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Preface

The problem of solving nonlinear equations and systems of equations ranks
among the most significant in the theory and practice, not only of applied
mathematics but also of many branches of engineering sciences, physics, com-
puter science, astronomy, finance, and so on. A glance at the bibliography
and the list of great mathematicians who have worked on this topic points
to a high level of contemporary interest. Although the rapid development
of digital computers led to the effective implementation of many numerical
methods, in practical realization, it is necessary to solve various problems
such as computational efficiency based on the total central processor unit
time, the construction of iterative methods which possess a fast convergence
in the presence of multiplicity (or clusters) of a desired solution, the control
of rounding errors, information about error bounds of obtained approximate
solution, stating computationally verifiable initial conditions that ensure a
safe convergence, etc. It is the solution of these challenging problems that
was the principal motivation for the present study.

In this book, we are mainly concerned with the statement and study of
initial conditions that provide the guaranteed convergence of an iterative
method for solving equations of the form f(z) = 0. The traditional approach
to this problem is mainly based on asymptotic convergence analysis using
some strong hypotheses on differentiability and derivative bounds in a rather
wide domain. This kind of conditions often involves some unknown param-
eters as constants, or even desired roots of equation in the estimation pro-
cedure. Such results are most frequently of theoretical importance and they
provide only a qualitative description of the convergence property. The first
results dealing with the computationally verifiable domain of convergence
were obtained by Smale (1981), Smale (1986), Shub and Smale (1985), and
Kim (1985). This approach, often referred to as “point estimation theory,”
treats convergence conditions and the domain of convergence in solving an
equation f(z) = 0 using only the information of f at the initial point z(©).

In 1981, Smale introduced the concept of an approrimate zero as an initial
point which provides the safe convergence of Newton’s method. Later, in 1986,
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viii Preface

he considered the convergence of Newton’s method from data at a single
point. X. Wang and Han (1989) and D. Wang and Zhao (1995) obtained
some improved results. The study in this field was extended by Kim (1988)
and Curry (1989) to some higher-order iterative methods including Euler’s
method and Halley’s method, and by Chen (1989), who dealt with the general
Newton-like quadratically convergent iterative algorithms. A short review of
these results is given in the first part of Chap. 2. Wang—Zhao’s improvement of
Smale’s convergence theorem and an interesting application to the Durand-
Kerner method for the simultaneous determination of polynomial zeros are
presented in the second part of Chap. 2.

The main aim of this book is to state such quantitative initial conditions
for predicting the immediate appearance of the guaranteed and fast conver-
gence of the considered numerical algorithm. Special attention is paid to the
convergence analysis of iterative methods for the simultaneous determination
of the zeros of algebraic polynomials. However, the problem of the choice of
initial approximations which ensure a safe convergence is a very difficult one
and it cannot be solved in a satisfactory way in general, not even in the case
of simple functions, such as algebraic polynomials. In 1995, the author of this
book and his contributors developed two procedures to state initial conditions
for the safe convergence of simultaneous methods for finding polynomial ze-
ros. The results were based on suitable localization theorems for polynomial
zeros and the convergence of error sequences. Chapter 3 is devoted to initial
conditions for the guaranteed convergence of most frequently used iterative
methods for the simultaneous approximations of all simple zeros of algebraic
polynomials. These conditions depend only on the coefficients of a given poly-
nomial P(z) = 2" + Ap_12"" 1+ -+ a1z + ag of degree n and the vector of
initial approximations z(©) = (250), e ,27(10)). In particular, some efficient a
posteriori error bound methods that produce disks containing the sought ze-
ros and require fewer numerical operations than the corresponding ordinary
interval methods are considered in the last part of Chap. 3.

The new results presented in Chaps. 4 and 5 are concerned with the higher-
order families of methods for the simultaneous determination of complex ze-
ros. These methods are based on the iterative formula of Hansen—Patrick’s
type for finding a single zero. As in Chap. 3, we state computationally verifi-
able initial conditions that guarantee the convergence of the presented meth-
ods. Initial conditions ensuring convergence of the corresponding iterative
methods for the inclusion of polynomial zeros are established in Chap. 5.
Convergence behavior of the considered methods is illustrated by numerical
examples.

I wish to thank Professor C. Carstensen of Humboldt University in Berlin.
Our joint work (Numer. Math. 1995) had a stimulating impact on the de-
velopment of the basic ideas for obtaining some results given in this book.
I am grateful to Professor S. Smale, the founder of the point estimation the-
ory, who drew my attention to his pioneering work. I am also thankful to
my contributors and coauthors of joint papers Professor T. Sakurai of the
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University of Tsukuba, Professor D. Herceg of the University of Novi Sad,
Professor S. Ili¢, Dr. L. Ranci¢, Dr. D. Milosevi¢, and Professor D. Dordevi¢
of the University of Ni§ for numerous important suggestions and valuable
comments. What I especially wish to acknowledge is the assistance and ex-
ceptional efforts of Sonja Dix-Stojanovi¢ and Aleksandra Milosevi¢ who read
the complete manuscript. Many small errors were eliminated in this manner.

My principal thanks, however, go to my wife Professor Ljiljana Petkovié for
her never-failing support, encouragement, and permanent discussions during
the preparation of the manuscript.

University of Nis, Miodrag S. Petkovié
Faculty of Electronic Engineering,

Department of Mathematics,

Nis 18000, Serbia

December 2007
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Chapter 1
Basic Concepts

In this chapter, we give some basic concepts and properties, necessary in our
investigation of convergence characteristics of root finding methods. Most of
these methods are reviewed in Sect. 1.1, together with some historical notes
and various principles for their construction. Section 1.2 contains several re-
sults concerning the localization of polynomial zeros. We restrict ourselves to
inclusion disks in the complex plane that contain complex zeros of a given
polynomial. In Sect. 1.3, we give the basic properties and operations of cir-
cular complex interval arithmetic, prerequisite to a careful analysis of the
bounds of complex quantities that appear in our study and the construction
of inclusion methods described in Sect. 5.3.

1.1 Simultaneous Methods for Finding Polynomial Zeros

The problem of determining the zeros of a given polynomial is one of the first
nonlinear problems that mathematicians meet in their research and practice.
Although this problem seems to be simple at first sight, a perfect algorithm
for finding polynomial zeros has not been established yet, in spite of numerous
algorithms developed during the last 40 years. Each numerical method pos-
sesses its own advantages and disadvantages, so that it is not easy to choose
the “best” method for a given polynomial equation. Let us emphasize that
the rapid development of computing machines implies that many algorithms,
formerly of academic interest only, become feasible in practice.

Most algorithms calculate only one zero at a time. In cases when all zeros
are needed, these algorithms usually work serially as follows: when a zero has
been computed to sufficient accuracy, then the corresponding linear factor is
removed from the polynomial by the Horner scheme and the process is applied
again to determine a zero of the “deflated” polynomial whose degree is now
lowered by one. This is the method of successive deflations. If a great accuracy
of desired approximations to the zeros is required, the polynomial obtained

M. Petkovié¢, Point Estimation of Root Finding Methods. Lecture Notes 1
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2 1 Basic Concepts

after divisions by the previously calculated (inaccurate) linear factors may be
falsified to an extent which makes the remaining approximate zeros erroneous.
This is a flaw of the method of successive removal of linear factors. The
next disadvantage appears in those situations where it is sufficient to find
approximations with only a few significant digits. But, as mentioned above,
the method of deflation requires approximations of great accuracy. Besides,
this procedure cannot ensure that the zeros are determined in increasing
order of magnitude (see Wilkinson [190]), which is an additional shortcoming
of deflation.

The above difficulties can be overcome in many situations by approximat-
ing all zeros simultaneously. Various approaches to these procedures have
been developed: the method of search and exclusion (Henrici [57, Sect. 6.11]),
methods based on the fixed point relations (e.g., Borsch-Supan [9],[10],
Ehrlich [33], X. Wang and Zheng [182], Gargantini [47],[48]), ¢d algo-
rithm (Henrici [57, Sect. 7.6]), a globally convergent algorithm that is imple-
mented interactively (Farmer and Loizou [39]), tridiagonal matrix method
(Brugnano and Trigiante [12], Schmeisser [159]), companion matrix methods
(Smith [168], Niu and Sakurai [93], Fiedler [40], Malek and Vaillancourt [86]),
methods based on the application of root finders to a suitable function ([69],
[124], [146], [156]), methods which use rational approximations (Carstensen
and Sakurai [18], Sakurai et al. [157], [158]), and others (see, for instance,
Wilf [189], Pasquini and Trigiante [103], Jankins and Traub [67], Farmer
and Loizou [37], [38]). See also Pan’s survey paper [101] and references cited
therein.

Part |: Simultaneous Methods Based on Fixed Point Relations

In this book, we deal mainly with the simultaneous methods based on fixed
point relations (FPR). Such an approach generates algorithms with very fast
convergence in complex “point” arithmetic as well as in complex interval
arithmetic using the following procedure.

Let (1, ..., (, be the zeros of a given monic (normalized, highest coefficient
1) polynomial P(z) = 2" + a,_12"" 1 + -+ + a1z + ag of degree n and let
21, ..., 2n be their respective approximations. We consider two types of FPR

G =Fi(z1,- -, 2i-1,2i,Cis Zit 15 - - -5 2n), (1.1)
Ci:F2(C17"'7C’£71;Zi7§i+1;-~'7<-n)7 (12)

wherei € I, :=={1,...,n}. Now we give several FPR which have been the ba-
sis for the construction of the most frequently used iterative methods for the
simultaneous determination of polynomial zeros in complex arithmetic and
complex interval arithmetic. In the latter development, we will frequently use
Weierstrass’ correction W;(z;) = P(2i)/[1,2:(%i — #;) (i € I,). Sometimes,
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we will write W; instead of W;(z;). In addition to the references given behind
the type of FPR, the derivation of these FPR may be found in the book [109]
of M. Petkovié.

For brevity, we will sometimes write

ij instead of Zx] and H:cj instead of ij

3 1
J#i ]7&1 J#i 7;&1

Ezample 1.1. The Weierstrass-like FPR [109]:

P(z .
G=2—— () (i € I,). (F1)
[IG-¢)
=1
J#i
Equation (Fy) follows from the factorization P(z) = H(z - () =
j=1
ERx9l | [EEXe)!
2
Ezample 1.2. The Newton-like FPR [50], [106]:
¢ 1 (iel) ()
i = z — r (3 n)j-
P(z) ! ?
P(z) “—z2-¢
i

n
Applying the logarithmic derivative to P(z) = H(z — (j), the identity
j=1

Py 19

=1 e %
is obtained. Finding z — ¢; from (1.3), we get ().
Ezample 1.3. The Bérsch-Supan-like FPR [11], [107]:

G=z— L (i € I,). (Fy)

1+Z
J#L

Clizj
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Lagrange’s interpolation applied to the distinct points z1,...,2, (£ §, i@ €
I,) gives

P(z) :WiH(z—zj)—i-H(z—zj) (Zzli/]z] +1>. (1.4)

Taking z = (; and solving the obtained equation in (; — z;, from (1.4) we
derive (F3).

Ezample 1.4. The square root FPR [47], [106]:

G=2z— 7z (i€ L) (Fy)

Differentiation of the identity (1.3) yields

P'(z)\' P'(2)? - P(2)P"(2) - 1
_ = = 1.5
( P(2) ) P(2)2 ; (z—¢)?% (15)
wherefrom we extract the term (z — ¢;)? and derive (Fy).
Ezample 1.5. The Halley-like FPR [109], [182]:
R E TR TR -
P'(z P"(z P(z 1 1
P(z) 2P'(z)  2P'(2) <z=: P g) TGS 4]-)2]
JF#i JF#i

Equation (F5) can be obtained by substituting the sums (1.3) and (1.5) in
the relation

P(z) _ (P’(Z))2 n (P’(Z)>’
P(z)  \P(z) P(z)/

Actually, (F5) is a special case of a general fixed point relation derived by X.

Wang and Zheng [182] by the use of Bell’s polynomials (see Comment (M5)).

Substituting the exact zeros (1, ..., (, by their respective approximations
21,...,2n and putting z = z;, from (1.1) and (1.2), we obtain iterative
schemes

ZA,“Z‘ZFl(Zl,...,Zn) (iEIn), (16)
Zi :FQ(Zl,...,Zn) (iE In), (17)

in (ordinary) complex arithmetic, where 2; is a new approximation to the
zero (;. Another approach consisting of the substitution of the zeros on the
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right side of (1.1) and (1.2) by their inclusion disks enables the construction
of interval methods in circular complex interval arithmetic (see Sects. 1.3
and 5.3).

For illustration, we list below the corresponding simultaneous iterative
methods based on the FPR given in Examples 1.1-1.5 and having the form
(1.6) or (1.7).

The Durand—Kerner’s or Weierstrass’ method [1], [30], [32], [72], [148],
[187], order 2:

P(2i)

[1Gi—=2)

i

(i € I,). (M)

L=z — W =2 —

<.
e

<,

The Ehrlich—Aberth’s method [1], [31], [33], [85], order 3:

P/(ZZ) B Z 1 ( ) ( 2)
P(ZZ) - Zi — Zj
i
The Borsch-Supan’s method [10], [95], order 3:
Wi ‘
1+ :
; Zi — Zj§
i
P®) (2
Let us introduce d;, ; = P(z(lz)) (k=1,2). Then
87— 02 = Pla) - P(Zi)PH(Zi).

P(z;)?

The square root method [47], [142], order 4:

1
2’1' =Z; — (’L S In). (M4)

” ) 172
(TP S N S
[ b ; (2 — Zj)Q]
e

The Halley-like or Wang—Zheng’s method [182], order 4:

Zi =z — ! 2 (i € L),
Pz) n 1 n 1
f(zi) - 2P () <JZ1 z,»—zj> +JZW]
i iFi




6 1 Basic Concepts

where Pl P
Zq 24
i) = - 1.8
f(z) Pla)  2P(z) (1.8)
is the denominator of Halley’s correction
H(z-)*H-*L (1.9)
(2 7 f(zz) ) N
which appears in the well-known classical Halley’s method [4], [45], [54]
s 1
Zy = 2 — H(Zl) = Z; — (1.10)

Pl(zi)  P'(z)°

Comment (M;). Formula (M;) has been rediscovered several times (see
Durand [32], Dochev [30], Borsch-Supan [9], Kerner [72], M. Presi¢ [147],
S. B. Presié¢ [149]) and it has been derived in various ways. But we emphasize
the little known fact that this formula was known seven decades ago. In his
lecture on the session of Konig, Academy of Science, held on 17 December
1891, Weierstrass communicated a new constructive proof of the fundamental
theorem of algebra (printed in [187]). In this proof, Weierstrass used the
sequences of numerical entries {aff\)} (v=1,...,n, A=0,1,2,...) defined
successively by (eq. (29) in Weierstrass’ work [187])

d = a., — P(ay)
v
Y I1,. (a(u j)au)
P(a
"no_ . _ v -1 >
ay a, HH (GL*UL) ( ) , 1y /’6<V)7 (111)
a’ =a' — P(a/z//)
’ Y H[L (CLZ - (LZ)
and so on
where P is a polynomial of degree n with the zeros x1,...,x,.

The proof of the quadratic convergence of the iterative method (M) is as-
cribed to Dochev [30], although his proof is not quite precise. The works [82],
[148], [162] offer a more precise proof. But it seems that the quadratic con-
vergence of the sequence (1.11) was known to Weierstrass. Namely, for the

maximal absolute differences e = max |a,(,)‘) —1,|, he derived the following

1<v<n
inequality (eq. (32) in [187])
A
W < (5(0))2 A=1,2,...),

which points to the quadratic convergence of the sequences {a,(,)‘)}.
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Note that Weierstrass did not use (1.11) for the numerical calculation
of polynomial zeros. Durand [32] and Dochev [30] were the first to apply
the iterative formula (M;) in practice for the simultaneous approximation of
polynomial zeros.

In 1966, Kerner [72] proved that (M) is, in fact, Newton’s method 2 = z —
F'(2)7'F(z) for solving nonlinear systems applied to the system of nonlinear
equations (known as Viete’s formulae)

(=D *or(z1,. . 2n) —ax =0, (k=1,...,n), (1.12)

where @y denotes the kth elementary symmetric function:

Pk = § : Zj1%he T R

1<j1<grsn

Since Newton’s method is quadratically convergent, it follows immediately
that the iterative method (M) also has quadratic convergence.

The iterative method (M) shares with the Halley’s method (1.10) the dis-
tinction of being the most frequently rediscovered method in the literature.
From the fact that many authors dealt with the formula (M), the itera-
tive method (M) is called Weierstrass’, Durand-Kerner’s, or Weierstrass—
Dochev’s method; other combinations also appear in literature.

According to a great number of numerical experiments, many authors
have conjectured that the method (Mj) possesses a global convergence in
practice for almost all starting vectors z(®) = (Z§O), . ,ZSLO)), assuming that
the components of z(®) are disjoint. This was proved for n = 2 (see [52], [64])
and for the cubic polynomial P(z) = 2% (Yamagishi [64]), but this is an open
problem still for a general n > 3.

Let us note that the method (M7) works well even for the case where the
zeros of P are not necessarily distinct (see Fraigniaud [43], Miyakoda [89],
Pasquini and Trigiante [103], Carstensen [15], Kyurkchiev [81], Yamamoto,
Furakane, and Nogura [193], Kanno, Kyurkchiev, and Yamamoto [69],
Yamamoto, Kanno, and Atanassova [194], etc.). For these excellent properties
and great computational efficiency, this method is one of the most frequently

used simultaneous methods for determining polynomial zeros (see [109,
Chap. 6]).

Comment (Mz). Although the method (Mz) was first suggested by
Maehly [85] in 1954 for a refinement of the Newton’s method and used
by Borsch-Supan [9] in finding a posteriori error bounds for the zeros of
polynomials, it is more often referred to as the Ehrlich—Aberth’s method.
Ehrlich [33] proved the cubic convergence of this method and Aberth [1]
gave important contribution in its practical realization. The method (Ms)
can also be derived from the Halley’s method (1.10) using the approximation
(see (1.49))
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P'(z) = 1

~

2P (z)

=1 Zi — Zj
i
(c.g., [37], [145]).
The Ehrlich—Aberth’s method (Ma) can be easily accelerated by replacing
¢; with Newton’s approximation z; — P(z;)/P'(2;) in (F5) instead of the
current approximation z;. In this way, we obtain

The Ehrlich—Aberth’s method with Newton’s corrections [97], order 4:

1 P(z;)
2 = 2 — , N;= !
REATTZ 1 T P(2)

N, Zi—Zj+Nj

(i € In) (MG)

Ny =
i
For computational purpose, it is preferable to calculate Newton’s approxi-
mations z; — N, in advance, before starting the iteration. Comparing (M)
and (Msg), we observe that Newton’s corrections can themselves be used to
improve the convergence rate; the increase of the convergence order from 3
to 4 is attained by using a negligible number of additional operations. For
this reason, the method (Ms) is one of the most efficient methods for the
simultaneous determination of polynomial zeros.

Comment (Ms). As far as we know, the method (M3) was first suggested
by Borsch-Supan [10] for the estimation of approximations to the zeros of
polynomials and their computation. The method (M3) was later considered
by Nourein [96] and Werner [188].

Carstensen [15] noted that the iterative formulae (Mz) and (M3) are equiv-
alent. This follows according to the identity

1 1 W
=—11 J
._IZi—Zj WZ< +ZZZ'—ZJ'>’

i=1 3=t
JF#i JF#i

P'(2)
P(z;)

NE

which is proved in Sect. 3.3. Nevertheless, these formulae do not produce the
same results in practice due to the rounding errors appearing when arithmetic
of finite precision is used.

In a similar way as in the case of the Ehrlich—Aberth’s method (Ms),
we can accelerate the Borsch-Supan’s method (Ms), substituting ¢; in (F3)
directly with Weierstrass’ approximation z; —W;; in this manner, we construct

The Borsch-Supan’s method with Weierstrass’ correction [95], [96],

order 4:
Wi

- n
W,
1+ 7
; Zi — Wl — Zj
J#i

(i € I). (Mz)

Zi = Z§
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The improved method (M7) possesses a great computational efficiency since
the increase of the convergence order requires only a few additional calcula-
tions. This method was proposed by Nourein [96], so that it is often referred
to as Nourein’s method.

The Borsch-Supan’s method (Ms) can be modified in the following way.
Assuming that the quantity t; = >, ,; W;/(z — 2;) is sufficiently small in
magnitude, we use the approximation 1/(1 +¢;) = 1 —t; and from (M3) we
obtain

Tanabe’s method (88|, [147], [171], order 3:

n W

2. — o — W, _ _J ;

2=z W,(l ;%-%) (1 € I,). (Mg)
iz

This method is often called Tanabe’s method due to Tanabe [171] although

it was known earlier (see M. Presi¢ [147], G. V. Milovanovi¢ [88]). Kanno,

Kyurkchiev, and Yamamoto [69] have shown that Tanabe’s method (Mg) may

be obtained by applying Chebyshev’s method

1) FEFE)
7o L+ )

Z2=z—

to the system (1.12).

Comment (My). The method (My) can be regarded as a modification of
Ostrowski’s method of the third order
1 1

Y

1/2
P'(2)? — P(zi)P" (i)

P(z;)?

(see Ostrowski [99], where the term square root method is used). The addi-
tional term in the form of the sum in (My) provides the simultaneous deter-
mination of all zeros of a polynomial and, at the same time, the increase of
the order of convergence from 3 to 4.

Tt is interesting to note that the fixed point relation (Fy) was applied first
for the construction of the simultaneous interval method in circular complex
arithmetic, proposed by Gargantini [47]. The iterative formula (M) can be
obtained as the approximation of the centers of resulting improved disks
produced by Gargantini’s interval method. The square root method (My)
and its modifications have been considered in detail in [142].

Substituting (; by Newton’s approximation z; — N; and Halley’s approx-
imation z; — H; in (Fy), we obtain the following accelerated methods.
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The square root method with Newton’s corrections [142], order 5:

Z2i =2z — ! (Z S In) (Mg)

1 1/2
2 _ - - -
|fh_j 52,2 Z (ZZ — ZJ +Nj)2]

j=1
i

The square root method with Halley’s corrections [142], order 6:

1
5= 2 — (i € I,). (Mho)

n

. 1/2
> 5N L
léu i 2 (2 — 2 + Hj)zl

=1
J#i

Both methods have very high computational efficiency since Newton’s and
Halley’s corrections use the already calculated values P(z;), P'(z;), P"(z;)

(jel,).

Comment (M5). As mentioned above, the fixed point relation (F3) is a spe-
cial case of a more general formula derived by X. Wang and Zheng in [182].
Consequently, the iterative method (M) is a special case of the family of iter-
ative methods based on the generalized fixed point relation (1.16). This family
has the order of convergence k 4 2, where k is the highest order of deriva-
tives of P appearing in the iterative formula. In special cases, for £ = 1 and
k = 2, one obtains the iterative methods (M) and (Ms), respectively. Modi-
fied methods which accelerate (Ms) have been considered in [143] and [177].
Wang—Zheng’s method may also be considered as a method of Halley’s
type. Indeed, the function f(z) given by (1.8) is the denominator of
Halley’s correction H; = 1/f(z;) which appears in the well-known classi-
cal Halley’s method 2; = z; — H; of the third order (see (1.10)).
Substituting ¢; with Newton’s approximation z; —/N; and Halley’s approx-
imation z; — H; in (F5), we obtain the following accelerated methods.

The Halley-like method with Newton’s corrections [177], order 5:
1

<ZH:ZZZJ+N> +Z —ZJ+N) ]

JF#i

Zi = % —
P(z)

fz) = 2P'(2)

(iel,). (M)
The Halley-like method with Halley’s corrections [177], order 6:
1

(Z_Hq> +Z ._zﬁH)]

(t € I,). (Mi2)

Zi = Z2i —

P(z)
2PI(ZZ‘)

f(z) —
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In [182] and [185], X. Wang and Zheng have derived a family of simultane-
ous methods based on Bell’s polynomials (for details about Bell’s polynomi-
als, see [6], [154, Chap. 5]). To describe this family of simultaneous methods,
we give an outline of Bell-like iterations.

For z € C, let us define

n

Sxi = Z(Z -G (1.13)
and
(_1)k dk .
Api(z) =1, Api(z)= o P(z)@[P(z) | (k=1,...,n). (1.14)

For k € N and (21,...,2;) € C*, the sum of the product of powers of
Zlyeees Rk

k k
Bi(z1,. .., 2k) ::22}1%(%)%’ By—1 (1.15)

is called Bell’s polynomial. The second sum on the right side runs over all
nonnegative integers qi, . .., qx satisfying the pair of equations

G +2¢+ -+ kg =k,
nt@tota=v 1<v<k).

For example, the first few B; are

Bi(s1) = s1,
B2(81,82) = 582 + 53%,

1 1 1
Bs(s1,52,83) = =83 + 8251 + =57,

3 2 6

and so forth. We note that Bell’s polynomials can be computed recurrently
as

k
1
Bo=1, Bp(z1,.-..,2k) = z E 2uBr_v (21,0, 2k).
v=1

X. Wang and Zheng have derived in [182] the fixed point relation

Ap—1,i(2)
Ap,i(2) — Brp(S145- -+ Sk,i)

where sy, Ak (2), and By, are defined by (1.13), (1.14), and (1.15), respec-
tively. This relation has effectively been applied to the construction of the

G=z— (i € I,), (1.16)
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following family of iterative methods for the simultaneous determination of
all zeros of a polynomial putting z = z; and substituting (; with z;:

Ak—l,i(zi)
Api(zi) = Br(81,,- -+ Sk,i)

(i € L),

7:“1':2’1'7

where 5y ; = Z#i(zi — 2;)~*. The order of convergence of the basic method
is k + 2, where k is the order of the highest derivative of polynomial used
in the iterative formula. Two special cases of this family, which are obtained
for k = 1 (the Ehrlich-Aberth’s method (Ms)) and k = 2 (the Halley-like
method (M5)), are presented in this part.

Part 1I: Construction of Zero-Finding Methods by Weierstrass’
Functions

As mentioned above, there are different procedures for constructing iterative
methods for the simultaneous approximations of polynomial zeros; one of
them, based on FPR, is described in Part I. It is of interest to apply the
procedures that can generate a number of simultaneous methods in a unified
way. Such a method, based on the application of Weierstrass’ function, is
presented in this part. A few of the presented results have already been given
in [156]; we have extended here the mentioned approach to obtain other
simultaneous methods.

WEIERSTRASS' FUNCTIONS

Our aim is to present a simple approach for the construction of iterative
methods for the simultaneous determination of polynomial zeros. In this man-
ner, it is possible to derive the numerous most frequently used simultaneous
zero-finding methods, but in a simpler way than the original derivation. The
proposed developing technique combines so-called Weierstrass’ functions and
suitable methods for finding a single (simple or multiple) zero of a function.
Aside from the presented methods, this approach can also be applied to other
specific methods for a single zero to develop known or new iterative formulae.
Let P(z) be a monic polynomial of degree n with simple zeros (1,. .., (.
Let us assume that z1,..., 2z, are distinct points and define the polynomial
Q(z) = H?Zl(z — z;j). Then, using the development to partial fractions
P(z)

n Js

I
=

P -QE) N~ 4 . _ PE)-Q)
@ X TTa0)
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we derive

=

P(z) = (Z ZV,V;. +1> ﬁ(z—zj) =

j=1

o
Ml

! o

<

This representation of P can also be obtained using Lagrange’s interpolation.
Dividing the last relation by J[;;( — 2;), we find

P —~ W
Wi() = o Wit (o - (14X —=) (eL), (117
[1G-2) T ’
o F(2)
~———
F(1)

where we set W;(z;) = W;. We have two equivalent forms F(1) and F'(2) of
the function z +— W;(z) which will be called Weierstrass’ function. The name
comes from Weierstrass’ iterative formula

of the second order for the simultaneous determination of simple zeros of a

polynomial P (see (My)).
In the following, we will use the abbreviations

j=1 172-7) j=1 172«])]6
i i
Let
P(zi) 1 P(z) 2614
N; = = d H; = = :
Pllz) o, 0 i) P(z)P"(z:) 207, — ba

2P!(z;)

(1.18)
be, respectively, Newton’s and Halley’s corrections appearing in the well-
known iterative formulae

2, = z; — N; (Newton’s method),
2, = z; — H; (Halley’s method).

The order of convergence of these methods is 2 and 3, respectively. Aside
from approximations z1, ..., 2, to the zeros (3, ...,(,, we will use improved
approximations c¢;, where we take most frequently ¢; = z; — N; (Newton’s
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approximation) or ¢; = z; — H; (Halley’s approximation), see (1.18). Using
the improved approximations c;, we define the modified Weierstrass’ function

Wi(z) = 57——. (1.19)

Dealing with Wi(z), we denote the corresponding sum with §k,i =
n

Zﬁ (k=1,2).

j=1
g

The derivatives of W;(z) can be found using either (1.17)-F(1) or (1.17)—
F(2). In the first case (F(1)), we use the logarithmic derivatives and find

W!(z)
: =01, — St
Wi () b
z=2z;
(1.20)
w 824 — 0%, + Sa
7 < = 61— Sy LT
Wiz)| 01,0 — St
Similarly, using the logarithmic derivatives in (1.19), we obtain
744 -
J(z) =01, — S1,is
Wi(2) ..,
(1.21)
—t (Z) = (51,1‘ — Slﬂ‘ + 2’1—“
Wi(z)|._., 01,0 — S,
Starting from (1.17)-F(2), it is easy to find
W/ i) = 1 J - ]. G i
i (21) +;Zi_zj + G,
e (1.22)

W
W (z;) = =2 — = _2G,;.
i ( Z) Z (Zz — Zj)z 2,1
j=1
i
In this part, we demonstrate the application of Weierstrass’ function and

the modified Weierstrass’ function in the construction of iterative methods
for the simultaneous determination of polynomial zeros. Let us note that



1.1 Simultaneous Methods for Finding Polynomial Zeros 15

Weierstrass’ functions are rational functions whose nominator is a given poly-
nomial P. All applications are based on the fact that the rational function
W (or W) has the same zeros as the polynomial P.

We emphasize that the use of corrections is justified only when their eval-
uations require the already calculated quantities. In this way, the order of
convergence is increased using a negligible number of numerical operations,
giving a high computational efficiency to the stated method. The most con-
venient corrections with the described property are Newton’s approxima-
tion ¢; = z; — N; and Halley’s approximation ¢; = z; — H; since they can
be expressed using d1,; and dz;, see (1.18). The Weierstrass’ approximation
cj = z; — W is suitable for the improvement on derivative-free methods, see,
e.g., the simultaneous method (M7).

The Borsch-Supan’s method

As mentioned above, Weierstrass’ function z — W;(z) has the same zeros
(1. ..,C, as the polynomial P. The Newton’s method applied to Weierstrass’
function, instead of P(z), gives

. Wi(zi)

Zi = Z2p — W;(Zl) . (1.23)

Substituting W/ (z;) given by (1.22) into (1.23), we immediately obtain

. Wi

L= ————— = ———

¢ W, 1+Gyy

1+
=1
Gt

(i € I,), (1.24)

Zi—Zj

which is cubically convergent Borsch-Supan’s method presented in [10] (see
(Ms)).

The Ehrlich—Aberth’s method
Applying the logarithmic derivative to

we find
Wi(z) Plz) ~~ 1
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so that (1.23) yields

Plz) Z 1
P(ZZ) p— Zi — Zj
JFi

This is the well-known iterative method of the third order considered in [1],
[9], [33], [85], frequently called the Ehrlich—Aberth’s method (see (Mz)).

If we apply the modified Weierstrass’ function (with ¢; = z; — N;) in the
same manner, we obtain

Wizi) _ P'(z) zn: 1
Wz(zz) P(ZZ) = 2 — Zj + Nj .

21':2’1'— 7:EIn )
Pl) g~ 1 e
P(ZZ) Zi—Zj—‘rNj

j=1
G

which is the fourth-order Ehrlich—-Aberth’s method with Newton’s correc-
tions, also known as Nourein’s method [97] (see (Ms)).

The Ostrowski-like methods
Applying the Ostrowski’s method [99]

P(z)

. 1.25
VP'(2)? = P(2)P"(2) 12

z2=z

to Weierstrass’ function W;(z) instead of P(z), and using the derivatives
given by (1.22), we obtain

Wi
\/(1 + Gl,i)2 + 2W1‘G2,i

Zi = 2 —

(1 € I,).

This fourth-order method was also derived in [124] using Hansen—Patrick’s
family.
Let us rewrite (1.25) in the form

L |
(P/(Z))Q_ P"(2) . P'(2) 1/2
P(z) P(z)  P(2)
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and substitute the quotients P’(z;)/P(z;) and P"(z;)/ P’ (z;) by W/(z;)/Wi(z:)

and W/'(z)/W/(z) (given by (1.20)) and then by W/(z;)/Wi(z) and
W' (z;)] W!(z;) (given by (1.21)). Thus, we obtain the following iterative
methods for the simultaneous determination of polynomial zeros

" ) 1/2
2 . -
61,1' - 62,1 Z (ZZ — ZJ)Q

j=1

21' = Z; — — 11/2 (Z € In)a (127)

1
62—y =y -
i 2, Z (2 — z; + N;)?

2’1' = Z; — — _ 1/2 (Z S In)7 (128)

1
621'7522'7 D
b , ;(Zi—Zj-‘t-Hj)Q
- e -

derived in a different way in [142]. The order of convergence of the methods
(1.26), (1.27), and (1.28) is 4, 5, and 6, respectively (see (My), (My), and
(Mio))-

BILINEAR FUNCTION AND TwO FOURTH-ORDER METHODS

We approximate the Weierstrass’ function W;(z) at the point z = z; by the
bilinear function g of the form

(z—z) 4+

—————  (z;,a1,a0,a3 € C), 1.29
as(z — z;) + as ( 1T ) (1.29)

9(z) =
which coincides with W;(z) at z; up through second derivatives, i.e.,

9P ) =W () (k=012 W () =Wi(z).  (1.30)
Let 2; be a complex number such that g(2;) = Ox. Then from (1.29), we

obtain
21' = Z; — Q1. (131)

This means that if z; is a sufficiently good approximation to a zero of the
rational function W;(z) (and, thus, a zero of the polynomial P), then Z; is an
improved approximation to that zero.

To find the unknown complex coefficient oy, we start from (1.30) and get
the system of equations
200 (ae; — a3)

- =W/ (z).
o a? a3 i (%)
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Hence
_ 2Wi(2i) W/ (2:)
C2W/(2:)2 — Wilzo) W/ (z)

g

and, according to (1.31), we find

b2 (z)? = Wiz W' (2)

Zi — Z

(i € I,). (1.32)

The derivatives of W;(z) can be found using either (1.17)-F(1) or (1.17)—
F(2). In the first case (F(1)), we use (1.20) and construct from (1.32) the
following fourth-order iterative method for the simultaneous approximation
of all simple zeros of a polynomial P:

2(S1,i — 01,4)
02,5 — 25%,1» + 25161+ 52, — 51271-

Zi = 2 — (’L € In)

This iterative formula was derived (in a completely different way) by Sakurai,
Torri, and Sugiura in [157].

When we use the derivatives of W;(z) at z = z; given by (1.22), from
(1.32), we find

R Wi(1+ G1,)
Zi = % —
(1 Gl7i)2 ”iG2,i

(i€ L) (1.33)

The method (1.33) was derived by Ellis and Watson [34] using an entirely
different approach.

The Borsch-Supan’s method with Weierstrass’ correction

Let i € I, be fixed and let 21, ..., 2, € C. Using two approximations z’ and
2" for (;, 2/ # 2", the new approximation 2z obtained by the secant method
applied to W;(z) is

5= o &W,(zl) (1.34)
o Wi(z") = Wi(z) "7 '

Clearly, we assume that W;(2") # W;(2).
Let 2/ = z; and 2’ = z; — W;. Then by (1.17)-F(2), we have
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According to this and (1.34), we obtain

W;(2")
Y A i
2= —-("-2 )Wz(z”) W)
Wi )
=z — (i € I,). (1.35)
1
¥ Z W
%

The iterative method (1.35) was derived by Nourein in [96] in a different way
and has the order of convergence equal to 4. Let us note that (1.35) is the
improvement of the method (1.24) (see (M3) and (M7)).

The iterative method (1.35) can also be derived starting from the
Steffensen-like iterative formula (see Steffensen [169] and Ostrowski [99,
p. 245])

P(z)*
P(z) — P(z; — P(%))

taking Weierstrass’ function W;(z) instead of the polynomial P(z) in (1.36).
Using (1.17)-F(2) and (1.36), we then obtain

~

2y = 2 —

(1.36)

. Wz(zl)z
ST W)~ Wil — Wiz)
W?
= z; — Z W'
J#l
N Wi (’L S In)
1+ ; W=z,
J#i

The Zheng—Sun’s method

We start from the iterative formula (1.35) and use the development into
geometric series (assuming that |[W;] is sufficiently small) to obtain

Wi Wz‘

2221—

= z; —
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Neglecting the terms of higher order, from the last relation, we get

2=2z- - - =zi— (1€ I,).
14 Z W; W Z W; 1+ Gl,i + WiGgyi
=1 Zi — ZJ ¢ = Zi — Zj
JF#i )

The last iterative formula defines the iterative method of the fourth order
proposed by Zheng and Sun in [196]. Let us note that their derivation of
this method is unnecessarily complicated and occupies almost three pages
in [196].

The Chebyshev-like methods
Applying the Chebyshev’s third-order method [172]

P(z) (1+ P(z) P”(z))

P'(z) P'(z) 2P'(z)

Z=z—

to Weierstrass’ function W;(z), we obtain

. Wi/ Wi W'\

Hence, by (1.20), we generate the fourth-order iterative method

P iel,), 1.38
2(61,, — Sh (01, — S1,4)? ( ) (1.38)

)

. 1 [ 02, — 5%,1- + 52

proposed by Sakurai and Petkovié¢ [156].
Similarly, applying (1.22)—(1.37), we obtain another fourth-order method
of Chebyshev’s type

W; W,Ga ; .
=i |1 - 5" I,),
s 1+ Gy < (1+ Gl,i)2> (i€ L)

considered in [146].

If we use the modified Weierstrass’ function given by (1.19) and the corre-
sponding expressions (1.21), then we obtain the accelerated Chebyshev-like
method

: ls 21 TLi TR e I). (1.39)

Zi = 25 — = =
2(61,, — S1,4) (01, — S1,4)?

It is not difficult to prove that the order of convergence of the method (1.39)
is 5 if we employ Newton’s approximations c¢; = z; — IV;, and 6 when Halley’s
approximations c¢; = z; — H; are applied.
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The cubic derivative-free method

Let us take the polynomial P(z) instead of W;(z) in (1.34). With the
same approximations, i.e., 2’ = z;, 2 = z; — W}, from (1.34), we obtain the
cubically convergent derivative-free method

. W, .
Zi_zz_lip(zifwi) (1€ I,).
P(z)

To avoid confusion, we emphasize that z; — W; is the argument of P in the
last iterative formula.

METHODS FOR MULTIPLE ZEROS

Let us consider a polynomial P with multiple zeros (i, ...,(, of the known
multiplicities p1,...,p (1 + -+ + p = n) and let ¢1,..., ¢, be some ap-
proximations to these zeros. In a similar way to the previous part, we can
construct methods for the simultaneous determination of multiple zeros using
the Weierstrass-like function

Wi (2) = P(2)/ [] (2 = ;)" (1.40)
=

and its derivatives in suitable iterative formulae for finding a single multiple
zero of a function f (not necessary a polynomial) of the multiplicity p. For
example, we give several existing formulae of this kind, assuming that the
considered function is an algebraic polynomial P:

Z=z— u;j/((i)) (Schréder’s method [160]), (1.41)

Z=z— e P/(ZQ) ) (Halley-like method [55]), (1.42)
wo P(z) P2

Z=z-— \/P’(z)\Q/ﬁ—P;?)z)P”(z) (square root method [99]), (1.43)

= nP) (see [55)),(1.44)

P(s)+ \/ n . Hl(n— 1)P'(2)? — nP(z)P"(2)]
f—gy— pla+ DPE) . (1.45)
aP(z) £ /(o + 1) — ) P2 — pla + VPP (2)

etc. The formula (1.45) was derived in [135] and it is a simplified version
of Hansen—Patrick’s formula (4.7). The above formulae are of the form z; =
z; — ¢;; ¢; 18 just the correction appearing in (1.40) (taking z = z; and p = u;
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in (1.41)—(1.45)). The iterative method (1.41) has quadratic convergence;
methods (1.42)—(1.45) possess cubic convergence.
Starting from (1.40) and associating the sum

v

. 14 N
Sk’i_Z(Z'fcj)k (k 1a2)

j=1 \7t
J#i

to the Weierstrass-like function (1.40), by logarithmic derivatives, we find

W) | .
Wi (z) =~ St
= (1.46)
(Wi*(z))” * d2,i — 5%1‘ +53;
7 =0 =St ——a
(Wz*(z)) —s, 01,6 =57

For illustration, we will consider the iterative formulae (1.41) and (1.42).
Substituting P’(z;)/P(z;) with (W} (%))’ /Wi(z:) (given by (1.46)) in (1.41)
and taking ¢; = z; and ¢; = z; — p;/d1,j, we obtain, respectively, the third-

order method s

Zi = 2 — o (Z S Il,)
M

014 — —_—

B Z Zi = Zj
Jj=1
i

and the fourth-order method
Zi =z — 7 Hi (Z (S IV)

01, — Z ac]

2 — 2+ /01
G

for the simultaneous approximation of all multiple zeros of the polynomial P.
Substituting P’(z;)/P(z;) with (W7 (z;))'/Wi(z;) and P"(z;)/P'(z;) with
(Wi (z:))" /(Wi (%)) in (1.42), using (1.46), we find

2p1i(01, — 57 5)
(01,0 = S7,)? — pi(d2: — 07 ; + S5 ;)

Zip = Z2i —

(i€ L) (1.47)

Taking c; = z; in the sum S ;, the iterative formula (1.47) yields the fourth-
order method for multiple zeros. The acceleration of the convergence can be
achieved taking c; = z; — N (the order 5) and ¢; = z; — H (the order 6),
where

P(z) _ i

P'(z;) b1
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and
1 241015

T+l Plz)  P(z) (w+1)0% - 102,
2u;  Plz)  2P'(%)

are the Schroder’s correction and the Halley-like correction, respectively (see
(1.41) and (1.42)).

In a similar way, the iterative formulae (1.43)—(1.45) can be modified to
generate iterative methods for the simultaneous determination of multiple
zeros, some of which are new ones.

All presented simultaneous methods are based on iterative methods for
finding a single (simple or multiple) zero and derived in a simpler way com-
pared with the original derivations. We can continue to apply other iterative
methods to the Weierstrass’ function W;(z), the modified Weierstrass’ func-
tion /I/Ivf(z), and the Weierstrass-like function W;*(z) to construct (existing or
new) classes of simultaneous methods for finding polynomial zeros.

Part I1l: Approximations of Derivatives

Farmer and Loizou [37] showed that the substitution of approximations of a
given polynomial

P(z) = ap2" + 12" 4+ +aiz+ag, anag#0

and its derivatives in iterative formulae for finding a single zero of a function
can lead to a new class of methods for the simultaneous determination of
polynomial zeros.

Let us define

_ _ PW(z)
u; = z; — G, Ak(z)—m,
1 1
Se(zi) =Y ————=, Tp(zi) =) —— (k=1,2,...).
; (2 — )" ; (2 — G)F

Farmer and Loizou [37] gave the following formulae:

P'(z;) = an [ [ (2 — 2)) + O(w), (1.48)
i

AQ(ZZ) = S’l(zl) + (’)(u)7 (149)

3A4(zi) = 3As(2i) As(zi) — A3(zi) + Ss(z:) + O(u), (1.51)

etc., where v = maxj<;<y, |u;|. The derivation of these formulae is elementary
but cumbersome. For demonstration, we will prove (1.49).
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Using the logarithmic differentiation, we start from the factorization

and obtain

P’(z) :zn:z 1 ’ (1.52)

wherefrom

P'(z)=P(2))_ L (1.53)

By differentiating (1.53), we find

n

P'(e)=P()Y ; e £ POy ﬁ (1.54)

Using (1.52), from (1.54), we obtain for z = z;

P (z; n 1 1 =
P/((Zl;:J_ZlZle_i( C)l;

j=1

= L wn) - ui(

Ug

1 +u?T2(zi))
1+uTy(z)/

Developing 1/(1 4 u;T1(z;)) into geometric series, we get

P”(Zi
"(2i)
(14 wiT1(2)) — ul(l +uiT(2)) (1 — w; Ty (2;) + O(u))

~—

[~ ~

e

)

= 2T1(z;) + O(u _22 (2 — 2;)( 1+1uj/( '—Zj))+O(U)

= 251(2) + O(u),

where we have used again the development into geometric series. Therefore,
we have proved (1.49).

Approximations (1.48)—(1.51) can be suitably applied to iterative processes
for finding a single zero. In what follows, we will consider a class of methods
of arbitrary order of convergence presented, e.g., by Farmer and Loizou [37].
Let h(z) = P(z)/P’(z) and define \,, recursively in the following way:
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A1 (2) = h(2),
h(z
Me(2) = : ( )k_l (k=2,3,...,n). (1.55)
1- ZAz(Z) H Ap(2)
i=2 p=k—i+1
Then, the iterative method
U, =% =2z —M\(2z;) (m=0,1,...) (1.56)

is of order n + 1.

Remark 1.1. Tt is interesting to note that M. Petkovié¢ and D. Herceg have
shown in [113] that the class of methods (1.55) is equivalent to other classes
of iterative methods, derived in various ways and expressed in different forms
by Gerlach [51], Ford and Pennline [41], Wang [179], Varjuhin and Kasjan-
juk [176], Jovanovi¢ [68], and Igarashi and Nagasaka [63].

The first few ¥,, are given by

h(zi)

U3 = z; — m (Halley [54]),
Wy =z, — h(2i)[1 — Az (2i)h(2i)]
b= 2A2<zz) (z:) + Az (zi)h(z:)?’
Wg, = 5 — [1 - 2A2 Z’L (Zz) + Ag(Zi)h(Zz)z]

1-— 3A2(Zz) ( ) [2143(2’1) + A2(Zz)] h(zl)g — A4(Zi)h(2:i)3’

and so forth.

By replacing the derivative of the highest order in ¥,,, and using an ap-
proximation of the type given by (1.48)—(1.51), we obtain iterative methods
for the simultaneous determination of polynomial zeros.

The second-order iterative method (Weierstrass’ or Durand—
Kerner’s method):

. P(z)

Zi =z —

(i € I,).

The third-order iterative method (Ehrlich—Aberth’s method):

. h(Zz)

21:,277% (’LGIn)
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The fourth-order iterative method (Farmer—Loizou’s method):

P h(zi)[1 — As(2i)h(z:)]

(i € I,),

etc.

1.2 Localization of Polynomial Zeros

Before applying any iterative method for the inclusion of polynomial zeros, it
is necessary to find initial regions (disks or rectangles) containing these zeros.
Obviously, these inclusion disks can be suitably used for iterative methods
realized in ordinary (“point”) real or complex arithmetic (for example, taking
the centers of these complex intervals). There are a lot of results concerning
this topic, from the classical ones presented in Henrici [57] and Marden [87]
to the more recent contributions.

The choice of initial inclusion regions which contain polynomial zeros is
strongly connected with the conditions for the convergence of iterative meth-
ods. Most of these conditions presented in the literature depend on unknown
data, for instance, of some functions of the sought zeros, which is not of prac-
tical importance. In this section, we consider initial regions which depend on

EO) ZT(IO)

the initial complex approximations z to the simple complex zeros

C17 ceey Cn
We begin with a particular result which has a global character. Consider
a monic polynomial P of degree n,

geeey

P(Z) =" —|—an712n71 + -t a1z+ag = H(Z — Cj)v (ai c (C), (157)

Jj=1

with the zeros (1, ..., (,. Solving polynomial equations, it is often of interest
to find an inclusion radius R for the given polynomial P such that all zeros
of P satisfy

IGI<R (i=1,...,n).

The following assertion has a great practical importance (see, e.g., [57,
p. 457)).

Theorem 1.1. Let wy,...,w, be positive numbers such that wy+---+w, <1
and let
R := max wlzl/k|an,k\1/k.
1<k<n

Then R is an inclusion radius for P.

Specially, taking w;, = 1/2%, from Theorem 1.1, it follows that the disk
centered at the origin with the radius
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_ 1/k
R 21211?%% [ —g| (1.58)

contains all zeros of the polynomial P. The last result can also be found in
Dekker’s work [28] and Knuth’s book [76]. Note that it is often convenient in
a subdividing procedure to take the smallest possible square containing the
circle {z : |z| < R} as the initial region, where R is given by (1.58).

Using (1.58) and the substitution w = 1/z, it is easy to show that the disk
centered at the origin with the radius

ag |1/%

ag

does not contain any zero of P. Therefore, all zeros of the polynomial P lie
in the annulus {z : r <|z| < R}.

The inclusion disk given by (1.58) has the center at the origin. But it
is reasonable to translate this center at the center of gravity of the zeros
C1y...,Cn. Since (1 + -+ + ( = —an—1, the center of gravity is given by
¢ = —ay_1/n. Substituting y = z + ¢ = z — a,—1/n in (1.57) transforms the
polynomial P into the shifted polynomial

P(z4c)=2"+by 02" 2+ +bz+by (b1 =0).

The center of gravity of the zeros &1,...,&, (& = § + ¢) of the transformed
polynomial P(z + ¢) is 0. The inclusion radius

R/:2 b_.l/k
Q?kaé(n | " k|

for the zeros &1, ..., &, is most frequently less than R calculated by (1.58).
The following result of Van der Sluis [175] precisely describes the afore-
mentioned procedure.

Theorem 1.2. All the zeros (3, ...,(, of the polynomial (1.57) satisfy

2 1+5
\/>L§|§Z-—c|§ +\fL<1.62L,
n

2
where ¢ = —ap_1/n, L = max bp_i|'*, and P(z + ¢) = o bzt
(bp_1 = 0). -
We have already derived the Durand—Kerner’s iterative formula (see (Mq))
P(z ,

I1G - =)

-

<
.
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Weierstrass’ corrections W; have been often used as a posteriori error es-
timates for a given set of approximate zeros. Smith [168] showed that the
disk

|z = (zi = Wi)| < (n— 1)|W;]

contains at least one zero of P. This is a slight improvement of the result of
Braess and Hadeler [11] who proved that the disk given by

|z — z;| < n|W;|

also contains at least one zero of the polynomial P. The latter is a consequence
of Smith’s result.

Throughout this book, a disk with center ¢ and radius r will be denoted
by the parametric notation {c¢;r}. It is easy to show by the continuity that,
if disks {z1;n|W1l}, ..., {zn;n|W,|} are mutually disjoint, then each of them
contains one and only one zero of P. The same is valid for Smith’s disks.

We now present inclusion disks based on Weierstrass’ corrections. It is
known (see Carstensen [14] or Elsner [35]) that the characteristic polynomial
of the n x n-matrix

B:=diag (21,...,25) — | 1 | - [W1--- W]
1

is equal to (—1)"P(z). Hence, by Gerschgorin’s inclusion theorem applied to
B, we can get locations of the zeros of P. Before doing this, we may transform
the matrix B into 7' BT having the same eigenvalues for any regular matrix
T. The question “which T' gives the best inclusion disks?” can be answered
(in some sense) if T belongs to the class of diagonal matrices. It turns out
that the “best Gerschgorin’s disks” lead to the following estimate, proved by
Carstensen [14] and Elsner [35].

Theorem 1.3. For p € {1,2,...,n} and £ € C, let r be a positive number
bounded by

fgj&gpﬂzj =W =& = Wj]) <r< p+1111<1;1gn(|2j - W; =&+ W)

such that 1 > y(r) > 0, where

p n
(W W
y(r) = + :
jle—|Zj—Wj—€|+‘Wj| Pl |Zj—Wj—f‘+|Wj|—’l“

Then, there are exactly p zeros in the open disk with center & and radius r.
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Remark 1.2. In the case p = n, the conditions on the upper bound of r
and the last sum must be neglected. A reordering leads to more flexibility in
Theorem 1.3.

Remark 1.53. Adopting notations from Theorem 1.3, it follows from y(r) <1
by continuity that at least p zeros of P lie in the closed disk with center &
and radius 7.

In the case p = 1, Theorem 1.3 can be specified giving the following simpler
estimate proved by Carstensen [13, Satz 3] (see also [9], [11], [14] for similar
results).

Theorem 1.4. Let n; := z; — W; € C\ {z1,...,2,} and set

1<j<n
j#i

n
_ W; .
Yi :|W2| max |ZJ7771| 1, ag; ZZﬁ, ze{l,...,n}.
= 4
JFi

If V1475 > /7 + \/0i, then there is exactly one zero of P in the disk with
center n; and radius

|W| 1— 2(1_20—1_77,) )
1—0; =27 + /(1 — 0 — 27;)% + 40,(1 — 20, — 7:)?)

If
V31+y>v++o and vy +20; <1, (1.60)

then there is exactly one zero of P in the disk with center n; and radius

Yi + 0
[Wi :

1—O'i

Remark 1.4. From the expression for the radius of inclusion disk and the fact
that ¢(vy;,0:) = (v +0i)/(1—0;) is monotonically increasing function in both
variables 7;,0; € (0,1), it follows that this disk is smaller if ~; and o; are
smaller.

Let w = max |W;| and let d = min |z; — z;| be the minimal distance
1<i<n i#j

between distinct approximations z1,..., 2, to the zeros of P. Let us assume
that the inequality
w < cpd (1.61)

is satisfied, where ¢,, called i-factor (see Chap.3), is the quantity that de-
pends only on the polynomial degree n. The inequality (1.61) can be applied
for finding the upper bound of v; and o; defined in Theorem 1.4. These
bounds will depend on the i-factor ¢, and our aim is to determine the max-
imal number ¢,, so that both inequalities (1.60) are satisfied. This is the
subject of the following theorem.
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Theorem 1.5. If the i-factor ¢, appearing in (1.61) is not greater than
1/(2n), then both inequalities (1.60) hold and the minimal radius of the in-
clusion disk given in Theorem 1.4 is not greater than |W;].

Proof. First, we have |z; —n;| = |z, — z; + Wi| > |z — 25| — |[W;| > d — w so
that, in view of (1.61), we bound

Cn

(nd—_lu)}w - (n—l)cn.

o; <
’ v 1—0c,

. < <
%_d—w 1—c,

Now, the inequalities (1.60) become

(n—1)ecy, Cn (n—1)e, Cn 2(n— 1),
2 . 1 1
1—¢, + l1—¢, 1—¢, <h 1—cn+ 1—c¢c, <5b

or, after some rearrangement with the assumption ¢, < 1,

1
and ¢, <

1
< —.
n+2yn—1 2n

For n > 3, both inequalities will be satisfied if we choose ¢, < 1/(2n).
Using the above bounds of 7; and o; and Remark 1.4, we estimate

Cn

. ) ne
Vi +Uz|Wi| <

— [W;] < Wi,
Cn

1_Ui 1—n

which proves the second part of the theorem. 0O

Theorem 1.6. Let ¢,, = 1/(an+ (), a > 2, > (2—a)n, and let us assume
that w < c,d holds. Then for n > 3, the disks
Dy := {21—W1;

Wal sy D= { 2n =W Wal }

_n _n
(a=1)n+p (a—1)n+p

are mutually disjoint and each of them contains one and only one zero of P.

Proof. Using the bounds of v; and o; given in the proof of Theorem 1.5, we

find
1 n—1

an+ (-1’ 7i an+ (3 —1

so that for the upper bound of the inclusion radii (centered at n; = z; — W;),
we have

Yi <

%‘-1—01"
l—O'i

n
<G

In view of Theorems 1.4 and 1.5, the inclusion disk

D; = {z — W (i€ I,

e e
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will contain exactly one zero of P if D;ND; = (0 (i # j). Using the inequality
an+p—2>2>2n/((a—1)n+ ),

we find
imid D; — mid Dj| = [(2; — Wi) — (25 — W;)| > |2 — 25| — [Wi| — W]

5 (Wil +1W5))

n
> d - — -
>d—2w>wlan+ 2)>(a—1)n

=rad D +rad D>.

Hence, from a geometrical construction (see also (1.69)), it follows D; (1 D; =

0, i#4. 0O

Corollary 1.1. Under the conditions of Theorem 1.6, each of disks D} de-
fined by

D = (e e L Wil} = {ss oW} e D)

contains exactly one zero of P.

Proof. Since

n n
D; = {zz - Wi mﬂ/m} c {Zi; (Wil + m'wil}
= el = e e

and having in mind that (o« — 1)n + 8 > 2 holds under the conditions of
Theorem 1.6, we have

an + ﬁ * * . .
|Zi—2j|2d> m(|wz|+|wj|) = rad Dz’ +rad Dj (275]),
which means that the disks D7,..., D} are also separated. Therefore, each

of them contains one and only one zero of P. O

The disks D7, ..., Dy, although larger in size compared with those defined
in Theorem 1.6, are centered at z;, which is simpler for calculation. This
advantage is used in Chaps. 3-5 to estimate the difference |z; —(;| (< rad DJ).

From Theorem 1.6, we see that a small ¢,, produces smaller inclusion disks.
But in that case, the condition (1.61) becomes stronger in the sense that it
requires smaller |[W;|. Considering the above opposite requirements for the
i-factor ¢, the following natural question arises: What is more productive
(1) to increase ¢, in (1.61) and weaken the convergence condition or (2) to
decrease ¢, and produce smaller inclusion disks? To answer this question, we
emphasize that weaker conditions are sufficient to ensure the convergence of
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the most frequently used inclusion methods, see [110]. In practice, interval
methods converge starting with considerably larger disks. Besides, the need
for smaller disks appears mainly to simplify theoretical analysis and avoid
perplexed inequalities. Finally, it should be stressed that too small an i-factor
¢, would cause serious difficulties in realization of the inequality w < ¢, d be-
cause small values of w assume very close initial approximations to the zeros.
Altogether, the choice of as great as possible an i-factor ¢, has undoubtable
advantages (option (1)). This subject is also discussed in Chap. 3.

1.3 Complex Interval Arithmetic

In Chaps. 3-5, we handle complex circular intervals to obtain some estimates
and bounds. For the reader’s convenience, we digress briefly to list the basic
properties and operations of circular complex arithmetic. For more details,
see the books by Alefeld and Herzberger [3, Chap. 5] and M. Petkovi¢ and L.
Petkovi¢ [129, Chap. 1].

A disk Z with radius » = rad Z and center ¢ = mid Z € C, where C is the
set of complex numbers, will be denoted with Z = {¢;r} ={z: |z — ¢| < r}.
This notation provides that operations of circular arithmetic may be easily
parametrized. The set of all complex circular intervals (disks) is denoted by
K(C).

We begin by defining basic circular arithmetic operations. If 0 ¢ Z (i.e.,
|c| > r), then the inverse of Z is obtained by the Mobius transformation

c r 1
z 1= : ={=: zZ5. 1.62
{|c|2—r2’|c2—r2} { 2 € } (1.62)

From (1.62), we observe that the inversion Z~! is an exact operation. Some-
times, we will use the so-called centered inverse of a disk,

Zle = {1 7")} Y/l (1.63)

¢ lel(e =7

enlarged with respect to the exact range Z~!, but simpler for calculations.
Actually, this is the Taylor’s form of inversion derived in [105].
Furthermore, if Z, = {cx; 7} (k= 1,2), then

Zy+Zy ={ci Teayri+ref ={z1t2:2€ 21,2 € Zo}. (1.64)
In general, the following is valid
>z~ {Ya 3}

k=1 k=1 k=1
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If a € C, then
a-{er} ={ac|alr}. (1.65)

The product Z; - Zs is defined as in [50]:
Zy - Zy = {cr1c9; |er|ra + |ca|rs +rira} D {z120 1 21 € Z1,20 € Zo}.  (1.66)
Then, by (1.62), (1.63), and (1.66),
Iy Zyi=21 -2y or Zy:Zyi=Z1-Z (0¢ Zy).

Using the definition (1.66), we derive

H{Ck§7'k}: {Hck;H(|0k+Tk)—H|Ck|}. (1.67)
k=1 k=1 k=1 k=1

For two disks Z; = {¢1;71} and Zy = {co; 2}, the following is valid:

Z1 C Zy <~ |01 — 02‘ < 7o —rq, (168)

ZlmZQZ(D < |Cl—02‘ >1ry 4 ro. (169)

A fundamental property of interval computation is inclusion isotonic-
ity, which forms the basis for almost all applications of interval arithmetic.

Theorem 1.7 shows this property for the four basic operations in circular
complex arithmetic ([3, Chap. 5]).

Theorem 1.7. Let Ay, By, € K(C) (k= 1,2) be such that
A, C B, (k=1,2).
Then
Ay % Ay C By % By
holds for the circular complex operation x € {+, —,-,:}.

Let f be a complex function over a given disk Z € K(C). The complex-
valued set {f(z) : z € Z} is not a disk in general. To deal with disks, we
introduce a circular extension F of f, defined on a subset D C K(C) such
that

F(Z)2{f(z) : ze€ Z} forall Ze D (inclusion),
F(z)=f(z) forallze Z (complex restriction).
We shall say that the complex interval extension F' is inclusion isotone if the

implication
Zl g Zl — F(Zl) g F(ZQ)
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is satisfied for all Z;, Zy € D. In particular, we have
z€Z = f(z2)=F(z) e F(Z). (1.70)
The following simple property is valid:
max {0, |mid F(Z)| —rad F(Z)} < |f(2)| < |mid F(Z)| + rad F(2)
for all z € Z. In particular, if f(z) = z and z € Z, then
max {0, |mid Z| —rad Z} < |z| < |mid Z| + rad Z. (1.71)

The square root of a disk {c;7} in the centered form, where ¢ = |c[e!? and
|e| > r, is defined as the union of two disks (see Gargantini [47]):

{er /2 = {125 U] = Ve %}, (1.72)
n=lel =Vl —r.



Chapter 2

Iterative Processes and Point
Estimation Theory

This chapter is devoted to estimations of zero-finding methods from data at
one point in the light of Smale’s point estimation theory [165]. One of the
crucial problems in solving equations of the form f(z) = 0 is the construction
of such initial conditions, which provide the guaranteed convergence of the
considered numerical algorithm. These initial conditions involve an initial
approximation z(?) to a zero ¢ of f and they should be established in such
a way that the sequence {z(m)}mzlﬁg,m of approximations, generated by the
implemented algorithm which starts from z(?), tends to the zero of f. The
construction of initial conditions and the choice of initial approximations
ensuring the guaranteed convergence are very difficult problems that cannot
be solved in a satisfactory way in general, even in the case of simple functions,
such as algebraic polynomials.

In Sect. 2.1, we present some historical data and Smale’s point estimation
theory applied to Newton’s method. More generalized problems are discussed
in Sect. 2.2, where the whole class of quadratically convergent methods is
treated, and in Sect. 2.3, where Smale’s work is applied to the third-order
methods. Improvements of Smale’s result related to Newton’s method, carried
out by X. Wang and Han [181] and D. Wang and Zhao [178], are the subject
of Sect.2.4. Their approach is applied to the convergence analysis of the
Durand—Kerner’s method for the simultaneous determination of all zeros of
a polynomial (Sect.2.5).

2.1 Newton’s Method Estimates

Newton’s method and its modifications have been often used for solving
nonlinear equations and systems. The Newton’s method attempts to solve
f(2) = 0 by an iteratively defined sequence

! —1
Zmt1 = 2m — [ (Zm) " f(zm) (m=0,1,...)
M. Petkovié¢, Point Estimation of Root Finding Methods. Lecture Notes 35

in Mathematics 1933,
(© Springer-Verlag Berlin Heidelberg 2008
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for an initial point zy. If this initial point is well chosen, then the convergence
of the sequence {z,,} is reasonably fast.

However, not much is known about the region of convergence and it is
difficult to obtain a priori knowledge of convergence. Let d denote the di-
mension of a system of nonlinear equations (with d unknown variables). The
quadratic character of convergence in case of a single equation (d = 1) was
discussed by J. B. J. Fourier [42]. The first convergence proof of the Newton’s
method for d = 2, which uses only the second derivatives, was given by A. M.
Ostrowski in 1936. The proof for general d was presented in a doctoral the-
sis by Bussmann and communicated by Rechbock in the journal Z. Angew.
Math. Mech. 22 (1942). Later, Kantorovich adapted the proof to very general
problems of functional analysis [70]. From a theoretical as well as practical
point of view, this fundamental result has had a great importance and it has
initiated a series of papers (e.g., Kantorovich and Akilov [71], Ostrowski [99],
Gragg and Tapia [53], Rall [152], Traub and Wozniakowski [173]).

Kantorovich’s approach in solving systems of nonlinear equations, very in-
fluential in this area, has the following properties (a) weak differentiability
hypotheses are imposed on the system, although analyticity (as a strong hy-
pothesis) is assumed and (b) it is supposed that derivative bounds exist over
the entire domain. On the other hand, Smale [165], [167] deduced necessary
information from data at a single point. This original viewpoint makes the
valuable advance in the theory and practice of iterative processes for solving
nonlinear equations and we take Smale’s point estimation theory as the main
subject of this chapter.

First results concerned with computationally verifiable domain of conver-
gence were found by Smale [165] and Shub and Smale [163] (see also Kim [73])
and they depend on classical research connected with schlicht function the-
ory. Later, in 1986, Smale [167] proposed a different strategy based on “point
data” to state the theorems about convergence of Newton’s method in Ba-
nach space. Most of Sect. 2.2 is, essentially, the adaptation of Smale’s work
presented in [167].

In this chapter, we deal with the so-called approzimate zero, defined as
a point that provides fast convergence to a zero immediately after starting
iterative process. Although several versions of this notion exist for Newton’s
method and other higher-order iterative methods (see [163]-[167]), the def-
inition given in [167] seems most acceptable since it handles the terms of
convergence property and, at the same time, points to the order of conver-
gence. To introduce Smale’s idea, we consider first the simple case of a single
polynomial

f(z) = anz" + 12" 4+ a1z +ag

of degree n. The Newton’s method, applied to the polynomial equation
f(z) = 0, starts with zg € C and produces successively the sequence of
approximations {z,, } by the iterative formula
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Zm = Zm—1 —

Having in mind the quadratic convergence of Newton’s method, Smale [167]
introduced the notion of approximate zeros by the following definition.

Definition 1. zy € C is an approxzimate zero of f if it satisfies the following
convergence condition

1 om—1l_q
lzm — zm—1|l < <2) lz1 — 20|l (m=1,2,...).

Sometimes, the above inequality is written in the equivalent form

Hf()) ‘ : (é)zm J{'(é(;))

We observe that the exponent in the two last inequalities indicates the
quadratic convergence. Evidently, in the case of single polynomials, the norm
|l - || can be replaced by the absolute value | - |.

Let f*) denote the kth derivative of f at a point z € C. A function a(z, f)
defined by

‘ (m=1,2,...).

FO )Y

e

k>1

a(z, f)

‘f '(2)
has an important role in constructing a test for an approximate zero.

Now, let f : E — F be an analytic map from an open subset of a real
or complex Banach space E to a space F. A great deal of the subsequent
consideration assumes the finite-dimensional cases £ = C™, F = C", where
n could be equal to 1 as in the case of single polynomials. In particular, the
map f could be related to a system of polynomials.

Following the notation of Kantorovich and Akilov [71] and Collatz [21],
the Fréchet derivative of f : E — F' at a point z € E will be denoted by f('z)

Furthermore, f((f)) denotes the kth derivative of f at a point z in the sense of
Fréchet. For brevity, we will write

f(k)hk instead of f((f)) (h,...,h).
—_——
k times

For example, if f : X — X is an analytic mapping on D C X and z and z+h
belong to D, then the Taylor’s expansion of f at the point z is given by

(z+h) Z k'f(k) Z k'f(k) hE.

k tnnes
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Assume that the derivative f(’z) is invertible, then Newton’s method gen-
erates a new vector Z from z by

E=2—(fl) f2).

Let us denote the norm of this Newton’s step Z — z with 3, i.e.,

B=0(1) = 1(f) " F).

If f(’z) is not invertible, then we let 8 = oc.

Starting from a point zg € F, Newton’s method generates the sequence of
successive approximations z,, = Zm—_1 — (f(’z7n71))_1f(zm_1) (if possible) in
Banach space. Following Definition 1, the point zg € E is called an approzi-
mate zero of f if z,, is defined for all m and satisfies:

2771—1_1
lzm — 2m-1| < <§> llz1 — 20]|, for all m > 1.

Hence, it follows that {z,,} is a Cauchy sequence with a limit, say ¢ € E. Tt

is easy to see that f(¢) = 0. Indeed, since 2z, 411 = 2, — (f(’zm))_lf(zm), we
estimate

1f Czm) | = 1,0y (Zmta = 2e) | < W f ey | 12mesn = 2.

Taking the limit as m — oo yields

1A < M1£....

lim ||zm+1 — 2m] = 0.
m—0o0

Having in mind Definition 1, we note that for an approximate zero, Newton’s
method is superconvergent beginning with the first iteration.
To give criteria for z to be an approximate zero, let us define

(k) ||/ =)
1 \—17(2)
z, f) =su .
v(z, f) Sup ) i

or, if (f(’z))_l or the supremum does not exist, set y(z, f) = co. The norm is
assumed to be a norm of a multilinear map as it is defined in [29] and [83].
It will be convenient sometimes to write y(z, f) as v7(z), v(2), or 7. Finally,
let us define a(z, f) = B(z, f)v(z, f), where 3 was defined earlier.

Assume now that f : E — F is a map expressed as f(z) = Y p_,arz",
where z € E, 0 < n < co. Here, F and F' are Banach spaces, and a;, is a
bounded symmetric k-linear map from E x --- x E (k times) to F. In other
words, azz" is a homogeneous polynomial of degree k. For E = C¢, we meet
the case in the usual sense, and for d = 1 (one variable) ay is kth coefficient
(real or complex) of f. If n is finite, then f is a polynomial.
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Let us define
7|l = sup |lax|| (general case),
k>0

where ||ag|| is the norm of aj as a bounded map, and introduce

1
1—7

6ulr) = 321 GL) = Son(r) 60) = duclr) =

The main result will be stated through some lemmas. Let us suppose that
FE and F are Banach spaces, both real or both complex.

Lemma 2.1. Let A,B : E — F be bounded linear maps and let A be in-
vertible. Assume that the inequality ||A='B — I|| < ¢ < 1 holds, then B is
invertible and |B~tA| < 1/(1 —¢).

oo

Proof. Let V. =1 — A71B. Since ||V < 1, Z V¥ exists and its norm is less
k=0

than 1/(1 — ¢). Furthermore,

(I-V)Y VI -V)=T-V"tL
k=0

By taking limits, we observe that A='B = I —V is invertible with the inverse

Z VE. Note that A~'B Z V¥ = I, and hence B can be expressed as the

k=0 k=
composition of invertible maps. 0O

Lemma 2.2. Assume that f : E — F is analytic and Z,z € E are such that
12— 2| < 1—+/2/2. Then:

(i) f(s) is invertible.

VW) ol < s—Fm—mey

P 2 1 1 3
(iii) v(2) < 7(2)2 — ¢ (12— z|v(2) (1 -1z - z||’y(2)) .

Proof. Using the Taylor’s expansion of f’ in the neighborhood of the point z,
one obtains

00 (k+1)
/ (2) 5 k
k=0
Hence,
00 ) f(kJrl)
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and (6+1)
/ / - (f(lz)) f(Z)

According to this, we have

B 00 fz f(f'i‘l)
1) ™ e =11 < Sk + ) % 2 ol
k=1
S (k+1)( |zfz\|)
k=1
< $ ez - =)

Since v(2)||2 — 2| < 1 —+/2/2, all the series in this proof are convergent.
Besides, for 7 < 1 —v/2/2, we have ¢/(r) — 1 < 1, where ¢'(r) = 1/(1 — r)%.
According to Lemma 2.1, the assertions (i) and (ii) of Lemma 2.2 follow.

Starting from ¢(r) = 1/(1 —r), we derive

() -

k=0

Also, we have
1 1 1

2-¢/(r) (-1 ¥(r)’

where
Y(r) = 2r? —4r + 1.

The above formulae, including the derivatives of ¢, will be used in further
consideration.
To prove (iii) of Lemma 2.2, we put

(k) 1/(k=1)
—1J(z
Vi = ’Yk(Z) = (f(’z)) ]({;!) and vy = ilill)'yk.

Then, by Taylor’s expansion, we estimate

f(z)) f(k+y)( —2)”

k—1
o =0e) Z>Z V!

R Y] — (k+v (f/z) karV)( Z)V
1(£) f(z)HZ( ;L > - (k(+ V)|

v=0

IN
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<) il S (U7 )z = st
v=0

. o 1 k+1
< () fll (1_—_Z|> :

gllE:
Using (ii) of Lemma 2.2 and extracting the (k — 1)th root, we obtain
(k+1)/(k—1)
. v 1
Te(2) < p ( > ) .
T R [ AR

The supremum is achieved at k = 2, which leads to the statement (iii) of
Lemma 2.2. O

Lemma 2.3. (i) Let a = a(z, f) <1 and 2 = z — (f('z))_lf(z)7 B=0(%1).

Then, we have
) el <6 (25)

(ii) Let z,z € E with f(z) =0, and let the inequality |2 — z||y(2) < 1 hold.
Then,

;1 3 &
(/) () S1—H£—ZII7(Z)‘

Proof. Using the Taylor’s series, we obtain

00 1f(k)
( Z —2)",

k=0

We omit the first two terms on the right side because of

Newton’s step

Since B(z) = |2 — z||, there follows

«

—1 N > _
I(ft) " F@N <8 (03)* " < fr—r,
k=2
ending the proof of (i). To prove (ii), we begin as above and drop out the

first term since f(z) = 0. Thus, we estimate
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1) @ 1z = 201+ DA - 25
k=2

oo
<221 (llz -2l
k=0

1

D [ |
Sy p s

which completes the proof of Lemma 2.3. O

Lemma 2.4. Let f : E — F be an analytic map from the Banach space E
to F and let a = a(z, f), = 0(z), and 5 = B(2):

() If « <1 —+/2/2, then

Béﬂ(lfa>(2—;%®>'

(ii) If f(z) =0 and 7||2 — 2| < 1 —/2/2, then

b2l ey (=== )
Z—z - - .
- 2= ¢'(7lI2 = 2[) \1 =~z -2z
Proof. We estimate

1

= |(Fl) " ) () T )
>

(fle) f(2)
(F) L) T )

<<2—;wn>ﬂ<1fa>'

In the last step, we use the assertions (ii) of Lemma 2.2 and (i) of Lemma 2.3.
The assertion (ii) of the lemma is proved in a similar way. If f(z) = 0,
then by Lemmas 2.2(ii) and 2.3(ii), we obtain

B(2) < |[(F) " ol ()~ £ )
1 1

ST e AT E ey

Lemma 2.5. Let ¢(r) = 2r? — 4r + 1 as above. Using the notation of
Lemma 2.4, we have the following assertions:

() If a <1 —1+/2/2, then
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(i) If £(¢) = 0 and ||z = ¢[|[7(¢) < 1= v2/2, then

- _Qlz=d
= DOl = <>

joi

Proof. Since & = (3%, using Lemmas 2.2(iii) and 2.4(i), we get

@§ﬁ<1aa) (2;'(@)7(11@)3 (2;’(0‘))

and hence L2 5
ocomn () s ()

The proof of Lemma 2.5(ii) goes in a similar way using Lemmas 2.2(iii)
and 2.4(ii). O

The following assertion leads to the main result.

Proposition 2.1. Let f : E — F be analytic, z = 2y € FE, and
a(2)/v(a(2))? = a < 1. Let oy, = a(zm), Ym = ¥(a(zm)) (m = 1,2,...),
where Zy, = Zm_1 — (f(’zynil))ilf(zm_l) (m=1,2,...), then:

(1) am <a? a(z) (m=1,2,...).
(i) zp, is defined for all m.
(i) [2m — zm_1ll <@ Y21 — 20|, for all m.
Proof. Assume that a constant A > 0 and a; > 0 satisfy the inequality
a1 < Aa? for all i = 0,1,.... We prove by induction that

)2m71

U < (Aao ag (m=1,2,...).

According to this and Lemma 2.5(i), we proved (i), while the assertion (ii)
follows from (i). Therefore, it remains to prove (iii). The case m = 1 is evident
so that we consider the case m > 1.

With regard to Proposition 2.1(i) and the relation between ¢" and v (see
the proof of Lemma 2.2), we write

OémfZ(l - am72)

wm—2

Using the assertion (ii) and induction on this inequality, we get

| 2m — melll < ||sz1 — Zm—2||

m—2_ m—1_ 1—am_
lem = zmoal] < 02”21 = 22 1a<zo>( z )

wm—2
a(20) < a2

m—1 -1
<a®" 71H21*ZO||w < " e — ol
o
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where the inequality

o(z0) <2< ayy < 1
m—2 Yo

=

isused. O

Now the main result, due to Smale [167], may be stated.

Theorem 2.1. There is a constant oy approximately equal to 0.130707 such
that if a(z, f) < ag, then z is an approximate zero of f.

Proof. Consider the previously introduced polynomial (1) = 2r? — 4r + 1,
and the function (a/1(a))? of Lemma 2.5(i). We restrict our attention to
the interval determined by 0 <7 <1 —+/2/2 22 0.293. The function r/¢(r)?
increases from 0 to oo as r goes from 0 to 1 — \/5/2 In fact, Theorem 2.1 is a
consequence of Proposition 2.1 where a = 1/2. For this reason, let o be the
unique 7 such that r/¢(r)? = a = 1/2. Thus, oy is a zero of the real quartic
polynomial 1 (r)? —2r = 4r* — 1673 4+ 20r? — 10r + 1. Using Newton’s method
with the starting point in the interval (0,0.293), we calculate approximately
g = 0.130707 and complete the proof. O

Remark 2.1. Kim [73] has independently given a proof of Theorem 2.1 with
ap = 1/54. Since her proof uses the theory of schlicht functions, it cannot be
extended to several variables. The same author [74] has improved this bound
to ap = 1/48, but only for single polynomials.

Remark 2.2. Theorem 2.1 can be slightly sharpened in cases where f is a
polynomial map E — F of Banach spaces of degree n < co. To confirm that,
it is necessary to replace ¢(r) by ¢, (r) =1+ r+---+ 1" everywhere in the
proofs and conclusions.

Remark 2.3. The following shows that ag must be less than or equal
to 3 —2y2 ~ 0.1716 in Theorem 2.1. Let f, : C — C be f,(2) =
2z — z/(1 — z) — a,a > 0. Then, «(0, f,) = a and f,(¢) = 0, where
(=(14a)£/(14+a)?—-8a)/4 If a = a > 3 — 22, these roots are
not real, so that Newton’s method for solving f,(z) = 0, starting at zop = 0,
will never converge.

2.2 Approximate Zeros of Quadratically Convergent
Methods

Continuing in the spirit of the works by Smale [167], Curry [25], and Kim [74],
Chen [19] has dealt with analytic functions in the complex plane C and the
general Newton-like quadratically convergent iterative methods of the form
z+M(f(2), f'(2)), which evidently include Newton’s method z— f(z)/ f'(z) as
a special case. The conditions for a point to be an approximate zero presented
in [25], [74], [167] are essentially the same. They are based on the inequality



2.2 Approximate Zeros of Quadratically Convergent Methods 45

Wf(Zo)|f(Zo)|
|f’(20)|

for a certain constant ag, which takes different values depending on the it-
erative algorithm under investigation (Newton’s, Euler’s, or Halley’s). Here,
vr(z) = (2, f) is defined as in Sect.2.1. In [19], Chen has established a
similar condition for a point to be an approximate zero and shown what
characteristic of the methods affects the bound. This generalization repre-
sents the original conditions for Newton’s method found by Smale [167] (see
also [25], [74]) in a more general frame. Furthermore, Chen’s approach en-
ables that other iterative methods of this form can be applied to improve the
convergence behavior of Newton’s method in a global sense.

Applying the iteration of a rational map z+M (f(z), f'(z)), each attracting
cycle or fixed point attracts at least one critical point (following the Fatou—
Julia’s theory; see, e.g., [36], [104]). The divergent behavior appears due to the
existence of attracting cycles other than the fixed points. In some situations,
it is possible to perturb Newton’s method in such suitable ways that some
attracting cycles are removed. In this manner, in the region where Newton’s
method diverges, one may alter it to some other methods to accomplish
convergence. Chen [19] presented the following example: Newton’s method
when applied to the polynomial f(z) = %z3 — 2z 4 1 has the attracting cycle
{0;1} on the real line. When using

_f f?
[ TETE)

the attracting cycle {0; 1} is removed. Moreover, the whole real line is free of
any attracting cycles.

In this section, we give a short review (without proofs) of Chen’s re-
sults [19] concerning approximate zeros of quadratically convergent methods.
Let f be any analytic function in the complex plane C and define a function
M : C x (C\ {0}) — C. In what follows, we will study iterative methods for
finding zeros of f in the form

If(2) = 2+ M(f(2), f'(2)).

As usual, we write IJ’} for the n-fold composition /¢ o---o Iy of Iy, so that
I} (z) is the nth iterate Ip(I(--- (If(2)))) of 2.
Assume that M satisfies the following:

(a) M :C x (C\{0}) — C is analytic;
(b) M(0,-) =0;

< «p

M(f, f') = (f = f(2)),

(¢) ME0(0,v) = —37 where M9 (4, v) = %u,v)
v u
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Assumptions (b) and (c) mean that the iteration I; is locally quadratically
convergent at simple zeros of f. In particular, Newton’s method is M (u,v) =
—u/v, which evidently satisfies assumptions (a)—(c).

Instead of Smale’s Definition 1, Chen [19] defines the notion of an approx-
imate zero in terms of the residual and in a somewhat stronger sense.

Definition 2. Let I; be the iterative method defined on M and let z,, =
IJC”(ZO) for m > 0. We call zg an approzimate zero of f with respect to Iy if
there exist positive numbers ag, a1, ag,... satisfying ap < 1 and ag1 < ai
for all k& > 0 such that |f(zmir)| < aim_l\f(zkﬂ (m >0, k>0).

Remark 2.4. If zy is an approximate zero, then so is z1 = Iy(z), which
means that Definition 2 of an approximate zero is forward invariant. Note
that Smale’s Definition 1 does not have this property. Another advantage is
that it directly points to the quadratic convergence since, assuming that zg
is an approximate zero,

f(zm)l <@g M f(z0)] (m20),

which is the residual version of the original definition in [167] taking ag = 1/2.
It is clear that the condition for a point to be an approximate zero found
in [167] is still valid under Definition 2.

Let
‘f(k ‘ /(k—1)
(z) =su ,
k>1 Kl f'(2
M("l’"l’)(u,v) 1/(ni+n2)
v (u,v) = sup ’—’ )
n1tna>1 ny!nsy!

where M ("1:72) (y, v) = ™72 M (u,v)/du™ dv™. Chen [19] has stated the
following theorem.

Theorem 2.2. Assume that M satisfies the assumptions (a)—(c) and let

Kyu  sup [v]Tar(0,v) < 0.
ju]£0

Then, there exists a number t1(Kyr) depending on Ky such that if
(77 (20) + )| f (20)[7ar (0, f'(20)) < ta(Enr),

then zg is an approximate zero of f with respect to M, i.e., there exist positive
numbers ag, a1, s, . .. satisfying ag < 1 and ap41 < a% for all k > 0 such that

| mai)| < ap U f(20)]

for allm >0 and k > 0, where z,, = I}”(zo).
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Let ¢7(Kp) = t1(Kp) /K. Then, we immediately obtain corollary to
Theorem 2.2.

Corollary 2.1. If the inequality

f(20)
f'(z0)

s valid, then zg is an approximate zero of f with respect to M.

(97 (z0) + 1| s | <t (Kar)

As a special case, consider Newton’s method. One computes 7p7(0,v) =
1/|v| so that Ky = 1 and, consequently, ¢7(1) = ¢1(1) =~ 0.142301. Therefore,
we have the following result.

Corollary 2.2. If

z

S
f!(

(17 (20) + 1)|

o) ‘ < t1(1) ~ 0.142301,
20)

then zy is an approximate zero of f with respect to the Newton’s iteration.

It has been shown in [19] that the functions ¢;(Kjys) and t5(Ky) are
decreasing in K ;. According to this, we can conclude that the bound in the
condition for approximate zeros depends on the algorithm M through the
number K, in a decreasing manner.

Let us introduce

Ty (2) = (v¢(2) + DIf (2)|mar (0, f'(2))
and
Kyx(1—x)?
[0+ Kn) (1 = 2) = KnJ?[2(1 —2)? —a]
Chen [19, Lemma 3.10] has proved that ag = ¥ (T (z,), K ). Therefore, to

have ap < 1/2 as in Smale’s definition of an approximate zero (Definition 1
in Sect.2.1) for Newton’s method, it is necessary that the inequality

J/(x, KM) =

(vf(z0) + )| f(20)/ f'(20)| < o= 0.115354

holds, where « satisfies ¥(«,1) = 1/2. We note that the constant bound
a =~ 0.115354 obtained from Chen’s more general result is smaller than o =~
0.130707 appearing in Theorem 2.1. This is a consequence of Chen’s more
general technique and the fact that Definitions 1 and 2 of an approximate
zero, upon which the results were derived, are not quite the same.

As mentioned in [19], experimental work shows that the theoretical bounds
given in the theorems are rather conservative, which was confirmed by Curry
and Van Vleck [26] about Smale’s bound for Newton’s method when ap-
plied to cubic polynomials. On the other hand, these bounds are involved in
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sufficient conditions that provide (in a theoretical sense) a guaranteed con-
vergence of any given quadratically convergent iteration scheme M applied
to any given analytic function.

Numerical experiments performed by Chen [19] show that the regions of
approximate zeros with respect to the iteration defined by M (u,v) = —u/v+
u?/v? are completely contained in the corresponding regions with respect to
Newton’s iteration. This fact suggests the following question: Is the Newton’s
iteration optimal compared with other quadratically convergent iterations in
the sense of having the largest regions of approximate zeros?

2.3 Approximate Zeros of Higher-Order Methods

Smale’s work [167] presented in Sect. 2.1 has been generalized by Curry [25]
to higher-order methods. Curry has considered a family of iterative meth-
ods which were referred to as “incremental Euler’s methods” by Shub and
Smale [163]. If S? is the Riemann sphere, an incremental algorithm is a
mapping

Iny:S*— 8% 2=1I,4(z)

parametrized by the variable h, 0 < h < 1, depending on a complex polyno-
mial f.

In this section, we present only the main results (without derivations and
proofs) stated by Curry in [25]. We use the same notation established in Shub
and Smale [163] and Smale [167] and used in the previous sections. Let f(z)
be a polynomial of degree n with z € C such that both f(z) and f’(z) are
nonzero. Denote the inverse to f by f ! and the radius of convergence of ;!
by r(z, f) = |f(z) — f(0.)] for some 6., such that f’(#,) vanishes, in other
words, 6, is a critical point of f.

If f(z) # 0, let us define

_r(=))
hl(zaf)* |f(2)‘ )
ie., @ (
| f(z) — f(9)
hi(z, f) > min |——F—2|.
o f(z) ‘

In what follows, the quantity hq plays an important role.
Assume h < hi(z, f), then 2 = f71((1 — h)f(2)) is a solution to the
equation
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The Taylor’s expansion of f(2) at the point z yields

))( hf(z)”

Ex(z,h, f) —Z—z—l—z

The kth incremental Euler’s algorithm Ey(z, h, f) or briefly E} is defined by

k —1\(v v
4y (f2HM () (=hf(2))

V!

Ek(27h?f> = kaz_l(l - hf(Z)) =

)

where 7 is the truncation operator. The order of convergence of the kth
incremental Euler’s methods is k + 1.
Let us introduce

O’k:(—

et L0 (1) Y
RUf' () \f(z))
In particular, for h = 1, we have a basic sequence Fy(z,1, f) that was con-

sidered by Schroder [160] and, much later, by Traub [172]. For example, we
obtain

Ei(z,1,f) = f/(é)) (Newton’s method),
Es(z,1,f) = f/((i))( — 09)
((Zz)) (1 + g f)/{:)(; )) (Euler—Chebyshev’s method),

etc., and for k = 4 and an arbitrary h

Ey(z,h, f) =2z — }f/((z)) (h — 03h® + (205 — 03)h* — (505 — 50203 + 04)h?).

The following definition used in [25] and this section is a generalization of

Smale’s Definition 1 given in Sect.2.1.

Definition 3. zy € C is an approximate zero of a polynomial f for a zero-
finding method of order k if it satisfies the following convergence condition

INF" =1 f(20)
<[z
f'(zm)| — (2) f'(20)
where z,, = ¢r(zm—1) and ¢ is a method of order k.

Let o = a(z, f) be defined as in Sect.2.1. Curry [25] has proved the fol-
lowing assertion.

(m=1,2,...),
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Proposition 2.2. Let [ be a polynomial of degree n with f(z), f'(z) nonzero,
where z € C, and let 2 = Ex(z,h, f). If a(z, [) < 1, then a constant C}, exists

such that
Oék+10k

YIS oy

where © = (hy/4)(e*™ — 1) and ¥(a) = 202 — 4a + 1.

For example, we have C7 = 1, Cy = 2, C3 = 5, Cy = 16, and C5 = 61.
Note that Proposition 2.2 asserts that the kth incremental Euler’s algorithm
is of order k 4 1 provided « is “sufficiently small.”

Let oy = a(zm, f) and ¥, = Y(amx), where 2z, = Ex(2m-1,1, f). The
following convergence theorem concerned with approximate zero and initial
conditions for methods of order k 4 1 has been stated in [25].

Theorem 2.3. Let Z = Ey(z,1, f) be the kth Euler’s algorithm of order k+1.
There is an ag such that if a(z, f) < ap, then the iteration scheme starting
from z = zy converges and

="

holds, where (co/1o)C, ok < z

f(z0)
f'(20)

We end this section with convergence theorems for two methods of prac-
tical interest, both cubically convergent. The proof of these theorems can be
found in [25]. The methods are the second incremental Euler’s method

. f(z) f(2)f"(2)
E. 1 =5 =z 1 2.1
22,1, f)=2=2 7'(2) ( + f/(2)2 )’ (2.1)
often called the Euler—Chebyshev’s method and the Halley’s method given

by
P C) ( 1 )
f'(z) (2 f"(2)/2(f'(2))?
(see special cases given above).
Let D(a) = (1 — 2a)(1 — 6a + 7a?).

(2.2)

Theorem 2.4 (Halley’s method). There is an ag(z, f) such that if
a(z, ) < agp, then zg is an approximate zero of Halley’s method (2.2) and

) | (1N | (20)
f’(zm)‘g G |Fe)

2
for all m, where aq satisfies to the inequality ag/D(ag) < 1/2v2 (ag <
0.11283).

~ ~

Let a,, = a(zm, f) and D, = D(ay,) = 202, (1+ am)? — 4o, (1+a,,) + 1.
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Theorem 2.5 (Euler—Chebyshev’s method E3(z,1,h)). There is an
ao(z, ) such that if a(z, f) < ao(z, f), then the method (2.1) starting from
2 = 29 converges and

f(z0)
f'(z0) |’

2

f(zm) ‘ < (1)3m_1

where «q satisfies the inequality ao/ﬁo <1/2V5 (ag < 0.11565).

2.4 Improvement of Smale’s Result

In Sects. 2.1 and 2.2, we have considered the convergence of Newton’s method
m m -1 m
20 =) (fy) T G (m=0,1,2.00) (2.3)
for solving the nonlinear equation
f(z)=0, f:DCE—F, (2.4)

where f is a nonlinear mapping from an open subset D of a real or complex
Banach space E to a space F. To determine the convergence of Newton’s
method, Smale’s point estimation theory presented in [167] makes use of
the information of f at the initial point z2(?) € D instead of the domain
condition in Kantorovich’s theorem and leads to the important results given
in Theorem 2.1. To adjust the notation with the one used in Sect. 2.5, in this
section, we use parenthesized superscripts to denote the iteration index of
points from the subset D, unlike Sects. 2.1-2.3 where the subscript index was
employed. However, the iteration index of real sequences will be still denoted
by the subscripts. In this section, we also lay the foundation prerequisite
to a point estimation of the Durand—Kerner’s method for the simultaneous
determination of polynomial zeros, investigated in Sect. 2.5.

In 1989, X. Wang and Han [181] introduced a majorizing sequence method
into the “point estimation” and obtained the following result which is more
precise than Theorem 2.1.

Theorem 2.6 (Wang and Han [181)]). If a = a(z, f) < 3—2V/2, then the
Newton’s method starting from z = 29 is well defined, and for m =0,1,. ..
the inequality

om D)
m+1 m (1-¢° )y/(1+a)? —8a om_1y (1 0
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holds, where

lta—y/(1+a)?-8a l—a—/(1+ a)—8a
1+a++/(1+a)2-8a = 1—a+ /(1 2_8a

Since 3 —2v/2 ~ 0.171573 > 0.130707, this result obviously improves Smale’s
result. The constant 3 — 2¢/2 in Theorem 2.6 is the best possible under the
considered condition.

Let us note that the above two results given in Theorems 2.1 and 2.6 are
based on the assumption that the sequence

= (| (F) ) R

k> 2, (2.5)

is bounded by

k—1
V*SHPW/( :

(see Smale [167] and Sect. 2.1). However, in some concrete and special map-
ping, the assumption about the bound for -, may be suppressed. In the
subsequent discussion, we present the adaptation of the work by D. Wang
and Zhao [178] which offers an improvement on Smale’s result. The corre-
sponding convergence theorem gives more precise estimation under weaker
condition. It is applied in Sect. 2.5 to the Durand-Kerner’s method (see [32],
[72], and Sect. 1.1) to state the initial conditions that depend only on starting
approximations and guarantee the convergence of this method.

In what follows, we always assume that f is an analytic mapping. As
in [167], let 8 = || (f(’z))_lf(z)H be the norm of the Newton’s step. We con-
sider the auxiliary functions

G(t)=B—p(t),  Pt)=t—Y wt*, (2.6)

where v, is defined by (2.5), but the sequence {v;} (k > 2) will not be
assumed to be bounded by ~.

The distribution of zeros of the function ¢(t) is discussed in the following
lemma.

Lemma 2.6. Let max;~o¥(t) exist. Then, ¢(t) has a unique positive zero
in [0,400) if B = maxy~o ¥(t), while ¢(t) has exactly two different positive
zeros in [0,400) if § < maxysoY(t).

The proof of this lemma is elementary and makes use of a simple geo-
metrical construction and the fact that ¢(t) and 1 (t) are strictly convex and
concave functions for ¢t € (0,+00), respectively (see [178] for the complete
proof).

Now, we apply Newton’s method to the function ¢(¢) and generate a real
sequence {t}
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L bltw)
bt = )

(m=0,1,2,...). (2.7)

An important property of the sequence {t,,} is considered in the following
lemma.

Lemma 2.7. Let t* denote the smallest positive zero of ¢(t) in [0,+00).
Then, under the condition of Lemma 2.6, the sequence {t,,} generated by
(2.7) monotonously converges to t*.

Proof. Assume that t' is an extremum point of 1 (¢). Since the functions ¢(t)
and —(t) are strictly convex, we infer that ¢’ is their unique extremum
point. Furthermore, ¢’(t) is a monotonically increasing function in [0, +00)
with ¢'(t) < 0 in (0,¢), ¢'(t) > 0 in (¢,4+00), and ¢'(¢) = 0. Then for
to < t*, we have ¢(to) > 0 and ¢'(¢9) < 0 so that from (2.7), we obtain

_ ¢(to)
¢'(to)

i.e., t1 > to. Let us note that we may choose tg = 0 without loss of generality.
Using the mean value theorem and (2.7) (for m = 0), we find

o) — ¢(to) ¢'(&)(t" —to)

th—ty = >0,

ty =to+ ¢/(t0) =to+ Qf)l(to) ; §€(t07t )
Hence ,
-t = (" —to)(z(g - 1) <0

because of t* > tg and ¢'(€)/¢’(to) < 1. Therefore, we have t; < t*.
Assume now that t, > tp_1 and t; < t* for k > 1. Since

o o(ty)
Pb1 — tk = ¢ ()

and ¢(tx) > 0, —¢'(tg) > 0, we find tg41 > t. Applying the same procedure
as for k = 0, we find

_ o(t") — o(tn) _ (&) .
tk+1—tk+w—tk+¢,(tk)(t —tr), &€ (t,t"),
thpr — " = (t" — tk)(z/((ti)) - 1).

Since t* > t and ¢'(£)/¢'(tx) < 1, we get tp41 < t*. Therefore, we have
proved by induction that the sequence {t,,}, generated by Newton’s method
(2.7), satisfies

g1 > tm, tm<t", forallm=0,1,2,....
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Thus, the sequence {t,,} is monotonically increasing and bounded, which
means that it is convergent with the limit ¢*. O

According to the above consideration, we can state the following theorem.

Theorem 2.7. Let {2™)} be determined by the Newton’s method (2.3) with
the starting value z = 29 and let {t,,} be generated by (2.7). Then, under
the condition of Lemma 2.6, the sequence {t,,} is the majorizing sequence of
{2(m)}, i.e., the inequality

||Z(m+1) - Z(m)” S tm+1 - tm

holds for all m.

Proof. In the proof of this theorem, we use the properties of ¢(t) and the
distribution of its zeros, given in Lemmas 2.6 and 2.7. Now, let ¢* and ¢**
be the smallest and largest positive zeros of ¢(t), respectively, and ¢’ satisfies
@'(t') = 0. Since
¢'(t) = =14 > (k+ )yt

k=1

we have -
FH)=0 = > (k+ Dypgat’™ =1.
k=1

According to this and having in mind that ¢’(¢) is a monotonically increasing
function, we find

0< Z(k + Dypgat® <1 for t € (0,t),
k=1
ie.,
0<¢'(t)+1<1.
Let us assume that ||z’ — 2(?)|| = ¢ < #’. Then, using the previous relations

and the Taylor’s expansion, we find

- = (| (o) " S I
| (Faion) ™ ey = Il £ D2 = ER Sy O

k=1

o0

=Y k+Dypatt=¢t)+1<1.
k=

=

By using Lemma 2.1 for ¢ = ¢/(¢) + 1, we get

/ =1 4 1
||(f(z’)) f(z(f)))H S _qb’_(t)'
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Using induction with respect to m, we shall now show that the sequence
{2(m)} is well defined, and

20D — 2| <ty — e (M =0,1,..., to = 0). (2.8)
When m = 0, we obtain
—1
120 = 2O = [|(Fy) SO = 8
For tg = 0, we have ¢(0) = 8 and ¢'(0) = —1, so that

B(to)

t1 —to = 7¢’(t0)

=B.

Thus, (2.8) holds for m = 0.
Let us assume that for m < k — 1, the inequalities

2+ — M| <ty —tm (m=0,1,...,k—1)

are valid. Then, by summing the above inequalities, we find

k-1 k-1
123 = 2O < 32D = <Y (g =) =t <7 <
A=0 A=0

and, in the same way as above,

/ —1 4 1
[(fCo) 1f(,z<o>)|| < I8k (2.9)

Now we use (2.3), (2.5), (2.7), and (2.8) and estimate

1(flon)  FE)
= || Z<o>))_1[f Z(k))—f(z(k_l)) f 2(h=1)) (Z(k) 2= 1))”’

-1

f

(
(f

/
(
/
(

—1

(1- T)(f(lzm))) f(zw 1) (z(k) — (k= 1>))(Z(k) — 207 2dr

(f z(O))) f(z(t)Q)

INA
O\H
—
|
\]
S~—"
gk
oy
<
+
—_
=
<.
+
[\
~—"
3
+
\°)
=~
B
=
+
\]
—~
~
B
|
~
B
—
=
—~
~
B
|
~
e
—
QU
\]
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1-— 7' tk 1+ T(tk) —tp_ 1))(tk — tk_l)QdT

oo
/ o v

(t = )¢ (u)du = | (b — u)¢’

th—1

—(tk — th—1)¢' (tr—1) + B(tx) — d(tr—1)

= (k). (2.10)

Finally, using (2.9) and (2.10), we get

|2+ — 2B = H(f(/z<k>))_1f(z(’“))||
= H(f(/z<k>))71f’(z(0>)|| ||(f(’z(0)))*1f(z(k))||

—o(tr) /¢ (tr) = trp1 — th.

The proof by induction is now completed and thus, the inequality (2.8) is
proved for all m > 0. O

Using Theorem 2.7, one can state the convergence theorem for the New-
ton’s method (2.3) and the existence of the solution of (2.4).

Remark 2.5. Actually, in Theorem 2.6, the Newton’s method was applied to
the function

0 1/
_ 17(=)
pt)y=0—t+ —— where v = sup (f(z)) o

Under the condition of Theorem 2.6, X. Wang and Han [181] have proved
that the sequence {t,,} is a majorizing sequence of {z(™}. Furthermore,
they have shown that the constant ag = 3 —2v/2 ~ 0.172 is the upper bound
of all the best o that guarantee the convergence of the Newton’s method
under the point estimation conditions. Besides, the obtained estimation is
optimal.

It is evident that Wang-Han’s result is an improvement on Smale’s result
given in Theorem 2.1, while Wang-Zhao’s Theorem 2.7 uses more precise
estimation. In the subsequent consideration, an application of Theorem 2.7
will be demonstrated, from which one can see that the constant «g can be
taken to be much larger than 0.172.

The subject of Theorem 2.8 is to determine a neighborhood S(z*, d) of the
solution z*, such that for any z € S(z*,0) the condition of Theorem 2.7 is
fulfilled.
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Theorem 2.8. Let

x _ =1 o(k) 1/(k—1)
g —ggH(f(’z*)) fe /R

and let z* be a solution of (2.4). Then, there exists a neighborhood
S(,8) = {z ¢ 2= 27 <6, 776 < (3-2v2)/2}

such that Theorem 2.7 is valid for any z = 20 € S(z*,9).

Proof. Using the Taylor’s series, we obtain

) (kff)il
1) ™ Sy =1l < | Z - 2°)
1
E+1 kb — — — __ —1<1,
k:l( O =
where we take z € S(z*,0). By Lemma 2.1, one gets
A ) 1 _ (1 _7*5)2
||(f(z)) f(Z*) < 9 _ 1/(1 _ 7*5)2 - h(5) ) (2'11)
where h(§) = 2(7*)26% — 44*5 + 1. Besides, we estimate
) I
[ H<HZ—( -]
5
k—15k
< (7) "=y (2.12)

k=1
Combining (2.11) and (2.12), we arrive at
-1
)™ £ @I =10 ey

5(1 — ~*5)
~ h(9)

(floy) " £

In addition,

) k+u) H

x

() ™' 1 ““’/k'li—HZ” ) T Mooy

<Z<k+y> k+1/ 16V
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<fﬁ*§;(hjﬂcw®”

*\k—1
_ O(WV)W' (2.13)

By virtue of (2.11) and (2.13), we obtain

()t
R(0)(1 —y*d)k~1

Recalling the definition of the function ¢(¢) (given by (2.6)) and using the
previously derived estimates, we find

e = (f(o) " 18 R <

/ fz fz
t):”(f(z)) 2| -t+ ZH () V@) e ’tk
51 k: ltk
Stski) —th 1_ Y 8)F1

_0(1—~70) 2
1 B 3 R ey
(1 —~%0)?

= w(t),
o =570 ""
where
w(t) = 2v*t? — (1 — 2y*0)t + 6.
According to the above form of ¢(t), we conclude that the functions ¢(t)

and w(t) have the same zeros and ¢(t) is strictly convex in (0, +00). Under
the condition
3-2V2

ot <
v 2

(2.14)

we find
A= (1-27"6)?—8y"6 >0, (2.15)
which means that w(t) has two positive real zeros. Therefore, ¢(¢) has also

two positive real zeros. Having in mind Lemmas 2.6 and 2.7, this completes
the proof of Theorem 2.8. O

In what follows, we apply Theorems 2.7 and 2.8 to a special algorithm for
the simultaneous determination of all zeros of a polynomial.
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2.5 Point Estimation of Durand—Kerner’s Method

Let us consider a monic complex polynomial of degree n,

n

P(z)=2"+az""" 4+ ta, = [[(z = ¢) (2.16)
j=1
where (1,...,(, are simple zeros of P. One of the most efficient and fre-

quently used methods for the simultaneous approximation of all simple poly-
nomial zeros is the Durand—Kerner’s method (also known as Weierstrass’ or
Weierstrass—Dochev’s method, see [30], [32], [72], [187])

P (nl)
2D = ) (2 ) (iel,, m=01,...). (2.17)
H(Z,L(m) - Zj(m))
j=1
i
Let us introduce a mapping
f:Cr—=C", (2.18)
where
p1<Z17"-azn) 21
f(z) = , z=1|:1]|eC"”
P21,y 2n) Zn
and

pi(zla .. 'azn) = (*1)%1‘(217 e '7ZTL) — Qg (Z = 17 cee 7”)3

Vi(z1, .00 2n) = Z zj, oz, (G=1,...,n).

1<ji<-<ji<n

In 1966, Kerner [72] proved that the Durand-Kerner’s method (2.17) is,
actually, Newton’s method (2.3) applied to the system of nonlinear equations

f(z) =0, (2.20)

where f is defined as above. The point estimation convergence theorem of
the Newton’s method, presented in Sect. 2.4, will be applied in this section to
the convergence analysis of the simultaneous method (2.17). First, we have to
calculate the higher-order derivatives and their norms for the mapping given
by (2.18) and (2.19). This requires the operation with an auxiliary polynomial
defined by
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n

Qz)=2"+b2" '+ 4 b, = H(z—zi), (2.21)
i=1
where
bi = (=1)"Pi(21,. -, 20) = pi(21,- -, 20) + a0 (i € Ly). (2.22)

Differentiating ) with respect to z; (j =1,...,n), we find

0Q _ SO O O
92 H(z Zl)_aZjZ +--+ o2, z+8zj.

i

Putting z = z; (¢ € I,,) in the above relations yields

oby 0by
PR 7 () 0
; : = . (2.23)
SR E 0 Q)
071 0z,

Having in mind the mapping (2.18) and (2.19), in this section, we shall use
the notation that is standard in a study of systems of nonlinear equations.
From (2.22), we obtain

dp1 Ipr Oby Obq
re= = s | (2:24)
Opn Opn b,  Ob,

In view of (2.23) and (2.24), we find

A
1 Q' (21) Q'(21)
f(2)™ = :
zn—1 1

n

oo T

and calculate
A® = ()71 f B (2),

where f(*)(z) denotes the kth derivative of f. For m;#m;, i#j, 1 <i,j <n,
we have

k n k
A I | R T

0%my =+ 0Zm,,
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while for m; = m;, we obtain

okQ - 9%by

n—A\
= = O'
azml T azmk

L Dy O,

Taking into account (2.21), we find

n

Ak — f/(z)—lf(k)(z) _ <_Z szk . kb )
A=1 Q(z) Ozmy - O2m, IR

— <(_1)k+15i - H)\#il,.,"ik(zi — zk)> |
1 k Q/(Zz) i ik

where
5. . = 1,1, =iy,
Ptk 00, 4y, # 1.
In tensor terminology, A%*) is a k-order tensor.
Let T denote a k-order tensor expressed in the form T = (¢; j,.... ;,.), where

the first-order tensor is the usual matrix T = (¢;;). The norms of T" are given
by

n
1T = 1<J1I,na,}]gk§nz Iti J1sees Jk"
i=1
n
1T ljoo = max Do Mgl
T Jienge=l

Using these norms, two kinds of estimation of A%*) were found in [195]:

k(n —k+1)

1A®); < S (2.25)
k(n —1)!
Awy < M7 2.2

where

d =min |z — z;].
min |z — 2|

For a given point 2(?) € C", we denote

" | P(2\")
— || £7(,(0)\—1 (0) — J
B =11 ) ;Q«zg,%’
P(=\")
Boo = £ ()T (D)oo = max | —5],
N i 1rélja§Xn Q/(ZJ(O))
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and introduce the abbreviations

_ﬁl _ﬁoo
m=—, Ne=—7—, do= rr;ln|z

) (0) I
do’ do

Following the construction of the scalar function ¢(t) in Sect.2.4, in a
similar way, we construct the scalar functions

n—1
t
t) = (1 + d_> =2t + Boo, YVt €[0,400), (2.27)
n—l tk+1
Z g —t B VEE[0,+00). (2.28)
=0

Let 7 = t/dy. After dividing both sides of (2.27) and (2.28) by dy, the func-
tions (2.27) and (2.28) become

Poo(T) =7(1 —l—T)"_l — 27 + oo,

— (n — k)rk+1
¢)1(7’): %—T—Fﬁl.
k=1 ’

—

Evidently, ¢1(7) and ¢ (7) possess the same properties as hq(t) and
heo(t), respectively, which leads to the following lemma (see Zhao and
D. Wang [195]).

Lemma 2.8. The following assertions are valid:
(i) ¢1(7) and ¢oo(7) are strictly convex in (0, +00).
(ii) ¢1(7) and @oo(7) have real zeros in [0,00) if and only if

< _ 3 n—1 _ .
oo < —min (r(1+7) 27), (2.29)

n—1 (TL k)
m < — I7¥1>1%1 (Z W rhtl T) . (2.30)
k=1

The proof of this lemma is very simple and can be found in [195]. Actually,
Lemma 2.8 is, essentially, a special case of Lemma 2.6 related to the functions

oo () and ¢1(7).

Lemma 2.9. Assume that ¢oo(7) and ¢1(7) satisfy (2.29) and (2.30), respec-
tively. Let us correspond the Newton’s iterations

m

(m=0,1,...) (2.31)

to the equations

$1(1) =0, ¢uo(7) =0.
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Then, the Newton’s methods (2.31), starting from 73 = 715 = 0,
monotonously converge to the minimum roots 7! and T of the above
equations, respectively.

Note that this lemma is a special case of Lemma 2.7 for the functions ¢ (7)

and ¢ (7).

Theorem 2.9. Let us assume

— 1 n—1 _
Moo < —min (t(1+7) 27). (2.32)
Then, the Durand-Kerner’s sequence {2"™}, generated by (2.17), starting
from z = 29 converges to all simple roots of the equation P(z) = 0. Besides,
we have

20 — 2o < T =7 (m=0,1,2...),

where 70 is defined by (2.31) and = [a1 -] € C™.

Proof. This theorem is, essentially, a special case of Theorem 2.7 for the
mapping (2.18) and the function ¢, (7). In fact, according to the properties
of ¢poo(7) with 7 € [0, 72°] and (2.26), we estimate

ol e (0)) =1 f(k+1) (,(0)

S kD)= "
SZm(d—o) (t=lz—2)

k=1
L d (& -1, B
=& (2 FIo—g H) =)
=¢l (T)+1<1
Hence, by Lemma 2.1 and (2.9),
1)1 (5(0) b
17 ()7 ()]l < ()

Similarly, it can be proved

1P GO @) <67 ()

(see D. Wang and Zhao [178]). Using this result and (2.26), Zhao and D.
Wang [195] have estimated
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17 (=) () oo
<N E) ) = fEY) = T ED - 2Dl

(2O~ Ly ( (n=1) L g(z(™) — (DY) (M) — (=12

(oo}

1= 0)oo (152 + 0(7° = 752 ) (750 = 7221)?d6

= oo (T7)-

oo

Ao
I/

According to these inequalities, by induction, there follows

|20 — 20 = | £ ()7 F (™) [l
<IFE™) T EO) ool ()T F (™) |l

¢OO(T7%O) 0
S T () T T

-7 (m=0,1,...). O

Using the properties of ¢1(7) and the inequalities for | - ||;, Theorem 2.10
concerning the norm || - ||, similar to Theorem 2.9, can be stated.

Theorem 2.10. Assume that

n—1
n—k
m < — rTn>1B1 (Z %7’“‘1 - 7'> . (2.33)

Then, the Durand-Kerner’s sequence {z(™}, generated by (2.17), starting
from z = 2(9), converges to all simple roots of the equation f(z) = 0. Besides,
we have estimations

1

”Z(m) —2%[1 < T»} — Ty (m=0,1,...),

where 7}, is determined by (2.31).

Conditions (2.32) and (2.33) in Theorems 2.6 and 2.7 are of limited value
as far as practical problems are concerned. However, they can be suitably
rearranged to the forms which are much more convenient for practical use.
This is given in the following theorem, proved in [195].

Theorem 2.11. The following inequalities are valid:

1
—mi 1 =l _27) > —mi T—2
ggg(T( +7) m) =z 0= I(Te ™)

n—1
: Z (n—k) js : T
— — > _ .
) ( Kn )= I7¥1>1101(Te 27)

k=1
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From Theorem 2.11, it follows that if the inequalities

< - — .
m ITn>151(7'e 27), (2.34)
Moo < — min (te” —271) (2.35)

™>0n—1

are valid, then the conditions of Theorems 2.9 and 2.10 are also valid.
The question of the existence of a neighborhood S* of z**'=[a - - - a,] such
that Theorems 2.9 and 2.10 hold for any 2(°) € S* was considered in [195].
From Wang-Han’s Theorem 2.6, we see that the sequence {z(’“)}, generated
by Newton’s method, starting from z = z(9), converges to the solution of
f(2) = 0 under the condition

a=alz f) <3-—2V2. (2.36)

If Theorem 2.6 is applied to the Durand—Kerner’s method with the norm
| - |l1, then

Y1 = sup
k>2

= sup

HA(k Hl/(k: 1)
k>2

(k(nkJrl))l/(k_l) (-1

klndf—* ndy

Hence, by (2.36), we obtain

—-1)1
a:a(z(o)af)zﬁl"h:(n )—[31§372\/§
n do
or
m < where 7 = % (2.37)
0

This convergence condition may be expressed in more explicit form as

" | p(z\?
3 ( J(O)) r -(3 - 2v2)do. (2.38)
Q%) -
Taking the norm || - ||« yields
P(z”)
max |— = max \W( )| < UB(7s0) do, (2.39)
1<j<n 1<_7<n
0y _ (0)
H(Zj 2,")

>
W
<

where UB(a) denotes the upper bound of a real number a. The condi-
tions (2.38) and (2.39) will often be encountered later in Chaps.3-5. From
(2.37), we observe that for n = 3, the upper bound of 7, is n; < 0.2574.

and this bound of 7; decreases as n increases. Since —*5 ~ 1 for suﬁimently
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large n, it follows that for n > 3, the upper bound of 7; will vary within the
interval [0.1716,0.2574].

Let us now return to Wang—Zhao's result given in Theorem 2.9. By (2.33)
and (2.34), we observe that for n > 3, the varying interval [217 1] of the upper
bound of 7, is determined by [n,71] = [0.2044, 0.3241], which is more precise
than Wang—Han’s result. Note that 7. does not depend on the polynomial
degree n (see (2.34)). In Sect. 3.2, we will see that the results of this section
are further improved.

A similar conclusion is valid for || - ||co.



Chapter 3

Point Estimation of Simultaneous
Methods

In this chapter, we are primarily interested in the construction of computa-
tionally verifiable initial conditions and the corresponding convergence anal-
ysis of the simultaneous methods presented in Sect.1.1. These quantitative
conditions predict the immediate appearance of the guaranteed and fast con-
vergence of the considered methods. Two original procedures, based on (1)
suitable localization theorems for polynomial zeros and (2) the convergence
of error sequences, are applied to the most frequently used iterative methods
for finding polynomial zeros.

3.1 Point Estimation and Polynomial Equations

As mentioned in Chap. 2, one of the most important problems in solving
nonlinear equations is the construction of such initial conditions which pro-
vide both the guaranteed and fast convergence of the considered numerical
algorithm. Smale’s approach from 1981, known as “point estimation theory,”
examines convergence conditions in solving an equation f(z) = 0 using only
the information of f at the initial point zg. In the case of monic algebraic
polynomials of the form

P(z)=2"+ap, 12" ' + -+ a1z + ao,

which are the main subject of our investigation in this chapter and Chaps. 4
and 5, initial conditions should be some functions of polynomial coeffi-
cients a = (ag,...,an—1), its degree n, and initial approximations 200 =
(zio), e ,zﬁo)). A rather wide class of initial conditions can be represented
by the inequality of general form

#(29,a,n) <0. (3.1)

M. Petkovié¢, Point Estimation of Root Finding Methods. Lecture Notes 67
in Mathematics 1933,
(© Springer-Verlag Berlin Heidelberg 2008
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It is well known that the convergence of any iterative method for finding
zeros of a given function is strongly connected with the distribution of its ze-
ros. If these zeros are well separated, almost all algorithms show mainly good
convergence properties. Conversely, in the case of very close zeros (“clusters
of zeros”), almost all algorithms either fail or work with a big effort. From this
short discussion, it is obvious that a measure of separation of zeros should
be taken as an argument of the function ¢ given in (3.1). Since the exact
zeros are unknown, we restrict ourselves to deal with the minimal distance
among initial approximations d(*) = min;; |z£0) - zj(-0)|. Furthermore, the
closeness of initial approximations to the wanted zeros is also an important
parameter, which influences the convergence of the applied method. A mea-
sure of this closeness can be suitably expressed by a quantity of the form
h(z) = |P(2)/Q(z)|, where Q(z) does not vanish when z lies in the neighbor-
hood A(¢) of any zero ¢ of P. For example, in the case of simple zeros of a
polynomial, the choice

n
Q) =P(z), Q) =][¢-2) o

j=1
JF#i

et p(k)(z) 1/(k—1)
Q@) = 1P'C)™ swp |1 5|

(see Sect.2.1)

gives satisfactory results. Let us note that, considering algebraic equations,
the degree of a polynomial n appears as a natural parameter in (3.1). There-
fore, instead of (3.1), we can take the inequality of the form

o(h® d® n) <0, (3.2)

where A9 depends on P and Q at the initial point z(®.
Let I, :={1,...,n} be the index set. For ¢ € I,, and m = 0,1,..., let us
introduce the quantity

PE™)

3

TTG - =)

Wi(m) = (i €I, m=0,1,...), (3-3)

which is often called Weierstrass’ correction since it appeared in Weierstrass’
paper [187]. In [178], D. Wang and Zhao improved Smale’s result for Newton’s
method and applied it to the Durand-Kerner’s method for the simultaneous
determination of polynomial zeros (see Sect.2.5, (2.38), and (2.39)). Their
approach led in a natural way to an initial condition of the form

w® < ¢, d, (3.4)
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where
0 . 0 0
w® = max |W-( )|, d® = min |z( ) A )|.
1<i,5<n g 1<i,j<n ' ¥ J
i#] i#j

A completely different approach presented in [112] for the same method
also led to the condition of the form (3.4). In both cases, the quantity ¢,
was of the form ¢, = 1/(an + b), where a and b are suitably chosen positive
constants. It turned out that initial conditions of this form are also suitable for
other simultaneous methods for solving polynomial equations, as shown in the
subsequent papers [5], [110], [112], [114]-[117], [119]-[121], [123], [132], [133],
[136], [137], [140], [150], [151], [178], [195] and the books [20] and [118]. For
these reasons, in the convergence analysis of simultaneous methods considered
in this book, we will also use initial conditions of the form (3.4). We note
that (3.4) is a special case of the condition (3.2). The quantity ¢,, which
depends only on the polynomial degree n, will be called the inequality factor,
or the i-factor for brevity. We emphasize that during the last years, special
attention has been paid to the increase of the i-factor ¢, for the following
obvious reason. From (3.4), we notice that a greater value of ¢, allows a

greater value of |WZ-(O)|. This means that cruder initial approximations can
be chosen, which is of evident interest in practical realizations of numerical
algorithms.

The proofs of convergence theorems of the simultaneous methods investi-
gated in this chapter and Chaps.4 and 5 are based on the inductive argu-
ments. It turns out that the inequality of the form (3.4), with a specific value
of ¢, depending on the considered method, appears as a connecting link in
the chain of inductive steps. Namely, w(® < ¢,d© = w® < ¢,d"), and
one may prove by induction that w(® < ¢,d© implies w("™) < ¢, d™ for all
m=20,1,2,....

In this chapter, we discuss the best possible values of the i-factor ¢, ap-
pearing in the initial condition (3.4) for some efficient and frequently used
iterative methods for the simultaneous determination of polynomial zeros.
The reader is referred to Sect. 1.1 for the characteristics (derivation, histori-
cal notes, convergence speed) of these methods. We study the choice of “al-
most optimal” factor ¢,,. The notion “almost optimal” i-factor arises from (1)
the presence of a system of (say) k inequalities and (2) the use of computer
arithmetic of finite precision:

(1) In the convergence analysis, it is necessary to provide the validity of k
substantial successive inequalities g1(c,) >0, ..., gr(c,) > 0 (in this or-
der), where all g;(¢,,) are monotonically decreasing functions of ¢, (see
Fig. 3.1). The optimal value ¢,, should be determined as the unique solu-
tion of the corresponding equations g;(¢,) = 0. Unfortunately, all equa-
tions cannot be satisfied simultaneously and we are constrained to find
such ¢, which makes the inequalities g;(¢,) > 0 as sharp as possible.
Since gi(c,) > 0 succeeds gj(c,) > 0 for j < ¢, we first find ¢, so that
the inequality g1(c,) > 0 is as sharp as possible and check the validity
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of all remaining inequalities ga(cy,) > 0,. .., gr(cy) > 0. If some of them
are not valid, we decrease c¢,, and repeat the process until all inequalities
are satisfied. For demonstration, we give a particular example on Fig. 3.1.
The third inequality gs(c,) > 0 is not satisfied for 0511), so that ¢, takes a
smaller value cg) satisfying all three inequalities. In practice, the choice
of ¢, is performed iteratively, using a programming package, in our book

Mathematica 6.0.

&1 &3

Fig. 3.1 The choice of i-factor ¢y, iteratively

(2) Since computer arithmetic of finite precision is employed, the optimal

value (the exact solution of g;(c,) = 0, if it exists for some i) cannot
be represented exactly, so that ¢, should be decreased for a few bits
to satisfy the inequalities g;(c,) > 0. The required conditions (in the
form of inequalities g;(c,) > 0) are still satisfied with great accuracy.
We stress that this slight decrease of the i-factor ¢,, with respect to the
optimal value is negligible from a practical point of view. For this reason,
the constants a and b appearing in ¢, = 1/(an 4 b) are rounded for all
methods considered in this book.

The entries of ¢,, obtained in this way and presented in this chapter, are

increased (and, thus, improved) compared with those given in the literature,
which means that newly established initial conditions for the guaranteed
convergence of the considered methods are weakened (see Fig. 3.3).

We note that all considerations in this book are given for n > 3, taking

into account that algebraic equations of the order < 2 are trivial and their
numerical treatment is unnecessary. In our analysis, we will sometimes omit
the iteration index m, and new entries in the later (m + 1)th iteration will
be additionally stressed by the symbol = (“hat”). For example, instead of

Z(m)7 Zl(m+1)’ Wi(m)’ Wi(erl)a d(m), d(m+1)’ Ni(m)7Ni(m+l)7 ete

7 -

we will write

— A

Zi)'%iaWhWiada da Ni7j\7i'
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According to this, we denote

w= max |W;|, @= max |Wj.
1<i<n 1<i<n

This denotation will also be used in the subsequent study in Chaps. 4 and 5.

3.2 Guaranteed Convergence: Correction Approach

In this chapter, we present two procedures in the study of the guaranteed con-
vergence of simultaneous methods (1) the approach based on iterative correc-
tions and (2) the approach based on convergent sequences. Both schemes will
be applied to the most frequently used simultaneous zero-finding methods in
considerable details.

Applying the first method (1), we will deal with a real function ¢t — g(t)
defined on (0,1) by

1
L+2, 0<t<g
g(t) = 1 L _, .
, <t<

11—t 2

The minorizing function of g(t) on (0,1) is given in the following lemma
whose proof is elementary.

Lemma 3.1. Let
sm(t) =Y _t'+t" (t€(0,1), m=12,..).
i=0
Then, sp, (t) < g (t).

Most of the iterative methods for the simultaneous determination of simple
zeros of a polynomial can be expressed in the form

zl-(mH) = zl.(m) - C; (zgm), . ,zr(f”)) (iel,, m=0,1,...), (3.5)
where ng)’ 2™ are some distinct approximations to simple zeros

(1,...,Cpn, respectively, obtained in the mth iterative step by the method
(3.5). In what follows, the term

C'i(m) =C; (z%m), ce z,(Lm)) (tel,)

will be called the iterative correction or simply the correction.
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Let A(¢;) be a sufficiently close neighborhood of the zero ¢; (i € I,). In
this book, we consider a class of iterative methods of the form (3.5) with
corrections C; which can be expressed as

Cilzr,. om) = ——2 (e 3.6

1( 1 n) Fi(Zla---7Zn) ( n); ( )

where the function (z1,...,2,) — Fi(z1,. .., z,) satisfies the following condi-
tions for each i € I, and distinct approximations z1, ..., z,:

1° FZ(ClaaCn)7é0,
2° Fi(z1,...,2n) #0 for any (z1,...,2,) € A(G1) X -+ X A(() =Y,
3° Fi(z1,...,2,) is continuous in C™.

§0)7 ey szo), the itera-

Starting from mutually disjoint approximations z
tive method (3.5) produces n sequences of approximations {zgm)} (i €I,)
which, under certain convenient conditions, converge to the polynomial zeros.

Indeed, if we find the limit values

lim 2™ =¢ (i€,

m—00

then having in mind (3.6) and the conditions 1°-3°, we obtain from (3.5)

0= lim (zi(m) — zi(m—’_l)) = lim Cj (z%m), e zﬁbm))

m—00 m— 00

- P(z™) P(G) .
= 1 d == In .

Hence P((;) =0, i.e., ¢; is a zero of the polynomial P.

Theorem 3.1 has the key role in our convergence analysis of simultaneous
methods presented in this section and Chap. 4 (see M. Petkovi¢, Carstensen,
and Trajkovié¢ [112]).

Theorem 3.1. Let the iterative method (3.5) have the iterative correction of

the form (3.6) for which the conditions 1°-3° hold, and let z§°), .. '72,7(10) be
distinct initial approzimations to the zeros of P. If there exists a real number
6 € (0,1) such that the following two inequalities

(i) [C™V] < Ble™] (m=0,1,...),
) [ = =0 > 98 (IcP] +C]) G #4, ijeT)

are valid, then the iterative method (3.5) is convergent.
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Proof. Let us define disks D™ := {z{"*V: 1™} for i € I, and m =
0,1,..., where z§m+1) and C’i(m) are approximations and corrections appear-
ing in (3.5). Then for a fixed i € I,,, we have
D" = {5 = eI = {2V = o = eI =
=0 _c® _c® ..o ctm)y 2O m)y
K] 7 7 7 ) 7 K] )

'

where
™ =100+ 10+ 2™,

Using (i), we find \Ci(k)| < 6’“|C’i(0)| (k=1,2,..., B <1)so that, according
to Lemma 3.1 and the definition of the function g(t),

™ < |CONA+ B+ -+ B+ ™) < g(BNC.
Therefore, for each ¢ € I,,, we have the inclusion
D™ c 8= {29 9(8)|CO],

which means that the disk S; contains all the disks Dz(m) (m=0,1,...). In
regard to this and the definition of disks Dfm), we can illustrate the described
situation by Fig. 3.2.

Fig. 3.2 Inclusion disk S; contains all disks ng)

The sequence {zi(m)} of the centers of the disks ng) forms a Cauchy’s
sequence in the disk 5; D ng) (m=0,1,...). Since the metric subspace S;
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is complete (as a closed set in C), there exists a unique point z} € S; such
that
zi(m) — 2z as m—oo and z €59

Since )
(m+1) __(m) P(z™)
Zi AT ) (m)
F(zy ", ...ozn )
and F(zgm),...,zgm)) does not vanish whenever (z1,...,2,) € Y, there
follows

IP(z)| = [F(z™, .. 20 (2 — 2™

7

m m m—+1 m
< |FE™, 2 )

Taking the limit when m — oo, we obtain

|P(z])| < lim |F(z§m), 20 lim |zi(m+1) — zgm)\ =0,
m—00 m—00
which means that the limit points 27, ..., 2} of the sequences {z%m)}, ce {z,(Lm)}

are, actually, the zeros of the polynomial P. To complete the proof of the
theorem, it is necessary to show that each of the sequences {zgm)} (i € I,)
converges to one and only one zero of P. Since zi(m) € S; for each i € I,
and m = 0,1,..., it suffices to prove that the disks Sq,...,.S, are mutually

disjoint, i.e. (according to (1.67)),
128”2 |=|mid §;,~mid Sj|>rad S;+rad S; = g(8)(|C,V ] +CSV)) (i # j),

which reduces to (ii). O

In this section and Chap. 4, we will apply Theorem 3.1 to some iterative
methods for the simultaneous approximation of simple zeros of a polynomial.
We will assume that an iterative method is well defined if F(zq,...,2,)#0
under the stated initial conditions and for each array of approximations
(21,...,2n) obtained in the course of the iterative procedure.

The convergence analysis of simultaneous methods considered in this sec-
tion is essentially based on Theorem 3.1 and the four relations connecting
the quantities |W;| (Weierstrass’ corrections), d (minimal distance between
approximations), and |C;| (iterative corrections). These relations are referred
to as W-D, W-W, C-C, and C-W inequalities according to the quantities
involved, and read thus:

(W-D): w® < ¢,d ),
(W-W): (W) <6, |W™| (i€ L, m=0,1,...), (3.8)
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(C-C): cm < g lei™ | (e L, m=0,1,...), (3.9)
™|
(C-W): o™ < Attt (i€ L, m=0,1,...). (3.10)

Here, ¢, 65, On, and A, are real positive constants depending only on the
polynomial degree n. The W-D inequality (3.7) defines the initial condition
for the guaranteed convergence of an iterative method and plays the main
role in the convergence analysis based on the relations (3.7)-(3.10).

The convergence analysis consists of two steps:

1° Starting from the W-D inequality (3.7), derive the W-W inequality (3.8)
for each m = 0,1, .... The i-factor ¢,, has to be chosen so that §,,<1 holds.
In this way, the convergence of the sequences of Weierstrass’ corrections
{Wi(m)} (1 € I,) to 0 is ensured.

2° Derive the C-C inequality (3.9) for each m = 0,1, ... under the condition
(3.7). The choice of the i-factor ¢, must provide the validity of the C-W
inequality (3.10) and the inequalities

Gn <1 (3.11)
and .

The last requirement arises from the following consideration. Assume that
(3.7) implies the inequality (3.10) for all i € I,,. Then using (3.7), we obtain

w® _ 100+ [0

(0) (0) 0

Hence, to provide the inequality (ii) in Theorem 3.1, it is necessary to be
1/(2\n) > g(Bn) (the inequality (3.12)) where, according to the conditions of
Theorem 3.1, the (positive) argument §,, must be less than 1 (the inequality
(3.11)). Note that the requirement 3, < 1 is also necessary to ensure the
contraction of the correction terms (see (3.9)) and, thus, the convergence of
the considered simultaneous method.

In the subsequent analysis, we will apply the described procedure to some
favorable simultaneous methods. This procedure requires certain bounds of
the same type and, to avoid the repetition, we give them in the following
lemma.

Lemma 3.2. For distinct complex numbers z1,...,2, and 21, ..., 2y, let
d= min |z —z|, d= min |% —2;| (i€ l,).
1<i,j<n 1<i,j<n

i#] i#]
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If

Zi—zil < pd (i€ Ly, Ay < 1/2), (3.13)

then
|2i — 2| > (1= A,)d (i€ l,), (3.14)
|Zi — 2| > (1—=2\,)d (i€ L,), (3.15)

and

[[2=2 <

n—1
An
1+ —F . (3.16)
A ( 1—2)\>

Proof. Applying the triangle inequality, we find

and

|ZA’Z‘—2j| Z |Zi—Zj|—|2i—Zi|—|2j—Zj| Z d—)\nd—)\nd: (1—2)\n)d. (317)

From
sz Zj:H<1+ZJ zj>
2 — %4 L1 2 — %4
J#i J#i
and
Z; — z] - And An
Zi—2i| — (1=2\)d 1—-2X
we obtain
2?1‘ — Zj
— | = 1 < 1
Hii—ﬁj H +2 _ZJ H(+ '—Zg)
J#i J#i J#i

<g(1+ —)\2/\n) (1+1—A2An)n_l' H

Remark 3.1. Since d < |2; — Z;|, from (3.17) we obtain

d < (1—2\)d. (3.18)

In what follows, we apply Theorem 3.1 to the convergence analysis of four
frequently used simultaneous zero-finding methods.

The Durand-Kerner's Method

One of the most frequently used iterative methods for the simultaneous
determination of simple zeros of a polynomial is the Durand—Kerner’s (or
Weierstrass’) method defined by
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(2 (2

where Wi(m) is given by (3.3). In this case, the iterative correction term is

equal to Weierstrass’ correction, i.e., C; = W; = P(z;)/F;(z1, ..., zn), where

Fi(z1,...oz) =[] (zi—2) (€L

j=
J#

A

To simplify the denotation, we will omit sometimes the iteration index m
in the sequel and denote quantities in the subsequent (m + 1)th iteration
by © (“hat”). It will be always assumed that the polynomial degree n is not
smaller than 3.

Lemma 3.3. Let z1, ..., z, be distinct approximations and let
w < cpd, (3.20)
cn € (0,0.5), (3.21)
b e N Hen (4 cen " eils (3.22)

ni=— <1-2¢, .
1—oc, 1—2¢,
hold. Then:
() |Wi] < 61wl

(i) w < eud.
Proof. Let A\, = ¢,,. From (3.19) and (3.20), there follows
|2 — zi| = Wi <w < ¢pd. (3.23)
According to this and Lemma 3.2, we obtain
2 — 2| > (1 = ¢cn)d (3.24)

and
|§1 — éj‘ Z (1 — 2Cn)d (325)

From the iterative formula (3.19), it follows

W;
~ - _]-7
Z Zi
so that
n
—J 4 1=—" A3+1=§AJ. (3.26)
— ZZ'—Zj Zy — Z; - _Zi—Zj - _Zi—Zj
Jj=1 J#i J#i
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Putting z = Z; in the polynomial representation by Lagrange’s interpola-

tion formula
P(z) = (Z P + 1) E(z - zj), (3.27)

Jj=1

we find by (3.26)

P(z) = (2 — z) (Z ,I:Vj ) H(éi - 2).

G AT A

After dividing with [] (2; — £;), one obtains
JFi

/\'—&:2_2‘ Wj éj_zj
WZ—H(,@F%) (2 )(ZZZZ]>H<1+%Z]) (3.28)

J#i

Using the inequalities (3.20), (3.23)(3.25) and Lemma 3.2, from (3.28),
we estimate

Wl <2 — 2, W] 125 = %1
wil< a2 g U+ =
J#i

(n— 1w cnd nt
<|W; 1
sWila—5a M =24
(n—1)cy Cn net
< W, 1
< Wil 1—c¢, +1720n
=0, |W;].
This proves the assertion (i) of the lemma.
Since R
d= min | — %],
1<i,j<n
i

from (3.25), one obtains

. d
d>(1-2)\)d=(1-2c,)d, ie., d< .
> (= 20)d = (1= 20)d, e, d< 5
According to the last inequality and (3.22), we estimate
_ 5, . .

1—2¢,

Therefore, the assertion (ii) holds. O
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Theorem 3.2. Let the assumptions from Lemma 3.3 hold. If 250)7 . ,z,(LO)
are distinct approximations for which the initial condition

w® < ¢, d® (3.29)

is valid, then the Durand-Kerner’s method (3.19) is convergent.

Proof. Tt is sufficient to prove the assertions (i) and (ii) of Theorem 3.1 taking
C’Z.(m) = Wi(m) in this particular case.

According to (ii) of Lemma 3.3, we conclude that (3.29) provides the im-
plication w® < ¢,d® = w® < ¢,dV. In a similar way, we show the
implication

w™ < Cnd(m) — (mtD < Cnd(m+1),

proving by induction that the initial condition (3.29) implies the inequality
w™ < ¢,d™ (3.30)

for each m = 1,2,.... Hence, by (i) of Lemma 3.3, we get
WD < 8, |W | = g™ (3:31)

for each m = 0,1,.... Let us note that (3.31) is the W-W inequality of the
form (3.8), but also the C-C inequality of the form (3.9) since C; = W; in
this particular case with 3,, = d,,, where §,, is given by (3.22). Therefore, the
assertion (i) holds true.

In a similar way as for (3.25), under the condition (3.29), we prove the
inequality

|24 D) > (1 - 26,)d™ >0 (i %4, i,j € L, m=0,1,...),

so that ) ) (
Fy(™, 20y =TI — 2y # 0
i#]

in each iteration. Therefore, the Durand-Kerner’s method (3.19) is well
defined.

Since (), = 0n, from (3.22), we see that (3, < 1 (necessary condition (3.11)),
and the function g is well defined. To prove (ii) of Theorem 3.1, we have to
show that the inequality (3.12) is valid. If 3,, > 1/2, then (3.12) becomes

1 _ 1
1—08, 2\,

which is equivalent to (3.22). If 3,, < 1/2, then (3.12) reduces to

148, < e, An=cu <3 € (0.25,0.5),

1 1
22, (14206,)
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which holds according to the assumption (3.21) of Lemma 3.3. Since we have
proved both assertions (i) and (ii) of Theorem 3.1, we conclude that the
Durand-Kerner’s method (3.19) is convergent. O

The choice of the “almost optimal” value of ¢,, is considered in the following
lemma.

Lemma 3.4. The i-factor ¢, given by

1

=——, A=1.76325, B =0.8689425 3.32
— 7 SNCE S

Cn

satisfies the conditions (3.21) and (3.22).

Proof. Since ¢, < c3 = 0.16238, it follows that ¢, € (0,0.5) and (3.21) holds
true.
To prove (3.22), it is sufficient to prove the inequality

n—1
5n - 1 mn n
M - — - <1+ c ) <1. (3.33)

T 1-2,, 1-¢,1-2¢c, 1-2¢,
Since
1—2¢,
. _ . Cn Cn . (n—=1)c, 1
am =1 7}LH30<1+12(:”> e Jm A=

where A = 1.76325 appears in (3.32), we obtain

1
lim 7, = Zel/f“ < 0.99998 < 1.
Since the sequence {n,}, defined by (3.33), is monotonically increasing for
n > 3, we have 1, < 7 < 0.99998 < 1. O

Remark 3.2. The constant A = 1.76325 is determined as the reciprocal value
of the approximate solution of the equation ze® = 1, and chosen so that it
satisfies the inequality e’/4/A < 1 (to fulfill the condition lim,, . 7, < 1).
The use of an approximate solution of the equation xe” = 1 instead of the
exact solution (that cannot be represented in floating-point arithmetic of
finite precision) just leads to the notion of the “almost optimal” i-factor.
Taking a greater number of decimal digits for A (and, consequently, for B,
see Remark 3.3), we can make the inequality (3.34) arbitrarily sharp. In this
way, we can improve the i-factor ¢, to the desired (optimal) extent but, from
a practical point of view, such improvement is negligible.

Remark 3.3. Note that the coefficient B in (3.32), not only for the Durand—
Kerner’s method but also for other methods, is chosen so that the entries d,,,
On, and A, appearing in the W-W, C-C, and C-W inequalities (3.8)—(3.10)
ensure the validity of these inequalities for a particular n, most frequently
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for n = 3. For example, this coefficient for the Durand—Kerner’s method is
B = 0.8689425.

According to Theorem 3.1 and Lemma 3.4, we can state the convergence
theorem, which considers initial conditions for the guaranteed convergence of
the Durand—Kerner’s method.

Theorem 3.3. The Durand-Kerner’s method is convergent under the
condition
40

0) < )
1.76325n + 0.8689425

w! (3.34)
Remark 3.4. The sign < (“strongly less”) in the inequality (3.34) differs from
“ <7 used in the previous consideration since the concrete choice of A and B
in (3.14) yields 6, < 1 — 2¢,, in (3.22) (also “strongly less”). This is also the
case in all remaining methods presented in this book, so that the subsequent
situations of this type will not be explained again.

Some authors have considered initial conditions in the form of the
inequality

WO =3 WO| < 2,4, WO =W, . W),
i=1

instead of the condition (3.7). Obviously, one can take {2, = n ¢, since (3.29)
implies
(WO <ed® (i=1,...,n).

As already mentioned, the choice of ¢, and {2, as large as possible permits
cruder initial approximations.
We recall some previous ranges concerned with the bounds of §2,, for n > 3.
X. Wang and Han obtained in [181]
n

0, =

: (3-2v2) € (0.1716,0.2574) (0 > 3),

n—
D. Wang and Zhao improved in [178] the above result yielding the interval
02, € (0.2044,0.3241) (n > 3).

Batra [5] and M. Petkovié¢ et al. [120] have dealt with ¢, = 1/(2n), which
gives £2,, = 0.5. The choice of ¢, in this section (see (3.32)) yields

Qg == 363 = 0.48712

and

1
0, € (4c4, lim ncn) - <0.50493, A) — (0.50493,0.56713) (n > 4),
n—oo

which improves all previous results.
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The Borsch-Supan’s Method

Borsch-Supan’s third-order method for the simultaneous approximations of
all simple zeros of a polynomial, presented for the first time in [10] and later
in [95], is defined by the iterative formula

(m)
ZZ(m+1) _ Zzgm) W (Z el,, m=0,1,.. ,), (335)

m)

L+ Z (m) (nL)

Ji= IZ
J#i

where Wl-(m) are given by (3.3) (see Sect. 1.1). This formula has the form (3.5)
with the correction

where

FZ‘(Zl,..., <1+Z 1—27>szj) (ZEIn)

J#i

Before establishing the main convergence theorems, we prove two auxiliary
results.

Lemma 3.5. Let 21, ..., 2, be distinct complex numbers and let
el(0 L (3.36)
Cn "+ 1 .
and
w < ¢pd. (3.37)
Then:
W; c
i 1 I <22,
(i) + ; S

=1
i) |11 S| (14 2o "

]#721_2] - 1_2)\?7, ’
where \,, = En
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1-— 1)c, .
Proof. Since 1 —2\,, = 1En—+lic’ from (3.36), it follows 0 < 1—2\,, < 1,
—(n—1)c,
hence A, € (0,0.5). By (3.37) and the definition of d, we obtain
W] (n—1)w Cn
1 >l (n=1ey ==
L B L
J#i 9 J#i J
and
(n— Dw Cn
1 n= 2wy e, =2
+ ; . T <1+ (n—1)c N

which proves (i). By (i) and (3.37), we prove (ii):

W W; An

“1—-(n—-1)¢,
1+Z ( )

The assertions (iii), (iv), and (vi) follow directly according to Lemma 3.2.
Omitting the iteration index, from (3.35), we find

W, ey W,

Z_Zj

Zi — %24 j#zi—zj’
so that
"W W W; Wz — 2
ZA —+1] = _ +ZA.j.+1: Z(AJ()() Il
S Zi oy 2 — 2 oy 2 —2) (2 — 24
Hence, using (3.37), (ii), and (iii), it follows
- W; —DAnen
Z +1<\Zz 21|Z W S(n ) C’
= Zi — o |Zi — zj||zi — %] 1—M\,

which means that (v) is also true. This completes the proof of the lemma.

O
According to Lemma 3.5, we can prove the following assertions.
Lemma 3.6. Let z1,...,z, be distinct approrimations and let the assump-
tions (3.36) and (3.37) of Lemma 3.5 hold. In addition, let
(n — 1)\ ( An n—1
- n (1 ) <1-2 .
On o + o, < An (3.38)
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be valid. Then:
(il) @ < ¢pd.

Proof. Setting z = Z; in (3.27), where 2; is a new approximation produced by
the Borsch-Supan’s method (3.35), we obtain

After dividing with [](2; — 2;), we get

J#
= W 2 —zj
W: = (% — z; J v ].
=& Zl)<z,§’72+1>nézé
Jj=1 J J#i J
Using the bounds (ii), (v), and (vi) of Lemma 3.5, we estimate
A "W Sy
‘Wz|:|22_zz‘ ZA I +1 H—f fj
jzlzi—zj j#zi—zj
(n—1)A\2 ( An 71
UL )
s Wil U s,

ie., WI\Q} < 0, |W;]|. Therefore, the assertion (i) holds true.
According to (iv) of Lemma 3.5, there follows

d>(1-2x,)d.
This inequality, together with (i) of Lemma 3.6 and (3.38), gives (ii), i.e.,

On A A
< .
1_2)\ncnd_cnd O

(W3] < 6, Wi| <

Theorem 3.4. Let the assumptions from Lemmas 3.5 and 3.6 hold and, in
addition, let

By = (iﬁ - 1)5n <1 (3.39)
and 1
9(Bn) < I (3.40)
If z§0), ey 27(10) are distinct initial approximations satisfying

w® < ¢,d?, (3.41)
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then the Bérsch-Supan’s method (3.35) is convergent.

Proof. Tt is sufficient to prove (i) and (ii) of Theorem 3.1 for the iterative
correction given by

W-(m)
cim = zW(m) (iel,, m=0,1,...)
I R
12 T om
JFL “i J

(see (3.35)). By virtue of Lemma 3.6, which holds under the conditions (3.36),
(3.38), and (3.41), we can prove by induction that

wmtD) < 5nw(m) < Cnd(m+1) < Cnd(m+1)

n

holds for each m = 0,1, .. ..
Starting from the assertion (i) of Lemma 3.5, under the condition (3.41),
we prove by induction

(m)
= (4 ) [ )

j#i # 1 “j JFi

for each ¢ € I, and m = 0,1,.... Therefore, the Borsch-Supan’s method
(3.35) is well defined in each iteration.
Using (i) of Lemma 3.5, we find

IW-\
1+Z

so that for the next iterative step we obtain by Lemma 3.5 and (i) of
Lemma 3.6

An
|Ci| = < —|Wil, (3.42)

z_Z]

Cn Cn 1+ Z WJ i Ri = Zj
g T

2\,
- 5n(c— - 1)|c | = BalCil,
where 3, < 1 (the assumption (3.39)). Using the same argumentation, we
prove by induction
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e < g™

for each i € I, and m = 0,1, .. ..
By (3.41) and (3.42), we estimate

©)
Lico < Bl cgo.
An c

According to this and (3.40), we see that
002402 2 5 L (160) 4 1c0)
¢ 7= T T 2\, ¢ J
> 9(8) (|0 + 7))
holds for each i # j, i,j € I,,. This proves (ii) of Theorem 3.1. The validity

of (i) and (ii) of Theorem 3.1 shows that the Borsch-Supan’s method (3.35)
is convergent under the given conditions. O

The choice of the i-factor ¢, is considered in the following lemma.

Lemma 3.7. The i-factor ¢, defined by

1
5, n=234
TL+§
Cn = (3.43)
1
T ITo— >5
%n+5

satisfies the condition of Theorem 3.4.

The proof of this lemma is elementary and it is derived by a simple analysis
of the sequences {3,} and {g(8,)}.

According to Lemma 3.7 and Theorem 3.4, we may state the following

theorem.

Theorem 3.5. The Bdrsch-Supan’s method (3.35) is convergent under the
condition (3.41), where ¢, is given by (3.43).

Tanabe's Method

In Sect. 1.1, we have presented the third-order method, often referred to as
Tanabe’s method
(m)

w
2 = ) <1—Z M) (i € In, m=0,1,...). (3.44)
J#iFi o T F

As in the previous cases, before stating initial conditions that ensure the
guaranteed convergence of the method (3.44), we give first some necessary



3.2 Guaranteed Convergence: Correction Approach 87

bounds using the previously introduced notation and omitting the iteration
index for simplicity.

Lemma 3.8. Let 21, ..., 2, be distinct approximations and let
€ (0 ! ) (3.45)
Cn , —). .
1++v2n—-1
If the inequality
w < ¢pd (3.46)
holds, then fori,j € I, we have:
o A W; An
An_ g —1n>)1— j ‘>1— 1), =2 2
(i) . Lt (n—1)cp > Z pl = (n—1)c .
J#i
(ii) |2 zz\<—|W|<>\ d.
(i) 5 — 51 > (1 - An)d
(iv) |2 = 2] = (1 = 2A,)d.
LW (n—1)c2
1‘ n A —1e,
) ‘Z e P N O W TG f)\n)( +(n=1Den)

-—zj - +1—2)\n ’

where A, = (1 4+ (n— 1)ep)ey,

Proof. We omit the proofs of the assertions (i)—(iv) and (vi) since they are
quite similar to those given in Lemma 3.5. To prove (v), we first introduce

=3

Zi — Zj§

Then

loa| < @ <(n—1)c, and
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so that by (3.47) it follows

‘Zzl—z]—’_l‘

W;

i — 2 A Ei—
! J#Z 7

. W W,

_ } : J _} : i } : j

_|1fUi\‘,,2ifz- L i — 2 Uzl,zifz-
J#i T gt 7 J#i J

_|_
2 ) 1= 2

11— ol i (8 — 2j)(zi — 2 i Zi— 2

1 |[W;|
S— SO 1|Z—J
1—(n—1)cy |zz—zj||zz—zj|

e e L
1—(n—1)ec, oy |2 — 2]

1 W;
+ _ J
l—O'i ;Zi—zj'

+1( ’1—

Hence, by (ii), (iii), (3.46), and (3.47), we estimate

- f Ad (n— 1w (n—1¢, (n—1lw
‘;zi—zj BIE = (n—Den (I—d-d  T—(n=TDen (1= 2n)d

- o (:ZA_H)I()IC”_ " (A + (=), O

Remark 3.5. The inequalities (iv) and (vi) require 2), <1 or 2¢,(14+(n — 1)
¢n) < 1. This inequality will be satisfied if ¢, < 1/(1 + v/2n — 1), which is
true according to (3.45).

Lemma 3.9. Let z1,...,2, be distinct approrimations and let the assump-
tions (3.45) and (3.46) of Lemma 3.8 hold. If the inequality

(n—1)cnAn
(2¢, — Ap)(1 —
s valid, then:

(i) [Wi| < 6, [Wil.
(i) @ < cnd.

An) ()\n‘f'(n—l)cn) (1+1 7)\2)\ )nil < 1-2X, (3.48)

Op =

Proof. Putting z = 2; in (3.27), where 2; is a new approximation obtained by
Tanabe’s method (3.44), and dividing with H(él — %;), we obtain
J#i
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From the last relation, we obtain by (ii), (v), and (vi) of Lemma 3.8

Ai s ) 1’ —
)y _Z]+ sz—zj
1= Ao\t
< e W ey O+ = D) (1 7 55)

which proves (i).
Using (iv) of Lemma 3.8, we find

d>(1-2x,)d.

Combining this inequality with (i) of Lemma 3.9, (3.45), and (3.48), we
prove (ii):

b6n

Wil < | < < <ecd
|WZ| = 5n‘Wz| >~ (sncnd =7 _2)\ncnd < Cnd O

Theorem 3.6. Let the assumptions of Lemmas 3.7 and 3.8 be valid and let

On = % <1 (3.49)
and 1
9(Bn) < o (3.50)
If z , . ,(10) are distinct initial approximations satisfying
w® < ¢,d?, (3.51)

then the Tanabe’s method (3.44) is convergent.

Proof. In Lemma 3.9 (assertion (ii)), we derived the implication w < ¢,d =
D < cpd. Using a similar procedure, we prove by induction that the initial
condition (3.51) implies the inequality w(™) < ¢,d™ for each m = 1,2,.. ..
Therefore, all assertions of Lemmas 3.8 and 3.9 are valid for each m = 1,2, .. ..
For example, we have

Wit < s, W™ (ieI, m=01,...). (3.52)

From the iterative formula (3.44), we see that corrections C’Z-(m) are given by

(m)
cm = < Z W ) (i€ I,). (3.53)
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This correction has the required form
™ = P F(E™, . 20,

where

Fi(z§m)v AR Zr(Lm)) == wm (i € I,).
_ A R
1= T
J#L “i J

According to (i) of Lemma 3.8, it follows Fi(zim), ce z,&m)) # 0, which means
that the Tanabe’s method is well defined in each iteration.

We now prove the first part of the theorem which is concerned with the
monotonicity of the sequences {Ci(m)} (i € I,) of corrections. Starting from
(3.53) and omitting iteration indices, we find by (ii) of Lemma 3.8 (which is
valid under the condition (3.51))

|Ci] = [Wi

W, A
1— j ‘<—"Wi. 3.54
]« 2w (359

According to (3.52)-(3.54) and by the inequalities (i) of Lemma 3.8, we
obtain

A AMOn An0.
Gl < 22| < 222wy = e
TS L
G TR

)\TL 577.

< 'm0 = .
< TGl = BalC

where 3, < 1 (assumption (3.49)). By induction, it is proved that the in-
equality |C’i(m+1)| < 5n|Cl-(m)| holds for each ¢ =1,...,nand m=0,1,....
By (3.51) and (3.54), we estimate

1 (0)
10 < = <a®.

According to this, (3.50), and (3.51), we conclude that

(0) 1
0 0 w 0 0 0 0
7" =27 2 d® > —— > o (1C21+1C57)) > 9(B.) (1] + |C17))

n

holds for each @ # j, i,j € I,. This proves (ii) of Theorem 3.1. O



3.2 Guaranteed Convergence: Correction Approach 91

Lemma 3.10. The i-factor ¢, given by ¢, = 1/(3n) satisfies the condition
(3.45), (3.48), (3.49), and (3.50).

Proof. Obviously, ¢, = 1/(3n) < 1/(1+\/2n -1 ) Furthermore, the sequence
{65} is monotonically increasing so that

n— 400

2
0, < lim 6, = §e4/9 ~ 0.3465 < 0.35 for every n > 3.

We adopt d,, = 0.35 and prove that (3.48) holds; indeed,

2(4n — 1) ( 59 )

0, =035<1-2\,=1— > — ~0.728
In? — 81

for every n > 3.
For ¢,, = 0.35 and ¢,, = 1/(3n), the sequence {3, } defined by

6nAn  0.35(4n—1)
20 — A 2n+1

ﬂn:

is monotonically increasing so that

Bn< lim 6,=07<1 (n>3),
n—-+00

which means that (3.49) is valid.
Finally, we check the validity of the inequality (3.50) taking 3,, = 0.7. We
obtain
9n?

1 81
=3333. < —— = (> - ~3.
[—o7 338 < gy, 2(4n —1) (- 22 368)’

9(Bn) = 9(0.7) =
wherefrom we conclude that the inequality (3.50) holds for every n > 3. O

According to Lemma 3.10 and Theorem 3.1, the following theorem is
stated.

Theorem 3.7. The Tanabe’s method (3.44) is convergent under condition
(3.51), where ¢, = 1/(3n).

The Chebyshev-Like Method

In Sect.1.1, we have presented the iterative fourth-order method of
Chebyshev’s type

Lmt1) _ (m) _ Wi(m) B Wi(m)thf;)
‘ ’ 1+ GY;) (1+ GY;))Q

) (iel,,m=0,12..),

(3.55)
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proposed by M. Petkovié, Trickovié¢, and D. Herceg [146]. Before stating initial
conditions that guarantee the convergence of the method (3.55), three lemmas
which concern some necessary bounds and estimations are given first.

Lemma 3.11. Let z1, . . ., z,, be distinct approximations to the zeros (1, ..., Cn
of a polynomial P and let zy, ..., %, be new approximations obtained by the
iterative formula (3.55). If the inequality

2
on + 3

w<cpd, ¢, = (n>3) (3.56)

holds, then for alli € I, we have:

3n+5 ™m+1
' 14+ Gy, .
O g3 <M+ oul<g——

(i) |2 — 2z < C—|WZ\ < And, where A, =

2(9n? + 34n + 21)
(3n+5)3

Proof. According to the definition of the minimal distance d and the inequality
(3.56), it follows

W, Wyl _ (n=1)c
‘Gl,i| < rjz| < (Tl 1)Cn7 |G2 z| < Z |Z — |2 y n,
g#i Tt g
(3.57)
so that we find
W] 3n+5
1 G i >1— >1-— -1 n —
11+ Gl ;| % — 2] (n=1e 5n + 3
and
| _Tn+1
1+G4 <1 <1 -1 .
1+ Gl +Z|Z_ gt = 2

J#i

Therefore, the assertion (i) of Lemma 3.11 is proved.
Using ( ) and (3.57), we estimate

- <2 4
—(n—=1)c, 3n+5

(3.58)

‘ 1+ Gl,i
and

WiGa,; w(n —1)e,/d A(n—1) - 4(n—1)

‘ (1+Gy,)? ‘ (1 —=(n—1)c,)? QI—(n-1cn)? = Bn+5)2 (3.59)
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Using (3.58) and (3.59), we obtain the bound (ii):

. B W WiGs
|z’_zl|_‘cl‘_‘1+G17i( (1+GM)2)‘
[W;] |WiGo il
< 1 :
- \1+G1,i|( |1+G1,i|2)
5n+3(1 4(n71)>
3n+5 (3n+5)2
2(9n? + 34n + 21)
(3n + 5)3

d=MX,d. O

According to Lemma 3.2 and the assertion (ii) of Lemma 3.11, under the
condition (3.56), we have

|2i — 2| > (1= )d (4,5 € I,), (3.60)
|2i — 2] > (1 =2X\,)d (4,7 € I,), (3.61)

and

==
25— %

A\ n—1
[ < <1+ 1—2An> . (3.62)
J#i

Let us note that the necessary condition A, < 1/2 is satisfied under the
condition (3.56).

Remark 3.6. Since (3.61) is valid for arbitrary pair 4,5 € I, and \,, < 1/2 if
(3.56) holds, there follows

d= min 2 — 2] > (1 — 2\,)d. (3.63)
VE)

Lemma 3.12. If the inequality (3.56) holds, then

(i) |[Wi| < 0.22|W;].

(ii) @ < 1

d.
m+3

Proof. For distinct points z1, ..., z,, we use the polynomial representation
(3.27) and putting z = 2; in (3.27), we find

P(z) = (2 — 2i) (2 M_/lz + Z évi/jz + 1) H(’él —z;).
gt

! Ji
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After division with [] (2; — 2;), we get

J#i
— P(z;) Zi—z
Wz = - = Az_ i : ! 1 ‘ !
IT (% — %) ¢ Z)<Azzi +Z§z’*% " )H(zz%)
ki JFi J#i
(3.64)
From the iterative formula (3.55), it follows
W;iGa i
G+ — 20
Wi —0+Gw MG 5.65)
G-z o, WiGai - WiGai '
(1+Gi,)? (14 G1,)?
Then
W;iGa i
Gi;+ -
W; W; ’ (1+Gqy) W;
1=-1 : 1
Zi zl+zéz—zj+ 1 WiGa Zéz—z]+
7 (14 G2 a

o 1 WiG2,z
(1 + Gl,z)Q
W; WiGs; W;
—\* 7 ~ : ]- ~
(2 Z)Z(zi—zj)(zl—z) (1—|—G1Z)2( *Z Z_zj>

_ J#i ’ VE)
n 1 WiGa ;i

(1 + Gl,z)Q

From the last formula, we obtain by (3.59), (3.60), the definition of the min-
imal distance, and (ii) of Lemma 3.11

M +ZAWJ' +1‘

2 — Zi j#zl—zj
5 (W WG ; [W;]
|2i — zil S +‘ ’ ‘(14_ A—>
; |2i — 25]|2; — 2; (14 G14)? ; |Z; — 2]
B 1 ’ WG, ’
(14 G1,4)?

_ 8(135n° 4 594n* 4 646n° — 292n* — 821n — 262)
(57 + 3)(9n2 + 26n + 20)(27n + 11702 + 1570 + 83) ™

(3.66)
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Now, starting from (3.64) and taking into account (3.60)—(3.62), (3.66), and
the assertions of Lemma 3.11, we obtain

TL

|W|<|zz—zz| z +1‘H( |)
|Zz - ZJ|
JFi
Wi An_ Y™
< 1 )
= |yn( .
= ¢n\Wz|-
Using the symbolic computation in the programming package Mathematica
6.0, we find that the sequence {¢,} _,, attains its maximum for n = 5:

on < ¢5 < 0.22, forall n > 3.

Therefore, |W;| < 0.22|W;| and the assertion (i) is valid.
According to this, (3.63), and the inequality

0.22(3n + 5)3

<0.32<1,
27n3 +99n2 + 89n + 41 —

we find

— 2d 2 (3n+5)3

Wi| < 0.22|W;] < 0.22 ——— < 0.22 ,

Wil Wil 5n+3 5n+ 3 27n3 + 99n? + 89n + 41
wherefrom )

A~ < A7
5+ 3

which proves the assertion (ii) of Lemma 3.12. O

Now, we are able to establish the main convergence theorem for the iter-
ative method (3.55).

(0) (0)

Theorem 3.8. If the initial approrimations z; ', ..., zn  satisfy the initial
condition
w® < ¢,d?, ¢, = 2 (n>3), (3.67)
on + 3 -

then the iterative method (3.55) is convergent.

Proof. Tt is sufficient to prove that the inequalities (i) and (ii) of Theorem 3.1
are valid for the correction

W wmaim
Cl(m) _ P 1_ i K (’L c In)7
1+G§’f;)< (1+G{M)2

which appears in the considered method (3.55).
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Using Lemma 3.11(i) and (3.59), we find

. i G
w”zw_ahﬁlraﬁ<_uTG;PN
5n+3 ( Mn—D) (5n + 3)(9n? + 34n + 21)

<= Wi = Wi
3n+5 (3n + 5)2 (3n+5)3 Wil

It is easy to show that the sequence {x,, }n=34, . is monotonically increasing
and z, < lim x, = 5/3, wherefrom
m— 00

)
|Ci| < g\Wz| (3.68)

In Lemma 3.12 (assertion (ii)), the implication w < ¢,d = @ < ¢,d has been
proved. Using a similar procedure, we prove by induction that the initial
condition (3.67) implies the inequality w(™) < ¢,d™ for each m = 1,2,....
Therefore, by (i) of Lemma 3.12, we obtain

According to this and by the inequalities (i) of Lemma 3.11 and (3.68), we
obtain (omitting iteration indices)

~ 5~ 5
Ci| = = |Wi| < = - 0.22|W;
Gil = 21| < 5 - 0,220

_E‘ Wi (_ WG, )’ 14+ Gh,
N 3 1+G17i (1+G1,i)2 1 WiG2,i
(1+G1,i)2
™+ 1
1.1 5n + 3
< 3 |C;l B =) < 0.52|C;|.
(3n+5)?

In this manner, we have proved by induction that the inequality |CZ-(mH)\ <

0.52|Ci(m)\ holds for each i = 1,...,n and m = 0,1,.... Furthermore, com-
paring this result with (i) of Theorem 3.1, we see that 8 = 0.52 < 1. This
yields the first part of the theorem. In addition, according to (3.57), we note
that the following is valid:

2(n—1)

‘Gl,z’| < (n — 1)Cn = 5n 13

2
<<,
=9

which means that 0 ¢ 1+ G ,;. Using induction and the assertion (ii) of
Lemma 3.12, we prove that 0 ¢ 1+ Gg? for arbitrary iteration index m.
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Therefore, under the condition (3.67), the iterative method (3.55) is well
defined in each iteration.
To prove (ii) of Theorem 3.8, we first note that 8 = 0.52 yields g(8) =

ﬁ ~ 2.08. It remains to prove the disjunctivity of the inclusion disks

Sy = {\7:2.08/C{”},.... 8, = {z(9;2.08/C©}.

By virtue of (3.68), we have |Ci(0)| < 3w(® wherefrom

5n+ 3 5n+3 3 3(5n + 3)

© (0) o TS

d“ > 5w > = |C | 50
9(0.52)(|C1V| + |c§0>\).

(1C] +1c47))

This means that
40— 2 0 > 0532) (|00 +C7)]) = rad S +12d. S,

Therefore, the inclusion disks Sy,...,S, are disjoint, which completes the
proof of Theorem 3.8. O

3.3 Guaranteed Convergence: Sequence Approach

In what follows, we will present another concept of the convergence analysis
involving initial conditions of the form (3.7) which guarantee the convergence
of the considered methods.

Let zgm), ceey ng) be approximations to the simple zeros (3,...,(, of a
polynomial P, generated by some iterative method for the sunultaneous de-

termination of zeros at the mth iterative step and let u(m) = Z -G (1 e IL).

Our main aim is to study the convergence of the sequences {ul }, {u(m)}
under the initial condition (3.7). In our analysis, we will use Corollary 1.1
proved in [118] (see Sect. 1.2).

The point estimation approach presented in this section consists of the
following main steps:

1° If ¢, < 1/(2n) and (3.7) holds, from Corollary 1.1, it follows that the
inequalities
i

7 = 15" = Gl < =0

(3.69)

are valid for each i € I,,. These inequalities have an important role in
the estimation procedure involved in the convergence analysis of the se-
quences {zgm)}, produced by the considered simultaneous method.
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2° In the next step, we derive the inequalities
d<tpd and |[Wi| < Ba|Wil,

which involve the minimal distances and the Weierstrass’ corrections at
two successive iterative steps. The i-factor ¢, appearing in (3.7) has to
be chosen to provide such values of 7,, and (3, which give the following
implication .

w< cpd = W< cyd,
important in the proof of convergence theorems by induction. Let us note
that the above implication will hold if 7,3, < 1.

3° In the final step, we derive the inequalities of the form

g™ <y, dO) ™ (Z 5™ ) (3.70)
j=1
JF#i

for ¢« = 1,...,n and m = 0,1,..., and prove that all sequences
{|u§m)|}, e {|u%m)|} tend to 0 under the condition (3.7) (with suit-
ably chosen ¢,,), which means that 2™ ¢ (i € I,). The order of

%

convergence of these sequences is obtained from (3.70) and it is equal to
p+qr.

To study iterative methods which do not involve Weierstrass’ corrections
W;, appearing in the initial conditions of the form (3.7), it is necessary to
establish a suitable relation between Newton’s correction P(z;)/P’(z;) and
Weierstrass’ correction W;. Applying the logarithmic derivative to P(t), rep-
resented by the Lagrangean interpolation formula (3.27) (for z = t), one
obtains

Pt) ~~ 1 5= o
=3 . 3.71
P(t) ‘e~ t — 2 + "W ( )
S Wi+ (t — 2) E " JZ +1
j=1 <)
J#i

n

Plz) —~ 1 (i
p— . . 2
P(z) ;Zi—2j+ Wi (8.72)

i

In what follows, we will apply the three-stage aforementioned procedure
for the convergence analysis of some frequently used simultaneous methods.
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The Ehrlich—Aberth’s Method

In this part, we use Newton’s and Weierstrass’ correction, given, respectively,
by

(m) (m)
7P(Zi( )) and Wi(m) = — Pla )
/ m
Pr(z) TTG™ - 2™

N™ = (iel,, m=01,...).

[
-

.

We are concerned here with one of the most efficient numerical methods for
the simultaneous approximation of all zeros of a polynomial, given by the
iterative formula

1
2 = ) _ (iel,, m=0,1,...). (3.73)
1 3 1
N = 2 _ z§m)

Our aim is to state practically applicable initial conditions of the form
(3.7), which enable a guaranteed convergence of the Ehrlich—Aberth’s method
(3.73). First, we present a lemma concerned with the localization of polyno-
mial zeros.

Lemma 3.13. Assume that the following condition

1
—  3<n<7
my14 0=
w<cpd, ¢, = (3.74)
1
— >
o7y n>8

1
is satisfied. Then, each disk {zi; 17\W2|} (i € I,) contains one and only
—ney,

one zero of P.

The above assertion follows from Corollary 1.1 under the condition (3.74).

Lemma 3.14. Let 21, . .., z, be distinct approzimations to the zeros (y,...,(n
of a polynomial P of degree n and let Z1,...,%, be new respective approxi-
mations obtained by the Ehrlich—Aberth’s method (3.73). Then, the following
formula is valid:

W = —(2 — z)° Z - e H(l + @) (3.75)

7 G2z = 2) 5 Zi— %
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Proof. From the iterative formula (3.73), one obtains

1 - 1 P/(Zl)
Zi — Zj P(ZZ) ’

Z— 2z —
JFi

so that, using (3.72),
W; 1 P'(z) 1 W;
L = i — ¢ = _W’L - J 1
2i—zi W(;zl—z] P(Zl)> [WZ(Z%—ZJ—’— )

==Y Wi g,
Jj#i

zifzj

According to this, we have
n

W, W, W, w; W,
S +1= +Zéi_jzj+1:7zz‘—J‘Jrzéi_jzj

= Zi — Zj Ziy — 24

Taking into account the last expression, returning to (3.27), we find for
z = ZALL'

Piz) = (3 =+ 1) [T - =)
j=1"" j=1
5 2 W; 5. o
A Ty LB )

g ¢ j#i

After dividing by [[;;(2; — Z;) and some rearrangement, we obtain (3.75).
O
Let us introduce the abbreviations:
1 1
Tn = B}
1= ppen — (n—1)(ppen)

B (14 o)

Pn =

1—nc,’ ’

>\n - pncn(]- - pncn)7n7 ﬂn -

Lemma 3.15. Let zy,...,2, be approximations produced by the Ehrlich—
Aberth’s method (3.73) and let u; = z; — §; and G; = 2; — ;. If n > 3 and the
inequality (3.74) holds, then:
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(il) w < Bpw.
(iil) W < epd.
. N i
(iv) Jial < 22l 3 Ju .
J#i
Proof. According to the initial condition (3.74) and Lemma 3.13, we have
|uz| = |Zi - Cz‘ < pn‘Wi| < prw < ppcyd. (3-76)
In view of (3.76) and the definition of the minimal distance d, we find

l2j — G|l > |25 — zi| — |2zi — G| > d — pnend = (1 — ppey)d. (3.77)

Using the identity

Pllz) ~—~ 1 1 1
Pl — 2 PR Dbt (3.78)

N N 1
Ui:Zi*Ci:Zi*Cifl 1 1
w Z A_CA_ZZA_Z
e
U; u?S;
o o Misi 3.79
W
where S; = J .
2G5
Using the definition of d and the bounds (3.76) and (3.77), we estimate
| (n —1)ppcnd
[u;Sil < |uil —— < ppCpd - ——————
; |2 — Gjllzi — 21 (1= pney)d?
2
-1
— M (3.80)
1- PnCn
Now, by (3.76) and (3.80), from (3.73) we find
= || < u
! ! 1—w;S;1 = 1— |u151\ 1 (pncn)Q(n — 1)
1= pncn

pncn(l - pncn)
d = ppcy(1 — prep)ynd
R o T

= And (3.81)
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and also

|2i - Zl‘ < (1 - pncn)7n|ui| < (1 - pncn)'ynpn|Wi|- (3-82)
Having in mind (3.81), according to Lemma 3.2, we conclude that the esti-
mates |Z; — z;| > (1 — A\p)d and |2; — 25| > (1 — 2A,)d (i € I,) hold. From
the last inequality, we find

d 1

B > .
i < T 2n, for every n > 3, (3.83)

which proves the assertion (i) of Lemma 3.15.
Using the starting inequality w/d < ¢, and the bounds (3.81), (3.82),
(3.14), (3.15), and (3.16), we estimate the quantities involved in (3.75):

LAPIENNG /R, ()
|Zz_2j||zi_zj| _Zjl

J#i J#i
(n—1)A\2 ( A\
n (1 )
<Aoo i) Wl
Therefore, we have
W < fBrw (3.84)
so that, by (3.74), (3.83), and (3.84), we estimate
W < Bpw < Ppend < B cnd.
1-2)\,
Since 5
- . 1 for all <n<
1_2)\n<095< orall 3<n<7
and 5
n ) >
. <0.718<1 forall n>8,
we have

W< cpd, n>3.

In this way, we have proved the assertions (ii) and (iii) of Lemma 3.15.
Using the previously derived bounds, we find

|uil*|S] il |y
] < 1 — [w.S; _ Z T—
|ui Si 1— (pea)*(n —1) |2 = Gillzi — 24

1 — pncn |Uj|
| i
1_

<
1- PnCn — (pncn)2 ’I’L ];él pncn

1
B (]- — PnCn — (pncn) ( d2 ‘u1| ; Iuj|
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wherefrom
N Tn
] < ﬁ\uﬂzz Juj. (3.85)
J#i
This strict inequality is derived assuming that u; # 0 (see Remark 3.8). If we
include the case u; = 0, then it follows

N v
;] < d—’;lul\Q Z |u;
j#i

and the assertion (iv) of Lemma 3.15 is proved. 0O

Remark 3.7. In what follows, the assertions of the form (i)—(iv) of Lemma 3.15
will be presented for the three other methods, but for different i-factor ¢,
and specific entries of \,, G,, and v,.

We now give the convergence theorem for the Ehrlich-Aberth’s method
(3.73), which involves only initial approximations to the zeros, the polynomial
coefficients, and the polynomial degree n.

Theorem 3.9. Under the initial condition
w® < ¢,d®, (3.86)

where ¢, s given by (3.74), the Ehrlich—Aberth’s method (3.73) is convergent
with the cubic convergence.

Proof. The convergence analysis is based on the estimation procedure of the
errors ugm) = zi(m) — ¢ (i € I,). The proof is by induction with the argu-
mentation used for the inequalities (i)—(iv) of Lemma 3.15. Since the initial
condition (3.86) coincides with (3.74), all estimates given in Lemma 3.15 are
valid for the index m = 1. Actually, this is the part of the proof with respect
to m = 1. Furthermore, the inequality (iii) again reduces to the condition
of the form (3.74) and, therefore, the assertions (i)—(iv) of Lemma 3.15 hold
for the next index, and so on. All estimates and bounds for the index m are
derived essentially in the same way as for m = 0. In fact, the implication

w'™ < cpd™ = WMt < ¢, dm+)

plays the key role in the convergence analysis of the Ehrlich—Aberth’s method
(3.73) because it involves the initial condition (3.86), which enables the valid-
ity of all inequalities given in Lemma 3.15 for all m = 0,1,.... In particular,
regarding (3.83) and (3.85), we have

dm 1

FICESY < T 2n, (3.87)
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and
(m+1) In (m) 2 (m)
| |_(wm) \E:m | (i€l (3.88)
1751
for each iteration index m = 0,1, ... if (3.86) holds.
Substituting

fm) _ (n—Dyn 12 (m)
b [u_zx)( )J s

the inequalities (3.88) become

(1) (1—2A)d“” m)
l; < = 1)d(m+1) Zt

wherefrom, by (3.87),

(m+1) (m)
t; t I,) .
( n—l i e (3.89)

J#

By virtue of (3.76), we find

(0) (n—1Dm (0) (0) (n =1
PN (R LY nend® [T T
’ \/<1 eI WO

(’fl — 1)’Yn
1-2\,

= PnCn
for each ¢ = 1,...,n. Taking

(0) (=1
b= max b7 < pnn\[ T 95

we come to the inequalities

1 <t<0571<1 (3<n<7)
and

1 <t<0432<1 (n>8)

for all i = 1,...,n. According to this, from (3.89), we conclude that the
sequences {tl(m)} (and, consequently, {|u£m)|}) tendto O foralli=1,...,n
Therefore, the Ehrlich-Aberth’s method (3.73) is convergent.
Taking into account that the quantity d”), which appears in (3.88), is
bounded (see the proof of Theorem 5.1) and tends to rr;éln |G — (| and setting
i#]
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uw(™ = max |u§m)\,
1<i<n

from (3.88), we obtain

|u§m+1)| < wmt) < (nC;"ll))’Yn|u(m)|37

which proves the cubic convergence. O

Remark 3.8. As usual in the convergence analysis of iterative methods (see,
c.g., [48]), we could assume that the errors u{™=z{"" — ¢; (i € I,) do

(mo)
(mo) (mo)
k

and mo > 0, we just take z;™",...,2; as approximations to the zeros

Ciys---5 Gy, and do not iterate further for the indices y,...,4;. If the se-

not reach 0 for a finite m. However, if u =0 for some indices i1,..., ik

quences {uz(-m)} (i € I, \ {i1,...,ir}) have the order of convergence ¢, then
obviously the sequences {ugn)}, ceey {uxn)} converge with the convergence
rate at least ¢. This remark refers not only to the iterative method (3.73)
but also to all methods considered in this book. For this reason, we do not
discuss this point further.

The Ehrlich—Aberth’s Method with Newton's Corrections

The convergence of the Ehrlich-Aberth’s method (3.1) can be accelerated
using Newton’s corrections N™ = P(z{"™)/P'(z{™) (i € I,, m =0,1,...).
In this way, the following method for the simultaneous approximation of all
simple zeros of a given polynomial P can be established

1

1 1
(m) Z (m) (m) (m)
N; % T + Nj

ngJrl) _ Zl(m) -

(iel,), (3.90)

where m = 0,1,. .., see Sect. 1.1. This method will be briefly called the EAN
method.
From Corollary 1.1, the following lemma can be stated.

Lemma 3.16. Let z1, ..., z, be distinct numbers satisfying the inequality
1
. 3<n<2l
22n+1.9
w < cpd, ¢, = . (3.91)
1
_— > 22
2.2n "=

1
Then, the disks {zl; . |VV1|}7 o {zn; 17\Wn|} are mutually dis-
— —nc
joint and each of them contains ezactly one zero ofna polynomial P.

We now give the expression for the improved Weierstrass’ correction W;.



106 3 Point Estimation of Simultaneous Methods

Lemma 3.17. Let z1, . . ., z,, be distinct approximations to the zeros (1, ..., Cn
of a polynomial P of degree n and let z1,...,Z, be new respective approxi-
mations obtained by the EAN method (3.90). Then, the following formula is
valid:

W= —(5 — )(WEM (5 —zz)zwl)H(HZ}_fj), (3.92)

j#i S
where
N W
2 7 = J 9 E i = s :
R s e N P CEr Cern)

The relation (3.92) is obtained by combining the Lagrangean interpolation
formula (3.27) for z = %;, the iterative formula (3.90), and the identity (3.72).
Since the proving technique of Lemma 3.17 is a variation on earlier procedure
applied in the proof of Lemma 3.14, we shall pass over it lightly. The complete
proof can be found in [119].

We introduce the abbreviations:

1
n = y 677, =1- nCn — -1 nCn,
=T e Pncn — (n = 1)ppc
= (1= pnca)((1 = pnea)? = (0= 1)pnea),
n—1 A YnPnCn
Tn = An = L7

an — (n—1)2(ppcy)?’ n—1

== (e (1 ey

Lemma 3.18. Let z1, . . ., Z, be approximations generated by the EAN method
(3.90) and let u; = z — G, 4 = 2 — G- If n > 3 and the inequality (3.91)
holds, then:

. I
(i) @ < Baw.
(il)) @ < c,d
(iv) [a I, B qul > luyl.
J#i

1
Proof. In regard to (3.91) and Lemma 3.16, we have ¢; € {zi; m|WZ|}
(i € I,), so that !

lui| = |zi — G| < pu|Wil < ppw < pnend. (3.93)
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According to this and the definition of the minimal distance d, we find
lzj — Gi| > |25 — 2zi| — |2s — G| > d — ppend = (1 — ppey)d. (3.94)

Using the identity (3.78) and the estimates (3.93) and (3.94), we obtain

P'(2) 1 1 1 1 n—1
P(z) ; zi— G| |z — Gl ; |zi =Gl = pnend (1= ppen)d
1 —ppcp —(n—1)pncn On,
B (1 - pncn)pncnd B (1 - pncn)pncnd
Hence
P(zi) (1 = pncn)pncnd
|N:| = | < 5 , (3.95)
so that

(1 — pncn)pncnd
50— 25+ Ny 2 Jai = 5] = || > d — S Lecnlncnd
_ (1 - pncn)2 - (n - 1)pncnd N Oy

On §n(1 - pncn)

d. (3.96)

Let us introduce

N; —u;, 1
S = J J , h;= .
; (zi = Gz — 2+ Ng) ;Zj—Ck

We start from the iterative formula (3.90) and use the identity (3.78) to find

1
_+ —
Us j;éizi_Cj j#zi—zj—&—]\fj
U;
— s —
g N —u.
1+ u; J J
; (zi = ¢)(zi — 25 + Nj)
= Ui — =——F. 3.97
i 1+ ’LLZ‘SZ‘ 1+ UiSi ( )
Furthermore, we find
U?hj
5 57
U, ush; 1+ uh;
N=—72  N—yj=—272 G —_ 31
J 1+Ujhj’ iU Z

(20— () (2 — 25 + Nj)
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Using (3.93) and the inequality

n—1
mi=|E =g l<
| | Z 1_pncn)d

we find

n—1
h; . 1
Al (L=pnen)d  _m=1 g gq
1 [uy[|hy] n—1 5nd
71 1—ppend———— "
(1 _pncn)d

Combining (3.93), (3.94), (3.96), and (3.98), we obtain

‘l-i-u]‘ i

| |
14 u;h;
[us ;| < |u; 7
| l; i — Gillzi — 2 + Ny
—1
(n = D)(pncnd)?
(1= pncn)d ——n

On(1 = ppen)
2 3
_ (= 1)%(pncn)” (3.99)

Qn

< PnCnd -
d

Using (3.93) and (3.99), from (3.90), we find

|uil |uil
1- |u1‘91| 1 (Tl — 1)2(pncn)3
Qp
anpncnr)/nd — And
n—1

|2 — 2| =

’1—1—%‘ i

an — (0 — 1)2(pncn)® "
and

Qn

2 — 2| <
e PR

Jug] < =P | = —"|Wi| < And.
’I’L

(3.100)
Since (3.100) holds, we apply Lemma 3.2 and obtain
i< —- g (3.101)
1-2X\, '
from (3.15). Thus, the assertion (i) of Lemma 3.18 is valid.
Using the starting inequality w/d < ¢, and the bounds (3.95), (3.96),
(3.100), (3.14), and (3.15), for n > 3, we estimate the quantities appearing
n (3.92):
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1) (1 = pucn)pncnd

n —
|W||E | <w ( on < (n — 1)(1 — pncn)2pnci
i N,i iy, d2 an )
On(1 = ppcn)
—1)cpd —Dcn
15 — 2all Bwal < And A= (= DAncn

0—ydd- 11—,

According to the last two bounds and (3.16), from (3.92), we estimate
- szl I (1 + 22|
3 K3 L Z]

An (n—1)(1 = ppcn)?pnc®  (n—1D)Aen An n—1
A1 n 1
< |W1|( o AW )( +1+2/\n)

Wil < 12 — 2| (Wil S

ie.,
W < Bpw. (3.102)

Therefore, we have proved the assertion (ii) of Lemma 3.18.
Since

Bn
.94 <n<
172>\n<092 for 3<n<21
and 5
u .94 fi > 22
1_2)\n<093 or n > 22
starting from (3.102), by (3.91) and (3.101), we find
D < B < Puend < —" - crd < cod
-2\, ’

which means that the implication w < ¢,d = © < ¢,d holds. This proves
(iii) of Lemma 3.18.
Using the above bounds, from (3.97), we obtain

|t
|u,|2|Sl| (07 14 ujih,;
i) < { e < 10 o ey 2
|uz 1| Qp (Tl ) i | Zi CJH’Zl ’ZJ+ ]‘
n—1
« ond
< " S

ap — (n=1)2(pncn)?® (1 — _—
(1 pncn)d o (1 *pnCn) JFi
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wherefrom (taking into account Remark 3.8)

N i
il < Zzluil® >l
i

which proves (iv) of Lemma 3.18. O

Now, we give the convergence theorem for the EAN method (3.90).

Theorem 3.10. Let P be a polynomial of degree n > 3 with simple zeros. If

the initial condition
w® < ¢,d® (3.103)

holds, where ¢, is given by (3.91), then the EAN method (3.90) is convergent
with the order of convergence 4.

Proof. Similarly to the proof of Theorem 3.9, we apply induction with the
argumentation used for the inequalities (i)—(iv) of Lemma 3.18. According to
(3.103) and (3.91), all estimates given in Lemma 3.18 are valid for the index
m = 1. We notice that the inequality (iii) coincides with the condition of the
form (3.103), and hence, the assertions (i)—(iv) of Lemma 3.18 are valid for
the next index, etc. The implication

w™ < ¢, d™ = WMt < ¢, gm)

provides the validity of all inequalities given in Lemma 3.18 for all m =
0,1,.... In particular, we have

dm 1
PGS < T—2n, (3.104)

and .

m—+1 ’Yn m m .

Jui™ | < WM YW (e ) (3.105)

y=t

for each iteration index m = 0, 1,..., where

n—1

Tn = 2 3
an — (n—1)*(pncn)
Substituting

(m) _ (n— 1Dy /3 (m)

into (3.105) yields

. (1 —2X,)d™) (2 N2
) < T deT (23 (1)? (i€ L),
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Hence, using (3.104), we obtain

(m+1) L me (m2
s <—Mh )2 ;[tj ? (iel,). (3.106)
j#i

Using (3.93), we find

(0) _ (n— 1) 1/3 (0) 4 (n— 1)y, 1/3
i |:(1 — 2)\n)(d(0))3:| |U1 ‘ < PnCn |:(1 — 2)\n)(d(0))3}

e ]
(0)

Taki = 7 yiel
aking ¢ 1r£1ia§Xn t, yields

t <t<0626<1 (3<n<2l)

and
19 <t <0640 <1 (n>22)

for each ¢ = 1,...,n. In regard to this, we conclude from (3.106) that the
sequences {tgm)} and {\ufm)|} tend to O for all 4+ = 1,...,n, meaning that
zi(m) — (;. Therefore, the EAN method (3.90) is convergent. Besides, taking
into account that the quantity d"™) appearing in (3.105) is bounded and
tends to  Inin |¢i — ¢;| and setting

it
(m) ‘

u™ = max |u
1<i<n

from (3.105), we obtain

m 1 m Y m
|U( i |<u ) <(n_1)(d(’:))3 (u( )) )

which means that the order of convergence of the EAN method is 4. O

The Borsch-Supan’s Method with Weierstrass’ Correction

The cubically convergent Borsch-Supan’s method

m m W(m)
2 = pm) m) (iel,, m=0,1,...),

1+ Z (m) (m)

j#i ?




112 3 Point Estimation of Simultaneous Methods

presented in [10], can be accelerated by using Weierstrass’ corrections Wi(m) =

pP(z™ (2™ — 20™)) In this manner, we obtain the following iterative
i JFINTL J

formula (see Nourein [95])

(m)
2D = ) Wi o (iel, m=0,1,..).
wm

1+Zzgm) .

(m) _ _(m)
iE s Wi =z

(3.107)

The order of convergence of the Borsch-Supan’s method with Weierstrass’
corrections (3.107) is 4 (see, e.g., [16], [188]). For brevity, the method (3.107)
will be referred to as the BSW method.

Let us introduce the abbreviations:

- 1 - pn(1+ pncn)2n72
Pn =7 ne,’ T = (1 —ppca)?
Anpnc(n —1)2 A n—1
n = PnCn 1- n)s n — & (1 )
An = pnen(l=cn)y Bo= g5 a = S 1+ 7055,
Lemma 3.19. Let Z1,...,%, be approzimations obtained by the iterative
method (3.107) and let 4; = 2; — (;, d = n;éln |2 — 2], and W = max W3]
a¥) <i<n
If the inequality
1
P I
w < cpd, Cp = (3.108)
1
2— s n Z 14
n
holds, then:
(i) @ < Bpw
1 ~
d d.
(i) d < T on,
(iil) |u;| < pnend
(iv) W < cpd.
) fal < 2 (3 byl )
i 23 i J .
J#i

The proof of this lemma is strikingly similar to that of Lemmas 3.15 and
3.18 and will be omitted.

Now, we establish initial conditions of practical interest, which guarantee
the convergence of the BSW method (3.107).

Theorem 3.11. If the initial condition given by

w® < ¢,d? (3.109)
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is satisfied, where ¢, is given by (3.108), then the iterative method (3.107) is
convergent with the order of convergence 4.

Proof. The proof of this theorem is based on the assertions of Lemma 3.19
with the help of the previously presented technique. As in the already stated
convergence theorems, the proof goes by induction. By the same argumenta-
tion as in the previous proofs, the initial condition (3.109) provides the valid-
ity of the inequality w(™ < ¢,,d™ for all m > 0, and hence, the inequalities
(i)~(iv) of Lemma 3.19 also hold for all m > 0. In particular (according to
Lemma 3.19(i)), we have

dm 1
domn S 1o 2An

(3.110)

and, with regard to Lemma 3.19(iv),

Jud™ Y| s(d—\ u{™)| <Z|u<m>|> (3.111)

NE

for each 7 € I, and all m =0,1,....
Substituting

) _ (n—l) Yoo Y3, (m)

into (3.111) and using (3.110), we obtain

t +1)<m(t§ (e (3.112)

j=1
J#i

By the assertion (ii) of Lemma 3.19 for the first iteration (m = 0), we have

O _[_(=Dm 1'% o (1 = 1)27a71/3
ti = (1—2/\n)(d(0))3} |, |<Pn6n[ - 2x, } . (3.113)

Putting ¢t = max; tz(-o), we find from (3.113) that tl(o) <t <0988 < 1 for
3 <n <13, and tgo) <t<099 < 1forn > 14, for each i = 1,...,n
According to this, we infer from (3.112) that the sequences {tgm)} (and,

consequently, {|uz(-m) [}) tend to O for all ¢ = 1,...,n. Hence, the BSW method
(3.107) is convergent.

Putting (™ = max |u |, from (3.111), we get
1<i<n

W < (1 ()

(dmy?

which means that the order of convergence of the BSW method is 4. O
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The Halley-Like Method

Using a concept based on Bell’s polynomials, X. Wang and Zheng [182] estab-
lished a family of iterative methods of the order of convergence k + 2, where
k is the highest order of the derivative of P appearing in the generalized iter-
ative formula, see Sect. 1.1. For k = 1, this family gives the Ehrlich—-Aberth’s
method (3.73), and for k¥ = 2 produces the following iterative method of
the fourth order for the simultaneous approximation of all simple zeros of a
polynomial P

zi(m+1) _ Zi(m)_ : (m))l 2 (iel,, m=0,1,...),
myy _ Pz (m) (m)
f(zi ) 2P’(Zlm)) (|:Sl,z :| + SZ,'L )
(3.114)
where
_ Pz P'(2) (m) _ 1 _
TO=50) “apiy S = %2 EREECI
7 7 J

Since the function f(z) appears in the well-known Halley’s iterative method

_ ! b
P'(z;)  P'(z=) f(z)

we could say that the method (3.114) is of Halley’s type. In the literature,
the method (3.114) is sometimes called the Wang—Zheng’s method.

The convergence analysis of the Halley-like method (3.114) is similar to
that given previously in this section (see also the paper by M. Petkovié¢ and
D. Herceg [117]), so it will be presented in short.

Let us introduce the following abbreviations:

_ 1 _ 21 —nppcn)  n(n— 1)(pncn)*(2 = pncn)
fn = 1- ncn7 = 1- PnCn (1 - pncn)2 ,
N\ — 2ppCn (1 — ppcp + (0 —1)ppcy) - (2 — pncn)

" (1= pncn)mn 7 " Nn(1 = pncn)? .
Lemma 3.20. Let z1,...,%, be approzimations generated by the iterative
method (3.114) and let 4; = 2; — (;, d = min |%;, — 2;|, and @ = max |W;].

i#j 1<i<n
If the inequality
1
, <20
Snt24 °="=
w < cpd, Cp = (3.115)
1
— n > 21
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holds, then:
1 .
(i) d < T on d.
(ii) |u;| < prnend

(iv |“z|f |“z| Z|U‘J|

J#i
The proof of this lemma is similar to the proofs of Lemmas 3.15 and 3.18.
We now give the convergence theorem for the iterative method (3.114)
under computationally verifiable initial conditions.

Theorem 3.12. Let P be a polynomial of degree n > 3 with simple zeros. If
the initial condition
w® < ¢,d® (3.116)

holds, where ¢, is given by (3.115), then the Halley-like method (3.114) is
convergent with the fourth order of convergence.

Proof. The proof of this theorem goes in a similar way to the previous cases
using the assertions of Lemma 3.20. By virtue of the implication (iii) of
Lemma 3.20 (i.e., w < ¢pd = W < cnd), we conclude by induction that
the initial condition (3.116) implies the inequality w(™) < ¢,d™) for each
m = 1,2, .... For this reason, the assertions of Lemma 3.20 are valid for all
m > 0. In particular (according to (i) and (iv) of Lemma 3.20), we have

dm) 1
11
4o S T2, (3.117)
and
lu{™ | < ¥ (m) \32 W™ (ie L) (3.118)

J#t

for each iteration index m = 0,1, .. ..
Substituting
[
1—2\,)(d(m)3 ‘

K2

-1
fm) _ [ (n=Dn
(

into (3.118) gives

(m+1) (1 - 2)\n)d(m) m)
4 < e P L e

N

=

[N

Hence, using (3.117), we arrive at

¢{m ) <=

(m) Zt ™ (i eI,). (3.119)
J#l
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Since |u§0)| < pncnd®) (assertion (ii) of Lemma 3.20), we may write

tEO)z[( (n—Dyn }1/3

(TL - 1)771 1/3
1 20,)(d0)3 ]

(0) [
[u; | < pncy 1—2x,

for each i =1,...,n. Let tEO) < max; tEO) =t. Then

(n — 1)771

1/3
. < <
1—2An} <0310 for 3<n<?20

t < pncn[
and
t < 0.239 for n > 21,

ie., tl(o) <t<lforalli=1,...,n. Hence, we conclude from (3.119) that the
sequences {tl(»m)} (and, consequently, {|u£m)|}) tend to 0 foralli=1,...,n.
Therefore, zl(m) — (; (1 € I,) and the method (3.114) is convergent.

Finally, from (3.118), there follows

m—+1 m Tn m)\4
|U£ - )|SU( ) <(n71)(d(m))3 (u( )) ’

where u(™ = max |u§m)|. Therefore, the convergence order of the Halley-
<i<n

like method (3.114) is 4. O

Some Computational Aspects

In this section, we have improved the convergence conditions of four root find-
ing methods. For the purpose of comparison, let us introduce the normalized
i-factor £2,, = n-¢,. The former 2,, for the considered methods, found in the
recent papers cited in Sect. 1.1, and the improved (new) (2,,, proposed in this
section, are given in Table 3.1.

Table 3.1 The entries of normalized i-factors
Former (2, New (2,

Ehrlich—Aberth’s method (3.73)

2n+3

EAN method (3.90) -

3 {1/2.2 b (n > 22)

BSW method (3.107)

Halley-like method (3.114) =
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To compare the former (2, = nc, with the improved (2,,, we introduce a
percentage measure of the improvement

new) former)

_ ol

former)

ol

ol

r% = = -100.

Following Table 3.1, we calculated % for n € [3,30] and displayed r% in
Fig.3.3 as a function of n for each of the four considered methods. From
Fig. 3.3, we observe that we have significantly improved i-factors ¢,,, especially
for the EAN method (3.90) and Halley-like method (3.114).

The values of the i-factor ¢, given in the corresponding convergence the-
orems for the considered iterative methods, are mainly of theoretical impor-
tance. We were constrained to take smaller values of ¢, to enable the validity

25¢ I‘%} 40

Fr %

35F
20 30k
15} 25¢

20
10f Isk

st 10f
n a3 n
5 10 15 20 25 30 5 10 15 20 25 30

Fig. 3.3 (a) r%: the method (3.73) Fig. 3.3 (b) r%: the method (3.90)
By 40F oy,

35¢
20 F 30F
15f BF

20k
10 F 15F

1 E

sk 0
n 5 ] 1 1 1 1 1 nl
5 10 15 20 25 30 5 10 15 20 25 30

Fig. 3.3 (c) r%: the method (3.107) Fig. 3.3 (d) r%: the method (3.114)

of inequalities appearing in the convergence analysis. However, these theoret-
ical values of ¢, can be suitably applied in ranking the considered methods
regarding (1) their initial conditions for the guaranteed convergence and (2)
convergence behavior in practice.

As mentioned in [118], in practical implementation of simultaneous root
finding methods, we may take greater c¢,, related to that given in the conver-
gence theorems and still preserve both guaranteed and fast convergence. The
determination of the range of values of i-factor ¢, providing favorable fea-
tures (guaranteed and fast convergence) is a very difficult task, and practical
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experiments are the only means for obtaining some information on its range.
We have tested the considered methods in examples of many algebraic poly-
nomials with degree up to 20, taking initial approximations in such a way
that the i-factor took the values ke, for k = 1 (theoretical entry applied in
the stated initial conditions) and for & = 1.5, 2, 3, 5, and 10. The stopping
criterion was given by the inequality

1r£1iaéxn |z£m) — ¢l <1071,
In Table 3.2, we give the average number of iterations (rounded to one decimal
place), needed to satisfy this criterion.
From Table 3.2, we observe that the new i-factor not greater than 2¢,
mainly preserves the convergence rate related to the theoretical value ¢,, given
in the presented convergence theorems. The entry 3c, is rather acceptable

Table 3.2 The average number of iterations as the i-factor increases

cn |1.5¢n |2¢n |3en |5en [10e),
Ehrlich-Aberth’s method (3.73)(3.9|4 4.215.4|7.3|13.3

EAN method (3.90) 3.113.2 |3.4]5.1(6.1|10.2
BSW method (3.107) 3 3.1 |3.3]4.3(58]| 9.8
Halley-like method (3.114) 3.2(3.4 (4.2 (5.5 (6.7 [10.7

from a practical point of view, while the choice of 5¢,, doubles the number
of iterations. Finally, the value 10¢,, significantly decreases the convergence
rate of all considered methods, although still provides the convergence.

3.4 A Posteriori Error Bound Methods

In this section, we combine good properties of iterative methods with fast
convergence and a posteriori error bounds given in Corollary 1.1, based on
Carstensen’s results [13] on Gerschgorin’s disks, to construct efficient inclu-
sion methods for polynomial complex zeros. Simultaneous determination of
both centers and radii leads to iterative error bound methods, which en-
joy very convenient property of enclosing zeros at each iteration. This class
of methods possesses a high computational efficiency since it requires less
numerical operations compared with standard interval methods realized in
interval arithmetic (see M. Petkovié¢ and L. Petkovié¢ [132]). Numerical ex-
periments demonstrate equal or even better convergence behavior of these
methods than the corresponding circular interval methods. In this section,
the main attention is devoted to the construction of inclusion error bound
methods. We will also give a review of some properties of these methods,
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including the convergence rate, efficient implementation, and initial condi-
tions for the guaranteed convergence.
Corollary 1.1 given in Chap.1 may be expressed in the following form.

Corollary 3.1. Let P be an algebraic polynomial with simple (real or com-
plex) zeros. Under the condition w < c,d (¢, < 1/(2n)), each of disks D;
defined by
Wi(zi .
Di = { Zis ‘ (Z) } {Zupz} (Z S In)

1 —nc,

contains exactly one zero of P.

If the centers z; of disks D; are calculated by an iterative method, then

we can generate sequences of disks Dl(m) (m =0,1,...) whose radii pz(-m) =

Wi(m) /(1 — ney,) converge to 0 under some suitable conditions. It should be
noted that only those methods which use quantities already calculated in
the previous iterative step (in our case, the corrections W;) enable a high
computational efficiency. For this reason, we restrict our choice to the class
of derivative-free methods which deal with Weierstrass’ corrections, so-called
W -class. The following most frequently used simultaneous methods from the

W-class will be considered.

The Durand-Kerner’s or Weierstrass’ method [32], [72], shorter the
W method, the convergence order 2:

AmH1) L lm) _pp(m)

i

(iel,m=0,1,...). (3.120)

The Boérsch-Supan’s method [10], shorter the BS method, the convergence
order 3:

”r(m)
m m .
Zz( +1) :Zi( ) _ (m) (tel,, m=0,1,...).

L+ o

j#i # z

(3.121)

The Borsch-Supan’s method with Weierstrass’ correction [95],
shorter the BSW method, the convergence order 4:

(m)
Zi(m-&-l) _ Zi(m) _ W, ) (iel, m=0,1,..).
w"

J
1+ Z (m) (m)

(m) _
j#i Fi -

(3.122)
Let us note that W™ = W (z{™), see (1.17).
Let zio), e z,(LO) be given initial approximations and let

A =Dy (") (€L, m=1,2,...) (3.123)
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be a derivative-free iterative method based on Weierstrass’ corrections (be-
longing to the W-class), which is indicated by the subscript index “W.” For
example, the methods (3.120)—(3.122) belong to the W-class. Other iterative
methods of Weierstrass’ class are given in [34], [124], [131], [146], and [196].

Combining the results of Corollary 3.1 and (3.123), we can state the fol-
lowing inclusion method in a general form.

A posteriori error bound method. A posteriori error bound method
(shorter PEB method) is defined by the sequences of disks {ng)} (i € 1),

(0)
Dz(O)_{z ) W) )}’
1—nc,

D™ = M oMY (e L, m=1,2,..), (3.124)

A" = oy ("), )=7|1 iy
—ney,

assuming that the initial condition w®) < ¢,d® (with ¢, < 1/(2n)) holds.

The proposed method, defined by the sequences of disks given by (3.124),
may be regarded as a quasi-interval method, which differs structurally from
standard interval methods that deal with disks as arguments. For comparison,
let us present the following circular interval methods which do not use the
polynomial derivatives.

The Weierstrass-like interval method [183], the order 2:

P(z™
Z{m ) = L m) (z ) (iel,, m=0,1,..).  (3.125)
(Zl(m) - ZJ(»m))

[ z s

¥l

The Boérsch-Supan-like interval method [107], the order 3:

m m W(m)
Z/(m+1) :Zi( ) i . )

( — (iel,, m=0,1,..). (3.126)

The Bodrsch-Supan-like interval method with Weierstrass’ correc-
tion [111], the order 4 (with the centered inversion (1.63)):

. . W»(m)
Zm ) = m) W(m) (iel, m=0,1,...).
HZ 7 (m) RO
i

(3.127)
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All of the methods (3.124)—(3.127) possess the crucial inclusion property:
each of the produced disks contains exactly one zero in each iteration. In
this manner, not only very close zero approximations (given by the centers
of disks) but also the upper error bounds for the zeros (given by the radii
of disks) are obtained. More about interval methods for solving polynomial
equations can be found in the books by M. Petkovié¢ [109] and M. Petkovié
and L. Petkovié¢ [129].

Studying the convergence of error bounds produced by (3.124), the follow-
ing important tasks arise:

1. Determine the convergence order of a posteriori error bound method when
(m) :
the centers z; ~ of disks

(m)
D™ = {ng& W} (iel,, m=0,1,...) (3.128)
1—nc,
are calculated by an iterative method of order k (> 2).

2. State computationally verifiable initial condition that guarantees the con-
vergence of the sequences of radii {rad ng) } We note that this problem,
very important in the theory and practice of iterative processes in general,
is a part of Smale’s point estimation theory [165] which has attracted a
considerable attention during the last two decades (see [118] and Chap. 2
for details). As mentioned in the previous sections, initial conditions in
the case of algebraic polynomials should depend only on attainable data —
initial approximations, polynomial degree, and polynomial coefficients.

3. Compare the computational efficiencies of the PEB methods and the ex-
isting circular interval methods (given, for instance, by (3.125)—(3.127)).
Which of these two classes of methods is more efficient?

4. Using numerical experiments, compare the size of inclusion disks produced
by the PEB methods and the corresponding interval methods (3.125)—
(3.127). Whether the construction of PEB methods is justified?

The study of these subjects was the main goal of the paper [122]. Here, we
give the final results and conclusions of this investigation in short.
Assume that the following inequality

w® < ¢,d® (3.129)

holds, where ¢, is given by

1
o the W method [2] and BS method [42],

Cn = (3.130)

—_— he B h 2].
il the BSW method [52]
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Then, the following three methods from the W-class are convergent: the
Durand-Kerner’s method (3.120) (for the proof, see Batra [5]), the Borsch-
Supan’s method (3.121) (M. Petkovi¢ and D. Herceg [117]), and the Borsch-
Supan’s method with Weierstrass’ correction (3.122) (see [60], [140]). The
corresponding inequalities of the form

WD < 6, W™ (8, < 1)

are the composite parts of Lemmas 3.3(i), 3.6(i), and 3.19(i) under the con-
dition (3.129) for specific entries ¢, given by (3.130). This means that the
sequences {|Wi(m)|} (1 € I,) are convergent and tend to 0. Hence, the se-
quences of radii {p(™)|} (i € I,) are also convergent and tend to 0 under the
condition (3.129). The convergence rate of the PEB methods based on the
iterative methods (3.120)—(3.122) was studied in [122], where the following
assertions were proved.

Theorem 3.13. The PEB method (3.124), based on the Durand-Kerner’s
method (3.120), converges quadratically if the initial condition (3.129) holds,
where ¢, = 1/(2n).

Theorem 3.14. The PEB method (3.124), based on the Borsch-Supan’s
method (3.121), converges cubically if the initial condition (3.129) holds,
where ¢, = 1/(2n).

Theorem 3.15. The PEB method (3.124), based on the Borsch-Supan’s
method with Weierstrass’ corrections (3.122), converges with the order 4 if
the initial condition (3.129) holds, where ¢, = 1/(2n + 1).

We emphasize that the initial condition (3.129) (with ¢,, given by (3.130))
that guarantees the convergence of the PEB methods (3.124)—(3.120),
(3.124)—(3.121), and (3.124)—(3.122) depends only on attainable data, which
is of great practical importance.

Computational Aspects

In the continuation of this section, we give some practical aspects in the
implementation of the proposed methods. As mentioned above, the compu-

tational cost significantly decreases if the quantities I/Vi(o)7 I/Vi(l)7 ... (tel,),

necessary in the calculation of the radii p\™ = [W\™|/(1 - nc,), are applied

in the calculation of the centers z§m+1) defined by the employed iterative

formula from the W-class. Regarding the iterative formulae (3.120)—(3.122),
we observe that this requirement is satisfied. A general calculating procedure
can be described by the following algorithm.
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Calculating Procedure (I)

Given 250), ey 27(10) and the tolerance parameter T.
Set m = 0.
1° Calculate Weierstrass’ corrections Wl(m),...,W,(lm) at the points zgm),
(m)
R

2° Calculate the radii pgm) = |Wi(m)|/(1 —ne,) (i=1,...,n).
3° If max pgm) <, then STOP
otherwise, GO TO 4°.
4° Calculate the new approzimations z£m+1), ceey Z»Elm+1) by a suitable iterative

formula from the W-class (for instance, by (3.120), (3.121), or (3.122)).
5° Set m:=m+1 and GO TO the step 1°.

Following the procedure (I), we have realized many numerical examples
and, for demonstration, we select the following one.

Example 3.1. We considered the polynomial

P(z) = 2" — (5 + 5i)2' + (5 + 251) 2! + (15 — 551)2'% — (66 — 75i)2°
+902% — 25 + (5 + 5i)2* — (5 + 251)2% — (15 — 55i)22
+ (66 — 751)z — 90
= (2 —3)(2% —1)(2* — 22+ 5)(z — 2i)(z — 3i).

Starting from sufficiently close initial approximations z%o), cee zgg), we first

calculated the radii pgo) = |W(zi(0) |/(1 — ncy) of initial disks D§0)7 e ,Dgg).
These disks were applied in the implementation of a posteriori error bound
methods (3.124) as well as interval methods (3.125)—(3.127). We obtained
max pgo) = 0.3961 for the methods (3.125), (I-W), (3.126), (I-BS) and
max pz(-o) = 0.3819 for (3.127) and (I-BSW). The approximations zi(m) (m>1)
were calculated by the iterative formulae (3.120)—(3.122) and the correspond-
ing inclusion methods are referred to as (I-W), (I-BS), and (I-BSW), respec-

tively. The largest radii of the disks obtained in the first four iterations may
be found in Table 3.3, where A(—¢) means A x 1079.

Table 3.3 Resulting disks obtained by Procedure I

Methods maxpil) max p§2) max p§3) maxp§4)
(I-W) (3.124)(3.120) |1.26(—1)|1.74(—2) 1.33(—4) |1.59(—8)
Interval W (3.125) 1.05 No inclusions|— -

(I-BS) (3.124)—(3.121) |1.83(—2)|3.61(—6) 1.32(—17)|7.06(—52)
Interval BS (3.126) 1.00(—1)|241(—4) _ |2.39(—15)|2.38(—49)
(I-BSW) (3.124)—(3.122)]6.94(—3)[4.92(—10) _ |1.83(—38)]3.20(—152)
Interval BSW (3.127)  |2.98(—1)|L1.47(—5) 1.81(—24)|2.68(—100)
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In our calculation, we employed multiprecision arithmetic in Mathematica
6.0 since the tested methods converge extremely fast producing very small
disks. From Table 3.3, we observe that the PEB methods are equal or better
than the corresponding methods (of the same order) (3.125)—(3.127) realized
in complex interval arithmetic. A number of numerical experiments showed
similar convergence behavior of the tested methods.

The Weierstrass’ interval method (3.125) exhibits rather poor results. The
explanation lies in the fact that this method uses the product of disks which
is not an exact operation in circular arithmetic and produces oversized disks
(see Sect. 1.3).

Calculation Procedure (I) assumes the knowledge of initial approxima-
tions z§0), . .727(10) in advance. The determination of these approximations
is usually realized by a slowly convergent multistage composite algorithm.
Sometimes, the following simple approach gives good results in practice.

Calculating Procedure (II)

1° Find the disk centered at the origin with the radius

B 1/k
R= QIISHI?%(H fan,k| (see (1.58) or (5.72)),

which contains all zeros of the polynomial P(z) = 2™ + ap_12" "1 + - +
a1z + ag.
2° Calculate Aberth’s initial approzimations [1]
3

2 = —a’;;l +roexp(i,), i=+v—1, 6, = %(21/— 3 =1,

equidistantly distributed along the circle |z + an—1/n| = 1o, 79 < R (see
Sect.4.4).

3° Apply the simultaneous method (3.120) or (3.121) starting with Aberth’s
approximations; stop the iterative process when the condition

(m) _

) g fm) (3.131)

(m) ~
max [W(z ) <cen min |2

is satisfied.
4°-8° The same as the steps 1°-5° of Procedure I.

We applied Procedure IT on the following example.
Ezample 3.2. To find approximations to the zeros of the polynomial
A4 p1=0

satisfying the condition (3.131) (with ¢, = 1/(2n)), we applied the
Borsch-Supan’s method (3.121) with Aberth’s initial approximations taking
an—1 =1, n =15, and ry = 2. The condition (3.131) was satisfied after seven
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iterative steps. The obtained approximations were used to start the PEB
methods (I-W), (I-BS), and (I-BSW). After three iterations, we obtained
disks whose largest radii are given in Table 3.4.

Table 3.4 Resulting disks obtained by (I-W), (I-BS), and (I-BSW): Procedure II

Methods max pgo) max pgl) max p§2)

(EW) (3.124)—(3.120)  |1.51(—3)[3.79(—6) |2.27(—11)
(I-BS) (3.124)—(3.121) |1.51(—3)|4.10(—9) |8.31(—26)
(I-BSW) (3.124)—(3.122)[1.46(—3)[9.64(—12)|1.60(—44)

From Tables 3.3 and 3.4, we observe that the results obtained by the
methods (I-W), (I-BS), and (I-BSW) coincide with the theoretical results
given in Corollary 3.1 and Theorems 3.13-3.15; in other words, the or-
der of convergence in practice matches very well the order expressed in
Theorems 3.13-3.15.

At the beginning of the section, we mentioned that the PEB methods re-
quire less numerical operations compared with their counterparts in complex
interval arithmetic. In Table 3.5, we give the total number of numerical oper-
ations per one iteration, reduced to real arithmetic operations. We have used
the following abbreviations:

— AS(n) (total number of additions and subtractions)
— M (n) (multiplications)
— D(n) (divisions)

Table 3.5 The number of basic operations
AS(n) M(n) D(n)
(I-W) (3.124)—(3.120)  [8n%2 +n [8n? +2n [2n

Interval W (3.125) 22n2 — 6n25n% — 6n|8n% —n
(I-BS) (3.124)—(3.121) [15n2 — 6n[14n? + 2n[2n? + 2n
Interval BS (3.126) 23n2 — 4n[23n% + 2n|7n?% + 2n

(I-BSW) (3.124)—(3.122) [15n2 — 4n|14n? + 2n|2n? + 2n
Interval BSW (3.127) 23n2 — 2n23n% + 2n|7n? + 2n

From Table 3.5, we observe that the PEB methods require significantly less
numerical operations with respect to the corresponding interval methods.
One of the reasons for this advantage is the use of the already calculated
Weierstrass’ corrections W in the evaluation of the radii p;.

Parallel Implementation

It is worth noting that the error bound method (3.124) for the simultaneous
determination of all zeros of a polynomial is very suitable for the implemen-
tation on parallel computers since it runs in several identical versions. In this
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manner, a great deal of computation can be executed simultaneously. An
analysis of total running time of a parallel iteration and the determination of
the optimal number of processors points to some undoubted advantages of the
implementation of simultaneous methods on parallel processing computers,
see, e.g., [22]—[24], [44], [115]. The parallel processing becomes of great inter-
est to speed up the determination of zeros when one should treat polynomials
with degree 100 and higher, appearing in mathematical models in scientific
engineering, including digital signal processing or automatic control [66], [92].

The model of parallel implementation is as follows: It is assumed that the
number of processors k (< n) is given in advance. Let

= (W™, W),
(m)_< g 9 ap»ELM))a
= ()
denote vectors at the mth iterative step, where p = |W( Z(m )/ (1= ney),
and zz( ™) is obtained by the iterative formula zl( ™ = Dy ( Z(m 1y (i € I,).
The starting vector z(?) is computed by all processors C1, . . ., Cj using some

suitable globally convergent method based on a subdivided procedure and
the inclusion annulus {z : r < |z| < R} which contains all zeros, given later
by (4.72).

In the next stage, each step consists of sharing the calculation of I/Vi(m),
pfm), and zi(mH) among the processors and in updating their data through
a broadcast procedure (shorter BCAST(W (™ p(m)) BCAST(z(m+D)).
Asin [23], let I3, ..., I} be disjunctive partitions of the set {1,...,n}, where

Ul; = {1,...,n}. To provide good load balancing between the processors,
the index sets I1,..., I are chosen so that the number of their components
N(I;) (j =1,...,k) is determined as N(I;) < [%]. At the mth iterative step,

(m) (m) (m+1)

the processor C; (j = 1,..., k) computes W,"/, p,"", and, if necessary, z
for all ¢ € I; and then it transmits these values to all other processors using
a broadcast procedure. The program terminates when the stopping criterion
is satisfied, say, if for a given tolerance 7 the inequality

m)
e ™| <7
holds. A program written in pseudocode for a parallel implementation of the
error bound method (3.124) is given below.

Program A POSTERIORI ERROR BOUND METHOD

begin
for all j =1,...,k do determination of the approximations 20
m:=0

C :=false



3.4 A Posteriori Error Bound Methods

do
for all j =1,...,k do in parallel
begin
Compute Wi(m), 1€ 13
Compute pgm), i€ Ij;
Communication: BCAST (W (m), P (m)) ;
end

if max p
1<i<n

else
m:=m-+1
for all j =1,...,k do in parallel
begin
Compute zi(m), i € 1;, by (3.123);

Communication: BCAST (z (m)) :

(m)

%

< 1; C :=true

end
endif
until C'
OUTPUT z(™), p(m™)
end

127



Chapter 4

Families of Simultaneous Methods
of Higher Order: Part I

The aim of this chapter is to present the fourth-order families of simultane-
ous methods for the determination of polynomial (simple or multiple) zeros.
These methods are based on Hansen—Patrick’s one-parameter family [55] with
the cubic convergence (Sect. 4.1). First, we present the derivative-free family
of methods for the simultaneous approximation of simple zeros and show that
the methods of this family have the convergence order equal to 4 (Sect.4.2).
Next, we give computationally verifiable initial conditions that provide the
guaranteed convergence and state the convergence theorem. In the second
part of this chapter (Sect.4.3), we study another family of methods that
uses derivatives, also based on Hansen—Patrick’s formula. Aside from conver-
gence analysis, we construct families of methods for finding multiple zeros
of a polynomial. To demonstrate the convergence speed of the considered
families, several numerical examples are included at the end of the chapter
(Sect. 4.4).

4.1 Hansen—Patrick’s Family of Root Finding Methods

Let f be an analytic function in a complex domain with a simple or multi-
ple zero . The problem of extracting zeros is extensively investigated in the
literature on this subject and many efficient iterative methods have been de-
veloped. Among them, the third-order methods such as Euler’s, Laguerre’s,
Halley’s, and Ostrowski’s method have an important role. Such a wide range
of methods opens the question of their mutual dependance and the equiva-
lency of some methods.

One attempt to unify the class of methods with cubic convergence was
presented in the paper [55] of Hansen and Patrick by the family

o (o +1)f(2)
af'(2) £\ — (a+ D))

M. Petkovié, Point Estimation of Root Finding Methods. Lecture Notes 129
in Mathematics 1933,
(© Springer-Verlag Berlin Heidelberg 2008

z =

, (4.1)
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where o (#£ —1) is a parameter and % denotes a new approximation. This
family has a cubic convergence for a finite « (for the proof, see [55]).

Starting from the Hansen—Patrick’s iterative formula (4.1), some well-
known methods are obtained by a suitable choice of the parameter a. We
illustrate this by several examples:

1. Taking o = 0, (4.1) reduces to Ostrowski’s method [113]

-z f (2) (4.2)

VIE?Z= () f(2)

2. Setting o = 1 in (4.1), we directly obtain the third-order Euler’s method
[146], [172]
2/(2)

N>

t=z-— , (4.3)
2) £/ (2)? = 2f(2) " (2)
sometimes called Halley s irrational method [4], [45].
3. For a = —1, we apply a limiting process and generate Halley’s method [4],
[45]
. f(z)
Z=2z— . 4.4
PRICIAE 4
2f'(2)
4. Taking o = 1/(v — 1) in (4.1), we obtain Laguerre’s method
P vf(z) (4.5)

)£V =122 — vl =1 f() ()

where v (#£ 0,1) is a parameter. Extensive studies of Laguerre’s method
(4.2) can be found in [99] (see also [8], [55], [84], [102]). Two modifications
of Laguerre’s method, which enable simultaneous determination of all sim-
ple zeros of a polynomial and have the order of convergence at least 4, were
presented by Hansen, Patrick, and Rusnak [56]. Further improvements of
these methods were proposed in [134].

5. If we let & — 0o in (4.1), we obtain Newton’s method

ézz—M (4.6)

f1z)’
which has the quadratic convergence.

Remark 4.1. In [55], Hansen and Patrick derived a family of zero-finding
methods (4.1) through an extensive procedure. Actually, this family is not
new; as shown in [135], it can be obtained from Laguerre’s method (4.5) by a
special choice of the parameter v. Indeed, substituting v = 1/a + 1 in (4.5),
we obtain Hansen—Patrick’s formula (4.1).
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Remark 4.2. According to Henrici [57, p.532], the argument of the square
root appearing in the above iterative formulae is to be chosen to differ by
less than /2 from the argument of f'(z).

Remark 4.3. It is known that Laguerre’s and Halley’s method converge glob-
ally and monotonically in the case when f is a polynomial with all real roots
(see, e.g., Davies and Dawson [27]). Besides, Laguerre’s method shows ex-
tremely good behavior when |z| is large, see Parlett [102].

Multiple Zeros

Let ¢ be the zero of f of the (known) multiplicity x. Hansen and Patrick have
started from the function f in the form f(z2) = (z — {)*g(2) (9(¢) # 0) and
obtained a one-parameter family of methods for finding a multiple zero,

P p(pa+1)f(2) .47

paf!(2) £\ plan — 1)+ 1) f(2)* — plpa + 1) f(2)f(2)

Let us consider some special cases corresponding to those given for simple
zeros (see (1.41)—(1.45)):

1. If we set @ = 0 in (4.7), then we obtain the well-known Ostrowski’s method
of the third order

_ \/‘ f ( ) (4.8)
NIz,

2. Letting @ = 1/p in (4.7), we obtain the third-order Euler’s method for
multiple zeros

21 (2)

. (4.9)
2) )@= 1)) — 2f (2) ()

N>
I
I\

\

3. Taking & = —1/p and applying a limiting process in (4.7), one obtains

>
I
0

1)
— (4.10)
i 10

2f'(2)
This is Halley’s method for multiple zeros of the third order.

4. Putting @ = 1/(v — p) in (4.7), we get the counterpart of Laguerre’s
method

Coptl
2p

vf(z) (4.11)

Z=z— ,

= () v -0 ) - i) ()
1%

which was known to Bodewig [8].
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5. Letting o« — oo in (4.7), we obtain the second-order Newton’s method for
multiple zeros, known also as Schroder’s method [160],

C
zZ= 'uf’(z)' (4.12)

Remark 4.4. Let us introduce the function
F(z) = f(z)/*

for which ¢ is a simple zero. Applying Hansen—Patrick’s formula (4.1) to the
function F', we obtain the iterative process for finding a multiple zero [135]

. plo+ DI () |
af/(2) % \J(ula+ 1) = ) (2)" = pla+ 1 f(2)1"(2)

(4.13)

z2=z

This is the simplified version of Hansen—Patrick’s formula (4.7); indeed, for-
mally replacing o with po in (4.13), we obtain (4.7).

4.2 Derivative-Free Family of Simultaneous Methods

We consider now a special case when the function f is an algebraic polyno-
mial. Let P be a monic polynomial of degree n with simple zeros (3, ...,(,
and let z1,...,2, be n pairwise distinct approximations to these zeros. In
Sect. 1.1, we have dealt with the Weierstrass’ correction

P(zi)

W, = ————— (i€1,). (4.14)
[1G—=2)
j=1
i
Using Weierstrass’ corrections W1, ..., W,, and approximations 21, ..., z,,

by the Lagrangean interpolation, we can represent the polynomial P for all
z€Cas

P(2)=[[(z=2)+ > Wi [[(z - 2). (4.15)
j=1 k=1 ]Jj;lc

Recall that the Weierstrass’ function W;(z) has been introduced in Sect. 1.1
by (1.17), i.e.,
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Using (4.15), we get (compare with F(2) in (1.17))

Wi(2) = Wi + (2 — 2) (1+Z W; ). (4.16)

Z—Zzj
J#t

Note that any zero (; of P is also a zero of the function W;(z).
For simplicity, we use the corrections W; and introduce the following ab-

breviations:
n n

W, W;
Gy, = Z > —]zj’ Go,i = Z m

j=1 j=1
JAi i

Starting from (4.16), we find

W.
Wz(zz) = Wi, WZ/(ZZ) =14+ Z > J =1+ Gl,i;

(4.17)

J¢7

Applying Hansen—Patrick’s formula (4.1) to the function W;(z) given by
(4.16), M. Petkovi¢ et al. [124] derived the following one-parameter family
for the simultaneous approximation of all simple zeros of a polynomial P:

P (Oz+1)W¢
T a1+ G+ VI +Gr1)?+ 2+ 1)W,Ga

(iel,). (4.18)

We will prove later that the order of convergence of the iterative methods
of the family (4.18) is equal to 4 for any fixed and finite parameter «. This
family of methods enables (1) simultaneous determination of all zeros of a
given polynomial and (2) the acceleration of the order of convergence from
8 to 4. A number of numerical experiments have shown that the proposed
methods possess very good convergence properties.

Now, we present some special cases of the iterative formula (4.18).

For oo = 0, the family (4.18) gives the Ostrowski-like method

W;

5 — € I,). 4.19
5=z NSRS (i ) (4.19)

As in the case of other considered methods, the name comes from the fact
that the method (4.19) can be obtained by applying the Ostrowski’s method
(4.2) to the function W;(2).

Setting v = 1 in (4.18), we obtain the Euler-like method

. 2W;
Zi = 2 —
1+ Gl,i + \/(1 + Gl,i)2 + 4WiG2,i

(i € I). (4.20)
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If we let & = 1/(n — 1), where n is the polynomial degree, (4.18) becomes
the Laguerre-like method

Zi =2z — 1€ 1).
T 14+ GL (= DA+ GL))? + 20(n — DW;Gay el
(4.21)
The case a« = —1 is not obvious at first sight and it requires a limiting

operation in (4.18). After short calculation, we find that o = —1 yields

Wi(1+ Ghy)
(1 + Gl,i)2 + WiGzﬂ'

Zy = 2 —

(i € I,). (4.22)

This formula can be derived directly by applying the classical Halley’s formula
(4.4) to the Weierstrass’ function W;(2), so that (4.22) will be referred to as
the Halley-like method. Let us note that Ellis and Watson [34] derived the
iterative formula (4.22) using a different approach.

Letting a@ — oo in (4.18), we get

Zzzf%zszW (eL).  (4.23)
+ 1,2 1 +Z J
A

This is the third-order iterative method proposed for the first time by Borsch-
Supan [10]. Let us note that this method can be directly obtained by applying
Newton’s method (4.6) to the Weierstrass’ function W;(z).

Note that the iterative formula (4.18) contains a “+” in front of the square
root. We should choose the sign in such a way that the denominator is larger
in magnitude. If approximations are reasonably close to the zeros of P, which
is the case when we deal with the initial conditions considered in this book,
then a simple analysis similar to that presented in [174] shows that we should
take the sign “4.” Such a choice ensures that the main part of the iterative
formula (4.18) is the cubically convergent Borsch-Supan’s method (4.23). In
the case of the minus sign, the iterative formula (4.18) behaves as

1 W; .
zizzi—ﬂ- (1€ I,),

which gives only a linearly convergent method for a finite . We must there-
fore take the plus sign, i.e., we write (4.18) in the form

(a+1)W;
(1+Gri)(a+/1+2(a+1)t; )

i =z —

(i €I,), (4.24)

where
WiGa;

t, = —7T—.
(1 + GLi)Q
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If @ = —1, then applying a limiting operation in (4.24) we obtain the Halley-
like simultaneous method (see (4.22))

Wi
(1+Gri)(1+1t)

Zi = 2 —

(ieI,). (4.25)

Remark 4.5. In this section, we consider iterative methods from the family
(4.18) with the order of convergence 4. For this reason, we will assume that
the parameter « is not too large in magnitude. The convergence analysis
presented in [124] shows that large values of |a| give the methods whose con-
vergence rate decreases and approaches 3. In practice, in such situations, the
iterative formula (4.18) behaves as the aforementioned cubically convergent
Borsch-Supan’s method (4.23). In that case, the initial convergence condi-
tions may be weakened, see [114] and Lemma 3.7.

Let us introduce the denotations
(n—1)ecy,
= hy i=+/1—2 1|q,,.
T - Dey? " o+ tan

The parameter « can generally take entries from the complex-valued set.
However, such a choice does not yield any advantages so that, in practice,
we deal with a real a for simplicity. In this analysis, h, must be a real
nonnegative quantity. For this reason, we start from the inequality 2|a +
1lgn, < 1 and obtain the following range for the parameter «, called the

a-disk: . 02
Ay(n) = {—1; E} ) {—1; ﬁ}, n > 3.

Order of Convergence

Now, we prove that the iterative methods of the family (4.18) have the order
of convergence equals 4 for any fixed and finite parameter a. In our con-
vergence analysis, we will use the notation introduced above. Besides, let
u; = Z; — (; and u; = z; — (; be the errors in two successive iterations. For
any two complex numbers z and w which are of the same order in magni-
tude, we will write z = Ops(w). In our analysis, we will suppose that the
eITors Uq, ..., u, are of the same order in magnitude, i.e., u; = Opr(u;) for
any pair i,j € I,. Furthermore, let u, € {u1,...,u,} be the error with the
maximal magnitude (i.e., |us| > |u;| (i =1,...,n) but still u, = Opr(u;) for
any i € I,).

Theorem 4.1. If the approximations z1, ..., zn are sufficiently close to the
zeros of P, then the family of zero-finding methods (4.18) has the order of
convergence 4.



136 4 Families of Simultaneous Methods of Higher Order: Part I

W

Proof. Let us introduce the abbreviation o; = Z ——. Since
Pt
Wi =(-]] % =G
j i =6 P—

ki

we have the estimates

Wi = On(ui) = Op(us),  Gii=O0wm(us), Goi = On(us),

g; = OM(’LL*), ti = OM(UE) (426)

Let z be a complex number such that |z| < 1. Then, we have the develop-
ments

2
\/1—|—z:1—|—§—%+~-- and (1+2)'=1—-z2422-2°+--., (4.27)

where the principal branch is taken in the case of the square root.
Starting from (4.24) and using the developments (4.27), we find

2?4 — (Ol + l)Wz
T a1+ G+ (L4 G+ 2(a + D
— (Oz + 1)Wl

1+ Gri)(a+14 (a+1)t;+ Oum(t2))’

wherefrom (assuming that « # —1)

. w;
Zy = Zj —
(14 G1) (1 +t; + On(t2))
W; W;Go 2
=z — 1-— : ts) ). 4.2
5 1+G1,i( (1+G1,,»)2+OM(1)) (4.28)

Setting z := (; in (4.16) (giving W;((;) = 0), we obtain W; = u;(1+0;). Now,
(4.28) becomes

2i=2z; — u{(l 20i> (1 — ui(1 + Ui)Gg’i
t 0O (1 + Glyi)

wherefrom, taking into account the estimates (4.26),

+ OM@?))

w1+ 03) [(1+ Gu)? = s+ 00)G
(14+G1,)3

U =2 — G = u; — + Onr(ud).
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After short rearrangement, we find

o uw(Xy+ Y+ Z)

b= G + On(ul), (4.29)
where
Xi=Gri—oi +uiGay,
Y = G1,i[2(G1,i — 03) + G5 ; — G104,
Z; = u;Ga,0;(2 + 0;).
Since
Gri=oi= ; Zi _]Zj - ; Gi _]Zj s ; (G — Zj)(Jzi — )’ (4:30)
we have ) W,
G —oi +uiGa; = uj ; GG =2 (4.31)
According to (4.26), (4.30), and (4.31), we estimate
X =ufOy(u.), Yi=0yul), Zi=u0nul). (4.32)
The denominator (1 + GLZ-)?’ tends to 1 when the errors uq,...,u, tend

to 0. Having in mind this fact and the estimates (4.32), from (4.29), we find
; = u;Opr(u) = Opr(ud), which completes the proof of the theorem. 0O

Initial Conditions and Guaranteed Convergence

In the previous analysis, we have proved that the order of convergence of the
family (4.18) is 4, assuming that the initial approximations are sufficiently
small, neglecting details concerned with the distribution of approximations
and their closeness to the corresponding zeros. We apply now Theorem 3.1
and initial conditions of the form (3.4) to state the convergence theorem for
the one-parameter family (4.18) of simultaneous methods for finding polyno-
mial zeros (see [117], [132]). The initial condition is computationally verifiable
and guarantees the convergence, which is of importance in practice. Before
establishing the main result, we give two necessary lemmas.

Lemma 4.1. Let zq,...,z, be distinct approximations to the zeros (y,...,(n
of a polynomial P of degree n > 3 and let z1, ..., %, be new approximations
obtained by the iterative formula (4.18). If the inequality

2
w < Cnd, Ccp € (0, m}, (433)
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holds, then fori,j € I, we obtain:

Cn
i) ————=1—(n—1 <1 | <1 -1
(i) 12000, (n—1)ec, <1+G1i] <1+ (n—1)c,
—9___ D
(1 —2q,)N\"
. n— 1w
) 6ol < B2,

. 2|+ 1|gn,
1+2 Dt e d, 22 A U
(iv) VIF2(at1) e{ L }
An
(V) |25 = 2| = |Cil < Wil < And,

where
Cn
(1-2g,)(1 = (n—1)c,)
Proof. According to the definition of the minimal distance d and the inequal-
ity (4.33), we have

n =

Z |W| nil)wg(nfl)cn,

J;é,b - ZJ| d

so that we estimate

|W ‘ Cn
1+Gi|>1— >1—(n—1)c
R B g (7%
‘ Cn
1+G;| <1+ <l4+(n—-1)c, =2
L+ G ;u—zj =l 02000
\W | (- Dw
Gs.; .
< —LE ST
Thus, the assertions (i) and (ii) of Lemma 4.1 are proved.
Using (i), (ii), and (4.33), we prove (iii):
] = ‘ W;Go ‘ (n—1)w? P nez
T4+ G2 T (L= (n—1)ep)? T (1= (n—1)c,)? n-

Hence, we conclude that t; € T := {0;¢,}, where T is the disk centered at
the origin with the radius g,. Using the inclusion isotonicity property (1.70)
and the formula (1.72) for the square root of a disk (taking the principal

value-set centered at \/Jcle'?), we find

2|+ 1|qn}

VIt2(a+ Dt e V1+2atlT = {12+ g} = {1; T

which proves the assertion (iv) of the lemma.
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Assume that « # —1, which means that we deal with the square root in
(4.24). By means of (iv) and applying the centered inversion of a disk (1.63),
we obtain

a+1 c a+1
, . 2la + 1]gn
(1+Gi)(a+1+2(a+1)) (1+G171-)(a+{1; IT:h\q })
B 1
N 2qn
(1+G1,i){1;1+h }

1 2q,
- {1; }
Using the last inclusion, from the iterative formula (4.24), we find
(Oé -+ 1)WZ
(1+Gri) o+ 1+2(a+ 1)t )

c Wi {1_ 2q, }
1+G1,i ’1—|—hn—2qn ’

zifzi:—C’i:—

where C; is the iterative correction appearing in (4.24). According to the
inequality (1.71), from the last expression, it follows that

2 — zi| = [C; ‘ -
e

L4 hy —2¢0/ 1 —=2¢,/(1+ hn)
2qn
Using the inequalities (4.33), |1 + G1,:| > 1 — (n — 1)¢,, and l —fh < 2¢n,
we start from (4.34) and prove (v) !
G =l = O S T e, To2g, o il S
In the case @ = —1, the inequalities (i)—(iii) of Lemma 4.1 are also valid
so that we have from (4.25)
Wi 1 An
%z S |/ < — Wi < And,
12 Z‘_)1+G1,i1*|ti|_0n| |
which coincides with (v) of Lemma 4.1 for a # —1. O
Lemma 4.2. Let distinct approximations zi,...,zn Satisfy the conditions

(4.33) and let

n—1
(n—1A2  14\,q, An
= 1 <12\, 4.
> < 11—, + dCp, +1—2)\n - A (4.35)
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Then:

() [TWi] < 6 Wil.

(ii) w < cpd.

Proof. Putting z = Z; in (4.15), we obtain

n

iy W; .
= (2 1e X ) T
JF#i Jj=1
After dividing by H z;), we find
J#i
= P(z; Wi W,
om s 14 T T 2232),
H(gi _2].) Zi — 2 o Zi — zj i 2 — 25

i#i
(4.36)

First, let o # —1. Using (i) and (iv) of Lemma 4.1 and the inequality
en < 2/(5(n — 1)), from the iterative formula (4.24), we obtain by circular
arithmetic operations (see Sect.1.3)

W, (1+Gr)(a+ VT 2a+ 1) )

Z2i — 7 a+1

(14 Gra)fa+ D 2}

e_
a+1

G117‘1+G11

! )
C {-1-Gri20. 0+ (n=1Den) .
Wi

wherefrom

14q,,
g{ Gll? 5q }

According to this, we derive the following inclusion:

W; W; 144, W;
. +1+y e{—l—GurﬁL}+1+§:A !
Zi — %4 j;éizi_zj 5 j#zi—zj

- W; i 14q
_{_I_ZZZ—Z]+1+ZZZ—ZJ 5”}

J#i
~ Wj 4 L
=t oty =)

J#i

Z
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Hence, by (1.71), we estimate

S ey

By applying (v) of Lemma 4.1, we have

W] 14q,,
< |z — % A . (4.37
‘ 14 - ’“"Z\zﬁzjnzifzj\* 5 (450

|2A:Z - Zj| Z |Zi - Zj‘ — |21 - Zl| Z d— /\nd = (1 — )\n)d, (438)

|22 — ,2]| Z |Zl — Zj‘ — |27, - Z74| - ‘23 - Zj| 2 d— 2)\nd = (1 - 2)\n)d (439)

From (4.39) and taking into account the definition of the minimal distance,
we find

d>(1-2\)d or d<

o (4.40)

Using the estimates (4.33), (4.38), and (v) of Lemma 4.1, from (4.37), we
obtain

Wi W,
i 1 j
27:*27:—'_ +Z?3¢*Zj
J#i

< d (n—1w  14q, < (n—=1)cpAn 14qn.
1 \)& 5 -, 5

(4.41)

By (v) of Lemma 4.1 and (4.39), there follows
2 — z 125 — 2] And n—1
1+ 220 < TI (14 2220 ) < (14 =)
‘]1—[#( Zi — %5 g ‘ZZ — Zj| (1 — 2/\n)d

- (1 + 1—/\—;&1)”_1' (4.42)

Taking into account (v) of Lemma 4.1, (4.41), and (4.42), from (4.36), we
obtain

|W| < ‘Zz_zz|

Se1s yaza
Z 10+ 5=
J#i Y

(R ) 2

zl—z]

wherefrom .
[Wil < 6n|Wil, (4.43)

and the assertion (i) of Lemma 4.2 is proved. Using this inequality and the
inequalities (4.33) and (4.40), we prove the assertion (ii)

o< < < 1<
W < dw < d,cd < 1—2/\nd70nd7

the last inequality being valid due to d,, < 1 — 2\,,.



142 4 Families of Simultaneous Methods of Higher Order: Part I

Let us consider now the case @ = —1. From (4.25), we obtain

W,  WiGa,

=1 -G~ ti(1+ G =—1-Y

o P 1+ Gy’
so that
W WiGa
+ 1+ —(8 — z I - L
Zzz—zj )Z (Zi—Zj)(Zi—Zj) 1+G1’i

Z

Ji
Using (v) of Lemma 4.1, (4.38), and the inequality

WiGa,;
1+Ghy,

(n — 1w? (n—1)c2
S Ut De)® 1= (-1,

which follows according to (i)—(iii) of Lemma 4.1 and (4.33), we obtain

—Denin (n—1)c2
1 n
—zl—i— +Zzl—zj lf)m 1—(n—-1)c,
- (n—1)enAn 14qn.
- 1= )

The last inequality, together with (4.42), yields the inequality of the form
(4.43) with 4, given by (4.35).

The inequality @ < end for a = —1is proved in a similar way. Therefore,
as in the case a # —1, we obtain the inequalities (i) and (ii) of Lemma 4.2.
O

Theorem 4.2. Let o € A, («), n > 3 and let the condition (4.33) be valid.
In addition, let

2\, 1 14X, qn
— e 1 4.44
s 5”( Cn 1—2q, + SCn, ) < ( )
and 1
— 4.4
9(Bn) < . (4.45)

Then, the one-parameter family (4.18) is convergent.

Proof. 1t is sufficient to prove that Theorem 3.1 holds true under the condi-
tions (4.33), (4.44), and (4.45).
According to (ii) of Lemma 4.2, we have the implication

w® <, d? = Wb <c,dV.

Using the same argumentation, under the given conditions, we derive the
implication
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w™ <, d™ = wmtY < ¢, dm),
Hence, we prove by induction that (4.33) implies

w™ < ¢, d™

for each m = 1,2, ..., which means that all assertions of Lemmas 4.1 and 4.2
hold for each m = 1,2, .... In particular, the inequalities
(W <6, W™ (i€ I, m=0,1,...) (4.46)
and
O] = [ o < 2| (e m=01,)  (447)
are valid.

From (4.24), we see that the iterative correction C’Z-(m) is given by

(m) (a + 1)Wi(m)
(1+G$U(a+ 1+ﬂa+uém>

(4.48)

Omitting the iteration index, from (4.47), we obtain by (4.46) and (4.48)

AnOn

Cn

PO W
ICi| < C_|Wz| < |Ci[lyal, (4.49)

where

(1+Gry) (a+ VT 20+ 1)k )
a+1 '

According to (4.33) and (i) of Lemma 4.1, we have

yi = (4.50)

2(n—1) 7
1+G, <l+n-1e, <14=2"2 _ 1
TGl < T+ Dey < 1+ 20

By this bound and (iii) of Lemma 4.1, from (4.50), we find

2 1
e {2 2
vi € (14 G) a+1 A
14q;,
C {1 + G145 2|1 +G1,i|} - {1 + Gy T}’
wherefrom we find the upper bound of |y;:
14q, Cn 14q,

<2-

i <1+ Gy, <
e (=T W
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Using this bound, from (4.49), we obtain

Anlp Cn l4qy,
2— il = On|Cil,
- ( (1—2qn))\n * 5 >|C| p |C|

where (3, is given by (4.44).
In the case a = —1, letting & — —1 in (4.50), we obtain

According to (i)—(iii) of Lemma 4.1, there follows

c
A <+ Gl + |t <(27——JL——>1 n
il < Gl 1) < (2 gy ) (o)
Cn 14q,
<2- .
(1 - 2Qn))‘n * 5
Therefore, in both cases, a # —1 and a = —1, we have proved the inequality

’C§m+1)‘ <8, ‘c}’"" (e, m=0,1,..),

which completes the proof of the assertion (i) of Theorem 3.1 applied to the
iterative method (4.18) under the conditions of Theorem 4.2.
To prove (ii) of Theorem 3.1, we use the bound (v) from Lemma 4.1 and

find |C’Z-(0)| < )\n\Wi(O)\/cn. According to this, (4.33), and (4.45), one obtains

(0)
20— 0] 5 q@ > s L

— = 5 (1071 +16]) > a8 (10 +16571)-

Finally, we prove that the family of iterative methods (4.24) is well defined
in each iteration. From (4.24), we observe that

_ P(=)
OZ o Fi(zl,...,zn)’

where

1+ Gy

1+a (2 = %),

—.

e

Fi(21,--~,zn)=( )(a+ 1+2(a+1)ti>

S
Wl

Let o # —1. From (iii) of Lemma 4.1, we find

2|la+ 1|gy

a+ 1+2(o¢+1)tie{a+1; .

b < (a+1){L520,),
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where {1;2¢, } is the disk centered at 1 with the radius 2¢,. Since |z| > 1—2¢,
for any z € {1;2¢,}, it follows

‘a—i— 1+ 2(a + D] > Ja + 1)(1 — 2¢,). (4.51)

Taking the upper bound ¢, <2/(5(n — 1)) (see Lemma 4.1), we estimate
4 2

< <z 4.52
™=9m—1)"9 (4.52)

According to (4.51), (4.52), and the bound
N+Gii|>1—(n—1c,>1—(n—1) 2 _3 (4.53)

b= "= 5(n—1) 5 '
(see (i) of Lemma 4.1), from (4.51), we find
1+Gui : 11— 3oL

‘( — ICE: 1+2(o¢+1)t2)‘2|1+G1,1|(1 2.) 2 (1-5) =35>0

In addition, since |z; — z;| > d > 0, we find that J[;_,(z; — 2;) # 0, and thus,
Fi(zla"'vzn) %0
In a similar way, we derive the proof in the case a = —1. Namely, then

Fi(z1,... 20) = (14 Gra) (A + ) [ [ (2 — %),
J#i

so that by (4.53) and (ii) of Lemma 4.1 we find

|Fi(21,...,zn)| = |1+G1,Z||1+tl‘H‘zz _Zj| > (1 — (’ﬂ— I)Cn)(l _qn)dn_l

J#i
3 7 n—1 7 n—1
> 2. == .
2 x 9d 15d >0. O
Theorem 4.3. Let Z£0)7 ceey z,(LO) be distinct initial approrimations satisfying
the initial condition
©) a® 4.54
< ——m——— .
=075 (4.54)

Then, the family of simultaneous methods (4.18) is convergent.

Proof. Having in mind the assertion of Theorem 4.2, it is sufficient to prove
that the specific value of i-factor ¢,, = 1/(2.7n 4 0.75), appearing in (4.54),
satisfies the conditions (4.33), (4.35), (4.44), and (4.45).

First, we directly verify that ¢, = 1/(2.7n + 0.75) € (0,2/(5(n — 1))].
Furthermore, the sequence {d, }, given by (4.35), is monotonically decreasing
for n > 4 and 6,, < 04 < 0.362 (n > 4) holds. In addition, d3 < 0.365 so
that 6, < 1. Besides, 1 — 2),, > 0.68 (n > 3) and, therefore, 0, < 0.365 <
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1—2\,, which means that (4.35) holds. The sequence {3, } is monotonically
decreasing for n > 4 and

1> B3 =0.66352..., 0.731> 34> B, (n>4),

i.e., the condition (4.44) is fulfilled.
Finally, the sequence {g(,,)—1/2),,} is monotonically decreasing for n > 4
and

1 1
n) — o S — — = —-0.211826...<0
9(Bn) N < 9(Ba) W <

1

is valid. In particular, g((3s)— CT —0.161... < 0. Therefore, the inequality
3

1
9(Bn) < =—— holds for all n > 3, and thus, the condition (4.47) is also

2\

n
satisfied. This completes the proof of the convergence theorem. 0O

4.3 Family of Simultaneous Methods with Derivatives

Let us consider Hansen—Patrick’s family (4.1) and let f = P be a monic poly-
nomial of order n with (real or complex) simple zeros. Obviously, the zeros of
P coincide with the zeros of the rational Weierstrass’ function W;(z) given by
(1.17). In the subsequent discussion, we will use the following abbreviations:

P®)(z) - 1

Oki=——", Ski= — (k=1,2).
" P(z) ' ; (2 — 2;)*

i

Applying Hansen—Patrick’s formula (4.1) to the function W;(z) (see (1.17))

and using (1.20), the following one-parameter family of iterative methods for

the simultaneous approximation of all simple zeros of a polynomial P has

been derived by M. Petkovi¢, Sakurai, and Ranci¢ [141]:
a+1
(o1, — S14) + [(04 +1)(0F; — d2,s — Sa,i) — (01, — S1.4)? .
(i € I,). (4.55)

Zi =z — 1/2

It is assumed that two values of the (complex) square root are taken in (4.55).
We have to choose a “proper” sign in front of the square root in such a way
that a smaller step |2; — z;| is taken. The symbol * in (4.55) and subsequent
iterative formulae points to the proper sign. A criterion for the selection of
the proper value of the square root, which has a practical importance, can be
stated according to the result of Henrici [57, p.532], see Remark 4.2. If the



4.3 Family of Simultaneous Methods with Derivatives 147

approximations are sufficiently close to the zeros, it turns out that one has
to choose the principal branch of the square root in (4.55).
We present some special cases of the iterative formula (4.55):

a = 0, the Ostrowski-like method:

1
Zi =2z — (’LEIn)

(63— 62 — 52 ]1/2

5T

This method was derived by Gargantini as a special case of the square root
interval method in circular complex arithmetic [47].

a =1, the Euler-like method:

2

2i =z — 172 (7, S In)
01 — S+ [2(5% — 02, — S2,i) — (01,; — Sl,i)Z] .
a=1/(n—1), the Laguerre-like method:
. n
= A 1/2
5171' — Sl,i + TL(TL — 1)(5%& — 5271' — 5271‘) — (n — 1)(5171‘ — Sl,i)Q
(1€ I,).
o = —1, the Halley-like method:
28 — & s
P - (514 = 01.4) (i € I,). (4.56)

09, — 25%,1' + 251,01, + S2,i — 51271-

The Halley-like method (4.56) is obtained from (4.55) for « — —1 applying
a limiting operation. This method was also derived by Sakurai, Torii, and
Sugiura [157] using a different approach.

a — 00, the Newton-like method or Ehrlich—Aberth’s method ([1], [33]) of the
third order:

1
f — - ——— (iel,). 4,
Zi==z 5 5., (iel,) (4.57)

B )

Remark 4.6. Let f = P be a monic polynomial of order n with simple
zeros and let ¢; be either ¢; = z; — N; (the Newton’s approximation) or
¢; = z; — H; (the Halley’s approximation) (see (1.18)). Applying Hansen—
Patrick’s formula (4.1) to the modified Weierstrass’ function given by (1.19),
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the following one-parameter family of iterative methods for the simultaneous
approximation of all simple zeros of a polynomial P is derived:

5 a+1
S 51172
a1 = S1,) + [(@+ )0}, — 62— 85,) — afors — (57.)°]]
(1€ I,),

where S}, = >, (= — ¢;)~% (k = 1,2). This is a new family with a high
order of convergence. In the special case @ = 0, it reduces to the improved
iterative methods (1.27) and (1.28) of Ostrowski’s type. If we take ¢; = z;,
then we obtain the basic simultaneous method of the fourth order (4.55),
considered in [141].

In this section, we investigate iterative methods from the family (4.55),
which have the order of convergence 4, see Theorem 4.4. For this reason,
we will assume that the parameter « is not too large in magnitude, see
Remarks 4.5 and 4.8 and the iterative formula (4.57).

Convergence Analysis

Now, we determine the convergence order of the family of simultaneous meth-
ods (4.55). In addition, according to the discussion given in Remarks 4.5 and
4.8, we will assume that the parameter « is not too large in magnitude.
Theorem 4.4. If initial approzimations zgo),. 27(10) are sufficiently close
to the zeros (y,...,(, of the polynomial P, then the family of simultaneous
iterative methods (4.55) has the order of convergence equal to 4.

Proof. Let us introduce the errors u; = z; — ¢;, 4; = 2; — ¢; (¢ € I,,) and the
abbreviations

Ai = Z

j=
J#l j#i

In our proof, we will use the identities

1 ) 1
5177; = Z —Zi — CJ, 61’7; - (5271' = Z —(Zi — C])Q .

=1

Hence, after some elementary calculations, we obtain

01, — S, = l(1 — Aju;), 6

Ui

02, — S2,; =

(1—Bu).

s)-
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Using the last two relations, from the iterative formula (4.55), we find

R . a+ 1)u;
U =2 — G =u; — ( ) 172
a(l — A + [(a +1)1 - Biu?) — a1 — Aiui)Q]
(o + 1Du;
=i~ 172’
a(l — Ajug) + {1 + V:iui]
where

‘/i = 204Ai - (O[ + I)BZUZ - OZAZZUIL'.

Assuming that |u;| is sufficiently small and having in mind the principal
branch of the square root, we have

V1+Viu;, =1+ Vit + OM(Vfuf)

2

(see (4.27)). Now, we obtain

R (o + 1)u;
i =t Viu;
a(l — Aju) + 1+ % + O (V2u3)
2 + 1)u;
. (a+1u

2(a+1) — (o + 1) Bu? — aA?u? + O (V2u2)’
or, after a short rearrangement,

o ul (0 +1)Bi + aA}) + On (Vi2uf) (4.58)
YT e DB + oAl —2(a+ 1) + O (V) |

Let u = max |uj|. We estimate |A;| = O(u), |B;| = O(u), and |V;| =
<js<n
O(u), so that from (4.58) there follows
i) = [ui?O(u).

If we adopt that absolute values of all errors u; (j = 1,...,n) are of the same
order, say |u;j| = O(|u;|) for any pair i, j € I,,, we will have

la] = O(Jul*),
which proves the assertion. 0O

Remark 4.7. Recently, Huang and Zheng [62] have used the approximation

Pra) o
Pl(z)

= Zi — Zj
J#i
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in (4.1) to derive a new family of simultaneous methods of the form

P (a+1)/b1
' ! 2+ 1) & 1 }1/2

5171' ey Zi — Zj
J#i

(i € I,). (4.59)
o+ |1—

This iterative formula is simpler than (4.55) but it possesses only a cubic
convergence. Besides, a theoretical analysis as well as numerous numerical
experiments have shown that the domain of convergence of the family (4.59)
is narrower compared with the domain of the family (4.55).

Methods for Multiple Zeros

Let us consider now the case when a polynomial P has multiple zeros
C1,---,C (¥ < n) of the known multiplicities 1, ..., t,, respectively. Then,
the zeros of P coincide with the zeros of the rational Weierstrass-like function
given by (1.40) (with ¢; = z;). We note that efficient procedures for finding
the order of multiplicity can be found in [78], [79], and [93].

Let 045 (¢ =1,2) be defined as above and let

s 1

S —1,2). 4.60

0 §: o) (q ) (4.60)
Ji

Starting from (1.40) and applying logarithmic derivative, using (4.60), we
find

Wi(z)' s
(m;,@ =01, — S14, (4.61)
W " ~ o — 0%, + 8o
i (2) |-, Lo o

Let us rewrite the iterative formula (4.13) (substituting f with P) to the
form

J pla+1)
1/2
P'(2) Pl(2)\2 P(z) P(2)
P T|erl - O‘)(P(z)> —HetDE P *

Similarly as in the case of simple zeros, let us substitute P’/ P with (W) /W
(formula (4.61)), P"”/P’ with (W;)"/(W}) (formula (4.62)), and, in addi-
tion, p with u;. In this way, we obtain a one-parameter family for the simul-
taneous determination of multiple zeros (with known multiplicities) of the
polynomial P
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2 ila+1
PR . pilo+1) . —
(01, — S1.4) + |pia +1)(0% ; — 02,0 — Sa,i) — (01, — Sl,i)2:| .
(4.63)
where i € I, := {1,...,v}. We note that another iterative formula for mul-

tiple zeros with similar structure was proposed in [124]. For specific values
of the parameter «, we obtain some special cases of the iterative formula
(4.63). For example, for o = 0 (Ostrowski’s case), the iterative formula (4.63)
becomes

3 Vi (i€ L).

S 172

[6%,1‘ — g — ng} .

This method arises from the square root iterative interval method proposed
by Gargantini in [49] for multiple zeros. Furthermore, in a limiting procedure
when o« — —1, from (4.63), we obtain the Halley-like method

20:(81 5 — Sy
PR N S Y) B 3
(01,6 = S1.4)% — pi(d2,6 — 0% ; + S2.4)

previously derived in [144] using a different approach.

In a similar way, we can obtain the Euler-like (o = 1) and Laguerre-like
method (o = p;/(n — p;)) for finding multiple zeros. If & — oo, performing
a limiting operation in (4.63), we obtain

2i:zi—7ui~ = Z; — ; M; (iEIV),
014 — S P'(zi) Z K
P(Zz) =1 Zi — Zj
i

the well-known third-order method for multiple zeros which can be obtained
from Gargantini’s interval method for the inclusion of multiple zeros [48]. This
iterative method can be regarded as Ehrlich-Aberth’s version for multiple
ZETos.

Using a similar analysis as in the proof of Theorem 4.1, we can prove the
following assertion.
Theorem 4.5. If initial approzimations z§0), .. .,z,go) are sufficiently close
to the zeros (y,...,C, of the polynomial P, then the family of simultaneous
iterative methods (4.63) has the fourth order of convergence.

Initial Conditions and Guaranteed Convergence

We have proved above that the family (4.55) possesses the fourth order of
convergence, assuming that initial approximations are close enough to the
sought zeros. Similarly as in Sect.4.2, now we give a more precise conver-
gence analysis which includes computationally verifiable initial conditions
(see [123)).
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In the sequel, we will assume that the following inequality

1

w < cpd, ¢p, = T2

(4.64)

is valid. Since w < 1/(3n +2) < d/(2n), the assertions of Corollary 1.1 hold.
Let us introduce

a+1 -2
L, = 730 ti=1+ ((5271' — 6%)1 + 5211) ((51’1' — Sl,i) .
a+ [1 —(a+ 1)ti]
Then, the iterative formula (4.55) can be rewritten in the form
. (+1)(d1 — S1.a)7!
%= AT “oN71/2
a+ [1 —(a+1) <1 + (62, — 67, + S2.4) (01,6 — S1.4) )}
_ (a+1)(01,i —S1)~"
T AT 172
o+ [1 — (a+ l)ti]
ie.,
ZA,“i =Z; — Li<51,i - Sl,i)_l- (465)

To ensure only positive values under the square root of some quantities,
the parameter e must belong to the disk

1 1
Ka(n) = {~1i1/qu}, where g, = 3—— < o

(4.66)

(see [123)).

Remark 4.8. According to (4.66), the values of the parameter o must belong
to the disk K,(n) = {-1,1/¢,} € {—1;10}. However, the above restriction
on « should not be regarded as a disadvantage. It can be shown that the use
of large values of |a| generates the methods whose convergence rate decreases
and approaches 3. In practice, in such situations, the iterative method (4.55)

behaves as the aforementioned cubically convergent Ehrlich-Aberth’s method
(4.57).

Lemma 4.3. Let (4.64) hold and let o € Ko(n) = {—1;1/q,}. Then for all

1=1,...,n we have:
(i) Lie{l;g.} " C {1; q—"}.
1- dn
(i) (60— S10)7| < 3WA.
(ifi) |2 — 2] = |Cs| < Z|Wi| < And, where A, = ﬁ
)

(iV |W1| < %|WZ‘
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(v) W< cpd, ¢, =1/(3n+2).
(vi) d > (1 —2X\,)d.

The proofs of these assertions can be found in [123].

Theorem 4.6. Let n > 3 and a € K,(n). Then, the one-parameter family
of iterative methods (4.55) is convergent under the condition
40

O« —.
v 3n+ 2

(4.67)

Proof. The following implication arises from Lemma 4.3 (assertion (v)):

—~ 5 1
w < cpd = W < cpd, C":3n+2'

By induction, we can prove that the condition (4.67) implies the inequal-
ity w(™ < ¢,d™ for each m = 1,2,.... Therefore, all the assertions of
Lemma 4.3 hold for each m = 1,2,... if the initial condition (4.67) is valid.
In particular, the following inequalities

Lo
W < W) (4.68)

and 5
m m—+1 m m
Gl =1 = 2 < W) (4.69)

hold for 7 € I,, and m =0,1,....
From the iterative formula (4.65) for o # —1, we see that the corrections

Ci(m) are expressed by
-1
ot 1 (s - ) @

where the abbreviations LZ(-m)7 (53’;), and S{Z—l) are related to the mth iterative
step.

To prove that the iterative process (4.55) is well defined in each iteration,
it is sufficient to show that the function Fj(z1,...,2,) = P(z;)/C; cannot
take the value 0. From (4.70), we have

P(Zz‘)(51,i - Sl,i) Wi(51,i - Sl,i)
J#i
Starting from Lemma 4.3(i), we find by (1.63) and (1.71)
1 9
10°

1
—e{lig} =

>1—q, =
L, =-—4

| Li]
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According to Lemma 4.3(ii), we have

2 2

‘Wi((slz S1 l| > |W| 3|W‘ g

Finally, using the definition of the minimal distance, one obtains

)H(ZZ — z])‘ >d" > 0.

J#i

Using the last three inequalities, we get

9 2 n—1
\Fi(z1,. . 2n)| = wmm% &WE-ﬁ” Loz

Now, we prove that the sequences {|Ci(m)|} (i € I,) are monotonically
decreasing. Omitting the iteration index for simplicity, from (4.68), (4.69),
and

(517, Slz 1—1+Z

JjF#i

Zi — Z]
(see (3.72)), we find
51 N Sl z) 7

L;

A O = 5 1
O < AW < - 2wl = 2L — 5107

1 .
i+ (143 ),
Li ( + — 2 — Zj
J#i

ie.,

~ 5 1
|@<EW&LWMQM:EQ+Z ). (4.71)

Zi Zi — Zj

Using the inclusion (i) of Lemma 4.3 and the inequality

(n—1)w
1 § ‘<1 § <1+ 7Y L= 1)y,
‘ + zz—zj - |2’z—2’]\ + d +(n—1)c

we find

(1+Z

J#i

)il

so that, using (1.71),

22
|| < (14 (n—1Den)(1+qn) < TR
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From (4.71), we now obtain

5 22

|Ci|<172'175

11
|Ci| = T8|Ci|~

Therefore, the constant 4 which appears in Theorem 3.1 is equal to § =
11/18 ~ 0.6111. By induction, we prove that the inequalities

m+1 11 m
") < lo™)

hold for each i =1,...,n and m =0,1,....
The quantity g(/) appearing in (ii) of Theorem 3.1 is equal to g(11/18) =
1/(1 —11/18) = 18/7. It remains to prove the disjunctivity of the inclusion

disks
18 18
S = {210 = {0 2l
(assertion (ii) of Theorem 3.1). By virtue of (4.69), we have

5
G < g0

for all i = 1,...,n. If we choose the index k € I, such that
G| = max (€17,
1<i<n

then

3n+2)

d© >(3n+2)w(0)>§(3n+2)|€,(€0)|2 el o (e +107)

)] 4 )
g(11/18)(IC |+ 1C571),

since
3(3n+2)
10
for all n > 3. This means that

> 3.3 > g(11/18) = 2.571...

29 — 271 > d® > g(11/18)(|C{”] + |C”]) = rad S; + rad 5.

Hence, according to (1.69), it follows that the inclusion disks Sy,...,S, are
disjoint, which completes the proof of Theorem 4.6. O

We conclude this section with the remark that the quantity ¢, appearing
in the initial condition (4.67) may be greater than 1/(3n + 2) for some par-
ticular methods belonging to the family (4.55). The use of a smaller ¢, in
Theorem 4.6 is the price that one usually has to pay for being more general.
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4.4 Numerical Examples

To demonstrate the convergence speed and the behavior of some methods
belonging to the families presented in Sects. 4.2 and 4.3, we have tested these
methods in the examples of algebraic polynomials using multiprecision arith-
metic. We have used several values for the parameter a and taken common
starting approximations zf)), R ZT(LO) for each method. The accuracy of ap-
proximations has been estimated by the maximal error

(m) _ (m) _ ~
u™ = max [z — G,
where m = 0,1,... is the iteration index. The stopping criterion has been
given by the inequality

E™) = max |P(zi(m))| <7,
i<i<n
where 7 is a given tolerance.
In our numerical experiments, we have often used the fact that all zeros
of a polynomial P(2) = a,2" + an_12""* + -+ a1z + ag (ag, a, # 0) lie
inside the annulus

{ze€C : r<|z| <R}

1/k
al , R=2 max

a 1<k<n

Up—k
429

(4.72)

r=— 1min

1/k
2 1<k<n ‘

(see [57, Theorem 6.4b, Corollary 6.4k] and Sect.1.2). All tested methods
have started with Aberth’s initial approximations [1]

B 3
A0 = =2 (i), 1= VL O = (2k-5) (k=1,....n),

n 2
(4.73)

We content ourselves with three examples.

Ezample 4.1. Methods from the class (4.18) have been tested in the example
of the monic polynomial P of degree n = 25 given by

P(z) = 225 4 (0.752 4 0.729i)2%* + (—0.879 — 0.3311)223 + (0.381 — 0.918i)2%?
+(0.781 — 0.8451) 22" + (—0.046 — 0.9171)22° + (0.673 4 0.886i)2"°
+(0.678 + 0.7691) 2% + (—0.529 — 0.874i)2z'7 4 (0.288 4 0.095i)2'°
+(—0.018 + 0.7991)2'5 + (—0.957 + 0.3861)2* + (0.675 — 0.872i)2'3
+(0.433 — 0.562i) 212 + (—0.760 + 0.1281)z'1 4 (—0.693 — 0.882i)2'°
+(0.770 — 0.4671) 2% + (—0.119 + 0.2771)2% + (0.274 — 0.5691)="
+(—0.028 — 0.2381)2% + (0.387 4 0.4571)2° + (—0.855 — 0.1861)2*
+(0.223 — 0.048i)2> + (0.317 + 0.650i)22 + (—0.573 + 0.801i)z
+(0.129 — 0.237i).
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The coefficients a € C of P (except the leading coefficient) have been chosen
by the random generator as Re(ay) = random(x), Im(ay) = random(x),
where random(x) € (—1,1). Using (4.72), we find that all zeros of the above
polynomial lie in the annulus {z : r = 0.3054 < |z| < 2.0947 = R}.

For comparison, we have also tested the well-known Durand—Kerner’s
method (D-K for brevity)

m m P (m)
2 = ) () (iel;m=01,,..) (4.74)

(m) (m)

:j:

G
(see Comment (M;) in Sect.1.1). This method is one of the most efficient
methods for the simultaneous approximation of all zeros of a polynomial. All
tested methods started with Aberth’s initial approximations given by (4.73)
with n = 25, a,—1 = 0.752 + 0.7291. In this example, the stopping criterion
was given by
E™ = max |P(z\"™)|<r=10"".
1<i<25

We have performed three experiments taking ro = 1.2, 10, and 100 in
(4.73). The first value is equal to the arithmetic mean of the radii r = 0.3054
and R = 2.0947 of the inclusion annulus given above. The values ry = 10
and r9 = 100 have been chosen to exhibit the influence of ry to the conver-
gence speed of the tested methods but also to show very good convergence
behavior in the situation when the initial approximations are very crude and
considerably far from the sought zeros.

Table 4.1 gives the number of iterative steps for the considered iterative
procedures (4.18) and the Durand—Kerner’s method (4.74). From this table,
we see that the fourth-order methods (4.18) require less than half of the
iterations produced by the second-order methods (4.74) if the parameter «
in (4.18) is not too large. This means that the convergence behavior of the
proposed methods (4.18) is at least as good as the behavior of the Durand—
Kerner’s method (4.74).

Table 4.1 Family (4.18): the number of iterations for different |z§0)\ =70

ro N\ a|0|1[=1[1/(n—1)|1,000{D-K (4.74)
1.2 885 11 7 13
10 24(28(24| 22 36 65
100 40[56]49] 39 62 124

Ezample 4.2. Methods from the class (4.55) have been tested in the example
of the monic polynomial P of degree n = 15 given by
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P(z) = 2'° + (—0.732 4 0.9211)2'* + (0.801 — 0.5731)2z'3 + (0.506 — 0.7131)z'2
—0.670 + 0.8411)2™ + (—0.369 — 0.6821)2'0 + (0.177 — 0.946 i) 2°
—0.115 4 0.5771)2% + (0.174 — 0.956i)27 + (—0.018 — 0.4381)2°
0.738 + 0.6451)2° + (—0.655 — 0.6181)z* + (0.123 — 0.0881)2>

0.773 + 0.9651)2% + (—0.757 + 0.1091)z + 0.223 — 0.4391i.

The coefficients a;, € C of P (except the leading coefficient) were chosen by
the random generator as in Example 4.1. Using (4.72), we find that all zeros
of the above polynomial lie in the annulus {z € C : r = 0477 < |z| <
2.353 = R}.

For comparison, we have also tested the Durand-Kerner’s method (4.74)
and the Ehrlich-Aberth’s method (4.57). The Ehrlich-Aberth’s method
(briefly E-A method) has been tested for the purpose of comparison related
to the methods from the family (4.55) obtained for very large a. All tested
methods started with Aberth’s initial approximations given by (4.73). In this
example, the stopping criterion was given by

E™ = max \P(zl-(m))| <7=10""2
1<i<15

We have performed several experiments taking ro = 0.2, 0.5, 1, 2, 4, 6, 8,
and 100 to investigate the behavior of the tested methods for initial approxi-
mations of various magnitudes. Table 4.2 gives the number of iterative steps
for the methods of the family (4.55), the D-K method (4.74), and the E-A
method (4.57).

From Table 4.2, we see that the fourth-order methods (4.55) (excepting the
Euler-like method (o = 1) for some rq) require less than half of iterative steps
produced by the D-K method (4.74) if the parameter « in (4.55) is not too
large. A hundred performed experiments, involving polynomials of various

Table 4.2 Family (4.55): the number of iterations for different |z§0)\ =70

ro N\ 0| 1]|-1[1/(n—1)[1,000{E-A (4.57)|D-K (4.74)
0.2 [2[18]14 12 9 16 100°
05 |=»]10]8 11 9 9 100P
1 [17]9]9 9 7 7 22
2 [10]10] 8 9 9 9 16
4 [11]14[11 12 14 14 26
6 [12]18[13 12 15 16 32
8 [15[25]15 14 19 19 36
100 [26]<[28] 24 38 38 73

#The Ostrowski-like method oscillates giving some approximations of insufficient accuracy
PThe Durand-Kerner’s method converges to the exact zeros but in more than 100
iterations

¢Some approximations are found with very high precision, but the remaining ones cannot
be improved by the Euler-like method
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degrees, have led to the same conclusion. These numerical results, as well as
Examples 4.1 and 4.2, point that the convergence behavior of the proposed
methods (4.55) is at least as good as the behavior of the D-K method (4.74).
In addition, numerical experiments show that the E-A method (4.57) behaves
almost the same as the methods from the family (4.55) for large «, which
coincides with theoretical results (see Sect. 4.3 and Remark 4.8).

Let us note that certain convergence features of some tested methods are
explained by comments given below Table 4.2. For instance, the Ostrowski-
like method (v = 0) and the D-K method (4.74) are not so efficient for initial
approximations of small magnitudes. The D-K method attains the required
stopping criterion but after a great number of iterations. On the other hand,
the Ostrowski-like method provides very high accuracy for most approxima-
tions with a few iterations but whilst others reach a certain (insufficient)
accuracy and cannot be improved in the continuation of iterative procedure;
practically, this method “oscillates.” It is interesting to note that Euler-like
method (o = 1) shows similar behavior but for initial approximations of large
magnitude.

Most problems appearing in practical realization of the methods from the
family (4.55) can be overcome by the choice of initial approximations in such
a way that they lie inside the annulus {z € C : r < |z| < R}, where r and R
are determined by (4.72). Our numerical experiments with such a choice of
initial approximations showed that all tested methods have almost the same
convergence behavior for a wide range of values of the parameter o and very
fast convergence.

Ezample 4.3. We tested the family of simultaneous methods (4.63) for mul-
tiple zeros in the example of the polynomial

P(z) = (2 —1.9)%(z — 2)%2(2 — 2.1)2(22 + 42 + 8) (22 + 1)3
= 214 — 8213 4 22,9822 — 39.92211 4 14294210 — 583.762° + 1515.342%
—2867.9227 + 4412.622% — 5380.42° + 5251.53z% — 4340.482>
+2742.732% — 1276.162 + 509.443.

The exact zeros are (1 = 1.9, (2 =2, (3 = 2.1, (45 = =2+ 24, and (g7 = *¢
with respective multiplicities 11 = po = 3 =2, pu = ps =1, and pe 7 = 3.
We terminated the iterative process when the stopping criterion

E(™) = max |P(z§m))| <r=10""%
1<i<7
was satisfied. All tested methods started with Aberth’s initial approximations
(4.73) taking n = 14, k = 7, ap,—1 = —8, and rg = 1; thus, we took initial
approximations equidistantly spaced on the circle with radius rg = 1. The
numbers of iterations are given below:

Ostrowski-like method, «a =0 12 iterations
Euler-like method, a=1 7 iterations
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Laguerre-like method, a=pu;/(n—pu;) 7 iterations

Halley-like method, a=-—1 7 iterations
Large parameter method, a = 500 13 iterations
-3

Fig. 4.1 The flow of the iterative process (4.63) for o = 500

The flow of the iterative process (4.63) for a = 500, concerning all zeros,
is displayed in Fig.4.1, where small circles represent the exact zeros. Let
us note that the applied algorithm chooses itself the directions toward the
sought zeros. This means that some approximations are good for the zeros
in their vicinity (for instance, zéo) zéo)), the others are rather far from the
targets (zgo),zio),zéo)). In addition, there is a cluster of zeros {1.9,2,2.1}
in the considered example. However, despite these unsuitable conditions, the
employed method overcomes aforementioned difficulties and finds all multiple
zeros spending relatively little CPU time (i.e., it runs a small number of
iterative steps).



Chapter 5

Families of Simultaneous Methods
of Higher Order: Part 11

In this chapter, we derive a fixed point relation of the square root type,
which is the base for the construction of new one-parameter families of iter-
ative methods for the simultaneous determination of simple complex zeros of
a polynomial in ordinary complex arithmetic (Sect.5.1) and circular complex
arithmetic (Sect. 5.3). A slight modification of the derived fixed point relation
can provide the simultaneous approximation of multiple zeros. Under com-
putationally verifiable initial conditions, we prove that the basic method has
the convergence order equal to 4. Using an approach with corrections, pro-
posed by Carstensen and M. Petkovié in [17] and [111], we construct modified
methods with very fast convergence on the account of only a few additional
numerical operations (Sect. 5.2). In this way, we obtain a high computational
efficiency of the proposed methods. Numerical results are given in Sect. 5.2
for the methods realized in ordinary complex arithmetic and in Sect.5.3 for
the methods implemented in circular complex arithmetic.

5.1 One-Parameter Family for Simple Zeros

In this section, we present a new family of high-order methods for the simul-
taneous determination of simple complex zeros of a polynomial. This family
includes a complex parameter o (% —1) whose values will be discussed later.
Let P be a monic polynomial with simple zeros (1,...,(, and let 21,..., 2,
be their mutually distinct approximations. For the point z = z; (i € I,), let
us introduce the notations:

- 1 1
i = Zm, Sxi = 27,\ (A=1,2),

~ (21— 7))

JFi J#i
Pl . P/ N2 P(z: P// .
61,1‘ - (zz)’ A, = (Zl) (221) (Zz)) (51)
P(z) P(z)
M. Petkovié, Point Estimation of Root Finding Methods. Lecture Notes 161

in Mathematics 1933,
(© Springer-Verlag Berlin Heidelberg 2008
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fi=(a+1)Xs,; —ala+ I)Zii, fi=(a+1)S,; —ala+ 1)512,1" (5.2)

=2 —G, u= max [wi].

Lemma 5.1. Fori € I, the following identity is valid

1 2
(a+ 14 —ad?, — ;7 = (% R adi) - (5.3)

U
Proof. Starting from the identities

L Pl(m) 1 1

(51,1‘ = 4 - =— + X (5.4)

we obtain

(0 + 1) —al, — ff = (a4 ) + Zo) —a( 4 21

3

—(a+1)Xy,; + ala+ 1)2%71.

1 2 2
= - E et -
uz U; ’ U;

1 2601 4 1 1\2
=5 - - (51,¢ - —) +o? (51,i - —)
u; 7 U; U;

1 2
= (a + — aél’i) . O
U;

The identity (5.3) is convenient for the construction of a fruitful fixed point
relation. Solving for (; yields

a+1
Gi =z — 1/2

(eL), (56)
04(51’1' + [(04 + 1)A1 — Oééii — fz*]

assuming that two values of the square root have to be taken in (5.6).
To save the space, it is convenient to use a more compact notation as
follows:
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(m) (m)

1° The approximations z; ’,...,zn ~ of the zeros at the mth iterative
step will be briefly denoted by Z1y...,%n, and the new approximations
z§m+1), R zy(LmH), obtained in the subsequent iteration by some simul-
taneous iterative method, by 21, .. én, respectively.
i—1
2° Ski(a,b) = Z( — T Z
j=1 \F a;)* j= z+1 b;)
fila,b) = (o +1)52(a,b) — a(a + 1)512,i(a, b),
where a = (ay,...,a,) and b = (by,...,b,) are some vectors of dis-
tinct complex numbers. If a = b = z = (21,...,2,), then we will write

Sk.i(z,2) = S and fi(z,z) = f; as in (5.2). Dealing with f, we always
have a = b = ¢ = ((1,...,¢y) so that we will write only f for brevity,
omitting arguments.

3° z=(z1,...,2,) (the current vector of approximations),
2=(21,...,2,) (the new vector of approximations).

Putting ¢; := 2; in (5.6), where 2; is a new approximation to the zero (;,
and taking certain approximations of ; on the right side of the fixed point
relation (5.6), we obtain a new one-parameter family of iterative methods for
the simultaneous determination of all simple zeros of a polynomial. Omitting
f#in (5.6) and setting (; := Z;, we observe that (5.6) reduces to the Hansen—
Patrick’s family (4.1). For this reason, all iterative methods derived in this
chapter could be regarded as methods of Hansen—Patrick’s type.

In our consideration of a new family, we will always assume that o # —1. In
the particular case a« = —1, the proposed family reduces (by applying a limit
process) to the Halley-like method proposed by X. Wang and Zheng [184]. The
corresponding initial conditions which ensure the guaranteed convergence of
this method have been considered by M. Petkovi¢ and P. Herceg [116].

For the total-step methods (parallel or the Jacobi mode) and the single-
step methods (serial or the Gauss-Seidel mode), the abbreviations T'S and SS
will be used. First, we will construct the family of total-step methods [138]:

The basic total-step method (TS):
a+1
ady; + [(a +1)4; —adf, - fi(z,z)}

(iel). (T9)

%= AT /2

*

Remark 5.1. We assume that two values of the (complex) square root have
to be taken in (5.6), (TS), and the modified iterative formulae presented
later. As in Chap.4, we will use the symbol x to indicate the choice of the
proper value of the square root, which appears in the presented iterative
formulae. If approximations to the zeros are reasonably good, for instance, if
the conditions (5.11) and (5.12) hold, then the sign 4+ should be taken.
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Now, we present some special cases of the family (TS) taking various values
of the parameter a:

a = 0, the Ostrowski-like method:

5 1 .
3=z — 73 (i € I,). (5.7)
|:A7; — 52,1‘(2, Z):| .
a=1/(n—1), the Laguerre-like method:
5 n
2=z — 1/2

bri+ |[(n = DA =83, —nSpi(z,2) + —= 57 (2, 2))]
(iel,). (5.8)
a =1, the Euler-like method:
2

bui+ [24i = 67, — 2S5.(2.2) - 8,(2,2))]

*

o = —1, the Halley-like method:

2(51’1'

N 1) 5.10
Ai+07; = Sai(z,2) — St (2, 2) (¢ € L) (5.10)

Zi = Z5

The Halley-like method (5.10) is obtained for « — —1 applying a limiting
operation. This method was derived earlier by X. Wang and Zheng [182].
The names in (5.7)-(5.10) come from the similarity with the quoted clas-
sical methods. Indeed, omitting the sums S; ; and S5 ; in the above formulae,
we obtain the corresponding well-known classical methods (see Sect.4.1).

Convergence Analysis

First, we give some estimates necessary for establishing the main conver-
gence theorem. For simplicity, we will often omit the iteration index m and
denote quantities in the subsequent (m + 1)th iteration by .

Using Corollary 1.1, we obtain the following upper error bounds.

Lemma 5.2. Let 21 ..., z, be distinct numbers satisfying the inequality w <
end, ¢, < 1/(2n). Then

g .
lui| = |G — 2i| < e (i € I,). (5.11)

In this section, we assume that the following condition

w < cpd, cn =1/(4n) (5.12)
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is fulfilled. Since w < 1/(4n) < d/(2n), the assertions of Corollary 1.1 and
Lemma 5.2 hold. According to Lemma 5.2, (5 12), and Corollary 1.1, we
obtain that Dy = {z1;3|Wal},...,Dn = {zn, 3IW,|} are mutually dlSJOlnt
disks and each of them contains one and only one zero of the polynomial P.
Also, in our convergence analysis, we will handle the parameter « lying in the
disk {z : |z| < 1.8} centered at the origin (i.e., || < 1.8). These values for ¢,
and the upper bound of a have been found by using an extensive estimate-
and-fitting procedure by using the programming package Mathematica 6.0.

Lemma 5.3. Let zq,..., 2z, be distinct approximations to the zeros (y,...,(n
and let u; = z; — (; and u; = z; — (;, where 21, ..., 2, are approrimations
produced by the family of iterative methods (TS). If (5.12) holds and |a| <
1.8 A a# —1, then

. 40n .
a4 < ?IuiI?’Zlujl (i € I).

J#i
Proof. From (5.11), we obtain
1 1 Cn d
d =l Wil < d=—. (513
fuil = |z = Gl < g Wil < g w < g =d =50 (513)
Then
Cn, 3n—1
> e | =l — G > d— d= d. 5.14
i = Gl = |z = 251 = |25 = G e = "3m (5.14)

Following the introduced notations, we find

U; 1 1
[P =fiz2)=—(a+1)) n +
= (i 2) (= Cg)( -z % —<j>

+a(a+1)z (Zi—zjqjézi—Cj)(Z ziizj +Z ! Cy)

J#i J#i

Using the bound (5.14) and the definition of the minimal distance d, we
estimate

1 3n
|lzi — 2|2 — G| — (3n—1)d

1 n 1 - 1 n 3n _ bn—1
lzi —zj|  |zi—¢| —d (Bn-1)d (3n—1)d

=:!0n,

=:b,. (5.15)
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Then, from the previous expression for f* — f;(z, z), we obtain for i € I,

7 = filz2)] < ot 1buan 3 Jul + lalla+ 1buan(n = 1)Y Juy|
i i
< Ja+1|(1+al(n — 1))baan 3 Jujl
JFi

(1+2]a]) 3n(n —
<o+ 11— (3n ng Z|uj\ (5.16)

Since

n

1 1 1 1 1
RS SRR .
U; U; = 2 — (o U pary zi — GG

by (5.13) and (5.14), we have

a+1 1 1 1 3n(n —1)|al
— = > — — | —_— > — =
n R D st R v Rl ey
J#i
1 (n—1Dlal\ _ 3—|af
— (1- ) > 5.17
|| ( 3n—1 3|l (5:17)
and
a+1
—aélul—‘l—auz ‘<1—i—auz
=~ ad s bl 3
3n(n —1) 3+ |a|
1 i S 5.18
<14 gl < (515)
Let us introduce the quantities y; and v; by
Yi = (a—&—l)Ai—aé%i—fi(z,z), v, = fl —fi(Z,Z) 3
’ a+1
( 704(;171')
u;
Using the identity (5.3), we obtain
a+1

= (a+1)A—add — i+ [~ filz,2) = (= - aal,i)z(l +o;). (5.19)

Usg

According to the bounds (5.16) and (5.17) of |f* — fi(z,2)| and |(av 4+ 1)/

u; — ady ;|, we estimate



5.1 One-Parameter Family for Simple Zeros 167

lae + 1|(1 4 2]e]) 3n(n—1)(6n —1) Z |

* 2 3n —1)2d3
WP CO Bn- " A
T (@t 1) /up — a2 (3—|o¢|)2
3]
|a+1|(1+2\a|) 2771(7171) |uz|2 Z| |
_ U
(3 —al)? 2(3n — oy
lao+ 1](1 4 2|a]) 9n|ul
Gl > lujl=thi (i€ L), (5.20)
J#i
where we have used the inequality
-1 2
on for all n > 3.

<

Bn—-1)2 " 3(n-1)
Since |u;| < d/(3n) (according to (5.13)), we have
(n—1)d*
il | < i, (5.21)
— 2Tn
J#i
so that (taking into account that || < 1.8)

a4+ 1|(1+2la]) (n—1) _ 2(la| +1)(1 + 2|«|)

h; < < <067<1 > 3).
G-la)? 32 = 23 -[alP (n=>3)
Therefore )
—— < 0.64. 5.22
14++1—h; ( )

Since |v;| < h;, there follows v; € V' := {0; h; }, where V is the disk centered
at the origin with the radius h;. Now, using (1.64), (1.70), (1.72) (taking the
principal branch), and the inequality (5.22), we find

[1 + Uz}iﬂ € [1 + {O;hi}} 1/2 = {{l;hi}} i/Q = {1; 1- \/1——h1}
_ {1; H\;LT—h} c {1;0.64@-}. (5.23)
Let
x; = ady; + [yl]1/2.
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Then, using (5.18)—(5.20) and (5.23), as well as the properties (1.65), (1.70),
and Theorem 1.7, we have

a+1 1/2

T = ady; + ( - a51,i) [1 + Uz}

7 *

a+1

)

e adui+ ( —ady,i ) {1:0.640:}

0.64h; }

|

)

_{a—l—l"a—i—l

— 04(5171‘ |u1|
Ujg U;

. {a +1 0.64(3 + |a)hi}

(7 ’ 3‘7.L1|

a+1 1.92n|u;]
= { ;|a+1|¢(a|)Tzug‘|}a

J#i

where we put
(lol) = (1+2]a))(3 + [o)
B—la)?

Since ¢(|a|) < 15.5 for o] < 1.8, we have

z; e{a—H;Ri} (i e L), (5.24)

where 30n| 1
nja + 1fju; .
Ri="——p—— > luil (i€ L. (5.25)
J#i
Using (5.24), the centered inversion of a disk (1.63), (1.65), and (1.70), we
obtain

cu—&—l6 a+1 ~(a+1) up R;
vi  {la+1)/u;Ri} at1’ |a+1|(|a+1| - R,)
] ] '

Ri|ui|2
= T E———— 5.26
{“ o+ 1] — Rilui] (5.26)

20]a + 1]

By (5.13), we find that R;|u;| < o1

for all n > 3, so that

20 61
@+ 11— Rilu| > |a+ 1] = Zla+1 = gla+ 1> 0.

Therefore, the disk in (5.26) is well defined. In addition, using (5.26) and the
last inequalities, we get
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a+1 { 4.81Riui|2} 527)

2 Y 61+ 1]

The iterative formula (TS) can be written in the form

1
PR (5.28)
T
wherefrom
1 1
2i_Ci:Zi_<i_a+ ,ole, G =wy— et
Li T
Hence, by the inclusion (5.27), we find
P a+1 cJo 81R;|u;|?
Yy "6lla+ 1] (7
wherefrom, by (1.71) and (5.25),
) 81 81 30m|a+ 1|ju?
i| € ——Rilui|* = j
il < S ol = e P Z'uﬁl
JFi
(5.29)

40n .
< Y lul (i€ L),
J#i

which proves Lemma 5.3. O
Lemma 5.4. Under the condition of Lemma 5.3, the following assertions are

valid for the iterative method (TS):

In -
i) d< d.
W) d<5—3
(ii) (Wil <A§|Wi"
o o~ d
(ili) @ < o

Proof. From (5.27) and (5.28), it follows

a+1 81R;|ug)? 40n 4
g1y} © vl bl

27;—2’1':—
€L

Using (1.71) and (5.13), from the last inclusion, we have

) 40n, 4 40(n — 1)
|2i — zi| < Jug| + F'u” Z |uj| < |ui|<1 + W)
J#i
16 4d
(5.30)

4
< U < —w < —.
glul < guw<g,
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From (5.30), we obtain

. 4d  9In—4
12i — 2] > |z — 2] — |2 — zz\>d—%= o d (5.31)
and
JN R . 8 9n—38
|Zi — 251 > |z — 25| — |2 — 2] — |35 — 2] > d — o= " on d. (5.32)
The inequality (5.32) yields
~  9n -8 d In
d d, ie, =<-—— .
> , e, d<9n—8’ (5.33)

which proves (i) of the lemma.
By the inclusion (5.24), from the iterative formula (5.28), we obtain

1 T; 1 R B 1 30n|ul|
éi—ziiia—&—le{ ui’|a—|—1|}7{ u;’ Z|]}
o)
=y " sRip
Uy

30
where we put x; = n|u2| Z |u;|. Hence
JFi

e (-l (534)

Zy — Z§

We use the identities (5.5) and (3.72) to find

51’1.:2 Cj uz+zzz 3 Zzi_szFWi(ZZi_jszrl)’

Jj= j 71 J#i

wherefrom

=23

U; i Zi Zj

W 1
(; ot -2 = (5.35)

Using (5.34) and (5.35), we get

W Wi W;
Y 1= +Y ——+1
Zi—Zj Zi — 2§ Zi—Zj

Jj=1
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:{__@

Ui

:{_ zzz P _1+WZ
JF#i VED
+

J#i
= {Qla !p’b}v

-+ 1 W|/@z}

—I- 1;|W; |m}

where

Or=- Z - ¢) (ZZ_ZJ> _(2i_zi)z 2 Wj- oy (5:36)

J#l

and

Let us estimate the moduli of ©; and ¥;. Starting from (5.36) and using
(5.12)—(5.14), (5.30), and (5.31), we find

Ui W.
|@|<|W\Z%+|zﬁzz|z ]

= Gl porl 1 E ]
(n—13w?  16(n — 1)w? n—1 N n—1 0.0
3n — ld 9(9n — 4) 2 dn(3n —1)  n(9n —4) o
3n In

By virtue of (5.12) and (5.13), from (5.37), we obtain

30n|u; 30n(n 4w\ 2
= |Wilk; < w ‘ |Z#:| uj| < —)<?)
YES)

5(n—1)

<
6n2

5
< 2 <0.186. 5.38
<55 < (5.38)

According to (1.71) and using the upper bounds of |©;| and ¥;, we estimate

W
D

A 1‘ < |6i] + ¥ < 0.05+0.186 < 0.236.  (5.39)
—
=17

Furthermore, using the bounds (5.30) and (5.32), we find

‘H :ZJ ( ‘) <(1+ 9n4_8)n71 < 1.56.

%l
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Having in mind the last inequality and the inequalities (5.30) and (5.32),
we start from (3.71) for z = 2; and find

< |z - Zz|

z|_

=

’HZZ_ZJ

J#i
16 2
< §|Wl| -0.236 - 1.56 < §|WZ|

and the assertion (ii) is proved.
According to (5.12), and (i) and (ii) of Lemma 5.3, we find for || < 1.8

A<2 <2
W< -w< 5>
3 3

< < —
n  12n 9n —38 4an’

d 2 R
- d
4

which completes the proof of the assertion (iii) of the lemma. 0O

Using results of Lemmas 5.3 and 5.4, we are able to state initial conditions
which guarantee the convergence of the family of methods (TS) and to find
its convergence order (see M. Petkovi¢ and Rancié¢ [138]).

Theorem 5.1. Let P be a polynomial of degree n > 3 with simple zeros. If

the initial condition .
w® <, d®, ¢, =—
4n

holds, then the family of simultaneous methods (TS) is convergent for |a| <
1.8 with the order of convergence /.

(5.40)

Proof. Using a similar technique presented in Chap.3 and in the proofs of
Lemmas 5.3 and 5.4, we prove the assertions of Theorem 5.1 by induction.
Since (5.12) and (5.40) are of the same form, all estimates given in Lemmas 5.3
and 5.4 are valid for the index m = 1. Furthermore, the inequality (iii) in
Lemma 5.4 coincides with (5.12), so that the assertions of Lemmas 5.3 and 5.4
are valid for the subsequent index, etc. Hence, by induction, we obtain the
implication
w™ < ¢, d™ = W™t < ¢, dmtD,

It involves the initial condition (5.40) under which all inequalities given in

Lemmas 5.3 and 5.4 are valid for all m = 0,1, .... In particular, we have
d(m) In
FICESY) < o —8 (5.41)
and
g™ < ( @y P 2 ™| (i € L) (5.42)
J#l

for each iteration index m = 0,1, .. ..



5.1 One-Parameter Family for Simple Zeros 173

Let us substitute

4
tgm) _ In On (™) |

-1
iUy
in (5.42), then

_ (m) n
m+1) _ In—8 d (m)\3 N 4 (m)
t; < t: o,
2 — 9n(n _ 1) d(m+1)( t ) ; J

J#i

Hence, by virtue of (5.41),

mt1) _ L3 o) N
! < m(ti ) ;tj (iel,, m=0,1,..). (5.43)
FE

In regard to (5.13), for |a| < 1.8, we find

1/3 1/3
(0 _ | 360n%(n — 1) : ®| < 360n%(n—1) | a®
' (9n — 8)(d®)® l (9n —8)(d®)*|  3n
[ 40(n — 1) ]1/3

— 0.78 < 1.
3n(9n — 8) < <

Put t = max; tEO), then obviously tEO) <t<lforallt=1,...,nandn > 3.
Hence, we conclude from (5.43) that the sequences {tl(m)} (and, consequently,

{|u£m)\}) tend to 0 for all i = 1,...,n. Therefore, zi(m) — (¢ (i € I,) and the
family of methods (TS) is convergent.
Using (5.30), (5.32), and (ii) of Lemma 5.4, we successively find

dm s gom=1) _ 32 mo1) o gom-2) _ 32, m-2) _ 32 (m-1)
9 9 9

< 4O _ % (wm) TR CO w(m—l))

> d0 — %2111(0) (1 +2/3+ (2/3)2 4 (2/3)7"—1)

32 32 8
(0) _ 2=, .(0) (0) _ 22 4(0) 1 - 2)q©
>d 3 w'Y > d 3 cpd'Y > ( 3n)d .

Therefore, the quantity 1/d™ appearing in (5.42) is bounded by 1/d(™) <
3n/((3n — 8)d®), so that from (5.42) we conclude that the order of conver-
gence of the total-step method (TS) is 4. O
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Remark 5.2. The condition |a| < 1.8 is sufficient. This bound is used to ensure
the validity of some (not so sharp) inequalities and estimates in the presented
convergence analysis. However, in practice, we can take considerably larger
value of |a|, as many numerical examples have shown.

The convergence of the total-step method (TS) can be accelerated if we use
new approximations to the zeros as soon as they are available (Gauss-Seidel
approach). In this way, we obtain

The basic single-step method (SS):

otl Gel)  (SS)

= AT 172

adii + [(a+1)Ai - sk, - fi(2,2)]

*

5.2 Family of Methods with Corrections

In this section, we state other modifications of the families (TS) and (SS)
which possess very fast convergence. The proposed methods have a high
computational efficiency since the acceleration of convergence is attained with
only a few additional computations. Actually, the increase of the convergence
rate is attained using Newton’s and Halley’s corrections, which use already
calculated values of P, P’, P" at the points z1,..., 2, — current approxima-
tions to the wanted zeros.
Let us introduce some notations:

Pz :
N; =N(z)=1/01; = ,(Z ) (Newton’s correction), (5.44)
P'(zi)  P'(z)717! 201,
H, = H(z) = [ - = : 5.45
G =15 2P () 57, + A (5.45)
(Halley’s correction),
zZN = (2815, 2Nm), 2Ni =% — N(z;) (Newton’s approximations),
zg = (2H7, .- 2Hn), ZH; =2 —H(z) (Halley’s approximations).

We recall that the correction terms (5.44) and (5.45) appear in the iterative
formulae

2=2-—N(z) (Newton’s method) and 2=z—H(z) (Halley’s method),

which have quadratic and cubic convergence, respectively.
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Taking certain approximations z; of {; in the sums involved in f (see
(5.2)) on the right side of the fixed point relation (5.6) and putting ¢; := Z;
in (5.6), where Z; is a new approximation to the zero (;, we obtain approx-
imations f; of f. Then from (5.6), we construct some improved families
of iterative methods for the simultaneous determination of all simple zeros
of a polynomial. First, we will construct the following families of total-step
methods (parallel mode):

The basic total-step method (TS):
a+1
ady; + [(04 +1)A; —ad},; - fi(z,z)}

Zi =2z — 73 (i eI,). (TS)

*

The total-step method with Newton’s corrections (TSN):

a—+1

(i€1I,). (TSN)

Zi=E T 1/2

0451’1' + {(Oé + ].)Al - aé%,i - fi(ZN, ZN):|

*

The total-step method with Halley’s corrections (TSH):

. a+1
Zi = Z2p —

75 (i€I,). (TSH)

ady; + {(OL +1)A; — aéf,i — fi(zm, zH)}

The corresponding single-step methods (serial mode) have the form:
The basic single-step method (SS):
a+1

0[51’1' + [(a + ]-)Az — aéii — fl(i, Z):|

Zy = 2 —

72 (i e I,). (SS)

The single-step method with Newton’s corrections (SSN):
a+1

ady; + [(Oz +1)A; —ad},; - fi(2, zN)}

(i€I,). (SSN)

R = Z T 1/2

The single-step method with Halley’s corrections (SSH):
a+1

adii+ [(a+1)Ai - ad?, — fi(2,2m)]

Zp = Zi —

5 (i€L). (SSH)

*

For some specific values of the parameter «, from the families of methods
listed above, we obtain special cases such as the Ostrowski-like method (o = 0,
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studied in [47] and [106]), the Laguerre-like method (o« = 1/(n—1), considered
in [134]), the Euler-like method (o« = 1), and the Halley-like method (o = —1),
see [177] and [182].

Convergence Analysis

Studying the convergence analysis of the total-step methods (TS), (TSN),
and (TSH), we will investigate all three methods simultaneously. The same is
valid for the single-step methods (SS), (SSN), and (SSH). For this purpose,
we denote these methods with the additional superscript indices 1 (for (TS)
and (S8S)), 2 (for (TSN) and (SSN)), and 3 (for (TSH) and (SSH)) and, in
the same manner, we denote the corresponding vectors of approximations as
follows:

2 =2 = (21,...,2a),
2(2) =ZN = (ZNJ, .. -7ZN,n)7
20 =2y = (ZH1, s ZHn)-

Now, we are able to present all the mentioned total-step methods (for
a # —1), denoted with (TS(k)) (k= 1,2,3), in the unique form as

1
ot (iel, k=1,2,3).

Zi = Zi—

1/2

*

ady; + [(a+1)A; — ad?, — fi(z™), zuc))]
(TS(k))
Using the above notation for the arguments of f;, the single-step methods

(SS), (SSN), and (SSH), denoted commonly with (SS(k)), can be written in
the unique form

a+1

7 (€L, k=1,23).

b1 + [(a+ )4, — ad2, — fi(%, z<k>)] )
(S5(k))

Computationally verifiable initial conditions which ensure the guaranteed
convergence of the basic total-step method (k = 1) of Laguerre’s type (o =
1/(n — 1)) were established in [133].

Using the same technique presented in Sect. 5.1, we are able to state con-
vergence theorems for the methods listed above. These theorems include the
initial condition of the form w < ¢,d providing the guaranteed convergence,
see [153] where this analysis is given in detail. However, this analysis occupies
a lot of space so that we will give a convergence theorem under simplified
conditions.

We assume that o # —1 in all iterative formulae presented above.
If a = —1, then applying a limiting operation we obtain the methods of
Halley’s type
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2(51,2‘
A+ (5%1- — Sg.i(z0), (k) — Sii(z(k), z(k))

Zi = Zj

(icl, k=1,23),

whose basic variant and some improvements were considered in [109,
Sect. 5.5, [177], and [182].
Let us introduce the notation

1<i,j<n

. 4n
n= min |G-, ¢=—
iF] 77

and suppose that the conditions

n 1 .
il =12 — G| < — = — =1,..., 5.46
fuil = lzi — G| < 7~ . (i n) (5.46)
are satisfied. Also, in our convergence analysis, we will deal with the param-
eter « lying in the disk |z| < 2.4 centered at the origin (i.e., |o| < 2.4).

Lemma 5.5. Let 21, ..., 2z, be distinct approrimations to the zeros (y,...,Cn
and let u; = z; — (; and u; = Z; — (;, where Z1, ..., Z, are approrimations pro-
duced by the iterative methods TS(k). If (5.46) holds and o] < 2.4 N o # —1,
then:

qk+2 5 X
() fii] < Al sl (€ L k= 1,2,3).
) J#i
(if) |ai|<%:a (i € I).

The proof of the assertions (i) and (ii) is extensive but elementary, and
can be derived applying a similar technique as the one used in [134]. The
complete proof is given in [153]. For these reasons, we omit the proof.

Let 250), ceey 27(10) be approximations close enough to the zeros (1, ..., (, of
the polynomial P and let
(m)|

)

i

W =G ) = e o
1<i<n

where zim), ey zr(lm) are approximations obtained in the mth iterative step.

Theorem 5.2. Let |a| < 2.4 AN a # —1 and let the inequalities
0 _ [, n 1o
lu; | = |7 _Ci|<R_a (i=1,...,n) (5.47)

hold. Then, the total-step methods (TS(k)) are convergent with the conver-
gence order equal to k+3 (k=1,2,3).
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Proof. Starting from the condition (5.47) (which coincides with (5.46)) and
using the assertion (i) of Lemma 5.5, we come to the following inequalities

M| < \3Z\u<0 <— (i€ L, k=1,2,3),
J#t

which means that the implications

1
= |(1)|<77 5 (iel,)

(0) no_
\ < 4 ==
u”| -’

4n

are valid (see also the assertion (ii) of Lemma 5.5). We can prove by induction
that the condition (5.47) implies

u (m+1)| < (m)| Zm(m)‘k = (iel,, k=1,2,3) (5.48)

]?51

for each m = 0,1,... and i € I,. Replacing |u2(.m)\ = tz(-m)/q in (5.48), we get

(m)\3 n
many _ (") (mnk B
gt gm;(tj )" (e L, k=1,2,3). (5.49)
JFi

Let t0™) = max t( ™) From (5.47), it follows
1<i<n

gl =19 <1 <1 (ier).

Successive application of the inequalities of this type to (5.49) gives tl(-m) <1

for all i € I, and m = 1,2,.... According to this, we get from (5.49)
£ < ()P (rm)E < (R = 12, 3). (5.50)

From (5.50), we infer that the sequences {tz(-m)} (i € I,) converge to 0, which
means that the sequences {|u{"|} are also convergent, i.e., 2™ — ¢; (i € I,).
Finally, from (5.50), we may conclude that the total-step methods (T'S(k))
have the convergence order k + 3, i.e., the total-step methods (TS) (k = 1),
(TSN) (k = 2), and (TSH) (k = 3) have the order of convergence 4, 5, and 6,
respectively. 0O

Let us consider now the convergence rate of the single-step method (SS(k)).
Applying the same technique and argumentations presented in [134] and
starting from the initial conditions (5.47), we can prove that the inequalities
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m 777, m m 1
Juf™ < 2 g u™ (ZW gt Z Ju )|> = (k=1,2,3)

Jj=i+1 q
(5.51)
hold for each m = 0,1, ... and ¢ € I, supposing that for ¢ = 1 the first sum
n (5.51) is omitted.

Substituting |u£m)\ = tgm)/q into (5.51), we obtain

(m+1) m+1) m) .
! g nil <Zt + Z ) (iel, k=1,2,3). (5.52)

Jj=i+1

The convergence analysis of the single-step methods (SS(k)), similar to
that presented by Alefeld and Herzberger [2], uses the notion of the R-order
of convergence introduced by Ortega and Rheinboldt [98]. The R-order of an
iterative process IP with the limit point ¢ will be denoted by Og((IP), ().

Theorem 5.3. Assume that the initial conditions (5.47) and the inequalities
(5.51) are walid for the single-step method (SS(k)). Then, the R-order of
convergence of (SS(k)) is given by

Or((SS(k)), €) > 3+ 7n(k), (5.53)
where T, (k) > k is the unique positive root of the equation
— k"l =3k = 0. (5.54)

Proof. As in the proof of Theorem 5.2, we first note that the condition (5.47)
implies
|u50)|q = tgo) <t = max tEO) <1 (5.55)
1<i<n

According to this and (5.52), we conclude that the sequences {tgm)} (ieI,)
converge to 0. Hence, the sequences {|ul(-m) |} are also convergent which means

thatz —>Q(16I)
Applymg the technique by Alefeld and Herzberger [2], the following system
of inequalities can be derived from the relations (5.52) and (5.55):

£ <™ (=1, 0, m=0,1,...). (5.56)
The column vectors s(™) = [sgm) e sﬁ{”)]T are successively computed by

s — AL (k) s(™) (5.57)
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starting with (90 = [1---1]7. The n x n-matrix A, (k) in (5.57) is given by

—3/€ -
3k O
3 k
(0]
3k
130 0 ---03

(see [109, Sect. 2.3] for more general case). The characteristic polynomial of
the matrix A, (k) is

gn(N k) = (A =3)" — (A = 3)k" 1 — 3",
Replacing 7 = A — 3, we get
(T3 k) = gn(T + 33 k) = 7" — k" 17 — 3k
It is easy to show that the equation
kM =3k =0

has the unique positive root 7, (k) > k. The corresponding (positive) eigen-
value of the matrix A, (k) is 3 + 7,,(k). Using some elements of the matrix
analysis, we find that the matrix A, (k) is irreducible and primitive, so that
it has the unique positive eigenvalue equal to its spectral radius p(A,(k)).
According to the analysis presented by Alefeld and Herzberger [2], it can be
shown that the spectral radius p(A,, (k)) gives the lower bound of the R-order
of iterative method (SS(k)), for which the inequalities (5.53) are valid. There-
fore, we have

Or((S5(k)), €) = p(An(k)) = 3 + 7 (K),
where 7, (k) > k is the unique positive root of (5.54). O

The lower bounds of Ogr((SS), ¢), Or((SSN), ¢), and Or((SSH), ¢) are
displayed in Table 5.1.

Table 5.1 The lower bound of the R-order of convergence

Methods \n|3 [4 [5 [6 |7 [10 [20 |Very large n
(SS) 4.67(4.45(4.34]4.27(4.23[4.15[4.07 — 4
(SSN) 5.86(5.595.44]5.36(5.30(5.20(5.10 =5
(SSH) 6.97]6.66/6.50(6.40(6.34]6.236.11 =6
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Methods for Multiple Zeros
Let us now consider a monic polynomial P of degree n with multiple zeros
€1, -+, ¢ (v < n) of the respective multiplicities p1, ..., gy (1444, =n)

v

P(z) = [[ == ).

j=1
For the point z = z; (i € I, := {1,...,v}), let us rearrange the previous
notations used for simple zeros:
1% M v M
Ii=y —+=, Shi=)y —— (A=12)
' ; (zi =) ; (2 — 2;)* 7
i i

fi=uila+1)Y; —ala+ 1)21271" fi=pi(a+1)Ss; — ala+ 1),5'12’1-.

Lemma 5.6. Fori € I, the following identity is valid

, 1 2
pila+1)A; —ad?, — fF = (M - a(SM) . (5.58)
Proof. Using the identities
P'(z;) - i i - i
51 = = J g 5.59
YT P(w) i A S ; Zi — G (5.59)
i
and
A - Plz)? = P(z)P(z) _ [iP’(Z)} N Ky
¢ P(ZZ)2 dz P(Z) z=z; - =1 (Z,L Cj)2
Hi - Hj
==+ , (5.60)
u72 ; (Zz - Cj)2
i
we obtain

. . 2
pla+1)4; —adt, — g = pila+ (5 + 5) — (B4 2,

7

—pi(a+1) s + ala+ I)Ef,i

2
1 20014
722 + 0[221271' — 712171‘

7 (3
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2 2 98 QovlL: )
:%—Foﬁ((ﬁ,ﬂr%—ﬂ)—&(51,1‘—&)
(2

Uy Uj %

From the identity (5.58), we derive the following fixed point relation
pi(o+ 1)

Ci =2 —
0461’1' + |:,U,Z(Oé + ].)Al — aéii — fz*]

7 (iel)), (5.61)

assuming that two values of the square root have to be taken in (5.61). As in
the previous chapters, the symbol * indicates the choice of proper value. The
fixed point relation (5.61) is suitable for the construction of iterative methods
for the simultaneous finding of multiple zeros of a given polynomial [139]:

The total-step methods for multiple zeros:
i 1
P pi(a+1)
adl,,- + |:‘LL7,(OL + 1)A, — Oé(Sii — fi(z,z)}

— (€L) (562

*

The single-step methods for multiple zeros:
i 1
P pi(a +1)
ady i+ [ui(a +1)A; —ad},; - fi(fz,z)}

5 GeL).  (563)

*

In the same manner as in Sect. 5.2, starting from (5.61) we can acceler-
ate the iterative methods (5.62) and (5.63) using Schrdder’s and Halley’s
corrections given by

Py 4 RS (CE o — PEIPT]
! 2P/(Zi)

N(zi) = p

The order of convergence of the iterative methods (5.62) and (5.63) and their
modifications with corrections is given through Theorems 5.2 and 5.3.

Numerical Results: Methods in Ordinary Complex Arithmetic

To compare the results of numerical experiments with theoretical predic-
tions exposed in the preceding sections, a considerable number of polynomial
equations were solved. To present approximations of very high accuracy, we
implemented the corresponding algorithms using the programming package
Mathematica 6.0 with multiprecision arithmetic.

As a measure of closeness of approximations to the exact zeros, we have
calculated Euclid’s norm
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" 1/2
e = ||z — ¢[|p = (Z\zz‘"‘) @!2) :
=1

Ezample 5.1. Tterative methods (5.7)—(5.10) were applied for the simultaneous
approximation to the zeros of the polynomial

P(z) = 2" — (4 +1)2" + (3 4+ 4i)2° — (38 + 3i)2® — (27 — 38i)27
(44 + 271)25 + (117 — 441)2° + (598 — 117i)2% — (934 + 598i) 2>
+(360 + 934i)22 + (1800 — 360i)z — 1800i
= (22— 4) (22 +9)(2* =22+ 2) (22 + 22 +5)(z —i)(z + 1)(z — 5).

The exact zeros of this polynomial are +2, £3i, 1+i, —142i, i, —1, and 5. For
the purpose of comparison, beside the methods (5.7)—(5.10), we also tested a
particular method from the family (TS) which is obtained for v = 1/2:

3
21‘ =Z; — 12" (564)

S1i+V2 [BAZ- — 07, —352(2,2) + %Sii(z, z)}

Also, we applied the single-step version of (5.64).
All tested methods started with the following initial approximations:

A0 —921402, 2 =-22+02 " =03+3.2i,
AV = 02-32, 20 =12+12, Y =07-08i

A0 = 0.8+ 230, 20 = —0.7—-1.8i, Y = —0.3+ 0.7,
AY = 12402, 29 =48+ 0.3

For these approximations, we have e¢(®) ~ 1.1. The measure of accuracy
e™ (m = 1,2,3) is displayed in Table 5.2, where the denotation A(—q)
means A x 1079.

Table 5.2 Euclid’s norm of errors
Methods a=0 a:ﬁ a=1/2 |la=1 a=-1
eM[1.71(-2) [1.67(—2) [3.30(—2) [7.67(-2) |6.64(—

(TS) e@)[4.17(—9) [3.74(—9) |8.95(—8) |2.51(—6) [2.38(—
e(3)[3.36(—35)[1.96(—35)|3.37(—30)|6.29(—24) |6.04(—2
eM[2.31(=2) [2.07(-2) [1.98(—2) [4.18(-2) [5.79(-2

(- (-

(=3 (=2

2)
(SS) e(?)[2.35(—9) [9.94(—10)|2.18 9) 2.96(—7) [6.22
e®)[2.16(—36) |1.80(—37)|7.20(—37)|6.96(—28) |1.37
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Ezample 5.2. Tterative methods (5.62) and (5.63), obtained for « = 0, o =
1/(n—1), « =1/2, a = 1, and « = —1, were applied for the simultaneous
determination of multiple zeros of the polynomial

P(z) = 28 — (1 —2i)2'2 — (10 + 2i)2" — (30 4 181)2'° + (35 — 62i)2°
+(293 + 52i) 2% + (452 + 524i)27 — (340 — 956i)2°
—(2505 + 156i)2° — (3495 + 4054i)z* — (538 + 7146i)2°
+(2898 — 5130i)2% + (2565 — 1350i)2 + 675
=+ DYz =33z +0)* (2 +22+5)°

The exact zeros of this polynomial are (; = —1, (2 =3, (3 = —i, and (45 =
—1 4+ 2i with respective multiplicities 1 = 4, pus = 3, and pz = ug = s = 2.
The following complex numbers were chosen as starting approximations to
these zeros:

A0 = 07103120 =27 4031, =Y =03 0.8,
2V =—12-23i 2" = —1.3+ 220

In the presented example for the initial approximations, we have e(?) ~ 1.43.
The measure of accuracy ™) (m = 1,2,3) is given in Table 5.3.

Table 5.3 Euclid’s norm of errors

Methods a=0 a:ﬁ a=1/2 |a=1 a=-1

eM]2.39(—2) [1.62(—2) [1.93(-2) [6.32(-2) [5.72(—2)

(TS) e)[1.47(=8) [1.18(—9) |1.39(—9) |8.80(—7) |1.54(—6)
e(3)[8.08(—34) [6.08(—38)|9.63(—38)|4.96(—26) |2.20(—26)
eM1.54(=2) [1.38(=2) [1.42(-2) [1.51(-=2) [1.99(-2)

(S9) e(2)[3.48(—10)[1.95(—10)|2.54(—10)|1.03(—=9) [2.02(—9)

e®)[1.18(—42)|2.35(—43)|1.19(—41)|5.72(—40) |2.40(—38)

Numerical experiments demonstrated very fast convergence of the modified
methods with corrections. For illustration, we present the following numerical
example.

Ezample 5.3. We applied the proposed methods (TS(k)) and (SS(k)) for the
simultaneous determination of the zeros of the polynomial

P(z) = 2™ + (1 — 4i)2"0 — (6 + 4i)2" — (6 — 44i)2® — (36 — 44i)27
—(36 4 761)25 + (186 — 761)2° + (186 — 364i)2* — (445 — 364i)2°
— (445 — 3600i)22 — (4500 — 36001)z — 4500.

The exact zeros of this polynomial are (; = —1, (2.3 = £3, (4 = 5i, (5,6 = £2i,
47,8 =2+ i, C9710 = -2+ i, and Cll = —i.
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The total-step as well as the single-step methods with Newton’s and Hal-
ley’s corrections, presented in Sect. 5.2, use the already calculated values
P, P, P"” at the points 21, ..., z,, so that the convergence rate of these itera-
tive methods is accelerated with negligible number of additional operations.
Therefore, the employed approach provides the high computational efficiency
of the proposed methods. Further decrease of the total number of operations
may be attained by calculating the approximations z; — N (z;) and z; — H(z;)
in advance, before summing the terms handling these approximations. In this
way, the repeat calculations of the same quantities are avoided.

All tested methods started with the following initial approximations:

AV = —12-031, 2 =33+02i, 2" =-32+0.2i
2V =03+48, 2V =02+17, 2 =02-22i
AV =234+12, ¥ =18-07, 2 =-18+13;i
AV = 1808, 29 = —0.2 - 0.8i.

The measure of accuracy e(™ (m =1,2,3) is given in Tables 5.4 and 5.5 for

the total-step and single-step methods, respectively. In the presented example
for the initial approximations, we have e(®) = 1.11.

Table 5.4 Euclid’s norm of errors: total-step methods

Methods (TS) (TSN) (TSH)
eM]2.88(—=2) [1.72(-2) [5.53(—3)
a=0 [e®]6.71(—8) 9.91(—11)|1.25(—16)
e(3)12.07(—30)[4.73(—53) |2.38(—99)
eM]2.68(—2) [1.70(-2) [5.47(-3)
a= 2@ |5.63(—8) |7.43(—11)|6.97(—17)
e [3.70(—31) |1.39(—54)|1.25(—100)
eM[3.64(—2) [2.82(—2) [8.15(-3)
a=1/2 |e(?)|7.81(-8) [4.68(—10)]9.39(—15)
e(3)]1.84(—30)[4.55(—49) [4.70(—86)
eM[2.15(-1) [7.29(=2) [2.05(-2)
a=1 [e®|3.16(—4) |2.81(=7) |2.48(—11)
e(3)]1.30(—16)[5.42(—34) |5.06(—65)
eM[3.34(-1) [4.90(-2) [1.54(-2)
a=—1 [e?|4.40(-4) [1.61(—8) |2.73(—13)
e®)[7.17(~17)|1.68(—40)|3.62(—77)

From Tables 5.2-5.5 and a hundred tested polynomial equations, we can
conclude that the results obtained by the proposed methods well match the
theoretical results given in Theorems 5.1-5.3. Also, we note that two iterative
steps of the presented families of methods are usually sufficient in solving
most practical problems when initial approximations are reasonably good
and polynomials are well conditioned. The third iteration is included to show
remarkably fast convergence and give approximations of very high accuracy,
rarely required in practice at present.
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Table 5.5 Euclid’s norm of errors: single-step methods

Methods (SS) (SSN) (SSH)
eM[2.19(-2) [1.50(—2) [5.09(— 3)
a=0 [e®|6.60(—9) [1.62(—11)]9.90(—17)
e®)11.65(—37)[4.13(—60) |5.97(—104)
eM[2.18(—2) [1.52(—2) [4.98(—3)
a=—2-e?16.45(—9) [8.31(—12)|7.97(—17)
e(3)[3.36(—38)[6.70(—62)|1.14(—106)
eM[3.46(—2) [2.52(—2) [7.41(=3)
a=1/2 |e?)|6.54(—8) [4.28(—10)|1.18(—15)
e(®)[1.89(—32)|1.60(—50)|1.44(—92)
eM[2.14(-1) [5.32(-2) [1.81(-2)
a=1 [e(®|3.33(—4) [2.03(—8) |4.08(—12)
e®)[2.61(—18)|1.89(—41)|1.71(—76)
eM[5.04(-2) [3.12(-2) [9.88(—3)
a=—1 [e?|2.98(-7) [1.29(-9) |1.31(—14)
e(3)[2.89(—27)6.60(—47)|7.12(—87)

5.3 Family of Interval Methods

The fixed point relation (5.6) is suitable for the construction of interval itera-
tive methods for the simultaneous inclusion of simple complex zeros of a poly-
nomial. Let us assume that we have found mutually disjoint disks Z1, ..., Z,
with centers z; = mid Z; and radii r; = rad Z; such that ¢; € Z; (i € I,,). Let
us substitute the zeros (; by their inclusion disks Z; in the expression for f;,
given by (5.2). In this way, we obtain a circular extension F; of f}*

n n

2
E=%a+UzX%jZ)2_Ma+U<§:%j%> (5.65)

j=1 j=1
i i
with f € F; for each i € I,,.
Using the inclusion isotonicity property (see Sect. 1.3), from the fixed point
relation (5.6), we get

a—+1

G € Zi=2— (ie,). (5.66)

172
045171' + (Oé + 1)AZ — Ozéii — Fl)}

If the denominator in (5.66) is a disk not containing 0, then Z; is a new outer
circular approximation to the zero (;, i.e., (; € Z; (i € I,).
Let us introduce some notations:

1° The circular inclusion approximations Z{m), ceey Z,gm) of the zeros at the
mth iterative step will be briefly denoted by Zi,...,Z,, and the new
approximations Z{mﬂ), ey Zr(LmH), obtained by some simultaneous in-

clusion iterative method, by 217 ey Zn, respectively.
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2° Sk,i(A,B)lZ(Z‘_lA])kJr i (z-—lBj)k’ z; = mid Z;,
i PPy

Fi(A,B) = (a+1)5,(A,B) — ala+ 1)512,2»(A, B),

where A = (Ay,...,A,) and B = (By,..., B,) are some vectors of disks.
ftA=B=Z=(Z,...,Z,), then we will sometimes write Sy ;(Z, Z) =
Skﬂ' and FZ(Z, Z) = Fl

3° Z=(Z1,...,Z,) (the current disk approximations),
Z= (Zy,...,Z,) (the new disk approximations).

Starting from (5.66), we obtain a new one-parameter family of iterative
methods for the simultaneous inclusion of all simple complex zeros of a poly-
nomial. In our consideration of the new family, we will always suppose that
a # —1. However, the particular case o = —1 reduces (by applying a limiting
process) to the already known Halley-like interval method which was studied
in [108], [182], [184], and [186].

First, following (5.66), we will construct the family of total-step meth-
ods [126]:

The basic interval total-step method (ITS):

N 1
Zi:Zif ot

(iel,). (ITS)

1/2
adyi + [(a+1)A; - a8}, - Fi(Z, 2)]

The symbol * indicates that one of the two disks (say Uy,; = {c1,4;d;} and
Usa,; = {c2,i;d;}, where ¢1,; = —ca;) has to be chosen according to a suitable
criterion. That disk will be called a “proper” disk. From (5.3) and the inclu-
sion f € Fj;, we conclude that the proper disk is the one which contains the
complex number (a + 1)/u; — ady ;. The choice of the proper sign in front
of the square root in (ITS) was considered in detail in [47] (see also [109,
Chap. 3]). The following criterion for the choice of the proper disk of a square
root (between two disks) can be stated:

If the disks Z1,...,Z, are reasonably small, then we have to choose that
disk (between Uy ; and Us ;) whose center minimizes

|P'(2:)/ P(2i) — cki

(k=1,2).

The inclusion method (ITS) and its modifications which will be presented
later are realized in circular complex interval arithmetic, which means that
the produced approximations have the form of disks containing the wanted
zeros. Therefore, these methods can be regarded as a self-validated numerical
tool that features built-in upper error bounds to approximations expressed by
the radii of the resulting disks. This enclosure property is the main advantage
of inclusion methods.
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Now, we present some special cases of the family (ITS) of iterative interval
methods:

a = 0, the Ostrowski-like method:

= 1
ZZ‘ZZZ'—

5 (i€ L) (5.67)

{Ai — 85.4(2, Z)} )

a =1/(n—1), the Laguerre-like method:
~ n

Zi =z —
) b1+ |(n = 1) (ndi = 6, nS,.:(2, 2) + ——7:(2, 2))]

1/2

(i€ L,). (5.68)

a =1, the Fuler-like method:

~ 2 .
Zy = z; — 7 (i eI,).
Sui+ [mi — 82, — 2(52,2-(2, Z) - 52,(Z, Z))}
(5.69)
o = —1, the Halley-like method:
~ 2671 4 .
7=z = (i e I,). (5.70)

A+ 03, - 52:(2,2) - S3,(Z, Z)

The Halley-like method is obtained for & — —1 applying a limiting operation.
The names come from the similarity with the quoted classical methods. For
instance, omitting the sum in (5.67), we obtain the well-known Ostrowski’s

method Z; = z; — 1/[A1-]>‘1</27 see [99].

For m =0,1,2,... and n > 3, let us introduce
p(m) — 1?%)(” Tl(m)’ p(m) _ 1gl§2n {|Z7(m) _ Z]('m)| _ ,r;m)}.

i#j

The quantity p™) can be regarded as a measure of the separation of disks

Zj(-m) from each other. The following assertion was proved by M. Petkovi¢
and MiloSevié [126].

Theorem 5.4. Let the interval sequences {Zi(m)} (i € I,) be defined by the
iterative formula (ITS), where |a| < 1.13. Then, under the condition

PO > 4(n —1)r®,

for each i € I, and m =0,1,..., we have:
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() ¢ ez™.
14(n — 1)2(r(m)*
-
(p© — 1Lr©)

The above theorem asserts that (1) each of the produced disks contains the
wanted zero in every iteration and (2) the convergence order of the interval
method (ITS) is 4.

The total-step interval method (ITS) can be accelerated by using already
calculated disk approximations in the current iteration (Gauss-Seidel ap-
proach). In this way, we obtain the single-step interval method:

(i) rlm+D

N 1
22 = Z; — @t

5 (€L).  (189)

b1 + [(a+1)4; — ad?, — F(Z, Z)}

*

The R-order of convergence of the single-step method (ISS) is given by The-
orem 5.3 for kK =1 (the method without corrections).

The interval method (ITS) can be easily modified for the inclusion of
multiple zeros (with known multiplicities) in a similar way as in Sect.5.2.
Starting from the fixed point relation (5.61), we obtain a new one-parameter
family of iterative methods for the simultaneous inclusion of all multiple zeros
of a polynomial:

5 pi(a+1) ,
Zi =z — 73 (iel, ={1,...,v}),

ady; + [,ui(a +1)A4; — aéii — Fz}

*

(5.71)

where

Fi = pi(a4+1)S2; — oo+ 1)512,i

v v 2
1 2 1L
— 1 (_) _ 1 M)
ot 03 (o) el (T2
Jj=1 j=1
JFi j#i
More details about this method, including the convergence analysis and
numerical examples, can be found in [125] where the following convergence
theorem was proved.

Theorem 5.5. Let the interval sequences {Zi(m)} (i € L)) be defined by the
iterative formula (5.71), where |a| < 1.1. Then, under the condition

PO > 4(n— pu)r®,
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the following assertions hold for each i € I, and m =0,1,...:

(i)
(i)

G e Zz(m)
4
RCTSI 17(n — ,u)Q(r( ))
0 _1,.0)
u(p( -5 )

Other modifications of the interval method (ITS) of the higher order
that use Newton’s and Halley’s corrections (see Sect.5.2) were studied by
M. Petkovi¢ and Milosevié¢ [127].

Numerical Results: Methods in Circular Complex Arithmetic

The presented family of inclusion methods and its modifications have been
tested in solving many polynomial equations. In the implementation of these
fast algorithms, we have applied a multistage globally convergent composite
algorithm:

(a)

Find an inclusion region of the complex plane which includes all zeros
of a polynomial. It is well known that all zeros of a polynomial P(z) =
2"+ ap_12"" 4+ -+ a2+ ag lie in the disk centered at the origin with
the radius

_ 1/k
R=2 1r<nka§<n | (5.72)

(see Henrici [57, p.457]). It is possible to use other similar formulae (see,
e.g., [155]), but (5.72) has been found to be sufficient and satisfactory in
practice.

Apply a slow convergent search algorithm to obtain mutually disjoint rect-
angles with a prescribed tolerance for the semidiagonals (sufficient to
provide the convergence), each containing only one zero. Let C' = (O(S)
and S’ = 0O(C) denote a circle C’ which circumscribes a square S and
a square S’ which circumscribes a circle C, respectively. Starting with
the initial inclusion square CJ({0; R}), we use the efficient squaring sub-
dividing procedure presented in [58] to find reasonably well-separated
squares, say Si,...,5, (v < n). In this process, we employ appropri-
ate inclusion tests (see [7], [57], [90], [100], [128], [155]) to determine
which of the intermediate smaller squares still contains zeros, discard-
ing all that do not. Thereafter we find initial inclusion disjoint disks
=29 =0(81),...,C, =72 = O(S,).

Determine the number of zeros contained in each initial disk. The meth-
ods based on the principle of argument and realized by numerical inte-
gration in the complex plane give satisfactory results in practice, see [46],
[57], [65], [78], [79], [87], [93]. If the number of zeros, say N (C;), is greater
than 1, then we take the center of each initial disk z; = mid C; to be a
zero approximation and estimate the multiplicity of a (possibly multiple)
zero contained in the disk C; using the Lagouanelle formula (see [75], [77])
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o 1. PI(ZZ‘)Q
Hi= B P2 — P(2) P (%)

For practical purpose, this formula is adapted for approximate calculation
as follows

P/ (21)2
P'(z;)? = P(z;) P (z:) )’

i = R{ (5.73)
where the denotation R[AZ] means that the calculated value A; (in
bracket) should be rounded to the nearest integer. In this estimating
process, we assume that the radius of C; is small enough to provide rea-
sonably good approximation z; to the zero (;. To control the result, the
order of multiplicity may also be determined by a method presented re-
cently by Niu and Sakurai [93]. If (1) p; = N(C;), we conclude that the
disk C; contains one zero of the multiplicity p,. If (2) p; # N(C;) or
|A; — R[A;]| > 7, where 7 (> 0.1, say) is a tolerance which estimates the
“goodness” of rounding in (5.73), then there is an indication that the disk
C; contains a cluster of N(C;) close zeros instead of one multiple zero.
In this chapter, we consider only the case (1). Since the study of clusters
is very actual, the reader is referred to the papers [7], [61], [78]-[80], [91],
[94], [100], [155], [191] for more details.

(d) Improve disks Chi,...,C, containing the zeros of the multiplicities
W1y .-y My, Tespectively (determined in (c¢)), with rapidly convergent
iterative methods to any required accuracy.

Here, we present numerical results obtained by the interval method (ITS)
described in Sect. 5.3. For comparison, beside the methods (5.67)—(5.70), we
tested the method (ITS) which is obtained for aw = 1/2

~ 3

Zi = Z; — 1/2° (574)
b1+ V2 [34; = 03, 35,42, 2) + 35} (2. 2)|
and the following inclusion methods of the fourth order
N 1 .
Zi =z — P’( ) n (Z S In) (575)
Zi Ic
- zi — Zj + Nj
P(ZZ) ;( ? J J)
i
(see Carstensen and M. Petkovié¢ [17]) and
5 Wz .
Ti= 2 — (i) (i € L) (5.76)

1+ Z W(Z]>(ZZ — Wz — Zj)IC
j=1
J#i
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(see M. Petkovié¢ and Carstensen [111]). We recall that the superscript index
I. denotes the centered inversion of a disk, see (1.63).

Some authors consider that it is better to apply more iterations of Weier-
strass’ method of the second order (see [109, Chap. 3])

-1

n

Zi =z — P(2) (H(zi - Zj)> (i € I,,) (5.77)
S

than any higher-order method. To check this opinion, we also tested this

method.

Numerical experiments showed very fast convergence of the inclusion meth-
ods even in the case of relatively large initial disks. In all tested examples,
the choice of initial disks was carried out under weaker conditions than those
given in Theorem 5.4; moreover, the ratio p(©) / (0 was most frequently two,
three, or more times less than 4(n—1). We have selected two typical examples.

Ezample 5.4. The interval methods (5.67)—(5.70) and (5.74)—(5.77) were ap-
plied for the simultaneous inclusion of the zeros of the polynomial

P(2) = 2% 4+ 32% — 327 — 925 + 32° + 92* + 992° + 2972% — 100z — 300.

The exact zeros of this polynomial are —3, £1, +2i, and +2 + i. The initial
disks were selected to be Zi(o) = {zEO); 0.3} with the centers

A% = 231402, 2 = —1.2 - 0.1i, 2{” = 1.2+ 0.1,

2V =02-21i, (0) =02+419, 2" =-18+11i
A = 18- 0.9i, z§°> =21+111, 2" =18-009i

The entries of the maximal radii of the disks produced in the first three
iterations, for different values of «, are given in Table 5.6. We observe that
the Weierstrass-like method (5.77) diverged.

Table 5.6 The maximal radii of inclusion disks
Methods (1) r(2) 7(3)

ATS) a =1 |1.96(—2)]5.32(—9) |7.95(—39)
(ITS) a = 1/2 |1.45(—2)|7.13(—10)|4.64(—43)
(ITS) a = L7 [9.03(—3)[3.96(—10)[4.81(—42)
(ITS) @« =0  |8.09(—3)|3.20(—10)|1.70(—40)
(ITS) o = —1 |2.38(—2)]4.28(—8) |4.62(—34)
(5.75) 5.38(—2)|1.11(—5) |4.90(—23)
(5.76) 1.12(—2)]9.97(—9) [3.38(—34)
(5.77) Diverges |- —

Example 5.5. The same interval methods from Example 5.4 were applied for
the determination of the eigenvalues of Hessenberg’s matrix H (see Stoer
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and Bulirsch [170]). Gerschgorin’s disks were taken as the initial regions
containing these eigenvalues. It is known that these disks are of the form
{hii;R;} (i = 1,...,n), where h;; are the diagonal elements of a matrix
[hijlnxn and R; = Zj# |hij|. If these disks are mutually disjoint, then each
of them contains one and only one eigenvalue, which is very convenient for
the application of inclusion methods.

The methods were tested in the example of the matrix

243 1 0 0 0
0 4+6i 1 0 0
H=| 0 0 6+9 1 0o |,
0 0 0 8+I2i 1

1 0 0 0 104151
whose characteristic polynomial is

g(\) = X> — (30 + 451)A* + (=425 + 10201)A® 4 (10350 — 2025i) A\
— (32606 + 32880i)\ — 14641 + 71640i.

We selected Gerschgorin’s disks
Zy={2+3i;1}, Zy={4+6i;1}, Z3={6-+9i;1},
Zy = {8+ 12i;1}, Z5 = {10 + 15i;1}

for the initial disks containing the zeros of g, i.e., the eigenvalues of H. The
maximal radii (™) = max rad Zl-(m) (m = 1,2) of the produced disks are
displayed in Table 5.7.

From Table 5.7, we observe that the applied inclusion methods converge
very fast. The explanation for this extremely rapid convergence lies in the fact
that the eigenvalues of Hessenberg’s matrix considered in this example are
very close to the diagonal elements. Because of the closeness to the desired
zeros, the centers of initial disks cause very fast convergence of the sequences
of inclusion disk centers, which provides fast convergence of the sequences of
radii.

Table 5.7 The enclosure of the eigenvalues of Hessenberg’s matrix

Methods r@ r(2
(ITS) a=1 2.73(—10)|4.92(—43)
(ITS) a=1/2 2.39(—10)|3.65(—43)
(ITS) a=1/(n — 1)[2.21(—10)|3.02(—43)
(ITS) =0 2.04(—10)|2.38(—43)
(—43)
(=37)
(—28)

ITS) a = -1 2.73(—10)[2.74(—4
(5.75) 5.64(—7) [1.71(—3
(5.76) 3.27(—7) |1.60(—2
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We note that, as in Example 5.4, the Weierstrass-like method (5.77) diverged.

In Sect. 5.3, we presented a new one-parameter family of iterative meth-
ods for the simultaneous inclusion of simple complex zeros of a polynomial.
According to a hundred numerical examples and the theoretical convergence
analysis given in [125]-[127], the characteristics and advantages of this family
can be summarized as follows:

e The produced enclosing disks enable automatic determination of rigorous
error bounds of the obtained approximations.

e The proposed family is of general type and includes previously derived
methods of the square root type.

e Numerical examples demonstrate stable and fast convergence of the family
(ITS); furthermore, the methods of this family compete with the existing
inclusion methods of the fourth order (5.75) and (5.76), they even produce
tighter disks in some cases; moreover, numerical experiments show that a
variation of the parameter a can often provide a better approach to the
wanted zeros compared with (5.75) and (5.76). See Examples 5.4 and 5.5.

e The quadratically convergent Weierstrass-like method (5.77) diverged not
only in the displayed examples, but also in solving numerous polynomial
equations. This means that the application of quadratically convergent
methods, such as the Weierstrass-like method (5.77), is not always better
than higher-order methods. Such outcome partly arises from the fact that
the product of disks is not an exact operation in circular interval arithmetic
(see (1.66)) and usually gives enlarged disks. In this manner, the disk in the
denominator of (5.77) can include the number 0 and the method becomes
undefined. This disadvantage of the inclusion method (5.77) can be avoided
if we use the following iterative formula

Zi=2z-Pz)[[(zi - 2Z)™" (i€l) (5.78)

=

e

[y

instead of (5.77). In this way, disks containing 0 are eliminated, but the
product of inverse disks still generates large disks and the iterative process
(5.78) will break in the next iterations.

e The convergence order of the proposed family is 4; it can be significantly
increased by suitable (already calculated) corrections with negligible num-
ber of additional operations, providing in this way a high computational
efficiency, see [127].

e A slight modification of the fixed point relation, which served as the base
for the construction of the considered algorithm, can provide the simulta-
neous inclusion of multiple zeros, see [125].

In our experiments, we used various values of the parameter a belonging
to the disk {0;3}. We could not find a specific value of « giving a method
from the family (ITS) which would be asymptotically best for all P. All
tested methods presented similar behavior for the values of a € {0;3} and
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very fast convergence for good initial approximations. A number of numerical
examples showed only that one of the tested methods is the best for some
polynomials, while the other one is the best for other polynomials. Actually,
the convergence behavior strongly depends on initial approximations, their
distribution, and the structure of tested polynomials.
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Glossary

C the set of complex numbers, 32

K (C) the set of circular disks, 32

Z = {c;r} circular disk ={z € C : |z —¢|] <r} € K(C), 32

mid Z center of a disk Z, 32

rad Z radius of a disk Z, 32

Z~1 exact inverse of a disk Z, 32

ZIe centered inverse of a disk Z, 32

Z1 N Z5 intersection of two disks, 33

Z1 C Zs inclusion of disks, 33

Z1/2 square root of a disk Z, 34

I, index set, I, ={1,...,n}, 2

P monic algebraic polynomial, P(z) = 2" + a,_12" "' + -+ a1z + ag, 2
z; approximation to the zero (; of a polynomial P, 2

2; the next approximation to the zero (;, 4

Or,i = PW(2)/P(z) (k=1,2,...),5

A; = (P'(2)* = P(z)P"(2))/P(2)?, 163

W; Weierstrass’ correction = P(z;)/ [[,4;(zi — 25), 2

N; Newton’s correction = P(z;)/P'(z;), 8

H; Halley’s correction = (P'(z;)/P(z;) — P"(zi)/(QP’(zi)))_l, 6

w maximal Weierstrass’ correction = max |W;|, 68
1<i<n
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f function whose zero ( is sought, 35
f~1! the inverse function to f, 38

£ the kth derivative of a complex function f, 46

f((:)) the kth Fréchet derivative at the point z, 37

¢ azeroof f, 35

¢; a zero of a polynomial P, 2

o the multiplicity of the zero ¢ of a function f, 21

;i the multiplicity of the zero (; of a polynomial P, 21
Ey(z,h, f) the kth incremental Euler algorithm, 49

d minimal distance between approximations = rjn;gl |zi — 2], 61

¢, i-factor, w < ¢,d, 69

zim) approximation to the zero (; in the mth iteration, 71

)

error in the mth iteration = zl-(m) - Gi, 97

Yn convergence factor, 97

Ci(m) iterative correction in the mth iteration, 71

Bn contraction factor, |Ci(m+l)\ < 5n\0§m)|, 74

O same order of magnitude (of real numbers), 23

Ops same order of magnitude (of complex numbers), 135
Opr R-order of convergence, 181

p(™) a measure of the separation of inclusion disks generated in the mth
iteration, 190

~ approximate equality between numbers, 7
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a posteriori error bound methods, 118,
120
calculating procedure (I), 123
calculating procedure (II), 124
parallel implementation, 125
approximate zero, 37, 46, 49
Euler-Chebyshev’s method, 51
Halley’s method, 50
higher-order methods, 50
Newton’s method, 44
quadratically convergent methods, 44,
45
approximations of derivatives, 23
attracting cycle, 45

Banach space, 37, 42, 44, 51
basic (Schroder’s) sequence, 49
Bell’s polynomials, 11

Bell-like iterations, 11

bilinear function, 17

Carstensen’s identity, 8

Cauchy sequence, 38

center of gravity, 27

characteristic polynomial, 28

Chen’s approach, 45

circular arithmetic operations, 140

circular complex (interval) arithmetic,
32, 147, 190

circular extension, 33, 186

circular inclusion approximations, 186

clusters of zeros, 68, 191

computer arithmetic, 70

convergence of Newton’s method, 51

convergence order of

families of simultaneous methods with

corrections

single-step, 179
total-step, 177
Hansen—Patrick’s family, 146, 147, 163
convergence theorem

a posteriori error bound methods, 122

Borsch-Supan’s method, 84, 86

Borsch-Supan’s method with
Weierstrass’ correction, 112

Chebyshev-like method, 95

Durand—Kerner’s method, 78, 81

Ehrlich-Aberth’s method, 103

Ehrlich—Aberth’s methods with
Newton’s corrections, 110

families of simultaneous methods, 172

family of simultaneous interval
methods, 188, 189

Halley-like method, 115

Hansen—Patrick’s family, derivative
free, 142, 145

Hansen—Patrick’s family with
derivatives, 153

Tanabe’s method, 89, 91

critical point, 45

deflation, 1

disk inversion, centered, 32, 120, 139,
168, 191

disk inversion, exact, 32

division of disks, 33

Durand-Kerner sequence, 63, 64

Euclid’s norm, 182, 183
family of interval methods, 186
families of simultaneous methods, 161

single-step, 174
total-step, 163
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Fuler-like, 164
Halley-like, 164
Laguerre-like, 164
Ostrowski-like, 164

with corrections, 174
single-step, 175
total-step, 175

with Halley’s corrections
single-step, 175
total-step, 175

with Newton’s corrections
single-step, 175
total-step, 175

fixed point relation, 2

Borsch-Supan-like, 3

family of simultaneous methods
for multiple zeros, 182
for simple Zeros, 161

Halley-like, 4

Newton-like, 3

square root, family, 162

square root type, 4

‘Wang-Zheng, generalized, 11

Weirstrass-like, 3

Fréchet derivative, 37

Gauss-Seidel approach, 174
Gerschgorin’s disks, 28, 193
Gerschgorin’s theorem, 28
global convergence, 7
guaranteed convergence, 71, 151
correction approach, 71
convergence theorem, 72
Hansen—Patrick’s family, derivative
free, 137
Hansen—Patrick’s family with
derivatives, 151
sequence approach, 97

Halley’s approximation, 15, 20
Halley’s correction, 6, 174
Halley-like corrections, 182
Hansen—Patrick’s family, 16, 129
Borsch-Supan’s method, 134
for a single zero, 129
for finding polynomial zeros,
simultaneously, 129

simultaneous derivative-free method,

133
Euler-like, 133
Halley-like, 134, 135
Laguerre-like, 134
Ostrowski-like, 133

Index

simultaneous methods with derivatives,
146
Ehrlich-Aberth, 147
Euler-like, 147
Halley-like, 147
Laguerre-like, 147
Ostrowski-like, 147
with corrections, 148
Hessenberg’s matrix, 192
Horner scheme, 1

i-factor ¢y, 29, 31, 69, 80, 81, 86, 91, 92,
95, 99, 105, 112, 114
i-factor c¢p, almost optimal, 69, 80
inclusion annulus, 156
inclusion disks, 27, 31, 119
based on Weierstrass’ corrections, 28
of Braess-Hadeler, 28
of Smith, 28
inclusion isotonicity, 33, 186
inclusion of disks, 33
inclusion property, 121
inclusion radius, 26, 27
inclusion region, 26, 190
inclusion test, 190
incremental Euler’s methods, 48-50
initial approximations of Aberth, 124,
157, 159
initial condition, 67, 68, 121, 151
Borsch-Supan’s method, 86
Borsch-Supan’s method with
Weierstrass’ correction, 112
Chebyshev-like method, 95
Durand—Kerner’s method, 81
Ehrlich—Aberth’s method, 103
Ehrlich—Aberth’s methods with
Newton’s corrections, 110
families of simultaneous methods, 164
Halley-like method, 115
Hansen—Patrick’s family, derivative
free, 137, 145
Tanabe’s method, 91
intersection of disks, 33
interval methods, 118, 120, 121
Borsch-Supan-like, 120
Borsch-Supan-like with Weierstrass
correction, 120
family of simultaneous methods
Euler-like, 188
for multiple zeros, 189
Halley-like, 188
Laguerre-like, 188
Ostrowski-like, 188
total-step, 187
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Halley-like, 187

of the fourth order, 191

Weierstrass-like, 120, 192
iterative correction, 71, 74, 143

Kantorovich’s approach, 36

Lagouanelle formula, 190
Lagrange’s interpolation, 13, 78, 98, 106,
132

majorizing sequence, 54
majorizing sequence method, 51
Mathematica 6.0, 70, 95, 124, 165, 182
mean value theorem, 53
method (for a single zero), 6
Chebyshev, 9, 20
Euler, 130
Euler—Chebyshev, 49, 50
Farmer-Loizou, 24
Halley, 6, 13, 50, 130, 174
Hansen—Patrick, 129, 130
Laguerre, 130
Newton, 13, 35, 45, 49, 51, 52, 130, 174
for nonlinear systems, 7, 59
Ostrowski, 16, 130
Ostrowski’s (square root) method, 9
Stefensen-like, 19
method (for all polynomial zeros,
simultaneously), 5
Borsch-Supan’s method, 5, 15, 82, 119,
134
with Weierstrass’ correction, 8, 18,
111, 119
Chebyshev-like, 20, 91
Chebyshev-like, accelerated, 20
cubic derivative free, 21
Durand—Kerner, 5, 25, 27, 51, 76, 119,
157
Ehrlich-Aberth’s method, 5, 7, 16, 25,
99, 147
with Newton’s corrections, 8, 16, 105
Ellis-Watson, 18, 134
Farmer—Loizou, 26
Halley-like method, 5, 114
with Halley’s corrections, 10
with Newton’s corrections, 10
Huang-Zheng, 149
Nourein, 9, 16, 19
Sakurai-Petkovié, 20
Sakurai-Torri-Sugiura, 18, 147
square root method, 5
with Halley’s corrections, 10
with Newton’s corrections, 10
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Tanabe, 9, 86
Wang—Zheng, 5
Weierstrass, 5
Zheng—Sun, 19
method for multiple zeros, 21, 150
Euler-like, 131
family of simultaneous methods, 181
single-step, 182
total-step, 182
of the fifth order, 22
of the fourth order, 22
of Hansen—Patrick’s type, 150, 151
of the sixth order, 23
of the third order, 22
Halley-like, 21, 131
Hansen-Patric, 131
simplified version, 132
Laguerre-like, 21, 131
Ostrowski-like, 131
Schroder, 21, 132
square root type, 21
minimal distance, 68, 74
minorizing function, 71
multiple zero(s), 21, 131, 150
multiplicity of zero, 21, 150, 190
multiprecision arithmetic, 124, 156, 182

Newton’s approximation, 15, 20
Newton’s correction, 8, 174
Newton’s method estimates, 44, 47, 51,
56
in Banach space, 38
Newton’s step, 52
normalized i-factor, 116
number of numerical operations, 125
number of zeros (in a disk), 190

parametric notation, 28
point estimation of
Borsch-Supan’s method, 82
Borsch-Supan’s methods with
Weierstrass’ correction, 111
Chebyshev-like method, 91
Durand—Kerner’s method, 59, 76
Ehrlich—Aberth’s method, 99
Ehrlich—Aberth’s methods with
Newton’s corrections, 105
Euler—Chebyshev’s method, 51
families of simultaneous methods, 172
Halley’s method, 50
Halley-like method, 114
Newton’s method, 59
Tanabe’s method, 86
point estimation theory, 36
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principle of argument, 190
product of disks, 33

quadratically convergent methods, 44

R-order of convergence, 179
radius of convergence, 48

schlicht function theory, 36, 44
Schréder’s correction, 182
search algorithm, 190
simultaneous interval methods, 9
spectral radius, 180

square root of a disk, 34
stopping criterion, 156, 157
subdividing procedure, 190

Taylor’s expansion, 37, 39, 54
tensor of k-th order, 61

Index

tensor of the first order, 61
truncation operator, 49

Viete’s formulae, 7

W-class, 119, 120
Wang—Han’s convergence theorem, 51
‘Wang—-Zhao’s convergence theorem, 54,

66

Weierstrass’ function, 13, 15-17, 19, 20,
23, 132

Weierstrass’ function, modified, 14, 16,
20, 23

‘Weierstrass’ approximation, 15

Weierstrass’ correction, 28, 68, 74, 119,
132

Weierstrass’ sequences, 6

Weierstrass-like function, 21-23, 150
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