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���-�� /��������� /������ � � � � � � � � � � � � � � � � � ))�
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� � ��  ,���/ �� ������ ����� �� ����( �#�#  * ���,������ � � � � �����/��(
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�� � � � � ��������� ������ �� � � ����� ������� �� ����� ����L

������ ������ $ � ����+ � � .���� "�� ��������

��� * ,
� �/���� � � 
 � ��� � � , � �

����� " �� ������  ��� ������ ���&����� 9,�/ * �� = ���= ���
� = � � �= �	�

	 ��
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%���� �� ������ ��������� "�� �������� ��� ����� �� (���� ��� �O0������
�������� �� ���������! ,���� *;��< �� ������� �# �	���' ��� ������ ������ ��
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���� ���� �# �6��� ������ �" ��� "�� ��� ���# �(� ��(� �� ������� ��
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(�  ��� ������� ��� 34 ������������� �" � �� ���# ��� �������� �� ��� �����
�������� ����$ , � "���! *�����' � ������ 34 ������������� �" � �� ��
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@�� �" ��� ������ ������� "�� ��������� ���������� �� ������������ �"  ����$
�� ��� ��:	
 �	����! )��  ���� ���� ��� ��(�� ������ (� ��� ���# ���������
"��  ����� ��� ���������� �"  ������ ���0:������� ����$! *� �� ����� ��� �" ���
"�( ������� ������� (��� ��� ����$ � �� ���# ���� �� �����! 9������� ��
�� �����(��� �� ������ ���� ���� �� ��� ���� "��� "�� ��������� ���������� �� ��
������ �� ��� ����������� ��#��� �" ��# ��������# ���� ���������! 9 ����� �"
��� ��(�� ������ �� ���  ������ ������ "�� ��������� ������������ (��� �
������ ����$������ �� ��� ������������� ��������� �� 6��(�!
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D�� � � "��� �� �� �5 � ��  ����� ������� ������! *� ��� ��(�� ������
��� �������� �" ������� ��� ��� � � � �� "�����' (����

�� 5 ������ � 5 �� �� � � � �

*� "����(� ��� �� 5 ����' (���� �$����� ��� ��� �" ��� ������! ?��� ��� ��
������ �� (���� �� ���� ���� �����# �� "��� ��� ����$ ��' ��� �� ���"��� ���
���� �������� �" ����$ ������ ��������������!
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*" �� ��  ������ ��������� �" �$���� ��������' ���� � ����' (� �# ��� �� ��
 �������� 	��	�����	! *" 
� �5 �' ����
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����� � ;�!2!�<

�� �� ��  "���� ��� ��� ������ �� (��� �������� ��  ����� ������ (���� �� �
����������� �������� (��� ��� ��������� ��������� ��! %�� ���� �� �����������
� ������ ��� ����� ����(����! @�� �� ���( ��� ���� ������ ����� ��� (��� � ��
��� �������&��� �# (������ �� �  ����� ���������� �" ��� ������� ��������
(��� ��� /���� ;�� ,����< ������� "��� �" �' ��� %������ �!�!� ;�!�!�<!

*� ������� ��� ������� �� ��� �� �� ������&�� �� ����� �� ���� ����+�( ��
�����+�(! :���� (� ����"# ��� ������ ��������� � "����(�! 9����� ��� ����5�'
�� �������
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�� ����� ��� ���������� ���� �� ��������� ��  ������&�� ����������� ��! )���
�������� ;�!2!�< �� ;�!2!�< �� "����(� ���

Q�� 5 ������ A?;���(����<� ���
���

$� 5 ����� ;�!2!-<

9� ����$������ �� �� �� ��� �� ������� "��� ��� ���� �" �������� ��
��� �(� ������� Q�� �� ����! %�� �����������' (���� �� ���( (��� ����  ����' ��
�� ��������� �# 9��6�� �$���������!
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*" ��� ����$ � �� ��� �#������� ;�� :�������< ��� ���������� �� ��� ��
��� ������������ �� �� ������ �� ��� � 5 ;��� � � � � ��< �� ��� �� ���������!
K���� ;�!2!�< ��� �� ���( ��� ��� 4#����� �������� ��������� �(��� � "�� �
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����� ��� 4#����� ��������� !� �� ������ 9� 5 �� � !� ����� �� ��� ���� ����(F
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%�� ����� �" ���������� ������ �������� �� ;��(��<
� 5 ��.���!

%�� ����������� �" ��� ��(�� ������ ������� �� ��� ��������� ��� 
� �5 �'
�� ����� (� ���# �� ����� ����������� "�� ����� ��� ������� ������! ���� (���

� 5 �' �������� ������ (��� ���� �� ���������  ���� ��������� ���� �� �� ���'
�� �����"��� ��� ������ ��������� �� ������� ��� �� ���� ���! G���������� �"
��� ��(�� ������ �� ��� �� ���(� ����� ��� (�6�� ��������� ��� �� 5 �� 5
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:�(����' � �������� (�6���� �� ���� ��� �� ��� ��� ����� ������ (��� ������ �� ���
�$������ �" �� ���� ��� 
 
 
 � ��' �� �� (��� �������� �� ��� ���������� ������ �� ���
������� ������� ���L��� � � � � ��M! %� ��������� ��� (���� ��������� �������
������� (� (��� ��� �� ���"��� ��� ��(�� ������ (��� � � � ������# �����������
������� �������' ��� ,������ �!2!�!

9� �������� "����� �" ��� ��(�� ������ �� ��� ��� ����$ � �� ��� �$�������#
������! *� ��Æ��� �� �� ��� �� "��� ��� ����$ ����� ������ ������� �� "�� �#
����� ������ �! *" ��� ����$ � �� ����� ��� ���� �" ��� �������� ���� �� �����������
�� ��� ������ �" ���&��� �������� �� �!
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%�� ������ ��(�� ������ �� �� ���� "�� ��������� ������ ���������� �� ���
�������� ������������ �# ��������� �� (��� �	$�����! ># ��� (� ���  ������
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��� ����� � ����������� �� �� ��� ������������� ��������� �� ��������  ����$
�� ���� ��� �;�< 5 ����;��<! 9 (# �� ��������� ����  ����$ �� ��  ����� (#
(� �������� �� ,������ �!�' ��� ;�!�!��<! :�(����' ���� ������ �� ��� ��(��6
��� ���� �" � �� ����� ��� ����$ �� (��� �� ������ �� �����!

%�� "����(��� ������ ������ "�� ��+���� �� ��� �� :��������! ,������ �
�������� ;��� ��<' ����� 5 �' �"  �#������� ����$ � �� 6��(�! *" (� �� ��
�� 5 �� ������� ' ���� "��� ��� �����������# �" ��� ������������ �� (� ���

���� 5 ��� � ����;��� ��< 5
�
�� �" � 5 �I
����� �" � �5 �!

:���� ��� ���������� �" �� �� �� ��� � � � � �� (��� ������������� ������������ ����
�� ��� ��� � � � � ��! %�� ��(�� ������ �� ��( �� ������ �� �� �� ��������� ���
��������� ��������� �" ��! ?��� ��� �� 5 � � ������� 5 ; � ����� <� 5 ���'
(���� �� �� � ��������� ����������!

7��� � �� ���#������� ����� ��  ������������� ��+���� ���������! :���
�� �� �������# �� ��� ��� ��"� ����������� ��� � (��� � ��� ����� ��! *" ����� ��
������&�� �� ��� ��� �� 5 �' ���� (� �� �� �� �# �� 5 � � ������� ! )��� ���
�������������# �" ��� �� �� �� (� ���

���� 5 ��� � ����;��� ��< 5
�
�� �" � 5 �I
����� �" � �5 �!

*� ������� � �������� ������ �" ���� ������ �� ��� �� �� ��� �������# ��
"��� ��� ����$ �� �$�������#! %�� ��(�� ������' � (��� � ��# ����� �������'
���# �������� ��� � �������� �" ��� "��� � 5 ��� �� �� ���"�����! %���
�������� �� �� ���"����� �

��� 5 ��� ����;��� �< 5 ��� J��� J 5 ��;�
�
� �<�

:���� �� ��Æ��� �� ��� ��� ������� ��� �� ������ � (��� �  ��������� "��
��������� �� "��  ����� ������ �! @�������# ���� ��+���� ��������� �� ��
���"����� ��������#' �� ����� ��� ��� � � � !

%��� ��+���� ��������� �� �� �� ���� (��� ������' ����� ������ (��� ���0
�����! %��� �� �� ��������� �� ��� ����#������� ���' (��� ��� ����������
�# �� ���# �����������!
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���� �����)�������� ��� ������� ���������

%�� ������ ��(�� ������ �� ��� ��(��6 ��� ����������� �# �� ��������#
���( �� �# ��� ����� � ��! %� �������� ���� ��Æ����# (� �� ���  ��	��
��
�
�����
������' (���� (� ��( ��������! D�� �;�< �� �;�< �� �(� ���#������
���� ��� �;�< �� ���������� �� �� �� �;�< 5 ;�;�<<���;�<! %��� �" � �� �
��������� � (��� ������������� ����������� � �� "����(� ��� �;�< �� � ���������
�" �;�< (��� ��� ��� ����������� �!

9�  ������ ��������� �" ���� ����� ��� � �� ���������� �� �6� �;�< 5
�(�! %��� ��� ����$ �;�< 5 ��� �� ���������� ���� �� �(��! :���� "��� ;�!2!-<
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�� ��� ��(�� ������ �� ������ �� ���' ���� �� (��� �������� �� ��� �����������
�� �" � ������������� �� ��! %��� �� ����� ���	
�	 ��	
����� ' �� (� ����������
�# :! 7������ �� ��..!

*������ �������� �� ��� �� ������ �� ��� ����$ ��$ ' (���� $ ��  ������
����� �" ��� ��������! %�� ���������� �" ;�� $<�� ����

$� 5 ;�� � $<��� ;�!2!2<

�� ��� �������� �� �� (������

;�� $<Q�� 5 ����� �� 5 Q��(�Q����� � 5 �� �� � � � � ;�!2!�<

?��� ��� ����� �� �� ���� �� �$�������# ������ � � $ ! *����� (� ������� 
�������� "�����&���� �" � � $ ' �� �� ��� ���� �" ;�!2!�< ����� �(� ��������
�#�����

 ;� Q��< 5 ������ � ;�� $< 5  ��

)��  ����� ����$ � ��� ���� �" ��� �������� ;�!2!2< �� �����"��� �� ���� �����#
��� ��� ���� �" ��� ������ ��(�� ������! :�(����' �" ��� ����$ �� ����� ���
���� ������ �" ���&��� �������� ��  �� � �# �� ���� ����� ��� �� �! ?���
��� �" � �� �������� �� ���� ;�� �������# �������< ���� �������# �� �� ������ ���
����� �# ��� ���"��� ����$ ;� � $<! :���� �� ������ ����� �������� ���� ��
�����#��!

*" $ �� ������ ��Æ������# ����� �� � ��������� ��' �� ��� ����$� � ��� �$�'
�� �5 �� ���� ;�� � $<�� ��  ��������� ��������� �" �'

��� � $��� � ��� � $���� �� �5 �� � ;�!2!
<

%��� �� (��� �������� "�� �� ��� ����������� ��' �� � ����$������ =�� �� ���
��������� �� �" � �� ������� "��� ��� 4#����� ��������

�

�� � $  �
�
���;�� $<������ 5 �����Q���

(���� Q�� ���� �� ;�� $< Q�� 5 ����! %���

=�� 5 $A �(;�����Q��<� ;�!2!�<

9�  ���������� ����� "�� ��� ����� �� ��� ����$���� ��������� =�� �" � ��
�� ������� "��� ��� ������� ������������� �� ;=��� Q��<' (���� �����

�� 5 �Q�� �
�
$A �(;�����Q��<

�
Q�� 5 ���� � Q��(;�

�
���Q��<�

%���' �# %������ �!-!�-' ;=��� Q��< �� � �$�� �������� �"  ����$ � A D' (����
�D�� � �����(�Q����! *" � �� ��� �#������� ���� ��� ����� �� ��� ����$������

��������� Q�� �" � �� ������� �# �����(�Q����!
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9"��� �$������� ������������ �# 7��6����� �� ������ ������� �������� �� ������
��� ������ �" ������ "�� ��������� ��� �������� ����������� �� � ���������
��' "�� (���� � ������ ����$������ ����# �� 6��(�! @"��� ���� ��� ��� �"
������� �������� ��Æ���!

*������ �������� (��� �� ������ �������� "���� ��� ������ $ �� �� ��! :�(����'
�" $ ����� �� �� �� ������ ��������� ���� ��$ �� ;�!2!�< �� ���������# �������!
*� (� ���� �������� ��� ������� �������� (� ������ �� "����� (��� $ (� ������
��� ����� �� � ���������! )��������# ���� �� ��� ��� ���P

*" H����� ���������� (��� ����� �������� �� ���� ��� �������� "�����&0
���� �" ;�� $< (��� ����"#

� ;�AD � $< 5 = =��

(���� �D��(���� 5 7;�<?;'<' �� ' �� ��� ������ ���� �� 7;�<  ������
"������� �" � ;��� %������ �!�!2<! ,���� ��� �������� ������ �� ��� �������� �" ���
�������� �#����� �����# �� ���������� ��� �������� �� (��� ����# ����"#

;�AD � $<Q�� 5 �����

%��� ���(� ��� ��� ������� ��(�� ������ (��� ���� � ����$������ �� � �����0
������ �"  �������# ��������� ����$ �A D' ����������� �" ��� ���0������������ �"
;�� $<!

%� ������ (���  �������� ������ ��  ���������# �������� �����������
������������� �� � ����$���� ��������� (� �� ���# ��� ������  ����������
����� ����� �� %������ �!-!�- �� ������� ��������! ># ;�!2!�< ���� �� ��� �������
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��� �������� �� �� (���� �� �������� �" ��� ��������� �� ��"������ �� ���# ���0
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��� ��������� �" ��� :��������� ����$! @� ��� �����' �0� 34 ��������� ���
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*" (� �� ��� (�� ��� ������������' ���� �� �� ��� �������# �� ��� ��� ��0
������ �" ��������� ����"��������! *� �� ���� �������� �� ���� ������� ���
�������� �# ���"������ ��� ������������������ ������������# (��� ��� ������0
�����������! )�� �$����' ���� (� ��� "����� I��I��O� ���  ��� �(� ������� ��
��� ����� �� ��� �������� ����� �� (� �� ���"��� ��� ����������������� (���
I�
��! :���� (� �� ��������# ���0 �� �����������#I �� ��� ��$� ���� (� �������
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9 ��������� ����$ � �� ����� ��
	���	� �" �� �O0������ �������� ��
���&���' 8� �5 �' � 5 �� � � � � �! D�� � �� ��������� �� � � ��������� �" � ! %���
��6 ;� � �< 5 � � � ;��� �������$ ������� �# �������� ��� ���  ��� ��( ��
��� ������ �" � � � �� ���&��� ����������' 8� 
 
 
8� �5 �<! :���� ����� ��
���# ��� ����������� ������������� �� � �� ����� � �� �������&��� � ���� ���
�����������# ���! ��� ��� ���������� �� �� ��������� �������� ����������� ������
��� �������! *� ��� "����(��� (� �� ����� ��� � �� ���������' ����� �����(���
�� �� �� ����� �� �� ������ ��������� ��������� �������!

%�� 34 �������� ��� ��������� �#�����#! :���� �� "����(� ��� �" � ��
�#������� ���������' ��

� � J 5 �,� � � 5 ,�A J� ;�!
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���� ��� � � 5 ���� �� �#������� ���������!
)��� ��� *������� � %������ ;%������ �!
!-< (� ��� ��� "����(��� ������'

(���� �� �� ���� �� ������� � �������� 34 ��������!
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,������ (� ��  �� � ��������� ����$ � (��� ��� ���  ��� ������
�� � �� ;�!
!-�< ���� ��� ���� �� � ��������� ��������� ����$! %��� �#
%������ �!
!. �� ���� �� ��� ������ �" ��� ���� �" ��� 34 �������� (��� ���"� J !
������� ���  ��� ������� �� � � J 5 �, �� "����(� ��� ����� ����� ���  ���
������ .� �� � � J ! *� ��� �������� ���"� ��������  H����� ������� I�� �� ������
�� ���

I�
��.� 5 ��.���9�� .� 5 ;
� � J� 8�� �� 
 
 
 � �<� �

7� ��( ���"��� ��� ��������# ����"������� I�
���I��' (���� ������� ��  ��0�� ��

��������� ;�'-< �� ;-'�<' �������� ����( "�� � 5 2F

7�
��0 -

�
�����
� � 7
� � �

� � �
� � �

� � �
� �

�
				
 � 7�

��07�� -

�
�����
� � 7
� � �
7 � � �

� � �
� � �

� �

�
				
 	

%� �������� ��� ��������� "���  ������� I�� �� �� ���� �� &��� ��� ���  ��0��
��������!

7�
��7

�
�� 0 7��7�� -

�
�����
� �
� � � 7

� � �
7 � � �

� � �
� �

�
				
 	

7� �������� �� ����� ��� ������ �" A �������� ��(� ��� ������' (��� ����"���0
����� I��� � � � � I����� "��� (���� �� ��������! 7� ��� ���� �������  �#�������
��������� ����$ ����' (���� ���  ��� ������ �� � �� I��I�� 
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%���� �� ������ �������� (#� �� ������ ��� ���"�! %�� 4#����� ��������
���"� J 5 
�' ����� ��� ��� ������ � 4#����� 3������� *������� ������� (��� 9�!
%��� ���� �� ������� ����� �����������' ��� ��� ��������! %��6��*����� �����
�� �����# ���"�����! %��� ���"� J ����� ��� ��������� �" ��� �������$�
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;�"! 9�������� ;�!.!�<<! 9 ���� ������ �" ��� 7��6����� ���"� �� ��� �� �����
�������� ���	�� �����������!� *� �� ��� �� ���(� �� ���� ����� �(#� �����
��	�� �����������' ������� ������� ����������� ����� �� ��������!

%�� �������� (# �� ����6 ����������� �� �� ��� ��� ���������

�8�� � 4 ���  4 �$
�����

;�8� �� �
� �<�

%��� �� ��Æ����� "�� ��6(�� �������# �� ��� ���� �����! :�(����' �� �# ��� ��
������ ������ "�� ����� �������! )�� ��� 34 �������� ��� �� ������ ���

�8�� � 4 �$;�8��� �
��<�

7� (��� ��� ���� ���� ������ �" ��� �������� ����! *" "��� ������ �" �#�����#
�� �6�� ���� ��� 34 �������� �� �� ����������� �� ���# �� ��������������' ��
���������' � � � ����� ����� �� �� ��������! ># �������&��� ��� ����� ���� �"
��� 34 ��������' �� �� �������� �� �������� ����� ����� �� ��(�� ��� ��������
����� �� ���� .� ��������������' -� ��������� �� 2� ��������! %��� 
�������
;" ����
���� �� ��� "����� (# �� ��� ��� ���������� ����' ��� ���� ��� �������#
#���� ��� ������������!

%�� 7��6����� ���"� �# ��� ���� ��� ���������� �� ��������� �����! *" ����
�" ��� ������� �� ������ ���������� �� (����' ���� �� �� �����# ����������� ��
��� 7��6����� ���"�� �#(# �� ���6  �����  "�( �$�� ����������! %� ����6 �" ��
(���� ���������� ��� ���� "���� ��� �� ��� �������� �������' ��� ,������ �!�!2!
)��  ������� ���������� �" ������ �" ��� �#������� ��������� 34 ��������' ���
B����� L.�M!

*" � �� ���� ������� �# ��������  :������� ����$ �� ��� �#�������
��������� "���' ���� 5 � ' ���� ��� ������������ �� ����� �#

�� 5 ��9�� � 5 �� �� � � � � �� ;�!
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(���� � 5 ������ 
 
 
 �� ��� ������� �" �� ����"�������� �� ��� 34 ��������!
?��� ��� ��� ����������� ����$ � 5 �� (��� �# �� ������ �� ���������!

*" ������������ �� �� �� ��������' ��� ���� �"  34 �������� ���� �� ��
.�� +��� �� ��� ������ ���� �� ?;��<! %� ������ ��� ������ �" 34 ���������
(���� (� �������� ����"��������' (� ��  ��� ������� ��� ���������� 
��� 
��� ���������� ��� ������� �" ��� ����"��������! 7� ���� ���"��� ��� 34
�������� ���' ��( ���"���� (��� ��� �������� ����������' ��� �	
�	�� ������'
����������� ������ �� ��� ��������! %��� �# ������ ��� ���� �" ��������� �����0
������� �# ���� .�U! 9� �� ��� ���#������� ���' �" "�(�� ���  ������ �" ���
������������ �� (����' ���� ������� �������� ������ �� ���� ������! %�� ��(0
��6 �" ���� ������' ��(����' �� ��� ��Æ����# �" ������� ��������� ������������
�� ��������� ����������!

)�� �#������� ��������� ������� ��� �"��� ���� ��� 3D �������� ������
�" ��� 34 ��������! 7� ���(�� �� ,������ �!
!� ��� ��� 3D �������� �� ���� ���
34 �������� �� "�" ! ?��� ��� �" � �� ��������� ���� "�" �� ��������� (���
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������� ��������! *� ��� �������� 34 �������� ��� ������� ��� ���"� "��� ���
������ �" � �� ����� ����� "��� ��� �� ������! *� ��� �������� 3D ��������
��� ������� ��� ���"� "��� ��� ��� �" � �� ����� ��� ����� "��� ������ �� ���!
%�� ����� "�� ���"������ ��� 3D �������� �� �����# ��� �� ������� �� �� �"��� ���
��� ��� ��� ��������� ����$ �� ����� (��� ��� ���� �������� � ��� ������!
,���� "�� ������ �" �������# ��� ���� ���������� ������ �� ����������  ��� ���
3D �������� �� ���"����� �� ���� ���! )�� ������� ����� �� ��� ����� ���������
��� 34 �������� ������ �� ����' �� ��(� �� ������� �������� ��"��� ��� 3D
�������� �� ������!
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G����# ��� ������� ����� �� ��� ����� ������� ������� �" �V �� , �� ��� ���
�� ���  ��� � ��"� ������� ������� �" � �� ����# ������� "��� ����� �" ,!

,������ (��� ,� 5 ,' ��� �� �������  �������� �" ����� �������� �������
�# ��� ��������
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?��� ��� �� ��� ���� ��� 34 "�����&���� �"  ��
�� �������� ����$ �� ��������!
7� (��� ���( ��� ���� �������� �� ������������# ������ �� ��� ���� �����"��� 34
�������� "�� ,�, ��� ,�,!
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!-�< �� ��������� �� ��� �������� �" ���
���� 34 �������� "�� ,�,! 8������� ���� �� ������� (������ "������ ,�,'
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(���� ���(� ��� (� �� ������������# ���"������ � �������� �� ,�,
�
� ' ���

(������ �$�������# "������ ���� ����$!
@�� �������� �" ;�!
!-�< �� ��������� �� ��� �������� �" ��� G�����6# D4

�������� ������ �� �� 5 ,�,
�
� ! %��� "����(� ����� �� �� ��� G�����6# "����0

�&���� �� 5 ,�
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�
���! ;4���� ��� "��  �#�������' �������� �� ���� ����$ �(� �����

�" ��� D4 �������� �� ��������� �� ��� ���� �" ��� 34 ��������!<
%�� ����������� �" ���� �������� �� ������� �������� ��� 34 "�����&����

�" � �� ���  ��� ���� �� ���"����� ����� ������ ��������! *� �� ���� ���(� ���
���� ����# ��� ������ �������� �" ,� �"��� �� �����������# ���� ����$�������
�� ��� ������� ����� �" �!
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)�� ��� 340,�1 �������� �� �� �Æ����� �� �� �������# �� �������# ������ � �� 
������ "��� ��� �� ��������� ������ ��� 34 ��������� �� �� ��������� ���"��!
%�� ������ ������ "��� ���� ��  �������� "��� �! *� (� ��������� �� ,��0
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� +���! ?��� ��� ���  ������$ ����$ �
�� �� ������� �� ���� �������� "��� ����� ������$ :���������� ����"��������'
��� ,������ �!�!�! %�� ������� ����� �" � ���� ����� �" � �� ��� ��"� �� �����
������� ������� �� �� ����������� "��� ����� �" �!

7�  ��� ������ ��� �" �� ;�!
!-�< 9� 5 �' ���� ��� ����$ � ���6� ���� �(�
����� �������� �������' "�� (���� ��� ������� ����� �� �� �������� �������0
�����#! *" �� 5 �' ���� � ��  ������� ���� ���� �� &���! 9���#���  �������� �"
H����� �������� "��� ��� ��"�' I������ I������ � � � � I��� ��� ��� ��( �� &����� ���' ��
��� ��� ����$ ���6� �� ���� �(� ����! :���� (� �# (������ ���� �" ��������#
����� ��� ���� �" ��� �������� ��� ��� 9�' � 5 �� � � � � � �� &���! %��� ���������
������� ��� ��� ����$ ��� �� ��������� �������� 
��� 5 ��9��� �5 �' ��
����� �� ���������! *� "����(� ��� �� ���������� �" ��� �� �������� �� ��������'
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��� 9������ ������� ����"# ��� ��������

�@� 5 @�O� A P���������9
�
� � ;�!�!-�<

@ �
� �@� 5 O�� ;�!�!-�<
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?��� ��� �� ���� ���������� �" �� �� �����# ���������� �� ��� &��� �����0
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%�� �(� ������� �� �� �� *�� � �*�� �� ��� �� �� 	������	��! %��# ���
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9� "�� ��� ������ ���' (��� � �� � �� ���' ���� � �� @ �� ��
������ ��� �� ��������� �" �� �� �� �� ���(�� �� ��� �� � ������ ����6�
������������� �� ������$ �������� ����������!
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7��� � �� ���������� ��� ��������� ������� ;�!�!�< �� "�����# ��������� �� ���
������ ��������� ������� ����� 5 ��! :�(����' (��� � �� ������� ���� 
��������� �� ��� ��������! 9���' �" � �� ����� ��  ������� ����$' ���� (� �� �$����
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� �� ��� �������� �� ����' ���� ��� ������� ;�!�!�< �� �� ������� ��  ������
�#������� ��������� �������! %��� ��������� �� ��������� �� ��� �����������
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�6�� ���� 2��(�� +��� �" �#�����# �� ����' ��� 7��6����� �� 4������' G�������0
���� **	��' L.�M! *" ������������ �� ��� (����' ���� ��� ����"��� ����$  ����
��� �� ����!

*" � �� � �� �#������� ��� ������� �� � 5   � �������� �� ����'
���� �������  �������� ��� ���(���� �" � ��� ����$ � 5 ; ���< �� (���
�� ������ ��  "��� ����$! :���� �� ���� ��� �� �# ��� �� ������� �� "���
�! G�("��� L2M �� ������� � �������� "�� ��������� �� ������ "��� (����
���������� ��������� ����"�������� �� ���� (# ��� ��� ����$ � ������ ���
���(���� �" �' ��� B������ �!

%�� �����0�O ������ ��� �� ��� ��������� �� ������ "��� �� �� ������
���� ��� ���# ����� �� �������� �# ���� ������������ �� � �� �! 7���
� �� ���0����������� ���� ��� ���������� � �# ��# (����# �� ��������' �� 
���� ����������� �� � �� ���������� �� ���� ������������ �� ��� ����������!
,����������#' (���0����������� ���������� �� �"��� ����� �������# �� ����� �" ���
���0������������ �" �! %#�����#  (��� ��� �������� �� ��� ��(�� ���! %��� (���
�������  ����$ ; ���< �� (���� �� ����� �� ��� ��� ���� �������� ����
�� ��� ��(�� ����� ������! :����'  ��������� �� ��������� "��� ������ (��6 "���
������ �� ��� �� ��� 3D0�������� ������ �� ����!
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%�� 4#����� 3������� ������ �� ��������� �� ��� (��� � �� � ���
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����# � �� ����� �������� "��� ,� ����� ������ :���������� ����"��������
�� H����� ��������! *� ���� ����������' (���� ���������� �� &��� ������ ���0
����� �" ,� �� ���� ���������! )����# ��� �������� ���"� 34 �������� �� ������
�� O�,

��
� ' (������ �$�������# "������ ���� �������! %��� �� ������� �# ������0

��� �����# ������� � �� / ���� ��� ��/ �� ����� :���������' ��/ �����
�������� �� �������� ���  ��� ������ �" � ����������� �� ���  ��� ������ �"
O�,

��
� � � ! 9 ������ ���"� ��������� �� ��� �� ���� �" � �� � �� ���! %��

����$ O� (��� �������� �� ����� �������� "��� �� ��� ���������� �" � � ��
(��� �� ������� � ����� �" ������ �������� �" ��� ����"����� O� �� ,� ! )��
 ���� ������� ����������� �" ��� �������� ��� ,��(�� L-�' G����� 
!�M!

%�� ���� (��6 �� ��� 3Z �������� �� ���� �2�� +��� "�� ���������� ����'
��� ���� "�� � �� ���� "�� / ;������� � 3Z ��������� ��� ���������<! *� �����
��� ���� �" �����# ������ �� �$�������# ��������� �! 9������� ��� �������� ��
�������� �� ��� ��� (��� � �� �#������� �� � �������� �� ����' ��� ����"��0
������ �� ��� �������� �#�����# �� ��� ������ �� ���� � �$������� � "�� ���
������ �������!



���� .
�
����/
� %�&
�����
  ��!�
�� ���

����( ��� � 1�
�����������
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*� ��� ������� ���� (� ������ ��� � � �! %�� ������ ��� ����� ���� ��
"��� ��O����� "���� ������������� �� ���� (���� �� ��	�� �� ��� ��� "�( ��(�
�� ���������  "��� ������ ����$ �" ����� �!

%�� ����" �" ��� G, ������������� �� ������������! *� �������� ��' @ ' ��
� �� �� �������� �#  ������ ,�1 ��������! :�(����' ��� ���� ��������
"�� ��������� �� �� ������� (��� ���� ������� ����� #� �� ����� �� �!
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7� ��( ��������� ��� �	�	
����	� �������
 ����	 �	����������� ;H,�1< �"
�(� ������� � � "��� �� � � "��� (��� ��� ��� ������ �" �������! %��
H,�1 �� ���������� ��' �!�!' ���������� ���� ������ ��������! %�� H,�1 ��
������ �� ��� �������&�� ��������� ������� ���� 5 �����' ��� � �� ��� ���
�" ��� ,�1 ��� "������� �" ��� �� ��� ������ �� ������! *� ��� ��������
����( (� ����� "�� �������� ����������� ��� � � �!

��	�
	� ����%� %�� H������&�� ,������ ���� 1������������ ;H,�1<! ���
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7��� � � "��� �� ����� �� ���������� ��� H,�1 �" � �� � �����������
�� ��� ,�1 �" ����! :�(����' (��� � �� � �� ���0�����������' ���� ���������
���� (���� �����# ��� �� �����������# ���� ������' �� ���� ������ �� �� ��
������! *� �� �������� �� ���� ��� (��� � �� ��� �����' �� �� �������' ���� ���
,�1 �" ��� ���� ��� �� ������ ���������� �� ��� H,�1!
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�� %�� �� "��� �!  ������ "���+ ������$ 5��� �+"���� ��  ������� ������3 ��
 ������ ������ ��� �� � ��:���� ���������*

�� =��"����  �������1�� .���� 0������ =��"* .��� ��� ��� ���������� �� ���
������ �� ����! ������� ���" ��� ������� ���"*

�� /�� � �� � �� ��� �!""����� "������3 �� � ��� �������� ��:����* .��� ���
����� ��  ���������� �������"���� ��� �������1�� ��� ��� "������ ��"�����#
����!* ��� �� ��� C!����� J������� �������� �������1�� �� ���� �!�� �� ���������
������"�3 �� ��� �� ��� ����� �� �����������$
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�� /�� � �� � �� �!""����� ��������� "������* ,���"� ��� � �� �������� ��:����
�� ��� � - 66� 3 ����� ��� 0�����)! ����� 6 �� ����� ��������*

&' .��� ��� 6 �� �� ������� � 6 - 6�6� � � �6�3 ����� 6� �� ��� ���" ��� ����
"���+ ���! �� ��� ��� ����"�*
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.��� ��� �� &� �� ���������3 ���� ��� ���������� �� ���� �� ��� �"� � �����
��� ��� �������1�� ��������� ������" �
 - ��
*

&�' .��� ��� �� ��������� &� �  �������� �� 5����� �������� �� ��� ��� "������
�� �� �� ���������* &9�� ������ ���3 ���� � �� � ��� �!""����� ��������
( � �3 �� �� ������ �! ����������� � �� � � ����)#���������*'

/����

G�����$ H����� �������� �� ������$ :���������� ����"�������� �� ������ ��
����� �# 7��6����� L.�' ��! .
R2�M! )�� ������������� ������ �" ������$ :����0
������ ����"��������' ��� ��� �����# �# 4! >! D������ L�-' ����M!

)��  ���� �������� �������� �" ����$ "�������� ��� G����� � �� H��0
����� L��' 01A1M �� D������ L��' 012AM! ,��(�� �� ,�� L-.M ��  ����� �������
�" ����$ ����������� �����#' (��� ��# ��������� �������� ��  ���# ���"��
����������#!

9� ��#��� ��  �����# �" ������� �������� "��  ������ ����������� �� �����
�# *���� L��M! %�� ������� ���(��� ����������� �������� �� ��� 34 ��������
�� �� �$������ �� 7�6��� L-�M!
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9 ����� ���������� ��$� �� ����������� ������� "�� ��� ��������� �������
�� 7��6����� L.�' 01KAM! 9��� ��� 9���� ����������� �� ����������� �� 7��6����� ��
4������ L.�' 01C0M �� ���# �����������! 9� �$������� ���������� �" ��� �#�������
��������� ������� �� ����� �� B����� L.�' 012LM! 8������ "�� ������� ���� ����
��������� �������� �� ������ �# ,� L-�' 011BM!

9 ����� �������� "�� ��������� ��� ,�1 ���� �� � ������ ��������� ��
�������� "��� (�  ��� �6������ �# H���� �� J�� �� L�.M! %�� ������ �"
��� 34 ��������' �����  ������ �� ������� ��� �� 7��6�����' "�� ��������� ���
,�1 �" ��� �������� ����$ (� ��������� �# H���� L�-M! %�� � ��� "��� �" ���
34 �������� "�� ��������� ��� ,�1 (� ����� �# H���� �� 4������ L�2M! %��
H,�1 (�  ��� ������� �# �� D�� L��' 011KM! B��� �� ,������ L��' 0120M
�$������ ��� H,�1 �� ����� �� �������� ����' �� ���  ������������# ����
������ "���!

8�# �������� ������� ������ �� ������������� �" ��������� ���������
�� �� "���� �� ��� ������������ �" ��� �*,B9GJ �� D9B9GJ ��"�(��I ���
,���� �� �! L-�' 01CKM' >! ,! H���( �� �! L��' 01CCM' �� �! 9������� �� �! L�'
0111M!

����������

L�M �! 9�������' Z! >�' G! >�����"' /! 1�����' /! 1�����' /! 1�
G��&' 9! H�������' ,! :�������' 9! 8�J����#' ,! @���������' ��
1! ,�������' �������! ��D�?7 E��F "����� :�� ��� ,*98' B���������'
B9' ����!

L�M Z! >�' /! 1�����' /! 1�����' 9! 4���' �� :! 9! �� ��� �����! ��������
��� ��� ,������� �� ����	���� 9��������� D��	���6 � D�������� "����! ,*98'
B���������' B9' ����!

L-M /! >���( �� /! 1�����! G�������� ������ ������#����� �" ����� ���0
����# ������� �������! ,��G -� H����� ����' �
F
��R
��' ����!

L.M ,! G������6�� �� *! G! )! *����! 9��#��� �"  34 �������� "�� ���0
������ ������� �����! ,��G -� G����� ����� �����' ��F�F2��R2-2' ���2!

L2M G! 4! G�("���! 4�������� �"  ���0�#������� �������&�� ��������� ����0
���! ?���� �?G' ��F.�R..' ��
-!

L�M /! 1����� �� 7! J��! 9������ ������� ����� �" �������� �������!
,��G -� ,��� ,������ ?������' ��F�
-R���' ����!

L
M J! �! )������ �� >! ?! B�����! 9������ ������� ����� �� ��O�������
�� ���������! H����� G����' �
F���R���' ���.!

L�M 4! )������� �� 1! G! ,�������! 9� ���������� ��������� �" ��� /����
������� "���! �������� G����������� G������' ��' ���-!

L�M H! �! )���#��� �� B! :������! %�� �#���� ����� ������ "�� ��������� ���
�������� ����� �"  ������$ ����$! ����� ����� G���� ,���' �.F�R�-' ����!

L��M /! H! )! )�����! %�� 34 ����"�������! B�� * �� **! ?������� -�' .F��2R
�
�' --�R-.2' ����R����!

L��M )! 4! H�������! ��� ������ �� G������� %��� � ��� ��! G�����' ?�(
[��6' ��2�!
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L��M >! ,! H���(' /! 8! >�#��' /! /! 1�����' �� H! 7! ,��(��! G�����
9�������� ;������6 9�,D�?7 "���� 9�������! ,�������0�����' ?�(
[��6' ��

!

L�-M H! :! H����! D��� ������' ������� ����� �� ����$ ����$�������!
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��� ������� ��������� �� �� ��� ������� ������� �� ����� �������� ��  �! ���
���� ������ ������� ���� �� ����" ������#���� �� �������� ��� �������� �� 
$"�� $���� ������ �� ���������% &������� �������! �� ��� ����� ���! ���� ����
� ������ ����"������! '���� �� ������������ �������� �����  ��Æ������� ������
�������� �� �������% ��� ��� �� ������� ������� �� ����� �������� �� ��������
������� ���� � ���� ��( �� )��� *+,��-% .����� ��� ����� �� ��������� ����/
���� ������� ���� '��� ������ ��������� ���"���� ������� ������ � ��� ����
�� ��� ��#�� �� ��� �������� �� ��� ������� ��������% 0��� �� ��� +12�� ���������
������� ���( ��������� � ������� ����������� �� ������ �������� ������� ������%

&������� ������� �� ���� ���� ����� ��� ��� �������� �� ���� ���� �����
�������% .��� �������� ������� '��( �������� '��� ��� ������� ����" � �� ����
���� �"�� ������ ���  ��' �������% 3���� � �� �������� ���� �� ����� �� ����" ��
������ �������� ����� �� ������ �� ���� ���� �� ����� ��� ����" �% 3��� �������
�� ���������� ������ ��� ����� ������! '���� �������� ���� �� ��� �������� ��
������� ���� �������� �� ����� ��4������� �������� �� $���� ��4������ ��
$���� ������� �������% ��� ������� �������� �� �� ����! ��������� ���������
������ ������� ��(��'��% ��� 56 ������ �� ������� �� ���� ���������� ��������
������ ����� �� ��������� ���� ���#��� �������� ��� � ������% 7����! ������
�� ��� ������ �� ������ �� ��������� ��������� ��������! ������ ������� ��
������ �� ��� ������ �� ���% ���� �� ���� �� �������� ��� �������� ������ ����
�����/���������� ���������� �� �%�%! ��������� ��������! �������� �����������!
�������� ������� ���������% 7�'����! �� ���� ���! �%�%! ��������� �����������!
'���� �������� ����� ���� ���/����������� �������! ������ ������� �� ����� ���������%
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������ �� �������� �������� ������% )����� ������� ���������� ��� ������������
��������������� ��� ��� �������� ������� ���������� �� ��� ��������� �����/
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:�������  ����� ������ �� �������� ��  �! '���� � �� ����� �� ����������%
;�� �������� ������� ����� ��� � ������ ����"������ ���� �� ����� *�%�%! '�
����� �(� ����  �- �� �� ���� ���� �������  �������� �� ����"������� ����!
����� � � �% ��� �������� ������� ���� ������ ��� �� �� ���� ����� ��������� '���
������ ����� ��������������% 0� �������� ���� �'� �������! �� �����! ����������
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���%
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&� � �� ���������! �������� ��$���� ���� �� ���������� ��� ���% <����'���! �����
� �� ����������! ��� �������� �� �'�� �� ��������� �� ��� ���� �� ����% &�
��������� ���� ��� ������ �� ���� �� '������
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&� ��� ��� �� ����� ���������� ��� ���(�� � ������� '���  ���� �������
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������"��� �� ��� ������������� �� � '���  ������! �%�%! ����������� �� ��� ������
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&� ���� ���� ��� �������� ���������! ��� ����� ���'��% >��� ��� ��� �����������
'��� )���B3�����C� ������ ��! �� ���� �"����! ���� �'��� � ��� � '��� ���
?���� ������% ���� '��� �� ���'� �� 3������ +�%�%+ �� �� ���� ��� � ��������
���� �� �������! �� ����� ������������ ������� �������! ��� E��% +�%�%9% 7�'����!
����� �� �"����� ��� '���� ��� )���B3����� ������ �������� �� ��� ?����
������ ���������! �� ���� ����%
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��� ����������� �� ��� ����� ������� ���������� ���� '��� �� ������� �� 3��/
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��� ������� ������ �� ���� ����� ������� �� ����� ��4������� ��������% ;�
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��� ��� ��(��'� ����� ��� � �������� ���� ������H ��� 3������ +�%+%�% &� ��� ����
������ �� ��������� ���� �� ���� *��� �� ����� ������ ���������- ��  ������
� �� ������ �� ��� �������� �����! ��� ��4������ ������� �� ���� �� '������ ��
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 �� ��� ��Æ����� ��� ����������� �� ��� )���B3����� ������
��� '���� *���-!	
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3���� � �� �������� ��'/'��� �������� ������� '� ��� ��� %��� = ��� %��� �
�!��� � +! �� �� �����'� ���
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7���� ��� )���B3����� ������ �� ����������% ��� ����� ��� ��� �������� ������/
'��� �������� ������� ��� �� ������ ��� �������� �!	
��%

���	��� ��� ��� &� 3������ +�%+%� �� '� ���'� ��� ��� *�� +-� ���������� ��
��� ����" �  *� � � - = *� � �- ������ ���� ��� ����� ������� �� *�� = ��-!
�� �  +� � � � � �� +! '���� ��  �*+ = ��� *����--% &� �����'� ��� ��� ���������� ��
��� ������������� ?���� �������� ����" !�  �= �  *+�9-*�� 9�- ��

'��  
+

�
*��� ���= ��� ���-� �� �  +� �� � � � � �� +�

'���� �  +�� �� ��� ���� ��#�% ��� ������� ����� �� ������� ��� �  �  +!

#*!� -  ���*��- � +� �
� *��-

��

���� ���� ��� ��� ��' ��������� ����� �� ��� ����� �� ����� ���� ���'��!
'����� ��� ���� ��������� ����� �� ����� ���� ���� ����(��%� ��� ��� ��
���� ��� ��� )���B3����� ������! ��� '����

#*!	
-  ���
�*��- � +� *��-��

��� ������������� ��������� ���� �� ����������� �� &�*!� - � ������! ��
&�*!	
- � ����% ���� �"����� ��� ���������� ��� �� I"���� �"+�%+%+ ���
)���B3�����C� ������ ��������� �'��� � ��� � ?����C� ������% 7�'����! ���
���� ������� ��� ������ �� ��������� �� ����������� �� (*�- ��� ��� ����� ����/
���%

��� ��� �� ����������� �� ��� ?���� �� )���B3����� �������! � �"�������
�� ��� ���� �"����! �� �� ������ ���� ��� ���' �� �(� ����� ������� �� ��
������� ���% &� 3������ +�%�%+ '� ���' ��' '���  ������ ����$����� �� ���
)���B3����� ������ ��� ��� �� ����������� �� �� �������� ��  ����� �� � ���
��� ����� �������%

������  �� !"�
� �� #����������� ��� $����� ���
�����

0���� ��� ������� ����� ���������� ��� ��
���	��� ��� �� ���'�� �� ����" ��'���!
��� ���� '��� ��A����� ��� ������� ������� �� ��� ��'��� !�% 7�'����! ��� ���� ��

� ��� �� ��� �! ��� 	���� �	���������� ���� �� ��� ��������� ������" ����� ���� � ��#����� �!
��$����� ������ �� �Æ������
 ���% ��� !��#��������
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 ���������� ����" �� ���  �������� ����" �� ��������� ����% .� ��� 3����
����� ���� �� ����" � �� �������� ��������� �� � ����� �������� ����"%
���������! �� �"�� ���������! �� ��Æ��� �� �������� ��� ��� �� � ����� ��������
����"%
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��� '���� '� ��� �!�� � #*!-% ���������! ���� ������ �!�� � � � 	 ��! ���
������� ����� �!��� '��� �������� ������ �������L &� �� ����� ����$�� ���
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:����� ��� ������� *� '��� ���' ��������% &� ��� ��� ��� �  ' ��� �"���� ��
�*�� '��� ����� '��� 	 � ��*+� �-% *3�� ��� :������� I"������ +%-

D�� ������� �� ����� ��������� ��� ������ ������� �� �!�� �� �� ���� �
���'� �� ��� �����'��� �"����@
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7��� #*!-  ��+2! �� ����� ��� �������� ������ �������� �� ��� �"�� �������� ��
��� ������� *� �!-�  �! '���� �� �  �% D��� D��% +�%�%+ �� �� ���� ��� �������
�������� �� �����  ����� +��
 ����� �� ����� �� ������� ���� �2 ���������L
;������� �� ��� ���� ��� ��� ���� �� ������� �� ����  ����� �� ��2 � ���
��������! ���� ����������� ����� �� ���� ���� ���� �� ���������� �������� ������%

��� ����� �� D����� +�%�%+ ���'�  ���� ����% ���� ��  ������ ����������
�� ������ ����� ����" �������� �� ������ ���! �%�%! '��� ��������� ��� ����"
�"�������� %��! '��� +��%

D�� ��� ��� '��� ��� �������� ������� �� ������ ��� �� �"�� ��������� '�
�����  �������� �� ������ ��������� ������ �� ����������� ��� ������� ���� ��
�������� �������� �������% ;�������� �� ������� +�%�%+ ����� �� ����������� ���
�� ���� �� �� ���� �� #*!- � +! '���� #*!- �� ��� ������� ����� �� !% ��� ���
��������� �� �������� �� ��Æ����� ��� ������ !�  � �� ����% &� $���� ���������
��������� ��� ����������� ������� ����� ��� �� �� ���� ������" �� ���� ��� ��
���#�%

&� �� �� ������� ��� �������� ������� �� ���� 4����� �� �������� ������
��� ������ �������� �������! ������ �� �������� ������� ��� ��������� �� '��(
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'��� ��� ������� ����" ������ �� ��������� ��% &� 3������ �%�%� '� ���'�� ��� ���
���� �4��� �� �������� ������ �� )����� ���������� '��� ����� �������� ������
�� ��������� ��  ������������ �� ��� �������� �� ��� ������� ����" �� ��� �����
�� ������ ������4% &� �� ��� �� ������ ���! �� ������! �������� ������� �����
�� �"������ �� �� ���� ������ ��� ���L

:������� � �������� ���� '��� ��� )���B3����� ������ ��������� �� A�����
����� ���������% ��������! �� ��� $��� ���� � �������� �� '��� �� �������� ����
�������� ��� � � � � �� ��
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'��� ��� ���� ������ ��� Æ�! ��% 3������ �%9%+% ���� �� �� ����������� ��� '�
��� ��������� � �"�� )���B3����� ���� ���  ��������� ��	���� '��� ��������
��*+ = Æ�- �� ���*+ = Æ�-! �  �� � � � � �% ��� ������ ��� ����� ������������ �� ��
��� ��� ����� �� �������� ��� ��� ��� ������������ �� )����� ����������%
��� ��� ��� '� ��� '��(�� '��� ��� ������� ����" �� ��� �������%

���	��� ��� �"� *?% 7% 0��(�����- :������� ��� *���/�����������- ������ ��  �!
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��� ������� ������� ���� �� � �� ���� 	 +��
% ���� ������ �� ���������! ��������
��$���� �� ��������� ��� )���B3����� ������ ������ ��������! ������ ���'��%
3������ '��� ��  ����++�! ��  ��
����! ��� ��"� ����"������ ��� �� �� ���/
����� ���� ��� �������

��  �,
	
*��,,,�9� ��,+��+ 	 ��
-���1����
 ����++��

*'��(��� '��� $�� �������-% ���� '���� �� � �"�� ������ �� ��� ������� ��� '�
��������� �� �� ��1���21 � � �! ��� �� �������� �� ��� ��'��� ��� ���� �������� ��  
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���19
� � � �! ��  ����9
� � � �% ��� ���/������������ �� 4����� ��� �����������
��������% :���������� �� �� ���' ��� ��� ����$������ �� �� ��� �� ��� ����
�� ���� ��� ��2 	 +��
%

3������� �������� ������� �� �� ���� 4����� �� �������� ������ ���
�������� �������% 0� ��� ���� ��� ��� ������ ���������� �� �(� ��
�������� ��� ������� �� ������� �����������! ���� '��� ��� �������� ����" ! ��
����������H ��� I"���� +�%�%�% &� ����  ��� ���������� '��� ����� �� ��� ���/
������� �� ��� $�� ��������! ��  �������� ����� �� ��#� ��"� ������� ������!
'���� � �� ��� ������ ����%

M�������! ��� � �������� ����" ! ��������� ����������� �� $���� �����/
���� ��������� �� �� ������ �������� ���� �� ��� ��������� #*!- � + �� ���� ��
�"�� ���������% ���� ���������� �� ������ �� ��� ��� ��� ���  ����" �� 
���� ������ �� ����������� ��� �������� �� �� �"������� ��������� �� �������/
�����% ;� ���'� ���� ��� �������� ������ N���� '��� � ���� �� ��� �"�� ������
������������� ��  ��������� ����" ! = O!% 7���� ���� ������ #*!- � + ��
�� �� ��� #*! =O!- �� ����� ��� ���% �� ��� ����������� �� $���� ���������
��������� '� ����  �������� ��������� �� ����! �%�%!

�" #*! =-- � +� �-�� � ��!���
'���� � �� ��� ������ ���������% *:����� ��� ���������� �� ������������ ��
3������ 1%�%�%- ��� �����'��� ���� �� ����� �� ���� ���������@

��� ��������� ����	� ���� �������	� ������ ! ��� �� �������� �	 �	������
�� "���� �������	� ���������� �� ��� �������� ������ �	������ ��� � ���(����
������ ������	���� �� ���� ���� )�

���� �� � ������� '��� � ���"�� ������� �� ���� ������ ��� ��� �"�� ������L

�����%  ���������� ��������

;� �������� ������ �������  ����� ������ ��  � �� ��� ���������� �����$��
������ ������ ��$��� ������� �� ����� ��� '��� �� ���� ��� ���������% &����� ����
������� ������ �������� '��� ��� ����� � � ���� �� ���� ������ �� ��� ������ ��
��� ����� �� �� ������ ��������� �� ��������� ��� ���'��%

>������  ���� '���� ��(� �� ������� � ������� *��  �������- �������� $
��� ��� �����! �� ���� � ���� �

��� ����� � $ *+�%�%+�-

�� ����$�� ��� ���� ������� ������ ���� � 	 �% 7�'����! ����  ��������� �����
�� ������ �� ����������� ����� � �� ��(��'�% M�������! �� ��� ������ �� ��
������ �� ��������������! ���� ������ �� ������4 ��� ��������� *+�%�%+�- �� �����
�� ����$��%

&����� �� *+�%�%+�- ��� �� ���  ���� �� ��� ������� ������ ����  �������!
'���� �� ���������! �� ���� '���

������ � $*��� ������= ���-�



!���" #$������ �
�

���� �� ����� ������� �� ��� �������� ���������

������ � $���� *+�%�%+�-

��� ���� �� �� ��Æ���� �� ������ �� ��� ��� � ������ % ;������� ���� �����/
�� ���� ������� �� ���������� ����! �� ������ �� ���������� ��� �� � �� ���/
�����������  ���� ������� ���� ��� �������  ���� ������� ����� �� ��� �/
���"���� ��������% 3���� � � ����  �������! *+�%�%+�- ���� �������� ���
��� ����� � $����� ���! �� ���� ����� �� �������%

;������ ����������� �� �� ��� ��� �������� ��������� �� ��� <�����B8���� ��(/
'�� �����! ��� �������% �%�%9% ��� ��� �� ���� �� ������� ��� �������

  �"
�

������ �
*-������= �-� � *+�%�%+9-

'���� - � � �� � � �! �� ���� '���  � $% &� ���� �����'� ���� ������� �%�%9
��� ���� �� ��� �"�� �������� ��  ��������� ����� ������

*�= Æ�-�  �= Æ�� �Æ�� � -� �Æ�� � ��
0� ����� �� *+�%�%+9- �(�-  ��� �� �  ���! '���� ����������� �� ���������'���
��('�� ������% 7�'����! �� �� �� ����� ��� ��� �������� �������  ����
������� ������ �� �� ���  ����'��� ��('�� ����� �� �������

-  ����%%� � �  ����%� %  *+� +� � � � � +-� �

���� ������ �����
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�� ��� ������ ������������� �� ����� ������� ��  �����  ��� !�������� ������"
���������� ���� ��  ������ #���$ �% &�'� ���� #���$ �� ��� ����( �������� ���#%

�� )�� ������'� #����� �� �� ����'�� ���# ��� ��������� � * � � �+ ,� �� 
�"##�������� ��������� ��-���+

�� !�-�� ��� '���� �� �"#������ ��� �� ���'������� ��� � ������'� #�����
������ * ����� . �% !��� ��� ��������� �/�0 � � �#��" ��� ��� ����� ���#
��� ������ �� #����������" ���������+ 1� ���2 ��'�  ��������$#���%

�� &�'� � ���� � � ��3����� �������  ���� �� ������� ��� ���#������ � ������'�
#�����%
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�� ��� � � ���� ��  ��'�� ���������� #���$2 �� ���� � ���� � ������" #���$%
!�-��  �������� �� #������ �"
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����� ������ ���  ��� ��� ��� � �� ��� ��� ���� �� �� ���� �����%- ����
���'� ��� ��� 3<F ������ �� ���������� �� �� ������� +�%�%� ���� �� ���������
�� #*!�- � +! � �  � �%

0� �(� �'� ����(� ���� ��� ����������� �����% D����! �� ��� ����� ��
��� ��� ���� ������� 
%������ '� ���������� � ������� ��� �� �������
 �����������
����	�� 
4������% 3�����! �� � ��  �������� ������ ����"! ���� '� ����� ���
����� �������� �� ��� )���B3����� ������ ���� � ����� �����% 3�������! �� �
������ ������ ���� ����  ��������� ������������ '���! .  *4�� � � � � 4�-�
�%�%! �� . ��.  "! ���� ��� �"�� �������� '��� �� ������� �� � ����� ����� �����
���������� 4�� � � � � 4�% >��� ��� ���� ��������� �� ��������� �� ��� ����������� ���
��� ������� 
4������ ������ �� �/���������! 4
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D��� ��� �"������ *+�%2%+�- �� �� ���� ��� ��� ������� ������� �� 9*�- '���
������� �� � ����� ��9*�-  � � ��% 7���� ��� ��������� �� '���� ��� ��������
9 �������� ���� ������ � ��� ����� �� ����� ��� ������� ��  � � ���% ���
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0� ��' ������ � �"�������� ��� ��� ��� �� ����������� �� ��� �������� �������
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;����� ��� � �� �%�%�% '��� ���������� ���� �� � � �� � �� � � � � � ��% ����
����  '��� (��'� ��������� �� J��������� �� �����'� ��� *���! �%�%! ;"������ ��
.�(�� Q+1,9! 3��% +%�R- ��� ��� ��� ������ �� �������� �������
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&� �� ��� �� ���'� ��� ������������ ���� ����� �� ����% 7����! ��� ���������
��� �� ����������� ���� ������� 	� ��� ������� ����������� 	� �%

&� ��� ����" � �� ���/����������� ��� ����� ������ �� 9 �� ���� ��������
�����/����������% ���� ��� ���������� ������� ��! 	  �� +� �� � � � '��� #��/#� ���'��
��'��� ��� ������� �  ���� � ���������� �� D��% +�%2%� ���  �'� ����������
���% >��� ��� ���������� ����� ���������� �� ���������%

*����� ���'��� /	��������� 	� ��� �������� ������� ����	��

0� ��' �������� ��� ���� ������ ��� '��� ��  4�  �� *�%�%! ��� �����/
��� ������� ���������- �� ��� ����� ��������� ����  4��� �� ������ �  �����
���������� �� ��� ������� ������� ���� �� ��� �������� ����� ��������� 4�! �%�%!
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7��� ��� ������� *� ������ �� �� ����������% *>��� ��� *�  � ����� ���
������ �� �������� �������%- D��� *+�%2%+�- '� (��' ��� �� ��� 9*����- � 9*��-
'� ���� ��� 4�� �� � �% F������� *	=+- �� 	 �� *+�%2%+
- �� ����������� �� ��� !
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��� 5��#�� �������� �� ��� �������� ������� �������� �� 7������� �� 3������
�� ��� ���� �������� �"����� �� J����� ������� �������% ���� '��� �����/
���� ����� �� ��� ���� +12��! ��� ��� ��� ���� ���� '��� ��� ����� �'���� ����
����% >�' ����� �������! �������� '��� ��������������� ����������! ��� ����
��������� ���� ������������ ������� ��� ���� ���� ����� �������% ���� ����� ��
��� ������ ������ ��� ������� ����� ������� ��������� ����! �����! ���������
*�� 7�������- �������%
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0� �������� ��' ���������� ������� '���� ��� �������� � �� � �� ������ �� ��
��� �������� ��4����� ��������� ����*��� �-! 	  �� +� �� � � �! '���� ��  �����!
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���� ������ ���� �� ��� �� ��� ���� �������� �������� ������� ��� ������� ����
��������� �������� ��$���� �������! ��� ���5����� �������� 	��
��%

&� 4�  ��! �� ��� ���������� *+�%2%+
- �� ���� �� ������� 4��� ����  ������
��������� ������� ���'� ��� ��� ������� 4� �� �� ���� '��� ��� �� ��� ����*��� �-%
&� ��� �������� ������� ������ ��� ������� *� �� ������ �� �(� 4��� �/
��������� �� �������� �� ��� �������� ����� ���������! �%�%!
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������ 0� $��� ����� ��� �������� *+�%�%9- �� *+�%�%2- ������� �� ���������%
:����� �� �� ��������� �� ��� �������� ����� ��������� 4���! �� *+�%�%�- ���'�
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;����� ��' ��� ��� ��������� �� ���� ��� ���� 	 � +% D��� 4�� ����  �!
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'���� �� #��� �� ������� *+�%�%9-% D�� �  � '� ��� ��  4� �� ������� ��� ��� ����
�� ��� �������% D�� �  	 '� ��� *+�%�%�-! '���� ������ *+�%�%2-%

3���� ��� ������� 4�� � � � � 4��� ��� ��� J����� ���������*��� �- ��� �������
*+�%�%9- ���'� ��� �� � ��*��� �-% ���� ������� ���'� ��� ��� �������� �������
���������� ��� ���������� ������ ������� �� �(��� �  �  ��*��� �-% 7����
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D��� ���� �������� �� �����'� �������� ��� ��� �������� ���� �� � �	�� ��
��� :) ������ �� ������������ ���������% &� �� ��� �� ���'� ��� ��� �����
���� ��� ���� �� ������������ �������� *��� 7������� �� 3������ Q1R-%
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3���� ��� ������� ��� � � � � ���� ��� ��� J����� ������� ��*��� �- ��� �����'���
������������ �������� ��� ����@

��� ��  �� �  �� � � � � 	 � +� *+�%�%
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I������ *+�%�%
- ������� ��� �� �"�� ��������� ��� �������� ������� ������
'��� �������� ���� � ���� � �����% D�� ������� ��� ������� �� ����% ����
�� � �! 	  �� +� � � � � � �� �� *+�%�%
- ����� � = + ���#��� ������� �� �� ��
������� ��������� �� ����� ������� �����������! '���� �� ����������% 7����
��� �������� ������� ������ �� �� �4���  ������ ������L 7�'����! � �� ��'
'��� (��'! �����/�4 ������ ����� ��� $���� ���������� �������� �� ���� ����� ��
������ ������� ��������%

D��� ����� ��������! '� �� �������� ��� ��� �������� ��� ��� � � � � �� ��
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3������ ����������#����% ���� �����  ���������� �� ��� 5��#�� ������� ���������
�� 3������ +�%,%9! '���� �� ������� ��������� ����' �� 3������ +�%�%�% ��� �������
4�� 4�� 4�� � � � �� �� ����������� �������� ���� ��� �������� ������� *+�%�%2-%
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0� ������� ��� �� ���� �"�������� ��� *� ��� ����" � �� ��� ������% ���� ��������
�� �������� '��� ��� �������� ������� ������ �� �"������ �� ���/�������
����������%

0� ��' ������#� ��� �������� ������� ������% 0� ��� ���� ��� �����
�� ���������! ����������� ��������� ������� ��� ��������� �� ! )� �� *�%
7�'����! ����� �� ��� ��������� '��� ������� �� ������! ������ �� ������/
����� '��(% ; ��������� ����� �� ���� ��� �����'��� �������@
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'� ��� �������  �% ���� �� � ��������� ����� ��� ��� :) ������ ���������
���� � ���� � ����� �� �"�� ���������%

&� ��� ���������� �� � �� �������� ���� 5� �� *+�%�%+�- �� ��� ������ ������/
��� �� � *��� 3������ +�%+%�-% &� � ���� �� 4 �������� ���������� ���� ��� ������
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��������� �� �� ������ 4 �� :) ��������� �� � ���� 4 ����� ��� �� ������ ��%
7����! :) �� ���������� �4������ '��� � �� ��' ��(L M��� ��������! �� ���
���� �� �� '��� ������� �� � ����� 7 ���� ���� 7 ����� �� ������ �� ����� ���
�"�� ��������% ���� '��� �� ��� ��� ��! �%�%! �� ��� �"������ *+�%�%1- 
� � � ����
��� 7 ��4����� ����� �� �%

0� ������ ��� ��� $���� ���������� �������� �� ��� :) ������ ���'� ����
�� ���� ���� �� �"�� ���������% &� ������� ���������� '� '�� �� �����  ����
����"���� �������� �� �� �� ���� ��� � ���������% 0� ��' ��� ��� ���������
�������� *+�%�%1- �� ������ � ����� ����� ��� ��� ��� �� ����������� �� ��� :)
������ ���������� � � �������� ������% 5�� ��� ��� / ������ �� ��� ����������
�� � �� ����� ��� ��� ���� S5� � ST�
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0� ��' ������  ��� / �� ��� ���� �� ���� ��������� �������� ��� ���������
������������ �� � �� ���(  ��������� S5� � ST�

� ���� ��� ��  �"��
 �S5�*�-� ��
����%

; ������ ������ �� �� �(� /  Q��� ��R �� ���( ��� ��������� S5� � ST�
� '����

������#�� �"������� �5�*�-�% ��� �������� �� ���� ������� �� (��'� �� ��  �������
�� ����� :�������� ��������� �� ������ 	! ��� ��� ������ �� 3������ +�%9%�% &�
�����'� ���
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��� ����� *+�%�%+�-

'���� (  ��*�-���*�-% ���� ������� �� ��� ��� � *+�%9%+�- ��� :��������
����/��������%

0� ���� ��� ��� ����������� �� ��� �������� ������� ������ �� �� �/
��#�� �����  ������ ���������%

���	��� ���(��� D�� ��� ����� ������� �� 3������ +�%+%� ��� �"����� ����������
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���� +	���� �$,����� ������� ���

���� �� ���� ��� ��� ������ �� ��������� � ������ '��� 3<F ����� ��� ��
������ ��� ��/���� �� ��� ��� �����% 7�'����! ��� �������� ������� ������
�� ���� ������ �� ��� �� ���� ��� ������� ��� ����" � �� ��� ��������� ;�%

��� ����� ������� ���� ����� �� �� ����������� ������������% <�� �����
��������! �� �������!  ����������� �	��������� ��� ��� �������� ������� ������%
���� �� �� ������������ �"������ ��� ��� ��� '��� ����� �� ��� �� ��� ����/
���� �� �% ����! � ��� ��������� ��������! ��� �4��� �� ��� ������� �� ������
���������� �� � �� ��������� �� ��� ����������� ���� ������ �������� ��
 ������ ��4������� ��������� ������% ���� �������! ����� ����������� �	����&
�����! �� �� ������� �� ��� :�������� ����/�������� ������! '���� ���� �(�� ���
�"����� ���������� �� ��� �������� ���� ������ �� ��� '���� ��� ����� �������
�� 3������ +�%9%� ����� �� �� ���� ������������%

0� ��� ���� ���! �� �"�� ���������! ��� �������� ������� �������� '���
������� ��� �"�� �������� ��  ����� ������ ��  � �� � ���� � �����% 7�'����! ��
��� �������� �� �������� ������! ��� ������������ �������� �� ������� +�%2%9 '���
�� ������ �� ����$�� �"����% &�����! ������������ ���'��� �������� �� �� �� ! ���
����� �� ����! '��� ������ �� ���������� ����% .����� �� ����! ��� $���� ����������
�������� ���� ��� ���� �� �������% &�� ��� ��� �� ������ � � ��������� ����	�
�	� �	����� ������ ������� ����&�	�����	��� ������ �
�����! ����� ��� ����� ���� �
�������	��%

��� ������� �� ��� �������� ������� �������� �� $���� ��������� �� ����
���� ������" ��� �� �"�� ���������% &� �� ���� �������� ��� ��� �����
*+�%�%+�- ����� ����� �� ���� ����"������ �� $���� ���������% <� ��� ����� ��� 
���� ����"���� �������� �� ��� �� ������� ���� � ���������! ���� ������ 
���� ���� �� ��� ����� ��������� ������ ���� ���� �% &� �� ���� �������� ��� ���
�������� ������� �������� �� $���� ��������� ������ ��(� ��� �"�� ��������
������ ��  ����� ����� ������ U�U�  U�! '���� ��� ����" U� �� ��� �����/
����� ����������� �� ���� �������� ���� ��� ���������� �� �% ���� ���� ���
(* U�- � (*�-! '���� �"����� '�� ��� ����� *+�%�%+�- ����� ������% &� �� ��� ��
���'� ��� ���� �� $���� ��������� ����� � �! '���� �� �� ��� ����������� ��������
������� �� ��� ��������% *>��� ��� ��� ���� �� ���� ������� �������� �����
�� �"������ �� ������ #���%- ���� ���� ���  ���������� ��������� ����� � $
'��� ��������� �'�� �� ����$�� ���� �� $ � �! '���� � �� ��� ������ ���������%

����� ���(��� 1������ ���	� �	� 2������ )3�4�5 ����� /���
���� �����&
��	� ���� 	������ ���������� ��� ��� �	�0����� �������� ���	������
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��� 5����� ������� �� ����"����� '��� �� ���� ������ �� ��� ���������% &�
���� +�%�%� '� ������ ��� �"���� ����� ����� :�������� �������� '��� ������
�������� �� ��� �������� ������� ��������% ;� ������ ������� ����������
���� �� #��� �� ����%

&� �� ���� ��� ;�������� +�%�%+ ������  ������ ����� '������ ��� ���� ��
������� ��� ��������%

���.��  �� 0��
1�� $���	������

&� 3������ 1%1%9 '� ��������� ��� 5��#�� ������� ���  ��� ��������� ����" �%
&� ���� ������� �� �� ������ ��� ��� 	 �����! ������� '���  ������ ��! �� ��������
 ��������� ��������� ����"

��  

�
�����
)� *�
*� )� *�

% % %
% % %

% % %

*��� )��� *�
*� )�

�
����� �

��  ����" 8�  *��� � � � � ��- '��� ��������� ������� ������� ��� J����� ���/
���� ��*��� �- ���� ���

�8�  8��� = *�������%
�
� � *+�%�%+�-

&� ��� �����"� �� ������� ��� ����� ������ ��  �! ����� J����� �������� ���
��������� ������ �� ������� ������ ��

*���  ��  ������ *�  ������
0� '���� ��� 	�� ����"������ � ��  �� = 8��� � ��*��� �-% 7��� �� �� �����/
����� �� ��� ��������� ��� ��  ����� �� ��������� �� ��*��� �-! �%�%! 8 �� ��  �%
6���� *+�%�%+�- '� ���

��  �� ��8���  *��� � 8����� � *���*%
�
� ��-����� *+�%�%+9-

3���� 8 �� ����  � �� 8
�
� ��  %! ����������� �� 8

�
� �����

8 �� ��  �  *�%� � �����
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7���� �� �� ������� �� ������� ��� ��������� ������

����  *�%�� *+�%�%+2-

�� ���� ��  �� = 8���% M���������� ���� ����� ��� ��� �������� �� ����"/
������� � �������� �� ��� :) ������% M�������! ��� ������� �� 8� ���� ���
$��� 	 ������� ������� �� ��� �������� ������� ������! ������#�� �� ���� ������%

��� 5��#�� ������� ����� �� *���  �����  � ����� ���� ���� �� ��� ��$���%
7�'����! ���� '� ��� �8�  8��� �� ����� *+�%�%+9-

�  ��  *��� � 8�����  �� ��8���  �� � �*�� � ��-�
&� �����'� ��� ���  �! �%�% �� �� � �"�� ��������%

��� ��������� �� ��� �������� ������� ������ �� ������� ���� *+�%�%+2- ��
��������� ��� :�����(� ������#���� �� ��% ���� �� �'�� ��������% 3������ ���
5��#�� ������� ����� ��� 	  , � �% ����! ����� � ��  �������� ��$���� ����"
���� ��  8 �� �8� �� ��� �������� ��$����% ���� ��! 	 � ,! '���� ��  ��������
�������" �� ��! �� ��� �������� ��$���� �� ��� :�����(� ������#���� ���� �"���%

3� �� '� ��� ��������� ��� 5��#�� ������� �� �"�� ���������% &� �������!
������4 '��� ���� ��� �������� ������� �� ���� ������������% ; �������� ������
�� �� ������������#� ��� �������� ������ ���� �� �� �������� ������� ��� � � � � ��%
���� �� ��'���� ���� ������ ���� �� ����� �� ������ �� ���������% ��� �4��� ��
$���� ��������� �� ��� 5��#�� ������ �� ��� ��� � ��� ��� :) ������H �� ���'�
��'� �����������! ��� ���������� ���� ��� ������� ������ ����"������� �� ��
�����L

���.�% ��������
 ����2���� �������

D�� ��������� �������� ��$���� ������� � ��� �������� ������� ������ ��������
������� �� ��� ������ ��� ������#���� ��������

���
��
�

�U�� ���� /�  �� =��*��� �-�

&� ��� � �� ��������� ��� ����$���� � 	�� �� �� ������  ����% 7���� ��� ������
�������� ������� ������ �� ���( ��'�% ���� �� ��� ���� ��� ��� ��������
������� ������%

; J����� ������� ������ ��� ��������� ����$���� ������� '� ����� ��
8��� �� 3������ Q+2! ;<=>R% 6���� ��� 5��#�� ���� 8� ���� ���( ����"�������
��  8��� � ��*�� �-! '���� �� �������� ����� �� �U� � �����% ����� �� �����
�� ��� )���(�� ���������

8 �� *���8���-  ��
���� ���� ��� �� ��� ��������� ������ *+�%�%+2-% 7�'����! '��� � �� ����$����!
������� ��� 5��#�� ������� �� ����� '��� ��$���! ��� :�����(� ������#���� �� ��
�� ��� �"���% M�������! �� �� ����� ��� �� �� ������� � ������ �����! ��
���� �� �� ��� ��$���%

&� ��� 5��#�� ������� ����� ��� ���� 	 � � ���� �8�  8���% &� �����'�
��� ��� ���������� �� �� ��  ������ �� ��� ���������� �� �! �� ���� �� � ��
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���������� �� �� ��% 7���� ��� ������� '���  ������� �� �� ���� ����� �
����������� �����%

�� ����� ��� ��������� ������ *+�%�%+2- 8��� �� 3������ ������� ������/
��� ��� 5V ������#����

��  N��?�� ?��?�  ��

'���� N�� �� ��'�� �������� �� ?� ���������% 3���  ������#���� �'�� �"����
�� �� �� �������� �� ����������� �� '���  �������� �� ���� �������� ����
��� �����

��@�� 	 	 	@�����  N��  
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% % %
% % %
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��� ������� @����� �� ��$��� �� �������� ���� �� A���% ��� �� �� ��� �������
N
� �� ���� �� ������� ��� N�� ��4��� ���� ��! ��� 	 � 	 ������ ��� �� N����! ��
��� *	� 	- ������� ����% &� ��� ��"� ���� ��� �������� �� @����� �� ����� ��
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3���� ��� �������� �� �� ����  *�%� '��� ����� ����� '��� ��� ������� �� 	
'� '����

��  8���  *8�?
�
� -N6�  

N3�N6��

�� ���

N3�  *��� � � � � ����� N��-�

N6�  *B�� � � � � B���� NB�-  ?����

7��� ��������� '������ ��� '��� �� �������� '��� 	 ��������! �� N3� �� ��
������ '��� N��% ��� ������ *+�%�%+2- ��' �������

N��N6�  *�%�� ���  
N3�N6��

���� ���������� ���'� ��� �� �� �� �� �� ������ �� �������� ��� �� ���%
&� ������������ ��� �������� '� ������ ���� ��� ��� ���� ��� �� ������

� ��� ����! �� ��� �� N
�  �! ���� N6� �� ��� ��$���% &����� '� �����

���  3�6�  �
�
��� = B����

'���� �� �� ���� ����� ��� N��% 0� �� ���� �'�� ����� �
�
��� '��� ������

����
�����  �

�
� =

NB��� N�����

���� ��$��� ��� 3PMM5V ��������% &� ������ ��� �������� '��� ���� '��� *���  
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�� ������������ :)53 ;�������� *+�%
%�- �� �� ����� �� ���  ����� ��������������
/ � ����! �%�%! ������� ��� ������������ �� �������
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�
�*�/��-� � ���� /�  ��

*>��� ��� ���  ������������� ������ ��  �  ���� �������������� '���� �����
��� �������%- &� '� ���� :)53 �� ���� ������� �� �������� ��� �������� ��
����� �� ��� ������� ������� �! '� ����� ��� �����'��� ��������@
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4���  A��� = *�4�H
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D�� �������  ���������� ��������������� ������� '� �� ������  ��������/
������ ������� �� :)>I% 7��� �� �� ����� �� ���  ���� �������������� /! �� ����
:)>I �� ��� �������

��� ����� /����  /����

�%�%! ��� ������� ������� �� ����������% &� ��� �������� �� ��������� �� ����� ��
��� ������� ��������! ��� �����'��� �������� �������@
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;�������� 8::)53 ����� ������#�� ��� ����� ��������� �U� � ������! '����
�  ����! ��� ����  ��4����� J����� �������

����  ���� =��� ��  */��/������/��/���� ��-�
;�������� 8::)>I ������#�� ��� ����� ��������� �U� � ������! ���� ��� J�����
�������

����  ���� =��� ��  *��/��/������/��/����-�
��� ��� �� ����������� ��� 8:)�53 ������� �� (*�/��-! �� ��� 8::)>I ��
(*/���-  (*��/�� -%

���7�� ���
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D�� ������������ ����� ������� ����� �� �'� ������� ��� ������� ��� ������/
��������% 0� �� ��� ��� ���� �������������� ������ *+�%,%+- �� ��� ����� ������/
�������� ������ *+�%,%�-% *&� � �� ����� ��������� �������� ��$����! ����  �����
�������������� ����� ��� �� ����������%- ��� ������ �� ��� )MFI3 ��������
�� ����%

&� ��� ��� �� �����  ���� �������������� � ���� ��� �����'��� ������ �� ���
;������ �������� �� ������% 0� ���� ��� ��������� '���

��  �
��*�����-� *�  �����H ��  ���*��

�� ��$��
6�  �

����� � �  +� �� � � � � 	�

;�� �������� ������� ������� '��� �� �������������� �����������*�����-% ����
��  ��������� ����� ���� �������� ������� ������ �� ���� �� ��� ���� �����/
��� ��  � � ���% &� ���� ���� �������������� ������� ��� ���������� �������
���� ����*����-�� '��� �� ������#�� ���� �� ������� �� ��� ����

�� =��*����������-� *+�%,%2-

&� ��� ����� �������������� ������� �� )MFI3 ��� ���� ������� ������� ��
����! ��� ��� ������� �� ���������� �������� �� �  �� *�  ����-% ���
����� �������������� �������� �� ����� �� ����$�� �� ���� ��� ������������
��������% 0� ���

6�  ��
���� � �  +� �� � � � � 	�

��� 	�� ����"������ �� ��  �� =�
��8���! '���� �� ������

���
��
�*�%� � NG������

;� ������ ���� �� �� '������ �

��  ���� = *�E����
� ��� ��  &����
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��� *+�%
%�9-%
&� ��� ����� �������������� ������� ��� ������� ���� ��� ������� '��� ��

������#�� ���� �� ������� �� ��� ���� �� = ��*��� ����-% 7�'����! ���� ��
��������� �� ������#��� ���������� ���� �� ������� �� ��� ����

�� =�
����*��� ����-� *+�%,%�-

3���'�� ������������ ��� �'� Æ�� �������� *+�%,%2- �� *+�%,%�- �� ��� ���L
��� ��� ������ �� ��� �'� J����� �������� �� ��  *�

���-������ �� S��  
���*����-���% .�  ������ ��������� ����� �� �� �� ���'� ������*����-�  
*����-���� �� �� S��  �� ! � � �% 7���� ��� ���� �� ����� ��������������
�������� ������� ����"������� �� ��� ��� J����� ��������! �� ���� ��4��
���� '��� ������� �� '���� ����� ���� �� ������#��%

D�� ��� ��� '��� � �� �������#���! �  HWH��! '���� W  ���*��- '�
������ ��� ����� �������

���� ���
������� � (�*H-����� �"

�����������
�5�*��-�� *+�%,%
-

'���� 5� ��  ��������� �� ������ � 	 �� 5�*�-  +% .����� �� ��� ����� (�*H-
�� *+�%,%
- ��� ��� �� ����������� �� �� ������ �� ������� ���� ��� ��������

��� �� ��� ����" � ����% 3���� ��� �������� �� ���� �� ���� �� ��� ���
'� �� �"���� ��� ��� ����������� ������� '��� �� ������ '��� �� � �� ����� ��
�����%

��	, ��������������

; �������������� ������ �������� ������ ��� �����'��� ����������@

*�- ����  � =&! '���� �&� �� ����%
*��- 5���� ������� �� ��� ���� ��  � ������ �� ��� �� �����%

*���- �#*�- � �#*�-%

:�������� *�- ������� ��� �����������! *��- ��� ��� ��������� ���� �� ��������/
������� �� ��������! �� *���- ��� ��� ������ ������� �� ��� ��� ����% <��������
����� ���������� �� ������������ ��  ���������� ���� �� ������% D�� �"����!
�(��� �  � �� ������ �� ��� ����� �� *�-! ��� ��������� ���� ������ �� ����� ���
�� *��-%

��� ������ �� �������������� �� �������� ������� ��������� �� �������� ���
���� ������ ��������� �� ��� ������� �� � �������� ������L ; ��������������
'���� �� �"������� �� ������� �� ������ ����� �� �� �� �� �� ���� ��� �����!
� �� �� ��� ���! �%�%! '��� ������ '��� ����/��������� �� �������� ��������%
&� �� ��� ��������� �� ��� ����������� �� ��� ��������� ������% 8��������������
��� �� �Æ����� ��  ���� ��������� ����������� �� ���' ���� ����������
�� ������ �� ������ �������%
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������  ���� =���*�������-� 	  �� +� � � � � *+�%1%+-

����������� ��  ����" ��������� �  � � ! �� ��� �������� ����"
!  ���  � ������

��� �������� *+�%1%+- �� �� ���������� �  $"�� ����� �������� ������ �� ���
�������������� ������ �����  ����% 7����! ��� ���� �������� ������� ���/
������� �� 3������� +�%� ���� ������ �"����� �� ���������������%

��� ?���� �� )���B3����� ������� �� ���� ������ ���� �� ���/���� ��/
������ �������� �������% 6���� ��� ������ ��������� �  "���� ���! '����
"� �� ������! �� �� �� �� �������� ��'�� �� ����� ��������! ����� �������
���������� �� ��� ����" ����������

��  "�� �� �	
  "� � ���
&� � �� ��������� �������� ��$���� ���� ��  "� � � �� ���������% 7�'����!
�	
 �� ��'�� �������� �� �����������%

��� �������� ������ ������ �� ���� ��������� �� �� �(� �  "�% ����
����������� ��  ������ ������ �� ��� ��'� �� �! ���� ��� ��� ����� ����"
����  "��� � ��  ���� ������% D�� �%�%�% ������� �������� �� �� ���/

������ �� �����  ����� �������������� '��� �  ��  "
���
� % &� ���� ��� �� �� ��

���'� ��� ���� �� ����� �� ��� ������ ������ ���������������%

��		� ���:��� �� ��� 3���� Q+1�1R
�� �  "� � �� � ��� �� � �
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;������� ������ ������ �� ���� ����  ������ ����������� �� ��� ��� ��
����������� �� �� ������ �� ��������� �� ��������� ����������� ���� �� �� �����
��������������� �� ������ ���%

&� 3������ +�%�%� �� '� ���'� ��� ���  ��������� ����" � ��� 33<F ����/
���� ������ ����������� ��  ��������� '��� ��� ����"
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!" �� ����� �� ��� ���� �� � �"�
� ������#���� �� �� ��� �� ����� �����

������� ��������� ���� ��������������% &� ��� �� ��� ��� ������� � ��� �������
����" �% D�� � �  � �! �� � �� �%�%�% �� �� �

!"%

��� ���������� �� ��� 33<F ��������� ����� ��� �� �� ����� ����������� ��
��� ������ �� % D�� ������� ������ ���� ������ ����� ������� ����� ��������!
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�%�%! ��� ����� ������� ������� ����������! ��� ������� ��������� ������ (*�-  
�*���- �� �� ������� �� (*����-  �*���-% �(���   + �� ����� ����� ��
������% ���� ����������� �� ��� ��������� )���B3����� *3)3- ��������������
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;�� ��� ���� ��������������� ������ ���������� *��- �� *���-% ��� ���������
�� ��� ��������������� �������� ���� �������� ������ �� ������������� '��� 
������ ����"% ���� �� �� ��$��� �� ����� �� �������� �� ��� ������� ����"
�! �� ����� �� ��� ������� �"�� ������% 7�'����! ���� �� ��� �� ���� �4������
'��� ������� �� ��� ��������� *�-%
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;� ����������� �������� �� '������ '� �� $�� ������� � �� � '��� ��� ���
���#��� ��������� � ����! ��� '���  ������ ������ ����" &  �� ��%

0� ��' ������� � �������� ���� �� ��������������� ������� ���� �� �����
����	����� �;1#������0������ �� �% ��� ��� �� �� �������  ��'�� ��������
����" � �� � ����� �������� ����" � '���  ���������� ������� ���������
���� ���

�  �� �&�
'��� & ����% 3��� ���������� 56/������#����� �� �� ����#�� �� ����������
 ����$�� )����� ���������� �� �! �� '���� �������� �� ���'�� ���� �� ��
�����$�� ����� �� ��� � �� � �������% 0� ����� ��� ����� ����� *�� �- ��
����� �� ��� ����" ���

� � �� � 
*�� �- � + � �� � � ���

'���� ��� ������ ��������� �'�� �� �������� �� � % D�� �"����! '� ����� �(�
�  ��! ��� ��� �� ���#��� �������� �� �%

/������
	 ���:��
&��������� 56 D�����#����

#�� 	  +� � � � � �� +
#�� �  	 = +� � � � � �

�# *�� 	- � � ,��  �������H

#�� �  	 = +� � � � � �

�# *	� �- � � ���  ��� � ,����� H
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��� ���������� �������� �� �� + �����% &� ��� 	�� ���� '� $��� ������� ����
��� ������� ����" �������� '��� ������� *�� 	- �� *	� �- �� � �� ���� ��  ������
����" &�% 0� ���� ���� ��� ��� 	��� ���� �� )����� ���������� �� ��� ��
����$�� ����"% ���� ������� �� �� �"������� � �����'�% 5�� ��  � ��

���  ���� =&�� ��  ������ 	  +� � � � � �� +�

;������� ���� ������� ����������� '� �����

����  ���� �����  �������� = ����&���
 ������������ = ��������&��� = ����&���
 �������� 	 	 	���= �������� 	 	 	��&�

= 	 	 	= ��������&��� = ����&����

0� ������� ������ ��� ����� ��� $��� 7 � + ��'� �� &� �� #��� �� �����'� ���
��&�  &�! �� 	 � 7% ���� �� ��������� ��� ���� �������� '� $�� ��  �=&!
'����

�  ����� �  *�������� 	 	 	��-��� &  &� =&� = 	 	 	&����

;�������� +�%1%� �� �� �������� �� ������ ��� �� �������� �� ��� ���������
*� � 	- � *� � 	- ��'�� ��� �� ��� ������� ����" ��� �� � ���� ��� �� ������
���� �� �� ��� �� �������� �� ��� ������ ����" &�% ���� �� ������� ������ ��
������� ���� $�� �� ��� �������� ��

�# *	� �- � � ��� *�� �- � � ���  ��� � ,����� H

&� ������� ��� ����" � �� ����� �� ��� �������� ������ �� �������#�� �� �(�
���� ���� ������% &� ��������!  ������� '���� � �� ���������  ��' �  ���� ��
���� ���������� ��� ������ ����� �������% 3��� � �������� �� �� ������� ��
������������ ��� 	 �� � ����� �� ;�������� +�%1%�%

���	��� ���:��� D�� ��� ����� ������� �����  $��/����� ����"������ ���
���/#��� ��������� �� ��� ��������� ����" �� ����� ��

��  
*�� �- � ��� ��  ����+� �� +� ���

5�� �� '���� �  �� =&! '����

�  ��� = ��� = ��� �  �� = �� = ���
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'���� ��� *�� ��- ������ ������� '��� ���#��� �������� ���� �� ��� 	/�� ��'��
*�����- ������% .� ��� ���� ��� ������������� �� ������� *��� 8������ �%+%�-!
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�"������� �� � ���������� :�����(� ������#����% ���� �� ������ #��� ��������
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��  ��������� �������� ��$���� ����(/��������� ����" �� �� '������ �
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Chapter ��

Ordinary Di�erential

Equations

���� Initial Value Problems for ODEs� Theoretical
Background

������ Introduction

To start with� we shall study the following problem	 given a function f
t� y�� �nd
a function y
t� which for a � t � b is an approximate solution to the initial value
problem for the ordinary dierential equation or� with an established abbreviation�
the ODE�

dy

dt
� f
t� y�� y
a� � c� 
�������

In mathematics courses� one learns how to determine exact solutions to this problem
for certain special functions f � An important special case is when f is a linear
function of y� However� for most dierential equations� one must be content with
approximate solutions�

Many problems in science and technology lead to dierential equations� Often�
the variable t means time� and the dierential equations expresses the rule or law of
nature which governs the change in the system being studied� In order to simplify
the language in our discussions� we consider t as the time� and we use terms like
time step� velocity etc� However� t can be a spatial coordinate in some applications�

As a rule� one has a system of �rst�order di�erential equations and initial
conditions for several unknown functions 
often more than ten�� say y�� y�� � � � � ys�
where

dyi
dt

� fi
t� y�� � � � � ys�� yi
a� � ci� i � �� �� � � � � s� 
�������

It is convenient to write such a system in vector form

dy

dt
� f
t� y�� y
a� � c�

�
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where now

y � 
y�� � � � � ys�
T � c � 
c�� � � � � cs�

T � f � 
f�� � � � � fs�
T

are vectors� When the vector form is used� it is just as easy to describe numerical
methods for systems as it is for just one single equation�

Often it is convenient to assume that the system is given in autonomous

form�
dy

dt
� f
y�� y
a� � c 
�������

�i�e�� f does not depend explicitly on t� A non�autonomous system is easily trans�
formed into autonomous form by the addition of the trivial extra equation�

dys��
dt

� �� ys��
a� � a�

which has the solution ys�� � t� 
It is sometimes more convenient to call the extra
variable y� instead of ys����

We shall� with one exception� only consider numerical methods that produce
identical results 
in exact arithmetic� for a non�autonomous system and for the
equivalent autonomous system� The use of the autonomous form in the analysis
and in the description of numerical methods is usually no restriction� Wherever it
is necessary or convenient� we shall return to the non�autonomous formulation�

Also higher�order dierential equations can be rewritten as a system of �rst�
order equations�

Example �������

The dierential equation

d�y

dt�
� g
�
t� y�

dy

dt
�
d�y

dt�

�
with initial conditions

y
�� � c�� y�
�� � c�� y��
�� � c��

is by the substitution

y� � y� y� � y�� y� � y���

transformed into the system

y� �

�
� y�

y�
g
t� y�� y�� y��

�
A � c �

�
� c�

c�
c�

�
A �

Most programs for initial value problems for ODEs are written for non�autonomous
�rst order systems� So� this way of rewriting a higher order system is of practical
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importance� The transformation to autonomous form mentioned above is� however�
rarely needed in practice� but it gives a conceptual simpli�cation in the description
and the discussion of numerical methods�

If t denotes time� then the dierential equation 
�������� determines the ve�
locity vector of a particle as a function of time and the position vector y� Thus�
the dierential equation determines a velocity �eld� and its solution describes a
motion in this �eld along an orbit in Rs� For a non�autonomous system� the ve�
locity �eld changes with time� You need time as an extra coordinate for visualizing
all the velocity �elds� just like the standard device mentioned above for making a
non�autonomous system autonomous�

Example �������

The velocity �eld of the two�dimensional system

y�� � �y� � y�� y�
�� � c��

y�� � y� � y�� y�
�� � c��


where f is independent of t� is shown in Fig� ������� The solution of the equation
describes the motion of a particle in that �eld� For various initial conditions� we
get a whole family of solution curves� Several such curves are shown� for


c�� c�� � 
L� ��� 
L�L���� 
L�L�� 
L��� L�� 
��L��

This interpretation is directly generalizable to three dimensions� and these geometric
ideas are also suggestive for systems of more than three dimensions�

Figure ������� Velocity �eld of the two�dimensional system�

It is useful to bear in mind the simple observation that every point of an orbit
gives the initial value for the rest of the orbit� �Today is the �rst day of the rest of
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your life�� Also note that the origin of time is arbitrary for an autonomous system	
if y
t� is one solution� then y
t � k� is also a solution for any constant k�

It seems plausible that the motion in a given velocity �eld is uniquely de�
termined by its initial position� provided that the velocity �eld is su�ciently well�
behaved� This statement will be made more precise below 
see Theorem ��������
In other words	 under very general conditions� the initial value problem de�ned by

������� has exactly one solution� The picture also suggests that if one chooses
su�ciently small step size� the rule�

Displacement � Step size � Mean velocity over a time step�

can be used for a step�by�step construction of an approximate solution� In
fact� this is the basic idea of most methods for the numerical integration of ODEs�

More or less sophisticated constructions of the �mean velocity� over time step
yield dierent methods� sometimes presented under the name of dynamic simulation�
The simplest one is Euler�s method that was described already in Chapter �� We
assume that the reader has a clear idea of this method� The methods we shall
treat are such that one proceeds step by step to the times t�� t�� � � �� and computes
approximate values� y�� y�� � � �� to y
t��� y
t��� � � �� We shall distinguish two classes
of methods	

a� One�step methods� where yn is the only input data to the step in which
yn�� is to be computed� Values of the function f
y� 
and perhaps also some
of its total time derivatives� are computed at a few points close to the orbit�
They are used in the construction of an estimate of yn��� usually much more
accurate than Euler�s method would have given� Or� the accuracy requested is
as a rule obtained with much longer steps and less work than Euler�s method
needs� We shall see� however� that there are exceptions from this rule� due to
the possibility of numerical instability�

b� Multistepmethods� where longer time steps are made possible by the use of
several values from the past	 yn� yn��� � � � � yn�k��� This requires some special
arrangement at the start� One can e�g� use a one step method to provide k
initial values� Another possibility is to use the procedure for the automatic
variation of k and step size that is contained in most codes for multistep
methods� The computations can therefore start with k � � and a very small
step size� Then these quantities are gradually increased� Numerical stability
is an important issue also for these methods�

It is important to distinguish between global and local error� The global
error at t � tn�� is yn�� � y
tn���� where y
t� is the exact solution to the initial�
value problem and yn�� the computed value� The local error at at tn�� is the
dierence between yn�� and the value at tn�� of that solution of the dierential
equation which passes through the point 
tn� yn�� In other words� the local errors
are the jumps in the staircase curve in Fig� �������

The distinction between the global and local error is made already at the
computation of integrals 
Chapter ��� which is� of course� a special case of the
dierential equation problem� where f is independent of y� There the global error
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is simply the sum of the local errors� We saw� e�g�� in Sec� ������ that the global
error of the trapezoidal rule is O
h��� while its local error is O
h��� although this
terminology was not used there� The reason for the dierence in order of magnitude
of the two errors is that the number of local errors which are added is inversely
proportional to h�

For dierential equations� the error propagation mechanism is� as we shall see�
more complicated� but even here it holds that the di�erence between the exponents
in the asymptotic dependence on h of the local and global errors is equal to �� for
�rst order dierential systems�

We say that the order of accuracy is equal to p� if the global error is ap�
proximately proportional to hp� For example� Euler�s method is �st order accurate�
Although this de�nition is based on the application of a method with constant step
size� it makes sense to use the same value also for computations with variable step
size�

An example of a one�step method was given in Sec� ���� namely Runge�s �nd
order method� with two function evaluations per step	

k� � hf
tn� yn�� k� � hf
tn �
�
�h� yn �

�
�k��� yn�� � yn � k�� 
�������

The step size is chosen so that k� � k� � �TOL� where TOL is a tolerance chosen
by the user� The dierence k��k� is approximately proportional to h�� For details�
see Sec� ��� and Sec� �����

We postpone the discussion of multistep methods to Sec� ����� where there
is a more systematic discussion of such methods� One�step methods� in particular
Runge�Kutta methods will be treated in Sec� ����� Other methods� in particular
extrapolation methods� are discussed in Sec� ����� Special methods for second order
equations and methods for boundary and eigenvalue problems are then presented
in Sec� �����

In the other sections� ideas� concepts and results will be presented� which are
relatively independent of the particular numerical methods� although references are
made to Euler�s method� Runge�s �nd order method and the analogous implicit
methods for the illumination of the general theory� In Sec� ���� we treat existence
and uniqueness for intial value problems� error propagation an logaritmic norms
with applications� The headlines of Sec� ���� are control of step size� local time
scale and scale functions� introductions to numerical stability� and �nally general
questions related to implicit methods� with applications to sti and dierential
algebraic systems� In Sec� ���� some useful ideas from the qualitative theory of
dierential equations are collected� together with more advanced theory and appli�
cations of logarithmic norms� Finally� Sec� ���� is devoted to systems of dierence
equations� matrix power boundedness and some other topics like algorithms and
graphical techniques for the investigation of numerical stability�

������ Existence and Uniqueness for Initial Value Problems

We shall consider initial value problems for the autonomous system

dy�dt � f
y�� y
a� � c� 
�������
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where f 	 Rs � Rs� In this subsection we shall use a single bar j � j to denote a
norm in Rs or the absolute value of a number� while a double bar k � k is used for
the max�norm in a Banach space B of continuous vectorvalued functions over an
interval I � �a� d� a� d�� i�e��

kuk � max
t�I

ju
t�j�

These notations are also used for the corresponding operator norms� Let D � Rs

be a closed region� We recall� see Sec� ����� that f satis�es a Lipschitz condition in
D� with the Lipschitz constant L� if

jf
y� � f
z�j � Ljy � zj� �y� z � D� 
�������

By Lemma ������� max jf �
y�j� y � D� is a Lipschitz constant� if f is dierentiable
and D is convex� A point� where a local Lipschitz condition is not satis�ed is called
a singular point of the system 
��������

Theorem �������

If f satis�es a Lipschitz condition in the whole of Rs� then the initial value
problem �������	 has precisely one solution for each initial vector c� The solution
has a continuous �rst derivative for all t�

If the Lipschitz condition holds in a subset D of Rs only� then existence and
uniqueness holds as long as the orbit stays in D�

Proof� We shall sketch a proof of this fundamental theorem� when D � Rs� based
on an iterative construction named after Picard� We de�ne an operator F 
usually
nonlinear� that maps the Banach space B into itself	

F 
y�
t� � c�

Z t

a

f
y
x��dx�

Note that the equation y � F 
y� is equivalent to the initial value problem 
�������
on some interval �a� d� a� d�� and consider the iteration� y� � c 
for example��

yn�� � F 
yn��

For any pair y� z of elements in B� we have�

kF 
y�� F 
z�k �
Z a�d

a

jf�y
t�� � f
�
z
t�

�j � jdtj
�
Z a�d

a

Ljy
t� � z
t�j � jdtj � Ldky � zk�

It follows that Ld is a Lipschitz constant of the operator F � If d � ��L� F is a
contraction� and it follows from the Contraction Mapping 
Theorem ������� that
the equation y � F 
y� has a unique solution� For the initial value problem 
�������
it follows that there exists precisely one solution� as long as jt�aj � d� This solution
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can then be continued to any time by a step by step procedure� for a � d can be
chosen as a new starting time and substituted for a in the proof� In this way we
extend the solution to a � �d� then to a � �d� a� �d etc� 
or backwards to a � �d�
a� �d� etc���

Note that this proof is based on two ideas of great importance to numerical
analysis	 iteration and the step�by�step construction� 
There is an alternative proof
that avoids the step�by�step construction� see� e�g�� Coddington and Levinson� ���
����� p������ A few points to note are	

A� For the existence of a solution� it is su
cient that f is continuous� 
the exis�
tence theorem of Cauchy and Peano� see� e�g�� Coddington and Levinson ���
����� p������ That continuity is not su
cient for uniqueness can be seen by
the following simple initial value problem�

y� � �jyj���� y
�� � ��

which has an in�nity of solutions for t � �� namely y
t� � �� or� for any
non�negative number k�

y
t� �

�
�� if t � k�

t� k��� otherwise�

B� The theorem is extended to non�autonomous systems by the usual device for
making a non�autonomous system autonomous 
see Sec� ��������

C� If the Lipschitz condition holds only in a subset D� then the ideas of the proof
can be extended to guarantee existence and uniqueness� as long as the orbit
stays in D� Let M be an upper bound of jf
y�j in D� and let r be the shortest
distance from c to the boundary of D� Since

jy
t� � cj � j
Z t

a

f
�
y
x�

�
dxj �M jt� aj�

we see that there will be no trouble as long as jt� aj � r�M � at least� 
This
is usually a pessimistic underestimate�� On the other hand� the example

y� � y�� y
�� � c � ��

which has the solution y
t� � c�
� � ct�� shows that the solution can cease
to exist for a �nite t 
namely for t � ��c�� even if f
y� is dierentiable for
all y� Since f �
y� � �y� the Lipschitz condition is guaranteed only as long as
�y � L� In this example� such a condition cannot hold forever� no matter how
large L has been chosen�

D� On the other side	 the solution of a linear non�autonomous system� where the
data 
i�e� the coe�cient matrix and the right hand side� are analytic functions
in some domain of the complex plane� cannot have other singular points than
the data� in the sense of complex analysis�
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E� Isolated jump discontinuities in the function f oer no di�culties� if the prob�
lem after a discontinuity can be considered as a new initial value problem that
satis�es a Lipschitz condition� For example� in a non�autonomous problem of
the form

y� � f
y� � r
t��

existence an uniqueness holds� even if the driving function r
t� is only piece�
wise continuous� In this case y�
t� is discontinuous� only when r
t� is so�
hence y
t� is continuous� There exist� however� more nasty discontinuities�
where existence and uniqueness are not obvious� see Problem ��

F� A point y� where f
y�� � � is called a critical point of the autonomous
system� 
It is usually not a singular point�� If y
t�� � y� at some time t�� the
theorem tells that y
t� � y� is the only solution for all t� forwards as well as
backwards� It follows that a solution that does not start at y� cannot reach
y� exactly in �nite time� but it can converge very fast towards y��

Note that this does not hold for a non�autonomous system� at a point where
f
t�� y
t��� � �� as is shown by the simple example y� � t� y
�� � �� for which
y
t� � �

� t
� 	� � when t 	� �� For a non�autonomous system y� � f
t� y�� a critical

point is instead de�ned as a point y�� such that f
t� y�� � �� �t 
 a� Then it is true
that y
t� � y�� �t 
 a� if y
a� � y��

������ Variational Equations and Error Propagation

We �rst discuss the propagation of disturbances 
for example numerical errors� in
an ODE system� It is a useful model for the error propagation in the application
of one step methods� i�e� if yn is the only input data to the step� where yn�� is
computed�

Figure ������� Two families of solution curves y
t� c��

The solution of the initial�value problem� 
�������� can be considered as a
function y
t� c�� where c is the vector of initial conditions� Here again� one can
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visualize a family of solution curves� this time in the 
t� y��space� one curve for each
initial value� y
a� c� � c� For the case s � �� the family of solutions can� for example�
look one of the two set of curves in Fig� ������a�b� The dependence of the solution
y
t� c� on c is often of great interest both for the technical and scienti�c context it
appears in and for the numerical treatment of the dierential equations�

A disturbance in the initial condition�e�g�� a round�o error in the value of
c�means that y
t� is forced to follow �another track� in the family of solutions�
Later� there is a small disturbance at each step��truncation error and�or rounding
error�which produces a similar transition to �another track� in the family of so�
lution curves� In Fig� ������� we give a greatly exaggerated view of what normally
happens� One can compare the above process of error propagation to an interest
process� in each stage there is �interest� on previously committed errors� At the
same time� a new �error capital� 
local error� is put in� In Fig� ������� the local
errors are the jumps in the staircase curve� The �interest rate� can� however� be
negative 
see Fig� ������b�� an advantage in this context� If the curves in the family

Figure ������� Propagation of truncation error�

of solutions depart from each other quickly� then the initial value problem is ill�
conditioned� otherwise� it is well�conditioned� 
It is possible that a computational
method which is not a one�step method can introduce other characteristics in the er�
ror propagation mechanism which are not inherent in the dierential equation itself�
So our discussion in this section are valid� only if the method has adequate stability
properties � for the step size sequence chosen� We shall make this assumption more
clear later� e�g in Sec� ������ and Sec� ����� For the two methods mentioned so far�
the discussion is relevant 
for example� as long as khf �
y�k� � ��

We can look at the error propagation more quantitatively� to begin with in the
scalar case� Consider the function u � �y
t� c���c� It satis�es a linear dierential
equation� the linearized variational equation

�u

�t
� J
t�u� J
t� �

��f
�y

�
y�y�t�c�

� 
�������
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since
�u

�t
�

�

�t

��y
�c

�
�

�

�c

��y
�t

�
�

�

�c

�
f
t� y
t� c��

�
�

�f

�y

�y

�c
�

Note that the variational equation is usually non�autonomous� even if the underlying
ODE is autonomous� We can derive many results from the above� since

y
t� c� 	c�� y
t� c� � �y

�c
	c � u
t� c�	c�

We rewrite Eqn� 
������� in the form�
� ln juj
�t

� J
t��

Proposition �������

Closely lying curves in the family of solutions approach each other� as t in�
creases� if �f��y � � and depart from each other if �f��y � ��

�f��y corresponds to the �rate of interest� mentioned previously� In the
following we assume that �f��y � 
� for all y in some interval D� that contains
the range of y
t� c�� 
a � t � b�� Hence � ln juj��t � 
�� The following propositions
are obtained by the integration of this inequality�

Proposition �������

For u
t� � �y��c it holds� even if 
� is negative� that

ju
t�j � ju
a�je���t�a�� a � t � b�

Proposition �������

Let y
tn� be perturbed by a quantity �n� The e�ect of this perturbation on y
t��
t � tn� will not exceed

j�nje���t�tn� 
�������

as long as this bound guarantees that the perturbed solution curve remains in D�

Various bounds for the global error can be obtained by adding such local
contributions� Assume� e�g�� that there is no initial error at t � t�� that the sequence
ftng is increasing� and that the local error per unit of time is less than �� i�e��

j�nj � �
tn�� � tn��

Substituting in 
������� and summing all contributions for tn�� � t� an approximate
bound for the global error at the time t can thus be obtained	

�
X

tn���t


tn�� � tn�e
���t�tn� � �

Z t

t�

e�
��t�x�dx�

hence

jGlobal Errorj �
�

�
��

e�

��t�t�� � ��� if 
� 	� ���

�
t � t��� if 
� � ��

�������
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Figure ������� The global error bound� divided by �� versus t � t� for

� � ��� ����� ��

Note that� if 
� � �� the error is bounded by ��j
�j� for all t � t�� The global error
bound� divided by �� is shown in Fig� ������ for 
� � ��� ����� ��

We shall see that Fig� ������ and the inequalities of 
�������� with a dierent
interpretation� are typical for the error propagation under much more general and
realistic assumptions than those made here� More general versions of Propositions
� and � will be given below�

Now the concept of variational equation will be generalized to systems of
ODEs� Now u
t� c� and J
t� c� become matrix�valued� We therefore write U instead
of u� J and U are Jacobian matrices�to be evaluated at y � y
t� c��

J �
�f

�y
� U �

�y

�c
� 
��������

We �rst discuss linear systems with variable coe�cients in general� and drop the
parameter c in U 
t� c�� J
t� c�� It is important to distinguish c from the initial value
of this linear system�


������� becomes a matrix di�erential equation�

dU

dt
� J
t�U� U 
a� � I� 
��������

A matrix dierential equation is simply a collection of vector dierential equations�
The jth column of U is uj � �y��cj � Then u � uj
t� is the solution of the vector
dierential equation

du

dt
� J
t�u� 
��������

with the initial condition u
a� � ej � The solution of 
�������� with a general initial
condition at t � a reads�

u
t�u
a�� � U 
t�u
a�� 
��������
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More generally� the solution with a condition at t � x reads�

u
t� � U 
t�
U 
x����u
x�� 
��������

U 
t� is called a fundamental matrix solution for 
��������� We summarize and
extend this in a theorem�

Theorem �����	�

The solution at time t of a homogeneous linear ODE system with variable
coe
cients is a linear function of its initial vector� For the system in ��������	 this
function is represented by the fundamental matrix U 
t� de�ned by ��������	�

The solution of the inhomogeneous problem�

du

dt
� J
t�u � r
t��

reads�

u
t�u
a�� � U 
t�u
a� �

Z t

a

U 
t�
U 
x����r
x�dx� 
��������

For a �xed t� u
t� is thus an a
ne function of u
a��

Proof�

The veri�cation of 
�������� is left as an exercise 
Problem ���

If J does not depend on t�

U 
t� � etJ � U 
t�
U 
x���� � U 
t � x�� 
��������

The matrix exponential is de�ned in see Sec� ������� More generally� the funda�
mental matrix can be expressed in terms of matrix exponentials� if J
t� commutes
with its time derivative for all t� In other cases the fundamental matrix cannot be
expressed in terms of matrix exponentials� and U 
t�
U 
x���� 	� U 
t� x��

Example �������

Fig� ������ shows the orbits from �� starting points on the boundary of the
square with corners at y� � ��� y� � ��� for the linear system of Example �������
i�e�� y�� � �y� � y�� y�� � y�� y�� For some values of t� the points reached at time
t are joined by straight lines� These are the maps at time t of the square boundary
that contains the initial points� That these maps also become squares is due to this
special example� The theorem tells� however� that for any linear system� also with
variable coe�cients� they would have become parallelograms� at least�

Example �������

Fig� ������ shows periodic orbits that start at t � � from �� starting points
on the y��axis� for the famous Volterra Predator�Prey Model� see Braun 
������

dy�
dt

� ay� � by�y��
dy�
dt

� �cy� � dy�y��
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Figure �����	� Orbits from �� starting points�

Figure �����
� Orbits for the Predator�Prey Model�

Parameter values	 a � b � c � d � �� In the second Fig� ������ points reached at
the same time t are joined� for a large number of equidistant times� The mappings
of the straight line� which contain the initial points� are no straight lines here� since
the problem is nonlinear� On a �microscopic� scale the mapping is approximately
a�ne	 small 
approximate� parallelograms are mapped onto small 
approximate�
parallelograms� by the matrix U 
t� y
����

In order to avoid overlaps� the computation of Fig� ������ stopped at t � ����
just a little bit above the period of small orbits around the critical point 
�� ���

Recall that a critical point is a point� where f
y� � ��� A �motion� that starts
exactly at a critical point� remains there forever� The period of of small motions
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around 
�� �� is in the limit �� � ����� 
This is obtained from the eigenvalues of
the Jacobian at the critical point�� See Sec� ��������

������ The Logarithmic Norm� Properties and Applications

Propositions ������ and ������ are 
approximately� valid also for systems of ODEs�
if 
� denotes a bound for the logarithmic norm� 

J
t���

De�nition �����
�

Let k � k denote some vector norm and its subordinate matrix norm� Then the
subordinate logarithmic norm of the matrix A is given by



A� � lim
����

kI � �Ak � �
�


��������

This limit exists� for any choice of vector norm� since one can show� by the triangle
inequality� that� as � � ��� the right hand side decreases monotonically and is
bounded below by �kAk�

Just like the ordinary norm of a matrix is a generalization of the modulus
of of a complex number� the logarithmic norm corresponds to the real part� The
logarithmic norm is a real number� and 

A� � kAk� It can even be negative�
which is very favorable for the estimates that we are interested to make� We shall
here only use the logarithmic norm subordinate to the maximum and the l� vector
norms�

Theorem �������

The logarithmic norm subordinate to the max�norm reads�


�
A� � max
i

�
aii� �X
j ��i

jaijj
�
� 
��������

If all diagonal elements are real and larger than ����� then kI��Ak� � ���
�
A��
Similarly� the logarithmic norm subordinate to the l��norm reads�


�
A� � max
j

�
ajj� �X
i��i

jaijj
�
� 
��������

Proof� First note that� if a � C then� lim����
j���aj��

� � a� Set
si �

P
j�j ��i jaijj� By 
��������

kI � �Ak� � max
i

j� � �aiij� �si��

and hence

kI � �Ak� � �
�

� max
i

� j� � �aiij � �
�

� si

	
� max

i

aii � si��
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The second result then follows� for if �aii 
 �� �i� then
kI � �Ak� � max

i

� � �aii � �si� � � � �
�
A��

The expression for 
�
A� is derived in the same way�

The most important property of this concept is given in the following theorem
that will be proved in Sec� ������� and is useful for generalization to non�linear
systems 
Theorem �������� If you are impatient� please look ahead�

Theorem �������

The solutions of a pseudo�linear system�

du

dt
� J
t� u�u� r
t� u�� 
��������

satisfy the inequality�

dkuk
dt

� 

J
t� u��kuk� kr
t� u�k� 
��������

Let Dt be a convex domain in Rs� and assume that



J
t� w� � 
�
t�� kr
t� w�k � �
t�� �w � Dt�

Then� ku
t�k � 
t�� where 
t� is a solution of a single di�erential equation�

d

dt
� 
�
t� � �
t�� 
a� � ku
a�k 
��������

as long as the bound derived from this guarantees that u
t� � Dt�
If 
�� � are chosen to be independent of t� this leads exactly to the bounds

�������	� and the behavior of 
t� is illustrated by Fig� �������

Comments	

i� This theorem is formulated� and will be proved� for a general vector norm� and
its subordinate logarithmic norm� The bounds may become much sharper if
another norm than the max�norm is used� but we postpone such technicalities
to Sec� �������

ii� The fact that 
�������� leads exactly to same bound as the previous model
with discrete error sources illustrated by the staircase curve of Fig� ������
shows that we can just as well work with a continuous model for the

error propagation� with functions that interpolate the local error� the step
size etc� The continuous model is in several ways more convenient� and we
shall see in Sec� ���� that� with an amendment that takes into account the
numerical stability of the particular method� it also makes sense in more
general cases� such as multistep methods� sti problems etc� We recall the
assumptions previously made for the two methods mentioned so far� namely
that khf �
y�k� � ��
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We now prove some important properties of the logarithmic norm�

Theorem ������

The logarithmic norm has the following properties�

A� �kAk � 

A� � kAk�
B� 

�A� �B� � �

A� � �

B�� if � 
 �� � 
 ��

C� 

�A� �I� � �

A� ��� if � 
 �� � � C�

Proof� Statement A follows from the application of the triangle inequality to the
de�nition of 

A�� We then note that� for � 
 ��



�A� � lim
����

kI � ��Ak � �
�

� � lim
����

kI � 
���Ak � �

���

� �

A��

We can then� without loss of generality� put � � � � � in the rest of the proof� By
the triangle inequality�


I� �

�

A�B�




�� � 


�� 
I��A�� �
� 
I��B�




 � �

�

�

kI��Ak����
kI��Bk�����

Divide the �rst and the last expression by �
��� and let � � ��� and statement B

follows 
for � � � � ���
In order to prove statement C� we consider the identity�

k
� � ���
I � �A�k � � � j� � ��j
kI � �A�k � �� � 
j� � ��j � ���
After division by � and passage to the limit� the right hand side becomes 

A����
The left hand side can be written�

kI � ��I � �A� O
���k � � � kI � �
�I �A�k � � �O
����

where the triangle inequality was used in the last step� After division by � and
passage to the limit� this becomes 

�I �A��

Remark ������� Statement B is called subadditivity� The non�negativity of � and
�b is important� In general� 

�A� 	� �

A�� Actually� 

�A� 
 �

A�� since by
the subadditivity�



A� � 

�A� 
 

A �A� � ��

By induction� the subadditivity can be extended to any number of terms and� by a
passage to the limit� also to in�nite sums and integrals� In particular we have� for
the neighborhood average J
t� u� de�ned by ��������	�



J
t� u�� � 


�Z �

�
f �
y � �u�d�

	
�
Z �

�


f �
y � �u�d�� � max

f �
z���


��������
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where the domain of z is the line segment between y and y � u�

Next� we shall prove Theorem ������ and apply it in the derivation of an
inequality for a general nonlinear system of ODEs� Let u
t� be the solution of the
system�

du

dt
� J
t� u�u� r
t� u�� 
��������

Such a system is called �pseudo�linear�� since J
t� u� is a square matrix� the elements
of which may depend on u� By Taylor�s theorem�

u
t� h� � u
t� � hJ
t� u�u
t� � hr
t� u� � o
h�� 
h � ���

ku
t� h�k � k
I � hJ�u
t�k� hkrk� o
h� � kI � hJk � ku
t�k� hkrk� o
h��

Subtract ku
t�k from the �rst and the last side� and divide by h�

ku
t� h�k � ku
t�k
h

� kI � hJk � �
h

ku
t�k� krk� o
���

As h� ��� the left hand side tends to the right�hand derivative of ku
t�k� and we
obtain the result�

dkuk
dt

� 

J
t� u��kuk� kr
t� u�k� 
��������

It is assumed that Dt is a convex domain in Rs� such that for all w � Dt�



J
t� w�� � 
�
t�� kr
t� w�k � �
t�� 
��������

Then� by the Comparison Theorem of Sec� �������

ku
t�k � 
t��

where 
t� is the solution of the scalar dierential equation�

d

dt
� 
�
t� � �
t�� 
a� 
 ku
a�k� 
��������

as long as the bound derived from this guarantees that u
t� � Dt�
For example� if u
a� � � and if 
� and � do not depend on t� then 
t� �

�
t� t��� if 

� � �� and otherwise


t� �
�


�

e�

��t�t�� � ��� 
��������

i�e�� the same bounds as in 
��������

Theorem ��������

Let z 	 R� Rs be a known function that satis�es the di�erential inequality�

kz�
t�� f
z
t��k � �
t�� a � t � b� 
��������
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and let y
t� be a solution of the di�erential system�

dy

dt
� f
y� � �� a � t � b�

Assume that� for every t � �a� b�� there exists a real�valued function 
�
t�� and a
convex domain Dt � Rs that contains the point z
t�� such that



f �
y�� � 
�
t�� �y � Dt�

Then kz
t��y
t�k � 
t�� where 
t� is a solution of the scalar di�erential equation�

d

dt
� 
�
t� � �
t�� 
a� 
 kz
a�� y
a�k�

as long as fw 	 kw � z
t�k � 
t�g � Dt� t � �a� b�� i�e� as long as the bounds
obtained from this� e�g� 
��������� guarantee that y
t� stays in Dt�
�The union of the sets Dt is to be thought of as a hose or a French horn enclosing
the orbit�	

Proof� Set u
t� � z
t��y
t�� Note that we can write u�
t� � f
z
t���f
y
t��r
t��
where kr
t�k � �
t�� By Lemma �������

f
z
t�� � f
y
t�� �

Z �

�
f �
z
t� � �w�dw
z
t� � y
t�� � J
t� u
t��u
t��

By 
��������� 

J
t� u
t�� � maxy 

f �
y�� � 
�
t�� y � Dt� Hence� u
t� satis�es a
non�linear variational equation of the form� u�
t� � J
t� u�u� r
t�� where kr
t�k �
�
t�� The result then follows from Theorem �������

Theorem ������� is� for the sake of simplicity� formulated for an autonomous
system� It is� mutatis mutandis� valid also for a non�autonomous system y� �
f
t� y��

Theorem ��������

A� keAtk � e��A�t� if t 
 ��
B� The real part of an eigenvalue of A cannot exceed 

A��

C� kAuk 
 j

A�j kuk� if 

A� � ��

D� kA��k � j

A�j��� if 

A� � ��

Demonstration	 The system u� � Au has the solution u
t� � eAtu
��� Then�
by Theorem ������� keAtu
��k � e��A�tku
��k� if t 
 �� Since this is true for every
vector u
��� statement A follows�

In order to prove statement B� note that if Av � �v then keAvk � ke�vk �
e��kvk� Then� by statement A� e��A�kvk 
 keAvk � e��kvk� This proves statement
B�
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By the de�nition of the logarithmic norm� we have� as �� ���



A� 
 ku� �Auk � kuk
�kuk � o
�� 
 �kAukkuk � o
�� �u�

The triangle inequality was used in the last step� Statement C follows�
By the last formula�

�

A� � inf
u

kAuk
kuk � inf

v

kvk
kA��vk �

�

kA��k �

Since 

A� � �� this proves statement D� A completely dierent proof is indicated
by the hints of Problem � of Sec� �����

Review Questions

�� Explain� with an example� how a dierential equation of higher order can be
written as a system of �rst�order dierential equations�

�� De�ne local and global error� and explain with a �gure the error propagation
for a one�step method for a scalar dierential equation� What is meant by
order of accuracy�

�� 
a� Formulate the basic existence and uniqueness theorem for initial value
problems for the system y� � f
y�� Set up the iteration formula used in the
demonstration�


b� Demonstrate the existence and uniqueness theorem� What is the relation
between the Lipschitz constants of f
y� and the iteration operator�


c� Give a simple example of a dierential equation� where the solution escapes
to � in �nite time� Explain why this does not contradict the existence and
uniqueness theorem�


d� Show that the initial value problem dy�dt � y���� y
�� � �� has an in�nite
number of solutions� Explain why this does not contradict the existence and
uniqueness theorem�


e� What is a critical point p of an autonomous system y� � f
y�� Let p be a
critical point� Prove the following statement� under appropriate conditions	
If y
t�� � p � at some time t�� then y
t� � p for all times x�
Can an orbit reach a critical point in �nite time� if it is not there from the
beginning� 
Motivate the answer��

Hint	 Use the uniqueness theorem�

�� De�ne and derive the variational equation� and state a few results that can
be derived from it� In Example ������ 
Predator�Prey Problem�� it is stated
that �on a microscopic scale the mapping is approximately a�ne�� Explain
this statement� and give a motivation for it�
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	� 
a� Give the general de�nition of the logarithmic norm of a matrix�


b� Describe a formula or algorithm for the computation of the logarithmic
norm subordinate to the lp�norm� for p � �� ���� Derive it� assumed that the
corresponding formula or algorithm for the usual matrix norm is given�


c� Show that if u� � J
t�u�r
t�� t 
 a� then kuk�
t� � 

J
t��ku
t�k�kr
t�k�
Also show that ky
t�k � 
t�� where 
t� satis�es an ODE of the form
� � 
�
t� � r�
t�� Give the conditions that 
a�� 
�
t�� r�
t� satisfy� Solve
this equation� if 
� and r� are constant� and compute limt�� 
t�� Sketch
the behavior of 
t��


d� Generalize the previous question to an approximate bound for z
t�� y
t��
where y
t�� z
t�� satisfy the ODEs� y� � f
y�� z� � f
z� � r
t�� under ap�
propriate conditions that include the conditions of the previous question as
particular cases�


e� Tell �ve of the most important general properties of the logarithmic norm�
in particular the subadditivity�


f� Let 

�� be the logarithmic norm subordinate to a vector norm k �k� De�ne
a new vector norm k � kT by the relation kyjT � kT��yk� and let 
T 
�� be the
subordinate logarithmic norm� What is the relationship between 
T 
�� and


���

Problems

�� Rewrite the system

y�� � t� � y� � z��

z�� � t � z� � y��

with initial conditions y
�� � �� y�
�� � �� z
�� � �� z�
�� � �� as an initial
value problem for a system of �rst�order equations�

�� 
a� Find the general solution to the dierential equation y� � y�t� Where
is the Lipschitz condition not satis�ed� Study the behavior of orbits in the
neighborhood of such singular points�
Also study the system y�� � y�� y�� � y�� Note that the singular point of the
single dierential equation corresponds to a critical point of the system�


b� Study in a similar way the dierential equation y� � at�y� and the system
y�� � ay�� y

�
� � y�� How does the character of the solution manifold depend

on the parameter a�

�� 
C� Moler� personal communication�� Consider the initial value problem�

dy�dt �
p
�� y�� y
�� � �� Show that the Lipschitz condition is not satis�ed

at y � �� but nevertheless the problem has a unique real solution for positive
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values of t� namely	

y
t� �

�
sin t� if � � t � �

�� �
�� if t � �

���

Hint	 Derive contradictions from the assumptions that y
t� � � or y
t� � �
for some t � �

���

�� 
a� Study the dierential equation� y� � �� � �sgn
y�� with initial condition
y
�� � �� If we insist on the convention that sgn
�� � �� show that there is no
solution for t � �

� � Why does not this contradict the existence and uniqueness
theorem�
Find out� with paper and pencil or with a computer� what happens if you
apply Euler�s method with constant step size to this equation�


b� This problem is related to the study of the motion of particle in a slope
with Coulomb friction 
dry friction��
Notations	 the friction coe�cient is �� the angle between the plane and the
horizontal plane is �� � � � � ���� and the acceleration of gravity is g�
Let the velocity at time t be v
t�� v
�� � � is given� The positive direction is
uphill� The equation of motion then reads	

dv

dt
�

�
�� if v � � and � 
 tan
���
�g sin
��� �g cos
��sgn
v�� otherwise�

Is it true that this problem has precisely one solution for all t � ��
What value is implicitly given to sgn
�� in this formulation�
For what relation between � and � can we obtain the initial value problem in

a� after appropriate rescaling of v and t�

Note	 For the sake of simplicity� we ignored the distinction between the friction
coe�cients at rest and at motion� Also note that the particle reaches a critical
point in �nite time� According to the comments after Theorem ������ this
would have been impossible for a system that satis�es a Lipschitz condition
everywhere�

	� Sometimes the perturbations grow much faster than the exact solution itself�
Verify that the problem y� � y��t�y� y
�� � �� has the solution y �

p
�t� ��

Show by the linearized variational equation that a small perturbation at t �
� will be ampli�ed by the factor e�t�

p
�t� �� Compare the growth of the

perturbations and the growth of the solution over the interval 
�� ���� 
See
Computer Exercise ���


� 
a� Four of the orbits in Fig� ������ seem to be envelopes of families of straight
lines� Explain this observation�


b� Determine theoretically the speed of the rotation and shrinking of the
squares in the �gure� and make� for comparison� some measurements in the
�gure�

�� Let y
t� be the solution of the initial value problem y� � t� � y�� y
�� � ��
Show that the solution is still �nite at t � ����� by comparing y
t� with a
solution of the dierential equation� z� � a� � z�� for some suitable choice
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of a� Also show theoretically that y
t� becomes in�nite before t � �� 
The
numerical determination of the point where y
t� was requested in computer
exercise ��������

�� A study of a population subject to competition 
crowding� and toxines� 
Ex�
tension of a model treated in Klamkin ��� ����� p�������
Let u
t�� v
t� be� respectively� the size of a population and the amount of
toxines at the time t� Assume that the dierence r
u� between the birth
rate and the death rate� due to other causes than the toxines� is of the form
r
u� � k� � k�u� like in the logistic model 
which is a particular case of this
problem��
Furthermore� assume that k�uv individuals are killed� per unit of time� by
toxines in the environment� These toxines are produced by the population�
and assume that the amount produced per unit of time is k�u� Finally� assume
that that the toxines have a spontaneous exponential decay� All parameters
are non�negative� This leads to equations of the form

u� � 
k� � k�u�u� k�uv� v� � k�u� k	v�


a� Reduce the number of parameters from � to � by scaling t� u� v� i�e� set
t � lx� u � my�� v � ny�� so that we obtain a dierential system of the form

y�� � y� � y�� � ay�y�� y�� � y� � by�� 
��������

Express a� b� l� m� n in terms of the original parameters� See also Computer
Exercise �������


b� Investigate the critical points and their stability� if a � �� b 
 �� in
particular the limits as t���

c� Is it true that� with this model� neither y� nor y� can become negative� if
the initial values are positive� Assume that y�
�� is a small positive number
and that y�
�� � �� Find an upper bound for y��

� Compute exp
kAk�� and exp

�
A�� for

A �

���� �
� ���

	
�

Let y
t� be the solution of an equation of the form y� � Ay � r
t�� y
�� � ��
where kr
t�k� � �� Find a constant c such that ky
t�k� � c for all positive
t�

��� Show the following relations	

k
I � hJ���k � 
� � 

hJ����� if 

hJ� � ��

k
A � zI���k � 
z � 

A����� if z � 

A��
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��� There are several alternative de�nitions of the logarithmic norm� some of which
are better suited for a generalization to semibounded operators in in�nite�
dimensional spaces� Show that 

A� is equal to the limits of the following
expressions�

k
I � �A���k � �
�

� 
� � ��� kA� kIk � k� 
k����

Use the second expression in an alternative derivation of Theorem ������	 set
u � e�ktv� derive a dierential inequality for kvk� then return to kuk� Show
that the inequality becomes sharpest in the limit� k���

��� 
a� Set �
t�A� � t�� ln keAtk� Show that 

A� � limt	� �
t�A� � supt�� �
t�A��
What happens to �
t�A�� as t � �� and what is inft�� �
t�A�� 
Compare
Problem � of Sec� ������


b� Discuss the analogous questions for t � �� t � �� and t����
��� 
a� Assume that all solutions of the linear system u� � A
t�u satisfy the in�

equality ku
t�k � c�ku
x�k �t 
 a� �x � 
a� t�� Let U 
t� be the fundamental
matrix solution of this linear system� see 
�������� and Theorem ������� Show
that kU 
t�U 
x���k � c��


b� Assume that B
t� u� is a matrix�valued function such that kB
t� u�k �
c�� �t 
 a if kuk � c�
t�� Then show that all solutions of the pseudo�linear
system u� �

�
A
t� �B
t� u�

�
u satisfy the inequality�

ku
t�k � c�ku
a�k� c�

Z t

a

c�ku
x�kdx�

as long as this inequality implies that ku
t�k � c�
t�� Generalize to the case
when c� is allowed to depend on t�


b� The Gronwall�Bellman Lemma�	 Let g
t� be a dierentiable function�
and let k
t� be a continuous function� such that k
t� 
 �� �t 
 a� and set

K
t� �
R t
a k
x�dx� Assume that a continuous function y
t� for t 
 a satis�es

the inequality

y
t� � g
t� �

Z t

a

k
x�y
x�dx� 
��������

Show that

y
t� � g
t� �

Z t

a

k
x�g
x�eK�t��K�x�dx�

Show that if k
t� � k � �� g
t� � g are constant and a � �� then y
t� � gekt�
Apply the result to �nd a bound for ku
t�k in Problem 
a��

Hint	 Let w
t� be the solution of the integral equation obtained when the in�
equality in 
�������� is replaced by an equality� Note that w
t� is the solution
of the dierential equation w�
t� � g�
t� � k
t�w
t�� w
a� � g
a�� Solve this
dierential equation by the formula of Theorem ������ and integrate the result
by parts�

Note	 This lemma gives an alternative approach� to some of the questions
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treated by the logarithmic norm technique in this book� sometimes with
stronger results� On the other hand� the restriction to non�negative func�
tions k
t� is not needed in the logarithmic norm technique� An analogous
result for dierence equations is given as a problem of Sec� �����

Computer Execrcises

�� Write a program for Runge�s �nd order method� according to Example ������
or with some other level of ambition� It is good� if it can be used to treat most
of the computer exercises below� They are non�sti� problems� With a possible
exception for the last exercise 
Arenstorf�s equation� you can obtain results
matching the resolution of the screen with rather short computing time on a
personal computer�

The program should be convenient to apply to e�g� dierent initial condi�
tions� dierent values of TOL� and to dierent values of a small number 
e�g�
three� of parameters of the dierential system� The program should be able
to provide output in numerical and� if possible� also in graphical form� The
numerical output should be stored in such a form that it can be processed
further outside the program� e�g� for interpolation 
in order to obtain a neat
table� or for �nding intersections of the orbit with some curve� or for the study
of the step size sequence� It was pointed out in Example ����� that linear in�
terpolation is su�cient for this purpose�

Read the texts of the exercises below in order to �nd hints about what should
be included in a program to be used not only for the demonstration of the
orbits� but also for the experimental study of a numerical method for ODEs�
Distinguish between what can be done in the general part and what should be
done in problem dependent parts of your program� and think of the communi�
cation between them�

Think also of convenient program tools for the input of the parameters of the
problem and the method� for the interaction during a run� and for the post�
processing of results that the program has produced� Concerning the input	 it
is convenient to have a prepared set of default values of the input data� which
can be overwritten by an input from the keyboard or by a driver program�
The details will depend on your choice of language and the possibilities for
interaction�

Note that a rough guess of the size of the �rst step is needed� The step size
control will usually soon �nd a suitable step size� even if the guess is o by
several powers of ten� The program sketched in Example ������ usually �nds
a good step size faster� if the guess is too large than if it is too small�

We suggest that the program should be able to work in the following four
modes	


i� Automatic step size control� according to Sec� ����


ii� Constant step size
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iii� According to a prescribed sequence of times t�� t�� t�� � � � � usually ob�
tained from a previous run� 
This is useful when you are interested in dif�
ferences between solutions with small changes of parameters or initial values�
See also comments after Theorem ��������


iv� Every time step de�ned by the sequence t�� t�� t�� � � � is divided into two
steps of equal length� 
This is useful for the estimation of the global error�
when the exact solution is not known� and for the improvement of the results
afterwards by Richardson extrapolation� This yields �rd order accuracy�

It is in most cases suitable to begin with TOL � ����� You can then judge� for
what accuracy you will still get a reasonable computing time and a reasonable
size of the output to be used at the post�processing�
You may also obtain good hints by looking at other codes for ODEs� e�g�� those
contained in Hairer et al� ��� ����� Run also some of the computer exercises
of this chapter with some professional package� such as LSODE� EPISODE�
DIFEX� or DEABM� They are described in Hairer et al� ��� ����� p���� ���

�� Write a code for the equation of Example ������� i�e� y� � �my����m�
y
�� � ��


a� Run the program for m � �
� from t � � to t � ����� with two dierent

tolerances� Plot log y� logh� N 
t����� and the logarithm of the relative error�
divided by TOL� versus log t Compare the plotted quantities with the values
predicted in Example �������


b� Run also the case m � � with similar output over a longer time� Auto�
matic interrupt when y � ���� TOL� Will the step size ever be restricted by
numerical instability�

�� Consider systems of the form y� � Ay� y
�� � c� where A is a constant �� �
matrix� Run a few cases� including the following	


a� Run �the circle test� with Runge�s �nd order method� It is written in
Problem �������c as a scalar complex equation� z� � iz� z
�� � �� If your
program can handle complex variables conveniently� you may run it in this
form� but you can also transform it to an equivalent real system of the form
y� � Ay� Determine by some combination of experimental and theoretical
work� how small the tolerance and the step size have to be� in order that the
circle should not be �thick� on your screen� even after �� revolutions� Run
it also with a larger tolerance� so that it becomes thick after two or three
revolutions� Does it spiral inwards or outwards� when it has become �thick� �
Compare your experiment with the theoretical analysis of Problem ��c� Is it
true that the thickness depends much more on the linear interpolation used in
the graphics than on the truncation error of the method� Do your numerical
results in your �le �spiral� in the same way 
outwards or inwards� as the curve
you see on your screen�
Perform the circle test also for Euler�s method� and compare with the theo�
retical results of Problem �������c�


b� Reproduce Fig� ������� This equation can also be written as a scalar com�
plex equation� Notice that you can run all the �� curves by a for�loop in the
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�function�� This gives you a system of �� complex equations or �� real equa�
tions� Can you handle the output from such a big system� or do you prefer to
cut it into smaller pieces�


c� Consider the system y�� � y�� y�� � y�� 
This cannot be written as a scalar
complex equation�� Show that the orbits are hyperbolas of the form y���y�� � c�
Run a few cases with initial conditions of the form y�
�� � ��� y�
�� � �� 	
and y�
�� � �� � 	� y�
�� � �� where � � 	 � �� Take e�g� 	 � ����� and
	 � �����
Look at the orbits on the screen� One of the asymptotes seems to be �attrac�
tive� and the other is �repulsive�� Explain why�
Look at the numerical output� Make a conjecture about how the shortest
distance from the origin depends on 	� � � 	 � ��
Prove the conjecture�

�� Run the shot problem� described in Sec� ���� Reproduce Fig� ������ Take
TOL � ���	 and another tolerance� Interrupt after that y has become neg�
ative for the �rst time� Use linear inverse interpolation to �nd the landing
point� Compare the accuracy and the number of function evaluations with
the results given in Sec� ��� with and without Richardson extrapolation�
This particular problem can be run e�ciently with constant step size� Run
it also with two dierent step sizes and make Richardson h��extrapolation of
the landing point� 
Alternatively� do this with variable step size according to
mode 
iv� described in Exercise ���

Note	 The interpolation error depends of the location of the point within the
step� A consequence is that the error of a value obtained by linear 
inverse�
interpolation may not show the same proportionality to TOL or h� as the
errors at the points primarily computed by the integration routine� This can
be overcome by the use of higher order 
inverse� interpolation�

	� 
a� Run the Predator�Prey problem as in Example ������� with TOL 
or a
constant step size� chosen so that the curves 
see Fig� ������� become closed
curves to the accuracy of your screen� Determine the periods�


b� Make a second run� and apply Richardson extrapolation to improve the
estimates of the periods� 
See the Note of Exercise ���


c� A modi�ed Lotka�Volterra model reads

y�� � 
a� �y� � by��y�� y�� � 
�c � dy��y��

Choose 
say� �� ���� and run it with the same parameters and initial values
as before� Note that the qualitative character of the orbits changes a lot�


� The solution of the dierential equation y� � t��y�� y
�� � � tends to in�nity
at t � a� where a is to be determined to 
say� � or � decimal places� 
See also
Problem �������


a� Set y � ��u� and solve the dierential equation for u numerically� Inter�
rupt when u has become negative� and determine a by inverse interpolation�


b� In a more complicated context the kind of transformation suggested in

a� may be impractical� and we shall therefore see what can be done with a



dqbj
�����
page �

����� Control of Step Size and Numerical Stability ��

more direct approach to the original equation and an appropriate termination
criterion�
One criterion of a general nature is to stop when tn�� � tn in the computer�
This criterion is worthwhile to have in the program� together with some suit�
able message� also for many other reasons� Determine how many steps it
needs� for various tolerances� How well is a determined� How big is y when
it stops�
Another idea is to use Aitken extrapolation of the sequence tn� Stop when two
successive extrapolated values dier by some fraction of TOL� 
The fraction
is to be tuned�� Determine how many steps it needs for various tolerances�
and how well a is determined� Does the cancellation in the denominator of the
Aitken formula cause trouble� If the idea works well� try to give some theo�
retical support for it� for example on the basis of the theoretical step control
strategy�


c� Make some experiments� in order to see� if the two strategies described in

b� work for other equations of the form y� � t� � yc� y
�� � �� 
c � �� not
necessarily an integer��

�� The numerical solution of the dierential equation dy�dt � f
t� may be a
practical way to perform numerical quadrature� due to the well developed
techniques for the automatic control of stepsize in the packages for solving
ODEs� Test your program� and some more professional package� on the com�
putation of the slowly convergent integralZ �

�


t� � t� � ������ dt�

to 
say� � decimal places� and make a graph or a table that shows the variation
with t of the step size and the number of steps� Is it true that the latter grows
like a� b log t� for t� ��
Decide yourself to what extent one or two terms of an expansion like the one
in Example ����� are useful for large t� e�g�� in order to determine when to
stop� How do you choose the tolerance and estimate the error� 
See computer
exercise � of this section� suggestion 
iv���

���� Control of Step Size and Numerical Stability

In applied mathematics� a theoretical study of a continuous model of a system with
discrete structure� is often easier than a direct approach to the original discrete
problem� the study of error propagation is one example of this� In Sec� ������ the
error propagation in the numerical treatment of a single dierential equation by a
one�step method was treated by a direct discrete approach� although eventually a
sum was approximated by an integral� The result is the approximate bound 
��������
illustrated in Fig� ������� Later the same type of bound was obtained in Theorem
������� see 
��������� for the change of the solution of a dierential system caused
by a continuous perturbation function r
t� u�� indicating that such a function can
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be used as a model for the sequence of error pulses� This is� however� not the whole
truth� Unless ceratin restrictions are satis�ed� the error propagation mechanism of
the numerical compuatations can namely be rather dierent from this mechanism of
the dierential system itself� for which the 
exact� variational dierential equation
tells the story�

For one�step methods we assume to begin with that

khf �
y�k� � �� 
�������

In Sec� ���� we shall derive the same continuous model for error propagation in a
dierent way for the study of multistep methods� For them we have to add the
requirement that they be strongly zero�stable 
see Def� �������� a condition that is
automatically satis�ed by consistent one�step methods�

For some numerical methods condition 
������� can be relaxed considerably
and this opens the gate for the e�cient application to an important class of dier�
ential systems called sti�� This encourages a further development in Sec� ������ of
the continuous model to include other important features of practical computation�
The results in Theorem ������ and Fig� ������ have the same simple structure as

������� and Fig� ������� but a more realistic interpretation�

An introduction to numerical stability is given in Sec� ������� Implicit and
linearly implicit methods with applications to sti and dieretial�algebraic systems�
will be discussed in Sec� �������

������ Scale Functions and Step Size Control

The automatic control of step size is an important issue in the numerical treatment
of ODEs� Unfortunately� in many cases� the assumptions used in the derivation of

�������� lead to a rather ine�cient step size sequence� We shall now modify the
assumptions in a more useful way� and derive results of the same simple structure
as 
�������� Fig� ������ and Theorem ������� but the interpretation is more general�
It just means rather simple transformations of the variables t and u in 
�������� and
the results of the theorem�

Practical problems often contain the following two complications	
A� Time steps of very dierent orders of magnitude may be needed in dierent

parts of the orbit� We shall therefore introduce a function � 
t� that describes a
local time scale of the motion� This is in the same spirit as many notions in other
branches of Applied Mathematics� such as halving time� half width etc� Roughly
speaking� the local time scale of a function should be the length of an interval around
t� where the value of the function changes notably� To begin with� let � 
t� be any
positive� piecewise continuous function� We then de�ne a function �
t�� called the
age of the motion� that measures small increments of time in the local time scale�
i�e�

�
t� �

Z t

a

dx

� 
x�
� 
�������

B� The size of dierent components of y
t� can dier by several orders of
magnitude� and an individual component can vary by several orders of magnitude
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along an orbit� So we need another scale function too� a diagonal scaling matrix
S
t� for measuring errors etc�� The request for accuracy may be in terms of relative
accuracy for each component� Sometimes it can be rather expensive to obtain high
relative accuracy for example near a point� where a component is zero� In some
problems high relative accuracy may be necessary also in such cases� but in other
problems it is not� and the computer should be able to take advantage of this�
In some packages� the user can� for each component yi� give a non�negative scale
factor si 
or accept a default value given by the program� that de�nes a breakpoint	
relative accuracy is requested when jyij � si and absolute accuracy is requested
when jyij � si� The non�zero elements of the diagonal matrix S
t� are de�ned thus�

Si
t� � max
jyi
t�j� si�� i � �� �� �� ���� s� 
�������

Note that requests for either pure relative or pure absolute accuracy comes as par�
ticular cases� with appropriate choice of the factors si� The exact formulation of
all this may vary between implementations� which is also the case for several other
details of this discussion� The general strategy described here has been applied in
several programs by one of the authors�

If u
t� is the absolute global error� then the scaled global error v
t� 
or the
�mixed absolute�relative� error� is de�ned by the equation�

S
t�v
t� � u
t�� 
�������

and similarly for the local error vector� Let l
t� be an estimate of the absolute
local error vector in the time step that leads to t� Our theoretical step control

strategy is to determine the step size h
t� so that

kS
t���l
t�k� 
t��h
t� � TOL� 
�������

where TOL is a tolerance to be given by the user� For most methods l
t� is approx�
imately proportional to hp�� 
at a given point t�� where p is called the order of
accuracy� or order of consistency� of the method� 
The order of consistency be�
comes the order of accuracy� if the method is numerically stable�� We can therefore
write the relation 
������� in the form�

ahp � ��

Let h� be the step size just used� If ah
p
� � �� the step is to be recomputed with step

size
h � h� � 
ahp�����p�

otherwise the step is accepted� and this value� divided by a safety factor� is suggested
for the size of the next step� The safety factor is to be tuned by the implementer�
It accounts for some approximations used in the error estimate and� above all� for
the fact that the value is based on information from the past� while it is to be used
for the step size of the near future�

Now we return to the continuous model for error propagation� Introduce the
scaled error vector v and the age � into 
��������� i�e�

u � Sv� dt � �d�� r
t� � l
t��h
t��
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d
Sv�

d�
� � 
JSv � l�h��

Since d
Sv��d� � Sdv�d� � 
�dS�dt�v� we obtain�

dv

d�
� �

�
S��JS � S��

dS

dt

	
v �

�

h
S��l� 
�������

This equation has the same structure as equation 
��������� By 
�������� the norm
of the last term is approximately equal to TOL or a little smaller� So� we have the
following consequence of Theorem ������	

Theorem �������

Let S
t� be the scale function de�ned by �������	� and let the step size control
be de�ned by �������	� i�e� the error per local unit of time should be approximately
equal to TOL� The age � of the motion is de�ned by �������	� Assume that in a
neighborhood D of the orbit�

�

�
S��f �
y�S � S��dS�dt

�
� 
�� 
�������

Then� at age �� the norm of the scaled global error� v
��� does not exceed g
��� where

dg

d�
� 
�g � TOL� g
�� � kv
��k � kS��u
��k� 
�������

Hence

kv
��k � kv
��ke��� �
�
TOL�� if 
� � ��
TOL
�� 
e�

�� � ��� if 
� 	� ��� 
�������

In particular� if 
� � �� then kv
��k � g
����TOL�
�� as � ���

If needed� this result can be applied with piece�wise constant 
� with the age
measured from the most recent breakpoint� So we have the same situation as in
Fig� ������ and 
�������� but it allows more general interpretations	

�� The errors are scaled by a diagonal matrix S
t�� which allows also �mixed
absolute�relative errors��

�� The independent variable is the age � instead of the ordinary time t�

�� 
� is de�ned by 
�������� It is usually more reasonable to assume a uniformly
valid bound for �J than for J itself� provided that the local time scale has
been adequately de�ned�

Up to this point the results are valid for any positive function � 
t�� Now we
shall specify the notion of local timescale more� and see that it can be quite easy to
apply in practice� Assume that we work with a numerical method of order p� There
are two alternative natural de�nitions of � 
t�� Set

am
t� � kS��y�m�
t�k� 
��������
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Figure ������� Scaled global error divided by TOL versus age for 
� �
�������� ��

We use approximate equality here� since some sort of averages must be used in
order to avoid nuisance with zeros of the mth derivative� In practice this nuisance
is diminished also by a moderation our general strategy by a bound for the ratios
of two consecutive step sizes� which is suitable also for other reasons� The two
de�nitions are as follows� where q stands for quotient� and r stands for root�

�q
t� y� p� � ap
t��ap��
t�� �r
t� y� p� � ap
t�
���p� 
��������

or shorter	 �q
t� � ap
t��ap��
t�� �r
t� � ap
t����p� The �dimension� of both
measures is �time��

For several methods� e�g� linear multistep methods� the local error in a step
is� approximately�

l
t� � cph
p��y�p���
t�� 
��������

where p is the order of accuracy� and cp is called the error constant of the method�
We now use �q� By 
���������

TOL � kS��l
t�k�q
t��h
t� � kcphpS��y�p�
t�k � cph
pap
t� � cp
h��r�

p�

��������

In practice� the derivatives are approximated by �nite dierences� By the way� this
also reduces the risk for the nuisance mentioned above� The expression on the right
hand side of 
�������� is even easier to to compute than l
t�� and it demands less
storage� The program does not need to estimate the local time scale explicitly�

Theorem �������

Assume that equation ��������	 is approximately valid� and set

k � jTOL�cpj��p�
Let �r
t� be the age function de�ned by �������	 with � 
t� � �r
t�� and let N 
t�
be the number of steps needed for the interval �a� t�� with the step control strategy
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described above� Then

h
t� � �r
t�k� N 
t� � �r
t��k�

Proof� By 
���������
TOL � jcpj jh��rjp�

This proves the �rst relation� We use this to establish the second relation	

N 
t� �
X
xi�t

h
xi�

h
xi�
�
Z t

a

dx

�r
x�k
�

�r
t�

k
�

Comment	 Typical values of k are between ���� and ��� times the number of
function evaluations in a step� if p is adequately chosen for the accuracy requested�
a higher value of p when high accuracy is requested� For Runge�s �nd order method
���� � k � p

�TOL � ��� roughly means that � ���
 � TOL � � ���� is an
adequate range for TOL� For problems of moderate size the method can well be
used for smaller tolerances� if no higher order method is conveniently available�

In the �����s there was a lively discussion whether to compare the tolerance
with the local error per step or the local error per unit of time� Our strategy gives
a kind of Solomonic answer	 we use the local error per unit of time in the local time
scale��q
t��� Formally this sounds like accepting the second opinion� but one can
show 
Problem ��� that

kS��l
t�k � TOLjTOL�cpj��p�r
t���q
t��

So� if �r
t���q
t� is constant during a motion� this strategy gives the scaled local error
per step a constant norm along an orbit� That sounds more like accepting the �rst
opinion� If relative error is requested� it can be shown 
Problem ��� that �r
t���q
t�
is indeed constant� if y
t� is an exponential or a power� but it is usually not exactly
like that�

Typically� �r
t���q
t� �uctuates between rather moderate bounds� and these
measures of local timescale usually do not depend heavily on p either� if 
say�
� � k � �� These notion have no high precision� but they are useful for decision�
The notions of age and local timescale describe features of a motion that are related
to� respectively� the amount of work and the step size needed in the numerical
simulation� The role of the tolerance is concentrated in the constant k�and so is� to
a large extent� also the dependence of the numerical method�

Example �������

Fig� ������ shows� for p � � and p � �� the functions �q� �r� �r� �q for a linear
system y� � Ay� Here� A � T T��� where  � diag
������������������ and T
is a random ��� matrix� i�e� the elements are independent random numbers in the
interval ������ and y
�� is a random vector� Note the sharp plateaus� when �q
t� has
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Figure ������� The functions �q� �r� �r� �q for p � �� and p � ��

reached the reciprocals of the eigenvalues of �A� also called the time constants
of the system� This happens� approximately at t � �� ���� �� ��� a little earlier
for p � � than for p � ��

The curves for �r
t� show a smoother transition between the levels� This is
quite natural� since �r
t� is the geometric average of the �rst p functions �q
t��

Another interesting feature of this example is that the local time scale of the
motion is much larger than the smallest time constant of the system� when t is
large� They become� respectively� �� and ����� When this happens one says that
the motion has become sti�� A problem is said to be sti�� if there is a time interval�
where the motion is sti�

The increase of the local time scale is explained by the following decompo�
sition of the solution y
t�� Here tj is a column of the matrix T � i�e� the eigen�
vector of A belonging to the eigenvalue �j � and �j is a component of the vector
T��y
��� j � �� �� � � � � s� 
s � ��� By 
�������� and 
��������� y
t� � exp
At�y
�� �
T exp
 t�T��y
��� and

y
t� �
sX

j��

�jtj exp
�jt� 
��������

The term with �j � ���� dies out at about t � ���� 
say�� Similarly� the term with
�j � ��� dies out at about t � ���� etc�� Roughly speaking� the local time scale is
determined by the fastest of those terms which have not yet died out�

The decomposition 
�������� is valid and interesting for general diagonalizable
matrices� and our discussion can be extended also to ODEs with complex eigenval�
ues� In that case� either the real part or the modulus of an eigenvalue is relevant�
depending on the context�

A linear system with constant coe�cients was considered in the example�
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The concepts introduced are most relevant in discussions of what happens to small
disturbances 
errors�� Therefore the natural generalization of the concept of time
constants to a non�linear problem is related to the variational equation 
��������
Natural candidates to the name of time constants at a given time are then the
reciprocals of the eigenvalues of the Jacobian� The smallest time constant can often
be estimated by the reciprocal of some norm of the Jacobian� which is often time�
dependent� So� we must talk about a local time constant in the de�nition of
sti�ness in a non�linear problem� This is a useful generalization� although the
usage of this terminology must be taken with a grain of salt� unless the time scale
of the variation of the local time constants is much larger than the time constants
themselves�

Sti problems is an important class of problems� that requires special numeri�
cal methods� else the time step will become much shorter than the one predicted by
Theorem ������� A sti motion is namely surrounded by other solutions to the same
system� for which the local time scale is more like the smallest time constant� The
numerical method must have good stability properties� in order that the motion
should not be kicked out to one of those tracks� where a much smaller step size is
required� We shall return to this question� �rst in Example �������

The curves of the previous example were obtained by computer� with the
use of the exact solutions of the ODEs� Simple examples that can be treated by
analytic methods also provide insight about how the theoretical step control works�
and about the relation of the global error to the tolerance in dierent situations� In
the following two examples� we set the safety factor � � �� and deal with the exact
derivatives of the solution along the exact motion�

Example �������

The dierential equation�

y� � �my����m � y
�� � �� 
m � ���

has the solution� y
t� � t�m� Note that


���py�p�
t� � m
m � ��
m � �����
m� p� ��t�m�p� 
��������

so that

�q
t� � t�bq� bq � p�m�

�r
t� � t�br� br �
�
m
m � ��
m � �����
m� p� ��

���p
�

Hence �
t� � b ln
t�� with b � bq or b � br� In this example� �r
t���q
t� is constant�
so the scaled local error will be constant during the motion� 
 Actually� � � bq�br �
�� for ��� � m � ��� By Theorem �������

h
t� � kt�br� N 
t� � br ln
t��k� k � jTOL�cpj��p�
Notice that the step size grows proportionally to time� The values of p� cp and k
depend on the particular numerical method� We have



J
t�� � f �
y
t�� � �
m � ��y��m � �
m � ���t�
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We request relative accuracy� i�e� S
t� � y
t� � t�m� Since S��JS � J � we then
obtain�

J � S��
dS

dt
� �m � �

t
�

m

t
� ��

t
�

Then� by 
�������� we can choose 
� � max
��q
t��t� � ���bq� By Theorem �������
or Fig� ������� the estimated norm of the relative global error� v
��� will grow like
�TOL� to begin with� 
if there is no initial error�� and then it converges towards
bqTOL� Hence the absolute error bound tends to zero like bqt

�mTOL�
With constant step size h � h
�� the number of steps needed are to reach t

is hence 
t � ��� ln
t� times as large as with our theoretical step control strategy�
For example� for t � ��	� wehave
t � ��� ln
t� � ���� Note that this conclusion is
independent of m� p� cp and TOL�

The case with m � �
� � i�e� y� � ��

�y
� with exact solution y
t� � t����� was

run for three dierent values of TOL� with a program� using Runge�s �nd order
method 
p � �� is used with cp � ���� We set TOL� � TOL����� where ��� is the
safety factor used in the method� The row named �theor��� is calculated according
to formulas above�

TOL rel�err�TOL� N 
��	� N 
��	�
p
TOL�

� � ���	 ���� ��� ����

���	 ���� ��� ����
�
	 � ���	 ���� ��� ����

theor� ���� ����

The deviation of the values of rel�err�TOL� from ��� is mainly due to the
simpli�ed error estimate used in the program� In this example the error is smaller
than expected� In other problems it can instead be a few times larger than expected�

Example �������

Consider the dierential equation�

y� � �y� y
�� � �� 
� � R��

The solution is y
t� � exp
�t�� and hence y�p�
t� � �py� Set S
t� � max
y
t�� �������
As long as �t � ln
������ � ����� we have y
t� � ������ By 
�������� and 
��������

S
t� � y
t�� �q
t� � �r
t� � ��j�j� � � j�tj� 
� � j�j��
� � �� � ��

Then� by Theorem ������� the relative error does not exceed g
��� where dg�d� �
TOL� g
�� � ��� i�e�� g
�� � TOL� � TOLj�tj� for any �� Therefore�

jAbsolute error boundj � TOLj�tj exp
�t�� 
��������

By Theorem ������� j�hj � jTOL�cpj��p� i�e�� the step size is constant�
Nothing more is to be said about the case � 
 �� So� now we assume that

� � �� By Eqn� 
��������� the bound for the absolute global error has a maximum
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equal to TOL�e� when � � j�tj � �� and it decreases then towards ������TOL at
� � ����

For � � ���� we have instead�

S
t� � ������ �q � ��j�j� 
� � ��q � ��� �r � 
�����e
����p�j�j�

Now g
�� � the absolute error bound divided by ������ 
������� becomes�

dg�d� � �g � TOL�

So g � TOL� hence the absolute error bound decreases towards �����TOL� By
Theorem ������� the theoretical step size increases rapidly	

j�hj � j�����e�TOL�cpj��p�

If we had continued to use the relative error in the step size control� i�e� S
t� � y
t��
the step size would have remained constant� and the absolute error bound would
have converged towards zero� as t�� according to 
���������

The step size sequence becomes completely dierent for the almost equivalent
problem

y� � �
y � ��� y
�� � �� � � ��

with the solution y
t� � � � e�t� since the error relative to � � e�t is not the same
as the error relative to e�t�

The equation y� � �y� y
�� � �� t � ��� ���� was run with Runge�s �nd order
method similarly to the previous example� Relative error control was used over
the whole interval� As expected� this resulted in an almost constant stepsize� The
agreement with the theoretical values is almost perfect in this example� since the
local error estimate is almost perfect�

TOL rel�err�TOL� N 
��� N 
���
p
TOL�

� ���	 ���� ��� ����
���	 ���� ��� ����
�
	��

�	 ���� ���� ����
theor� �� ����

������ Introduction to Numerical Stability

So far� we have discussed a theoretical strategy for the step size control� With
a few modi�cations� this has been used in actual programs� and the actual step
size sequences are often close to those predicted by theoretical calculations like the
above 
when they can be done�� Some of the dierences between this theory and
practice are as follows	

A� Most programs put restrictions on the time step changes� 
A simple case
is seen in the program for Runge�s �nd order method outlined in Sec� �����
There are several reasons� It was mentioned above that a rapid change of the
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suggested step size may be due to a weakness of the error estimate� Another
reason is that the change of the step size causes some extra computation

�overhead costs��� so it may sometimes be better to keep it unchanged for a
while than to increase it by only a few per cent�

B� The local error of some numerical methods� e�g� the Runge�Kutta methods�
is not given by 
�������� that is the basis of Theorem ������� Nevertheless�
we shall in Sec� ���� consider the step size control of the �nd order method
introduced in Sec� ��� from this point of view� This is a simple example of a
strategy recently applied to several so�called embedded Runge�Kutta methods	
the step size control is here based on an estimate that is O
hp�� i�e� the order
of magnitude of the global error 
one of the essential features of our strategy��
Most old programs used an estimate of the local error� that is� O
hp���� in
their step size control�

C� When khf �
y�k� is not small� the error propagation in the numerical algorithm
can be very dierent from the error propagation in the dierential system�
Therefore� the choice of step size is� and should be� in�uenced by the numerical
stability properties of the numerical method� The rapid increase of the step
size in Example ������ for large values of �� when � � �� must therefore be
taken with a grain of salt� We shall see that for Euler�s method and other
methods that are not designed to handle sti� problems� see Example ������
above� the step size must be bounded by some multiple of the smallest time
constant of the system� This multiple depends on the particular method�
Sometimes this bound� which is independent of the tolerance� can be much
lower than the step size predicted by Theorem ������� If one attempts to solve
a sti problem by a method that is not suited for them� the largest allowed
step size will usually be found 
approximately� as a result of the step size
control� without any estimation of the time constants�

Example �������

We shall study the behavior of Euler�s method for a linear system� y� � Ay�
y
�� � c� where A is a constant� diagonalizable s�s matrix� We obtain the dierence
equation�

yn�� � 
I � hnA�yn� y� � c� 
��������

Assume that A can be diagonalized by a well conditioned transformation T � i�e��
T��AT �  � diag
�j�� If we set y � Tz� and d � T��c� then the dierential and
dierence equationsbecome� respectively

z� �  z� z
�� � d�

zn�� � 
I � hn �zn� z� � d�

Each of these vector equations falls apart into s scalar equations	

w� � �w� wn�� � 
� � hn��wn� 
��������
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where � � Spectrum
A�� and w � C� 
since even a real matrix can have complex
eigenvalues�� The initial value is unimportant to our discussion� For the sake of
simplicity� setw
�� � w� � �� Note that w
t� is proportional to the length of the
component of y
t� in the direction of the eigenvector belonging to the eigenvalue ��
Similarly for wn�

Let us now restrict the discussion to the case where A has a real negative
spectrum� e�g�� the matrix of Example ������� where the spectrum is f����������
�� � ���g� Note that if hn� � ��� the sequence fwng will have sign changes� in
spite that the exact solution w
t� has constant sign� It is even more remarkable
that although w
t� is exponentially decreasing� the inequality jwn��j � jwnj� holds
only if hn� 
 ��� Thus� the criterion for numerical stability for Euler�s method is�
in the case of real negative eigenvalues� that

h � hstab � �j�maxj��� 
��������

where j�maxj�� is the smallest time constant of the system If hn � hstab for all
n � n� 
say�� then jwnj grows exponentially� and after a few steps the sequence
fyng of Example ������ has very little in common with the exact solution y
t��

Actually� the same result happens to be valid also for Runge�s �nd order
method� 
For other useful methods the coe�cient � is to be replaced by some
other value�� We shall later see that there exist methods� where this coe
cient is
in�nite� i�e�� the step size is not restricted by the risk for numerical instability� But
there is a price for the use of them	 they are implicit� i�e�� the value of f
yn��� is
requested in the step� where yn�� is computed� So a system of linear or non�linear
equations is to be solved in every step� This increases the volume of computation
in a step considerably� unless the Jacobian matrix has special properties� In many
cases� however� this is more than compensated for by an enormous reduction of the
number of steps� More about this in Sec� �����

With the automatic control of step size the solution is� however� not likely to
grow inde�nitely� due to numerical instability� even if the method is not designed
to handle sti problems e�ciently� The step size control will instead restrict the
step size� Exactly what happens� depends on �ne details in the implementation of
the control� for example how sensitive the approximate error estimate is to pertur�
bations� We shall try to describe it in principle�

In the beginning� the step size is small� A smooth and accurate solution is
produced� If the motion becomes smoother as time goes by� the step size increases�
and it can happen that the stability criterion is violated during a few steps� The
error then grows� although it remains 
almost� on the tolerated level� The motion
is therefore kicked out a little to one of those tracks� mentioned at the end of
Example ������� where a smaller step size is requested� So� the step size is reduced�
so that a smooth solution is produced again� Soon� the step size increases again etc��
The whole cycle is repeated again and again� so that the step size �uctuates around
the bound hstab set by the stability criterion� The results are still reliable� Note that
this is achieved by a well designed step size control� without any estimation of the
time constants� The only disaster that happens� if the automatic step size control
is well designed� is that the time steps may become very short�
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At the time of writing the phenomena just described are still the subject of
a lively research� that has been timely reviewed by Hairer and Wanner ��� ������
Section IV���

For Euler�s method� p � �� cp � �� Theorem ������ predicts the theoretical
step size	 htheo � �TOL�r � The smallest time constant of the system of Exam�
ple ������ equals ����� and the local time scale is �r � t� Then� by 
���������
hstab � ����� The stepsize is therefore bounded by the stability property of Eu�
ler�s method� i�e�� h � hstab� when hstab � htheo� which in this case becomes
t � �����TOL� For Runge�s �nd order method� htheo �

p
�TOL�r is larger� while

hstab is the same� and hence the restriction of h due to the stability bound comes
earlier�

Example �����	�

Our program for Runge�s �nd order method 
essentially according to Sec� ����
was applied to the problem y� � ��y� y
�� � �� t � ��� ���� with S � max
������ jyj��
For TOL � ������ the �rst step size became h � ����� It then grew rapidly and at
about t � �� it became ��� that exceeds hstab � �� This shows that the �motion� has
become sti� The step size control then makes the the stepsize �uctuates between
��� and ���� The results are accurate enough� The relative error �uctuates about
��! around ���TOL� The whole computation was done in �� steps� Only � of
them needed recomputation�

For smaller tolerances the behavior was similar� but the violation of the sta�
bility condition was smaller� The relative error was close to TOL all the time� For
TOL � ���� less than ���! of the steps were rejected�

A message given by these examples� is that we have to distinguish between
intervals� where a motion is not sti and the step size can be predicted by Theo�
rem ������� and intervals where it is sti� and thestep size may be restricted by the
numerical stability properties of the method�

The reduction of the study of the linear system� y� � Ay� to the scalar equa�
tions� w� � �w� w � Spectrum
A�� which was done above for Euler�s method can be
done in the same way for most numerical methods for ODEs� The scalar equation�

y� � �y� � � C� 
��������

is therefore a widely used test equation for the study of the stability of numerical
methods� It turns out that the solution of the dierence equation produced by the
numerical method depends only on the dimensionless parameter combination �h�

De�nition �������

The stability region of a numerical method for the initial value problem
for ODEs is the set of complex numbers q � �h� such that the application of the
method with a constant step size h to the test equation y� � �y� produces a sequence
fyn
q�gthat is bounded as n�� � for any set of initial data�

Example �����
�



dqbj
�����
page �

�
 Chapter ��� Ordinary Differential Equations

Figure ������� Upper half of the stability regions for Euler�s method�
Runge�s �nd order method and Kutta�s Simpson�s rule ��th order� see Sec� ����	

By 
��������� the stability region of Euler�s method is determined by the in�
equality� j� � qj � �� It is therefore a disc of unit radius in the complex plane� with
center at ���

Example �������

When Runge�s �nd order method is applied with constant step size h to the
test equation y� � �y� we obtain the dierence equation

yn�� �
�
� � q �

�

�
q�
�
yn� 
q � �h��

hence the stability region is de�ned by the inequality j�� q� �
�q

�j � �� Its intersec�
tions with the real axis are at � and ��� just like Euler�s method� The veri�cation
of these statements is left as an exercise� See Fig� �������

Example �������

The method de�ned by the formula

yn�� � yn � hf
yn���� 
��������

is called the implicit Euler method or the backward Euler method� It is only �st
order accurate� but it has interesting stability properties� For the test equation� we
obtain the dierence equation yn�� � yn � qyn��� i�e�� yn�� � 
� � q���yn� The
stability region is therefore determined by the inequality j�� qj 
 �� It is therefore
the exterior of a disk of radius � and center at �� Note in particular that the whole
negative half�plane belongs to the stability region� The step size is therefore not
restricted by stability reasons� if the eigenvalues of the Jacobian have negative real
parts�
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On the other hand� S contains also a large part of the right half�plane� There�
fore� if the step size is too large in a problem where the 
exact� motion is unstable�
the computations may not indicate any instability� This can in some applications
be rather dangerous�

De�nition �������

A method is consistentwith y� � f
y�� if it integrates all di�erential equations
of the form y� � c � const� correctly� if the initial data are correct�

For example� Euler�s method and Runge�s �nd order method are consistent�
since for y� � c� they produce yn�� � yn � ch� So if yn � y
�� � nh they produce
yn�� � y
�� � 
n� ��h�

Below we give formal de�nitions of stability� Denote the stability region of a
method by S� We discuss only methods that with a su�cient number of in�data to
a step� produce a unique result 
yn���� provided that the step size is small enough�

The latter precaution is needed for implicit methods��

De�nition �����	�

A method is zero�stable� if � � S� A method is strongly zero�stable if�
for some 	 � �� S contains the closed disk with radius 	 and center at �	�
Set yn
�� � limq�� yn
q�� assumed that the limit exists�

A method is ��stable if the sequence fyn
��g is bounded as n� ���

A method is strongly ��stable if limn��� yn
�� � ��

A method is A�stable if S includes the left half�plane fq 	 q � �g�
A method is A
���stable� � � � � ���� if S includes the sector
fz 	 j arg
�z�j � �g�

A method that is not zero�stable will� in �oating point arithmetic� for almost
all well�conditioned initial value problems� produce solutions which quickly become
useless� no matter how the step size has been chosen� For several classes of methods�
it can be shown that� as h � �� the sequence fyngconverges on a �nite interval to
the solution of the dierential equation� for any dierential system that satis�es
very general conditions� if and only if the method is consistent and zero�stable� The
�general conditions� are roughly the same as the conditions assumed in the existence
and uniqueness Theorem given in the next section� Some results of this type will be
derived in Secs� ���� and ����� For more complete results� we refer to the excellent
monographs of Butcher ��� ����� and Hairer et al� ��� ������

The four stability concepts mentioned last are useful in order to �nd methods
which are useful for sti problems�

It is important to realize that the background to the test problem and the
stability region is a system of ODEs� Nobody is interested in integrating the test
equation itself with j�hj � � 
say�� These concepts give a helpful guidance in more
general situations� e�g� nonlinear systems and variable stepsize� although they do
not exactly provide �the truth� the whole truth and nothing but the truth� in these
cases� Since small perturbations in nonlinear systems are propagated according to



dqbj
�����
page �

�� Chapter ��� Ordinary Differential Equations

the linearized variational equation� it is natural to substitute rough estimates of
the eigenvalues of the Jacobian along the expected motions for � in the test
equation� For some classes of ODEs� inequalities are known for these eigenvalues�
e�g�� the Jacobian may be known or expected to be negative de�nite�

Finally� it is sometimes believed that numerical methods are useless� e�g�� when
the eigenvalues are positive� because �h is then outside the stability region� That
is a misunderstanding� Most methods provide results with good relative accuracy�
when applied to the equation y� � y� see Example ������� More generally� if a
motion is sensitive to perturbations in the ODEs� the results obtained by the most
popular numerical methods with a well designed step size control are usually no
more sensitive to perturbations than the solutions to the ODEs are themselves�

There are� in fact� examples where the numerical results are less sensitive to
perturbations than the exact solutions� and that can be good or bad� see Sec� �����
Note for example that the stability region of the implicit Euler method contains a
substantial part of the right half�plane� where � � �� and the absolute value of
the solution ofy� � �y tends to � with t� So� this method may sometimes produce
a smooth solution with no indication that the exact solution of the ODE system
may be very sensitive to perturbations�

������ Investigation of Stability

In this section we give some algorithms and graphical methods for investigation of
stability of numerical methods� At the application to the linear test equation�

y� � �y� y
�� � �� q � �h � const� � C� 
��������

see also Sec� ������� most numerical methods yield a dierence equation� the char�
acteristic polynomial of which is of the form�

"
�� q� � k
q��
k � k��
q��

k�� � � � �� �
q�� � �
q�� 
��������

where the j
q� are real polynomials� the highest degree of which is m� The k
characteristic roots are named �i
q�� i � �� �� � � �� k� It happens that several dierent
methods yield the same characteristic equation for this test problem�

By the implicit function theorem for analytic functions � and q are analytic
functions 
a conformal mapping� of each other in the neighborhood of every point

��� q�� that satis�es 
��������� except at branch points� i�e� points where �"��� � �
or �"��q � �� The �rst of these relations expresses that 
�������� has a multiple
root� when it is considered as an equation for � for a given q� The roots �i
q��
i � �� �� � � � � k are branches of an analytic function� Two or more branches can
meet� where �"��� � �� �i
q� is continuous also at branch points� though it may
not be dierentiable there� Take for example "
�� q� � �� � q� 
Consider also the
dierent behavior in the example "
�� q� � �� � q���

There are exceptional cases� where some of the above statements are not
strictly true� for example� the points where k
q� � �� We can avoid dealing
with them as exceptional by considering the complex variables � and q as points
on a Riemann sphere and hence consider � as an ordinary point 
the pole of a
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stereographic projection from the sphere to the plane�� Neighborhoods� distances�
continuity etc� are to be considered on the sphere�

If k
q� � � as q � q� then �i
q� � � for at least one i� We then say that
�i
q�� ��� The multiplicity of this root is k � k�� if the degree of of "
�� q� drops
from k to k � k�� as q � q�� The use of the Riemann sphere is convenient in many
other respects� It allows us� for example� to say that the function � � ��q� de�ned
by the equation q� � � � � is continuous everywhere� also at q � �� Similarly� the
continuity of the branches �j
q� holds without exceptions on the Riemann sphere�


If you feel insecure about the handling of �� it may help to introduce #� � ���

and�or #q � ��q into the characteristic equation� and see what happens as #� � �
and�or #q � ���

What we have said about �
q� holds� mutatis mutandis� also for the inverse
function� It has m branches denoted qj
��� j � �� �� � � � � m� The characteristic
polynomial when q �� consists of the terms of "
�� q� which contain qm�

We shall only consider consistent methods� Since y
h� � eq � one of the roots�
denoted ��
q� and called the principal root� should therefore approximate eq � when
jqj is small� We say that the order of linear consistency is $p� if

��
q� � eq � $cq�p��� $c 	� �� q� �� 
��������

$c is called the linear error constant� For most methods $p is equal to the usual
order of consistency p� de�ned in Sec� ������� e�g�� for all linear multistep methods�
but there are methods for which p � $p� For a consistent method p 
 �� and hence
$p 
 �� It follows that

��
�� � �� ���
�� � �� 
��������

The stability region S is the set of complex numbers q such that the root
condition 
Theorem ������� is satis�ed by "
�� q�� considered as a polynomial in �
with q as a parameter� S is symmetric about the real axis� since we obtain conjugate
values for q for conjugate values of ��

We saw in Example ������ that the stability region of the implicit Euler method
is the exterior of a bounded region 
actually a disk�� This can also be expressed by
saying that � belongs to the interior of S� An example� where � is a boundary
point of S� is the ��method for � � �

� � for which S is the half�plane q � �� see
Problem ������� The term ��stable introduced in Sec� ������ is an expression for
this point of view�

For an explicit method the degree of k
q� is less than m� Then� for q � �
at least one of the roots of "
�� q� is in�nite� It follows that an explicit method of
the class considered cannot be ��stable� In other words	 The stability region for
an explicit method is a bounded set in C�

It follows from continuity considerations that a point q on the boundary �S
belongs to S� unless the characteristic equation has� for this value of q� a multiple
zero of unit modulus� One can show that the multiplicity cannot exceed � when
q � �S 
but it can be higher at other parts of the boundary locus�� and that the
presence of a double root is visible as a cusp on the boundary �S� i�e�� a point
from which at most one ray points into S� see Fig� ������a Corners of �S belong�
however� to S� see Fig� ������b� So� S is a closed set on the Riemann sphere� if
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its boundary has no cusps� This has some nice consequences� For example� in
Sec� ������ a method is de�ned to be A�stable if S includes the open left half�plane
fq 	 q � �g� If there were a boundary cusp on the imaginary axis� then there must
also be points in the open left half plane that do not belong to S� The conclusion
is that for an A�stable method� S includes the imaginary axis too�

A zero �j
q� of "
�� q� 
for a �xed q� is called an unstable root if j�j
q�j � ��

Figure ������� �a	 The boundary locus of a ���step method�

The map to the q�plane of the unit circle f� � ei� 	 � � � � ��g of the
��plane is named the boundary locus or root locus� It consists of one or more

at most m� curves that divide the q � plane into several parts 
e�g�� six parts in
Fig� ������a that shows the boundary locus of a certain ���step method�� Note the
important rule that the number of unstable roots� counted with their multiplicity
and including in�nite roots� is constant within each part� This follows from the
continuity of �j
q�� 
These integers are shown in Fig� ������a�� S is the small area
marked with the digit �� Notice that the boundary �S is composed by only a few
pieces of the boundary locus�

Another important rule is due to the fact that� on the �microscopic scale�� the
orientation is conserved at the conformal mapping from the ��plane to the q�plane�
We therefore look upon the boundary locus as a motion in the q�plane� along every
branch of q
��� 
to be marked by arrows in a plot� generated by a counter�clockwise
motion along the unit circle in the ��plane� The neighborhoods of a short arc of the
unit circle outside and inside the circle are then mapped into� respectively� the right
and the left neighborhood of the corresponding arc of the boundary locus� If q is
moved from the right to the left of an arc of the boundary locus� the corresponding
move in the ��plane tells that the number of unstable roots is decreased by one� It
is not necessary to watch the plotting process in order to set the arrows correctly�
For a consistent method it follows from 
�������� that at least one branch of the
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boundary locus will� at the beginning� move from q � � upwards� closely to the
positive imaginary axis� In most cases this is enough for a correct setting of the
arrows along the whole boundary locus 
check the arrows in Fig� ������a��

There is a hidden assumption in the last paragraph	 We assume that a small
arc of the boundary locus corresponds to it only one small arc of the unit circle� We
continue on this assumption� because it has an important practical consequence	

If we know the number of unstable roots for one value of q only� then we can�
by the application of the rule of the previous paragraph� and successively obtain the
number of unstable roots for all the parts that the complex plane has been divided
into by the boundary locus� 
For the ���step method of Fig� ������a it has been
found that there are � unstable roots� Starting from this fact� check the markings
in the �gure�� In particular	 the stability region S is easily found� it is the union
of the parts� where the number of unstable roots is equal to zero� 
In Fig� ������a
there one such part only�� It can happen that there is no such part� S can be empty�
S can also� for example� degenerate into a line or a curve segment 
see the next
example�� or into a point� Hairer and Wanner ������ p������

There are� however� exceptions from this� e�g� if F 
�� q� contains only even
powers of �� The boundary locus is the circumscribed twice� hence he number of
unstable roots decreases by � instead of �� when the locus is passed from the right to
the left� A less obvious exceptional case of the same type is found in Problem ��a�
Next example illustrates that it can also happen that the boundary locus is traversed
back and forth� the number of unstable roots is then the same on both sides� We
conjecture that the most general exceptional case are combinations of these types�
where the whole of the boundary locus 
or at least each unicursal closed part of
it� is traversed the same number of times 
where backwards is negative�� If this is
true� it is enough to check the number of unstable roots for one more value of q� in
a dierent part� in order to determine the number of unstable roots in the whole
q�plane� 
In the case of Fig� ������a� it was checked that there are � unstable roots
for q � ��� so if we believe the conjecture� we conclude that the marking is correct��

Example ������

The two�step method yn���yn � �hf
yn��� is named the leap�frog method
or the explicit midpoint method� For the test equation we obtain the di�erence
equation yn�� � yn � �qyn�� with the characteristic equation �� � �q� � � � ��
hence q � �

�
� � ����� For � � ei�� we obtain q � i sin�� hence the boundary locus
degenerates to the closed line segment from �i to �i� traversed up and down� For
q �� the characteristic equation reads � � �� One root is �� the other is �� hence
the region outside this line segment is not in S� For q � i sin�� the roots of the
characteristic equation are ei� and e�i��which are simple if � 	� ��� and � 	� �����
i�e if q 	� �i�S is therefore the open line segment from �i to i� The endpoints
are cusps �of an unusual kind	� but the points between are not cusps� because two
directions from them �up and down	 lead into S�

A more typical kind of cusp is shown in Fig� ������b for

"
�� q� � 
� � ��
� � ��� � ���q�
The cusp at q � � is generated by a double root at � � ��� In this example S is the
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outer region� So� from the cusp only one direction points into S�

We shall now limit the discussion to the simplest cases� where "
�� q� is either
an a�ne function of q or an a�ne function of �� The linear multistep methods
belong to the former category� the Runge�Kutta methods belong to the latter�

The Runge�Kutta methods� which will be studied more deeply in Sec� �����
yield at the application to the test equation y� � �y a dierence equation of the form
yn�� � R
q�yn� where R
q� is a rational function� R
q� � F 
q��G
q�� where the
polynomials F � G should have no common divisor� Hence we may write "
�� q� �
F 
q� � G
q��� Here F is a mth degree polynomial� while the degree of G is at
most m� 
m is the number of stages of the method�� The classical Runge�Kutta
methods are explicit� In this case� G
q� � �� i�e�� R
q� is a polynomial� Fig� ������

Figure �����	� Boundary locus of two Runge�Kutta methods�

show the boundary locus of two widely used Runge�Kutta methods� The former is
Kutta�s Simpson�s rule� also called the classical fourth order Runge�Kutta method�
m � p � ��

� �
	X

j��

qj�j� � eq � q
����� � � � �

The latter is called Dopri� 
see Sec� ������ m � �� p � �� and

� �

X

j��

qj�j� � q����� � eq � q������ � � � � �

In order to plot the boundary locus in the general case� all roots of the mth
degree algebraic equation F 
q��G
q�� � � are to be computed for � � e��ij�N � j �
�� �� � � �N for some suitable value of N �

If we use a program that returns all roots of an algebraic equation� without
the use a �rst approximation suggested by the user� the ordering of the roots must
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be inspected for every � and perhaps changed� otherwise the plot of the boundary
locus can become rather strange�

The following alternative approach has the advantage that it is not necessary
to know the coe�cients of F and G� We shall see� in Sec� ����� that the numerical
value of R
q� is easily computed directly from the coe�cients which de�ne the
method� The algorithm starts a �trip� at � � �� q � �� and follows a �quasi�
continuous� variation of a root of the equation R
q� � �� i�e�� one value of q is
determined for � � e��ij�N � j � �� �� � � �mN � �� using e�g� the secant method with
the previous values of q 
or something better� as initial guesses� 
A special rule is
needed at the �rst point�� Note that the unit circle will be traversed m times during
the �trip�� We will obtain m branches� and if we are lucky� they are all dierent�
and we have obtained the boundary locus� Fig� ������a�

It happens� however� that we do not �nd m di�erent branches this way� For
example� in Fig� ������b the boundary locus consists of three separate curves� There
is no chance to �nd the small curves with q � � as a starting point� The algorithm
therefore must record the computed roots of the equation R
q� � �� If less than
m dierent roots have been obtained 
within a tolerance�� all roots of the equation
R
q� � � must be computed� and the algorithm has to make a new �trip� 
or
more�� starting from one of the remaining roots� We refrain from a discussion of
the multiple root case�

In Fig� ������a and Fig� ������b we can see the map of the unit circle� with�
respectively� the � and the � dierent starting points� because dierent line type has
been used� If you want a better grasp of of the two algorithms� try to �nd out what
would happen if "
�� q� � ��q�� 
even though this example does not correspond to
any consistent numerical method�� A more satisfactory discussion of these matters
would require the concept of a Riemann surface� but that is beyond the scope of
this book�

For the Runge�Kutta methods it is easy to �nd the stability region� in a plot
of the boundary locus� Since the characteristic equation is linear in �� the number
of unstable roots 
� for a given q� can be � or � only� Moreover� the boundary
locus cannot intersect itself� 
It can have a sort of double cusp� at a point where
�"��q � �� It is easier to �nd examples of this� if one plots more general level
curves� j�j � r� for a method� This is sometimes of practical interest��

In Fig� ������a� S is marked by a zero� it is the interior of the closed curve�
In Fig� ������b� S is the union of the interior of the three closed curves� A Runge�
Kutta method is always strongly zero�stable� the origin and the area ust to the left
of it belong to S� S can be unbounded� if R
q� is not a polynomial�

A general linear multistep method for the dierential system y� � f
y��
y
�� � y�� is de�ned by the dierence equation

kX
i��

�
�iyn�i � h�if
yn�i�

�
� �� 
��������

where �i and �i are real parameters� h the step length� The formula 
��������
is also called a linear k�step method� We shall study this class of methods more
thoroughly in Sec� ����� together with another class of methods� named one�leg
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k�step methods� de�ned by a similar dierence equation	

kX
i��

�iyn�i � hf
� kX
i��

�iyn�i

�
� �� 
��������

The generating polynomials

�
�� �
kX
i��

�i�
i� �
�� �

kX
i��

�i�
i� 
��������

play a fundamental role in the theory of multistep methods� We shall always assume
that the polynomials � and � have no common factors� For the standard test prob�
lem y� � �y� y
�� � �� �h � q� the linear multistep method and the one�leg method
with the same coe�cients yield identical dierence equations� The characteristic
equation reads�

�
�� � q�
�� � �� hence q � �
����
��� 
��������

For q �� the characteristic equation reads �
�� � �� The boundary locus becomes
a single curve that is easily plotted after the computation of q
�� � �
����
�� for
� � e��ij�N � j � �� �� � � �N for some suitable value of N � So� q is a rational function
of �� 
We saw above that it is the other way around for the Runge�Kutta methods�
for them � is a rational function of q��

The map of the unit disk by this rational function is usually much larger than
S� because it contains all q such that �
�� � q�
�� has at least one zero in the unit
disk� 
�nd this set in Fig� ������a� while the condition q � S requires that all zeros
have to be located there� The correct expression for S in terms of �
����
�� is
instead as follows	

Theorem �����
�

The complement of the closed unit disk is mapped onto the interior of the
complement of S by the rational function q � �
����
���

Review Questions

�� Describe the theoretical step size strategy of the text� its concepts� assump�
tions and results� in particular Fig �������

�� What is� in this text� meant by the time constants of a system� the local time
scale of a motion� a sti motion and a sti problem� Consider also a non�linear
problem� Give an example of a sti problem�

�� De�ne the stability region of a numerical method for the initial value problem
for ODEs� How is the study of the numerical solution of y� � Ay� 
under
a certain condition� reduced to the study of the scalar test equation� 
It is
su�cient to explain it for Runge�s �nd order method��

�� De�ne zero�stability� strong zero�stability� ��stability� strong ��stability�
A�stability� A
���stability�
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	� Tell what is likely to happen to the step size variation� when Euler�s method�
or some other method with a bounded stability region� is applied to a sti
problem with our theoretical step control strategy � You may assume that the
Jacobian is negative de�nite�


� Describe Runge�s �nd order method and the implicit Euler method� Give the
formulas for their stability regions� and sketch the regions� Are the methods

strongly� zero�stable� 
strongly� ��stable� A�stable �

Problems

�� 
a� Is it true that the basic formulas for Runge�s �nd order method� given for
the non�autonomous system y� � f
t� y�� y
�� given� yield the same results
as the formula you obtain� when you apply the method to the autonomous
system y�� � �� y�� � f
y�� y��� y�
�� � �� y�
�� � y
��� Motivate your answer�

�� 
a� Show that the application of Runge�s �nd order method to the system
y� � Ay yields the formula yn�� � 
� � Ah� �

�A
�h��yn�


b� Consider the inhomogeneous scalar problem

y� � �y � 
�� ��e	t� y
�� given� 
��������

and the system z� � Az� z
�� � 
�� y
���T � with

A �

�
� �

�� � �

	
�

Show that z�
t� � y
t�� but that� if � 	� �� Runge�s �nd order method yield
dierent results in the two problems� already in the �rst step� 
even if y
�� �
���


c� 
��������� y
�� � �� with the solution y
t� � e	t is a useful test problem for
the study of numerical methods� Now we shall use it for the study of Runge�s
�nd order method with constant step size� Set p � �h� q � �h� t� � �� t �
tn � nh� and notice that pn � �t� Show that

yn�� � 
� � q � q����yn � 
p� q�
q�� � ep���epn�

and verify that the only solution of this recurrence relation with the initial
condition y� � � reads

yn � bepn � 
�� b�
� � q � q����n�

where

b �

ep�� � q��� � 
p� q�

ep � 
� � q � q����
�

Finally� assume that jpj � �� jqj � �� � 	� �� and show that the global relative
error equals


b� ��
�� 
� � q � q����ne�pn� � ��h�

��


��� ��
�� e���	�t�

�� �
�
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Hints	 You cannot neglect O
h���terms in the numerator of b��� Part of this
becomes easier if you use 
�������� below�


d� We shall now investigate the rule for the choice of step size� Assume that
� and � are real and that � � �� Show that k� � k� � �

�
�h�
�e	t� and hence

�
� 
�h�

� � TOL� Put this into the �nal result of 
c�� At last� show that� in the
notation of Theorem ������� the ratio of this result to the bound obtained in

������� is j� � �

	

�sgn
��j� 
� 	� ��� 
See Computer exercise ���

�� Consider the linear system y� � Ay� r� where A and r are constant� and A is
non�singular� Note that A��r is a critical point� and show that every motion
converges to this point� as t��� if 

A� � �� Use this to show that

kA��k � j

A�j��� if 

A� � �� 
��������

�� 
a� Show that the relations

N �
t� � �

h
t�
�

hn�� � hn
hn

� h�
tn��

are valid for any reasonably smooth step size sequence�


b� Show that if h
t� � pt� q for t � �a� b�� then

N 
b�� N 
a� � ln
b� q�p�� ln
a� q�p�

p
�

How is this simpli�ed when q�p� a � b�


c� Suppose that h
t� � ���t for ���
 � t � ��
� How many per cent does the
step size increase from a step to the next� Estimate the total number of steps
for the whole computation�


d� Assume that h
t� � k� 
t�� where � 
t� is smooth� and k is independent of
t� Show that 
hn�� � hn��h�n � � �
t��� 
t�� Note that the right hand side is
independent of TOL� but it may depend strongly on t� A value of k is given in
Theorem ������ for the theoretical control strategy� but the result just derived
holds under more general conditions�


� Derive the formula given in Sec� ������� according to which the norm of the
scaled local error is proportional to �r
t���q
t� during a motion 
if the order
p is constant�� Show also that �r
t���q
t� is constant if y
t� is an exponential
or a power function�

�� Derive the expression� given in Example ������� for the stability region of
Runge�s �nd order method�


a� Show how the discussion of the linear problem y� � Ay� where A is a
constant diagonalizable matrix� can be reduced to the study of the scalar test
equation 
���������


b� In Fig� ������ the stability region seems to be symmetric around the line
q � ��� Show that it is so� and determine the exact coordinates of the top
of the stability region�
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�� Let A be the tridiagonal matrix of Example �������


a� Show in two ways that Euler�s method produces bounded solutions to the
system�

dy

dt
� �cAy 
c � ���

if � � hc � �
� � The �rst way is to apply Gershgorin�s Theorem to �nd

an interval that contains the spectrum of A� and use this to show that the
spectrum of �hcA lies in the stability region of Euler�s method for all hc �
��� �� �� In the second way you �rst show that kI�hcAk� � �� for all hc � ��� �� ��

b� Is the same true for Runge�s �nd order method�


c� Show that all solutions of the ODE system are bounded� as t��� by the
use of 
�
A� �


d� Show that all solutions of ODE system tend to zero� as t��� by the use
of the knowledge about the spectrum of A�

� The ��method is a one parameter family of methods de�ned by the equation�

yn�� � yn � h
�

�� ��f
yn��� � �f
yn�

�
� � � � � ��

Show that the stability region is a disk if � � �
� � a half�plane if � �

�
� and the

exterior of a disk if � � �
� � Show also that the method is �nd order accurate

for the test equation y� � �y� if � � �
� � and only �st order accurate for other

values of �� 
We shall later see that the latter results hold for any dierential
system��

��� 
a� For the problem of Example ������� i�e� y� � �my����m� y
�� � �� 
m �
��� show that if the relative error is considered all the time� then jh
t�f �
y
t��j �

� � ��m�k �t� where k � jTOL�cpj��p� So� although the step size grows pro�
portionally to time� this problem does not require a method designed for sti�
problems� 
In the past� there was a common misconception that the presence
of dierent time scales during a motion makes the problem sti� but it is
rather when the local time scale becomes very much larger than the smallest
local time constant� the motion becomes sti��


b� For the problem of Example ������� i�e� y� � �y� y
�� � �� 
� � R�� with
the mixed absolute�relative error strategy� show that h reaches the stability
limit for Runge�s �nd order method when y
t� � �

������TOL�

��� In the study of numerical methods� one often encounters estimations of the
following type� Let

�
q� � aqp�� � bqp�� �O
qp���� jqj � �� nq � z � O
���


a� Show that 
eq � �
q��n � eq
�n where

q� � q � 
�� q��
q� �O
qp���� 
jqj � ���


b� Show that


eq � �
q��n � ez � �zez
�
aqp � 
b� a� cza����qp�� � ���

�
� 
��������
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where c � � for p � �� and c � � for p � �� For example� when the test
equation y� � �y� is used in the study of a p�th order method� one sets q � �h�
z � �t� The result is also valid if � is a matrix� a� b are scalars� and kqk � ��


c� Apply this result to the circle test i�e� the test problem y� � iy� y
�� � ��
step size h� The orbit is the unit circle of the complex plane� 
See also Prob�
������� Show that the global error for Runge�s �nd order method is approx�
imately teit
ih��� � h��� � � � ��� and that the step size with the theoretical
strategy becomes constant� h �

p
�TOL� Note that the radial error is positive

and an order of magnitude smaller than the tangential error� How is TOL to
be chosen in order that the error should be less than ���� after �� revolutions�
Suppose that the orbit is plotted with a straight line segment for each step�
At what value of t does the global error become larger than the 
local� inter�
polation error of the plotting�
Also show that he global error for Euler�s method is

teit
h�� � 
t��� i���h� � � � ���

so that� for this method� the radial error is positive and much larger than the
tangential error� Also show that h � �TOL with the theoretical strategy�

Computer Execrcises

�� We saw in Problem � above that the solution of the dierential equation
y� � y � �t�y� y
�� � � is very sensitive to perturbations in the initial value�
Study what happens in the numerical solution 
with the correct initial value�
up to t � �� 
or longer� with various tolerances that give decent computing
times� Design a suitable termination criterion� Plot y versus t with several
tolerances on one sheet� in linear scales� Plot on another sheet log jerrorj versus
t�

�� Run the inhomogeneous test equation�

y� � �y � 
�� ��e	t� t � ��� ��� TOL � �����

and compare the actual global error divided by TOL with the bounds obtained
in Theorem ������ and Problem �� Take � � ��� � � ������������� y
�� � ��
and make also one run with y
�� � ��

�� A generalization of the classical dog curve problem� A dog chases a rabbit�
The dog is smarter than usual� for it looks ahead of the dog by an angle
equal to � radians� The speed of the rabbit is �� the speed of the dog is
b � �� The motions can be described in the complex plane as follows� Let
zD
t�� zR
t� be the positions at the time t of� respectively� the dog and the
rabbit� zR
t� � 
� � a���� � it� i�e� the rabbit runs along a straight line� For
the dog we obtain the dierential equation	

z�D � bei	
zR � zD
jzR � zD j � zD
�� � a����
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If necessary this can be replaced by two real equations� A chasing is ter�
minated� e�g� when jzD � zRj � �TOL or t � tend� Run �ve cases� � �
���� ���a� a � �� �� �� �� �� and plot them on the same sheet� Try dierent
values of b�

Note	 A variant is to write zR � zD � rei�� and solve the real dierential
equations for r� �� or a single equation with either r or � as the independent
variable�

�� 
Arenstorf orbits� a restricted ��body problem of Astronomy�� The following
�nd order complex equation is a simple model for the motion of a satellite of
negligible mass in the gravitational �eld of the earth 
mass��� m� and the
moon 
mass�m�� The earth E and the moon M rotate in a circle around
their mass center� The motion takes place in the plane of this circle� It is
studied in a coordinate system that rotates with the earth and the moon�
The location at time t of the satellite is described by a complex number�
z
t� � x
t� � iy
t�� E � �m� M � � � m� 
hence the mass center is at the
origin��
The satellite is therefore in�uenced by a centrifugal force and a Coriolis force
in addition to the gravitational forces from the earth and the moon� The
equation reads� in dimensionless form� 
after a scaling of space and time�	

z�� � z � �iz� � 
��m�
z �E�jz � Ej�� �m
z �M �jz �M j���

We choose 
according to Hairer et al� ������p���� and ����� m � ������������

z
�� � ������ z�
�� � �i
������������������� ������������������a��

For a � � and a � �� the orbits should become 
very dierent� closed curves�
For � � a � � the motion looks rather chaotic� The motion is� however� very
sensitive to perturbations� Run it with TOL � ����� ���	� until t � ��� for
a � �� a � �� and some value between� Then take a � �� with tolerances �����
���	� ���
� � � �� What tolerance and how many steps are needed for a � � in
order that the orbit should look closed on the screen�


a� at the �rst return to the neighborhood of the starting point�


b� also at the second return to the neighborhood of the starting point�

You are likely to give up case 
b�� due to lack of time� if you try to solve it
with Runge�s �nd order method� After this you will appreciate that there are
problems for which a method of high order of accuracy is needed� even if the
request for �nal accuracy is modest�

An experiment on a VGA screen with the �th order Runge�Kutta method
DOPRI� 
see Sec� ������ with an adequate step size control and an adequate

cubic Hermitean� interpolation for the graphics� showed that the �nal ac�
curacy in case b� required a small tolerance� TOL � ���� ��� steps 
����
function evaluations� were needed� How far do you get with ���� function
evaluations with Runge�s �nd order method when TOL � ����
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���� One�step Methods

The idea behind most one�step methods� is that 
tn� yn� and a suggested value
for the step size hn � tn�� � tn are the only input data to the step� where yn�� is
computed� and the error committed is estimated� If the error is acceptable� a new
step size is suggested for the next step� otherwise yn�� is recomputed with a smaller
step size� The one�step method is characterized by an increment function" such
that

yn�� � yn � h"
tn� yn�h�� 
�������

One of the oldest numerical methods for solving dierential equations is based
on approximating the solution by a succession of Taylor series expansions� This
method is developed in Sec� ������� The best known one�step methods are the
explicit Runge�Kutta methods� or in short RK�methods� They will be studied
in Sec� ������� in particular the order condition� The practical step size control is
treated in Sec� ������� where examples of so�called embedded RK�methods are given�
Standard references for RK�methods are Hairer et al� ��� Ch� �� and Butcher ����
where most of the omitted proofs can be found�

������ The Taylor�Series Method

In Example ����� we solved an initial�value problem by substituting a power series
y
x� �

P�
n�� cnx

n with undetermined coe�cients� From the dierential equation
a recursion formula for the computation of the coe�cients was derived� We now
show how this method can be extended to a stepwise process� If the solution is
su�ciently smooth we have by Taylor�s formula

y
x � h� � y
x� � hy�
x� �
h�

�
y��
x� � � � � 
�������

�
hp

p�
y�p�
x� �

hp��


p� ���
y�p���
���

Euler�s method can be viewed as an approximation of the �rst two terms in this
expansion� If we can evaluate higher derivatives of y� we can obtain a method of
order p by neglecting the remainder term in 
������� and using the formula

yn�� � yn � hy�n �
h�

�
y��n �

h�

��
y���n � � � �� hp

p�
y�p�n � 
�������

The �rst neglected term can be used as an estimate of the local discretization error�
Following Euler we express the derivatives of y
x� in terms of the partial

derivatives of f
x� y�� Starting with the dierential equation y�
x� � f
x� y
x�� we
dierentiate both sides with respect to x to obtain

y�� � fx � fyy
� � fx � fyf� 
�������

where we have used the notation fx � �f��x and fy � �f��y� Dierentiating
again we obtain

y��� � fxx � fxyy
� � fy
fx � fyf� � 
fxy � fyyy

��f 
�������

� 
fxx � �fxyf � f�fyy� � 
fx � fyf�fy � 
�������
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For higher derivatives the formulas soon become very complicated� For an au�
tonomous system fx � fxy � fxx � � � � � �� and the formula simpli�es consider�
ably� On the other hand� for systems y and f are vectors� and so fx is a vector� fy
a matrix� etc�

If f
x� y� is composed of elementary functions it is often possible to obtain sim�
ple recursion formulas for the successive derivatives using an extension of Newton�s
series approach� If we introduce the Taylor coe�cients of y
x� and f
x� y
x�� at
xn

Yi �
�

i�
y�i�n � Fi �

�

i�
f
x� y
x���i�n �

we can write 
�������

yn�� �

pX
i��

hiYi�

Dierentiating y� � f
x� y
x�� we get the relation


i � ��Yi�� � Fi� i � �� �� �� � � ��

If f
x� y� is an algebraic composition of elementary functions we can �nd formulas
for recursively generating the Taylor coe�cients Fi and Yi� We have� for example�

f � p� q �� Fi � Pi �Qi�

where Pi and Qi are the Taylor coe�cients of p and q� Similarly� by the Cauchy
formula

f � pq �� Fi �
iX

j��

PjQi�j�

For the Taylor coe�cients Fi of f � p�q we write p � fq� and use the Cauchy

formula Pi �
Pi

j��FjQi�j� Solving for Fi w get

Fi �
�

Q�

�
Pi �

i��X
j��

FjQi�j

�
�

which is a recursion formula for Fi� Recursion formulas can also be derived for the
Taylor coe�cients of many elementary functions� see Hairer et al� �������

Example �������

Determine the �rst six Taylor coe�cients for the function which is the solution
to the initial value problem

y� � � � xy � y��

Using the formulas above for the Taylor coe�cients of a sum and product leads to
the recursion Y� � y
xn�� Y� � F� � f
xn� yn��


i � ��Yi�� � Fi � Yi�� �X�Yi �
iX

j��

YjYi�j� i � �� �� �� � � ��
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where X� � xn� In particular if we take xn � �� y
�� � �� we obtain Y� � �� Y� � ��

�Y� � Y� �X�Y� � �Y�Y� �� Y� � ��

�Y� � Y� �X�Y� � �Y�Y� � 
Y��
� �� Y� � ����

�Y	 � Y� �X�Y� � �
Y�Y� � Y�Y�� �� Y	 � ��� � ��

�Y
 � Y� �X�Y	 � �
Y�Y	 � Y�Y�� � 
Y��
� �� Y
 � ��� � ��

Thus

y
h� � h�
�

�
h� �

�

�
h	 �

�

�
h
 � � � � �

Notice that the computation of the recursion formulas for the Taylor coe�cients
need only be done once� The same recursion formulas can be used at each step 
the
numerical values of the Taylor coe�cients are of course dierent at each step��

The Taylor series method was used a great deal in hand computation� but was
less popular during the �rst years of the computer age� Since then� programming
techniques and languages have been improved� and the popularity of the method
has risen again� If f
x� y� is the composition of a sequence of algebraic operations
and elementary functions it is easy to write subroutines� which recursively compute
the Taylor coe�cients� There exist programs which automatically generate such
subroutines from a Fortran statement for f
x� y��

It is di�cult to make a general comparison between the e�ciency of Taylor
series methods and the methods previously mentioned� An advantage of the Taylor
series approach is that the order of the method and the step size can be varied
simply in order to get the required precision� It can also be executed in interval
analysis and developed to provide reliable error bounds� see Moore �������

Other types of series expansions have also been used with success in dierential
equation problems%for example� Chebyshev series� see Fox and Parker �������

������ Explicit Runge�Kutta Methods

Let us try to improve Euler�s method in the following way� The midpoint rule for
numerical integration gives the formula

yn�� � yn � hf
�
xn �

h

�
� y
�
xn �

h

�

��
�

which is of second order accuracy� What value should we take for y
xn�h����� An
obvious possibility is to compute an approximation using Euler�s method with step
size h��� We then obtain Runge�s second order method which can be written

k� � hf
xn� yn��

k� � hf
�
xn �

h

�
� yn �

�

�
k�

�
�

yn�� � yn � k��

This method is a special case of a two�stage second order Runge�Kutta method� It
is called a two�stage method since two evaluation of the function f
x� y� are made
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at each step� Since

y
xn � h��� � yn �
�

�
k� � O
h��

this method has the same order as the midpoint rule�
The idea behind Runge�Kutta methods is to compute the value of f
x� y� at

several strategically chosen points near the solution curve in the interval �xn� xn����
and to combine these values in such a way as to match as many terms as possible
in the Taylor series expansion� Since only one previous solution value yn is needed
to calculate yn�� no special starting procedure is needed� and the step size h � hn
may be changed at any step in the calculation�

A general explicit Runge�Kutta method of s stages has the form

k� � hf
xn� yn��

k� � hf
xn � c�h� yn � a��k���

k� � hf
xn � c�h� yn � a��k� � a��k���

� � �
ks � hf
xn � csh� yn � as�k� � � � �as�s��ks����

yn�� � yn � b�k� � b�k� � � � �� bsks�

It is customary to symbolize the method 
������� by the tableau

�
c� a��
c� a�� a��
���

���
���

���
cs as� as� � � � as�s��

b� b� � � � bs�� bs


�������

Usually� the ci satisfy the conditions

c� � a��� c� � a�� � a��� � � � � cs � as� � as� � � � �� as�s��� 
�������

i�e� they are the row sums of the matrix faijg in the tableau 
�������� These
conditions are motivated by the requirement that the predicted y�values where
f
x� y� is evaluated should be exact for the special dierential equation y� � ��

We now consider the following general two�stage Runge�Kutta method

k� � hf
xn� yn��

k� � hf
xn � �h� yn � �k���

yn�� � yn � ��k� � ��k��

We derive conditions for this method to be of second order by computing the Taylor
expansion of yn�� as a function of h� We have

yn�� � yn � h��fn � h��fn � h���
�fx � �fyf�n

�
h�

�
��
�

�fxx � ���fxyf � ��fyyf
��n �O
h	��
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We wish to make this series expansion agree as closely as possible with the Taylor
series for the solution� The best we can do is to match terms up to h�� which gives
the order conditions

�� � �� � �� � � � �
�

���
�

If these are satis�ed the local error is O
h��� and thus the method of second order�
We obtain a one�parameter family of second order Runge�Kutta methods� Taking
�� � � and thus �� � �� � � � � ��� gives the midpoint method� Taking �� � ���
we obtain Heun�s method	

k� � hf
xn� yn�� 
�������

k� � hf
xn � h� yn � k���

yn�� � yn �
�

�

k� � k���

With s � � it is possible to construct Runge�Kutta methods of third order
accuracy� We determine the six parameters b�� b�� b�� c�� c�� a�� by matching terms
in the series expansion� If the method is to be of third order these parameters must
satisfy the system of four nonlinear equations	

b� � b� � b� � �� 
��������

b�c� � b�c� � ����

b�c
�
� � b�c

�
� � ����

b�a��c� � ����

This system has a family of solutions with two parameters� which can be chosen
as c� and c�� If c� 	� c� and c� 	� ��� then b� and b� can be obtained from the
second and third equation� The two remaining unknowns b� and a�� are then found
from the �rst and last equations� The two remaining cases when either c� � c� or
c� � ��� give two one�parameter families of solutions� One of the simplest Runge�
Kutta methods of third order with easily remembered coe�cients is Heun�s third
order method�

k� � hf
xn� yn�� 
��������

k� � hf
xn � h��� yn � k�����

k� � hf
xn � �h��� yn � �k�����

yn�� � yn � 
k� � �k�����

It can be shown that for a fourth order Runge�Kutta method four stages are
needed� There are now ten parameters which must satisfy eight order conditions�
Again there is a two parameter family of solutions� which is now more complicated
to derive� Historically the most well�known method is the classical Runge�Kutta
four stage method of fourth order given by

k� � hf
xn� yn�� 
��������
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k� � hf
xn � h��� yn � k�����

k� � hf
xn � h��� yn � k�����

k	 � hf
xn � h� yn � k���

yn�� � yn � 
k� � �k� � �k� � k	����

This method can be considered as an extension of Simpson�s method

Z xn�h

xn

f
x�dx � h

�

�
f
xn� � �f

�
xn �

h

�

�
� f
xn � h�

�
�

In the special case where f
x� y� is independent of y and a function of x only they
are identical�

Kutta also gave another fourth order method which is slightly more accurate
and related to the Newton�s ����quadrature rule� We give the tableaus of this and
the classical method below	

�
�
�

�
�

�
� ��

� �

� � �� �
�
�

�
�

�
�

�
�

�
�
�

�
�

�
� � �

�

� � � �
�
�

�
�

�
�

�
�

Much research has been undertaken� in order to determine the �best� fourth
order Runge�Kutta method� The freedom in the choice of the parameters can be
used to minimize the coe�cients in the error terms of order h
� For a discussion
and numerical comparison of these methods see Hairer� N&rsett and Wanner ������
Sec� II���� The dierences in accuracy between them appears to be fairly small�

Higher order Runge�Kutta methods have been constructed by Butcher ������
and others� The derivation of methods of order �ve and six is rather straightforward�
but order � and � are more complicated� The number of order conditions grows very
quickly with the order of the method which makes these constructions a di�cult
task� For a method of order �ve there are �� order condition and this rises to ����
for a tenth order method�

An interesting and di�cult question to answer is how many stages s are nec�
essary to construct a method of order p� The question if there might be a �fth
order method with �ve stages was not answered 
negatively� until the mid�sixties�
That six stages are needed for p � � partly explains the popularity of the classical
Runge�Kutta four�stage method� It takes two stages to gain one order� A seven
stage six�order method has been given by Butcher� who also proved that for p 
 �
no explicit Runge�Kutta method exists of order p with s � p�� stages� He has also
succeeded to prove that for p 
 � no explicit Runge�Kutta method exists of order
p with s � p� � stages� The following table summarizes these results�

The highest order obtained for an explicitly constructed Runge�Kutta method
is ��� This was �rst achieved by Curtis ������ using �� stages� and then Hairer ������
constructed a method using �� stages�
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Table ������� Maximal order of explicit Runge�Kutta methods�

p � � � � � � 
 �
s � � � � � � � p� �

������ Error Estimation and Step Size Control

In Runge�Kutta methods no estimate of the local discretization error is directly
available� However� such estimates are necessary for choosing the step sizes hn to
get the required precision of computed results�

The oldest 
used already by Runge ������� and most straightforward device
for the control of the local error is step doubling and Richardson extrapolation�
Suppose we compute starting from 
xn� yn� two steps with step size h�� using a
Runge�Kutta method of order p giving a value yn��� We then compute� again
starting from 
xn� yn�� one step with step size h to obtain 'yn��� Then

y
xn� � yn�� � �c
�h
�

�p��
� O
hp���

y
xn� � 'yn�� � chp�� �O
hp����

and subtracting we obtain

yn�� � 'yn�� � �c
�h
�

�p��

�p � �� � O
hp����

Hence an approximation #yn�� of order p � � is

#yn�� � yn�� � en��� en�� � 
yn�� � 'yn����
�
p � ��� 
��������

Here en�� gives a simple estimate of the error in the unextrapolated value yn��� The
solution is then advanced either from yn�� or #yn��� In the latter case this is called
local extrapolation�

The error estimate in 
�������� can be used to automatically adjust the step
size as follows� Let ln � ken��k be a measure of the local error� A common policy
is to keep the local error per unit step below a given tolerance ��

ln � �
xn�� � xn� � �h� 
��������

The new step size h� is chosen to satisfy this condition for the next step� This leads
to the choice

h� � h

�
��h

ln

	��p

� 
��������

where � � � 
typically � � ���� is a preset safety factor� If the criterion 
��������
is not satis�ed for the current step� this step is rejected and the computations of
yn�� repeated with the new step size h�� In several programs the user is asked to
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set upper and lower bounds for the permissible step size� Further� h is usually not
allowed to increase or to decrease too fast�

Using 
�������� with the classical fourth order Runge�Kutta method we need
� � � � �� function evaluations to proceed two 
half� steps from yn to #yn��� 
Note
that the function evaluation of f
xn� yn� can be shared by the two dierent steps
sizes�� This is an overhead of of ��� � ����!�

It is more e�cient to use Runge�Kutta formulas which simultaneously give
approximations to the local error� The idea is to use a pair of Runge�Kutta methods
characterized by the tableau

�
c� a��
c� a�� a��
���

���
���

���
cs as� as� � � � as�s��

b� b� � � � bs�� bs
#b� #b� � � � #bs�� #bs

The pair of formulas are usually constructed so that the methods

yn�� � yn �
sX

i��

biki� #yn�� � yn �
sX

i��

#biki�

have orders p and q � p � �� The dierence of the two results then provides an
error estimate� Such formulas are called embedded Runge�Kutta methods�

The idea of using such formulas was �rst proposed by Merson� The most
well�known of his methods is given by the �ve stage method

�
�
�

�
�

�
�

�
�

�
�

�
�

�
� � �

�

� �
� � ��

� �

bi
�
�� � �

��
�



�



#bi
�
� � � �

�
�
�

It can be shown that #yn is a fourth order method� Although yn is in general only
a third order method� for a linear dierential equations with constant coe�cients
f
x� y� � Ay � bx it becomes eectively �fth order� An estimate of the local
truncation error is given by the dierence

ln�� �
�

��

��k� � �k� � �k	 � k
�� 
��������

see Lambert ������ pp� ���%����� Two steps here take ten function evaluations
against the eleven required by the step doubling process described previously� How�
ever� we have to continue with the fourth order estimate whereas with Richardson
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extrapolation we can use local extrapolation to get a �fth order estimate� Also�
when applied to a nonlinear dierential equation it frequently grossly overestimates
the error which leads to a poor step�size control� In spite of this the method has
been used successfully� e�g�� in the NAG subroutine library�

Another popular embedded Runge�Kutta method is the method of order �
��
developed by Fehlberg� which requires six function evaluations per step� The �rst
�ve of these combine to produce a fourth�order method and all six give a �fth order
method� Since we assume that the higher order solution is the more accurate this
should be used to advance the solution� This method with local extrapolation has
been implemented in a much used program called RKF�� by Shampine and Watts
������� However� it suers from the disadvantage that the two formulas are based
on the same quadrature formula� which leads to poor step�size control for some
problems�

Fehlberg devised his methods so that the error terms for the lower order result
y� were minimized� Practical results indicate that local extrapolation is preferable�
If this is used� then the error terms of the higher order result #y� should instead
be minimized� This is done in a more recent seven stage method of order �
�� by
Dormand and Prince given below�

�
�
�

�
�

�
�

�
��

�
	



�




��	 � �


���

�
��

�
�

��
��� ���

��
��
��

�
���

� ���
��

�
	

�
 ��


��


� � ��
��� � �


 ��	�
	��

��
	�


��

bi
	��

��� � ���


�� � �

�����

�

����

���
���� � �


�

#bi
��
��� � �


 ��	�
	��

��
	�


�� �

This method is also constructed so that asi � #bi for all i� and therefore the last
evaluation of f in a current step can be re�used for the �rst evaluation in the the
following step� This method seems to be the most e�cient of the methods of order
�
��� and is suitable for tolerances down to about ����

Another well known Runge�Kutta code with step size control is DVERK�
based on a pair of formulas of order � and �� This method requires eight function
evaluations per step and is due to Verner� It is implemented and available in the
IMSL Library� Of higher order embedded methods the ��th stage �th order formula
with �th order error estimate by Fehlberg has been much used for high precision
computations� e�g�� in astronomy� Excellent results have also been obtained by the
�
�� method of Prince and Dormand ������� The coe�cients of these methods are
given in Hairer� N&rsett� and Wanner ��� ������ which also includes a subroutine
DOPRI� implementing the Prince and Dormand method with step size control�
This code is preferable for tolerances between approximately ��� and ������

For a code to be e�cient over a wide range of accuracy requirements� it is
important to be able to vary the order of the formulas being used� Such variable�
order codes must estimate the error that would have resulted in using formulas of
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dierent orders� Most codes that implement Runge�Kutta methods� however� are of
�xed order� Variable�order codes are common for multistep methods� see Sec� �����

������ Sti� Problems

There is one class of problems where most of the previously mentioned methods
require step sizes which are much shorter than what one would expect if one looks
at the solution curve�

Example �������

The initial value problem y� � ���
sinx� y�� y
�� � �� has the exact solution

y
x� �
�

������

�
sinx� ���� cosx� ����e����x

�
�

Notice that the exponential term is less than ���� already for x � ���� One might
expect that the step size h � ��� would be possible for x � ���� However� calcu�
lations with the classical fourth order Runge�Kutta method with various step sizes
gave the following values for x � �	

Step size No� of steps y
�� h�
����� ��� ��������
����� ��� ��������
����� ��� ��������
����� ��� ��������

We see that h � ����� gives a good result� whereas for h � ����� one has a
frightful numerical instability�

Example �������

The problem

y�� � y�� y�
�� � ��

y�� � ��� ���y�� �� ���y�� y�
�� � ���
has the exact solution y�
x� � �y�
x� � e�x� The general solution is y�
x� �
�y�
x� � Ae�x�Be�����x� Here the same Runge�Kutta method explodes approx�
imately for h � ������� this is a very unsatisfactory step size for describing the
solution e�x� An explanation for the explosion can be found in Problem �������

The two examples above have in commonthat there are processes in the system
described by the dierential equation with signi�cantly dierent time scales� The
methods described require that one takes account of the fastest process� even after
the corresponding component has died out in the exact solution� More di�cult
variants�large nonlinear systems�occur in many very important applications�
�e�g�� in simulation of chemical reactions� electronic networks� control systems� etc�
These problems are called sti� problems�
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Consider the test problem

y� � a
y � g
x�� � g�
x�� y
�� � v� 
��������

with a real� which has the exact solution

y
x� � 
v � g
���eax � g
x��

If v � g
��� then the solution equals g
x�� which is assumed to be a slowly varying
function� However� if v 	� g
�� and a � �� then the solution contains a transient�
which rapidly approaches zero�

In Fig� ������ we compare the explicit and implicit Euler�s methods

yn�� � yn � hf
xn� yn�� yn�� � yn � hf
xn��� yn����

applied to a sti problem� The unstable behavior of the explicit method is clearly
seen�

Figure ������� Comparison of the explicit and implicit Euler�s methods�

������ A�Stability

For sti problems adequate de�nition of stability� see Sec� ������� is A
���stability�
which means that the stability region S should include the sector jarg
qh���j � ��
The special case of the left half�plane� � � ���� is called A�stability�

Example �������

The trapezoidal method gives if applied to the test problem y� � qy the
dierence equation

yn�� � yn �
�

�
hq
yn�� � yn�� y� � ��

Hence 
�� �
�hq�yn�� � 
� � �

�hq�yn� and

yn �

�
� � �

�hq

�� �
�hq

	n
�
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It follows that yn is bounded if and only if����� � �

�
hq

���� �
������ �

�
hq

���� �
and� by Fig� ������� this is equivalent to Re
��hq� � �� The left half�plane is the
stability region of the trapezoidal method� and hence it is precisely A�stable� Also
note that if Re
q� � �� then for any choice of step size the solution by the trapezoidal
method has the important property in common with the exact solution of the test
problem that it tends to zero as nh becomes large�

Figure ������� Proof of A�stability of the trapezoidal method�

If the trapezoidal method is applied to a linear system y� � Ay� where some
of the eigenvalues �i
A� have large modulus and negative real part� it is relevant to
consider 
� � �

�hq�
� � �
�hq� when jhqj � �� When jhqj � �� this quantity tends

to ��� This shows that there will appear slowly decreasing oscillations� The size of
the oscillations can be reduced by the application of the smoothing formula

#yn � 
yn�� � �yn � yn������

A�stability implies for multistep methods that p � �� and it can be shown that
the trapezoidal method has the smallest truncation error among all A�stable linear
multistep methods� These de�nitions of stability apply also to other methods than
the linear multistep methods� There are several variations on the theme of stability�
An A�stable method for which it holds that for the test equation

yn���yn � �� Re
hq���
is said to strongly A�stable or L�stable� As remarked above the trapezoidal method
is not L�stable� However� the backward Euler method can be shown to be L�stable�
see Problem �������

The methods which have been most successful for sti problems are all im�
plicit� For example the trapezoidal method combined with smoothing and Richard�
son extrapolation� has been used with success� and so has the implicit midpoint
method

yn�� � yn � hf
��
�

xn � xn����

�

�

yn � yn����� 
��������
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PROBLEMS

�� �Newton ������� Derive the Taylor series approximation up to terms of order h� for
the initial value problem

y� � �� �x� y � x� � xy� y�	� � 	�

�� Determine a Taylor series expansion for the solution of the equation y� � y�
 y�	� �
�
 about x � 	� Use this approximation to compute y for x � 	�� and x � ��� to
four decimals� Compare with the exact solution
and explain why the second case
�x � ���� was unsuccessful�

�� Use the classical Runge�Kutta fourth order method to compute an approximation
to y�	���
 where y�x� is the solution to the dierential equation y� � x � y with
y�	� � �� Compute with six decimals
 for two dierent step sizes
 h � 	�� and
h � 	��� Extrapolate� Compare with the exact result�

�� Determine the order of the two Runge�Kutta methods

yn�� � yn � k�� �yn�� � yn �
�

�
�k� � �k� � k���

where

k� � hf�xn� yn��

k� � hf�xn � h��� yn � k�����

k� � hf�xn � h� yn � k� � �k���

�� We want to compute values of the function

y�x� �

Z
�

�

e�t
�

t� x
dt

for a sequence of values of x � �� We can proceed in the following way� y�x�
is computed for x � � using some method for numerical integration� one �nds
y��� � 	��	��� Show that y satis�es the dierential equation

y� � �xy � ���x�p��

By solving the dierential equation numerically with initial value y��� � 	��	��

more values can be computed� Determine y�x� for x � ��� and x � ��� by the
classical Runge�Kutta method and estimate the error in y������

�� The stability regions of explicit Runge�Kutta methods of order s � �
 are shown in
Fig� ������� �Since the regions are symmetric with respect to the imaginary axis only
half of them are shown�� Calculate all the intersections of the region corresponding
to s � � with the real and imaginary axis�
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Figure ������� Stability regions of explicit Runge�Kutta methods�

���� Linear Multistep Methods

One�step methods only use information from the previous point 
xn� yn� to compute
the approximation of yn��� In contrast in multistep formulas we assume that we
know approximations yn� yn��� � � � � yn�k�� to the exact solution at the k points
xn�j� j � �� �� � � � � k� ��

A general linearmultistepmethod for the dierential equation y� � f
x� y��
y
�� � y�� is de�ned by the dierence equation

kX
i��


�iyn�i � h�ifn�i� � �� 
�������

where �i and �i are real parameters� h the step length and fi � f
xi� yi�� The
formula 
������� is also called a linear k�step method� This class includes all the
previously considered classical linear multistep methods� in particular the midpoint
method� Euler�s method and the trapezoidal method� The yn can be computed
recursively from 
������� if in addition to the initial value y�� k � � more values
y�� � � � � yk�� are given� If �k 	� � the method is implicit� and then this may be true
only for su�ciently small h�

������ The Adams Methods

An important class of linear multistep methods dates back to work by Adams about
����� Following Adams we consider the integrated form of the �rst order dierential
equation 
�������

y
xn��� � y
xn� �

Z xn��

xn

f
t� y
t��dt�

We now replace the function f
t� y
t�� in the integral by the polynomial pk��
t� of
degree k � � interpolating the values


xi� fi�� i � n � k � �� � � � � n�

where fi � f
xi� yi�� Assume that the points are equidistant� xi � x� � ih� and
use Newton�s interpolation formula for equidistant interpolation 
see 
������ we can
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write this polynomial

pk��
t� � pk��
xn � sh� �
k��X
j��


���j
��s

j

	
rjfn�

where r denotes the backward dierence operator� see Sec� ������ Inserting pk��
t�
and integrating we get the numerical formula

yn�� � yn � h

k��X
j��

�jrjfn� �j � 
���j
Z �

�

��s
j

	
ds�

Note that the coe�cients �j do not depend on the order k� Inserting numerical
values for we get the family of explicit Adams methods of increasing order

yn�� � yn � h
�
� �

�

�
r�

�

��
r� �

�

�
r� �

���

���
r	 � � � �

�
fn� 
�������

The backward dierences can be expressed in function values using rjfn � 
� �
E���jfn� and we obtain in particular for k � �� �� �� � the methods of order up to
p � ��

yn�� � yn � hfn�

yn�� � yn �
h

�

�fn � fn����

yn�� � yn �
h

��

��fn � ��fn�� � �fn����

yn�� � yn �
h

��

��fn � ��fn�� � ��fn�� � �fn����

The �rst formula here is the explicit Euler method� An attractive feature of these
methods is that independent of order k only one evaluation of the function f is
needed at each step�

By interpolating also the point 
xn��� fn��� we obtain a family of implicit
formulas� In the equidistant case the corresponding interpolation polynomial equals

p�k
t� � p�k
xn � sh� �
kX

j��


���j
��s � �

j

	
rjfn���

Inserting this into the integral we obtain

yn�� � yn � h

kX
j��

��jrjfn��� ��j � 
���j
Z �

�

��s � �
j

	
ds�

which gives the family of implicit Adams methods of increasing order p � k� �

yn�� � yn � h
�
�� �

�
r� �

��
r� � �

��
r� � ��

���
r	 � �

���
r
 � � � �

�
fn��� 
�������
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Expressed in function values the methods up to order p � � are

yn�� � yn � hfn���

yn�� � yn �
h

�

fn�� � fn��

yn�� � yn �
h

��

�fn�� � �fn � fn����

yn�� � yn �
h

��

�fn�� � ��fn � �fn�� � fn����

yn�� � yn �
h

���

���fn�� � ���fn � ���fn�� � ���fn�� � ��fn����

The �rst two formulas here are the implicit Euler method� and the trapezoidal
method� respectively� For an operator derivation of the Adams methods see Problem
� of Section ����

The local errors in the Adams methods are approximately equal to the �rst
neglected term in the series� Note that the coe�cients ��j decrease much faster than
�j � and hence the implicit Adams methods have smaller local error�

Multistep methods need a special starting procedure to compute the k�� extra
starting values yk��� � � � � y�� These can be obtained� e�g�� by using a Runge�Kutta
method of appropriate order� However� the usual practice is to simply start with
a multistep method of order one and a very small step size� and then successively
increase the order and step size� We discuss this in greater depth in Sec� �������

If f is a nonliner function� then using the implicit Adams methods one has to
solve a nonlinear system at each step� This can be done by �xed point iteration�
We write

yn�� � h�kfn�� � un� un � yn � h
�
�k��fn � � � �� ��fn�k��

�
�

where un is known and iterate

y
�m���
n�� � h�kf
xn��� y

�m�
n��� � un� m � �� �� �� � � �� 
�������

If the step size h is small enough y
�m���
n�� converges to the solution yn�� of the

implicit formula� A su�cient condition for convergence is

h�k




�f
�y




 � �� 
�������

A good initial approximation for the implicit Adams method of order p� � can be
obtained by using the explicit Adams method of order p� The explicit formula is
called a predictor� while the implicit formula is called a corrector� The whole
procedure is called a predictor�correctormethod�

The stopping of the iterations may be controlled by comparing the dierence

y
�m���
n�� � y

�m�
n�� to some preset tolerance� In this case usually a maximum of three

iterations are allowed� Another possibility is to use a predetermined number of
iterations� The latter is more common� and it is advisable to choose a step length
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such that one iteration will su�ce� These codes usually recompute the function

value f
xn��� y
���
n��� 
note that this value is needed for the next step� and hence use

two function evaluation per step�
More generally we could consider the integral equation

y
xn��� � y
xn�i� �

Z xn��

xn�i

f
t� y
t��dt�

Taking i � � we get the Adams methods� With i � � we obtain the Nystr�om
methods� Inserting the polynomial pk��
t� and integrating we obtain the explicit
methods

yn�� � yn�� � h

k��X
j��

�jrjfn�

or

yn�� � yn�� � h
�
�fn�� �

�

�
r�fn � �

�
r�fn � ��

��
r	fn � � � �

�
�

The special case
yn�� � yn�� � �hfn�

is the explicit midpoint method which we recognize from Sec� ������� Implicit
Nystr(om methods can be similarly derived� The Nystr(om methods are in general
not useful since they suer from a weak instability as exempli�ed by the explicit
midpoint method�

������ Local Error and Order Conditions

With the multistep method 
������� we associate the linear dierence operator

Lhy
x� �
kX
i��


�iy
x � ih�� h�iy
�
x� ih��� 
�������

where y
x� is an arbitrary function� continuously dierentiable on an interval that
contains the values x�ih for i � �� �� � � � � k� We say that the order of consistency
is p� if p is the largest integer such that LhP 
x� vanishes identically for any pth
degree polynomial� An equivalent de�nition is	

De�nition �������

The method �������	 is said to be of order p� if for all y with continuous
derivatives of order p� � it holds that

Lhy
x� � cp��h
p��y�p���
x�� h� �� 
�������

If p 
 �� the multistep method is said to be consistent�

Expanding y
x � ih� and its derivative y�
x � ih� in Taylor series about x�
inserting these into 
�������� and collecting terms gives

Lhy
x� � c�y
x� � c�hy
�
x� � � � �� cph

py�p�
x� � � � � �
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where c�� c�� � � � � cp� � � � are constants� The order of the method is given by the �rst
non�vanishing term in this expansion� Hence� the value of p and the constant cp��
can be determined by using as test functions the polynomials xq�q�� q � �� � � � � p���
which leads to the following order conditions	

Theorem �������

The multistep method �������	 is of order p� if and only if� the following con�
ditions are satis�ed�

kX
i��

�i � ��
kX
i��

�ii
q � q

kX
i��

�ii
q�� � �� q � �� � � � � p� 
�������

The constant cp�� is given by

cp�� �
�


p� ���

� kX
i��

�ii
p�� � 
p� ��

kX
i��

�ii
p
�
	� �� 
�������

De�nition �������

By the local truncation error of a multistep method �������	 at xn�k we mean
the error y
xn�k�� yn�k� where y
x� is the exact solution of y� � f
x� y�� y
xn� �
yn� and yn�k is the numerical solution obtained from �������	 by using the exact
starting values yi � y
xi� for i � n� n� �� � � � � n� k � ��

For k � � this de�nition coincides with the de�nition of the local error for
one�step methods� The local error is essentially equal to ���k Lhy
x�� see Hairer et
al� ��� �����Ch�III����

The generating polynomials

�
�� �
kX
i��

�i�
i� �
�� �

kX
i��

�i�
i� 
��������

play a fundamental role in the theory of multistep methods� We have

Lhex � 
�
eh�� h�
eh��ex�

Hence� the method is of order p if and only if

�
eh� � h�
eh� � chp��� h� �� 
��������

In particular� consistency is easily shown to be equivalent to the equations

�
�� � �� ��
�� � �
���

To compare the local errors of multistep methods of the same order we could
use the constant cp�� in 
�������� However� that is not a suitable measure of ac�
curacy� since multiplication of 
������� by a constant will change cp��� It can be
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shown that a more relevant measure is

C � cp����
��� �
�� �
kX
i��

�i� 
��������

which is called the error constant of the method 
��������

Example �������

For the Adams methods we have

�
�� � �k � �k��� ��
�� � k�k�� � 
k � ���k���

and hence consistency gives ��
�� � � � �
��� It follows that for these methods
C � cp���

������ Linear Stability Theory

In Sec� ������ we used the simple dierential equation problem

y� � �y� y
�� � �� 
��������

where � is a complex constant� as a test problem for studying the stability of
numerical methods for initial value problems� The stability region S of a numerical
method was de�ned in Def� ������ as the set of complex values of q � �h for which all
solutions yn of the test problem 
������� remain bounded as n��� If S contains
the origin� the method is zero stable�

A linear multistep method is zero�stable if and only if all solutions of the
dierence equation

kX
i��

�iyn�i � � 
��������

are bounded for all positive n� The solution yn can be interpreted as the numerical
solution for the dierential equation y� � �� We �nd that yn � �nj satis�es 
��������
if and only if � is a root of �
�� de�ned in 
��������� Further� if �j has multiplicity
mj � �� then a solution is yn � pj
n��nj � where pj
n� is a polynomial of degree
mj � �� Thus we have the following result	

Theorem �������

Necessary and su
cient for stability of the linear multistep method �������	
are the following root conditions�

i� All roots of �
�� should be located inside or on the unit circle jzj � ��

ii� The roots on the unit circle should be simple�

Example �������
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For the explicit and implicit Adams methods �
�� � �k � �k��� and besides
the simple root � � � there is a root � � � of multiplicity k � �� Note that by the
consistency condition �
�� � �� there is always one root equal to �� For the Adams
methods all the other roots are at the origin�

The relevance of the stability concept de�ned above is shown by the following
theorem� which summarizes several theorems proved in Henrici ������ Chap� ��� A
hint to a proof is given by Problems � and � 
c� of this section�

Theorem �����	�

Suppose that y
x� is a p � � times di�erentiable solution of the initial�value
problem� y� � f
x� y�� y
�� � y�� p 
 �� ky�p���
x�k � K�� and that f
x� y� is
di�erentiable for all x� y� Suppose further that fyng is de�ned by the equations

yn � y
xn� � �n� n � �� �� � � � � k � ��
kX
i��


�iyn�i � h�if
xn�i� yn�i�� � �n� k � n� k � 
b� a��h�

If the multistep is stable and satis�es �������	� then there exist constants K��K�� h�
such that for all xn � �a� b�� h � h��

kyn � y
xn�k �
�
cp��h

p
xn � a�K� �
nX
i��

k�ik�
�
K�e

K��xn�a�� 
��������

K� depends only on the coe
cients of the method� while K� also contains an upper
bound for k�f��yk�

In view of this result� the integer p is called the order of accuracy of the
method�

It is su�cient to consider the trivial case f
x� y� constant in order to show that
stability and consistency are necessary for such a result� with p � �� A corollary of
the theorem and this remark in a more precise formulation is that

Consistency � Stability �� Convergence
Convergence here includes uniform convergence in �a� b�� when h � �� for

all f which satisfy the assumptions made in Sec� ������� as well as a requirement
that the eect of perturbations of the initial values should tend to zero when the
perturbations do so themselves� The formulation given above occurs in numerous
other applications of �nite�dierence methods to ordinary and partial dierential
equations where these three concepts are de�ned appropriately for each problem
area� �Consistency� usually means that the dierence equation formally converges
to the dierential equation as h� �� while �convergence� is related to the behavior
of the solutions of the dierence equations�

If the termination of the iteration in an implicit multistep method is con�
trolled by a tolerance on the residual� then an error bound can be obtained by
Theorem ������� If a predictor�corrector technique with a �xed number of itera�
tions is used� then this theorem does not guarantee that the k�nk do not grow�
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The stability of such a scheme can be dierent from the stability of the corrector
method�

Predictor�corrector methods are considered in an extension of the multistep
methods� namedmultivaluemethods� see Gear ������ Chap� ��� This extension is
important in several other respects� but it is beyond the scope of this presentation�

It is important to distinguish between the stability question of the dierential
equation 
see Figs� ������a and ������b� and the stability questions for the numerical
methods� The former is well�conditioned�e�g�� if eL�b�a� is of moderate size� where
L is an upper bound for the logarithmic norm� de�ned in Sec� ������� Compare the
general distinction between an ill�conditioned problem and an unstable algorithm
in Sec� ������

For a multistep method to be of order p it has to satisfy the p � � order
conditions 
�������� For a k�step method we have �k � � free parameters� if we
scale the coe�cients so that �k � �� It therefore seems that order p � �k should
be possible to attain� However� because there is a con�ict between consistency and
stability these methods are not zero�stable are therefore not of practical interest�
Stability requirements impose the following restrictions on the attainable order of
multistep methods� the so called ��rst Dahlquist�barrier�	

Theorem �����
�

The order p of a zero�stable linear k�step method satis�es�

p �
�
�

k � �� if k is even�
k � �� if k is odd�
k� if �k��k � � �if the method is explicit	�

A zero�stable method with p � k�� is called an optimalmethod� An example
of an optimal method is the Milne�Simpson method

yn�� � yn � h
�

�

fn�� � �fn�� � fn��

for which p � �� k � �� However� the Milne�Simpson method like all optimal
methods is only weakly stable and may show an exponential error growth of the
type illustrated for explicit midpoint method� This severely limits its use as a
general purpose method�

Example �������

The method

yn�� � ��yn�� � �yn � h
�fn�� � �fn�

is the only explicit ��step method with order p � �� The characteristic equation

�
�� � �� � �� � � � �

has the two roots �� � � and �� � ��� and hence is not zero�stable�
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The midpoint method exempli�es that K� may be positive even though L is
negative in 
��������� Hence if b� � is large� the error bound of Theorem ������ 
as
well as the actual error� can be large unless h and the perturbation level are very
small� Therefore� the stability concept just de�ned is not always su
cient� This is
true in particular for sti problems� see Sec� �������

������ Variable Step and Order

For e�ciency it is necessary to vary the step size and order used with multistep
methods during the integration� To change the order in the family of Adams meth�
ods is simple� We can increase or decrease the order one step by just adding or
deleting a term in the formulas in Eqs� 
������� and 
�������� Since the number of
function evaluations per step is independent of the order� the order can be chosen
such that the new step size is maximal� consistent with the local error criterion�

Changing the step size� on the other hand� is not as simple as with one step
methods� In the derivation of the classical multistep methods in Sec� ������ it was
assumed that numerical approximations yn� � � � � yn�k�� are available at equidistant
points xn�j � xn�jh� j � �� �� � � �� k��� One possibility� used already by Adams� is
to use interpolation to reconstruct initial values on an equidistant net� whenever the
step size is changed� This technique is no longer used� since the resulting formulas
are not very stable even in case the change is restricted by

�

�
� � � hn�hn�� � ) � �� hn � xn�� � xn�

Instead we now outline how to directly derive Adams methods for variable step
sizes� We now use Newton�s general interpolation method� which can be written

p
t� �
k��X
j��

�
j��Y
i��


t � xn�i�

�
f �xn� xn��� � � � � xn�j�

�
k��X
j��

�
j��Y
i��

t� xn�i
xn�� � xn�i

�
*�j 
n��

where we have introduced the scaled divided dierences

*�j 
n� �

�
j��Y
i��


xn�� � xn�i�

�
f �xn� xn��� � � � � xn�j��

The explicit Adams method can then be written

yn�� � yn �

Z xn��

xn

p
t�dt � hn

k��X
j��

gj
n�*
�
j 
n��

where

gj
n� �
�

hn

Z xn��

xn

j��Y
i��

t� xn�i
xn�� � xn�i

dt�
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It is fairly easy to see that recursion formulas can be developed for computing the
scaled divided dierences *�j 
n�� Recursion formulas can also be derived for gj
n��
although these are more complicated� see Hairer et al� ������ III���� The cost of
computing these integration coe�cients is the biggest disadvantage to permitting
arbitrary variations in step size for the Adams methods�

Formulas for the implicit Adams methods can be similarly developed� Here

yn�� � yn �

Z xn��

xn

p�
t�dt�

where

p�
t� � p
t� �
k��Y
i��


t � xn�i�f �xn��� xn� � � � � xn�k����

Hence�

yn�� � y
�p�
n�� � hngk
n�*k
n� ���

where y
�p�
n�� is the value predicted by the explicit Adams method� and

*k
n� �� �
k��Y
i��


xn�� � xn�i�f �xn��� xn� � � � � xn�k����

������ Backward Di�erentiation Methods

The multistep methods derived above were all based on numerical integration� We
now derive a formula based instead on numerical dierentiation� Let q
x� be a
polynomial which interpolates the values yi� i � n� k � �� � � � � n� �� Then we can
write

qk
t� � qk
xn � sh� �
kX

j��


���j
��s � �

k

	
rjyn���

To determine yn�� we require that

q�
xn��� � f
xn��� yn����

This leads to the implicit backward di�erentiation formulas

kX
j��

	�jrjyn�� � hfn��� 	�j � 
���j d

ds

��s � �
j

	
js�� � �

j
�

These methods can also be derived using the formula

hD � � ln
��r� �
�X
j��

�

j
rj�

see the table in Sec� ������
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The BDF family of multistep methods

ryn�� �
�

�
r�yn�� �

�

�
r�yn�� � � � ��

�

k
rkyn�� � hf
xn��� yn��� 
��������

has been used with success on sti dierential equations� In particular� for k � �� ��
we obtain

yn�� � yn � hf
xn��� yn����

�

�
yn�� � �yn � �

�
yn�� � hf
xn��� yn����

For k � � we recognize the implicit Euler method� As k increases the local trun�
cation error decreases� but the stability properties become worse� For k � � these
methods are unstable and therefore useless�

The �xed point iteration in 
�������� however� is no good on sti problems�
since the convergence condition 
�������� means exactly that the fastest components
limit the rate of convergence and thus also the step size which can be used� This
is unacceptable� and instead one uses some modi�cation of Newton�s method� For
example� for the BDF methods we have to solve a system of equations of the form

F 
yn��� � yn�� � h��f
xn��� yn���� �n � �� 
��������

where �n is a constant that groups the terms from the previous points� Newton�s
method for this system is


I � hJ�
ym��
n�� � ymn��� � �ymn�� � h��f
xn��� y

m
n��� � �n � ��

where

J �
��f
�y

�
n��

�

Here to compute the Jacobian matrix J � Rs
s we must evaluate s� partial deriva�
tives �fi��yj � � � i� j � s� which often can be costly�

The BDF methods generalize more easily to variable step size than the Adams
methods� The interpolation polynomial q
t� of degree k that interpolates 
xi� yi�
for i � n� �� n� � � � � n� k � � can now be written using divided dierences

q
t� �
kX

j��

j��Y
i��


t � xn�i���y�xn��� � � � � xn�j����

Dierentiating with respect to t and putting t � xn�� we get

q�
xn��� �
kX

j��

j��Y
i��


xn�� � xn�i���y�xn��� � � � � xn�j��� � f
xn��� yn����
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PROBLEMS

�� �a� Show that for coe�cients in the Adams methods it holds that

��� � ���

kX
i��

��i � �k�

�b� Show by induction using the result in �a� that �������� can be written as

yn�� � y
�p�
n�� � h�krkfn���

where y
�p�
n�� is the value obtained by the predictor�

�� Determine the stability region of�

�a� the Euler method yn�� � yn � hf�xn� yn��

�b� the backward Euler method yn�� � yn � hf�xn��� yn����

�c� What is the order of accuracy of the latter method�

�d� Are the methods stable�

�� �a� Design a third order method for the solution of a dierential equation y� � f�x� y�
based on the explicit Adams formulas ��������� Apply it to y� � y�
 h � 	��
 and
compute y� and y	 when

y� � ��				� y� � ������� y� � ����		

are given� Use four decimals� Compare with the exact results�

�b� Improve the value of y� using an implicit Adams formula of �������� truncated
after the second term� Go on from this value
 compute y	 using the explicit for�
mula
 compute f	
 and improve y	 using the implicit method �predictor�corrector
technique�� Improve y	 by another iteration�

�c� What is the approximate convergence rate for the iterations in �b��

�� Show that �� and �� can be determined so that p � � for the multistep method

yn�� � ��yn � �yn�� � h
�
��f�xn� yn� � ��f�xn��� yn���

�
�

Calculate the error constant cp�� in equation ���������

�� The explicit midpoint method applied to the test equation gives the dierence equa�
tion

yn�� � yn�� � �hqyn�

�a� Show that the characteristic equation has the two roots

u� � z � �� � z������ u� � ���u�� �z � hq��

�b� Show that for x � nh
 nz � nhq � qx


un� � eqx���z
����O�z����

so that if jzj � � then un� is close to the correct solution eqx�

�c� Show that

un� � ����nu�n� � ����ne�qx���O�z����

and hence if q � 	
 then un� produces exponentially growing oscillations
 even though
the solution to the dierential equation decreases exponentially� This explains the
weak instability seen previously�
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�� �a� Show that all solutions of the dierence equation

yn�� � ��yn � yn�� � 	

are bounded
 as n��
 if �� � � � �
 while for any other � in the complex plane
there exists at least one solution which is unbounded�

�b� Let A be a diagonalizable matrix� Give
 in terms of the eigenvalues of A
 a
necessary and su�cient condition for the boundedness as n�� of all solutions of
the dierence equation

yn�� � �Ayn � yn�� � 	

�� Consider the application of the linear multistep method
 de�ned by the polynomials
	 and 

 to the usual test problem y� � qy
 y�	� � ��

�a� Show that if �j is a simple root of 	
 then the dierence equation has a particular
solution which is close to yn � �nj e

�jqxn 
 xn � nh
 where the so called growth

parameter �j is given by

�j �

��j�

�j	���j�
�

�b� Show that if �j � � and the method is consistent
 then �� � ��

�c� Compute the growth parameters for the midpoint method and compare with the
results of Problem ��

�d� Compute the growth parameters for the Milne�Simpson�s method

yn�� � yn�� �
�

�
h
�
fn�� � �fn � fn��

�
�

Is the method weakly stable�

�� The following results were obtained for the problem

y� � x� � y�� y�	� � ��

using the modi�ed midpoint method with dierent step sizes�

h � 	�	� � 	����	�� h � 	�� � 	�������

Compute a better value by extrapolation�

	� Determine the stability region of backward Euler method

yn�� � yn � fn���

Is it A�stable� Is it L�stable� What is the order of accuracy of this method�

�
� Show that the second�order backward dierentiation method

ryn � �

�
r�yn � hfn

is A�	��stable� �Actually it is A�stable��
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���� Extrapolation Methods

������ Extrapolated Euler	s Method

In Euler�s method for the initial�value problem

y� � f
x� y�� y
�� � y�� 
�������

one seeks approximate values y�� y�� � � � to the exact solution y
x��� y
x��� � � � by
approximating the derivative at the point 
xn� yn�� xn � x��nh� with the dierence
quotient 
yn�� � yn��h� This gives the recursion formula

yn�� � yn � hf
xn� yn�� y� � y
��� 
�������

The weakness of Euler�s method is that the step size must be chosen quite small in
order to attain acceptable accuracy�

Example ���	���

For the initial value problem

y� � y� y
�� � ��

the solution is computed with Euler�s method �rst with h � ��� and then with
h � ���� and is compared with the exact solution y
x� � ex	

xn y
xn� yn hfn error yn hfn error
� ����� ����� ����� ����� ����� ����� �����
��� ����� ����� ����� ������
��� ����� ����� ����� ������ ����� ����� ������
��� ����� ����� ����� ������
��� ����� ����� ����� ������ ����� ����� ������
��� ����� ����� ����� ������
��� ����� ����� ������ ����� ������

The error grows as x increases and is approximately proportional to h�

The following theorem gives a theoretical basis for the use of repeated Richard�
son extrapolation in connection with Euler�s method�

Theorem ���	���

Denote by y
x� h� the result of the use of Euler�s method with step length h
on the di�erential equation problem �������	� Then for the global error there is an
expansion of the form

y
x� h�� y
x� � e�
x�h� e�
x�h
� � � � �� � � �� eq
x�h

q � O
hq���� 
�������

Proof� See Hairer et al� ������ II���� The proof is related to the fact that there is a
similar expansion for the local error of Euler�s method� From Taylor�s formula we
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know that

y
x � h� � 
y
x� � hy�
x��

h
�

h

�
y��
x��

h�

��
y���
x�� � � �� � � �� hq

q�
y�q�
x��O
hq����

In an extrapolation method based on Euler�s method a basic step size H� and
a sequence of integers n� � n� � n� � � � � are chosen� This de�nes a sequence of
step sizes

hi � H�ni� i � �� �� �� � � � �

Denote by Ai�� � yhi 
x� � H� the result of the numerical method using the step
size hi� We eliminate as many terms as possible from the error expansion 
�������
by computing the interpolating polynomial p
h� such that

p
hi� � Ai��� i � j� j � �� � � � � j � k � ��

and extrapolate to the limit h � �� The integration then proceeds from the point

x� �H�Ajk�� where Aj�k � p
���

By the above theorem repeated Richardson extrapolation can be performed
using the Aitken�Neville algorithm 
see Sec� �������

Ai�k�� � Ai�k �
Ai�k � Ai���k


ni�ni�k�� � � i � �� �� � � � k � �� � � � � i� �� 
�������

The values Ai�k then represents a numerical method of order k�
Several step sequences can be used� The classical choice used by Romberg are	

�� �� �� �� ��� ��� ��� ���� � � � �

For this sequence the denominators in 
������� are


ni�ni�k�� � � �� �� �� ������ � � ��

If the round�o error in y
x� h� has magnitude less than �� then the resultant error
in an extrapolated value is less than ������

Example ���	���

In the table below the value Ai�� is the result for x � � of integrating the
dierential equation y� � �y with initial condition y
�� � � and step size hi �
���� � ��i� This corresponds to taking H � � and ni � �� �� ��� ���

A�� � ��������
�����

A�� � �������� �������
����� ����

A�� � �������� ������� �������
���� ���� ��

A�� � �������� ������� ������� �������
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We accept A�� � �������� and estimate the truncation error as jA�� � A��j �
�� � ����� The correct value is y
�� � e�� � ���������

The above sequence and the related

�� �� �� �� �� �������� � � ��

have the advantage that for numerical quadrature� i�e�� y� � f
x� many function
values can be saved and reused for larger ni� However� for dierential equations the
most economical sequence is simply the harmonic sequence

�� �� �� ���� �� ���� � � � �

Above we used the result of the extrapolation after a basic step H as new
starting value for the rest of the integration� This is called active extrapolation�
Another way is passive extrapolation� This means that the results of extrapo�
lation are accepted as output data� but that they are not used in the remaining of
the calculation� Thus a passive extrapolation can be performed after the problem
has been solved from start to �nish with a sequence of step sizes� The result of Ex�
ample ������ can be viewed as the result of passive extrapolation performed several
times at x � ��

Example ���	���

See the table in Example ������� Denote by 'y the result of one passive Richard�
son extrapolation	

x y
x� ����� y
x� ���� 'y 'y
x�� y
x�
� ����� ����� �����
��� ����� ����� ������
��� ����� ����� ������
��� ����� ����� ������

The accuracy in 'y
x� is much better than in y
x� ����� If one wants an improved
result in an intermediate point%e�g�� x � ����then one gets a suitable correction
by interpolating linearly in the second column� i�e��

'y
���� � y
���� ���� �
�

�

����� � ������ � ������

The error in 'y
���� is �������

One might think that active extrapolation should always be preferable� but
with certain types of systems� passive extrapolation is better because it is numeri�
cally more stable� Note that passive extrapolation can only be used under conditions
that the changes in step size are done in the same way for the dierent initial step
sizes� A situation where passive extrapolation is permissible for two dierent initial
step sizes h� and h��� is illustrated in Fig� �������

Repeated Richardson extrapolation can be used more generally to improve a
numerical method� Given the dierential equation ������ and a numerical method
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Figure ���	��� Passive extrapolation for two di�erent initial step sizes�

of order p� which we write yn�� � yn � h*
xn� yn� h�� Denote by y
x� h� the result
of the numerical method at x using the step size h� Then extrapolation acn be
applied if it can be shown that the global error for the method has an asymptotic
expansion of the form

y
x� h�� y
x� � ep
x�h
p � ep��
x�h

p�� � � � �� � � �� eq
x�h
q � O
hq����

������ The Explicit Midpoint Method

Euler�s method together with repeated Richardson extrapolation is simple to use
and� in some applications� also economically satisfying� Even more e�cient ex�
trapolation methods can be developed based on symmetric methods� whose error
expansion only involve even powers of h�

yh
x�� y
x� � ep
x�h
p � ep��
x�h

p�� � � � �� eq
x�h
q �O
hq���� 
�������


p even�� Then each extrapolation step takes the form

Ai�k�� � Ai�k �
Ai�k � Ai���k


ni�ni�k�� � � � i � �� � � � � k � �� � � � � i� �� 
�������

and will increase the order by ��
The explicit midpoint method or leap�frog method

yn�� � yn�� � �hf
xn� yn�� n � �� �� � � � �

is a symmetric method of order two� By symmetry we mean that if we replace

h��h� yn�� � yn��

then yn�� � yn�� � �hf
xn� yn�� i�e�� we get back the original method� It is a
two�step method� since it requires two values from the past� namely yn�� and yn�
in the step where yn�� is computed� It therefore requires a special formula for the
calculation of y�� This should be chosen so that it does not destroy symmetry�
because otherwise error terms involving also odd power of h would be introduced�
It was shown by W� B� Gragg in ���� that if Euler�s method

y� � y� � hf
x�� y��
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is used as starting formula then for x � x� � nh and n even yn has an expansion
of the form

y
x� h� � y
x� � c�
x�h
� � e�
x�h

	 � e�
x�h
� � � � � �

If the harmonic sequence �� �� �� �� ��� ��� � � � is chosen the denominators in

������� become


nj�nj�k�
� � � � �� �� ��� ������ � � � �

One extrapolation will give a method of order four using only �ve evaluations of
f � Note that a more accurate starting formula than Euler�s method will give worse
extrapolated results�

The following example shows that the stability properties of the modi�ed
midpoint method are not generally acceptable�

Figure ���	��� Oscillations in the modi�ed midpoint method solution�

Example ���	���

Apply the modi�ed midpoint method to the equation y� � �y� y
�� � �� with
h � ���� The exact solution is y
x� � e�x� and y
���� � ��������� In Fig� ������
the numerical solution corresponding to y� � ���� is shown by black circles� while
the solution corresponding to y� � ���� is shown with white circles� Note that the
perturbation of the initial value gives rise to growing oscillations with a growth of
approximately ��! per step� This phenomenon is sometimes called weak instability�

In more realistic examples the oscillations become visible much later� For
example� if y� � e��
� correct to ten decimals� we have

The oscillations can be damped by applying the following symmetric smooth�
ing formula for certain points where n is even

#yn �
�

�

yn�� � �yn � yn����

Because of symmetry this smoothing step will not introduce terms of odd powers
and the asymptotic error expansion of #yn is again of the form 
�������� Another
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Table ���	��� Error in solution of y� � �y by the modi�ed midpoint method�

xn � ��� � � � ��� ��� ��� ���
y
xn� � ������� � � � ������� ������� ������� �������
yn � ������� � � � ������� �������� ������� ��������

yn � y
xn� � ������� � � � ������� �������� ������� ��������

way of writing the smoothing step is

#yn � 
yn�� � yn � hf
xn� yn���

This �nally leads to the following modi�ed midpoint method as the basis for
Richardson extrapolation�

Algorithm ���	��

Let N be even� take h � H�N � and compute

y� � y� � hf
x�� y���

yn�� � yn�� � �hf
xn� yn�� n � �� �� � � � � N � 
�������

#yN �
�

�

yN�� � yN � hf
xN � yN ���

Again it can be shown that #yN has an error expansion of the form 
��������
A simple proof of this is based on rewriting the method as a one�step algorithm in
terms of odd and even indices�

uk � y�k� vk � y�k���

The method can then be written u� � v� � y��

�
uk��
vk��

	
�

�
uk
vk

	
� �h

�
f
�
x�k � h� vk � hf
x�k� uk�

�
�
�

�
f
�
x��k���� uk��

�
� f
x�k� uk�

�� �

k � �� �� � � � � N��� This mapping from 
uk� vk� to 
uk��� vk��� can be shown to be
symmetric since exchanging

uk�� � uk� vk�� � vk� h��h� xk � xk��

gives back the original formula�

Example ���	�	�

For the initial�value problem y� � y�� y
�� � ���� we get with h � ���� N � ��
and

#y� �
�

�

�������� ������������ ������������ � ������������
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n xn yn hf
xn� yn�
� � ���� �������
� ��� ������� �����������
� ��� ����������� �����������

Performing similar computations for N � ��� and forming the extrapolating
scheme we get

A�� � ������ �����
���� ���

A�� � ������ ����� �����������
��� ��� �� ���

A�� � ������ ����� ������ ����� ������ �����

Since the exact solution of the problem is y
x� � ��
� � x�� we have y
�� �
������������ The error in the extrapolated error is thus ����� of the error in
y
�� �����

PROBLEMS

�� Given the initial value problem y� � �� x�y�
 y�	� � 	� Compute y�	��� by Euler�s
method with repeated Richardson extrapolation� Use four decimals�

�� In a computation with Euler�s method
 the following results were obtained with
various step sizes�

h � 	�	� h � 	�� h � 	��
������� ������� �������

Compute a better value by extrapolation�

�� �a� Determine an explicit expression for yn when Euler�s method is applied to the
test problem

y� � �y� y�	� � ��

�b� For which values of h is the sequence fyng�� bounded�

�c� Compute limh���y�x� h�� e�x��h�

���� Second�Order Equations and Boundary
Problems

���
�� Second�Order Di�erential Equations

Equations of the form

y�� � f
x� y� y�� 
�������

with initial conditions

y
x�� � y�� y�
x�� � z��
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are often encountered in� e�g�� astronomy and mathematical physics� The equation
can be expressed as a set of two simultaneous �rst order dierential equations�

y�

z�

	
�

�
z

f
x� y� z�

	
�

�
y
x��
z
x��

	
�

�
y�
z�

	
� 
�������

This system can be solved by the methods developed previously in this chapter�
Often a simpli�ed version of 
������� occurs� where the right hand side does

not depend on y��
y�� � f
x� y�� 
�������

For such systems many special methods have been developed� A simple �nite�
dierence approximation to 
������� is obtained by replacing the derivatives in the
dierential equation and initial condition by symmetric dierence approximations�
If we put fn � f
xn� yn�� a method de�ned by the following relations	

yn�� � �yn � yn�� � h�fn� y� � y�� � �hz� 
�������

This method is the simplest member of the St�ormer family of methods� and we
shall call it the explicit central di�erence method� The local error is obtained
from the Taylor expansion

y
xn�h���y
xn��y
xn�h� � h�y��
xn��
h	

��
y�	�
xn��

h�

���
y���
x���� � � � 
�������

The value y�� can be eliminated by means of the �rst equation with n � ��
The starting procedure is� therefore

y� � y� � hz� �
�

�
h�f��

which is just the �rst terms in the Taylor�expansion of y�� Then yn��� n 
 � can be
computed successively by means of yn�� � �yn � yn�� � h�fn� Note that at each
step there is an addition of the form O
�� �O
h��� this gives unfavorable rounding
errors when h is small� If we put ui���� � 
yi � yi����h and rewrite the method as

�

h

yn�� � yn� �

�

h

yn � yn��� � hfn

then the method can be de�ned by the formulas u��� � z� �
�
�hf�� and

yn � yn�� � hun����� un���� � un����� hfn� n 
 �� 
�������

This summed form of the method is mathematically equivalent� but numerically
superior to the dierence method 
�������� An alternative is to store y in double
precision� while single precision is used in the computation of f � which is usually
the most time�consuming part of the work� If such partial double precision is
used� then the advantage of the summed form is reduced� See also Example �����
for a solution when double precision is not available�
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Because of symmetry the following expansion holds for the explicit central
dierence method

y
x� h� � y
x� � c�
x�h
� � c�
x�h

	 � c�
x�h
� � � � �


As usual� the rounding errors are ignored in this expansion� and certain conditions
about the dierentiability of f have to be satis�ed�� The expansion shows that the
global error is O
h�� and that higher accuracy can be obtained with Richardson
extrapolation according to the scheme 
��������

The method 
������� and its summed form 
������� can be extended to equa�
tions of the form of 
������� if one puts

y�n �
�

�h

yn�� � yn��� �

�

�

un���� � un������

but in this case the method becomes implicit�
Note that another extrapolation method is obtained by applying the modi�ed

midpoint method� Algorithm ������� directly to the �rst order system 
�������� This
avoids the problem with rounding errors� which motivated the summed form of
St(ormer�s method�

There are other ways to improve the order of accuracy of the method 
��������
This method is a special case of multistep methods of the form

kX
i��


�iyn�i � h��ifn�i� � ��

cf� 
�������� The family of methods for which
Pk

i���iyn�i � yn�� � �yn�� � yn is
frequently referred to as St�ormer�Cowellmethods� The best known such method
is Numerov�s method or the implicit dierence correction method	

yn�� � �yn � yn�� � h�
�
fn �

�

��

fn�� � �fn � fn���

�

�������

A su�ciently accurate starting procedure is obtained from the formula

�hy�� � �hz� � 
y� � y��� � �

�
h�
f� � f��� � O
h
��

see Problem ��
By expressing the higher derivatives in 
������� in terms of central dierences

we obtain the expansion

yn�� � �yn � yn�� � h�
�
fn �

�

��
+�fn�� � �

���
+	fn�� � � � ��

�
�

Numerov�s method is obtained by taking the �rst two terms of the right hand
side� Note that taking further terms is not practical since these contains unknown
expressions fn�� etc�
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In Numerov�s method one can proceed in the following way� If we put

vi � yi � �

��
h�fi�

then the dierence equation then takes the form� similar to 
�������

vn�� � �vn � vn�� � h�fn� 
�������

although in order to compute fn � f
xn� yn� one has to solve for yn from the
equation

yn � h�
�

��
f
xn� yn� � vn�

The summed form is similar to 
������� with y replaced by v and a more accurate
starting procedure� The error expansion for Numerov�s method has the form

y
x� h� � y
x� � c�
x�h
	 � c�
x�h

� � � � �
and Richardson extrapolation can be applied�

If the dierential equation is nonlinear� Numerov�s method requires some it�
erative method� For the linear case� see Problem �� Starting values can then be
obtained from the explicit method obtained by using a backward di�erence cor�
rection

yn�� � �yn � yn�� � h�
�
fn �

�

��

fn � �fn�� � fn���

�

�������

The estimate here is less accurate� and therefore the global error of this method is
only O
h���

In the deferred di�erence correction method due to L� Fox one �rst
computes a sequence yn by solving the dierence equation 
�������� Using this
sequence one computes a correction term

Cn � h�
�

��

fn�� � �fn � fn����

An improved solution #yn is then obtained by solving the dierence equation

#yn�� � �#yn � #yn�� � h�f
xn� #yn� � Cn�

The procedure can be iterated and more sophisticated formulas for the correction
Cn can be used� The global error of the solution produced by this methods also is
O
h	�� The deferred correction method is very useful in solving certain boundary
value problems� see Sec� �������

���
�� Boundary Value Problems

In this section we shall consider two point boundary�value problems for a second
order scalar dierential equation

y�� � f
x� y� y�� 
��������
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with boundary conditions

y
a� � � y
b� � �� 
��������

We assume that f has continuous partial derivatives of arbitrary order in the
closed interval �a� b�� More generally� we also consider boundary�value problems
for a system of �rst order equations

y� � f
x� y�� y � Rs
s� 
��������

with boundary conditions given in two points a and b

r
y
a�� y
b�� � �� 
��������

where r
y� z� is a vector of s� possibly nonlinear� functions� Often the boundary
conditions are linear

r � Ay
a� �By
b� � c � ��

The boundary value problem 
��������%
�������� can be reduced to this form� by
the standard substitution y� � y� y� � y��� The boundary conditions correspond to

A �

�
� �
� �

	
� B �

�
� �
� �

	
� c �

�
�
�

	
�

In contrast to the initial�value problem� it can happen that the boundary�value
problem has several or even no solution� Su�cient conditions given in the literature
for the existence of a unique solution are often astonishingly poor� For example� it
is often assumed in the case of linear boundary conditions that the matrix A�B is
nonsingular� which is not the case in most common applications� For the practically
important special case of a single second order equation� better results exist�

In free boundary problems b is unknown� and we have s � � equations of
the form 
��������� We introduce a new independent variable t � 
x � a��
b � a��
and put

zs�� � b� a� x � a� tzs��� � � t � ��

Then this reduces to a standard boundary problem for z
t� � y
a � tzs���� We
have the s � � dierential equations

dz

dt
� f
a � tzs��� z
t��zs���

dzs��
dt

� ��

with boundary conditions which now can be written #r
z
��� z
��� � �� Eigenvalue
problems are considered in Sec� �������

In the following two dierent types of methods will be described� shooting
methods and �nite di�erence methods�

���
�� The Shooting Method

There is also an initial�value problem for 
��������	

y�� � f
x� y� y��� y
a� � � y�
a� � �� 
��������
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If � is �xed� then the value of y at x � b can be considered as a function of ��say�
g
��� The boundary�value problem 
��������%
�������� can then be written

g
�� � �� 
��������

In the shooting method� one solves this equation with� for example� the secant
method� see Sec� ���� One guesses a value ��� and computes 
approximately� g
���
by solving the initial�value problem of 
�������� using one of the methods described
earlier in this chapter� One then chooses another value� ��� computes g
��� in the
same way� and then� iterates according to

�k�� � �k �
�
g
�k� � �

� �k � �k��
g
�k�� g
�k���

� k � �� �� � � �� 
��������

One can show that g
�� is linear in � when 
�������� is a linear dierential
equation� even if the coe�cients depend on x� In this case� �� is the solution
to to 
���������aside from the discretization errors and rounding errors in the
computation of g
��� and g
����

Note that there are several variations of the shooting method� We can� e�g��
consider the initial value problem y
b� � �� y�
b� � �� integrate in reverse time
direction and match the boundary condition at x � a� This is called reverse

shooting� Another possibility is to integrate from both boundaries� and matching
the solutions at an interior point x � m by continuity condition on y
x�� The latter
approach is similar to the idea of multiple shooting described in detail below�

The shooting method can also be applied to the more general boundary�value
problem 
��������%
��������� Let y
x� p� be the solution to the dierential equation
y� � f
x� y� with initial conditions

y
a� � p� p � Rs
s�

Then the boundary�value problem is equivalent to the system of s equations

F 
p� � r
p� y
b� p�� � �� 
��������

If the dierential equation and boundary conditions are linear� then y
x� p� and
F 
p� become a�ne functions of p� Hence 
�������� becomes a linear system�

Ap� By
b� p� � c � �� 
��������

In this case the problem has a unique solution� unless the corresponding homoge�
neous problem has a �non�trivial� solution�

The following example shows that the initial�value problem is ill�conditioned�
even when the boundary�value problem is well�conditioned�

Example ���
��� 
Stoer�Bulirsch�
Consider the system �

y�
y�

	�
�

�
� �
��� �

	�
y�
y�
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with boundary�values
y�
�� � �� y�
��� � ��

The general solution to the initial value problem y�
�� � �� y��
�� � ��� � p is

y
x� p� � 
�� p

��
�e���x

�
�
���

	
�

p

��
e��x

�
�
��

	
�

Hence y�
��� � � corresponds to

p

��
�

�� e����

e��� � e����
� ��� � ���	�

With �oating point arithmetic one may well obtain� say y��
�� � �������� instead�
this would give y�
�� � e

������� � ��� � ���� instead of �e�

 � ��� � ����	�
���

Example ���
��� 
Troesch�
The exact solution of the boundary value problem

y�� � � sinh
�y�� y
�� � �� y
�� � ��

becomes in�nite for x � ���� if � � �� The solution of the corresponding initial
value problem y
�� � �� y�
�� � p becomes in�nite for x � � if p � �e�� � ������
The correct value is p � ���������� � ����� Obviously it may be very di�cult to
�nd a su�ciently good initial value for p�

In such cases� the method described in Sec� ������ can be more advantageous�
Another possibility is to use the multiple shooting method� In multiple shooting
the interval �a� b� is divided into m subintervals �xi��� xi�� i � �� � � � �m�

a � x� � x� � � � �xm � b�


Here m should be much smaller than the number of grid points needed in the
numerical method for solving the initial value problem�� Let y
x�xk� pk� be the
solution of the initial value problem

y� � f
x� y�� y
xk� � pk� x � �xk� xk����
k � �� �� � � � �m� �� These m initial value problems are solved simultaneously� The
continuity conditions�

Fi
pi� pi��� � y
xi���xi� pi� � pi�� � �� i � �� � � � �m� ��
now appear as boundary conditions� in addition to the condition

Fm
p�� pm� � r
p�� pm��

Boundary and continuity conditions can now be written F 
p� � �� The Jacobian is

F �
p� �

�
BBBBB�

G� �I � � � � � �
� G� �I � � � � �
� � G� � � � � �
� � �
� � � � � � Gm�� �I
A � � � � � � B

�
CCCCCA �
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where

Gk �
�Fk
�pk

� A �
�r

�p�
� B �

�r

�pm
�

Several decisions are to be made in the application of multiple shooting method	

�� Choice of starting trajectory #y
x�� e�g�� some function that satis�es the bound�
ary conditions�

�� Subdivision of the interval� it is often suitable to choose xi�� from the initial
approximation #y
x� such that

ky
xi���xi� #y
xi�� � #y
xi���k � k#y
xi���k�

�� Choice of iterative method� e�g�� some modi�ed Newton method� Pivoting for
size can be essential in the solution of the linear systems encountered in each
iteration�

Example ���
���

For the problem in Example ������� with � � � we can choose #y
x� as linear
function� A better initial solution can be determined form the linearized problem
y�� � ��y�


This is a particular case of the problem de�ned by 
�������� and 
�������� in
the next section�� When shooting is applied to this system� one obtains a system of
�p equations for the vector y
��� The system is nonlinear if the dierential equation
is nonlinear� The techniques of Sec� ������ which do not require derivatives can then
be applied� It is also possible to use techniques where derivatives are needed� e�g��
Newton�s method� but then one has to solve also the variational equation of the
system y� � f
y� t�� see Sec� �������

���
�� The Finite Di�erence Method

We �rst consider the boundary value problem 
��������%
�������� for a single second
order equation� Divide the interval �a� b� into N equal parts and put h � 
b�a��N �
Let yi denote the desired estimate of y
xi�� xi � a� ih� Replace derivatives in the
dierential equation as in Sec� ������ by symmetric dierence approximations

vy�n �
yn�� � yn��

�h
� y��n �

yn�� � �yn � yn��
h�

�

In this way� the dierential equation is transformed into a nonlinear system of
equations

yn�� � �yn � yn�� � h�fn� n � �� � � � � � N � ��
where

fn � f
�
xn� yn�

yn�� � yn��
�h

�
�
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Together with the boundary conditions y� � �� yN � � this system can be written
in matrix form

Ay � h�f � r� 
��������

where

A �

�
BBBBB�

�� � � � � � � �
� �� � � � � � �
� � �� � � � � �
� � �
� � � � � � �� �
� � � � � � � ��

�
CCCCCA � r �

�
BBBBBB�

�
�
�
���
�
�

�
CCCCCCA

� y �

�
BBBBBB�

y�
y�
y�
���

yN��
yN��

�
CCCCCCA

�

Thus A is a band matrix 
and in fact a tridiagonal matrix in this example��
If the dierential equation is linear� then the system of equations is linear and
tridiagonal�thus it can be solved by very little work� Note that the matrix of the
system is not A� since f depends on y and y��

For the error� even in the nonlinear cases� we have

y
x� h� � y
x� � c�
x�h
� � c�
x�h

	 � c�
x�h
� � � � � �

and Richardson extrapolation can be used with correction terms +���+����+���� � � ��

Example ���
���

The boundary�value problem

y�� � y � x� y
�� � �� y

�

�
�� �

�

�
� � �

has the exact solution y
x� � cos x� sinx� x� The dierence equation becomes

yn�� � �yn � yn�� � h�yn � h�xn� n � �� � � � � � N � ��

The solution of the system of equations for N � � and N � �� and the result #y of
Richardson extrapolation is given by the following table	

�x�� y
x� y
x� ����� y
x� ������ +�� #y
x� error
� �������� �������� �������� � �������� �
��� �������� ��������
��� �������� �������� �������� ��� �������� ��
��� �������� ��������
��� �������� �������� �������� ��� �������� ��
��� �������� ��������
��� �������� �������� �������� ��� �������� �
��� �������� ��������
��� �������� �������� ��������� �� �������� �
��� �������� ��������
��� �������� �������� �������� � �������� �
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The methods for improving accuracy described in Sec� ������� can also be used
for boundary value problems� In particular� for equations of the form y�� � f
x� y�
Cowell�s method gives O
h	� accuracy with about the same amount of computation
as the O
h���method just described�

If the equation is nonlinear� then one can use some modi�ed Newton method�
As a �rst approximation one can�in the absence of a better proposal� choose a
linear function satisfying the boundary condition� i�e�

y
���
i � �� 
� � ���N� i � �� �� � � � � N�

In boundary value problems one often encounters dierential expressions of
the form

d

dx

�
p
x�

dy

dx

�
� 
��������

These can be approximated at xn by

�

h

�
pn����

�yn�� � yn
h

�� 
pn�����yn � yn��
h

��

��������

with global error of of the form c�
x�h� � c�
x�h	 � � � ��
With boundary conditions of the form b�y
b�� b�p
b�y�
b� � b� one can intro�

duce an extra point� xN�� � b� h� and approximate the condition by

b�yN �
p�
yN�� � yN���

�h
� b��

and similarly for the condition at x � a� One can also put b between two grid
points� The form of the boundary conditions only aect the �rst and last rows in
the matrix A in 
���������

For systems of �rst�order equations y� � f
x� y� the trapezoidal method can
be used

yn�� � yn �
�

�
h
�
f
yn� xn� � f
yn��� xn���

�
� n � �� �� � � � � N�

With linear boundary conditions Ay
a��By
b� � c one obtains a nonlinear system
of simple structure�

If no natural intial approximation is available an imbedding technique�
described in Sec� ������� is often useful� One can introduce a aprameter in the
dierential equation� or sometimes it may be su�cient to use the step size h of the
dierence method as a parameter� i�e�� one starts with a very crude grid� and re�nes
it successively in using� e�g�� the previously obtained solution and interpolation as
initial approximation for the solution on the next �ner grid�

���
�� Eigenvalue Problems

Many important eigenvalue problems in applied mathematics have the form


p
x�y��� � q
x�y � �r
x�y � �� 
��������
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subject to homogeneous boundary conditions

a�y
a� � a�p
a�y
�
a� � �� b�y
b� � b�p
b�y

�
b� � �� 
��������

where � is a scalar parameter to be determined� This is called a Sturm�Liouville
problem� Note that y
x� has to be normed to be uniquely determined�

A more general form of the eigenvalue problem is

y� � f
x� y� ��� Ey
a� � Fy
b� � c � �� 
��������

By introducing

y�
x� � � 
constant�� ys�� �

Z x

a

yT ydx

and the dierential equations

y�� � �� y�s�� � yT y�

this can be reduced to the standard form above for 'y � 
y�� y�� � � � � ys���T �

Example ���
�	�

For which value of � does the boundary�value problem

y�� � �y � �� y
�� � y
�� � ��

have solutions other than y � ��
The general solution to the dierential equation is

y
x� � a cos 
x� b sin
x� 
 �
p
��

From y
�� � � it follows that a � �� Further since y
�� � � we have 
 � n��
n � �������� � � �� Thus the eigenvalues are

� � n���� n � �� �� �� � � � �

Note that n � � gives the trivial solution y � �� n � �k gives the same solution as
n � k� The solution of the dierential equation when � is an eigenvalue are called
eigenfunctions� In this example the eigenfunctions y
x� � b sinn�x belong to the
eigenvalue � � n����

Eigenvalue problems occur in most areas of classical and modern physics 
for
eigen�vibrations� etc�� Example ������ comes up� e�g�� in the computation of wave
numbers for a vibrating string� Some other important problems in partial dieren�
tial equations from physics can be reduced� by separation of variables� to eigenvalue
problems for ordinary dierential equations�

The dierence method according to Sec� ������ gives an approximation to the
eigenvalues which satis�es

�
h� � �� c�h
� � c�h

� � c	h
	 � � � � �
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where c� is zero in some cases 
among others� in Example �������� Note the regu�
larity assumptions made in Sec� �������

Example ���
�
�

For the problem in Example ������� the dierence method with h � ��� gives
the system of equations

��y� � y� � �h�y� � �

y� � �y� � �h�y� � ��

This is a homogeneous system of equations� two equations and two unknowns� which
has a nontrivial solution if and only if �h� is an eigenvalue of the matrix�

� ��
�� �

	
�

Thus �h� � � � ��� with solutions

�� � �� 
Exact value �� � ��������

�� � ��� 
Exact value ��� � �������

The higher eigenvalues cannot even be estimated using such a course grid�
By similar calculations with various values of h we get the following results

for the smallest eigenvalue	

h Richardson Error
�
� �
�
� � +�
	 � ��� ��� �������
�
	 ������ +�� � ������ ������ �������

A second Richardson extrapolation will cancel the O
h	� error term and gives

� � ������ �
�

�
������ � ������

correct to four decimal places� Motivate this extrapolation�

There are computational methods for solving eigenvalue problems for much
larger matrices� see Sec� ������ By using Richardson extrapolation one can� how�
ever� obtain good accuracy with a reasonable number of points� The same general
procedure can be used with dierential expressions of the form of 
�������� with the
dierence expression of the form of 
���������

The shooting method can also be used on eigenvalue problems� see Problems
� and � below�
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PROBLEMS

�� �a� Put

hy�� � A��y� �Bh�y��� �RT �

and determine A and B so that the remainder term is of as high order as possible�
Give an asymptotically correct expression for RT �

�b� Let y�x� be the solution to the dierential equation problem

y�� � f�x�y� y�	� � �� y��	� � ��

Put y�kh� � yk
 k � ��� 	� �� � � �� With Numerov�s formula and the formula in �a�

one gets a system of equations for determining y�� and y�� Give an asymptotically
correct expression for the error in the determination of y� obtained from this system
of equations�

�c� Apply the formula in �b� to compute y�	��� with h � 	�� in the case

y�� � exy� y�	� � 	� y��	� � ��

�� For what positive values of the step size h does Numerov�s method produce bounded
solutions when applied to the dierential equation

y�� � �y�

�� Consider the application of Numerov�s method to the linear equation

y�� � p�x�y � q�x��

Show that with the notation of ��������

fn �
�
p�xn�vn � q�xn�

�
�
�
�� h�

��
p�xn�

�
�

�� Write programs for the solution of y�� � f�x� y� with the dierence method ��������
and the summed form ��������� Apply them to the equation y�� � �y
 compare
with the exact solution
 and print out the errors� Perform a series of numerical
experiments in order to get acquainted with the accuracy obtained with Richardson
extrapolations and see the eect of rounding errors�

�� Consider the initial�value problem

y�� � ��� x��y� y�	�� �� y��	� � 	�

�a� Show that the solution is symmetric about x � 	�

�b� Determine y�	��� using Numerov�s method without any special start formula

with step lengths h � 	�� and h � 	��� Perform Richardson extrapolation�
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�� The function y�x� is de�ned by the problem

y��� � yx� y�	� � 	� y��	� � �� y���	� � ��

To determine y��� one puts

y����xn� � ��yn
h�

�
yn�� � �yn�� � yn�� � yn��

�h�
�

where xn � nh
 and derives the recursion formula y� � �


yn�� � �yn�� � �h�xnyn � �yn�� � yn��� n � ��

The initial values y�� y�� y� needed in the recursion formula can be obtained
 for
example
 by using the classical Runge�Kutta method with step h�

�a� What is the order of accuracy of the method�

�b� We give below computed values y�hk� � y��� hk� using the above method and
step lengths h� � 	��
 hk � h���

k 
 k � 	� �� � � � � ��

�������� �������� �������� �������� �����	�� ���		��� �������� ��������

What is puzzling about these results� Explain what the trouble is�

�� In using the shooting method on the problem

y�� �
�

�
y � ��y���

y
� y�	� � �� y��� � ����

the following results are obtained using y��	� � p�

p � 	 � y��� � �����	��� p � �	�	� � y��� � �������	�

What value of p should be used on the next �shot��

�� �From Collatz ��
 ������� The displacement u of a loaded beam of length �L satis�es
under certain assumptions the dierential equation

d�

ds�

�
EI�s�

d�u

ds�

�
�Ku � q�s�� �L � s � L�

with boundary conditions

u����L� � u�����L� � 	� u���L� � u����L� � 	�

For a certain beam we have�

I�s� � I���� �s�L���� q�s� � q���� �s�L���� K � �	EI��L
	�

One wants to know the displacement at s � 	�

�a� Introduce more suitable variables for this problem
 and write it as a system of
two second�order equations with boundary conditions� Prove
 and make use of the
symmetry property u�s� � u��s�� �Assume that the system has a unique solution��

�b� Propose a dierence approximation for this problem
 where h � L�N 
 N an
arbitrary positive integer� Count the number of equations and unknowns� Verify
that for N � � one gets

u�	� � �����	c � 	�	�����c� c � q�L
	��EI���
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�c� In a computation one obtained

N � � � u�	� � 	�	�����c� N � � � u�	� � 	�	�����c�

Perform Richardson extrapolation
 �rst with N � � and N � �
 and then with
N � � and N � ��

�d� How should one number the variables to get a small band width in the matrix�

	� �a� Compute approximately
 the smallest eigenvalue � for which the problem

d

dx

�
�� � x��

dy

dx

�
� �y � 	� y���� � y��� � 	

has a nontrivial solution� Use a dierence method with step size h � ��� and then
h � ���
 and perform Richardson extrapolation� �Hint�Utilize the symmetry of the
eigenfunctions about x � 	��

�b� Use the same dierence method with h � ��� to solve the dierential equation
with initial�values y�	� � �
 y��	� � �
 for � � ���	 and � � ����� Use inverse
interpolation to compute the intermediate value of � for which y��� � 	
 and make
a new computation with the value of � so obtained� Then improve the estimate of
the eigenvalue using Richardson extrapolation�

�c� Compute the next smallest eigenvalue in the same way�

�
� One seeks the solution of the eigenvalue problem

d

dx

��
�

� � x

�
dy

dx

�
� �y � 	� y�	� � y��� � 	

by integrating
 for a few values of �
 an equivalent system of two �rst�order dieren�
tial equations with initial values y�	� � 	
 y��	� � �
 with the classical Runge�Kutta
method� Computations using three dierent �
 each with three dierent step sizes

gave the following values of y��� � �		�

h � ���� ���� ����
�
�� ������ ����� ������
�
�


������ ����� �����	
�
�� ������ ���	� ������

Compute
 for each value of �
 a better value for y��� using Richardson extrapolation�
Then use inverse interpolation to determine the value of � which gives y��� � 	�

��� The eigenvalue for a stretched circular membrane is

�

r

d

dr

�
r
du

dr

�
� �u � 	�

with u��� � 	
 u�	� and u���	� �nite�

�a� Set up a dierence equation with grid points

ri �
�i� �

�N � �
� r� � ih� i � ��� 	� �� � � � �N� h �

�

�N � �
�

�Thus the origin lies between the two grid points r�� and r���

�b� Determine the smallest eigenvalue
 �rst for N � � and then for N � �� Perform
Richardson extrapolation under the assumption that the global error is proportional
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to h��

�c� For large values of N 
 one would like to use a standard program for computing
eigenvalues of symmetric matrices� How does one put the above problem in a suitable
form�

Remark� The origin is a singular point for the dierential equation
 but not for its
solution� The singularity causes no trouble in the above treatment�

��� Show that ��������� is a �rst�degree equation when �������	� is a linear dierential
equation
 even if the coe�cients depend on x� Show also that multiple shooting
yields a linear system for the determination of y�	� when the dierential equation
is linear�

���� Qualitative Theory of ODEs

������ Some Results from the Qualitative Theory of ODEs

The topic of the qualitative theory of dierential equations is how to draw conclu�
sions about some essential features of the solutions of a system of ODEs� even if the
solutions cannot be expressed explicitly in analytic form� In a way it is the opposite
to the study of ODEs by numerical methods� Nevertheless the ideas and results
from the qualitative theory can be very useful in many ways� for example	

� at the planning of numerical experiments�
� for an intelligent interpretation of the results of a simulation�
� for �nding out� whether an unexpected result of a simulation is reasonable�
or due to a bug in the program� or due to the use of too large time steps� or
some other cause�

The reader must �nd his own switch between computational and analytical
techniques� but some ideas from the qualitative theory of ODEs are useful in the
bag of tricks�

All ODE systems in this section are assumed to satisfy a Lipschitz condition
etc�� so that there is no trouble about existence and uniqueness� We begin by a
simple and useful example�

Example �������

Consider a single autonomous ODE� y� � f
y�� where the graph of f
y� is
shown in the left part of Fig� ������� The equation has � critical points� Since y
t�
increases if f
y� � � and decreases if f
y� � �� we see from the arrows of the �gure�
that y
t� � y� if y
�� � y�� and y
t�� y� if y
�� � y�� as t��� See the right part
of the �gure� With an intuitively understandable terminology 
that is consistent
with the formal de�nitions given below�� we may say that the critical points y�� y�
are stable 
or attracting�� while the critical point y� is unstable 
or repelling��

This discussion can be applied to any single autonomous ODE� Notice that
a critical point p is stable if f �
p� � �� and unstable if f �
p� � �� It is left to the
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Figure ������� Graph of f
y��

reader to �gure out what can happen if f �
p� � �� Also �nd an example with one
stable and two unstable critical points�

By Taylor�s formula� f
y� � f �
p�
y � p� if f �
p� 	� �� it is seen that the
time scale 
of the attraction or repulsion� for a motion that starts near p is� at the
beginning� is measured by jf �
p�j��� In the case of repulsion� the neglected terms
of this Taylor expansion will play a bigger role� as time goes by�

Now we shall consider a general autonomous system�

Theorem ������� Let V � Rs be a closed set with a piecewise smooth boundary� A
normal pointing into V is then de�ned by a vector�valued� piecewise smooth function
n
y�� y � �V �

Assume that there exists a function n�
y� that satis�es a Lipschitz condition
for y � Rs� such that


a� kn�
y�k � K for y � Rs�


b� n
y�Tn�
y� 
 c � � for y � �V �

Consider an autonomous system y� � f
y�� and assume that

n
y�T f
y� 
 � �y � �V� 
�������

and that y
a� � V � Then the motion stays in V for all t � a�

Comments	

� V is� for example� allowed to be a polyhedron or an unbounded closed set�

� n�
y� is to be thought of as a smooth function de�ned in the whole of R
s��

On �V it should be a smooth approximant to n
y��

Proof� Sketch	 Consider Fig� ������� The statement is almost trivial� if the inequal�
ity in 
������� is strict� To begin with� we therefore consider a modi�ed problem�

y� � f
y� � pn�
y�� p � ��
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Figure �������

with the solution y
t� p�� Then

n
y�T y� 
 n
y�T pn�
y� 
 pc � �� y � �V�

In other words	 at every boundary point� the velocity vector for the modi�ed prob�
lem points into the interior of V � Therefore� an orbit of the modi�ed problem that
starts in V can never escape out of V � i�e�� y
t� p� � V for t � a� p � �� By Theo�
rem ������� y
t� p� � y
t�� as p � �� Since V is closed� this proves the statement�

Corollaries�

A� Comparison Theorem

Let y
t� be the solution of a single non�autonomous equation�

y� � f
t� y�� y
a� � c� 
�������

If a function z�t	 satis�es the inequalities� z�
t� � f
t� z
t��� �t 
 a� z
a� � y
a��
then z
t� � y
t� � t 
 a�

Figure �������

Demonstration� You can either convince yourself by a glance at Fig� ������� or
deduce it from the previous theorem� after rewriting 
������� as an autonomous
system� and de�ne V � f
t� y� 	 y 
 z
t�g�

There are variants of this result with reversed inequalities� which can easily
be reduced to the case treated� Another variant	 if strict inequality holds in at
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least one of the two assumptions concerning z
t�� then strict inequality holds in the
conclusion� i�e�� z
t� � y
t�� �t � a�

B� Positivity Theorem�

Assume that for i � �� �� � � � � s�

a�yi
�� 
 ��

b�fi
y� 
 �� whenever yi � �� and yj 
 � if j 	� i�
Then yi
t� 
 � for all t � a�

Hint to a proof	 Choose V � fy 	 yi 
 �� i � �� �� � � � � sg�

Another variant	 If 
a� is replaced by the condition yi
�� � �� and 
b� is
unchanged� then yi
t� � �� �t � a� 
but yi
t� may tend to zero� as t����

In many applications� the components of y correspond to physical quantities
known to be non�negative in nature� e�g� mass densities or chemical concentrations�
A well designed mathematical model should preserve this natural non�negativeness�
but since modelling usually contains idealizations and approximations� it is not
self�evident that the objects of a mathematical model possess all the important
properties of the natural objects� The positivity theorem can sometimes be used to
show that it is the case�

It is important to realize that a numerical method can violate such natural
requirements� for example if the step size control is inadequate� see Example �������

Another branch of the qualitative theory of ODEs� is concerned with the
stability of critical points� not to be confused with the stability of numerical
methods� Let p be a critical point of the non�autonomous system� y� � f
t� y�� i�e��
f
t� p� � �� �t 
 c�

De�nition �������

The critical point p is stable� if for any given � � � there exists a 	 � �� such
that� for all a 
 c� if ky
a�� pk � 	 then ky
t�� pk � �� �t � a� If a critical point
is not stable� it is called unstable� The critical point p is asymptotically stable�
if it is stable and limt�� y
t� � p�

For a linear homogeneous system y� � A
t�y it follows that the stability of the
origin is the same as the boundedness of all solutions� as t ��� If A is constant�
this means that keAtk � C� �t 
 ��

Theorem �������

Let A be a constant square matrix� The origin is a stable critical point of the
system y� � Ay� if and only if the eigenvalues of A satisfy the following conditions�

i� The real parts are less than or equal to zero�

ii� There are no defective eigenvalues on the imaginary axis�

The stability is asymptotic if and only if all eigenvalues of A have strictly
negative real parts�

Proof� Hint	 Express eAt in terms of the Jordan canonical form of A�
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This theorem is not generally valid for linear systems with variable coe
�
cients� There are examples 
see Problem �� b�� where the equation y� � A
t�y has
unbounded solutions� in spite that �
A
t�� � �� 
say� for all t�

Another important fact is that stability and boundedness are not equivalent
for nonlinear problems� We saw in Example ������ that a solution that started a
little above the unstable critical point y� became bounded by y��

Theorem �������

Consider the system y� � Ay � g
t� y�� where kg
t� y�k�kyk � �� uniformly in
t� �The constant matrix A is the Jacobian at the origin� for all t�	
If the origin is asymptotically stable for the linear approximation y� � Ay� it is so
also for the non�linear system�

If A has at least one eigenvalue with positive real part� then the origin is
unstable for the non�linear system�

Ifmax�
A� � �� then the stability question for the non�linear problem cannot
be settled by the discussion of the linear approximation y� � Ay�

The �rst two statements will be proved by a logarithmic norm technique 
see
Sec� ������� The last statement is exempli�ed in Problem ��� If the critical point is
located at p� one has only to replace y by y � p in the formulation�

We shall� in real two�dimensional examples� occasionally use an established
terminology for a critical point� based on the eigenvalues of the Jacobian� For the
linear system y� � Ay we have the following	

� If they are real and of the same sign� the point is a stable or unstable node�

� If they are real and of opposite sign� the point is a saddle point�

� If they are conjugate complex with a non�zero real part� the point 
or rather
an orbit in its neighborhood� is a stable or unstable spiral point�

� If they are pure imaginary� the point is a neutrally stable center�

� If A is singular� one or both eigenvalues are zero� the critical point is not
unique� The orbits are rays or� if A � �� just the critical points�

If you are not familiar with this terminology� see Problem ��
By Theorem ������ the behavior in the neighborhood of a critical point of a

non�linear system is approximately the same� except that a neutrally stable center
can also become a stable or unstable spiral point in the nonlinear case� There is
also a case named elliptic sector that has no counterpart in a linear problem� see
Problem ��

We omit a detailed discussion of the case of a singular A� where one has to
consider� whether or not the Jacobian has the same rank at the critical point as in
its neighborhood�

The above de�nitions of stability etc� are essentially due to Liapunov� In some
texts our notions are named uniform stability etc�� since one considers also a more
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general case� where 	 may depend on the initial time a� so that 	 is not uniformly
bounded away from zero�

Notice that� in the unstable linear autonomous case� the solution is bounded� if
the initial value is restricted to the subspace spanned by the eigenvectors belonging
to the eigenvalues with negative real parts� Some authors use the term conditionally
stable for this case� and applies this notion also to the nonlinear case� where in
general the set of exceptional initial values will be a nonlinear manifold� We shall
not use this terminology�

Liapunov�s name is also associated with a technique for investigating stability�
For the sake of simplicity� we restrict the presentation to autonomous systems� A
more general treatment is found in Lefschetz ������� We begin by a generalization
of two notions earlier used for quadratic forms only�

De�nition �����	�

A real�valued function V 
y� is positive de�nite in an open environment )
of a critical point p of the system y� � f
y�� if

�a	 V 
y� and V �
y� are continuous in )�

�b	 V 
p� � ��

�c	 V 
y� � � for y � )� y 	� p�

V 
y� is negative de�nite if �V 
y� is positive de�nite�

De�nition �����
�

A positive de�nite function V 
y� is called a Liapunov function� if V �
y�f
y� �
� in )�

The importance of V �
y�f
y� is explained by the following equation	

dV 
y��dt � V �
y�dy�dt � V �
y�f
y�� for y � y
t��

Theorem ������� 
Liapunov�
If there exists a Liapunov function V 
y� in some neighborhood ) of a critical

point p� then the critical point is stable�
If V �
y�f
y� is negative de�nite in )� then the critical point is asymptotically stable�

Proof� There is a beautiful proof of this result� see e�g� Lasalle and Lefschetz�
������p�����

Corollary �������

If V �
y�f
y� � 
y � p�TC
y � p� � o
ky � pk�� where C is a negative de�nite
matrix� then the critical point p is asymptotically stable� If asymptotic stability can
be proved for the linear approximation� by means of a quadratic form� this quadratic
form is a Liapunov function also for y� � f
y��
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It is often by no means trivial to construct a Liapunov function for a given
problem� In physical problems energy considerations may give a good hint�

Example �������

The equation for a damped or undamped pendulum reads 
after a scaling of
the time variable�	 ��� � a�� � sin� � �� 
a 
 ��� We can write this in the form
y� � f
y�� if we set y � �y�� y��

T � ��� ���T � f
y� � �y�� �ay� � sin y��T � We shall
give the main features of a study of the stability of the critical point at y � �� The
details are left for Problem ��d�

The sum of the potential and the kinetic energy is E
y� � ��cos y�� �
�y

�
�� We

choose V 
y� � E
y���y�y�� where � is a small positive quantity� Then V �
y�f
y� �
��y� sin y� � 
a� ��y�� � a�y�y��

In the damped case� a � �� we choose � � a� V �
y�f
y� is a negative de�nite
function in a su�ciently small neighborhood )� since we obtain a negative de�nite
quadratic form� if y� sin y� is replaced by y��� Then� by the corollary above� the origin
is asymptotically stable� The orbit in the y�plane spirals in towards the origin� Phase
plane plots for a damped pendulum are shown in the right part of Fig� �������

If we had chosen � � �� the quadratic form� which approximates V �
y�f
y��
would have become semi�de�nite only� That does not prove asymptotic stability�

In the undamped case� a � �� we take � � � and �nd that V �
y�f
y� � ��
hence the origin is stable� Note that this means that dV 
y
t���dt � �� hence V 
y� is
constant during the motion� 
This is not unexpected� since in this case V 
y� equals
the total energy�� If the starting point is su�ciently close to the origin� the motion
will be periodic along a closed level curve for V 
y�� See Fig� ������� If we let the
starting point approach the origin� the period of the the solution tends to the period
for the linear approximation� y� � Ay� where A is the Jacobian at the critical point�

In this example the period of the linear system is ����

At a simulation the period can be computed by means of the times for the
intersections between the orbit and some ray� 
For larger systems there will be a
plane or a hyperplane instead of a ray��

In numerical analysis a primary interest is to estimate the dierence between
a perturbed solution z
t� and an unperturbed solution y
t� of a system of ODEs�
In the particular case where we consider the eect of a perturbation at the initial
point only� the variable transformation u
t� � y
t�� z
t� makes the origin a critical
point for a dierential system for the function u
t�� 
Note however that this system
usually becomes non�autonomous even if the original system for y is autonomous��
We usually discuss this in terms of a norm ku
t�k� and in the next section techniques
will be developed� based on the notion of logarithmic norms� to make this type
of analysis e�cient� A norm is a particular kind of Liapunov function� except
that dierentiability is not required� e�g�� the max�norm and the l��norm are not
dierentiable everywhere�

A positive de�nite quadratic form is a frequently used type of Liapunov func�
tion� Since such a form is the square of an inner�product norm� its usage as a
Liapunov function is equivalent to the use of an appropriate norm� For the dis�
cussion of asymptotic stability and for most questions encountered at the study of
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numerical methods the restriction to norms does not seem hindering� but norms are
sometimes too crude for the delicate case of non�asymptotic stability�

In the problems with periodic solutions that we have encountered so far� there
has been a whole family of periodic orbits� There is another type of periodic solu�
tions in nonlinear problems� called limit cycles�

Example ������� The complex dierential equation

z� � iz � ���z
jzj � ��
jzj � ��
jzj � ���

which can be written as a system of two real dierential equations� provides a simple
example of limit cycles� Set z � rei�� and separate real and imaginary parts	
r� � ����r
r���
r���
r���� �� � �� The �rst of these equations can be discussed
like Example ������� There are unstable critical points at � and �� while � and �
are stable critical points� The second equation shows that a uniform rotation is
superimposed on the development of r
t��

Figure ������� �a	 Limit cycle for Example ������� �b	 Equation run
backward in time�

So� for � � jz
��j � �� r increases towards �� while � increases monotonically�
The orbit is a spiral that approaches the unit circle from the inside� See the left
part of Fig� �������

Similarly� for � � jz
��j � � the orbits approach the unit circle from the
outside� The unit circle is therefore said to be a stable limit cycle� The circle
jzj � � is also a stable limit cycle� for initial values jz
��j � �� The point r � � is an
unstable critical point for the real dierential equation for r� Therefore the circle
jzj � � becomes an unstable limit cycle for the complex dierential equation�

If the problem is run backwards in time� the situation is opposite� the circle
jzj � � becomes a stable limit cycle� while the other two become unstable� See the
right part of Fig� �������
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Figure �����	� The limit cycle of the Brusselator problem�

The previous simple example should not make you believe that limit cycles are
always circles� Fig� ������ shows the limit cycle of a famous problem in chemistry�
named the Brusselator problem� see Computer Exercise �� Limit cycles play a
central role in the theory of autonomous ODEs in R�� according to the following
classical theorem from around ����� We quote the formulation of Hairer et al�� and
refer to Lefschetz ������ or Coddington and Levinson ��� for a proof�

Theorem ������ 
The Poincar,e�Bendixson Theorem�
Each bounded solution of an autonomous system y� � f
y� in R� must


i� tend to a critical point for an in�nity of points ti ��� or


ii� be periodic� or


iii� tend to a limit cycle�

The complicated formulation of the �rst alternative is related to the possibility
of a critical point on the limit cycle� see Hairer et al� ��� ����� p������

There may be limit cycles also in larger systems of ODEs� but there is no
general result like the Poincar,e�Bendixson theorem� For instance� a motion in three
dimensions can become chaotic� and its limiting set can have a fractal structure�
a so�called strange attractor� A famous example of this is due to E� N�Lorenz�
see Fig ������b and Computer exercise �� A very illuminating discussion and a
numerical study is presented by Hairer et al� ��� ����� p���� ���

������ More Applications of The Logarithmic Norm

Now we shall use the concept of logarithmic norm for proving the existence and
uniqueness of a solution of a system of non�linear algebraic equations that may not
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be easily brought to a form required by the theorems of Sec� ����� We �rst note
that such results are needed� because a nonlinear system can have more than one
solution� even if the Jacobian is non�singular everywhere� A simple example is the
system�

ey� cos y� � b�� ey� sin y� � b�� 
b�� b�� 	� ��

The Jacobian determinant equals exp
�y�� 	� �� The general solution is 
y�� y�� �

ln r� ��� where 
r� �� are the polar coordinates for the point with Cartesian coordi�
nates 
b�� b��� y� is determined only modulo ���

The result� Theorem �������� is essentially due to Desoer and Haneda ���
��� �� Such systems may occur at every time step of the treatment of a sti system
of ODEs by an implicit method� The systems can be written in the form F 
y� � ��
where

F 
y� � �hf
y� � y � �� 
�������

where �� � and the time step h are constant during a time step� In practice a
damped and modi�ed Newton method 
see Sec� ������� usually works well� Since
global uniqueness is not to be expected for such systems� it can� however� happen
that an unwanted solution of the system is computed� unless the time step and the
error of the initial guess are small enough� The following theorem provides su�cient
conditions for existence and uniqueness�

Theorem ��������

Let y� be a given point in Rs� and set

Dr � fy � Rs 	 ky � y�k � rg�

Consider the system F 
y� � �� where F 	 Dr � Rs is in C�� Assume that ��
kF 
y��k � r	� 
	 � ���

�� 

F �
y�� � �	 for y � Dr �
Then� the system F 
y� � � has exactly one solution y� in Dr �

Proof� We �rst prove uniqueness� Suppose that y�� y� are two dierent roots in Dr

to the system F 
y� � �� By 
��������� we can write� F 
y�� � F 
y�� � J
y� � y���
where the matrix J is a neighborhood average of F �� By 
�������� and Assumption
�� 

J� � �	� Then� by Theorem �������� statement C�

kJ
y� � y��k 
 	ky� � y�k�

Since J
y�� y�� � F 
y���F 
y�� � � this contradicts the assumption that y� 	� y��
Hence there is at most one solution in Dr to the system�

In order to prove the existence� we embed our system in a one�parameter family
of systems�

F 
y
t�� � 
�� t�F 
y��� � � t � �� 
�������

For t � �� the system has the solution y
�� � y�� For t � �� we have our original
system� F 
y� � �� We shall show that this system has a solution y
t� � Dr � that is
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a continuous function of t� We dierentiate 
��������

F �
y�
dy

dt
� �F 
y��� y
�� � y��

dy

dt
� �F �
y���F 
y��� y
�� � y�� 
�������

A function y
t� that satis�es this initial value problem� satis�es also 
�������� The
existence theorem of Peano� mentioned in Comment � after Theorem ������� guar�
antees a dierentiable solution y
t� as long as F �
y��� exists and is a continuous
function of y� As long as y � Dr�

kF �
y���k � j

F �
y�j�� � 	��� 
�������

by Theorem �������� statement D� and Assumption �� The continuity of F �
y���

then follows from the relation�

A�� � B�� � B��
B � A�A��� with A � F �
y��� B � F �
y���

i�e�� F �
y���� � F �
y���� � F �
y����
F �
y��� F �
y���F �
y�����
Now it only remains to show that y
t� stays in Dr for � � t � �� In fact�

ky
t� � y
��k � k
Z t

�

y�
s�dsk �
Z t

�

kF �
y
s����F 
y��kds �
Z t

�

	�� r	ds � rt�

Assumption � and 
������� were used in the next to last step� Hence y
t� � Dr for
t � �� For t � � we obtain� by 
�������� the result that the system F 
y� � � is
satis�ed by y � y
���

Note that for the function f in 
�������� Assumption � leads to a very liberal
condition	



f �
y�� �

�� 	�

�h
�y � Dr �

We shall now collect some formulas that are useful� when one works with other
norms than the max�norm and the l��norm� for which expressions were given above�
Let T be a non�singular matrix� and let k � k be any vector norm� Then it is easily
seen that

kukT � kT��uk� 
�������

satis�es the three conditions for a vector norm� stated at the beginning of Sec� ������
Next� set u � Tv� Then

kBukT
kukT �

kT��BTvk
kvk

Since T is non�singular� maxu means the same as maxv� It follows that the subor�
dinate matrix norm is

kBkT � kT��BTk�
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For B � I � �A we then obtain� kI � �AkT � kT��
I � �A�Tk � kI � �T��ATk�
and it follows from the de�nition of the subordinate logarithmic norm that


T 
A� � 

T��AT �� 
�������

Let D � diag 
di�� maxi jdij � jdi�j� Then

kDukpp �
X
i

jdiuijp � max
i
jdijpkukpp�

Equality is obtained when u � ei� � 
one of the basis vectors�� Hence kDkp � jdi�j�
Now substitute I � �D for D� Then kI � �Dkp � j�� �di�j� where i� is the same for
all su�ciently small � 
though not necessarily equal to i��� Then� by the de�nition
of logarithmic norm� 
p
D� � di�� which must be equal to maxdi� It follows
that the formulas

kDkp � max jdij� 
p
D� � maxdi� 
�������

are valid for any lp�norm� The same derivation also holds for weighted lp�norms�

Theorem ��������

Let 
u� v� � uHHv be an inner product in Cs� and set kuk �
p

u� u�� Then

the subordinate logarithmic norm equals



A� � max
�u�u���


u�Au� � maxf� 	 det
AHH �HA� ��H� � �g� 
��������



A� � � � AHH �HA negative de�nite 
��������

For the l��norm�

�
A� � max

i
di� 
��������

where di denotes an eigenvalue of the hermitean part B � �
�
A � AH� of A�

�
Note

that 
�������� contains maxdi� not max jdij�
�

Proof� In order to derive 
��������� consider the equation

kI � �Ak� � � � max
�u�u���



u� �Au� u� �Au�� ���

The second member equals the maximum of


u� u� � �
Au� u� � �
u�Au� � ��
Au�Au�� � � �
�
�
Au� u� � O
��

�
�

The �rst member can be written 
kI � �Ak� �� � 
kI � �Ak � ��� Hence


� � O
���
kI � �Ak � �

�
� � max

�u�u���

Au� u� �O
���

The �rst part of 
�������� follows� as �� ��� The derivations of 
�������� and the
second part of 
�������� are left for Problem ���
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Finally� the l��norm is an inner product norm� where 
u� v� � uHv� Hence


�
A� � max
kuk���

uHAu � max
kuk���

uHBu�

where B � �
�
A �AH � is the hermitean part of A� Let T be a unitary matrix that

diagonalizesB� i�e�� THBT � diag 
di�� and set u � Tv� Note that kvk� � kuk� � ��
Then

uHBu � vHTHBTv � vHdiag 
di�v �
X
i

dijvij� � max
i

di�

The same type of argument as was used in the derivation of 
������� then shows
that


�
A� � max
kuk���

uHBu � max
i

di�


The maximum is obtained for u � Tei� where ei is one of the basis vectors��

A simple and useful upper bound of 
�
A� is obtained by the combination of

�������� with Theorem �������� statement B	


�
A� � max�
B� � 
�
B�� 
��������

where B is the hermitean part of A�
The sharpness of the bounds obtained by Theorems ������ and ������� depends

on the choice of norm� Set �
J� � maxf� 	 � � �
J�g� We know that 

J� 

�
J�� A logarithmic norm is said to be e�cient for the matrix J � if equality holds�
For a Hermitean matrix� 
�
�� is e
cient� by 
��������� but is there an e�cient norm
for a general matrix� The analogous question for operator norms was answered by
Theorem ������� The proof of the following result is omitted� since it is very similar
to the proof of that theorem�

Theorem ��������

Given a matrix A � Rn
n� and set �
A� � maxf� 	 � � �
A�g� Denote
by k � k any lp�norm �or weighted lp�norm	� � � p � �� Set kxkT � kT��xk� and
recall that� by 
�������� 
T 
A� � 

T��AT �� Then the following holds�


a� If A has no defective eigenvalues with � � �
A�� then there exists a matrix
T such that 
T 
A� � �
A��


b� If A has a defective eigenvalue with � � �
A�� then for every � � � there
exists a matrix T 
��� such that 
T ���
A� � �
A� � ��

As � � �� the condition number �
T 
��� tends to � like ���m
�

� where m� is
the largest order of a Jordan block belonging to an eigenvalue � with � �
�
A��

Corollary ��������

If max� � ��� then there exists an inner�product norm� such that the sub�
ordinate logarithmic norm is 

A� � ���
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For some classes of matrices� an e�cient 
or almost e�cient� norm can be
found more easily than by the construction used in the proof of Theorem �������
This may have other advantages as well� e�g� a better conditioned T � Consider
a weighted max�norm kxkw � maxi jxji�wi � kT��xk�� where T � diag 
wi��
Then


w
A� � 
�
T
��AT � � max

i
aii �

X
j� j ��i

jaijjwj�wi� 
��������

Note that �
T � � maxwi�minwi�
Set 'A � �'aij�� where 'aii � aii� 'aij � jaijj for i 	� j� Note that 

A� � 

 'A��

when 

�� is subordinate to a weighted max�norm or a weighted l��norm� Also note
that the inequality 
w
A� � � is equivalent to the inequalities 'Aw � �w� w � ��

If A is irreducible� a modi�ed form� see Problem ��� of the Perron�Frobenius
Theorem 
Theorem �������� tells that there exists a positive eigenvector w� such
that 'Aw � �
 'A�w� hence the logarithmic norm 
w
�� is e
cient for the matrix 'A�
It is in general not e�cient for A itself� since �
A� may be less than �
 'A�� but still
it can be useful also for A�

The latter result can be extended to some reducible matrices� e�g� to any
upper triangular n�n matrix A� such that aii � ann � �
A� for all i � n� Then
a positive vector w such that 'Aw � �
A�w can be found by solving the inequalities

ann � aii�wi 


P
j� j�i jaijjwj� for i � n � �� n � �� � � � � �� As in the analogous

case discussed in Sec� ������ one may obtain a smaller value of �
T � by choosing wi

larger than necessary� for some i� 
For example	 the usual max�norm is e�cient�
if A is very strongly diagonally dominant andaii � ann�� There are important
extensions of this to block matrices� see Sec� �����

In the application of these results to yield improved bounds for the solution
of ODEs there is one more complication	 if the Jacobian varies with time then the
matrix T is also likely to do so� It is su�cient to study a pseudo�linear system� since
a general non�linear system can be reduced to this case� as in Theorem ��������

Theorem ��������

Consider the pseudo�linear system

du

dt
� J
t� u�u� r
t� u��

Let T 
t� be a smooth non�singular matrix�valued function� In addition to a given
norm k � k� we consider a time�dependent vector norm kykT � kT��yk� Assume
that� for every t � �a� b�� there exists a real�valued function 
�
t�� and a convex
domain Dt � Rs� such that


T 
J
t� w�� � 

�T��T �
t�� � 

T��T �
t�� � 
�
t�� �
T 
t��kr
t� w�k � �
t��

�w � Dt�

Then ku
t�k � 
t�� where 
t� is a solution of the scalar di�erential equation�

d

dt
� 
�
t� � �
t�� 
a� 
 ku
a�k�
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as long as the bounds obtained from this guarantee that u
t� � Dt� �See e�g�

��������� if 
� and � are constant�	

Proof� Set u � Tz� Then Tz� � T �z � JTz � r� i�e��

z� � 
T��JT � T��T ��z � T��r�

Hence� kz
t�k � �
t�� where

� � � 

T 
J� � 

�T��T ���� � kT��rk� �
a� 
 kz
a�k�

Now set � � kTk�� Note that kuk � kTzk � kTkkzk � kTk� � �� Also note
that kTk� � 

T��T ��kTk� since dT�dt � T 
T��T ��� Then

�� � kTk�� � kTk�� � 

T��T ��kTk� � 

T 
J� � 

�T��T ���kTk� � �
T �krk�

i�e��

�� � 


T��T �� � 
T 
J� � 

�T��T ���� � �
t� � 
�
t�� � �
t��

Hence ku
t�k � �
t� � 
t�� where 
t� is de�ned above� The argument is valid as
long as ku
t�k � Dt�

The application of this theorem is particularly simple� when T 
t� is a diagonal
matrix� According to the remarks above� the sharpness of bounds obtained by an
appropriately chosen diagonal matrix is related to the size of �
 'J�� �
J��

Notice the similarities and the dierences of this theorem and Theorem ������

where� in a way� S
t� corresponds to T 
t��� One dierence is the presence of the
term 

T��T �� in the condition for 
�� This is due to the fact that the norm k � kT
is here only an internally used aid for the derivation of a sharp bound that is to be
expressed in terms of the original 
external� norm k�k� In Theorem ������� however�
the matrix S performs a transformation to a norm that is used also in the result�
The other characteristic feature of Theorem ������� namely the transformation of the
independent variable 
�age� instead of �time��� can be used as a preprocessing also
to an application of Theorem ������� or Theorem �������� whenever it is appropriate�

The logarithmic norm can also be used to derive inequalities with reversed
sign to the inequalities given above� The derivations are analogous� In some cases
simple substitutions are enough� The details are left for Problem ��� There are
similar modi�cations of other properties of 

A��

Theorem ������	�

A� If u� � Ju� r then kuk� 
 �

�J�kuk � krk for t 
 ��
If �

�J� 
 �� and krk � �� then ku
t�k 
 
t�� where � � � � ��

�� � ku
��k� Moreover� keJtk 
 e����J�t� �t 
 ��

B� For any choice of norm� �

�A� � min�
A�� and� for any � � �� there is
a norm such that �

�A� 
 min�
A� � ��
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C� 

A� � 

�A� 
 max�
A� �min�
A��

�
A� � 
�
�A� � max�
B� � min�
B�� where B is the hermitean part
of A�

We shall now prove Theorem ������ of Sec� ������ as an application of the
logarithmic norm technique�

Proof� Proof of Theorem ������	 We consider nonlinear systems of the form y� �
Ay � g
t� y�� where A is a constant matrix� and kg
t� y�k�kyk � �� uniformly in t�
as y � ��

In the �rst part it is assumed that all eigenvalues ofA have strictly negative real
parts� and we shall prove that the origin is asymptotically stable for the nonlinear
system� By Theorem ������� we can then� for some � � �� �nd a norm such that


A� � ��� We then choose a positive � small enough that kg
t� y�k � �kyk when
kyk � �� Finally we choose ky
��k � �� Then

ky
t�k� � 

A�ky
t�k � kg
t� y�k � ��
��ky
t�k�

hence ky
t�k � �e��t��� which proves asymptotic stability�
Comment	 Since this norm can be an inner�product norm� this proof also

shows that a quadratic Liapunov function that proves asymptotic stability for the
linear approximation� proves asymptotic stability also for the nonlinear equation�
This was mentioned above as a corollary of Theorem ������� which is unproven in
this text�

In the second part� it is assumed that A has at least one eigenvalue with a
positive real part� and we shall prove that the origin is unstable for the nonlinear
system� We can then make a coordinate transformation y � Tu� g � Th� that
brings the operator A to block diagonal form� T��AT � blockdiag
J�� J��� where

say�

�
J�� 
 �� � �� �
J�� � �� � ���

The transformed system reads� in partitioned form�

u�� � J�u� � h�
t� u�� u�� � J�u� � h�
t� u��

Our proof is indirect� Suppose that the origin is stable� i�e�� for any positive �� we
can �nd a 	 � � such that kui
��k � 	� i � �� �� implies that kui
t�k � �� �t � ��
For any � � � we can� by Theorems �������B and �������� choose norms so that

�

�J�� 
 �� � �� 

J�� � �� � ��

Next we choose two numbers � and �� both less than �
�
min
������ ���� For later

use� note that

�� � � � �� 
 �� � � � ��� �� � � � �� 
 ������

Finally � should be small enough that khi
t� u�k � �
ku�k � ku�k�� i � �� ��
This is possible due to the assumption originally made for kg
t� y�k� Then� by
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Theorem ������� 
statement A� and formula 
��������

ku�k� 
 
�� � ��ku�k � �
ku�k� ku�k��
ku�k� � 
�� � ��ku�k� �
ku�k� ku�k��

It follows that

ku�k� � ku�k� 
 
�� � � � ���ku�k � 
�� � � � ���ku�k

 
�� � � � ���
ku�k � ku�k��

We choose ku�
��k � 	 � �� u�
�� � �� Then ku�
t�k � ku�
t�k 
 � for t 
 ��
Hence� 
ku�k � ku�k�� 
 


���
ku�k � ku�k�� We obtain�

ku�
t�k � ku�
t�k 
 	e
	�t�� �� t���

This contradicts our hypothesis that the origin is stable�

Review Questions

�� 
a� Determine y�
t�� y�
t�� so that� under conditions to be stated� the function
'y
t� � y�
t� � �y�
t� is at an O
����distance from a particular solution to the
ODE system �y� � F 
y�� � � �� � that is attractive for other solutions that
start in its neighborhood�


b� For a single ODE of the form �y� � F 
y�� � � � � �� show that� under
appropriate conditions� the solution y
t� is approximately an O
���delay of a
solution of the reduced problem� i�e�� the algebraic equation obtained for � � ��
Give an example� where the conditions are no longer valid in the neighborhood
of some points� and tell what happens�

�� Derive the non�homogeneous linear variational equation associated with a dif�
ferential system dy�dt � f
t� y� p�� y
a� � c
p�� where p is a vector of param�
eters�
What is the nonlinear variational equation� Exemplify how it is used�

�� Consider a dierential system y� � f
y�� Formulate a general theorem� that
guarantees that a motion that starts in a domain V will remain there forever�
Exemplify how the theorem is to be applied on a domain with singular points
on the boundary� e�g�� a closed circular cone� Formulate and exemplify the use
of its corollaries� in the text called the Comparison theorem and the Positivity
Theorem�

�� 
a� Consider the linear autonomous system y� � Ay� Formulate in terms of
the spectrum of A necessary and su�cient conditions for the stability and
asymptotic stability of the origin�


b� Give the main features of an example that shows that a nonautonomous
linear system can have unbounded solutions� even if� for every t� the eigenval�
ues of A
t� are less than some negative constant�
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	� 
a� De�ne the basic notions of the Liapunov stability theory	 stability� asymp�
totic stability� Liapunov function� Formulate� in terms of Liapunov functions�
the basic theorems about the stability and asymptotic stability of a critical
point�


b� Exemplify the distinction between stability and boundedness for a nonlin�
ear ODE�


c� Show� with a reference to a theorem in the text 
i�e� the corollary of The�
orem �������� that a critical point is asymptotically stable for a non�linear
system� if it is asymptotically stable for the linear approximation� Does the
statement remain true� if you remove the words �asymptotically�� Give a
proof or a counterexample�


� Give an example of a problem with a limit cycle� Draw a simple phase plane
sketch� What is the dierence between a limit cycle and a periodic solution
of the type exempli�ed by the undamped pendulum and the predator�prey
problem� Quote the Poincar,e�Bendixson theorem�

Problems

�� The following set of autocatalytic chemical reactions was studied by H� H�
Robertson ������	

A�A �� C � A� rate coe�� � � � ���
A� C �� B � C� rate coe�� � � � ��	�
B �� A � rate coe�� � �����

According to the law of mass action� see� e�g�� Lin�Segel ������� p����� this
leads to the following ODE system� where y�� y�� y� denote the concentrations
of the species A�B�C� respectively�

y�� � ���	y�y� � � � ��y�� � ����y�� y�
�� � ��

y�� � ��	y�y� � ����y�� y�
�� � ��

y�� � � � ��y�� � y�
�� � ��


a� Show that all variables are positive 
or at least non�negative� for t � �� as
they should� because of they are concentrations�


b� Show that y�
t� � y�
t� � y�
t� � �� by adding the three equations etc�

Comment	 Such invariants or �rst integrals can often be derived either from
some physical principle or by some mathematical manipulation 
see the next
problem�� They can often be used for simpli�cation or stabilization of com�
putations�

�� 
a� Usually the ODEs derived from the law of mass action� have the following
form� y�i � Pi
y� � yiQi
y�� i � �� �� � � � � s� where Pi
y�� Qi
y� are functions
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of the vector y� usually polynomials� which are non�negative for every vector
with non�negative components� Show that y
t� is non�negative for all t � ��
if the initial values are so�


b� The ODEs derived from the law of mass action� can often also be written in
the form� y� � Ar
y�� where A is a constant rectangular matrix� and y � Rs�
r
y� � Rm� Describe how linear invariants of the ODE system may be found�
if there are any� by the manipulation of the matrix A�


c� Rewrite the equations of Problem � in these forms�

�� The dierent types of neighborhood to a critical point inR� may be illustrated
on single complex equations of the form z� � �z with � � ��� �� �� �� �
i� i� � � i� and real systems of the form y� � Ay� with matrices of the form�

�� �
� ��

	 �
� �
� �

	

where one should distinguish between � positive� negative or zero� 
There
are in all something like �� types�� Draw some sketches with or without a
computer� and�or consult a modern text on ODEs� or Strang �������
For the system y� � Ay in R�� �nd out how the trace and the determinant of
A provide almost complete information about the type of a critical point�

�� 
a� Determine the stability type 
or instability� of the origin for y� � ay� and
for the complex equation z� � iz � ajzj�z� a � R� Write the latter system
as a real system in both Cartesian and polar coordinates� Use the latter for
settling the stability question� and sketch the solution� for a positive and a
negative value of a�


b� Determine the stability or instability of the origin for the system y�� �
y� � y��� y�� � �� Is it true that this shows that the origin can be stable for
a nonlinear system� even though it is unstable for the linear approximation�


c� Consider the equation y� � �y� � r
t�� y
�� � �� 
� � ��� Find upper and
lower bounds for y
t�� valid for all t � �� if � � r
t� � �� Can you get a lower
bound� if you only know that jr
t�j � �� 
This is related to trouble that has
been encountered at the numerical solution of sti problems� when the system
has similar properties for small values of kyk as this scalar example��

d� Work out the details of Example ������ 
the pendulum�� Study also the

in�stability of the other critical points�

	� 
Gomory� Lefschetz�� Consider the system y�� � y�� y
�
� � �y�� Show that

the orbits are hyperbolas� which are� in polar coordinates� described by the
equation r� sin �� � const�� By the transformation by reciprocal radii� we
obtain a curve family� r� � const�� sin ��� Sketch these curves� Show that
they satisfy the system y�� � y�� ��y�y�� � y�� � �y��y��y�� � This exempli�es the
elliptic sector type of critical point mentioned in Sec� �������


� 
a� Set

A�m �

�
��� �
��� ���

	
� A�m�� � AT

�m� m � �� �� �� � � � �
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Show that the spectral radius of A�m��A�m is greater than unity� and that the
recurrence relation yn�� � Anyn has solutions that are unbounded as n���
in spite that the spectral radius �
An� � ���� �n�

b� Set B
t� � lnAn� n � t � n��� n � �� �� �� � � �� Show that the eigenvalues
ofB
t� are strictly less than���� for all t 
 �� and that nevertheless the system
y� � B
t�y has solutions that are unbounded as t���

c� B
t� is in this example discontinuous� Try to modify the example so that
B
t� obtains a continuous derivative everywhere�


d� Let A
t� � A� B
t�� where all eigenvalues of A have negative real parts�
and

R�
� kB
t�kdt is �nite� Show that all solutions of the system y� � A
t�y

are bounded� Try also to relax the conditions on A and B
t��

Hint	 Use the corollary of Theorem ��������


e� Consider the system y� � A
t�y� where

A
t� �

�
B�

�

� � t�
�

� � t�
�

� � t�
�

� � t�

�
CA �

Show that all solutions are bounded as t��� in spite that both eigenvalues
are positive for every t � ��

�� Consider the predator�prey problem�

y�� � ay� � by�y�� y�� � cy�y� � dy�� 
a� b� c� d
 ���


a� Show that an orbit that starts in the �rst quadrant will remain there�


b� Show that the origin is a saddle point� and that p � 
d�c� a�b� is a stable
center for the linear approximation 
around p�� and determine the period of
the solutions of the linear approximation�


c� If you divide the two dierential equations� you obtain a single equation�
dy��dy� � � � �� Show that its general solution is F 
y� � const��� where F 
y� �
a ln y� � by� � cy� � d lny�� Show that F 
p� � F 
y� is a Liapunov function�
For what values of k does the equation F 
y� � k represent closed orbits of the
problem� How can you be sure that they are closed�

�� There are many variations of Theorem ������� The following can be useful in
the study of certain types of sti problems� when g
t� is positive and su��
ciently smooth� and 
� � �the local time�scale of g
t�� � ��� Assume that
dkuk�dt � 
�
kuk � g
t��� 

� � �� t 
 a��


a� Show that

ku
t�k � k
t� � max
a�x�t

g�k�
x�

���k �Ce�
��t�a��

where

C � ku
��� k��
a�k� �
t� � �� k
t� �
k��X
p��

g�p�
t�

���p�
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cf� 
���������

Hint	 Show this �rst for k � �� Then derive a similar dierential inequality
for ku
t�k � k
t�� where g
t� is replaced by something else�


b� Since k
t� is independent of a� it seems strange that the maximization
mentioned in the result should be over the whole interval �a� t�� Try to im�
prove this� Also show that the �rst neglected term is a good error estimate if
jg�k�
t��g�k���
t�j � j���j�

� Derive a bound for the dierence between a solution y
t� of the dierential
system�

�y� � f
t� y�� 
� � �� ��� 
��������

and the solution z
t� of the reduced problem� f
t� z� � �� in terms of � and
upper bounds for k�f��tk and 

�f��y� in some suitably de�ned domain�
The latter is called 
� and is assumed to be negative� Show that this dierence
is O
�� for t � 
��j
�j� ln
����� i�e� �after a fast transient� or �outside a thin
boundary layer��

Hint	 By the chain rule� �f��z z�
t� � �f��t � �� Rewrite the reduced
problem as a dierential system	 �z�
t� � f
t� z� � �z�
t�� 
� � �� ���

��� Verify the statements of Theorem ��������

��� Set B � 
I �A���
I � A��


a� For inner product norms� show that if 

A� � � then kBk � ��

Hint	 First show that y � Bx � y � x � A
y � x�� Then show that
kyk� � kxk�� if x 	� ��


b� Show by an example that this is not generally true for the max�norm�


c� Set m � 
� � 

A���
� � 

A��� For inner product norms� show that
kBk � m� if � � 

A� � �� while this is not generally true if 

A� � ��

�� Let 
u� v� � uHHv� juk� � 
u� u�� and let k � k� 

�� be� respectively� the
subordinate matrix norm and the subordinate logarithmic norm�


a� Show that 

A� � � � AHH �HA negative de�nite� and that 

A� �
maxf� 	 det
AHH �HA� ��H� � �g�
Hint	 Apply the results proved in Theorem �������� For the latter statement�
either use the Lagrange multiplier rule� or reduce the problem to the l��case
for the matrix RAR��� by the Cholesky decomposition H � RHR and the
substitution w � Ru�


b� Show that kAk� � maxf� 	 det
AHHA� �H� � �g�
��� Consider the matrix dierential equation� U � � J
t�U � U 
�� � I�

Note that U 
t� �� �
�
I� �J
t�

�
U 
t��o
��� For any operator norm� note that

kI � �Jk � � � �

J� � o
��� dkU 
t�k�dt � 

J
t��kU 
t�k�
Show that det
I � �J� � � � � trace 
J� � o
��� and that d
detU 
t���dt �
trace J
t� det U 
t�� Note that if y� � f
t� y�� J
t� � f �y
t� y
t��� then trace J
t� �P

�fi��yi � div f at y � y
t��
Show that these results hold for the matrix dierential equation U � � U J
t�
too�
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��� From the classical Perron�Frobenius theorem 
Theorem �������� we have the
following	 If P is a matrix with strictly positive elements� then P has a positive
eigenvalue r� that we call the Perron value� with the following properties	


i� r is a simple root of the characteristic equation�


ii� r has a strictly positive eigenvector w� that we call the Perron vector�


iii� If � is any other eigenvalue of P � then j�j � r�

The �rst two properties hold also for a matrix A that is irreducible and has
non�negative elements� but the inequality of Property 
iii� becomes j�j � r�


a� Find a �� � irreducible matrix with non�negative elements that does not
possess Property 
iii�� unmodi�ed� Also �nd a ��� matrix with non�negative
elements that does not possess Properties 
i� and 
ii��


b� Derive from these results a modi�ed form concerned with max� instead
of max j�j� for any irreducible matrix B� such that bij 
 �� when i 	� j�

Hint	 Apply the Perron�Frobenius theorems to a matrix A � I � �B with
positive elements� and let �� ��


c� Let A and B satisfy the respective conditions stated above� Take the
coordinates of the Perron vector of A as weights in a weighted maximum
norm� Prove that the subordinate matrix norm is e�cient for the matrix A�
Then formulate and prove the analogous result for the subordinate logarithmic
norm of the matrix B�


d� Let A � �aij� be irreducible� and let C � �cij� be a complex matrix� such
that jcijj � aij� then �
C� � �
A�� where �
�� denotes the spectral radius�
Formulate and show the analogous result for the matrix B� 
where the non�
negativity is required for the o�diagonal elements only��

Hint	 Use the norms discussed in 
c��


e� Find a weighted max�norm that produces an e�cient logarithmic norm for
the matrix �

��� � �
� �� �
� � ��

�
A �

Comment	 This matrix is reducible� but it can be handled according to the
remarks after Theorem ��������

�	� Let T 
t� be a real orthogonal matrix for every t� with the derivative T �
t��
Show that 
�
�T��T �� � �� 
The application of Theorem ������� is thus as
simple and sharp as it should be in this case��

Hint	 Show that T��T � is a skew�symmetric matrix�

Computer Execrcises

�� Treat Problem ������ 
A population with crowding and toxines� with Runge�s
�nd order method� Start with y�
��� TOL� y�
�� � ��
Run the following cases long enough to show the limits as t��	
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a � b � ���� a � b � ���� a � ���� b � �� a � ���� b � ��
Plot y� versus t on the same sheet for all the four cases�
Plot y� versus y� in the �rst two cases�

�� Treat Problem ������ with Runge�s �nd order method� You are likely to en�
counter some trouble with values of y � �� due to the inevitable computational
errors� How can you rewrite the problem in order to avoid this trouble 
with�
out using the known exact solution��

�� Test experimentally the result of Problem � above� for some representative
choices of � and ��

�� Solve by computer the equation y� � t� � y�� y
�� � �� Choose the tolerance
so that you can rely on � decimal places� Plot the dierence between y
t� and
the approximations mentioned above in Problem ��

	� Solve by computer the �recti�er problem�� 
��������� In particular� determine
the minimum value of y
t�� Choose TOL and various values of �� so that you
can test the hypothesis that miny
t� � C

p
�� If it seems true� estimate C to

about �! relative accuracy� 
Extrapolate appropriately to � � ���

Hint	 Remember that the right hand side is zero at the minimum point�
Also prove theoretically that y
t� � �� �t � ����


� The Brusselator problem is a chemical system with a limit cycle� A simple
version� see Hairer et al� ��� ����� p��� �	 is described by the system�

y�� � a� y��y� � 
b� ��y�� y�� � by� � y��y��

Choose a � �� b � �� and show that the critical point is unstable for this
choice� Compute one orbit with the origin as starting point� and another orbit
that starts near the critical point� You will �nd that both orbits approach the
same limit cycle� Estimate its period to about �! relative accuracy�

�� Lorenz�s example of a chaotic motion� See Fig� ������b� The following equa�
tions occurred in Theoretical Meteorology� see Hairer et al� ��� ����� p�����	

y�� � ��y� � �y�� y�� � �y�y� � ry� � y�� y�� � y�y� � by��

with initial conditions	 y�
�� � ��� y�
�� � �� y�
�� � r � ��
Take e�g� b � ���� � � ��� r � ��� and run the problem over the interval
� � t � ��� with TOL � ����� and ������ Plot y� versus t� You are likely to
�nd big dierences in the results�
Plot also the projections of the orbit into the coordinate planes� and try to
obtain an idea of the behavior of the orbit in R��
Finally plot the intersection of the orbit with the plane y� � r� �� a so�called
Poincar�e section� a useful picture for the theoretical analysis of a non�linear
system�

�� The equation of an undamped pendulum ��� � �
� sin�� � � can be rewritten

as a system� y�� �
�
�y�� y

�
� � � sin
�y��� The left part of Fig� ������ is a phase

plane plot with �� orbits for this system�
Similarly� the equation of a damped pendulum ����������sin� can be written
as a system� y�� � y�� y�� � ����y� � siny�� The right part of Fig� ������ is a
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Figure �����
� Phase plane plots for an undamped and a damped pendulum�

phase plane plot with initial values� y�
�� � �� y�
�� �
p
�a for �� values of

a	 a � ��� 	 ��� 	 � and � 	 � 	 ���


a� Run the undamped case with y�
�� � �� y�
�� � ������ ����� ����� and
determine the period to about �! accuracy� Explain theoretically the change
of the character of the orbits that occurs at y�
�� � ��


b� For the damped pendulum� determine by numerical experiment 
to about
�! accuracy� the initial speeds needed at the bottom point in order that the
pendulum should be able to do �� �� �� �� � complete revolutions� before it starts
to oscillate back and forth around the bottom point�

Hint	 Run the system backwards in time from one 
or more� appropriate
starting point
s�� Repeat the run with other tolerances and slightly dierent
starting points in order to estimate the accuracy�

� 
a� Run the system y�� � 
� � ay��
y� � y��� y�� �
�
�y� � y�� y�� � y�� with

initial values y�
�� � �� y�
�� � �� y�
�� � �� for a few values of the parameter
a� Choose the tolerance and the �nal value of t� so that limt�� y�
t� can be
determined to three correct decimals� The result will probably surprise you�
Make a conjecture about limy�
t�� and try to prove it� Try also to generalize
the result to a more general system of ODEs�


b� The following example may give a hint to the proof of the conjecture�
The dierential equation y� � �eyy is separable� but the expression for the
exact solution is rather di�cult to handle� Show instead by a rather simple
manipulation of the dierential equation that

R�
� y
t�dt � �� e�y����

��� The Mathieu equation reads� u�� � 
a� b cos ��t�u � �� see� e�g�� Coddington
and Levinson ��� ����� pp� ��������� Determine experimentally� if a � �� for
what values of b all solutions of this equation are bounded� 
Or� more ambi�
tiously� �nd the �stability region� for 
a� b� � R���
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Hint	 Rewrite the equation as a system� and start at t � �� Note that its
fundamental matrix U 
t� satis�es the conditions�

U 
t� � U 
t� ��U 
�� � � � � � U 
t��U 
��n�

where t � n � t�� � � t� � �� The spectrum of U 
�� is therefore the crucial
thing� Note that detU 
t� � �� according to Problem ��� So� the question is
reduced to �nding out experimentally for what values of b� a certain condition
is satis�ed by U 
��� What condition�

���	 General Concepts and Theorems for ODEs

������ Variational Equations and Perturbation Expansions

The iteration used in the proof of Theorem ������ was based on the rewriting of the
dierential equation dy�dt � f
y� in terms of an integral operator that is bounded
and� under appropriate conditions� contractive� Would it have been possible to use
a dierent iterative scheme� For example� let y�
t� be a solution of the algebraic
equation f
t� y
t�� � �� and de�ne

f
t� yi
t�� �
dyi��
t�

dt
� i � �� �� � � � � 
�������


with appropriate conditions that make yi
t� unique��
The answer is No� because the dierential operator d

dt
is an unbounded

operator� at least in any function space that contains exponentials y
t� � e	t for
some arbitrarily large values of j�j� 
since for such functions k d

dtyk � j�jkyk�� The
dierential operator d

dt is a bounded operator in some particular function spaces
only� such as the space of polynomials of a �xed degree or a space of so�called band�
limited functions� i�e� Fourier transforms of functions with a compact support�

Nevertheless the iterative scheme 
������� is interesting for special classes of
dierential systems� called separably sti� systems or singular perturbation prob�
lems� First consider a special case	

y� � �
y � ce	t�� � � C� 
�������

This equation has the particular solution y
t� � c
�� ������e	t Let y�
t� � ce	t�
Then yi
t� � cie

	t where c� � c� �
ci � c��e	t � ci���e
	t� i � �� �� �� � � �� i�e��

ci � c� ci������ By induction

ci � c

�
� �

�

�
�

��

��
� � � ��

�i

�i

	
� 
�� �

�
����

if j�j � j�j� i�e�� yi converges towards the particular solution mentioned above� Note
that� if 
�� � � any solution of 
������� will approach this particular solution at
the rate of e�t as t increases�
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When the iteration formula 
������� is applied to the more general equation

y� � �
y � g
t��� y
a� � c� 
�� � �� 
�������

with y�
t� � g
t�� each iteration yields a new term in the expansion�

y
t� � g
t� � ���g�
t� � ���g��
t� � � � �� ��k��g�k���
t� � � � � � 
�������

We �rst note that this is 
at most� a particular solution of 
�������� but it can then
approximate any solution when 
��
t � a� � ��� Moreover� it is common that
this expansion is semiconvergent only 
in the sense of Sec� ������� The expansion
is to be truncated� when the terms do not decrease rapidly any longer� in absolute
value� Another derivation of the expansion is indicated in Problem ������� together
with a remainder� It shows that the �rst neglected term provides a useful error
estimate� as long as the second neglected term is much smaller� in absolute value�
than the �rst� i�e�� if jg�k�
t��g�k���
t�j � j���j or� in other words� if the local
time scale �q
t� g� k� � j���j� It is worth noting that it often happens� in the
applications we have in mind� that this expansion is not alternating� and that� for
a �xed t� �q
t� g� k� � � slowly� as k � �� Take� for example� g
t� � ��t� Then
�q
t� g� k� � t�
k � ��� and the expansion reads

y
t� � �

t
� �

�t�
�

��

��t�
� � � �� 
k � ���

�k��tk
� � � � �

This reminds of the alternating semiconvergent expansion studied in Example �������
but now the most interesting case is when � � �� t � �� i�e�� when all terms are
positive� Now the �rst neglected term is a useful error estimate only if k��� j�tj�

Note� assume that � � � that

g
t � ���� � g
t� � ���g�
t� �
�

�
���g��
t� � � � � �

By comparison of this with the expansion 
�������� we �nd that the graph of y
t�
can be looked upon as a translation g
t� j�j��� of the graph of g
t�� with an error
of O

�j�� j���� where � is the local time scale of g
t�� provided that the transient

proportional to e��t�a� has died out� i�e�� for t � a � j�j�� ln ��TOL� or t � a �
j�j�� ln j�j depending on the criterion used for deciding that a term is negligible�

Equation 
������� is valid also if we substitute a matrix A for �� such that
� � � and j�� j � � for all eigenvalues of A� Now consider a nonlinear system�
where � corresponds to ��j�j�

�y� � F 
t� y�� � � �� 
�������

Assume that F 
t� y� and its partial derivatives of low order are bounded� and that
there exists a solution y�
t� of the reduced problem F 
t� y� � �� such that the
Jacobian J
t� � �F��y at y � y�
t� is non�singular and has a negative logarith�
mic norm 

J
t�� � 
� � �� 
In fact� the non�singularity follows from the latter
assumption� see Theorem ��������� Let then y�
t� be de�ned by the equation

�y��
t� � F 
t� y�
t��� 
�������
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Take the total derivative of the equation F 
t� y�
t�� � � with respect to t� i�e��
�F��t� J
t�y�� � �� This determines y��
t�� By Taylor�s formula� we can now write

������� as follows	

�y��
t� � F 
t� y�
t��� F 
t� y�
t�� � J
t�
y�
t�� y�
t�� �O
ky� � y�k��� 
�������

It can then be shown that

y�
t� � y�
t� � �J
t���y��
t� � O
���� 
�������

and that y�
t� � y�
t� � O
���� It is then conceivable that y
t� � y�
t� � O
����
when a transient� that decays faster than e�

��t�a�� has died out�
If 
������� is a single nonlinear equation� J
t� � 
� � � then we conclude from


������� that

y
t� � y�
t� �O
��� � y�
t� ��jJ
t�j� � O
��� 
�������

i�e�� the graph of y
t� is approximately a translation of the graph of y�
t�� after the
transient� but the delay ��jJ
t�j depends on time�

A few things are worth to be noted for the case of a single equation	


a� The left hand side of 
������� is smaller than the absolute value of each of the
terms J
t�y�
t�� J
t�y�
t�� by a factor that can be described as the ratio of
the smallest local time constant of the system to the local time scale of the
approximate solution y�
t�� So� when the solution of a single dierential equa�
tion has become sti� the dierential equation describes a moving approximate
balance between positive and negative terms on the right hand side�


b� The graphs of y
t� and y�
t� intersect at points where y�
t� � �� 
Why is that
no contradiction to �the translation point of view���


c� The asymptotics is valid only when the delay ��jJ
t�j is much smaller than
the local time scale� In particular� it becomes unreliable when t approaches a
point� where J
t� is zero�

These points of view� applied to individual equations of a system� where the
other variables are considered as driving terms� can often provide a good insight in
what is going on in the system� This makes it natural to extend the use of the term
sti�ness to individual variables or subsystems of a larger system�

The function de�ned by a few iterations according to 
������� is close to a
solution of 
������� if �� � 
t�� If 
� � �� it is attracting to other solutions of the
same system� as t increases� If the Jacobian has a positive eigenvalue� the iterative
process may still be semi�convergent� but the resulting function is repelling to
the other solutions of the system� In non�linear problems the expressions for the
successive iterates quickly become messy� but Problem ������ indicates that rather
simple bounds can be obtained�

Example �������
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Figure ������� The solution of y� � a
��t� y�� y
�� � � for a � ���� ��� ��

Fig� ������ shows the solution of y� � a
��t� y�� y
�� � � for a � ���� ��� ��
The curve y � ��t is not drawn� but it proceeds from the upper left corner through
the top point of the leftmost curve and continues then immediately to the left of the
leftmost curve� It is seen that� after the transient� the other two curves are delayed
about a�� after the left curve� as predicted above�

Figure ������� Solution of �the recti�er equation�

Example �������

Fig� ������ shows the solution of �the recti�er equation�

�
dy

dt
�
�

sin ��t�� � y�

�
� y
���� � ���� 
��������
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for � � ������� ����� ����� The reduced problem has two solutions	 y�
t� � � sin ��t�
Note that f �y
t� y� � ��y��� hence y�
t� � j sin ��tj is attracting� while the branch
y�
t� � �j sin ��tj is repelling� The points where y�
t� � � are branch points� where
J
t� � �� The smallest time constant is ��jyj� the local time scale is approximately
�
�� � and y
t� � j sin ��
t� ��
�y��j� except in the transient and in the neighborhood
og the branch�points� It appears that the asymptotics becomes unreliable when
y � O


p
��� where y
t� has a minimum� with a sharp turn� It may be conjectured

that miny
t� � c
p
�� 
�� ��� It is not quite trivial to determine c by an asymptotic

analysis� If one does it numerically instead� by running the problem for dierent
values of � 
Computer exercise �������� one should avoid to choose TOL � � 
say��
It has happened also with widely used programs for sti problems and a care�
less choice of TOL that the computed solution becomes close to sin ��t instead of
j sin ��tj� This can be very misleading� in particular since the erroneous solution
is much smoother and looks more trustworthy than the correct solution� Roughly
speaking� the step size has become so big for t � ���� that the computed points
never come close enough to y � �� for the program to recognize the change of local
time scale� It may also fail to recognize the repelling nature of the wrong branch
for y � �� since the stability region of many numerical methods for sti problems
contains part of the right half plane where �h � �� 
See Example ��������

Let z
t� be a function that satis�es the dierential system�

dz

dt
� f
z� � r
t��

where r
t� is a piecewise continuous perturbation� Let y
t� be a solution of the
system dy�dt � f
y�� Set

u
t� � z
t� � y
t��

Then u � u
t� satis�es the dierential equation�

du

dt
� f
y
t� � u�� f
y
t�� � r
t�� 
��������

called the exact or the nonlinear variational equation�

Lemma �������

The non�linear variational equation 
�������� can be written in pseudo�linear
form

du

dt
� J
t� u�u� r
t��

where J
t� u� is a neighborhood average of the Jacobian matrix�

J
t� u� �

Z �

�
f �
�
y
t� � �u

�
d�� 
��������

Proof� By the chain rule�

�f
y
t� � �u�

��
� f �
y
t� � �u�u�
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hence

f
y
t� � u�� f
y
t�� �

Z �

�

f �
y
t� � �u�ud� � J
t� u�u�

Systems of ODEs often contain parameters� and it may be of interest to study
how the solution y
t� p� depends on a parameter vector p� The following result
can be derived formally by the application of the chain rule to 
��������� A more
thorough treatment is found in the �rst three chapters of Coddington�Levinson ����

Theorem �������

Let y � y
t� p� be the solution of the initial value problem�

dy�dt � f
t� y� p�� y
a� � c
p�� 
��������

where p is a vector of parameters� Assume that f is a continuous function of t�
a di�erentiable function of y and p everywhere� and assume that k�f��yk � L
everywhere�

Then� y
t� p� is a di�erentiable function of t and p� The matrix valued function
U 
t� � �y��p is determined by the non�homogeneous linear variational equation�

dU�dt� J
t�U � �f��p� U 
�� � �c��p�

J
t� � �f��y is evaluated at y � y
t� p��
If f is an analytic function of 
y� p� in some complex neighborhood of 
y�� p���

then y
t� p� is an analytic function of p that can be expanded into powers of � �
p � p� with a non�vanishing radius of convergence� sometimes called a regular

perturbation expansion�

Comments	 If the dierentiability conditions etc� hold only in a subset D�
then the �rst result remains true� as long as the orbits stay in D� It would have
been more correct to write J
t� p� instead of J
t�� We avoid this in order not to
confuse with the neighborhood average J
t� u� introduced above�

The regular perturbation expansion is called so� since the same number of
initial values are required for p � p� as for p � p� � �� It can be shown� see e�g�
Lin and Segel ������� that the coe�cients in the expansion� which are functions of
t� can be computed recursively� by the solution of the linear variational equation
with the same matrix J
t�� but the right hand side now depends on the coe�cients
previously computed� In practice� it may be easier to compute numerical solutions
for a few 
judiciously selected� values of �� with the same step size sequence ��	�
in order to rely on approximate cancellation of truncation errors� see a warning
example in Hairer et al� ������ p� ����� A few coe�cients can then be computed
by a polynomial �tting program�

Notice that the expansion 
������� does not fall into this category� Surely� it
may be considered as a particular case of an ��expansion 
with � � j���j�� applicable
to the nonlinear system 
�������� i�e�� �y� � F 
t� y�� There is� however� a great
dierence� The problem obtained for � � �� is an algebraic system 
i�e�� F 
t�y� � �
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or g
t� � y � �� respectively� that cannot accept arbitrary initial values� as the
problem does for � 	� �� This is called a singular perturbation problem� The
recurrence relation for the coe�cients is dierent� as exempli�ed by 
�������� If
� � � � � and 

�F��y� � �� the motion quickly forgets its initial 
or boundary�
values� during a transient 
or in a boundary layer�� Singular perturbation problems
are a particular type of sti problems�

������ Di�erence Equations and Matrix Power Boundedness

Recursion formulas of the type

yn�k � f
yn� yn��� � � � � yn�k��� n�� 
��������

play a large part in the numerical solution of dierential equations� Its solution is
uniquely determined when k initial values y�� � � � � yk�� are given� and these can be
chosen arbitrarily�at least if the function f is de�ned in the whole space� Such
recursions can also be written in the form of a kth order dierence equation

+kyn � g
yn�+yn� � � � �+
k��yn� n�� 
��������

The properties of such equations were discussed in Sec� ������
We next consider nonhomogeneous linear systems of �rst�order di�er�

ence equations� written in vector�matrix form	

yn�� � Anyn � xn�

where yn� xn � Rs and An � Rs
s� If the initial value y� is given� then by induction
we obtain

yn � Pn��y� �
nX

j��

Pn�jxj��� 
��������

Pn�j � An��An�� � � �Aj � Pn�n � I� 
��������

This is a discrete analog of 
��������� 
which may make the formula for the contin�
uous case more intelligible��

If the matrices Ai are non�singular then we may write Pn�j � PnP
��
j � In

particular� if all Ai are equal to A� then

yn � Any� �
nX
j��

An�jxj��� 
��������

This formula holds� of course� also in the scalar case�
The following analog to Theorem ������ is easily proved by induction�

Theorem �������

The solutions of a pseudo�linear system of di�erence equations�

un�� � A
n� un�un � r
n� un��
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satisfy the inequality� kun��k � kA
n� un�k � kunk� kr
n� un�k� Let Dn be a convex
domain in Rs� and assume that

kA
n�w�k � an� kr
n�w�k � bn� �w � Dn�

Then� kunk � n� where n is a solution of a scalar di�erence equation� n�� �
ann � bn� � � ku�k� as long as the bound derived from this guarantees that
un � Dn�

If an � a� bn � b� independently of n� then

kunk � n �

�
anku�k� b
�� an�

�� a
� if a 	� ��

ku�k� bn� if a � ��

��������

If a � �� kunk � maxfku�k� b�
�� a�g� n 
 ��

Proof� The proof is left for Problem ��

The natural relation is via a step size parameter h� such that nh � t� a �
e�

�h� In particular� a � � corresponds to 
� � ��

Example �������

In the analysis of numerical methods for dierential equations� see e�g� Sec� �����
one sometimes encounters a vector sequence that satis�es a dierence equation of
the form�

yn�� � 
A � hBn�yn � rn� n � �� �� �� � � ��

where h is a step length� We want to estimate kynk�
Assume that� for some lp�norm� kBnk � K� krnk � chp��� �n� and that A

is a constant matrix with spectral radius equal to �� such that the eigenvalues of
unit modulus are non�defective� Then� by Theorem ������� there exists a norm
kykT � kT��yk� such that kAkT � �� for the subordinate matrix norm� Then
kBnkT � K�� where

K� � �
T �K� �
T � � kTk � kT��k�
and �
T � is the condition number� It follows that

kyn��kT � 
� �K�h�kynkT � chp��kT��k�
This is the situation treated by Theorem ������� with an � a � � � K�h� bn �
b � chp��kT��k� By 
���������

kynkT � 
� �K�h�
nky�kT � 
� �K�h�

n � �
K�h

chp��kT��k

Since kyk � kTk � kykT � kykT � kT��k � kyk� we can return to the original norm	

kynk � kTk
�

� �K�h�

nky�k � kT��k� 
� �K�h�
n � �

K�
chpkT��k
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Finally� we use the de�nition of condition number and the following relations�

� �K�h � eK�h� nh � t� eK�t � � � K�te
K�t� for t 
 ��

in order to the obtain the result	

kynk � �
T �eK�t
ky�k� tchp�� 
��������

If we had not used to the T �norm internally� the result is likely to have become
less sharp� in many cases even useless� Still the positive constant K� is for many
applications a weak point of this result� A stronger bound may be obtained by the
use of a sequence of similarity transformations Tn according to the following general
theorem that is a discrete analog of Theorem �������� For the sake of simplicity it is
formulated for a linear system� but the generalization to a pseudo�linear system is
straight�forward 
see Theorems ������� and �������� Recall that kAkT � kT��ATk�

Theorem �������

Consider the linear system yn�� � Anyn � rn� Let Tn be a sequence of non�
singular matrices� Then kynk � n� where n is de�ned by the di�erence equation

n�� � �
T��n��Tn�kAnkTnn � �
Tn���krnk� � � �
T��ky�k�

If �
T��n��Tn�kAnkTn � a� and �
Tn���krnk � b� then the bounds given in 
��������
are valid� and the behavior of n is illustrated by Fig� �������

Proof� The proof is left for Problem ��

The question whether a matrix sequence fAng�� is bounded or not is often of
interest� e�g� in the application of 
��������� We also saw in the previous example
that it is interesting to know whether there is a norm such that kAk � �� The
following theorem� that is a discrete analog of Theorem ������� shows� among other
things� that these two questions are equivalent�

Theorem �����	� Power Boundedness of a Single Matrix�
Let A be a given square matrix with spectral radius �
A�� The following state�

ments are equivalent�


i� The sequence fAng�� is bounded�


ii� All eigenvalues of A are located inside or on the unit circle� and there are no
defective eigenvalues on the unit circle�


iii� There exists an operator norm such that kAk � ��

Proof� We shall establish the equivalence by showing that 
i� implies 
ii�� 
ii�
implies 
iii�� and 
iii� implies 
i�� In order to show that 
i� implies 
ii�� we �rst
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consider a Jordan box Jm
�� � �I � N � where Nm � ��

kJm
��nk� �








min�n�m���X

p��

�
n

p

	
Np�n�p







 �
min�n�m���X

p��

�
n

p

	
j�jn�p 
 cnm��j�jn�

It follows that kAnk can be bounded only if� for every eigenvalue �� j�j � �� and
m � � if j�j � �� This is� in other words� condition 
ii��

Next� 
ii� implies 
iii�� by Theorem ������� Finally� 
iii� implies 
i�� since
kAnk � kAkn � ��

Dierence equations of order k can be written as a system of �rst�order dier�
ence equations� After the substitution zn 	� 
yn� yn��� � � � � yn�k���T � the dierence
equation yn�k�a�yn�k��� � � ��akyn � � can be written in the vector�matrix form

zn�� � Azn� A �

�
BBBB�

� � � � � � �
� � � � � � �
���

���
���

���
� � � � � � �
�ak �ak�� �ak�� � � � �a�

�
CCCCA � 
��������

where the matrix A is a companion matrix� In the literature such matrices
appear in dierent forms� depending� e�g�� on the naming of the coordinates of zn
or the coe�cients of the dierence equation� see� e�g�� Problem ������ With our
convention� the dierence equation and the matrix A have the same characteristic
equation� i�e� the roots of the characteristic equation of the dierence equation
are the eigenvalues of its companion matrix� The eigenvector belonging to the
eigenvalue � reads 
�� �� ��� � � � � �k���T � It is unique� hence any multiple eigenvalue
of a companion matrix A is defective� The veri�cation of these statements is left
for Problem ��

Theorem �����
�

The following root conditions is necessary and su
cient� for the bounded�
ness of all solutions of the di�erence equation

yn�k � a�yn�k�� � � � �� akyn � ��

or equivalently the power boundedness of the companion matrix 
��������� as n���


i� All roots of the characteristic equation should be located inside or on the
unit circle�


ii� The roots on the unit circle should be simple�

Proof� This follows from Theorem ������� since any multiple eigenvalue of a com�
panion matrix is defective�
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In many areas� notably in the analysis of �nite dierence methods for partial
dierential equations� it is important to know� if there is a constant C� such that
kAnk � C hold for an in�nite family of matrices� It turns out that statement 
ii�
of Theorem ������ is not su�cient� and statement 
iii� must also be modi�ed� as
shown by the following example and theorem�

Example �������

A matrix family is de�ned by A
	� �

�
�� 	 	���

� �� 	

	
� � � 	 � �� where using


��������

A
	�n �

�

�� 	�n n
�� 	�n��	���

� 
�� 	�n

	
�

For each 	 statement 
ii� of Theorem ������ is satis�ed� but that tells only that
kA
	�nk � C
	�� We see� however� that

max
�
kA
	�nk� 
 kA
��n�nk� 
 
� �

p
n�
�� ��n�n � n���e�� ��� n���


Since all norms in a �nite�dimensional space are equivalent the same �nal con�
clusion holds in nay norm�� This is not due to the fact that � � 	 is a defective
eigenvalue of A
	�� for if we replace one of the diagonal elements of A
	� by 
�� �

�	��
then no member of the matrix family has a defective eigenvalue� but kA
	�nk would
become even larger� 
Note that A
�� � I��

The following important theorem gives necessary and su�cient conditions for
the power boundedness for a family of matrices� cf� Theorem �������

Theorem ������� The Kreiss Matrix Theorem	 Discrete Case�
Consider a matrix family F � Rs
s for a �xed s� The following four state�

ments are equivalent�


a� There exists a constant C such that for all A � F and all n � �� �� �� � � ��

kAnk � C�

�Note that the bound C must be the same for all A � F �	

b� There exists a constant C� such that for all A � F and all z � C with jzj � ��

the resolvent 
A� zI��� exists and

k
A� zI���k � C�

jzj � � � resolvent condition�


c� There exist constants C�� C�� and to each A � F � a matrix S such that the
condition number �
S� � C� and B � S��AS is upper triangular with

jbijj � C�min
�� jbiij� �� jbjjj�� for i 	� j�
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d� There exists a constant C
 and� for each A � F a matrix T � such that

kAkT � �� �
T � � C
�

Proof� Sketch� The general plan is to show that 
a� �
b� �
c� �
d� �
a��
We �rst note that for each A � F the eigenvalues are located in the closed

unit disc� hence for jzj � �� A� zI is invertible and

k
A� zI���k � k
�X
n��

Anz�n��k � C

�X
n��

jzj�n�� � C

jzj � � �

Hence 
a� � 
b�� The proof that 
b� �
c� is the most di�cult part� and we
refer to Richtmyer and Morton ���� ������ The proof that 
c� �
d� is a more
complicated variant of the proof of Theorem ������� and again we refer to Richtmyer
andMorton ���� ����� for details� Note the important assumption about �
T �� 
This
is automatically satis�ed in the single matrix case�� Finally� 
d� �
a�� since

kAnk � �
T �kAnkT � C
kAknT � C
�

In recent applications of this theorem to the study of dierence methods to
partial dierential equations� the resolvent condition 
b� is the easiest one to verify�
It is therefore interesting that LeVeque and Trefethen has found a direct proof that

b��
a�� with C � �esC� based on the representation of An by a Cauchy integral�

Note that the resolvent appears in this integral�� Their proof is reproduced in
Hairer and Wanner ��� ����� p������

There is a continuous version of this theorem that can be heuristically derived
from the above discrete version as follows� 
Historically� the continuous version was
found �rst�� Set A � ehB � nh � t� Then An � etB� kAk � eh��B�� and the outside
of the unit disk in the discrete case corresponds to the positive half�plane� z � �
in the continuous case�

Theorem ������� The Kreiss Matrix Theorem	 Continuous Case�
Consider a matrix family F � Rs
s for a �xed s� The following four state�

ments are equivalent�


a� There exists a constant C such that

ketBk � C� �B � F � �t 
 ��


b� There exists a constant C� such that for all B � F and all z � C with z � ��
the resolvent 
B � zI��� exists and

k
B � zI���k � C�

z � resolvent condition�
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c� There exist constants C�� C�� and to each B � F � a matrix S such that the
condition number �
S� � C� and K � S��BS is upper triangular with

jkijj�C�max
kii� kjj� � �� for i 	� j�


d� There exists a constant C
 and� for each B � F a matrix T such that


T 
B� � �� �
T � � C
�

������ More Results on Stability Theory

There are other algebraic criteria and algorithms than given in Sec� ������ for the
investigation of the root condition of a polynomial� perhaps most useful at the study
the the root condition and related matters� for algebraic equations containing pa�
rameters� They can be used either numerically 
�oating point operations on vectors
of polynomial coe�cients� or algebraically 
symbolically�� There is a short discus�
sion of these two approaches to problems with two parameters� in Example �������

We �rst consider an analogous problem connected with the left half�plane
This problem has an interest in its own right for dierential equations� but it means
more to us that the two problems can be transformed into each other by a M(obius
transformation�

z �
� � �

� � � � � �
z � �

z � � � j�j � �� z � �� j�j � �� z � �� 
��������

and we set

R
z� �

�
z � �
�

	k
�

�
z � �

z � �
	
�� �
�� � 
� � ��kR

�
� � �

� � �
	
� 
��������

and similarly for �
��� S
z�� The polynomialsR and S have no common factors 
like
� and ��� In the theory of multistep methods these formulas are called the Greco�
Roman transformation� It can be seen as a linear coordinate transformation in
the linear space of multistep methods 
�� �� that provides many simpli�cations� see
Problem �� and Sec� �����

We need some notions and notations� C� � fq 	 q � �g� �C� is the closure
of C�� It includes also the imaginary axis and �� Similarly� C� � fq 	 q � �g�
The degree p of a polynomial is denoted deg p�

A k�th degree polynomial p� with zeros �j� j � �� �� � � �� k is called aHurwitz
polynomial� if �j � C�� �j� The closure of the set of Hurwitz polynomials are the
polynomials for which �j � �C�� �j� The following simple condition is often helpful
for the proof that a given polynomial is not a Hurwitz polynomial�

Theorem ������

A necessary condition for a real polynomial to be a Hurwitz polynomial is that
all coe
cients are di�erent from zero and have the same sign� This condition is
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su
cient for linear and quadratic polynomials only� For the closure of Hurwitz
polynomials� a coe
cient is also allowed to be zero�

Proof� In the factorization c
Q

z � �j�� a root �j is either negative� or it occurs

together with its complex conjugate in a factor of the form 
z���
z�$�� � z��az�b
where a � �� b � �� The expansion of the product will therefore have positive
coe�cients only� The statement about su�ciency will appear as a consequence of the
necessary and su�cient conditions presented in Theorem ������� or� more explicitly�
in Problem � 
a�� The last statement follows from continuity considerations�

A rational function f is called a positive function� if z � �� f
z� � ��
In other words	 it maps C� into itself� A useful property follows directly	 The
function f � g� de�ned by the equation f � g
z� � f
g
z��� is positive if f and g
are so� Notice that ��z is a positive function� since  ��z � $z�jzj� � z�jzj��
Hence if the function f is positive then ��f is also positive� In particular� the
rational function S�R is positive if R�S is positive�

When the attribute real is added to terms like polynomial� rational function�
positive function etc�� it means that it is real on the real axis� In other words� it
has real coe�cients� when expanded about a point in R�

Since �
����
�� � R
z��S
z�� it follows from Theorem ������ that the function
q � R
z��S
z� maps C� onto the interior of the complement of S� In particular�
a linear multistep method is A�stable� i� R
z��S
z� is positive real� This leads to a
connection between Hurwitz polynomials and positive functions�

If R�S is a positive rational function� then the polynomial R � qS is a Hur�
witz polynomial for any constant q � C�� An even more important connection is
expressed by the following theorem�

Theorem ��������

Let p�
z� � c�z
k�c�z

k���c	z
k�	 � � � � p�
z� � c�z

k���c�z
k���c
z

k�
 � � � �
be two real polynomials� Set p
z� � p�
z� � p�
z�� and assume that p� and p� have
no common divisor� Then p is a Hurwitz polynomial� if and only if

p��p� is a positive function� 
��������

Proof� We �rst note� that the statement in 
�������� is� by the second and fourth
statements of 
��������� equivalent to the condition jp�
z��p�
z���j�jp�
z��p�
z��
�j � �� i�e�� jp�
z� � p�
z�j�jp�
z� � p�
z�j � ��� i�e��

jp
z�j � jp
�z�j� �z � C�� 
��������

This strict inequality immediately shows that p
z� 	� � for z � C�� Moreover� when
z is pure imaginary� the real part is equal to either p�
z� or p�
z� 
depending on
the parity of k� and the other is the imaginary part� Anyway� a pure imaginary
zero of p
z� would be a common zero of p�
z� and p�
z�� and this contradicts the
assumption� Hence the �if� part is proved�

The converse is more interesting� Assume that p
z� is a Hurwitz polynomial�
A root �j is either negative� or it occurs together with its conjugate� both inC�� We
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have p
z� � c�
Q

z � �j� and shall establish relation 
��������� Then jp
z��p
�z�j

is a product of factors either of the form�

jz � �j�j � z � �j � jz � �j�jz � �j � �� �z � C��

or of the form ���� 
z � ��
z � $��


�z � ��
�z � $��

���� �
����z � �

z � $�

����
����z � $�

z � �

���� � �� �z � C��


Draw a picture with �ve points	 z � C�� � � C�� $�� ��� �$��� This proves

�������� and hence the �only if� part�

The division algorithm� described at the end of Sec� ����� 
Continued frac�
tions�� applied to the polynomials p�
z�� p�
z� de�ned above� yields a sequence of
alternatingly odd or even polynomials�

pm
z�

pm��
z�
� dmz �

pm��
z�

pm��
z�
� m � �� �� �� � � � � n� �� deg pm�� � deg pm � ��

Since the algorithm is� in fact� identical to the Euclid algorithm for �nding common
divisors of the polynomials p� and p�� it will� if the assumption of the theorem
is satis�ed� terminate when pm�� has become a non�zero constant� If c� � �� a
repeated use of Theorem ������� 
below� tells that p��p� is a positive function�
hence p � p� � p� is a Hurwitz polynomial� if and only if dm � � for all m� the
Routh criterion� This algorithm� the Routh algorithm� is easily programmed�
with vectors for the polynomial coe�cients� see Problem ��� If dm � �� within a
tolerance� then pm is the greatest commondivisor of p� p�� This should be examined
further� It contains the zeros of p on the imaginary axis� 
these are common zeros
of p� and p��� but it may also contain real zeros� symmetrically located with respect
to the imaginary axis�

The Routh criterion was developed by Routh in ����� with a completely dif�
ferent derivation� An extension to polynomials with complex coe�cients was made
in ���� by E� Frank� See Problem �� for a dierent approach� due to Hurwitz �����

Theorem ��������

Let f
z� � az � g
z�� where g
z� is regular in C� and bounded at �� Then
f
z� is a real positive function� if and only if a � �� and g
z� is either a positive
function or identically zero�

Proof� The �if� part is obvious� we shall prove the deeper �only if� part� First
note that� since g
z� is bounded� arg f
z� � arg a � arg z � o
��� as z � �� We
then note that w � � � j argwj � ���� It follows that j arg f
z�j � ���� for all
z� such that j arg zj � ���� if and only if arg a � �� i�e�� i a � �� It then follows
that lim infz�iy g
z� � lim infz�iy f
z� � � 
 � for z � C� and for all real y�

including y � ���� Then� by the minimum principle for harmonic functions� see
e�g� Dinghas ��� ����� p� ����� g
z� � � in C�� unless g
z� � � everywhere�
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Theorem ��������

A rational function f � u�v can be a positive function only if jdegu�deg vj �
�� If jdegu� deg vj � �� the leading coe
cients of u and v have a positive ratio�

Proof� Suppose that f
z� � az	� z � �� Analogously to the previous proof we
have arg f
z� � arg a��arg z� If j�j � � the right hand side covers an open sector
of width greater than � and a positive function cannot do this� The rest is proved
like the beginning of the previous proof�

Results of a similar type can be obtained by a substitution like z 	� ��z or by
applying the ideas of the proof� 
See Problems��

The Routh algorithm provided a clear criterion for the positiveness of an odd
rational function� For more general rational functions the following result has for
a long time been well known in circuit theory� where positive functions play an
important role in the study of passive circuits�

Theorem ��������

A rational function R
z��S
z�� where R� S have no common divisor� and
where the leading terms of R and S are di�erent from zero� is a positive function�
i�


i� �R
iy��S
iy�� 
 �� for all real y� such that S
iy� 	� ��


ii� R� S is a Hurwitz polynomial�

Proof� Think of a boundary locus construction q � R
z��S
z� with z traversing the
imaginary axis from �i� to i� 
instead of � traversing the unit circle�� Condition

i� tells that C� is to the left of the boundary locus� and hence the number of
unstable roots of the equation R
z� � qS
z� � � is the same for all q � C��
Condition 
ii� tells that this number is �� by a test at the point q � ���

For a real rational function Condition 
i� can also written R
iy�S
�iy� 
 ��
We can also formulate this

P 
y�� � R
iy�S
�iy� 
 �� 
��������

where P is a polynomial of kth degree at most� It often simpli�es the matters to
use also the necessary condition that both R and S belong to the closure of Hurwitz
polynomial� 
although it should be possible to derive these from the others��

Example �����	�

Consider the real function f
z� � R
z��S
z�� where

R
z� � az � b� S
z� � cz � d� jcj� jdj � �� ad� bc 	� ��

R and S are in the closure of Hurwitz polynomials� hence all non�zero coe�cients
have the same sign� and the other conditions imply that there is at least one non�
zero coe�cient in both the denominator and the numerator� Condition 
��������
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becomes P 
y�� � 
aiy�b�
�ciy�d� � acy��bd� and this adds no new constraints�
nor does Condition 
ii�� A necessary and su
cient condition for the positiveness of
a function 
az � b��
cz � d�� that is not identically a constant or ���� is that the
non�zero coe
cients have the same sign�

Next we shall �nd the positivity condition for the real function�

R
z�

S
z�
� z � a�

b�z� � b�z � b�
� b� 	� ��

where r� s have no common divisor� All non�zero coe�cients must have the same
sign� Since a� � �� they must be non�negative and b� � �� Condition 
i� then tells
that either b� � � or a� � � The function R�S is positive at the same time as S�R�
We consider S�R in order to apply Theorem �������� We have

S
z��R
z� � b� � 
b� � b�a��z � b���
z � a���

By Theorem �������� and the �rst part of this example� we obtain the following
necessary and su�cient conditions	

b� � �� b� � a� � �� b� � b�a� 
 ��


in addition to the condition s
�a�� 	� � for no common divisor��
Finally we consider

R
z�

S
z�
� z� � a�z � a�

b�z� � b�z � b�
�

with no common divisors� We have the non�negativity conditions for all coe�cients�
and Condition 
i� adds the strict inequalities b� � a� � �� b� � a� � �� Condition

�������� becomes after a short calculation� if we set y� � t� a � a�b��a�� b�� b �
a�b��

P 
t� � t� � at� b 
 �� �t 
 �� 
��������

Note that minP 
t� � P 
�� � b� if a 
 �� or b � �
	a

� if a � �� Since we have
the condition b � a�b� 
 � already� we �nally have� in addition to the previous
conditions� the new condition b 
 a��� if a � ��

For rational functions of higher degree� a classical device� named Sturm chains�
can be applied to check the validity of the inequality 
��������� after it has been
rephrased as proving that

P 
�� 
 �� p
t� � P 
t� � � 	� �� t � 
����� 
��������

where � is to be chosen a little larger than what is needed to compensate for the
errors of the elements of the two sequences� due to rounding�

Theorem �������� Sturm chains�
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Let p be a polynomial with derivative p�� Set p� � p� p� � p�� and consider the
Euclid algorithm�

pi�� � qipi � pi��� i � �� �� � � ��m�

Here qi is the quotient at the division pi���pi� hence deg pi�� � deg pi� The al�
gorithm terminates when pm�� � �� pm is the greatest common divisor of the
polynomials p� p�� The sequence of polynomials p�� p�� � � � � pm is called a Sturm

chain�
If p
b� 	� �� p
c� 	� �� then the number of distinct roots of the equation p
t� � �

in the open real interval 
b� c� equals the di�erence between the number of sign
changes in the sequence p�
b�� p�
b�� � � � � pm
b� and in the sequence p�
c�� p�
c�� � � � � pm
c��
A multiple root is counted as one root�

For c � � the leading coe
cient of the polynomial pi is to be substituted for
pi
c�� Similarly for b � ��� with appropriate choice of signs�

Comment	 A zero in these sequences can be ignored at the counting of sign
changes� If� e�g�� pi
b� � �� i � �� the recurrence relation shows that there is exactly
one sign change in the subsequence pi��
b�� pi
b�� pi��
b�� both for p
b� � � and
p
b� � ��� unless two consecutive numbers in the sequence are zero� but in that
case the whole sequence would be zero� and this is this is inconsistent with the
assumption�

Proof� For a complete proof� see� e�g�� Gantmacher ��� ������ Vol��� p������

Example �����
�

The following is a classical application of Sturm chains for the separation of
the real roots of an algebraic equation� Given p
t� � �t
 � �t�� �t� �� The Sturm
chain becomes 
rounded to � decimals�	

p�
t� � p�
t� � ��t	 � �t� � �
p�
t� � ���t

� � ���t� �
p�
t� � �������t

�� �������t� �
p	
t� � �������t� ������
p

t� � ��������

The number of sign changes are

� � � � �
for t � �� � ��� � � �

After counting the number of �lost sign changes� we conclude that p
t� has � neg�
ative and � positive zeros�

Example �������

Consider the situation which occurred in Example ������� i�e�� we want to �nd
conditions for p
t� � t� � at � b to be positive for t 
 �� A necessary condition
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is b 
 �� In an algebraic treatment� the Sturm chain becomes p
t�� p�
t� � �t �
a� p�
t� � a���� b� At t � � the sign sequence is 
 �� a� a���� b�� and at t ���
it is 
�� �� a���� b��

If a���� b � �� there is � sign change at both places� for all a�

If a���� b � �� there is no sign change at t � �� and so is the case at t � �
if a � �� but if t � �� a � �� there are two sign changes�

We reach the same conclusion as in Example ������	 p
t� � � for t 
 � i b � ��
and a � � or b � a����

In a problem with 
say� two parameters� it is not hard to work entirely with
a numerical version of the Sturm algorithm� instead of a symbolic version� if the
purpose is to obtain a plot of the the set f
a� b� 	 p
t� a� b� � � �t � ��g� It is not
hard to �nd suitable stepsize control� interpolation techniques� etc�� for a program
that you can be happy with yourself in an interactive environment� You can even
allow yourself to use one or two big values of t� 
though not so big that you risk
over�ow� instead of having a special branch in your code for handling �� It is
less trivial to design software that works well under any conditions 
good step size
control� good criteria for deciding whether a quantityof small absolute value is to
be counted as positive or not� signals for ill�conditioned cases� etc��� It seems likely
that the complexity grows more slowly with deg p with this approach� than with
symbolic computation with automatic handlingof the inequality logic� 
We are still
discussing a two parameter problem�� This particular example seems easy both
ways� This discussion is applicable to the other algorithms in this section�

There is also a criterion due to Schur ����� that directly tests whether or not
all zeros of a polynomial are located inside the unit circle� without the Greco�Roman
transformation�

Theorem ������	� The Schur criterion�
Let P 
�� � c��

n� c��
n��� � � �� cn� and set #P 
�� � $cn�n� $c��n��� � � �� $cn�

We write P � Sch� i� all zeros of P are strictly inside the unit circle� Let p�
�� be
a kth degree polynomial� and de�ne recursively�

pi��
�� �
#pi
��pi
�� � pi
��#pi
��

�
�

The algorithm terminates when jpi
��j 
 j#pi
��j�
The following statements are the basis of the algorithm�


i� 
pi � Sch��
�
pi�� � Sch� � 
jpi
��j � j#pi
��j�

�
�


ii� p� � Sch� i� pi is equal to a constant at the termination�

Proof� Sketch� If j#pi
��j � jpi
��j� then deg pi�� � deg pi � ��
The statement 
i� is proved by the Rouch,e theorem of complex analysis� that

tells that �pi��
�� and pi
�� have the same number of zeros inside the unit circle�
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if j � pi
��#pi
��j � j#pi
��pi
��j on the unit circle� Since j#pi
��j � jpi
��j on the unit
circle� the latter condition is equivalent to the inequality j#pi
��j � jpi
��j�

If P 
�� � � then #P 
��$�� � �� and vice versa� If degP � �� the modulus of the
product of the zeros of P equals jP 
��� #P
��j� Hence pi cannot belong to Sch� if the
termination criterion jpi
��j 
 j#pi
��j is satis�ed� before pi has become a constant�

Figure ������� Mapping of an equidistant point set on the unit circle�

The mapping of an equidistant point set on the unit circle is often very far
from equidistant� The right part of Fig� ������ is a magni�cation generated by ��
points around � � ��� out of the ��� points which generated the left �gure� More
than ��! of the points are mapped into the strip ������� � q � ������� that
contains less than �! of the length of the locus� The left �gure gives an impression
of the nature of the singularity at q � �� that contradicts the expectation given by
analytic considerations� This inspired the drawing of the magni�cation� Similarly�
it is to be expected that the algorithms described in this section may sometimes be
needed as a supplement to a drawing of the boundary locus also for a single method

without parameters��

Problems

�� 
a� Verify the statements made above concerning the companion matrix de�
�ned by 
��������� its characteristic equation� eigenvalues� eigenvectors etc�

Hint	 An easy way to �nd the characteristic equation and the eigenvector is
to solve the equation Az � �z from the top to the bottom� The last equation
gives the condition that � must satisfy�
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b� Similarly� �nd the inverse of the companion matrix A is by solving the
equation Ax � y from the top to the bottom� This gives you x � A��y�


c� Let � be a double eigenvalue of a companion matrix� Show that a prin�
cipal vector is 
�� �� ��� � � � � 
k � ���k���T � Formulate a generalization to
eigenvalues of higher multiplicity�


d� Rewrite analogously the dierential equation y�k��a�y
�k����� � ��aky � ��


e� What bounds do you obtain for the roots of an algebraic equation by the
consideration of the maximum norm or the subordinate logarithmic norm of
its companion matrix� Consider also the l��norm and weighted variants of
both norms� e�g� with weights wi � ci� for some suitable choice of c�

�� Does 
�������� remain valid� if the condition on rn is replaced by the more
liberal condition� krnk � chp��
� �K�h�

n���

�� Prove Theorems ������ and �������

Hint	 These theorems are analogous to Theorems ������ and �������� see the
comment after Theorem ������� Concerning Theorem ������� note� e�g�� that
if Tn � T 
tn�� where T 
t� is a smooth function� then for t � tn��

kI � hnT
��T �
t�k � � � hn

�T��T �
t��

�� The slopes kn in the knots of a cubic spline is� by Theorem ������ in the case
of m subintervals of equal length h� determined by the dierence equation�

kn�� � �kn � kn�� � dn�� � dn� n � �� �� �� � � ��m�

where dn � 
yn � yn����h is given� Several alternatives for providing the
boundary values k� and km are described in Sec� ������ Show that� if m is not
too small� the eect on kn of the errors of the boundary slopes is approximately

	kn � 	k�
���
p
���n � 	km
�� �

p
���m�n�

and that we can determine 	k� by setting 	k� � 
�� �p��	k� into equation

������� or 
�������� and analogously for 	km� For what values of m are the
errors of these results less than 
say� ����max
j	k�j� j	kmj��
For what values of n is j	knj itself less than 
say� this bound� 
Make an
appropriate assumption about m in order to get a simple result��
Estimate also how these errors are propagated to the values of the spline itself�

See 
��������

	� 
a� Show that all solutions of the dierence equation

yn�� � ��yn � yn�� � �

are bounded� as n��� if �� � � � �� while for any other � in the complex
plane there exists at least one solution which is unbounded�


b� Let A be a diagonalizable matrix� Give� in terms of the eigenvalues of
A� a necessary and su�cient condition for the boundedness as n � � of all
solutions of the dierence equation

yn�� � �Ayn � yn�� � �
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� 
a�� 
b� 
c� See Problems � and �� of Sec� ��� in the old Dahlquist�Bj(orck

un�nished��

�� Dierence equation for power series coe�cients of a rational function� and the
partial fraction decomposition� Relate to Pad,e� epsilon and Shanks�
un�nished�

�� A short introduction to the z�transform 
un�nished��

� 
a� Assume that the matrices An are non�singular� and that all solutions of
the linear system un�� � Anun satisfy the inequality

kunk � k�kujk� �j� � � j � n�

Set Pn � An��An�� � � �A�� see 
�������� and Problem �� of Sec� ����� Show
that kPnP��

j k � k��


b� Assume that Bn
u� is a matrix such that

kBn
u�k � c�� �n 
 � if kunk � c�
n��

Show that all solutions of the pseudo�linear system un�� �
�
An � Bn
u�

�
un

satisfy the inequality� kunk � c�ku�k � c�
Pn

j�� c�kuj��k� as long as this
inequality implies that kunk � c�
n��


c� A dierence analog of the Gronwall�Bellman Lemma	 Let fgng� fkng� be
two scalar sequences� such that kn 
 �� �n 
 �� and set

Kj � 
� � kj���
� � kj��� � � � 
� � k���

Assume that a 
scalar� sequence fyng for n 
 � satis�es the inequality

yn � gn �
nX

j��

kj��yj��� Show that

yn � gn �
nX

j��


Kn�Kj�kj��gj���

Show also that if kn � k and gn � g for all n � �� then yn � 
��k�ng� Apply
the result to �nd a simple bound for kunk in Problem 
a��

Hint and note	 See the hint and note of Problem �� of Sec� �����

��� 
a� Fig� ������a shows the boundary locus for a consistent linear ��step method�
about which it is known that �
�� has one unstable root� Find the stability
region� if it exists� Is the method zero�stable�


b� Fig� ������b shows the boundary locus of the linear ��step method gener�
ated by the polynomials� �
�� � 
� � ��
�� � ��� �
�� � ���� Is the method
consistent� Is it zero�stable� Is it strongly zero�stable� Is it ��stable�

c� Show that the explicit linear ��step method�
yn�� � �yn�� � �yn � h

�
�f
yn��� � �f
yn�

�
is linearly consistent of order

$p � � but� unfortunately� it has no stability region� Would you recommend it
to your best friend�
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Figure ������� Boundary locus for two methods�

��� Set

r
z� �
kX
i��

aiz
i� s
z� �

kX
i��

biz
i� 
��������

A linear k�step method can also be expressed in the following form� where
r � ��E�� is the backward dierence operator	

r
r�yn�� � hs
r�f
yn����

For a one�leg method the corresponding equation reads

r
r�yn � hf
�
s
r�yn

�
�


a� Prove the formula �
�� � �k��r
� � ����� and the analogous formula for
the polynomials � and s�


b� Show how to plot the boundary locus� when the coe�cients of r and s are
given� without calculating the coe�cients of � and ��


c� The most widely used methods for sti problems are probably the BDF
methods� based on the truncated expansion of the dierentiation operator
given in section �����	 hD � lnE � � ln
��r��

r
r� � r� �
�r� �

�

�
r� � � � ��

�

k
rk� s
r� � ��

Plot the stability regions of these methods for � � k � �� Give a 
non�
rigorous� answer to the following questions by a look at the plots� For which
values of k is the method zero�stable� For which values is it ��stable� For
which values is it A�stable�


d� Show thatrj � 
��E���j� E�j � 
��r�j� Set 'rk � 
rk� rk��� � � � � r� ���
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'Ek � 
E�k� E�k��� � � � � E��� ��� Determine a matrix Pk such that 'rk �
'EkPk� and show that P��

k � Pk� 
The latter can be shown with almost no
computation�� Find a recurrence formula for the construction of the matrix
Pk� k � �� �� �� � � �
Set 'a � 
ak� ak��� � � � � a��

T � '� � 
��� ��� � � � � �k�� and show that 'rk � 'a �
'Ek � '� and Pk'a � �� Pk'� � a� 
P stands for Pascal��


e� Compute �
��� �
��� for the BDF method� for k � ��

��� Some multistep plots with exceptions	 ��step methods with degenerate S� or
rotating twice 
un�nished��

��� Some uncomplicated Runge�Kutta plots and linear consistency analysys	 Heun�
the same as Runge � on linear problems� Heun� acc� to HNW p� ��� 
un�n�
ished��

��� Runge�Kutta plots with complications	 several level curves for Kutta�Simpson�
the boundary locus not unicursal� 
un�nished��

�	� 
a� With the notations of the description of the Routh algorithm in Sec� �������
show that� if c� � �� then the �rst conditions that come out of the Routh
algorithm� applied algebraically� are

c� � �� c�c� � c�c� � �� c�
c�c� � c�c�� � c�
c�c
 � c�c	� � �� � � � �

and show that cj � �� for � � j � � are consequences� if we set cj � � for
j � ��


b� Test by the Routh algorithm the suspicion that the polynomial z
 � z	 �
mz� � z� � nz � � cannot be a Hurwitz polynomial for any values of the pa�
rameters m� n�

Hint	 When one works algebraically it often simpli�es to divide the denom�
inator or the numerator by a factor that has to be positive� if the rational
function is a positive function� Moreover� the algebra can be simpli�ed by
appropriate substitutions�

�
� 
a� Hurwitz showed in ���� the criterion for a kth degree to be a �Hurwitz
polynomial� is that the �rst k principal minors of the matrixH with elements
hij � c�j�i� i� j � �� �� � � �k� should be positive� Here the c are the polynomial
coe�cients� the notation is the same as in Problem �� and Theorem ��������
with the conventions that c� � �� and c � � for ! � � and ! � k� Note
that each row contains the coe�cients of either p�
z� or p�
z�� Write down
the matrix for k � ��
Interpret the Routh algorithm as an elimination process for bringing the ma�
trix H to upper triangular form�


b� Is it true that the condition c	 � � together with the three inequalities
mentioned in Problem �� 
a�� are su�cient for the Hurwitz property� if k � ��


c� Is it true� that it does not matter for the application of the Hurwitz crite�
rion� if the coe�cients are ordered as in our description� with c� as the lead�
ing coe�cient� or the other way around� with ck as the leading coe�cient�
Is the analogous thing true for the Schur algorithm�

��� 
a� Write a program for the Routh algorithm for a polynomial with numer�



dqbj
�����
page �

Problems ��	

ically given coe�cients� as described in Sec� ������� and test it on suitable
polynomials� including cases where there are roots on the imaginary axis�


b� Write a program for the Schur algorithm� as described in Sec� ������� and
test it on suitable polynomials� including cases where there are roots on the
unit circle�


c� Write a program for the Sturm chain� as described in Sec� ������� and test
it on suitable polynomials� Test also the sensitivity to perturbations of the
coe�cients�

��� 
a� Convince yourself about the validity of the relations in 
�������� and

�������� which are not de�nitions�


b� The following is a short MATLAB program for the Greco�Roman trans�
formation� It computes by recurrence relation the k � k matrix called gr

which maps the coe�cient vector of R
z� to the coe�cient vector of �
��� The
vectors are column vectors with the leading coe�cient last�

gr � �� a� � ��

for n � � 	 k�

bg � ��� a��� �a�� ��� z � zeros
�� n��

c � �gr� z� � �z� gr�� a� � bg� gr � �bg� c��

end�

Read the program� and make sure you understand the algorithm� A semicolon

inside brackets� means partitioning in the vertical direction� while a comma
means means partitioning in the horisontal direction� Note that there is dy�
namic memory allocation� e�g�� a� is a column� the length of which increases
from � to k� Is it true that the inverse of gr equals ��kgr
Note that the algorithm actually computes all transformation matrices for the
orders n � �� �� � � � � k� Test it on some simple cases� either in MATLAB or
after translation to another language�
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Chapter ��

Partial Di�erential and Integral Equations

����� Introduction

Computers have made it possible to treat many of the partial di�erential
equations of physics� chemistry� and technology on a much larger scale than
previously� The most common methods are di�erence methods� i�e�� derivatives
with respect to one or more of the variables are approximated by di�erence
quotients� Other important methods� namely� the Galerkin method� the Ritz
method and the �nite element method �FEM� will be presented in Secs� ������
and �������

Numerical weather prediction is one of the most well	known applications of
partial di�erential equations� Here� a model of 
ow in the atmosphere is described
by a system of partial di�erential equations� with two or three space variables and
a time variable� The most recently available observational data from a large area
of the earth is the initial condition� On a large computer�it takes a few hours to
compute the subsequent 
ow in the atmosphere for� say� three days ahead in time�
The models of the atmosphere which are used are in many ways less complete
than one would like them to be�

Partial di�erential equations with four independent variables x� y� z� t can be
time	consuming to handle also on the largest available computers� Fortunately�
one can often reduce the number of dimensions by making use of symmetry
properties of the problem� or by so	called separation of variables� Problems with
two independent variables are usually tractable�

For the most part� this chapter is only intended to give some insight into the
possibilities that exist and some feeling for the di�culties with numerical stability
which can occur� Some simple� general ideas are illustrated in the examples�
these examples could be treated by more e�ective methods�

We start by developing some formulas for multidimensional interpolation� and
di�erentiation� These will be used to derive simple methods for the numerical

���
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solution of partial di�erential and integral equations�

������� Multidimensional Interpolation The simplest way to generalize
interpolation to functions of several variables is to use repeated one	dimensional
interpolation� i�e�� to work with one variable at a time� The following formula for
bilinear interpolation�

f�x� � ph� y� � qh� � ��� q���y�� � q��y� � k��

��y� � ��� p�f�x�� y� � pf�x� � h� y��

is the simplest example� After simpli�cation it can written as

f�x� � ph� y� � qh� � ��� p���� q�f��� � p��� q�f��� ��������

� ��� p�qf��� � pqf����

where we have used the notation fij � f�x� � ih� y� � jk�� i� j � f�� �g� This
formula is exact for functions of the form f�x� y� � a � bx � cy � dxy� and from
equation ����� we obtain the error bound�

max
�x�y��R

�

�
�p��� p�h�jfxxj� q��� q�h�jfyy j�� � � p� q � ��

where R � f�x� y� � x� � x � x� � h� y� � y � y� � kg� The formula for bilinear
interpolation can easily be generalized by using higher order interpolation in the
x and�or y direction�

In the following we consider explicitly only the case of two dimension� since
corresponding formulas for three and more dimensions are analogous�

A rectangular grid in the �x� y�	plane with grid spacings h� k in the x and
y directions� respectively� consists of points xi � x� � ih� yi � y� � ik� In the
following we use the notation f�xi� yj� � fij � �For interpolation formulas valid
for irregular triangular grids� see Sec� ������

Central di�erence approximations for partial derivatives using function values
can be obtained by working with one variable at a time�

�f

�x
�

�

�h
�fi���j � fi���j� � O�h���

�f

�y
�

�

�k
�fi�j�� � fi�j��� � O�k���

For second order derivatives

��f

�x�
�

�

h�
�fi���j � �fij � fi���j��

and a similar formula holds for ��f��y��
Formulas of higher accuracy can also be obtained by operator techniques�

based on an operator formulation of Taylor�s expansion �see Theorem ������

f�x� � h� y� � k� � exp

�
h
�

�x
� k

�

�y

�
f�x�� y�� ��������
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From this we obtain

f�x� � h� y� � k� � f��� �
�
h
�

�x
� k

�

�y

�
f���

�
�
h�

��

�x�
� �hk

��

�x�y
� k�

��

�y�

�
f��� � O�h� � k���

An interpolation formula valid for all quadratic functions can be obtained by
replacing in Taylor�s formula the derivatives by di�erence approximations valid
for quadratic polynomials�

f�x� � ph� y� � qh� � f��� �
�

�
p�f��� � f����� �

�

�
q�f��� � f����� ��������

�
�

�
p��f��� � �f��� � f�����

�
�

�
pq�f��� � f���� � f���� � f������

�
�

�
q��f��� � �f��� � f������

This formula uses function values in nine points� �The proof of the expression for

approximating the mixed derivative
��

�x�y
f��� is left as an exercise� Problem ��

Cubic Hermite interpolation treating one variable at a time �see Example
�������

f�x� � ph� y� � qh� � ��� q���y�� � q��y��

�q��� q�
h
��� q��h��y�y������y���� q�h��y�y������y���

i
�

��y� � ��� p�f�x�� y� � pf�x�� y�

�p��� p�
h
��� p��hf �x�x�� y���f�x�� y��� p�hf �x�x�� y�� �f�x�� y��

i
�

This formula requires that the quantities f� �f��x� �f��y� and ��f��x�y are
given at the four points �xi� yj� for � � i� j � �� Hence �� quantities are needed
to specify the bicubic polynomial�

REVIEW QUESTIONS

�� How is bilinear interpolation performed� What is the order of accuracy�
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PROBLEMS

�� Compute by bilinear interpolation f����� ����� when

f��� �� 	 �� f��� �� 	 �� f��� �� 	 
� f��� �� 	 ��

�� Derive a formula for f ��xy��� �� using fij� jij � �� jjj � �� which is exact for all
quadratic functions�

����� Partial Di�erential Equations

������� Initial Value Problems In many applications� one wants to study
some process in both time and space� In physics� a partial di�erential equationis
often derived by �rst using laws of nature to derive approximate di�erence
equations involving relevant physical quantities and small increments in time
and space� and then passing to the limit to get partial di�erential equations�
Construction of a numerical method often involves going �backward�� i�e��
constructing di�erence equations from the di�erential equation� However� the
art of the numerical analyst is to construct the di�erence scheme so that it not
only is consistent with the di�erential equation� but is also accurate and stable�
These concepts have already been discussed e�g�� in Secs� ���� and �����

We shall here give a simple example� which nevertheless is fairly typical� the
problem is to compute the variation of temperature in a homogeneous wall� where
initially the temperature is higher on one side than on the other� The curves which
we shall compute� i�e�� the temperatures in the wall at various times� will look
approximately like those shown in Fig� ������� Here x � � and x � � corresponds
to the two sides of the wall�

Fig� ������� Temperature curves for a homogeneous wall�

We divide the wall into N � � layers of thickness h � ��N � and denote the
midpoints of the layers by xi � ih� see Fig� �������

We want to compute the temperature at equidistant times tj � jk� where k is
the time step� We denote the temperature by Uij � u�xi� tj�� The �rst physical
law we shall use is that which says that the 
ow of heat past x � � is equal
to a constant time � times �u��x at x � �� The constant � is called the heat
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Fig� ������� Flow of heat�

conductivity� Applying this to the layer with center xi� the di�erence between
the amount 
owing in at the left and that 
owing out at the right is

��
�u

�x

���
x�xi����

� �
�u

�x

���
x�xi����

�

Approximating these quantities by di�erence quotients� we get that the amount
of heat 
owing into the ith layer during the time k � tj�� � tj is

W � k�
�
�
uij � ui���j

h
�
ui���j � ui�j

h

�
��������

�
k

h
��ui���j � �uij � ui���j��

Another physical law tells us that the amount of heat which 
ows into
the layer with midpoint xi is approximately proportional to the change in
temperature at the midpoint of that layer� The amount of heat W which comes in
is thus �ui�j���uij� times a constant� which really consists of three constants�the
speci�c heat c� the density �� and the thickness of the layer� h�

W � �ui�j�� � uij�c�h� ��������

Equations �������� and ��������� we get

ui�j�� � uij �
�

c�

k

h�
�ui���j � �uij � ui���j�� ��������

From this di�erence equation� approximate temperatures at time tj�� can be
computed if the temperature curve at time tj is known� and if the temperature
at the boundaries x � � and x � � is prescribed for all time t �boundary
conditions�� Also� dividing by k and letting h� k� �� �and applying �������� we
get a partial di�erential equation� known as the heat equation�

�u

�t
�

�

c�

��u

�x�
� ��������

For simplicity in what follows� we assume that � � c��
Boundary conditions can be prescribed in several ways� depending on the

physical situation to be simulated� Here we shall assume� as an example� that
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the temperature at x � � is given for all time t by u��� t� � �� ��� sin���t���� and
also that at x � � we have perfect isolation� i�e�� no heat 
ow� Mathematically�
we have then ��u��x���� t� � �� We also assume the initial conditions

u�x� �� � �� ��� sin��x����
From the �rst boundary condition we get

u��j � �� ��� sin���tj����

One way to formulate the boundary condition at x � � is to introduce a new
point xN��� then

� �
�u

�x
��� tj� �

uN���j � uN���j

�h
�

or uN���j � uN���j � for all j� Since uN���� is known and uN���� � uN����� it is
clear that we can now compute ui�j for all i� j using ��������� If we choose h � ���
and k�h� � ��� �i�e�� k � ������ then we get the simple algorithm

ui�j�� �
�

�
�ui���j � ui���j�� ��������

This algorithm can be pictured by the computational molecule shown in
Fig� �������

Fig� ������� Computational molecule

With the above values of k and h� the initial and boundary conditions become�

ui�� � �� ��� sin
��i

��

�
� u��j � �� ��� sin

��j
��

�
� u��j � u��j�

The computations can be arranged in a scheme as below� the reader is recom	
mended to complete it�

j n i � � � 
  � � � � �

� ��� ��� 
�
 ��� ��� �
� �� ��� ���� ���
� ��� ��� 
�� �� �� ��� ��� ��� ��� ���
� ��� 
�� 
�� �
 ��� ��� ��� � ��� �

 ��� 
 ��
 ���

One question which is especially important in the numerical solution of partial
di�erential equationsis� how is a disturbance propagated� To answer this� we
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can make an experimental perturbation calculation� Since the di�erence
equation is linear� the di�erence between the perturbed and the unperturbed
solution can also be computed by equation �������� with homogeneous boundary
conditions� Thus a disturbance �perturbation� of magnitude � in the computation
of u	�� is propagated according to the following scheme�

j n i � � � 
  � � � � �

� � � � � � � � � � �
� � � ��� � ��� � � � � �

 � ���� � ��� � ���� � � � �
 � � ��
�� � ��
�� � ����� � � �
� � ������ � ��
�� � ���� � ������ � ������

The e�ect of the disturbances is spreading out and decreases� Notice the slight
asymmetry due to the in
uence of the boundary values�

We can apply some of the ideas about stability and methods of ordinary
di�erential equations�see Chapter ��� by approximating �������� by a system of
ordinary di�erential equations� Again� put h � ��N � xi � ih� and let ui�t� denote
an approximation to u�xi� t�� Approximate ��u��x� by a central di�erence as
previously� but retain the time derivative� This procedure is sometimes called
the method of lines� Then one gets a system of ordinary di�erential equations�

dui
dt

�
�

h�
�ui�� � �ui � ui���� i � �� �� � � � � N� ��������

The initial and boundary value conditions give

u��t� � �� ��� sin
��t

�
� uN���t� � uN���t��

these equations can be written in vector form

du

dt
� Au � f�t�� ��������

where

A � h��

�
BBBBBBB�

�� � � � � � � �
� �� � � � � � �
� � �� � � � � �

���
� � �� � � � �� �
� � � � � � � ��

�
CCCCCCCA
� f�t� � h��

�
BBBBBBB�

u��t�
�
�
�
�
�

�
CCCCCCCA
�

When h is small� this is a sti� system� By Gershgorin�s theorem �Theorem ������
the eigenvalues are located in the disk�

���	 �
�

h�

��� � �

h�
� ��������
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We conclude that the eigenvalues have non	positive real parts and that the
spectral radius is less than ��h�� In fact� the eigenvalues are all real and negative�
and one of them is close to ���h��

Euler�s method applied to this system gives exactly �������� �with ���c�� � ���
It can be shown� see Problem �� that the computations are stable when �k�h� � ��
i�e�� if k�h� � ���� A condition of this type was �rst obtained by Courant�
Friedrich and Lewy ��� in a pioneering investigation of the convergence of the
solutions of partial di�erential equations� as the grid spacings h� k tend to zero�
If one chooses k�h� 
 ���� then with time the approximate solution becomes a
more and more ragged function of x� which has very little in common with the
solution of the di�erential equation�

The trapezoidal method applied to the above system is called the Crank�

Nicolson method� Notice that the matrix �A is tridiagonal� and positive
de�nite so Gaussian elimination can be used without pivoting to solve the
resulting linear equation� For a nonlinear partial di�erential equation an iterative
solution is not burdening� This method is more accurate than Euler�s method�
and it follows from Example ������ that it is stable for all positive values of k
and h� Hence� it is possible to take longer time steps than with Euler�s method�
but there may appear slowly decreasing oscillations in the computed values which
require smoothing�

Fig� ������� Computational molecule for the explicit midpoint method�

One might think that it would be better to use the explicit midpoint method�
which here gives

ui�j�� � ui�j�� �
�k

h�
�ui���j � �uij � ui���j��

For k�h� � ��� we get the computational molecule of Fig� ������� The �weak
instability� mentioned in Sec� ������ here leads to catastrophe� �Not even the
oscillation damping modi�cation of the midpoint method would help here��
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j n i � � � � � � � � � 

� � � � � � � � � � �
� � � � � � � � � � �
� � � � 	� � � � � � �
� � � 	� � 	� � � � � �
� � 	� �� 	�� �� 	� � � � �
� � �� �� � 	�� �� � � � �
� 	���

If there is a risk of numerical instability with a given method� it can usually be
discovered by a perturbational calculation of this type�

The explicit midpoint method is useless in this problem because its stability
region is only a segment of the real axis� while the matrix A has negative
eigenvalues of large magnitude� The latter is typical of parabolic problems�
one example of which is the heat equation� Nevertheless� the explicit midpoint
method� or the leap�frog method as it is usually called in this context� has found
important applications to partial di�erential equations� for solving hyperbolic

systems� There are many problems of this type where the eigenvalues of the
corresponding matrix A are all imaginary�

A systematic treatment of the design and analysis of stabler and accurate
di�erence methods would require mathematical tools which are beyond the scope
of this book� We refer the reader to the literature mentioned in Sec� ����� We
hope� however that the reader who encounters an initial value problem for a more
di�cult partial di�erential equationwill derive some guidance from the points of
view which we have applied above� See also the examples of nonlinear ordinary
di�erential equationsin Chapter ���

������� Boundary Value Problems One important equation of physics is
Poisson�s equation

��u

�x�
�
��u

�y�
� f�x� y�� �������

often written as r�u � f�x� y�� �Note that r here does not mean backward
di�erence operator here� but stands for the gradient operator ����x� ��y�� r� is
called the Laplacean operator�� Poisson�s equation� e�g�� governs� e�g�� the electric
or magnetic �eld when the charge density or pole strength are non	zero� Poisson�s
equation and the special case when f � �� Laplace�s equation� are the best
known examples of elliptic partial di�erential equations�

To get a solution to ������� we need boundary conditions� Usually u or
�u��n� or some linear combination of u and �u��n� are prescribed on the
boundary of some closed region D� �Here �u��n means the derivative of u taken
in the direction of the normal to the boundary of D�� The solution is to be
obtained for the points in the interior �or exterior� of D� �Initial value problems
for elliptic equations are extremely ill	conditioned� see Problem ����
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Consider a square grid with mesh width �x � h� �y � k� The simplest
di�erence approximation of r�u is the �ve�point operator r�


�

r�

uij �

ui���j � �uij � ui���j
h�

�
ui�j�� � �uij � ui�j��

k�
� ���������

Fig� ������ gives the computational molecule for h�r�

� From Taylor�s formula it

follows� if h � k� that

r�

uij � ru�xi� yj� �

�

��

���u
�x�

�
��u

�y�

�
� O�h���

Fig� ������� The operator for h�r�
��

Another di�erence operator� denoted r�
x� see Figure ������� is

r�
xuij �

ui���j�� � ui���j�� � ui���j�� � ui���j�� � �uij
�h�

�

Suppose that the boundary consists of lines that are either parallel to the
coordinate axes or form ��	degree angles with them� as in Fig� ������� �Curved
boundaries are treated in the special literature� see� e�g�� Smith ������ If r� is
approximated by r�


� then one gets the di�erence equation

ui���j � ui���j � ui�j�� � ui�j�� � �uij � h�fij � ���������

Since the di�erence equation is based on approximation of the derivatives with
a local truncation error which is O�h�� if u � C�� then one can expect that
the truncation error in the solution is O�h�� and that Richardson extrapolation
should be applicable� However� this depends in general on the given boundary
conditions�

Enumerate the points in the net as in Fig� ������� and form a vector u of
the desired function values� The pair of integers �i� j� is replaced by the points
number� The di�erence equation can then be written in the form

Au � h�f� u � �u�� u�� � � � � un��

For simplicity� we shall limit the discussion to the so	called Dirichlet problem�
where the values of the function u are prescribed on the boundary� Then the
following hold�
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Fig� ������� Ordering of mesh points in Poisson�s equation�

�� The vector f consists partly of values fij and partly of values of u on the
boundary�

�� No point has more than four neighbors� Hence A will have at most �ve
elements per row� All diagonal elements in A � �apq� are equal to ���

�� If point p is a neighbor of point q then apq � �� otherwise apq � �� From
this it follows that apq � aqp� i�e�� the matrix A is symmetric�

Fig� ������� Structure of matrix A�

A typical structure of A is shown in Fig� ������� where the lines parallel
to the main diagonal indicate the location of the nonzero elements� �cf also
Example �������� Clearly� A is a band matrix� In the particular example shown
in Fig� ������ with �� points� apq � � for jp�qj 
 �� If h is halved� then the band
width is approximately doubled� while the order of the matrix is approximatively
quadrupled� When the number of points is not to large� Gaussian elimination
can be used� see Sec� ������ By using Richardson extrapolation �if applicable� one
can often get su�cient accuracy with a reasonable small number of points�

In many cases� however� h must be chosen so small that Gaussian elimination
is no longer practicable� In such cases iterative methods or the conjugate gradient
method are more attractive to use� see Sec� ����� A particularly simple method to
solve equation ��������� is the SOR method described in Sec� ������� which means
that the formula

u
�n���
ij � u

�n�
ij � �

�

�
�u

�n�
i���j � u

�n�
i���j � u

�n�
i�j�� � u

�n�
i�j�� � �u

�n�
ij � h�fij�

is used� where the points �xi� yj� are traversed in the same way as the numbering
in Fig� ������� The process converges if � � � � �� For the case shown in the
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�gure� � � ��� would give reasonably fast convergence� When there are more grid
points� then � should be chosen closer to �� see Theorem ������� In the literature�
certain rules are given for the ordering of the points and the choice of �� In more
di�cult problems� one must experiment to �nd the best value� though this can
be done in a systematic way� see Young �����

A good strategy for boundary value problems is often to start with a coarse
grid and use Gaussian elimination� If the accuracy is insu�cient then one can use
the result thereby obtained�possibly with extrapolation� to construct a good
initial approximation for an iterative method with a �ner grid� In constructing
this initial approximation one also needs values of u at the midponts of those
squares at whose corners u has been previously computed� To accomplish this�
one can use the operator r�

x� see Fig� ������ and Problem � at the end of this
section�

Fig� ������� The operators �h�r�
x and �h�r�

��

By a linear combination we get the nine�point di�erence operator

r�
� �

�

�
r�


 �
�

�
r�
x� ���������

Verify that the computational molecule is as shown in Fig� ������� This formula
is advantageous in many situations because of the special form of the remainder
term

r�
�uij � r�u �

�

��
h�r�u � O�h��� ���������

so for Laplace�s equation this has fourth order accuracy� Also for Poisson�s
equation r�

� is more advantageous than r
� since we have

r�u � r�u �
h�

��
r�u � O�h�� � f �

h�

��
r�f � O�h��

Thus if one uses the di�erence equation

r�
�uij � fij �

h�

��
r�

�fij ���������

then one gets a truncation error which is O�h�� under certain smoothness
conditions on u and f � With this operator� however� the SOR method must
be slightly modi�ed�
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One possible strategy for boundary	value problems with linear di�erential
equations is to start with a coarse grid� and use Gaussian elimination� Is the
accuracy is unsu�cient� then one can use the results thereby obtained�possibly
with extrapolation� to construct a good initial approximation for an iterative
method with a �ner grid� To construct this one needs values of u in the midpoints
of those squares at whose corners u has previously been computed� To accomplish
this� one can use the operator r�

x given above�
The methodology described here is also useful in more complicated elliptic

di�erential equations� There are more e�ective iterative methods� e�g�� the
conjugate gradient method with convergence acceleration� For Poisson�s equation
Fourier methods can be used� For equidistant and constant coe�cients methods
based on the Fast Fourier Transform �FFT� are very e�cient�

REVIEW QUESTIONS

�� Give a general description of a di�erence approximation for�

�a� the heat equation� �b� Poisson�s equation�

PROBLEMS

�� �a� Set up a di�erence equation for the same problem as in Sec� ������ but take
k�h� 	 ��

�b� How is a disturbance of unit magnitude at the point i 	 
� j 	 �� propagated�
How large is the e�ect for i 	 j 	 �

�c� What conclusion can one draw concerning the use of this value of k�h��

�� Set up a di�erence approximation for the parabolic problem

�u

�t
	

�

�x

�
�� � x��

�u

�x

�
� �� � x � �� t � ��

with initial conditions and boundary values given by

u�x� �� 	 �� ���� j�� ���xj� u���� t� 	 u��� t� 	 �� t � ��

Take h 	 ��� k 	 ��� and integrate to t 	 ����� Take advantage of the symmetry�

Hint� An O�h�� approximation to the di�erence operator is obtained by

�

�x

�
g�x�

�u

�x

�
ij
�

�

h�
�
gi�j�����ui�j�� � ui�j�� gi�j�����ui�j � ui�j���

	
�

�� �a� Consider the linear system of N � � ordinary di�erential equations

du

dt
	 Au�

Suppose that A has N � � eigenvalues and linearly independent eigenvectors�
Avj 	 �jvj � j 	 �� �� � � � � N � �� Show that

u��� 	
N��X
j��

�jvj � u�t� 	
N��X
j��

�jvje
�j t�
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�b� Consider the heat equation with boundary conditions

�u��t 	 ��u��x�� u��� t� 	 u��� t� 	 ��

Use central di�erence approximation for ��u��x�� h 	 ��N � Show that this gives
a system where the eigenvalues of A are �j 	 ��N���� cos��j�N ���

The following problems are concerned with the system de�ned in �b��

�c� Show that dkuk���dt � �� and hence ku�t�k � ku���k�

�d� Show that kun��k�� � kunk�� if the trapezoidal method is used for solving the
system� �This shows stability for any step size��

�e� How many operations are needed for solving the system for un�� in each step
by the trapezoidal method� Compare this to the explicit method�

�f� Generalize to arbitrary equations �p�x� � ��

�u��t 	 �
�
p�x��u��x

	
��x� u��� t� 	 u��� t� 	 ��

�� Consider the heat equation with reversed sign�

�u

�t
	 �

��u

�x�
� u��� t� 	 u��� t� 	 ��

�It corresponds to integrating the usual heat equation backwards in time��

�a� How is a disturbance of unit magnitude at ����� �� propagated if a di�erence
approximation� analogous to that in Sec� ���� is used with k�h� 	 ����

�b� Consider the system in Problem 
� where A is obtained by a central di�erence
approximation of ���u��x�� Show that the initial value problem is very ill�
conditioned when N is large� h 	 ��N �

�� In a numerical treatment of the Laplace equation r�u 	 � in a square grid� the
numerical values shown below were obtained in six of the grid points� In order
to obtain a �rst approximation in a net with half the grid size� one needs� among
others� the values a� b� c indicated below� Compute this with an O�h�� error�
disregarding the errors in the given values�

��� ��� ���
a b c

��� ��� ���

�� �a� Derive a formula for ��u��x�y��� �� using values uij� jij � �� jjj � �� which is
valid for all quadratic functions�

�b� Show that the interpolation formula

upq � u��� �
�

�
p�u��� � u����� �

�

�
q�u��� � u����� �

�

�
p��u��� � �u��� � u�����

�
�

�
pq�u��� � u���� � u���� � u������ �

�

�
q��u��� � �u��� � u������

where upq 	 u�x� � ph� y� � qk�� is valid for all quadratic functions�
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�� �a� Verify ������
� and the computation molecule in Fig� ������

�b� Show� for example� by operator techniques� that

�X
i��

ui � �u� 	



�
h�r�u� �





�
h�r�u� � O�h���

where r� is the Laplacian operator� and the ui are the values in the neighbor
points Pi� i 	 �� �� � � �� � of P� in a regular hexagonal lattice with side h�

�� Compute the optimum overrelaxation factor for the �ve�point di�erence approxi�
mation to the Laplace equation on a �� � �� square grid� �See Example ��������
Compute the asymptotic rate of convergence for Gauss�Seidel and optimal SOR�

	� Compute approximately the smallest value of � for which the equation

r�u� �u 	 �

has a nontrivial solution which vanishes on the boundary of a triangle with vertices
��� ������ ��� and ��� �� �the fundamental mode of a triangular membrane�� Use a
di�erence method with h 	 �� and h 	 ��� and apply Richardson extrapolation�
Compare with the exact result � 	 ����

�
� Show that the di�erence equation

r�
�u 	

�
a�

�ah��

��

�
u� a 	 constant

is an O�h���approximation to the di�erential equation r�u 	 au�

��� The displacement u of a loaded plate satis�es the di�erential equation

r�u 	 f�x� y��

where f is the load density� Write the equation as a system

r�u 	 v� r�v 	 f�

For a rectangular plate whose four corners are �������� ���� ��� ��� ��� ������� the
boundary conditions are� in a certain symmetric loading case�

u 	
�u

�n
	 ��

on the two sides y 	 � and x 	 �� and

�u

�n
	

�v

�n
	 ��

on the symmetry lines y 	 � and x 	 �� Sketch a method for calculating the
matrix of the system obtained when r� is approximated by r�

� on a square grid
with mesh width ��N � Consider in particular the boundary conditions� What is
the order and the band width of the matrix�

��� By Gauss integral theorem� the relationZ
C

�u

�n
ds 	 �

holds for any function which satis�es Laplace�s equation everywhere inside a closed
curve C� Formulate and prove a similar relation which holds for any solution of
the di�erence equation r�

� 	 � in a rectangular domain�
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��� �a� What happens if one tries to solve an initial�value problem for the Laplace
equation by the usual di�erence method� Investigate how a disturbance of unit
magnitude is propagated� e�g�� solve recursively ui�j�� from the di�erence equation
with initial conditions

ui� 	 �� ui� 	



�� i �	 ��
�� i 	 �

�

and boundary conditions u���j 	 u��j 	 ��

�b� Write the recurrence relation in vector form

uj�� � �Auj � uj�� 	 ��

Compute the eigenvalues of A� and compare with the stability condition �� � � �
��

��� Set up a di�erence approximation for the hyperbolic di�erential equation

��u

�t�
	

��u

�x�
� t � ��

Initial conditions are� u and �u��t given for t 	 �� Boundary conditions�
u��� t� 	 u��� t� 	 �� Proceed as in Problem �� �b�� and determine a stability
condition�

����� Variational Methods

������� Collocation and Ritz Methods To begin with� we consider a linear
di�erential equation� valid in a domain D � Rk� with linear boundary conditions
on �D� the boundary of D� We write the di�erential equation and boundary
conditions symbolically in the form

Au � f in D� Bu � g in �D� ��������

where A and B are linear operators� �Linearity means that A��u � v� �
�Au � Av for all constants ��  and for all functions u� v for which Au�Av�
Bu�Bv exist� We assume that this problem has a unique solution�

Example �������

�
d�u

dx�
� f�x�� x � ��� ��� u�x� � �� x � f�g � f�g�

Example ������� The Dirichlet problem for Poisson�s Equation on a region D�

�r�u � f�x� y�� �x� y� � D� u�x� y� � g�x� y�� �x� y� � �D�

For a linear problem� it is no restriction to assume that either f � � or g � �
in ��������� One only needs to replace u by u�v� where v satis�es the di�erential
equation or boundary condition� see Problem ��� �Actually it is su�cient that
either the di�erential equation or the boundary condition be linear��
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There are a great variety of methods where one seeks an approximate solution
in the form

u � c��� � c��� � � � �� cn�n� ��������

where the �i are n given linearly independent functions which span an n	
dimensional function space Hn� The methods di�er in the choice of Hn as well
as in the method of �tting the coe�cients to the problem�

�� First� suppose that g � �� It is convenient to choose Hn such that
Bu � �� �u � Hn� In the classical applications the �i were usually polynomials
or trigonometric functions� multiplied by some appropriate function in order to
satisfy the boundary conditions� Sometimes eigenfunctions of a simpler equation
with the same boundary conditions were chosen� A di�erent choice of the �i is
used in the �nite element method� see the next section�

It then remains to approximate f by linear combinations of the functions
�i � A�i� In Chap�  the discussion of such approximation problems was
formulated for functions of one variable� but the formalism and Theorem ����
have a more general validity and can be used for minimizing kf �Auk� provided
that a scalar product �u� v� and the norm or seminorm kuk � �u� u���� have been
de�ned which satisfy the conditions given in Sec� ����� For example we could use

�u� v� �
mX
i��

u�Pi�v�Pi�� Pi � D� ��������

�u� v� �
Z Z

D
u�x� y�v�x� y�dx dy� ��������

If a discrete point set fPig
m
� is used� the method is called collocation� We then

obtain a linear system with matrix elements

aij � A�j�Pi��

The system is overdetermined if m 
 n�
In Galerkin�s method� the coe�cients are determined by the requirement

that the residual function �f � Au� should be orthogonal to all v � Hn� in the
sense of ��������� i�e��

��i� Au� f� � �� i � �� �� � � � � n�

This yields a linear system

Anun � fn� ��������

where the elements of An and fn are ��i� A�j� and ��i� f�� respectively� The
minimization of kf � Auk mentioned earlier yields a similar system� but with
elements �A�i� A�j� and �A�i� f�� �Verify these statements �

If one wants to add one more term in ��������� and if the LU decomposition of
An is given� the solution of the system An��un�� � fn�� can be obtained cheaply�
�The same remark applies to collocation� if m � n�� Results for di�erent values of
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n can be useful for estimating the order of magnitude of the error and� perhaps�
for convergence acceleration�

An operator A in an inner product space H is symmetric if �u�Av� � �Au� v��
�u� v � H � A symmetric operator is positive de�nite if �u�Au� 
 � when u 	� ��
In our case� all u � H satisfy the boundary conditions Bu � ��

Example �������

Let

�u� v� �
Z �

�
u�x�v�x�dx� u�x� � v�x�� x � f�g � f�g�

Then A � �d�dx� is symmetric and positive de�nite� We have� namely�

�Au� v� � �
Z �

�
u���x�v�x�dx � �upr�x�v�x�

����
�

�
Z �

�
u��x�v��x�dx�

Because of the boundary conditions

�Au� v� � �
Z �

�
u���x�v�x�dx �

Z �

�
u��x�v��x�dx�

and �u�Av� yields the same result� Evidently� �Au� u� 
 �� unless u��x� � �� �x�
but since u��� � �� this implies that u�x� � �� �x�

It also holds that A � �r� is symmetric and positive de�nite� We have the
useful formula

��r�u� v� � �ru�rv�� ��������

and more generally
��div��ru�� v� � ��ru�rv�� ��������

If a is positive de�nite� a new scalar product � 
� 
 
 and norm can be de�ned

� u� v 
� �u�Av�� kuk� �� u� u 
 � ��������

�It is easy to verify the conditions in Sec� ������

Theorem �������

Suppose that A is positive de�nite�Let u� be the solution of Au � f � Bu � g�
Then the Galerkin method gives the best approximation in Hn to u�� measured in
the norm �������	�

Proof� By Theorem ����� the solution of this minimization problem is given
by the condition � v� u� u� 
� �� �v � Hn� But

� v� u� u� 
� �v� Au�Au�� � �v� Au� f��

and the Galerkin condition is �v� Au�f� � �� �v � Hn� As an exercise the reader
can derive the the relation

�u�Au�� ��f� u� �� u � u�� u� u� 
 � � u�� u� 
 �
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It follows form this that u � u� minimizes the functional on the left hand side
among all functions u for which the functional exists� It also follows that the
minimization of this functional in Hn is obtained by the Galerkin method�

There exist variational principles in many areas of physics� This usually
means that problems in that area can be formulated as minimization problems
for some energy integral or some other functional� The approximate solution of
such problems by a function containing a �nite number of parameters is known as
the Ritz method� By the previous remarks� the Ritz method is often equivalent
to the Galerkin method� but this is not always the case� see Collatz ��� ������

�� Next suppose that f � �� Then� if possible� Hn should be built up by
particular solutions of the di�erential equation� i�e�� Au � �� �u � Hn� For the
Laplace equation in two dimensions� the real and imaginary parts of any analytic
function of z � x � iy are particular solutions� Then minimization of kBu� gk�
collocation� or the Galerkin method can be used to �t the boundary conditions�
In the previous formulas� A� f should be replaced by B� g� and the scalar products
will be integrals �or sums� on the boundary�

�� Finally� one can use the methods described with a space Hn where neither
the di�erential or the boundary conditions are satis�ed� but then n must be large
enough so that a good �t can be made to both the equations and boundary values�

In this general form� the ideas presented above can be applied to problems
where both the di�erential equation and boundary conditions are nonlinear� If
one of them is linear� Hn can be constructed according to the suggestions above�
The nonlinear system of minimization problem obtained can be treated by the
methods of Sec� �����

������� Finite Elements Methods The �nite element method �FEM� is a
method for approximate treatment of physical problems� de�ned� for example�
by di�erential equations with boundary conditions� or by variational principles�
Compared to other methods it has been successful when the domain of the
problem has a complicated shape or when the functions involved behave very
di�erently in di�erent parts of the domain� It is an important tool in structural
mechanics� but there are numerous other applications� see� e�g�� Johnson ������

In the �nite element method the domain is represented by a collection
of a �nite number of Connected subdomains of simple shape �e�g�� triangles��
Functions are approximated locally over each subdomain by continuous functions
uniquely de�ned in terms of the values of the function �and possibly some of its
derivatives� at certain points� called nodes� inside or on the boundary of the
subdomain� Our treatment in Sec� ��� � of interpolation and double integrals in
triangular domains is in the spirit of the �nite element method�

In most cases� �nite element methods can be looked upon as applications
of the Ritz or Galerkin methods with a particular type of local basis functions�
In order to explain this� we �rst consider the simplest particular case� piecewise
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linear interpolation in one variable� In Sec� ����� we introduced the B	splines

Bi���x� �

��


�x� xi����hi x � �xi��� xi��
�� �x� xi��hi�� x � �xi� xi����
� otherwise�

� i � �� � � � � n� ��

where xi are the nodes and hi � �xi � xi���� In each interval Ei � �xi��� xi� the
function is represented by the broken line in Fig� ������ can be expressed in the
form

u �
nX

k��

uk�k�x� � ui���i���x� � ui�i�x�� x � Ei� �������

since all other basis functions are zero outside the interval Ei�

Fig� ������� Broken line approximation and basis function 		�x��

In order to obtain higher degree interpolation� we can introduce internal nodes
in the elements� A representation similar to �������� can be obtained by the
Lagrange interpolation formula� when the �i are piecewise polynomials� one for
each node�

Functions de�ned by piecewise linear interpolation on triangular grids �see
Eq� ��������� can also be expressed in the form of equation ��������� with one
term �i for each node Pi� such that �i�Pj� � �ij �the Kronecker delta�� and
�i�x� 	� � only when x belongs to an element containing Pi� see Fig� �������

Fig� ������� Support for basis function 	i�x��

Now consider the �nite element solution to a linear boundary value problem

Au�P � � f� P � D� u�P � � �� P � �D�

The subdomains are run through in turn� and the contribution of each subdomain
to An and fn in �������� is computed� Equations similar to �������� are useful
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here�they are even necessary if the �i have discontinuous �rst derivatives on the
boundaries of the subdomains� In structural mechanics An is called the sti�ness
matrix� Note that An will be sparse when n is large� since ��i� A�j� � �� unless
there is an element containing both Pi and Pj � The resulting system of linear
equations is usually solved by direct methods� for sparse systems� see Sec� ����

When the �nite element method is applied to Poisson�s equation� and other
equations� which can be derived from a variational principle containing only
derivatives of �rst order� then it is appropriate to work with basis functions�
whose �rst derivatives are discontinuous on the boundaries of the subdomains
�for example� piecewise linear functions�� It may seem strange to use functions
whose second derivative does not exist at the boundaries� for solving second order
di�erential equations� but this works �ne�

When solving plate equations the variational principle contains partial
derivatives of second order� The di�erential equation then is of fourth order�
in special cases one gets the biharmonic equation r�u � f � Then the basis
functions should have element continuous derivatives of second order� The �rst
order derivatives must then be continuous everywhere� Details about how to
construct such basis functions and much more about the �nite element method
can be found in monographs� e�g�� Strang and Fix ������ Johnson ������

REVIEW QUESTIONS

�� Describe in your own words�

�a� collocation� �b� the Galerkin method� �c� the Ritz method�

The �rst two methods can be applied in two di�erent ways to a linear boundary
value problem� How�

�� Describe an application of the �nite element method to a two�dimensional problem�

PROBLEMS

�� Let D be the ellips x��a� � y��b� 	 �� Consider the boundary�value problem

r�u 	 �� �x� y� � D� u 	 x� � y�� �x� y� � �D�

�a� Reduce it to a problem with homogeneous boundary conditions�

�b� Reduce it to a Dirichlet problem for the Laplace equation�

�c� Which symmetry properties will the solution have� �You may assume that the
problem has a unique solution��

�� Let pn�x� y�� qn�x� y� be the real and imaginary parts of �x � iy�n� By analytic
function theory� pn� qn satisfy the Laplace equation� Consider a truncated
expression

u �
NX
n��

�anpn � bbqn��

�a� Which coe�cients will certainly be zero� if u�x� y� 	 u��x� y�� �x� y�

�b� How can you reduce the number of coe�cients in the application of this



�� Chapter ��� Partial Differential and Integral Equations

expansion to Problem �
 �b�� by utilizing symmetry properties�

�c� Write a program for the calculation of the matrix and the right�hand side in an
application of the collocation method to Problem �
 �b� with M given boundary
points� M � N�� � ��

�� In the notation of Sec� ������ is it true that �v�Au� 	 vTnAnun� whenever
u� v � Hn�

�� �a� In the notation of Theorem ������ show that

�u�Au�� ��f� u� 	� u� u�� u� u� � � � u�� u� � �

�b� Show that the solution of the Poisson equation� �r�u 	 f � with boundary
conditions u 	 � on �D� minimizes the integralZ Z

D

�
�ru�� � �fu

	
dxdy

among all functions� satisfying the boundary conditions�

�c� What di�erential equation corresponds to the minimization of the integralZ Z
D

�
p�ru�� � gu� � �fu

	
dxdy�

where p� f� g are given functions of x� y� p and g are positive�

Hint� Use ���
����

�� �a� Set up the equation for the �nite element solution of

�u���x� 	 f�x�� x � ��� ��� u��� � u��� 	 ��

with the piecewise linear basis functions appearing in ���
���� Divide into N
subintervals of equal length� Treat f as a piecewise constant function� Compare
with the �nite di�erence solution�

�b� The same question for the di�erential equation

�
d

dx

�
p
du

dx

�
� gu � f 	 ��

����� Integral Equations

������� Fredholm Integral Equations Problems in partial di�erential
equations can sometimes be transformed into integral equations� Many mathe	
matical models� e�g�� in statistical physics� also lead directly to integral equations
or integro	di�erential equations�

The equations Z b

a
K�x� y�u�y�dy � f�x�� ��������

u�x��
Z b

a
K�x� y�u�y�dy � f�x�� ��������

where u is the unknown function� are called Fredholm integral equations

of the �rst and second kind� respectively� The function K�x� y� is called the
kernel� For the mathematical theory� see Courant	Hilbert� ����
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A natural approach in solving integral equations is to use numerical inte	
gration or collocation� The trapezoidal method is accurate if the functions are
periodic� with period �b � a�� In the nonperiodic case the trapezoidal approx	
imation with Richardson extrapolation has been successful for equations of the
second kind� Also Gauss�s quadrature can be recommended� In any of these
cases� for �������� we obtain the linear system

nX
j��

K�xi� yj�wjuj � f�xi�� i � �� �� � � � � m� ��������

where the wj are the coe�cients in the quadrature formula �m � n�� Similarly�
for �������� we obtain

ui �
nX
j��

K�xi� yj�wjuj � f�xi�� i � �� �� � � � � m� ��������

For equations of the �rst kind with smooth kernels� the system of equations
of �������� are likely to be very illconditioned� with numerical rank r � n� The
rank can be estimated from a rank revealing QR decomposition� see Sec� ������
Alternatively one can use the singular value decomposition and take the truncated
SVD solution� see Sec� ������ Equations of the second kind are more well	behaved�
A simple example can illustrate this�

Example �������

Consider the �very smooth� kernel K�x� y� � k 	� �� �a� b� � ��� ��� The
equation of the �rst kind reads

k

Z �

�
u�y�dy � f�x��

This equation has no solution unless f � c� a constant� in which case any function
for which

R �
� u�y�dy � c�k is a solution� The equation of the second kind reads

u�x�� k

Z �

�
u�y�dy � f�x��

If we put u�x� � f�x� � kc� then

c �
Z �

�
u�y�dy �

Z �

�
f�y�dy � kc�

and it follows that

u�x� � f�x� �
k

�� k

Z �

�
f�y�dy�

Hence the solution is unique� unless k � �� If k � �� there is no solution unlessR �
� f�y�dy � �� in which case the general solution is u�x� � f�x� � p� where p is

an arbitrary constant�
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It is convenient to use operator notation and write the integral equations in
�������� and �������� in the form

Ku � f� �I �K�u � f�

respectively� An integral operator K can be regarded as a continuous analogue
of a matrix�

If the homogeneous equation Ku � 	u has a nontrivial solution� ten 	 is
called an eigenvalue of K� If the kernel K�x� y� is square integrable� then� as a
rule� the operator K has an enumerable in�nity of eigenvalues with a limit point
in the origin� If the kernel has the form

K�x� y� �
rX

p��

�p�x��p�y�� ��������

where both sets of functions f�pg
r
� and f�pg

r
� are �internally� linearly indepen	

dent� K spans an r	dimensional space� the rank of K is r� �In Example ������
r � ��� Zero is then an eigenvalue of in�nite multiplicity� since ku � � for any
function u orthogonal to f�pgr�� The equation of the �rst kind Ku � f is solvable
only if f is a linear combination of f�pg

r
��

Kernels can be approximated to the rounding	error level by sums of the form
of ��������� the smoother the kernel� the smaller r� We may call that value of r
the numerical rank of K� Therefore� one can expect ill	conditioned linear systems
with any method for the numerical solution of equations of the �rst kind with
smooth kernels� Equations of the second kind� however� cause no trouble� unless
an eigenvalue of K happens to be close to unity�

������� The Galerkin Method The Galerkin method �see Sec� ����� can be
applied to integral equations� For an equation of the second kind� put

u�x� � f�x� �
nX

p��

cp�p�x�� ��������

The Galerkin equations

��i� �I �K�u� � ��i� f�� i � �� �� � � � � n

can then be expressed in matrix form Anun � gn� where �see Problem ��� the
elements of An� un� gn are ��i� �I �K��j�� cj� ��i� f�� respectively� For equations
of the �rst kind the term f�x� is to be dropped from ��������� and we obtain a
linear system Knun � fn� where the elements of Kn are ��i� K�j�� The system is
ill	conditioned if n exceeds the numerical rank of K� and the special techniques
referred to above should be used�

We note that for an equation of the second kind the Galerkin method gives the
exact solution when the kernel is of the form of �������� with n � r� �p�x� � �p�x��
The eigenvalues of K are approximated by the values of 	 which make the matrix
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Kn � 	Mn singular� where the elements of Mn are ��i� �j�� This is a generalized
eigenvalue problem� see Sec� ����

The operator formalism makes the techniques of this section applicable to
many linear operators other than integral operators� Examples of integro	
di�erential equations and nonlinear integral equations are given in the problems
of this section� More information about the numerical treatment of integral
equations and other operator equations can be found� e�g�� in Collatz ���� Todd
���� and Rall ����� Rall�s book is an excellent guide on the bumpy road from a
Banach space to a working computer program�

REVIEW QUESTIONS

�� Describe two numerical methods for the solution of linear integral equations� Why
are� as a rule� equations of the �rst kind with smooth kernels more troublesome
than those of second kind�

PROBLEMS

�� �a� Determine the rank and the eigenvalues of the operator K� de�ned by

�Ku��x� 	

Z ��

�

cos�x� y�u�y�dy�

�b� Solve the integral equation of second kind �I �K�u 	 ��

�c� Give the general solution of the equation �Ku��x� 	 cos x�ax� when a solution
exists� �a is constant��

�� A kernel is symmetric when K�x� y� 	 K�y� x� for all x� y� Are the matrices An

and Kn symmetric in that case�

�� Approximate the integro�di�erential equation

�u

�t
�

Z �

�

K�x� y�u�y� t�dy 	 f�x� t�

by a �nite system of linear ordinary di�erential equations� using numerical
integration and collocation�

�� Suggest a numerical method for the following nonlinear equation�

u�x��

Z b

a

K�x� y� u�x�� u�y��dy 	 f�x��

�� Many integral equations can be solved in closed form� see Collatz �
� Chap� �� or
textbooks on integral equations� Suppose that equations of the formAv 	 f can be
solved in closed form and that we want the solution of the equations �A�K�u 	 f �

�a� Set up the Galerkin equations for this problem� with the approach u �
v �

Pn
j�� cj	j � where Av 	 f �

�b� Show that the Galerkin method gives the exact solution if the operator K is of
rank n and if the functions A
j are a basis for the n�dimensional space of functions
which can be expressed in the form Kg� where g is an arbitrary function�



�� Chapter ��� Partial Differential and Integral Equations

Notes and References

Elementary introductions to numerical solution of partial di�erential equations
are given in Smith ���� and in Morton and Mayers ��� Finite di�erence methods
are also treated in Mitchell and Gri�ths ���� ������ A good introduction to �nite
element methods is given by Johnson ��� ������ For a primer on multigrid methods
see Briggs ��� ������ Time dependent problems are treated in Gustafsson� Kreiss
and Oliger ��� �����

A comprehensive treatment of integral equations is given by Baker ��� �����
Computational methods for integral equations are also covered in Delves and
Mohamed ��� ������
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Guide to Literature and Software

For many readers numerical analysis is studied as an important applied
subject� Since the subject is still in a dynamic stage of development� it is
important to keep track of recent literature� Therefore we give in the following a
more complete overview of the literature than is usually given in textbooks� We
restrict ourselves to books written in English� The selection presented is� however�
by no means complete and re�ects a subjective choice� which we hope will be a
good guide for a reader who out of interest �or necessity�� wishes to deepen
his knowledge� A rough division into various areas has been made in order to
facilitate searching� A short commentary introduces each of these parts� Reviews
of most books of interest can be found in reference periodical Mathematical

Reviews as well as in SIAM Review and Mathematics of Computation �see Sec�
������

����� Guide to Literature

������� Textbooks in Numerical Analysis In scienti	c and technical
applications� one often needs to supplement one
s knowledge of mathematical
analysis� The two volumes by Courant and Hilbert ��� ���� and ���� ���� are
still a good source� although some sections are quite advanced� An excellent
modern introduction to applied mathematics is given by Strang ���� ����� For
a rigid exposition of modern analysis Dieudeonn�e ���� ���� is recommended� A
valuable sourcebook to the literature before ���� is Parke ���� �����

Textbooks which can be read as a complement to this book include Conte
and de Boor ��� ����� Deu�hard and Hohmann ���� ����� and the two books by
Stewart ���� �� In order to make applications easier� some books contain listings
of algorithms� or even comes with a disk containing software� This is true of the
introductory book by Forsythe� Malcolm� and Moler ���� ���� and its successor
Kahaner� Moler and Nash ���� �����

More advanced classical texts include Isaacson and Keller ���� ����� Ralston

���
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and Rabinowitz ���� ����� and Schwarz ���� ����� The authoritative book by
Stoer and Bulirsch ���� ����� translated from German� is particularly suitable
for a reader who has a good mathematical background�
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Press et al� ���� ���� gives an unsurpassed survey of contemporary numerical
methods for the applied scientist� The book by Gander and H�rebi�cek ��� ����
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contains worked through examples on how to use modern software tools in
problem solving�

The three monographs edited by Jacobs ���� ����� Iserles and Powell ����
����� and Du� and Watson ���� ���� give good surveys of the development of
�state of the art� methods in many di�erent areas of numerical analysis during
the last decades� The major handbook series �� edited by P� G� Ciarlet and J� L�
Lions is another valuable source�

Some principal questions in the production of software for mathematical
computation are discussed in Rice ���� ����� A good presentation of di�erent
aspects of number systems is given in Knuth ���� ����� The IEEE standard for
binary �oating point arithmetic is de	ned in ��� ���� An excellent tutorial on
�oating�point arithmetic can be found in Goldberg ��� �����

The classical treatise on rounding error analysis for �oating point arithmetic
is developed by Wilkinson ���� ����� see also Wilkinson ���� ����� Alefeld and
Herzberger ��� ���� and Moore ���� ���� give surveys of the use of interval
arithmetic�

Mathematical tables are no longer as important for numerical calculations as
they were in the pre�computer days� However� tables can often be an important
aid in checking a calculation or planning calculations on a computer� Detailed
advice about the use and choice of tables is given in Todd ���� ����	 pp��������
The classical six�	gure tables of Comrie ��� ���� contains a collection of
trigonometric and hyperbolic tables and formulas� and is often useful to have
available� A most comprehensive source of information on mathematical functions
and formulas is Abramowitz and Segun ��� ����� The most detailed treatment
of computer approximation of elementary functions is given by Cody and Waite
��� �����
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������� Linear Algebra and Applications The literature on linear algbera
is very extensive� For a theoretical treatise a classical source is Gantmacher ����
����� Several nonstandard topics are covered in Lancaster and Tismenetsky ����
���� and in two excellent volumes by Horn and Johnson ���� ���� and ���� �����
A very complete and useful book on and perturbation theory and related topics is
Stewart and Sun ���� ����� Analytical aspects are emphasized in Lax ���� �����

An interesting survey of classical numerical methods in linear algebra can
be found in Faddeev and Faddeeva ���� ����� although many of the methods
treated are now dated� A compact� lucid and still modern presentation is
given by Householder ���� ���
� Bellman ��� ���� is an original and readable
complementary text�

An excellent textbook on matrix computation are Stewart ���� ����� The
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recent book ���� ���� by the same author is the 	rst in a new series� A book
which should be within reach of anyone interested in computational linear algebra
is the monumental work by Golub and Van Loan ���� ����� which has become
a standard reference� The book by Higham ���� ���� is another indispensible
source book for information about the accuracy and stability of algorithms in
numerical linear algebra� A special treatise on least squares problems is Bj�orck
��� �����

Two classic texts on iterative methods for linear systems are Varga ���� ����
and Young ���� ����� The more recent book by Axelsson ��� ���
� also covers
conjugate gradient methods� Barret et al� ��� ���
 is a compact survey of
iterative methods and their implementation� Advanced methods that may be
used with computers with massiv parallel processing capabilities are treated by
Saad ���� �����

A still unsurpassed text on computational methods for the eigenvalue problem
is Wilkinson ���� ����� Wilkinson and Reinsch ���� ���� contain detailed
discussions and programs� which are very instructive� For an exhaustive
treatment of the symmetric eigenvalue problem see the classical book by Parlett
���� ����� Large scale eigenvalue problems are treated by Saad ���� �����
For an introduction to the implementation of algorithms for vector and parallel
computers� see also Dongarra et al� ���� ����� Many important pratical details
on implementation of algorithms can be found in the documentation of LINPACK
and EISPACK software given in Dongarra et al� ���� ���� and Smith et al� ����
����� Direct methods for sparse symmetric positive de	nite systems are covered
in George and Liu ���� ����� while a more general treatise is given by Du� et al�
���� �����
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Eigensystems Routines� EISPACK Guide Extension� Springer�Verlag� New York�
�����

��
� A� George and J� W� Liu� Computer Solution of Large Sparse Positive De�nite
Systems� Prentice�Hall� Englewood Cli�s� NJ� ��
��

���� G� H� Golub and C� F� Van Loan� Matrix Computations� �rd ed�� Johns Hopkins
University Press� Baltimore� �����

��	� A� Greenbaum� Iterative Methods for Solving Linear Systems� SIAM� Philadel�
phia� �����

���� R� T� Gregory and L� K� Karney� A Collection of Matrices for Testing
Computational Algorithms� John Wiley� New York� �����

���� L� A� Hageman and D� M� Young� Applied Iterative Methods� Academic Press�
New York� NY� ��
��

���� W� W� Hager� Applied Numerical Linear Algebra� Prentice�Hall� Englewood
Cli�s� NJ� ��
��

���� N� J� Higham� Accuracy and Stability of Numerical Algorithms� SIAM�
Philadelphia� �����

���� R� A� Horn and C� R� Johnson� Matrix Analysis� University Press� Cambridge�
UK� ��
��

���� R� A� Horn and C� R� Johnson� Topics in Matrix Analysis� Cambridge University
Press� Cambridge� UK� �����

���� A� S� Householder� The Theory of Matrices in Numerical Analysis� Dover� New
York� �����

��
� A� Jennings and J� J� McKeown� Matrix Computation� �nd� ed� John Wiley� New
York� NY� �����

���� P� Lancaster and M� Tismenetsky� The Theory of Matrices� Academic Press�
New York� ��
��

��	� C� L� Lawson and R� J� Hanson� Solving Least Squares Problems� Classics in
Applied Mathematics� SIAM� Philadelphia� �����

���� P� D� Lax� Linear Algebra� John Wiley� New York� NY� �����
���� S� J� Leon� Linear Algebra with Applications� �th ed� Macmillan� New York� �����
���� M� Marcus and H� Minc� A Survey of Matrix Theory and Matrix Inequalities�

Allyn and Bacon� Boston� �����
���� B� Noble and J� W� Daniel� Applied Linear Algebra� �nd� ed� Prentice�Hall�

Englewood Cli�s� NJ� �����
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���� J� M� Ortega� Matrix Theory� A Second Course� Plenum Publ� Co�� New York�
��
��

���� B� N� Parlett� The Symmetric Eigenvalue Problem� Classsical in Applied
Mathematics �	� SIAM� Philadelphia� PA� ���
�

���� J� R� Rice� Matrix Computation and Mathematical Software� Mc Graw�Hill� New
York� ��
��

��
� Y� Saad� Numerical Methods for Large Eigenvalue Problems� Manchester
University Press� Manchester� UK� �����

���� Y� Saad� Iterative Methods for Sparse Linear Systems� PWS Publishing Co��
Boston� MA� �����

��	� B� T� Smith� J� M� Boyle� B� S� Garbow� Y� Ikebe� V� C� Klema� and C� B� Moler�
Matrix Eigensystems Routines � EISPACK Guide� �nd� ed� Springer�Verlag� New
York� NY� �����

���� G� W� Stewart� Introduction to Matrix Computations� Academic Press� New
York� �����

���� G� W� Stewart and J��G� Sun� Matrix Perturbation Theory� Academic Press�
Boston� ���	�

���� G� W� Stewart� Matrix Algorithms� Volume I� Basic Decompositions� SIAM�
Philadelphia� PA� ���
�

���� G� Strang� Linear Algebra and Its Applications� �rd ed� Academic Press� New
York� NY� ��

�

���� Lloyd N� Trefethen and David Bau� III� Numerical Linear Algebra� SIAM�
Philadelphia� PA� ����� pp� ����

���� R� S� Varga� Matrix Iterative Analysis� Prentice�Hall� Englewood Cli�s� NJ�
�����

���� J� H� Wilkinson� Error analysis of direct methods of matrix inversion� J� Assoc�
Comput� Mach� 
��
����	� �����

��
� J� H� Wilkinson� The Algebraic Eigenvalue Problem� Clarendon Press� Oxford�
�����

���� J� H� Wilkinson and C� Reinsch� editors� Handbook for Automatic Computation�
Vol� II� Linear Algebra� Springer�Verlag� New York� �����

��	� D� M� Young� Iterative Solution of Large Linear Systems� Academic Press� New
York� �����

������� Nonlinear Systems and Optimization Classic books on methods
for solving a single non�linear equations are Traub ���� ���
� Householder ����
����� and Ostrowski ���� ����� A thorough but mostly theoretical treatise on
nonlinear systems is found in Ortega and Rheinboldt ���� ����� A standard text�
book on numerical methods for unconstrained optimization� nonlinear systems�
and nonlinear least squares is Dennis and Schnabel ��� �����

A classical reference on linear optimization is Dantzig ��� ����� Wright ����
���� give an excellent introduction to theory and implementation of primal�dual
interior�point methods for linear programming� Good textbooks on optimization
are Gill� Murray and Wright ��� ����� and Fletcher ��� ����� A very useful guide
to software for large scale optimization is Mor�e and Wright ���� �����
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Vol� �� of Springer Series in Computational Mathematics� Springer�Verlag�
Berlin� ���	�

��� R� P� Brent� Algorithms for Minimization without Derivatives� Prentice�Hall�
Englewood Cli�s� NJ� �����

��� Y� Censor and S� A� Zenios� Parallel Optimization� Theory� Algorithms� and
Applications Oxford University Press� New York� Oxford� �����

��� G� B� Dantzig� Linear Programming and Extensions� �nd� ed� Princeton
University Press� Princeton� NJ� �����

��� J� E� Dennis and R� B� Schnabel� Numerical Methods for Unconstrained
Optimization and Nonlinear Equations� Classics in Applied Mathematics ���
SIAM� Philadelphia� PA� �����

��� N� R� Draper and H� Smith� Applied Regression Analysis� �nd� ed� John Wiley�
New York� NY� ��
��

��� R� Fletcher� Practical Methods of Optimization� �nd ed� John Wiley� New York�
NY� ��
��

�
� P� E� Gill� W� Murray� and M� H� Wright� Practical Optimization� Academic
Press� London� UK� ��
��

��� P� E� Gill� W� Murray� and M� H� Wright� Numerical Linear Algebra and
Optimization� Vol� �� Addison�Wesley� London� �����

��	� A� S� Householder� The Numerical Treatment of a Single Nonlinear Equation�
Mc�Graw�Hill� New York� NY� ���	�

���� H� P� K�unzi� H� G� Tzschach� and C� A� Zehnder� Numerical Methods of
Mathematical Optimization� Academic Press� New York� �����

���� D� G� Luenberger� Introduction to Linear and Nonlinear Programming� Addison�
Wesley� Reading� MA� �����

���� D� G� Luenberger� Introduction to Dynamic Systems� Theory� Models �
Applications� John Wiley� New York� NY� �����

���� J� J� Mor�e and S� J� Wright� Optimization Software Guide� SIAM� Philadelphia�
�����

���� J� M� Ortega and W� C� Rheinboldt� Iterative Solution of Nonlinear Equations
in Several Variables� Academic Press� New York� ���	�

���� A� M� Ostrowski� Solution of Equations in Euclidian and Banach Spaces�
Academic Press� New York� �����

���� P� Rabinowitz� Numerical Methods for Non�Linear Algebraic Equations� Gordon
and Breach� London� UK� ���	�

��
� J� F� Traub� Iterative Methods for the Solution of Equations� Prentice�Hall�
Englewood Cli�s� NJ� �����

���� S� J� Wright� Primal�Dual Interior Point Methods� SIAM� Philadelphia� PA�
�����

������� Interpolation� Approximation� and Quadrature The literature
on approximation theorey is extensive� An excellent introduction to the
mathematical theory can be found in Cheney ��� ����� Watson ���� ���� also
give practical aspects� de Boor ��� ���� gives a beautiful theoretical and practical
treatise on splines and their applications� complete with software�

For a comprehensive treatment on numerical quadrature see Davis and
Rabinowitz ��� ���
�
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��� J� H� Ahlberg� E� N� Nilsson� and J� L� Walsh� The Theory of Splines and Their
Applications� Academic Press� New York� NY� �����

��� C� de Boor� A Practical Guide to Splines� Springer�Verlag� New York� NY� ���
�
��� W� L� Briggs and V� E� Henson� The DFT� An Owners Manual for the Discrete

Fourier Transform� SIAM� Philadelphia� PA� �����
��� O� Brigham� The Fast Fourier Transform� Prentice�Hall� Englewood Cli�s� NJ�

�����
��� E� W� Cheney� Introduction to Approximation Theory� McGraw�Hill� New York�

NY� �����
��� P� J� Davis� Interpolation and Approximation� Blaisdell� New York� NY� �����
��� P� J� Davis and P� Rabinowitz� Methods of Numerical Integration� �nd� ed�

Academic Press� ��
��
�
� G� Farin� Curves and Surfaces for Computer Aided Geometric Design� A

Practical Guide Academic Press� New York� ��

�
��� P� Henrici� Fast Fourier methods in computational complex analysis� SIAM

Review� ����
������ �����
��	� P� Henrici� Applied Computational Complex Analysis� Vol� �
�� Wiley Classic

Series� New York� NY� ��

������
���� P� Lancaster and K� Salkauskas� Curve and Surface Fitting� An Introduction�

Academic Press� ��
��
���� J� Lyness� Aug��integration over a triangle� Tech� Report ANL�MCS�TM����

Argonne National Laboratory� Argonne� IL� ��
��
���� J� C� Mason and M� G� Cox� editors� Algorithms for Approximations� ��

Chapman � Hall� ��
��
���� R� Piessens� E� de Doncker�Kapenga� C� W� Ueberhuber� and D� K� Kahaner�

QUADPACK� A Subroutine Package for Automatic Integration� Springer�Verlag�
Berlin� ��
��

���� M� J� D� Powell� Approximation Theory and Methods� Cambridge University
Press� Cambridge� UK� ��
��

���� J� R� Rice� The Approximation of Functions� Vol� �� Linear Theory� Addison�
Wesley� Reading� MA� �����

���� J� R� Rice� The Approximation of Functions� Vol� �� Nonlinear and Multivariate
Theory� Addison�Wesley� Reading� MA� �����

��
� T� J� Rivlin� An Introduction to the Approximation of Functions� Dover� New
York� NY� ��
��

���� L� L� Schumaker� Spline Functions� Basic Theory� John Wiley� New York� NY�
��
��

��	� A� Stroud� Approximate Calculation of Multiple Integrals� Prentice�Hall�
Englewood Cli�s� NJ� �����

���� C� Van Loan� Computational Framework of the Fast Fourier Transform� SIAM�
Philadelphia� PA� �����

���� G� A� Watson� Approximation Theory and Numerical Methods� John Wiley�
Chichester� ��
	�

���� H� J� Weaver� Applications of Discrete and Continuous Fourier Analysis� Wiley�
Interscience� New York� NY� ��
��

������� Ordinary Di�erential Equations An outstanding and up�to�date
presentation on the numerical methods for ordinary di�erential equations is
given by Hairer� N�rsett� and Wanner ��� ����� Butcher ��� ���� gives a
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treatment specialized on Runge�Kutta methods� while methods for sti� and
di�erential�algebraic problems are treated in Hairer and Wanner ��� ����� A
more elementary but well written modern textbook is Lambert ���� ����� Ascher
and Petzold ��� ���� give a uni	ed treatment of intial�value and boundary�value
problems in ODE as well as di�erential�algebraic equations�

Numerical methods for solving boundary value problems for ordinary di�er�
ential equations can be found in Keller ���� ����� and in Ascher� Mattheij and
Russel ��� �����

References

��� U� M� Ascher� R� M� M� Mattheij� and R� D� Russel� Solution of Boundary Value
Problems for Ordinary Di�erential Equations� Prentice�Hall� Englewood Cli�s�
NJ� ��

�

��� U� M� Ascher and L� R� Petzold� Computer Methods for Ordinary Di�erential
Equations and Di�erential�Algebraic Equations� SIAM� Philadelphia� PA� ���
�

��� J� C� Butcher� The Numerical Analysis of Ordinary Di�erential Equations�
Runge�Kutta and General Linear Methods� John Wiley� New York� NY� ��
��

��� E� A� Coddington and N� Levinson� Theory of Ordinary Di�erential Equations�
McGraw�Hill� New York� �����

��� G� Dahlquist� �� years of numerical instability� Part I� BIT� ����

��	�� ��
��
��� L� Fox and D� F� Mayers� Numerical Solution of Ordinary Di�erential Equations�

Chapman � Hall� ��
��
��� C� W� Gear� Numerical Initial Value Problems in Ordinary Di�erential Equa�

tions� Prentice�Hall� Englewood Cli�s� NJ� �����
�
� E� Hairer� S� P� N�rsett� and G� Wanner� Solving Ordinary Di�erential Equations

I� Nonsti� Problems� �nd� ed� Springer�Verlag� Berlin� �����
��� E� Hairer and G� Wanner� Solving Ordinary Di�erential Equations II� Sti� and

Di�erential Algebraic Problems� Springer�Verlag� Berlin� �����
��	� G� Hall and J� M� Watt� editors� Modern Numerical Methods for Ordinary

Di�erential Equations� Clarendon and Oxford University Press� London� �����
���� P� Henrici� Discrete Variable Methods in Ordinary Di�erential Equations�

Prentice�Hall� Englewood Cli�s� NJ� �����
���� A� Iserles and S� P� N�rsett� Order Stars� Theory and Applications� Chapman �

Hall� �����
���� H� B� Keller� Numerical Methods for Two�Point Boundary Value Problems�

SIAM� Philadelphia� PA� �����
���� J� D� Lambert� Numerical Methods for Ordinary Di�erential Systems� The Initial

Value Problem� John Wiley� New York� NY� �����
���� L� Lapidus and J� Seinfeld� Numerical Solution of Ordinary Di�erential Equa�

tions� Academic Press� New York� �����
���� H� J� Stetter� Analysis of Discretization Methods for Ordinary Di�erential

Equations� Springer�Verlag� Berlin� �����

�����	� Partial Di�erential and Integral Equations An elementary and
popular introduction to numerical solution of partial di�erential equations is given
in Morton and Mayers ���� ���
� Finite di�erence methods are also treated in
Mitchell and Gri�ths ���� ����� ���� ���� and Forsythe and Wasow ���� �����
A good introduction to 	nite element methods is given by Johnson ���� �����
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Iterative methods for the solution of the resulting linear systems are treated in
Axelsson and Barker ��� ���
�

For a good introduction to multigrid methods see Briggs ��� ����� A more
complete treatment is given in Hackbusch ���� ���� and McCormick ���� �����
Good surveys of the �state of the art� of domain decomposition methods are to
be found in proceedings edited by Glowinski et al� ���� ���� and Chan et al�
��� ����� Time dependent problems are treated in Gustafsson� Kreiss and Oliger
���� ����

Comprehensive treatments of computational methods for solving integral
equations are given in Baker ��� ���� and in Delves and Mohamed ��� �����

References

��� W� F Ames� Numerical Methods for Partial Di�erential Equations� �nd� ed�
Academic Press� New York� �����

��� O� Axelsson and V� A� Barker� Finite Element Solution of Boundary Value
Problems� Theory and Computation� Academic Press� ��
��

��� C� T� H� Baker� The Numerical Treatment of Integral Equations� Clarendon
Press� Oxford� �����

��� K� J� Bathe and E� L� Wilson� Numerical Methods in Finite Element Analysis�
Prentice�Hall� Englewood Cli�s� NJ� �����

��� G� Birkho� and R� E� Lynch� Numerical Solution of Elliptic Problems� SIAM�
Philadelphia� ��
��

��� W� L� Briggs� A Multigrid Tutorial� SIAM� Philadelphia� ��
��
��� T� F� Chan� R� Glowinski� J� Periaux� and O� Widlund� editors� Proceedings of

the Second International Symposium on Domain Decomposition Methods� SIAM�
Philadelphia� ��
��

�
� P� G� Ciarlet� The Finite Element Method for Elliptic Problems� North Holland�
���
�

��� L� M� Delves and J� L� Mohamed� Computational Methods for Integral Equations�
Cambridge University Press� Cambridge� UK� ��
��

��	� G� E� Forsythe and W �R� Wasow� Finite Di�erence Methods for Partial
Di�erential Equations� John Wiley� New York� NY� ���	�

���� R� Glowinski� G� H� Golub� G� Meurant� and J� Periaux� editors� Proceedings of
the First International Symposium on Domain Decomposition Methods� SIAM�
Philadelphia� PA� ��

�

���� B� Gustafsson� H��O� Kreiss� and J� Oliger� Time Dependent Problems and
Di�erence Methods� John Wiley� New York� NY� �����

���� W� Hackbusch� Multi�Grid Methods and Applications� Springer�Verlag� Berlin�
Heidelberg�New York� ��
��

���� W� Hackbusch� Elliptic Di�erential Equations� Theory and Numerical Treatment�
Springer�Verlag� Berlin� �����

���� W� Hackbusch and U� Trottenberg� editors� Multigrid Methods� Lecture Notes in
Mathematics� Vol� 	��� Springer�Verlag� Berlin� ��
��

���� C� Johnson� Numerical Solution of Partial Di�erential Equations by the Finite
Element Method� Studentlitteratur� Lund� Sweden� ��
��

���� L� Lapidus and G� F� Pinder� Numerical Solution of Partial Di�erential
Equations in Science and Engineering� John Wiley� New York� NY� ��
��

��
� S� McCormick� Multigrid Methods� SIAM� Philadelphia� PA� ��
��
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���� A� R� Mitchell and D� F� Gri�ths� The Finite Di�erence Method in Partial
Di�erential Equations� John Wiley� New York� NY� ��
	�

��	� A� R� Mitchell and R� Wait� The Finite Element Method in Partial Di�erential
Equations� John Wiley� New York� NY� �����

���� K� W� Morton and D� F� Mayers� Numerical Solution of Partial Di�erential
Equations� Cambridge University Press� �����

���� J� N� Reddy� An Introduction to the Finite Element Method� McGraw�Hill� New
York� ��
��

���� J� R� Rice and R� F� Boisvert� Solving Elliptic Problems Using ELLPACK�
Springer�Verlag� Berlin� ��
��

���� R� D� Richtmyer and K� W� Morton� Di�erence Methods for Initial Value
Problems� �nd� ed� John Wiley�Interscience� New York� NY� �����

���� H� R� Schwarz� Finite Element Methods� Academic Press� New York� ��

�
���� P� N� Schwarztrauber� The methods of cyclic reduction� Fourier analysis and the

FACR algorithm for the discrete solution of Poisson�s equation on a rectangle�
SIAM Review� �����	��	�� �����

���� G� D� Smith� Numerical Solution of Partial Di�erence Equations� �rd� ed�
Clarendon Press� Oxford� ��
��

��
� G� Strang and G� Fix� An Analysis of the Finite Element Method� Prentice�Hall�
Englewood Cli�s� NJ� �����

���� O� C� Zienkiewicz� The Finite Element Method� �rd� ed� McGraw�Hill� New York�
�����

�����
� Journals

ACM Transaction on Mathematical Software ������ �� Association for Comput�
ing Machinery� New York�

Acta Numerica ������ �� Cambridge University Press�

Applied Numerical Mathematics ������ �� IMACS� North�Holland

Advances in Computational Mathematics ������ �� J� C� Balzer AG� Basel�

BIT Numerical Mathematics� ������ �� Copenhagen� Denmark�

Calcolo ������ �� Springer�Verlag� Berlin�

Journal of Computational Mathematics ������ �� Science Press� Beijing�

Computing� Archives for Informatics and Numerical Computing ������ ��
Springer�Verlag� Wien and New York�

IMPACT of Computing in Science and Engineering ������ �� Academic Press

Journal of Approximation Theory ������ �� Academic Press� New York�

Journal of Computational and Applied Mathematics ������ �� North�Holland

Journal of Computational Mathematics ������ �� Science� Beijing China �
Utrecht� Holland�

Journal of Computational Physics ������ �� Academic Press� New York�

Journal of Mathematical Analysis and Applications ������ �� Academic Press�
New York�

IMA Journal of Numerical Analysis ������ �� Institute of Mathematics and Its
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Applications� Oxford University Press�

Linear Algebra and Its Applications ������ ��Elsevier� New York�

Mathematics of Computation ������ �� previously called�

Mathematical Tables and Other Aids to Computation ������������ American
Mathematical Society� Providence� R�I�

Mathematical Programming ������ �� Elsevier North�Holland� Amsterdam�

Numerical Algorithms ������ �� J� C� Balzer AG� Basel�

Numerical Linear Algebra with Applications� Wiley�Interscience

Numerical Methods in Engineering ������ �� Wiley�Interscience� London�

Numerische Mathematik ������ �� Springer�Verlag� Berlin�

Russian Journal of Numerical Analysis and Mathematical Modelling ������ ��
VSP� Zeist�

SIAM Journal on Applied Mathematics ������ �� SIAM� Philadelphia�

SIAM Journal on Matrix Analysis and Applications ������ �� SIAM� Philadel�
phia�

SIAM Journal on Numerical Analysis ������ �� SIAM� Philadelphia�

SIAM Journal on Optimization ������ �� SIAM� Philadelphia�

SIAM Review ������ �� SIAM� Philadelphia�

SIAM Journal on Scienti�c Computing ������ �� SIAM� Philadelphia�

Surveys on Mathematics in Industry� Springer�Verlag� Berlin
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������� Linear Algebra Packages LINPACK and EISPACK software given
in Dongarra et al� ���� ���� and Smith et al� ���� �����

Speci	cations of the Level � and � BLAS were drawn up in �������� LAPACK
is a new software package designed to utilize block algorithms to achieve greater
e�ciency on modern high�speed computers� It also incorporates a number of
algorithmic advances that have been made after LINPACK and EISPACK were
written�

������� Interactive Mathematical Software Matlab� which stands for
Matrix laboratory is an interactive program specially constructed for numerical
computations� in particular linear algebra� It has become very popular for
computation�intensive work in research and engineering� The initial version
of Matlab was developed by Cleve Moler and built upon LINPACK and
EISPACK� It now also has ��D and ��D graphical capabilities� and several
toolboxes covering application areas such as digital signal processing� system
identi	cation� optimization� spline approximation� etc�� are available� Matlab

is now developed by The MathWorks� Inc�� USA� Future versions of Matlab will
probably be built on LAPACK subroutines�
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������� Commercial Subroutine Libraries A subroutine library is a uni�
	ed set of supported computer programs� The two largest suppliers of scienti	c
subroutine libraries are NAG and IMSL�

The Numerical Algorithms Group �NAG�� arose from a meeting in Notting�
ham in ���� when representatives from several British universities agreed to
collaborate in the development of a numerical algorithms library� Originally the
library was only intended for the ICL ���� machine rangef� but it was soon ex�
tended to most commercial computers� The library comprises Fortran and C
subroutines� as well as symbolic system solvers�

A�� Complex Arithmetic

C�� Zeros of Polynomials

C�� Roots of one or more Transcendental Equations

C�� Summation of Series

D�� Quadrature

D�� Ordinary Di�erential Equations

D�� Partial Di�erential Equations

D�� Numerical Di�erentiation

D�� Integral Equations

E�� Interpolation

E�� Curve and Surface Fitting

E�� Minimizing or Maximizing a Function

F�� Matrix Operations� Including Inversion

F�� Eigenvalues and Eigenvectors

F�� Determinants

F�� Simultaneous Linear Equations

F�� Orthogonalization

F�� Linear Algebra Support Routines
The software company IMSL was founded in ���� with the purpose of

developing and maintaining an evolving set of analytical computer routines�
Currently the IMSL Library is a comprehensive set of mathematical and
statistical FORTRAN subroutines� available on most major computers� The
subroutines are input outfree routines designed to be called from application
programs� The library subroutines are arranged in �� chapters�

�� Analysis of Variance�

�� Basic Statistics

�� Categorized Data Analysis

�� Di�erential Equations! Quadrature! Di�erentiation

�� Eigensystem Analysis

�NAG Ltd� Wilkinson House� Jordan Hill Road� Oxford� UK OX� �DR
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�� Forecasting! Econometrics! Time Series! Transforms

	� Generation and Testing of Random Numbers


� Interpolation! Approximation! Smoothing

�� Linear Algebraic Equations

��� Mathematical and Statistical Special Functions

��� Nonparametric Statistics

��� Observation Structure! Multivariate Statistics

��� Regression Analysis

��� Sampling

��� Utility Functions

��� Vector� Matrix Arithmetic

�	� Zero and Extrema! Linear Programming

������� Software for Public Use The National Institute of Standards
and Technology �NIST� Guide to Available Mathematical Software �GAMS� is
available for public use at the Internet URL �gams�nist�gov�� GAMS is an on�line
cross�index of mathematical and statistical software� Some ���� problem�solving
software modules from nearly �� packages are indexed�

GAMS also operates as a virtual software repository� providing distribution of
abstracts� documentation� and source code of software modules that it catalogs!
however� rather than operate a physical repository of its own� GAMS provides
transparent access to multiple repositories operated by others� Currently four
repositories are indexed� three within NIST� and netlib� Both public�domain and
proprietary software are indexed� Although source code of proprietary software
is not redistributed by GAMS� documentation and example programs often are�
The primary indexing mechanism is a tree�structured taxonomy of mathematical
and statistical problems developed by the GAMS project�

Netlib is a repository of public domain mathematical software� data� address
lists� and other useful items for the scienti	c computing community� Background
about netlib is given in the article

Jack J� Dongarra and Eric Grosse ������� Distribution of Mathematical
Software Via Electronic Mail� Comm� of the ACM� ��� pp� �������� and in
a quarterly column published in the SIAM News and SIGNUM Newsletter�

Access to netlib is via the Internet URL �www�netlib�bell�labs�com� For
access from Europe� use the mirror site at www�netlib�no� in Bergen�Norway�
Two more mirror sites are �ukc�ac�uk� and �nchc�gov�tw��

A similar collection of statistical software is available from
statlib�temper�stat�cmu�edu�

The TeX User Group distributes TeX�related software from
tuglib�science�utah�edu�

The symbolic algebra system REDUCE is supported by reduce�netlib�rand�org�
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A top level index is available for netlib� which describes the chapters of netlib�
each of which has an individual index 	le� Note that many of these codes are
designed for use by professional numerical analysts who are capable of checking
for themselves whether an algorithm is suitable for their needs� One routine can
be superb and the next awful� So be careful�

Below is a selective list indicating the scope of software available� The 	rst
few libraries here are widely regarded as being of high quality� The likelihood
of your encountering a bug is relatively small! if you do� report be email to�
ehg"research�att�com

BLAS blas �level �� � and �� and machine constants

EISPACK A collection of Fortran subroutines that compute the eigenvalues and
eigenvectors of nine classes of matrices� The package can determine the
eigensystems of complex general� complex Hermitian� real general� real
symmetric� real symmetric band� real symmetric tridiagonal� special real
tridiagonal� generalized real� and generalized real symmetric matrices� In
addition� there are two routines which use the singular value decomposition
to solve certain least squares problems� Developed by the NATS Project at
Argonne National Laboratory� �d�p� refer to eispack� s�p� refer to seispack�

FFTPACK A package of Fortran subprograms for the Fast Fourier Transform of
periodic and other symmetric sequences This package consists of programs
which perform Fast Fourier Transforms for both complex and real periodic
sequences and certian other symmetric sequences� Developed by Paul
Swarztrauber� at NCAR�

VFFTPK a vectorized version of FFTPACK for multiple sequences� By Sweet�
Lindgren� and Boisvert�

FISHPACK A package of Fortran subprograms providing 	nite di�erence approxima�
tions for elliptic boundary value problems� Developed by Paul Swarztrauber
and Roland Sweet�

FN Wayne Fullerton
s special function library� �single and double�

GO Golden Oldies� routines that have been widely used� but aren
t available
through the standard libraries� Nominations welcome�

HARWELL Sparse matrix routine MA�� from the Harwell library� from Iain Du�

LAPACK lapack is a library of Fortran �� subroutines for solving the most common
problems in numerical linear algebra� linear equations� linear least squares
problems� eigenvalue problems� and singular value problems� It has been
designed to be e�cient on a wide range of modern high�performance
computers� by Ed Anderson� Z� Bai� Chris Bischof� Jim Demmel� Jack
Dongarra� Jeremy Du Croz� Anne Greenbaum� Sven Hammarling� Alan
McKenney� Susan Ostrouchov� and Danny Sorensen
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LINPACK A collection of Fortran subroutines that analyze and solve linear equations
and linear least squares problems� The package solves linear systems whose
matrices are general� banded� symmetric inde	nite� symmetric positive
de	nite� triangular� and tridiagonal square� In addition� the package
computes the QR and singular value decompositions of rectangular matrices
and applies them to least squares problems� Developed by Jack Dongarra�
Jim Bunch� Cleve Moler and Pete Stewart� �all precisions contained here�

PPPACK Subroutines from� Carl de Boor� A Practical Guide to Splines� Springer�
Verlag� This is an old version� from around the time the book was published�
Some calling sequences di�er slightly from those in the book� We will install
newer version as soon as we can�

TOMS Collected algorithms of the ACM� When requesting a speci	c item� please
refer to the Algorithm number�

In contrast to the above libraries� the following are collections of codes from
a variety of sources� Most are excellent� but you should exercise caution� We
include research codes that we haven
t tested and codes that may not be state�
of�the�art but useful for comparisons� The following list is chronological� not by
merit�

A approximation algorithms loess� multivariate smoothing of scattered data!
Cleveland � Grosse
cdfcor� multivariate uniform rational 	tting of scattered data! Kaufman �
Taylor

AMOS Bessel functions of complex arguments and nonnegative order�

BIHAR Biharmonic solver in rectangular geometry and polar coordinates� Petter
Bjorstad� University of Bergen

BMP Brent
s multiple precision package

C miscellaneous codes written in C� Not all C software is in this �miscella�
neous� library� If it clearly 	ts into domain speci	c library� it is assigned
there�

C## miscellaneous codes in the C## language�

C MESCACH numerical linear algebra� dense and sparse� with permutations� error
handling� in C �double prec��

CONFORMAL contains routines to solve the �parameter problem� associated with the
Schwarz�Christo�el mapping� Includes� SCPACK �polygons with straight
sides� from Nick Trefethen� CAP �circular arc polygons� from Petter
Bjorstad and Eric Grosse� gearlike domains by Kent Pearce� CONFPACK
�Symm
s integral equation� by Hough and Gutknecht�
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CONTIN methods for continuation and limit points� notably version ��� of PITCON�
written byWerner Rheinboldt and John Burkardt� University of Pittsburgh�

CRPC Software available form the NSF Science and Technology Center for
Research in Parallel Computation�

DDSV programs from� Linear Algebra Computations on Vector and Parallel
Computers� by Jack Dongarra� Iain Du�� Danny Sorensen� and Henk Van
der Vorst�

DIERCKX a package of spline 	tting routines for various kinds of data and geometries�
Written by� Professor Paul Dierckx� Dept� Computer Science� K� U�
Leuven� Celestijnenlaan ���A� B����� Heverlee� Belgium�

ELEFUNT is a collection of transportable Fortran programs for testing the elementary
function programs provided with Fortran compilers� The programs are
described in detail in the book �Software Manual for the Elementary
Functions� by W� J� Cody and W� Waite� Prentice Hall� �����

FITPACK a package for splines under tension� �an early version� For a current copy
and for other routines� contact� Pleasant Valley Software� ���� Altus Cove�
Austin TX ������ USA

FMM routines from the book Computer Methods for Mathematical Computa�
tions� by Forsythe� Malcolm� and Moler� Developed by George Forsythe�
Mike Malcolm� and Cleve Moler� �d�p� refer to fmm� s�p� refer to sfmm�

FORTRAN contains tools speci	c to Fortran� At present� it contains a single�double
precision converter� and a static debugger�

FP �oating point arithmetic

GCV software for Generalized Cross Validation from� O
Sullivan� Woltring �uni�
variate spline smoothing�� Bates� Lindstrom� Wahba and Yandell �mul�
tivariate thin plate spline smoothing and ridge regression�� Gu �multiple
smoothing parameters�� Fessler �vector smoothing spline�

HOMPACK is a suite of FORTRAN �� subroutines for solving nonlinear systems of
equations by homotopy methods� There are subroutines for 	xed point� zero
	nding� and general homotopy curve tracking problems� utilizing both dense
and sparse Jacobian matrices� and implementing three di�erent algorithms�
ODE�based� normal �ow� and augmented Jacobian�

ITPACK Iterative Linear System Solver based on a number of methods� Jacobi
method� SOR� SSOR with conjugate gradient acceleration or with Cheby�
shev �semi�iteration � SI� acceleration� Developed by Young and Kincaid
and the group at U of Texas�
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JAKEF is a precompiler that analyses a given Fortran�� source code for the
evaluation of a scalar or vector function and then generates an expanded
Fortran subroutine that simultaneously evaluates the gradient or Jacobian
respectively� For scalar functions the ratio between the run�time of the
resulting gradient routine and that of the original evaluation routine is never
greater than a 	xed bound of about 	ve� The storage requirement may be
considerable as it is also proportional to the run�time of the original routine�
Since no di�erencing is done the partial derivative values obtained are
exact up to round�o� errors� A� Griewank� Argonne National Laboratory�
griewank"mcs�anl�gov� �� � ���

LANZ large Sparse Symmetric Generalized Eigenproblem Mark T� Jones� Argonne
National Laboratory Merrell L� Patrick� Duke University and NSF

LANCZOS procedures computing a few eigenvalues eigenvectors of a large �sparse�
real symmetric and Hermitian matrices� Singular values and vectors of
rectangular matrices Jane Cullum and Ralph Willoughby� IBM Yorktown�

LASO A competing Lanczos package� David Scott�

LP Linear Programming � At present� this consists of one subdirectory� data�
a set of test problems in MPS format� maintained by David Gay� For more
information� try a request of the form send index for lp data

MADPACK is a a compact package for solving systems of linear equations using
multigrid or aggregation�disaggregation methods� Imbedded in the algo�
rithms are implementations for sparse Gaussian elimination and symmetric
Gauss�Seidel �unaccelerated or accelerated by conjugate gradients or Or�
thomin����� This package is particularly useful for solving problems which
arise from discretizing partial di�erential equations� regardless of whether
	nite di�erences� 	nite elements� or 	nite volumes are used� It was written
by Craig Douglas� installed � ��

MATLAB software from the Matlab Users Group� Christian Bischof
bischof"mcs�anl�gov

MINPACK A package of Fortran programs for the solution of systems of nonlinear
equations and nonlinear least squares problems� Five algorithmic paths
each include a core subroutine and an easy�to�use driver� The algorithms
proceed either from an analytic speci	cation of the Jacobian matrix or
directly from the problem functions� The paths include facilities for systems
of equations with a banded Jacobian matrix� for least squares problems with
a large amount of data� and for checking the consistency of the Jacobian
matrix with the functions� Developed by Jorge More
� Burt Garbow� and
Ken Hillstrom at Argonne National Laboratory� �d�p� refer to minpack�
s�p� refer to sminpack�
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MISC Contains various pieces of software collected over time and� the source
code for the netlib processor itself! the paper describing netlib and its
implementation! the abstracts list maintained by Richard Bartels�

NAPACK A collection of Fortran subroutines to solve linear systems� to estimate the
condition number or the norm of a matrix� to compute determinants� to
multiply a matrix by a vector� to invert a matrix� to solve least squares
problems� to perform unconstrained minimization� to compute eigenvalues�
eigenvectors� the singular value decomposition� or the QR decomposition�
The package has special routines for general� band� symmetric� inde	nite�
tridiagonal� upper Hessenberg� and circulant matrices� Code author� Bill
Hager� Mathematics Department� University of Florida� Gainesville� FL
������ e�mail� hager"math�u��edu� Related book� Applied Numerical
Linear Algebra� Prentice�Hall� Englewood Cli�s� New Jersey� �����

NUMERALGO Algorithms from the journal �Numerical Algorithms��

ODE various initial and boundary value ordinary di�erential equation solvers�
colsys� dverk� rkf��� ode A subset of these in single precision is in the
library sode�

ODEPACK The ODE package from Hindmarch and others� This is the double precision
verison! to get sp refer to sodepack� Alan Hindmarch� Lawrence Livermore
National Laboratory

ODRPACK Orthogonal Distance Regression by Boggs� Byrd� Rogers� and Schnabel�
A portable collection of Fortran subprograms for 	tting a model to data�
It is designed primarily for instances when the independent as well as the
dependent variables have signi	cant errors� implementing a highly e�cient
algorithm for solving the weighted orthogonal distance regression problem�
i�e�� for minimizing the sum of the squares of the weighted orthogonal
distances between each data point and the curve described by the model
equation�

OPT miscellaneous optimization software� Contains Brent
s praxis�

PARANOIA is a rather large program� devised by Prof� Kahan of Berkeley� to explore
the �oating point system on your computer�

PASCAL At present� codes from J� C� Nash� Compact Numerical Methods for
Computers� Linear Algebra and Function Minimisation� Second Edition
Adam Hilger� Bristol � American Institute of Physics� New York� ����

PCHIP is a fortran package for piecewise cubic hermite inter� polation of data�
It features software to produce a monotone and �visually pleasing� inter�
polant to monotone data� Fred N� Fritsch� Lawrence Livermore National
Laboratory
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PDES MADPACK multigrid by Craig Douglas� a compact package for solving systems of
linear equations using multigrid or aggregation�disaggregation methods�
Imbedded in the algorithms are implementations for sparse Gaussian
elimination and symmetric Gauss�Seidel �unaccelerated or accelerated by
conjugate gradients or Orthomin����� This package is particularly useful for
solving problems which arise from discretizing partial di�erential equations�
regardless of whether 	nite di�erences� 	nite elements� or 	nite volumes are
used�

PLTMG elliptic partial di�erential equations in general regions of the plane It
features adaptive local mesh re	nement� multigrid iteration� and a pseudo�
arclength continuation option for parameter dependencies� The package
includes an initial mesh generator and several graphics packages� by Randy
Bank� reference� PLTMG User
s Guide� SIAM publications

POLYHEDRA a database of angles� vertex locations� and so on for over a hundred
geometric solids� compiled by Andrew Hume�

PORT The public subset of the PORT library� Includes the latest version of Gay
s
NL�SOL nonlinear least squares� The rest of the PORT� library is available
by license from AT�T�

RESEARCH miscellaneous software from Computing Science Research at AT�T Bell
Laboratories in Murray Hill� NJ

QUADPACK A package for numerical computation of de	nite univariate integrals�
Developed by Piessens� Robert�Appl� Math� and Progr� Div�� K�U�Leuven�
de Donker� Elise�Appl� Math� and Progr� Div�� K�U�Leuven Kahaner�
David�National Bureau of Standards� �slatec version�

SCIPORT a portable FORTRAN emulation �by M�J� McBride and S�H� Lamson� of
CRAY SCILIB� a library of scienti	c applications subprograms developed
by Cray Research� Inc�

SLAP iterative symmetric and non�symmetric linear system solution Sparse Linear
Algebra Package� Included in this package are core routines to do Iterative
Re	nement iteration� Preconditioned Conjugate Gradient iteration� Pre�
conditioned Conjugate Gradient iteration on the Normal Equations� Pre�
conditioned BiConjugate Gradient iteration� Preconditioned BiConjugate
Gradient Squared iteration� Orthomin iteration and Generalized Minimum
Residual iteration� Core routines require the user to supply �MATVEC�
�Matrix Vector Multiply� and �MSOLVE� �Preconditioning� routines� by
Mark K� Seager � Anne Greenbaum

SLATEC comprehensive software library containing over ���� general purpose math�
ematical and statistical routines written in Fortran ���
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SPARSPAK Subroutines from the book �Computer Solution of Large Sparse Positive
De	nite Systems� by George and Liu� Prentice Hall �����

SPARSE A library of subroutines written in C that solve large sparse systems of
linear equations using LU factorization� The package is able to handle
arbitrary real and complex square matrix equations� Besides being able
to solve linear systems� it is solves transposed systems� 	nd determinants�
multiplies a vector by a matrix� and estimate errors due to ill�conditioning
in the system of equations and instability in the computations� Sparse
does not require or assume symmetry and is able to perform numerical
pivoting �either diagonal or complete� to avoid unnecessary error in the
solution� Sparse also has an optional interface that allow it to be called
from FORTRAN programs� Ken Kundert� Alberto Sangiovanni�Vincentelli�
�sparse"ic�berkeley�edu�

SEQUENT software from the Sequent Users Group� Jack Dongarra � ��

SPARSE�BLAS an extension to the set of Basic Linear Algebra Subprograms� The
extension is targeted at sparse vector operations� with the goal of providing
e�cient� but portable� implementations of algorithms for high performance
computers� by Dave Dodson� convex�dodson"a�cs�uiuc�edu

SPECFUN is an incomplete� but growing� collection of transportable Fortran programs
for special functions� and of accompanying test programs similar in concept
to those in ELEFUNT� W�J� Cody� Argonne National Laboratory

SVDPACK singular values and singular vectors of large sparse matrices� Mike Berry�
University of Tennessee�

TOEPLITZ A package of Fortran subprograms for the solution of systems of linear
equations with coe�cient matrices of Toeplitz or circulant form and for
orthogonal factorization of column� circulant matrices� Developed by Burt
Garbow at Argonne National Laboratory� as a culmination of Soviet�
American collaborative e�ort� �d�p� refer to toeplitz� s�p� refer to stoeplitz�

UNCON DATA test problems� unconstrained optimization� nonlinear least squares� Prob�
lems from More� Garbow� and Hillstrom! Fraley� matrix square root! Han�
son� Salane! McKeown! De Villiers and Glasser! Dennis� Gay� and Vu� Col�
lected by Chris Fraley�

VANHUFFEL The TLS problem assumes an overdetermined set of linear equations AX
$ B� where both the data matrix A as well as the observation matrix B
are inaccurate� The subroutine PTLS solves the Total Least Squares �TLS�
problem by using a Partial Singular Value Decomposition �PSVD�� hereby
improving considerably the computational e�ciency with respect to the
classical TLS algorithm� Author Sabine Van Hu�el� ESAT Laboratory� KU
Leuven�
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VORONOI Algorithms for Voronoi regions and Delaunay triangulations� Currently
contains Fortune
s �d sweepline method�
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