orientation of the body i in the
XYZ coordinate system as a result of the successive rotations. If U' = [0.0 -1.0
0.0]" is a vector defined in the body coordinate system, define this vector in the
XYZ coordinate system after the rotations 63 and 65.

Solution. In the initial configuration, the method of the direction cosines can be
used to determine the transformation Ay, that defines the orientation of the body
before the rotations 6 and 6. It was shown in Example 1 that this transformation
matrix is

— -

1
/2
Ai0: 0

Sl
Sl Gl Gl
Sl sle sl
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Ay

—

Al = AbALAL =
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-

1

Sl Gl 6l

7.3 EULER ANGLES

— i . i —
cose_1 -sing; 0

i |

sing;

i
cosfy

0 0

0 0 [1 0 O
cos#, -sing, |=| 0 0 -1
sng, costh | |0 1 0]

The components of the vector T = [0.0
can then be obtained as

Sl Sl Sl

As aresult of the rotation 9%, the body occupies a new position. The orientation of
the body as aresult of this rotation is defined with respect to the initial configuration
by the matrix A} defined as

—

0 -1 0]
ol=l1 0 o
1] Lo o 1]

Since the second rotation 6, is about the X' axis, the matrix Al is given by

— —

The final orientation of the body is defined by the matrix Al given by
-1 B

0 -1 0 0 0 O
1 0 0 0 0 -1
0 O 1 0 1 0
05773 -0.4082 0.7071

=| 05773 08165 O
-0.5773  0.4082 0.7071

—-1.0 0.0]" in the coordinate system XYZ

1 7 1 )
RNE P N
0 -1 |= -2
0 V6
1 -1
V2 | | V6

The direction cosines are rarely used in describing the three-dimensional rota-
tions of multibody systems. Among the most widely used parameters for
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describing the orientation are the three independent Euler angles. Several dif-
ferent sets of Euler angles are in common use in the analysis of mechanica
and aerospace systems. In this section, the most widely used Euler angles are
defined and the transformation matrix in terms of them is developed.

Euler angles involve three successive rotations about three axes that are not,
in general, perpendicular. By performing these three successive rotations in the
proper sequence, a coordinate system can reach any orientation. Consider the
coordinate systems XYZ and X'Y'Z', which initialy coincide. The sequence
starts as shown in Fig. 5, by rotating the system X'Y'Z' an angle ¢' about
the Z axis. Since ¢' is a rotation about the Z axis, the transformation matrix
resulting from this rotation is given by

cos¢' —sing' 0
Al =| sn¢'  cos¢' 0 (7.28)
0 0 1

The coordinate system X'Y'Z' is then rotated an angle ' about the current X'
axis, which at the current position is caled the line of nodes. The change in
the orientation of the coordinate system X'Y'Z' as a result of the rotation 6' is
described using the matrix

1 0 0
D cosf! —sind! .
A,=| o o' o' 7.29
0 sing’ cosf'

_Finally, the coordinate system X'Y'Z! is rotated an angle ' about the current
Z' axis. The change in the orientation of the system X'Y'Z' as aresult of this
rotation is given by

cosy! —siny! 0
AL=| siny! cosy! 0 (7.30)
0 0 1

A

X, x¢ Xt

Original configuration After ¢ rotation After 6% rotation  After 3¢ rotation

Figure 7.5 Euler angles
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Using the transformation matrices A}, A}, and A} given, respectively, by
Egs. 28, 29, and 30, the final orientation of the coordinate system X'Y'Z' can
be defined in the system XYZ by the transformation matrix A' given by

Al = AIALAL (7.31)

This equation can be used to define the matrix A’ in terms of the angles ¢/, 6',
and y' as

cosyising +cosficosg'sing'  —sinyising' +cosficos¢'cosy’ —sinficose'

cosy'cos¢' — cosfising'sing! —sinyicos¢’' — cosbising'cosy’  sinfising'
A=
sinfisiny! sin@'cosy cosf'

(7.32)

The three angles ¢', ', and ' are called the Euler angles. The orientation of
any rigid body in space can be obtained by performing these three independent
successive rotations.

In the discussion presented in this section, we considered the sequence of
rotations about the Z', X', and Z' axes. Other sequences that are also used to
define Euler angles are rotations about Z', Y', and X', or rotations about Z',
Yi, and Z'. The use of these sequences leads to transformation matrices that are
different from the one presented in this section. The procedure used to define the
transformation matrix using these sequences, however, is the same as described
in this section and is left to the reader as an exercise. There are also other sets
of rotational coordinates that are often used to describe the orientations of rigid
bodies in space. Among these coordinates are the four Euler parameters and
the three independent Rodriguez parameters. These sets will be introduced in
the following chapter.

Relationship between Euler Angles and Direction Cosines Using the
fact that the elements of the transformation matrix are the direction cosines of
the axes X', Y', and Z', the nine direction cosines can be easily expressed in
terms of Euler angles. For instance, the elements of the third column in the
transformation matrix of Eq. 32 are the direction cosines of the Z' axis. These
three direction cosines are functions of the angle ¢' since the rotation 6' is
about an axis whose direction cosines are defined by the unit vector [cos ¢'
—sing'  0]". Euler angles can also be expressed in terms of the direction cosines
by equating the elements of the transformation matrices in the two cases. For
example, using the last row and column, one has

6' = cos Y(aas)

e
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= cosfl{—.az‘? }
v sing!
The quadrants where the angles lie are selected so as to ensure that al the

remaining elements in the Euler angle transformation matrix are the same as
the elements of the transformation matrix evaluated using the direction cosines.

7.4 VELOCITY AND ACCELERATION
The general displacement of arigid body in space is the result of trandational

and rotational displacements. In this case, the global position vector of an arbi-
trary point on the body is given by Eq. 1, which is reproduced here;

r'=R' +A'T! (7.33)
where R' is the global position vector of the origin of the body fixed coordinate
system, A' is the transformation matrix that defines the orientation of the body
in the global coordinate system, and U' is the position vector of the arbitrary
point with respect to the origin of the body coordinate system. The vectors
R' and U' are defined by Egs. 2 and 3, respectively. In the case of rigid body
analysis, the components of the vector U' are constant.

Velocity The absolute velocity of an arbitrary point on the rigid body can be
obtained by differentiating Eqg. 33 with respect to time. This leads to

i'=R + AT (7.34)
Since the transformation matrix is orthogonal, one has
iail _
AAT = | (7.35)
which upon differentiation leads to
ATAT + ATAT — 0 (7.36)
or
AIAT = _ATAT (7.37)
This equation implies that

ATAT = _(ATAT)T (7.39)
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A matrix that is equal to the negative of its transpose is a skew symmetric
matrix. Therefore, Eq. 38 can be written as
AAT — & (7.39)
where &' is a skew symmetric matrix that can be written as
0 -wy o)
o= oy 0 -—ow (7.40)
fwiz wil 0
and w}, wh, and w} are called the components of the angular velocity vector
o', that is
o =[0) o) i (7.41)
Postmultiplying both sides of Eq. 39 by the matrix A' and using the orthogo-
nality of the transformation matrix, one obtains
Al = @A (7.42)

Substituting this equation into Eqg. 34 yields

i =R +a AT (7.43)
which can aso be written as
i =R +&'u (7.44)
where
u = AT (7.45)

Using the cross product notation, Eq. 44 can be rewritten as

=R+ xUu (7.46)

B Example 7.3

Consider the case in which the rigid body i rotates about the fixed Z axis. If the
angle of rotation is denoted as ', the transformation matrix is

cosf' -singl 0
Al =| sng'  coso 0O
0 0 1
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and
—singl  —cosé! 0
Al =9l cosh' —sing 0
0 0 0

The skew-symmetric matrix @' of Eq. 39 is

o -1 o
& =AA" =411 0o o0
0O 0 O

That is,
0 —ws o) -1 0
=] iy 0 -wi|=6l2 0o o
fw'z w'l 0 0 0

wil 0
w-| oy |-| o [-ék
oy | Ld

where k is a unit vector along the axis of rotation. The preceding equation, which
is the familiar form of the angular velocity vector used in the planar analysis, is
obtained here using the general development presented in this section.

An Alternative Representation Equation 39 defines the components of the
angular velocity vector in the global coordinate system. The components of
this vector can aso be defined in the coordinate system of body i using the
transformation

o -A'w (7.47)

where @' is the absolute angular velocity vector defined in the coordinate sys-
tem of body i.

An alternative form for the absolute velocity vector of an arbitrary point on
the rigid body can be obtained by using the vector @'. This can be achieved by
directly using Eq. 47, or by utilizing the orthogonality condition of the trans-
formation matrix. To demonstrate the use of the second route, the orthogonality
condition is repeated here:

ATA = | (7.48)
which, upon differentiation, leads to

ATAI = _(ATANT (7.49)
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This implies that the matrix A'Al is a skew-symmetric matrix that can be
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written as
ATA = & (7.50)
where
0 -y )
o=l vy 0 -} (7.51)
—w, wy O
wherew', w}, and w5 are the components of the angular velocity vector defined
in the coordinate system of body i, that is,
® =0, o, @y (7.52)

Premultiplying Eqg. 50 with A" and using the orthogonality of the transformation
(7.53)

matrix, one obtains
Ai _ Aiﬁi

Substituting this equation into Eq. 34, another form of the absolute velocity
vector of an arbitrary point on the rigid body can be obtained as
(7.54)

=R+ AG'T = R + Al x )

The use of Egs. 42 and 53 implies that

OA =A'R
which leads to the following identities:
& =AGA" (7.55)
& =AT&A (7.56)

B Example 7.4

We again consider the case of simple rotation of arigid body i about the fixed Z
axis by an angle 6'. The transformation matrix A' and its time derivative A' are
—cosf! 0

cosf! -singl 0 —sing!
Al =| sng  cos 0 |, Al =@l cosé' —sing 0
0 0 1 0 0 0
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Using Eg. 50, one has

0 -1 0 0 -y @)
@ =ATA=¢1 o o @ o @i
0 0 O @, @) O

which defines the components of the absolute angular velocity vector in the body
coordinate system as

@ 0
®'=| o, [=6'o0
wh 1

Comparing these results with the results obtained in Example 3, we conclude in
this special case of a simple rotation about a fixed axis that ®' = w'. This situation
occurs only when the axis of rotation is fixed in space. In this special case, the
relationships

o Ao @ =Aw
are till in effect.

The transformation matrix that defines the orientation of an arbitrary body i
can be expressed in terms of the transformation matrix that defines the orien-
tation of another body j as

A= AAT
It follows that
& = AIAT = (AIAT + ATAT)ATATT

= (@ AIAT + Al(@"); Al ATATT (7.57)
where (@"); is the skew-symmetric matrix associated with the angular velocity
of body i with respect to body j defined in the coordinate system of body j.
Since the following identity:

&' = Al@)Alf

holds (see Egs. 55 and 56), where @" is the skew-symmetric matrix associated
with the angular velocity of body i with respect to body j defined in the global
coordinate system, Eq. 57 yields

& =l +o!
which implies that

0 -0 +o' (7.58)
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This equation states that the absolute angular velocity of body i is equal to the

absolute angular velocity of body j plus the angular velocity of body i with
respect to body j.

Acceleration The equation of the absolute acceleration can be obtained by
differentiating Eqg. 34 with respect to time. This leads to

i=R'+A'T (7.59)
Differentiating Eq. 42 with respect to time, one obtains
Al = @A+ @Al (7.60)
Substituting Eq. 42 into Eq. 60, one obtains
A —SIA + oo A
—&'Al + (@')2A (7.61)
where &' is a skew symmetric matrix defined as
a =@ (7.62)

Substituting Eg. 61 into Eq. 59, the absolute acceleration of an arbitrary point
on the rigid body i can be written as

i =R +&AT +(@)’A'U (7.63)

which, upon the use of Eg. 45 and the notation of the cross product, can be
written as

=R +a x U + o' x (0 x u) (7.64)
where o = [a} o «j]" isthe angular acceleration vector of body i. The
term o' x U' on the right-hand side of Eq. 64 is called the tangential compo-
nent of the acceleration, while the term ' x (' x U') is caled the normal

component.
Equation 64 can also be written in an alternative form as

=R +Al@xt)+Ae' x (@ xT)] (7.69)
in which

@ -A'd (7.66)
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7.5 GENERALIZED COORDINATES

The kinematic and dynamic relationships of multibody mechanical systems can
be formulated in terms of the angular velocity and acceleration vectors. The
angular velocities, however, are not the time derivatives of a set of orientation
coordinates and, therefore, they cannot be integrated to obtain the orientation
coordinates. For this reason it is desirable to formulate the dynamic equations
using the rotational coordinates such as Euler angles. In order to achieve this
objective, Eq. 46, which defines the absolute velocity vector of an arbitrary
point on the rigid body i, is written as

=R - U x o (7.67)
which can be written using the skew-symmetric matrix notation as
i=R - e (7.68)

where @' is the skew symmetric matrix

0 —u, u
o=l u 0 -—u (7.69)
-u, U, 0

and u, U}, and U, are the components of the vector u'.

In Section 3, the transformation matrix that defines the orientation of body
i was developed in terms of Euler angles. By using this transformation matrix
and the identity of Eq. 39, the angular velocity vector o' defined in the global
coordinate system can be expressed in terms of Euler angles and their time
derivatives as

o =G (7.70)
where 0' is the set of Euler angles defined as
o' =[¢ 6 ¢’ (7.72)
and
0 cos¢ snbising
G'=| 0 sin¢g' —sinfcos¢’ (7.72)
1 0 cosf!
The columns of this matrix, which represent unit vectors along the axes about

which the Euler angle rotations ¢', 8', and ' are performed, are vectors defined
in the fixed coordinate system.



398 SPATIAL DYNAMICS

Substituting Eq. 70 into Eqg. 68, the absolute velocity of an arbitrary point
on the rigid body can be expressed in terms of Euler angles as

=R - 0'Go (7.739)

which can be written using matrix partitioning as

i=[I -UG]

R 7.73b
o (7.73b)

Similarly, the absolute acceleration of the arbitrary point on the rigid body
can also be expressed in terms of the generalized orientation coordinates using
Eqg. 64, which can be written using the skew symmetric matrix notation as

i =R - o + (@)% (7.74)
Differentiating Eq. 70 with respect to time, one obtains
o =GO +G¢ (7.75)

Substituting this equation into Eq. 74, the absolute acceleration vector ' can
be written as

i =R — 0G0 +a (7.76)

where & is a vector that absorbs terms which are quadratic in the velocities.
This vector is defined as

a = (@)U - UG (7.77)

The vector & absorbs the normal component of the acceleration as well as the
portion of the tangential component that is quadratic in the velocities.

Another Representation In the development of the kinematic equations
presented in this section, the angular velocity and acceleration vectors defined
in the global coordinate system are used. Another alternate approach to the
formulation of the kinematic equations is to use the expressions of the angular
velocity and acceleration vectors as defined in the body coordinate system. By
following this procedure, one can show that

f=[l -ATG]

R 7.78
A (7.78)
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and

o[l —ATGG] l ZI] +al (7.79)
where
G =A'G (7.80)
The matrix G', in the case of Euler angles, is given by

snf'siny!  cosy' O

G'=| sinficosy! -siny’ 0 (7.81)
cosf! 0 1
and
| 0 -u, o 0 72
=l o o -u|s| Z o -« (7.82)
-u, O, 0 -y x 0

where ' =[O} ©, ©y" =[x y Z]". The columns of the matrix G'
define, in the body coordinate system, unit vectors along the axes about which
the Euler angles ¢', 0', and ' are performed.

Using Eqg. 47 or Eqg. 50, it can be shown that the angular velocity vector af
defined in the body coordinate system can be written in terms of the matrix G'
of Eg. 81 as

®=G'¢ (7.83)

Equations 78 and 79 can be obtained directly from Egs. 73b and 76 by using
the identity

o =AGA” (7.84)
Recall that
o —Aw
which upon differentiation and the use of the identity of Eq. 53 leads to
o —AG + Al

:Aiéi +Aiﬁi6i
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Since®' x @' = 0, one has
o —Alw =AGo + Aiéiﬁ

Comparing this equation with Eq. 75, one concludes that

Gi :Aiéiéi

Therefore, the quadratic velocity vector of Eqg. 77 that also appears in Eq. 79
can be written in another form using the identity of Eq. 84 as

aiv :Ai(ﬁi)zai B Aiﬁiéiei

The fact that G'@' = A/G'' does not imply that G' = AIG' as will be demon-
strated in Example 8.

Remarks It can be verified that the determinant of the matrix G' of Eq. 81
is equal to —sin@', which is the same as the determinant of the matrix G'.
Consequently, there is a singularity in the transformation using Euler angles
when ¢' is equal to zero or . In this case, the axes of rotation of the Euler
angles ¢' and ¢' are parallel and, therefore, these two angles are not distinct.
In other words, in the singular configuration, the Euler angles rates cannot be
represented in terms of three independent components of the angular velocity
vector using Eq. 70 or Eq. 83. The transformation matrix A' of Eg. 32 can be
written in the case of the singular configuration as

cos(y' +¢) —sin(y' +¢') 0
Al =| siny' +¢') cosiy' +¢') 0
0 0 1

which is a nonsingular orthogonal matrix whose inverse remains equa to its
transpose. All Euler angle representations suffer from the singularity problem,
which is encountered when two rotations occur about two axes that have the
same orientation in space. In this case, the two Euler angles are not indepen-
dent. A similar singularity problem is encountered when any known method
that employs three parameters to describe the orientation of the rigid bodies in
space is used. For this reason, the four Euler parameters are often used in the
computer-aided analysis of the spatial motion of rigid bodies.

Equations 81 and 83 can be used to demonstrate that the components of the
angular velocities are not exact differentials. For example, the use of these two
equations defines wy in terms of Euler angles and their time derivatives as

@y =0gnd' +0zb' + gos'
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where
Qo1 =sin6' cosy', Gp=-siny', gp=0
It is clear from these definitions that

J921 ~ J922 dg21 d023

20 o oYl o¢
which imply that @, is not an exact differential. Similar comments apply to @},
and w,.

7.6 GENERALIZED INERTIA FORCES

There are several methods for developing the dynamic equations of motion of
the rigid bodies. In this chapter, the principle of virtual work in dynamics will
be used to obtain the differential equations that govern the spatial motion of
the rigid bodies. First, we develop in this section an expression for the virtual
work of the generalized inertia forces.

The virtual change in the position vector of an arbitrary point on the rigid
body i is given by (see Eq. 78)

or'=[I —ATG'

oR (7.85)
50’ '
The virtual work of the inertia forces of the rigid body is

SW § Pl ar dV/ (7.86)
VI

where p' and V' are, respectively, the mass density and volume of the rigid

body i. Substituting Egs. 79 and 85 into Eq. 86, one obtains

g . | i
SWi=[R" @ ' .t |l —ATG!
Wi - | e]{ﬁvip{[e.alAlT I AT
. . [ sR
+a [l A'uG']}dV'} 59il (7.87)
which can be written as
sWi=[g"M' - Q)] sq (7.88)

where q' is the vector of generalized coordinates of the rigid body i defined as

qg=[R" o' (7.89)
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M' is the symmetric mass matrix

v s
Vi

and Q! is the vector of the inertia forces that absorbs terms that are quadratic
in the velocities. This vector is

: . I
Qi} = svi pl l 7€iTﬁiTAiT

In developing Eq. 88, the origin of the body coordinate system (reference
point) is assumed to be an arbitrary point on the rigid body, and therefore, the
mass matrix of Eqg. 90 and the inertia force vector of Eqg. 91 are presented in
their most general form. Equations 90 and 91 can be simplified if the refer-
ence point is chosen to be the center of mass of the body, which is the case
of a centroidal body coordinate system. The use of a centroidal body coordi-
nate system is one of the basic assumptions used in developing the well-known
Newton—Euler equations, which are discussed in later sections.

| ~-A'U'G!

rete AV 7.90
symmetric G'G'GG (7:90)

a dV' (7.91)

Mass Matrix The symmetric mass matrix of the rigid body i defined by Eq.
90 can be written in the form

[ mie mi
Mi=| f“’l (7.92)
Mgr Mgy
where
Mg = M1 (7.933)
Miy = M = —A' H o'l dvi] G' (7.930)
VI
and
mhy=G' 1,G' (7.930)

where m' is the total mass of the rigid body i, and Tié,e isa 3 x 3 symmetric
matrix, called the inertia tensor of therigid body, and is defined by the equation

To § TG AV (7.943)
VI
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Using Egs. 3, 82, and 944, the inertia tensor of therigid body i can be written

as
. Ixx Ixy Ixz
Ty = iy iz (7.94b)
symmetric i 22

where the elements iy, iyy, i, are called the moments of inertia and iyy, ixz, iy,
are called the products of inertia. These elements are defined as

lj DI+ @) dV ]
V|
iyiji PIK) + (@) dV

.j PP+ (] AV
Y . (7.95)
ixysvl pixiy dV/

V.

iy = s p'yZ dV
\

It is clear that the moments of inertia satisfy the following identity:

ixx+iw+izzz§ I+ (Y + (2) dV
Vl
_ 2§ gV
Vl

While the moments and products of inertia defined by Eq. 95 are constant
since they are defined in the rigid body coordinate system, the matrix mjy, of
Eqg. 93c is a nonlinear matrix since it depends on the orientation coordinates
of the rigid body. This matrix, upon the use of the identity of Eq. 80, can be
written in an alternate form as

mi, =G AT),A'G' =G'I},,G
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where
i _ AT AT
oo =AlgoA

Note also that in the mass matrix of Eq. 92, there is a dynamic or inertia cou-
pling between the trandlation and the rotation of the rigid body, and this cou-
pling is represented by the off-diagonal nonlinear matrices, mg, and moR, which
also depend on the orientation coordinates of the rigid body.

Example 7.5

Obtain the components of the inertia tensor of the rectangular prism shown in Fig.
6 with respect to a coordinate system whose origin is located at one of the corners,
as shown in the figure.

Solution. The elements of the inertia tensor can be evaluated using Eq. 95. For the
rectangular prism shown in the figure,

| LR+ @ 0V
Vl
T ot @ ok ay o
0JOJO
ceb | ) ) S
:§ j dlal(y)? + (Z)] dy o2

[(0) + (c)’]

Figure 7.6 Solid prism
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where m' is the total mass of the rectangular prism. Similarly, one can show that
. m . om
=5 @+ iz= = @+
The product of inertiaiyy is
S cebpa
ixy:—s Co'X'y' dV! :—S § S o'X'y dx' dy' dZ
Vi 0JolJo

O] Oy g [ O gy e

0do 2 0 4
Similarly,
ixzz—s » p'XZ dVi=— mac
Vi 4
S j
VI

The inertia tensor of the rectangular prism defined in the coordinate system shown
in the figure can be written as

O+ i) ~L(ac)
Thy=mi| i@  L@2+@©3 1o
~1(a0) ~io) i@+

In the specia case of a homogeneous cube, a = b = ¢, and the elements of the
inertia tensor reduce to

... 2m(a)?

Ixx =lyy =lzz= 3

S m (a)2
| Ixy =Ixz=lyz=— 4

Parallel Axis Theorem The elements of the inertia tensor given by Eqg. 95
are defined in a coordinate system whose origin is attached to an arbitrary point
on the rigid body. In this coordinate system, let U, be the local position vector
of the center of mass of the body. The vector U' that defines the location of an
arbitrary point with respect to the reference point O' can be written as shown
inFig. 7 as
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Zi
Figure 7.7 Centroida coordinates

where U! is the position vector of the arbitrary point with respect to the center
of mass. It follows from the use of the preceding equation and Eq. 94a that

§ I, + T+ 6] dV
V!
or
n-aaf] oav]+d|] saav]
vi Vi

il

s j i dvi]ﬂic+§ P av
V! V!

Since U} defines the position vector of an arbitrary point on the rigid body
with respect to the center of mass, one has

s p'ul dVi =0
\V

and conseguently,

S o't dV' =0
VI
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The eguation for the inertia tensor of the body becomes

Tyg = MGLTL + (Tye)e (7.96)

where the fact that

was utilized, and

(Tho)e S i dv
VI

is the inertia tensor of the body defined in a centroidal XLY.Z! coordinate
system whose axes are parallel to the axes of the coordinate system X'Y'Z!
as shown in Fig. 7. Equation 96 is called the parallel axis theorem, which
states that the mass moments of inertia defined with respect to a noncentroidal
coordinate system X'Y'Z' are equal to the mass moments of inertia defined with
respect to a centroidal coordinate system XY Z. plus the mass of the body
times the square of the distances between the respective axes. These moments
of inertia as well as the products of inertia can be expressed in terms of those
defined with respect to the centroidal coordinate system as

xx = (bode + M(Ye)? + (2]
iy = (iyy)e + M[(xe) + (z)?]
izz = (izz)c + M(X0)* + (Yo)’]
by = (ixy)e = MXCYe
ixz = (ixz)e — MXcZ
iyz = (lyz)c — mlych::

where (ixx)c, (iyy)e, (izz)e: (ixy)e: (ixz)e, and (iyz)c are the moments and products
of inertia defined with respect to the center of mass, and x;, Y., and z, are the
components of the vector T, that defines the location of the center of mass
with respect to the reference point O' as shown in Fig. 7. Since the moments
of inertia are always positive, it can be seen from the preceding equations that
atrandation of a coordinate system away from the center of mass always leads
to an increase in the moments of inertia. The products of inertia, however,
may increase or decrease depending on the direction of the trandation. Table 1
shows the mass moments of inertia of some homogeneous solids. The moments
of inertia presented in this table are defined with respect to a centroidal body
coordinate system.
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TABLE 7.1 Mass Moments of Inertia of Homogeneous Solids

Thin Circular Disk

Y

z

b =iy = l m(a)?, i

1
3™ =3

Sphere
Y

V=

Thin Ring
Y

b=l = 5 Mm@, iy, = m(a)?

N[+

Hemisphere

Y

VA

by =1y, = % m(a)?, i, = f_g) m(a)?

Slender Rod

Cylinder

V =n(a)h

4 o1 2 . 1 2
iy = = mla)?, i, =ﬁm(b)

12

iyy = 15 ml@? + ©)2)

iy = izp = 5 D2, iy, =0 e = e = S5 3@ + (7]
iy, = % m(a)?
Thin Plate Cone

e = iy, = s ml4a + (W2,

iy = 13—0 m(a)?
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It is worth noting that since U = ' — U, one can aways determine the

vector U, that defines the location of the center of mass with respect to the
origin of the body coordinate system. To demonstrate this, we write

s o'l dvis o't dvis p'uLdV' =0
V! V! V!

or
] sovie] suav
V! V!
which leads to
i 1 i i
uc:W SVi o'u' dV (7.97)

This equation defines the position vector of the center of mass with respect to
the origin of the body coordinate system.

Example 7.6

For the rectangular prism of Example 5, obtain the elements of the inertia tensor
defined with respect to a centroidal coordinate system whose axes are parallel to
the axes of the coordinate system shown in Fig. 6.

Solution. It is clear in this simple example that the center of mass of the rectangular
prism in the X'Y'Z' coordinate system is

X a/2
ue=| v |=| b2
z. c/2

This obvious result can also be obtained using the general equation

1

=i L
Uc= o

[ ooav
Vi

which, by assuming that the mass density p' is constant, yields in this example

Xt X a

; c b ra | 1
abe| o (= | ]| |avie | b

i 0oJdoJdo i 2

Z z c
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The element (ixx)c Of the inertia tensor defined with respect to the centroidal
coordinate system can be evaluated using the results obtained in Example 5 as

(ix)c = ixx — MI(YL)? +(2)?]

% oo (3731

LN CRIC

Similarly, one can show that

N

m m
(iyle = 75 [@°+(©, (e = 35 1@+ ()]
The product of inertia (ixy)c is
(o = ey + Xy = iy 11 57
Using the results of the preceding example, one has

. [ ab [ ab
(|Xy)cm'<4 > +m'<4 > =0
It can be also shown that

ixz =iyz=0
Thus,
_ [ 02+ (c)? 0 0
M=, | 0 @+ O
0 0 @+07

The results obtained in this example using the parallel axis theorem can also be
obtained by attaching the origin of the body coordinate system X'Y'Z' to the center
of mass and using Eq. 95. For example,

e[ PO @R v
V|

Sc/2 jb/z -‘a/z P'I[(Y)? +(Z)?] dX dy dZ

- 3 [0 + (7

which is the same result obtained previously by the application of the parallel axis
theorem.

In the special case of a homogeneous cube, the moments and products of inertia
reduce to
m'(a)?

6

(ixx)c = (iyy)c = (izz)c =

(ixy)c = (iXZ)C = (iyz)c =0
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Principal Moments of Inertia The parallel axis theorem shows the effect
of the trandation of the coordinate system on the definition of the moments
and products of inertia. In order to define the relationship between two inertia
tensors defined with respect to two body-fixed coordinate systems that differ in
their orientation, let (Ty,)s be the inertia tensor defined with respect to a body-
fixed coordinate system X}Y!Z}, and (|90)2 be the inertia tensor defined with
respect to another body-fixed coordinate system X2YZZ It is assumed that

the origins of the two coordinate systems X} Y}Z} and X},Y,Z}, coincide. The
orientation of the coordinate system X5Y5Z5 with respect to the coordinate
wstem XYz} is defined by the constant transformation matrix C'. Let U},
and U}, be the position vectors of an arbitrary point on the rigid body i defined
in the coordinate systems X Y} Z! and X,Y5Z), respectively. Using an identity
similar to the one of Eg. 84, one has

a) =Cc'alc'T (7.98)

Using this equation, it can be shown that the relationship between the inertia
tensors defined in the two body-fixed coordinate systems can be written as

(Tyg)1 = C'(Tgp)2C" (7.99)

Using the orthogonality of the transformation matrix, and postmultiplying both
sides of this equation by C', one obtains

(Typ)1C' = C'(Ty)2 (7.100)

It is possible to select the orientation of the body-fixed coordinate system
XLYLZ} such that all the products of inertia are equal to zeros. In this special
case, the inertia tensor (|00)2 is a diagonal matrix. In fact, this is the case that
occurred in the preceding example. In this case, the axes of the body-fixed
coordinate system X,Y4Z!, are called the principal axes and the moments of
inertia are referred to as the principal moments of inertia.

The principal axes and principal moments of inertia can be determlned using
Eqg. 100. If X5, Y2, and Z!, are principal axes, the inertia tensor (|00)2 can be
written as

i, 0 0
(Tyw)2=] 0 i2 ©
0 0 is

whereiy, io, and i3 are the principal moments of inertia. The inertia tensor (Ti(,,,)l,
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on the other hand, takes the general form

Ixx Ixy Ixz

—i . .
(Igo)r = lyy lyz
symmetric [

Now let C} be the kth column of the transformation matrix C' in Eq. 100.
Equation 100 can, therefore, be written as

[(T): — il]CL=0, k=1,2,3 (7.101)

where | isthe 3 x 3 identity matrix. Equation 101 is a system of homogeneous
equations that can be solved for the vector Cy. This system has a nontrivial
solution if and only if the coefficient matrix is singular. That is,

|(T)1 — il | =0 (7.1022)
or
Ixx — 1k ixy Ixz
iy iy —ik iy | =0 (7.102b)
ixz lyz izz ik

This determinant defines a cubic polynomial in ix. The roots of this polynomial
define the principal moments of ienrtiaiy, k=1, 2, 3, and the principal directions
C' can be defined using Eqg. 101. Since (I%)l is real symmetric and positive
deﬁnlte matrix, the principal moments of inertia obtained by solving Eq. 102 are
all real and nonnegative. Furthermore, one can show that the principal directions
associated with distinctive mass moments of inertia are orthogonal, that is

Cicl=0 ifk#I
#0 ifk=1, kl1=123

Once C, are determined, they can be used to determine unit vectors along
the principal directions. These unit vectors define the vectors of the direction
cosines, which form the columns of the transformation matrix C' that defines
the orientation of the coordinate system X5Y5Z}, with respect to the coordinate
system XY Z1. If two principal moments of inertia are equal, say i, =i # i1,
the direction of the principal axis associated with i1 is uniquely defined but any
axis that lies in the plane whose normal is defined by C is a principal axis. In
the case i; =i, = i3, any three mutually perpendicular axes form the principal
directions. An example of this specia case is the case of a sphere.
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We note, in general, that in the case of repeated roots, the substitution of the
repeated root in the coefficient matrix of Eq. 101 reduces the rank of this matrix
by the number of the equal roots. This makes the dimension of the null space of
the resulting coefficient matrix equal to the number of the repeated roots, ensuring
that Eg. 101 has a number of independent solutions equal to the number of the
repeated roots. These independent sol utions define the principal directions.

Centrifugal Forces Using Eq. 91, the vector in that absorbs terms that are
guadratic in the velocities can be written as

i (QIU)R
Q.= [ (QL)@ l (7.1033)

which upon the use of the expression for the vector al, presented at the end of
the preceding section yields

@r=-A'| ool - E6 0 v
V|
@ =G" | ol @ - a"a 6] v
Vl
The vectors (Q!)r and (Q!), can be written as

Q= AGY|]| ol av

VI

+AiH o' dV‘]G‘é‘ (7.103b)
VI

and
@n-a"[| i@t av] c" & (7108
V|

where the definition of Ti,(, given by Eq. 94 is utilized.
The following vector and matrix identities can be verified

(@) -t -U o'
(o) -au -t =0 - o'l (7.104)
-~ 7iUiT

w

u
i +ue’ - &' +
Using the last identity in the preceding equation, one has

§ PTG dV j PUGTe dV!
Vi Vi

Cimie e e .
S MH{o'lle'+o't' U'e' -U'e' ®'u'} dV'
Vi
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The last two terms in this equation are identically equal to zero. Thus

s piﬁiTéiﬁiUi dV| § piﬁiﬁiﬁiai dvl
Vi Vi

BTye = x ()
Substituting this equation into Eqg. 103c, one obtains

Q) =G [@ x (Tye') + TG 0] (7.105)

7.7 GENERALIZED APPLIED FORCES

The generalized external forces of the rigid body i can be defined using the
expression of the virtual work. Examples of these forces are the gravity, spring,
damping, friction, actuator forces, and motor torques. Examples of some of
these forces which can be nonlinear functions of the system variables are pre-
sented in this section and the formulation of the generalized applied forces
associated with the generalized coordinates of the spatial rigid body systems
are discussed.

Force Vector LetF' beaforcevector that actsat apoint P' ontherigid body i as
showninFig. 8. Thisforcevector isassumed to be defined in theglobal coordinate
system. The virtual work of thisforce vector can be written as

SWL=F'" srf, (7.106)

YA

Figure 7.8 Force vector
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where 5rip can be obtained using Eq. 85 as
5rh—=6R — AIGLG' 60 (7.107)
where iy is the skew symmetric matrix associated with the vector U} that
defines the local coordinates of the point P'. Also note that Eq. 107 can be
written as

6rb=6R — UG 60 (7.108)

This equation can be obtained from Eqg. 107 by using the identity of Eq. 84.
Substituting Eg. 108 into Eg. 106, one obtains

SWL=F" 6R - F'tLG' 60’ (7.109)
or
SWL=F 5R +F) 50’ (7.110)
in which
L=F (7.1114)
Fi= -G ipF (7.111b)

Equation 110 implies that aforce that acts at an arbitrary point on the rigid body
i is equipollent to another system defined at the reference point that consists of
the same force and a set of generalized forces, defined by Eq. 111b, associated
with the orientation coordinates of the body. _ .

Since Up is a skew-symmetric matrix, it follows that Gp = —0p . Using this
fact and the cross-product notation, Eq. 111b leads to

Fy=G' (ubx F) (7.112)

Recall that ul x F' is the Cartesian moment resulting from the application of
the force F', that is,

ML =ubx F (7.113)
where M, is the moment vector whose components are defined in the Cartesian
coordinate system. Equation 112, therefore, defines the relationship between the

generalized forces associated with the orientation coordinates and the Cartesian
components of the moment as

F, =G M}, (7.114)
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One can also show that if the components of the moment vector are defined in
the body coordinate system, one has

. T
F,=G M, (7.115)

where M; = AITM!, is the moment vector whose components are defined in the
coordinate system of body i.

A specia case occurs when the reference point lies on the line of action of
the force F'. In this special case, the vector up and the force F' are paralel,
and hence

upx F' =0

It follows that F, = 0. This equation and Egs. 111a and 111b imply that the
effect of the force does not change if its point of application is moved to an
arbitrary position along its line of action. For this reason, the force is considered
as a diding vector.

Example 7.7

A force vector F =[50 0.0 —3.0]T N is acting on body i whose orientation is
defined by the Euler angles
i T i_ T i
¢=7 =5, Y'=0
The local position vector of the point of application of the force is
Uhb=[02 0 -015"m

Using the absolute Cartesian coordinates and Euler angles as the generalized coor-
dinates, define the generalized forces associated with the body generalized coordi-
nates.

Solution. The transformation matrix that defines the orientation of the body is

07071 0 0.7071
Al-| 07071 0 -0.7071
0 1 0

At the given configuration,

010 0 07071 0.7071
G-=l100| G&=0o o771 -07071
001 1 0 0

The virtual work of the force is

F'orb=F' R - F' AIGLG' 50/
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where
_ 0 015 0
p=| 015 0 -02
0 02 0
and

0.2475 0 0
-0.0354 0 0
0 -015 -0.2

i~ —=i
ATRG' =
The generalized forces associated with the translation of the body reference are
Qk=F'=[50 0 -30

and the generalized forces associated with the orientation coordinates are

— (ATTRG)TF
02475 -0.0354 0 5.0 ~1.2375
=] o 0 -015 0 |=| -045
0 0 -02 J[ -30 -06

The generalized forces associated with the orientation coordinates can be defined
using an alternative approach by first defining the Cartesian moment up x Fi, where

0.0354
ub=Aluh =| 0.2475
0

The Cartesian moment can then be defined as

0 0 0.2475 5.0 ~0.7425
ubx Fl = 0 0 00354 0 |=| 01061
~0.2475 00354 0 -30 ~1.2375

The vector of generalized forces associated with the orientation coordinates is

Q=G (ubx F)

0 0 1 —-0.7425 -1.2375
=| 0.7071 0.7071 O 0.1061 |=| -045
0.7071 -0.7071 O -1.2375 -0.60

which is the same vector obtained previously.

System of Forces and Moments If arigid body i is subjected to a set of

forces Fy, Fj, ..., Fi, that act, respectively, at points whose position vectors
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arer}, ry, ..., rl, and a set of moments M}, M5, ..., M}, then the virtual
work of these forces and moments can be written as

SWL=Fy ori +Fy orh+..-+F, orl,
+(My+My+---+ M )G 50
which upon the use of the relationship presented previously in this section yields
SWiL=(Fy+Fy+---+F)T 6R
— (Frah +Fyah +--- +F )G 60
+(My+Mby+---+ M} )G 50
This equation can be written as
W, = (Qu)k 6R' + (Qp); 66’
where (QL)R and (QL)(, are the vectors of generalized forces associated, respec-

tively, with the generalized trandation and orientation coordinates. These two
vectors are defined as

ng
QIr=F1+Fy+ - +F, = 3 F

j=1
(Qs =GT[My + M+ + My +uy x Fy +up

X Fy+-+ul x FL ]

_ GiT

Nm . nf . .
2 M)+ 3 (U X FL)]
j=1 k=1

Spring—Damper—Actuator Element Figure 9 shows two bodies, body i
and body j, connected by a spring-damper—actuator element. The attachment
points of the spring—-damper—actuator element on body i and body | are, respec-
tively, P' and PJ. The spring constant is k, the damping coefficient is c, and
the actuator force acting along a line connecting points P' and P! is f,. Here,
fa is a general actuator force that may depend on the system coordinates, on
velocities, and possibly on time, and the coefficients k and ¢ can also be non-
linear functions of the system variables. The underformed length of the spring
is denoted as |,. The component of the spring-damper—actuator force along a
line connecting points P' and P! can then be written as

Fs=k(l —lo) +ci +f, (7.116)
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Y)

Ri

R/

Figure 7.9 Spring—damper—actuator force

where | is the current spring length. The first term on the right-hand side of
Eq. 116 is the spring force, the second term is the damping force, and the third
term is the actuator force. The virtual work of the force of Eq. 116 is

SW = —Fy 8l (7.117)

where

|=|rp| = m (7.118)
and rg is the position vector of point P' with respect to point P!, that is,
r=rh—rh
~R +Alt, - RI - A,

where Th and Th are, respectively, the position vectors of points P' and P!
defined in the coordinate system of the respective body, A' and A’ are the trans-
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formation matrices of the two bodies, and R' and R! are the globa position

vectors of the origins of the coordinate systems of bodiesi and j, respectively.
Using Eq. 118, the virtual change in the spring length is

sl f(r /Zr'FJ, ori
which, upon using Eqg. 118, yields
ij

l L
ol = = il orll

T
r‘IJ . . H . .
= P [6R' - 0pG' 60' — 6R! + GHG! 601 (7.119)

where @b and G u arethe skew symmetric matrices associated, respectively, with
the vectors Al up and AlTb.
Let

be a unit vector along the line of action of the force Fs. Using the preceding
equation and Egs. 116 and 119, the virtual work of Eq. 117 takes the form

sW=Ff D [6R — GLG' 601 — 5RI + 0LG) 561]
which can be written as
sW=Qk 6R +Q) 601 +Qk sRI + Q! 56) (7.120)

where the generalized forces Qk, Q)), Qk, and Q) are

Qk = —Fef

i GTgTpl

Q i PP (7.21)
QR*FS

Qo :*FSG]T JTA'J
The virtual work of Eq. 120 can also be expressed in the following form:

SW=Q" 6q + Q" 5q’ (7.122)
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where g' and ¢/ are the generalized coordinates of body i and body j, respec-
tively, and

k] [ -Fdd

o gIR _ FGiTSGFfij] (7.123)
| 0 ] | 'S P'P

QR [ R

ST i S (7.124)
| 0 ] | 'S P'P

Rotational Spring—Damper—Actuator Element While the order of the
finite rotation is not commutative and, consequently, such rotations cannot be
treated as vector quantities, the order of the infinitesmal rotation is commuta-
tive. Thus, infinitesimal rotations can be treated as vectors. This can be demon-
strated by considering two successive infinitesimal rotations that define the two
transformation matrices A} and AL. By using a first-order approximation, one
can show that

ALAL = ALAY (7.125)

We have shown previously that the angular velocity vector, defined in the
global coordinate system, can be written in terms of the orientation coordinates
and their time derivatives as

o' =G0 (7.126)

where the matrix G' in the case of Euler anglesis defined by Eq. 72. We observe
from the preceding equation that the angular velocity in the spatial analysis
is not the time derivative of the orientation coordinates. The angular velocity
vector, however, can be considered as the time rate of a set of infinitesimal
rotations 67 about the axes of the global coordinate system. Therefore, the use
of the preceding equation leads to

oo .50
- -G 7.127
R Y: G ot ( )

which leads to the relationship between the infintesimal virtual rotations about
the axes of the global Cartesian coordinate system and the virtual change in the
generalized orientation coordinates 0' as

o =G' 50! (7.128)
We now consider the case of a rotational spring—damper—actuator element

(Fig. 10) that connects two arbitrary bodies i and j in the multibody system.
These two bodies may be connected by a revolute, screw, or cylindrical joint.
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Figure 7.10 Torsional spring and damper

Let 6 be the rotation of body i with respect to body j along the joint axis,
and let h'! be a unit vector along the joint axis. The virtual change 66" can be
expressed in terms of the generalized orientation coordinates of bodiesi and j
as

861 = nii' (50 — sml) =hli'(G' 60' — GJ 60)) (7.129)
This equation implies that the virtual relative rotation 6 is the projection of
the relative Cartesian rotation (67' — 67!) on the joint axis.
The torque exerted on body i by the rotational spring-damper—actuator ele-
ment as the result of the rotation 6" is
T = (k6" +c.0" +Tp) (7.130)
where k; and c; are, respectively, the rotational spring and damping coefficients,
and T, is the actuator torque. The coefficients k; and ¢, and the torque T, can
be nonlinear functions of the system coordinates, velocities, and time.
The virtual work of the torque T" is
SW=-Ti 561 = —TIhIT(G' 50' — GI 56/)
This equation can also be written as
SW=Q" 8q +Q!" 5] (7.131)

where the generalized forces Q' and Q! are given by

= 0 I = 0 7.132
O et | 7| g (7132
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7.8 DYNAMIC EQUATIONS OF MOTION

In the preceding two sections, the virtual work of the inertia forces and the
virtual work of the applied forces acting on the rigid body i were developed.
It was shown that the virtual work of the inertia forces can be written as (Eq.
88)

SWi =[M'd' - Q1" o¢f (7.133)
where M' is the symmetric mass matrix, q' = [RT 0T is the vector of gen-
eralized coordinates, and Q,, is the vector of inertia forces that absorbs terms

that are quadratic in the velocities.
The virtual work of the applied forces is

SWL=Q} sq' (7.134)
where Qie is the vector of generalized applied forces.

Using the principle of virtual work in dynamics for unconstrained motion,
one has

SW! =6W. (7.135)

Substituting Eqs. 133 and 134 into Eq. 135, one obtains

Mg~ QLT 8q' = QL 8¢’
or
Mg - Q, - QLl"8g' =0 (7.136)

In the case of unconstrained motion, the elements of the vector 6q' are inde-
pendent. In this case, Eq. 136 leads to

MG =QL+Q!, i=1,2,...,Mp (7.137)

where ny, is the total number of rigid bodies in the system. The preceding equa-
tion can be written in a partitioned matrix form as

| [5]-L][]

. i—1,2,..., 7.138
@ | | @ | o (7139)

where mkg, mkg = mpk, and mi, are defined by Eq. 93, and (Q!)g and (Q!),
are defined by Eqs. 103 and 105, respectively.

mRR mRB
m0R
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Centroidal Coordinate System Equation 138 is the matrix equation that
governs the unconstrained motion of the rigid body. This equation can be sim-
plified if the origin of the body coordinate system is rigidly attached to the
center of mass of the body. In this case

j o'U dV S o' [X Yy Z]TdVi=0 (7.139)

Vi \V

It follows also that

S o' dV' =0 (7.140)
VI

Substituting this equation into Eqg. 93b, one obtains
Mk =0, Mig=0 (7.141)

which imply that in the case of a centroidal body coordinate system, there is
no inertia coupling between the trandation and the rotation of the rigid body.
Furthermore, in this special case

(Qr=0 (7.142)
The use of Egs. 141, 142, and 138 leads to the following dynamic equations:
m! 0
RR , Q0 . i=n2.n (7143
My | | O (Qbe (Qus

where, as previously defined by Egs. 93a, 93c, and 105,
Mig = M| (7.144)
My =G' 15,G' (7.145)
Q)= G'[® x (o) +T1,G'0] (7.146)

When Euler angles are used, the set of orientation coordinates 8' has three
elements and the mass matrix in Eq. 143 isa 6 x 6 matrix.

Example 7.8

A force vector Fi [5.0 0.0 -3.0]T Nisacting on unconstrained body i. The ori-
entation of a centroidal body coordinate system is defined by the Euler angles

Gi:—, \bi:
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The time rate of change of Euler angles at the given configuration is
¢ =20, 6'=0, ' =-35rad/s
The local position vector of the point of application of the force is
Uhb=[02 0 -015"m

The mass of the body is 2 kg and its inertia tensor is

~[o3 0 o0
Th=l0 03 0 |kg-m?
0 0 03

Write the equations of mation of this system at the given configuration and deter-
mine the accelerations.

Solution. The transformation matrix that defines the orientation of the body is

. 07071 0 0.7071
A'=] 07071 0 -0.7071
0 1 0

At the given configruation, one also has

010 0 07071 0.7071
G'=l1 0 0], G'=|0 0771 -07071
0 01 10 0

It was shown in Example 7 that the generalized forces associated with the translation
and the orientation coordinates of the body reference are

QL=F =[50 0 -30]"
Q,=[-12375 -045 -06]"

Using the mass of the body, one has

' _ 2 00

Mpr=MI= 0 2 0

0 0 2

and
03 0 O
e
mh =G T,G' =| 0 03 0
0o 0 03

Since a centroidal body coordinate system is used
miy, = miT =0
Ry = Mor =
The angular velocity vector in the body coordinate system is

®=G0=[0 20 -35"
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Using Euler angles and their time derivatives, one has

6 cosfisiny! + yisingicosy! —yising! 0 -35 0 0
G'=| 6'cosbicosy! — yisingisiny! —yicosy! 0|=] 0 35 0
—'sing’ 0 0 0 00

It follows that

Gioi=[-700 0 0T
The quadratic velocity inertia force vector associated with the trandation of the
body reference is equal to zero since a centroidal body coordinate system is used,
while the force vector associated with the orientation coordinates is
0
Q) =-G''[@ x (o) +T,Go]=| 210
0

Using the case of the centroidal body coordinate system, the matrix equation of
motion of the body can be written as

[2 000 o o |[R][ 50 [ 0]
0200 0 0 R, 0 0
0020 0 O f’z_‘z | 30 .0
000030 O s ~1.2375 0
0000 030 6! ~0.45 210
0000 0 03 ji_ | 06 | | 0]
or
(2 000 0o o0 |[R] 5.0
0200 0 0 R, 0
0020 0 O R -3.0
000030 O é || 12375
0000 030 6! 209.55
(0000 0o o3][¢ ]| -06 |

The solution of this system of equations defines the accelerations as
R, R R ¢ 6 y1=[25 0 -15 -4125 6985 - 2.0]
The results obtained in this example can aso be used to show that

247485 0 O
AGI =| 247845 0 0
0 35 0
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while
0 -¢'sing 6 cosbising' +¢' sinb' cose'
G =| 0 ¢ cos¢' —6'coso cose' +¢' sing sing'
| 0 0 —6' sing’
[0 -14.142 14.142
=10 14.142 14.142
| O 0 0
Nonetheless,
—494.97
AG'O =G'0' =| —494.97
0
remains in effect.

7.9 CONSTRAINED DYNAMICS

As in the case of planar analysis, there are different approaches for formulat-
ing the dynamic equations of constrained spatial multibody systems. The first
approach, in which a set of independent coordinates are used in the formulation
of the dynamic relationships, leads to the smallest set of differential equations
expressed in terms of the system degrees of freedom. This method will be dis-
cussed in more detail in Section 13 of this chapter. An alternative approach that
is discussed in this section is to use the augmented formulation, wherein the
dynamic equations are formulated in terms of a set of dependent and indepen-
dent coordinates. The kinematic relationships that describe mechanical joints
and specified motion trajectories are adjoined to the system differentia equa-
tions using the technique of Lagrange multipliers. This approach leads to a
relatively large system of loosely coupled equations that can be solved using
matrix, numerical, and computer methods.

Kinematic Equations Consider a multibody system that consists of ny inter-
connected bodies. In the analysis presented in this section, the configuration of
each body in the multibody system is described using the absolute Cartesian
coordinates R' and the orientation coordinates 0'. The vector of system gen-
ralized coordinates can be written as

q=[RY 02 RZ ¢¥ ...R% @] (7.147)

which can also be written as

q=[a" o --- g™ (7.148)
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where
q=[RT 67" (7.149)

The kinematic relationships that describe mechanical joints and specified
motion trajectories such as driving constraints can be written in the following
vector form:

C(a,t) =0 (7.150)

If the number of kinetmatic constraint equations is equal to the number of
the generalized coordinates, the system is said to be kinematically driven, and
in this case, Egq. 150 can be solved for the generalized coordinates using a
Newton—Raphson algorithm.

The velocity kinematic equations can be obtained by differentiating Eq. 150
with respect to time, yielding

Cql=-Cy (7.151)

where Cq is the constraint Jacobian matrix and C; is the vector of partial
derivatives of the constraint equations with respect to time. The Jacobian matrix
is obtained by differentiating the constraint equations with respect to the coor-
dinates, while the vector C; is defined as

oC

G-

(7.152)

The vector C; isthe zero vector if the constraint equations are not explicit func-
tions of time. If the constraint equations are linearly independent, the constraint
Jacobian matrix has afull row rank, and in the case of kinematically driven sys-
tems, the Jacobian matrix becomes a square matrix. In this specia case, Eq. 151
can be considered as a linear system of agebraic eguations in the velocities,
and this system has a unique solution that can be determined assuming that the
generalized coordinates are known from solving Eq. 150.

The kinematic acceleration equations can be obtained by differentiating Eq.
151 with respect to time. This leads to

Cq0=0Qq (7.153)

where Qq is avector that absorbs terms that are quadratic in the velocities. This
vector is defined as

Qu = —Crt — (Cq)oq — 2Ctq (7.154)
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Equation 153 can be considered as a linear system of algebraic equationsin the
accelerations, and in the case of kinematically driven systems, Eq. 153 has a
unique solution that determines the vector of generalized accelerations.

It is clear that the kinematic equations of the spatial multibody systems are
similar to the equations obtained in the case of planar systems. Consequently,
the numerical agorithms used in the spatial kinematic analysis have the same
steps as the algorithms used in the planar kinematic analysis. These algorithms
were discussed in detail in Chapter 3.

Constrained Dynamic Equations In the formulation of the dynamic equa-
tions using the absolute coordinates, the technique of Lagrange multipliers is
used to adjoin the kinematic constraint equations to the differential equations
of motion. For body i in the system, the equations of motion can be written in
a matrix form as

MG +CiA=Q. +Ql, i=1,2,...,m (7.155)

where M' is the body mass matrix, g = [R'T  0/T]T is the vector of body gen-
eralized coordinates, C is the constraint Jacobian matrix, A is the vector of
Lagrange multipliers, Q' is the vector of generalized applied forces, and Q! is
the vector of inertia forces that absorbs terms that are quadratic in the velocities.
In the forward dynamics, the unknowns in Eq. 155 are the vectors of acceler-
ations and Lagrange multipliers. The number of generalized coordinates is 6
X np, While the number of Lagrange multipliers is n., where n. is the number
of kinematic constraint equations. Therefore, the total humber of unknowns is
6n, + n.. Equation 155, when it is written for each body in the system, leads
to 6n, differential equations. The remaining n. equations, which are required
in order to be able to solve for the 6n;, + n. unknowns, are defined by Eq. 153.
This equation can be written in the following form:
.1

q
)

[Cq Cq - Cel| T |=Q, (7.156)
"

Equations 155 and 156 can be combined in order to obtain the following matrix
equation:

MY 0 . 0 CLE ] [ Q+Q ]
o M? ... o cf || @& Ql+Q;
: R : = : (7.157)
0 0o - M cl [fa | | Qe

[ Ci Ce - Cow O 2]l Q
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which can also be written as

M cgl Q. +Q,

a1 _

A Qu
This equation can be solved for the vectors of accelerations and Lagrange mul-
tipliers. The vector of Lagrange multipliers can be used to determine the gener-
alized constraint forces C! N, while the accelerations can be integrated forward
in time in order to determine the generalized coordinates and velocities. The
obtained numerical solution, however, has to satisfy the algebraic kinematic
congtraint relationships of Eq. 150. The numerical algorithm for solving this

mixed system of differential and algebraic equations is the same as the one
discussed in the preceding chapter.

7.158
e o (7.158)

7.10 FORMULATION OF THE JOINT CONSTRAINTS

In the analysis presented in this book, the kinematic constraints are classified as

Jjoint or driving constraints. Joint constraints define the connectivity between
bodies in the system, while driving constraints describe the specified motion
trajectories. The driving constraints may depend on time and may take any form
depending on the particular application. On the other hand, in the case of using
the absolute coordinates in the analysis of mechanical systems, the formulation
of the kinematic constraints that describe a joint between two arbitrary bodies
in the system can be made independent of the particular topological structure
of that system since similar sets of coordinates are used to describe the maotion
of the bodies. A computer library that contains the formulations of a number
of mechanical joints that are often encountered in the analysis of mechanical
systems can be developed and used in the computer-aided analysis of a variety
of applications. In this section, the formulations of some of the mechanical
joints used in spatial multibody systems are discussed.

Spherical Joint Figure 11 shows two bodies, i and j, connected by a spheri-
cal joint which eliminates the freedom of relative translations between the two
bodies, and it allows only three degrees of freedom of relative rotations. The
kinematic constraints of the spherical joint require that two points, P! and P/
on bodies i and j, respectively, coincide throughout the motion. This condition
can be written as

C(qi, q]) ~-R'+ AinD _R/ = A]ﬁ{o =0 (7.159)

where R’ and R/ are the global position vectors of the origins of the coordi-
nate systems of bodies i and j, respectively; A' and A’ are the transformation
matrices of the two bodies; and T, and T/, are the local position vectors of the
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Figure 7.11 Spherical joint
joint definition points P* and P, respectively. Recall that
AUl o o
IAUR) _ GTai - Al@ETGY) (7.160a)
20’
AT R RN
% NIl %) (7.160b)

where U}, Uj, U, and T}, are skew symmetric matrices associated with the
vectors ub, Uh, U’, and U, respectively, and

u, = AL, Ul = AT, (7.161)

Therefore, a virtual change in the kinematic constraints of the spherical joint
leads to

3C =R + TG 60" — 6R/ — U/ G/ 60/ =0 (7.162)
This equation can be expressed in matrix form as
6R
60’
oR/
60/

sC=[I G -1 -0l G 0 (7.163)
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which can be written as
Cq6q=0 (7.164)
where Cq is the Jacobian matrix of the spherical joint constraints defined as
Cq=[I 0JG -1 —pGI] (7.165)

This Jacobian matrix can also be written as

Cq=[Cy Cql=[HL —H}] (7.166)
where

Ho=[I adG1=[ ATTG (7.167a)

HL=[I @, G1=[ AT G (7.167h)
B Example 7.9

Two bodies i and j are connected by a spherical joint. The orientation of the two
bodies are defined by the Euler angles

¢'=0"=y' =0,
o=, 07=y/=0

The local position vectors of the joint definition point on bodies i and j are defined,
respectively, by the vectors

uh=[0 0 015", w,=[012 0 0

Using the absolute Cartesian coordinates and Euler angles as the generalized coor-
dinates, obtain the Jacobian matrix of the kinematic constraints of this two-body
system at the given configuration.

Solution. The transformation matrices that define the orientation of the two bodies
are

100 0 -1 0
Al=lo 1 0], A/=]l1 o0 0
00 1 0 0 1

Using Eg. 81, it can be shown at the given configuration, that
010
G'=G/=[0 0 0
101
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The Jacobian matrix of the kinematic constraints is

Cq=[I ATHG! - fA’u Gf]
where
a=[R. R, R & o ¢ RL Rl R ¢/ o/ g7
0 -015 O Joo 0
uh,=| 015 0 o[, uh,=]0 0 -012
0 0 0 0 012 ©

It can aso be shown that

012 0 012
o 00 0 T
ARG =-| 0 015 0|  AEG--[0 0 0
00 0 0 00

Thus,

1000 O 0 -1 0 0 012 0 012
Cq=/0 1 00 -015 0 0 -1 0O 00
0010 O 0O 0 0 -10 00
where each row corresponds to one of the constraint equations of the spherical

joint and each column corresponds to one of the generalized coordinates ordered as
defined in the vector q.

Cylindrical Joint Figure 12 shows a cylindrical joint that allows relative
translation and rotation between body i and body ; along the joint axis. The
joint has two degrees of freedom because it eliminates the freedom of four pos-
sible independent relative displacements between the two bodies. The cylindri-
cal joint constraints can, therefore, be described using four algebraic equations.
Let vi and v/ be two vectors defined along the joint axis on body i and body
j, respectively, and let P' and P/ be two points on body i and body j, defined
along the joint axis. The constraint equations for the cylindrical joint can be
defined as

D Vix Vi
C(q 7q]): ; i Jj -

VX (rp—Tp)

Since each of the cross products in the preceding equation defines two indepen-
dent equations only, the preceding eguation defines four independent kinematic
relationships.

An alternative for the use of the cross product is to use two independent dot
product equations as described in Chapter 2. In this case, two vectors v; and
V), are defined on body i such that v/, v}, and v; form an orthogonal triad.
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YA

Figure 7.12 Cylindrical joint

The constraint equations for the cylindrical joint can then be defined as
vitv/
o VARV
C,a)=| = i |=0 (7.168)

T ij
Vo Ip

where r} is defined as
rhr

A simple computer procedure for defining the vectors v and v/, was described
in Chapter 2.
The Jacobian matrix of the cylindrical joint constraint equations can be
written as
Vi HY AL
vi'H} Vi H
(g HL+ Vi HL Vi HY,

ST T T :
rp Hy+vaHp  —vo H

Cq=I[Cqy Cyil= (7.169)
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where Hi, and H’, are as defined by Eq. 167, and

1 aqz aql
i Vi igi
2= 96~ o AV ¢ (7.170)

inwhich v} and v are the constant vectors defined in body i coordinate system,
and V/ is the constant vector defined in body j coordinate system.

Revolute Joint The revolute joint has one degree of freedom and can be
considered as a special case of the cylindrical joint by eliminating the freedom
of the relative trandation between the two bodies. In order to preclude the rela-
tive tranglation between the two bodies, the distance between point P’ on body i
and point P/ on body j (Fig. 12), both defined along the joint axis, must remain
constant, that is,

ried k=0 (7.171)
where k, is a constant and
ri=rp—r} (7.172)

Equation 171 is a scalar equation that when added to the constraints of the
cylindrical joint, as defined by Eqg. 168, leads to

viTv/
VANV
c@.a)=[ Vi |=0 (7.173)

iT i
Vo Ip

N
| r2 il -k,

This system of equations has five independent constraint equations.
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The Jacobian matrix of the revolute joint constraints is

VITH] ViTH/
V/TH, Vi H/
Ty i iTyyi iTyyJ
Cq = [qu Cq/] = rP Hl +Vl HP *Vl HP (7174)

Ty i iTyyi iTyyJ
rp Hy +vo Hp  —Vv5 Hp

Ty i T J
2rp Hp —2rp Hp |

where al the variables that appear in this equation are the same as the ones
used in the case of the cylindrical joint.

Another alternate approach for formulating the revolute joint constraintsis to
consider it as a specia case of the spherical joint in which the relative rotation
between the two bodies is allowed only aong the joint axis. If point P is the
joint definition point as defined in the case of the spherical joint, and vi and v/
are two vectors defined along the joint axis on bodies i and j, respectively, the
constraint equations of the revolute joint can be written as

rh—r}
C@,q))=| Vvi'v |=0 (7.175)
VAV
The last two equations in Eq. 175 guarantee that the two vectors vV and v/
remain parallel, thereby eliminating the freedom of the relative rotation between
the two bodies in two perpendicular directions.
The Jacobian matrix of the revolute joint constraints as defined by Eq. 175
is
HL  —H’,
Cq=[Cqy Cgql=| VTH, Vi'H/ (7.176)
VITH,  ViTH/
where the matrices Hi,, H%, H:, and H}, are as defined by Eqgs. 167a, 167b, and
170, respectively.

Prismatic Joint The single-degree-of-freedom prismatic joint can also be
obtained as a special case of the cylindrical joint by eliminating the freedom
of the relative rotation between the two bodies about the joint axis. The two
orthogonal vectors h' and h/ drawn perpendicular to the joint axis are defined
on bodies i and j, respectively, as shown in Fig. 13. In order to preclude the
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Figure 7.13 Trandationa joint

relative rotation between the two bodies, one must have
hiTh/ =0 (7.177)

This equation can be added to the constraint equations of the cylindrical joint, as
defined by Eq. 168, in order to define the constraint equations of the prismatic
joint as

vilvi ]
VANV
c(’.a’) =[ virj |=0 (7.178)
virl
hiTh/

L —

This vector equation has five independent constraint equations that depend only
on the generalized coordinates of bodies i and ;.
The Jacobian matrix of the prismatic joint constraints is

VITH] ViTH/ ]
VITH, Vi H/
Cq=[Cq Cql=| riTHi+VviTHL —viTH/, (7.179)
rTHL + ViTHE, - —viTHY,
| hH; hTH), |
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where
Hi —[0 hTG]=[0 AhTG (7.180a)
Hl =[0 RTG/]=[0 ARTG] (7.180b)

in which h’ and h’/ contain the constant components of the vectors h and h/,
respectively.

Universal Joint The universa joint shown in Fig. 14 is a two-degree-of-
freedom joint. Let point P be the point of intersection of the two bars of the
joint cross, as shown in the figure. The coordinates of this point in the coordinate
systems of bodies i and j are constant. Let h' and h/ be two orthogonal vectors
defined aong the intersecting axes of the joint on bodies i and j, respectively.
The constraint equations of the universal joint can be written as

o rh—r)

where ri, and r )i are the global position vectors of point P defined using the
generalized coordinates of bodies i and j, respectively.
The Jacobian matrix of the universal joint constraints is

HL,  —H ]

T T 7.182
hTH,  h'TH, (7182

Cq=[Cy Cql= l

where the matrices H’,, H%,, Hi, and HY, are as previously defined.

Figure 7.14 Universd joint
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Rigid Joint A rigid joint between two rigid bodies i and j does not alow any

freedom of relative translation or relative rotation between the two bodies. The
rigid joint is described using six constraint equations that can be written as

Cc(q’,q’) =

R — R/ -k,
_— =0 (7.183)
0 -0/ kg

where k, and ky are two constant vectors.
The Jacobian matrix of the rigid joint can simply be written as
I

Cq=[Cqy Cql=[Cri Cqy Cri Cqi]= 0

0 1 01 e
I 0 -l (7.184)

A special case of the rigid joint concerns the ground constraints. 1f, for
example, body i is the fixed link (ground), one has

i

r

ca)=| . =0 7.185
@) 0 Kk ( )

where k, and kg are constant vectors. The preceding constraint equations elim-
inate the freedom of body i to translate or rotate.

Remarks Itisclear from the discussion presented in this section that most of
the joint kinematic constraint equations can be formulated in terms of simple
vector addition and/or scalar product. For instance, the following basic vector
operations were used in formulating the joint constraints between body i and
body ;:

rp—rp=c
vilv/ =0
viTri =0

where c is a constant vector, vi and v/ are vectors defined on body i and body
j, respectively, and r’; is as defined by Eq. 172. The preceding three basic equa-
tions and their partial derivatives with respect to the generalized coordinates can
be used to develop a computer library that can be used in formulating many
of the joint constraint equations described in this section.

7.11 NEWTON-EULER EQUATIONS

In the Newton—Euler formulation, the equations of motion of the rigid body are
expressed in terms of the angular velocity and acceleration vectors. It is also
assumed that the origin of the body coordinate system (reference point) is the
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center of mass of the body. Using this assumption and the relationships between
the angular velocity and acceleration vectors, and the orientation coordinates,
it can be shown that Eq. 143 leads to

mR = (QL)r (7.186)
ol =F) — o' x (I, (7.187)

where o' and w' are, respectively, the angular acceleration and velocity vectors
deﬁned in the global coordinate system, m' is the mass of the rigid body, 1},

Al I A'T is the inertia tensor defined in the global coordinate system, and F(,
is the vector of Cartesian moments that act on the rigid body i. Equations 186
and 187 can be combined in one matrix equation as

[m' 0 l R l - Q= ] (7.1884)
0 Iyl < Fy — o x (lpo')
or
MyP' =F,+F, (7.188b)
where
M = mi 0 7.189
d— 0 ”99 ( . a)
P-[R" o] (7.189b)
FL=[(QL% Fy17 (7.189c)
Fl=[0 -[ox (o)’ (7.189d)

As pointed out previously, the angular velocities in the spatial analysis are
not, in general, the time derivatives of a set of orientation coordinates. For this
reason, the angular accelerations obtained by solving Newton-Euler equations
cannot be integrated directly in order to obtain the system coordinates. One
must first determine the second derivatives of the generalized orientation coor-
dinates as a function of the angular accelerations. The second derivatives of the
generalized orientation coordinates can then be integrated to determine the gen-
eralized coordinates and velocities. In the recursive methods discussed in Sec-
tion 13, however, the angular velocity and acceleration vectors are expressed
in terms of the joint coordinates and their first and second time derivatives.
The joint accelerations can be determined and can be integrated numerically in
order to determine the joint angles and joint velocities.
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7.12 LINEAR AND ANGULAR MOMENTUM

Newton-Euler equations can also be derived using the principle of linear and
angular momentum. The linear momentum of a rigid body is defined as

pi s . pil;i dVI
VI

where f ' is the velocity vector of an arbitrary point on the rigid body as defined
by Eq. 68 in terms of the angular velocity vector and in Eq. 73a in terms of
the generalized orientation coordinates. Upon the use of the identities of Egs.
84 and 140, the linear momentum reduces in the case of a centroidal body
coordinate system to

pi s . piRi dVi :miRi
VI

where R, in this case, is the global position vector of the center of mass of the
rigid body.

Newton’s law of motion states that the rate of change of the linear momentum
is equal to the vector of the resultant force acting on the body, that is

dp' .. -
at p' = (Q)r
which leads to Newton'’s equations
mR' = (Qor

The angular momentum of the rigid body i is defined as
Q s p'rix i dV
Vi
§ p{(R +u) x (R + ' x U)} dV

Vi
which upon the use of Egs. 84 and 140 and the definition of the linear momen-
tum reduces to

Q' =-R'xp'+Ql

where Qir is the angular momentum defined with respect to the center of mass

of the body, and is given by

Qi,j _ piuix(wixui)dvis AT TR dV
Vi vi

- ATy
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where T}, is defined by Eq. 94. It follows that

do!
dt

=“ATho' + AT, '
_ (;)iAiT:ggAiT(x)i + AiTL.BAiT(Xi
where the fact that ®' = AT w' and @' = ATal is utilized. Recall that 1, =

AT}, AT, Using this equation, the time rate of change of the angular momentum
can be written as

do!
dt

The rate of change of the angular momentum Q'r isequal to the applied torques.
Therefore,

=@l +lha =o' X (Iho') + 1o

dQl
—F
dt b
which leads to Euler equations
ol =F) — @' x (I,

This equation can also be expressed in terms of vectors defined in the centroidal
body coordinate system as

ATRATAG = F) - Alle' x (To')]
which upon premultiplying by AT yields
Tya =F) — @' x ([l,®')
where
Fi=ATF,

is the vector of moments defined in the coordinate system of body i.
It is clear from the preceding discussion that if there are no forces or
moments acting on the rigid body, one gets

dp'

dt =0
dQ!
dt =0

which imply that the linear and angular momentum are constants of motion.



7.13 RECURSIVE METHODS 443

Example 7.10
Consider therigid body whose inertia tensor defined in a centroidal body coordinate
system is

15 00 -10
Thy=| 00 20 00 |kg-m?
-10 00 25

The body rotates with a constant angular velocity such that

' 15.0
®'=| 00 [|rad/s
0.0

Determine the components of the external moments applied to this body.
Solution. Euler’s eguation defined in the body coordinate system is
Tha =F) - @' x (Th®')
Since the angular velocity vector is constant, it follows that
@ -0

Euler’s equation reduces in this case to

00 00 0.0 15 00 -10 15.0

=] 0.0 00 -150 0.0 20 00 0.0

| 0.0 15.0 0.0 -1.0 00 25 0.0
0.0

=] 2250 | N-m

0.0

It can be seen from these results that the applied moment is constant in the body
coordinate system. This moment is equal in magnitude and opposite in direction to
the inertial moment due to the centrifugal force.

7.13 RECURSIVE METHODS

As pointed out previously, one of the major advantages of using the absolute
coordinates isthat the motion of each body in the multibody system is described
using similar sets of generalized coordinates that do not depend on the topo-
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logical structure of the system. The mass matrices of the bodies in the system
have similar form and dimensions, such that a computer program with simple
structure can be developed based on the augmented formulation. A library of
standard joint constraints can also be developed and used as a module in this
computer program. One disadvantage, however, of using the augmented formu-
lation is the complexity of the numerical agorithm that must be used to solve
the resulting mixed system of differential and algebraic equations.

Other alternate approaches for formulating the equations of motion of con-
strained mechanical systems are the recursive methods, wherein the equations
of motion are formulated in terms of the joint degrees of freedom. This formu-
lation leads to a minimum set of differential equations from which the workless
constraint forces are automatically eliminated. The numerical procedure used in
solving these differential equations is much simpler than the procedure used in
the solution of the mixed system of differential and algebraic equations result-
ing from the use of the augmented formulation.

There are several techniques for formulating the recursive dynamic equations
of multibody systems. These techniques eventualy lead to the same equations
if the same set of joint variables is used. In fact, the equivaence of these tech-
niques can be demonstrated using simple coordinate transformations. One of
the approaches used for formulating the dynamic recursive equations is based
on Newton-Euler equations that are expressed in terms of the angular acceler-
ations. We discuss this approach in this section in order to have a better under-
standing of the basic joint-force relationships in the analysis of interconnected
bodies. By so doing, we will have an appreciation of the principle of virtua
work in dynamics, which can also be used to obtain the same recursive dynamic
equations presented in this section.

Recursive Kinematic Equations In order to illustrate the development of
the recursive kinematic equations, we consider the two bodiesi — 1 and i, which
are connected by a cylindrical joint as shown in Fig. 15. The two-degree-of-
freedom cylindrical joint allows relative trandation along, and relative rotation
about the joint axis. If 7' and ¢' denote, respectively, the relative trand ation and
rotation between the two bodies, the following kinematic relationships between
the absolute and relative coordinates hold:

R +AlnL - R -1 Al-lghtoyi-14 (7.190a)

o-0 l+te"? (7.190b)

where T}, and U5 * are the local position vectors of the joint definition points
on bodiesi and i — 1, respectively, V' -1 is a unit vector defined along the axis

of rotation, and "' 1 is the angular velocity vector of body i with respect to
body i — 1. The vector "'~ can be written as

o' l=v 1y (7.191)
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Figure 7.15 Relative motion

and the vector v~ can be written as

violoAl-lyiot (7.192)
where v/ 1 is a unit vector along the axis of rotation and is defined in the

coordinate system of body i — 1. The components of the unit vector v'~1 are
constant. It follows that

Vil g Ayl i Tyt (7.1939)
i

gi-lo 7lxvi—1+mi—lx(miflxvi*1) (7.193b)

Similarly, differentiating Eq. 191 with respect to time, one obtains
(bi,iflzvifl('i)i +(wiflxvifl)d)i (7194)

Differentiating Eq. 190a twice with respect to time and Eqg. 190b once with
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respect to time and using Egs. 193a through 194, one obtains

R +a' x U + @' X (o' x Ub)
7Ri—liai—1xuip—limi—lx(wi—lxuip—l)
i—lxvi—l)7i+wi—1x(m le 1)7_ +V| 1; '+2V' 1 i

(7.195)

= (a

and
o =a TV T+ (0 TV he! (7.196)

Using the skew-symmetric matrix notation, the preceding two equations can be
written as

R'—Opo' =R'"1— (Op '+7V Do TV 4y (7.197)
o = TVl (7.198)

where y & and v |, are vectors that absorb terms that are quadratic in the veloc-
ities. Those vectors are defined as

to Ix (@ TxvioYd+ovic L (7.199)
’y|0 _ ((,oi71>< Vi—l)d)i (7200)

Equations 197 and 198 can be combined into one matrix equation as

E | MR E |
1 H]li]

— .
| —db | ab
e[ o

Using this equation, Eq. 201 leads to

Note that

+lvil Gip.vil] ITI +[YiR+?iPYi€] (7.203)
0
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which can also be written as

Pi :Dil‘jifl+Hi|5ir+,Yi (7204)
where
I'-_')i—lz[éi—lT ai—lT]T (7.2054)
P=[R" o' (7.205b)
S | GL (O l47yi-1
D'(P',P'l)lo a " ’ )] (7.205¢)
i Vifl l]ipVFl
H = 0 yo1 (7.205d)
P=Ir 1" | (7.205€)
v =[(vr+0pyy)" vyl (7.205f)
The matrix D' can be written as
S N
D'(P,Pl) =
( ) lo 'l

and FiFj, is the skew-symmetric matrix associated with the position vector of the
origin of body i with respect to the origin of body j with j =i — 1, that is,

rd=ub— ub— 7V
The matrix D' satisfies the following identities:

[D'(P',P)] "t =DI(P!,P)
D'(P', P) = D'(P', P))D! (P!, P¥)
D'(P,P) =1

In Eq. 204, the vector of accelerations of body i isexpressed in terms of the accel-
erationsof body i — 1 and the vector of joint accelerationsP; . Thedimension of the
vector P; isequal to the number of the joint degrees of freedom. For amultibody
system consisting of aset of interconnected rigid bodies, amatrix equation similar
to Eq. 204 can be obtained for any pair of bodies connected by ajoint. The form
of the matrices D' and H' depends on the joint type, and consequently, equations
similar to Eq. 204 can be devel oped in the cases of spherical, universal, prismatic,
and revolute joints. The case of revolute joint can be considered as a special case
of the cylindrical joint in which the trandation 7' is constant, and the case of the
prismatic joint can also be considered as a special case of the cylindrical joint in
which the rotation ¢' is assumed to be constant.
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Since Eq. 204 is developed for two arbitrary bodies, one also has
I'jifl:Difll'f)i—z_}_Hi—ll'-_'):”l_i_,yi—l
P-2_pi-2pi-3 4 Hi-2pi-244i-2

' (7.206)
P2 =D+ H2P2 + 2

where body 1 is considered as the base body.

Substituting Eg. 206 into Eq. 204, the accelerations of body i can be
expressed in terms of the accelerations of the base body and the joint accel-
erations as

P =D{P! +H{P; +v| (7.207)
where P; is the vector of the system joint degrees of freedom, D} and H; are

velocity influence coefficient matrices, and vy is a vector that absorbs terms
that are quadratic in the velocities. The vector P, is given by

p—[P? P ... pT (7.208a)
where P¥ is the vector of the degrees of freedom of the joint connecting bodies
kand k-1, and

[
Di=D'D"D"2 ... D2:H D! *2-] (7.2080)
j=2
Hi=[H, HL .- HI] (7.208c)
vi=D'D'"!... D3y2+DD' ! ... D*?®
+o + Dyl gyl (7.208d)
in which
HL=D'D' -1 ... D**1Hk (7.208¢e)

If the mation of the base body is specified, Eq. 207 can be written as

P =H!P, + 7] (7.209)
where

¥i=v\+DiPt (7.210)
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B Example 7.11

Figure 16 shows a two-degree-of-freedom robotic manipulator which consists of
three bodies including the ground (body 1). Body 2 is connected to body 1 by a
revolute joint at point Q, and the axis of this joint is along the Y axis. Body 3 is
connected to body 2 by a revolute joint at point P, and the axis of this revolute joint
is assumed to be parallel to the Z2 axis. Obtain the recursive kinematic relationships
of this system.

Solution. Since body 2 is rotating about the Y! axis, the transformation matrix that
defines the orientation of this body is given by

cos¢? 0 sing?
A= 0 1 0
—sing? 0 cos¢?
where ¢2 is the degree of freedom of the joint at point Q. Similarly, since body 3
rotates about an axis parallel to the Z2 axis, the orientation of this body with respect
to body 2 is defined by the matrix
cos¢® —sing® 0
A% -] sng®  cos¢® O
0 0 1

where ¢2 is the degree of freedom of the second revolute joint.

Figure 7.16 Manipulator example



450 SPATIAL DYNAMICS

The transformation matrix that defines the orientation of body 3 with respect to
body 1 is then given by

cos¢? 0 sing? cos¢® —sing® 0
A3 = APAZ = 0 1 0 sing®  cos¢® 0
| —sing? 0 cos¢? 0 0 1
[ cos¢?cosd®  —cos¢?sing®  sing?

= sing® cos¢3 0

| s ng?cos¢®  sing?sing®  cos¢?

Equations 190a and 190b can be used to describe the connectivity between bodies
2and 3 as
R%+A%3 =R? + A%u}

®% = 02 + 0P

where U3 and U3 are the local position vectors of point P defined in the coordinate

systems of body 2 and 3, respectively, and w32 is the angular velocity vector of
body 3 with respect to body 2. The vector w32 is given by

% — 32
in which
cos¢? 0 sing? 0 sing?
V2 = 0 1 o0 of=| o
—sing?® 0 cosg? 1 COS$?
This defines w32 as
sing?
o?-#| o
cos¢?
which upon differentiation yields
sing? COS¢$?
.32 _ 43 1233 ©3.2 ., 3
0 =¢ 0 + ¢ 0 =¢VE+yy
cos¢? —sing?
where
COS¢?
vi=¢%| 0
—sing?

By differentiating the kinematic relationships of the revolute joint at P, one obtains

R®-03a®=R? - 03a? - (@°)u} + (®2)%ud

o® = 0+ P
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o FIS]-[o IR 3]

where i3 and G2 are the skew-symmetric matrices associated with the vectors

or

ungzug,
3_A%u
and
Y& = (%70 - (@)}
It follows that
[l -[6 F ][ e
o? v3

This equation can also be obtained as a specia case of Eq. 203 or equivalently, Eq.
204, that describes the more general two-parameter screw motion. It is clear from
the preceding equation that the matrix H® reduces in the case of revolute joint to a
six-dimensional vector since the revolute joint has only one degree of freedom.

For the revolute joint between body 2 and body 1, similar kinematic relationships
can be obtained. Nonetheless, the resulting equations can be simplified since body
1is fixed in space. In this case, one has

ati

[ [

where Gé is the skew-symmetric matrix associated with the vector

2 202
UQ - A UQ
and
vi=[o 1 0T, v&=-(®%)%}
The absolute acceleration of body 3 can then be expressed in terms of the joint

T LS e

2
[UCV ]¢ [‘YR+UP’YG]

which can be written in the form of Eg. 209 as
p®= Ht?’lsr + Vta
where

p3_ [ﬁsT a3T]T

Pr=[¢? ¢°T
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3 _ [ (@3 + 03 - gt u?,;VZ]
t= vl V2
s[v%+v%+0%v§’]
Yt = 3
Yo
We note also from the preceding equations that the angular velocity of body 3
can be expressed in terms of the joint rates as

03— 02 + 0% = gL + G2

0 sing? @3 sing?
_ (;'52 1|+ d)3 0 _ (2"/)2
0 coS¢? ¢° cose¢?

Using the results obtained in this example, one can also verify that
3A3 = A3

and

T .
B w3V2 _ 33

Dynamic Equations Equation 209, in which the accelerations of body i are
expressed in terms of the joint accelerations, can be used with Newton-Euler
equations to obtain a minimum set of differential equations expressed in terms
of the joint degrees of freedom. If EQ. 209 is substituted into Newton-Euler
equations of body i as defined by Eq. 188b, one gets

My(HIP, +71) = FL+ F, + FL (7.212)

where FL is the vector of joint reaction forces acting on body i. Premultiplying
Eq. 211 by H!T, and rearranging terms, one obtains

HI'MEHIP, = HI' (FL+F + FL— Mijy! (7.212)
which can be written as

MiB, =Qi+HI'F, i=12...,n (7.213)
where ny, is the total number of bodies, and

Mi=HI'MiHi (7.214)

Q! = Hi'(FL+F, — Miy| (7.215)

Note that M! is a square matrix whose dimension is the same as the number of
the system joint degrees of freedom. Since Eq. 213 is developed for an arbitrary
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body in the system, one has

SMPr=2 Q2 MR
Utilizing the fact that
Np

SHIF-0

one obtains
M. P, = Q, (7.216)

where M, is the generalized system mass matrix associated with the joint
degrees of freedom, and Q, is the vector of generalized forces. The matrix
M, and the vector Q, are given by

Np

M, = 21 M! (7.217)
Q= _§1Q‘r (7.218)

Since the kinetic energy is a positive definite quadratic form, the system mass
matrix M, is nonsingular, and Eq. 216 can be solved for the joint accelerations
as

P =M/ 1Q, (7.219)

These accelerations can be integrated numerically forward in time using a direct
numerical integration method. The numerical solution defines the joint coordi-
nates and velocities. Once the joint variables are determined, the absolute vari-
ables can be determined by using the kinematic relationships.

B Example 7.12

Use the recursive kinematic relationships obtained in Example 11 to derive the
independent differential equations of motion of the two degree of freedom robotic
manipulator shown in Fig. 16.

Solution. Newton-Euler equations of body 3 can be written in the following matrix
form:

3

M3P" = F3+F3+F2
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or
. 3
R

od

o

3
o 13

) Fr+ (FOR
(F2)p — @3 (15 0%) + (F)y
This equation can be expressed in terms of the joint degrees of freedom using the

kinematic equations obtained in Example 11. It was shown that the acceleration
kinematic relationships are

B 1i3B, +

where
3 03+ 0 - ag)vt adv?
t= Vl V2
and

3[v%+v%+0373]
Yt = 3

Yo

Using Eq. 213, one has

.. T
M3Pr = Q3 +HE F3

where
[ V1T 62 463 - g2)T (1T m3l 0
3 3733 |V [Og+0p-0p)' Vv
My =Hi MgH{ = i i
2" ~3 2 0 |3
| v Up v 0
F2 L3 m2\0l 63y2
(U3 +0p —Gp)v-  Upv
vt V2
3
IR LT le]
= 3
1 M
in which

mi; = m3VlT(G6 +03 - DP)T(U(ZQ +03 - wBVvt+ vlTlg’@V1
T i1 i ~ ~
ity =y =¥ (rP( + 6B - GB)TGR + 1)
Mg, = V2 [mGR G + 13,1V
The vector QP is given by
Q7 = Hi' [FE+ F3 - M3 )
T . N T )
[V @d+ad- @) v [Fr-mivAryE+ady)
B T .37 T
V2 V[ (P - 03x (130%) - 15y
B (Qr3)1]
(@)2




7.13 RECURSIVE METHODS

where
T .
@)1=Vt (@G +03 - W) {(FIr- m*(y & +v 3+ TRy
+VI{(FYy - 03x (1303 — 13y 3
T ~
(@32 =V GR{(FOr- m*(yE+y S+ U3y )}
T
+V2{(F3y - 0®x (150 — 15y 3}
Similarly, for body 2, one has
P2 =HP, +¥¢

where, as shown in Example 11,

It follows that
M2 = HZ M3H?

8 0% Al o

0 0 0 13 10 0 0

where
e, —v* [mPed 6 + 13!

and

.

Q2 =HZ (F2+F2-M3¥))
[V V[ FAr-mvE ] [@n

0 (F2)g — 02 x (13 0?) 0

where

(@)1 =V 0B {(FA)r ~ mPy B} + VI {(F2) - w?x (13, @?)}
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The system equations of motion can then be written in terms of the joint degrees

of freedom using Eq. 216 as

[n€1+mi’1 m%ZH ] [(Q2)1+(Q3)1]
5 Q).

3
M1 Mo
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The recursive method presented in this section can aso be extended to the
analysis of open-chain multibody systems with multiple branches. The use of
this approach in the dynamic analysis of such systems has two major com-
putational advantages over the augmented formulations that employ Lagrange
multipliers. The first advantage is that a minimum set of differential equations
is obtained. As a result of that, the constraint forces are automatically elimi-
nated since the dynamic equations are expressed in terms of the joint degrees
of freedom. The second advantage is the smplicity of the numerical scheme
used for the solution of the dynamic equations developed using the recursive
methods. There is no need for using a Newton-Raphson algorithm since the
recursive formulation of the equations of open kinematic chains leads only to a
set of differential equations. One disadvantage of using the recursive method,
however, is that the dynamic equations are expressed in terms of a set of joint
variables that depend on the topological structure of the multibody system. For
that reason, it is more difficult to develop general-purpose multibody computer
programs based on the recursive methods. These methods also become less
attractive in the analysis of closed-chain mechanical systems. One approach
for dealing with closed-chain systems using the recursive methods is to make
cuts at selected secondary joints to form spanning tree structures. The method
of analysis presented in this section can then be used to devel op the equations of
motion of the resulting open-chain branches. Connectivity conditions between
the branches at the secondary joints can be handled by either eliminating the
dependent variables or by using the method of Lagrange multipliers. In the case
of Lagrange multipliers, the recursive formulation leads to a mixed system of
differential and algebraic equations that must be solved using the same numeri-
cal procedure used in the case of the augmented formulation.

An Alternative Matrix Approach Another elegant approach similar, in
principle, to the methods discussed in Chapter 6 can be used for deriving the
recursive kinematic and dynamic equations of spatial mechanical systems. In
this approach, Eq. 206 can be written for n, bodies as

I‘_—',nb - Dnbl'_-',nb—l _ Hnblspb +,an

I'-_')nbfl - Dnbfll'jnb72 _ Hnbfll'jpbfl +’an,1

Pi - Dill-_')ifleil'-_')i’ +,Yi

I.:.)Z* D2|E)1:H2|E)l?+72

Pt =P
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which leads to
| 0 00 o olr
-D> | 0O 0 O
0 -DP1 0 0 0
) 0 00O D™ I ||
| [ P ]
H? 0 P?
= H3 P?
0 :
H™ 1 B |
This equation can be written as
DP =Hg; +vy
where
| 0O 00 --- O
-D> I 00 --- O
D= 0 _D3 0o --- 0
) 0 00 D™
|
H2
H= H3
0
HM
p-[pt P2 P pre]T
g =[P PF P Pre]T
y=[0 vy2 ¥ v
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The matrix D can be written as the product of n, — 1 matrices as follows:

| Iri 7
-D? | 0 |
D 0 I -D* |
0 0
i o I ]JL 0 I |
r—l -
0 1
0 |
0
—D™ |
from which
[ | qri 7
0 |1 0 |1
Dl 0 |1 0
0 B
Dt
| D™ 1 || 0 1
o .
D? |
0 |1
0
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or
[ 0 0 0]
D? | 0 0
o D3 D3 | 0
| D} D3 D} 0
| Dy, DR, DR oo 1]
where

Dlr(: Dka71 Dk—r+1

The absolute accelerations can then be expressed in terms of the joint acceler-
ations as

P=Bid +vi
where B; =D !H and y; = D 1y In the case of constrained motion, the con-
straint forces can be added to Eq. 188b and the system equations of motion can
be written in terms of the absolute variables as
MgP = Fe+F, +F¢
where My is the block diagonal mass matrix, Fe is the vector of applied forces,

F, is the vector of centrifugal forces, and F. is the vector of constraint forces.
The matrix My and the vectors Fe, F,, and F; are defined as

M3 0
Mg — ‘
0

Mg
[ F F Fe
F2 F2 F2
Fe - € ’ Fv - .U s FC - ¢
ng F.nb ng

- v
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Substituting the kinematic accel eration equations into the dynamic equations of
motion and premultiplying by B, one obtains

Bl [Ma(Bid}; +v;)] = Bf (Fe + F, + F)

Since these equations are expressed in terms of the independent joint acceler-
ations one must have

BiFc=0

Using the preceding two equations, the independent differential equations of
motion of the system reduce to

where
Mi=BM¢Bi,  Q =B(Fe+F,— Mgy

PROBLEMS

1. If the axes X', Y', and Z' of the coordinate system of body i are defined
in the coordinate system XYZ by the vectors[0.5 0.0 0.5]",[0.25 0.25
~0.25]", and [-2.0 4.0 2.0]", respectively, use the method of direction
cosines to determine the transformation matrix that defines the orientation
of body i in the coordinate system XYZ.

2. The axes X', Y!, and Z' of the coordinate system of body i are defined
in the coordinate system XYZ by the vectors[0.0 1.0 1.0]",[-1.0 1.0
-1.0]",and[-2.0 -1.0 1.0]", respectively. Use the method of the direc-
tion cosines to determine the transformation matrix that defines the orien-
tation of the rigid body i in the coordinate system XYZ.

3. The axes X', Y, and Z' of the coordinate system of the rigid body i are
defined in the coordinate system XYZ by the vectors [0.0 —1.0 1.0]T,
[-1.0 1.0 10]",and[-2.0 -1.0 -1.0]T, respectively. Determine the
transformation matrix of body i using the method of the direction cosines.

4, The axes X', Y', and Z' of the coordinate system of the rigid body i
are defined in the coordinate system XYZ by the vectors [0.0 1.0 1.0]",
[-1.0 1.0 -1.0]",and[-2.0 -1.0 1.0]", respectively. The axes X/,
Yi, and Z! of the coordinate system of body j are defined in the coor-
dinate system XYZ by the vectors [0.0 -1.0 1.0]",[-1.0 1.0 1.0]T,
and [-20 -1.0 -1.0]", respectively. Use the method of the direction
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cosines to define the orientation of body i with respect to body j. Define
also the orientation of body j with respect to body i.

The axes of the coordinate system of body i are defined in the XYZ coordi-
nate system by thevectors[1.0 0.0 1.0]",[1.0 1.0 -1.0]7,and[-1.0
2.0 1.0]". Usethe method of the direction cosinesto define the orientation
of body i in the coordinate system of body j whose axes are defined by the
vectors[0.0 -1.0 1.0]",[-1.0 1.0 10]",ad[-20 -1.0 -10]".

In problem 1, if body i rotates an angle 6} = 45° about its Z' axis followed
by another rotation 6%, = 60° about its X' axis, determine the transformation
matrix that defines the orientation of the body in the XYZ coordinate system
as the result of these two consecutive rotations.

In problem 2, if body i rotates an angle 6} = 90° about its Y axis followed
by arotation 6% = 30° about its X' axis, determine the transformation matrix
that defines the orientation of the rigid body as the result of these two
consecutive rotations.

If the rigid body i in problem 3 rotates an angle Oil = 60° about its X!
axis, and an angle 6}, = 45° about its Z' axis, determine the transformation
matrix that defines the final orientation of the body in the XYZ coordinate
system.

Obtain the transformation matrix in terms of Euler angles if the sequence
of rotations is defined as follows: arotation ¢' about Z' axis, a rotation '
about Y' axis, and a rotation ' about X' axis.

Obtain the transformation matrix in terms of Euler angles if the sequence
of rotation is defined as follows: a rotation ¢' about Z' axis, a rotation 6'
about Y' axis, and a rotation ' about Z' axis.

Use the transformation obtained in problem 1 to extract the three Euler
angles by considering the sequence of rotation described in Section 3. If
the origin of the body coordinate system is defined by the vector R' =[-1.5
0.4 3.2]7, determine the global position vector of point P! whose local
coordinates are defined by the vector Up = [0.3 0.1 -0.5]".

Use the transformation matrix obtained by solving problem 2 to extract the
three Euler angles using the sequence of rotation described in Section 3.
If the origin of the body coordinate system is defined by the vector R' =
[21 3.4 -11.0]", determine the global position vector of point P' whose
position vector in the body coordinate system is defined by the vector Up
=[01 -0.2 039]".

Use the genera development presented in Section 4 to define the angular
velocity vector @' in the following two cases: (a) a simple rotation about
the globa X axis, and (b) a simple rotation about the global Y axis.
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14. Use the general development presented in Section 4 to define the angular
velocity vector @' in the following two cases: (a) a simple rotation about
the global X axis, and (b) a ssmple rotation about the global Y axis.

15. The angular velocity in the body coordinate wstem |s deﬁned by Eg. 83
as®' = G'@'. Using this equation, show that &' = @' = AT

16. Use Eg. 97 to determine the location of the center of mass of the hemi-
sphere and right circular cone shown in Fig. P1.

—

. z!
z! (a) (b)

Figure P7.1

17. Determine the elements of the inertia tensor of a right circular cylinder
with radius r and length h with respect to a centroidal coordinate system.

18. Determine the elements of the inertia tensor of hollow cylinder with inner
and outer radii r; and r,, respectively, and length h. Use a centroidal coor-
dinate system.

19. Using a centroidal coordinate system, determine the elements of the inertia
tensor of the hemisphere and right circular cone shown in Fig. P1. Use the
parallel axes theorem to determine the moments of inertia in the coordinate
system X'Y'Z! shown in the figure.

20. Determine the elements of the inertia tensor of the composite bodies shown
in Fig. P2 in the coordinate systems shown in the figure.

21. In problem 11, let the rigid body be subjected to a moment whose compo-
nents are defined in the global coordinate system by

M, =[30 -110 00"N-m

Obtain the generalized forces associated with Euler angles as the result of
the application of the moment M},.
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yi Hemisphere

(a) (b)
Figure P7.2

In problem 11, let the rigid body be subjected to the forces
Fi=[10.0 00 350)]'N, F,=[50 120 -250]"'N
and the moment
ML =[30 -110 00"N-m

The coordinates of the point of application of the forces Fi and F, are
given, respectively, by

U;=[00 -025 08'm, U,=[015 -03 065" m

Assuming that the forces and the moment are defined in the global coor-
dinate system, obtain the generalized forces associated with the translation
and orientation coordinates of the rigid body. Use Euler angles as the ori-
entation coordinates.

Repeat the preceding problem assuming that the forces and the moment are
defined in the body coordinate system.

A force vector F' = [3.0 0.0 -8.0]T N is acting on unconstrained body
i. The orientation of a centroidal body coordinate system is defined by the
Euler angles

™ ; ™

0'=—, Y =x

i—i
¢ =7 >

The time rate of change of Euler angles at the given configuration is

¢ =15 6'=80, ' =-35rad/s
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The local position vector of the point of the application of the force is

U=[01 0 -015"m

The mass of the body is 5 kg and its inertia tensor is

45 -15 0
Ty=| -15 75 0 |kg-m?
0 0 90

Write the equations of motion of this system at the given configuration and
determine the accelerations.

25. A forcevector F =[9.0 7.0 —12.0]7 N is acting on unconstrained body
i. The orientation of a centroidal body coordinate system is defined by the
Euler angles

i i T i_ T
¢7O’ 972’ \b 4

The time rate of change of Euler angles at the given configuration is
(z",)i _ éi _ ¢i -0
The local position vector of the point of the application of the force is
U=[02 0 -015"m

The mass of the body is 3 kg and its inertia tensor is

15 0 -10
b= 0 25 0 |kg-m
-10 0 30

Write the equations of motion of this system at the given configuration and
determine the accelerations.

26. The orientation of a centroidal body coordinate system of unconstrained
body i is defined by the Euler angles

g Ve v0

The time rate of change of Euler angles at the given configuration is

¢ =20, §'=0, ' =-35rad/s
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and the second time derivatives of the coordinates are
[Re R R]=[0 150 - 28] m/s
[ 6 '1=[300 10 - 15]rad/s’

The mass of the body is 4 kg and its inertia tensor is

15 0 -10
= 0 25 0 |kg-n?
-10 0 20

Determine the resultant external force vector acting at the center of mass
as well as the external moment vector acting on the body.

Determine the vector Q4 of Eq. 153 in the case of the spherical joint.
Determine the vector Qg4 of Eq. 153 in the case of the cylindrical joint.
Determine the vector Qg of Eg. 153 in the case of the revolute joint.

Two bodies i and | are connected by a spherical joint. Let

R=[R R R]"=[095 30 -15"m
ei _ [¢I 0i wi]T _ [300 60° 1500]T
0 =[¢ 0 y]"=[60" 30° 90°]"
The position vectors of the joint definition points on body i and body j
defined in the respective body coordinate systems are given by
UL=[01 01 025"m
ub=[-03 -015 00" m
Determine the vector R! and the Jacobian matrix of the spherical joint con-
straints.
Using Eq. 143 as the starting point, derive Newton—-Euler equations.

The inertia tensor of a rigid body defined in a centroidal body coordinate
system is given by

20 15 -1.0
Ty=l 15 18 05 |kg-m?
~-10 05 30

The body rotates with a constant angular velocity equal to 20 rad/s about
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its Y' axis. Determine using Newton—Euler equations the external moments
applied to this body.

Determine the velocity influence coefficient matrices D' and H' and the
vector y' of Eqg. 204 in the case of the revolute joint.

Determine the velocity influence coefficient matrices D' and H' and the
vector y' of Eqg. 204 in the case of prismatic joint.

Determine the velocity influence coefficient matrices D' and H' and the
vector y' of EQ. 204 in the case of spherical joint.

Use the principle of virtual work in dynamics to obtain the recursive for-
mulation of Eg. 216.

Figure P3 shows a disk, denoted as body 3, which rotates about its X* axis
with an angle 63. The supporting arm, denoted as body 2, rotates with an
angle 02 about its Z? axis. Determine the absolute angular velocity vector
of the disk in the fixed XY!Z* coordinate system. Determine also the
components of this angular velocity vector in the disk coordinate system.

Figure P7.3

Obtain the recursive kinematic relationships of the system of Example 11,
if body 1 rotates about its X! axis with an angle ¢'. Assume that the X* axis
is fixed in space. Determine the absolute angular velocity and acceleration
vectors of bodies 2 and 3 in terms of the joint variables ¢, ¢?, and ¢° and
their time derivatives.

In the preceding problem, determine the recursive dynamic equations using
the Newton-Euler formulation. Obtain the system of independent differen-
tial equations and identify the mass matrix associated with the joint degrees
of freedom.



CHAPTER 8

OTHER TOPICS IN SPATIAL
DYNAMICS

In this chapter, several topics in spatial dynamics are presented. In the first sec-
tion, the use of Euler angles to study the gyroscopic motion is discussed. In the
following sections, several alternative methods for defining the orientations of the
rigid bodies in space are presented. In Section 2, the Rodriguez formula, which
is expressed in terms of the angle of rotation and a unit vector along the axis
of rotation, is presented. Euler parameters, which are widely used in general-
purpose multibody computer programs to avoid the singularities associated with
Euler angles, are introduced in Section 3. Rodriguez parameters are discussed in
Section 4 for the sake of completeness. Euler parameters can be considered as an
example of the quaternions, which are introduced in Section 5. In Section 6, the
problem of nonimpulsive contact between rigid bodies is discussed.

8.1 GYROSCOPES AND EULER ANGLES

The study of the gyroscopic motion is one of the most interesting problems
in spatial dynamics. This problem occurs when the orientation of the axis of
rotation of a rigid body changes. The gyroscope shown in Fig. 1 consists of a
rotor that spins about its axis of rotational symmetry Z3 which is mounted on a
ring called the inner gimbal. As shown in the figure, the rotor is free to rotate
about its axis of symmetry relative to the inner gimbal, and the inner gimbal
rotates freely about the axis X2, which is perpendicular to the axis of the rotor.
The axis X2 is mounted on a second gimbal, called the outer gimbal, which
is free to rotate about the axis Z'. The rotor whose center of gravity remains
fixed may attain any arbitrary position as shown in Fig. 1 by the following three
successive rotations.

467
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Figure 8.1 Gyroscope

1. A rotation ¢ of the outer gimbal about the axis Z*.
2. A rotation 6 of the inner gimbal about the axis X?.
3. A rotation y of the rotor about its own axis Z°.

These three Euler angles are called the precession, the nutation, and the spin,
and the type of mounting used in the gyroscope is called a cardan suspension.
The angular velocity of the rotor can be written as

o = okt +8i% + k3

where k' is a unit vector along the Z! axis, i is a unit vector along the X2
axis, and k® is a unit vector along the Z® axis. The unit vector k? is

kt=[0 0o 117

Since the rotation ¢ is about the Z* axis, the unit vector i? is defined as

cos¢ —-sing O 1 CcoS¢
i2=] sng cos¢ O || O |=| sing
0 0 1 0 0
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Since the rotation 6 is about the X2 axis, the unit vector k® is defined as

[ cos¢p —sing O 1 0 0 0
k3=| sing cos¢ O || O cosd —sind 0
0 0 1 0 sind cosé 1
[ singsing
=| —cospsing
cosd

The angular velocity of the rotor can then be written as

0 COS¢ singsing
o=¢| 0 |+6| sne |+y| —cosesing
1 0 cosf

which can be written in a matrix form as

0 cos¢ singsing )
w=| 0 sing —cospsing ]
1 0 cosf Y
This equation can be written as
=Gy

where G is the matrix whose columns are the unit vectors k?, i?, and k*. This
matrix was previously defined in terms of Euler angles by Eq. 72 of the pre-
ceding chapter as

0 cos¢ sSingsing
G=| 0 sn¢ —cos¢psing
1 0 cosf

and

v=[p 0 y]"

Differentiating the angular velocity vector with respect to time, one obtains the
absolute angular acceleration vector « of the rotor as

a=Gy +Gy
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where Gy can be written explicitly as
—¢0 sing + y(pcosesing + 0 sing cosh)
Gy =| ¢6cos¢+y(psingsing — f cose cosh)
—0y sind
The equations of motion of the rotor of the gyroscope can be conveniently
derived using Lagrange's eguation. To this end, we first define the angular
velocity vector in the rotor coordinate system as
sn@sny cosy O][ ¢
®=Gy =| snfcosy -siny 0 || 6
cosf 0 1]l v
$sind siny + 0 cosy
=| $sinfcosy — fsiny (8.1)
J +¢cosh
Because of the symmetry of the rotor about its X2 axis, its products of inertia

are equal to zero, and ixy = iyy. The inertia tensor of the rotor defined in the
rotor coordinate system is

iXX 0 0
T()O: 0 ixx 0
0 0 iy

Since the center of mass of the rotor is fixed, the kinetic energy of the rotor is
given by

T=1&Tg® = Hiwl(@)?sn? 0 + ()]
+iz() + pcosd)?} (8.2)

Using the Eulerian angles ¢, 0, and ¢ as the generalized coordinates of the
rotor, the equations of motion of the rotor are given by

d (oT) o1
dt \ a¢ o ¢

d oT oT
m(%)&,w

d [dT aT
i (57) 3
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where My, My and My, are the components of the generalized applied torque
associated with the angles ¢, 8, and y, respectively. Using the expression previ-
ously obtained for the kinetic energy, one can show that the equations of maotion
of the rotor are

% lixxd SIN? 6 +i5,(4f +$cosh) cosf] = M, (8.33)
i@ — Ixx(®)? SiNB cOSO + i (Y + b cosh)psing = My (8.3b)
% [izz(\.p +¢COSG)] =My (8.3¢)

In what follows, several important special cases are discussed.
Ignorable Coordinates It can be seen that the kinetic energy of the rotor
is not an explicit function of the precession and spin angles ¢ and ¢, that is,
ar_ar o
dp Y
If the torques My and M, are equal to zero, Lagrange’s equation yields

d oT d oT
m(a@)"’ dt<a¢>°

oT ot
(%) (&)

where d; and d, are constants. In this specia case, the precession and spin
angles ¢ and y are called ignorable coordinates since the generalized momen-
tum associated with these coordinates is conserved. The use of the preceding
equations yields the following integrals of motion:

or

I SIN? 0 +i,,() + b cosh) cosd = dy (8.4)
iz() +¢cosh) =d, (85)

where the constants d; and d, can be determined using the initial conditions.
In this special case, the equation for the nutation angle # can be written as

ixx[0 — (#)?sinf cosf] + dypsing =M, (8.6)

Precession at a Steady Rate Consider the special case in which the rotor
precesses at a steady rate ¢ at a constant angle # and with a constant spin
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velocity ¥. These conditions can be expressed as
¢ = constant, $=0
6 - constant, 6-=6-0
Y =constant, { =0
In this case, the equations of the rotor reduce to
0=M,
(@)%(i 2 — ix)SiN0 cOSO + iy SiNO =M,
0=My

Itis clear that in this case My, = My = 0, and the only nonzero torque acting on
the rotor is the constant torque associated with the nutation angle 6. The axis
of this torque is perpendicular to the axis of precession. If we further assume
that

0=m/2

the torque My takes the simple form

MB :¢¢izz

8.2 RODRIGUEZ FORMULA

Euler’s theorem states that the most general displacement of a body with one
point fixed is a rotation about an axis called the instantaneous axis of rotation.
According to this theorem, the coordinate transformation can be defined by a
single rotation about the instantaneous axis of rotation. The components of a
unit vector along the instantaneous axis of rotation as well as the angle of rota-
tion of the rigid body about this axis can be used to develop the transformation
matrix that defines the body orientation. The obtained transformation matrix, in
this case, is expressed in terms of four parameters; the three components of the
unit vector along the instantaneous axis of rotation and the angle of rotation.

Figure 2 shows the initial position of a vector ' on the rigid body i. The
final position of the vector 7' as the result of a rotation 6" about an axis of
rotation defined by the unit vector v! = [v} vh v5]" is defined by the vector
r'. It is clear from Fig. 2 that the vector r' can be expressed as

ri=rl+AF
It can be shown that (Shabana, 1998)

. . . . . . . I
AP = (V' x F)sing' + 2[V! x (V! x TH] sin? %
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Figure 8.2 Rodriguez formula

It follows that

ri=r'+ (V' xF)sing' +2[v' x (V' x r')] sin? %

Using the skew-symmetric matrix notation, the vector r' can be written as
r' =7 + V' sing' + 2(¥)%F' sin?(6'/2)
which can also be written as
ri— Al

where A’ isthe transformation matrix defined in terms of the unit vector vl and
the rotation angle 0' as

Al = +7'sing' +2(V')2sin?(6'/2) (8.7)

This equation, which is called Rodriguez formula, is expressed in terms of the
four parameters v}, v5, vs, and 8' which are not totally independent since

VIV = 01+ (03)° + (05 = 1

Angular Velocity The components of the angular velocity vector o' of the
rigid body i can be defined using the relationship,

& =AAT
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from which
o' =2V x V'sin?(9'/2) + V' sing' + 4V (8.8)

which can be expressed in a matrix form as

o' =G'o (8.9)
where
0 =[v' 01T =[ o, oL 6" (8.10)
. o i _
G = <Isin0'+2\7'sin2 92> v'] (8.12)

Similarly, the components of the angular velocity vector of the rigid body i
defined in the body coordinate system can be obtained using the relationship

o' :AiTAi
from which
® =2V x V' sin?(6'/2) + V' sinf' + 6’V (8.12)

which can also be written in a matrix form as

® =G'0 (8.13)

<|sin9‘2\7isin2 Z) vil (8.14)

Equations 8 and 12 clearly demonstrate that the magnitude of the angular veloc-
ity is 8' only if the axis of rotation is fixed in space. If the axis of rotation is
not fixed, the angular velocity vector has two additional components along the
two perpendicular vectors V' and v x V'.

where

G-

Application of Rodriguez Formula If the axis of rotation is paralel to one
of the axes of the coordinate system, the use of Rodriguez formula leads to the
definition of the simple rotation matrices defined by Egs. 19 through 21 of the
preceding chapter. Interestingly, Rodriguez formula suggests that there are two
different procedures for solving the problem of successive rotations. In order
to illustrate the use of these two different procedures, we consider the robotic
manipulator shown in Fig. 3. It is clear from this figure that the orientation of



8.2 RODRIGUEZ FORMULA 475

Figure 8.3 Application of Rodriguez formula

object 4 with respect to link 3 is defined by the transformation matrix

cosy -siny O
A®=| siny cosy O
0 0 1

The orientation of link 3 with respect to link 2 is defined by the transformation
matrix

—

1 0 0
A*®2-1 0 cosf -sinb
0 sn®  cosf |

and the orientation of link 2 with respect to link 1 is

cos¢ —-sing 0]
A%t =] sng cosé O
0 0 1

—4

The transformation matrix that defines the orientation of object 4 with respect
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to the fixed link (link 1) can then be written as
A41 _ A21A32A43

Matrix multiplications show that the matrix A% takes the same form as the
Euler angle transformation matrix given by Eq. 32 of the preceding chapter.

Using the Rodriguez formula, a different procedure can be used to define the
orientation of object 4. In this procedure, the joint axes of rotations are defined
in the fixed coordinate system as

vi=[0o 0 1]T
vZ=[cos¢ sing O]
vi=[singsing — cos¢sind cosf]"

Using these three unit vectors, the following three transformation matrices are
defined:

Al =1 +¥tsing + 2(v)? sin?
A% =1 +V?sing + 2(V?)? sin?

A3 =1 +7siny +2(7%)?sin?

MRS N[ NS

It is left to the reader as an exercise to show that the transformation matrix A*
can also be defined as
A41 _ A3A2Al

This sequence of transformations differs from the sequence discussed previ-
ously in the sense that after each rotation the orientation of the body is redefined
in the fixed coordinate system using Rodriguez formula (Shabana, 1998).

8.3 EULER PARAMETERS

An dternative set of four parameters that can be used to describe the orientation
of the rigid bodies is the set of Euler parameters. The four Euler parameters
can be expressed in terms of the components of the unit vector along the instan-
taneous axis of rotation as well as the angle of rotation as

Bo = cos(6'/2)

By =visin(9'/2)
By =vhsin(6'/2)
B3 =vhsin(6'/2)

(8.15)
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The four Euler parameters are not totally independent since

M oo

B =1 (8.16)

k=0

Using Rodriguez formula, the transformation matrix A' can be expressed in
terms of Euler parameters as

A'=1+2BL(By! +BY) (8.17)
where fi's is the skew-symmetric matrix associated with the vector
Bs=[81 B2 B3 (8.18)

The transformation matrix can be written explicitly in terms of Euler parameters
as

1-2(85)2 - 2(65)  2(8185 — o) 2(B165 + BoBh)
A= 208185+ B85  1-2(81)% - 2(B5)? 28565 — BoBh)
2(84,85 — Bu6h) 208585+ BpBY)  1— 2(81)? - 2(Bh)?
(8.19)

In terms of Euler parameters, the angular velocity vector of the rigid body i is
defined as

o =GB (8.20)
where
B =[8y By B, B" (8.21)
-8 By By B
G=2 -8, By B -B (8.22)

-85 B, B 6o

The angular velocity vector defined in the body coordinate system is

® -G'f (8.23)
where
NEE
G'=2| -8, B85 B B (8.24)

-8 By, B By
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The transformation matrix A’ can be expressed in terms of the matrices G' and
G'as

. .
A'=1G'G' (8.25)
Note also that
G'G' =GiG" =4
G'G =G'G =4(ls B'B"
e (la—B'B") (8.26)
G =Gip =0
BB =0

where 14 isthe 4 x 4 identity matrix. Differentiating Eqgs. 20 and 23 and using
the identities of Eq. 26, it can be shown that the angular acceleration vectors
can be expressed in terms of Euler parameters as

o =G (8.27)

a'=G'f (8.28)

Clearly, Euler parameters have one redundant variable since they are related
by Eqg. 16. Nonetheless, Euler parameters are used in several general-purpose
multibody computer programs because they do not suffer from the singularity
problem associated with the three-parameter representation. Euler parameters
are al'so bounded because they are defined in terms of sine and cosine functions.
Moreover, the time derivatives of Euler parameters can be determined at any

configuration of the rigid body, if the angular velocity vector is given. Thisis
demonstrated by the following example.

B Example 8.1
The orientation of arigid body is defined by the four Euler parameters
Bh=09239, B} =p,=p85=02209

At the given configuration, the body has an instantaneous angular velocity defined
in the global coordinate system by the vector

o =[120.72 7587 - 46.59]" rad/s
Find the time derivatives of Euler parameters
Solution. Using Eq. 20, one has
PR Bi
Multiplying both sides of this equation by G and us ng the identities of Eq. 26,
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one obtains

G ol = GiTGiBi — 414 BiBiT)Bi — 4
which yields

[ _0.4418 -0.4418 -0.4418
1.8478 04418 -0.4418
~0.4418  1.8478  0.4418
04418 -0.4418  1.8478

i 1iT, i
[3746 o=z

-

ooy | 1857
| Geer || 692023
4650 | | 165688
~16.5686

This solution must satisfy the identity

BB -0
Using Euler parameters given in this example, one can show that the transformation
matrix A' is
0.8048 -0.3106  0.5058
A'=| 05058 08048 -0.3106
-0.3106  0.5058  0.8048
Using this transformation matrix, it can be shown that the angular velocity vector
defined in the body coordinate system is
' =ATw' =[150 00 0.0]"
Thetime derivatives of Euler parameters can a so be evaluated using the relationship

Bi _ %éiTﬁi

8.4 RODRIGUEZ PARAMETERS

In Rodriguez formula and in the case of Euler parameters, the transformation
matrix is expressed in terms of four parameters. It was demonstrated in the
preceding chapter that the transformation matrix can be expressed in terms of
the three independent Euler angles. In what follows, an alternate representation
that uses three parameters called Rodriguez parameters, is developed. The three
Rodriguez parameters are defined in terms of the components of a unit vector
along the axis of rotation and the angle of rotation as

v =[vh vy AAT=vtan(6'/2) (8.29)
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That is
yi=vitan(6'/2), vy=vstan(6'/2), vs=uvytan(6'/2) (8.29b)

Using the definitions of the preceding equation and the Rodriguez formula of
Eq. 7, one obtains the transformation matrix expressed in terms of Rodriguez
parameters as

i 2 <P (i
A=l +W ¥ + @] (8.30)

where ¥' is the skew symmetric matrix associated with the vector ' and
¥ =Ty (8:31)

The angular velocity vectors can be expressed in terms of Rodriguez parameters
as

o' =Gy (8.32)
® =Gy (8.33)r
where
| , (1 2]
I:W 75 1_ -1 (8.34)
L —v2 v 1 ]
B , 1 v 2]
IZW *713 1. Y1 (8.35)
L vz vr 1]
B Example 8.2

The orientation of arigid body is defined by the four Euler parameters
Bh=09239, g} =p,=p=02209

At the given configuration, the body has an instantaneous absolute angular velocity
defined by the vector

® =[120.72 7587 - 4659 rad/s
Find the time derivatives of Rodriguez parameters.
Solution. Rodriguez parameters at the given orientation are
. B . g . B
7'1:71, 7'2:%, yh=2

Bo Bo Bo
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Using the values of Euler parameters given in this example, one has

. 0.2209
Y1=Y2=75= Ggagg ~ 02391

Recall that
o =Gy
where
i 2 1i s 7;2
:W ’Yi?, 1i Y1

-v2 v1 1

The time derivatives of Rodriguez parameters can then be expressed in terms of
the angular velocity as
v = (G le
where
1+ by virs b
G =3 | vivh-75 1+0H?  Avs+ah
Yivstrh vbvi—h 1+ (rh)?
0.5286  0.1481 -0.0910
=| -0.0910 0.5286 0.1481
0.1481 -0.0910 0.5286

The time derivatives of Rodriguez parameters are

B 05286 0.1481 -0.0910|[ 120.72
¥ =l v, |=(G) e =] -00910 05286 0.1481 75.87

[ 73 01481 -0.0910 05286 || -46.59

[ 79.2886

=| 222104

| 136530

8.5 QUATERNIONS

Quaternion algebra can be used to study the rotations of the rigid bodies in
space. This algebra can serve as a convenient way for describing the relative
rotations between different bodies. For instance, Euler parameters discussed
previoudly in this chapter can be considered as an example of the quaternions.
Before demonstrating the use of the quaternions to describe the three-dimen-
sional rotations, a brief introduction to quaternion algebra is presented (Mega-
hed, 1993).
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Quaternion Algebra A quaternion g is defined using a scalar and a vector
as follows:

Ot =S+ugi +tvgj +tusk=s+v (8.36)

where sisascdar, i, j, and k are unit vectors along three perpendicular Carte-
sian axes, and v is the vector which is defined as

v=[vs vz v
Given two quaternion ¢;; and g, defined as
Ot =S1 + V1, Q=S+ V2
guaternion addition and subtraction follows the rule
O =0Out 0= (St 1) + (Vi Vo) (8.37)
The multiplication of the quaternions is noncommutative and follows the rule

Ot = Ota02 = (S1 + V1)(S2 + V)
=81+ S5V + SV + V1 X Vo2 — V1 - V2
= (182 — V1 - V2) + (S1V2 + SV1 + V1 X V)
=s+v (8.38)

where (-) indicates a dot product, x indicates a cross product, and the scalar s
and the vector v are defined as

S=%S V1V
e } (8.39)
V =5Vo + V1 +V1 X Vo
The conjugate of the quaternion g is defined as
gr=s-V (8.40)

The norm of the quaternion g is defined as

|| =4/ aeaie (8.42)

Using the rule of multiplication of the quaternions, it can be shown that

|| =4/ kit = V(97 +V - v (8.42)

If the scalar part of the quaternion is equal to zero, the quaternion norm reduces
to the definition of the length of vectors used in conventional vector algebra.

Three-Dimensional Rotations The set of Euler parameters can be consid-
ered as a quaternion with a unit norm. This fact can easily be demonstrated by
writing the set of Euler parameters of arigid body or a frame of referencei in
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the following quaternion form:
o =Bo+ Be (8.43)

where the scalar and vector components of this quaternion are defined in Section
3. The conjugate of the quaternion defined in the preceding equation is

qr=B8h - BL

and its norm is

| #q%q%* :\/(BB)“BL BL=1

If A1, A%, and A3 are three orthogonal transformation matrices defined in terms
of the sets of Euler parameters (83, BL), (83, B2), and (83, B2), respectively,
matrix multiplication and quaternion multiplication are in one-to-one correspon-
dence; that is, if

Al=AZA3 (8.44)
then
B! =p2p° (8.45)
or
Bs = B3B3 — B2 - B3
13(i = 62803 + B3B3 + B5 % B3 } (8.40)

This important result from quaternion algebra can be used to study the relative
motion between rigid bodies or coordinate systems. For instance, let A' and
Al be the transformation matrices that define the orientation of two coordinate
systemsi and j, respectively, and let Al' be the matrix that defines the orientation
of the coordinate system j with respect to the coordinate system i. It follows
that

Al = AlAT
or
Al Al A (8.47)

Recall that if (8}, BL) is the set of Euler parameters of Al the set of Euler
parameters associated with the transpose of A' is (8;, —By) (Shabana, 1998).
It follows that the set of Euler parameters associated with the relative transfor-
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mation matrix Al' can easily be obtained using the quaternion algebra as

il _pipl i (@
(j)i 6?6? ET iBs i j } (848)

s = BOBS - BOBS* Bsx Bs
As an example that illustrates the use of the preceding equations, we assume
that body | rotates with respect to body i with a constant angular velocity w!'.
It follows from the first equation of the preceding set of equations that

ji o o . o
cos< ‘“zt) = BLBY + BLBL + B3 + 562

Clearly, this constraint equation is of the holonomic type.

Example 8.3

As an example of the use of the quaternion algebra, we consider arigid body whose
orientation is defined at the initial configuration before displacement by the trans-
formation matrix B expressed in terms of the four Euler parameters (o, 81, 82, and
3. In this example, we consider three cases of the body rotation with a constant
angular velocity. The first is the rotation of the body about the global X axis, the
second is the rotation of the body about the global Y axis, and the third is the rota-
tion about the global Z axis. In the three cases, we assume that the axes of rotations
are defined in the global system. For simplicity of notation, we drop the superscript
that indicates the body number.

Rotation about the Global X Axis: If the body rotates with a constant angular
velocity w about the X axis, the final orientation of the body is defined by the
transformation matrix C given by

C=AB

where A is the transformation matrix resulting from the rotation of the body about
the global X axis with a constant angular velocity. The order of the matrix multi-
plication used in the preceding equation is due to the fact that the axis of rotation
is defined in the global system. It can be shown that the four Euler parameters that
define the matrix A are as follows:

wt . wt
ozo:COS?, 051:S|n7,

Using the quaternion multiplication role, it can be shown that the four Euler param-
eters yo, v1, v2, and y3 that define the transformation matrix C are given by

az =0, a3z3=0

Y0 = aofo — a1f1
v1 = aof1 + a1Bo
v2 = aof2 — a1f33
v3 = aof3 +a1f32
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Rotation about the Global Y Axis: In the case of the rotation with a constant
angular velocity about the Y axis, the four Euler parameters that define the matrix
A are given by

aozcos%t, a1 =0, azzsin%t, a3z=0
The four Euler parameters that define the matrix C are then given by
Y0 = aoBo — a2B2
Y1 = aof1 +a2B3
v2 = aoB2 + a2fo
v3 = aofBs + a1

Rotation about the Global Z Axis: If the rotation is about the global Z axis, the

four Euler parameters that define the matrix A are given by
aozcos%t, a1 =0, az =0, ozgzsin%t

In this case, the four Euler parameters of the matrix C that defines the final orien-
tation of the body are as follows:

Y0 = aoBo — «3f3

v1=aof1— a3f2

v2=aoB2+asf1

v3 = aof3 + a3bo

8.6 RIGID BODY CONTACT

The nonimpulsive contact between rigid bodies does not result in instantaneous
change in the system velocities and momentum. Examples of this type of non-
impulsive contact are cam and follower contact, wheel and rail contact, disk
rolling on a flat surface, and nonimpulsive contact between the end effector of
arobot and a surface, among others. In this section, the kinematic equations that
describe the nonimpulsive contact between two surfaces of two rigid bodies in
the multibody system are formulated in terms of the system generalized coor-
dinates and the surface parameters. Each contact surface is defined using two
independent parameters that completely define the tangent and normal vectors
at an arbitrary point on the body surface. The surface parameters can be consid-
ered as a set of nongeneralized coordinates since there are no inertia or external
forces associated with them (Shabana and Sany, 2000). In the contact model dis-
cussed in this section, the location of the contact points on the two surfaces are
determined by solving the nonlinear differential and algebraic equations of the
constrained multibody system. The eguations of motion of the bodies in con-
tact are developed using the principle of mechanics, and the contact constraint
eguations are augmented by the system dynamic equations using the technique
of Lagrange multipliers. Lagrange multipliers associated with the contact con-
straints are used to determine the generalized contact constraint forces.
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Parameterization of the Contact Surfaces The two bodies in contact are
denoted as bodies i and j. Contact between the two surfaces of the bodies is
assumed to occur at point P. Two coordinate systems X'Y'Z' and X1YiZ1 are
introduced for bodiesi and j, respectively, as shown in Fig. 4. At agiven instant
of time, the location of the contact point P with respect to the coordinate sys-
tems of the two bodies is defined by the following two vectors:

X N
up=|y |, uhe|y (8.49)
VA zl

The contact surface of body i is assumed to be defined by the two surface
parameters s; and s,, while the contact surface of body j is defined in terms
of the surface parameters s} and s). Therefore, the local position vectors of
the contact point, defined in Eq. 49, can be expressed in terms of the surface
parameters as follows:

N sl I
U -| V&) | ksl -| vk [ (850
Z(s1.:%) 2(s1.5)

Y A
Body j

Figure 8.4 Contact surfaces
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The tangents to the surface at the contact point on body i are defined in the body
coordinate system by the following two independent, not necessarily orthogonal
VECtors,

oub . Jub
s, 0s,

The normal to the surface at the contact point on body i is defined in the body
coordinate system as

-

(8.51)

=t xt (8.52)

Similarly, the tangents and normal to the surface of body | at the contact point,
defined in the body coordinate system, are given by
_ - _ - o

t] = aLP, t) = aL.P, =t xt, (8.53)
9s) 93,
The tangent and normal vectors and their first and second derivatives with
respect to the surface parameters are required to enforce the contact kinematic
constraints discussed below.

Contact Constraints In the multibody contact formulation presented in this
section, it is assumed that the body motion is described using absolute Cartesian
and orientation coordinates. For an arbitrary body k in the multibody system,
the three-dimensional vector of absolute Cartesian coordinates R¥ (k =i or j)
is used to define the globa location of the origin of the kth body coordinate
system, while the orientation coordinates ¥ are used to define the orientation of
the body coordinate system. Using this motion description, the global position
vectors of the contact point on bodies i and j can be defined, respectively, as
follows:

(8.54)

where A' and A! are the spatial transformation matrices that define the ori-
entation of bodies i and j, respectively, in a global inertial frame of reference.
These matrices are functions of the orientation coordinates 0' and @'. Using this
motion description, each unconstrained body has six independent coordinates.
In the general case of contact where slipping is allowed, the contact conditions
eliminate only one degree of freedom. Therefore, body i has five degrees of
freedom with respect to body j.

To formulate the contact conditions, five constraint equations expressed in
terms of the generalized coordinates of the two bodies and the four surface
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parameters are introduced. These constraint equations impose the following two
conditions (Roberson and Schwertassek, 1988; Litvin, 1994):

1. Two points on the two contact surfaces coincide. This implies that the
globa position coordinates of the contact point P evaluated using the
generalized coordinates of body i are the same as the coordinates of the
same point evaluated using the generalized coordinates of body j. This
condition can be expressed mathematically as follows:

ri=rd (8.55)

where the two vectors in this equation are defined explicitly in Eq. 54.

2. The normals to the two surfaces at the point of contact are parallel. This
condition can be stated mathematically as follows:

n' = an (8.56)

where « is a constant and n' and n! are the normals at the contact point
defined in the global coordinate system, that is,

n=An, nl=An (8.57)

It isimportant to point out that Eq. 56 leads to two independent equations
only. An alternative to Eq. 56 is to use the unit normals instead of intro-
ducing the constant «. Another aternative to Eq. 56 is to use the tangent
vectors to write two independent constraint equations which guarantee
that the normals to the two surfaces remain parallel. These equations can
be written as follows:

ni'tt=0, ni't,=0 (8.58)
where
th=At,  t,=Al, (8.59)

Equations 55 and 56 or, alternatively, Egs. 55 and 58, represent five indepen-
dent nonlinear equations which can be used to impose the contact conditions.
Note that the normal and tangent vectors in Eq. 59 are expressed in terms of
the first derivatives of the local coordinates of the contact point with respect
to the surface parameters. Imposing the constraints of Eq. 58 at the accelera-
tion level requires the evaluation of the third partial derivatives of the contact
point coordinates with respect to the surface parameters. Note also that the five
independent contact constraint equations can be used to identify five dependent
variables (including the four surface parameters s, s,, s}, and s}). Therefore,
the surface parameters and one generalized coordinate can be eliminated using
a coordinate partitioning scheme and the embedding technique as discussed pre-
viously in this book. In the remainder of this section, however, an alternative
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technique based on the augmented formulation that employs Lagrange multi-
pliers is discussed.

Multibody Formulation The contact constraint formulation presented in the
preceding section can be implemented in general -purpose multibody algorithms.
Recall that these contact constraints are formulated in terms of a mixed set
of generalized and nongeneralized surface parameters. Using the principle of
virtual work, the following Lagrange-D’Alembert form can be obtained:

{M§-Q}"8q=0 (8.60)

where M is the system mass matrix, q is the vector of the system generalized
coordinates, and Q is the vector of all forces acting on the system, excluding
the constraint forces, which are eliminated automatically using the virtual work
principle. The generalized force vector Q includes externally applied forces,
gravity forces, and spring, damper, and actuator forces as well as friction forces.
The constraint equations that describe mechanical joints and specified motion
trajectories as well as the contact constraints can be written in the following
form:

C@,st)=0 (8.61)

where sisthe vector of the parameters that describe the geometry of the surfaces
in contact. Virtual changesin the system coordinates and the surface parameters,
which are consistent with the kinematic constraints, lead to

Cq0q+Csds=0 (8.62)
which for an arbitrary nonzero vector \ leads to
AT{Cydq+Csds} =0 (8.63)
Adding Egs. 60 and 63, one obtains
8q'{Mg+CJA - Q} +8s'CIA =0 (8.64)

The procedure used to obtain the augmented formulation when only generalized
coordinates are used (see Chapter 6) can be generalized for the case of system
with nongeneralized coordinates. To demonstrate this, the preceding equation
can be written as follows:

dp'(H+C]N)=0 (8.65)

where

MQQI, p[ql (8.66)
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The vector p, which includes generalized coordinates and nongeneralized sur-
face parameters, can be partitioned into two sets. the set of independent coor-
dinates p; and the set of dependent coordinates py, that is,

l Pi
p =

Pqd
Each set, independent or dependent, may include nongeneralized surface param-
eters. According to this coordinate partitioning, Eq. 65 can be written asfollows:

(8.67)

Hi +Cp A

=0 8.68
Hyg + C-Fl’—d)\ ( )

[3p] dpg] l

Assuming that the constraint sub-Jacobian C,,, associated with the dependent
generalized and nongeneralized coordinates has a full row rank, the vector of
Lagrange multipliers A can be selected to be the solution of the following sys-
tem of algebraic equations:

Cp A =—Hq (8.69)
It follows from Egs. 68 and 69 that
8p/ (CIA+H;)=0 (8.70)
Since the element of the vector p; are assumed to be independent, Eq. 70 leads
to
CoA+H =0 (8.71)

Combining Egs. 69 and 71 and using the definition of H given by Eg. 66, one
obtains

Mq+cg)\Q} ©72)

CIn=0

Differentiating the constraints of Eqg. 61 twice with respect to time yields
Cqfj + C8= Qq (8.73)
where Qq is a vector that absorbs terms which are quadratic in the first time

derivatives of the coordinates and the surface parameters. Combining Egs. 72
and 73 yields (Shabana and Sany, 2000)

M 0 Cj ol Q
0 o0 C! §1=| o (8.74)
Cq Cs O A Qq
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It is important to point out that the sub-Jacobian Cg associated with the surface
parameters must have rank equal to the number of these surface parameters
to be able to solve for the second derivatives of the coordinates and surface
parameters as well as the vector of Lagrange multipliers. Therefore, the surface
profiles must be chosen to guarantee a point contact. In the case of aline contact,
such as in the case of a contact between a cylinder and a flat surface, there are
infinite number of solutions, and the matrix Cg has arank that is not equal to the
number of the surface parameters. This special case can also be handled using
the algorithm proposed in this chapter by changing the number of equations
and variables required to describe the contact.

The case of a point contact is described using five independent constraint
equations and four independent surface parameters. Nonetheless, the second
equation of Eq. 72 implies that for each contact, there is only one nontrivial
solution since the rank of the matrix C! is four times the number of contacts.
Therefore, there is only one independent Lagrange multiplier associated with
each contact. That is, there is only one independent generalized contact force,
which can easily be visualized in simple contact configurations to be the normal
force at the point of contact.

PROBLEMS

1. Use the Rodriguez formula to prove the orthogonality of the rotation
matrix.

2. Using the Rodriguez formula, show that the axis of rotation is an eigen-
vector of the spatia rotation matrix. Determine the associated eigenvalue.

3. Use the Rodriguez formula to determine the form of the spatial rotation
matrix in the case of infinitesimal rotations.

4. Use the Rodriguez formula to show that two general consecutive three
dimensional rotations are not commutative.

5. Discuss the singularity associated with Euler angles and show that this sin-
gularity problem does not arise when Euler parameters are used.

6. Use Newton-Euler equations to define the equations of motion of a rigid
body in space in terms of Euler parameters.

7. Discuss the singularity problem associated with Rodriguez parameters.

8. Use Newton-Euler equations to define the equations of motion of arigid
body in space in terms of Rodriguez parameters.

9. Find the relationships between Euler and Rodriguez parameters.



492 OTHER TOPICS IN SPATIAL DYNAMICS

10. The orientation of arigid body is defined by the four Euler parameters
B =0.8660, B =g =48, =0.35355

At the given orientation, the body has an instantaneous absolute angular
velocity defined by the vector

o' =[60.36 37.935 - 23.295]" rad/s

Find the time derivatives of Euler parameters. Find also the time derivatives
of Rodriguez parameters.

11. In the preceding problem, find the time derivatives of Euler angles.

12. Usethe Rodriguez formula and unit vectors along the joint axes of rotation,
defined in a fixed coordinate system, to obtain the transformation matrix
that defines the orientation of body 4 shown in Fig. P1. Show that the form
of this transformation matrix is the same as the Euler angle transformation
matrix.

Figure P8.1

13. Discuss the use of the quaternions in describing the relative rotations
between rigid bodies.
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Index

A
Absolute Cartesian coordinates, 133, 427
Absolute Coordinates, 132, 150, 228-229, 427
Acceleration(s), 95, 110-111, 391-396
analysis, 9, 95, 156
angular, 110, 396, 444

Coriolis, 126
elimination of the dependent, 197-199
equations, 105-124, 428

function, 279

independent, 346

normal component, 110, 396

relative, 111

tangential component, 110, 396
Actual reactions, 325-326
Actuator force, 241-243, 418-421
Adams-Bashforth method, 353
Adams-Moulton method, 353
Algebra, linear, 22-94,
Algebraic-differential equations, 13, 358-368
Algebraic equations, 52-60

Gauss-Jordan reduction method, 56-57

Gaussian elimination, 55-56

solution, 52

Amalgamated formulation, 189, 196, 202-203

Angular acceleration, 110, 396, 444

Angular momentum, 441- 443



Angular velocity, 108, 110, 473- 474

in global coordinate system, 392
in moving coordinate system, 393
Applied forces (see External forces)

Augmented formulation, 19, 189, 196, 196-197, 332, 336-338, 427

AXxis of rotation, 472

B

Back substitution, 55

Ball joint (see Spherical joint)

Base circle, 6

Baumgarte's method (see Constraint(s), stabilization methods)

Bevel gear, 147

C

Cam(s), 6, 142-147
roller follower, 145

Canonical equations, 282
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Cardan suspension, 468

Cartesian coordinates, 22, 49-51, 427

Cartesian moments, 440

Center of mass, 409

Centrifugal force, 301-307, 413- 414

Centroidal body coordinate system, 306-307, 309, 402, 407, 424

Chain rule of differentiation, 155

Characteristic equation, 81

Cholesky's method, 22, 63-64

Closed kinematic chain (see Closed chain systems)

Closed chain systems, 189, 209-215, 456

Coefficient of static friction, 249
sliding friction, 249
Cofactor, 28
Computer methods, 18-19, 159, 165
Computational dynamics, 2-3
Computational methods in kinematics, 150-159
Computer algorithm(s), 168-171
Computer implementation, 159-171
Computer library, 430, 439
Conditions of parallelism, 22, 51-52
Connectivity conditions, 269-270
Conservation theorem, 284-286
Conservative force, 239, 280
Consistency condition, 356
Constants of motion, 442

Constrained dynamics, 194, 295-377, 427- 430

Constrained kinematics, 132-136

Constrained motion, 4-6,



Constraint(s), 4-6, 221-232
cam(s), 142-147
contact, 487-489
cylindrical joint, 6, 99, 433- 435, 444
driving, 134, 134-136, 430

equations, 150

fixed link, 102, 103, 136, 439
force, 12, 14, 260, 314-323
gear(s), 147-150

ground, 102, 103, 136, 439

holonomic, 232

ideal, 256

Jacobian matrix, 153, 224-228, 428
nonholonomic, 232

nonintegrable, 232

redundant, 323

revolute joint, 6, 97, 100, 136-138, 435- 436

rigid joint, 439

screw joint, 101

simple, 134

spherical joint, 6, 98-99, 430- 433
stabilization methods, 366-368
translational, 6, 98, 99, 138-139, 436- 438

universal joint, 100, 438- 439
violations (see Wehage's algorithm)
workless, 256-257
Contact constraints, 487- 489
Contact problem, 485- 491
Coordinate(s), 97, 427
absolute, 132, 150, 228-229, 427




Cartesian, 49-51, 133
dependent, 221
generalized, 133, 218, 397- 401

ignorable, 284
independent, 5, 221
orientation, 427

partitioning, 221, 315-317

system, 306-307, 402, 407, 424
transformation, 104-105, 235-238

Coriolis acceleration, 126
Coulomb friction, 248-255
Coupler curve, 124
Crank-rocker linkage, 122
Crankshaft, 102
torque, 370
Cross product, 22, 45-52
Crout's method, 63
Cubic spline function, 144
Cyclic coordinates (see Ignorable coordinates)

Cylindrical joint, 6, 99, 433- 435, 444

D

D'Alembert's principle, 189-193

Damper, 241, 418

Damping, coefficients, 241, 418
force, 241-243, 418- 421

Degrees of freedom, 6-9, 95, 101, 221, 444

identification of, 322-323
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Dependent coordinates, 221

Dependent variables, 60

Determinant, 28-30
Differential-algebraic equations, 358-368
Differentiation, 37- 41

Direction cosines, 51, 380, 390-391

Direct methods, 64
Direct numerical integration

(see Numerical integration)
Displacement, 95, 379-380

Virtual (see Virtual displacement)
Doolittle's method, 63
Double-crank mechanism, 122
Double-rocker linkage, 122
Drag-link mechanism, 122
Driving constraints, 134, 134-136, 430
Dry friction, 248
Dynamic analysis

(see Dynamics)
Dynamic coupling, 404
Dynamic equations, 12-14, 188-216, 270, 423- 427, 452- 460

Dynamically driven system, 11, 151, 181, 322

Dynamics, 427
forward, 14-16,
inverse, 14-16, 368-370
planar, 16-18,
spatial, 16-18, 378- 466, 467-492

E
Effective force, 190



Effective moment, 190

Eigenvalues, 82

Eigenvectors, 82

Elementary reflector, 71

Elementary row operations, 55

Elimination of the constraint forces, 314-323, 342-345
Embedding technique, 19, 189, 196, 197, 199-202, 317-319

Equations of equilibrium, 261-262
Equations of motion, 307-309, 423- 427

Equilibrium

equations, 261-262

static, 257
Equipollent forces, 257-258, 295, 325-327
Euler angles, 388-391, 421, 467- 472

relationship with angular velocity, 397, 399
relationship with direction cosines, 390-391
transformation matrix in terms of, 390

Euler parameters, 390, 400, 467, 476- 479

Euler's equation(s), 12, 190, 442
Euler's method, 349-352
Euler's theorem, 472

Exact differential, 232, 239, 401

External forces, 261, 414- 422

External moments, 261

F
Feed forward control law, 368
Finite rotation, 4, 380-388
Fixed link constraints (see Ground constraints)
Follower, 6, 142

offset flat-faced, 146



offset reciprocating knife edge, 142
roller, 145

Force, analysis, 12,
actuator, 241-243, 418- 422
centrifugal, 301-307, 413- 414

conservative, 239, 280
constraint, 12, 260, 314-323
damping, 241-243, 418- 421
effective, 190

elements, 5

equipollent, 257-258, 295, 325-326

external, 12, 261, 414- 422
friction, 253
generalized, 217, 233-235

gravitational, 240-241
inertia, 12, 401- 414
joint, 12, 339-342
nonconservative, 240, 280

spring, 241-243, 418- 421

Forward dynamics, 14-16
Forward elimination, 55
Four-bar mechanism, 7

Friction, 147, 248-255



G

Gauss-Jordan reduction methods, 56-57

Gaussian elimination, 22, 55-56, 286-288

Gears, 6, 147-150
bevel, 147
helical, 147
hypoid, 148
skew, 148
spur, 147
worm, 148
General displacement, 379-380
Generalized coordinate partitioning
(see Coordinate partitioning)

Generalized constraint forces, 14, 339

Generalized coordinates, 133, 218, 397- 401, 485
Generalized forces, 14, 217, 233-235, 253, 414- 422

Generalized inertia, 295-301, 401- 414

Generalized reactions

(see Generalized constraint forces)
Geometric nonlinearities, 4
Gibbs-Appel equation, 217, 279-280
Gimbal inner, 467

outer, 467
Gram-Schmidt orthogonalization, 66-68
Grashof's law, 122
Gravitational force, 240-241
Ground constraints, 102, 103, 136, 439
Gyroscope, 467- 472

H
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Hamiltonian, 281

Hamiltonian formulation, 217, 280

Helical gear, 147

Hilbert matrix, 64

Holonomic constraints, 232

Hooke joint (see Universal joint)
Householder transformation, 71-78, 343

Hypoid gear, 148

|
Ignorable coordinates, 284, 471
Independent accelerations, 6-9, 346
Independent coordinates, 5, 221
Independent variables, 60
Inertia, 295-301

coupling, 404

force, 12, 190, 401- 414

mass moment of, 296, 302, 403, 411

moment, 190
product of, 403
tensor, 402
Infinitesimal rotation, 421
Inner gimbal, 467
Instantaneous center of rotation, 183
Internal force, 12
Inverse dynamics, 14-16, 368-370

Inversion constant, 8

J
Jacobian matrix constraint, 153, 224-228, 428

Joint(s), 96-104
constraints, formulation of, 134, 136-150, 430- 439




cylindrical, 6, 99, 433- 435, 444
degrees of freedom, 444
force, 12
multiple, 328-330
reaction force, 339-342
revolute, 6, 97, 100, 136-138, 435- 436
rigid, 324, 439
screw, 101
secondary, 209, 456
spherical, 6, 98, 430- 433
translational, 6, 98, 99, 138-139, 436- 438

universal, 100, 438- 439

K

Kinematic analysis, 9-11, 95-187
closed-loop, 8, 456
open-loop, 8

Kinematic chain, 8, 456

Kinematic equations, 426, 427- 429

recursive, 444- 452

Kinematic inversions, 122

Kinematic modeling and analysis, 171-180

Kinematically driven system, 11, 151-152, 169, 368, 428

Kinematics, 95-187

classical and computer methods, 11
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planar, 97
spatial, 98-101
Kinetic energy, 276

L
Lagrange multipliers, 14, 323-332, 427
elimination of, 342-345
Lagrange's equation, 274-279, 470
Lagrangian, 280
Lagrangian Mechanics, 2, 217-294
Laws of motion, 181
Line of nodes, 389
Linear algebra, 22-94
Linear dependence, 22, 42
Linear independence, 42- 44
Linear momentum, 441- 443
Lockup configuration, 115
Loop closure equations, 120
LU factorization, 60-65
M
Mass
center of, 409
matrix, 301-307, 402- 405

moment of inertia, 296, 302,403
Matrix, 23-25,

addition, 25-26

column rank of, 42

determinant of, 28-30

diagonal, 24

Hilbert, 64



identity, 25
ill-conditioned, 64
inverse, 30-35
lower-triangular, 24
mass, 301-307, 402- 405
multiplication, 26-27
null, 25
orthogonal, 33
partitioning, 27-28
positive definite, 63
product, 26
rank, 42
row rank of, 42
scaled, 58
singular, 30
skew-symmetric, 22, 25, 46- 49
sparse, 330
square, 23
symmetric, 24, 63
trace, 25
transpose, 23
unit, 25
upper triangular, 24
zero, 25
Mechanical joints, 5-6, 96-104
Mechanism double-crank, 122
drag-link, 122
four bar, 7
peaucellier, 8, 124
RSSR, 103



slider crank, 7, 102, 171
straight-line, 124
Watt's, 124
Midpoint method, 356
Minor, 28
Mobility criteria, 101-104
Moment(s) of inertia, 296, 302, 403
principal, 411- 413

products of, 403
Momentum angular, 441- 443
linear, 441- 443
Multibody systems, 1, 3, 489- 491
Multiple branches, 456
Multiple joints, 328-330
Multistep method (s), 356-357
N
Newton backward difference formula, 357

Newton differences, 153

Newton-Euler equations, 379, 402, 439- 440, 444

Newton-Raphson algorithm, 152, 337, 428
Newton's equations, 190, 441

Newton's second law, 12

Newton's third law, 12

Newtonian mechanics, 2

Nonconservative forces, 240, 280

Nonholonomic constraints, 232

Normal component of acceleration, 110, 396

Null space, 413
Numerical integration, 349-358, 357
Adams-Bashforth methods, 353



Adams' method, 357-358, 357
Adams—Moulton methods, 353

consistency conditions, 356



(continued)

Numerical integration
Euler's method, 349-352
explicit method, 356
higher order methods, 352-353
implicit methods, 356, 358
midpoint method, 356
multistep method, 356-357
predictor-corrector methods, 356
Runge-Kutta method, 353-355
single-step method, 352
trapezoidal method, 356
undetermined coefficients, 356

Numerical methods, 18-19, 64-65

Nutation, 468

@)
Offset slider crank mechanism, 111
Open-loop kinematic chain

(see Open-loop systems)
Open-loop systems, 189, 203-209
Orientation coordinates, 427
Orthogonality of rotation matrix, 383
Orthogonal matrix, 33

Outer gimbal, 467

P

Parallel axis theorem, 298, 405- 410
Peaucellier mechanism, 8, 124
Pin joint (see Revolute joint)

Pitch rate, 101
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Pivoting, 22, 57-58
full, 57
partial, 57
Planar dynamics, 16-18, 295
Planar kinematics, 97-98
Planar motion, 16-17, 102, 306
Polar decomposition theorem, 94
Position analysis, 9, 95, 152-155
equations, 105-124
Potential function, 280
Precession, 468, 471
Predictor-corrector methods, 356
Prescribed motion, 176-180
Prescribed rotation, 173-176
Principal axes, 411
Principal moments of inertia, 411- 413

Principle of virtual work, 12, 307, 401, 423

in dynamics, 13, 268-274
In statics, 257-267
Prismatic joint, (see Translational joint)

Product(s) of inertia, 403

Q
QR decomposition, 22, 65-81, 343-344

Quaternion(s), 467, 481- 485
quaternion algebra, 482
three-dimensional rotations, 482-485

R

Reaction force(s), 339-342

Reactions actual, 339

generalized, 339



Recursive equations (see Recursive methods)
Recursive formulation (see Recursive methods)
Recursive methods, 32, 443- 460

Redundant constraints, 323

Reference point, 5, 379, 402

Revolute joint, 6, 97, 100, 136-138, 435- 436
Rigid body, 2, 96, 309-314

contact, 485-491
equations of motion, 307-309
kinematics (see Kinematics)
planar motion (see Planar motion)
Rigid joint, 324, 439
Robotic manipulator, 9
Rodriguez formula, 467, 472- 476
Rodriguez parameters, 390, 467, 479- 481

Rolling motion, 254
Rotation finite, 380-388
infinitesimal, 422

matrix, 382
simple, 385-386
successive, 386-387

Rotational spring-damper elements, 247-248, 421- 422

RSSR mechanism, 103
Runge-Kutta method(s), 353-355
S

Scaling, 22, 57-58

Screw joint, 101
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Screw motion, 451

Secondary joint, 209, 456

Simple constraints, 135, 385-386

Simple rotation (s), 385-386

Single-step method, 352

Singular configuration(s), 115, 180, 361-366
Singularities, 115-118, 361-366, 400

Singular value decomposition, 22, 81-90, 343, 344-345

Skew gear, 148

Skew symmetric matrix, 22, 46- 49

Slider crank mechanism, 7, 102, 171
offset, 111

Sliding vector, 253, 416

Sparse matrix, 330
Spatial dynamics, 16-18, 378- 466, 467- 492
Spatial kinematics, 98-101
Spherical joint, 6, 98, 430- 433
Spin, 468
Spring
force, 241-243, 418- 421

stiffness, 241, 418

Spur gear, 147

State space equations, 347

State space formulation, 347

State space representation, 345-349

Static analysis, 371-372
equilibrium, 257

Stiff equations, 363

Straight-line mechanism, 124



Successive rotation(s), 386-387
Surface parameters, 486- 487
System of rigid bodies, 309-314
T

Tangential component of acceleration, 111, 396

Taylor series, 153
Three-dimensional vectors, 45-52
Torsional spring, 247-248
Tracked vehicles, 364
Trajectories, specified, 173-180
Transformation matrix
in terms of direction cosines, 51, 382
in terms of Euler angles, 390
in terms of Euler parameters, 477
in terms of Rodriguez parameters, 480
orthogonality, 383
planar, 107
spatial, 380-388
Translation, 4
Translational joint, 6, 98, 99, 138-139, 436- 438
Transpose of matrix, 23
Trapezoidal method, 356
Triangular factorization, 22, 60-65

U
Unconstrained motion, 4-5, 423
Universal joint, 100, 438- 439
V
Vector(s), 35- 44

absolute value, 37

cross product, 45- 46



dot product, 36
functions, 40

inner product, 36
length of, 36

linear dependence, 42
linear independence, 42
magnitude, 37
modulus, 37

norm, 37

orthogonal, 36, 65
scalar product, 36
three-dimensional, 45-52

unit, 37

Velocity, 95, 107-110, 391-396
analysis, 9, 95, 155
angular, 108, 110, 392, 393

equations, 105-124, 428

influence coefficient matrices, 448
Velocity transformation matrix, 199, 201
Virtual displacement(s), 201, 217, 218-221
Virtual work, 217, 233-240, 257-274, 286-288, 341-342, 401, 423

W

Watt's mechanism, 124
Wehage's algorithm, 337
Workless constraints, 256-257

Worm gear, 148



