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Preface

Various aspects of numerical analysis for equations arising in boundary integral
equation methods have been the subject of several books published in the last 15
years [95, 102, 183, 196, 198]. Prominent examples include various classes of one-
dimensional singular integral equations or equations related to single and double
layer potentials. Usually, a mathematically rigorous foundation and error analysis
for the approximate solution of such equations is by no means an easy task. One
reason is the fact that boundary integral operators generally are neither integral
operators of the form identity plus compact operator nor identity plus an operator
with a small norm. Consequently, existing standard theories for the numerical
analysis of Fredholm integral equations of the second kind are not applicable. In
the last 15 years it became clear that the Banach algebra technique is a powerful
tool to analyze the stability problem for relevant approximation methods [102,
103, 183, 189]. The starting point for this approach is the observation that the
stability problem is an invertibility problem in a certain Banach or C*-algebra. As
a rule, this algebra is very complicated — and one has to find relevant subalgebras
to use such tools as local principles and representation theory.

However, in various applications there often arise continuous operators acting
on complex Banach spaces that are not linear but only additive — i.e.,

Alz+y) = Az + Ay

for all x,y from a given Banach space. It is easily seen that additive operators
are R-linear provided they are continuous'. As an example, let us mention the
one-dimensional singular integral operators with conjugation often arising in me-
chanics. It is known that the study of such operators can be reduced to C-linear
operators, but with matrix-valued coefficients. In passing note that this observa-
tion is one of a number of motivations to study singular integral operators with
matrix-valued coefficients.

The present book is devoted to numerical analysis for certain classes of ad-
ditive operators and related equations, including singular integral operators with
conjugation, the Riemann-Hilbert problem, Mellin operators with conjugation and
the famous Muskhelishvili equation. Until now, most relevant material is only

1Here and subsequently, R and C denote the fields of real and complex numbers, respectively.
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found in journal papers, and there is no book offering a systematic study of this
topic. Banach algebras play an important role in this book. However, the algebras
that arise are not complex but real, and are not as familiar as complex algebras.
Therefore, here we present certain results on real algebras and demonstrate their
use in stability problems. In particular, we obtain stability conditions for various
approximation methods, including spline Galerkin, collocation, qualocation and
quadrature methods for equations with additive operators for both smooth and
non-smooth data. Error analysis and convergence rates are present only occasion-
ally, since rather more standard.

This book is addressed to a wide audience. We hope that it can be useful
for both mathematicians working in theoretical fields of numerical analysis and
engineers wishing to have practically realizable concepts for computations. Let us
give a short overview of the content of this book.

Chapter 1 contains theoretical background. Here we have collected facts of
functional analysis, necessary for understanding the approach proposed. Since real
C*-algebras play an important role in our investigations, elementary properties of
such algebras are discussed. Moreover, a method to obtain real C*-algebras by
extending complex C*-algebras (by adding a special element m) is described. Fea-
tures of this procedure have previously been used in the study of one-dimensional
singular integral equations with conjugation. As already mentioned, the stability
problem for operator sequences can be interpreted as an invertibility problem in
suitable real or complex Banach algebras. Thus we are accustomed to studying
invertibility in Banach algebras or, more specifically, in C*-algebras. Over the last
40 years certain concepts known as local principles were worked out. We present
related results with special attention paid to the case of real algebras. The con-
cluding part of Chapter 1 is devoted to the theory of singular integral operators
and to Mellin operators. It is notable that all operators in this book have the
property that locally they are Mellin operators.

Chapter 2 deals with polynomial and spline approximation methods for the
Cauchy singular integral equation

T T—1 e T—1
Fo 1—‘0

(A)(t) = a(t)p(t) + 210 / ) 4 e + A0 / ) g~ 5wy,

in the space L?(T), where I'g is the unit circle with center at the origin and
the functions a,b,c,d are continuous or piecewise continuous. For operators A
without conjugation (i.e., ¢ = d = 0), there is a vast literature concerning the
approximation methods under consideration (see e.g., [102, 183] and comments
and remarks for the related chapters of the present book). Thus various complex
C*-algebras generated by approximation sequences for singular integral operators
are completely described. Such algebras can be extended to real C*-algebras that
contain operator sequences associated with approximation methods for singular
integral equations with conjugation. In particular, a real C*-algebra generated
by paired circulants and by the operator of complex conjugation is studied. This
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algebra contains a variety of approximation sequences, including spline Galerkin
and spline collocation methods sequences, and others arising in quadrature and
qualocation methods. The stability result is that a sequence from this algebra is
stable if and only if a family of associated operators consists of invertible elements
only. In the case of a simple closed Lyapunov contour I, the study of approximation
methods for the operators mentioned can be reduced to the case of T'y.

Chapter 3 presents approximation methods for the following Riemann-Hil-
bert problem: Given an (m x m)-matrix function G and a real vector-function f on
Ty, find a vector-function ¢ that is analytic in the unit disc D := {z € C,|z| < 1},
and such that Im ¢(0) = 0, and

5 (Go+Tp) = f

on I'g. The new aspect is that the operator corresponding to this problem acts in
a pair of spaces, so the algebraic methods used to study the stability of related
approximation sequences have to be modified. This is done by using para-algebras.
The same concept is employed to study approximation sequences associated with
the generalized Riemann-Hilbert-Poincaré problem.

Chapter 4 is again concerned with approximation methods for the Cauchy
singular integral equations with conjugation, but more general conditions are im-
posed on the curve I'. Thus we now assume that I' is a simple open or closed
piecewise smooth curve in the complex plane C. It is notable that the double layer
potential operator is contained in the aforementioned class of operators. Given
smooth boundaries, the stability of the corresponding projection methods for the
double layer potential operator can be studied without great effort, since this
operator is compact. However, if T' is piecewise smooth, the algebras of Mellin
operators with conjugation have to be invoked. Using this approach, we study
various approximation sequences. As before, the stability of these sequences re-
lies on the invertibility of the members of families of associated operators. The
invertibility of the occurring operators is extremely difficult to check, especially if
they are connected with corner points, so approximation methods based on cut-off
techniques are also studied. This approach allows us to simplify conditions of the
applicability of the corresponding methods.

Chapter 5 is devoted to the famous Muskelishvilli equation

S= o), (1)

T —

(Re)(0) = —a0) — s [wilog T2 = L [ o(r)a
r I

T —

and its approximate solution. The Muskhelishvili equation arose in investigation
and solution of various biharmonic problems, especially in elasticity theory and hy-
drodynamics. Notwithstanding its exceptional importance, approximation meth-
ods for this equation have not been developed, mainly due to the fact that the
operator R is not invertible in the functional spaces under interest. Fortunately,
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Figure 1: Book structure

Chapter 1

this can be corrected by introducing a new operator that possesses all the necessary
properties in order to find approximate solutions of the Muskhelishvili equation.

The idea of such correction is due to D.I. Sherman, although he only stud-
ied the solvability of the equation — not the invertibility of the associated oper-
ator, which is very important for the stability of approximation methods. Here
we present all the results needed to construct and study projection methods for
equation (1) in spaces L, with weight. Let us note that we again use the fact that
locally the operator R is a Mellin convolution operator.

Finally, Chapter 6 presents a few numerical results showing that the proposed
approximation methods behave fairly well.

How to read this book? Probably, the best way is to single out a topic of
interest and immediately read the related chapter. (If necessary, the reader can
consult Chapter 1 for some background.) Of course, the later chapters of the book
contain some material from chapters other, then the first but all connections can
be easily traced. In particular, Chapter 3 also uses results from Chapter 2. The
connection between different parts of the book is shown in Figure 1.

Although the attitudes and approaches of this book are solely the responsi-
bility of the authors, we are indebted to our colleagues, friends, and collaborators
for useful suggestions and ideas. It is a pleasure to mention here Roger Hosking
and Steffen Roch, who read the early drafts of the manuscript and saved us from
a number of embarrassing solecisms and ambiguities with detailed criticisms and
generous advises. Ezio Venturino provided numerical examples and graphs pre-
sented in Chapter 6. We are grateful to Wolfgang Sprossig who has significantly
facilitated our work. Finally our gratitude is due to an anonymous reviewer who
contributed substantial improvement of this book.






Chapter 1

Complex and Real Algebras

A complex algebra is an associative ring A4 which is also a complex vector space.
It is assumed that vector space addition and ring addition coincide and that the
operations of multiplication and multiplication by scalars satisfy the relation

AMzy) = (Ar)y = 2(\y) (1.1)

for all z,y € A and for all complex numbers .

Correspondingly, a real algebra is an associative ring A which is a real vector
space with the ring and vector space additions coinciding, and with relation (1.1)
satisfied for all z,y € A and for all real numbers .

Obviously, every complex algebra is a real algebra but the reverse inclu-
sion does not always hold. One reason for this is the absence of the operation of
multiplication by complex scalars in A. However, many algebras emerging from
applications do have this operation but fail to satisfy relation (1.1). As a result,
standard tools used in the complex situation either are not available or have to be
properly redesigned.

1.1 Complex and Real C*-Algebras

Definition 1.1.1. A complez algebra A is called an algebra with involution or a
*-algebra if there exists a map * : A — A, called involution, such that (a + b)* =
a*+b*, (ab)* =b*a*, (Aa)* = Aa* and (a*)* = a for all a,b € A and for all X € C.

Definition 1.1.2. A complex Banach algebra is a complex algebra A equipped with
a Banach space norm || - || such that

lzyll < ll=[l [yl

for all x,y € A.
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Let A be a real or complex Banach algebra. A subset 7 is called left (right)
ideal of A if:

1. 7 is a linear subspace of A;
2. ja€eZ (aj €Z)forall j €T and for all a € A.

7 is referred to as an ideal or two-sided ideal of A if it is both a left and a
right ideal simultaneously. An ideal Z C A is called proper if Z # {0} and T # A.
Finally, a proper ideal Z C A is said to be maximal if, whenever J C A is an ideal
of A such that Z C 7, either Z = J or J = A. Note that any maximal ideal Z is
closed — i.e., the subspace 7 is closed.

A Banach algebra A is called unital if it possesses an identity element e. Note
that any Banach algebra A is contained in a unital Banach algebra A, as an ideal
of codimension 1 [96]. Therefore, without loss of generality, we may assume that
all algebras under consideration possess an identity element e unless otherwise
specified.

An element a € A is called left (right) invertible if there exists b € A (¢ € A)
such that ba = e (ac = e). If a is left (right) invertible, then the corresponding
element b or c is called a left (right) inverse for a and is denoted by a; ' (respectively
a;1). If a € A is both left and right invertible, then it is called invertible. In this
case the right and left inverses coincide and their common value is denoted by
al.

To each Banach algebra A and each closed two-sided ideal Z of A one can
assign another Banach algebra A/Z which is called the quotient or factor algebra.
The elements of A/Z are the cosets a + Z,a € A. For instance, it is not hard to
see that the product (a +Z)(b+ Z) := ab+ Z is correctly defined. The norm on
A/T is given by

|la+Z]| := inf [la + j]|.
JET

Throughout this work we use various notions of homomorphisms defined
on appropriate algebras. Thus a complex algebra homomorphism is a mapping
between complex algebras which preserves addition, multiplication, scalar multi-
plication and the identity element, whereas a complex *-algebra homomorphism
has to preserve the operation of involution as well. Corresponding real algebra
homomorphisms are defined similarly.

A complex C*-algebra is a complex Banach *-algebra such that ||a*a|| = ||a||?
for all a € A.

Now let us turn to real C*-algebras.

Definition 1.1.3. A real algebra A is called a *-algebra or algebra with involution
if there exists a map * : A — A such that (a + b)* = a* + b*, (ab)* = b*a*,
(Aa)* = Aa* and (a*)* = a for all a,b € A and for all X € R.

The definition of a real Banach algebra literally repeats the corresponding

definition for the complex case. However, unlike the complex case, the definition
of a real C*-algebra contains an additional condition.
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Definition 1.1.4. A real C*-algebra A is a real Banach *-algebra such that ||a*a|| =
l|al|? for all a € A, and such that the element e + a*a is invertible in A for any

ac A

The invertibility of the elements e + a*a,a € A plays an important role
in different aspects of the theory of C*-algebras, so initially this condition was
included in the definition of any C*-algebra, whether real or complex. However,
as was shown later, in the complex case other axioms already provide invertibility
of the element e + a*a for any a € A. As far as real C*-algebras are concerned,
this condition does not follow from other axioms and has to be postulated. Indeed,
consider the set of the complex numbers C as a real Banach *-algebra with the
usual absolute value norm ||a|| := |a| and with the involution a* := a. Such
an algebra satisfies all but one axiom of real C*-algebras. Thus if a := 4, then
b:=1+4 4% = 0 and this element b is not invertible.

It turns out that a closed two-sided ideal Z of a C*-algebra A is a *-ideal,
that is a € Z implies a* € Z. Moreover, A/T is a C*-algebra [66, 96].

An element a belonging to a real or complex C*-algebra A is called self-
adjoint if @ = a*, and normal if aa™ = a*a.

Let A and D be real or complex C*-algebras. A homomorphism ¢ : A +— D
is called *-homomorphism if p(a*) = ¢(a)* for all a € A. Notice that any *-
homomorphism ¢ is automatically continuous, the image set im ¢ is again a C*-
algebra, and an injective *-homomorphism is isometric [66, 96].

Example 1.1.5. Let A be a real or complex Hilbert space, and let £(H) denote
the collection of all linear bounded operators acting on H. Then L(H) forms
respectively a real or complex C*-algebra, where the involution A — A* is the
Hilbert adjunction. The collection K(H) C L(H) of all compact operators forms a
closed two-sided ideal in L(H).

We introduce now a class of operators A € L(H) which are close to invertible
operators.

Let H be a real or complex Hilbert space. An operator A € L(H) is called
Fredholm if dimker A < oo, dimker A* < oo and the image space im A is closed,
that is im A = im A.

If A is a Fredholm operator, then the number

ind A := dimker A — dim ker A*

is called the index of the operator A.
Let us list some properties of Fredholm operators.

(a) A is Fredholm if and only if there are compact operators K1, Ko and an
operator B € L(H) such that

AB=I1+K;, BA=I+K,.

The operator B is also called a regularizer of A.
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(b) A is Fredholm if and only if the coset A + KC(H) is invertible in the Calkin
algebra L(H)/K(H).
(¢) The set of all Fredholm operators is open in L(H).

(d) If A€ L(H) is Fredholm and K € K(H), then A+ K is Fredholm and

ind (A4 K) =ind A.

(e) If A, B € L(H) are Fredholm operators, then AB is a Fredholm operator and

ind (AB) = ind A + ind B.

If H is a complex Hilbert space and A € L(H), then the essential spectrum
of A is the set

ess spA:={Ae€C:A— Al isnot Fredholm}.

It will follow from the discussion in Section 1.4 that ess spA is a non-empty com-
pact subset of C.

1.2 Real Extensions of Complex *-Algebras

In many applications the real C*-algebras arising have special structures, so that
the algebra and properties of its elements can be studied more effectively. One
such construction will be considered here.

Let R be a real algebra. Assume that this algebra contains a complex C*-
algebra A with identity e # 0, and an element m that does not belong to A and
satisfies the following assumptions:

(A1) For each a € A the element mam belongs to the C*-algebra A as well.
(A3) For each a € A and for each A € C the relation m(\a) = Ama holds.
(A3) m?=e and me = m.

(A4) The null element 0 of the C*-algebra A is also that of the algebra R.
(As) For each a € A, (mam)* = ma*m, where “x” means the given involu-

tion on A.

_ Note that the above product Ama, A € C is well defined. Indeed, Ama =
(A(mam))m and by (A1) the element mam belongs to the complex C*-algebra A.
Let Am stand for the set of those elements of R which have the form am

with a € A. The following lemma is an immediate consequence of the assumptions
(A1) — (A4) and the fact that R is an algebra.
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Lemma 1.2.1. Let the assumptions (A1) — (Aa) be satisfied. Then
1. For any b € A the element mb belongs to Am.
2. em=m.
3. Ifae A and am =0, then a = 0.
Corollary 1.2.2. Under the assumptions of Lemma 1.2.1 one has:
1. mem =e.
2. For any a,b € A the element amb belongs to Am.
The proofs of the above results follow from simple computations.

Lemma 1.2.3. The intersection of the sets A and Am consists of the element 0
only.

Proof. Let us suppose that there is an element b € R such that b € AN Am and
b # 0. Then b has the form b = e¢m, where ¢ € A. Multiplying the last equality by
¢ on the left side and by (—ie) on the right, we obtain b = —¢m. Comparing these
two expressions for b and using Lemma 1.2.1, we see that b = 0 and ¢ = 0. ]

We consider now the subset A C R which consists of all elements @ € R
having the form
a=b+cm, bceA (1.2)

Lemma 1.2.3 yields the uniqueness of this representation for the elements from A.

Lemma 1.2.4. If an element a € A has two representations a = by + cym and
a = by + cam, then by = by and c¢; = co.

Indeed, by + cym = by + cam, then by — by = (c2 — ¢1)m, hence b; = by and
C1 = Ca.

It should be noted that the set A possesses operations of addition and mul-

tiplication which are inherited from the algebra R. For instance, if d1,d2 € A,
a1 = by 4+ c1m, az = bs 4+ cam, then we can write

ai -Gy = [b1b2 + (mCQm)] + [b162 +c1 (mbyn)]m

Additionally, a scalar multiplication can be introduced in the following way: For
each a € A, @ = b+ ¢m and for each A € C we put

Aa = Ab + Aem.

Due to the assumptions (A1) — (As), the result of each of the above operations
is in A again. Besides, it is easily seen that the set A with these operations is a
linear space, and the multiplication is distributive with respect to addition and also
associative. However, A does not become a complex algebra, because in general

a(Ab) # Xab), a,be A, XeC.
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But it does form a real algebra. Moreover this set can be made into a real *-algebra
by introducing an involution x : 4 — A by

a* :=b*+ mc* (1.3)

where @ = b+ cm. Such definition is correct because the elements of A have unique
representation (1.2). Moreover it is easily seen that the operation ‘*’ possesses most
of the basic properties for involutions on complex algebras. For instance:

1. For any @ € A the element @* belongs to the algebra A as well.
2. (a*)* =a for any a € A.

3. For any a,b e A and for any «, 0 € R,

(a+b)* =a*+b*,
(@-b)* =b*-a*,
(ad + Bb)* = aa* + [b*.

Thus the set A equipped with the above operations of addition, multiplication,
scalar multiplication and the involution *’ becomes a real *-algebra.

In addition, one can see that m* = m, and a* = a* for any a € A, therefore
it will cause no confusion if we use the same symbol ‘*’ to denote the involution
on the set A. We emphasize that the above involution on the set A depends on
the element m. In the sequel, we study a number of algebras A which can be
defined by different elements m. In these cases a special notation is used to make
it clear which involution is meant. Thus the corresponding involution is called
m-~involution and the corresponding extension is denoted by A,.. We study the
uniqueness of this involution and establish conditions when different elements m
define the same involution on the algebra under consideration. Meanwhile let us
denote by M(A) the set of all elements m of A which satisfy axioms (4;) — (A4s3)
and axiom (As).

A simple example of a pair (A, m) which satisfies conditions (A1) — (A4s) is
given below. Let X = C, and let A be the C*-algebra of all continuous linear
operators acting in X. Evidently, A consists of the multiplication operators by
complex numbers only. We define the element m by

mer=T, x¢€C,
where the over-bar denotes the operation of complex conjugation. It is easily seen

that the pair (A, m) satisfies conditions (A;) — (As) if the set of all additive
continuous operators in C is taken as the corresponding real algebra R.
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1.3 Uniqueness of Involution in Real Extensions of
Complex *-Algebras
Suppose we have two different elements m; and mz of R possessing the properties

(A1) — (As) and producing just the same algebra A. If @ € A, then it is not known
whether the corresponding involutions

(@), = (b1 + cma)y,, =bf +maci  (br,c1 € A),
(a’)rnz = (b2 + CQmQ)jnz = b; + mQC; (b27 Cy € A)

for the element a coincide. In this section we give some conditions when the equal-
ity (a)r,, = (@)%, is fulfilled for each @ of A provided that A,,, = A, (= A).

Theorem 1.3.1. If A is a complex C*-algebra, and myi,ma € M(A), then the
following assertions are equivalent:

1. A, = A, (= A) and, for each a € A,
(@), = (@),
2. The element mims belongs to the algebra A and satisfies the relation

<m1m2)* = MmM9oMm;j. (14)

Proof. Necessity. Let the algebra A,,, coincide with A,,,, and let them both have
just the same involution. Then there exist f,g € A such that m; = f + gma.
Following the proof of Lemma 1.2.3 we get my = — f + gmo. Hence, my = gma, or

mimse = ¢, (1.5)

i.e., mymso € A.
To establish relation (1.4), let us compute each of the involutions for the
element my. Thus we have

(m1)r,, =m (1.6)
and
(M), = (gm2)y,, = mag”. (1.7)
Comparing (1.6) with (1.7) we obtain m; = mog*. Multiplying this equality by
mg from the left and recalling (1.5) completes the proof. .
Sufficiency. Assume that mims is an element from the algebra A and equality

(1.4) is satisfied. Let us show that algebras A,,, and A,,, coincide. If @ € A,,,,
then there are elements b and ¢ in the algebra A such that a = b+ ¢my. Hence

=b+cmy =b—|—cm1-m%zb—l—c-(mlmg)mg:b—i—clmg,

Q
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ie,aé€ ./ZlmQ because b,c; € .A.~ The inclusion Amz C flml is proved analogously.
Now we take an element a of A and find its involutions generated by each of the
elements m; and mo. We have

(@), = (b+cmq)y, = b" +myc*

and
(@), = (b4 cma)y,, = (b+ c(mima)ma)y,, = b" + ma(c(mims))”
=b" + ma(mims)*c* = b* + ma(mamq)c® = b* +mic*,
ie., (a)y,, = (@), O

Corollary 1.3.2. Let my,mo € M(A). If there is a unitary element a € A such

that mo = mya, then my and mo define the same algebra /I, and for each a € A

one has (@), = (@),

Indeed, since mims = a € A we only need to check whether the element
myme satisfies (1.4). This follows, because

(mim2)* = (mimia)* =a* = a” ! =momy.

The following two assertions give us some methods to construct new elements
of R which belong to the set M(A) and produce algebras A with just the same
involution.

Corollary 1.3.3. Let m € M(A), and let q be a unitary element of A such that
q* = mgm. (1.8)
Then:
1. The element mgy := mgq belongs to the set M(A).
2. A = A, (= A).
3. For each a € A, (a)f, = (@), -
Proof. Let us show that m, € M(A). Note that m, obviously satisfies axioms

(A1), (A3), (Ag), and (As) is an immediate consequence of (1.8). Moreover, for
any element b € A we have

(mgbmg)* = (mgbmq)* = ¢*(mgbm)* = ¢*(mb*q*m)

= m(mg*m)b*m(mg*m) = mq-b* - mqg = mgb*m,.
Thus my, € M(A) and reference to Corollary 1.3.2 completes the proof. O

Corollary 1.3.4. Let m € M(A), and let ¢ € A be a self-adjoint element such that
q®> = e. Then for the element mq = gmgq all the assertions of Corollary 1.3.3 are

true.
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Proof. The validity of the relations (A1) —(As) and (A4s) follows by straightforward
computation. Let us check the axiom (As). For each b € A we have

(mgbmg)* = (gmabgmq)™ = ¢*m(gbq)*mq* = gmgb*gmq = mgb*my.

It remains to prove the second assertion of Theorem 1.3.1. Indeed, the element
mmg = (mgm)q evidently belongs to the algebra A, and

(mmg)* = ((mgm)q)* = ¢"mg*m = gmgm = mym.
This finishes the proof O

Let us give examples of complex C*-algebras and their extensions generated
by different elements satisfying axioms (A1) — (A43), (A4s).

Example 1.3.5. Let 'y be the unit circle in the complex plane C, i.e., g = {t € C:
[t| = 1}. By L2 = L3(T'g) we denote the set of all complex-valued Lebesgue-
measurable functions ¢ on I'g such that fl‘o lo(t)|?|dt| < oo. Under the scalar
product

(po) = 5= [ oF@I, g€ L)

this set actually becomes a Hilbert space. By M we denote the complex conjugation
operator, i.e., L

(M@)(t) =@ forall o € Lo(Ty).
Note that this operator satisfies the axioms (A;) — (As) and (As). The above
extension A of the C*-algebra A = L(L2(Ty)) by the operator M is the algebra
of additive continuous operators L,q44(L2(T0)). Indeed, any additive operator A €
Ladd(L2(To)) can be represented in the form

A=A+ A=A+ (AcM)M (1.9)

where A; = (A —iAi)/2 is a linear operator and A, = (A +iAi)/2 is an antilinear
operator, i.e., such that _
Aa(Ap) = ANap

for any A € C and for any ¢ € Lg(I'g). Since A,M € L(L2(Ty)) and M €
M(L(L2(Ty))), the representation (1.9) implies the inclusion Lyqq(L2(T0)) C
/;M(LQ(FO)). On the other hand, the operator M is additive. Therefore,
L (L2(To)) C Lada(L2(To)).

Of course, M is not the only operator that can be used to introduce an
involution on L,44(L2(Cg)). Thus, by Corollary 1.3.4, exactly the same involution
on La4d(L2(To)) can be obtained by using the operator M; = SM S, where S is
the Cauchy singular integral operator

(Se)(t) = — / o) T e Loy

iy 7=t

because S* = S and S? = S (cf. [91, Chapter 1]).
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Example 1.3.6. Consider the Hilbert space L2(T'y) again, and take a continuously
differentiable function o = a(t), ¢ € I'g such that

?(t)=ala(t))=t  forall teTy. (1.10)
Suppose that
l&'(t)) =1  forall teTly. (1.11)
An example of the function which satisfies equations (1.10), (1.11) is «(t) =
1/t, t € Ty. By W, we denote the operator of the Carleman shift
(Wap)(t) = p(a(t)), ¢ € Ly(I'o), teTy

and by B, the operator of multiplication by a continuous function a, i.e.,

(Bag)(t) = a(t)p(t), ¢ € La(To), t€To.

Let A be the smallest closed C*-subalgebra of the C*-algebra £(L2(T'g)) containing
the operator W, and all operators B, with a € C(T'g). We consider the extensions
of this algebra by the elements M and M; = MW,.
It is easily seen that M € M(L(L2(Ty))). Therefore, we only have to check
the conditions of Corollary 1.3.3 for the operator W,,. Indeed, it follows from (1.10)
and (1.11) that W2 = I and W} = Bj,|W, = W,. In addition, a straightforward
computation gives
MW M =W, =W,

i.e., all conditions of Corollary 1.3.3 are satisfied. Thus the elements M and M;
define the same algebra 4 and the same involution on this algebra.

Let H be a complex Hilbert space and let Laq4(H) be the set of all addi-
tive continuous operators acting in H. By 9(H) we denote the set of continuous
additive operators M which act on the space H and satisfy the conditions:

1. M? =1, where [ is the identical operator of £L(H).

2. (Mg, ¥) = (¢, M) for all ¢, € H.
Lemma 1.3.7. Let M € MM(H). Then:

1. M is an antilinear operator, i.e.,
M(\p) =AMy (1.12)

for all A € C and for all p € H.
2. For each A € L(H), the operator M AM belongs to L(H) again and

(MAM)* = MA*M.
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3. For each A € L(H),
IMAM]|| = ||All.

Proof. First we show that each operator M satisfying the above conditions is
antilinear. Indeed, for any ¢, ¥ € H one has

(M(Xp), ) =X (9, M) = M Mg, ) = (AM g, )

which implies (1.12). The second assertion can be verified analogously. For the
third, one assumes that A € £(H) and ¢ is an element of H. Then

IMAM@||> = (MAM@, MAM ) = (AMp, M2AM o)
= (AM @, AMp) = ||[AM¢||* < ||A|*|| M ¢|?
= [|AI[2 (Mg, M) = [|A][* (0, M2p) = [|A]]*||¢]?,
ie.,
[[MAM| <||A|| forall AeL(H).
Conversely, set B = M AM. Then

|A]] = [[MBM]| < ||B]|,
and the proof is complete. |

Lemma 1.3.7 shows that every operator M € 9(H) necessarily belongs to
M(L(H)). Given such an element M, one can construct the real extension £(H)
of the algebra of linear continuous operators £(H). Thus it is important to know
whether for a given Hilbert space H, the set M(H) contains at least one element.

Theorem 1.3.8. For any Hilbert space H, the set IM(H) is not empty.

Proof. Let ® be an orthonormal basis for H. Then any element i € H can be
represented in the form [77, pp. 252-253]

h=> (h¢)e (1.13)

peD

and

1] =" [(h, ¢)P. (1.14)

PpeD

Let us now define an operator Mg by

Mgh:=> (h,¢)¢, heH. (1.15)

ped

It is easily seen that Mg is an additive operator and

M:Z =1
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Moreover, using (1.14) one obtains
|Meh|| = [|h]l, heH,

hence M € L444(H). It remains to show the validity of the equation

(A[¢hvg)::(hvﬂl¢g% hﬁg€E7{

Let h,g € H, the element h have representation (1.13), and let

9="> (9:0)0. (1.16)

e

Note that there are at most a countable number of non-zero scalar products
(h, 9), (g, ¢) in the series (1.13), (1.16). Then

(Moh,g) = | > (h.d)$, Y (9,0)¢

PpED PpeD

=" ,9) (9. 9) = (h, Mag).

ped

Thus Mg € M(H) and the proof is complete. O

Example 1.3.9. Consider the Hilbert space L2(Ty) again. The system & :=
{tk, ke Z} is an orthonormal basis for La(I'g). Then the operator Mg defined
by (1.15) admits the representation

(Mah)(t) = h(1/t).

On the other hand, choosing in L3(T'g) an orthonormal basis ¥ that consists of
only real-valued elements, one obtains the operator of complex conjugation

(Myh)(t) = h(t).

Analogously to (1.9), each additive operator A € Lqq4(H) can be represented
in the form

A=A+ Ay M, (1.17)

where A; and As = A, M are linear continuous operators on the space H. Hence
any operator M € 9M(H) produces an extension of L(H) by M that coincides with
Lodd(H), and furthermore an involution , viz., for each operator A€ Loga (H) one
can define A* by

A* = AT+ M A3
Therefore the real algebra £,4q4(H) can be considered as an extension of the com-
plex C*-algebra L(H) by any operator M € M(H).
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Now we are in a position to show that all such operators produce the same
involution on L,q4(H). Indeed, by (1.12) the operator My Ms belongs to L(H) for
any My, My € 9(H). Moreover, for any ¢, € H one has

(MyMap,vp) = (Map, M19)) = (¢, Mo M13)).

Thus (M;Ms)* = M2Mj, and Theorem 1.3.1 finishes the proof.

We see that a wide class of antilinear operators produces just the same invo-
lution on L444(H) (in the sense of definition (1.3)). Moreover, it turns out that in
the case Lqq44(H) all possible involutions (1.3) coincide! The proof of this result is
given below.

Let Hg be the same Hilbert space H considered as a real space. As a scalar
product on Hr we will use the form

<(P7'(/J> = <@a¢>7’lu@ = Re ((1071#)7 907¢ € Hg. (118)

Note that some features of this real space Hr will be discussed in Section 1.6.
For each A € Lgqa(H), let Af refer to an operator B € Lg44(H) which
satisfies the relation

(Ap,¥) = (@, By)  forall ¢, €H.

Let us list elementary properties of these operators:
1. For each A € L,q44(H), the operator A} exists and is uniquely determined;
2. For any A, B € Laaqa(H), (A+ B)y = Ap + By and (AB)} = BiAg;
3. For each A € Loaa(H), (AR)x = 4;
4. For each A € L(H), A, = A%,
5. For each M € M(L(H)), the operator M Mg belongs to L(H).

Theorem 1.3.10. Let H be a complex Hilbert space. Then any two operators M,
and My from the set M(L(H)) produce just the same involution on Leqa(H).

Proof. First of all, we suppose that dim H > 1 and consider an arbitrary operator
M e M(L(H)). Let A € L(H). On account of properties 1) — 4) one can write

(MA*M)y = Mz AMEg.
On the other hand,
(MA*M)s = (MA*M)* = MAM.
Therefore, according to condition (Asz) we get

(MMg)A = A(M M) for all A € L(H).
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Since dim H > 1 the algebra £L(H) is irreducible, and M M} € L(H) is an operator
of multiplication by a scalar [66], i.e

MM = Al (1.19)

for a A € C. However, the operator M M, is self-adjoint. This implies A € R, and
applying axiom (Asz) once again we obtain MZM = A, so multiplying the last
expression by (1.19) one gets A2 = 1 or A = £1. Thus, there may exist only two
situations, Mg = M or My = —M.

Let us now show that the second case is impossible. Indeed, if we suppose
that My = —M, then I 4+ M My = 0. Therefore for any ¢ € H we have

®, ) + (Mg, Mgp)
@, ) + (MMgop, o)

(I +MMg)p, )

(I + MMg)ell |lel|

el < (
=
= {
<|

using the Cauchy-Schwarz inequality, whence
el < NI+ MM2)gl| =0 forall weH

which is not possible. Hence, for each M € M(L(H)) we obtain Mg = M.
It remains to use the necessary and sufficient condition (1.4). Thus for any
My, My € M(L(H)) we can write

(M1 Mz)" = (M1 Mz)g = (Ma)p(Mi)g = M2 M.

Hence if dim H > 1, all the operators of M(L(H)) produce just the same involution
on Lg44(H). Let us now consider the situation dim H = 1. In this case the algebra
L(H) consists of the operators of multiplication by complex scalars only, and it is
a simple matter to check that

M(L(H)) = {e¥M: p€[0,2m)}

where M is the operator of complex conjugation. However, all such elements pro-
duce the same involution on Lgq44(H). O

Remark 1.3.11. Theorem 1.3.10 can be generalized on further real C*-algebras
A. Axioms 1) - 5) show what assumptions have to be made to guarantee the
uniqueness of involution in such algebras.

All the previous considerations have dealt with cases where different elements
of M(A) produced just the same algebra A. However, there are examples where
different elements m; and mso generate different real algebras Am1 and .Am1
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Example 1.3.12. Assume that a continuous function « satisfies relation (1.10), and
let By, W4, M and M; be the operators considered in Example 1.3.6. By A we now
denote the smallest closed C*-subalgebra of £L(Ls(T")) containing all operators By,
with function a being in C(T"). It is easily seen that

MlBaMl = Bm and (MlBaMl)* = Baoa = MlB;Mla

therefore the element M; generates a real algebra flMl. However, this real ex-
tension Az, of the complex C*-algebra A does not coincide with the extension

.A]w.

1.4 Real and Complex Spectrum. Inverse Closedness

Let A be a unital complex C*-algebra, and let b € A.

Definition 1.4.1. The spectrum of b in A, denoted by sp 4b, is the set of all complex
numbers X such that the element b — \e is not invertible in A.

Let us recall some known properties of unital complex C*-algebras. If A is a
unital complex C*-algebra and b € A, then

(a) The spectrum sp 4b is a non-empty compact subset of C.

(b) If 7(b) denotes the spectral radius of b € A, i.e.,

r(b) := Ag;g}jblk\,
then
r(b) = inf [|p™|V/™ = Lim |[p"][*/™.
neN n— oo

Moreover, if the element b is self-adjoint or normal, then

r(b) = [[bll.

(¢) If D C A is a C*-subalgebra containing the unit element of A, then D is
inverse closed in A, that is if b € D is invertible in A, then b is also invertible
in D.

(d) If b is a self-adjoint element of A, then sp 4b C R.

Assume now that b is an element of a real C*-algebra. Then for A € C the
element \b may not be defined, so in the above definition of the spectrum the set
of complex numbers C has to be replaced by the set of real numbers R. However,
as already mentioned, real algebras often possess an operation of multiplication by
complex scalars. For such algebras one can distinguish between real and complex
spectra. More precisely, we define the real spectrum of an element as follows.
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Definition 1.4.2. Let A be a real C*-algebra and let b € A. The real spectrum of
b in A, denoted by sp’ib, is the set of all numbers A € R such that the element
b — Xe is not invertible in A.

If a real C*-algebra A has an operation of multiplication by complex scalars,
we will also consider the complex spectrum of elements in A. It is defined anal-
ogously to the real spectrum, but the set of real numbers R in Definition 1.4.2
is replaced by the set of complex numbers C. For the sake of simplicity, for this
spectrum we use the same notation as for a spectrum in complex algebras, viz.,
sp4b.

It can happen that the real spectrum of an element from a unital real C*-
algebra is empty. An obvious example of such a situation is provided by the imag-
inary unit ¢ € C when the set of the complex numbers C is considered as a real
C*-algebra.

However, there is a nice substitution for the real spectrum of an element b
from real C*- or Banach algebra A, viz., the complexified spectrum sp%b defined
by

sp4b:={a+if:a,f€R and (a—b)*>+ 3% isnot invertible in A}.

It is clear that if o 4 i3 € sp%d, then o — i3 € sp§b as well.

There is another definition of the complexified spectrum as the familiar (com-
plex) spectrum in the complexification of the algebra A. We are not going to discuss
this construction but mention that it immediately implies that the complexified
spectrum of any element from any real algebra is a non-empty compact subset of
C. Moreover, the complexified spectral radius

() =
ra(b) = max, A

is connected with the norm of the element b by
< (b) = inf ||b™ 1/n _ li H" l/n.
ra(b) = inf [["| Jim {["]

If b is a self-adjoint element in a unital real C*-algebra A, then sp%b € R. This
leads to the identity

spib = sp's0,

so that the spectrum sp’yb is not empty. Moreover
ra(b) = ra(b) = inf ||b"]] Jim ][o™|

Finally, if A is a unital complex C*-algebra and Agr denotes A considered as a
real algebra, then _
sPU.b =spbU{X: X €spyb}.
Note that further information and proofs can be found in [96, 131].
We need some known results concerning real algebras.
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Theorem 1.4.3 ([96], Chapter 11 or [135], Appendix 1). Let b be a self-adjoint
element of a unital (real or complex) C*-algebra A, and let R(b) be the smallest
closed real C*-subalgebra containing the elements b and e. Then R(b) is isomet-
rically isomorphic to the algebra C(spgz(b)b) of all continuous real functions on

sp;z(b)b,
Lemma 1.4.4. Let a be a self-adjoint element of the complex C*-algebra U. Then

SP%(a)a = spya (= spya)

where R(a) is the smallest closed real C*-algebra of U generated by the elements
a and e.

Proof. Since for each self-adjoint element a € U,
spya C R,

we only have to prove that each self-adjoint invertible element a of U is also
invertible in R(a). To do this we use the fact that by Theorem 1.4.3 the algebra
R(a) is isometrically isomorphic to the algebra C(sp%(a)a) of all real continuous
functions on the spectrum sp%(a)a. Let us now suppose that the element a is

invertible in & but not in R(a). Then the point 0 belongs to the spTR(a)a. We
define the function f, on spTR(a)a in the following way:

n, iftesppan [—1/n,1/n],
fn(t) =
Yltl, it € (R splgaa)\[-1/n,1/n].
The function f,, € C(spk,)a) and [tf,(t)| < 1 for all t € spp, a. Hence

llafu(a)ll < 1.

If the element a is invertible in U, then there exists b € U such that ba = e, so

| fn(a)l| = [[bafn(a)ll < [Ib]]-

We have obtained a contradiction, because the norm of f,,(a) can be made suffi-
ciently large. O

Corollary 1.4.5. Let B be a real C*-subalgebra of the complex C*-algebra A. Then
B is inverse closed in the algebra A, i.e., if an element b € B is invertible in A,
then it is also invertible in B.

Proof. Let the element b € B be invertible in 4. Then b* is also invertible in A.
Since b*b is a self-adjoint element, by the previous lemma the element (b*b)~!
belongs to the algebra B. Hence the element ¢ = (b*b)~1b* belongs to the real C*-
subalgebra B, and a simple computation shows that ¢ = bfl. The right invertibility
of b in the subalgebra B can be proved analogously. (]
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Below we describe relations between the complex spectrum of elements from
the real extensions A of complex algebras A and the real spectra of auxiliary
elements of a complex algebra.

Let A2*2 be the complex C*-algebra of all 2 x 2 matrices with entries from
A. We consider a subset E;XZ of A?*2_ which by definition consists of all matrices
A having the form

A:( b ¢ ) bce A, (1.20)
mem mbm
where the element m satisfies axioms (A1) — (As) of Section 1.2.

Provided with natural operations of multiplication, addition, involution and
with the norm of A%2*2, this set becomes a real C*-subalgebra of A%*2. Let us
now define a mapping ¥ : A— E;XQ by

V(@) = U(b+cm) = ( b ¢ ) . (1.21)

mem  mbm

Lemma 1.4.6. If a;,as € ./Zl, then

1) W(\a) = \V(a) for all a € A and for all A € R.

2) W(ay +a) = ¥(a1) + ¥(az).

3) \I/(dl a ) ‘1/((11) \I’(dg)

4) W) = V(@) .

5) The mapping ¥ : A — EiIXZ 18 continuously invertible.

Proof. Properties 1) — 4) immediately follow from the definition of the operations
of addition, multiplication and involution on A. It is also clear that ¥ : A — E2X?
is an isomorphism, and it is closed. By the closed graph theorem of Banach, both
the operators ¥ and ¥~! are continuous. O

An immediate consequence of Lemma 1.4.6 and Corollary 1.4.5 is the follow-
ing result.

Corollary 1.4.7. Let a € A. The element @ is invertible in A if and only if the
element W(a) is invertible in A?*2.

Remark 1.4.8. From Lemma 1.4.6 the set A can be provided with the norm
llal| 5 := [1¥(@)]|azx, (1.22)

so A becomes a real C*-algebra. Moreover, Lemma 1.4.6 and inclusion W(e+aa*) €
A2%2 show that the element e + aa* is invertible for any a € A, since A%2X2 s a
complex C*-algebra. Hence the mapping ¥ : A — E;XZ is a real C*-algebra

isomorphism. Thus the norm (1.22) is the most natural norm for A, although in
some cases it is more convenient to use an equivalent norm

llal| == [[blla + llc]|a-
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Let A and m be as before.

Definition 1.4.9. A complex C*-subalgebra C of a real C*-algebra A is called m-
closed if
mCm C C,

and if the axioms (As) — (As) with respect to C and A are satisfied.
Note that for any m-closed C*-subalgebra C one has
mCm = C.
Corollary 1.4.10. If C is an m-closed C*-subalgebra of an m-closed complex C*-
algebra A, then the real C*-subalgebra C is inverse closed in the real algebra A.
This follows by combining Corollary 1.4.5 and Lemma 1.4.6. ]

Corollary 1.4.11. Let M € M(H) and let A be an M -closed C*-subalgebra of L(H).
Then A is inverse closed in Laqq(H).

Now, we are in position to give a complete description of the complex spec-

trum for elements from the real algebra A in terms of real components of the
spectra of elements from the complex algebra A42*2.

Theorem 1.4.12. Let @ = b+ cm € A. Then
Sp 40 = U {sp},m\ll(dw)} X

p€el0,2m)

where 4 .
G, =e $b+eYcm (p €[0,2m))
and
spib = {spgb} N {RT UO}.
Proof. For each A\ = |\|e®¥ we have
a— e = (a, — |\e)e™,

so the element @ — Ae is invertible in A if and only if all elements a, — |Ale for
v € [0,2m) are. We consider the subset Eiixz of A?*2 which consists of all matrices
of A2*2 having the form (1.20). By Lemma 1.4.6 an element @ is invertible in A
if and only if ¥(a) is invertible in Eii“. Taking into account the relation

U(a, — [Ae) = W(a,) — A€

where

we obtain
Sp 4 = U {spg2x2\11(d¢)}ei“’.
©€l0,2m)
Reference to Corollary 1.4.5 completes the proof. O
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Corollary 1.4.13. Let a € A. Then
sp'4a = SP 42x2 ¥ (a).

It should be noted that such an equality is not always true for the complex
spectrum sp za of a. Consider the following example.

Example 1.4.14. Let H = C, A be the algebra of all operators of multiplications
by a € C, with the involution a* =@, and let M (z) =7 for all x € C. Then

A={b+cM:bcec A}.

We consider a self-adjoint element @ of A. It is clear that @ = b + ¢M is self-
adjoint if and only if b = b. If we exploit transformation (1.21) again, the complex
spectrum sp ;@ of the element a is the circle of radius |c| with center at the point
b, i.e., if ¢ # 0, then the complex spectrum of @ contains complex points.

Remark 1.4.15. Let B be a complex Banach algebra with identity e # 0 included
into a real algebra R. Assume that the last algebra contains an element m, which
does not belong to B and which satisfies the following assumptions:

(121\1) For each a € B the element mam belongs to the Banach algebra B as
well.

~

(A2) For each a € B and for each A € C the relation m(\a) = Ama holds.

)

2

(A3) m? = e and me = m.

o~

(A4) The null element 0 of the Banach algebra B is also that of the algebra
R.

Let Bm stand for the set of those elements of R which have the form am
with a € B. Define a real algebra B by B := B + Bm, and consider the mapping
U : B — B?*2 defined by (1.21).

Lemma 1.4.16. Let a1, a2 € B. Then

1) W(\a) = A\U(a) for all @ € B and for all A € R.

2) \If(dl + C~l2) = \I/(dl) + \I’(ELQ)

3) W(ay-az) = V¥(ay) - U(az).

4)  The mapping V : B— Eéw 18 continuously invertible.

Note that the last result is useful in situations when one considers operators
in Banach spaces.

1.5 Moore-Penrose Invertibility in Algebra A

After introducing operations of multiplication and involution on the algebra A we
may also consider the Moore-Penrose invertibility in this algebra.
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Definition 1.5.1. An element @ € A is said to be m-Moore-Penrose invertible in
the algebra A if there exists an element b € A such that the relations

aba =a,  bab=1b, (ab)*, = ab, (ba)*, = ba

hold.

If such an element b exists, then it is called an m-Moore-Penrose inverse of
a and denoted by a.

Lemma 1.5.2. Let the elements mi and ms produce just the same algebra A. If
(mimg)* = mamy, then each element a € A is mq-Moore-Penrose invertible if
and only if it is ma-Moore-Penrose invertible and d;“ = (zﬁ“. In particular, if a
1s m-Moore-Penrose invertible, then its m-Moore-Penrose inverse is unique.

Proof. If (mima)* = maomy, then the mq-involution on A coincides with the ma-
involution. It implies the validity of the first assertion of Lemma 1.5.2. The calcu-
lation

Ay = G Ga = g (@a, Vv = ak (ar )n
= (@ Vi Gy (@ )iy G = b (@ Ve G ) (@b ) Gy
= G, A0, (807, )5, = G, 800, = (5,0, 85, = 67, (35,)7, 45,
= Gy, (b Yy Oy (G Vs oy = (@005, (G0, @)y, an
=a), (aa) a)at, =at aat, =at,

implies the second assertion. Setting m = m; = mq one obtains the uniqueness of
the m-Moore-Penrose inverse if it exists. a

Corollary 1.5.3. Let H be a complex Hilbert space, and let My, My € M(L(H)).
Then an operator A € Laq4(H) is Mi-Moore-Penrose invertible if and only if it is
Ms5-Moore-Penrose invertible and ALI = AX/Iz,

The proof of this corollary immediately follows from Theorem 1.3.10.

Thus in the case of the real C*-algebra L,q4(H), Moore-Penrose inverses
do not depend on the element M. However, extensions of arbitrary complex C*-
algebras may not possess this property. Therefore, in the following we always
assume that the element m is fixed or that any element m of M(A) produces the
same involution, so we can write a* and a* instead of a}, and of a;,, respectively.

Let us recall that the Moore-Penrose invertibility in complex C*-algebras
can be studied via spectral characteristics of suitably chosen self-adjoint elements
[103]. However, as Example 1.4.14 shows, self-adjoint elements in real algebras do
not always have the properties that are customary for complex algebras. It means
that the respective “complex” results cannot be immediately used to study the
Moore-Penrose invertibility in general real algebras with involution. Nevertheless,
if we confine our study to the above extensions of complex C*-algebras, the results
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obtained are quite complete. Thus using the mapping (1.21), one can translate
the problem of Moore-Penrose invertibility for A into a similar problem for a real
subalgebra of the complex algebra A%2*2.

Proposition 1.5.4. The element a € A is Moore-Penrose invertible if and only if
the element W (a) is Moore-Penrose invertible in Ei{g and

U(a)t =w(ah), (1.23)
T HA)T =0 AT). (1.24)
Relations (1.23), (1.24) show that Moore-Penrose invertibility in A is equiva-
lent to Moore-Penrose invertibility in EiXQ. However, the latter is a real subalgebra
of the complex algebra A2*?2 that makes our task simpler.
Proposition 1.5.5. An element a = b+ cm € A is Moore-Penrose invertible in A
if and only if the element A = ¥(a*a),
. b*b +mc*em  b*c+ mcbm
A= * * * * ’
c*b+mb*em  c*c+ mb*bm

is invertible in the real algebra Eji“ or if 0 is an isolated point of the real spectrum
of A in EJQ&XQ.

Proof. Necessity. Suppose that the element @ is Moore-Penrose invertible in A, and
let a* be the Moore-Penrose inverse for a. By B we denote the element ¥(a™).
Evidently, B belongs to E;XQ, so for all real A such that 0 < |\| < ||[BB*||7?, the

element & — ABB* is invertible in E;XQ. Since A is a real number, the element
1
(- \BB*)"'BB* — X(E*BB*) (1.25)

also belongs to EiIXQ. However, as noted in [193], the element (1.25) is the inverse

for A — AE, le., A is invertible or 0 is an isolated point of the spectrum of the
element A in E;XQ. (Note that € denotes the identity element of A2*2))

Sufficiency. If A is invertible in Eii“, then B = (A)~1A* belongs to EJQ&XQ
and is the Moore-Penrose inverse for A = W(a). Assume that 0 is an isolated
point of spp2x2A and consider the real C*-algebra R(A) generated by the self-

A
adjoint element A and by the unit £. It is clear that R(A) C Ei“ and from

Theorem 1.4.3 the algebra R(A) is isometrically isomorphic to the algebra of all
real continuous functions on SPR( A)A The rest of the proof runs analogously to
[192], Proposition 3.2. O

Corollary 1.5.6. The element a € A is Moore-Penrose invertible if and only if the
element W(a*a) is invertible in A%*2 or 0 is an isolated point of the spectrum of
U(a*a) in A**2.
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Proof. 1t is clear that
Spa2x2T(@a*a) C spEi{xz'\I/(d*d) C spr(w@aayY(@ a).
Since ¥(a*a) is self-adjoint, we have

SpA2><2\I/(d*d) = spR(\I,(a*a))\I/(EL*EL) (126)
from Lemma 1.4.4, and Proposition 1.5.5 completes the proof. (|

An important property of complex C*-subalgebras of complex C*-algebras
is that they are inverse closed with respect to the Moore-Penrose invertibility.
In the case of real extensions, we have to impose an additional condition on the
corresponding C*-subalgebra. More precisely, the following corollary is true.

Corollary 1.5.7. Let C be an m-closed C*-algebra with identity of a C*-algebra
A. Then C is_inverse closed with respect to Moore-Penrose invertibility, i.e., if an
element a € C has a Moore-Penrose inverse in A, then this one also belongs to C.

Corollary 1.5.8. Let U be a complex C*-algebra of a C*-algebra A, which contains
a real C*-algebra Br. The element b € Br is Moore-Penrose invertible in Br if
and only if it is Moore-Penrose invertible in U.

The proof of these two results follows from relation (1.26).

As usual, an element p € A is said to be a projection if p*> = p and p* = p.
The following results as well as their proofs literally repeat the corresponding
formulations for complex C*-algebras. It should be noted that in order to prove
the uniqueness of the below arising projection p we have to use the connection
between the algebras A and E,QLIX2'

Proposition 1.5.9. Let A be the real extension of a unital complex C*-algebra A
by an element m. If a € A, then the following assertions are equivalent:

1) a is Moore-Penrose invertible.
2) a*a is invertible or 0 is an isolated point of the real spectrum of a*a.

3) There exists a projection p in R z(a*a) such that a*ap = 0 and a*a + p is
invertible.

4) There exists a projection G in A such that ag =0 and a*a + § is invertible.

If one of these conditions is satisfied, then G is uniquely determined and a* =
(@*a+q)~‘ta*.

In connection with Proposition 1.5.9, let us list some elementary properties
of projection elements in the algebra A.

Proposition 1.5.10. Let f,g € A. The element p = f + gm € A is a projection if
and only if the elements f and g satisfy the following four relations:



24 Chapter 1. Complex and Real Algebras

For the proof, one can exploit the transformation (1.21).
Proposition 1.5.10 allows one to obtain the following description of projection
elements in the algebra A.

Corollary 1.5.11. Let p = f + gm be a projection in A. Then one and only one of
the following assertions holds:

a) The element g is not invertible from the left side.
b) p= 3(e+em), where e is the identity element in A.

Proof. 1f the element g is invertible from the left, then relation iv) implies f = g.
Using the equality g = ¢*, one obtains g = ¢/2. O

1.6 Operator Sequences: Stability

Let X,Y be real or complex Banach spaces, and let (P.X), (PY) be sequences of

projection operators such that these sequences and the sequences ((PX)*), (PY)*)

converge strongly to the identity operators in the corresponding Banach spaces.
Consider the operator equation

Az =y, z€X, yeY, Aecl(X)Y). (1.27)
To solve equation (1.27) approximately, let us construct the sequence of equations
A, PXz, =PYy, x,€imPXn=12 ..., (1.28)

where A,, is a linear and bounded operator defined on the space im P;X and taking
its values in im PY. We say that the approximation method (1.28) applies to the
operator A and write A € TI{A,,, PY } if there is an ng € N such that for all n > ng
equations (1.28) are solvable and for any right-hand side y € Y, solutions of (1.28)
converge to the solution of equation (1.27).

Let us assume that the operators A, are connected with A in the following
sense:

The sequences (A, PX), (A% (PY)*) converge strongly to A and A*, respec-
tively.

Note that for the strong limit of a sequence (4,,) we usually use the notation
s—limA,,.



1.6. Operator Sequences: Stability 25

Assume that the operator A is invertible, the operators A,, are invertible for
all n > ng and the inverses A1, n > ng are uniformly bounded. Then the sequence
(A;1PY),>n, converges strongly to A~L. Indeed, for any y € Y we have

1Ay = ARyl < AT PY ||| A PY ATy — PYyll,

so the claim follows from the boundedness of the sequence (|4, PY||)n>n,- Thus
the (unique) solution of equation (1.27) can be approximated as close as desired
by the elements A, ! PYy. Moreover, it is not hard to estimate the speed of the
convergence, viz., if Ax =y and A,z, = PYy, then for any n > ng one has

— < inf T —v V—x
e —zall < it (lle = ol| + o~ 2]

< inf ([l =0l + [ BY || [[Anw = Py yl))
v€im PX

< it (ool + 147 PY (100 — Asl| + lly — PYylD). (1:29)

In particular, for the projection operators A,, = PY AP.X inequality (1.29) leads
to the estimate
|z = 2ol < inf ([lo—ol| + |47 BY P All ||z = ));
v€im PX
that is
|z —x,|| <C inf ||z —v|, (1.30)
v€im PX

so the sequence z,, = A, !PYy converges quasi-optimally to the solution z =
Ay,

The previous considerations show that the uniform boundedness of the se-
quence (A, 1) plays a very important role in the study of approximation methods.
This motivates us to introduce the following characteristic of approximating se-
quences.

Definition 1.6.1. A sequence (A,), A, : im PX + im PY of linear and bounded
operators is called stable if for n large enough (say for n > ng) the operators Ay
are continuously invertible and

sup |45 ]| < oc.

n>ng

Remark 1.6.2. If (A,) is stable, then
|4 Py al| > Cl|P 2| (1.31)

for n large enough, where the constant C > 0 does not depend on n and z. If
A, PX converges strongly to A, then (1.31) implies the inequality

|Az|| > Cllx|],



26 Chapter 1. Complex and Real Algebras

that is ker A = {0} and im A is closed. If A% (PY)* also tends strongly to A*, then
the same argumentation shows that ker A* = {0} and im A* is closed. Hence A is
necessarily invertible.

Let Z be any unbounded subset of the set of non-negative integers. By
S = S(PX,PY), PX = (PX), PY := (PY) we denote the collection of all se-
quences (Ap)nez of linear bounded operators A, : im P,f( — im PX such that
sup,, ||AnPy|| < o0; on defining (A4,) + (By) := (An + By), AM(Ayn) := (AA,,) and
the norm
1(An)lls = sup |4, PX]|

the set S becomes a (real or complex) Banach space. Further, let So € S(PX,PY)
be the closed subspace of S consisting of all sequences (4,) such that (A,PX)
and (A% (PY)*) possess strong limits in £(X,Y) and L£(Y*, X*), respectively.
The Banach spaces S(PY,PX), Sc(PY,PX), S(PX) = S(PX,PY), Sc(P¥X)
and S(PY), Sc(PY) are defined analogously. Note that for elements (4,) €
S(PX,PY), (B,) € S(PY,PX) the products (B,)(A,) = (A,B,) € S(PX)
and (A,)(B,) = (A,B,) € S(PY) are well defined and

(AR (B < [1(An) [ 1(Bn)I,
1Br) (An)I] < 1B 11(An)][-

Let us also note that S(PX) and S(PY) actually form Banach algebras with
the unit elements (PX) and (P)), respectively. Clearly, everything that was said
concerning the spaces S remains true for the spaces S¢.

Let G C S(PX,PY) be the collection of all sequences (A,) such that
the norms ||A,PX|| tend to 0 as n tends to oco. For the remaining spaces
S(PX),S(PY),S(PY,PX) the set G is defined analogously. Moreover, the symbol
G is again used for every set G(PX),G(PY), and G(PY,P¥X). Note that G is a
closed subspace in each space S and S¢.

For cosets (A,) + G and (B,) + G that respectively belong to the quotient
spaces S(PX,PY)/G and S(PY,PX)/G, their products are defined by

((4) +G) (Bn) +G) := (4n)(Bn) + G € S(PV) /G,
((Bn) +G) ((An) + G) = (Bn)(4n) + G € S(PY)/G.

<
<l

It is easily seen that these products are correctly defined, and the related sets G
form closed two-sided ideals in Banach algebras S(PX) and S(PY). Of course,
the spaces S can again be replaced by the spaces S¢, so all the previous state-
ments hold. According to the language used in operator theory, an element
(A,) € S(PX,PY) is called invertible, if there is an element (B,) € S(PY,PX)
such that (B,,)(4,) = PX and (4,)(B,) = PY. By GS(PX,PY) we denote the
set of all invertible elements from S(P*,PY). Similar definitions and notations
are used for the spaces S, as well as for the associated quotient spaces S/G and

Sc/G.
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Let m and 7o denote the canonical homomorphisms 7 : § — §/G and 7¢ :
Sc — Sc /G, respectively.

Proposition 1.6.3. Suppose PX — I, PY — I, (PX)* — I and (PY)* — I strongly
as n — o0, the sequence (A,) belongs to Sc, and let A denote the strong limit of
(A,). Then the following statements are equivalent:

(a) The sequence (A,,) is stable.
(b) A is continuously invertible and mc(A,) € G(Sc/G).
(¢) A is continuously invertible and 7(A,) € G(S/G).

Proof. (a) = (b): This was proved earlier.
(b) = (c): Obvious.

(c) = (a): Let for instance S = S(PX,PY). Suppose there is a sequence

(By) € S(PY,PX) such that

where (C,) € G(PX),(D,) € G(PY). Then there is an ng such that ||C, P.X|| <
1/2 and ||D,PY|| < 1/2 for all n > ng. Thus by the Neumann series theorem,
the operators PX + C,, and PY + D,,, regarded as acting on im PX and im PY
respectively, are invertible for n > ng and the norms of their inverses are uniformly
bounded. This proves the claim. O

The importance of this result is that the stability problem for X = Y is
indeed an invertibility problem in a Banach algebra, viz. in algebra S/G or in
Sc /G, hence all results on invertibility in Banach algebras can now be used to
study the stability of approximation sequences. If X = Y but PX # PY, or if
X # Y, the set S does not necessarily form an algebra. Nevertheless, some kind
of algebraization is still possible. Thus, the concept of para-algebra introduced in
[184], gives us all tools to handle this situation.

From now on and to the end of this section, we assume that X = Y and
PX = PY. We write P, for P and P for PX.

Proposition 1.6.4. Let K(X) denote the ideal of all compact operators in L(X).
Then the collection of sequences

Ji={(A,) €Sc: Ay = P,TP, +C,, TeK(X) and (Cy)€G}

forms a closed two-sided ideal in Sc. Moreover, the mapping W : S¢ — L(X),
(Ap) — s—lim A, P,, is a Banach algebra homomorphism and the sequence (A;,) €
Sc is stable if and only if W(A,) is invertible in L(X) and the coset (An) + T
is invertible in Sc/J1.

Proof. The fact that J; forms an ideal is a consequence of the following well-known
result:
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If sequences (A,) and (B;};) converge strongly to operators A and B*, respec-
tively, and if K is a compact operator, then

lim ||A,K B, — AKB|| = 0. (1.32)

The closedness of J1 can be shown immediately. Let us consider the invertibility
statement. The necessity is obvious. The sufficiency can be proved as follows. Since
(An) + Ji is invertible in S¢/J there is a sequence (B,,) € S¢ such that

BnA7z:Pn+PnT2Pn+Dn7

where T, T> € K(X) and (Cy),(Dy,) € G. Then

W (AnBy) = W(A)W(B,) =1+ T
W (BnAy) = W(BW)W(A,) = I + Tb.

Therefore W(A,,), and also W(B,,), are Fredholm operators. The invertibility of
W (A,) allows us to consider the operators

B, = B, — P,W(A,) 'T1P,,

SO
AB, =P, +Cl,, (C.)€g.

Analogously, there is a sequence (B]) € S¢ such that

hence (A,,) + G is invertible in S¢/G and Proposition 1.6.3 yields the stability of
the sequence (A,,). O

The idea of this proof also applies in more general situations. Thus if
‘H is a separable Hilbert space and {...,e_j,egp,e1,...} is a complete or-
thonormal basis in H, then by P, we denote the orthogonal projection onto
span{e_,,e_ni1,...,€0,€1,...,€n_1,€,}. Consider the related algebras S and S¢,
which proved to be C*-algebras. Let a = Zzz_n axer, where a; € R or a; € C
in dependence on whether H is a real or complex space. We define the operators
Wy, 1 im P, — im P, by

Whp(a) =a—1e_pn+ ...+ a_ne_1+aneg+ an—1€1 + ...+ agen.

Then W2 = P,, and W,, tends weakly to 0. The last assertion is a consequence
of the fact that for any ¢ € H the scalar products < ex, o >— 0 as k — 400 or
k — —oo.

Introduce now the collection A of all sequences (A4,,) C S¢, such that in ad-
dition to the previous requirements, the sequences W, A, W,, — A= W(An) and
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W, AW, — A strongly. The collection A actually forms a unital C*-subalgebra
of S¢ and the mappings

W:A— LH), W:A— L(H)
are *-homomorphisms. Note that the involution in A is defined by
(An)" = (47,).

In addition to the above-defined ideal 7, there is another ideal J5 inside of the
algebra A, viz.,

Jo:={(An) € A: Ay =W, TW,,+ C,,, T e€K(H), (C,)e€G}.

To see that J» is really an ideal in 4, one has to use the fact that compact
operators transform the weakly convergent sequences into strongly convergent.

Note that such algebras play an important role in the study of approximation
methods for different classes of operators. For example, the following proposition
holds.

Proposition 1.6.5. Let J be the smallest closed two-sided ideal containing the ideals
J1 and Ja. A sequence (A,) € A is stable if and only if the operators W(A,),

W(Ay), and the coset (A,) + T € A/J are invertible.

The proof of Proposition 1.6.5 runs parallel to the proof of Proposition 1.6.4
and is omitted here.

Let us also consider a modification of this result. This modification will be
used in the first two sections of Chapter 2. If H is a complex Hilbert space and
the operators P,, and W,, are defined as above, then the underlying algebra A is a
complex C*-algebra. On the other hand, the space H can also be viewed as a real
Hilbert space. Recall that such a real Hilbert space Hg is provided with the scalar
product < hy, he >3,:= Re (h1, ha), cf. (1.18). If {ex } ez is a complete orthogonal
basis in H, then {eg,ier}trez forms a complete orthogonal basis in Hg. Indeed,
since

1Al3 = Y 1k, er)l> = Y (Re (hyex))? + (Im (h, ex))?)

kEZ keZ
= (< hoer >1)? + (< hyiex >3,)%) = |23
kEZ

the completeness of Hp follows.
On real Hilbert space Hr we consider modified operators W,, and P, viz., if
h € Hg , then h =}, ,(arex + ibges), so we set

Wph = (a_1e_p +ib_1e_pn)+ ...+ (a_pe_1 +ib_ne_1)
+ (aneo + ibneg) + ... + (apen + iboey,)
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and P, := (W,)2. It is clear that (P,)? = P,, and P,,n € N are orthogonal
projections such that on the space Hg the sequence (P,,) strongly converges to the
identity operator. Moreover, the sequence (W,,) weakly converges to zero. Notice
that, as mappings, the operators P,, W,, in Hg coincide with the operators P,,, W,,
in H. Of course, Proposition 1.6.5 remains valid in this situation. Consider now
the bounded and linear operator M : Hr — Hg which is defined on the basis
elements ey, iex by

M(ek) =e_g, M(zek) = —de_y, k€.

Now let AR be the algebra associated with the operators P,,, W,,, n € N considered
on the real Hilbert space Hg. It is easily seen that the previously defined algebra
A is a complex C*-subalgebra of the real algebra Agr. Let us further notice that
MP, = P,M for all n € N and that the sequence (W,, MW,,) strongly converges
to the operator M = MU , where U is the unitary operator defined on the Hilbert
space H by

Uey :=epy1, kEZ.

Because of the relation (W, MW,,)* = W,, MW,,, the sequence of the adjoint op-
erators (W, MW,)*) strongly converges to the same operator M. This also leads
to the equality UM = MU(= ]\/4\) The sequence (P, M P,,) does not belong to the
C*-algebra A, however (P, MP,) € Ag. In addition, the element m := (P, MP,,)
satisfies the axioms (A;) — (A5) from Section 1.2 with respect to the algebras A
and Ag. Let A denote the extension of the algebra A by the element m. Using
ideas from Section 1.3.5 it is not difficult to prove that A = Ag.

Next we consider another generalization of Proposition 1.6.5, which plays an
extremely important role in applications considered below. Let H be an infinite-
dimensional Hilbert space, and let H,, be a sequence of closed subspaces such that
the orthogonal projections P, from H onto H,, converge strongly to the identity
operator I on ‘H. Further, let T" be a possibly infinite index set, and suppose that
for every t € T we are given an infinite-dimensional Hilbert space H! with the
identity operator I, as well as a sequence (E?) of partial isometries E. : H! — H
such that:

e the initial projections P! of E! converge strongly to It as n — oo,
e the range projection of E! is P,

e the separation condition
(E5)*E! — 0 weakly as n — oo,

holds for every s,t € T' with s # ¢.

Recall that an operator F : H' — H" is a partial isometry if EE*E = E. Then
E*FE and EE* are orthogonal projections, which are respectively called the initial
and range projections. For the sake of brevity, we will write E* ,, instead of (EL)*.
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Let ST stand for the set of all sequences (A,,) € S such that for every t € T,
the strong limits

s—limE" A,E! and s-—lim(E", A,E")*
exist, so one can define the mappings Wt : ST — L(H!) by
W'A,) :=s—limE", A,E..

It is easy to check that ST is a C*-subalgebra of S and the mappings W' are
*-homomorphisms, i.e., W(4,)* = (W!(A,))* for each (A4,) € ST. Moreover, the
separation condition ensures that, for every ¢ € T and for every compact operator
K*' € K(H!), the sequence (E! K'E! ) belongs to the algebra ST, and

Kt if s=t,

0 if sAt (1.33)

W (Bt KR ) = {
for all s € T. Introduce the smallest closed ideal J7T of ST which contains all
sequences (E!K'E! ) with t € T and K' € K(H?!), as well as all sequences

(Cn) €6.

Theorem 1.6.6. (a) A sequence (A,) € ST is stable if and only if the operators
W*(A,) are invertible in L(H') for every t € T and the coset (A,) + J* is
invertible in the quotient algebra ST /J7T.

(b) If (A,) € ST is a sequence with invertible coset (A,)+JT, then all operators
WH(A,) are Fredholm on H', and among the operators W'(A,,),t € T there
is only a finite number of operators that are non-invertible.

The proof of this result is similar to the proof of Proposition 1.6.4 (cf. also
[102]).

Usually, it is not easy to show that for a given operator A the corresponding
approximation sequence (A,) belongs to an algebra of the type ST. However, if
it is shown, the above theorem applies and one is concerned with the invertibility
of the operators W*(A,,) and with the invertibility of the coset (A4,) + JT. Note
that local principles often prove to be very efficient in studying the invertibility of

(A)+T7T.

1.7 Asymptotic and Weak Asymptotic Moore-Penrose
Invertibility of Additive Operators

Let ‘H be a complex Hilbert space, and let Lsqa(H) be the set of all continuous
additive operators on ‘H. We suppose that A € Lgqa(H) and unless otherwise
stated (until further notice) we assume that the sequence (A,), A, € Lada(H)
converges strongly to the operator A, i.e.,

lim Anx — Az forall z € H.

n—oo
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Suppose we are given an involution on Lyqq(H). The sequence (A,) is called
Moore-Penrose stable if for all sufficiently large n, say for n > ng, the operators
A,, are Moore-Penrose invertible and

sup [|AF
n>ngo

< +00.

The operator A is said to be asymptotically Moore-Penrose invertible by the se-
quence (A,) if the operators A,, are Moore-Penrose invertible for all n > ng and
the sequence of their Moore-Penrose inverses (121:';) converges strongly.

Now we will show how to use the previous results to study the Moore-Penrose
invertibility of additive operators. Recall that for any Hilbert space H the set
Laaga(H) can be considered as an extension of the complex C*-algebra L£(H) by
an antilinear operator M = Mg and, correspondingly, any additive continuous

operator A admits the representation
A=A+ AM

where A; and Ay = A,M are linear continuous operators on the space H, see
(1.17). Therefore, Lqqa(H) possesses a natural operation of involution, viz., for
every operator A € L,44(H) one sets

A" = AT+ MA,

so one can use the results of Section 1.5 to study Moore-Penrose invertibility in

Laaa(H).

Proposition 1.7.1. Let A € Loq4(H), and let the sequences (A,) and (A%) converge
strongly to A and A* respectively, as n — co. The operator A is asymptotically
Moore-Penrose invertible by the sequence (fln) if and only if the operator A is
Moore-Penrose invertible and the sequence (fln) is Moore-Penrose stable. In this

case, (A) strongly converges to A* as n — oco.

Proof. Necessity is completely analogous to the corresponding linear case, cf. [192,
Theorem 1]. Let the operator A be Moore-Penrose invertible and the sequence
(A,) be Moore-Penrose stable. For simplicity, we suppose that ng = 0 and show
that the sequence (A;) converges strongly as n — oo. Let F denote the set of
all bounded sequences of bounded linear operators acting on the Hilbert space H.
Given natural operations of addition, multiplication, the norm

[1(An)l| = sup [[An]], (1.34)

and also with the involution (A4,)* = (A%), the set F becomes a C*-algebra
with identity. We consider the subalgebra B of F consisting of all sequences (A,,)
such that the sequences {A,} and {A%} converge strongly as n — oo. It follows
from Lemma 1.3.7 that B is an M-closed C*-subalgebra of the C*-algebra F.
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Furthermore, by Corollary 1.5.7 the subalgebra B is inverse closed with respect to
Moore-Penrose invertibility, i.e., if (4,) € B is Moore-Penrose stable then (An) is
Moore-Penrose invertible in F and so in B. Hence, the sequences (A7) and (A;)*

converge strongly as n — oo. O

The notion of asymptotic Moore-Penrose invertibility is very restrictive. In
our opinion, the notion of weak asymptotic Moore-Penrose invertibility defined
below is more suitable for numerical analysis, because it not only contains the
asymptotic Moore-Penrose invertibility but is also stable under some perturbations
(cf. Remark 1.7.5).

Let us proceed to study the weak asymptotic Moore-Penrose invertibility for
additive continuous operators. Let I = (P,) be a sequence of linear orthogonal
projection operators on the complex Hilbert space H which converges strongly to
the identity operator I as n — oo. By F we denote the set of all bounded se-
quences (A,,) of bounded linear operators A,, acting in im P,,, and according to the
above considerations we provide F!I with the operations of addition, multiplica-
tion, involution, multiplication by scalars and with the norm (1.34). Consequently,
the set F becomes a complex C*-algebra with identity.

Let us consider an M-closed subalgebra of FU. Assume we are given a
set T and a family of sequences of unitary operators (E!), E! : imP, —
im P, (E!)™! = (EL)* =: E' ,t € T, such that for any s,t € T,s # t the
sequence E* E P, weakly converges to zero as n — oo. In addition, suppose
also that

M(imP,) Cim P, forallneN.

Let Fr be the set of all sequences (A,,) € F'I such that there exist the strong
limits
s—1limE" A,E'P,, s—limE"' A*E'P,

s—limE' ,MA,ME.P,, s—lim Et_nMAjLMEfLPn,

as n — oo.
It is easily seen that

1) Fr is an M-closed C*-subalgebra of the C*-algebra FI.
2) The mappings W; : Fr — L(H), Wi(A,) = s — limE! A,E!P, are

*-homomorphisms.

Now we introduce the notion of weak asymptotic Moore-Penrose invertibility
in Fr. Let G be the set of all operator sequences (G,) € F such that ||G,|| — 0
as n — 0o0. We say that the sequence ([1”) € Fris weakly asymptotically Moore-
Penrose invertible if there exists a sequence (B,,) € Fr such that the four sequences
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belong to the ideal Q or, in other Yvor~ds, if the coset (.%In) + G is Moore-Penrose
invertible in the quotient algebra F/G [192, 193]. We still need a special ideal of
the C*-algebra Fr, generated by those sequences (J,,) € Fr which have the form

teT

where K; are compact operators in £(H) that are not equal to zero for a finite
number of indices. Let us denote this ideal by Jr. We also consider the homomor-
phisms W, : F2*? — £2%2(H), t € T defined by

(W0
wee (M0,
Theorem 1.7.2. Let B be an M-closed C*-subalgebra of the C*-algebra Fr, and
let the homomorphisms (Wy)ier possess the property

(S) For each sequence (B,) € B**2 the coset (By)° := (Byn) + J2** is in-
vertible in the quotient-algebra (B2*2 + J7*?)/J2*? whenever all operators
W:(B,),t € T, are Fredholm.

Then for the sequence (fln) € B the following assertions are equivalent:
1) The sequence (An) is weakly asymptotically Moore-Penrose invertible.

2) The operators W (¥ (A,,)) are normally solvable for allt € T, and the norms
of these Moore-Penrose inverses are uniformly bounded.

Proof. 1) — 2). Let the sequence (A,) be weakly asymptotically Moore-Penrose

invertible. Then there is a sequence (B,,) € B such that (flanflnf fln) € g, so

U(A,B,A, —A,) € U(G).

Since ¥ and W, are homomorphisms and ¥(G) C ker Wy for each t € T', we obtain

The second condition in the definition of Moore-Penrose invertibility can be es-

tablished analogously. Thus the operators W(¥(A,)) are generalized invertible,

so by [91] they are normally solvable. In addition, the norms of W;(¥(A4,,)) are
uniformly bounded because W; are *~homomorphisms and [66]

[Wi(A)|| < ||(An)|| for all t € T and for all (4,) € Fr,

so by Lemma 1.4.6 the homomorphism ¥ is bounded.

2) — 1). Let C(T) stand for the C*-algebra of all bounded functions on T
with values in £2*2(H), and let S(T) be the smallest closed subalgebra of C(T')
which contains all functions

t— Wi(B,), (Bn)€ (B¥?+J2?). (1.35)
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The function (1.35) is usually called the symbol of (B,,) and denoted by smb(B,,).
Then, by [193, Lifting theorem, Part 3], condition (S) implies that the quotient-
algebra (B2*2 4 72°?)/G?*? is isometrically *-isomorphic to S(T'). Now let all
the operators Wt(fln) be normally solvable, and the norms of their Moore-Penrose
inverses be uniformly bounded. Then the function smb(/in) is Moore-Penrose in-
vertible in C(T), and consequently also in S(7T'), so the coset W(A,) + G2*? is
Moore-Penrose invertible in (B2*2 4+ 72%%)/G?*2. Since B is an M-closed subal-
gebra of Fr, we can state that

(E?;,XQ +g2><2)/g2><2 cC (BZXQ +j,121><2)/92><2.

Recalling that the real algebra E2X2 / (E2X2 N G2%2) is isometrically isomorphic
to (E2X2 + G%%2)/G**2 [66] and using Corollary 1.5.8, we obtain that the coset
W(A,)° is Moore-Penrose invertible in E2X2/(E2X2 NG?*2), ie., U(A,) is weakly

asymptotically Moore-Penrose invertible in EZXQ To complete the proof we use
Proposition 1.5.4 once more. U

Remark 1.7.3. There are examples which show that the condition of the uniform
boundedness cannot be dropped. However, if all the operators W, (U (A4,,)) are
Fredholm, then this condition is automatically satisfied [193].

Remark 1.7.4. If all the operators W, (¥(A,)) are invertible, then the sequence
(4,,) is stable.

Remark 1.7.5. The assertion 2) of Theorem 1.7.2 and the theory of normally
solvable operators (e.g. [91]) shows that weakly asymptotically Moore-Penrose
invertible sequences are stable under different kinds of perturbation. Specifically, if
all the operators W, (¥(A4,,)) are semi-Fredholm, then the operator sequence (A4,,)
remains weakly asymptotically Moore-Penrose invertible even if it is perturbed by
sequences from the ideal Jr or by sequences of B which have small norms.

Let us now discuss another description of weak asymptotic Moore-Penrose
invertibility in the algebra F. It was shown in [194] that whenever a sequence
(A,) € F is weakly asymptotically Moore-Penrose invertible, the spectrum
sp(Af Ay) of AX A, can be split in two parts, one of which is bounded from zero
by a positive constant (independent of n), while the other part tends to zero if
n tends to infinity. We are going to show that this property is also valid for ele-
ments of the real algebra F. However, in our case the spectrum sp(A*A ), which
does coincide with the real spectrum of A;‘LA for complex C*-algebras, should be
replaced by the real spectrum spr(fl;jfln) of fl;‘lfln

Theorem 1.7.6. A sequence (/In) is weakly asymptotically Moore-Penrose invertible
in F if and only if there exist non-negative numbers d and r, with d > 0 and
rn, — 0 as n — oo such that

sp" (A% A,) C[0,7,] U [d, o] (1.36)
for all sufficiently large n.
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To prove this assertion one can exploit the scheme of the proof of the corre-
sponding result for complex C*-algebras [194]. Let us comment on auxiliary results
that we need.

In the theory of complex C*-algebras an “almost projection” lemma is well
known (cf. [224, Lemma 5.1.6]). A careful consideration of its proof shows that
this lemma is also true for real C*-algebras. More precisely, we have the following
lemma.

Lemma 1.7.7. Let B be a real C*-algebra with identity, and let b € B be a self-
adjoint element with ||b> —b|| < 1/4. Then there exists a self-adjoint element g € B
such that b+ g is a projection and ||g|| < 2||b* — b]|.

To verify this result, one can exploit the isometrical isomorphism between the
real algebras R(b) and Cr(sp"R (b)) (cf. Theorem 1.4.3) and follow the correspond-
ing proof for complex algebras, since this proof uses only real-valued functions.

Let (A ) be in F. By (A,)° we denote the coset of F/G which contains the
sequence (A,), i.e., (A,)° := (A,)+G. Suppose that (.A ) is weakly asymptotically
Moore-Penrose invertible Then there is a sequence (P,) € F such that the element

q=(P,)° satisfies the assertion 4) of Proposition 1.5.9. In particular, ((P,)°)? =

(P,)° and ((Pn)°)* = (P,)°, so it is possible to find a sequence (P,) € (P,)° such
that P* = P, and ||P? — P,|| — 0 as n — 00. Together with Lemma 1.7.7, this
1mphes that one can choose a sequence ~( n) € (Pn)o such that each member of

this sequence is a projection, i.e., H2 II,, and IT}, =II,, for all n € N.
Applying Proposition 1.5.9 once more, we obtain the following lemma.

Lemma 1.7.8. A sequence (A,) € F is weakly ‘asymptotically Moore-Penrose in-
vertible if and only if there exists a sequence (Il,,) of projections on 'H such that
the sequence (A* A, +11,,) is stable and ||A,LHnH — 0 as n — oo. The sequence

(I1,,) is unique modulo G and ((A%LA, +1I,) ' A%)° = ((A,)F)°.

It should be noted that in place of ¢ in assertion 4) of Proposition 1.5.9 the
element a"' = e—aTa can be chosen. According to this designation, we denote by
P(A,) the set of all projections in ((A,)°)".

Lemma 1.7.9. Let (A ) € f be weakly asymptotically Moore- Pem"ose invertible.
Then there is a sequence (I1,) € P(A,) such that 11, € Ry dd(H)( Ay) for all

n € N. The sequence (II,,) is unique in the following sense: If (I )) (I ity )) €
Re (AxA,) for all n > no, then (HS)) = (Hg)) for all sufficiently large n.

add(H)

The proof of this lemma also follows the corresponding proof in [194, Theorem
3], and the only additional result needed here is the Gelfand-Naimark theorem for
commutative real C*-algebras [96].

Proof of Theorem 1.7.6. After proving Lemmas 1.7.8 and 1.7.9, we can use Theo-
rem 1.4.3 to obtain relation (1.36). However, as shown before, in real algebras the
spectral properties of self-adjoint elements can be different from those in complex
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algebras. Therefore we first show that the real spectrum of A;‘Lfln does not contain
negative points. Indeed, from Corollary 1.4.13 we have

SPL 00 (H) (A} An) = sprae ) (T(A,) T (A,)).

However, the self-adjoint operator ¥(A,,)*¥(A,,) does not have any negative points
in its spectrum since it belongs to the complex C*-algebra £L2*%('H), so

Spﬁadd(H)(A;A”) C [07 +OO)-

Let (A,) be weakly asymptotically Moore-Penrose invertible. From Lemmas 1.7.8
and 1.7.9, there is a sequence of projections (II,) such that (4,) € R(A*A,),
n € N, the sequence (fijlfln +11,,) is stable, and ||14~1;“L;1n1:[n|| — 0 as n — oo. Then
there exists a number d > 0 such that

and we put o
Ty = || A AnIL | (1.37)

Using the definition of the norm in F / G, we can choose a number ng such that

(n > no). (1.38)

SR

H(A;An + ﬁn)_lHCadd(H) <

We fix now an n > ng. Due to the isometrical isomorphism between R := R(/ﬁlﬁn)
and C(spg (A% A,)) (cf. Theorem 1.4.3), the element A* A, can be identified with
the function # — z, and the projection II,, with the function z — pn(x), where
pr, takes the values 0 and 1 only. Then it follows from (1.37) and (1.38) that

z+pn(z) >d and xpn(z) < Ty (z € spr(AfAy)),

completing the proof. (I

Now we consider the notion of asymptotical Moore-Penrose invertibility for
sequences of F. We recall that a sequence (Aﬂ) e F is said to be asymptotically
Moore-Penrose invertible if there is an ng such that the operators fln are Moore-
Penrose invertible for all n > ng and if sup,,.,,, || Af]| < +oo.

Theorem 1.7.10. A sequence (/in) e Fis weakly asymptotically Moore-Penrose
invertible if and only if it can be represented as a sum of an asymptotically Moore-
Penrose invertible sequence and a sequence of G.

Proof. Necessity: Let (fln) € F be weakly asymptotically Moore-Penrose invert-
ible, and let (I1,,) be the projection sequence defined in the proof of Theorem 1.7.6.
By (B;) we denote the operator

B, = A,(I —11,). (1.39)
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From the proof of Theorem 1.7.6, the real spectrum of B,’;Bn + II,, is con-
tained in the set (1) U [d,+00), so the operator B, is Moore-Penrose invertible,
B = (BB, +11,)"'B% and ||B;|| < 1/V/d. Henceforth the sequence (B,) is
asymptotically Moore-Penrose invertible. In addition, we have ||A,IL,|| — 0 as
n — oo (cf. Lemma 1.7.8). Finally, from (1.39) we obtain

A, =B, +G, with ||G,|| — 0 as n — oo.

The proof of the sufficiency is evident. O

1.8 Approximation Methods in Para-Algebras

Let X and Y be Banach spaces. If X # Y, then the space L,44(X,Y") does not have
the operation of multiplication that causes additional problems in investigation
of approximation methods for operators from L£,44(X,Y’). However, one can use
objects which are immediate generalizations of Banach algebras. Let us recall some
necessary notions.

Consider a system 9 of four abelian groups 1, &1, G2, My. Each group
operation is called addition and is denoted by ‘+’. The system 91 is called a
para-group and denoted by

(G
M= M Mo
S,

or by M = (9, &1, G2, MNy) if it possesses a second operation called multiplication,
and satisfies the following conditions:

1. If ny,n} € My, no,nb € Na, 51 € 61, s2 € G,, then the following products
exist and belong to the designated groups of the system 9 :

n1n/1 S ‘ﬁl, TLQTLIQ S ‘IIQ, S189 € ‘IIQ, S281 € ‘ﬁl,
s1n1 € 61, ni1Se € Gy, nosy € 61, Song € Bs.

2. If multiplication is feasible, then it is associative and distributive with respect

to the addition.

An element z is said to belong to a para-group MM = (M1, S1, G2, Ny) if
x € M UG UGBy UMN,. If each of the groups My, &1, So, Ny is a Banach space,
and for any x,y € 9 such that the product xy is defined the inequality

zyll < ll2[l[1yl|

holds, then 9t is called para-algebra. Note that here and in the following all norms
in a para-algebra are defined by the same symbol.
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Example 1.8.1. If X and Y are Banach spaces, then the system

Load(X,Y)
M= | Loaa(X) Laaa(Y)
£add(Yv X)

constitutes a para-algebra with the usual operations of addition and multiplication
and with operator norms.

A para-algebra
&)
m =\ m N,
&)

is referred to as a subpara-algebra of a para-algebra 9 if ‘ﬂ; c Ny, 69 C 6,
j = 1,2 and the operations in 9 and 9 coincide.

A subpara-algebra J C 91 is called a two-sided ideal of the para-algebra 90t if
for any « € J and for any y, z € 9 such that the products zy and zz are defined,
the elements xy and zx belong to the sub-para-algebra J.

A para-algebra 9t = (M, &1, G2, MNy) is called unital if Ny and TNy are unital
algebras. The unit elements in the algebras 91; and 915 are denoted by e; and es,
respectively. (The symbol e means that unity which is relevant for the situation
under consideration.) For unital para-algebras one can introduce the invertibility
notion. Thus an element x € M is called right (left) invertible in M if there is
y € M such that zy = e (yz = e). An element x € M is invertible if it is right and
left invertible.

Let M = (N4, S1, S2,M2) be a unital para-algebra, and let T = (T, Js,,
Js,, I, ) be a two-sided ideal of 9. Consider the quotient groups [N;] := N; /T,
(6] := 6,/Ts,,j = 1,2 defined by the corresponding ideals of J. Then the system
M/T = ([M],[S1],[62],[Ns]) is a para-algebra with respect to the operations
induced by the operations from 9. This para-algebra is usually called a factor or
quotient para-algebra. An element x € 91 is said to be J-invertible if the coset
[z] == x4+ T € MM/T that contains the element x, is invertible in the quotient
para-algebra 90t/7J.

Let X and Y be Banach spaces. Consider the operator equation

Av =y, ze€X, yeY, Ac/LyaX,)Y), (1.40)

and in spaces Lgqq(X) and Lgq4(Y) consider sequences of projection operators
(PX) and (PY), respectively. It is assumed that these sequences, and the sequences
((PX)*) and ((PY)*) that consist of the corresponding adjoint operators, converge
strongly to the identity operators in the corresponding Banach spaces.

To solve approximately equation (1.40) let us consider the sequence of equa-
tions

AnPXx, =PYy, z,cimPX n=12....
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where A,, is an additive continuous operator defined on the space im PX and
taking its values in im PY. In the spaces Lqq4(X) and L,44(Y) we, respectively,
consider operator sequences (W,X) and (W,Y) which satisfy the relations:

L WXPX = WX, (WX)2=PX n=12...
2. WYPY =wWY, (WY)2=PY n=12...
3. The sequences (W.X), (WY), (W;X)*), (WY )*) weakly converge to zero.

If such sequences exist, then AXY denotes the set of all sequences (An), A
im PX + im P) such that there are operators A, A € Lqq(X,Y) satisfying the
limit relations:

s— lim A,PX = A, s— lim WYA,WX =4,
s— lim AL(PY)* = A*, s— lim (WY A, W\)*(PY)" = A*.

The set AXY can be provided with the operations of addition, scalar multiplication
and with a norm, similarly to the set AX. For any two sequences (4,) € AXY
and (B,) € AYX one can also define an operation of multiplication by

(An)(Bn) := (AnBr), (Bn)(An) = (BnAn).

Lemma 1.8.2. The system A := (AX, AXY AYX AY) is a unital para-algebra with
respect to the defined operations and norm.

For the proof one has to check all the definitions involved. Note that the
sequences (P.X) and (PY) serve as the identity elements in A% and AY, respec-
tively.

Let JXY stand for the set of sequences (J,) for which there exist com-
pact additive operators T1,T2 € Kaqa(X,Y) such that the operators J, €
Loaa(im PX im PY) can be represented in the form

Jo=PYT\PX + WY T WX +C,, n=1,2,...

where ||C,,|| tends to zero as n — oo.

Lemma 1.8.3. The above defined sets X and J¥X are closed and the system
J = (JX, XY, JYX . JY) is an ideal of the para-algebra A.

Theorem 1.8.4. Let the A : X — Y be an additive continuous operator, the se-
quence (PY A, PX) € AXY and PY A,PX — A asn — co. Then A € I(A,,, PYy)
if and only if the operators A,A € G(X,Y) and the element (PY A,PX) is J-
invertible.

The proofs of Lemmas 1.8.2, 1.8.3 and Theorem 1.8.4 mainly follow the proofs
of Section 1.6, (cf. also [102, 103, 183, 207, 208]) and are omitted here.
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1.9 Local Principles

At present local principles are among the most convenient and powerful tools in
operator theory and in numerical analysis to study Fredholmness or stability. The
method of freezing coefficients, widely used in partial differential equations, can
also be interpreted as a local principle. The essence of this method is to assign
a variety of possibly simpler problems to the problem under consideration and
then to study them and glue the results together to obtain information concerning
the initial problem. This section presents some general relevant ideas that fit the
theoretical background required later.

1.9.1 Gohberg-Krupnik Local Principle

Definition 1.9.1. Let A be a real or complex Banach algebra with identity e. A
subset M C A is called a localizing class if it satisfies the following two conditions:

(L1) 0 ¢ M.
(L2) For any fi, fo € M there exists a third element f € M such that

fif=ffi=1% J7=12

Two elements a,b € A are said to be M-equivalent from the left (right) if

inf —-b)fll=0 inf -b)|=0].

it la=nsl=0 (juf Ifa-01 =)

An element a € A is called M-invertible from the left (right) if there are elements
be Aand f € M such that

baf =f, (fab=f).

A system {M,},er of localizing classes is said to be covering if for each set
{fr}rer, [+ € M, there are a finite number of elements f,,,..., f;, whose sum is
invertible in A.

Now suppose that T is a topological space. Then a system {M,}.cr of lo-
calizing classes is said to be overlapping if

(Ls) Each M, is a bounded subset of A;

(L4) f € M., (10 € T) implies that f € M., for all 7 from an open neigh-
bourhood of 7g;

(Ls) The elements of F = |J M;, commute pairwise.
T€T

Let {M,},cr be an overlapping system of localizing classes. The commutant of
F is the set ComF:={a € A:af = fa forall f e F}. Itis clear that ComF
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is a closed subalgebra of A. For 7 € T, let Z, denote the set of all elements in
Com F which are M, -equivalent to zero, both from the left and from the right. By
virtue of (L3), Z, is a closed two-sided ideal of Com F which does not contain the
identity e. If e € Z,, then there are f,, € M, such that || f,| — 0 as n — oco; and
since there exists a g, # 0 in M such that f,g, = gn, it follows that || f,| > 1,
which is a contradiction. For a € Com F, let a” denote the coset a + Z, from the
quotient algebra Com F/Z..

Let us also recall that a function f : Y — R given on a topological space Y is
called upper semi-continuous at yg € Y, if for each € > 0 there is a neighbourhood
U. CY of yo such that f(y) < f(yo) + &€ whenever y € U,.. The function f is said
to be upper semi-continuous on Y if it is upper semi-continuous at each y € Y.
Equivalently, f is upper semi-continuous on Y if and only if {y € Y : f(y) < a}
is an open subset of Y for every o € R. Notice that if Y is a compact Hausdorff
space and f : Y — R is a bounded upper semi-continuous function on Y, then
there is a yg € Y such that f(yo) = sup f(y).

yey

Lemma 1.9.2. (a) Let M be a localizing class, let a,a9 € A, and suppose a and
ag are M-equivalent from the left (right). Then a is M-invertible from the
left (right) if and only if ag is so.

(b) Let {M;},er be a system of localizing classes having property (Ls), let T € T
and a € ComF. Then a is M, -invertible in Com F from the left (right) if
and only if a™ is invertible in Com F/Z. from the left (right).

Proof. (a) Let a be M-invertible from the left. Then there are elements b € A and
f € M such that baf = f. Since a and ag are M-equivalent from the left, there
is a g € M such that ||(a — ag)g|| < 1/||b]|. Choose h € M so that fh = gh = h.
Then

bagh = bah — b(a — ag)h = bafh — b(a — ag)gh = h — uh = (e — u)h,

where u := b(a — ap)g. Note that e —u is invertible in A because ||u|| < 1. Thus, if
one sets v := (e — u) b, then vagh = h, i.e., the element aq is M-invertible from
the left.

(b) Let a™ be left invertible in Com F/Z. Then there is an element b €
Com F such that ba — e € Z,. This implies that ba is M, -equivalent to e from
the left, and from part (a) we deduce that ba and hence a is M, -invertible from
the left. Analogously, if a” is right invertible, then a is M -invertible from the
right. Conversely, if there are b € ComF and f € M, such that baf = f, then
(ba —e)f = 0, hence ba — e € Z,, and thus b"a”™ = e. It can be shown similarly
that a7 is right invertible in case a is M -invertible from the right. 0

The following theorem is the local principle of Gohberg and Krupnik.

Theorem 1.9.3. Let A be a Banach algebra with identity, let { M.} c1 be a covering
system of localizing classes, and let a € Com F.
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(a) Suppose that for each T € T, a is M,-equivalent from the left (right) to
ar € A. Then a is left (right) invertible in A if and only if for every 7 € T
the element a, is M,-invertible from the left (right).

(b) Suppose the system { M}, has property (Ls). The element a is invertible
in A if and only if the elements a™ are invertible in Com F/Z; for allT € T.

(c) If the system { M} cr is overlapping, then the mapping
T—RY, 7+ |d|

1§ upper semi-continuous.

Proof. (a) If a is left-invertible, then a is M -invertible from the left for all 7 € T
and hence, by Lemma 1.9.2 the element a, is M -invertible from the left for all
TeT.

Conversely, suppose a, is M -invertible from the left for all 7 € T'. It again
follows from Lemma 1.9.2 that the element a is M, -invertible from the left for all
7 € T. Thus there are elements b, € A and f; € M, such that braf, = f,. Since

m
{M;}rer is a covering system one can find elements fr,,..., f;, sothat > fr, is
i=1

(2

invertible in A. Set
m
5= Z br, fry -
i=1

Then

m m m

sa = be = be = Zf

which results in the element (>;~, fr,)"'s being a left-inverse for a.

(b) If a7 is invertible from the left for all 7 € T, then by virtue of part (b) of
Lemma 1.9.2 and part (a) of the present theorem the element a is invertible from
the left in Com F and A. On the other hand, if a is invertible from the left and
one of its left inverses belongs to Com F, then it is obvious that a” is invertible
from the left. If a is invertible in A, then clearly a is invertible in Com F.

(c) Let 79 € T and € > 0. Choose an element z € Z,, such that |ja + z|| <
la™||+&/2. Since z is M, -equivalent to zero from the left there is an element f €
M, such that ||z f]| < /2. From (L5) we deduce that f € M, for all 7 in some open
neighbourhood U(7y) of 79. Put y = z — zf. If 7 € U(7p), then by (L2) there exists
an element g € M, such that fg = g. Consequently, yg = 29— z2fg = 29— 29 =0,
and since y € ComF (cf. (Ls), it follows that y € Z;, for all 7 € U(7). Hence,
lla™|| < |la+ y|| for T € U(7g). Thus, if 7 € U(r), then

la™ = lla™[l < lla+yll = la+ 2l +e/2 < ly — 2| + /2 = ||z f| + e/2 <e,

which proves the upper semi-continuity of 7 +— ||a”|| at 7p. O
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1.9.2 Allan’s Local Principle

Now we are going to prove a variant of Allan’s local principle [1]. The proof is
mainly based on Theorem 1.9.3.

Definition 1.9.4. Let A be a real or complex Banach algebra with the identity e.
The center Cen A of A is the set of all elements z € A with the property that
za =az for all a € A.

Clearly, Cen A is a closed commutative subalgebra of A. Let B be a closed
subalgebra of Cen A containing e. Thus B is also commutative. If N C B is a
maximal ideal, then Jy denotes the smallest closed two-sided ideal of A containing

A, ie.,
m
Jn = clos {Zxkak:xk eN, a EA,mEN}.

k=1
Suppose that B is a complex C*-algebra if A is a complex Banach algebra, and
that B is a strictly real C*-algebra if A is a real Banach algebra. The latter means
that the involution in B is the identity operator. This makes sense because B is
commutative. Equivalently, B is a commutative real Banach algebra such that

[6%| = ||b]|> and e+b? is invertible for all b € B.

Notice that in both cases there is a Hausdorff compact 9t such that B is isometri-
cally isomorphic to the algebra of all continuous complex- or real-valued functions
on 9. For the complex case, this is the well-known Gelfand-Naimark Theorem
[66]. For the real case the reader can consult [96, Chapter 11]

In what follows we identify algebra I3 with the related function algebra. Recall
that the maximal ideals of B are precisely the sets N' = N, 7 € MM where

Ny ={feB: f(r)=0}, TeM
Theorem 1.9.5. Let A be a real or complex Banach algebra with identity e, and let
B C Cen A be a subalgebra of the specified type containing e.

(a) If a € A, then a is right (left, respectively, two-sided) invertible in A if and
only if for each N' € M the coset an := a+ N is left (right, respectively,
two-sided) invertible in the quotient algebra Ay = A/Jn.

(b) The mapping
M— R, N ||an]|

1S upper Semi-continuous.

(¢) If, in addition, A is a C*-algebra, then

N Jv = {0}

Nem
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(d) |la]| = maxyreom [|an|]-

Proof. (a) and (b): For Ny € 9 let Ly, be the collection of all elements b of
B such that b(N) = 1 for all A in some neighbourhood of Ny and b vanishes
outside another neighbourhood of N. It is clear that the system { Ly} arcom forms
a covering and overlapping system of localizing classes and Theorem 1.9.3 applies
to any element of A. Obviously, the assertions (a) and (b) will be proved if we
show that the ideals Z5 defined in Section 1.9.1 coincide with the ideals J . Let
¢ belong to Zxr. Then there exists a sequence (f,) C Ly such that ||fnc|| — 0
as n — oo. Write ¢ = frc+ (e — fn)c. Since (e — fy,)c belongs to Jp the element
c can be approximated in the norm by elements from Jy. Hence, Zy C Jn-
Conversely, let ¢ € Jar. Then ¢ can be approximated in the norm by elements of
the form 1", x;a;, where z; € B, a; € A and every x;, i = 1,2,..., m vanishes
on a certain neighbourhood of N (Recall that each closed ideal in C(90) is of
the form {f € C(OM) : f(z) =0 for all 2 belonging to a closed subset F' of M}).
Then we can find an element f € C(9) such that

This proves that Z?il xia; € Zpr. Since Zpr is closed we get ¢ € Zy and Jn C
Zxr. Moreover, e ¢ Jy because e ¢ Z.

(c¢) and (d): Since A is a C*-algebra, by part (a) of the present theorem,
assertion (d) is valid for any self-adjoint element. In particular, assertion (d) holds
for the elements aa* and a*a which implies its validity for any a € A.

Now let us assume that b € Nyreop Jn- Then by = 0 for all N € 9. By part
(d) we get b =0, and the proof is complete. O

1.9.3 Local Principle for Para-algebras

In many cases the question concerning J-invertibility can be resolved by using
a localization technique. In this section a generalization of the Gohberg-Krupnik
localization method [91] is given in the case where Banach algebras are replaced
by para-algebras.

Let X = (X1, X2, X3, %4,) be a unital para-algebra. A set M c ¥ is called a
left-localizing class of the para-algebra X if M! does not contain the zero element
and for any two elements aj,as € M there is a € M! such that

aja=aa; =a, j=12.
Elements z,y € Xo are said to be M!-equivalent if

inf — =0.
inf |z~ y)al
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Analogously, a set MP C X4 is called a right-localizing class of the para-algebra
X if MP does not contain the zero element and for any two elements by, by, € MP
there is b € MP such that

Elements x,y € X2 are said to be MP-equivalent if

it [lo(z — )] = 0.
Elements x,y € X3 are called (M!, MP)-equivalent if they are simultaneously M-

and MP-equivalent. An element z € X3 is said to be M'-invertible (MP-invertible)
if there exist elements z € X3 and a € M! (z € X3 and a € MP) such that

zea=a (brz="0).

If an element x € ¥, is simultaneously M'- and MP-invertible, then it is called
(M, MP)-invertible.

The following lemma can be proved analogously to the corresponding result
of [91].

Lemma 1.9.6. Let M' be a left-localizing class of the para-algebra X, and let ele-
ments x,y € Xo be M'-equivalent. Then the element x is M'-invertible if and only
if the element y is M'-invertible.

Note that a similar statement holds for MP-invertible elements.

Let A be an index set. Following [91], the system {M,}oca of the left- or
right-localizing classes is called covering if any set {aq}aca, ¢a € M, has a finite
number of elements aq, as, .. .,ay the sum of which is an invertible element.

Systems {M!}oca, ML, € X1 and {MP},ca, MP € X4 are reciprocally inter-
changeable with an element x € X5 if:

1. For any a, € M/, there exist b, € MP such that

Tay = box.

2. For any b, € MP there exist a, € M’ such that

ba = 204

Lemma 1.9.7. Let {M!}noca, M., € X1 and {MP}oca, ME € X4 be the systems of
localizing classes which are reciprocally interchangeable with respect to an element
x € X2, and let {M},eca be covering system. Then the element x is left-invertible
if and only if it is M’ -invertible for all o € A.
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Proof. Necessity is obvious, so let us assume that x € X5 is M/ -invertible for any
a € A. Then for any a € A there exist elements z, € X3 and a, € M(; such that

2oy = Qq-

However {M!},ca is supposed to be covering. Therefore any set of elements

{@a}taca contains a finite subsystem aq,,@da,,---,da, such that the element
> i1 Ga, s invertible. Since the systems {M!}oeca and {MP} ¢ 4 are reciprocally
interchangeable with respect to x, there exist elements b, € ng ,Jj=12....N
such that
Taa; = bo;z, j=1,2,...,N.
Set
N
U= Z Za;bay s
j=1
SO
N N N
ur = Z Za;ba; x| = Z Zo; T, = Z Qg -
j=1 j=1 j=1
-1
It follows that the element z is left-invertible and z; ' = (Zjvzl aaj> u. The
right-invertibility can be proved analogously. O

Lemmas 1.9.6 and 1.9.7 implies the following result.

Theorem 1.9.8. Let {M!}oeca, M} € X1 and {MP}oca, ME € X4 be systems of
covering localizing classes which are reciprocally interchangeable with respect to an
element © € X, and let x be {M!, M! }-equivalent to y, for all « € A. Then the
element x is invertible if and only the elements yo are {M!, Mé}—invertible for all
a€ A

1.10 Singular Integral and Mellin Operators

We give a brief overview in singular integral and Mellin operators, without proofs
and in a form appropriate to the theory of approximation methods for related
operator equations. General references to the theory of one-dimensional singular
integral operators are [9, 92], although the first book is devoted to very general
operators which are not considered in this book. Our exposition mainly follows
[102] and [190], where relevant proofs are presented.

1.10.1 Singular Integrals

Throughout this section, let p and « denote fixed real numbers satisfying the
inequalities p > 1 and 0 < 1/p + a < 1 and, given a (possibly unbounded)
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subinterval I of the real axis R, let L,(I, ) refer to the weighted Lebesgue space

endowed with the norm
1/p
1l = ( / If(t)”tlo‘”dt) . (1.41)

Clearly L,(I, o) can be viewed as a closed subspace of L, (R, cv), and this allows us
to identify the identity operator on L, (I, ) with the operator x; of multiplication
by the characteristic function xr of I acting on L,(R, «). Analogously, a linear
bounded operator A on L,(I,«) can be identified with the operator x;Axr on
L,(R, «). This identification will be often used without additional comments. Fur-
ther, we always identify the dual space L,(I, a)* with the space Ly(I, —«), where
1/p+1/q=1, and let (-, ) refer to the sesqui-linear form (u,v) = [; u(t)v(t)dt.
The singular integral operator Sy on I is defined by
1 (s)

- | ——=ds, tel.
m Jps—1

(S1)(t) =

The kernel singularity as s — ¢t means that this integral does not exist in the usual
sense, but it does exist as a Cauchy principal value integral almost everywhere. If
parameters p and « satisfy the above conditions, then the operator Sy is bounded
on L, (I, ). Two important properties of the singular integral operator S are as
follows:

1. Sg is its own inverse, i.e.,
2 _
Sg=1.
2. Sg is a Fourier convolution operator.

To make the second assertion more accurate, let F' denote the Fourier transform
acting on the Schwartz space S(R) via

(Ff)(z) = / ef%imf(;v)d:v, z€R,
R
and write F~! for the inverse Fourier transform

(F7 ) (x) = / e*™ 2 f(2)dz, x € R.
R

The Fourier transform extends by continuity to a unitary operator on the
Hilbert space L2(R,0), and is denoted by F' again. Now one can show that the
restriction of the singular integral operator Sg onto L,(R, a) N L2(R,0) coincides
with the restriction of the Fourier convolution operator F~'agF with generating
function ag(z) = sgnz (the sign function) on the same space, viz.,

Sr = F~tagF.
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Moreover, if b is a bounded function, then the operator F'~1bF is well defined
on L,(R,a) N Ly(R,0). If this operator extends boundedly onto all of L, (R, a),
then this extension is called the Fourier convolution operator and denoted by
WO(b), and the function b is referred to as an L, (R, «)-Fourier multiplier. Each
L,(R, o)-multiplier is a bounded function, and

1blloe < IWOO)l£(L, R0 - (1.42)

Conversely, if b is a bounded function with finite total variation V' (), then b is an
L,(R, o)-multiplier for each p > 1 and o € (—1/p,1 —1/p), and

WOl 2z, ®)) < Cpalllbllos + V(b)) (1.43)

(Stechkin’s inequality, see [11], 9.3(e)). Further, the set of L2(R, 0)-multipliers coin-
cides with the algebra L. (R) of all essentially bounded and measurable functions,
and

WO ()l £(La®,a)) = lalloo -

1.10.2 The Algebra > P(a)

Let > "() denote the smallest closed subalgebra of £(L,(R,«)) containing the
operator Sg+ and the identity operator. There is an alternative description of the
algebra > ?(a) that dominates the whole theory of this algebra. We define the
Mellin transform M (depending on p and «) by

(Mf)(z) _ /oo xl/p+a_Zi_lf($)dx, = R,

0

and the inverse Mellin transform M ~! by

(M@ = o [ e, a e R,

— 00

Further, we introduce operators E, o by

1 1
(Ep.of)(z) = %f (% ln:c> gVPme g e RY.
One can easily check that
1Ep,afl,@+ 0y = )M f | Lym,0),
and that M E, , = F.If b is an L5 (0)-multiplier then the operator
MO(b) := E, o WO(b)E,

is bounded on LP(R*, ), and we call MY(b) the Mellin convolution by b or the
Mellin convolution operator, or simply the Mellin operator. The function b is
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also called the symbol of the corresponding Mellin operator M(b). For another
representation of Mellin convolutions see Section 1.10.3. As a consequence of (1.42)
one has

blloe < M)l (L, 2 +,a))

for each multiplier, and (1.43) implies the Stechkin inequality for Mellin convolu-
tions:

IMOO)]| 2(r,m+,a)) < C(Ibllos + V(b))

where b is a bounded function with finite total variation. Moreover,

IMOO)]| a0y = 1Bl oo -
The algebra > 7(a) can be characterized as follows.

Theorem 1.10.1 (I.B. Simonenko, Chin Ngok Min’, [214]). > "(«) is the smallest
closed subalgebra of L(L,(R,a)) which contains all Mellin convolution operators
MPO(b), where b is a continuous function of finite total variation that possesses
finite limits at +o0.

Let us mention a few operators belonging to the algebra > ”(«) that can be
easily verified with the help of Theorem 1.10.1. For each complex number  with
0 < Re B < 2m, the generalized Hankel operator

(Nﬂf«t):i/ 1(s) ds, teR*,

i Jp+ S — €5t

belongs to > "(a), since Ng is the Mellin convolution operator M°(ng) with the

symbol
e(zt+i(1/p+a))(m—p3)

sinhm(z +i(1/p+ )’

np(z) =
cf. [97]. Moreover, the operators Sg+ and Ng are related by the identity
S2, —I=NsNor_p.

Further, the weighted singular integral operator

(Sr+ A f)(t) = i /]R+ (E>’Y 1(5) ds, teRT,

g s s—1t

belongs to the algebra > F(a) for parameters v satisfying the condition 0 <
Re(1/p+ a + ) < 1. In addition, if 0 < Ref < 27 then the weighted gener-
alized Hankel operator

a0 == [ (4) Lha rewe,

iy s
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also lies in Y "(a), and

Sg+ = M°(sy) with s,(z) = cothm(z +i(1/p+a+7)),
e(zFi(1/ptaty))(7—p)

Npy = MO(ng,) with ng,(2) = sinhm(z +i(l/p+a+7))"

The weighted operators Sg+ g and N . are connected by

Sr+ 3wty — COST(B =) NrgNp = 1.

Let us denote the operator N, simply by N, and let N?(«a) refer to the smallest
closed two-sided ideal of >_F(a) which contains N. Then:

(a) An operator M°(b) € > P(a) belongs to the ideal NP(a) if and only if

(b)

b(£o0) = 0.

(i) NP(«) is the smallest closed two-sided ideal of Y .F(a) which contains
any operator Ng with 0 < Re 8 < 2.

(i) NP(«) is the smallest closed two-sided ideal of > F(c) which contains
N2

(iii) NP(«) is the smallest closed subalgebra of > P () which contains the
operators N? and Sg+ NZ2.

(iv) NP(«) is the smallest closed subalgebra of > .7 () which contains the
operators N and Sg+N.

The algebra > " (a) decomposes into the direct sum CI + CSg+ + NP (),
M. Costabel, [28].

The mazimal ideal space of commutative Banach algebra > F(a) is homeo-
morphic to the two-point compactification R of the real axis. In particular,
the Mellin convolution operator M°(b) € S P () is invertible in >_F () if and
only if b(z) # 0 for all z € R and if b(+o00) # 0. Thus Y. (a) is an inverse
closed subalgebra of L(L,(R, a)).

The algebras " (a) and Y P(0) are isometrically isomorphic. The isomor-
phism sends the singular integral operator Sp+ € >.7(a) into the weighted
singular integral operator Sp+ o € Y " (0).

1.10.3 Integral Representations

Let N denote the smallest (not necessarily closed) subalgebra of the algebra of
all continuous functions on R containing all functions b which are, together with
their Mellin images k& = M ', continuously differentiable and for which there
exist constants M7 and My and polynomials P; and P, such that

Z|b (1+1z]) <M1,sup|b'( Y1+ |2)?] € My
z€eR
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and
k(z)(1+ )| < Pu(|Inz]), [K'(z)(1 +2)?| < Pa(|Inz|).

Obviously, the set M ~1(A) is an algebra with respect to the Mellin convolution

T

(1 % o) (z) = /]R+ k(%) kg(s)%, zeR*,

as multiplication, and a function k belongs to M~1(N) if and only if k is the
kernel function of a Mellin convolution operator M°(b) with b € N, i.e.,

T ds

aronE = [ F(E)H0T, sert,

S

1.10.4 The Algebra > ?(«, 3,v)

Given real numbers 0 < 31 < f2 < 2m, let I' be the subset of C defined by
I:= e RT UePRt. Each half-axis e’ R* can be provided with one of the two
possible orientations and we put v; := 1 if ePiR* is directed away from zero and
v; == —1if e¥iR"* is directed towards 0. Notice that the case where one half-axis
is directed away and the other towards 0 is of special interest throughout this
book.

We consider the space Ly(T', ) := Ly(T, [t|*). It is well known that if 1 <
p<ooand 0<1/p+ a<1,then the singular integral operator

0,
t—az

(&m@:%!

is well defined and bounded on L,(I", o). Notice that St depends on the chosen
orientation (v, 12). Denote by Lz(R"’, «) the Banach space of all pairs (f1, f2)©
of functions fi, f2 € L,(R", a) endowed with the norm

1Cf f2) 7= (AP + L fl2) P

and let n : L,(T',a) — L,(R™, a) refer to the mapping
(nf)(t) = (f(e), f(e)) T, t e R .

It is easily seen that the mapping A — n~!An is an isometrical isomorphism
between the algebras £(L,(T', ) and L(L2(R*, «)). Write x; for the operator of
multiplication by the characteristic function of e#1R*, and consider the smallest
subalgebra of £(LP(I',«)) which contains the operators x1, Sr, and the identify
operator. This subalgebra is denoted by Y 7 (a, 3,v), where v = (11, 1) indicates
the chosen orientation, and 3 = (81, 32) — the angles of the rays e’ Rt j = 1,2.
The following proposition describes the image of the algebra > " (a, 3,v) under
the isomorphism generated by the mapping 7.
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Proposition 1.10.2. 7Y 7 (a, B,v)n~! is the algebra of all operators ( él g ) e
L(LZ(RY, a)) with A,D € Y-"(a) and B,C € N*(a).

Example 1.10.3. For the operator (Aij)g,jd = nStn~
tation yields

1 straightforward compu-

V]‘S]R+ if = j,

Aij = I/J‘Mo(nﬁi,ﬁj) if 4> 7

l/jMO(’rLQﬂ—+gi,,3].) if i<y
This proposition allows us to conclude that the algebra > " (a, 3,v) does not de-
pend on the values of the angles 3; or the orientation of the axis e’/ R*. Moreover,

this algebra does not even depend on the weight ||, as property (e) of Section
1.10.2 shows.
B

. . . A .
Since the entries of a matrix ( c D e n>P(a, B,v)n~! commute with

each other, one has an effective invertibility criterion for operators from the algebra
S P(a, B,v). Thus an operator E € Y 7 (a, 3,v) is invertible if and only if nEn~! =

< é g ) is invertible or if and only if

det( a0 ) — AD - BC(e ¥7(a))

is invertible, and it remains to apply property (d) of Section 1.10.2.

1.10.5 Singular Integral Operators with Piecewise Continuous
Coefficients

A bounded Lyapunov arc is an oriented bounded curve I' in the complex plane
C which is homeomorphic to the closed interval [0,1] and which satisfies the
Lyapunov condition — i.e., the first derivative of the parameter representation
t:[0,1] — T by its arc length must be a Holder continuous function. The points
t(0) and ¢(I) are called the start and endpoint of ', respectively. We shall assume
that I" is oriented according to the natural orientation of [0,!]. A curve I is called
a simple closed piecewise Lyapunov curve if:

e [ is closed, i.e., I divides the complex plane into two parts, each having I"
as its boundary and located at one side of T'.

e [ is the union of a finite number m of Lyapunov arcs I'y,...,I';, such that
the endpoint of I'; coincides with the starting point of I';11,7=0,...,m—1
with T'y,41 := ['g. Further, we assume that I'; U T';;; is either Lyapunov or
the tangents of I'; and I';11 at z; (the endpoint of I';) differ from each other.

e The orientation from the collection I'y, ..., T",, induced for I" is the “counter-
clockwise”, i.e., if the curve is traced out in accordance to the induced orien-
tation, the bounded part of the plane with boundary I' lies on the left.
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Let I be a piecewise Lyapunov curve. The singular integral operator Sr is defined

by
1 [ f(z)

v z—1
r

(Srf)t) =

dz, teT

where the integral is understood as the Cauchy principal value. Further, let
ti,...,tn €', a1,...,a, € R, and put

n

w(z) =[]zt

i=1

@i (1.44)

By L,(T',w) we denote the weighted Lebesgue space on I' with the norm
1/p

I51= | [15@Per @
r

A theorem of Khvedelidze [124] claims that the singular integral operator St is
bounded on L,(T",w) if and only if

1
l<p<ooand O<o;+-<1,7=1,...,n.
p

A piecewise continuous function on I' is a function which at each point zy of I, has
finite one-sided limits. By PC(I") we denote the Banach algebra of all piecewise
continuous functions on I' provided with the supremum norm. For each a € PC(T")
the operator of multiplication by a is a bounded linear operator on L, (T, w), so it
makes sense to introduce the smallest closed subalgebra O, (T',w) of L(L, (T, w))
containing the operator St and the algebra PC(T").

By K(L,(T',w)) we denote the ideal of all compact operators on L, (I",w). It
is well known that

K(Ly(T,w)) C Op(T,w).

Let 7 refer to the canonical homomorphism from O,(I', w) onto the quotient al-
gebra
Op (T, w) == Op(T',w) /K(Ly(T, w)) .

Finally, let us write C(I') ¢ PC(I") for the Banach algebra of all functions which
are continuous at each point of I'.

Recall that if a € C(T") then aSt — Sta € K(L,(T, «)) cf. [91, 157].

Our next goal is to describe the algebra O, (T', w) and to present a Fredholm
criterion for its elements. Let I' be a closed piecewise Lyapunov curve and let
z € I' be any (fixed) point. Choose a neighbourhood & C C of z such that 4 N T
is the union of two Lyapunov arcs L; and Lo which have only one common point
z. One arc is directed towards z and the other away from z. By (;(z), i = 1,2 we
denote the angle between the tangents L; and L; at the point z. Without loss we
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can assume that 0 = 31 < (2 < 27. Let us mention that this definition does not
depend on which arc is directed towards z. Given the weight function w by (1.44)

we put
az) = «; if z=t;,1=1,2,....n,
1 0 otherwise.
Now define a new weight function depending on z by w,(t) := [¢t|**) and set
vi(z) = 1if T; is directed away from z and v;(z) = —1 if T; is directed to z.

Let Y 5 () C L(LZ(RT, a)) refer to the Banach algebra of all 2 x 2 matrices
(Aij)7 =1 with entries A;; € Y7 (a), and let ig(a) be the subalgebra of > 5 («)
such that the entries A12 and As; belong to the ideal N, (cv).

Theorem 1.10.4. a) For each z € T there exists a homomorphism A —

smb (A, z) from Op(T',w) onto the algebra EZ(a(z)) In particular, for the
generators St and a € PC(T") of O,(T', w) we have

smb (Sr, z) = ( NiRjg Nzwgﬂfifﬁz > - diag (1,—1)

and, if we abbreviate a;(t) := lim o a(t) for each a € PC(T), then
tel’;

smb (al, z) = diag (a1(2)I, az2(2)I).

b) An operator A € Op(T',w) is Fredholm if and only if smb(A, z) is invertible
forall zeT.

c) If m(A) stands for the image of the operator A in the Calkin algebra, then
[ (A)[| = sup [[smb (A, z)]| .
zel

d) The radical of O (T',w) is trivial and A is compact if and only if
smb(A,z) =0 for all z € T.

The proof of this theorem is based on the local principle of Allan. The main
point is to show that the local algebra assigned to z € T is isometrically isomorphic
to Y P(a(z), B(2), (+1,—1)). Here we assume that L is directed towards z and L,
away from z. Let us also note that we still use the notation 5, and (2 despite the
fact that 51 = 0. This is because we want to keep our notation in accordance with
the crucial Example 1.10.3.

Remark 1.10.5. Using results of Sections 1.10.2 and 1.10.4 we obtain effective tools
to study invertibility of smb (A, z).

Corollary 1.10.6. Let I';,T's be closed piecewise Lyapunov curves. Consider
Op(T'1,w1) and Op(Ta,wa). Then OF(T'y,w1) and OF (T'y,w2) are isometrically
isomorphic.
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A remarkable consequence of Theorem 1.10.4, b) is whether an operator
al + bSr is Fredholm or not does not depend on the values of the angles: indeed,
put § :=1/p+ a(z) and consider the matrix

D(t) := diag (1,e<t+6>ﬂz<z>> .

Then it is easy to see that D~tsmb (al + bSr, 2)D dos not depend on 3, which
gives the assertion; recall that §; = 0.

1.10.6 Singular Integral Operators with Conjugation

The study of the smallest closed algebra &,(I',w) generated by the algebra
O,(T,w) and by the operator of conjugation (M f)(t) := f(t) can be reduced
to the study of the algebra 02X2(F,w), where (’)g“(I‘,w) is the algebra of all
2 x 2 matrices with entries from O,(T', w). Notice that &,(T', w) is a real algebra.
For simplicity, let us assume that p = 2 and note the nontrivial fact that Oy (T, w)
is a C*-algebra, so results from Section 1.4 can now be used to examine the algebra
&> (T, w). However, first one must check whether the element M € L,44(L2(T", w))
and the complex C*-algebra Os (T, w) satisfy conditions (A;) — (As) of Section
1.2. The only nontrivial condition is that M.SrM belongs to the same algebra
O3 (T, w). This is indeed the case, and its symbol is given by

Sg+ Nﬁ27ﬁ1

smb (MSrM, z) = — ( Nowto s St
™ 1—pP2

> -diag (+1,-1).

Moreover, Sr + M St M is compact if and only if ' is a closed Lyapunov curve
without corners. The operator Vr := %(Sp + MSrM) is then the double layer
potential operator (cf. Section 4.4 for the definition).

Using the terminology of Section 1.2, we have

EQ(F,w) = @Q(F,w) .

Let us write A instead Oz(T', w) and introduce the set

E;“ = {( MZM M‘ZM ) :b,deA} C A%*2,

According to Section 1.4, the real algebras A and E**? are isometrically isomor-
phic, where the isometric isomorphism ¥ is given by

U(a) = U(a+ bM) := ( MZM MZM > .

Moreover, & € A is invertible if and only if W(a) is invertible in A2*2 (Corollary
1.4.7), so the following theorem holds.
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Theorem 1.10.7. a) For each z € T there exists a homomorphism A
smb (A, z) from E(T,w) onto the closed subalgebra Y % () consisting of all

—2
matrices (Bij)?’jzl with Bij € Y 5. In particular,

smb (Sr, z) = (Aij)zz,jzl
with A21 = A12 =0 and

_ Sg+  Nornip—p, : _
An = ( N, s, Spt diag {1, -1},

Sg+ Ng,—s ) .
Agy = — 2= ) diag {1, -1},
- < Norigi—p,  Sr+ fag { }

smb (M, z) =

O N O O
~N O O O
O O O M~
O O ~NO

and if a is a piecewise continuous function, then

smb(a, z) = diag {a1(2), a2(2), a1(2), a2(2)}
b) The operator A € E(T,w) is Fredholm if and only if smb(A,z) # 0 for all
zel.
c) If 7(A) is the Calkin image of an operator A € E(T',w), then

Im(A)[| = sup [[smb (A, ).
zel

Finally, for completeness we mention that unlike the operators without con-
jugation, the Fredholmness of an operator A € & (', w) essentially depends on
the values of the angles of the curve I'. An example is given in [164], where the
operator

2

is considered on the space Lo(T'). If T' is a circle, then this operator A is Fredholm,
but if I is a rectangle, then it is not.

A:(1+x/§)SF+I+(1—\/§)SF2_I+M

1.11 Comments and References

Real C*-algebras are treated for instance in [96, 141]. The literature concerning
complex C*-algebras is increasingly extensive, [4, 8, 38, 66, 88, 171, 159, 224]. In
the context of these books a special family of real C* algebras is of interest. These
algebras are built as extensions of complex C*-algebras by an element m which



58 Chapter 1. Complex and Real Algebras

satisfies a few axioms. Such an abstract approach is strongly motivated by numer-
ous applications and originates from [58, 59]. Single blocks of such constructions
were used earlier in investigations of one-dimensional singular integral operators
with conjugations and Carleman shifts (see, for example [143]).

Section 1.2-Section 1.5: We mainly follow our papers [58, 59]. Theorem 1.3.8,
which allows us to represent any space of bounded additive operators L,q4(H) as
an extension of the complex C*-algebra L(H), is new.

Section 1.6—Section 1.7: These sections are devoted to the abstract stability prob-
lem and to its algebraization. The fact that the problem of the stability of operator
sequences can be translated into an invertibility problem in a given algebra was
first recognized by A. Kozak [127]. He successfully applied this idea to study a
finite section method for convolution equations with continuous data. The initial
approach, however, was too restrictive to tackle the stability of various operator
sequences arising in approximation of other operator equations. A further devel-
opment of this idea is connected with some results similar to Theorem 1.6.6, the
first version of which was proposed by one of the authors in [207]. The material
of Section 1.7 is based on C*-algebra techniques and can be found in [192] in
the case of complex algebras. For the real extensions of complex C*-algebras, the
corresponding results are presented in [58].

Section 1.8: The use of para-algebras in studying the Fredholm properties of linear
operators was initiated by D. Przeworska-Rolewicz and S. Rolewicz in [184]. The
fact that this concept is also applicable in numerical analysis is noted in [44].

Section 1.9: Local principles are in a sense a replacement for the Gelfand theory
for complex commutative Banach algebras. They are intended to study the invert-
ibility of elements in non-commutative Banach algebras. There are a few versions
of such principles — viz., the local principle of Simonenko, of Allan, and the one of
Gohberg and Krupnik. A discussion of various aspects of these principles can be
found in [10]. The local principle of Gohberg and Krupnik is distinguished by its
simplicity and a wide range of applicability. Moreover, if the localization process
is carried out with the help of central subalgebras which are C*-algebras (strictly
real C*-algebras), then all the aforementioned local principles coincide at least.
Local principles became a power tool in operator theory and numerical analysis.
It is easy to see that the Gohberg-Krupnik local principle can be modified in such
a way that it is applicable also in suitable para-algebras. For more information on
this topic the reader can consult [189).

Section 1.10: There exists a huge variety of papers dealing with singular integral
and Mellin operators. The material of Sections 1.10.1-1.10.4 is based on [102].
Theorems 1.10.4 and 1.10.7 are taken from [191] but these results are the outcome
of efforts made by many mathematicians. Let us only mention [27, 28, 75, 138,
143, 214] and of course [91, 92].



Chapter 2

Approximation of Additive
Integral Operators on Smooth
Curves

We start with polynomial and spline approximation methods for the Cauchy sin-
gular integral equation

(o) = attete) + 2 [ EDE oy 4 A [ DT

g} T—1 g T—1

—|—/Fk()(t,7')<p(7) d7—|—/rl<:1(t,7')<p(7') dr = f(t), terl (2.1)

where I' is a simple closed Lyapunov contour. The coefficients a, b, ¢, d belong to
given functional classes, and conditions imposed on the kernels ko(t, 7), k1 (¢, 7)
ensure the compactness of the corresponding integral operators. The study of the
stability of different approximation methods for equation (2.1) takes into account
the smoothness of the coefficients a, b, ¢, d. Usually this is easier for equations with
continuous coefficients. One encounters two main problems for equation (2.1).
The first is connected with non-linearity of the operators considered over the
field of complex numbers C. However, this non-linearity can be called ‘weak’,
and the corresponding difficulties are not of fundamental importance. Much more
important is that the structure of the approximation sequences do not allow us to
get a ‘good’ factorization of these sequences, even in the case where the coefficients
a, b, c,d are continuous. Therefore, initially, approximation methods for Cauchy
integral equations with conjugation were developed in two directions. One way is
not to apply approximation methods to equation (2.1) directly but rather to an
associated system of singular integral equations without conjugation [40, 118, 119,
120]. This leads to an unnecessary increase in the size of the systems of algebraic
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equations obtained. Some efforts were made to construct approximation methods
working without passing to associated systems of singular integral equations [225,
226], but those methods are applicable to a restricted number of equations, since
analytic functions in factorizations of certain combinations of the coefficients of
equation (2.1) must satisfy additional metric relations. Moreover, those analytic
functions have to be known to the user. However, the requirement to have the exact
factorization of the coefficients of equation (2.1) makes this approach almost non-
feasible. On the other hand, systematic use of Banach algebra methods may help
to overcome all these difficulties.

2.1 Polynomial Galerkin Method for Equations with
Continuous Coefficients

Let T'g be the unit circle with center at the origin. In the space Ly := Lo(Ty)
consider the operators

(M0 =50, (500 = 50 [ BT poq2)r+5), Q=1-P

The operators P and @ are bounded projections in Lo [91, 124]. For simplicity,
let us assume that the functions ko(¢,7) = 0 and k1 (¢,7) = 0 for all ¢t,7 € T’y and
rewrite equation (2.1) in the form

(Go)(t) = ((agP + boQ) + M (a1 P + b1Q))p(t) = f(t), t e Ty, (2.2)

where a,,, by, m = 0,1 are operators of multiplication by the functions ag = a+b,
bo=a—b,a1=c+d, by =c—d.
An approximate solution of equation (2.2) is sought in the form

o(t) = > wnt”. (2.3)

The unknown coefficients ¢y, k = —n,—n + 1,...,n are defined by the system of
algebraic equations

ZGQO)J‘PJJF Z bk Rz +Za( ) -t Z b( k—i%5 = frs (2.4)

j=-n j=-n

k::—n,—n—i—l,...,n

where fi are the Fourier coefficients of the function f, viz.,

1 2

fi= o

5 f(exp(if)) exp(—ik#)dh, k=0,+1,...,
T
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and aém), b,(cm) are the Fourier coefficients of the functions a("™), (™) m =0, 1.

Let P,, denote the projection

(Pop)(t ( Z @ktk> = i orth. (2.5)

k=—o0 k=—n
Then system (2.4) can be written as the operator equation
Gnpn = PGP, = Pof, ¢, €imP,. (2.6)

Along with the projections P,, n € N, consider the operators W,,, n € N, defined
by

(Whep)(t ( Z Sﬁktk> Z Pp—k— 1tk+2g0n wt”. (2.7)

k=—0o0 k=—n

The functions e; : t — t*, k € Z form a complete orthonormal basis in the
space Lo = Lo(T'g, ) where p is the normalized Lebesgue measure on I'y. Thus
the operators P, and W, satisfy all requirements of Section 1.6, viz., they act
as linear operators on both the complex and real Hilbert spaces Lo and (Ls)g.
Therefore, to study approximation method (2.6) one can use Proposition 1.6.5.
However, one still must show that the sequence (G,,) defined by (2.6) belongs to
the related algebra Agr (see Section 1.6, p. 30). Notice that the adjoint operator
to the operator G of (2.2) is

G* = (Pag + Qby)I + (Pa; + Qb)) M (2.8)
and, in the case at hand, the operator M defined on p- 30, is just MtI, where tI
means the operator of multiplication by e;.

Lemma 2.1.1. The operators P, QQ and M satisfy the following relations:
a) M2=1, MP=QM, e M=M.
b) Let a € C(I'g). Then MaM =al and MalM =al.
¢) P,M=MP,, P,P=PP,, W,P=PW,, for alln € N.
)

d) s —lim W, MW,, = J/\/[\; notice that W,, and M are R-linear self-adjoint op-
erators.

The assertions a) — c¢) are easily checked and d) was already mentioned in
Section 1.6.

For a € C(Ty), we set a := a(t).
Lemma 2.1.2. Assume that the coefficients an,, by, m = 0,1 are continuous, and

let G be the operator defined in (2.2). Then the sequence (G,), G := P,GP,
belongs to the algebra Ar. Moreover,

s — im W, G, W, = PaoP + QboQ + M (Pa, P + Qb,Q).
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Proof. Basically, the problem comes down to the question whether the sequences
(P,aP,) and (P, M P,) belong to the algebra Ag. For the sequence (P, M P,) this
is clear because

s —lim P,MP, = M.

Further, using the weak convergence of the sequence (W,,) to zero and the com-
pactness of the operators Pa@ and QaP, one easily shows that

s — lim W,aW,, = PaP + QaQ,
and the proof of Lemma 2.1.2 follows. O

Note that the proof of the last relation can also be found in [183].

Lemma 2.1.3. Let am,bm, m = 0,1 be continuous functions on L'y, and A :=
apbg — a1by be invertible in C(Ty), i.e., A(t) # 0 for all t € Ty. Consider the
R-linear operator

F = Cop + doQ + M(Clp + de), (29)

where cog = A7y, c1 = —A" a1, dg = A~lag, di = —A~1by. Then there are
operators T, Ty € K((Lz2)r) such that

GF=I+T,, FG=I+T,.

Proof. The proof mimics the well-known proof of the related result for singular
integral operators with continuous coefficients and without conjugation. The rela-
tions a) and b) should be taken into account.

First of all, let us mention that the condition A(t) # 0, t € Ty is necessary
and sufficient for the operator G to be Fredholm. Here we would like to outline
basic ideas in the proof of this result because, in a sense, they lie in the foundation
of the methods exploited in this book, especially in the use of the homomorphism
U defined by (1.26). Let (L3)r denote the real space (L2)r X (L2)g. Write G =
A+ M B; thus A and B are singular integral operators with continuous coefficients
and without conjugation. Since the operator —iGi = A — M B is Fredholm if and
only if the operator GG is Fredholm, the operator

G 0 \_[(A+MB 0
0 —iGi )~ 0 A-MB

acting on the space (L3)g is Fredholm if and only if the operator G is Fredholm.
Applying the identity

A+ MB 0 71 I M A MBM 1 I
0 A-MB ) 2\ 1 -M B MAM M —-M
(2.

10)
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and using the equations MAM = @yQ + boP + K1, MBM = @,Q + b, P + K1,
where Ky and K are C-linear compact operators, one obtains that the operator
G is Fredholm if and only if the operator

L A MBM o agp 51 bo 61
\P(G)-—<B MAM)—<G1 o >P+(b1 @ |OTKE
where K is again a compact operator, is Fredholm. Now the general theory of
singular integral operators applies. In particular, it gives that the operator ¥(G)

is Fredholm if and only if the function A = det(aOEO — a151) does not vanish on
I'g. Moreover, the operator

— 1 -1

ap b1 bO ay

— P _

(on) (i) @
is a regularizer for the operator ¥(G). Using this fact, it is now easy to find out
that F' is a regularizer for G provided A(t) # 0 for all ¢ € T'g.

Another important consequence of identity (2.10) is that the index ind gG of
the operator G considered over the field of real numbers can be expressed via index

ind ¢ ¥(G) of the operator ¥(G) considered over the field of complex numbers, viz.,
the equation

1
indRG = 5 1ndR\II(G) = lndc’(/)(G) (2.11)
holds. Relation (2.11) is often used in what follows. O

The operator F' constructed in the proof of Lemma 2.1.3 can also be used
to establish the stability of the polynomial Galerkin method for singular integral
equations with conjugation.

Theorem 2.1.4. Let an,, by, m = 0,1 be continuous functions on I'g, and let G €
Loai(L2) be the operator defined in (2.2). Then the sequence (P,GP,) is stable if
and only if the operators G and

G = PayP + QbyQ + M (Pa, P + Qb,Q)

are invertible.

Proof. The sequence (Gy,),G,, = P,GP, belongs to the algebra Ag, hence the
necessity follows from Theorem 1.8.4. In order to show sufficiency, one only needs
to establish the invertibility of the coset G2, := (G,,) + J in the quotient algebra
Ar/J (see Proposition 1.6.5). Consider next the sequence (F,), F, := P,FP,
with the operator F' defined by (2.9), which also belongs to the algebra Ag. We
claim that the coset (F,)° is the inverse element for (G,)° in the algebra Ag/7,
i.e., there exist sequences (J)), (J!) € J such that
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Consider for example the product G, F,. It can be written as the sum of sixteen
summands one of which is

En = Pna()PPnMdePT,

Using E,, as an example, let us show how to study these terms. This operator can
be rewritten as

P,aoPP,Md,QP, = P,PagPP,Md,QP, + P,QaoPP,Md:QP,  (2.12)

and (P,QaoPP,Md1QP,) € J, because the operator QaoP € K(L3).
Consider now the sequence

(Rn) = (P, PagPP,Md,QP,)
= (P,PagMd\QP,) — (P, PaoP(I — P,)Md,QP,). (2.13)
The first term in the right-hand side of (2.13) can be written as
(P,PagMd,QP,) = (P,Paod, PP, M) + j,
with j, € J. The second term in the right-hand side of (2.13) can be written as
(P, PaoP(I — P,)Md\QP,) = (P,PagP(I — P,)Pd,QP,) + j/,
with j/ € J. Since
P,PaoP(I — P,)Pd\QP, = W, PK PW,,
with some compact operator K € IC(Ls) (see [11]), we can represent the sequence
(Ry) of (2.13) as
(Ry) = (PuPaodiQP, M) + i, jn € J.

Performing analogous computations for the remaining fifteen summands in the
product G,, F,,, one can rewrite it in the form

GnF, = P, (P(agco + bic1) P + Q(bodo + a1d1)Q
+ P(aogl + blgo)MQ + Q(b051 + alco)MP) P, + ‘]7/1
=P,(P+Q)P,+J, =P, +J,,
where (J),) € J, ie., (G,)°(Fn)° = (Pn)°. Analogously, one can show that
(F)°(Gp)°® = (Py)°, which completes the proof. O

Consider now the stability of the polynomial Galerkin method in the space
L for the equation
(G+T)p=f

where the operator G is defined as above, and

(T)(t) = / Ko(t, 7)p(r) dr + / ka(t, 7)p(7) dr.

T



2.2. Polynomial Collocation Method 65
Theorem 2.1.5. Let a,b,c,d € C(T'y) and let ko, k1 € C(Tg x T'y). The sequence
(Po(G+T)P,) is stable if and only if the operators G+ T and G are invertible.

The operator T is compact, hence the sequence (P,TF,) does not influence
the 1nvert1b1hty of the coset (P,GP,)+J in the quotient algebra A/J. Moreover,

(G+T)=a.

2.2 Polynomial Collocation Method for Equations with
Continuous Coefficients

Consider the set R = R(Iy) of all Riemann integrable functions on T'o. When
provided with the norm

1 loo = sup [£(£)],
tely

this set becomes a Banach space. Let 7, be the set of all trigonometrical polyno-
mials

{pGC(I‘O Zakt akEC,k:—n,—n—l—l,...,n},

k=—n

and let L,, denote the operator which to each function f € R assigns its Lagrange
interpolation polynomial L, f with nodes

t; =exp(2mi/(2n+1)), j=-n,—n+1,...,n (2.14)

It is known [112] that the operator L, can be represented in the form

= > Bttt Br= 2n1+1 >t *. (2.15)
j=—-n

k=—n

The operator L, is a projection on the space R, and for any function f € R and
for any polynomial z;,, € m,, one has [183]

ILnfznll2 < [1flsollzn 2, (2.16)
[[Lnf = flla2—0 as n— oo (2.17)

On the space Ly(T'g) we also consider the operators P, and W, defined by (2.5)
and (2.7) respectively. An approximate solution of equation (2.3) is sought in the

form
n
=Y ot
k=—n
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The unknown coefficients ¢y, k = —n,—n + 1,...,n are derived from the system
of algebraic equations

Z@kt + bo(t; Z et +ai(t Z‘Pkt +bi(t) Z Pty = f(ty),

k=—n k=—n
j=-n,—n+1,... n, which is equivalent to the operator equation
Gl ry = L,GPyxy = Lpf, T, € m,. (2.18)

It is more convenient to consider the equation
G.xp=P,f, zp€m, (2.19)

instead of equation (2.18), which is legitimate because the stability of the sequence
(G%,) implies convergence of the collocation method for any right-hand side f € R.
Indeed, let ¢, z,, and v, be the respective solutions of equations (2.3), (2.18) and
(2.19), and let the sequence (G.,) be stable. Then our claim follows from the
inequality

llo = anllz < lle = ¥nll2 + [[(Ga) T HHILnf — Pafll2
and from relation (2.17).

Lemma 2.2.1. Let functions am,, by, € R,m = 0,1 and let G be the operator defined
by (2.2). Then the sequence (G1) belongs to the algebra Ag.

Proof. Since ||M|| = 1 and the projections P,,n € N are uniformly bounded,
inequality (2.16) implies that
G Pael| < C(llaolloo + [1Bolloo + llatlloo + [[b1]lso)lll]2

for any ¢ € La(I'g), hence
sup ||G], P, || < oc.

Moreover, for any k£ < n, the space 7y is invariant with respect to the operator
P,,. Thus
G;LPnQDk = LnGgOk;

and by (2.17) the sequence (G), P, pyr) strongly converges to Gy, for any k € N.
By the Banach-Steinhaus theorem [77], the operator sequence (G! P,) strongly
converges to the operator G on the whole space Ly(Ty). Analogously7 one can es-
tablish the strong convergence of the sequences ((G%,)*P,), (G, P,,) and ((G)*P,)
to the operators

G* = Paol + Qbol + (Pa; + Qb)) M
G =P + boQ + Mt(a1 P + b,Q),
(G')* = Paol + Qbol + Pay + Qby)t~" M,
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respectively. Indeed, taking into account the relation (L, fP,)* = L,fP,, [117]
and equation (2.8) one gets

(Gln)* = PLnaOPn + QLnEOPn + (PLnal + QLngl)PnMa (220)

and the strong convergence of the sequence (G.,)* to the operator G* follows.
Considering the operator

é; = Wy (Ln((aoP +b0Q) + M(a1 P + 0:1Q))) Wy,
one notes that for any function f € R,
WoLnfWy, = LpfPy, WnL,MfW, = L,MtfP,. (2.21)

Therefore

Gy = Lo ((@P +50Q) + Mt(@ P +5:Q)) P,

and, applying the Banach-Steinhaus Theorem once more, one derives the strong
convergence of the sequence (G),) to the operator G'. Combining now relations
(2.20) and (2.21) we obtain the corresponding claim for the sequence ((éil)*)
This completes the proof of Lemma 2.2.1. O

Lemma 2.2.2. Let L,, P, and W,, be the operators defined by (2.15), (2.5) and
(2.7), respectively, and let f € C(Tg). Then the sequences

(PL,.fQP,),(QL,fPP,),(PL,MfPP,),(QL, M fQP,)

belong to the ideal J of Ag.
Proof. The inclusions (PL,fQP,) € J, (QL,fPP,) € J have been established
in [117]. To establish the inclusion for the sequence (PL, M fPP,), we write
PL,MfPP, = PL,fMPP, = PL,JtQMP,
= PL,ftQt 'P,MP,
= P,PL,fQP,MP, + PL,fKt 'P,MP,, (2.22)

where K = tQQ — Qt is a compact operator. It is clear that the first summand in
(2.22) belongs to the ideal J. Furthermore, since

PL,fKt 'P,MP, = PL,fP,Kt 'P,MP, + PL,f(I — P,)Kt 'P,MP,

and ||(I — P,)Kt~1P,|| — 0 as n — oo, the second summand of (2.22) is also in
J.

Analogously one shows that (QL, M fQP,) € J. O
Theorem 2.2.3. If ay,, by, € C(Ty), m = 0,1, then the sequence (L,GP,) is stable
if and only if the operators G and G’ are invertible in L,q4(L2).
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Proof. The sequence (L,,GP,) € Ag, hence the necessity follows from Proposition
1.6.5. To establish sufficiency of the above conditions we show the invertibility
of the coset (L,GP,) + J in the quotient algebra Ag/J. Let F be the operator
defined by (2.9). Consider the product (L,GP,)(L,FP,). Rewriting the operator
L,GL,FP, in the form

L,GL,FP, = LyaocoPLy, + LubodoQP, + Lo,MaicoPP, + L,MbidoQP,
+ LnagMdiQP, + LyboMey Py + LyMayMdiQP,
+ L,Mb,Mec, PP,
+ (Ln(ag — bo)Pn + Lo M(ay — by)Py)
X (PLydoQP, — QLyucoPP, + PL,Mc, PP, — QL,Md,QP,)
(2.23)

we note that the sequence (J!) generated by the operators from the last two
rows of (2.23) belongs to the ideal J. Indeed, this sequence is the product of two
sequences, one of which ((L,(ao—bo) P+ LM (a1 —b1)P,)) belongs to the algebra
A, and another is in ideal J by Lemma 2.2.2. Combining the remaining terms in
(2.23) in an appropriate way, we obtain

L,GP, L, FP, = Ln((aoco +B101)P + (bodo + a1d1)Q
+ (alco + bofl)MP + (blgo + aogl)MQ)Pn + J:L
- Ln(P + Q)Pn + J’rIL = Pﬂ + J7/L

Thus the coset (L,GP,) + J is right invertible. Analogously one shows that it is
also left invertible, and reference to Proposition 1.6.5 finishes the proof. g

Note that for the space La(T'g) there are effective sufficient conditions for
stability of the collocation method.

Corollary 2.2.4. Let a,,, b, € C(To), m = 0,1, A(t) = ag(t)bo(t) — a1 (t)by(t) #0
for allt € T, indr, (A(t)) =0 and for all t € Ty the inequality

(lao(®)| = lar (O)) (o (£)] — [br1(£)]) > 0
holds. Then the sequence (L,GP,) is stable.

Indeed, as was mentioned in [143] the above conditions provide the invert-
ibility of the operators G and G’ in the space La(T'g), so the result follows from
Theorem 2.2.3.

Remark 2.2.5. The proofs in Sections 2.2, 2.3 do not use any specific character
of the scalar case considered, so all the results of these sections, with the excep-
tion of Corollary 2.2.4, are valid for systems of singular integral equations with
conjugation.
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2.3 Equations with Differential Operators

In this section we consider the applicability of approximation methods to equa-
tions containing differential operators, and particularly polynomial collocation and
Galerkin methods for singular integro-differential equations. Moreover, in Section
3.5 we study the stability of approximation methods for the generalized Riemann-
Hilbert-Poincaré problem, which also contains the operator of differentiation.

2.3.1 Singular Integro-Differential Equations

Consider first the following singular integro-differential equation

3 - - D) (7) dr
(KSD)(t)Z{cj(t)gp(J)(t)erJ(t.)/F P(1)d

211 T—1

=0
1 T @) T T = .
+/F0 ki(t,m)e (1) d } f(8), (2.24)

where ¢ is an unknown function and f € La(To); ¢j,d; € Loo(To), kj € Loo(To X
Ty) are given functions, and

. dJ ]
POt = o(t), ¢ ()= T2, F=12....q

Let Hj = HJ(T'y) denote the set of functions which are ¢-times differentiable
on I'g and such that all their derivatives up to the order ¢ — 1 are absolutely
continuous, (4 € Ly(T'y) and

[ e mdar =0, k=01, -1
1)

Moreover, by L4 = Lo 4(I'g) we denote the image of the space Lo under the
mapping F := P +t79Q.

Lemma 2.3.1 ([195]). The operator D? : Hy v Lo, defined by

(Dip)(t) = 'V (1)
is continuously invertible, and the operator D=9 : Lo , — Hy defined by

(D™1p)(t) == (NTp)(t) + (N~ 9) (1),
where

(N*o)(t) = %/F (Pf)()(r — )9 In (1 _ E) dr,

is the inverse for the operator DY.
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This result implies the invertibility of an auxiliary operator B, which plays
an important role in the study of approximation methods under consideration.

Lemma 2.3.2. The operator B : HY — Lo defined by
B = (P +1Q)D" (2.25)
is invertible and
B! =D (P +t71Q).

Proof. Considering the products BB~! and B~ 'B and using the relation
PtiQ)D? = 0, one obtains

BB Y (P+t1Q)D'D Y P+t 91Q)=P+Q =1
and

B™'B=D"YP+Q —t791Pt1Q + Pt1Q) D
=D YP+Q)DI—-D 1t 1+ 1)PtQD* =1,
so the operator B is invertible. O

For ¢ € HJ(Ty), let us consider its Fourier series

+o0 -1
e(t)=> ot + D wrt”,
k=q

k=—o0
and let P? denote the projections

n+q —1

PO =S ot + 3 putt.
k=q

k=—n
Since ¢ € HJ(Ty), one can differentiate its Fourier series [6], so that
BP! = P,BPY, (2.26)

where P, := P? is the projection defined on the space L2(Ig) by (2.5). Let us
also note that the sequence of projections (P?) strongly converges to the identity

operator on the space Hy(To) [15].

Lemma 2.3.3. Let B be the operator defined by (2.25). Then the sequence (P, BPJ)
is stable.

Proof. Indeed, since
P!B7'P, =B7'P, (2.27)

for all n € N, then
(PuBPI)(PIB™'Py) = (Py)
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and

(PIB™'P,)(P,BP)) = (PY),
so the sequence (P, BP?) is stable and
(P BRI~ Pl < [|B7Y]

for all n € N. O

Let T be the operator defined by

_

q

. | G) (1) dr |
(Te)(1) :—Z{cju)w)(twd]“) /< (dr / kj<t,r>sa<ﬂ><r>dr}

o 211 T—1

+ / byt 7@ (7) dr.
To

The embedding theorems and properties of integral operators show that T €
’C(Hga LQ)
An approximate solution of equation (2.24) is sought in the form

n-+q —1

wa(t) = apth + Y apth. (2.28)
k=q

k=—n
The coeflicients z;, are defined from the system of linear algebraic equations
-1

ot) > B vt + (-12(0) 30 T 4 () 1) = 10
k=0 k=—n

(2.29)
Jj=-n,-n+1,...,n, where a = ¢4 + dg, b = ¢4 — dq and the mesh points t; are
defined by (2.14).
The system of linear algebraic equations (2.29) is equivalent to the operator
equation

Kz, = Ln(ap + tiqbQ + Tl)Bngn = Lnf»

with an operator Ty € K(L2(I'g)). Recall that the operators L, n € N, are defined
by (2.15).

Theorem 2.3.4. Let a,b € C(I'y), and the coefficients ¢;,d;, 7 =0,...,q—1 and the
kernels kj, j =0,...,q be such that the operator Ty : Lo(I'g) — R(I'y) is compact.
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Then:

i) The sequence (K,,) is stable if and only if the operator K € L(HJ,Ls) is
invertible;

ii) If the operator K € L(HY, Lo) is invertible, then the collocation method of
(2.28) —(2.29) converges for any right-hand side f € R(Ty).

Proof. Using Lemma 2.3.3 and relation (2.27) one reduces the stability problem
for the collocation method (2.29) to the stability of the sequence L, (aP+t~70Q +
T1)P,,. Now Theorem 2.3.4 follows from known results on stability of the polyno-
mial collocation method for Cauchy singular integral equations [183]. O

Lemma 2.3.3 can also be applied to study the polynomial Galerkin method
for equation (2.24). An approximate solution of this equation is again sought in
the form (2.28), but the unknown coefficients z; are defined from the system of
linear algebraic coefficients

n n+q
(k+ ) k!
E As—kTk4q t+ (—1)4 E b kT _kpq
| —aqg—1)
k=0 i k=q+1 (k—q -1
n+q —1
+ § Tz + § Thxr=fs, s=-n,...,n, (2.30)
k=q k=—n

where ag, bs, fs and T}, are the Fourier coefficients of the functions a,b, f and
T'(7%), respectively.
The system of linear algebraic equations (2.30) is equivalent to the operator
equation
P,KPlz, = P,((aP +t79Q + T1)B)Plx, = P, f,

where Ty € K(L2(Ty)) and x,, € im PY.

Theorem 2.3.5. Let ¢j,d; € C(I'y), and k; € C(I'y), j = 0,...,q. The sequence
(P,KPY) is stable if and only if the operators K : H} — Lo and K = (PaP +
QtIQ) : Ly — Lo are invertible.

Remark 2.3.6. Polynomial approximation methods for systems of singular integro-
differential equations can be studied analogously.

2.3.2 Approximate Solution of Singular Integro-Differential
Equations with Conjugation

Let us now consider singular integro-differential equations with conjugation, viz.,

Kp=((agP+b0Q) + M(a1 P+ 0:Q))Dio+Tp =g (2.31)

where (Mp)(t) = ¢(t) and T € Kaqa(Hg, Ls). Such equations often arise in elas-
ticity theory [161, 168, 170, 221, 222], but methods to obtain their approximate
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solutions remain little studied. Below we present stability results for two approxi-
mation methods for equation (2.31), based on projections P, and L,,.

Theorem 2.3.7. Let a;,b; € C(I'y), i = 0,1 and T € Koqa(H3, L2). The sequence
(L, K P?) is stable if and only if the operators K : Hi(To) — L2(To) and

K = ((@oP + t9bg) + M (tai P + t"7'5,Q) : Ly(Tg) — La(To)

are invertible.

Analogously, the stability of the polynomial Galerkin method can be de-
scribed as follows.

Theorem 2.3.8. Let aj,bj € C(Ty), j =0,1, and T € Kaqa(HS, L2). The sequence
(P, K P2) is stable if and only if the operators K : H(To) — L2(T'¢) and

K = ((PaoP + Qbot*Q) + (QMtay P + PMbyt%'Q) : Ly(Tg) — Ly(Ty)

are invertible.

To prove both the above results one has to represent the operator K of (2.31)
in the form

K = ((aoP +t" Q) + M (a1 P +t~01Q) + T1) B,

where Th € Kaqa(La2, L2), and use relation (2.27), Lemma 2.3.3, and the results of
Sections 2.1 and 2.2.

2.4 A (C"-Algebra of Operator Sequences

Here we study an algebra of operator sequences generated by paired circulants
and by the operator of complex conjugation. In particular, we obtain a criteria for
stability of elements which belong to such an algebra. Applying these results in
different situations we obtain necessary and sufficient conditions for the stability of
variety of spline approximation methods for singular integral equations with conju-
gation in the case of piecewise continuous coefficients a, b, c and d. Let l3(n),n € N
denote the n-dimensional complex Hilbert space with the scalar product

n—1

(xay) = Z ‘rjgjv T,y € lQ(n)a

7=0
x:(x()v"wxnfl)v y:(y()v"'vynfl)'

By C™*™ we denote the set of all n X n matrices with entries from C. A matrix
A, € C**" of the form A, = (aj,k)?glo is called circulant if

On_t =0a_k, k=0,1,2,...,n—1.
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It is well known [151] that any circulant can be represented in the form
A, =U,D,U,? (2.32)
where U,, and D,, are, correspondingly, unitary and diagonal matrices
Un = W'/ (exp(i2mjkh))ilo,  Dn = (N058)75cLo

with

n—1
Aj = apexp(—i2mjkh), j=0,1,....n—1; h=1/n.
k=0
On the other hand, any matrix A,, € C"*" of the form (2.32) is a circulant. In the
following each linear operator acting on the space l2(n) is identified with a matrix
An € C"*" ) and ||A,|| means the operator norm on the space L(l2(n)).
Given a bounded function « on T'g, let «,, and &, denote the diagonal ma-
trices
o = (@68 ke G 1= (a(m)0) 5k, (2.33)
where ty, := exp(i27k/n), 7, := exp(i2n(k +€)/n),0<e <1, k=0,1,...,n — 1.
Consider now a circulant
Qn = Una, Ut (2.34)
It is clear that eigenvalues of circulant (2.34) coincide with values of the function
« at the points tx, £k =0,1,...,n — 1, hence

llal] = [lel] < sup [la@)]], [lal| < sup [|a(t)]]-
ter teT,

0

Let us also note that multiplying the matrices in (2.34) yields the representation

=0

n—1 n—1
a = (% > a(t) exp(i2ri(k — ) /n) (2.35)
k,j=0

for the circulant &. We shall consider also an antilinear operator M,, on the space
l2(n) defined as

Mn(§(7l)) = (EOaElv- . -agn—1)7 é—(n) = (Eovgla s 75”—1)7

where the over-bar again denotes the operation of complex conjugation. Let C), be
additive operators on the spaces l2(n) such that the sequence (||Cy||) converges to
zero. Below we study the stability of operator sequences (B,,) with the operator
B, : l3(n) — l2(n) having the form

where a,b,¢,d, a, 38,7v,0 € PC(T'y). .
Let us now study how circulants interact with the operator M,,.
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Lemma 2.4.1. Assume that a circulant A, = (ajfk)z,;io is represented in the
form (2.34) and that its eigenvalues are equal to A;, j =0,1,.. sn—1. Then the
corresponding eigenvalues N}, j =0,1,...,n—1 of the circulant A, = (aj—k)z,;io

are equal to B _
Ao =X, Af =X, j=12,...,n—-1 (2.37)

Proof. From (2.34), (2.35) the eigenvalues of the matrix A, have the form

n—1
Nj= Y age R =01, n—1 (2.38)
k=0
where h = 1/n. For the eigenvalues Af,J=12,...,n—1 of the matrix A,, one
obtains
n—1 n—1
)\; — Zake—z%akh — Z agei2mikh
k=0 k=0
n—1 n—1
- Z ape—i2rknh+i2mjkh — Z ape—i2m(n—j)kh (2.39)
k=0 k=0
so (2.38) and (2.39) yields (2.37). O

Lemma 2.4.2. Let a,a € PC(Ty) and let a, and &, be the matrices defined in
(2.33) and (2.34), respectively. Then

M,a, =a,M,, M,a,=a’M,, (2.40)

where @, is the matriz of the form (2.33) generated by the function ﬁ, tely

and @2, is the circulant of the form (2.34) generated by the function af(t) := (),
tely.

Proof. The first of relations (2.40) is obvious. Let us compute the eigenvalues o,
k=0,1,...,n — 1 of the circulant &,,. Taking into account Lemma 2.4.1 and the
definition of @, for any kK = 1,2,...,n — 1 one obtains

af, = a(tp—r) = alexp (i27(n — k)/n))
= alexp (—i27k/n)) = a(ly) = o°(tx),

and the proof is completed. O

Consider now the set R of all bounded sequences (A,) of bounded additive
operators A,, : la(n) — l2(n). Provided with natural operations of addition, mul-
tiplication and multiplication by real numbers, the set R becomes a real algebra.
Let us also consider the smallest complex C*-algebra C of R which contains all
sequences of the form (a,) and (&), where a,, &, are circulants of the form (2.33)
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and (2.34) generated respectively by the functions a, « € PC(Iy) and all sequences
(Cp) of C-linear operators with ||Cy|| — 0 as n — oo. Notice that the collection
of sequences in C tending to zero in the norm, actually forms a two-sided closed
ideal in C which we denote by G¢. Let us also recall that the above-mentioned
circulants are identified with the corresponding linear operators on la(n). By m we

denote the sequence (M,,) € R. Then Lemmas 2.4.1 and 2.4.2 imply the following
result.

Proposition 2.4.3. The real algebra R, complex C*-algebra C and the element m
satisfy axioms (A1) — (As) of Section 1.2.

Proof. We check axiom (A;) and axiom (As), because three others are obvious.
It suffices to verify these axioms only for the generators of the algebra C. The
corresponding relations can be extended on the whole algebra C by continuity.
Thus let @ and & denote the sequences (a,) and (@,) with a,a € PC(I'y). By
(2.40) one obtains

mam =a, mam =a°,

and since @,a° € PC(I), the axiom (A,) is satisfied. Now we check axiom (As)
for the element @&. Note that (2.40) implies the equalities

Qn = Mp,aoM,, M,a,M, =a. (2.41)

Using now (2.34) and the first equality in (2.41) one obtains
(@n)" = (UnonU, )" =@, (2.42)
(M6, M,)" = (a°)" =a (2.43)

where A% means the adjoint operator to the operator A,,. Thus taking into account
(2.42) and applying the second of the equalities (2.41) one arrives at the relation

~0

M, (@,)*M, = M,a,M, =a,.
Comparing this with (2.43) we get
(mam)* = a’ =mam.
For the element @, the axiom (As) can be verified analogously. O

From this result one can consider the extension C of the real algebra C by
the element m and use results of Chapter 1 to study the stability problem for
sequences generated by paired circulants and complex conjugation. For example,
combining Proposition 2.4.3 with Corollary 1.4.7 one obtains a stability result for
elements from the algebra C.

Theorem 2.4.4. The sequence (B,,),
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is stable if and only if the sequence ( ) € L22(Iy(n)),

I B - (2.44)
Ty +dnby  anag + by,
is stable.

Thus the problem of stability of sequences (2.36) is reduced to the stability
of matrix sequences (2.44). In this section, such sequences are studied straight-
forwardly. On the other hand, the reader familiar with the tensor products of
C*-algebras can consult Section 2.11 where another approach to the problem is
presented.

Let us now describe operators which play a useful role in studying the algebra

C. Let X;-n) = X;”) (t), t € Ty be the characteristic function of the circular arc

[exp(i2mj/n), exp(i27(j + 1)/n)), and let g(") \/_X(”) By L, we denote the
orthogonal projection which projects the Hllbert space LQ (T'o) onto the linear span

of the functions g](.n), 7=0,1,...,n—1, viz.,

n—1
= kagl(gn)(t)7 fk = (f’gl(gn))7
k=0

where (-, -) denotes the scalar product on Ls(Ig). In addition, let us define another
sequence (P,) of projections on the space La(T'g) by

[(n—1)/2] 27
1 . .
Pnf E fk:t ) fk = % f(exp(zb‘)) exp(—zkﬁ) do.
k=—[n/2] 0

Consider also the operators K¢, : Ly(I'g) — im L,, and U,, : im L,, — im L,, defined
by

n—1

(K2f)(t) =Y flexp(i2n(j +e)/m)x (1), 0<e<1,

=0
n—1 n—1 1 n—1
Z fjg§") = Z T Z exp(—i2mjk/n)¢; g,in).
=0 k=0 =0

We also identify the operators that act on the space im L,, with their matrices in
the basis X( ),j = 0,1,...,n — 1. There is for example the following correspon-
dence:
an ~ K, aL, :im L,, — im L,,
(2.45)
An ~ U, K2aL, U, L, :im L, + im L,,,
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which implies that the matrix sequence (2.44) can be identified with the operator
sequence

B —

n

KeaL,U K%L, U7 'L,  KScL,U,K°yL,U; L,
KL, U, K°°L,U'L, K:aL,UpyK°a°L,U 'L,

(KLU KLUy Ly KRdLonUnKO0LUy ' Ly (2.46)
K:dL,U,K%0°L, U 'L, KzaL,U,K°3°L,U; 'L, :

Let w € Ty. By p, we denote an integer from the set {0,1,...,n — 1} such that
w € [exp(i2m(py—1)/n), exp(i27p, /n)], and let ¢, := exp(i27wp,,/n). For w,v € Ty,
consider two families of isomorphisms E“Y and E,(LU’2)7 where E“Y . im L, —
im L,, and E%U‘Q) :im L,, — im P, are defined by

n—1 n—1

B 308" = > (k) g0,
=0 =0

E‘»ELU’Q) = E7LUn_1E7(1v6’1)UnLn7

where v, 1= vexp(—i27e/n), 0 <e < 1and E, : im L,, — im P,,

n—1 ( [(n=1)/21 n—1 ‘
E,: ijgjn) — Z &t + Z ST
=0 =0

J=ln=1)/2]+1

Then the operators E,Sw’l),ﬁ',(f’m satisfy conditions imposed on the operators
E! from Section 1.6. On the space (im L,) x (im L,) we also define operators

B, B0 by

H(w,1) —(v,2)
peb .- B 0 g2 — [ BT 0 )
n 0 ET(lw,l) ’ n 0 E7(1v,2)

Let S be the Cauchy singular integral operator and let P and ) denote the cor-
responding Riesz projections. Consider the matrix-functions

(40 A) w0 ()

t
s _
at= (0 ) oso= (0,
RGN (om0
'7(t) = fYO °(t) >a G(t) '_< 0 6°(¢)

A::((l] (1)) (2.48)
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Lemma 2.4.5. If (B7(,1)) is the sequence defined by (2.44), then for all w,v € Ty the
strong limits

Wi (BY) = s — Tim_ B B (),

n—oo

W (B) = s~ lim B/ B (BED)

n—oo

exist and

W) (BYY) = [Aa(w 4 0) + BB(w + 0) + (Cy(w + 0) + DO(w + 0))A] P
+ [Aa(w —0) 4+ BB(w —0) + (Cy(w — 0) + DO(w — 0))A] Q,
(2.49)
Wi (BLY) = PLA(w +0)& + B(v+0)3 + (C(v + 0)7 + D(v + 0)§)A]
+Q[A(w —0)& + B(v — 0)8 + (C(v — 0)7 + D(v — 0)8)A],
(2.50)
where &(t) = a(B), B(t) = BE), 3(t) = (@), 8(r) := 8, t € T,
Proof. We only consider the operators E\"? BY (ES")=1. Using results of [105]
(see also [183, Section 10.34]) we obtain that the strong limit of the sequence

(E7(lv,2) B7(ll) (ET(LU,Q)),l) is:

)y _ [ (a(v+0)P+a(v-0)Q)a (c(v+0)P+c(v—0)Q)y
W (BiY) = ( (@0 + 0P + v — 0)Q)7° (a(v+0)P +alv — 0)Q)a )

-
L G+0)P+bw- 0)Q)B  (d(v+0)P+d(v—0)Q)0
(d(v+0)P +d(v—0)Q)6° (b(v+0)P+bv—0)Q)F |
(2.51)

Simple computations show that (2.50) and (2.51) coincide. The sequence
(B Y BM(B#V)=1) is considered analogously. O

Note that due to previously mentioned results of [105, 183], the
sequences of the adjoint operators ((Eq(f’l)By(Ll)(Ey(lw’l))*an)*> and

((Efzv’Q)Br(Ll)(Eff’z))_an)*) satisfy the conditions of Theorem 1.6.6. More-
over, if K is a compact operator on the space La(I'g) x Lo(I'g), then condition

(1.33) is also satisfied, hence the sequence (B,(f)) belongs to the C*-algebra B2*?

generated by the sequences ( ,(L‘*”l)) and ( ET(LUQ))'

Let (D,,) be a sequence of the form

D, =

( KL UpK%aL,Uy 'Ly KGbLoUnKOBL, Uy Ly, ) (2.52)

KecL,UpyKOyL, UL,  K&dL,U,K°0L,U; L,
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where the functions a,b,c,d,«, 3,v,0 € PC(Ty). Define L{fxz as the smallest
closed C*-algebra which contains all sequences

m
o0

z_l;H (Dgﬁ) 7

=1
j=1 "

where I,m € N and (D;ij))%ozl are sequences of the form (2.52). Since the closure
of the set

p
j2><2 — {Z ((Ey(ka71))_1LnTkLnE7(ka71))

k=1

o0
n=1
o0

4 Z ((E"(l’uj72))—1Lni1jLnET(lij2))) + (C’n)zozl . p,s € N7
j=1

n=1
wk, v; € Iy, Tk,fj € K*(La(Ty)), and ||Cp|| = 0 as n — oo}

is a closed two-sided ideal in B2*2, one can consider the set U12X2 + J2%2 This set
is a C*-subalgebra of the C*-algebra B2*? [67, 163]. Put U>*? := UZ*? + J2*2

and 5{2><2 = Z/{QXQ/j2X2.
Corollary 2.4.6. A sequence (B,,) € U**? is stable if and only if for all w,v € Ty
the operators Wi, 1y(Bn), W(y2)(Bn) are invertible in L(L3(To)) and the coset

(B,)° == (By) + J?*2 is invertible in U?*2.

Proof. Notice that U?*? is a C*-subalgebra of the C*-algebra B2%? := B2*2/ 72x2,
Therefore the invertibility of an element a € U4?*? in B2*2 implies its invertibility
in U?*2, [67, 163]. O

Thus the stability problem is again reduced to the study of invertibility of
some elements in C*-algebras. Note that the operators Wi, 1)(Bn), Wy 2)(Bn)
belong to algebras of singular integral operators with piecewise continuous coef-
ficients. To check their invertibility one might try to use results available in the
literature [91, 92, 144], but this problem is far from being solved. On the other
hand, the invertibility of the coset (B,,)° can be studied in more detail, because
in this case one can use localization techniques.

Lemma 2.4.7. Let a,a € C(T'y), and let (17(,1))", (17(12))O be the cosets of U**? which
respectively contain the diagonal sequences

() = ( (Krnaln) (KZ(C)an) )

(1(2)) N (UnKnaLnUgan) 0
n) = 0 (UnKnaL U Ly) )
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Then (L(Ll))o7 (17(12))O belong to the center of the algebra U?*2.

The proof of this result follows immediately from results in [175, 183].

Consider now the subalgebra alge, , ((L(ll))"7 (I,(LQ))") of the algebra U2
generated by the cosets (Ir(Ll))O, (L(f))" described in Lemma 2.4.7 with a,a €
C(Ty). This algebra is in the center of U2¥2 The space of its maximal ideals
can be identified with the set 'y x I'g, and for each (v,w) € T'y x Iy, let \07%22
denote the closed two-sided ideal of 42%2 which is generated by the ideal (v,w).

Moreover, we set U2X2 L{zxz/j2X2 and (4A,)5,, = (4n)° + T2%2.

Let p, be the characterlstlc function of the arc (—v,v) € Ty and let ¢, be
the characteristic function of the arc (—w,w) € T'g. Then by p and ¢ we denote
the sequences p = (KtpyLy,) and ¢ = (U Knqw LnU,  Ly,).

Lemma 2.4.8. If the coset ( ,(Ll))f,mwo € Z/{IQ,OXE}O contains the sequence (2.46), then
it admits the representation

(BD)2, o = [Awo +0) @ p2, oy + Ao — 0) © (L) = p)y ]
X [a wo+0)® qvo wo T t(wo — 0) ® ((Ln) — )’Uo wo]

+ [B(vo 4 0) @ p} g + B(vo = 0) ® (Ln) = P)5y 0]

X [B(wo +0) @ g, o, + Blwo — 0) @ ((Ln) — 0)5 0]
[(C(vo +0)A) ® pg, 1y + (Clvo — 0)A) @ ((Ln) — D)3y o)
x [(Ay(wo +0)A) @ g5, s, + (A¥(wo — 0)A) ® ((Ln) — 4)3 ]
[(D(v0 + 0)A) @ pgy sy + (D(v0 = 0)A) @ (L) = P)3y )

[(

AB(wo +0)A) @ g5 oy + (AB(wo — 0)A) @ (L) = @)5y o] -
(2.53)

+

+

X

where A ® B denotes the tensor product of matrices A and B.

Proof. Consider first the sequence (D,,) = (KSa(t) L, U, K,a(t) L, U, 1 Ly,). From
the representation

Dy = K la(vo + 0)py, () + a(vo — 0)(1 = pu, ()] Ln
X L Up Kn[a(wo + 0)gu, (1) + cl(wo — 0)(1 = qoy ()1 Ln Uy, Ly
+ Kla(t) — (a(vg+0)py, (t) +a(vo—0)(1 — puy ()] LnUn Kpa(t) LU, M Ly
+ Kp[a(vo 4 0)py, () + a(ve = 0)(1 — pu, (¢))] Ln
x LyUpKyla(t) — (a(wo + 0)qu, (1) + a(wo — 0)(1 — gy, (t)))]LnUvlen
=DV + D + DP),
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one notices that the sequences (D%Z)) and (Dg’)) belong to the ideal Jy, - There-
fore

(D)3 a0 = [a(vo +0) @3, oy + alvo — 0) @ (L) = )3y
x [a(wo +0) @ g5, + alwo — 0) ® (Ln) = 05w -

Consider now the sequence (2.46) which consists of two matrix sequences of op-

erators (A,) and (C,), i.e., BY = A, + C Therefore (B(l))y0 wo = (An)oo wo T
Cn)o .- Here we will only compute (C), . For this coset one has
vo,wWo Uowo
Cll) (012 o >
Cn o — ( n /vg,wo n go,wo
Ondiosso = ((%www (e-oH

)
)
-1 ) )

0 e ) (T o )]
X [( “ e ) (e )
=D | SRR |
s ) ()

(g 0 ) (G P 0]
[( 6°( wo +0) (w00+ ) > ( 4o o0 . >+
0°(

° wo - 0 (Ln) = @) w0 0
+ (WO — 0) ) ( 0 ((Ln) - q)'(;o’wo >:|
= [B(vo + 0) D D3y o + B0 = 0) ® (Ln) = D)3y )

) —
X [ wo + O ® qvo wo + ,B(WO - ) ((Ln) )U(J,wo]
[(D(vo + 0)A) @ P oy + (D(vo — 0)A) @ (Ln) = P)Sy o)

X [(A@A) (wo+0)® qvo wo + (AGA)(wo — 0) ® ((Ln) — q)zo7wo] )
(2.54)

+

+

X

+

Representation (2.54) and the correspondlng representation for the coset (A,)5, .
2Xx2
Vo,wo

implies formula (2.53), so the algebra Z/l
and (L),

Vo,wo "

is generated by the cosets py ., G0, wo
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To proceed, an auxiliary result is needed.

Lemma 2.4.9 ([105]; [183], Lemma 10.38). With the notation of Lemma 2.4.8, the
following properties hold:

(e} (e} — (e} .
1. pvg,wo ' pvg,wg - pvg,wgy

o (e} _ (o] .
2. Qvo,wo * Qvo,wo = Quo,wo’

3. spe  ((aP9)g.w,) = [0, 1]-

v0,wo

Let C([0,1], £(C?)) be the algebra of continuous 2 x 2-matrix-functions on
[0,1] and define &,p and g by

(1) (= ) () e

Then from the Halmos two projection theorem [106] and Lemmas 2.4.8 and 2.4.9
we get:

Theorem 2.4.10. Let €,p,q be defined by (2.55). The C*-algebras &3530 and
angXQ(é,ﬁ, q) are isometrically *-isomorphic, and there is an isomorphism which
maps the cosets py . and qy . respectively into the elements p and g. Denoting
this isomorphism by V°, one obtains
VO((BS)2y ) = [(A(vo +0) = A(vg = 0)) ®P + A(vg — 0) ©7]
x [(a(wo + 0) — a(wy — 0)] ® 7+ a(wy — 0) ® €]
+ [(B(vg +0) — B(vg — 0)) @ D+ B(vg — 0) ® €]
[(B(wo +0) = B(wo — 0)) ®7 + B(wo — 0) ®€]
(Clog+0)—C(ug —0))A) @P+ (C(vg —0)A) ® €
[(A(y(wo +0) = v(wo — 0))A) ® 7 + (Ay(wo — 0)A) ® ¢
(D(vo + 0) — D(vg — 0))A) @B+ (D(vg — 0)A) ® €
[(A(B(wo+0) —O(wp — 0))A) ® 7+ (AB(wo — 0)A) ® €.
(2.56)

—

X

+1

—~

X

+1

—~

X

Definition 2.4.11. For a given sequence (By) of the form (2.36), the matriz
\Ilo((B,(Ll))o ) is called the local symbol of (B,,) at the point (vo,wo) € Ty x Ty.

Vo,Wo

Combining now Theorem 2.4.10 with Allan’s local principle (cf. Theorem
1.9.5), we can formulate the following result.

Theorem 2.4.12. The coset (Bg))O € U?*? is invertible in U**? if and only if the
local symbol V°((B,); ,) € alg®™?(e,D,q) of the sequence (2.36) is invertible for
each (v,w) € Ty x Tg.
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Lemma 2.4.13. Let (B,,) be a matriz sequence of the form (2.36). If W(w’l)(Br(Ll))

is a Fredholm operator for all w € Ty, then for each (v,w) € Ty x Ty, the local
symbol \IIO((BS))O ) of (By) is invertible.

VW

Proof. The operator W(w’l)(Br(Ll)) defined in (2.49) can be written in the form

4
Wy (BY) = AuP + B.Q =) (ALP+ B,Q),
i=1

h
here AP+ BLQ = A-(aw+0)P + a(w — 0)Q),
A2P+B2Q =B-(B(w+0)P+B(w-0)Q), (2.57)
ABP+BQ =C-(y(w+0)P+~(w—-0)Q), '
AP+ BYQ =D (O(w+0)P+6(w—0)Q)

Let a € PC(Ty). Consider the singular integral operator
R =aa(w+0)P + ac(w — 0)Q,

and compute its Gohberg-Krupnik symbol o(R). According to [90, 93], it is

o(R) = ( an(v,w, ) ar2(v,w, z) >

a1 (v,w,x)  a(v,w,x)

where
a11(v,w,z) = za(v + 0)a(w +0) + (1 — z)a(v — 0)a(w + 0),
a12(0,,) = v/2(L = )fo(v +0) — a(v — O)aw — )},
a1 (v,w, ) = V/x(1 — z)[a(v + 0) — a(v — 0)a(w + 0)],
a2 (v,w,z) = za(v — 0)a(w — 0) + (1 — z)a(v + 0)a(w — 0).

Computing analogously the Gohberg-Krupnik symbol O’(ﬁ) for the operator

~

R=aa°(w+0)P+aa’(w—0)Q,
we obtain the symbol of the first operator in (2.57), viz.,

o(R) Oays > |

Osws o(R) (2.58)

(AP + 51Q) =
where O2x2 is the 2 x 2 zero matrix. It remains to note that matrix (2.58) coin-
cides with the matrix from the first two rows of (2.56). Thus the local symbol

\I'f)’w((B,(q,l))) of the sequence (B,,) coincides with the Gohberg-Krupnik symbol of

the operator Ww,1(B7(11)) everywhere on 'y x T'g. However by [90, 93] this operator
is Fredholm if and only if its symbol is invertible. This completes the proof. [
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Now we are able to formulate the main result of this section. Let A =
A(t),B=B(t),C =C(t),D =D(t),a = a(t),B = B(t),y =~(),0 = 0(t),t € Ty
be the matrix-functions introduced in (2.47). With each sequence of the form
(2.36) and with each point 7 € Ty we associate two singular integral operators B,
and B7 defined on the space L3(T'y) by

B; :=[Aa(t 4+ 0)+ BB(t +0) + (Cy(r +0) + DO(7 + 0))A] P

+ [Aa(r — 0) + BB(r — 0) + (Cy(r — 0) + DO(T — 0)A]Q,  (2.59)
BT := P[A(T + 0)& + B(7 + 0)B + (C(7 + 0)7 + D(7 + 0)8)A]

+QA(T — 0)& + B(t — 0)B + (C(T — 0)3 + D(r — 0)8)A].  (2.60)

Theorem 2.4.14. Let a,b,c,d,a, 3,7,0 € PC(I'g). Then the following assertions
hold:

1. The sequence (2.36) is stable if and only if for each T € Ty the operators B,
and BT are invertible on the space L3(T'o).

2. Let a,b,c,d € PC(I'g) and let o,3,v,0 € C(I'g \ {1}) (or a,3,7,0 €
C(To \ {—1,1})). Then the sequence (2.36) is stable if and only if the op-
erator By (respectively, the operators B_1, B1) and all operators B™, 7 € T
are invertible on the space L3(Tg).

3. Let a,b,c,d € C(Iy) and let a, 8,7,0 € C(I'g \ {1}) (or o, 3,7,0 € C(Tp \
{=1,1})). Then the sequence (2.36) is stable if and only if the operator B;
(respectively, the operators B_1, By) is (are) invertible on the space L3(Tg)
and

det [A(t)a(T) + B(t)B(7) + C(t)y(7)A + D(t)0(T)A] # 0
for allt,T € Ty.
Proof. Tt follows from Theorem 2.4.12, Corollary 2.4.6 and Lemma 2.4.13. g
This result allows us to introduce the following definition.

Definition 2.4.15. Let (B,,) be a sequence of the form (2.36), and let B,, BT be the
operators defined in (2.59), (2.60). An operator function smbp, : T'g — L2(L3(Ty))
defined by

smbp, (1) = diag (B, B")

is called the symbol of the sequence (2.36).

Thus Theorem 2.4.14 shows that the sequence (2.36) is stable if and only if
its symbol is invertible.

In the subsequent sections we will study a variety of sequences of the form
(2.36) originating from various approximation methods for singular integral equa-
tions with conjugation; and we also will find the functions «, 3, 7, 8 responsible for
the stability of the methods under consideration.
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2.4.1 Moore-Penrose Invertibility

In conclusion let us present a result concerning Moore-Penrose invertibility in the
real algebra C generated by sequences of paired circulants and by the sequence
(My).

Theorem 2.4.16. Let a,b,c,d, o, 3,7,0 € PC(Ty). Then the following assertions
are equivalent:

1. The sequence
(@@ + BB+ (@ + dul) M, + C ) (2.61)

1s weakly asymptotically More-Penrose invertible;

2. For any T € T, the operators BT, B, € L(L3(T)) defined by (2.59), (2.60)
are normally solvable and the norms of their Moore-Penrose inverses are
uniformly bounded.

3. The sequence (2.61) can be represented in the form (1.39).

The proof of this theorem follows from Theorems 1.7.2, 2.4.14, and 1.7.10.
Note that if the operators B, and B” are Fredholm, then the norms of their
Moore-Penrose inverses are uniformly bounded [193].

Remark 2.4.17. In order to regularize the sequence (A,) of (2.61) practically, we
have to consider the matrix sequence (¥(A,,)),

These matrices can be regularized (in the sense of (26)) using their singular value
decompositions (see [194]). We can then apply the mapping ¥~! to regularized
matrices in order to get a corresponding regularization for the initial sequence
(2.61).

2.5 The e-Collocation Method

In this and the next sections of this chapter, Theorem 2.4.14 is applied to investi-
gate the stability of spline approximation methods for singular integral equations
with conjugation. Let us start with the e-collocation method.

For a positive integer n, consider the uniform partition of R by the mesh
points x; := j/n, j € Z. By ﬁfl we denote the space of all 1-periodic smoothest
splines of degree § subordinate to the above partition, i.e., each function f of §fL
and all its derivatives of order § — 1 are continuous and 1-periodic on R and the
restriction of f to any interval (j/n,(j +1)/n), j € Z is a polynomial of degree
at most §. By §9L we denote the set of all 1-periodic step functions corresponding
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~6
to the above partition of R into subintervals. We consider spline space S,, which
depends on ¢ and is defined by [183]

SSHL if e=0 and 0§ is even,
=4 S if =05 and § isodd,
S otherwise.

~0

-—n

Let the circle I'g be given by the parametric representation
[ :={e?™:0<s< 1}

Via this parametrization we have one-to-one correspondence between functions
@ on I'g and the 1-periodic functions on R, namely ¢ : I' — C corresponds to

o : R — C, ¢o(s) = ¢(e®™). Throughout this chapter, we shall identify the
~65
functions ¢ and ¢g. In particular, the spline spaces S,, are assumed to be defined

on Fo.
Consider now the following integral equation with conjugation

Ap=ap+bSp+cMp+dSMe+ Ko+ k' Mo = f (2.62)

where
() (1) = / olt, el dr, (K1) () = / (e 7Y (r) dr

and the operators S and M are defined in Section 2.1.
Let R = R(I'y) denote the set of all Riemann integrable functions on I'y.
For a fixed ¢ € [0,1), the interpolation projection K¢ : R — §fL is defined by (see
[2, 3, 183))
(Kpx—2)((j +e)/n)=0, j=0,1,...,n—1.

To simplify notation we will often write K, instead of K?. The collocation equa-
tions

(Aun)((G+¢e)/n) = f((G+e)/n), u, €85, j=01,....n—1 (2.63)
are equivalent to the operator equation
~5
s €L(S),8,).

Enrkn

Anun = nfv An = KTLA

We shall analyze the structure of the collocation operator A,

0 ) (K8

P
5,

+ (Kl |50 )(KnM

88 ) + (Knd

g5 + K k°

(2.64)




88 Chapter 2. Integral Operators. Smooth Curves

Here we used the well-known property of the interpolation operator
K,ab = K,aK,b, a,beR(ly).
Let € € [0,1). For j =0,1,...n — 1 consider the points
t; =exp(i2mj/n), v; =exp(i2n(j+1/2)/n), 7; =exp(i2n(j+¢e)/n),

and let {X,(C") }Z and {\I/,(Cn) 14 be the respective interpolation bases from S % and

S,,, satisfying the conditions

X;(cn)(tj)z ik if 0 is even;

X;(cn)(vj)z gk if 9 is odd;
\II](Cn)(Tj): g for §,k=0,1,...,n—1.

Let us first assume that ¢ is odd. In accordance with [178, 183], the matrix of the

first two operators in (2.64) in the bases {x,(cn) o {\I;](C")}Z;é can be represented

in the form a,a, + b,03,, where

n = (a(m)dn)ptes bn = (b(7k)050)} 50,

On = Unan UL, Bn=UnBaU; Y, (2.65)

ap = (as,5(tk)6jk)?’;ioa ﬁn = (ﬁe,é(tk)(sjk)z’;ioa

and the functions a. s, 8,6 € PC(I'y) are defined by

1 if s=0,
127Ss\ __ +
e s5(e = D, s(s)o (s 2.66
() 6’6()1‘5() if 0<s<l, (266)
@0,5(5)0075(3
1 it s=0,
Bes(€®™) =3 @ 5(s)os(s (2.67)
7’5()1’5() if 0<s<l,
Do,5(5)a,5(5)
D, 5(s) == 277 Lsin(ms)e™ (2, (2.68)
+oo ) +o0 .
0':5(8) = Z(k‘ 4 5) 70 Lei2mhe 4 Z(k‘ — 5) 70 Lei2mke, (2.69)
k=0 k=1

On the other hand, a description for the second pair of terms in (2.64) can be
obtained from Lemma 2.4.2. More precisely, one can show that the matrix sequence
(CuAn+dn0,)M,, corresponds to the third and fourth terms in (2.64). The matrices
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Cns glvn are defined analogously to 5n,gn, and 7. s, 0- 5 are the following functions:

1 if s=0,
127TS\ __ +
Ye,5(€ = D 5(1—5)o (1 -5
( ) i Jocs ) if 0<s<1,
Dy 5(1 — s)aaé(l -5
1 if s=0,
0..5(e2™) = P, 5(1 —5s)o_ (1 —
=6(™) 201~ 8)0e4 if 0<s<l1
Do 5(1 — s)aa'é(l -5

Hence the sequence (4,,), where
A = G+ b B+ (60T + ) M+ Kk | g5 +Knk' M |gs . n €N, (2.70)

corresponds to the sequence (2.64).

If § is even, then similar to the previous considerations one arrives at a se-
quence of the form (2.70) with the generating functions a. s, Be.5,Ve,s, 0,5 defined
by

1 if s=0,
ae 5(e278) = D, s5(s)o_s(s 2.71
o) 25955 2.71)
@1/275(8)01/2 5 S
1 if s=0,
2wSs\ __ +
- s(e = D, s5(s)0 (s 2.72
Bes(e™) ool (2.72)
D1/2,5(8)0 /2.8 s)
1 if s=0,
127 —
es5(e = O, 5(1-s)o_s(1—3s
Tes(e™™) =4 )_’5( )y 0<s<l1,
@1/2»5(1 — 5)01/2,5(1 — S)
1 if s=0,
95,5(€i2m) = D, 5(1 — 5)(7::5(1 ) i 0<s<l
D5(1 —s)ogs(1—s

and with @ 5(s),0%(s) defined in (2.68), (2.69).

Notice that in all cases the functions Ve,p = 5 € C>(I'g) and 0,5 = 325 €
PC>(T'y \ {1}). Moreover, it is easily seen that the matrices c,s, Be,s, Ve,s, ’06,5
are connected by the relations

Qe 5 = A'.)/s,SAa /66,5 = A95,6A~
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Let us find the limit values 8. 5(120), 0:,5(1£0), 82 5(1£0) and 62 ;(140). Assume
for definiteness that d is odd and consider the one-sided limits for the function . s
as t € T'g tend to 1. Considering the right limit 5, s(1 4+ 0) one obtains

b, 5(s)o 76(5)

Bes(1+0) = lim ———=—.
s=+0 @ 5(s)oy 5(s)

P o_s(s
=s(5) = exp (i2mes), it suffices to find the limit lim el ) The last

Po,s5(s) s=+0 03 5(5)
fraction can be transformed as follows:

Since

o0 —+oo
- Z(k + 8)—6—lei27rk5 _ Z(k, _ s)—&—leiQﬂ'ka
9:,6\5) k=0 k=1
ot (s +o0o 400
(%) Sk Y (h—s)0
k=0 k=1
+oo
87671 + Z [(k + 8)767161'2711@5 _ (k _ 8)757161'277]@5]
_ k=1
+oo
8—6—1 _|_Z [(k + s)—é—l + (k‘ _ 8)—6—1]
k=1
+o0
14+ S5+1 Z [(k‘ + s)—é—leiQﬂ'ke _ (k‘ _ S)—6—16i27rk5]
k=1

+o00
1+ s0tt Z [(k: +8) 70 4 (k- s)*‘;*l]
k=1

Therefore

05,5(8)

im
s—+0 08“6 (s)

consequently, B 5(1 +0) = 1. To find . s(1 — 0), it suffices to consider the limit
of the function o_4(1 — s)/od s(1 — s) as s tends to +0. Analogous considerations
show that
o_s(1—s
s—+0 00,6(1 - S)
Thus

58,5(1 +O) =1, ﬂs,&(l - O) = -1,

2.73
0.5(1—0)=1, 9575(14-0):—1. ( )

Combining this with Theorem 2.4.14 one gets the following result.
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Theorem 2.5.1. If a,b,c,d € PC, k', k* € K(L2(T'o),R(Ty), € € [0,1), and the
operator By = ap + bSy + cMy + dSM is invertible in L(L2(To)), then the
e-collocation method (2.63) is stable if and only if the operator A is invertible in
L(Ly(To)), the operator

~ a+b c—d a—b c+d
B'_<E+E 6—5>P+<5—E a+B>Q’ (2.74)

and the operators

B :=P [(A(T +0) +C(7 + 0)A)ae,s + (B(T +0) + D(7 + O)A)Ee,é)}
+Q[(A(T = 0) + C(7 — 0)A) e, + (B(T — 0) + D(7 — 0)A)Be,6)]
are invertible in L(L2(Ty)) for all 7 € Ty.

Proof. The proof follows immediately from Theorem 2.4.14, perturbation argu-
ments for stable sequences and from properties of the functions o, s and 3. 5. 0O

Remark 2.5.2. If c = d = 0, k' = 0, then the conditions of stability of the e-
collocation method are equivalent to the conditions obtained earlier for singular
integral equations without conjugation [183].

2.6 Spline Galerkin Method

Let §i be the spline space defined in the previous section. By L,,,n € N we denote
the orthoprojections from Ly(T'g) onto S° and such that

(x — Lpz, ) =0

for each x € La(Ty) and for each ¢ € ﬁi. Furthermore, let us consider the oper-
ators A, = L, A ’§5 , where A is defined by (2.62). Suppose first that the coeffi-

cients a, b, ¢, d are continuous on I'g. Since || L, f(I — Ly )|| — 0 as n — oo for each
f € C(Ty), one gets the following representation for the operators A,,:

A, = (Lpal

55 )(Ln

53 )(LnSM

55 )(LnS

s3)

+ (Lnd 58+ Lok® g5 Luk" |s5 + RO, (2.75)

where R : S% — S° are additive operators with |\R,(11)|| — 0 as n — 0. Define
the basis {‘Pk}z;é for ﬁfl according to [39, 178, 183] and examine the matrices
corresponding to the operators A,, in this basis. As shown in [178], the matrices
(05, 01)) 5 5t0 and ((Sej, k)5 %2y are circulants and

((QOj, Sak));igio = n_lgn» ((S@j» Sak));igio = n_lﬁn
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with
Cn(e?™®) = 2707302 5in >0+ (75 5)05 9541(5);
30-2 6in2(0+1) (g

pn(e27%) = 2707739 2gip )0&26“(3).

Consequently, the matrix of the operator L, S|gs has the form

(LS

where
~ 1 if s=0
N 61271'8 _{ B 3 9
Ol = (Goas D/ (@i (s) i s #0.
Furthermore,
(L"C =n

) =G tenla + RY,

with ||R7(12)|| tends to 0 as n — oo.
Let us also note the commutation property

MG = G M
Therefore, from Lemmas 2.4.1 and 2.4.2 one obtains
An = G (@ + bo o) + (@ + dnbn) Mu]Go + Knk® |5 + Kok M |gs + Ro, n € N
where ||R,|| tends to 0 as n — oo and

{ 1 if s=0,
(092511 (1 = 8))/ (04 5541 (1 = 5)) if s#0.
The functions 3 and 6. 5 belong to C(I'y \ {1}) and 8(1 +0) =1, 3(1 —0) = —1,
Bo5(140)=—1,0.5(1—0)=1.
The following theorem is an immediate consequence of Theorem 2.4.14.

Theorem 2.6.1. Assume that a,b,c,d € C(Tp) and k° k* € K(La(To)). The
Galerkin method (2.75) is applicable to the operator A if and only if the oper-
ator A is invertible in £(Ly (o)), the operator B defined by (2.74) is invertible in
L(L3(Ty)), and

é\n (ei27rs) _

det[(A(t) + C(t)A) + (B(t) + D(t)A)B(T)] # 0
on Fo X Fo.

Finally, let us state a result related to the Galerkin method for equations
with piecewise continuous coefficients. We assume the coefficients of the integral
equation under consideration are discontinuous at the points ¢t = exp(i2wj/m),
j=0,1,...,m—1, and consider the spline Galerkin method based on spline space

SO

Mn-
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Theorem 2.6.2. Let a,b,c,d € PC(T'g) N C(To \ {to,t1,...,tm — 1}), kO, k! €
K(L2(T)), and let n = ml, | € N. The Galerkin method (2.75) based on the
splines 0f~§fl is stable if and only if the operator A is invertible in L(L2(Ty)), the
operator B defined by (2.74) and the operators
B™ = P[(A(T 4 0)) + C(T + 0)A) + (B(7 + 0) + D(7 + 0)A) 5]
+ Q[(A(T — 0)) +C(7 — 0)A) + (B(r — 0) + D(1 — 0)A)]

are invertible in L(L3(Ty)) for all T € Ty.

2.7 Quadrature Methods for Equations on the
Unit Circle

Quadrature methods play an important role in approximate solution of singular in-
tegral equations, because they can be easily implemented. Presenting the stability
analysis for equations with conjugation, we only consider the equation

Bu=(al +bS5+cM +dSM)u = f, (2.76)

where a,b,¢,d € PC(Tg). In order to discretize a regular integral, one may use
the following quadrature rules:

211
. f(r)dr ~ ;f(fj)7t1> (2.77)
: f(r)dr ~ Z £t ) (2.78)
’ j= O(mon)
: f(r)dr ~ Z ft ) (2.79)
’ j= 1(mod2)

where t; = exp(i27j/n), 7 =0,1,...,n — L
Writing the singular integral S in the form

s =+~ [ U=

T—1

and using one of the formulas ( 7)) - (2 79) we compute the values of Su at the
points 7, = exp(i2n(k+¢)/n), k =0,1 —1,0 <e < 1. Thus formula (2.77)
implies
2 u(t u(Tk)
(SU)(Tk) ~ U(Tk + E Z ﬁ tj if e 7é 0, (280)

Jj=



94 Chapter 2. Integral Operators. Smooth Curves

7utk

e
t—tk il

(Su)(t) ~ u(ts) + = | w'(tx)ts + Z
J#k

while (2.78), (2.79) give us

n—1

(Su)(Tk) %u(Tk)'F% Z Mtj.

g tj — Tk
j=k+1(mod 2)

Let us consider the expression (2.80) and (2.81). Since [183, 185]

n—1
2 t;
— E =1+ icot(me),
tj — Tk
j 0

the expressions (2.80) and (2.81) can be, respectively, rewritten as

n—1
2
(Su)(m) = —icot(me)u(ry) + — ut tj, if e#0,
n—t;—
7=0
and
1 n—1
(Su)(ty) ~ (tk)+ Z/( t+zt_k e=0.
J#k
Similarly
n—1
4 u(t;)
~~ — t;.
(Su) ~utm)+ o Y

j=0
j=k+1(mod 2)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

The right-hand side of expressions (2.83) — (2.85) contains the terms u(7x)

and u'(tx), which will be replaced by other terms as follows:

1. If € # 0, we set

u(ty), if e#

S(ulty) +ultig), i e=

)

u(Ty) =

l\)l)—ll\')l»—l

2. If e =0, we set

1 2
“ult W (ty)te =0,
nu(k)+nu(k)k

(2.86)

(2.87)
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or
t —u(t
W (ty) = W) — ulte) (2.88)
let1 — ti
Let us now evaluate the function Bu at the points 7, k =0,1,...,n — 1. Thus

a(7e)u(Tk) + b(1k) (Su) (k) + c(ri)u(ri) + d(7i) (ST (73).

To compute (Su)(rx) and (S7@)(7;) we use formulas (2.83) — (2.85) and replace
u(7g), v (tg) or (1/m)u(ty)+(2/n)u’(ty)tx by one of the expressions (2.86) — (2.88).
Equating Bu(7y) with f(7%), yields the systems of algebraic equations with respect
to unknown values of the function u at the points ¢, £ = 0,1,...,n — 1. Let us
now denote u(t;) by §;, j =0,1,...,n—1 and write down the resulting equations:

(a(1) — i cot(me)b(Tk))Ek + b(Tk)

=0 J
+ (e(mk) — i cot(me)d(Tk))E, + d(Th) % i (), (2.89)
j=0 J
1 9 n—1 tj
a(vk)i(ﬁk + k1) + b(vk) = Z P— &5
"
+¢( )1(2 + 1) + d( )znf b & = f(u) (2.90)
Cvkz k k+1 Uknjzotj_vk]_ V),
9 n—1 ¢
J
(tr)€ + b(tr) Z —
7k

+ c(tr)&y, +d(t )gni L & = fty) (2.91)

k)€ knjzotj_tk] k)s )

J#k
Ek+1 — k-1 281
(a(tr) + b(tk))fk +b(t ) S =t b(tk)ﬁ ZO: 5 _th & + (c(tr)&x
ik

+— " d(11))€, + ) Mﬂi(t )zni b g = fity), (292

RISK g lht1 — te—1 " ti—tr g '
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1 9 € € 9 n—1 ¢
1 4, Sk4+1 — Sk—1 “ J .
R L USED D sl
i2k
+e(ty)Ey +d(t ﬁf b g = fity) (2.93)
C\lk k knj=0tj*tk?j_ k) .
J#k

n—1

2 t _ 1 _
alti)ée +b(tr) > Z Ty & T (elt)E ()
J7k
2 &1 —&nn 25 i =
d(ty)—t——=— 4+ d(ty)— = f(t 2.94
+(k)nktk+1_tk_1+(k)n;tj_tkfj f(tr), (2.94)
J#k
4 X t;
il J .
a(tr)ér + b(tk)n ZO: P— &;
j=k+1(mod 2)
_ R, ti —
+e(te)€p +dte) = Y & = ft), (2.95)
n g t; — g
j=k+1(mod 2)
9 n—1 L
p— ‘7 .
)+ DT D TG
7k
O S TAL I SR B S (2.96)
k k k n - t] — tk Jj k) .
j=k+1(mod 2)
n—1
1 2 Cky1 — &k 2 t;
t —b(t b(ty)—tp——>— 4+ b(tg)— i
(a(te) + —b(tk))&e + b(tx) e —te T (tr) JZ:; — &
Tk
4 n—1 .
_ i =
+ e(tn)€p + dlt) > Lo flte),  (2.97)

j=0
j=k+1(mod 2)
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n—1

a(t)6 +blt) = >

=0
j=k+1(mod 2)

n—1

- et)E )2 Y —IE = f(te), (2.98)

n 4t —ty

p
J#k
where &, := &, §-1 :=&,—1 and k =0,1,...,n—1 for all systems (2.89) — (2.97).
Moreover, in the system (2.90), the symbol vj, denotes the point exp(i2m (k+3)/n).
If any of the above systems of algebraic equations has a solution f,in) = &,

k=0,1,...,n— 1, then an approximate solution of the integral equation (2.76)
can be obtained via trigonometric approximation

n-1 | ln=1)/2) N
up =y M wl = ~ (t{)=, teT,.
k=0 j==In/2

We define an interpolation projection K, = K by [183]

n-1 ((n—1)/2]

Kow — G Gy = L (n)y =34 .

n = Y _u(r )Y, UM (1) - S (mM T, ter
k=0 j=—In/2]

The systems of algebraic equations (2.89) — (2.97) are equivalent to the operator
equations B, = K, f, where B,, is generated by the operator B and some well-
known operator sequences connected with quadrature methods (2.89) — (2.97).
Thus, using corresponding circulant representations for approximations of the
Cauchy singular integral operator S, one can write the operator B,, in the form
[183]

where ||C,|| — 0 as n — oo.

The functions «, 3,7,0 that generate the corresponding circulants depend
on the quadrature method used. These functions are given in Table 2.1 below.
Computation of these functions is straightforward, and we refer the reader to
[183] for details. However, let us mention that

a(l) =p1) =~(1) =6(1) =1
for all quadrature methods (2.89) — (2.97). We also use the notation

a a(ei2ﬂ5)7 ﬁ ﬁ(t) _ ﬁ(eﬁﬂ—s),
7=t =9(e?™), 0=10(t) = 0(e”™)

for s € [0,1).
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Table 2.1:
Method | « 1) y 0
. 2exp(i2mes . 2 exp(i2mes
(2.89) 1 | —icot(me) + 71;;(9(1'2;5)) 1 | —icot(me) + 71;)12;(1.2;))
(2.90) | & exp(ims) i exp(ims)
291) | 1 1-2s 1 1-2s
(2.92) 1 1 —2s+ 7 Lsin(27s) 1 1 —2s+ 7 sin(27s)
(293) | 1 1 —2s+ 7 Lsin(27s) 1 1—2s
(2.94) 1 1—2s 1 1 —2s+ 7 sin(2ms)
1, f0<s<1/2 1, f0<s<1/2
@9B) L rpcs<r | V] S ifij2<s<l
1, f0<s<1/2
(2.96) 1 1-2s 1 1, if1/2<s<1
o I, f0<s<1/2
_ 1 ) >
(2.97) 1 1—2s+ 7 'sin(27ws) 1 1 if12<s<1
1, f0<s<1/2
(298) | 1| ) jpesdy |1 1-2s

It should be noted that for all methods the functions generating the corre-
sponding circulants have the limit values
a(l£0)=a"1+0)=v14+0)=~"(1£0)=1,
B1+0)=0(1+0)=p"(1-0)=06"(1-0) =1,
BL=0)=p"(1+0)=0(1-0)=0*(1+0) =1,

and consequently the operator B; has the form

a+b c+d a—b c—d

Bl_(z—& 6—5>P+(E+E a+E)Q' (2.99)
The functions « and v are continuous everywhere on I'g, and for the methods
(2.89) — (2.94) the functions (3,6 are continuous on I'g \ {1}. Thus we are left
with computing the limits of the functions 3,60, 5*,0* at the point ¢ = —1 for
the methods (2.95) — (2.98). The corresponding left and right limits are given in
Table 2.2.

It follows that for methods (2.95) and (2.98) the respective operators are

[ a—=b c—d a+b c+d
Bl<E+E E+E)P+<E—E a—E)Q (2.100)

0)=24
0)=4
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Table 2.2:
B(=14+0) | B(-=1-0) | 6(-=140) | (-1 —-0)
Method | p*(=1—0) | 5*(=140) | (-1 —0) | 6*(—1+0)
(2.95) -1 +1 -1 +1
(2.96) 0 0 —1 +1
(2.97) 0 0 -1 +1
(2.98) -1 +1 0 0

and
[ a—b c a+b c
Bl_< z a+E)P+( . E_5>Q, (2.101)
whereas for methods (2.96), (2.97) the operator is
B a c—d a c+d
B1<E+E - >P+<E—E . )Q. (2.102)

Now we can formulate the main result concerning the stability of quadrature
methods (2.89) — (2.98).

Theorem 2.7.1. Assume that the coefficients a,b, c,d of equation (2.76) belong to
PC(Ty).

1. The sequence (By,) corresponding to one of the methods (2.89) — (2.94) is
stable if and only if the following two conditions are satisfied:

(a) the operator By is invertible on L(L3(To));

(b) for each T € Ty the operator

B™ = P[A(T 4+ 0)a + B( + 0)B8 + C(7 + 0)7A + D(r + 0)0A]
+ QIA(T — 0)a 4 B(r — 0)B + C(1 — 0)FA + D(1 — 0)0A]

is invertible on L(L3(Ty)).
2. The sequence (B,) corresponding to one of the methods (2.95) — (2.98) is

stable if and only if the conditions 1(a), 1(b) are satisfied and the operator
B_1 is invertible on L(L3(Ty)).

Recall that the operators By and B_; are defined by (2.99) — (2.102).
Of course, for continuous coefficients a, b, ¢, d the condition 1(b) can be sim-

plified.
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Corollary 2.7.2. Let a,b,c,d € C(I'g). The quadrature methods (2.89) — (2.94)
are stable if and only if the operator (2.99) is invertible on L(L3(To)) and the
determinant

det[A(T)a(t) + B(r)B(t) + C(T)7(t) + D(1)8(t)] # 0
for allt,7 € Ty.

The corresponding result can be also formulated for the quadrature methods
(2.95) — (2.98).

Remark 2.7.3. If the coefficients of the above integral equation satisfy one of the
conditions a = +b or ¢ = +d, then the coefficients of the operators B_; and By are
triangle matrices. Henceforth one may obtain effective conditions for invertibility
of the operators B_; and Bj.

2.8 Polynomial Qualocation Method

Let X (Tg) be a functional space on I'g. Consider the operator equation
Bu=f, (2.103)

where f € X(Tg) and B € L444(X(Tp)). The qualocation method for solving
(2.103) is characterized by the choice of a pair (Sp,T}), dim S, = dim Ty, = ny, of
finite-dimensional subspaces of X (I'g) and also by the choice of a quadrature rule
@Qn. The method is to find an element up € Sy such that

Qn(vn - Bup) = Qn(vn - f) (2.104)

for all v, € T}. This method can be viewed as a discrete version of the Galerkin
method or as a generalization of the collocation method based on quadrature for-
mulas. However, in comparison with Galerkin methods this approach has simpler
numerical implementation. On the other hand, the convergence of this method is
usually better than the convergence of collocation approximations.

In this section we will use the quadrature formula

Qo= - iwg.ym )+ (= w)g((G+e)/m], h=1 (2109
7=0

where 0 <e1 <e3 <1, w € (0,1), and the function g(exp(i27s)) is identified with

g(s).
Let §fL be the spline space introduced in Section 2.5. By T}, we denote the
space

Ty, :=span{v, = exp(i27ps), 0<p<n—-1, peN, se0,1)}.
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Now we are looking for a function up € ﬁfl which satisfies relation (2.104) with
the operator B defined in (2.76). Let us assume that the coefficients a, b, ¢, d of the
operator B are piecewise continuous on I'g and continuous on To\ {0, ¢1, ..., tm-1}
where t; = exp(i2mj/m). We also assume that n = ml, | € N. We can show that
the stability of approximation method (2.104) is equivalent to the stability of an
operator sequence (B,,) from the real algebra c generated by the sequences of
circulants (@), diagonal matrices (a,), and by the sequence (M,,). Recall that
algebra C was studied in Section 2.3.

Let {X,(cn)}z;& be the interpolation basis in the space S° introduced in Section
2.5 and let

n—1
u™(t) =" urxi (t). (2.106)
k=0

The qualocation method (2.104) for the operator (2.76) determines a system of
algebraic equations of the form

Bou™ = ROy 1 ROTT, 0 = (2.107)
with the matrices Rgll) = (7‘1()%])6)2;1:0, R,gf) = (’I‘Z(f])c);l’;lzo and with the right—hand
side f(") = (f;gn));’;é, where

r{!) =Qu(exp(—i2mps)(al + bS)X{ (1)),
r(?) —Qu(exp(—i2mps)(cI + dS)x\" (1)),
F5 =Qp (exp(—i2mps) f (t)).

In the following lemma the notation of Section 2.5 is used.

Lemma 2.8.1. The operator B,, from (2.107) admits the representation

B, = wK LU [KS aL, Uy K ae, sLoU, Ly

+ K;'0LoUn K} Bz, 5 LUy, L)

+ (1 —w)Kt =L, U [K2aL, Uy K ae, sLaU, L
+ K2 0LnUn K Bz, 5 LnU, ' L]

+ {wKt™ LU K e Ly U Kok 5L Uy Ly,
+ K& dLo U KQB2, 51Uy, ' L)

+ (1 —w) Kt 2 LU, K2 eLy U Kok, s LUy ' Ly
+K2dL U K) B2, sLoUy ' Ly)} M. (2.108)

Note that t—¢ means that branch of the function ¢—¢ which tends to 1 as t
tends to 1+ 0.
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Proof. Let u(™ be as in (2.106). Then

n—1
Bu™ =37 ((ax{ + b(Sxi un + (ex” + b(Sx{))ar)
k=0

Moreover,
n)

T, - Bu™ = exp(—i2ms)Bu

Using the linearity of the quadrature rule (2.105) one can rewrite the expression
Qn (v, - Bul™) as a sum of four terms,

n—1 n—1
Qn(T, - Bu™) = Q, (% : Z ax,ﬁ”)uk> +Qn <7p : Z b(SXén))Uk>

n—1 n—1
+Qn (@, > cxlg”)ak> +Qn (@ > d(SX,(C"))ak> :
k=0 k=0

We check relation (2.108) for the third term only. Thus

n—1
Qh (ﬁp : Z CXén)ﬂk)

n—1 2 n—1
= = 3 S wiexp(-iznp(j+2)/m) Y el +=)/m” (G + 2/m)
j=0 [=1 k=0

where w1 = w, we = 1 — w. The matrix of the above operator is the sum of two
1) (1))n 1

matrices MV = (m ~o and My 2 (mﬁ));”;io where

n—1
ml) =%w1 exp(=i2mp(j +1)/n) 3 (G + €0 /mx (G + <) /m),

m 2

I
- o

S <.

= —=wqexp(—i2mp(j +e2)/n) » c((j +e2)/n)x; " ((j +¢€2)/n).
myy /n p pJ +¢€ . Jt+e Xi g TE€

<.
Il

However, similar expressions arose earlier in Section 2.5 while studying
the collocation equations. Using appropriate representations from this sec-
tion, we find that the operators wi Kt~ LU P K eLnUna, LUyt Ly and
ngO =L, U YK2cL,U,al, , L,U, 1L, respectively correspond to the matri-

ces My(L ) and Mr(L ), and the proof is complete. O

g2,M

Lemma 2.8.2. The operator sequence (B,,) with the operators B,, defined in (2.108)
is stable if and only if the sequence (BL) with

B, = w U, K% ' L, U, [KYaL, U, K ., sL,U, 'Ly,
+ KL, U, K%B., sL,U; ' Ly)
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+wo K2t~ 2 L, U, K aL, UK o, s LU, Ly,

+ KpbLnUn K Bey sLnUy, L]
+ {w Kt LU K e Ly Uy Kok 5Ly Uy Ly,

+ KdL, Uy K32, sLnU,; " Ly
+ we Kt~ LUy K e Ly Up K)ok, sLyUy ' Ly,

+K)dL, U, K B2, sLnUy 'Ly} M (2.109)
is stable.

Proof. Multiplication by the isometric operator U,, does not influence the stability
of any operator sequence, so the result follows from the fact that under our as-
sumptions on the coefficients a, b, ¢, d the norms of the operators (K¢ — K%)aL,,
(K& — KObL,, (K& — KQ)cLy,,, (K&t — K%)dL,, tend to 0 as n — oc. O

n
Let us rewrite the sequence (2.109) in matrix form. It is

B;L = [wl/t\—m,n(anaal,n + bnﬁm,n) + w2%\—52,n(ana52,n + bnﬁ82,n)]

+ [’Ll)l?,m ,n (Enasl,n + Jnﬂsl,n) + wQ%\sz,n(EnaEz,n + Jnﬂsz,n)]ﬂn;

where the functions a. = acs, B = Besy Ve = 7Ve,5, 0 = 0c5 are defined in
Section 2.5, and f,shn, I = 1,2 are the circulants corresponding to the functions
t=¢, 1 = 1,2. By Theorem 2.4.4 the sequence (Bj,) is stable if and only if the
sequence

= ~ ) =~ ~o T Mo
CnQigyn + dnﬁn anael,n + bnﬁsl,n

+w < tcom O ) Qe+ bnfeam Cnl2, 0+ Dl
9 ~ ~ A ~ ~
Cnlcy n + dnfBn ana;,n + bnﬂgmn
(2.110)

is stable. Note that the sequence (2.110) belongs to the C*-algebra Z/Ifxz considered
in Section 2.4, so Theorem 2.4.14 is applicable to the sequence (By(ll)). Of course,
adjustments concerning the invertibility of local symbols q/ng(Bﬁf)), v,w € Ty
must be made, but one can follow the proof of Lemma 2.4.13. Thus the stability
result for the polynomial qualocation method can be formulated as follows.

Theorem 2.8.3. Let a,b,c,d € PC([Ty) be continuous on the set T'yg \
{to,t1,... , tm—1} where t; = exp(i2mwj/m). The qualocation method (2.104) for
the operator (2.76) considered on the space Lo(Tg) is stable if and only if the
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operators

Br=w; ((14+0) P+ (1 - 0)"°'Q)
X { [(A +CA)ae, 5(1+0) + (B+DA)B,, 57+ 0)] P
+ [(A+CN)ae, 5(1—0)+ (B+DA)B,_, 5(1—0)] Q}
+wy ((T4+0)"2P+7—-0)"°Q)
x {[(A+CA)ae, s(T+0)+ (B+DA)B,, s(r +0)] P
+ [(A+CA)ae, 5(1 = 0) + (B+DA)B,, s( - 0)] Q},

BT = U}ltsl
X {P[(A(T +0) + C( + 0)A)&z, 5 + (B(r + 0) + D(1 + 0)A)B,, 4]
+ Q[(A(T — 0) +C(T — 0)A)&e, 5 + (B(T — 0) + D(T — 0)A)B,, 4]}
+ w2
x {P[(A(T +0) + C(T + 0)A)&e, 5 + (B(r + 0) + D(1 + 0)A)B,, 4]
+ Q[(A(T — 0) +C(T — 0)A)&e, 5 + (B(r — 0) + D(7 — 0)A)B,, 5] }-
are invertible in L(L3(To)) for all T € Ty.

Recall that A, B,C, D, &Ehg,éshé, [ = 1,2 are the operators of multiplication
by corresponding matrix functions.

2.9 Spline Qualocation Method

Let us again consider equation (2.104), but replace the polynomial space T}, by
a spline space Sh, p € N, while the space S}, = §fL remains unchanged. The
formula (2.105) is still used as a quadrature rule Q. The stability conditions
for the corresponding spline-qualocation method are simpler than the stability
conditions for the polynomial qualocation method. For example, for the singular
integral operator without conjugation,

A=al +bS, a,be C(Ty),

the stability of the spline qualocation method follows from the invertibility of a
certain characteristic singular integral operator and can be verified effectively. On
the other hand, considerations of Section 2.8 show that for the polynomial qualoca-
tion, one deals with operators from the algebra generated by the identity operator,
the operator S and operators of multiplication by piecewise continuous functions.
However, for such operators there are no effective invertibility conditions.

Let us describe a special basis in the spline space S%. First we note that there
is a one-to-one correspondence between functions on T'y and on [0,n), viz., each
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function ¢ on I'y can be identified with the function

- 127TSs
15—
2 2 "

on the interval [0,n). Thus we assume that n > p+ 1, and instead of splines from
St we consider n-periodic polynomial splines @. Moreover, we assume that on
[0,n) such splines satisfy the following conditions:

1) Each spline is a polynomial of order at most pu on each of the intervals
[0,1],[1,2],...,[n — 1,n].

2) ¢ € CrI((0,n)).
3) %) (0) = g®)(n) for all k =0,1,...,u— 1.

The corresponding spline space is denoted by §7’"{ Suppose that n > p+ 1 and
choose an appropriate basis in S%. To this end, we construct a spline f,, with
support in [0, i + 1] such that

fu(s) = Po(s) = aps”, apeC

for all s € [0.1]. Let Py be the restriction of f/; onto the interval [k, k + 1], k =
0,1,...,n — 1. Then Py is a polynomial and condition 3) implies that

PO (k+ 1) =P (k+1), r=01,...,u—1 k=01,..,n-2

ie.,
Pry1(s) = Pe(s) = apga(s = (k+ 1)), ars1 €C,

hence
ﬁ(s):aos#+a1(s—1)"—|—...+ak(s—k)“, 0<k<s<k+1<pu+1.

If we take into account condition 3) and the requirement suppfu C[0,u+ 1], we
obtain P,(s) = c(u + 1 — s). It remains to find the coefficients ag, a1,...,ar so
that the equation

apst +ar(s—D* + ... +ap(s—p)H =clp+1—3s)*

is an identity for some ¢ € C. From the binomial expansion, the last equation can
be represented in the form

ii(_l)u—k <l];) Rk = (1) i(_l)u—k (Z) (u+ 1)k gk,

k=0

so equating the coefficients at the powers of s on both sides one obtains the system
of linear algebraic equations

n
S atE = e+ )RR, k=0,1,.,
7=0
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ie.,
ao
hay C( )M(:U’ + 1) (2111)
0fag +...+ pha, = c(=1)"(u+ 1)*
Thus the system of linear equations (2.111) has the determinant A =

Ay (0,1,...,p1), where Ay (s1,52...,5) means the Vandermonde determinant
1 1 e 1
8-1 8-2 . . s.T. _ H(S] — ).
T I<y

If we replace the j-th column by the column of the right-hand sides of (2.111),
then the resulting determinant is

Aj=c(-1)"A0,1,...,j—1L,u+1,5+1,...,p)
(H+1-0)...(p+1-(—1))
(G—-0)...0—-(G-1)
D) —(ut ). (p— (p+1))
(G+1=7) (=)

(-

c(l)”A(M+1) 1)# = o= )JA(’“‘}”).

=c(-1)*A

Setting ¢ = 1 we obtain

aﬂ(]‘)j<uj—1>7 j:0,1,...,u,

which yields

k
:Z (““)(s—j)ﬂ, 0<k<s<k+1<pu+1,
Jj=

so that .
s) = u/ fuoa(t)dt, peN. (2.112)
s—1
From (2.112) it is easy to derive some known properties of splines. Thus

. fu(s):fﬂ(u—&-l—s),szo;

e The function f; increases on the interval [0, (1 + 1)/2] and decreases on
[(n+1)/2,p+1].
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If sg,s1,...,p are different real numbers, then it follows from the linear
independence of the polynomial system

Yi(s) = (s+s5)", j=0,1,...,u

that the system R N N
{f}l«(s)hfu(s - 1)7 RS fu(s - /J’)}

is a basis in the n-dimensional space §7’"{ Furthermore, it can be extended n-
periodically to the entire axis R, so the following lemma holds.

Lemma 2.9.1. Letn > p+ 1. Then the system {f,C H) . 07 such that
fén’”) (exp(i27s)) = ]/";(ns —-k), 0<s<1, (2.113)

is a basis in the space Sh.

This lemma completes the preparatory work to study the spline qualocation
method. Consider first the stability of this method for singular integral equations
without conjugation:

Ap(t) = (al +bS)u(t) = f(t), a,bePC(Ty). (2.114)

Let Qp, be the quadrature rule (2.105), and let {X,(: 1~ be the interpolation basis
for the spline-space §‘,SL defined in 2.5. We are looking for a function u(™® e §‘,SL,
which satisfies the conditions

Qu(fimr - Au™y = Qu(fim) - f),

b0t m1 (2.115)

Using the interpolation basis {x N } o and the subsequent representation (2.106)

one rewrites equations (2.115) as

n—1
Z Qh(fggn”u) : AXIE'n))uk = Qh(fggn’#) : f)a b= Oa 17 ceey N — 1.

k=0

Thus an approximate solution by the spline qualocation method is found by solving
a system of linear algebraic equations with the matrix

M = (mp) Lo

n

where mpr, = Qh(flgn’“) . Axl(fn)).
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I (%)

7,€1°

7=0,1,...,n— 1 denote the points
£ jtea 19 ).
ti s, = exp (2771 - ) ;=12 7 =1,

then the entries of the matrices M,(ll), n € N are

n—1 2
mp = 3 w572 [l (0570) + b Sx )]
j=0 =1

Writing
M = fuk+e), k=0,1,....n—-1; reZ, 0<e<ln>pu+1, (2.116)

it follows from (2.113) that

n, (n n, 'j+€l =
f;g . (tjs)z):fig 8 <eXp (27” n >) fu(]_p+€) CJMZZ)’

and
n—1 2
mu = Y > e at ) (17)
7=0 [=1
n—1 2
+ZZ o 0p(t ) (S ). (2.117)
=0 1=1

It follows from (2.65) and (2.45) that

O )L S UnKae s LUy L (2.118)
(SN2 e o UnKonBe s LUy L, (2.119)

where a. 5, 0.5 € PC(Iy) are defined by (2.66), (2.67) if ¢ is odd and by (2.71),
(2.72) if ¢ is even. Moreover,

(alt5i2)030)j Lo ~ KioLn, (2.120)
so for any n-periodic sequence {c};>° _ one has

(CJ P)jp ONUKfL U_

where £ is the operator of multiplication by the polynomial

n
=> ath, tely,
k=0
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Thus if we set ¢ := ck )k € Z where c(“ <) are defined in (2.116), we have

(=l Up Ky Fe LUt (2.121)

j—p /3,p=0

with the polynomial

n—1
)= fulk+e)t"
k=0

Combining (2.117)—(2.121) yields the representations

2
M7(11) = Z wlUnKnFezﬁlLL”Unil
=1
X (KZZ aLnUnK’nO{ElvéLnUr:an + K’rELl bL’I’LUnK’ﬂﬁEh‘SLnUn—an)

for the operators M,(ll).

Assume that the coefficients a,b € PC(T'g) are continuous on the set T'g \

{t(m t(m . ,tﬁ,@l} and choose n = mny, n1 € N. Then

lim [[(K — K.) Lol = 0,

n—00

so the sequence (My(ll)) is stable if and only if the sequence

M® = ZwlU K, F., LU

X (KnaLnUnKnasthnUn_an + KpbLoUn K fBe, s LnUy ' Ly)  (2.122)
is stable. The stability of the sequence (2.122) can be treated similarly to the
stability of the sequence (2.109), under the following result.

Theorem 2.9.2. Let a,b € PC(Tg) be continuous functions on the set Ty \

{t(m t(m e t(m 1}- The spline qualocation method (2.115) is stable if and only

if for any T € I‘o the operators

= wik, ul(a(r + 0)P + (a(r + 0)Q)]dx, 5

+ (b7 +0)P + (a(r +0)Q) Bz, 5], (2.123)

and
A, = AP+ AZQ, (2.124)
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where

2
AE(t) = 3 By (P)lalt)ae, 5 (1 4 0) + b(t) Bey (7 £ 0)],
=1

are invertible in L(L2(Tg)) for any 7 € T'y.

There is a difference between stability conditions for the polynomial [104] and
spline qualocation methods for singular integral equations without conjugation. In
polynomial qualocation, even in the case where the coefficients of the initial equa-
tion are continuous, one still has to check the invertibility of the operators that
belong to the algebra of singular integral operators generated by the Cauchy sin-
gular integral operator and piecewise continuous functions. However, there are no
effective invertibility criteria for such operators. In contrast, the invertibility of
at least one family of operators responsible for stability of the spline qualocation
method (viz., (2.124)) that consists of singular integral operators is well stud-
ied, so corresponding criteria can be easily verified. Moreover, if the coefficients
of the initial equation are continuous, then the invertibility of all the auxiliary
operators (2.123) and (2.124) can be studied effectively. Below we formulate the
corresponding results for cases of piecewise continuous and continuous coefficients
a and b.

Let A : T x [0, 1] — C denote the matrix function

ALt x) =
( A (t+0)z + AF(t—-0)(1—2) (A7 (t+0) — A7 (t—0))\/2(1—2) )
(AF(t+0) — Af(t—0))\/z(1—2)  A;(t+0)(1—z)+ A (t—0)x ’

T

and set ¢, := (A7)"tAf. Combining Theorem 2.9.2 with results of [90] and [94],
one rewrites the stability conditions in a more convenient form.

Corollary 2.9.3. The spline-qualocation method (2.115) for the operator (2.114) is
stable if and only if the following four conditions are satisfied:

1. det A (t,x) # 0 for all T € Ty and for all x € [0,1];

2. For every T € Iy, the winding number of the curve
T, :={c;t+0)x+c - (t—0)(1—2x), (t, ) € To,[0,1])}

is equal to zero;
3. For every T € Ty, the operators AT defined by (2.123) are invertible in L(Ls).

If we assume that the coefficients ¢ and b are continuous on I', then for
every T € Iy, the operator A” becomes just the operator of multiplication by the

function
2

AT =" wiFe, p(ade, s + 0Bz, 6)-
=1
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Moreover, since ag,5 € C(I'g) and .5 € C(I'g \ {1}) the functions A} and A
coincide for every 7 € T'g \ {1}, i.e.,

AT() = A7 (1) = D wnFeyu(r)(@(t)de, s(7) + b()Bey 5(7))-
=1

Thus for 7 # 1 the operator A, is again a multiplication operator. More precisely,
A, =AFTI, 7#1
Recall that for (2.73) we also have (., 5(1 £0) = £1 and that o, s(1) = 1.

Corollary 2.9.4. Let a,b € C(I'g). The spline qualocation method for the operator
A is stable if and only if:

1. The operator

2 2
Ay =Y wiFe, s(1)(a+b)P+ Y wF., s(1)(a—b)Q
=1

=1
is invertible in L(L2);

2. The operators of multiplication AT, T € Ty and A, T € To\{1} are invertible

All conditions of Corollary 2.9.4 are easily verified.

Using the previous considerations and the results of Section 2.4 one can study
the stability of the spline qualocation method for singular integral equations with
conjugation. Let us treat the approximation method (2.115). For simplicity, we now
consider the operator B defined by (2.76). Following the arguments of Section 2.5
and using representations (2.122), one notes that the stability of spline qualocation
method for the operator B can be studied via the stability of the operator sequence

2
B, => wlUnK,F, LU, "
=1
X (KpaLyUnKnoe, s LUy Ly + KpbLoyUp K B, sLnUyy ' L)

2
+ wUn Ky Fey yLnU,
=1
X (KncLnUpK a2 sLoUy Ly + KndLyUn K32 sLnUy ' Ly) M.

51,6

Rewriting this sequence in matrix form, one obtains

B;L = [wlF—El,n(anaal,n + bnﬁsl,n) + w2F—82,n(6na52,n + bnﬁag,n)]

+ [wlﬁfsl,n(anasl,n + Jnﬁsl,n) + U)Zﬁfsz,n(’cvnasg,n + Jnﬁsg,n)]ﬂn;
(2.125)
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where the functions a. = acs, Be = Be,s; Ve = Ve,5, 0 = 05 are defined in
Section 2.5, and Fy, ,,, I = 1,2 are the circulants corresponding to the functions

F., 1, 1 =1,2. Note that the sequence (2.125) belongs to the real algebra C studied
in Section 2.4. This again provides the possibility to apply results of Section 2.4
to study the stability of (2.125).

For any 7 € I'o, let us introduce the matrices B} ; = BE(t), 1 = 1,2 and

BE = BL,(t), t € T by

BL ;= (A(T£0)+C(1 £ 0)A)a, 5(t) + (B(T £0) + D(r £0)A)B,, 5(1),
BE = " wiFe, u(7)[(A(t) + C(t)A) o, 5(1 +0) + (B(t) + D(t)A)B,, 5(r £0)],
=1

where A,B,C,D,ac, 5,8, ; and A are defined in accordance with (2.47) and
(2.48). Then we have at once

Theorem 2.9.5. Let a,b,c,d € PC(I'g) and let them be continuous on the set
o\ {tém),tgm), Lt +. The spline qualocation method (2.115) for the operator

»'m—1

B € Laaia(La(T0)) is stable if and only if for any 7 € Ty, the operators

2
B => wkF., .(PBl,+QB" ), (2.126)
=1
and
B, = B} P+ B;Q, (2.127)

are invertible in L(L3(Ty)).
In particular, if a,b, ¢,d € C(I'y) then

BL,= BT, forevery 7 €Ty,

and
Bl =B, forevery 1€Ty\ {1},

so for these 7 € Ty, the operators (2.126) and (2.127) become the operators of
multiplication by the corresponding matrix functions, so the stability conditions
for the spline qualocation method are much simpler.

Corollary 2.9.6. Let a,b,c,d € C(I'y). The spline qualocation method for the op-
erator B is stable if and only if:

1. The operator

2

a—+

By =Y wiF, (1) K o
=1

is invertible in L(L3);

[SHIRS
e O
|
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2. The operators of multiplication BT, 7 € Ty and B, 7 € To\{1} are invertible
in L(L3).

Note that Condition 2 can be easily verified. However, in contrast to Corollary
2.9.4, there are no effective criteria to check the invertibility of the operator Bi,
and this can be achieved only in special cases.

Remark 2.9.7. The results of Sections 2.5, 2.6, 2.8, 2.9 are also valid for singular
integral equations with conjugation on an arbitrary simple closed Lyapunov curve
. Indeed, let v = ~(s), s € R be a 1-periodic parametrization of I'. If we identify
points of T' and I'y in such a way that I' © ~(s) ~ exp(i2ws) € Iy and proceed
analogously to the previous considerations, we can establish stability conditions
for the corresponding approximation methods on I'. However, such an approach
fails for quadrature methods, because the quadratures employed here are based
on specific relations between the points of the unit circle.

2.10 Quadrature Methods for Equations on Closed
Smooth Curves

Let v : R — T' be a 1-periodic parametrization of simple closed smooth curve I'
such that 7/(s) # 0, s € [0,1) and such that the second derivative " satisfies the
Holder condition. Fix an € € (—1/2,1/2], and for any n € N introduce the points

(n) j+1/2 (n) jte+1/2
tj ’7(7 o Ty E=EANN T/ |

n n

where j =0,1,...,n — 1. The quadrature methods for the operator B considered
below are based on the quadrature rules

n—1

/ ot = S ot — 1),
r =
—1

/ o0t = S () ED) — 1),
r =

These quadratures approximate integrals of smooth functions with the correspond-
ing rates of error 1/n and 1/n?.
An approximate solution of the equation

%/FLYET J”:(t)M*%/F@T = f(t), (2.128)

(Bz)(t) = a(t)x(t) +

is sought in the form

n—1
zat) = D Expa (),
k=0
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where [k —1/2 k+1/2]
ns —k+ % if se — U , +1/ ,
L n n -
n , (k+1/2 k+3/2]
X,(Cg(w(s)): k—ns+3 if se / , / ,
[k —1/2 k+3/2]
0 if s¢ / ; +3/ .
L n n -
The coefficients &, k = 0,1,...,n — 1 are the solutions of the algebraic equations

(n) (n) b(r) Rt —
(a(r,") — icot(me)b(r,")) & + 71:1 Z NN T,g") &
j

=0

gy t(’i)l EON o
+ (e(r{") —icot(me)d(r{" )& + ==Y LI = f(7"), (2.129)
™Sty T

(n) (n)y n—1 ,(n) _ ,(n)
a(r, ) b(ry ) tivi — 4 4
9 (gk + §k+1) + i ZO t(n) _ 7—15”) 5]
j=0 Y ;
(n) (n)y n—14(n) _ ,(n)
(T, - = d(T, t i N
+ >(£k+£k+1>+ e ) b 7 Le = f(r™), (2.130)

2 oni Ly )

ne1,(n) ()
J

ts
altr)&e + b(tl.c) Z o+ 4() &
~

i tgn)

j=0
ik
(n)y n—=1 ,(n) (n)
g, A ) b T 2
+(mp )&k + > &= f(te), (2.131)
(08 + = )y~

j=0

J#k

- (n) (n)
b(ty) = L h
a(ty)r + —= ¢

j=0
j=k+1(mod 2)

e LAY -6
e+ == D] ng = flty), (2.132)
i=0 i Tl

j=k+1(mod 2)

where &, := &, -1 = &,—1 and k = 0,1,...,n — 1 for all systems (2.129) —
(2.132).
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Consider the function

(k—1/24¢ k+1/24¢]

ns—h+dte if se|ETLERE RALRRE)

L n n ]

X’(“E)(’Y(S)): k—ns+32+e if se¢ + é +5’ + T/L +e 7
:k—12 k ) 7

0 it s¢ [2+e k+3/242]

i n n ]

We denote the orthogonal projection from Ls(Tg) onto subspace X, :=

span {nge), ngbe)? . ,XSI_)LE} by L:, and the interpolation projection by

n—1
Niu= Z u(T,En))X;;L;
k=0

Let B, € Laqa(im L2, im L) be the operator the matrix representation of which
in the bases (Xéng , X,(;LE)) is B, = R%l) + R%Z)Mn, where the matrices R%l) and Rg)
are defined by the corresponding parts of systems (2.129) — (2.132). Thus each of
the systems (2.129) — (2.132) is equivalent to the operator equation

B,x, = N_f.
We identify any function ¢ defined on I'" with a function @ on the unit circle I'gy
by
p=@por 0761, Y (s) = exp(i2ws), s€R,

and let t = o(s). The stability conditions for these quadrature methods are then
given by the following two theorems.

Theorem 2.10.1. Let a,b,c,d € PC(T') and operator B defined by (2.128) be in-
vertible in Lqga(L2(T")). The quadrature methods (2.129) — (2.131) are stable if
and only if the operator

b oed % oe-d
O e R e R ) L2

and the operators

AN N
N N
N N
SRS
ISHINSY

[RSH

B™ = Pr, AT + Qro A” (2.133)

are invertible in L(L3(T)) for all T € Ty, where A% are the operators of multipli-
cation by the matriz functions

AT (t) = [A(T + 0)a(t) + B(7 + 0)B(t) + (C(1 4+ 0)v(t) + D(7 + 0)0(1))],
AT (t) = [A(T = 0)e(t) + B(T — 0)B(t) + (C(T — 0)(t) + D(T — 0)0(1)

and the functions «, 3,7,0 are defined by:
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1. For the method (2.129):

B B 7 . 2exp(i2mes)
a(t) =~(t) =1, Bt) =0(t) = —icot(re) + T— expline)’

a(t) =~(t) = ——,  B(t) = 0(t) = exp(ims);

alt) =A(H) =1, B(t) =0(t) =12,

Theorem 2.10.2. Let a,b,c,d € PC(I") and operator B defined by (2.128) be in-
vertible in Lqqq(L2(T')). The quadrature method (2.132) is stable if and only if the

operator
a—b ¢c—d a+b c+d
B_ = = = P + _ = _ = Q
' <E+d Ti+b> v (E—d a—b> e

and the operators (2.133) are invertible in L(L3(T)) for all T € Ty, where

1 if 0<s<1/2,

at) =~(t) =1, ﬂ(t)o(t){ —1 if 1/2<s<]1.

The proof of stability mainly follows the corresponding proofs of [183, pp.
366-370] for singular integral operators without conjugation, but leads to operator
sequences studied in Section 2.4. Thus let us consider the operator J : Ly(T) —
L2(Ty) defined by

Jo=¢
where @ = pow and w = v o, '. Following [143, 157] one can represent the
operator B as a product B = J 1B J where

B©) = @I +bSp, + M + dSp, M + k© + kW M,

and where the operators k(*) and k() are correspondingly defined by

T B | KL L CAE )

i T)—w(t) T-—t

k7)) = 4O /F L(“’/(T) _ ]5(7)657. (2.135)

i T)—w(t) T-—1

Thus the study of quadrature methods (2.129) — (2.132) can be reduced to the
study of quadrature methods for the operator B(®). However, the corresponding
approximation sequences for the operator B(®) satisfy all conditions of Theorem
2.7.1. For more details the reader can consult [56].
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Remark 2.10.3. Let H"(T") be the Sobolev space of order r [122], and let  and z,,
be exact and approximate solutions of the equation (2.128). Assuming the invert-
ibility of the operator B, the stability of quadrature methods (2.129) — (2.132),
and from the approximation properties of splines [39, 183] and (1.30), one can
show that:

1. If a,b,¢,d € HY(T), then the approximate solutions of (2.128) obtained by
method (2.129) or (2.130) satisfy the inequality

ds
|2 — 2|1, ) < ;||17||H1(r)-

2. If a,b,c,d € H?(') and the derivative 7" exists and satisfies the Holder
condition, the approximate solutions of (2.128) obtained by method (2.131)
or (2.132) satisfy the inequality

dg
|2 — 2|l Loy < ﬁ”ﬂ?HHz(F)-

2.11 A Remark on Tensor Product Techniques

In this section we present another approach to problems from Sections 2.1-2.2 and
2.4. This approach is based on the theory of tensor products of C*-algebras. Let €
denote the C*-algebra C***. Let us first consider the complex C*-algebra C and
the element m introduced after the proof of Lemma 2.4.2. By Proposition 2.4.3,
these objects satisfy all the axioms (A;) — (As) of Section 1.2, so Corollary 1.4.7
yields that stability in the algebra C can be reduced to stability in the algebra
C%*2, However, the latter problem can be studied with the help of stability results
for sequences from the algebra C which are known [183, Chapter 10]. Note that
the algebra C can also be generated by the sequences (B,,), where

where a,b € PC(I'g) and (C,,) belongs to the ideal G¢ of all sequences that
uniformly converge to zero. To each such sequence (B,,) we assign two families
Wiw,1)(Bn) and W, 2y(By), w € I'g of singular integral operators acting on the
space Lo(T'g) and defined by

Wiw,1)(Bn) := [a(w + 0)a + B(w + 0)b] P + [a(w — 0)a + f(w — 0)b]Q,

Ww,2)(Bn) := Pla(w + 0)a + b(w + 0) 5] + Q[a(w — 0)a + b(w — 0)f],

where a(t) = a(?) and 5(t) = B(D).

The mappings W, 1), W2y, w € I'g can be extended to *-homomorphisms
acting on C with images in O2(I'g, 1) (cf. Section 1.10.5). If these extended ho-
momorphisms are denoted by W(,, 1) and W, 2y again, the following result holds
[183, Theorem 10.41].
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Theorem 2.11.1. A sequence (B,) € C is stable if and only if the operators
Wiw1)(Bn) and Wiy, 2)(By) are invertible for each w € Tg.

In passing we note one interesting result. Consider the C*-algebra of
all bounded functions on I'y that take values in O2(Tg,1) x Oz(To,1) and
its subalgebra smb(C which is constituted by all functions of the form
(Wiw,1y(Bn), Wiw,2)(Bn))wer,, (Bn) € C. It is easily seen that smb C actually forms
a C*-algebra and the mapping smb : C — smb(C defined by

(Bn) = (W(w,l)(Bn)y W(w,2) (Bn))wGFo

is again a *-homomorphism with kernel G¢. Since any injective *-isomorphism
preserves the norm [66], one obtains that for any sequence (B,,) from the algebra
C the relation

Jim || By || = [Jsmb (By)|| = sup max{||[Wu,1)(Bn)ll, [[Wiw.2) (Bn)l[}-
- wely

Thus if the sequence (B,) belongs to the algebra C and is stable, then for the
condition numbers cond B,, := || B,||||B,,!|| one has

lim (cond B,,) = ||smb (By,)||||(smb (Bn))_lH.

Now we shall demonstrate how the stability problem for the sequences (B,,) €
C?*2 can be studied. Let us denote by Gezx2 the ideal of all sequences in C2*2
tending in the norm to zero. It is easily seen that Gezx2 = G%XQ. Let us also recall
the following result [68, 69].

Lemma 2.11.2. If
(0)— A—D— & —(0)

is an exact sequence of C*-algebras, then the sequence
0)— ARC —DRC, — ERC, — (0)

is also exact, where €y, := CF**,

The proof of Lemma 2.11.2 is based upon the fact that the tensor product
A® € of a C*-algebra A and € is naturally isomorphic to the C*-algebra of
(k x k)-matrices with entries from A. If we now set A := G¢, D := C, then & is
isometrically isomorphic to C/Gc¢. This algebra is nothing else than the algebra
smbC, and the sequence of C'*-algebras

(0) — G¢ +— C — smbC +— (0)
is exact. Thus by Lemma 2.11.2 the sequence

(0) > G2¥% = €22 1 (smb C)?*2 > (0)
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is also exact, so

C2X2/G(23><2 o~ (SmbC)2X2,
which implies Theorem 2.4.14.

Consider now another example of application of Lemma 2.11.2. Let A be
the C*-algebra defined in Section 2.1. Consider the collocation method studied in
Section 2.2, and introduce the smallest C*-subalgebra A(C) of A that contains all
sequences of the form (L, (al + bS)P,), where a and b are continuous function
on Iy, and the ideal G¢ of all sequences (C,,), Cy, : im P, — im P,, that converge
uniformly to zero. Recall that for any sequence (A,,) = (L, (al+bS)P,) the strong
limits W1 (A,,) := s—1lim A,, P, and W5(A4,,) := s—lim(W, A, W,,) P, exist and can
be extended to *-homomorphisms on the whole A(C), since for any generator of
this algebra the above strong limits exist. By smb . A(C) we denote the C*-algebra
constituted by all pairs (W1 (A,), W2(A,)), (A,) € A(C), so

A(C)/Ge = smb A(C),
and Lemma 2.11.2 again yields
A(C)?*? /G272 = (smb A(C))**?.

Clearly, this argumentation is as before. The details are left to the reader. Note
that the polynomial Galerkin method from Section 2.1 can be studied similarly.

2.12 Comments and References

Sections 2.1 — 2.2: It is worth mentioning that the initial achievements in studying
approximation methods for singular integral operators without conjugation

A=aqayP + bo@ (2136)

are connected with special representations of the operator A. Thus for certain
classes of coefficients ag, bg this operator can be represented in the form

A=(a4P+b-Q)(Pa- +Qby) +T,
where a+ and by are analytic functions in special factorizations
apg = a4a—, b:b7b+

of the coefficients a and b, and T is a compact operator. The operators a4 P+b_Q
and Pa_ + Qb interact well with projections onto polynomial subspaces, which
allows us to establish the stability of approximation methods for the operator
(2.136), [85, 86, 89, 112, 174]. Such an approach does not work for the operator

G =agP +boQ + M(a1 P + b:1Q)
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that contains the operator of the complex conjugation M, therefore for opera-
tors similar to G, other approximation methods were developed in two directions.
One of the first results was obtained for the method of simple iteration for the
Markushevich boundary problem

ot t) =at)p (t) + o (t) +g(t), teT, (2.137)

where p* are the boundary values of an unknown function analytic in two com-
plementary domains of the complex plane C divided by a closed contour T' [156].
Note that convergence of the corresponding approximation method was proved
under strict metrical conditions imposed on the coefficients a and b. Some direct
approximation methods for the operator G and the boundary problem (2.137)
are considered in [225, 226], assuming that certain coefficients are analytic in the
designated domains.

On the other hand, approximation methods were not applied to the opera-
tor G or equation (2.137), but rather to associated systems of equations without
conjugation, with successive use of factorization to establish the stability of the
method. For singular integral operators with conjugation, this approach was used
in [118, 119, 120]; for similar operators but also containing Carleman shift, the
corresponding approximation methods are studied in [40, 42, 227], and for bound-
ary problems similar to problem (2.137) in [41, 43]. Such an approach leads to
an unnecessary size increase in the systems of algebraic equations obtained, and
also requires very strong assumptions about partial indices of the matrix coeffi-
cients of associated systems of integral equations. However, the direct application
of polynomial projection methods to singular integral equations with conjugation
used here does not face such difficulties [50, 51]. Notice also that Theorems 2.1.4
and 2.2.3 can be generalized on the case of piecewise continuous coefficients. The
related proofs are much more involved and require new tools. In particular, if one
uses ideas similar to Section 2.4, then the stability of the polynomial collocation
and Galerkin methods for singular integral operators with piecewise continuous
matrix-valued coefficients is crucial. However these results are known (see, e.g.,
[183, Chapter 7]).

Note that a direct approach to approximate solution of singular integral
equations with simple shifts was first used in [155].

Section 2.3: These results are taken from [47, 48, 223], although the formulations
and proofs here are slightly different from [47, 48, 223].

Sections 2.4 — 2.8: There are numerous investigations devoted to spline approxi-
mation methods for equation (2.62) in the special case ¢ = d = k! = 0 (see, for
example, the papers [2, 3, 82, 142, 176, 177, 179, 182, 185, 197, 199, 200, 215, 216)
and books [7, 102, 183, 196]). In particular, it was discovered that in many cases,
investigation of the approximation method under consideration leads to the study
of matrix sequences having a special structure, viz., sequences of paired circulants
[178, 182]. The stability problem for such matrix sequences was completely solved
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in [178] (see also notes and comments to Chapter 10 in [183]). The Banach algebra
C generated by such sequences was studied later [105], and those results were used
here to study real extension C of C and various spline approximation methods for
singular integral equations with conjugation on smooth curves [57].

The qualocation method (2.104) was first studied in [215] and [216]. It was
observed in [104] that the corresponding approximation sequences belong to the
above-mentioned algebra C, which allows one to obtain the necessary and sufficient
conditions of its stability for singular integral equations with piecewise continuous
coefficients.

Section 2.9: The spline-qualocation method for boundary integral equations was
studied in [20]. The results presented here are taken from [52]. It turns out that
the stability conditions for the spline qualocation method are essentially simpler
than for the polynomial qualocation method.

Section 2.10: The results on stability of the corresponding quadrature methods for
singular integral equations with conjugation on simple closed contour are taken
from [56].






Chapter 3

Approximation Methods for the
Riemann-Hilbert Problem

Approximation methods for the Riemann-Hilbert boundary problem are consid-
ered in this chapter. A particular feature of these problems is that the operators
studied act in a pair of spaces, so the corresponding operator spaces do not have
any multiplication operation which makes the use of algebraic techniques more
difficult. However, by introducing appropriate para-algebras, one can obtain neces-
sary and sufficient stability conditions for the approximation methods considered.
Note that there are two formulations for the Riemann-Hilbert boundary problem:
one is concerned with the solutions from a chosen space of functions analytic inside
a given domain D of the complex plane C, whereas another contains an additional
requirement that the corresponding solutions take real values at a fixed point of
the domain D. Here, we deal with the second formulation because it arises more
often in applications (cf. [162, Problem P]).

3.1 Galerkin Method

Let Ty be the unit circle and let D stand for the open unit disc bounded by I'y.

o] [e]
By L} = L} (T), 1 < p < oo, we denote the subset of the space L,(I'g) consisting
of the boundary values of the functions ® that are analytic in D and such that

Im ®(0) = 0. Note that L;‘, 1 < p < oo is a linear space over the field of real
numbers. By Ep = f/p (Tv), 1 < p < oo we denote the Banach space which consists

of all real-valued elements of L,(I'g) equipped with the L, norm. In spaces L;“
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and Eg, inner products can respectively be introduced as

1 27 ) i o
<z,y >=Re <%/ x(e")y(e?) ds> , x,y €LY (3.1)
0
and
1 2m . . ~
ol = 5= [ (e s, el (32)

It is clear that the sets L] and Lo provided with the inner products (3.1) and
(3.2), become Hilbert spaces.
The matrix Riemann-Hilbert problem can now be formulated as follows:
Let G € L™*™(Ty) be an (m x m)-matrix function, f € L', and let M

be the operator of complex conjugation. Find a vector function ® € L;“m which
satisfies the boundary condition

ST+ M)G() = (1), teTo. (3:3)

As in Section 2.1, consider the projection operator P, : L2(Tg) — L2(Tp)

defined by
(P Z pith) == Z ont",

k=—o0 k=—n

where @i, k € Z are the Fourier coefficients of ¢. Let us introduce the finite-
dimensional operator

1
Ky := 5(I+ M) tQt~'P
and note that the operator P° := P — K, projects the space Ly onto the subspace

L;. Let Q° denote the complementary projection, so Q° = I — P°. The operator
(1/2)(I+M) projects the space Lo onto the subspace La. Moreover, if (1/2)(I4+M)

is considered as an operator acting from the space L;r to EQ, then it is invertible
[e]

and the inverse operator V : Zz — L;r is defined by

+oo
(Ve Z oit* + o + Z ort*) = oo +2 ortt. (34)
k=—o00 k=1

To prove invertibility, one has to multiply the operators V' and (1/2)(I + M) and
recall that a function ¢ € Ly(T'g) if and only if its Fourier coefficients satisfy the
relation

QOk:@ik, k:071,
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[e]
In spaces L3 and Ly we consider the approximation operators P° and P, defined
by

“+o0
(Peo)(t) = P (D ont*) = o+ @1t + ...+ onat" ™" + (Repn)t",
k=0

+oo
(Pr)(t) = Pa( Z ort") = (Repn)t ™" + ¢ py1+...+ ot

k=—o0

+ ©o “+ (plt + ...+ (pnfltn_l —+ (Re (pn)tn
It follows immediately from the definitions that

(P2)2:P27 (P7l)2:Pm
(PT?)*:P?]O,, (PTL)*:PTL?

for all n = 1,2,.... Moreover, the strong convergence of the projections P, to
the identity operator I in £(L2) implies that the operator sequences (P;) and

P,) converge strongly to the identity operators I and [I5_, respectively, so the
g g i Lo
LQ

sequences (P?) and (P,) satisfy all requirements of Section 1.6.

Along with equation (3.2) we consider the equation

P,—(I + M)GP°P°®° = P,f, (3.5)

DN | =

where 2 € im P?. Writing ®2(t) = >_,_, cxt”, equation (3.5) is equivalent to the
system of algebraic equations

n—1
Re | Y (9-n—kek +Tnitrk)| =Refon,
k=0
n—1
Z(gp—kck + g—p—kck) = fpa
k=0

Imcyg =Ime, =0,

p=-n+1,...,n—1.

This system can be reduced to a system of linear algebraic equations.

In the spaces Ly, Ly and Ly we consider the operator sequences (W2)22;,
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(W), and (W,,)22,, where

n=1

+oo
(Wre)(t) = W (Y ent®) = Repn) + onoat+ ...+ o1t ' + oot",
k=0

“+o0
17 1 —n —n —
(Wa)(t) = Wa( Y it?) = Jwot™" ot Tt ponpat™!

k=—00

1
+2Re @, + o1t + ... +op "+ §<pot",

+oo
(Wap)(t) = Wa( Y out’) = at™™ + oot ™™+ 4t

k=—o00

+ ©n + Pn_1t + ... + pot™.

It is easy to check that the operators W and Wn are connected with the operators
P? and P, by the following relations:

(W£)2:P7(1)7 (Wn)zzﬁny n:1,2,...,

WoPe =WS, WoP,=W,, n=12_...
Moreover, one also has the following result for the adjoint operators.

Lemma 3.1.1. For anyn = 1,2,... the operators W and Wn are self-adjoint, i.e.,

(W’r(;)* =Wy, (Wn)* = Wh, (3.6)

and the sequences (W2) and (,V[v/n) weakly converge to zero.

Proof. Equations (3.6) follow immediately from the definition of inner products

in the spaces L and Lo, cf. (3.1), (3.2). To show the weak convergence of the

sequences (W) and (W,,) one can use the representations
WS =Wt "PS, W, =Wt"QF, + Wt "PP,,
where P, Q and W are continuous operators defined by
§5) =~ 0 S
(Pe)(t) =P( Y ¢xt") = 5t > et
k=—o00 k=0
Q=1-P, (Wo)t) =),

and the weak convergence of the sequences of the multiplication operators (t")
and (t~") to zero. O
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Thus the sequences (PO),(JBn),(WS),(/V\V/n) define the para-algebra A =

n

(AL;,AL;MEEH,AE‘TL;M,AE?). We mention a number of useful relations con-
necting the operators (1/2)(1 + M), V, P2, P,, W2 W, , W, viz.,

O 1

PV =VE, Pug(I+M)P° = 3(I+MP;P°, (3.7)
— 1 1

WiV = VW, Wag(I+M)P® = S(I+MW;P°, (3.8)

W =PW, — K, =W, P - K,, (3.9)

where

—+oo
K, Z opth) = ilmy, and K,=K°.

k=—0oc0

Now we can show that operator sequences associated with approximation
methods for the Riemann-Hilbert problem (3.1) belong to the para-algebra A.

Lemma 3.1.2. If G € L*™(T), then the sequence (ﬁn%(l + M)GP°PY) is in
ALTTEE

Proof. Since the sequences (P,) and (P°) converge strongly to the identity oper-
ators,

1
s— lim Pn§(I+M)GP°PfL’ =

n—oo

(I+M)GP°.

DN =

Then, taking into account the equality

(}Sn%(f + M)GP°P2)* = P;PO%(I + M)G*P,

one also obtains

<1 ~ 1 1
s = lim (Pag (I + M)GPPY)" Py = P°G* 5 (I + M) = (5 (I + M)GP®)".

Consider now the sequence (Wn%(f + M)GP°Wp). We can represent the operator

Woa (I + M)GP°W{ in the form

1
Wag (I +M)GPW;

~ 1 — 1
= Wag(I+ M)P°GP°W; + W o (I + M)Q°GPW;
=R + RY.
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According to (3.8) and (3.9) the operator R$Y can be rewritten as

R = %(I + M)W, PGPW, P° — %(I + M)W, K°GPW, P°.
Since the operator K° is compact, the sequence (3(I + M)W, K°GPW, P°) con-
verges to zero uniformly. Recalling from [207] that for any G € L™ one has the

strong limit

s — lim W, PGPW, = PGP

n—oo

where G(t) = G(I), it follows that

1 ~
s— lim R = S+ M)PGP®.

n—oo

Before studying the sequence (Rg)) we note the easily verified equation
—~ 1 1
Waz(I+M)Q = S(I + M)IW,Q, (3.10)

so using (3.10) we obtain

1
R? = I+ M)W, QGPW,
1 1
— U+ MW QGK Wy, — S (I + M)W, QGP K. (3.11)

Since W,,QGPW,, tends to zero as n — oo and the operator K° is compact, all
operators in the right-hand side of (3.11) strongly converge to zero. Therefore

~ 1 1 ~ ~
s = lim Woz (I +M)Q GP°Wy, = 2 (I + M)PGP® = Z(I + M)P°GP".

n—oo

1
2

The sequence (W, (I + M)Q°GP°Wz)* can be studied analogously. That com-
pletes the proof. O

Consider next the sequence (P2 P°GP°V P,) with G € L™*™,

o
L™

Lemma 3.1.3. Let G € L™*™. Then (P°P°GP°V P,) € ALY

Proof. As previously, the most demanding part of the proof is the study of the
sequence (W2 P°GP°VW,,). Let us represent the operator WS P°GP°VW,, as the

sum of four operators, viz.,

WeP°GP°VW, =W, PGPW,P°V — K, PGPW, P2V
— W°P°GK,P°V — W,K°GPW,P°V.
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It is clear that the last two terms strongly converge to zero as n — oo. Now
K, PGPW,V tends to K°PGP°V,

s— lim WCP°GP°VW,, = PGP’V — K°PGP°V = P°GP°V.

n—oo

The same approach also works for the sequence (VV,‘;P"GPOVW,I)*7 and hence
(P2P°GP°VP,) € AL#'La" O
We need an auxiliary result.

Lemma 3.1.4. Let a € Lo,. The operator P°aQ® (Q°aP?®) is compact on the space
L,, 1 <p < oo, if and only if the operator Pa@ (QaP) is compact on the same
space Ly,.

Proof. Since the projections P and @ are bounded and K° is a finite-dimensional
operator, all the three operators K°aQ, PaK° and K°aK° are compact. Thus for
the operator P°aQ° the result follows from the equation

P°aQ® = Pa@ + K°aQ — PaK° — K°aK°. O

Now we can prove the main result of this section.
Theorem 3.1.5. Let matrices G,G~! € C™*™. The sequence (ﬁn%(I—I—M)GPOPYf)
is stable if and only if the operator 1(I+M)GP° € L(L3™ L) and the operator
P°GP® € L(LT™) are invertible.
Proof. Necessity immediately follows from Lemma 3.1.2 and Theorem 1.8.4. For
sufficiency we consider the operators K = %(I + M)GP® and R := P°G~1P°V,
and show that
(P,KP°)(P°RP,) — (B,) € J1%, (3.12)
(P°RP,)(P,KP°) — (P) e . (3.13)
Let us consider the sequence
~ ~ ~ ~ 1 ~
(PuKP?)(PPRP,) = (Pa) = (Pa (I + M)GQ°G™'P°VP,)
~ 1 ~
- (Pni(l + M)GP°QS P°G™'P°VP,),

where Q° = I — P°. For the continuous matrix G~! the operator QG~!P is
compact, so it follows from Lemma 3.1.4 that the operator Q°G~!P° is compact

and therefore the sequence (P,3(I + M)GQ°G~'P°VP,) belongs to the ideal
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JL5 . 1t remains to consider the sequence (P, L(I+M)GP°Q2P°G~'P°V P,).
Let a,b € L. We now show that
P, (I+ M)aP°Q° P°bP°V P, = P, (I + M)Q°aP°Q° P°bP°V P,
+ W, (I + M)P°aQ°bP°V P,. (3.14)
Due to the “commutation” relations (3.7), (3.8), one only needs to establish rela-

tion
P> P°aP°Q;, P°bP°P, = W;POEQC’P‘%POW;. (3.15)

This follows by using the Fourier expansions of the corresponding elements. Thus
+o0 +oo n
)= > bt/ alt)= > at’, z.@t)=)_ fith
Jj=—00 l=—c0 k=0

where

f*'_ fk if 0§k<n,
F= 9\ Refn if k=n,

so for every x,, € im P; one has

P°P°aP°Q° P°bP° PP, (t)

( > Za ok fi +ia_pIm (Zbr m))

r=n+1k=0

-1
Z ( S S aporbeifi iy I (Z br_kf,:>> tr

r=n+1k=0 k=0

( i Zan vbr—ifi +iaoIm (Zbr m))

r=n+1 k=0

S

+ R

@

= W2 PYaQ b P W o, (t).

This and relation (3.14) implies

—_

~ ~ 1 ~
B, §(I+M)GP°Q P°G7'P°VP, = PnE(I+M)Q°GP°Q°P°G_1P°VPn

+ W, (1+M)P°GQ G 1PV,

and since G*!' € C™*™  the sequence (I/IN/né(IJr M)PoéQoé’1P°VWn) e gy,
Let us show that the sequence (P, 4 5[ +M)Q°GP°Q;, P°G G~1P°V P,) belongs to
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the same ideal J L' We estimate the norms of the corresponding operators; thus

|, (I+M)Q GP°QSP°G 'P°VE,||
<||P, (I—i—M)QGPQnPG PV R,

+ || Pz I+M)QGPK PG~'P°VP,]|,

where Q,, = I— P, and (K,z)(t) = i(Im z,,)t". Let K,, denote the operator defined
on the space Lo by

(Knx)(t) = znt™.

Since |almb| < |ab| for any a,b € C, one has
|QGPK,|| < [|QGPEKy]|.

The strong convergence of the operators Qn and K, to zero and the compactness
of the operator QG P implies that (P (I—|—M)Q°GP°Q°P° G-'P°VP,) e gk
Inclusion (3.13) can be verified analogously Relations (3.12) and (3.13) show that
the element (]BnK P?) is J-invertible, which completes the proof. O

3.2 Interpolation method for the Riemann-Hilbert
problem with continuous coefficients

In this section an approximation method based on modified Lagrange operators
L,,n € N is studied. Note that these operators do not preserve the values of
functions on the grid under consideration, so the usual methods to study the
stability of projection methods [86, 112] connected with Lagrange operators are
not effective. However, the algebraic approach used in Section 3.1 works well.

Let R again be the set of the Riemann integrable functions on the unit circle
Iy, and R be the subset of the real-valued functions from R. Let us recall that
the interpolation Lagrange operator L,, over the uniform grid is defined by

Z Bet*, B = o +1 ; f (3.16)

k=—n

The operator L,, acts from the space R to ﬁ, because for any real-valued function
f the coefficients [y, in (3.16) satisty the relation

Bk:ﬁfkv kZOvla'“vn; (317)
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and this means that L, f € R. Consider further an operator En defined on the
linear space R by

B if k=-n+1,-n+2,...,n—1,
1= ppmyn )
_ on + 1 > e it k=n,
Br = j=—n
1 n
2n + 1 > f(tﬁ"))t;.” if k=-n,
j=—n

where the coefficients (; are given by (3.16). If f € R, then from (3.17) the

polynomialNEn f belongs to the subspace im P,. Let us list some properties of the
operators L, inherited from the Lagrange operator [86, 113, 228].

Lemma 3.2.1. For any f € R the limit
lim [|f — L f|l2 = 0.
n—oo

Lemma 3.2.2. For any g € R and for any polynomial x,(t) = E?:ﬂl a;tl, the
inequality B
ILn(gzn)ll2 < l|glloolznl]2 (3.18)

holds.

Proof. To verify inequality (3.18), one has to apply the Parseval formula twice.
Thus, if By, Kk = —n,...,n are the coefficients of the Lagrange polynomial
L, (gxzy,)(t), then

1

Enlgrlf =5 [ IEalgm )P0 = 3 1B

k=—n

<Y 18P = o [ Ealgm @) = (o) B

k=—n
and it remains to use the known inequality [86, 113]
1 Ln(gzn)ll2 < [lglloo]|2n]l2,

to complete the proof. O

An approximate solution for the Riemann-Hilbert problem (3.3) is sought as
a polynomial ®; € im Py, viz.,

n
o5 (1) = apt®.
k=0
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The operator equation

1 ~
Lug(I +M)GP°P®; = Lo f (3.19)

is then equivalent to a system of algebraic equations with respect to the unknown
coefficients a, k = 0, 1,...,n, on equating the coefficients of the polynomials from
the left- and right-hand sides of (3.19).

As mentioned in Section 2.2, it is more convenient to consider the equation

1 ~
Lni([ + M)GP°P ®, = P,f
instead of (3.19). Of course, this does not make any difference for the stability of
the method. To study the stability of the sequence (L% (I + M)GP°PS®5), we
again invoke the para-algebra A = (ALVj JALT LS ALTLET AZQ’L).

Lemma 3.2.3. If G € R™*™, the sequence (A,) = (zn%(IJrM)GPOPfL’fI)%) belongs
to the para-algebra A.

Proof. Tt suffices to show that

s— lim A,P°=A, s— lim W,A,W2 =4 (3.20)
and that
s— lim (A,)* P, = A*, s— lim (W,4,W°)*P, = A*. (3.21)

The first of relations (3.20) can be verified similarly to the corresponding relation
from Section 2.2 and is a consequence of the strong convergence of the sequence

(P?) to the identity operator on the space L7 and Lemmas 3.2.1 and 3.2.2. Indeed,
it G € R™*™, then

~ 1 1 ~
L5 (I + M)GPPrzllz < SII(I + M)LnGP Pzl

A

< LnGPPralla < [|Gllool|Prll2 < [|Gloc||2]l2,
i.e., the sequence (En%(l + M)GP°P?x) is uniformly bounded. Let us now take
n > [ and let z; € im P;. Then P°PJz; = x; and %(I + M)GP°Px; is Riemann
integrable, so by Lemma 3.2.1, L, 1 (I + M)GP°PSxz; tends to 2(I + M)GP°z; as
n tends to 0. Therefore, by the Banach Steinhaus theorem [77]

s — lim En

(I + M)GP°PS = =(I + M)GP".

N =

1
n—00 2
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Let us now consider the sequence (Wnﬁn%(l + M)GP°PW;?). It can be repre-
sented as the sum of two sequences (R,(Il)) = (Wn%(f + M)P°L,GP°W?) and
(Rgf)) = (Wn%(l + M)QOEHGPOW;’). To study these sequences, we use equation
(3.8) and the equation

Wn%(l + M)Q° = %(I + M)W, Q.

Thus for (R;l)) one obtains

1 ~ 1
RM = 5+ M)Wy PLyGPW, PP — = (I + M)W, K°GPYW},.
Since the operator K° is finite-dimensional and the sequence (W;,) weakly con-
verges to zero, the limit

1
s— lim -(I + M)W, K°GP°W_ =0,

n—oo
so by [117] one has
1 ~
s— lim RY = —(I + M)P°GP°.
n—00 2

Analogously,
s— lim R® = =(I + M)tQGP°.

1
n—00 2

The last two equations lead to the relation

— 1 ~
s— lim W, A, W, = 5([ + M)(P° +tQ)GP°.

n—oo

It remains to show the limit relations (3.21). Consider for example the sequence
(A% P,). The identity

1 1
(30 +M)GP 0] =< o, P°G" 5 (I + M) >,

is valid for all p € L;’m and for all ¢ € 572”7 therefore
1 0\ * I Vard 1
(§(I+M)GP ) = P°G §(I+M). (3.22)

_ Straightforward computation of the adjoint operator to the operator
L,i(I + M)GP°P; gives

~ 1 ~ ~ 1 >
(Lnz (I +M)GPPEY) Py = PPLyG S (I + M)F,, (3:23)
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so from (3.22) and (3.23) we notice that

s— lim (Zn%(f + M)GP°P°)*P, = (%(I + M)GP°)*.

n—oo

Another sequence in (3.21) is considered analogously. Thus for any G € R™*™,
the sequence (L, %(I + M)GP°Py) € A. O

Theorem 3.2.4. If G € C™*"™ then the sequence (En%(I + M)GP°PY) is stable
if and only if the operators A= (I + M)GP° and A= (I + M)(P°+ tQ)CNJPO
are invertible in E(L;’m,zg‘).

The proof of this result is based on two lemmas.

Lemma 3.2.5. If G € C™*™, then the sequences (A,) = (zn%(I—I-M)GP"Pﬁ) and
(Bn) = (ﬁn%(I—I—M)GP"P,‘;) belong to the same coset of the quotient para-algebra
AlT.

Proof. Consider the difference
~ ~ 1
A, — B, = (L, — Pn)§(l + M)GP°Py.

From now on the symbol P? is used to denote an operator defined on the space
Ly by

k=—o0

+Rewo + @it + ...+ o1t 4+ (Repn)t™.  (3.24)

It is obvious that this operator is an extension on the whole space Lo of the

o]

operator P, considered earlier on the space L;r only. Moreover, the restriction of

this operator on the space Eg coincides with the operator ]5,,, Le, Pyl = Pn.
Therefore

An — By = L,Q° (1 + M)P°GP°P° + L,Q5, (1 + M)Q°GP°P°.  (3.25)

Let us first assume that the entries of the matrix G are the polynomials. Then the
operator Q°GP° : L+’m — C™ is compact and, since Q)7 strongly converges to

zero, the sequence (L, QS 1(I+ M)Q°GP°P) € ]L+ 'LY" | For the first term in
(3.25), we use the 1dent1ty

Q2 P°GP°WS = t"WQGP°P°
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to obtain .
LnQig(I+M)P°GP = Wy KW,

where K,, = Wn%(f + M)Qofnt”WQoGPoPﬁ. Further, since G is a polynomial

o
matrix, the operator WQ°GP° : L;m — C™ is compact. Moreover, for each
lo € Z,0 <ly <n one has

— 1 ~ 1
Wn§(1 + M)Q° Lt"tl = 5(1 + M)tt~lo,

i.e., on the set 1,,t2,... the sequence (Wn%(I + M)Qoznt”) strongly converges
to the operator (I + M)tW. Therefore

~ 1 N ~
LaQ 5 (I + M)P GPPy = W KWy + W, (K, — K)Wy, (3.26)

where K = %(I—i—M)tQ"éP" is a compact operator and the sequence K,, uniformly
converges to the operator K. Thus for any polynomial matrix G, both terms in the
right-hand side of (3.26) belong to the ideal J. The case where G is a continuous
matrix function is reduced to this in an obvious way. (I

Lemma 3.2.6. If G € C"™*™ and det G(t) # 0 everywhere on Iy, then the coset of
A/J that contains the sequence P, %(I + M)GP°PY is invertible.

This result was established in the proof of Theorem 3.1.5, cf. (3.12), (3.13).
Combination of Lemmas 3.2.5, 3.2.6 with Theorem 1.8.4 gives the proof of
Theorem 3.2.4.

3.3 Local Principle for the Para-Algebra A/7

Consider again the quotient para-algebra

° ° ° ra ° mT ra ° ym ra ° m ra ra
AJT = (Al2 jgha | AL LS ) gla LY gLS Ly gLy Ly ALS g LE

and recall that the coset of this para-algebra that contains the sequence (A,,)
is denoted by (A4,)°. Now we are going to study the stability of the Galerkin
and approximation methods for the Riemann-Hilbert problem with discontinuous
coefficient GG. This can be done by means of the local principle described in Sec-
tion 1.9.3. For that we construct two systems of elements, one of which belongs

to the quotient set AX2'/J 2" and the other to the quotient set ALT /T L3 such
that they are reciprocally interchangeable with the cosets (ﬁn%(I + M)GP°P?)°
for G € L™, Further we will show that these systems contain sub-systems of
localizing covering classes, which are reciprocally interchangeable with the cosets
(P,3(I + M)GP°Pg)°. To proceed, we need auxiliary identities. Let P? be the
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operator defined by (3.24), and let P, := P2 + K°. The operators P and P,, are
connected with the operator P,, by simple relations, viz.,

~ 1 1 1 —
Pn§(I+M):§(I+M)P7?: §(I+M)Pn

We also use the identities

%(I + M)Q°PlaP,P° = %(I—i— M)Q°t " Py P°aP°Py t" P°, (3.27)
and

%(I + M)P;Q°t " Py P°dP°eP; t"P° P’ = %(I + M)P2Q°dP,eP°P?, (3.28)

which are valid for any a,d,e € Lo. The proof of (3.27) and (3.28) is similar to
the proof of (3.15).
Thus the operator (I + M)Q°PidePSP° can be rewritten as

1
5 (I + M)Q°PrdePP® = S (I + M)Q°t™" Py, P°dcP° P5, " P°

1

2
1

= 5 (I + M)Q°t™"P5, P°dQ°cP° Py, 1" P°

1

+ —(I + M)Q°t™"P§, P°dP° PS, P°eP° P§, t" P°

_|_

N = N

(I+M)Q°t"P;, P°dP°Qs5, P°eP° Py t" P°.
Now applying (3.28) one obtains
D 1 (o) ] o
(Pni(l + M)Q°deP Pn)
-1 _ -1
- (Pn§(1 + M)Q°dpneP°P;> - (P,LE(I + M)QOdK"eP"Pf;)
<1 ~
+ (PnE(I + M)Qot"W;nPOdQOePowg’nt"POPfl’)
~ 1
n (Pn§(l +M )Qot_"PQ"nP°dQ°eP°P2°nt"P°P,‘j) . (3.29)

If at least one of the functions e or d is continuous, then the third se-
quence in the right-hand side of (3.29) belongs to the ideal J. Indeed, the

operator POJQOEPC’ is compact and Q°t~ "Wy, strongly converges to zero, so
Po2(I + M)Q°t="Ws, P°dQ°eP° Wy, t" P°P? converges to zero uniformly. The
sequence (ﬁn%(l + M)QOdKOePOP,f) also belongs to the ideal J because the
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operator K° is compact. Let us now show that the continuity of d or e implies the
inclusion

~ 1 o,
(Puglt + QP P aQrer PR PoEE ) € T4

Recall that the operator W € L(Ls) is defined by (We)(t) = ¢(t), so

~ 1 1
Wni(I + M)Q°t " Py P° = 5([ + M)P,_1WP°,
hence one can rewrite the operator under consideration as

~ 1
Pn§(l + M)Q°t " Py, P°dQ°eP° Py t" P°PS
=W )2 (I + M)Q°t "P5, P°dQ°eP° Py t" P° Py
1
=W, 5([ + M)P,_1WP°dQ°eP° Py, t"P°P,
1
=W, 2([ + M)W P°dQ°eP° Py, t"P°P; + Ry, (3.30)
where the operators R, = —Wn%(l + M)Q,_1WP°dQ°eP° Py t" P° P uni-
formly converge to zero. It remains to consider the first term in (3.30). Since
(I+MYWK° =0 and K°Pys, t"P° =0, we can write
~ 1
(Wn§(1 + M)WPOdQOePOant”’POP,f)
~ 1
= <Wn§(I + M)WPdQePP;nt"POP;’)
— 1
+ (Wni(lJr M)WPdKOePPQOnt"POP,‘Z> . (3.31)

We next show that both sequences in the right-hand side of (3.31) are in J LiLs,
Consider the sequence (Wn%(l + M)WPdKOePPQC’nt"POP,‘f). If K° denotes the

operator
Fo =7 3 )

k=—o00

then

W (I + M)W PAK°ePPS,t"P°P?||

= || W, (I + M)W PdK°ePt" P°P°||

IN

|\K°ePt"P||
M;||K°ePt"P|| < M,||Pt~"PeK°||,

IN
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where M; = supn(\|Wn||2|\WHngHOO) The operator K° is compact and Pt—"P
strongly converges to zero. Thus the last inequality implies

lim_ ||W,, (1 + M)W PdK°eP Py, t"P°P2||3 = 0,
SO

—~ 1 oL~

<Wn§(1 + M)WPdKOePP;ntnPOP;> e ghals,

Note that the remaining sequence in the right-hand side of (3.31) also converges
to zero uniformly. Estimating the norm of the corresponding operator, one obtains

W (I+M)WPdQePP2nt”P° o |
< [[Wal| [|W]] || PdQePPs,t" P° P3|
< [[Wall W |[(PdQeP Py, t" P P)*||,

but the norm ||(PdQeP Py, t" P°P?)*|| tends to zero as n — oo. Thus if at least
one of the functions d or e is continuous, the first term in the right-hand side of

(3.31) belongs to the ideal JLils,

In the quotient sets AEQ/jEQ and .ALZT/JLZT we consider the systems
(P,fP,)° and (PSP°fP°Py)° respectively, where f runs throughout the set C
of real-valued continuous functions.

Theorem 3.3.1. If G € L., then the systems {(ﬁ fﬁ) f e C} and
{(PRP°fP°P2)°: f € C} are reciprocally interchangeable with the coset (PnZ(I +

M)POGPOPTC;)O AL L2/jL+L2
Proof. Let G € Ly and f € C. Since

P, 1(I + M)P°GfP°P?

l\')

=P, : (I + M)P°GP°P°P°fP°P° + P, s L+ mypeaoorpope
+P, : L+ mypecoerope

1
= P,=(I + M)P°GP°PSP° fP°PS + P, s L+ mypeaoorpepe

l\')

+-(I+ M)P;P°GQ, fP°P;

N =
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from (3.15) we get

P, %(I + M)P°GfP°P?

er—\

.= (I + M)P°GP°P°P° fP°P° + P, (I + M)P°GQ°fP°P?
+ Wni(I + M)P°GQ° fP°W?. (3.32)

Taking into account (3.32) and (3.29), one can write

%(I+M)GP°P° P2P°fP°P? = %(IJrM)GP P2P°fP°P?
=P, %(I + M)Q°GPSP°fP°P? + %(1 + M)P°GP°PSP° fP°P°
- P, 2(I+M)Q GPQ°fP°P°
=P, %(I—i—M)Q GfP°P° + P, 2(I+M)P°GfP P2+ R
=P, %(I + M)GfP°P° + R, (3.33)

where the sequence (RS)) e JE L2 pecause f is continuous on I'y.
Analogously, for real-valued continuous function f it is possible to write

—_

P.fP,- n2 (I+M)GP°P?
— P,fP, 1(I + M)GP°P° = P, ;(I + M)fP°GP°P?
1 1
=P, ns (I + M)Q°fPIGP Py + P,= wy (I + M)P°fP° P P°GP° P;

1 ~1
+P, ST+ M)P°fQ° PGP P = P (I + M)fGP°F; + R® (3.34)

where the sequence ( 512)) belongs to J LiL: Tt follows from relations (3.33) and
(3.34) that the above systems are reciprocally interchangeable with respect to any

element (P, (I+M)GP°PO)° € AL+22/jL+Z2 G € L. Moreover, for any f* €

C, the coset (Pof*Py)° € .,élLQ/jL2 corresponds to the coset (P2 P°f*P°P2)° €

AL2 /jLz and vice versa. O
Let us now construct systems of localizing classes for the para-algebra A/J7.

For any point 7 € T'g, by IV, we denote the set of all continuous functions on I'y
with the following properties:
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1. For any function f € N, there is a neighbourhood V, of 7 such that f(¢) =1
for all t € V.

2.0< f(t)<1lforallteTly.

Defining
M, = {(BfP,)° € AL 752 . f € N.},
M = {(POfPE) € AY M L e N,),
we can establish the following result.

Lemma 3.3.2. The systems MT and M? are respectively left- and right-localizing
classes for the para-algebra A/ J .

Proof. For the system M? the proof in not difficult. If fi, fo are any two functions
from N, then invoking (3.15) one gets

P,‘jP"flP,jP"ng"P;j = P;P"flng"P,fj
— PSP°f1Q° f2P° P — WEP° f1Q° f2P°WE,

which implies that M? is a left-localizing class for A/J.

The proof is more involved for the set ZTL. Recalling that P7 |z = ﬁm we

rewrite the product ]Sn f1}3n fgﬁn as
~ o~ o~ ~ 1
Pnflpnf2pn - PnE(I =+ M)f1P72f2P»,c;
~ 1 ~ 1
= Pn§(f + M)P°fiP°P,P°f, P°P; + Pn§(f +M)Q° f1P; f2P° P,
~ 1 ~ 1
+ Pag (T + M)P* 1P [2Q° P + Pug (T + M)Q1Q° PSQ° 12Q° Py

~ 1 ~ 1
+ P"§(I + M)P°f1Q°PrQ° foP° P + P"E(I + M)P° fiP°P;P° f2Q°P;

6
=> BY. (3.35)
j=1

The sequences (B7(,5)) and (B7(,6)) belong to the ideal 72 because the function f,
is continuous. Consider each of the first four terms in the right-hand side of (3.35)
and denote by P the operator defined on Lo(T'g) with values in Ly(I'g) such that

—+o0 (e’
?< > wktk> = % +;§0ktk-

k=—o0
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Then

where

(5 o) o

k=—o00

Combining this with (3.32), we obtain

~ 1 ~ 1
B = pn§(1 + M)P°f, foP°PS — Pn§(1 + M)P° f1Q° fo P° P2

g (4 M)P*FiQ° P~ Wal (1 + M)PFLQ° K,

Since fi; and fy are continuous, the sequences (ﬁn%(l + M)P°f1Q° fo P°P?) and
(Wn%(l + M)Poj?lQ"ngWn) are in the ideal J%2. Let us rewrite

W, (I+M)P le foaK, =W, (I+M)P le 2K, P,

=W, (I+M)Pf1Qf2R W, + W, (I+M)Pf1K°f2PR W,

where (Rn)(t) = (IN(n/VIV/ngo)(t) = (Rep,)t", and let R, be the operator defined
on the space Lo by

(Rap)(t) = pnt”
Since |aReb| < [ab| for any complex numbers a and b, the norm of the operator
Wn%(I + M)Pf1Qf2R, W, can be estimated as follows

—~ 1 ~ ~ o~ —~— o~ ~ ~ ~ = =
[Was (I + M)PAQRa Wl < [[Wal*[[PAQf2Rul| = [ Rn f2QF 1P
However, the operator Q?IP is compact and R,, strongly converges to zero, so
lim ||R,f,Qf P|| =0,
n—oo

and hence the sequence (Wn%(I + M)Plengan) is in the ideal JL2. Let us
now consider the sequence (W, (I + M)PfiK° f2PR,W,). As f is continuous
on Iy, for any ¢ > 0 there is a polynomial ]’”V( )( t) = +N a,(f)tk such that

1fo = FP lowe < &

SO
K°f3Ry = K°(fs — )R, + K°FOR,.
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If we now choose n > N, then K° ~](\,2)]§n = 0 and consequently
I1K°faRal| <
SO (Wn%(l + M)PfK°fsPR,W,) € JL2 and we finally get
(BY)® = (Pag(I + M)P i 2P
For the sequence ( (2 )) we use (3.29) to represent the corresponding coset as
(BY) = (Pag (I + M@ [P

To study the sequence (B,(Lg)) we invoke two identities that are similar to
(3.27), (3.29) and are valid for any d, e € Lo, viz.,

%(I + M)P°P2deP°Q° = %(I + M)P°t™"Pg, P°deP°Ps, " Q°
and
13”%(] + M)P°dP,eQ°P° = f’n%(I + M)P°t™"P5, P°dP°P§, P°eP° PS5, t"Q°PC.
Thus we first obtain
Pug(I+ M)P1£2Q° P
= 1(1 + M)P°t~"P5, P° fi P°P§, P° f,P°t"Q°

(I + M)P°t " Py, P° f1Q° f2P° P, t" Q°

l\DI»—lL\JI

(I+ M)P°t™"P;,P°f1P°Qs,, P° faP° Py, t"Q°,
and then

Pos(I+M)P°f1/2Q°Fy

wli—\

w= (I + M)P°f1 P, f2Q° P, +P, 2(I+ M)P° f1K° foQ° Py,

wl»—*

+P, 2(I+M)P°t_"P2°nP F1Q° f2P° P 1" Q° PS

+ P, 2([ + M)Pot_"W%POle fQPOWQnth P (3.36)
From the compactness of the operator K° and the continuity of fi and fo
one notices that (P, 32 L(I4+ M)P°f1K°f,Q°P°), (Pn 5 +M)P°t™" P35, P° f1Q° f2
P°Py t"Q°PY) € JLe.
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Consider the fourth term in the right-hand side of (3.36). Using the connec-
tion between the operators () and @);, we find

—_

P, §(I+M)P°t_”W2nP hQ° faP°W3,t"Q° Py
= Wn—(I + M)P°f1Q° o P°t" PW QP
— W2 S+ M)PAQ [P PWQP; + W, (I +M)PfK® f,Pt" PWQP.

It is clear now that

Tim ||B, (I+M)P°t‘"W2nP°f1Q F2PoWE t"Q°P2|| = 0,
so the sequence (}Bn%(l + M)P°t="Wg, P° f1Q° faP° WS, t"Q°P?) € JL2, and
(3.36) implies

(B = (Pag (I + M)P* Q)"

It remains to study the structure of the coset (B,(L4))°. We have
ns (I + M)Q°[1Q°PQ° f2Q° Py
(I + M)Q° f1/2Q°P; ~ ﬁn—(f + M)Q° f1P° fQ°F;

(I+M)Q [1Q°QLQ° f2Q°P,

and continuity of the functions f1, fo again leads to the inclusion (ﬁn%(l + M)

Q°fLP°f2Q°PY) € JE2. Consider now the sequence (]5,,%([ + M)Q° f1Q°Q5,
Q° f2Q° P2). Introducing the operators

Q:Ly— Lo,

+
P: Lo+ Lo, < Z g&ktk> —ZImQOOJrZQDkt

k=—o00

=1-P,

&)I

Q:Lo— Ly, Q=I-P=Q+T° T°<Z sokt’“>=Resoo,

k=—o0

we can rewrite the operator under consideration as

P,

l\'.)l»—l

(I + M)Q @ QQ° QP = P (1 + MIQNQQ5Q° Q7P
= Py (1 + M)QAQQAQ"HQ°F; — Pus (I + M)T*iQ°Q5Q° Q7P

| =
m>—~
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and notice that
i [|7°£Q°Q5] = 0.

Indeed, from the uniform approximation of the continuous function f; by polyno-

mials E(Vl)(t) = ZL\C (1)157~C

we get
To °0Mo _ To (1) TO (1) °M°
le Qn (f )Q Qn+ f Q Qna
SO
IT°AQQRII < sup [£1(6) = Sy () + IT°F3 Q51
0
However, if n > N + 1 then T"f](vl)QOQ% = 0, leading to the inclusion

(Pug (I + M)T° LQ°Q5Q° Q) € T ™.

Further let us consider the sequence (Pn3(I + M)Qf1Q°Q5Q° f2Q°P2). Simple
algebraic transformations yield

Pug (I + M)QRQQ5Q° Q° Py = Was (14 M)QF P Tt Put QW
"
(Pug (I + MIQRQ Q" FQ°P)
= (W5 (I + M@ PFQW,) — (W3 (1 + M)G,PRtQQut QW)
+ (Waz (1 4+ MGRT 11QQu W), (337

It is easily seen that each sequence on the right-hand side of (3.37) is indeed in the
ideal j Lz For the first sequence this follows from the compactness of the operator

Q flP whereas for the second and third the inclusion to J L2 i5 the consequence
of the limit relations

lim [|PfotQQu|| = lim [|Q.Qt f,P|| =0,
n—oo n—oo
lim [|7° £2tQQu|| = 0

respectively, whence

(BEO) = (Puy (I + M)QF1f2Q°F5)°
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Finally, combining all representations for (Béj))",j =1,2,3,4, we obtain
(ﬁnflﬁnféﬁn)o
~ 1 o 0 Do\ o ~ 1 o 0 po\o
= (Pn§(I+M)P f1faP?Pp)° + (Pn5(1+M)Q fifaP°Py)
~ 1 ~ 1

+ (Pag (I + M)P° f1f2Q°Fy)° (Pag (I + M)Q° f1f2Q°Fy)°

~ 1

= (Pug(L+ M) f1f2Pn)° = (PafrfoPn)°. (3.38)

This means that the system (ﬁnfﬁn)o,f € N, is a right-localizing class in the
para-algebra A/J, and the proof is completed. O

To end with the local principle for the para-algebra A/J we need one more
result.

Lemma 3.3.3. {M°},cr, and {M,},cr, are covering systems of localizing classes.

Proof. Consider first the system {]TL}T@O. Since I'y is compact, from any subset
{fr}rer, of fr € N, one can choose a finite number of elements fr,, fry, ..., fr,
such that

!
f(t) = Zij(t) >1 forall teTy.
=1

Let us first study the stability of the Galerkin method (ﬁnfﬁn) for the operator
of multiplication by the function f. Choose a positive number v such that

~

sup [vf(t) — 1| <1, (3.39)
r

telo

~

which is always possible because f(t) > 1 everywhere on T'g. Then
P, fpP, = %(ﬁn — Py(1—~f)Py).
However, inequality (3.39) leads to the estimate
1Pa(1 =~ F)Pall < 1,

therefore the Galerkin method applies to the operator of multiplication by f, and
by Theorem 1.8.4 the coset (P, fP,)° is invertible in the para-algebra A/J, so
{MT}TGFO is a covering system.

The proof that the system { M2} cr, is also covering follows from the relation
(3.15). Thus considering the product

P°P°fP°P? . P°P°f~'1P°P?
= PyP°f TPy + PP JQOf T PR, — PP fQL S PRy
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and using (3.15), we obtain
~ ~ ~ = =1
PP PRy PR F PRy = Pk PP QO F PR WP QO] PORS.

However, f E C(Fo) so we conclude that the sequences (POPOfQ f LpePe) and
(W°P°fQ f POPO) belong to the ideal JL hence

(PSP°fP°PS)° - (PSP f 1P P2)° = (P2)°,

n

i.e., the coset (P;;POJ?POP;Z)O is invertible and the construction of the system of
covering localizing classes for A/J is completed. O

Remark 3.3.4. It is easily seen that all results of this section also remain valid for
the para-algebra

A /Jp (AL+ ’"/jfﬁ m _AL+ ’”Lm/jL+ mLm AL’”L* m/ijﬁ m AL’"/jL’")

for 1 < p < co. However, another proof of the invertibility of the coset (ﬁnfﬁn)"
is needed. It can be obtained from relation (3.38) which is also valid for the para-
algebra A,/ Jp.

3.4 Interpolation and Galerkin methods for the
Riemann-Hilbert problem with
discontinuous coefficients

The applicability of Galerkin and interpolation methods to the operators

1 ° ~
K= 5(I+M)GP: L™ — LYy, GeLm™m,

1 ° -
K= S(I+M)P°GP®: L™ v Ly, G e L™

is considered in this section. We need the following readily verified statements.

Lemma 3.4.1. If A = A\ + idy € C™*™  where A1, Ao are real matrices such that
det A1 # 0, (3.40)

then the operator By = P°AP° € TI{P°, P,}.

Let Af"™*™ = A" (L) denote the set of matrix functions G € L7*™ such
that

ReG(t :th—i—G*t >y >0, forall tely. 3.41
2
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o]
Lemma 3.4.2. If G € Aj"*™, the operator K° : L;“m — LI is invertible.

Proof. If G € A7"*™, then by [212] there is a positive number ~ such that
|E —~G|| < 1, (3.42)

where E is the identity matrix. Writing

1
K° = 2—([ + M)(P° — P°(E —~vG)P°),
Y
we note that the operator P° — P°(E — ~vG)P° is invertible in L ™. However, the

operator (1/2y)(I + M) : Lj™ LT is also invertible, and that completes the
proof. O

The inequality (3.42) is also used in the proof of a stability result for the
Galerkin method.

Lemma 3.4.3. If G € AT"™, then K° € TI{P2, P, }.

Proof. Since
P P°yGP°P;, = P, — P P°(E —vG)P°P;

the projection method (P P°GP°Py) is applicable to the operator P°GP°. Since
the operator (1/2v)(I 4+ M) : If;m — L is also invertible and
By (14 M)P® = (I + M)P2P®,
2y 2y
one obtains the result. 0

Let AJ"*™ denote the set of matrix functions G that can be represented as
a product of two matrices
G = Goh, (3.43)

where G € Ag"”*™ and h is a continuous (m X m)-matrix function.

Theorem 3.4.4. Let G € AJ*™. The operator K° € II{P°, P} if and only if the
operators K° and

- 1 -
K° = 5([ + M)P°GP° (3.44)
are invertible.

Proof. The necessity is an immediate consequence of Theorem 1.8.4. Let us show
that these conditions are sufficient. For any point 7 € 'y, we set

G (t) = Go(t)h(r).
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Relations (3.33), (3.34) and straightforward estimates show that the elements
(P,K°P2)° and (P,K2P)° := (P, A(I + M)P°G,P°P2)° are {MZ2, M, }-equi-
valent. A little geometrical thought shows that there exist a complex number
w such that the matrices h, = ph(r) and G,(t) = Go(t)u™! satisfy condition
(3.40) and (3.41), : respectively Moreover, it follows from (3.33) that the cosets
(P,K°P2)° and (P, 1(I+M)P°G,P°Pg)° x (P"P"h“POPO)O coincide. However,
by Lemmas 3.4.1 - 3.4.2 and Theorem 1.8.4 the cosets (P 1(I+ M)P°G,P°P)°
and (PJP°h, P°P?)° are invertible. Thus the coset (PnKﬁPf; )° is also invertible,
and to complete the proof one can successively apply Theorem 1.9.8 and Theo-
rem 1.8.4. O

Remark 3.4.5. For completeness, one must also verify that the systems {M?}

and {MT} are reciprocally interchangeable with respect to the coset (P, K°P2)°.
However, this follows immediately from Theorem 3.3.1.

Let us next mention a result on the applicability of the Galerkin method for
the scalar Riemann-Hilbert problem with piecewise continuous coefficients.

Theorem 3.4.6. Let G € PC and suppose that for any point T € T'g the inequality

arg %’ <m (3.45)

holds. The operator K° € TI{ Py, ]3”} if and only if the operator K° and the oper-
ator K° defined by (3.44) are invertible.

Proof. One only has to observe that if a scalar coefficient G satisfies (3.45), then
it can be represented in form (3.43) [89). O

Consider now the applicability of the Galerkin method to the operator
[e]

1(I+ M)GP° : L™ E’Q" Let us start with an estimate of the norm of the
operator V(I 4+ M) : Ly — L3, where V is defined by (3.4).

Let € Lo, and let z(t) = z;”ioo rxtF be the Fourier series for x. Using
the Parseval equation twice we obtain

+oo
= (I+M):c\|2—||xo+zq;k+x W] = |zof? Z\J;k—l—x k|2
k=1
+oo +o0
< Jaol* Y (Jaonl* + [7-kl?) < 2( > ka|2> = 2||]|?,
k=1 k=—o0

which implies the inequality

V5 + A0 < V3
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Let AT™™ = A™*™(Ty) denote the set of matrix functions G € L™*™ with
the property that there is a positive number vy such that

1G]
V2

Lemma 3.4.7. If G € gglxm, then there is a positive number v* such that

ReG(t) >

+ 1y forall teTly.

1
E—~Gl| < —. 3.46
IIE—~*G| 7 (3.46)
Proof. For any € L7* and for any v > 0, the inequality
15 =163l < (129 (L= 40 ) 4 2061 ) ol
V2
holds. Now one can find a 4* > 0 such that
T—29" (22 4 ) + 2|G13, < =,
7 (1) + 02161 < 5
which yields inequality (3.46). O

Denote by A™*m™ — Am*m (L) the set of matrix functions G € L™*™ which
can be represented as the product

G = Goh
where Gy € ganxm and h € C™x™,

Theorem 3.4.8. Let G € A™*™_ The operator K € H{Pfl’,ﬁn} if and only if the
operator K and the operator K° defined by (3.44) are invertible.

The proof of this result is based on the Gohberg-Krupnik local principle for
the para-algebra A/J and is similar to the proof of Theorem 3.4.6.

Theorem 3.4.9. Assume G € PC and for any point 7 € Ty the inequality

G(1+0) T

— — 4
’rgG(T_O)’<2 (3.47)
holds. The operator K € TI{ P2, ]5”} if and only if the operator K and the operator
K° defined by (3.44) are invertible.

Proof. If the inequality (3.47) holds, then analogous to [89] one can show that the
coefficient G admits the representation G' = @Oﬁ, where h € C and @0 € PC
is such that |Gp| = 1 and ReGo(t) > 1/2 4 1 for all t € T'y. As before, vy is a
positive number, so Lemma 3.4.7 and the local principle of Section 3.4 implies the
result. (]
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Our next goal is to study the applicability of the interpolation method to the
Hilbert-Riemann problem with discontinuous coefficient. Recall that the symbol
X g is reserved for the set X NR, where R denotes the set of all Riemann integrable
functions.

Lemma 3.4.10. If G € ggbxm, then the operators

Ap=Lo=(I+M)GP°P?, A, :imP°+ imP,

no

N =

are invertible for all m € N.

Proof. We represent the operator A,, in the form

1 ~1 1 ~
A,=—L,-(I+M)GP°P, — —L,(I+ M)(E — P°P;,

where 7 is chosen in order to satisfy inequality (3.46). If we multiply the operators
Vi =PV P, and A,, we obtain

~ ~ 1 ~ 1 ~
VoA, = P;jVPnLng(I + M)P°P; — PﬁVPng(I + M)L,(E —vG)P°P,,

1 ~
= P = PV (I + M)Lo(E —2G)P°F;.

Since ||V ] o, < V2 we have
Ly

Lo
1 ~
HPT?VQ(I + M)Ln(E - ’YOG)POPT?x'ﬂH
1 T o lo)
VMo [[La(E =5GP P < gl|Paznl],
Ly'—L;
where 0 < g < 1, and this inequality implies that the operator V,, A,, and hence

A,, are invertible. O

Theorem 3.4.11. Suppose the coefficient G € L7*"™ admits the representation

G = Goh with Gq € Eg?ﬁm and h* € CN L™ ™. The operator K € TI{P2, L,}
if and only if the operators K and K = LI+ M)(P°+ tQ)GP° are invertible.
Proof. Necessity follows from Theorem 1.8.4 and Lemma 3.2.3. For sufficiency

one has to establish the invertibility of the coset (En%(l + M)GP°PF;)° in the
corresponding para-algebra. Considering the representation

1
(Ln§(l + M)GP°P;)° = (Ln§(I+ M)GoP°P;)°(P;P°hoP°Py)°,
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we note that the invertibility of the coset (PSP°hoP°Py)° follows from the equa-
tion (cf. the proof of Lemma 3.3.2)
PePOfPePOf~1PoPe = P° — P°P°fQ°f ' P°PS — WoP°fQ°f ' P°W?,

while (Zn%(l—l—M)GoPoPg)o is invertible by Lemma 3.4.10. To complete the proof
one again applies Theorem 1.8.4. O

3.5 Approximate Solution of the Generalized
Riemann-Hilbert-Poincaré Problem

Let A denote the Laplace operator

0? 0?
===+ 3.48
Ox? * Oy? (3.48)
and let A, B, C be real-valued (mxm)-matrix functions defined on the domain D =
{z € C: |z| < 1}. The Poincaré boundary value problem involves determination

of the solution u = u(z,y) of the elliptic system

ou ou
Au+A— +B—+Cu=0
u Ox * oy o (3.49)
(z,y) € D

under the boundary condition

p(l)(t)%(t) + p(2)(t)g—Z(t) +r(t)u=f(t), teTy, (3.50)

where p(), p(®) 7 are (m x m)-matrices and f is an m-dimensional vector.

It is well-known that this problem finds various applications [78, 162, 221],
and there are many papers devoted to its approximate solution. Usually, the cor-
responding approximation methods are based on finite difference or finite element
schemes with high computational costs. At the same time, the Poincaré problem
can be reduced to a Hilbert-Riemann boundary value problem with derivatives.
This lessens the dimension of the problem and expands the variety of approxima-
tion methods to use. Thus previous considerations allow us to construct simple
approximation methods for the problem (3.49) — (3.50).

Recall that generalized Riemann-Hilbert-Poincaré boundary value problem
consists in finding a function ® that is analytic in D and satisfies the conditions
[162]

Re {L®) = f(t), te T,

Im & (0) = 0, (3.51)

/ o(r)r*ldr=0, k=0,1,...,q—1,
To
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where L is an integro-differential operator of the form
q .
(L)) = <aj £)®W) (¢ / hj(t, 7)®W (1) dT> : (3.52)
To
j=

An approximate solution of this problem was considered in [125] for ¢ = 1 and
m = 1. The applicability of approximation methods to associated problems is
studied in [126]. Both [125] and [126] deal with finite difference methods that have
a high computational cost. In the present section we shall use projection operators
P and L, introduced in Sections 3.1-3.2, and seek the solution of the problem
(3.51) in the class

HIT ={®:dc HINLS, ImdD(0)=0}.

Let 155, n=1,2,... denote the projection defined by

(PLf)(t (Z fktk>
= (Re fo)t" + for1t" " 4+ ..o+ fagg1t" T+ (Re frgg)t" T,

and consider two sequences of approximate equations

P,Re(LP%z,) = P,f, x, €im P9, (3.53)
LnRe(LPiz,) = P,f, x, €imP. (3.54)

Theorem 3.5.1. Let a; € PC(T'y), hj € Loo(To x T'g). Then:

1. If for any 7 € T'g the inequality

a
arg —2

<7T
2

holds, then the sequence (ﬁnRe (Lﬁ,‘{)) is stable if and only if the operators

K = Re(LP°) : H{Y(Ty) — Ly(Tg) and K = Re (P°a,P°) : L (Ty) —
L2(Ty) are invertible.

2. If ay € C(Ly), then the sequence (L,Re (LPY)) is stable if and only if the

operators K : HIT(Dg) — Lo(To) and K = Re ((P° + tQ)a,P°) : L} (Tg) —
L2(Ty) are invertible.

The proof of this result is similar to the proofs of Theorems 2.3.4 and 2.3.5
and is omitted here.



154 Chapter 3. Riemann-Hilbert Problem

3.6 Comments and References

Sections 3.1 — 3.4: The initial approach to approximate solution of various prob-
lems associated with the Riemann-Hilbert problem is based on using difference
approximation methods [125, 126]. The algebraic methods similar to those em-
ployed in the previous chapter are not working since the corresponding operators
act in a pair of spaces, so the corresponding operator spaces do not have a mul-
tiplication operation. It was noted in [44] that these difficulties can be overcame
if one uses the concept of para-algebra developed in [139, 184]. Paper [44] con-
tains stability results for the Galerkin method whereas the interpolation method
is studied in [45]. In [154] an approximate solution of the homogeneous problem
was constructed by polylogarithms.

Section 3.5: Approximation methods for the generalized Riemann-Hilbert-Poincaré
boundary value problem are studied in [48].

Let us recall that the Riemann-Hilbert problem is closely connected with the
singular integral equations with Hilbert kernels [91, 162]

2

a(z)u(z) + %/ u(y) cot Ty dy = f(z). (3.55)
0

Consequently, the approximation methods considered in Sections 3.1 — 3.4 can be

used to construct and study approximation methods for equation (3.55), as well

as for more general equations.

We also would like to note that there is a well-developed theory, where the
Poincaré problem (3.49) — (3.50) is reduced to two-dimensional singular integral
equations with conjugation [78, 221]. Projection methods for such equations are
little developed. In [60] the authors study the stability of certain approximation
methods for the equations

(Ad)(2) = a(2)d(2) + b(2)(S8)(2) + c(2)(S)(2) + d(2)(Bo)(2)e(2)(N)(2)
= f(2), ze€aG, (3.56)

where G := {z € C : [z < 1}, the coefficients a,b,c,d,e € C(G UTy) and the
operators S,.5, B and N are respectively defined by the relations

(56 ___/<z> )dG __/<z> didn
Fo /¢ dG< /¢ didn

dGe dgdn
o= ‘/m‘ (et

L[ QG 1 [ o(Q)dsdn
LRCEEI R e S R
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with ¢ = & 4 in. The methods under consideration are based on polynomials
derived from the system 1, z,%, 2%, 22,22, %, . .. by the orthonormalization process
of Gram-Schmidt. T. Fink [83] considered the stability problem for various spline
approximation methods for a particular class of equations (3.56). However, the
theory of approximation methods for equation (3.56) still remains extremely scanty
in comparison with the results available for the one-dimensional Cauchy singular

integral equations.






Chapter 4

Piecewise Smooth and Open
Contours

In this chapter, we study different problems connected with approximation meth-
ods for singular integral equations of the form

(Au)(t) = a(t)ut) + % /F —“ffis +e(t)ul®) + % /F —”S(‘?is + % /F —”;S_)is

&T% s)u(s)ds Sul(s)ds =
- Wi/r po— +/Flc1(t, Ju(s)d +/Flc2(t, Yu(s)ds = g(t), te(;)
1

where a, b, c,d, e, f, g, k1, and ko are given functions, and I' is either a simple open
or closed piecewise smooth curve in the complex plane C. A case of particular
interest is the double layer potential equation

™

(Au)(E) = a(t)u(t) + @/Fu(s)d% log |t — s|dD'y + (Tu)(t) = g(t) , t € T (4.2)

where n, refers to the inner normal to I" at s, and 1" stands for a compact operator.
The approach used here is based on the thorough use of localization tech-
niques in combination with Mellin calculus.

4.1 Stability of Approximation Methods

In this section, we derive necessary and sufficient conditions for the stability of
certain quadrature, collocation, and qualocation methods for equation (4.1) on
piecewise smooth curves. With each concrete approximation method we associate
a family A7, 7 € T" of operators acting on ly-spaces, and show that the method
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under consideration is stable if and only if the operator A, all operators A™, T €
I', and possibly an additional operator A, are invertible. The operators A7 are
referred to as local operators, and in a sense they hold all information about the
associated approximation method. If 7 is a corner point of I', the structure of
the corresponding local operators A7 is often rather complicated, and in some
cases there seems to be no way to verify the invertibility of A™ effectively. Then
we restrict our study to the Fredholmness of the operators A™ and evaluate the
indices of these operators, provided that they are Fredholm.

4.1.1 Quadrature Methods for Singular Integral Equations with
Conjugation

We study three simple quadrature methods, which are similar to the methods
studied in Sections 2.6 and 2.9 for integral operators considered on smooth closed
curves.

Let T" be a simple closed curve and let v : R — I' be a 1-periodic continuous
parametrization of I'. Suppose that v is twice continuously differentiable on each
open interval (j/no, (j + 1)/no) where ng is a fixed positive integer and j =
0,...,n0 — 1, and that " and +” have finite one-sided limits +'(j/ng & 0) and
~v"(j/no £0) for any j =0,...,n9 — 1 such that

no no
argy’ (L - O) # arg /' (L +O) )
N no

Throughout this section we work in the Hilbert space Lo (I") with the scalar product

but

(f.9) = / F(1(8) 3 ) ds.

For each integer multiple n of ng and for each integer k we put

k46 k
t;gmzv(%)’ T,gn>:7(%>, O<e o<1, e#5  (43)

and determine approximate values f,(cn) for the exact solution of (4.1) at the points

t,(gn) by solving one of the following discrete systems:
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[a(mi™) + (F () = b(r™))i cot(n (e — )L

in 1 ( (n))At(n) f( (n))At(n) (n)

] (n) n ) n J
m j=0 t; TIE ) t; )—T,i )

+le(r) + (e(r™) — d(ri™) )i cot(n (e — 8)))ey”
d(r,

+

n—1

1 (n))At(n e(r (n))At(n) o
T 0 oy | Y
7=0 J t] — Tk

n—1 J—
- Z k(0 AL 13 ke e Al
=0

:g(T,E”)), k=0,1,...,n—1, (4.4)
e+ L5 (HEDAET ST
¥ i o\ T |
ik N i Tk

1R [dg)as” e™)ad™ \ =
n n ) (n) J
t()—tfc) tg)*fi)

AN
n—1
3 R () AL Z (1) £07) A £<n>
j=0 7=0
—gt!™),  k=0,1,...,n—1, (4.5)

bty )AL f) A

n—1
(n)ye(m) , L A e N W2
a(ty )& + — > 0 &
J j Yk

j=k+1 7(m0d 2)

_ - MY AP oM AL -
N 1 d(t,") At e(t,)At: -
+e(tMyelm 4 = Z . ol

i ) _ () () _ 4 (n)
j= k+1 (mod 2) / F J k

n—1 n—1

+ > ke AR ST ke ) A el
jEk-&—jl:(I(])nod 2) jEk-‘,-jl:(I(‘JnOd 2)
—g(t),  k=0,1,....,n—1, (4.6)

where At§n) =v((j+1)/n)—~(j/n) for (4.4) and (4.5) and At(-") =v((j+1)/n)—
v((j —1)/n) for (4.6). The number n in (4.6) is supposed to be even. If X( ") stands
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for the characteristic function of the arc joining the points v(j/n) and v((j+1)/n),
then the approximate solution of the integral equation (4.1) is given by

n—1

un =3 &N, (4.7)

=0

We study the methods (4.4) — (4.6) by means of a local principle, i.e., to each of
these methods we associate at each point 7 € I' a model method A7 u], = g, for a
model equation
ATy =g" (4.8)
on a model curve I'-, and show that the stability of the method under consideration
depends on the stability of each of the corresponding model systems.
If 7 €T and s, € [0,1) denote the number satisfying v(s,) = 7, define

Wr 1= arg(_’y/(s'r - 0)/7/(57 +0)) €(0,2m),

and write I' for the curve _
I, =Rt Ue“ RT

where the second and first rays are respectively directed to and away from the
origin. The model operator

AT =a(T)I+b(7)Sr, +c(r)M +d(7)Sr, M —e(T)M Sp_ — f(r)MSr, M,  (4.9)

where the operators (Mu)(t) := u(t) and

)= [ 52
r,

are considered on the space Lo(I';). Further, let us introduce the set Ro(T';) of
Riemann integrable functions on I';, consisting of all functions which are Riemann
integrable on each finite subcurve of I';, and for which the norm

o 1/2
||f||R2(FT):||f||L2(FT)+<Z sup If(t)2>

k—o t€lk,k+1]

~ 1/2
+<Z sup If(t)|2>

=5 teeir kk+1]

is finite. It is easily seen that Rz(T';) is a Banach space which is continuously
embedded into L2(T';). For the approximate solution of the equation A7u™ = g7
with g™ € Ra(I';) we choose the numbers
k+6
o k+o if k>0,
=9 kis
W
——e
n

if k<0,
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k+e

(n) it k>0,
~n) . n
kT k+e
n

eiwr if k<O,

and determine approximative values & ,in) of the exact solutions u” (t,(cn)), k € Z, by
solving one of the following model systems:

[a(7) + (£(7) = b())i cot(n (e — )}y
1) b o) g”
i {J;O R STy

N b(7) etier f(7) e (n)
8 (B () ()

() _ =(n)
th kaL

+[e(7) + (e(7) = d(7))i cot(m(e — 6))J&"
o0 ()
1 d(r) e(7) £
vl =)
=0 \t; =Ty " =7
d(r etiwr e(t e~ W )
up3 ~<n>()~<n>(_n>_m()~<—m<‘n> §"
j=—oo \tj  — Tk ty =T
=g (R"), kez, (4.10)
o0 (n)
n , 1 bir)  f(7) §
a(T)fk + i Z t(-n) - E(n) H(n)  7(n) n
§=0 j k t iy,
7k
—1 . .
b(r) et i) e (n)
2\ ( n ) o\ )Y
j=—o00 i A
Jj#k
o)™ + - i d(r) o) )&’
T — — — JRC
k mi | f(_n) . fén) t~(7l) B tN(") n
Frk N J K
d(r) < e““’f) e(r) < e“"*) )
+ _ [ S A — \
.;C g n 7 _fm w )]G
];;ék: J j E

— g (™), kez, (4.11)
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o) (n)
m 1 b(r)  f(7) 2,
a(T)fk + JZ:; {(}n) . {](Cn) E(n) B f(_n) n
j=k41(mod2) 7

-1

b(T) 2etiwr f() Qe iwr (n)
+ Z E(n) B E(n) <_ n > - FOE) o n gj
J k j

j=—o0 t - E]E:n)
j=k+1(mod 2)
b(’l’) 1-— 671.“” f(T) 1-— efiwf (n)
* Z 7n) _ 3(n) n o) An) n &
j=0 i k tj —t
j=k+1(mod 2))
(n) 1 > d(’l‘) 6(7’) 2§j('n)
USSR B g o)
m t — 1t g§n) _ f;") n

j=1
j=k+1(mod 2)

-1

d(T) 2etiwr e(7) Qe iwr “n)
+ Z ) _ 2§](€n) <_ n ) T A 51‘
k

; R n

j=—o0
j=k+1(mod 2)

=0 k
i= k:—i-l(mod 2)

d(t) 1 —etiwr e(r) 1- e‘i“’f> )
+ Z ( 7(n 7n - 7(n 7n é-j
—g (), ke (4.12)

Using the solutions of systems (4.10) — (4.12) one can construct the approximate
solutions u], of the model equation (4.8) as

up = gVxy (4.13)
kEZ
where
k k+1
(1w feetp -
—(n 0 else
G (1) = ok k41
1 i S —eTrt < — if k<O,
0 else

Recall that the model equation (4.8) is considered in Lo(T';), and note that for
any element u, € La(I';) of the form (4.13) one has

Hzf oy = V2IE ezl ), (4.14)
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so the coefficient sequence ( lin)) rez belongs to the Hilbert space l3(Z) of all square
summable two-sided sequences [102]. Moreover, it is well known that the interpo-
lation projections which send each function g7 € Ry(T';) into the functions

g =Yg (7GR € La(Ty)
keZ

are uniformly bounded with respect to n. Consequently, the sequence (gT(Nén) )kez
also belongs to l2(Z), and we can think of system (4.10) — (4.12) as of operator
equation

B'U, =G, (4.15)
where U, = ( ,(Cn)),Gn = (gT(%én))) and the operator B acts on l3(Z). The
identity (4.14) implies that the sequences (A7) are stable if and only if the cor-
responding sequences (B]) in (4.15) are stable. But it is readily verified that the
system matrices B;, of the model methods are actually independent of n, so the
(constant) sequence (B]) is stable if and only if one of its elements, say B7, is
invertible.

Our main results concerning the stability of methods (4.4) — (4.6) follow.

Theorem 4.1.1. Let a,b,c,d,e, f € C(I') and k1, ko € C(I' x I'). Then:
(a) the quadrature methods (4.4) and (4.5) are stable if and only if the operator
A=al+bSr+cM+dSrM —eMSr — fMSrtM +T
with
(Tu)(t) = /(kl(t, s)u(s) + ka(t, s)u(s))ds,

r
and all corresponding operators BT, 7 € I', are invertible;
(b) the quadrature method (4.6) is stable if and only if the operator A, the oper-

ator

A=al —bSr+cM —dStM +eMSr+ fMSrM,
and all corresponding operators B], T € I', are invertible.

We prove Theorem 4.1.1 by translating the stability problem into an invert-
ibility problem in the Banach algebras S¢/J1 or A/J via Propositions 1.6.4 and
1.6.5.

Let L,, denote the orthogonal projection of Lo(T") onto the subspace

S, = span {XE") ,j=0,...,n—1}

If n is even, define the operators W,, by

n—1
Wonf=WnLnf =W, Z@x?" = Z(—l)jijjn)'
§=0
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Lemma 4.1.2. The projection L, and operator W, satisfy all the conditions im-
posed in Section 1.6 on the projection P, and operator W, . Moreover,

ML, =L,M, MW,=W,M, n=1,2,.... (4.16)
Proof. The equations

W2=1L, WuLy,=L,W,, n=12,...

n

as well as relations (4.16) can be verified by straightforward calculation, and the
strong convergence of the sequence (L) to the identity operator is well known
[183]. Let us demonstrate the weak convergence of the sequence (W, L,) to 0.
Since this sequence is uniformly bounded, and since the continuous functions are
dense in Lo(T), it remains to show that

(WnLnf,g) —

for all continuous functions f and g on I'. Let n be even and set

(j+1)/n
G=n [ fls)ds
j/n
Since
L, 1 (j+1)/n
WaLufig) = [ S (-107end”()a0ENds = Y (-1, [ G0
0o 7= 3=0 ji/n
n/2-1 25+1)/n
= Y (eaj—ca541) / g(v(s))ds
=0 2j/n
a1 (23D/n
+ e [ GO0
2% /n
we get
/21 (2j4+1)/n
WaLof.9) < 3 less— ol [ lalr(s)lds
3=0 2j/n
n/2-1 (2j4+1)/n

+ 3 ol / 19(+(5)) — (v (s + 1/n))|ds
j=0

2j/n
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w21 (25D)/n (2j+1)/n
<Yon [ 16 - St ymlds [ lats)ids
=0 agym 2j/n.
w21 (itD/n (2541)/n
40 [ 1raEis [ lg0) - gt 1/m)ids
=0 2yn 2j/n

<w(fov, 1/n)lgllca) +wlgoy,1/n)| fller),

where w(h,1/n) is the modulus of continuity of the function h. This proves the
assertion, since w(h,1/n) — 0 as n — oo. O

Thus we can identify these operators L, and W,, as the operators P, and
W, from Section 1.6, and let S¢, J1,A, and J refer to the associated specified
algebras and ideals.

Further, following (1.17) we can represent any sequence (A,) of additive
continuous operators in the form

A, =AY + AP M (4.17)

where (Ag))7 (Ag)) are the sequences of linear continuous operators. Note that
the sequence (A,,) converges uniformly (strongly or weakly) to the operator A =
AW + AAM € L444(Lo) if and only if the sequences (AﬁP) and (A£,2)) converge
uniformly (strongly or weakly) to the operators A and A, respectively.

Lemma 4.1.3. If (A,,), An € Laaa(im Ly,) is one of the approrimation sequences
corresponding to methods (4.4), (4.5) or (4.6), then (A,) belongs to both Sc and
A.

From relations (4.16) and (4.17), it is sufficient to prove this for approxi-
mation sequences for singular integral operators without conjugation. This has
already been done [180, 183].

Let us proceed to show the necessity of the conditions in Theorem 4.1.1.

Lemma 4.1.4. (a) If (4.4) and (4.5) are stable methods, then the operator A and
all associated operators B] with 7 € I' are invertible.

(b) If (4.6) is stable, then the operators A, A, and B with T € T are invertible.

Proof. The invertibility of A and A is a consequence of Proposition 1.6.5 and
Lemma 4.1.3. For the computation of A, we refer the reader to [180].
Let P, € L(I2(Z)) denote the projection P, : (vx)rez — (yx)rez with

oy it —n/2<k<n/2,
Y =1 0 else ,
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and for fixed 7 € ' and n € Z™T introduce the operator E, € L(im P,,im L,,) by

E} (0jk)kez = XEZ_)]‘(TW)
where j(r,n) € {0,1,...,n— 1} is such that 7 € [y(j(r,n)/n),y((j(T,n) + 1)/n)).
It is easy to see that ET is bijective, and its inverse may be denoted by ET.
Further, one has sup | E7||||ET,,|| < oo (cf. (4.14)) and we claim that

ET AE, — B, (ET A,E})" — (B])* strongly. (4.18)
Indeed, if M € Lqqq(l2(Z)) refers to the operator M (xy) = (T}), then
ETMP, = METP, , ME", L, = E", MLy. (4.19)

This observation reduces the verification of relations (4.18) to sequences (4,,) for
operators without conjugation, and for this we refer to [180, Proof of Theorem
1.4] again.

From (4.18) and from the stability of the sequence (A4,,) we conclude that

B, An By Palliyzy > CllPazlliyzy,  z € la(Z),

and
(B, AnER) Przlliyz) = CllPatlliy@), € 12(Z)

and passing to the limits yields
[BIz|| = Cllz|l, [[(B])"z| = Cllx]|

whence the invertibility of B] follows.

For the converse it remains to show that the invertibility of all operators
B7 implies the invertibility of the coset (A,) + J1 or (A,) + J in the quotient
algebras S¢/J1 or A/J, respectively. Proposition 1.6.4 or 1.6.5 then applies to
give the assertion. The invertibility of these cosets follows from the local principle
of Gohberg and Krupnik of Section 1.9.1. O

By K: we denote the interpolation projection sending each Riemann inte-
grable function g on I' into the function

n—1
Kig=Y g(r " € Ly(D),
j=0

and given a function h € C(I") we abbreviate the operator K:hL,, by h,. The set
of all real-valued Lipschitz continuous functions on I which take values between
0 and 1 only may be denoted by L(T).
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Lemma 4.1.5. (a) For 7 € ' the set
M}l = {(h,) + T, h€ L(T), h=1 in a neighbourhood of T}
is a localizing class in Sc/J1 and the set
M? :={(h,) + T, he L(T), h=1 in a neighbourhood of T}

is a localizing class in A)J . Moreover, { M} cr and { M2} cr form covering
systems of localizing classes in algebras Sc/Jr and A/ T, respectively.

(b) If (A,) is the approzimation sequence of method (4.4) or (4.5), then the
elements of \J,cp M} commute with the coset (An) + T in Sc/Jh. If (An)
corresponds to (4.6), then the elements of | cp M? commute with the coset

(An) + T in A/T.
The proof of (a) is almost evident. Thus because of the identity
Mhy, =h,M forall he L(T),

one can consider approximation sequences for operators without conjugation, when
it has been already shown [180, Theorem 1.3 (iii) and Theorem 1.4 (iii)’].

Lemma 4.1.6. (a) Let (A,) be the approzimation sequence of (4.4) or of (4.5).
If all associated operators BL, 7 € T' are invertible, then the coset (A,) + J
is invertible in Sc/J1.

(b) Let (A,,) be the approzimation sequence for (4.6). If all associated operators
B} are invertible, then the coset (A,) + J is invertible in A/J.

Proof. We only consider (4.4), since the proof for (4.5) and (4.6) is analogous.
Let BT be invertible. In [180], Lemma 1.4 it has been shown that the sequences
(ErBTET,) and (EL(B])~'ET,,) belong to Sc whenever B is related to singular
integral operators without conjugation. If the conjugation appears, then this case
can be traced back to that without conjugation via (4.19).
We evidently have
(E]BE,) (EL(B))'ET,) = (L.
i.e., all sequences (E] B]ET ) are invertible in S¢, whence in particular it follows
that all cosets (E7 BT ET,) + J1 are M-invertible in the quotient algebra S¢/J:.
It remains to verify the M -equivalence of (A,) and (E7 B]ET,). Again this
can be reduced to sequences without conjugation, and again we may invoke [180,
Theorem 1.3 (iv)]. Observe that the notion of Mr-equivalence used in [180] is
equivalent to our definition since sup ||E7| || ET, || < co. O
n
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We have seen in Lemma 4.1.3 that the approximation sequences (A,,) asso-
ciated with (4.4), (4.5) and (4.6) belong both to S¢ and to A. Further, by Lemma
4.1.5, the sequences (4.4) and (4.5) commute with (h,),h € L(T'), modulo J; (and,
thus, modulo J) whereas (4.6) commutes with (h,) modulo J (but not modulo
J1 as one can show). Hence, we could study (4.4) and (4.5) by either Proposition
1.6.4 or 1.6.5, but we prefer Proposition 1.6.4 for simplicity whereas (4.6) requires
application of Proposition 1.6.5. O

4.1.2 The e-Collocation Method

The applicability of the e-collocation method to equation (4.1) is now considered.
n—1

This method determines an approximate solution u,, in the form u,, = > ¢ J(-n)x](")
j=0
by solving the n x n algebraic system
(Aup) (%) = g(7;"%), j=0,1,...,n—1 (4.20)
where
| + €
T;“E:7<J+ ) , 0<e<l
n
The system (4.20) can be rewritten as the operator equation
K;Au, =K;g, wu,€imL, C Ly(T), (4.21)

and so our main concern is the stability of the sequence (K¢ AL,) of approximation
operators. As for the quadrature method, we associate to (4.21) a family of model
operators as follows.

Let A™ denote again the operator (4.9), and set

k+e

if k>0,
— n
T = k+e

et if k<.

n

For Riemann integrable functions g € Ra(T';), we seek an approximate solution
of the model equation

ATum =g7, " € Lyo(T';) (4.22)
in the form
uy =3y £mgm, (4.23)

kEZ
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where 5(,(:) are the functions introduced in (4.13) and the coefficients é,(cn), keZ,
satisfy the infinite algebraic system

(ATup)(77°) = g7 (7). k € Z.
This system can be rewritten as

AT 7' K’;Il'gT

n,e 77/

where
A;E =KJATL] € Loga(im L),

with LT referring to the orthogonal projection of Ls(I';) onto its closed subspace

spanned by all functions )2,(:), k € Z, and K] again denotes the interpolation

operator
KTh= Z h(7 (n)
kEZ
As in Section 4.1.1, we may identify the operators A7 . € Lygq(im L],) with the
operators B] . € Lu4a(l2(Z)) whose matrix representations with respect to the

standard basis of I3(Z) are the same as those of A], _ in the basis ()2;") Jeez of im LT,

and both sequences (A7 .) and (B, .) are simultaneously either stable or not.

Furthermore, it again turns out that the operators By, _ are actually independent

of n, so the sequence (A7, .) is stable if and only if the operator Bf  is invertible.
Employing the readily verifiable identities

(S )E ™)) o) = = (50, A EOE™ (4.24)
and . - .
(s, M)EVR)) G = =(Se: S EE™ (4.25)

where .
= {te(Q”_“*)’,O <t< oo} U{t,0<t< oo}
z(n) . . . . . .
and X; is defined as in (4.13) but with w, being replaced by 27 — w;, it is not
hard to find the explicit matrix representation of the operator By .:

T ¢ (s)ds T v (5)ds
B;sza(T)[_F@ /& G /XJ ()

g s — 7"-; € ™ s — 7be
- k,jEZ > ’ k,jEZ
~(1) =(1)
d(+ X; (s)ds elr X; (s)ds _
+ |e(r)I + () / s - () / M.
m 5= T m s — %,i o
T k,jEZ T k,jEZ

(4.26)
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Theorem 4.1.7. Let a,b,c,d,e, f € C(I"), k1,ks € C(I' xT"), and 0 < e < 1.

(a) The e-collocation method for the operator
A=al +bSr +cM +dSrM —eMSr — fMSrM

is stable if and only if the operator A € Laqa(L2(T')) and all operators BT . €
Lodi(l2(Z)) with T € T are invertible.

(b) If the e-collocation method is stable and g is Riemann integrable, then the
systems (4.20) are uniquely solvable for all sufficiently large n, and the se-
quence (uy) of their solutions tends to the solution of equation (4.1) in the
norm of La(T).

The proof of this result is analogous to the proof of Theorem 4.1.1. Thus it
can be reduced again to the operators without conjugation, for which we again
refer the reader to [180].

4.1.3 Qualocation Method

Choose real numbers ¢,, 0 < gy < -+ < &pn_1 < 1 and numbers w,,
m—1

r=0,1,...,m — 1, such that > w, =1, and consider the quadrature rule
r=0

Z Zwrg
r=

with 7" = v((k + &) /n).

In qualocation method one seeks an approximate solution u,, of equation (4.1)
in the form (4.7) and determines the unknown coefficients EJ("), j=0,...,n—1,
from the algebraic system

Qn (" Aup) = Qulg{™), 5=0,....n—1

or equivalently

m—1

> wp(Auy) (1°7) Zwrg ey i =0,...,n—1. (4.27)

r=0

Let us again emphasize that the interest in method (4.27) comes from the pos-
sibility to force higher convergence rates than for pure collocation methods, by
special choices of the parameters ¢, and w,, cf. [104, 215, 216].

Set "
Frer itk >0,

7~_n Er n

k k+€7‘ W

I TTpiwr

n

if k<0,
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and define a quadrature rule on the model curve I'; by

Our model methods arise from looking for an approximative solution u] of the

form (4.23) of equation (4.22), by determining the unknown coefficients f,(cn) via
the algebraic system

m—1
> we(ATup) (7 Zwrg Fhen, e . (4.28)
r=0

Theorem 4.1.8. Let a,b,c,d,e, f € C(I'), ki,k2 € C(I' x '), and &,,w, € R" be

m—1
such that 0 <egg<e1 < -+ <egm_1 <1 and > w,=1. Then:
r=0

(a) The qualocation method (4.27) is stable if and only if the operator A and the
m—1
operators Bj, .y = Zo w, B . € Laaa(l2(Z)) are invertible for all T € T.
(b) If the method (4.27) is stable and if g is Riemann integrable, then the systems
(4.27) are uniquely solvable for all sufficiently large n, and the sequence (uy,)
of their solutions converges in La(T") to the solution of equation (4.1).

Recall that the operators B _ are defined by (4.26).

The proof of Theorem 4.1.8 proceeds in the very same way as that of Theorem
4.1.7 since the qualocation method can be represented as a linear combination of
er-collocation methods. We omit the details here.

4.2 Fredholm Properties of Local Operators

The Fredholmness and invertibility of local operators B and Bj _, associated
with the above approximation methods for singular integral operators without
conjugation, have been investigated by S. Préssdorf and A. Rathsfeld [180]. They
pointed out that the Fredholmness of these operators is independent of the angles
wr, T € T', and that the index of the local operator BT is zero whenever B] is
Fredholm.

In contrast, we observe that the Fredholmness of the operator B] for opera-
tors with conjugation depends essentially on the value of the angle w,. Moreover,
the operator BT can be Fredholm but ind B] # 0. Nevertheless, we can show that
possible values for ind B] are rather restricted, e.g., if e = f = 0 and the operator
B7 is Fredholm, then the index of this operator takes only one of the values: 1,0,
or —1.
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4.2.1 Quadrature Methods

Assume now that the coefficients e = 0 and f = 0 everywhere on I" and restrict
ourselves to the method (4.4) and, correspondingly, to the local operators BT
associated with the system (4.10). Further we identify the Hilbert space l2(Z)
with the Cartesian product 13 := Iy x Iy of the two Hilbert spaces I := lo(Z™) of
one-sided sequences, and therefore consider operators on l2(Z) as 2 x 2 matrices
of operators acting on /2. By 7 we denote the smallest closed C*-subalgebra of
L(l2) containing all Toeplitz operators T(a) with piecewise constant generating
functions a. Recall that the operator T'(a) acts on finitely supported sequences via

T(a)(.ka) = (yk) y Yo = Zakfrxr
r=0

where ay, is the kth Fourier coefficient of a. Finally, we write 72*2 for the subal-
gebra of L(12(Z)) = L£(13) = £2*2%(l5) consisting of all 2 x 2 matrices with entries
in 7.

Lemma 4.2.1. If M : l3(Z%1) v+ 1o(Z71) is the operator defined by

M ((zk)rez+) = (Tr)kez+

then the operator M and the complex C*-algebra T satisfy all azioms (A;) — (As)
of Section 1.2.

Proof. Note that (A;) and (A4s) are the only non-trivial axioms to check. A
straightforward computation shows that for any a € PC(T),

M T(a)M = T(a*), (4.29)
where a*(t) = a(?), t € Ty. Thus M T(a)M € T, and since M’ = I, the inclusion
MAM € T is valid for any operator A € 7. The same relation (4.29) yields

(M T(a)M)" =T(a),

and . o .
MT*(a)M = MT(@)M = T(a),
where @ = a(t), t € T'g, and our claim follows. O

Lemma 4.2.2. If B], 7 € I is the operator determined by the left-hand side of
system (4.10), then it has the form

B} = BY"+ B*M (4.30)

where BYT, BT € T?*2. Moreover, the operator B, 7 € T is invertible (Fred-
holm) if and only if the operator

- Bl,T BZ,T
By = (MBz,TM MBI,TM>7 T € I,

is invertible (Fredholm).
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Proof. A straightforward computation shows that B can be written in the form
(4.30), where

Bl,T Bl,'r B2,T B2,T
BLT _ ( %17_ %27_> c £2X2(l2), BQ,T _ ( %17_ %27_ c £2><2(l2>
By B By B

with

Bl,T _ @ 1 >
o \(G+0) + (k= L4 e)eier kj=0

by = 1) ( )
12 mi \(=j+1+d)e +(k+e)/; -0

) b(T) 1 o
BT = (a(r) — b(1)i cot(m(e — & I+—_(,—) .
22 ( ( ) ( ) ( ( ))) i (k’*j)ﬁ*((sfé‘) kim0
The operators BlZT’T, I,7 = 1,2, can be derived from the operators BllT’T by replacing

a and b by ¢ and d, respectively. But each of the operators Blj;,T, g, lr e {1,2},
belongs to 7, as was shown in [180, Lemma 1.1].

The assertion concerning the invertibility (Fredholmness) of the operators
B] follows immediately from Lemmas 4.2.1 and 1.4.6. O

The Fredholmness of the operators Bf, 7 € I'g can be verified via the Gohberg
— Krupnik symbol calculus for 72%2. Thus with each operator B one can associate
a 4 x 4 matrix-valued function Aé{ on I'g x [0,1] with the property that B7 is

Fredholm if and only if det .ABIT (t,u) # 0 for all t € Ty and p € [0,1], and
the index of B{ coincides with the negative winding number! of the determinant
det ABIT (t, ).

In accordance with [11, 29, 33, 180], when ¢ # 1 and u € [0,1] the matrix

ABI(tHU)
a(r)+br) fE(t) 0 c(r)+d(n) f0 (1) 0
| 0 a()=b@fO()__ 0 cr)—dr) fO(t)
| @@ ) 0 alr)+b@) fE0 () 0
0 c(r)—dm fOI" (1) 0 af)—b@) fO*(1)
(4.31)

LFor the definition of the winding number the reader can consult [11, Section 2.41].



174 Chapter 4. Piecewise Smooth and Open Contours

with )
f(l/)(ei2ﬂ's) = 26—1'271'1/(5—1) 51.11(—7r1/s) —1, 0<s<1, (432>
sin(—mv)

and f*(t) = f(¢), whereas in the case t =1 and p € [0, 1] this matrix is given by

Apr (1, 1)
af)+b)(1-2p) el o) pd)(1-2p) LD eilerme
PO eitrwna o) —b@)(1-20) 4Dl o) —d(r)(1-2u)

@-dp)(1-2)  Deitee GE)bE(1-2p) D ilrerle

MOt rdn(1-20) DR GG +bE)(1-24)
(4.33)

with 8 = B(p) = sin(m(1/2 + (i/27)log(p/(1 — p))) and a = a(p) = 1/2 +
(i/2m)log(p/(1 — p)).

Theorem 4.2.3. Let BT, 7 € I be the local operator associated with the method
(4.4) in case e = f = 0. If B] is Fredholm, then the index

ind B] :=indrB]
of this operator can take only three values 0, 1 and —1.

For the proof of this statement we need an auxiliary result.

Lemma 4.2.4. If a, b, ¢, and d are any fixed complex numbers, then the function
det ABI (Do \ {1}) x [0,1] — C

is real-valued and non-negative.

Proof. Put v = ¢ — ¢ and multiply the matrix (4.31) both from the left- and from
the right-hand side by the matrix

SO o=
o= O O
o o= O
o O O

This transformation does not influence the determinant, and the new matrix has
the form

a+bfrt)  c+dfr(t) 0 0
CHAfe(t) a+bfre(t) 0 0
0 0 a—bf7"({t) c—df"(t)

0 0 C—df v (t) a—bf V(1)
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Its determinant is just
[(a+bf" )@+ bf"(t) — (c+df* (1)) (€ + df " (1)]
[a=bf W)@ —bf () — (c—df V() —df (@), (4.34)

and using the identities

) = =1, ) =700,

we can rewrite expression (4.34) in the form

[(a+bf"(1))(@—bf" () — (c+df" () (@ — df"(t))]
e+ bfr(8)(a = bfr (1) = (c+ df* () (e + df (1)),

which is obviously real and non-negative. O

Proof of Theorem 4.2.3. First of all, let us recall that ind B = ind ¢BJ, cf. (2.11).
Now if t = 1, then

det Az (1, 1)

e - - 2
= (a—l—b(l—,u))(a—b(l—,u))—@] (a—|—b(1—u))(a—b(1—u))—?1

1 - . 1 __'
+ ﬁ(ad —be)(ad — bc)eﬂ(”_“”)“ + @(ad — be)(ad — bc)eﬂ(wr—ﬂ)a

[ bdl [bd _ - o
# (@ b1 = w)(e = d1 - ) —_5—2} [@ (@B - w)(e+ —u))]
+ @450 - - - ) - Z—d} [g—d< b1 (e +d(1 u»]
(et (= e —d1 — ) - Z—)} @+ a0 - w)(e - —m)g—i] _
2 2
— la? = B 202 = 541 - (-2 -
+ %Md — be| cos[(wr —7)20]
+ 2Re { [(a +bo(1—p))(c—d(l—u)) — %}
bd _ _
< |5~ @-B-mye+aa-) §-
Since )

2 _
F=na—wy
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bd] [bd  _ - [
(a4 00— e dL =) - 5] |5~ @50~ e+ - )
= —|ac — bd|* + |bc — ad|*(1 — 2u)* — (@c — bd)(bc — ad)(1 — 2pu)
+ (ac — bd)(bc — ad)(1 — 2u),

and

we get

det AB{(LU) = |a? = b?|? + | — d** — 2|ac — bd|* + 2|bc — ad|*(1 — 2u)>

— dlad = bef { (F (1=p)*~ 5 + (1-p) F 42~ ) coswr
+i(u%(l—u)z_%—(1—M)WTTu2_wTT)sian}. (4.35)
Consider now the imaginary part of expression (4.35), i.e.,
Im det AB{(L 1) = 4lad — be[*4p(p) sinw, (4.36)
where
() = p* (1 =) = (1= p)*p® " s =w/m, 0<z <2

Since

d(p) = (= )" + (1= ppu®) (=)'~ = p'7),
the sign of the real-valued function 1 remains constant in each of the intervals
(0,1/2) and (1/2,1). Together with the fact that det Apz (t,p) is real-valued for
t # 0, this shows that the winding number of the determinant function around

the origin can only take the values +1,0,—1. This finishes the proof of Theo-
rem 4.2.3. O

Remark 4.2.5. Observe that (4.36) actually expresses the dependence of the Fred-
holmness of the operator B] and thus of B] on the angle w-.

4.2.2 The e-Collocation Method

Now we turn our attention to the Fredholmness of the local operators B7 . con-
nected with the e-collocation method. Write a, b, ¢, d, e, f in place of a(7), b(7),
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e(7), d(7), e(t), f(T) respectively, and let B%; and Bf; stand for the operators
on l3(Z) with matrix representation

~(1)
~(1) IV
b X5 (s)ds f X, (s)ds
1,7
By =al+— /J—I; - _/J—j: (4.37)
5= Ty m s—7,
T k,j€z Iz k,j€Z
and
a (130 % (5)d
. X: (8)ds e . (s)ds
Bi’e =cl+ - /37% - — /J7~16 . (4.38)
S —Tp mi\ ) s—zD
T k,jez Iz k,jez

Clearly, B . = B%:;—&—Bi’gﬂ, so it follows as in Lemma 4.2.2 that B] _ is Fredholm
if and only if the operator

Bl o
<MB$:;'M MBI,TM € ‘c<l2(Z) X ZQ(Z))

1l,e

is Fredholm. By (4.24) and (4.25),

~(1)
T ~(1)

_ _ b X: (s)ds Y (s)ds

MB%’;MZEI—_, /¢ _|_i /%
7 X 3772;’5 ™ 5 =T

' kjez - k.jez
and
— d ;-1) (s)ds € YW (s)ds
MBYIM =¢l — — /—L—T— + = /—Lfﬁ—
T s_,]ikﬁ T S—Tk’
k,j€Z T k,jez

In particular, all operators B};, Bi’g, MB%ZM and MB%;M are of the same
structure, and we may consider only one of these operators (say B%;)
Given k € Z, and ¢ € (0,1), define ¢{ by

k+06 if k>0,
—(k + &)l if k<0,

and introduce the operator C? as

5
(77

At ArD
C? = (a—i(b— f)etg(m(e — &) + ﬁ (%) By
i\ ¢ s

k,jEZ
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with

) _ 1 if j >0,
At { —er if j <.

Consider the operator function
§ = Ce(0) = 2eC%0 4+ 2(e — 1)CH2E=D3 with 6 € (0,1).

The results of the preceding section imply that C.(§) € T72*2 C L(I2(Z)); and
since this function is continuous on the interval (0,1/2), we conclude that the

operator
1/2

Byl = / C.(6)ds
0

also belongs to the algebra 72*2. The Gohberg—Krupnik symbol of this operator
can now be computed as

2

‘AB%; (t7 /J) ACg(é) (tvu)d(s

2
[28(./40255 (t, p) + 2(e — 1)./4 142(=1)s (t, ,u)] dod.

O\»—A O\»—A
~ ~

From (4.31) and (4.33), one obtains by straightforward calculation

b—f) [ fEO@®)ds 0
AB}:;’ (t,p) = 0 1 (4.39)
' 0 a—(b—f) [ O (t)ds
0

for t € To\{1}, x € [0,1], and

a+ (b—f)(1—2p) i%e_i(ﬂ_‘”f)a — i%e‘“‘”*‘“)o‘
Appr(Lp) = . . ’
i%efz(wa)a _ i%efz(wfw)a a— (b _ f)(]- _ 2[u)
(4.40)
for p € [0, 1], where ¥, « and B are as in the preceding section.
Now, the symbols of By'7, M B}’I M and M32 'TM can be derived from (4.39)
and (4. 40) by an obvious Substltutlon of the coefﬁments so the symbol of the
operator Bf . is the 4 x 4 matrix function

Apir Ap2,r
Apr = Bie Bl
Bi. A+rp2rir Aviptesr |
MBXIM MBI M

on the cylinder Ty x [0, 1].
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Corollary 4.2.6. The operator Bi_ is Fredholm if and only if the matrices
Ay _(t, ) are invertible for all (t, ) € T x [0, 1].

Corollary 4.2.7. Ift # 1, then det Ap; (¢, ;1) takes real values only.
Corollary 4.2.8. If the operators B ., and B ., 1,2 € (0,1) are Fredholm, then

ind Bie = ind BT

162

Corollary 4.2.9. Let e = f = 0. If B _ is Fredholm, then ind Bf . € {—1,0,1}.

y€

4.2.3 Qualocation Method

We study some peculiarities of the local operators for the qualocation method,
and in particular, point out that, if the local operators are Fredholm, then their
indices are independent of the values of the parameters ¢, and w;..

As in the preceding section, the corresponding local operators can be written
as

By = Byl + By M

where
Q(E)_ZwT ihoi=12

(compare (4.37), (4.38)), and their symbols are the 4 x 4 matrix functions on

T x [0,1],
ABI T ABZ T
L Q) Q)
ABQ(s) ( > :

A=+ 2,r A+ 1,7
MBG M "MBg M

The symbols of Bgzs) and MB(E?&)M (i = 1,2) can be computed via (4.39) and

(4.40); for example,

=N w16 05 0

.ABl(ﬂ')(t7l/L): ift#lv H’E[Ovl]

+(b7f)(172ﬂ) Z‘%BA’L'(W‘WT)OL _ Z'%eﬁ(w.,ﬂ'r)a

iferi(mwna_jbeilwrma a—(b—f)(1—2p)
if t=1, u e [0,1].
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Corollary 4.2.10. The operator Bé(s) is Fredholm if and only if the matriz

Asg, (t, ) is invertible for all (t,p) € T x [0,1].

The result on the index independence is as follows.

Theorem 4.2.11. If (¢2)"" and (wi)™!, i = 1,2 are two collections of numbers
satisfying the hypotheses of Theorem 4.1.8, and if the associated local operators

B O1(2) and BQ () are Fredholm, then ind Bél(s) = ind BE)Q(E).

The proof of this theorem, as well as the proof of the subsequent corollary,
follows by repeating arguments from the proof of Theorem 4.2.3, so the details are
omitted.

Corollary 4.2.12. Let e = f = 0, and the operator BZ?(

1nd3é(E e {-1,0,1}.

0 be Fredholm. Then

4.3 Stability of Approximation methods in L,-Spaces
with Weight

In this section, we again consider a special case of equation (4.1), where we suppose
the coefficients e and r are identically equal to zero on I', viz., the equation

(Au)(t) = a(tyu(t) + 2 | YOI yagy + A0 / TGLI

T T—1 g T—1

—|—/k1(t,r dT—|—/k‘2tT T)dr = f(t), teTl.
r

4.3.1 A Quadrature Method and Its Stability

Let I" be a simple closed curve and let v : R — I' be a 1-periodic parametrization
of I'. We suppose that there are points u; < ug < --- < up, = u; + 1 such
that «y is twice continuously differentiable on each of the intervals (uj;, u;jy1), j =
1,2, ..., n9—1, and that the derivatives 7' and 7" possess finite one-sided limits
v'(u; £ 0) and v”(u; £ 0) such that |y (u; — 0)] = |¥'(u; + 0)], but possibly
arg”y'(u; — 0) # argv/(u; + 0) at every point u;, j =1, ..., ng — 1. Consider the

function
nog—1

= H [t —y(u;)| =", terl,
j=1

with p; € (=1/2,1/2) for all j. Under these conditions, the operator A of (4.41)
acts boundedly on the Lebesgue space Lg ,(I") of all complex-valued measurable

functions x with
/2
lella. = ( [ 1ot dt) < oo,
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considered as a Banach space over the field R.

To improve the convergence rate for the approximation method under consid-
eration, we use discretizations based on graded meshes. Thus given ¢ > 1, choose
a l-periodic function g : R — R which satisfies the following conditions:

1) g(§/no) =u; forall j =1,2,...,ng — 1.

2) g(s) = g(j/no) + |s — 7/no|sign(s — j/ng) for all s in some neighbourhood
Us, of the point s; = j/ng, with U, N Uy, =0 if j # k.

3) The function g is strictly monotonically increasing on [0, 1], and its restriction
onto the set (sj,s;41) \ (Us; U Us is a twice differentiable function for
every j.

1)

Let n = Ing with I € N, choose numbers §, ¢ € (0,1) with § # &, define
A(s) =~(g(s)), and for each k=0, 1, ..., n— 1 put

n (k40 n _(k+e n 1_(7+96

Applying a shifted trapezoidal rule to the singular integrals in (4.41) and then

collocating at the shifted points T,i") leads to the system of algebraic equations
(4.4). If 51(:)7 k=0,1,...,n—1 are the solutions of (4.4) and if x\"(¢) denotes the

J
characteristic function of the arc [Y(j/n), ¥((j +1)/n))) of ', then the function

za(t) =Y &"\\M), ter (4.42)

can be viewed as an approximate solution of equation (4.4).

The stability of this quadrature method (4.4), (4.42) in the weighted space
L = L ,(T) can be studied by localizing techniques analogous to considera-
tions of Section 4.1.1. Thus with every point 7 € ' we again associate a model
equation A"z™ = f7, which locally represents the equation (4.41), as well as a
model approximation method for the model equation

ALy = fns

which locally represents the equation (4.4). Recall that this association can be
performed as follows: given 7 € T, let s, refer to that point of [0, 1) with (s,) = 7.
Denote by w, the number

wr 1= arg(— (s — 0)/7/(s- +0)),  wr € [0,2m),

and write T'; for the curve I'; := "Rt UR™T, where the ray e“~R* is directed
to the origin and the ray R is directed away. Then define Lo(T,, p;) as the real
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Hilbert space of all complex-valued Lebesgue measurable functions x on I'; such
that

/ () [t]2 (1)t < +oo,

T,

where pr = p; if 7 = v(u ), 5 = 1,2,...,n9 — 1 and p, = 0 at all other points
7 € T'. Further, introduce the operators

(Sp.2)(t) == — / slwdu -y

as well as
AT = a(r)I +b(r)Sr, + ()M + d(7)Sr, M

which act boundedly on Ly(T';, p;). The model equation has the form
=f", " € Lo(T+, pr), (4.43)
with a function f7 belonging to the Banach space Ro(I'7, pr) of all functions that

are Riemann integrable on every finite subcurve of I'; and have a finite Riemann
norm

. 1/2
IFllRar, ey = IIfIILQ(r,,pT>+<Z sup If(t)|2|t2”7>

o tElkk+1]

- 1/2
+ sup  [f(OP[E7* )
<’;0 teeivr [k,k+1]

For the approximate solution of equation (4.43), introduce points t~,(€n) and
#" ke Zhy

o

+9

( ) it k>0,
7= "
(IH_(S) if k<0,
n
(k+5> it k>0,
7 = "
2
( +5> it k<o,
n

and determine approximate values f,(cn) of the exact solution xT(f,(Cn)), k € Z, of



4.3. Lo-Spaces with Weight 183

(4.43) by solving the infinite model system of algebraic equations

+o00 A #(n)
[a(T) — b(7)i cot(m(e — 5))]5(”) + % Z (tig(n

+[e(r) — d(r)icot(n(e — 6)Je™ + WZ 3 o %k”)£§)

Jj=—o00 7j

= fE™) for keZ  (4.44)

where .
g (ﬂ) it o,
J
7. (j+6> eiwr if 5 <O0.
n n

If )?,(:L) stands for the characteristic function of the interval [(k/n)?, ((k+1)/n)?)
when k > 0 and of the interval [e?"(k/n)?, ¢ ((k + 1)/n)°) when k < 0, the
approximate solution of (4.43) on the whole curve I'; is given by

=Y gx ), tel.. (4.45)

kEZ

One can think of the infinite model system (4.44) — (4.45) as an operator equation
ATaT = 7 (4.46)

nsn n?’

with 27, fr € Lo(T7, pr) and A7 € Laga(Lo(T+, pr)). Note that the boundedness
of A7 follows from the corresponding results of [102, Chapters 2 and 3] or of [180],
but it is more convenient for our purposes to translate this system into an equation
on an appropriately chosen weighted l2-space.

Let la, = l2,(Z), v € R be the Hilbert space of all two-sided sequences
{&k } ez of complex numbers such that

1/2
{€k}rezlly,, = <Z|§kl2(|k + 1)2”> <0

kEZ

and set 7, := (0 — 1)/2 — p,yo. It is well known (e.g., [102, 179]) that there is a
constant ¢ > 0 such that

—|| S ax oo <7 T2 NG kezll,, < el D @R Lo o)

kEZ keZ
(4.47)

for every sequence {{;} € l~2,r,- Then de Boor inequalities (4.47) allow us to
identify the system (4.44) with an operator equation
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where &, = {fén)}kez, the sequence n,, = {f(%,gn))}kez belongs to the space
lar., and A7 € Lyq4(l,,.). Moreover, again due to (4.47), the operator sequence
(A7) nen in (4.46) is stable if and only if the sequence (A7),cy in (4.48) is stable.
Now the advantage of considering the model problem on ZQJT becomes obvious,
viz., the operators A;,n € N turn out to be independent of n, so the sequence
(A;)HGN is actually constant, and this sequence is stable if and only if one of its
members (say the operator A7) is invertible.

Applying the local principle analogously to Section 4.1.1, one arrives at the
following result.

Theorem 4.3.1. Let a, b, ¢, d € C(T'), and let k1, ke € C(I' xI'). The quadrature
method (4.4), (4.42) is stable if and only if the operator A € Loga(L2(T'7, pr)) and
all operators AT € Loqa(la,r,), T €T, are invertible.

In contrast to Section 4.1.1, here we study operators defined on weighted
spaces and associated with non-uniformly graded meshes, i.e., the situation where
p # 0 and o # 0. This modification does not seriously influence the proof of the
corresponding stability results but the Fredholm properties of the local operators
fl{ considered on such spaces differ from those for spaces without weight.

4.3.2 Local Operators and Their Indices

As mentioned above, both the Fredholm properties and the index of the local op-
erators fl{ corresponding to pure singular integral equations without conjugation
are independent of both the angles w, and the weights p, (cf. [179, 180]). On the
other hand, as observed in Section 4.2.1 where the weight function was supposed
to be identically 1, the index of the operators /I{ corresponding to singular integral
equations with conjugation can differ from zero, although it is restricted to the set
{=1,0,1}. Let us now examine how the change of the weight influences the index.

We start with a matrix representation for the local operators A7. Let us again
identify the Hilbert space I, with the Cartesian product l%” i=lg ., Xlg,, of
the corresponding Hilbert spaces of one-sided sequences. Then every operator on
l~2,” corresponds to a 2 X 2 matrix of operators acting on the space I .

Further, given v let 7, stand for the smallest closed subalgebra of L(I3,)
containing all Toeplitz operators generated by piecewise constant functions, and
let 7.2%2 be the subalgebra of L(ly,) = L(13,) = £2*%(l,,) which consists of
all 2 x 2 matrices with entries in 7. Recall that the Toeplitz operator T'(a) with
generating function a € Lo, is defined via its matrix representation with respect
to the standard basis of lo, by T'(a) = (aj—k)5%—¢, With aj referring to the
kth Fourier coefficient of a. Moreover, for any piecewise smooth function a, the
operator T'(a) is bounded on the space I3, if —1/2 <v < 1/2.

Lemma 4.3.2. Every operator A7 as in (4.48) is isometrically isomorphic to the
operator N N o
AT = AYT 4 AT, (4.49)
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where /All*f, A27 € T2%2 qnd M is the operator
M{{&}iZo,  {m}ilo} = {{& )20, {M}iZo}-
Proof. Fix a point 7 € I and let for brevity
a=a(r), b=0b(r), c=c(r), d=d(r), p=pr, w=uw,.

Straightforward computation shows that the operator 121{ can be written in the

form ~ R R
A‘]l: :141,‘1'_’_142,7'M7

with
11 1,7 2 12 2,7 2
AT = (Ak’7'> ) AST = (Ak’r) 5
"/ kyor=1 "/ k=1

o(j ! -
A}I = (a —ibcot(m(e — §)))I + % ((j + (§§U+62k + 5)g)k,j—0 ’

P \(G+0)7 - (k+1—¢)7 k=0

b o(j+1-0)7""e \T
A172 = : o iw o ’
i \(j+1-0)7e" —(k+e)7 /-0

, b o(j+1-0)7""t >
AYT = (a—ibcot(m(6 — ) — = [ — .

2,2 ( ( ( ))) i ((j-l—l—(s)a—(k-i-l—&)a k=0
Replacing a and b by ¢ and d respectively, one gets analogous representations for
the operators Ai’z, k,r=1,2.

Now let A% z € C refer to the operator of multiplication by the diagonal
matrix A* = ((j + 1)25]-7;6);3’9:0. Evidently, A? is a linear isometry from I , onto
la, where Iy := 29, SO 121’1' is a continuous additive operator on Iy, X Iy, if and
only if the operator

(AT 0 ~( AT 0
A "( 0 A >A1< 0 A >
belongs to Eiﬁ (I). Moreover, 7, = A~*TyA*. Since A*M = MA? for every real
z, the operator /1{ can be rewritten in the form
AT = AV 4 AP,

with A&7 = A(0=1)/2=po fi. A(=0+1)/24p0 for j — 1 2. To complete the proof, one
has to check that these operators belong to the algebra 72%? = 7:2*2. This has
been done in [179, pp. 46-49] and [102, Sections 2.4 and 2.11]. O
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Lemma 4.3.3. (a) If A€ T, then MADM is also in T.
(b) The operator AT in (4.49) is Fredholm on the real space lo if and only if the

operator
ALT A27
A= —, — . 4.50
b ( MA2™M  MAYM ) (4:50)

1s Fredholm on the corresponding complex space. In that case,
indgr fl{ =indc A1 -

Assertion (a) is proved in Lemma 4.2.1, and (b) is a consequence of Lemma
1.4.6 (see also (2.11)).

Let us fix a point 7 € I', and drop the subscript 7 in A; » but indicate the
dependence of that operator on o,p and w by writing A7”* in place of Aj ;.
The Fredholmness of the operator A7”** can be studied via the Gohberg-Krupnik
symbol calculus for the algebra 72*2. We again consider the function f%,

(s—1) Sin(—mvs)

[V (e = 2™ —1 for 0<s<1,

sin(—nv)
first defined in (4.32). If we set f*(t) := f(t), 8 := B(p) = sin(n), v :== v(u) =
—icot(mh), and

0= 0(#):1*p+LlOgL, w e [0,1], (4.51)
o 1—pu
then the symbol Az of the operator AT”*, which is a 4 x 4-matrix-valued
function defined on T x [0, 1], is given as follows (cf. Section 4.2.1 and [11, 94, 102,
179)):

If t #1 and p € [0, 1], then

Az (t, 1)

a+bfE=9 (1) 0 e+ df =9 (t) 0
B 0 a—bfo=e)(t) 0 c—dfP=2)(t)
T eHdfETI( 0 a+bfE=9%(¢) 0 ’
0 ¢ —dfO==*(t) 0 a—bfO==)*(t)

and if t =1 and p € [0,1], then

Aggors (1, 1)

a+ by z'%ei(w_”)‘9 c+dy i%ei(“’_”)g
,i%ei(w—ww a— b’}/ 7’Ldei(ﬂ'_w)9 c— d’}/
= - . _ 3 (4.52)
C— dfy _iﬁel(ﬂ'*w)e a— b’)/ —i el(rrfw)ﬁ

ideimm?pdyibeilemt Tty
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We prepare for studying the Fredholmness of the local operator A7 by noting
two of its important properties.

Lemma 4.3.4. If a, b, ¢, and d are any fixed complex numbers, then the function
det Agore (o \ {1}) x [0,1] = C

1s real-valued and non-negative.

Proof. 1f t # 1, then Aperw(t,p) = Ap- (L, 1), where the operator Bi(t,p) is
defined by (4.30), so the result follows from Lemma 4.2.4. O

Lemma 4.3.5. For any 01,02 € R, 01 > 1, 09 > 1, the operators A7""* and
AT>P% are either simultaneously Fredholm or not. If they are Fredholm,

ind A7"7% = ind AT,

Proof. A closer look at the symbol of the operator A" reveals that only the
matrix (4.52) depends on the grading parameter o via the function 6 defined by
(4.51), but the image of the function § = 0(u), p € [0, 1], coincides with 1/2—p+iR,
which is independent on o. O

Thus we can suppose hereafter that o = 1, and write A?* in place of A;"*.

Recall that by Theorem 4.2.3, the index of the operator A7 considered on the
lo-space without weight can only take the values —1, 0 or 1. Let us now verify
that this still remains true for the weighted spaces if the weight p is in the interval

(0,1/2).
Lemma 4.3.6. The determinant of Ae« (1, 1) can be represented as
det Appe (1, 1) = U + VO*(p),

with real numbers U, V', and with ® denoting the function

_ sin((w — )0)

1
sin(mf) ' nelo, 1],

where
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Proof. Expanding the determinant according to the second-order minors of the
first two rows leads to the expression
R
det Appe (1, 1) = [(a+by)(a —by) — @][(a +by)(@—by) - @}
& &

+ [(c+dy)(c—dy) - @][(E +dvy)(c—dv) — @]

T [(a+ by)(e—dv) - g—‘in% (@) (et dy)]

F @+ B)E—dy) - %M% ~(a—by)(c+ dv)

+ %(ad — be)(ad — be)et2(m )b

+ %(ad — be)(ad — be)e@m8, (4.53)

The first line on the right-hand side of (4.53) is equal to

[a? — b?y? — ,Z’_ZHEQ SRS 2_22]
B o 2 9 1 _92 __2 _ 2 #
— [a, b ( cot (W@) + sin2(7r9) )][CE b ( cot (71'9) + SiHQ(ﬂ'Q) )]
_ ‘(LQ _ b2|2,

and the second coincides with |c2 — d?|2. For the third line, abbreviate ac — bd and
cb — ad by N and P respectively, and note that

bd bd . - = - =
(a+by)(c—dy) — 7 = N + P, 7 (@—by)(©+dy)=—N + Py,
which finally gives —|N|? — 2iIm(PN)y + |P|?>y? for the third and —|N|* +
2i Im(PN)v + | P|>4? for the fourth line. Thus

2w — )0
det Appe (1 = a® — 022 + | — d*2 — 2N |? + 2|P|*% + 2|P|C°S(_(“’—”)>

sin?(76)
= la® = 0P + | — &P — 2IN|? + 2P (1 - 2(_5111(8(1?(;97;)9))2)
=U +V&%(n)
with
V =—4|P)?, U=|a® -+ |2 —d*? +2(|P)* - N (4.54)

as desired. O
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Corollary 4.3.7. If cb—ad = 0 and if the operator A7 is Fredholm, then its index
18 zero.

The condition ¢b — ad = 0 is, for example, satisfied for singular integral
equations without conjugation, where ¢ = 0, d = 0. The corresponding assertion
for the index of A" is well known (cf. [180]). Lemma 4.3.6 provides another proof
for this result.

Corollary 4.3.8. If w = m and if the operator A" is Fredholm, then its index is
zero.

It is obvious from Lemma 4.3.6 that the winding number of det A4r.« (1, 1)
and thus the index of the operator A", depend essentially on the properties of
the function

sin((w — m)0) 1 i i
lp)=—1—"—"->, 0==-—p+ —log—.
(1) sin(78) 2 PR T,
In connection with the index evaluation, the location of the zeros of the real and
imaginary parts of the function ® in the open interval (0, 1) is of a special interest.
For the imaginary part the corresponding results are summarized in Lemma 4.3.12,
whereas Lemma 4.3.18 contains results concerning the zeros of the real part.

Since 6 = oo + i with a =1/2 — p and 8 = (1/27)log(n/(1 — p)), one has

sin((w — m)f)sin(rf)  sin((w — 7)0) sin(7)

W) = () [Sin(rO)?
_ cos((w — 2ma) + iwf) — cos(wa + i(w — 2m) )
2| sin(76)|?
_ cos((w — 2m)a) cosh(wfB) — cos(wa) cosh((w — 27)5)
2| sin(7)|?
. sin((w — 2m)B) sinh(wf3) — sin(wa) sinh((w — 27)8) |
2| sin(m0)|? ’

so the real and imaginary parts of the function ® have the form

Re ®(y1) = cos((w — 2m)a) cosh(;igi)nzﬂ(;(;sgwa) cosh((w — 271')5)7 (4.55)

T () — sin(wea) sinh((w — 27;)|§1)nz7r591;1|(2(w —2m)0) sinh(wﬁ). (4.56)
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The common denominator of (4.55) and (4.56) can be written as

|sin(r6)[2 = sin(r8) sin(xg) = 20 = 8)) — cos((6 +6))

2
_cosh(27f3) — cos(2m0) 1 i 1—p
= 5 =1 {(m + T) + 2005(27‘(‘p))
_ (2p— 1) + 4p(1 — p) cos?(mp)
Ap(1 — p) ’

whence via straightforward calculation follows

Re ® (1) = “(;(;)’“‘) l((lfu>6+ (lu“>6> cos(2m(8 — 1)a)

_ ((ﬁ)é_l n (I_T“Y_l) cos(27r(5a)> . (457)

o= S5 ()" () e
ﬂ §
M

_ <<ﬁ>5_( ) >sin(27r(§—1)a)> (4.58)

R(p) = (2 — 1)% + 4pu(1 — p) cos*(mp), —1/2 < p<1/2,

and § := w/(27), 6 € (0,1).

Let us start with study of the imaginary part of ®. For brevity, we introduce
a new variable z by © = (1 — p)/p and set y = 27 a, i.e., « runs through (0, +00),
and y is in the interval (0,27). Because the function p — p(1 — p)/R(p) has no
zeros in the interval (0, 1), the zeros of the imaginary part of the function ® are
completely determined by those of the function

with

Ys(x) = (2170 — 227V sin(y) + (270 — 2°) sin((1 — 0)y).
The following property of the function s is obvious.

Lemma 4.3.9. If 0 is in (1/2,1) and y = ©/d, then the function s has no zeros
in (1, o).

Thus considering the function 15 in case § > 1/2, we can restrict ourselves
to the case when y # 7/0.
Write the function 15 as

Ws(x) = sin(dy) (2" —a)(¢5(x) — As(y))
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with ( » s s1
sin((1 —9)y % —a°”
A =— d =—— 4.
§(y) sm(éy) an ¢5(I) ( 59)
Further, given a function f, denote by Iy (a, b) the image of the interval (a, b) under

the mapping f.
Lemma 4.3.10. If ¢5 is the function defined in (4.59), then

((1-10)/8,00) if 6€(0,1/2),
Ly, (1, 00) :{ 0, (1=3)/8)  if de(1/2,1).

Proof. The function ¢s is continuous on (1, oo) with one-sided limits

lim  ¢5(z) = (1—8)/6, lim ¢5(z) =

x—1+40 xr——+00

oo if  d€(0,1/2),
0 it §e(1/2,1),

and the elementary inequality

¢ —x ¢ P — b

4.
- < 7 (4.60)
which is valid for x > 1 and 0 < o < 8 < 1, yields
1-6 .

¢s(x) < 5 if z€(1,00) and § € (0,1/2),
and 1§

% < ¢s(z) if z€(1,00) and § € (1/2,1).
(Puta=¢,f=1-dand a=1-4, =7 in (4.60), respectively.) O

A similar discussion of the function As leads to the following result.
Lemma 4.3.11. Let As be defined by (4.59) and let y € (0, 27).
(a) If 6 € (0, 1/2), then As(y) < (1 —10)/d for all y € (0, 27).

(b) If 6 € (1/2,1), then As(y) > (1 —6)/d for all y € (0,7/6), and As(y) < 0
for ally € (w/0, 2m).
Proof. For 0 < a < 3 < m one has

sinf  sina
. 4.61
< (4.61)
If 6 € (0,1/2) and we set o = dy and § = (1 — §)y in (4.61), then this inequality
yields

sin((1 — 0)y) < 1-9

Asly) = sin(dy) 6’
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for all y € (0, w/(1 — §)), which shows that assertion (a) is correct in this case. In
case y € (m/(1 =), 2m), one has sin((1 — d)y) < 0, which verifies (a) for such y
too.

If we similarly put o = (1 —¢)y and 8 = dy with y € (0, 7/0) in (4.61), then
we get the first estimate in (b), and the second one is evident. ]

Lemma 4.3.12. If 6 € (0, 1/2) U (1/2, 1) and p € (—1/2, 1/2), then the function
= Im ®(u) has no zero in the intervals (0, 1/2) and (1/2, 1).

Proof. The assertion concerning the interval (0, 1/2) follows from Lemmas 4.3.9,
4.3.10 and 4.3.11, and for (1/2,1) one can make use of the obvious identity

Im®(p) = —Im®(1—p), pe(0,1/2). O

Let us now turn to the real part of the function ® given by (4.57). As before,
we introduce a new variable x := (1—pu)/u, set y := 27, and consider the function

Vs(x) = (2 +27%) cos(( — 1)y) — (2°~ 1 + 2% cos(dy), € (1,400).
For § € (1/4,1/2) U (1/2,3/4), there is only one number y € (0, 27) such that
cos(dy) vanishes, whereas in case § € (3/4,1) there are exactly two different zeros
Y1, Y2 € (0, 27) of the equation cos(dy) = 0. In any case, if cos(dy) = 0, then the
sign of the function 77[;5 is constant on the interval (1, co). Thus we suppose that
y € (0, 27) and 6 € (0, 1/2) U (1/2, 1) are chosen such that cos(dy) # 0, whence
the function 1[15 can be written as

hs(x) = (2° + 27°) cos(dy) (As — ds(x))
where

. 210 4 401

os(x) = g B cos((6 — 1)y)

Lemma 4.3.13. If ¢5(x) is the function defined in (4.62), then
) _J Loy if 6€(0,1/2),
I3,(1, 00) _{ (0, 1) if e (1/2,1).
The proof is similar to that of Lemma 4.3.10, although the inequality
PP <427 forall 0<f<a<landz>1
must be used instead of (4.60). O

Let us now examine the function As given by (4.62). The behaviour of the
derivative (25— 1)g) + (26— 1)si
A Sin —1ly) + —1)siny
As(y) = 4.63
) (y) 2 cos? ((Sy> ( )
of the function Ay depends essentially on the parameter §, so the cases ¢ € (0, 1/4],
§ € (1/4,1/2), 6 € (1/2,3/4) and 6 € [3/4,1) are considered separately in the
subsequent four lemmas.
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Lemma 4.3.14. If 6 € (0,1/4], then I3 (0, 2m) N1 (1, 00) = 0.

Proof. First suppose d € (0,1/4). If 7j5 denotes the numerator of (4.63), its deriva-
tive
() = 2(26 — 1) cos(3y) cos((1 — 5)y) (4.64)

has the two zeros

._7’” c 12_7.( -—7371- c 3_7TQ
N=50-0) " \223 ) 7aa-s "\ 2°7")

in the interval (0, 2), and 75(y) is negative for y € (0, y1) U (y2, 2m) and positive
for y € (y1, y2). In particular, 7js is a monotonically decreasing function on both of
the intervals (0, y1) and (y2, 27). Since 7s(4+0) = 0 and 7j5(27 —0) = sin(47d) > 0,
one has

As(y) <0 forall y e (0,91) and Aj(y) >0 forall y € (y2,2n).

These inequalities imply that the function Ay is monotonically decreasing on
(0, 1) and monotonically increasing on (y, 27). Since As(+0) = As(2r —0) = 1,
we henceforth obtain As(y) < 1 for all y € (0, y1) U (y2, 27). Moreover, it is eas-
ily seen that As(y) < 0 for all y € [y, y2], so that 1;,(0,2m) C (—o0, 1), which
together with Lemma 4.3.13 proves the claim for 6 € (0, 1/4). Finally, if § = 1/4,
then yo = 27, and As(y) is negative everywhere on the interval (yq,2). O

Lemma 4.3.15. Let § € (1/4,1/2). Set y; := 7/ (20) € (7, 27) and y2 := 7/ (2(1 —
0)) € (2w/3, 7). Then

(a) 14,(0,y1) NI (1, 00) = 0.

(b) I, (1, 2m) €15, (1, o?) More?ver, for every y € (y1, 2m), there is only one
x € (1, 00) such that ¢s(x) = As(y).

Proof. The points y; and ys are zeros of the derivative 7 in (4.64), and 7j5(y) < 0
for all y € (0,y2) U (y1,2m) but 75(y) > 0 if y € (y2,91), hence the function
f)s is monotonically decreasing on (0, y2) U (y1, 27) and monotonically increasing
on (ya, y1). Since 7i5(+0) = 0 and 7j5(y1) = 28sin(r/25) < 0, the derivative A}
is negative on (0, y1) U (y1, 27), so the function Ajs is monotonically decreasing
on the intervals (0, y1) and (y, 27). Moreover, As(+0) = 1. Combining these
observations with Lemma 4.3.13, we obtain assertion (a).

Now consider the function As on the interval (y1, 2m). It is continuous there,
and has the one-sided limits As(y; + 0) = oo and As(27 — 0) = 1. Again us-
ing Lemma 4.3.13, we find that As(y) € I5,(1, 00) for every y € (y1, 2m), and

the uniqueness of an element z such that ¢5(z) = As(y) follows from the strict
monotonicity of the function ¢g. O

Analogous discussions lead to the following two lemmas.
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Lemma 4.3.16. Let 6 € (1/2, 3/4), and set y; := w/(26) € (2n/3, 7) and y2 =
7n/(2(1 —=9)) € (n, 27). Then

(a) 14,00, y1) U (y1, y2)) N 15 (1, 00) = 0.

(b) I, (y2, 2m) C 15, (1, o?) More?ver, for every y € (y2, 27), there is only one
x € (1, 00) such that ¢s(x) = As(y).

Lemma 4.3.17. Let § € (3/4, 1) and set y1 := w/(28) and y2 := 3w/(26). Then
14, (00, 51) U (91, y2) U (y2, 2m)) N 15 (1, 00) = 0.
Summarizing the preceding four lemmas and taking into account the identity
Re®(1 — p) = Re®(p), for pe (0,1/2),

we arrive at the following characterization of the zeros of the real part of the
function ®.

Lemma 4.3.18. Let @ be the function defined in Lemma 4.3.6.

4

(a) If 6 € (0, 3]U[2, 1) and p € (-1, 1), then the real part Re ® of the function
® has no zeros in (0, 1)U (3, 1).

(b) If6€ (%, 3) and pe [t — 2, 1), then Re® has no zeros on (0, 3) U (3, 1);

whereas in case p € (f%, % - %) the function Re ® has exactly one zero in

(0, &) and one in (3, 1).

(1-9)

(c) If6€(3, 3) and pE€ [ — 7757+ 3), then Re ® has no zeros on (0, 3)U (3, 1);
— ﬁ), the function Re ® has exactly one zero

whereas in case p € (—%, %
in (0, 3) and one in (1, 1).

Corollary 4.3.19. If 6 € (0, 1/2) U (1/2, 1) and p > 0, then the function Re ® has
no zeros on (0, 1/2) U (1/2, 1).

Here is the main result of this section.
Theorem 4.3.20. Let p € (—1/2,1/2), w € (0, 2m), and let the operator A} be

Fredholm. Then the index k := k(AD) of AT satisfies the estimates summarized
in the following table.



4.3. Lo-Spaces with Weight 195
Angle Weight Index
O<w< 3 —1<p<i k| <1
F<w<m —1<p<i-£& |k <2
F<w<m i1-ZLZ<p<i k| <1
w=m —1<p<i k| =0
T<w<E | 5 <p<3—gmey | I8l <2
T<w< 3 %—m§p<% k| <1
T <w<or | -t<p<i k| <1

The table has to be read as follows: If the angle w and the weight p belong to
the mentioned intervals, then the index & is subject to the corresponding estimate
in the last column.

Proof. Lemma 4.3.6 implies that the imaginary part of the determinant of the
symbol A e (1, 1) of the operator A7 has the form

Im det A gp (1, 1) = =8| N [*Im ® () Re (p).

From Lemmas 4.3.12 and 4.3.18, the function Im ® - Re ® can possess either three
(0 =0,p=1/2, p = 1) or five zeros on [0, 1]. Since det A e (t, 1) is real for
t#1 and p € [0,1] (cf. Lemma 4.3.4), the curve

{detAAf‘w(1>/1')7 0< n< 1} U {detAAf’w (t70>7 t# 1}

can perform at most one rotation around the origin when there are three zeros, or
two when there are five zeros. ([

Corollary 4.3.21. Let w € (0, 2m), p € [0,1/2), and let the operator AP be Fred-
holm. Then |k(A]“)| < 1.

Consider an example where the index of the corresponding local operator can
take value 2 or —2. Thus Figure 4.1 shows the image of the interval [0, 1] under
the function ®2 in the case w = 57/4, p = —0.49.

At first glance, Figure 4.1(a) does not give any hint that there might be a
second coil of the curve. However, after “zooming” this picture one observes that
in the neighbourhoods of the origin, the curve actually has two coils (cf., Figure
4.1(b)).

It is interesting to note that if the graph of the function ®? consists of two
coils, one of each is substantially smaller than other, so in most cases it cannot be
spotted without zooming. One of the rare cases where a graph has a visible second
coil is presented in Figure 4.2 on page 196.
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(a) p=—0.4900, o=57m/4 (b) p=—0.4900, w=57/4

—100} A

—200 B

—300 -

—40960 o 100 200 300 400 500

Figure 4.1: Graph of the function ®? for p = —0.49, w = 57 /4.

4.3.3 The Vanishing of the Index of Local Operators

Vanishing of the index x(A{“) of the operator A" is a necessary condition for
applicability of a modified quadrature methods considered in Section 4.3.4. When

0.25
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0.15

0.1

0.09

-0.09

-0.1

-0.1§

0.25= t t t t
-0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 4.2: Graph of the function ®2 for p = —0.35, w = 1.17.
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the estimate |<(AJ”)] < 1 can be guaranteed, it is possible to force the index
k(AT to vanish by an appropriately chosen weight function p. Recall that U
and V are given by (4.54).

Theorem 4.3.22. Let w € (0,7)U(m, 27), assume the operator AV to be Fredholm,
and let one of the following conditions be satisfied:

(i) w e (0, 7] U [37/2, 27) and p € (—1/2,1/2),
(i) we (r/2, w) and p € [-1/2 — 7/ (2w), 1/2),
(ili) w € (m, 3/27) and p € [-1/2 — /(227 — w)), 1/2).
Then the following assertions are true:
(a) The operator AY* is Fredholm if and only if
*((w = m)(1/2 )

cos?(mp)

ty = ta(p) = t1 — 4|cb — ad|?> = £0, (4.65)

with t1 := U = |a® — b2|? + |c® — d?|? + 2(|cb — ad|? — |ac — bd|?).

(b) If the operator AP is Fredholm, then its index vanishes if and only if
t1 -t > 0.

Proof. 1f A(l)"" is a Fredholm operator, then ¢ — det AA(IJ,w(t70>, t # 1 is a real-
valued function without a zero. Since

det AA{”W (t7 0) |t;£1 = det AA(lJ,w (t, 0) |t7£17
the operator A7 is Fredholm if and only if the origin does not lie on the arc
T = {det Aype (1, p), p € [0, 1]} = {U + V& (n), p € [0, 1]}.

Each of the above conditions (i) — (iii) implies that the real axis R and the arc
I'" have only two common points that correspond to the parameters y = 0 and
= 1/2. Let us denote these points by ¢; and t2. Since

® (1) = (Re ®(1))” — (Im ®(p1))* + 2iRe P (p1)Tm B (1)
with Re ® and Im ® given by (4.57) and (4.58) respectively, and since
Re®(0) =Im ®(0) = Im ®(1/2) = 0,

sin((w — 1)(1/2— p))
cos(mp)

Re®(1/2) = ,
we conclude that £; = t; and y = to. However, t; cannot be zero since A(l)’w is a
Fredholm operator. This finishes the proof of assertion (a), and that of (b) is now
obvious. (]
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Thus, under each of the hypotheses (i) — (iii) of Theorem 4.3.22, the operator
A% is Fredholm; and if ¢; -t < 0, then necessarily k(A7) # 0. Since the location
of the point 3 on the real line depends on the weight p, one might try to find a
new weight p such that k(A7) = 0. The following corollary establishes conditions
when such a choice is possible.

Corollary 4.3.23. Let one of conditions (i) — (iii) of the previous theorem be satis-
fied, and suppose that t1 -ta < 0. Then there is a weight p € (—1/2, 1/2) such that
K(APY) =0 if and only if one of the following conditions is fulfilled:

(a) we (0,7/2)U[37/2, 27) and

0 € (—o0, U —4leb — ad|*(1 — 7/w)?).

(b) we (n/2, ) and

0 € (U — 4|cb — ad|? cot?® (72 /2w), U — 4|cb — ad|*(1 — 7/w)?).

(¢) we (m 31/2) and

0 € (U — 4|cb — ad|? cot? (72 /2(2m — w)), U — 4|cb — ad|*(1 — 7/w)?).

In particular, if U > 0 but U — 4|cb — ad|*(1 — 7/w)? < 0 then, for every p €
(—1/2,1/2) that satisfies the conditions of Theorem 4.3.22, the index of x(A)™)
is not equal to zero. Conversely, if U > 0 and U — 4|cb — ad|?*(1 — 7 /w)? > 0, then

there always exists a p such that all conditions of Theorem 4.3.22 are satisfied and
that k(ADPY) = 0.

Proof of Corollary 4.3.23. To prove the claim one has to describe the range of the

function )
sin((w —m)(1/2 — P))) ,
cos(mp) ’

e (Rea(1/2))" = (

or equivalently, after substituting y := 7(1/2 — p) € (0, 7) and § := w/2m7, that of

the function b2
a0\ . (sin((20 — 1)y)?)
i) = (HE)

The one-sided limits of 5 at 0 and 7 are

oo if 26-1<0,

too if 20-1>0, (400)

i =20—-1 d li =
Jim Vs(y) and  lim ¥s(y) {

respectively, the derivative of 15(y) is

(0 — 1) sin(2dy) + 26(sin(1 — 0)y)
sin?y

Ys5(y) =

)
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and the derivative of the numerator 75(y) of that fraction is given by
ns(y) = 46(1 — &) siny sin((26 — 1)y).

Other properties of the function s depend on the location of the point ¢ in the
interval (0, 1).

If 6 € (0, 1/4), then n5(y) < 0 for all y € (0, 7) and hence 75 is monotonically
decreasing on [0, 7]. Since 75(0) = 0, the function 75 is negative on (0, ), which
implies that ¢j§(y) < 0 for all y € (0, 7). Thus 15 is monotonically decreasing on
this interval, which together with (4.66) shows that I, (0,7) = (—00,20 — 1) and

Iys (0,7) = ((20 — 1)%, 00) if & € (0, 1/4). (4.67)
If 0 = 1/4, then 9y ,4(y) = —1/(2cos(y/2)), which immediately gives
Iyz,, (0,7) = (1/4, o0). (4.68)

When § € (1/4,1/2), we again have nj5(y) < 0 for all y € (0,7). However, we
now have to restrict ourselves to those y for which the curve [ has at most two
common points with the real line, since otherwise, we have no information about
the location of the zeros of the symbol. Thus according to Theorem 4.3.22, we get
y € (0,m/(49)), and therefore Iy,;(0,7/(40)) is the interval (cot f5,20 — 1), whence

1,2(0,7/(40)) = ((26 — 1), cot? 2—6) if 6€(1/4,1/2). (4.69)

Similarly we obtain

I,2(0, w/(4(1 = 6))) = ((26 — 1)?, cot® 4(1”_ 5)) if 6€(1/2,3/4), (4.70)
Iz (0, 7) = (1/4, o), (4.71)
I,2(0, m) = ((26 = 1)%, 00) if 6 € (3/4,1). (4.72)

A comparison of (4.67) — (4.72) with (4.65) indicates that the conditions of Corol-
lary 4.3.23 allow us to choose the weight parameter p in such a way that the
product t1 - t2(p) becomes positive, whence the index of A" becomes zero. [

4.3.4 Modification of the Quadrature Method by Cutting Off
Corner Singularities

When the operator A is invertible and the local operators A7 defined by (4.6) are
not invertible but still Fredholm with index 0, the quadrature rule (4.4) can be
modified in such a way that the stability conditions become essentially weaker. The
modification under consideration, proposed by I.G. Graham and G.A. Chandler
[98], is to cut off the quadrature rule in the neighbourhood of the corner points.
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Thus choosing a non-negative integer 7o, one next defines a set of subscripts Iy, ;,
as the set of all kin {0, 1, ..., n — 1} such that

|k/m—j/no| > i9/n forevery j=1,2,...,n9—1,

and replace (4.4) by the system

() At
My _ p(r(M)y; ORI i
(7)) = b(rYicot(m(e = ))& + == D NOROM
j€Iniy Uy k
)y _ g™y sy o o) ALY oy
+le(my ) = d(7,")icot(m(e — 0))]E, +T_Z wé}
J€In,ig 'j k
+ 3 ki A 1 ST kM ) Al

J€1In,iq J€In,ig

= (™), k€l (4.73)

Observe that the choice iy = 0 yields the original system (4.4).

The modified method can be analyzed in a similar way to the original (cf.
Sections 4.2.4 — 4.2.6 in [102] for details), and results are summarized in Theorem
4.3.24 below. Note that r; = (o — 1)/2 — pra again, and P;,¢ > 1 stand for the
projection operators

Pi : l2,r.,. — ZQ,TT, (x(), T, .. ) = (1’0, ooy Li—1, 0, 0, . .),

and @Q; := I — P;. The same notation is used for the diagonal operators
diag (P;, P;, P;, P;) and diag (Q;, Q:, Qi, Q;), respectively.

Theorem 4.3.24. The modified quadrature method (4.73) is stable if and only if:
(a) the operator A is invertible,
(b) the local operators A7 are invertible for all T € T\ {y(u1), ..., v(uny)}, and
(c) the sequences (P; + Q;ATQ:)i>1 are stable for all 7 € {y(u1), ..., Y(Ung)}-

If the sequence (P; + Q;A7Q;):>1 is stable, then the operators P; + Q; A7Q;
are invertible for sufficiently large ¢, so A] is necessarily a Fredholm operator with
index 0 (due to the compactness of the P;). On the other hand, the invertibility
of AJ is not necessary for stability of the sequence, since the strong limit of the
operators P; + Q;A7Q; as i — oo is the identity operator (which obviously is
invertible). In that sense, (P; + Q;A7Q;);>1 is an approximation method for the
identity operator.

The operator A] has the form of a Toeplitz operator + discretized Mellin
convolution; thus Theorem 4.4 in [102] applies and yields the following stability
result for the sequence (P; + Q;A7Q;)i>1 (cf. also Example 4.7 in [102]). We again
make use of the abbreviations a := a(7), b := b(7), ¢ :=¢(7), d := d(7).
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Theorem 4.3.25. The sequence (P; + Q;ATQ:)i>1 is stable if and only if the fol-
lowing conditions are satisfied:

(a) the operator A7 is Fredholm on the space lar. X loy X loy Xlo,,

(b) the 4 x 4 block Toeplitz operator T with generating function

a+bfe=9) 0 c+dfe=9) 0
0 a—bf0—e) 0 c—dfo=2)
c4d(fle=0) 0 a+b(fE=9)* 0
0 Eicz(f@fs))* 0 EL*B(f(‘;*E))*

is invertible on la g X la g X lag X la9, and

(¢c) the singular integral operator
XFT\FT,I (CLI + bS + (CI + dS)M)XFT\FTJI

with T := e“"RUR and I'; 1 := e™“7[0, 1) U [0, 1), is invertible on La(T'; \
FT,la T'r) g LZ(F‘M 7’7-).

It may seem difficult to analyze condition (c) further, but it is actually
equivalent to the invertibility of the Wiener-Hopf operator acting on the space
L2([0,00), r7) @ ... ® La(]0, 00), 7 with generating function

a+ bs —bnar_p c+ds —dnar_p
bng a — bs dng c—ds
¢—ds Jng a—bs Bng
—Jngﬂ_g ¢+ds —Bngﬂ_g a+ bs

where 3 := w, and where s(z) := cothn(z + i(1/2 + r;)) and ng(z) :=
e(z+i(1/24r))(7=B) | sinh (2 +i(1/2 + 7,))). On the other hand, we have effective
criteria to check the invertibility of the Toeplitz operator T' in condition (b).

As in the proof of Lemma 4.3.4 one readily gets that the operator T is
invertible if and only if the Toeplitz operator with generating function

a+bfe=9) c+dfe=9 0 0
e+ d(fED) @+ b(fEDy 0 0
0 0 a—bflo=e) c—dfo—e
0 0 ¢ — J(f(éfs))* a _B(f(éfs))*

is invertible, and hence, if and only if the 2 x 2 block Toeplitz operators T} and
T with generating functions

a+bfE= i dfemd a—bfo=9) ¢ dfo-o
c+ J(f(sfts))* C—L+E(f(€75))* ) E_J(f((;fs))* a_g(f((sfs))* s

respectively are invertible.
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Making use of the identity (f*))* = —f*) (again from the proof of Lemma
4.2.4), we can rewrite the operator T3 as

( a+bT(fE) 4 dT(fE9) )

c—dT(fE=9) a—br(fE=9)

and since all entries in this operator matrix commute with each other, we conclude
that the operator Tj is invertible if and only if the operator

(a+bT(fE) (@ —bT(fE)) = (c + dT(fD)) (@ — dT(fED))
= (a@ — c&)I + (ab— ab — &éd + cd)T(fE~%) — (bb — dd)(T(f==%))?

is invertible. This clearly is true if and only if
(a@ — ce)I + (ab — ab — éd + cd)\ — (bb — dd)\* # 0 (4.74)

for all A belonging to the spectrum of the Toeplitz operator T(f(5*5)).

We still need the spectrum of that Toeplitz operator, considered as acting
on the Hilbert space l3. Abbreviating ¢ — § by v and observing that for v # 0
the piecewise continuous function f*) maps the unit circle into a circular arc C,
in the complex plane which joins —1 to 1 and runs through the point i tan(nv/2)
(the center of that circular arc is —i cot 7v, and its radius is equal to 1/|sin7v|).
The well-known criterion for the invertibility of Toeplitz operators with piecewise
continuous generating function (e.g., Corollary 2.40 and Theorem 2.74 in [11])
states that the spectrum of T'(f (”)) just coincides with that compact region in the
complex plane which is bounded by the circular arc C, and the interval [—1, 1].
Thus denoting this region by D,,, we get

Lemma 4.3.26. The Toeplitz operator Ty is invertible if and only if (4.74) is sat-
isfied for all A € D._s.

An analogous result holds for invertibility of the operator T5.

4.4 Double Layer Potential Equation

As above, let I' be a curve in the complex plane and write n. for the inner normal
to I' at 7 € I', which exists for all points of I' with exception of the corner points

T0s T1s- - -3 Tng—1- By Vr we denote the double layer potential operator on I', viz.,
(Veu)(®) = 7 [ u(r)g-loglt — rlds,. teT
U =— [ u(r ogl|t — 7|ds,
r T Jr dn, &

where ds, refers to the arc length differential. In this notation, we can rewrite
equation (4.2) in the form

Au=(al +bVr+T)u=yg, ge€ Ly(T) (4.75)
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where I is the identity operator, T' is compact and a,b € C(T).

If T is a sufficiently smooth curve, then V1 is a compact operator and this
essentially simplifies the question of stability of projection methods for (4.75). In
this section, we proceed to stability investigation for collocation, qualocation, and
quadrature methods for solving (4.75) when the curve T' is not smooth, and we
can rely upon results of preceding sections. Indeed, using the well-known identity
[162]

2Vr = St + MSr M

we can rewrite equation (4.75) as
b b
Au = (al + 5SF + §MSFM +Tu=g, (4.76)

which is a particular case of equation (4.1) and hence subject to Theorems 4.1.1,
4.1.7 and 4.1.8. For simplicity, throughout this section we suppose that 7" = 0 and
consider the operator A on the space Lo without weight.

4.4.1 Quadrature Methods

Let t;ﬂ") and T,En) be as in (4.3), and set At;n) = (G + 1)/n) — v(j/n). We

determine approximate values flin) for the exact values of the solution u of (4.76)

)

at the points t,(cn by solving the linear system

(m)yn=l [ A4 At
)y, O ") i j (n) (n)
a(n,) + =E=) - = | & = g(r,,") (4.77)
2wt S\t - t§ -

for k=0,1,..., n—1. Fix 7 € T and abbreviate a(7) and b(7) by a and b. The
local (model) system associated with (4.77) at 7 € T is given by

“é;(cn)+ b i QIm%,En) - i eiwr B e~ iwr £ gf(%,i"))
' £ — 7" fn) =) om)  ~(n j
2min | S |EY —HMR G \ YA 0

where k € Z, and the corresponding operator A7 € L(I3) is of the form (A7;)Z,_,
where

T _ T _
11 =A% =al,

r 1 1 Oo
An =517 Lk _ 1)eiwr 4 i(2m—wn) )
2mi\j+d+(e—k—1ewr j+5+(—k—1e ) i=0
P _ N
2T \@ -t e thte (0 j+0eCD fkte), o

eiw,- ei(27r—w,-)
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Corollary 4.4.1. If a,b,€ C(T'), then the quadrature method (4.77) is stable if
and only if the operator A € L(Lo(T)) and all operators AT € L(13), 7 € T are
invertible.

Our next goal is to consider the Fredholmness of the local operator A7.
Computing its Gohberg—Krupnik symbol yields

a 0
0 a
ift#1,u € [0,1]
Agr t, =
1( ILL) a 21)_2 (efi(frﬂu,)a_efi(w.,.ﬂr)a)
75_2 (efi(wfw)a_efi(wwr)a) a
if t=1,p € [0,1]

where a, 3 are as in Section 4.2.1.

Corollary 4.4.2. Let 0, := w,/2mw. The operator A7 is Fredholm if and only if the
Sfunction

2

Or () = a® = - [4p(1 = ) +2(u" (1= )*™" + (1= )" 4?77 cos w-

=2i(p% (1= p)>~ 0 — (1= )’ "7 ) sinw, | (4.78)
does not vanish on the interval [0, 1].

Proof. The determinant of the symbol A~ (¢, 1) of the operator A7 is

b? b2

det Aar (t, 1) = a® — 7 sin?((7 — wy)a) = a® — W(l —cos(2(m — wra))).
Recalling the expressions for 1/3? and cos(2(7—w,)a)/3? quoted above, we obtain
(4.78). O

Corollary 4.4.3. If the quadrature method is stable, then
a(t) #0 for all tel.

For proof, set p = 0 in (4.78).
Now let 79, 71,...,Tn,—1 denote the corner points of I', i.e., w, # 7 for
r=0,1,...,np—1and w, =7 for 7 € T\ {79, 71, ..., Tny—1}. Consider the curves

(1+ s5)?

Cr = o
" 4s+2(sf 45297 cosw,, —2i(s0—s2 ) sinw,, |

-5

s € (0,00, 0,

forr=0,1,2,...,n9—1, and
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Corollary 4.4.4. Let a(t) #0 for allt € T.
(a) The local operators A7, € I' are Fredholm if and only if

Cas( ) (nU cr) = 0. (4.79)
r=0

(b) If (4.79) is satisfied, then the index of AT",r =0,...,n9 — 1 is equal to the
negative winding number of the curve B, = {®,, (1), p € [0,1]}.

(¢) If wy =, then ind AT = 0.

Proof. If 7 # 7.,7=0,...,m0—1, then det As-(t, ) = a? for all [t, u] € T x [0, 1],
i.e., AT is Fredholm with the index zero.

Let now 7 = 7, for some r = 0,...,n9 — 1. Then the determinant of the
symbol of A] does not vanish if and only if

b> B -
242 # [4p(1 — p) + 2007 (1 — p)* 70 + (1 — ) >~ 7) cos wy,
—2i(u0 (1 — > — (1 — )P > O sinwy, ]
Substituting /(1 — p) by s one arrives at the assertion (4.79). O

Corollary 4.4.4 can now be reformulated in the following way:

Corollary 4.4.5. Let a,b € C(I') and a(t) # 0 for allt € T'. The quadrature method
(4.77) is stable if and only if the following conditions are fulfilled:

(a) the operator A is invertible in L(La(T)).
Tlofl
o con('Ue) -0
r=0
(¢) the winding number of each curve B.,r =0,--+ ,ng — 1, is zero.

(d) dimker AT =0 for all T €T.

Remark 4.4.6. The conditions (b) and (c) are easily verifiable, but the authors
are not aware of any analytic method to evaluate the kernel dimension of the
operators A7, 7 € T'. On the other hand, there are results [209, 210] that allow
us to study the kernel dimensions of Toeplitz operators by using singular values
of certain sequences of matrices associated with the operator under consideration.
This approach can be used to study the kernel dimensions of the operators AJ.

Tt is interesting to compare the conditions (b) and (¢), which are responsible
for the Fredholmness of the local operators A7, with the corresponding conditions
for quadrature methods for singular integral equations without conjugation. In
our setting, the form of the curves C, is independent of the parameters ¢ and 4,
but it essentially depends on the angle w.,. In case of singular integral equations
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without conjugation, C, is a semi-axis which forms the angle 7(§ — ) with the real
axis (see [180]). There is also a decidable difference in the behaviour of the indices
of the local operators: for singular integral operators without conjugation, the
index of the local operators is always zero, whereas for local operators associated
with double layer potential operators one has either b(7.) = 0, which implies
ind AT = 0, or b(7,.) # 0, which implies ind A" = —wind B, = —wind B/, where

a2 T
B = {sz((T:)) = [4p(1 = p) + 2007 (1 = >~ + (1 = p)? ) coswr,

—2i(pf (1 — p)* ' — (1 — ) p* ) sinw,, |, pel0,1).}.
Corollary 4.4.7. Assume that the operator AT" is Fredholm and b(r,) # 0. Then:

(a) If a’(r,) €Rand 0¢ (QGQ(TT) —1—cosws, 2a2(ﬁ)>, then

b2(7v) b2(7r) bR (ry)
ind AT =0.
a*(1r) 2a2(7;) 2a?(7;.)
(b) If () €eRand 0€ < ) 1 —cosw;,,, W), then
lind AT"| = 1.

4.4.2 The e-Collocation Method

Consider an approximate solution of equation (4.76) in the form (4.7) and deter-

mine the unknown coefficients fj(-n) ,j=0,...,n—1, by solving the linear algebraic
system

(Aun)(T;L’E) =g(r°), 7=0,...,n—1 (4.80)

where A = al + £Sr + 2MSrM and 7 is given by (4.18). In accordance with
(4.26), the local operators at 7 € I" are of the form

b (¥ o [ 13 war
To=al+— /L . o /7]' (48D
’ 211 t— i—k’g 21 t— 7:;,6
- k,jEZ Iz kj€ez

Moreover, the symbols of the local operators A7 . can be calculated by (4.38) and
(4.39), so
'AAI,E (tv M) = AA'{ (tv M)

for all (t,u) € T'x [0, 1], where A7 is the local operator considered in the preceding
subsection. Thus the results on Fredholmness of the local operators A7 are similar
to the corresponding results for the local operators A7 _ associated with the e-
collocation method.
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Corollary 4.4.8. Let a,b € C(I') and a(t) # 0 on I'. The e-collocation method
(4.80) is stable if and only if conditions (a) — (c) from Corollary 4.4.5 are satisfied
and if dimker AT . =0 for all T €T.

Corollary 4.4.9. Ifa,b € C and a # 0, then the Fredholmness of A7 . is independent
of the choice of € € [0,1]. If Al . is Fredholm, then its index is also independent

of €.

From (4.39) one can conclude that the choice of € € (0, 1) essentially influ-
ences the Fredholmness of the local operators corresponding to equation (4.1),
but it does not influence their indices. For the double layer potential operator, €
influences neither the indices nor Fredholmness of the local operators.

4.4.3 Qualocation Method

Givenr =0, 1,..., m — 1, choose real numbers ¢, and w, as in Section 4.1.3. For
the qualocation method, we seek an approximate solution w,, of equation (4.76) in
the form (4.7), whence the unknown coefficients 5](”) will be obtained by solving
the algebraic systems

mz r(Auy)(717°7) Zwrg ey i =0,...,n—1. (4.82)

The local operators Aé(s) associated with 7 € T" are

m—1
_ T
= E wpA7
r=0

where the operators A7 . are now defined in (4.81).

Corollary 4.4.10. Let a,b € C(I') and a(t) # 0 on ', and suppose the numbers
gr and w,, r = 0,...,m — 1 are subject to the conditions of Theorem 4.1.8. The
qualocation method (4.82) is stable if and only conditions (a) — (c) of Corollary
4.4.5 are satisfied and if dim ker AZ)(E) =0 forall T €T.

The analogue of Corollary 4.4.9 also remains valid.

Finally, let us point out once more a characteristic and, although at first
glance unexpected, common property of all of these approximation methods for
the double layer potential equations.

Corollary 4.4.11. Let 7 € I'. The local operators A7, A7 ., and Aj, ., — corre-
sponding to the quadrature method, the e-collocation method, and the qualocation
method, respectively — are either simultaneously Fredholm or not. Moreover, if

these operators are Fredholm, their indices coincide.

Consequently, if the index of at least one of these local operators is non-zero,
then none of the above approximation methods is suitable to solve the double layer
potential equation (4.75) in the space Lo(T).
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4.5 Approximation Methods for Mellin Operators with
Conjugation

Let po,p1 be fixed numbers in the interval (—1/2,1/2) and J := [0,1]. By
La(po, p1) = La(J, po, p1) we denote the set of all Lebesgue measurable functions
¢ such that

1/2

1
||¢>||¢||2,po,m—( / r2ﬂo<1—7>2m|¢<t>|2d7) < oo

The set La(pg, p1) with the scalar product

(6,) = / 7200 (1 — )20 $(t) (T dr,

is a Hilbert space. In the space La(po, p1), let us consider an additive operator A
defined by

1 » -
(Ag) (1) == 5 reterts T2AL (T, 2)(2)dz
1 » —
+ 5 el 2 T2 As(7, 2) (M) (2)dz

+ /0 Ki(r,5)6(s)ds + /0 Ka(r,8)(Mg)(s)ds,  (4.83)

where M is the operator of complex conjugation, and ¢ denotes the Mellin trans-
formation,

¢(z):/0 (1) dr

of the function ¢, and the functions Ki(7,s), Ks(7,s) are continuous on J x J.
We assume that A, (7, z), Az(7, 2) have the form

Ai(t,z) = a(t) — b(t) i cot(nz) + e(t, z), (4.84)

Ag(t, z) = c(t) — d(t) i cot(mz) +m(t,z), (4.85)
where:
e the functions a, b, ¢, d, are infinitely differentiable over [0, 1];

o there is a strip II, 3 = {z € C: vy < Rez < 8, v,0 € R, v < 3} and
complex numbers z; and %,, | = 1,2,...,k, p = 1,2,...,7 such that 1/2,
1/2-p,z1—p, Zp—p €1y g, but zp—p, 2, —p €y 21/0-p0r 21— p, Zp—p &
I; /52— 1 /2. Moreover, the function e(t, z) (correspondingly m(t, z)) for every
t € J and for every z € IIy g\ { 21 — p, { = 1,2,...,k} (correspondingly
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for every z € IL, g \ {Z, — p, p = 1,2,...,r}) is infinitely differentiable in
t and analytic in z. If ¢ € J is fixed, then the points z; — p, | = 1,2,...,k
(correspondingly z, — p, p = 1,2,...,r) are poles for the function e(t,z)
(correspondingly m(t, z)) with degree at most N, the same for all points ¢;

e for any ¢ > 0 and for any natural numbers n, s the following inequalities

hold:
sup [(8/0t)™(8/02)%e(t, 2)(1 + |z|)' %] < 400,
2€M, s\UE_, Be(21), ted
sup 1(8/0t)™(0/02)*m(t, 2)(1 + |z|)' T*| < 400,

2€lla s \Ujo, Be(%), 1€

where Be(zr) = {z € C: |z — (2 — p)| < €}.
It is notable that the above-defined Mellin operators interact well with the

conjugation operator.

Lemma 4.5.1. Let the function A(t,z) satisfy the above assumptions. If A is a
Mellin operator generated by the function A(t, z), i.e.,
1 N

(Ax)(r) = 3t o T2 A(T,2)x(2)dz, (4.86)

then
MAM = A (4.87)

where A is the Mellin operator generated by the function .le\(t,z) = A(t, z).
Proof. Since MZ(z) = (m)(é),

(MAz)(r) = — - % AT, 2) (M) (2) .
2mi Re(z)=1/2

and dz = dz, from the substitution Z = u one obtains the equation MA = AM
that implies (4.87). O

Due to Lemma 4.5.1 one can now use Corollary 1.4.7 to investigate the algebra
generated by the Mellin operators (4.86) and the operator of conjugation.

Assumptions (4.84) and (4.85) and the requirements on the functions
e(t,z), m(t,z) allow us to rewrite (4.83) in the form

(D)D) = o) + "D [0 4 g + 90 [1 6,

T Jg s—1 m Jg s—1

1 1 o
+/O 1 (t, 5)¢>(s)ds+/o ka(t,s)p(s)ds = f(t), t €[0,1].  (4.88)
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where the integrals

1 1 L
Ammm@wlamm@@

are absolutely convergent and their kernels k1 ko are continuous on the unit square
except on the lines t = s and ¢, s = 0 [187] .

4.5.1 A Quadrature Method

Let us now apply a quadrature method to equation (4.88). We first choose real
numbers dg,d1 € (0,1/2) and o¢,01 > 1 such that o;(1 — 2p;) < 2, ¢ = 0,1.
Secondly, we define a function g by

o0 it telo,d)
g(t) = o
1-(1-t7 if te[l—o,1]

and extend g on the whole interval (0, 1) as a twice differentiable and monotonically
increasing function.
Now we take an n € N, fix an € € (—1/2,1/2], ¢ # 0 and put

. i 1/2 N i 1/2 ,
t_g):g<u>7 T;):g(w)v ]:0,1,,77/—1

n n

Let ¢ denote the solution of equation (4.88). The approximate values fj(.n) of
(b(t(n)) j=0,1,....,n —1 are determined from the following system of algebraic
equatlons

(n)y n—1 (n)
la(r™) = b(r(™)i cot(me) )€™ + b .) i

n)y n—1 ( ) -
aéUE: AL
i Jn) _ (n) >

7=0 %j >

+le(rM) — d(r™)i cot(me) e +

m m) (n) #(n) (n) () A 4(n) o(n)
2: (), )AL +§:kt S zM 3

:(ﬁ”) k:QLuwn—L (4.89)
where ) 1/
Atgn) — _g/ (]+ / )
n n

Let x[o,1) represent the characteristic function of the interval [0,1) and let n € N
be as above. By ¢y, we denote the functions

Pk (t) = Xp0,1)(nt — k), k=0,1,...,n—1,
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and define the operator P, : La(po, p1) — L2(po, p1) by

n—1

(an)(t) = Z(‘ra ¢k,n)¢k,n(t)a HARS L2(p07p1)~

k=0

Lemma 4.5.2. (cf. [102, 183]) The operators P,,n = 1,2,... are orthogonal
projections onto the subspaces generated by the function systems {Prn(t), k =
0,1,...,n— 1}, and the sequences (P,) and (P)) converge strongly to the identity
operators as n — oQ.

Let us introduce the real Banach algebra A of all sequences (B,,) of additive
continuous operators B, : im P, — im P, for which there are operators B €
Ladd(La(po, p1)) such that

s— lim B,P, =B, s— lim (B})P; = B".
Let Kadda(L2(po,p1)) denote the subset of all additive compact operators of
Ladad(La2(po, p1))- It is easily seen that the set 7,

J = {(PuTP,+ Gy): T € Kaaa(L2(po, p1)), |Gull — 0 as n — oo},

forms an ideal in A.

Let A be the operator defined by (4.88) and let A,, € Lyqq(im P,,) be the
operator which corresponds to the approximation method (4.89). Recall that A,
has a special representation, viz.,

A, = AL + A2,

where A} and A2 are the linear operators whose matrices with respect to the
basis ¢in,k =0,1,...,n —1 are the matrices of the linear and antilinear parts of
system (4.89), respectively.

Theorem 4.5.3. The operator sequence (Ay) belongs to the algebra A, and is stable
if and only if the operator A is invertible in Laaqa(L2(po,p1)) and if the coset
(A,) + J is invertible in the quotient algebra A/J.

The proof of this result follows immediately from Proposition 1.6.4.

Thus the applicability of the approximation method (4.89) to equation (4.88)
depends on the invertibility of the coset (A,) + J in the quotient algebra A/J.
As already mentioned, this problem can be studied via a localization technique.
To proceed, we introduce additional operators.

For o9 > 1,6 € (—1/2,1/2], £ # 0, we set

i+ 1/2\%° i +1/2 7
t@::(H/) | :<u> =01,

Jn n jn n

. 1/2 op—1
At;g:@<‘77+ /> i=01,..
n n

)
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and depending on the location of the point 7, we introduce three kinds of systems
of algebraic equations.
1. The first system corresponds to the point 7 = 0 and is

b(0) <X At

_ . (n) o) Jjn (n)
0(0) = bO) cottmele” + =532 o

d(0) X At 0
DEOL

+ [¢(0) — d(0)i COt('Jrg)]gl(c—n) +

+Zk (75, 173) t"°£("+Zk (720, 150 ALs €

f(Tkn) k:0717"'7 (490)

where kgo)’ k;o) represent kernels of integral operators

/Ok?(t,s)x(s)ds: ! t*ze(O,z)xf(vz)dz7

2mi Re z=1/2

1
/ KO(t, 8)2(3)ds = — = m(0, 2)(Mz)(2)d=.
0 2mi Rez=1/2
2. The second system corresponds to 7 = 1, and has just the same structure
as system (4.90) except that a(0),b(0),¢(0),d(0), 00 and € should be replaced by
a(l),—b(1),c(1),—d(1),01 and —e, respectively.
3. If 7 is an arbitrary fixed point of (0,1), then

+oo
la(r) — b(r)i cot(me)je 4 20 P —

—k—
mo i €

Yy

. “+ o0 _
+ [e(T) — d(7)i cot(me)] ,(Cn) + d(T) Z . ! §J(-n)

=/

Let H.,7 € [0, 1] denote one of the following Hilbert spaces:

k4 1/2
#), ke (4.91)

la,(6o—1)/2—00po  if =0,
= Lo i 7e()),
b (o1 /2o i T=1,

where Iy, and Iy are respectively the spaces of one- and two-sided sequences
{€:325 and {&,};2° . of complex numbers such that

+o0 1/2
&l = (Z 621+ m) < too,
k=0
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and

+oo 1/2
& H2 sollz, = ( > |£k2> < +o0.

k=—00

By M we again denote the operator defined on spaces of one- or two-sided se-
quences {&x} by the rule

M{&} = {&}-

Let fl; € Loqa(H;), 7 € [0,1] refer to the operator which corresponds to
system (4.90) or (4.91). This operator has the form

A = A7, + A3, 70, (4.92)
where fl{m], Agn are the linear operators whose matrices with respect to the basis
Okn,k = 0,1,... are the matrices of the linear and antilinear parts of system

(4.90) or (4.91). In the sequel we will identify the operators fl{,n, [1;,” with their
matrices.

Lemma 4.5.4. Let A7, 7 € [0,1] be the operator defined by (4.92). Then:

1. The operators /LTL,T € [0,1] are independent of n, so all elements of the
sequence (Al )nen coincide with the operator AT.

2. The coset (An) + J is invertible in A/J if and only if the operators
AT € Loaa(H;), T €[0,1] are invertible.

The first statement of the lemma is proved by straightforward calculation,
and the second follows from the Gohberg-Krupnik local principle, (cf. Section
1.9.1).

4.5.2 Fredholm Properties of Local Operators

In order to use the approximation method (4.89), we need to know conditions for
the invertibility of the operators A,T“ 7 € [0, 1]. However, the complicated structure
of the above operators does not allow us to treat the problem completely. Never-
theless, it turns out that these operators belong to a well-studied operator algebra,
so conditions for their Fredholmness can be established. Referring again to Lemma
1.4.4 and Corollary 1.4.7, we note that the operator AZL : H. — H, is invertible
(Fredholm) if and only if the operator A7 = W(A?) : H, x H, — H, x H, given

by
AT = _41-,1_ _45,1_
"=\ M4y, M MA7, M
is invertible (Fredholm). Furthermore,

indg A7 = ind c AT, (4.93)
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where the left- and right-hand sides of (4.93) denote the indices of A7 and A7,
acting on the real and complex versions of H, and H, X H., respectively (see
(2.11)). Let us start with the operators AJ in the simplest case, 7 € (0,1). From
the invertibility of the original operator A and [143], it follows that

e(r) = (a(7) +b(7))(a(r) = b(7)) = (c(7) +d(7))(c(7) = d(7)) #0  (4.94)

for any 7 € (0,1). Let us introduce the curves

(1) + V(1) — 4le(r)?

Ftlz,b,c,d = {Z € C: 2(7—) = _2m , TE (07 1)};
2, ,={z€C:z(r)= a(7) — Va(7)? - 4‘6(7”2, e (0,1)},

—2e(T)
where
q(1) = la() = b(T)]* +|a(r) + b(7)|* = |e(r) = d(7)|* — |e(r) +d(7)|*.  (4.95)

Note that whenever the square root sign is used, this means the branch defined
by v/1 = 1. Consider now the ray

R.={z€C:z(t)=te™, t € (0,+00)}.

Lemma 4.5.5. Let the operator A € Lqaa(L2(po,p1)) be invertible. The operator
A7, 7 € (0,1) is invertible if and only if

(Ftlz,b,c,d U Fz,b,c,d) NR.=0. (4.96)
Proof. Let the operator A be invertible and 7 € (0, 1). Set

1_2/1'7 ifEZO, t:e2ﬂ—iua e (Oal)a

—ime(u—1) SIR(=THE)
sin(—me)

‘I)e(t) =

2e —1,if e#0, t=e2r e (0,1).

We study the operator A7 by means of the operator A7, and observe that A7 is
the discrete Wiener-Hopf operator generated by the matrix

a(r) +b(1)®c(t) (1) + d(7)®:(t)

=\ 75 _ a9 — = 2min . (4
0= (53 Te o0 ) 1= ne ). (o

e (1)

The invertibility conditions for such operators are well known, and involve the
non-vanishing of the determinant of the matrix A4-(t) (e.g., see [89, Chapter 8]).
Now we show that this matrix is non-vanishing if and only if conditions (4.96) are
satisfied.
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Set

sin(—mue)

W (t) = el L t=e>" e (0,1)

sin(—me)

and write the matrix (4.97), in the form

A T(t)((a+é)\1!5(t)+(a__b)(l_qja(t)) (C+C_l)qja(t)+(C_d)(1_qje(t)))
A - Qe () + G+ DO-Vt) @-B)T(t) + @+D)(1-T.(1) )’

where the coefficients a, b, ¢, d are evaluated at 7. Then

det Aag () = W2(1)[e(r) + q(7)R=(t) + e(r) RZ(t)],

with Re(t) = (1 — .(£))/¥.(t). Since A is invertible, the function e(7) does not
vanish in the interval (0,1), so the condition det Aa;(t) # 0 is equivalent to
(4.96). O

We now consider the case 7 = 0. Writing a = a(0), b = b(0), ¢ = ¢(0), d =
d(0) and passing from the operator A to the operator A}, we get

a= (4 )
A21 A22 ’

where the operators Arp, r,p=1,2 are

UO _ +%0 ]n’ ]n
zt Tin

0 . b AtUO 0 700 40
Ajy = | (a —ibcot(me))djk + — mo——55 + K1 (T5, 170 ALT)

0'0 g0
Tl — Tiy

_ oo
d At

- 400 (ohy)
T, = Tip

+ K3 (T00 170 ) At

J”’ J"

7] 1
o . d Atoo o (of o
Ay = | (c —idcot(me))ojn + — = + k2 gr?’tﬂol t n
kj 1
A9 = ((5+z’Jcot(7re))5jk - )
,J 1

0 _ .7 b AL 70/ 00 100\ A 40
Agy = | (@+ibceot(me))djk — — o5 + ki (15, t70) AL, )
it — T,

men koj=1
From Lemma 4.5.1 and [187], all operators Arp? r,p = 1,2, belong to the small-
est algebra containing all Toeplitz operators generated by piecewise continuous
functions and acting in the Hilbert space I3 (oy—1)/2—00p,- As before this algebra

is denoted by T(O_:zl )/2—pooy- Since for every z € C,

cot(mz) = cot(mz), (4.98)
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for the symbols AAgp (t, ) of the operators Agp, r,p = 1,2, (again from Lemma
4.5.1 and [187]) we get

Ai(0,1/2 = po + 5= log(p/(1 = ), if t=1, pe[0,1],
A, (t,1) = S A1(0,1/2 — po — i00) T (t) + A1 (0,1/2 — po + io0)(1 — Uc(t)),
if t=e2 s€(0,1), pelo,1].

4.99)
"42(07 1/2 —po+ 271-7;00 log(:u/(l - /’[’))a Zf t=1, ne [Oa 1]a
Ao, (1) = 8 A(0,1/2 — po — io0) W (t) + As(0,1/2 — po + ioa)(1 — W (1)),
if t=e* se(0,1), pel0,1].
(4.100)
A2(0,1/2 = po — s log(u/(1 — p)), if t=1, pe[0,1],
Aung (t 1) =9 A3(0,1/2 = po + i00) U (t) + A(0,1/2 — pg — ic0)(1 — W, (1)),
if t=e2" s€e(0,1), pel0,1].
(4.101)
A1(0,1/2 = po — 5= log(u/(1 = p)), if t=1, pe[0,1],
Ang, (t1) = A1(0,1/2 = po + i00) W, () + A1 (0,1/2 — pg — i00) (1 — W.(t)),
if t=e2" s€(0,1), pel0,1].
(4.102)
Now the symbol of the operator AY is
Apo (1L,pn) Ao, (1, ) )
A1, p) = 11 12 , 0,1], 4.103
o= (R0 A ) re 109
AAO (627”257”) .AAO 27mis
(

TLS € s b
AA? (62 v/i) = ( AA;I e2mis M) AA(lf Ee2ﬂ'iS M; ) , §€ (07 1), JURS [07 1]a

(4.104)

where the elements of the matrix (4.103) and (4.104) have the form (4.99) — (4.102).
Henceforth let us define e(7), ¢(7) 7 € [0,1] by

e(r) == A1(1,1/2 — pg —i00)A1(1,1/2 — po + i00)
7./42(7’7]./2—[)0—iOO)AQ(T,l/Z—p0+iOO), (4105)

and by

q(7) := A1 (1,1/2 — po +i00) A1 (,1/2 — po — i00)
+ A1 (1,1/2 — pg —i00) A1 (7,1/2 — pg + ic0)
— [A2(7,1/2 — po + i00) As(1,1/2 — po — i00)
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+ Aa(7,1/2 = py — i00) Az (T, 1/2 — po + 100)]. (4.106)

Observe that if 7 € (0,1) these functions are equal to the functions ¢ and e
considered earlier.
Using the invertibility criterion for elements of 7>** [94], we get

Lemma 4.5.6. Let the operator A be invertible. Then the operator A% is invertible
if and only if:

1. The points

Z1,2 =

do not belong to the ray R;
2. det Ao(1,p1) # 0 for every p € [0,1];

3. the winding number for the curve
To = {det Ag(1, 1), g € [0, 1]} U {det Aag (€275%,0), s € (0, 1)}

s equal to zero;
4. dim ker /1(1) =0, i.e., the operator 121(1) 1$ injective.

Condition 1 ensures the non-vanishing of det.A 40 (t,m), t # 1 (its proof is
similar to the proof of Lemma 4.5.5).

The invertibility of the operator fl% can be considered analogously, so one
again arrives at a matrix Toeplitz operator whose symbol can be obtained by
obvious substitutions in the symbol of the operator fl‘l). We omit unnecessary
details and just write down the corresponding invertibility conditions.

Lemma 4.5.7. Let the operator A be invertible. The operator A} is invertible if and
only if:
1. The points

_q
21,2 = —

do not belong to the ray R_.;
2. det A1 (1, p) # 0 for every p € [0,1];
3. the winding number for the curve

Ty = {det Ay (L, p2), 1 € [0, 1]} U {det Ay (¢277%,0), s € (0,1)}

s equal to zero;

4. dim ker fl% =0, i.e., the operator 121% 18 injective.
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We now consider the curves

(1) + Va(7)? — dle(n)?

Cliea =12 € C 1 2(r) = Lo re o)
Cpea={zCrstr) = LVIL_TUOL - c o)

which differ from T} , . ; and T2 , . ; since we now use the formulas (4.105) and
(4.106) in place of (4.94) and (4.95) respectively. Combining Lemmas 4.5.4, 4.5.5
and 4.5.7 leads to the following stability condition of the approximation method

(4.89).

Theorem 4.5.8. Assume that the operator A is invertible. The approximation
method (4.89) is stable if and only if the following conditions hold:

L (CapeaVYCapea) NR=0;

2. the points

21,2 = —

do not belong to the ray R_;
3. det Ayo(1, 1) # 0 and det A1 (1, p) # 0 for every p € [0,1];
4. the winding number for every curve L'y, I'1 is equal to zero.
5. dim ker /H = dim ker fl? =0, i.e., the operators fl} and 1219 are injective.

Remark 4.5.9. Conditions 1 — 4 of Theorem 4.5.8 have a geometrical nature and
can be easily verified. For Condition 5 see Remark 4.4.6.

Remark 4.5.10. The condition det .4 40 (1, u) # 0 for the dominant singular integral
equations with conjugation, i.e., if m(t,z) = n(t,z) = 0, has a very simple form

(cf. Lemma 4.5.14 below)
1 1
= — 1
cot (w <2 pot gy og(sw)))

where s1 2 are non-negative roots of the quadratic equation

2

laf? = fe[* = (Io* — |dI?) # 0,

Im (cd — ba)s* — 2Re (cd — ba) sin(27po)s — Im (cd — ba) = 0,
and all coefficients a, b, ¢, d are evaluated at 7 = 0.

4.5.3 Index of the Local Operators

As already mentioned (cf. Lemma 4.5.5), there are simple geometrical conditions
of invertibility for the operators A for 7 € (0,1). For 7 = 0 or 7 = 1, the
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situation is more involved. Although both these operators belong to the above-
mentioned Toeplitz algebra, there are no general invertibility conditions in such
algebras. However, one can study the index of the operators AJ and A}, and in
some cases find a Hilbert space where the corresponding operator has index 0.
This is important in applications, because the associated approximation method
can be modified to achieve stability. For definiteness, let us consider the operator
A9, and recall that this operator also depends on the parameters ¢ € [0,1) and
o € [1,00). To make this dependence more visible, let us now re-denote the op-
erator A} by Ag(e,00), where subscript 0 means that the operator is associated
with the corresponding approximation method for the point 0. Note an important
consequence of representations (4.99) — (4.104).

Corollary 4.5.11. For all 081)70(()2) > 1 such that O'(()i)(l —2py) < 2,1 =1,2, the
operators Ao(s,aél)) and Ao(e,a(()z)) are either simultaneously Fredholm or not,

and
ind Ay (e, 0((,1)) = ind Ay (e, 0'(()2)).

Proof. Consider the symbol of the operator Ay(g,00), o9 > 1. It is easily seen that
the image of the function (i/27wog)log(u/(1 — p)) is independent of oy. Hence, the
determinant of the symbol does not depend on this parameter either, implying
this result. (I

In the following let us therefore assume that o9 = 1 and study the operator
Ap(e) := Ao(e, 1) in the space la,—, := la,—p,. Moreover, let us now consider the
Cauchy singular integral equations with conjugation

(Ag)(t) = a(t)¢(t)+% 1 %ds+c(t)m+% 1 gds — @), te 0,1
’ ’ (4.107)

Note that the operator A in (4.107) is a Mellin operator with conjugation generated
by the functions
Ai(t,z) = a(t) — b(t) i cot(mz),

A (t, 2) = c(t) — d(t) i cot(mz).
As before, we define a curve I'g by
Lo = {det Aa, ) (1, 1), p € [0,1]} U {det AAO(E)(ei%S,O), s€(0,1)}.
Lemma 4.5.12. If Ay(e) is a Fredholm operator, then

lind Ao ()| < [g} ,

where N is the number of zeros of the function E(s,u) given by

E( ) Im{det AAg(&)}(L ,U,), s=0, me [Oa 1]a
S = .
K Tm{det A4, ) He2™,0), s € (0,1), ue[0,1],
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and [-] denotes the integral part.

Proof. Since Ag(e) € TE;Q, it follows that ind Ag(g) is equal to the winding num-
ber of the curve I'g [94]. Let p denote the number of intersections of I'y with the
real axis. Thus the lemma is an obvious consequence of the estimate

find 40(e)] < [2]

and the equality p = N. O

Consequently, we have to estimate the number of zeros of the function E(s, u),
and to do so we consider the two parts I'{ and I'3 of the curve T'g defined by

Iy = {det Ay ) (e7°,0) : s € (0,1)},

I§ = {det Ay (1, 1) s p € [0,1]}. (4.108)
Lemma 4.5.13. The equation

Im det Ay, (-)(e*™%,0) =0, s€(0,1) (4.109)

has at most four solutions.

Proof. Let us consider the case € # 0. The behaviour of the curve I'} for e = 0
is simpler, so it will be analyzed in the proof of Theorem 4.5.15. Thus we assume
that € # 0 and set

\I/E(S) — e*i’ﬂ'&i(S*l) Sin(—ﬂ'SE)
sin(—me) ’
= (a(0) +5(0))(a(0) — b(0)) — (c(0) + d(0))(c(0) — d(0)),
2(|a(0)[* + [b(0)|* — |c(0)[* — d(0)[*).

e
q
Then

det Ay(e) (€27, 0) = (2Re(e) — ) 2(s) + (q — 20)W,(5) + 7,
so using the notation

= sin(mse)

sin(me) ’
one obtains
Im det AAO(E)(eZMS,O) = (2Re (e) — q)A? sin(—2me(s — 1))
+ (¢ — 2Re (€))Asin(—me(s — 1))
+ 2A(Im () cos(me(s — 1)) + Im (e).

Now the imaginary part of det A4, ()(e"?™,0) can be transformed as follows:

Im det Ag, (e (€75 0)
= (2Re (e) — q)AZ%sin (—27e(s — 1)) + (¢ — 2Re (e)) Asin(—me(s — 1))
+2ATIm (e) cos (me(s — 1)) + Im (€)
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= (2Re(e) — q)A [—Asin (2me(s — 1)) + sin (we(s — 1))]
Tm (e)
sin (me)

sin (mse) cos (me(s — 1)) + Im (e)

— (g— 2Re(e))4 sin (7se)

sin (2me(s — 1)) — sin (we(s — 1))

sin (7e)
me) | 7
m[sm ((rse) + (s —1)e) + sin ((wse) — w(s — 1)e)] + Im (&)
= %A[sin (mwse)sin (2me(s — 1)) — sin (me) sin (we(s — 1))]
Im(e) | . . )
+ Sin () [sin (me(2s — 1)) + sin (7e)] + Im (&)
= %A[cos (wse) — cos (me(3s — 2))] + s{f(sres)) sin (me(2s — 1))
_wcos wse)sin (wse) — cos (me(3s — sin (s
~ 2sin? (7e) [cos (mse) sin (mse) (me(3s — 2)) sin (mse)]
Im(e) .
sin (7e) sin (me(2s — 1))
= (qzl;jzi}%{:;))[sin (27se) —sin (2me(2s — 1)) — sin (27e(s — 1))]
Im(e) |
sin (me) sin (e (2s — 1))
= @7 2R () ) e cos (me(2s — 1)) — sin (re(2s — 1)) cos (re(2s — 1))
2sin” (me)
Im(e) .
Sin ) 2 (72— D)

Thus we have

Im det AAQ(E) (62ms, 0)
_ q—2Re(e)

Dy [sin(me) cos(me(2s — 1)) — sin(we(2s — 1)) cos(me(2s — 1))]
I;;ng) sin(re(2s — 1)). (4.110)

Moreover, the number of intersections of the curve det A AO(E)(e2”s,O) with the
real axis can be replaced by the number of roots in the interval [—1,1] of the
equation

p1 sin(ret) cos(met) = pg sin(met) + p3 cos(wet), (4.111)

where
~ 2Re(e) — ¢ Im (e) ~ 2Re(e) — ¢

P1 ) y D2 — y, D3 = . .
2sin” we sin e 2sin e
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Squaring both sides of (4.111), dividing by cos?(ret) and making the substi-
tution y = tan(rwet), we obtain the quartic equation in y,

piy® = (1+4%) (P3y® + 2papsy + p3) ,
which can have at most four roots y;, i = 1,...,4. The equation
tan(met) = yg, k=1,...,4, (4.112)

has at most one solution ¢; on the segment [—1, 1]. Indeed, the solution of (4.112)
has the form
met; = arctanyy + 74, j € Z,

S0 . )
arctan
| arctanye j
e €
and since € € (—1/2,1/2], then |j/e| > 2. Thus both (4.111) and equation (4.109)
have at most four solutions. O

Let us now consider the behavior of the sub-curve I'Z defined by (4.108).
Lemma 4.5.14. Set a = a(0), b = b(0), ¢ = ¢(0), d = d(0). Then the real and
imaginary parts of det Aa o) (1, i), p € [0,1] can be represented in the form
Re {det Aa, (o)} (1, 1)

L (9l
= la]? — |¢[? + 2Im (cd — ab) sin(2mp) (1 — 1)

(210 = 1)* + 4p(1 — p) cos?(mp)

+([p* = |d]*)

2sin(2mp) (1l — p) 2_ 2u—1 2
) [((% —1)2+4p(l — p) COS2(7TP)> ((2u —1)2+4pu(l — p) COS%TP)) 1

and

Im{det AAO(E)}(lv 1)

oz 2sin(2mp)p(1 — p)
= —2 |Im (cd — ab) + (|b|* — |d|?
I )+ (b ) g
2u—1
X . 4.113
G = 12 + 4u(1 = 1) cos?(p) (4.113)
Proof. First of all we note the following well-known identities:
cot(mz) = cot(nZ), sin(iz) = isinhz, cos(iz) = coshz, z¢€C, i*®=—1,

which are used without additional references.

Setting
1 1 I
T=eo <7T<2 PE o Ogl—,u))7
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we have

a—1tby c—idy
Ao (L) = <c—|—id7 a—l—ibv)

with determinant
det A, (o) (1, 1) = lal* = [e|* + 2Im (ed — ab)y + (|b]* — |d[*)7*.

Hence the real and imaginary parts of the determinant det A4,y can be expressed
in the form

Re{det Aq ()} (1, 1)
= laf* — |¢[* + 2Im (cd — ab)Rey + (b - |d*)(Re)® — (Im~)?),  (4.114)
Im{det A4, () }(1, 1) = 2 [Im (cd — ab) + (|b]* — |d[*)Re ]| Im . (4.115)

However,
2sin(2mp)p(1 — p)
(21— 1)% +4p(1 — p) cos?(mp)’
2u—1

Tmy = — , 4.117
T P Al ) o) A

so substituting Rev and Im~ in (4.114), (4.115) by their expressions (4.116),

(4.117) we obtain the claim. O

Theorem 4.5.15. If Ag(¢) is a Fredholm operator, then |kg| < 3. Moreover, ife =0,
then |ko| < 2.

Rey = (4.116)

Proof. Consider first the case ¢ # 0. By Lemma 4.5.13 the curve I'} has at most
four common points with the real axis R, and equation (4.113) implies that the
curve ' and R have at most three common points. Applying Lemma 4.5.12 one
obtains the estimate |ko| < 3. Consider now the case € = 0. Then

det A, (0)(e27%,0) = es” + (1 — s)sq+€(1 — s)* = (2Re (e) — q)s” + (¢ — 2€)s + &.

It follows that 4
Imdet A4, () (€*™*,0) = (1 — 2s)Im(e),

from which Imdet A AO(E)(eQW“,O) is either identically zero or has one root, s =
1/2. Using Lemma 4.5.12 once more, one obtains |rg| < 2. O

Thus the indices x of the local operators, for the approximation methods
under consideration for singular integral equations on open contours, are in the set
S ={-3,-2,-1,0,1,2,3}. These estimates differ from those for singular operators
considered on closed contours. Recall that for the space lo the corresponding set
is S = {-1,0,1}, and for the weighted ls spaces, S = {-2,—1,0,1,2}. However,
it is possible to choose parameters of the approximation method and the space
where the local operators are considered such that the index of the corresponding
local operator becomes zero. To show this we need a few auxiliary results.
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Lemma 4.5.16. If ab — cd ¢ R, then the sign of ¢ € (—=1/2,1/2], ¢ # 0 can be
chosen in such a way that the curve Ty has at most one intersection with the real
azxis.

Proof. Considering the equation
Im{det A4, )} (€™, 0) = 0, (4.118)

and taking into account relation (4.110), we can write (4.118) in the form

(g — 2Re (e)) (1 - sm(ﬂ) = —2Im (e) tan(meA), A€ (=1,1). (4.119)

sin(me)
Note that Im(ab — cd) = —2Im (e), hence Im (e) # 0. Moreover, for each ¢ €
(—1/2,1/2],e # 0, the function
i A
B\ =1 SI.H(WE )
sin(me)

is monotonically decreasing. We choose the sign of € so that the function

Im (e) tan(meX), A e (—1,1),
has the same character of monotonicity as the left-hand side of (4.119). Then
equation (4.119) has at most one root, and the proof is complete. O

Corollary 4.5.17. If the conditions of Theorem 4.5.8 hold, then there is an € #*
0 such that the index ko of the corresponding local operator Ag(e) salisfies the
inequality |ko| < 2.

Proof. If one chooses an € according to Lemma 4.5.16, then the curves I'} and I'3
have at most four common points with the real axis R, so the result again follows
from Lemma 4.5.12. O

Lemma 4.5.18. Set
A=Tm(cd —ab), B=|b]*—|d? (4.120)

and suppose A # 0. Then the following assertions are true:

1. If AB < 0, then for all p,

e X Lo ot (—E UOL (B
P 2' 3 T g MM Taa o M Taa ) )

the equation
Im{det Ay} (1, 2) =0 (4.121)

has only one root = 1/2 in the interval [0,1].
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2. If AB > 0, then for all p,

c(-1, L t,ﬁoui (B 1
P 9 T oMM\ Toa ) or M\ Toa ) )

the equation (4.121) has only one root 1 = 1/2 in the interval [0, 1].
3. If B=0, then for all p € (—1/2,1/2) the equation (4.121) has only one root
w=1/2 in the interval [0, 1].

Proof. Let us denote the expression in the square brackets of (4.113) by R(u).
Then

(4Asin? (mp) — 2B sin(2mp))u? — (4Asin?(mp) — 2B sin(27p))u + A

(20— 1)? +4p(1 — p) cos?(mp) ’
(4.122)
and consider the behaviour of the numerator of the fraction (4.122). Let D denote

the discriminant of the trinomial in this numerator. Since

R(pu) =

4Asin®(mp) — 2B sin(2mp) = 4 sin(np)[Asin(rp) — B cos(mp)],
we obtain
D = —8sin(2mp)[Asin(mp) — B cos(mp)][Acos(mp) + Bsin(mp)]
= —8sin(2mp)[(A% — B?)sin(np) cos(mp) + AB(sin?(mp) — cos®(mp))]
= —45in?(27p)[A? — B(B + 2A cot(27p))].
Suppose AB # 0. Choosing p from the corresponding set, we have that B +

2A cot(2mp) has sign opposite to the sign of B. This implies that D < 0 and that
the numerator of (4.122) does not have any roots on [0, 1]. O

Consequently, if we choose an £* as in Lemma 4.5.16 and a p* as in Lemma
4.5.18, then the curve I'y will have at most two common points with the real axis,
denoted by Py and P». According to Lemma 4.5.12, the index of A9(e*) : lo,_p« —
la,—,+ can be estimated by

lind A9(e")| < 1.

However, if the points P; and P, are located both on the right or both on the left
of the origin, then
ind A9(e*) = 0.

Let us consider the quadratic equation
Bz* +2A2+C =0, (4.123)

where B and A are defined by (4.120) and C = |a|?> — |¢|?. In addition, we put

QAR = larccot —2 _I BaB = lau"ccot —E
ABT g 24) 20 AP T 24 )"
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Theorem 4.5.19. Let
(lal* = [el*)(|b]* = |d[*) <0

and assume at least one of the following conditions is satisfied:

1. AB < 0 and at least one root of equation (4.123) belongs to the set B 5,

EAB = (—oo,tanasp) U (0,tan S4p);

2. AB > 0 and at least one root of equation (4.123) belongs to the set B4,

E%p = (tanaap,0) U (tan Bap, +00);

3. B=0 and A#0.

Then there exists p* € (—1/2,1/2) such that the index of the operator Ag(e*) :
lo,—p= —la,_p= 15 equal to zero.

Proof. We take an €* and a p such as in Lemmas 4.5.16 and 4.5.18, respectively.
Then the curve I'y has at most two intersections with the real axis R. Let P, be
the common point of I'3 and R. Then

P, = Re{det AAQ(E*)}(17 1/2)
= |a* = |c|* + 2Im (cd — ab) tan(mp) + (|b]* — |d|*) tan®(7p).

It is not hard to prove that each of the conditions of Theorem 4.5.19 implies that
the function B(p) = Re{det A4, (~)}(1,1/2) takes both positive and negative
values, hence we can choose a p* such that the points P, and P» are located on
the same side of the origin. This finishes the proof. O

4.5.4 Examples of the Essential Spectrum of Local Operators

Let us illustrate the results of Sections 4.5.2 — 4.5.3 by a few examples. We present
the essential spectrum oes5(Ag(g)) of local operators Ag(e) considered on spaces
lg,—, for various values of the parameters € € (—1/2,1/2) and p € (—1/2,1/2). As
was already mentioned, the set oess(Ao()) consists of two curves I'y and T'3. Let
us draw the graphs of these curves such that T’} is represented by a dashed line
and T3 by a solid line. The values a := a(0), b := b(0), ¢ := ¢(0) and d := d(0)
of the coefficients of the singular integral equations (4.107) at the point ¢ = 0 are
displayed in the title of the corresponding figure. The values of the parameters ¢
and p are given on the top of each subgraph.

We start with a simple example illustrating Theorem 4.5.19. If the coefficients
of (4.88) area =3,0=2i,c=1,d= —2i,then B=0, A =8 and P, = Py(p) =
8 4+ 16 tan(mp). The function Py(p) takes both positive and negative values, so it
is possible to choose a p’ € (—1/2,1/2) such that the points P, and Ps(p’) are
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Figure 4.3: Essential spectrum of the operator Ag(e); a = 3i, b = 2i, ¢ = 1,

d= —2i.

located on the same side of the origin. Thus the index of the corresponding local
operator will be equal to zero.

The graphs of the curve I'g for some local operators of the approximation
methods are presented in Figure 4.3 on page 227. Graphs 4.3(a) and 4.3(b) show
that the local operator Ay(0.35) on the space la _g.49 has index k = —1. To obtain
an appropriate local operator with index zero one can change either the sign of
(Graph 4.3(c)) or the sign of p (Graph 4.3(d)). In the first case, the local operator
Ap(—0.35) has index zero on the space l2 _g.49, but in the second case the local
operator Ay(0.35) remains the same. However, it again has index zero but on the
space 12’0,49.

Let us now analyze a more complicated situation. The curve I'g = T UTZ in
Figure 4.4(a) has four intersections with the real axis R; the operator Ay(—0.45)
on the space Iz _g.30 is Fredholm and has index x = 2. This operator Ag(—0.45)
is also Fredholm on the space I3 9.30, but then its index is different, viz., k = 0, cf.
4.4(b).

On the other hand, if one changes the sign of the parameter ¢ to + and
considers the corresponding local operator Ay(0.45) on the space l2 .25, then the
graphs 4.4(c) and 4.4(d) show that this local operator is again Fredholm; the
corresponding curve I'y has two coils, but x(A40(0.45)) = 1.

Note that Graph 4.4(d) is a “zoomed” image of the second coil, which is
indiscernible in Graph 4.4(c).
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Figure 4.4: Essential spectrum of the operator Ag(¢); a = 1504, b = 150, ¢ = 104,
d=0.01.
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Figure 4.5: Essential spectrum of the operator Ag(e); a = 1504, b = 150, ¢ = 104,
d=0.01.
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Figure 4.6: Essential spectrum of the operator Ag(e); a = —3 — 0.54, b = —1,
c=—1—1i,d=5i.

Let us separately analyze the behaviour of the curves I'} and I'Z by fixing
one parameter (¢ or p) and changing another. In the next example, the coeffi-
cients of the initial equation are the same as in Figure 4.4 and ¢ = —0.35; the
essential spectrum of the operator Ag(—0.35) in various spaces ls _, is presented.
Considered on l3,_¢ 4 the index of this operator is equal to 2 (Graph 4.5(a)). If the
parameter p decreases, then the shrinking coil of the curve I'2 moves to the left
(Graphs 4.5(b) and 4.5(c)). As a result, the origin falls away from the set bounded
by the curves I'§ and T'3, so the index of the operator under consideration in the
space la,_g.2 is equal to zero (see Graph 4.5(d)).

Let us now consider how the essential spectrum of the local operators Ay (e)
depends on the parameter . Starting with the Graph 4.6(a), one notes that the
curves I'} and Iy, respectively, have three and six common points with the real
axis R, and the local operator Ay(—0.45) has index kK = —2 on ls _¢ 4. By changing
the parameter € to —0.35, one can reduce the index of the local operator to —1
(Graph 4.6(b)). However, in this special case it is not possible to obtain a local
operator having index zero by varying the parameter € only. To this end, local
operators must be considered on appropriate spaces other than the space I _g.35.
One such case is established on Graph 4.6(c). The number of intersections of
the curve I'y with R is the same as before, but in comparison to the previous
figure the left border of the graph has moved to the right, so the origin then falls
outside of the curve I'g. Another approach is presented on the Graph 4.6(d). As
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was stated in Lemma 4.5.16, the sign of € can be chosen so that I'} will have at
most one intersection point with R. On the other side, Lemma 4.5.18 presents
conditions when R and '3 have only one common point; and Theorem 4.5.19
provides conditions when the index of the local operator can be made equal to
zero. By changing the sign of parameters from the Graph 4.6(a) one notes that on
the space 3 .35 the local operator A¢(0.45) has the index x = 0.

These examples and others not presented here, reflect the properties of the
essential spectrum of the local operators Ag(e) very well. However, although the
situation where the curve I'g has three coils is not rare, we were unable to find
local operators with the index 3 or —3. It seems that the modulus k(Ao (e)) cannot
exceed 2, which is similar to the behaviour of local operators of approximation
methods for singular integral equations with conjugation on closed contours with
corner points. Thus a more detailed study of the symbol of local operators is
needed.

4.6 Comments and References

Equations of type (4.1) containing the operator of complex conjugation often occur
in elasticity theory, hydrodynamics, acoustics, and in deformation theory of solid
surfaces (e.g., see [71, 70, 72, 73, 121, 123, 132, 133, 143, 150, 161, 168, 221, 222]).
Fredholm properties of such equations on curves with corner points have been
established in [74, 75, 76, 136, 137, 138, 164, 165, 213, 218]. In particular, it was
shown that the operators arising in case of curves with angular points locally
are equivalent to Mellin convolution operators. Moreover, there is a very well
developed theory of approximation methods for Cauchy singular integral equations
without conjugation on smooth and non-smooth open and closed contours and for
various classes of Mellin operators [14, 19, 79, 80, 102, 104, 114, 115, 116, 180,
181, 186, 187, 179, 183, 189]. On the other hand, the methods of approximate
solution of singular integral equations with conjugation based on replacement of
the initial equation by a system of integral equations without conjugation meet
additional difficulties because the operator MSr — SrM is non-compact [166].
However, the algebraic approach to the stability investigation can be successfully
applied in this situation too. One of the reasons for this is because in the case
under consideration, all relevant operators A interact well with the operator of
complex conjugation M in the sense that the operators A and M AM belong to
the same operator algebras.

Sections 4.1-4.2: For quadrature method (4.4) the stability results were announced
in [46]. Other results of these sections are taken from the subsequent paper [54].
The proof of Lemma 4.2.4 used here is from [55]. The initial proof given in [54]
is more technical. Note that it was discovered in [54] that the local operators of
approximation methods could have non-zero indices. This effect does not have a
place for singular integral equations without conjugation where the indices of the
corresponding operators are always zero [180].
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The stability analysis of the approximation methods considered in Section
4.1 can also be based upon the fact that the related approximation sequences are
indeed contained in the extension C of the complex algebra C defined on page 76
(cf. [183, Sections 11.1-11.17]).

Sections 4.3: The material of this section is taken from [55]. It turns out that con-
sideration of approximation methods in spaces with weights leads to new effects,
e.g., the indices of local operators of approximation methods can also take values
2 and —2. On the other hand, this gives more flexibility since one can vary the
spaces where an approximation method is considered to find a situation when the
local operators of the approximation method will possess the necessary proper-
ties. In particular, Section 4.3.4 uses the effect mentioned to modify quadrature
methods in the situation when associated local operators are not invertible. Here
we follow the approach of [188].

Section 4.4: When T' is the boundary of a polygonal domain, and a = b = 1
on I'; M. Costabel and E. Stephan [33, 35] established the stability of the 0-
collocation and Galerkin methods for equation (4.2) and K.E. Atkinson, I.G. Gra-
ham, G.A. Chandler, and R. Kress studied the stability and convergence of quadra-
ture methods [5, 98, 128]. The decisive observation widely used in these papers is
that, under the above restrictions, the operator in (4.2) can be written as

A=1+R +T) (4124)

where I denotes the identity operator, ||R1|| < 1, and T} is compact. The repre-
sentation (4.124) is no longer valid if the coefficients of A are not equal to 1.

Sections 4.5.1 — 4.5.3: Material of these sections is taken from [49, 63]. Initial
study undertaken in [63] bounds the indices of local operators by numbers —3
and 3. However, the examples from Section 4.5.4 indicate that absolute value of
the indices probably do not exceed 2, which is similar to the situation for closed
contours with corner points. Numerical testing of the quadrature methods for
singular integral equations with conjugation on open contours is undertaken in
[53]

Note that the corresponding quadrature method for Mellin operators without
conjugation has been studied in [187].






Chapter 5

Approximation Methods for the
Muskhelishvili Equation

5.1 Boundary Problems for the Biharmonic Equation

Let D C R? denote a domain bounded by a simple closed piecewise smooth contour
I'and let D := D UT. It is well known that many problems in plane elasticity,
radar imaging, and theory of slow viscous flows can be reduced to the biharmonic

problem
A’U(z,y) =0, (z,y) €D, (5.1)

where A is the Laplace operator (3.48). We assume that the function U is from
the space W, (D) N W,}(D). The notation W}¥(X) is used for the Sobolev space
of k-times differentiable functions on X, the derivatives of which belong to the
corresponding space L (X).

Equation (5.1) has been thoroughly studied [101]. Our aim now is to solve
boundary problems for this equation using the theory of functions of complex
variables. Thus let us identify sets from R? and C via the correspondence R? 3
(x,y) «— 2z = x + iy € C, and denote the associated sets in R? and C by the
same symbol. Any function f biharmonic in a domain D can be represented as a
combination of two functions analytic in D, viz., the following result is true.

Lemma 5.1.1 (Goursat Representation). If D is a domain bounded by a simple
closed contour, and if u is a biharmonic function in D, then there are two functions
X and ¢ that are analytic in D and such that

u(z,y) = Re (Zp(2) + x(2)), z==z+iy. (5:2)

Proof. Since A%u = A(Au), the function Aw is harmonic in the domain D, so it
is the real part of an analytic function ¥ = ¢(z),z € D, i.e.,

Au(z,y) = Reyp(z). (5.3)
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Choose a point zg € D and introduce a function

p2)i= 1 [ W©d zeD.

Considering now the operators

9 _1(9 .9
9. 2\oz ‘ay)’
9 _1(9 .90
9z 2\or oy
one notes that
82
A= 02072’
SO
AGo(2) = 42 (zp(2)) = 1.2 (0(2)) = 0(2) (5.4)
zZo(2)) = 82322<pz = azgpz = Y(2). .

If we define a function v by
v :=u — Re (Zp(2)),

then from (5.3), (5.4),
Av=A(u—Re(Zp(z)) =0

everywhere in D. Thus, v is a harmonic function in D, so it is the real part of an
analytic function y;, i.e.,

u—Re (zp(2)) = Rex(2),

or
u(z,y) = Re (Zp(2) + x(2)),
and the proof is complete. O

5.1.1 Reduction of Biharmonic Problems to a Boundary Problem
for Two Analytic Functions

Let c1,ca,..., ¢ be the corner points of I'. By w; we denote the angle between the
corresponding semi-tangents at the point c¢;. Hence,

ij(0,27T), Wj#ﬂ} 7=12...,L

For real numbers p and «; j = 1,2, ...,1 satisfying the inequalities p > 1 and

1
0<aj+1—)<1, i=1,2,...,1, (5.5)
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we introduce the weight function

l
H|t—c|af tel.

By L,(I', p) we denote the set of all Lebesgue measurable functions f : I' — C

such that
1/p
Hm—(/u mw) < oo,

Correspondingly, Wp (T, p) refers to the Sobolev space of all Lebesgue mea-
surable functions f : I' — C such that

1/p
iy = ([ 10 @p07 1t + [ 1500001 ) - < oc.

We also consider the space H, = H,(I') of Hélder continuous functions provided
with the norm

|f(t1) — f(t2)]
fllg, :=max|f(t)|+ sup ——r——>"2,
1 1h, tel 7l tyta€l t £, |t — ta|H

It is known that the above-defined Sobolev space Wp1 (T, p) is continuously embed-
ded into a Holder space, viz., the following result holds.

Lemma 5.1.2 ([72, 73]). The Sobolev space W, (T, p) is continuously embedded into
the Hoélder space Hy_1/4(T"), where

q=p if ap=arz=...=q =0,

and

1
. p p . 2
l<g< , Y a2 #o0.
q mln(pl+a1 1+Otl> if j:1aj7é

Moreover, every function f € Wp1 (T, p) is Holder continuous with the exponent
1 —1/p everywhere on I' except for the corner points cj,j = 1,...,1, in neigh-
bourhoods of which it is Holder continuous with exponents 1 — 1/q;, where q; €

(1, min{p/(1 + a;)}).

Let us now consider boundary problems for the biharmonic equation.

Lemma 5.1.3. If G1,G2 € L,(T', p), and if U = U(x,y) is a solution of the bihar-
monic problem

A2U|D =0,
ou ou (5.6)
6_ = U1, 3_ = G,

T |r Ylr
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then U can be represented in the form (5.2), where ¢ and x are analytic functions
in the domain D satisfying the boundary condition

) +tF D+ XM = f(t), t=a+iyel, (5.7)

with f(t) := Gy (t)+iG2 (t). Moreover, if ¢ and x are analytic functions satisfying
(5.7), then the biharmonic function U constructed by (5.2) is a solution of the
boundary value problem (5.6).

Proof. Since for any analytic functions ¢ and x function (5.2) is biharmonic, our
task is to find ¢ and x to satisfy boundary conditions (5.6).
Let ¢ =u+1iv and z = x 4 1y, with u = Rey, v = Im . Then

U (z,y) = Re [z (u+iv) (2) + x (2)]
=z-u(z,y)+y-v(x,y)+Re[x(z,y)], ze€D.

From this immediately follows

U _ o o0 dRe
ar " oz TVoz or
ou ou Ov  ORe [x]

Oy dy v y@y y

Letting 2z tend to I' and taking into account the Cauchy-Riemann equations and
boundary conditions (5.6) we obtain

O+ 7D+ O = pta Qi) 4y (202
v 14 X B ox ox Y oy Ox
+5Re [x] 72_81111 [x]

Ox Ox
) ou . Ou ov  Ov
—(“+Z”)+m(%+za_y)+y<%+za_y> (58)
ORe [x] | .0Re [x]
+ ox +Z dy
U LY g @ riGe (), ter,
Ox dy

so the functions ¢ and x satisfy the boundary problem (5.7). On the other hand,
the converse follows from the first and last lines of transformation (5.8). g

Let o = a(t),t € T be the angle between the real axis and the outward
normal n to I' at the point ¢. By s we denote the unit vector such that the angle
between s and the real axis is a — 7/2.
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Lemma 5.1.4. If (f1, f2) € W) (T, p) x Ly(T,p) and U = U(z,y) is a solution of
the biharmonic Dirichlet problem

A*Ulp =0,

_ ou| _ (5.9)
U|F_f17 BEF_f%
then it can be represented in the form (5.2), where ¢ and x are analytic functions
in the domain D satisfying the boundary condition

- ; 0

o(t) + ttp'(t) + X/(t) =e @ (fz + Z%) , tel. (5.10)
Moreover, if ¢ and x are analytic functions satisfying (5.10), and U is the cor-
responding biharmonic function U constructed by (5.2), then there is a constant
¢ € R such that U + ¢ is a solution of the boundary value problem (5.9).

Proof. Using representation (5.2) for the biharmonic function U, let us first find
appropriate functions ¢ and y to satisfy the boundary conditions (5.9).

Since f1 belongs to the Sobolev space W;} (T, p) and U is differentiable on D,
one can write

ofy 0U  0U
htigs =an tigs
ou o0u

= (cos o+ isin ) (8_x - z%> = e'Y(U, +1U,). (5.11)

On the other hand, if the analytic function ¢ from the representation (5.2) is
written in the form ¢ = u + iv, then
U(z,y) = zu(z,y) + yv(z,y) + Rex(z,y).

Immediate calculations and the Cauchy-Riemann equations lead to the formula

U, (2) + iUy (2) = u(z, y) + zue(r,y) + yve (2, y) + Re xa (2, y)
+i(zuy (z,y) +v(z,y) + yoy(z,y) + Re xy(z,y))

= (2) + 2¢'(2) + X' (2). (5.12)

Comparing (5.11) and (5.12) we obtain that the functions ¢ and x of (5.2) satisfy
the boundary condition (5.10).
The converse also follows from relations (5.11) and (5.12). O

Thus the boundary value problem

o(t) +te'(t) +¥(t) = f(t), tel (5.13)

for two analytic functions ¢ and v := ¥’ can be used to find exact or approximate
solutions of biharmonic problems. However, attempts to apply projection methods
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directly to the problem (5.13) meet an immediate difficulty, viz., the operator that
corresponds to the left-hand side of (5.13) is not invertible in main functional
spaces. Indeed, this is a consequence of the following result.

Lemma 5.1.5. If T is a simple closed piecewise smooth contour, then the homoge-
neous problem

o)+t (t) +(t)=0, tel (5.14)

has a non-trivial solution. Moreover, in the space of functions with boundary values
from W (T, p), any solution of (5.14) has the form

o(z) =irz+e¢, Y(z)=-—¢, (5.15)

where r € R and ¢ € C.

Proof. Tt is easily seen that any pair of functions (5.15) is a solution for (5.14), so
let us show that there are no other solutions of (5.14) with the boundary values
from Wz} (T, p). For any analytic function ¢ we define the function ¢ by

q(2) :=p(2) +2¢'(2), z€D.
Using the representation ¢(z) = u(x,y) +iv(x,y), 2 = x + iy again, one obtains
q=U+1iV = (u+ zu; + yvy) — i(v + yu, — zvy).

Let us study whether g is an analytic function in D. The Cauchy-Riemann condi-
tions for the function ¢ show that the equation

o __ov
oy  Ox
holds everywhere in D. However, the equation
v _ov
dr Oy

is satisfied if and only if
uz(z,y) =0, (2,y) €D.
It follows that
u(z,y) =m(y), v(z,y)=n(z)
where m and n are differentiable functions, so using the Cauchy-Riemann condition

Uy = —Uy, one obtains
n'(x) = —m/(y). (5.16)

This is possible if and only if both functions in (5.16) are constants. Thus there is
an r € R such that

n(z) =rz+c, my)=—ry+eca,
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where c¢; and ce are arbitrary real numbers. Henceforth,
o(z)=—-ry+irc+c=1irz+c (5.17)

with the constant ¢ = ¢ 4+ ic; € C. Thus ¢ is an analytic function if and only if
the function ¢ has the form (5.17), and ¢ = ¢ in this case. The function ¢ also
satisfies the boundary condition

o(t) +'(t) —q(t) =0, tel.

Hence if there is another function ¢ that satisfies the boundary condition (5.14),
is analytic in D, and such that ¢ € I/Vp1 (T, p), then ¢ is continuous on I', so the
maximum modulus principle implies the equality

for all z € D. That completes the proof. O

An immediate consequence of Lemma 5.1.5 is the following result.

Proposition 5.1.6. Let X denote one of the functional spaces C(T'),L,(T) or
Wpl(F,p). If problem (5.13) has a solution o,y the boundary values of which
belong to X, then for any r € R and for any c € C the pair

¢(2) = po(2) +irz +c,
P(z) =1o(z) — ¢

is also a solution of the problem (5.13).

Note that the non-uniqueness of a solution for problem (5.13) has a limited
impact on solutions of the initial biharmonic problem, because the correspond-
ing solutions differ by a constant only. For example, considering the biharmonic
function constructed via functions ¢ and ¥ one gets

Re (x(2) +Zo(2)) = Re(xo — ¢z + c1 + Z(po(2) + irz + ¢))
=Re (xo +Zpo(2) + c1).

Note that for the problem (5.9) the constant ¢; is chosen to satisfy the boundary
condition

U|1" = fl»

whereas each of the above pairs ¢, x generates a solution of the boundary problem
(5.6).

Thus, if problem (5.13) is solvable, its solution is not unique. It is also worth
mentioning that this problem is not always solvable. More precisely, the following
result holds.
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Proposition 5.1.7. If problem (5.13) has a solution po,q the boundary values of
which belongs to W) (T, p), then

Re/rf(t)dtzo. (5.18)

Proof. The function v is analytic in D and continuous on I', so by the Cauchy

theorem
[ wteae=o,
r

Re/Fw(t)dtzo.

The last equation can be rewritten in the form

and, correspondingly,

Re /(mdt —(t) dt +(t) dt) = 0.
r

Since ¢ is also continuous on I', integration by parts gives

Jwin=— [ o,

Re / () + B/ (1) + (8)) dt = 0
I

that implies (5.18). O

SO

In view of Proposition 5.1.7 we will always assume that the right-hand side
f of equation (5.13) satisfies condition (5.18).

Let us now assume that boundary values ¢ = ¢(t), x = x(t), t € T of the
functions ¢ and x have been found. Then using the Cauchy integral formula,

o(z) = L/F <p(t)dt7 ze D,

C2mi Jp t—z
1 x(t)dt
=— [ ——, eD,
X(z) 27ri/p t—z :

and (5.2), one can represent the biharmonic function U inside of the domain D.
Later on we will see that the function ¢ = (t), t € T is the solution of an integral
equation, so if ¢ is known, then

X (8) = f(t) —e(t) =1 (t), teT, (5.19)

where f denotes the right-hand side of (5.7) or (5.10).
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It is clear that equation (5.19) allows us to restore the function y. Really, let
t = t(s) be a 1-periodic parametrization of I', and let s1, s2,. .., s; be those points
on [0,1) which correspond to the corner points of T, i.e.,,

t(Sj):Cj, jil,?,...,l.

The function ¢ = ¢(s) is continuously differentiable on (s;,s;+1) because I' was
supposed to be a piecewise smooth curve. We set s;11 = s1 + 1, let 'y, be the
subarc of T which joins the points ¢;, and tx+1, and let s € [s, sk+1]. Using (5.19)
we can write

for any s € (sg, sk+1) and hence introduce the functions

Gul(t(s)) = / F(t(s)t (s)ds — / SN (5)ds

- / %‘p(t(s))ds —t(s)p(t(s)), k=1,2,...,1

Sk
Then the function x may be represented in the form

Q) +C if tely,
Ca(t) + (Ci(e2) — Ca(e2)) + C if tely,

x(t) =

Let us recall that for the problem (5.9) the constant C has to be chosen to satisfy
the first of the boundary conditions (5.9).

5.1.2 Reduction of Boundary Problems for Two Analytic Functions
to Integral Equations

The aim of this section is to reduce the boundary problem for two analytic func-
tions ¢ and 1,

U(t) = f(t) — ko(t) —t'(t), teT, (5.20)

to an integral equation. If k = 1, we obtain equation (5.13), but boundary problems
(5.20) with k # 1 also arise in plane elasticity [121, 161, 170]. Thus, in the case
of the first fundamental boundary problem concerned with elastic equilibrium of
a solid when boundary displacements are known, the constant & is defined by

k=:3—4v (5.21)
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or by
. 3—v
14+v
for plane deformation and plane strain-state correspondingly. Note that the pa-
rameter v € (0,1/2) is usually referred as the Poisson constant. On the other
hand, the constant k is equal to 1 for the second fundamental boundary problem
when a stress vector is given on the boundary T.
Assume that the functions ¢ = ¢(t), ¥ = ¥(t), t € I are Holder continuous.
Then they can be represented as the Cauchy integrals

o= gk [ L [0

2mi T—2" 2mi Jp T—2

(5.22)

Let D~ denote the complement of the set D UT'. Then
L[ L
r

T—2z T omifp T—2

0, z€ D, (5.23)

T

and taking into account equation (5.20) one can rewrite the first equation in (5.23)
as

1 [ f(dr 1 / (ko(r) —7¢'(1))dr

mJr T—% Ly

=0, zeD". (5.24)

T—2z
If @ (¢) and @~ (¢) are the limit values of the Cauchy integral
1 d
B(z) = — / p(r)dr
2 Jp T— %

when z — ¢t € ' by a non-tangential way from the domain D and D~ respectively,
then by the Sohotsky-Plemely formulas [162]

E(t) (“;—1@) ol + - [ 0

2 27 T—1

where w(t) =mif t # ¢j and w(t) =wj if t =¢;, j =1,...,1. Now it follows from
(5.24) that for t # ¢; the equation

ko(t)  k / o(r)dr T (t) 1 / 7o' (7)dr

= fo(?), (5.25)

2 211 T—1 2 211 T—1
where _ -
f@) 1 [ fln)dr
)= -2 4 —
fo(®) > o =
holds.

Since ¢ and ¢’ are analytic in D, then

Lot L[t
T Iy

- , -
2mi T—2Z 21 T—Z
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for z € D7, and another application of the Sohotsky-Plemely formulas leads to
the relations

o(t) 1(/@&MT

=4+ — [ 2 —=0, teTl 5.26
> o r T—t L (5.26)
o, L[ Lo

-4+ — [ =2 =0 teTl. 5.27
2 +27Ti r 7—t < ( )

Using (5.26), (5.27) one can rewrite equation (5.25) in the form

K0 - 5 [0 (755 - ) - g [T b= 0. (529

T—tiT—t

271, 2 T —
Since _
[ =tar= [ ol
and . p .
T T T —
e A

where the symbol d is associated with differentiation in the variable 7, it is cus-
tomary to write equation (5.28) as

Re(t) = ~Fpll) - 5 [ Pdtog T — o= [ pr)aT— = h), te T,
(5.29)

and call it the Muskhelishvili equation.

Thus the function ¢ is a solution of the Muskhelishvili equation (5.29). There-
fore, the above-described procedure can be used to determine solutions of the
boundary value problem (5.20) and, correspondingly, allows us to obtain solutions
of biharmonic problems and associated problems of plane elasticity. Let us mention
that, in general, equation (5.29) is not solvable in a closed form, so the applicabil-
ity of approximation methods acquires a great importance. However, in the case
k = 1 the operator R defined by the left-hand side of (5.29) is not invertible in
main functional spaces since Proposition 5.1.6 yields that dim ker R > 0. A similar
result can also be established for other relevant values of k. This means that neither
of the projection methods considered earlier can be directly applied to the equa-
tion (5.29). One of the ways to overcome this difficulty consists in modifying the
spaces where the operator R is considered. Such an approach also requires modifi-
cation of the corresponding approximating subspaces and, normally, this leads to
additional problems during implementation of the corresponding approximation
methods. Therefore, here we prefer another approach. Instead of modifying the
corresponding spaces where the operator R is considered, we will modify the oper-
ator R itself in a very special way. This allows us to apply most of the projection
methods studied to the modified operator and obtain approximate solutions of the
initial Muskhelishvili equation (5.29). For this, we need to study the operator R
in more detail.
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5.2 Muskhelishvili Operator. Fredholm Properties and
Invertibility in L,(L", p)

This section is devoted to investigating the Fredholm properties of the operator
R in the spaces L,(I', p), where I' is a piecewise Lyapunov curve. However, we
start with studying the operator R on special curves: thus, let I'g,,, 8 € [0,27),
w € (0,2) refer to the curve

Tpw=T1 T2

where A A
[ =/ PFIRT Ty = R,

and I'y is directed to 0 but I's is directed away from 0. Given p € (1, +00) and « sat-
isfying the inequality (5.5), we consider the weighted Lebesgue spaces Ly(T'3 ., &)
and L,(R™, ) of measurable functions endowed with the norms

1/p
1 e = ( / If(t)l”lt”"’ldﬂ)

1/p
5l = ([ roPera)
R+
respectively.

Let us further introduce the set L%(R"’,a) of all pairs (f1, f2)%, f1,f2 €
L,(R*™,«) and the norm

(s £2)7 1 = (B o+ [ f2l )P,

together with a mapping 7 : L,(I'g.., @) — L2(R", o) defined as follows:

and

n(f) = (m(f),m(f)"

with
m(f)(s) = flseie),
m(f)(s) = f(se”)

for all s € RT. It is clear that n is a linear isometry from L,(I's.,«) onto
Lg(R*,a). In addition, the mapping A — nAn~! is an isometric algebra iso-
morphism of L4q4(Ly(T'g,w, ) onto Eadd(Lg(R"', a)).
In the space L,(I'g,, @) we consider the corresponding Muskhelishvili oper-
ator
wa(t)z—k;?t)—i FT)dlogTit—L x(T dTﬁt.

2t Jr, T—t 27

5.30
. 3 (5:30)
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Now we are going to use Theorem 1.9.5 to investigate Fredholm properties of the
Muskhelishvili operator in the space L, (T, p).

Let z be a point of I'; and I'. denote the curve which consists of the semi-
tangents to I' at the point z with the orientation inherited from the orientation of
I". By . we denote the angle between the real axis and that semi-tangent which

is directed away from z. Then, I', := I, — z. For the sake of simplicity, we will
write 3; for the angle at the point z = ¢;, j = 1,2,...,1 where ¢; are the corner
points of T'.

Theorem 5.2.1. Let I' be a simple closed piecewise smooth curve in the com-
plex plane C. Then the operator R is Fredholm if and only if the operators
Ry, : Ly(Tg; w;,05) = Lp(Tp; w;, ;) are invertible for all j =1,2,...,1.

Let us point out important steps of the proof. By B,(T', p) we denote the
smallest closed real subalgebra of L444(L, (T, p)) which contains the operators

T—1
T—t

<mem——LAde

T o

T—1

(Fare)t) = 5 [ o(ryim T,

the operator of the complex conjugation

(Mrp)(t) := p(t), tel

and all operators of multiplication by continuous bounded functions. The algebra
B,(T., @), where

o — 4 if z=g¢;,
10, if z#e, j=1,2...,1

is defined analogously.

We mention two useful properties of the algebra B, (T, p) :

1. The algebra B, (T, p) contains the ideal Kqqq(Lp(T, p)) of all compact oper-
ators on L, (T, p).

2. For any continuous real-valued function f, the operator fA — AfI, A €
B,(T', p) is compact.

Due to these properties one can consider the algebra

By(L, p)" := By(T', p)/ Kaaa(Lp(L', p))

and localize it over T via Allan’s local principle. This leads to the local algebras
By(I',p)7,z € T' with canonical real algebra homomorphisms ®, : B,(T', p)™ —
B,(I',p)I,z € T'. Simultaneously, we localize the algebra B,(I';, ;)™ over I',
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that leads to local algebras B,(I';,a;)7, with canonical homomorphisms ¥,, :
BT, )" — By(T,,a,)l, w € IT',. The algebras B,(T', p)7 and B,(T';, ;)] are
topologically isomorphic, and there is an isomorphism which sends @, (7 (K, ))
into Uo(m(K,r.)),7 = 1,2; ®,(n(Mr)) into ¥o(r(Mr,)), and @,(n(fI)) into
Uo(m(f(2)I)) for each continuous function f. However, the algebra B,(I'., )
possesses the so-called homogenization property [102]. This property allows us to
obtain a locally equivalent representation of the algebra B,(I'., )] and, conse-
quently, conditions of invertibility of the element w(R), in the algebra B,(T, p)7.
Note that a description of the corresponding homomorphism between the algebras
B,(T, p)T and By(T',, a,)§ can be found in [102, pp. 286-289], although algebras
considered there differ from those used above. g

It turns out that the integral operators in (5.30) are isometrically isomor-

phic to Mellin convolution operators. More precisely, let I~(1, Ky L,Tgu,a) —
L,(T'3,w,a) be the integral operators of the left-hand side of (5.30), viz.,

- 1 71
(Big)0) =5 [ wmaz—,
(Rog)(t) = —3= | emim =

Given v € (0,27) we consider the Mellin convolution operators M, N,
L,(RT,a) — Ly(R*,a) defined by

T g sinv s
(My(9))(0) = %/0 (%) ESCIODE ‘Pi s (5.31)
and

2w 5 —oew’

+oo s)ds
W) = 5 | ple)ds (5.32)

Lemma 5.2.2. The operators Ky, Ko : L,(T's..,a) — Ly(T's..,a) are isometrically
isomorphic to the block Mellin operators

. 0 e—i26 M,
= < —e 20 Moy, 0 ) € L(Ly(RF, a)), (5.33)
(o = 0 %[NUJ_NQTF—UJ] 2 +
K2 B ( % [NUJ - N27r—w] 0 € E(LP(R ,OZ)), (534)
respectively.

Proof. Let (f1, f2)T be a vector of LZ(R*, a), and let fi(t), fa(t), t € T, denote

the functions ()
T ) fi(s), if t=se’PTe)
L) _{ 0, if ¢ =seif,
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if t=sellPtw)

~ 0,
fa(t) = { fa(s), if t=se’.

Then ' : L2(R*, o) — L,(Tg,., ) can be written in the form

(7 (f1, f2)T) () = Fu(®)xr, () + Fa(t)xra (2),

where xr,, j = 1,2 is the characteristic function of the curve I';, j = 1,2. Let K
be an integral operator on L,(I'g ., @), i.e.,

(Kf)(t) = f(NK(t,7)dr.

0

Then the operator nKn~' : L2(R*, ) — Ly([g,., @) is a matrix operator of the
form

_ —[?11 I?IQ
Kn ! = ~ ~ 5.35
nKn < Koy Fo ) (5.35)
with
I?jlfl =1nj < ﬁ(T)K(t,T)dT) ) Jvl = 172 (536)
r

Now we set K = K; and find the entries of the corresponding matrix (5.35). For
instance, we have

K}y fa(0) =m (/r2 fa(7) ((j_f)QdT— Tl—tdF>)

Y e (se™B — gei(F+w))eif e y
T omi fz(S) (Seiﬁ — Uei(ﬁ+w))2  seib — geilBtw) §

e28 [t g sin w s
=) Oy

Thus, K 1, is a Mellin convolution operator M, defined by (5.31). Analogously,

Kl =0, K)=0, Kj =-e 200y,

and we arrive at representation (5.33). Representation (5.34) for the operator K
can be obtained by using the same formulas (5.35) and (5.36), completing the
proof. O

Let M be the operator of complex conjugation on the space L,(RT, «), and
let M : LZ(RT, o) — L2(R™, &) stand for the diagonal operator diag(M, M). Then
from Lemma 5.2.2 we immediately obtain the following result
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Proposition 5.2.3. The operator R, is isometrically isomorphic to the operator
A, € Eadd(Li(RJ",O&)),

A, =A+BM
with )
A B 0 e—zZﬁMw
- _e—i2(ﬁ+w)M2ﬂ_w 0
and
B= —kI % [Nw - NQTr—w] )
kNG — N —kI

Thus A, is a block Mellin operator with conjugation.

Lemma 5.2.4. Let M, and N,,v € (0,27) be the operators defined by (5.31) and
(5.32), respectively. Then

MMI/M = _M27\'—V7 MNI/M = _N27r—y~ (537)

The proof of relations (5.37) follows immediately from the definition of the
operators M, M, and N,,.

Lemma 5.2.5. The operator R, : Ly(T'gw, ) — Lp(T'gw,) is invertible if and
only if the block Mellin operator

0 e 2P M, —kI EING — Noro]
i _e—i2(ﬁ+w)_/\/l27r_w 0 %[Nw _NQW—w] . —kI
“ —kI EING — Nor—u)] 0 —eP Mar
EING — Moro] —kI 2B+ M, 0
(5.38)
18 So.

The proof follows from Lemmas 1.4.16 and 5.2.4.

Proposition 5.2.6. The operator R, : Lpy(T'gw,a) — Ly(T'gw, ) is invertible if
and only if the function

[y sin® w — k2 sinh? (27 — w)y][y? sin® w — k2 sinh? wy|

Fly) = (5.39)

sinh?® 7y
does not vanish for ally € R+i(1/p+ ).

Proof. The operators R,, and gw are simultaneously invertible or not. However, Zw
is a matrix Mellin operator. The conditions of invertibility for such operators are
well known, and consist in the invertibility of their symbols (see Section 1.10.2).
To find the symbol of the operator Ew, we compute the symbols of the Mellin
operators M, and N,,v € (0,27). From Sections 1.10.2 and 1.10.3, the symbol
m, = m,(z) of the operator M,, is

1 [t , i
mu(z) = = / R AL
T Jo (1 — xew)
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Therefore, via formula (3.194.6) of [97] we get

my(z) = dzx

siny [t x(1+1/p+ozfzi)71
™ Jo

(1 — zei)2
z+i(1/p+ ) o~ (=) (z+i(1/p+a))

R.
smh(z +i(1/p+ ) z€

= —e"sinv

Setting v =w and y = z +i(1/p + «) we find

me(y) = —e~“sinw e~Wmmv =2 4i(l/p+a), z€R.

sinh 7y
Analogously, the symbol n,, of the operator (N, — Naoz_.,)/2 is
sinh(r — w)y

w = s = 1 (1 s R.
ny) = TRy ki), 2

Thus the symbol of Zw can be represented in the form

Az (y)
. 0 e 20, (y) —k kng(y)
_ | e Imar o (y) 0 kn (y) _—k
—k kng (y) 0 —e2Pmo, . (y)
kng, (y) —k 2B+ )m, (y) 0

(5.40)

Let us calculate the determinant of the matrix (5.40). Expanding it by the first
two rows yields

det A5 (y) = (Mo (Y)mar—o(y))? — Ke™ 2 m5_, (y) + Fmar—o(y)me(y)nd (y)
+ EPmy (y)mar—o (y)nd (y) — K2 m (y) + k(1 = nd (y))?

y* Y
=sintw—"— — k?sin? w—Z—e AWy
sinh™ 7y sinh” 7y
— 2k?sin® w y?  sinhi(r —wly

sinh? Y sinh? Y

2 . 2
_k2gin2w : y2 e 2w=my 4 p4 (1 _ Sln}.1(7T2— w)y)
sinh® Ty sinh” 7y

4sinh? (27 — w)ysinh?wy ¥t sintw
=k 4 + = 1
sinh™ 7y sinh™ 7y
2 32
o2 P @ (sinh2 (7 — w)y cosh® 7y + sinh? 7y cosh? (7 — w)y)

sinh™ 7y

[y?sin? w — k2 sinh? (27 — w)y][y? sin® w — k2 sinh? wy]

sinh* 7y
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Thus the right-hand side of (5.39) represents the determinant of the symbol of

A, so the operator R, is invertible if and only if the function F' does not vanish
on the line y € R+ i(1/p + ). O

Consequently, invertibility of the Muskhelishvili operator R, in
Load(Ly(Tg,w, @) depends on whether the function

9y.6(2) = k?sinh® y(z + i) — (2 + i0)*sin®y, 2z €R

has any zeros when § = 1/p+ « and v = w or v = 2w — w. The behaviour of this
function was studied by R. Duduchava [73], who inter alia proved a result which
for convenience is formulated here as a lemma.

Lemma 5.2.7. (R.V. Duduchava, [73]). Let k be the coefficient of the boundary
problem (5.20). If m < v < 27, then the transcendental equation

ksinyd = §]sin~y| (5.41)
has only one solution § = 0., in the interval (0,1) such that

1 , T
5 < 57 < ; (542)

If 0 <y <, then equation (5.41) does not have any solutions in the interval
(0,1).

Remark 5.2.8. A result analogous to Lemma 5.2.7 has been also presented by
J.E. Lewis [140].

From Proposition 5.2.6 and inequality (5.42) of Lemma 5.2.7 we immediately
obtain the following result.

Corollary 5.2.9. There exists 0/, > 1/2 such that the operator R, : L,(T's,,,a) —
L,(Ts.u,q) is invertible for all p and « satisfying the inequality

1
0<-—+4a<d,.
p

The principal significance of this corollary is that it provides us with condi-
tions of invertibility of the local operators R, j = 1,2,...,l from Theorem 5.2.1.

With each operator R of the form (5.29) we can now associate the symbol of
R, viz.,

i (2),zeR if t=¢;, j=12,...1
wj

A
Ag(t,z) = ( k0

0 —k ) otherwise.
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Theorem 5.2.10. Let 5:%,]' =1,2,...,1 be defined as in Corollary 5.2.9 for every
corner point cj, j =1,2,...,1, and let

! . !
g AR

If

1<5<1

1
0 < max {}—9 + aj} <&, (5.43)
then the Muskhelishvili operator
R : Lp(Fa /0) - LP(Fa /0)

is Fredholm and
ind LP(F,p)R =0.

Proof. The first assertion follows from Theorem 5.2.1 and Corollary 5.2.9. For
the second assertion we mention that the index of the operator R is equal to the
winding number of the curve L := det Ag(t,z), t € T, z € R around the origin.
Homotopy arguments shows that in the case where the operator R is Fredholm,
the winding number of the curve L is zero. O

Theorem 5.2.11. There exist § and &', § < 1/2 < §' such that, if

1 1
0 < min {—+aj}§max {—+ozj}<5/, (5.44)
1<i<t | p 1<5<t | p

then the operator R is Fredholm in both L,(T',p) and W;(F,p) and has the same
index k = 0 in each of these spaces.

Proof. As we have seen from Theorem 5.2.10, R is a Fredholm operator with index
k =0 in all spaces L,(T, p) with p and p = p(an, aq,. .., q;) satistying inequality
(5.43). On the other hand there exists a 6 € (0,1/2) such that R is a Fredholm
operator with index £ = 0 in all spaces I/Vp1 (T', p) with p and p satisfying the
inequality [72, 73]:

1
J < min {——l—ozj} < 1. (5.45)
1<jst | p
Comparing inequalities (5.43) and (5.45) completes the proof. O

Thus the operator R is Fredholm in both families of the Banach spaces,
and its index vanishes. Nevertheless, this operator is not invertible in each of the
spaces mentioned, so none of the approximation methods can be applied to R
immediately. However, the operator R can be corrected in such a way that the
consequent operator is already invertible. Moreover, some additional conditions
ensure correspondence between solutions of the respective equations. To be more
precise, we consider the operators

R;=R+T;, j=1,2 (5.46)
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where T'= T if k is defined by (5.21) or (5.22), and T' = T5 if k = 1, with
1 p(T)dr
e

21 T

and

1 Tdr 11 T T)—
(Top) (1) = 2—M/FL(T) + Ez_m'/r (%dw gcﬁ) . (5.47)
Let us study properties of the operators R;,j = 1,2 and their connections with
various properties of the Muskhelishvili operators. Note that the operator Ry will
be studied in more detail, whereas relevant properties of the operator Ry will only
be mentioned in the end of this section. We start with considering an auxiliary
boundary value problem for a pair of analytic functions.

Lemma 5.2.12. If domain D is bounded by simple closed piecewise smooth curve
T', then any solution of the exterior boundary value problem

o_(t)+to (1) +¢_(t)=0, tel
where o_,1p_ € WZ}(F, p) are the boundary values of functions ¢ and v, analytic
in the exterior domain D~ := C\ D, has the form

p(z) =irz+e, YP(z)=-¢C
with anr € R and a ¢ € C.

The proof of Lemma 5.2.12 mainly follows the proof of lemma 5.1.5. However,
it is not possible to use the maximum modulus principle now. Instead, one has to
consider a function ¢, : D — C defined by 91 (z) = —¢ for any z € D and use the
uniqueness of the analytic continuation.

Lemma 5.2.13. Let I' be a simple closed piecewise smooth contour and let f €
Wpl(F,p). If the Muskhelishvili equation (5.29) is solvable in the space Wpl(F,,o),
then any of its solutions is a boundary value of a function analytic in the domain
D.

Proof. Assume that ¢y € W (T, p) is a solution of equation (5.29) and define two
functions ¢,V : D~ — C by

B(z) = —%/Ffo—(l)dn (5.48)
U(z) = i/rwo—(T)JrF%(T)—m

= dr.
27 T—Z T

The functions ® and ¥ are analytic in the domain D™, so using the Sohotsky-
Plemely formulas one can rewrite equation (5.29) as

D(t)+1d'(t)+ V(t) =0, tel, (5.49)
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where ®(t) and ¥(¢) are the boundary values of the functions ®(z) and ¥(z) as
z — t € I' from the domain D~. By Lemma 5.2.12 any solution of the boundary
problem (5.49) has the form

O(z) =irgz +co, VY(z)=—-0

with g € R and ¢y € C. On the other hand, the function ® is represented via
a Cauchy type integral, so it vanishes at infinity. This is possible if and only if
ro =0 and ¢y = 0. Thus, ®(z) = 0 for any z € D, and our assertion follows from
(5.48). In passing note that ¥(z) = —¢y = 0 everywhere in D~. O

Lemma 5.2.14. If T is a simple closed piecewise smooth curve, then
keerl(np) R={irt+c:reR, ceC}.

Proof. Let g € Wp1 (T, p) be a solution of the homogeneous Muskhelishvili equa-
tion

Ro =0. (5.50)

It follows from the proof of Lemma 5.2.13 that
1 =, A
_/ L)00(7—) +TSD0(T> dr = O, = D_,
r

27 T— 2z

so the function ¢g(t) + te((t) is the boundary value of a function 1y analytic in
D. Thus functions 1y and ¢q satisfy the boundary condition

and Lemma 5.2.12 yields that g (t) = irgt + ¢o with 79 € R and ¢ € C. O

Lemma 5.2.15. Let I' be a simple closed piecewise smooth curve, and let f €
Wpl(I‘,p) and satisfy the condition (5.18). If equation

(R+To)p = f (5.51)

has a solution ¢y € Wpl(I‘,p), then @o is also a solution of the Muskhelishvili
equation (5.29).

Proof. Let us show that any solution ¢y € W, (T, p) of equation (5.51) has the
property
TQQPO =0.
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Analogously to the proof of Lemma 5.2.13, one can introduce two functions ®, ¥ :
D—C by

B(2) 1= —— /‘po( o0 4

27r T—2

v [ S L[ (40 B

+L/ wo(T)+?@6(7)7de7

2 T—Z

and rewrite the equation (5.51) as an homogeneous exterior boundary problem
which again leads to the equation

U(z) =0 (5.52)

for all z € D~. Consider the Laurent series expansion of the function ¥ around
the point zgp = oo in the domain |z| > maxer [¢]. It is

1 [ oo(r) 1 ¢o(T) so—(T) 1
%/F()Tdv+%/r<‘; dr + d?);

+ 30 [+ 7e(r) =T 2+,

and from (5.52) one obtains that all Laurent coefficients in the above expansion
must be equal to zero. In particular,

L/ @™ 4 o (5.53)

21 T

and

%/F <<po(27) dr + <p0_(27) dF) + % /F(gao—(r)+ﬁpg(r) —f(M)dr =0. (5.54)

T T

Using integration by parts, we rewrite equation (5.54) as
. -
1 <<ﬂo()dT+¢()d?>
27 T2 T

1
T

(5.55)
[ (Aar — ulryir) + 5= [ Fnar =0,

and notice that the first integral in the left-hand side of (5.55) is a real number,
whereas the second and third are pure imaginary (cf. (5.18)). Therefore

%/F <<P0T(27') dT+@dF> -0 (5.56)
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and combining (5.53) and (5.56) completes the proof.

Lemma 5.2.16. Let I' be a simple closed piecewise smooth curve. Then

kerW}} (T,p) (R + Tg) =0.

Proof. Let ¢o € kerwi(r,p) (R + T5). Since for the corresponding homogeneous
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equation condition (5.18) obviously holds, by Lemma 5.2.15 g € kerw (r,p) (R),
so Lemma 5.2.14 yields that ¢g(t) = iret + co with 79 € R and ¢g € C. On the

other hand, o must satisfy relations (5.53) and (5.56). Hence

1 1 )
_/WO_U)dT:_/MdT:iCOZO,
2t Jp T 27 Jr T

which gives us ¢y = 0 and also rg = 0 because of the identity

1 QOQ(T) QOO(T) o 1 i?"o’l' ,To? o
Z/F<Td7'+?d7 :Z . 7d7—2?—2d7' :—27"0:0.

Thus the homogeneous equation (R 4 T3)¢ = 0 has the only solution ¢y = 0.

Theorem 5.2.17. Let I' be a piecewise smooth curve, and let oj,j = 1,2,...

satisfy conditions (5.44). Then the operator
Ry L,(T,p) = Ly(Tp) j=1,2

is invertible. Moreover, if f € W)(T', p), then:
1. If k is defined by (5.21) or (5.22), then the solution of the equation

Rip = fo

is simultaneously a solution of the corresponding Muskhelishvili equation

(5.29).
2. If k=1 and if f satisfies the condition

Re /dezo,
r

then the solution of the equation

Raop = fo (5.57)

is simultaneously a solution of the corresponding Muskhelishvili equation

(5.29).
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Proof. Let us consider the operator Re. As was established in Lemma 5.2.16, in
the space W, (T, p) the homogeneous equation

RQ(,O:O

has only the trivial solution. Since T is a compact operator on WI}(F, p), we have
(89]
ind W) T,p) 2 = ind WI}(F,p)R7

so ind w1 (r,,) R2 = 0 and the operator Ry : W, (T',p) — W, (T, p) is invertible.
Because of condition (5.44) the operator Rs : L,(T', p) — Ly(T, p) is Fredholm and
has the same index zero. However, the space W (T, p) is dense in L, (T, p). Since
the indices of Ry are the same in both W (T, p) and L, (T, p) the dimensions of null
spaces of Ry are equal as well [89], so dimker Ra| (1 ,) = 0 and the operator Ry is
invertible in L,(T, p). The application of Lemma 5.2.15 completes the proof. [

Corollary 5.2.18. The operator R;,j = 1,2 is invertible in the space Lo(T").

The last results allow us to apply and investigate different approximation
methods for the operator R;, and simultaneously obtain approximate solutions of
the corresponding Muskhelishvili equation (5.29).

5.3 Approximation Methods for Equations on Smooth
Contours

We start with a study of the stability of various projection methods for the
Muskhelishvili equation on simple smooth contours. The assumption on the
smoothness of the contour leads to a very nice result. Namely, all approximation
methods under consideration converge without any additional conditions.

Let I be a simple closed Lyapunov curve in the complex plane C and let v be
a l-periodic parametrization of I, which maps the interval [0,1) one-to-one and
onto I and 7/ (s) # 0 for every s € [0,1). This curve divides the complex plane
into two domains. As before, the interior domain is denoted by D and we also
assume that 0 € D.

For definiteness, let us assume that the coefficient & in the Muskhelishvili
equation (5.29) is equal to 1, so

B T F_f
Rx(t)E—x(t)—%/rx(ﬂdlog:_i72—m_ Fx(r)d:_z:fo(t),teF.
(5.58)

Recall that for £k = 1 the auxiliary operator T in (5.57) is defined by (5.47),
and consider the stability of approximation methods based on splines. Let (f * g)
denote the convolution of the functions f and g,

(f*g)(S)Z/Rf(s—x)g(a:)dx.
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Consider the characteristic function x = x (s), s € R of the interval [0, 1), i.e.,

[ sel,
X (s) = { 0 otherwise.

For any d € N introduce the function ¢¢ by
0% (s) = ("% 771 (5)

where ¢° (s) = x (s), s € R. The functions ¢¢ generate spline spaces on R. To be
more precise, we fix d € N and set

$(s)=0"(s), seR.
Also, fix a number n € N and for each j € Z define the function ¢;, = q%n (s) by

bin(s)=d(ns—j), seR.

Then the set of all linear combinations of &jn, J € Z is a spline space on R.

Using the above construction one can introduce the corresponding spline
spaces on I'. Thus, if v is a 1-periodic parametrization of the curve I', then for any
t eI we set

Gjn (t) = djn(s), t=7(s), seR.
Let S¢ = S4(I') denote the corresponding spline space on I.

5.3.1 Galerkin Method

An approximate solution z,, = x,, (t) € S of equation (5.58) is sought in the form

n—1

T () =Y i (t), teT. (5.59)

J=0

By (-,-) we denote the usual inner product on T, i.e.,

(f,g):/rf(t)m\dt\, fog€ Ly (D).

The unknown coefficients ¢;, j = 0,1,...,n —1 of the approximate solution (5.59)
are defined by the system of algebraic equations
(R2x7u¢kn) = (f0a¢kn)7 k:O71,...,’l’L—1 (560)

where Ry is defined by (5.46) and (5.47).

Theorem 5.3.1. Let I' be a simple closed Lyapunov curve, and let f € Wi(T).
Then there exists ng such that for all n > ng the systems of algebraic equations
(5.60) are solvable and the sequence (Tn)n>n, Of approzimate solutions (5.59) of
equation (5.57) converges to the exact solution of (5.58) in the space Lo (T').
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Proof. Denote by P, the orthogonal projections onto the spline subspaces S¢ (T').
Then the systems of algebraic equations (5.60) are equivalent to the operator
equations

P,RoP,x, = Py fy, n=1,2,.... (5.61)

Therefore, if we establish the stability of the sequence {P,R2P,}, our claim will
follow from Theorem 5.2.17, estimate (1.30) and from the corresponding results
of approximation theory. Let M refer to the operator of complex conjugation and
let K be the operator defined by

1 — F—t 1 T—1
Ke(t)=—— [ z(ndlog —> — — [ 2 (r)d_
27 Jp T—t 27 Jp T—1
1 x(rydr 11 x(r)ydr x(r) _
— ] —— 4+ -— —_— ar | . 5.62
+271'@' r T +t27rz' F( 72 + 72 7 (5:62)

Then the operator P,RsP, can be written as P,RsP, = —P,MP, + P,KP,.
Using the easily verified equality M P,, = P, M, we immediately obtain

P,RyP, (~P,MP,) =P, — P,KMP,. (5.63)

By Corollary 5.2.18 the operator Ry is invertible on the space Lo (T'). We can thus
introduce operators B,, : im P,, — im P, by

B, =-P,MP, + P,R;'KMP,.
Then by (5.63),

(PnRQPn) Bn = (PnRQPn) (_PnMPn) + (P7LR2Pn) (PnRz_lKMPn)
= Pn - PnKMPn +PnR2PnR2_1KMP,L
=P,— PRy (I - P,) (Ry'KM) P,. (5.64)

But by Lemma 5.21 of [183] the projections P,, converge strongly to the identity
operator. Since I is a Lyapunov curve, the operator K is compact on Lo (I"), [162].
Therefore, the sequence {P»,LRQ (I-P,) Ry KM Pn} converges uniformly to 0 as
n — oo. Hence, the operators in the right-hand side of (5.64) are invertible on
im P, for all n sufficiently large and the norms of their inverses are bounded, for
example by 2.

This implies the invertibility from the right of the operators (P, R2P,) and
the inequality

| (PuR2Py) ™" Pol| < 2] Bl <2+ 2|| Ry K|

for the norms of the right inverses. The left invertibility of P, RoP,, can be proved
analogously. Thus, the sequence {P,RyP,} is stable and the proof of Theorem
5.3.1 follows from Theorem 5.2.17 and estimate (1.30). O
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Taking into account the stability of the method, Theorem 5.2.17, and inequal-
ity (1.30), one easily obtains error estimates. More precisely, if the right-hand side
f in (5.47) belongs to W3 ('), then fo € W3 (T') [91], and the solution z of (5.58)
belongs to W3 (T') as well, [73]. Therefore, by [183, p. 44]

dy
lz = Pozll, ) < —llellwg )
and

do
Ifo = P foll oy < =l follwz )

where dy, do are constants independent of x, fy and n. Hence

|z — xn||L2(F) <l — anHLz(F) + ||A;1PnH (HPnAan - Aan”Lz(F)

d
H AP — Azl|Lyr) + 1o = Pafoll o) < =

where the constant dg is independent of n.

5.3.2 The s-Collocation Method

Let 0 < e < 1 be a real number and let t;n) € I' be defined as

j+e .
t;n)fy(T), j=0,1,....,n—1.

The approximate solution of equation (5.58) is again sought in the form (5.59) but
the unknown coefficients ¢;, 7 = 0,1,...,n — 1 will be obtained from the system

Ron (tg.")) = f (t§")) . j=01,...,n—1. (5.65)

The collocation method is considered in the context of the space C(I"). It follows
from [183, p. 64], that if d is odd and € # 1/2 or if d is even and € # 0, then there
exists a uniquely determined interpolation projection L, onto the space S¢ (I')

such that
Lof (7)) = £ (1)

Using this notation and recalling the remark after (5.61), we see that the system
(5.65) is equivalent to the operator equation

LnRoPpzy, = Lyfo, neN. (5.66)

However, the projections L,, are not defined on the space Ly (I"). Hence, to be able
to study the collocation method we have to consider the operator R, on a more
appropriate space.
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Theorem 5.3.2. Let ' be a simple closed curve and let its parametrization ~ be
twice continuously differentiable on [0,1]. Assume that f € Wy (T'). Then there
exists an integer ng such that equations (5.66) are solvable for all n > ng, and
the sequence {xy},,>,, converges to a solution of equation (5.58) in the norm of
C(T"). More precisely, there is a constant dy such that for all n > ngy the estimate

d
|z = znllcm) < f (5.67)

holds.

Proof. We now consider the operator Rz on the space C(T'). First of all we mention
that if v is twice continuously differentiable, then the operator K of (5.62), is
compact on C (T'). Really, this claim is obvious for the operator T' because the
kernels of the corresponding integral operators are continuous. Therefore consider
for instance the operator 77,

1 T—t
K
Tz (t) = 27”/1“x — / 1 (&, 1) 2 (7) dr.

The kernel K7 (¢,7) of this integral operator has the form

Ll(r—t)fi—f <vf>]

Kl (t,T) =

211

Since the curve I' does not have any intersections with itself, the function K; is
obviously continuous for 7 # t. Let us study the behaviour of the expression

(r—t)dr — (7 —1) dr
(r—t)?

when 7 tends to ¢. Setting 7 = vy (o), t = v (s), 0,5 € [0,1), 0 # s and using the
twice continuous differentiability of the function v, we get as 0 — s,

itm (Y7 (007 (0)) +o(1)

(I)l (t, T) -

Py (t,7) = 5
v 7 (@)
Hence
Im (4" ()Y (s
lim <I>1(t,7'):z (7 ()z())v
T [ (s)]

thus the function @4 (¢,7) is continuous for all ¢,7 on I', and the operator T} :
C(I') — C(I') is compact. The compactness of the remaining integral operator
T,

1
Do) = —5= [0 Jdlog /K2 (t.7) 7 (7)dr,
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can be shown in the same way, thus obtaining

Im (Y757 (s)

lim @, (t,7) =1
! ' (s)]*

Now we can show the invertibility of the operator Ry on the space C(T').
Since K is compact, the standard Fredholm theory implies that the index of the
operator Rz considered on C(T'), is equal to zero. The space C(T') is dense in Lo (T")
and by Theorem 5.2.10 the index of Ry on Ly (T') is equal to zero. Therefore,
by [89] the dimensions of the kernels of the operator Ry on the spaces Lo (T')
and C(I') coincide. However the operator Ry : Lo(I') — Lo(T") is invertible,
hence dim ker Ry|7,, ) = 0. This implies dim ker Ry|c(ry = 0. Taking into account
that the index of the operator Ry : C(I') — C(T) is also zero, one obtains the
invertibility of the operator Rz on the Banach space C (T').

The next steps mainly follow the Proof of Theorem 5.3.1. Representing the
operator L, R2 P, in the form

L,RoP, = —-L,MP, + L,KP,,

and multiplying the latter expression by the operator

Bn=-L,MP,+ L,R;'\KMP,,

one obtains R
(LnRyPy) B, = P, — LyRy (I — L,) Ry"KMP,,.

Since by Lemma 5.28 of [183] the sequence {I — L, }nen is uniformly bounded,
the approximation properties of the splines guarantee that the sequence converges
strongly to zero on C(I'). Also observing that the operator R~ K M is compact, we
get that for all n large enough the operators L, Re P, : im P, — im P, are right
invertible and their right inverses are uniformly bounded. Since these operators are
finite-dimensional their invertibility on im P, follows. Having proved the stability
of the sequence {L, Ry P,} we again can use the inequality (1.30) to establish the
estimate (5.67), and hence, convergence of the collocation method. O

5.3.3 Qualocation Method

Here we consider the stability of the following version of the qualocation method
for the Muskhelishvili equation.

Let0<e1 <ex<...<éepm < landwy,ws,...,wn, be positive numbers such
that w; +wy + ... +wy, = 1 and let tg-f?k =v((j+ex)/n),jE€Z, k=1,2,...,m.
By @, we denote the quadrature formula

n— m

Q) =3 3w (£2).

1
0r=1
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The approximate solution of equation (5.58) is sought in the form (5.59) but in

contrast to (5.60) the coefficients ¢;, j = 0,1,...,n — 1 are determined from the
system of algebraic equations
Qn (RZ:I:TL; U) = Qn (an U) b) -'If'n E Sg (F) (568)

for all v € SO (T), where SO (T') denotes the space of piecewise constant splines on
T'. Recall that such a spline qualocation method, though with the more general
spline space S¥ (') in place of SY (T'), was studied in Section 2.9 for the Cauchy
singular integral equations on the unit circle I'.

Theorem 5.3.3. . Let I' be a simple closed curve such that its parametrization 7y is a
twice continuously differentiable function on [0,1]. Assume also that f € Wy (T),
and let e, € (0,1) be real numbers such that e, # 1/2, r = 1,2,...,m if d is
odd. Then there exists an integer ng such that for all n > ng equations (5.68)
are solvable and the corresponding approximate solutions x,, converge to an exact
solution of equation (5.58) in the norm of C(T").

Proof. The operators A,, : S (I') — S¢(T) corresponding to the left-hand side
of (5.68) can be represented in the form

Ap=> w,LiRyP, (5.69)
r=1

where L denotes the interpolation projection onto the spline space S¢ (I') satis-
fying the property

LfLTu(tjﬁr):u(tj,Er)) .]:071””_1

Since Ry = —M + K and L;"MP, = M P, = L;* MP, for any r =1,2,...,m we
can rewrite (5.69) as

Ap=—LyMP,+ L} KPy+ > w, (L — L) K P,
r=2
The sequence {L: — Lf'} converges strongly to 0 on the space C(I') as
n — oo. Taking into account the compactness of K we deduce that
|37 we (Ler — LEY) KP,|| — 0 as n — oco. Now we can proceed as in the
proofs of Theorems 5.3.1 and 5.3.2. O

5.3.4 Biharmonic Problem

Let us now study constructions connected with approximate solution of the bihar-
monic problem. For definiteness we assume that the boundary I' of a domain D
satisfies conditions of Section 5.3, and consider the boundary value problem

A2U|p =0,
ou ou (5.70)
a_ = 15 a_ = G2a

T Yir
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under the assumption Gy, G2 € W} (T). By Lemma 5.1.3, any solution of (5.70)
can be represented in the form

Re[zZo(z) + x(2)], z€D (5.71)

where ¢ and x are analytic functions in the domain D satisfying the boundary
condition

e (t)+to' (t) +x' (t) = f(t), teT, (5.72)

with the right-hand side f(t) := G1 (t) + iG2 (t). As was already mentioned, the
function ¢ can be obtained as a solution of the Muskhelishvili equation (5.58).
On the other hand, relation (5.72) allows us to express the boundary value x’ (),
t € T', for the analytic function y’, viz.,

X () =F(6)—p(t) -t (1). (5.73)

Making the substitution ¢ = 7 (o) in (5.73) and multiplying the resulting expres-
sion by 4/ (o), we obtain

X' (v(@)7 (o) = f (v (0)y' (0) = e (v (0))7 (o) = v (0)¢' (v (0)) 7 (o). (5.74)

Taking integrals of both sides of (5.74) and using integration by parts for the last
integral in (5.74) we get

)= [ TEEN @~ [ GH@N ©0)do

/0 7 (@) (v(0))da —(s)e (v (s)) +7(0)p (v(0) +¢, (5.75)

where ¢ € C is an arbitrary constant. If ¢ denotes the point 7 (s) and if I'; denotes
the arc of T joining the points ¢ty = v (0) and ¢ = v (s), then representation (5.75)
takes the form

x=[ 7@ )dT—/Fde—s-/F<p(7)d7’-—f<p(t)+fo<p(to)+0.

Thus having obtained the boundary representations ¢ (t) and x (t), t € I" of the an-
alytic functions ¢ and x one can retrieve these functions via the Cauchy integrals,

viz.,
1 p(T)dr 1 / x (1) dr
_ : _ 1 [x(mdr D.
v 2) 27ri/r T—2 " x () 21 Jp T—2 €

Then using the Goursat representation (5.71) one can get a solution of the bihar-
monic problem (5.6).

Assume now that we have available an approximate solution ¢, of the
Muskhelishvili equation (5.58) and let

le = @ullc < en, n>no. (5.76)
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From formulas (5.74), (5.75) we can also obtain an approximation for the function
X, Viz.,

()= [ T - / on (P)dr + / on () dT — Fipn (1) + Ton (to) + C.

Now taking into account (5.76) one can easily find

Ixn = xlle < dien (5.77)

where d is a constant independent of n. Then

¢"(Z)ZL'/FM’ Xn(z)zi./rm, zeD (5.78)

21 —z 211 T—z

and using the Goursat representation (5.71) once more, one obtains
Un (z,y) =Re [20n (2) + Xn ()], z2=2x+1iy e D. (5.79)

Theorem 5.3.4. Let the approximate solution p,, n > ng of the Muskhelishvili
equation (5.58) satisfy inequality (5.76). Then for any compact subset K of D the
approzimate solution (5.79) of the biharmonic problem satisfies the estimate

sup |U, (z,y) — U (z,9)| < daen, n>ng (5.80)
(z,y)EK

where dy is independent of the point (x,y) € K, parameter n € N, and where U is
the exact solution of the biharmonic problem (5.70).

Proof. Using the above construction we have

Un (2,y) = U (2,9)|
Izl [ len(r) = (D) 1 |Xn Xl
e R e L e B e e
|F|
~ 2w dist (K,T)

| /\

[max\z\ + di]en

where |I'| stands for the length of I" and the constant d; is taken from (5.77). O

Remark 5.3.5. Estimate (5.80) contains the constant [dist (K,T")]”" which grows
if the boundary of K tends to I'. The estimate can be improved if it is known that
the functions ¢, (t), x» (t), n > ng belong to a subspace W (I") of C (T") such that
the Cauchy integral operator .S,

S (1) = i x(r) dr

. teT,
T T—1
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is bounded on W (T'), i.e., if there exists a constant ds such that
15z|lc < dszllc
for any 2 € W (T'). Then instead of ¢,, and X, one can use in (5.78) the functions
Pn (t) = (Peon) (), Xn (t) = (Pxn) ()

with P = % (I +5). Since ¢ and x are boundary values of analytic functions in
D we have

le = @nllc =P (g —¢n) llc < dslle = enllc,
X = Xnlle = 1P (x = xn) lc < dslix — xnllc.

An approximate solution for the biharmonic problem can now be constructed as
Un (2,9) = Re [250 (2) + X (2)] -

However, to estimate the error now one can use the maximum principle for analytic
functions. This gives us

sup
(z,y)ED

U, (z,y) —U (x,y)‘ < dyép.

5.4 Approximation Methods for the Muskhelishvili
Equation on Special Contours

Let T'g ., 0 € [0,27), w € (0,27), w # 7 be as above. In this section we examine
the stability of approximation methods based on piecewise constant splines for the
Muskhelishvili equation

Roz=y, =z,y€ Lp(rﬂ,waa)

considered on the curve I'g ,. The corresponding methods represent the so-called
local models, which are of great importance in studying approximation methods
for equations on piecewise smooth contours. More precisely, the stability conditions
of approximation methods for equation (5.29) can be formulated in terms of the
local models mentioned.

First of all, we construct spline spaces on I'g . Let x[0,1) = X[0,1)(5), 5 € R,
denote the characteristic function of the interval [0,1). For any positive integer m,
let us introduce the function

UM (s) = (W0 ™ T)(s), s €R,

with
1/)0(8) = X[O,l)(s)v s € Ra
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where (f * ¢g) denotes the convolution of the functions f and g, i.e.,

(F+9)(s) = [ £(s - gy
R
From now on we fix m € N and set
P(s) =9y™(s), seR (5.81)

As a next step we also fix a positive integer n and, for each k € N, we define the
function ¥y, = Yrn(s) by

Yin(s) :==¢(ns—k), seR. (5.82)
Lemma 5.4.1. Let 1) denote the function defined by (5.81). Then
1. supp{¢} C [0,m + 1];
2. for every s > 0 one has
P(—s+m+1) =(s). (5.83)
Proof. Both assertions of this lemma can be proved by induction. We show the
second one only. Thus, if m = 1, then

s if 0<s<1,
P(s) = 2—s if1<s<2,
0 otherwise,

and (5.83) is obvious. Suppose that equality (5.83) is satisfied for & = m and
consider the case k = m + 1. One has

P (—s+m+2) = / Xjo,1)(—=s +m +2 — x)y" (z)dx
R
= / X,y (—=s +14+u)™(—u+m+1)du
R
= /RX[O,I)(_S + 1+ uw)p™(u)du

- /]RX[O,I)(S —u)yp™ (w)du = " (s),

which completes the proof. O

Now we are able to introduce spline spaces on I'g,. Namely, we denote by
S8 the smallest closed subspace of L,(I'5., ) which contains all the functions

Yen(s) if t=ePs
{ 0 otherwise k20,

() =

wkfm,n(s) if t= ei(ﬁ-‘rw)s
{ 0 otherwise k <0.
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Let us consider the semi-linear form

(f,9):= F)g(0)]dt],
Ts.
where f € L,(T'3,4,), g € Ly(T'3,,, —«) and 1/p+1/q = 1. The Galerkin projec-
tion operators L,, from L,(I's,,,a) onto S2* can be defined by the relations

(L f,brn) i= (f, i) for feLpTpu,a) and ¢p, € SO

It is known [102] that the operators Lo, n = 1,2,... are well defined and the
sequence (En) converges strongly to the identity operator I as n tends to oc.

Our task now is to establish stability conditions for the sequence of Galerkin
operators (LnR,Ly,) in the case where R,, is the Muskhelishvili operator (5.30).
To proceed with this problem we have to recall some notions. Following Section
5.2 consider the mapping 7 : Lp(g.w, a) — LZ(RT, o) defined by

n(f) = (m(f)m(f)"

where _
M) = flseP), s eRT,
n(f)(s) = f(se?), seRT.

Recall that the mapping 7 : L,(Tp,., @) — L2(RT, @) is invertible and A — nAn~!
is an isometric algebra isomorphism of £(L,(T's,.,a)) onto L(L2(RT, ).

Lemma 5.4.2. Let S, be the smallest closed subspace of L,(R™, ) which contains
all functions Yy, = Yrn(s), s € RT of (5.82) with k > 0 and let Ly, : L,(R*,a) —
gn denote the Galerkin projection onto S,. Then for every n € N the operator
L, € L(Ly(Tgw,)) is isometrically isomorphic to the operator diag (L, Ly) €
L(L2(RT, @)).

Proof. Immediate calculations and Lemma 5.4.1 show that
(L)t = diag (L, Ly). 0

Note that in the sequel any diagonal operator of the form diag (T, T,...,T)
will be written as T', so we write L,, instead of diag (L, Ly,).
The next result immediately follows from Lemma 5.4.2 and Proposition 5.2.3.

Proposition 5.4.3. The sequence (ZanZn) is stable if and only if so is the sequence
(LnALLy).
Recall that the operator A, is defined in Proposition 5.2.3. Now we can make

further simplification. For, we consider the space [, o of all sequences {¢; ]+=°8 of
complex numbers £; such that

+oo

{3150 = D (1 +7)PI& < oo,

=0
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and we define the operators Fy, : l, o — Sy and E_j, : S, — lp.o by

En:{&} — ij%’n(t)
=0

“+o0
B ) &) = {&}
=0

Proposition 5.4.4. ([39]) The mappings Ey, : lpo — Sy and E_,, : Sy, — 1, o are
bounded linear operators, and there are constants C1 >0 and Cy > 0 such that

+oo
1Y &tbinlln, @+ ) < Cin™ MPEI LG, L.,

=0
+00
HEH < Cont P S &wiml
§=0
Let 12, denote the Cartesian product of two copies of I, 4.

Lemma 5.4.5. The sequence (anwEn) is stable if and only if the operator B(}) =
E_1L1A L1 E; : l 18 invertible.

Proof. Let M and M~! be the direct and inverse Mellin transforms introduced
in Section 1.10.2, M(b) be the Mellin convolution operator with the symbol
b, k == M~Yb), and let F(b) = (a1q)i5=o be the matrix of the operator
E_pLy(M~'M)L,Ey, : 1y o — lpo. Then

a1g = /R (MB) o) (5) o () dor

://R+k E w(”S—Q)%w(Un—l)du
//]R<+ (?:é) (t)%lb(u)du.

Thus, the entries of the matrix F'(b) are independent of n. Taking into account
that the operator B, = B} := E_;L; A, L E; admits the representation

(0 F(b) —I  F(bs) M0
Bo = < F(by) 0 ) + < Fby) —I 0 M (5:84)
where N({@}) = {Zj} and by = 672iﬁmw(y)v by = 672i(ﬁ+w)m2wfw(y)7 by =
kne(y), y =z +i(1/p+ «), z € R, one obtains the claim. O

—>12
fyes e’

It is worth mentioning that the study of the invertibility of the operator B,
is a very difficult problem. However, the conditions for invertibility of the operator
A, are simultaneously the conditions for Fredholmness of the operator B,,. Thus
the following corollary holds.
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Corollary 5.4.6. For every w € (0,2m) there exists a real number 0, > 1/2 such
that for every p > 1 and every « satisfying the inequality

1
0<-+a<d,
p

the operator Bl : lf}’ — l;f o 18 Fredholm of index zero.

Proof. Indeed, let us consider the operator F'(b) again, and let R and S denote
the real and imaginary parts of the function k& = M ~1b, respectively. Then

e (2o f [ (22Dt

Using the generalized mean value theorem we find that there are points ullq, u%q €

[0,m] and t},, 17, € [0,m] such that

2 1 2
u, +1\ 1 up, +1Y 1
ag = </ 1/J(t)dt> R| 4 T +iS | L = -
R+ by Ta) by, lgTa) Uy
Now by [102, Corollary 2.1 and Proposition 2.11 on p. 65] there exists a compact
operator K7 such that

—+oo

(o) (o) " o

1,q=0
Recall that kK = M~1(b) and define the operator G(b) b

1+1 g+1 +oo

Glb) = / /k;(g) a5 g

q l,q=0

Considering now the operators G(b;) for the above defined symbols b;, j = 1,2, 3,
we note that the functions bl,bg,b3 are continuous on R, possess a total finite
variation and vanish at infinity. Consequently, by [102, Theorem 2.1, p. 69] the op-
erators G(b;), 7 = 1,2, 3 belong to the algebra of Toeplitz operators alg T (PCp o)
and the symbols of G(b;) are

AG(bj) :M(bj)7 Jj=12,3,
and relation (5.85) implies

AF(bj) = dM(b])3 .7 = 13273; (586)
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d<A¢@MQ%

Since the operator B, has the form (5.84), one can use Lemma 1.4.16 to study its
Fredholm properties. Thus the operator B, = F; + F2M is Fredholm if and only
if the operator

where the constant

B F1 Fo
““\ MR”RF MFAM
is Fredholm, so (5.86) and the equalities

MG(b)M = G(By). j=1.2.3

where b;(z) = b;(—2), z € R, imply that

Recall that the operator A, is defined by (5.38). The operator B, is Fredholm
if and only if its symbol is invertible. However, conditions of invertibility of the
operator A, have been established in Corollary 5.2.9. O

Corollary 5.4.7. The operator B,, considered on the space 1% := 1% is Fredholm for
any w € (0,2w), and its index vanishes.

5.5 Galerkin Method. Piecewise Smooth Contour

This section contains some results concerning stability and convergence of the
Galerkin method based on splines of degree m > 1.

Let v be a 1-periodic parametrization of I' such that the corner points c;,
j=0,1,...,1—1, are represented as follows:

¢ =70/, 7=0,1,....1-1
We also assume that v is twice continuously differentiable on each of the intervals

G/LG+1)/D),5=0,1,...,1—1, and that there exist one-sided limits v'(j /I £ 0)
and v (j/1 £0) and

VG0 =(G/1-0), j=01,...,1-1
Choose n = Ir,r € N and set
Ukn(t) 1= Yrn(s),  t=7(s), s€[0,1),

with vy, defined by (5.82).
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An approximate solution ,, of equation (5.58) is sought in the form

on = Z/Ck{/;km (5.87)

where the sum Z/ includes only those functions ka the support of which is
entirely contained in one of the arcs [v(j/1),v((j +1)/1)), j=0,1,...,1 — 1. The
smallest subspace of L,(I", p) containing all such functions i[;;m will be referred
to as Sy (I"). The corresponding subset of indices k (0 < k < n — 1) such that
Din € Sn(T) is denoted by A'.

To find the coefficients ¢x, k € A’ on the right-hand side of (5.87) we use the
following system of algebraic equations:

(RJ“Pm{/;kn)F = (an{/;kn)F, ke A, (5.88)

where the form of the operator R;, j = 1,2 depends on the coefficient k in the
Muskhelishvili equation (cf. (5.46)), and

=1 @+D/1
(@, y)r =Y / 2(v(s)y(v(s))ds, @€ Ly(T,p), y € Ly(T,p "),
=0
il
1/p+1/q¢=1.
With each corner point ¢, (r =0,1,...,1 — 1) of T we associate an operator

B, = Bg, «,. These operators are defined similarly to the operator B,, in (5.84),
but the parameters w and [ are replaced by w, and g, respectively. We recall
that w, is the angle between corresponding semi-tangents to I' at the point ¢, and
that 0, is the angle between the right semi-tangent to I' at the point ¢, and the
real axis.

Theorem 5.5.1. Let o, 7 =0,1,...,01—1, and p € (1, 00) satisfy inequality (5.44).
Then:

1. The Galerkin method (5.88) for the operator R; in L,(T', p) is stable if and
only if the operators B, € ﬁadd(lf,,a,,,), r=20,1,2,...,01 — 1, are invertible.

2. Let the operators B,,, € Eadd(l;ar),r =0,1,2,...,1 =1, be invertible. If, in
addition, the right-hand side f € W;(F,p) and satisfies other conditions of
Theorem 5.2.17, then the approximate solutions (5.87) converge to a solution
of Muskhelishvili equation (5.58) in the norm of Ly(T, p).

The proof of the first assertion follows from Theorems 1.6.6, 1.9.5 and from
the first part of Theorem 5.2.17. Afterwards, the second assertion follows from the
second part of Theorem 5.2.17 and estimates (1.29), (1.30).

Thus, the sequence {®,} constructed by Galerkin method (5.88) converges
to an exact solution of (5.58) in the norm L,(T, p). What is more important is
that in the case p = 2 one can guarantee convergence of the sequence in the space

W(T).
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Corollary 5.5.2. Let the operators B, ,r = 0,1,...,1—1, be invertible in 13. Then
the Galerkin method (5.58) is stable in W4 (T'), and if f satisfies condition (5.18),
then the sequence {@pn} converges to a solution of equation (5.58) in the norm of
W3 ().

Proof. Tt follows from Corollary 5.2.18 and from the proof of Theorem 5.2.17 that
the operator R; is simultaneously invertible in the spaces Lo (") and W3 (T'). Hence,
to prove the stability of the method (5.88) in W3 (T') one can use Theorem 1.37
of [183]. Let L,, denote the corresponding Galerkin projection onto the subspace
Sp(T). A slight modification of the proof of Theorem 2.7 of [183] shows that there
exists a constant d; > 0 such that

g = LugllL.y < din™Ylgllwawy, g€ Wa (D).

The latter inequality yields the estimate
[|[Ag — LnALng||1,r) < d2”_1|\9\|w2l(r), g€ Wy(I).

Note that the positive constants dy, ds are independent of g € W4 (T') and n.
Taking into account the inverse properties of the splines ¢,, (recall that n =
Ir, » € N and that the support of J;m is entirely contained in one of the arcs
(G /D, v((G+1)/1), 5=0,1,...,1 — 1) and applying Theorem 1.37 of [183] one
obtains stability of the Galerkin method (5.88). This implies convergence of {¢,, }
in W3 (T'). Using Theorem 5.2.17 once more we get the result. O

5.6 Comments and References

The biharmonic problem arises in different branches of applied mathematics, e.g.,
the behaviour of plane “slow” viscous flows, the deflection of plates, the elastic
equilibrium of solids etc can be modelled by means of the biharmonic equation
[25, 26, 34, 121, 134, 148, 153, 160, 161, 150, 167, 170, 217, 219]. It is therefore
no wonder that this problem has been attracting great attention from numerical
analysts. Suffice it to say that one of the most powerful approximation proce-
dures, viz., the Galerkin method!, was discovered while considering a special case
of problem (5.1) [12, 13, 87, 211]. Among the variety of approaches to numerical
treatment of problem (5.1), one can distinguish the so-called boundary element
methods [16, 21, 31, 32, 109, 110]. They allow us to reduce the dimension of the
initial problem, and, correspondingly, reduce the computation cost drastically. The
authors of the aforementioned papers usually use various modifications of the in-
tegral equation proposed by S. Christiansen and P. Hougaard [22, 23, 84], or an
integral equation of the first kind [111]. Although such approaches are widely used,
they do have some drawbacks. Thus for some boundaries called critical the corre-
sponding integral operators become non-invertible and corrections are necessary

In Russian-speaking literature this method is often called the Bubnov-Galerkin method.
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before one can start with the construction of approximation methods. Note that
the analysis of stability of the approximation methods has mainly been conducted
for smooth boundaries, although for piecewise smooth contours, invertibility of
the corresponding integral operators is also studied [30].

On the other hand, there is a very nice alternative complex approach to the
problem (5.1), which originates from the work of N.I. Muskhelishvili [160] and
leads to integral equations without critical geometry. However, in a strange way
the Muskhelishvili equation remains a little-known quantity in numerical analysis.
The most common approach to the approximate solution of this equation is based
on trigonometric Fourier expansions and was proposed by N.I. Muskhelishvili him-
self in the mid-1930s (cf. [17, 18, 24, 121]). Since then many new powerful ap-
proximation methods have been developed, but they have not been implemented
and/or studied in the case of the Muskhelishvili equation. For example, the papers
[99, 100, 107, 108, 129, 220, 130, 152, 172, 173] deal with variety of approximation
methods for this and similar equations on smooth and non-smooth contours but
do not contain a complete stability analysis.

It is also notable that the integral operators in the Muskhelishvili equation
can be “locally” represented as elements of an algebra of Mellin operators with
conjugation. The stability of approximation methods for Mellin convolutions was
studied in [102, 179], so one can apply some of these results to the operators con-
nected with the Muskhelishvili equation. It should also be noted that, from the
practical point of view, convergence of the methods considered has to be proven
in spaces of differentiable functions. However, since the technique used here is well
adapted to the norms of L, spaces, we first show stability in the spaces L, and
then we use [183] to obtain some results for Sobolev norms.

Section 5.1: Material presented here can be found in the elasticity theory literature
(cf. for example [121, 147, 161, 170, 219]) although some proofs may be new.

Section 5.2: In case of smooth boundaries, the equations of Muskhelishvili and
Sherman-Laurichella possess weakly-singular kernels. Various properties and solv-
ability of these equations is established in [160, 161, 162, 204, 205, 206]. For
the non-smooth contours, these equations have considerably different properties.
Therefore, a lot of effort has been spent and various methods have been used to
investigate the Fredholmness of the corresponding operators in functional spaces
C,L,(T) or L,(T, p), [37, 145, 146, 149, 156, 169, 201, 202, 203]. However, since
the initial boundary problems (5.13), (5.20) contain the derivative of the solution,
the results mentioned do not allow one to show the equivalence of these boundary
problems with the associated integral equations.

To overcome this difficulty, R.V. Duduchava studied these integral equations
in the weighted Sobolev spaces W, (T, p) [72, 73]. His results were used in [61] to
show the invertibility of the relevant integral operators in the space L, (T, p). If
) is a plane sector, the spectra of the hydrostatic Kgors and elastostatic Krgme
layer potential operators in spaces L,(Q2) are studied [158]. Note that the de-
terminant of the symbol of these operators obtained in [158] coincide with the
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determinant of the symbol of the local Muskhelishvili operators (5.39) when the
Muskhelishvili operators are also considered on spaces without weight, i.e., when
a = 0. Thus in the aforementioned case, the conditions of Fredholmness of all
these three operators coincide.

Section 5.3: Results on approximate solution of the Muskhelishvili equation on
smooth contours are established in [65]; approximate solution of the biharmonic
problem in smooth domains is considered in [64].

Sections 5.4-5.5: Most of the material presented here is taken from [61, 62]. There
are other approaches to approximate solution of biharmonic problems based on
integral equations. Thus in [31] the authors construct approximate solutions of
(5.9) via spline approximation of strongly elliptic integral equations obtained by
[36]. Approximation methods based on integral equations from [22, 23, 84] are
investigated in [32]. Another integral equation [111] is employed in [109, 110].
In [81], the authors apply spline collocation methods to a double layer potential
equation to find solutions of a fundamental problem of the elasticity theory.

Note an excellent survey of earlier works on biharmonic problems presented
in [153].

Concluding Remarks. There are various papers where elastostatic and hydrostatic
problems are considered on multi-connected domains [100, 129, 130, 152, 220].
These problems are reduced to the so-called Sherman-Laurichella equation that
differs from the Muskhelishvili equation by compact operators only. However, since
such operators do not influence the properties of the local operators, the methods
used here can also be applied to study the stability of the corresponding approxi-
mation methods for multi-connected domains as well.
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Numerical Examples

6.1 Muskhelishvili Equation

The Galerkin and collocation methods were implemented on several examples,
using splines of order m = d + 1. We also performed an extensive investigation on
the performance of the proposed schemes, examining in particular the behaviour
of the code as a function of the various available parameters.

Convergence of the numerical schemes follows, comparing runs with an in-
creasing number of grid points, n. As the analytic solution for these examples is
not available, we show the graphs of the solutions z,(t), ¢t € T' for various in-
creasing values of n. The figures below show convergence of the algorithms, as the
former become closer the higher n is. This happens both with different choices of
the order of the splines as well as by using different methods for their calculations.
When the analytic solution is not available, these calculations also validate the
code since always the same solution is reproduced.

Note that the major computational effort lies in solving systems of algebraic
equations and thus it is the same for each example and the same approximation
method if the matrices have the same size. The estimates on conditioning of the
system are obtained from the standard Matlab function cond (M, p) with p = 2
and p = co.

Below we provide graphs that show collocation and Galerkin solutions of the
Muskhelishvili equation (5.29) with the same right-hand side

cos(t) — it?
)= —~2
folt) sin(t)
on a family of curves. Thus we start with the circular domain of radius 1 and
proceed with equations formulated on ellipses with increasing eccentricity. It is
obvious that solutions differ for different values of this parameter, but the algo-
rithms are still stable and pick up the fine details of each solution, provided that
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a sufficient number of nodes is used. In addition, one can note a remarkable trans-
formation of the solution caused by changing of the contour. As a final check, also
the Galerkin method has been used, running it with different m but with the same
eccentricity, to compare the results of the collocation method. The reader should
compare Figures 6.3 and 6.4, 6.5 and 6.6, 6.7 and 6.8 respectively. We also remark
that the condition numbers for the larger values of n in these cases are essentially
the same, provided € is not close to the value 0.5, independently of the number
of nodes, up to n = 512 and of the order of the splines used. Specifically keeping
b = 2, the condition number is evaluated in Table 6.1 for both methods.

Table 6.1: Conditioning in elliptic case for b = 2.
| | a=6 a=10 a=18 |

collocation m=2 51x10> 83x102 1.5x103

| M oo || M |00 m=3 56x102 92x10*> 1.9x10?

n =128 m=4 T7.1x102 13x10® 3.3x103
€=.25 m=>5 84x102 1.6x10® 4.8x 103
Galerkin |[M||o]|M ]2 | m=2 1.2x10> 3.0x 10> 9.9 x 10?
n =129 m=4 80x10® 22x10% 7.5x10°
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nodesn= 8; orderm= 5; e= 0.1h nodesn= 16; orderm= 5; €= 0.1h
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Figure 6.1: Collocation solution z,(t), t € T', the unit circle.
nodes n = 64; orderm= 5; € =0.25h nodes n = 128; orderm= 5; € = 0.25h
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Figure 6.2: Collocation solution z,(t), ¢ € I" where I' is now the ellipse with
semiaxes a = 3, b = 2.
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nodes n= 64; orderm = 2; £ =0.25h nodes n = 128; orderm= 2; € = 0.25h
100 100
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Figure 6.3: Collocation solution z,(t), t € I' where T" is now the ellipse with
semiaxes a = 6, b = 2.
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Figure 6.4: Galerkin solution z, (), t € I" where I' is now the ellipse with semiaxes
a=06,b=2.
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nodes n = 64; orderm= 4; £ =0.25h

30

10+

| |
N = N
o O O o

-30
—-100 —-80 —-60 -40 —-20 (0]
collocation method
nodes n = 256; orderm = 4; € =0.25h
30
20t
10
ot
-10f
_20 .
-30
-100 —-80 —-60 —-40 —-20 [0}

collocation method

nodes n = 128; order m =

279

4; £ = 0.25h
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Figure 6.5: Collocation solution z,(t), ¢ € I' where I" is now the ellipse

semiaxes a = 10, b = 2.
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Figure 6.6: Galerkin solution z, (t), t € I" where T" is

a=10,b=2.
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nodes n = 64; orderm = 3; £ =0.25h nodes n = 128; orderm = 3; € = 0.25h
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Figure 6.7: Collocation solution x,(t), ¢ € T' where I' is now the ellipse with
semiaxes a = 18, b = 2.

nodes n= 65;orderm= 4 nodes n = 129;orderm= 4
100 100

50 50

o
o

—-50 -50
-100 -100
-100 -50 (0] 50 -100 -50 0] 50
Galerkin method Galerkin method
nodes n = 257;orderm= 4 nodes n = 513;orderm= 4
100 100
50 E 50 1
e SN S
0 <) 1 0 L<>) 1
’m&\v.!, ’-&\v.,u
-50 ‘ -50 ]
-100 —-100
=100 -50 (0] 50 =100 =50 (0] 50
Galerkin method Galerkin method

Figure 6.8: Galerkin solution x,(t), t € I where T is now the ellipse with semiaxes
a=18,b=2.
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6.2 Biharmonic Problem

Consider a few examples of numerical solution of the biharmonic problem studied
in Section 5.3.4. These examples as well as the related figures empirically illustrate
the numerical performance of the algorithm. In all examples the order of the
splines used is d = 2. Also, the curve I" is always the unit circle. Approximations
of the function ¢ are found from the Muskhelishvili equation using the collocation
method of Section 5.3.2 with the collocation points

n | +0 ,
tg-)E’y(i>, 7=0,1,...,n—1
n

where ¢ is a real number 0 < § < 1. The collocation points are chosen with different
values of § to demonstrate that the choice of this parameter does not influence
the conditioning of the resulting system away from the forbidden value § = 0.5.
The number of basis elements n ranges from 16 to 128. The rows in the figures
correspond respectively to the analytic solution, to the computed solution and to
the contour plots of the absolute error. The tables show excellent conditioning
of the algorithm. To study convergence, in the polar coordinate plane we use
a rectangular grid G, with 25 points both in the radial as well as in the angular
directions. The convergence is empirically determined from the absolute error ||U —
Unllg,00 calculated at grid points of the grid G. The results of the tables show it
to be in line with the theory.

Example 6.2.1. Here we solve the problem with boundary functions G; = 2z,
G2 = 2y, with an analytic solution (up to an arbitrary constant) given by U =
22 — 32 + 1. The behaviour of the numerically evaluated solution is illustrated in
Figure 6.9. Table 6.2 contains the conditioning and the numerical values of the
erTor.

Example 6.2.2. The relevant functions in this case are Gy = 423 — 12292, Gy =
4y3 — 1222y, with an analytic solution given by U = z* — 62%y? + y* and results
plotted in Figure 6.10. Conditioning and behaviour of the error are found in Table
6.3.
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Table 6.2: Results of Example 6.2.1, § = 0.25

n  conditioning ||U — UpllG,c0

8 15.85 0.14291
16 15.90 0.04293
32 15.92 0.00898
64 15.92 0.00370

0 0 0 0 0
d=2 -1 -1 n=16 d=2 -1 -1 n=32 d=2 -1 -1 n=64 d=2 -1 -1 n=128
collocation error collocation error collocation error collocation error

REARE
10U,

-05 0 05 -0.

0.5 0.

Figure 6.9: Analytic solution (first row) and numerical solution (second row) and
contour plot of absolute error (third row) of Example 6.2.1.
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Table 6.3: Results of Example 6.2.1, § = 0.3

n conditioning  ||U — U,l|G,0
16 19.88 7.2196 E-2
32 19.89 4.1258 E-2
64 19.90 1.3493 E-2
128  19.90 5.8315 E-3

0 0 0 0 0 0
d=2 -1 -1 n=16 d=2 -1 -1 n=32 d=2 -1 -1 n=64 d=2 -1 -1 n=128
collocation error collocation error collocation error collocation error

o
)

o

AV AL AL
AN ERNENETD

Figure 6.10: Analytic solution (first row) and numerical solution (second row) and
contour plot of absolute error (third row) of Example 6.2.2.
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equation
biharmonic, 235
Cauchy singular integral, 59
collocation, 87
double layer potential, 202
Muskhelishvili, 233
singular integro-differential, 69
essential spectrum, 4
exact sequence, 118
extension flm, 6

factor algebra, 2
factor para-algebra, 39
Fourier transform, 48
Fredholm operator, 3
function
Hoélder continuous, 235
upper semi-continuous, 42
fundamental boundary problem
first, 241
second, 242

Galerkin method, 123

polynomial, 60
generalized Riemann-Hilbert-

Poincaré problem, 69

generalized Hankel operator, 50
Gohberg-Krupnik local principle, 41
Gohberg-Krupnik symbol, 84
Goursat representation, 233

Holder space, 235

homomorphism, 2
complex algebra, 2
*~algebra, 2

ideal, 2

NP(a), 51
index, 3, 171
initial projection, 30
interpolation bases, 88
interpolation method, 131
interpolation projection, 87

Index

inverse, 2
left, 2
Moore-Penrose, 21
right, 2
inverse closed, 17
invertibility
Moore-Penrose, 20, 86
weak asymptotic Moore-
Penrose, 33
involution, 1
on Eadd(H), 12
on Eadd(Lg(Fo)), 9

m-involution, 6

Laplace operator, 152
local principle, 41
Allan, 44
for para-algebras, 45
Gohberg-Krupnik, 42
local symbol, 83
localizing class, 41
of the para-algebra
left-, 45
right-, 46
Lyapunov curve, 53
piecewise, 53

m-closed subalgebra, 19
m-involution, 6
Mellin convolution operator, 49
Mellin operator, 49
symbol, 50
Mellin transform, 49
mesh
graded, 181
method
cut-off, 199
e-collocation, 86
Galerkin, 123
interpolation, 131
polynomial qualocation, 100
qualocation, 170
spline Galerkin , 91
spline qualocation, 104
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methods

quadrature, 93
Moore-Penrose

inverse, 21

invertibility, 20
Moore-Penrose invertibility, 86
Muskhelishvili equation, 233

collocation method, 259, 275

Galerkin method, 257, 265, 270,

275

qualocation method, 261

Muskhelishvili operator, 244

normal element, 3

operator
additive, ix, 9
antilinear, 9
asymptotically Moore-Penrose
invertible, 32
block Mellin, 246
collocation, 87
complex conjugation, 9
double layer potential, 202
Fourier convolution, 48
Fredholm, 3
generalized Hankel, 50
Laplace, 152
Mellin, 49
Mellin convolution, 49
modified Lagrange, 131
Muskhelishvili, 244
projection, 24
singular integral, 48
Toeplitz, 172
weighted singular integral, 50
operator function, 85

paired circulants, 76
para-algebra, 38
factor, 39
ideal, 39
quotient, 39
para-group, 38
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Poisson constant, 242
polynomial
Lagrange, 65
polynomial qualocation method, 100
problem
biharmonic, 233
biharmonic Dirichlet, 237
generalized Riemann-Hilbert-
Poincaré, 69
Riemann-Hilbert, 123
stability, 27
projection, 77
initial, 30
interpolation, 87
orthogonal, 77
range, 30
projection operator, 24

quadrature methods, 93
qualocation method, 100, 170
quotient algebra, 2

quotient para-algebra, 39

range projection, 30

real spectrum, 16

reciprocally interchangeable systems,
46

Riemann-Hilbert boundary problem,
123

self-adjoint element, 3
separation condition, 30
sequence
exact, 118
Moore-Penrose stable, 32
stable, 25
weakly asymptotically Moore-
Penrose invertible, 33
set M(A), 6
set M(H), 10
shift
Carleman, 10
Sobolev space, 235
Sohotsky-Plemely formulas, 243
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space

Holder, 235

Sobolev, 235

weighted Lebesgue, 48, 54
spectral radius

complexified, 16
spectrum, 15

complex, 16

complexified, 16

essential, 4

real, 16
spline Galerkin Method, 91
spline qualocation method, 104
spline space, 87
stable sequence, 25
*~algebra, 1
Stechkin’s inequality, 49
strictly real Banach algebra, 44
strictly real C*-algebra, 44, 58
subalgebra

inverse closed, 17

m-closed, 19
subpara-algebra, 39
symbol

Gohberg-Krupnik, 84

local, 83

of sequence, 85
system

covering, 41

overlapping, 41
systems

reciprocally interchangeable, 46

tensor product, 81
Toeplitz operator, 172

transform
Fourier, 48
Mellin, 49
unital

Banach algebra, 2
para-algebra, 39

winding number, 173
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