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Preface

Now that powerful PCs and Macs are everywhere available, when solving a
numerical problem, we should no longer be content with an indefinite answer,
that is, an answer where the error bound is either unknown or a vague guess. This
book’s software allows you to obtain your numerical answers to a prescribed
number of correct decimal places. For instance, one can compute a definite
integral fab f(x) dx to a wide choice of correct decimal places.

The problems treated in this book are standard problems of elementary numeri-
cal analysis, including a variety of problems from the field of ordinary differential
equations and one standard problem from the field of partial differential equa-
tions. Most programs allow you to choose the number of correct decimal places
for a problem’s solution, with the understanding that more correct decimals
require more computer time.

Besides the availability of powerful computers, two other advances permit
the easy generation of accurate numerical answers. One is the development of
efficient methods for accurately bounding computation errors, stemming from
Ramon Moore’s invention of interval arithmetic in 1962. The other is the
development of methods for analyzing computation tasks, stemming from Alan
Turing’s groundbreaking work in the 1930s.

The CD that comes with this book contains a set of demonstration programs
that will run on any PC using the Microsoft Windows XP operating system.
Page 248 explains how to load the demonstration programs onto your PC’s hard
disk. After you follow those directions and read the short first chapter, you are
ready to use any program. A beginning numerical analysis student can use this
software to solve numerical problems that arise in the student’s other science or
engineering courses.

The text gives the mathematics behind the various numerical techniques and
also describes in general terms the procedures followed by the various compu-
tation programs. The software is open-source; that is, the source code for each

xi



xii Preface

computation program is available for inspection. Thus a student is able, when
conversant with programming languages, to adapt these programs to other uses.

Chapters 1 through 15 can be read by a student who has completed the calculus
sequence and an elementary linear algebra course. The final chapter, Chapter 16,
requires some acquaintance with complex analysis.
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Introduction

The programs that come with this book not only obtain numerical approxima-
tions, but also bound the errors, and in this way are able to display answers correct
to the last decimal digit. This first chapter provides the information needed to
use the software easily and to understand any numerical results obtained. The
next section gives some background for the software, the three sections after that
describe how to use the software, and the last section illustrates how numerical
approximations are displayed and how these displays should be interpreted.

1.1 Open-source software

Because precision in numerical computation is still a novelty, we thought it
important to provide the code for every computation program. To keep the source
code relatively simple, all computation programs are MS-DOS programs instead
of Windows programs. The successive Windows operating systems all allow a
user to run an MS-DOS program via a command subsystem.

Our Windows program PNM lets you avoid extensive keyboard typing, as
was necessary in the MS-DOS era. We need to review the fundamentals of how
to call up a program using the command subsystem of Windows.

In general, a command line, entered at the computer keyboard, specifies two
files and has the form

namel name?2
Here namel specifies a hard disk file, namel.exe, containing the computer
execution instructions. (Each hard disk filename has a three letter file extension

that is separated from the main part of its name by a period.) A following
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2 1 Introduction

name2 may not be present in the command line, but if present, it specifies
some additional hard disk file containing information needed by the executing
program. With our command lines, the name2 file extension is always log,
so when name2 is present in a command line, the file name2.log holds the
needed data.

1.2 Calling up a program

As a simple example problem, which will be solved in detail in this section,
suppose we require the solution of the two linear equations

X +x,=1

X —x,=2

You can become familiar with controlling the software by imitating the following
steps on your PC.

We need to call up an appropriate program to solve this problem, and we
suppose that either we do not know the name of the program or have forgotten it.
In this situation, call up the general program problem. That is, click on PNM
in your Windows “Programs” display, and after the PNM form appears, click
on the Command menu, then click on the Exe part subsection, and finally,
choose the problem program from the list of programs that appears.

The PNM form caption now will be “Command: problem”. Next click on the
Command menu again, and this time click on the Go subsection. The PNM form
will disappear, and the next step is to get to the Windows command subsystem
(review page 248), type just the single letter g (for “go”) and hit the ENTER key.

The program problem will display various options and, according to your
responses, eventually displays the name of an appropriate computation program.
To solve our simple example, we first enter the integer 6, followed by the
integer 1. The program problem, in response to these entries, displays the
program name “equat”.

Now, knowing the program name, the next step is to call it up. We need to
exit the Windows command subsystem, and this can always be done by entering
the letter e (for “exit”) and hitting the ENTER key.

Once more, click on PNM in your Windows “Programs” display, and after the
PNM form appears, click on the Command menu, then click on the Exe part
subsection, and choose equat from the list of programs. The displayed caption
changes to “Command: equat”. Next click on the Command menu again, and
click on the Go subsection. Again the PNM form disappears, and once more we
need to get to the Windows command subsystem, type the letter g and hit the
ENTER key.

We now see a message identifying equat as a program for solving n linear
equations in n unknowns. This program requires a user to view simultaneous
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equations in the matrix—vector form AX = B, so let us recast our simple problem

into that form:
I 1) [x | _|1
I—=1(|x,| |2

Specify the number of equations by entering 2, and then enter the four coef-
ficient matrix values of 1, 1, 1, and —1, followed by the two vector entries
of 1 and 2. Then select the number of decimal places, say 10, by entering the
integer 10. The solution is now displayed to 10 decimal places.

1.3 Log files and print files

Most, but not all, of the computation programs create both a log file and a print
file. If a hypothetical program abc creates a log file, then the file abc . 1log will
be found alongside the hard disk file holding the abc execution code (which
would be abc.exe) as soon as the program abc obtains from you all the data
needed to completely specify your computation problem, and before the program
abc starts a solution run, The abc . 1og file lists each keyboard line you entered,
with a description of what the entered line controls. A log file makes it easy
to modify the problem for another abc run, because you need only change the
abc.log file appropriately (using the PNM form to do this), and then give
the command abc abc instead of the command abc. Whenever there are two
names in a command line that are separated by one or more spaces, the second
name designates a log file that defines the problem. Thus with the command
line abc abc, the program abc (held in the file abc.exe) does not request
keyboard entries. Instead it uses the file abc . 1log to specify the problem.

If the program abc creates a print file, the file abc.prt, containing a
summary of the problem with a list of the answers obtained, will be found
alongside the file abc.exe, after the program abc completes a solution run
on a problem. The file abc.prt can be sent to your PC’s printer to obtain a
record of the problem’s solution. The PNM form will also do this task.

We now return to the simple example of the preceding section, which we pre-
sume has just been solved by using the program equat. To see the equat.prt
file, obtain the PNM form, click on the Prt menu, and then click on the Open
subsection. The PNM form now holds the contents of the equat.prt file,
although a part is obscured. Click on the right side of the PNM form and extend
it so that the complete contents of the print file are in view. When the Print
subsection of the Prt menu is selected, your printer copies whatever is visible
in the PNM form, so before printing, it is important to adjust the PNM form
size in both dimensions appropriately.
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To see the equat.log file, first click on the Log menu, then click on the
Open subsection, and finally click on the single line labeled equat. The PNM
form now holds the contents of the equat. log file.

Let us suppose that immediately after we obtain the solution of our initial
example problem, we find we need to solve the related problem

X, +x,=3

X —x,=4

Here the equation right side values have been changed from their previous values
to 3 and 4. Edit the log file to specify this new problem by changing the two
vector values from 1 and 2 to their new values of 3 and 4, and then click on the
Save subsection of the Log menu.

Our new problem can be solved now by clicking on the Log part of the
Command menu, then clicking on the single line labeled equat. The PNM
caption changes to “Command: equat equat”. Next click on the Go subsection
of the Command menu, and, as usual, go to the Windows command subsection,
type a g and hit the ENTER key. The solution to our new problem is now
displayed.

1.4 More on log files

This section need be read only if you repeatedly use a particular program to
solve a collection of related problems. We continue to use abc as the name of
a hypothetical program creating a log file. The reader can think of abc as being
a computation program (like equat) used earlier to solve some problem.

If the abc.log file already exists and you give the one word command abc,
then after you specify the computation problem, the abc.log file is cleared
and refilled with the new problem’s keyboard lines. An existing abc . log file
can be saved by being renamed. This way the file is not cleared by an abc
command, and the renamed file can still be used as a problem specifier.

To rename the abc log file, the PNM form caption must be either “Command
abc” or “Command abc abc”. If this is not the case, click on the Command menu,
then on the Exe part subsection, and choose abc from the list of programs.
Now with the needed PNM form caption, click on the Log menu, then on the
Open subsection and choose the abc log file from the list of log files. The
PNM form now displays the log file. Next click on the Log menu a second
time, and then on the Save As subsection. There is now a request for an addend
to abc to generate a new log file name. Thus if you specify the addend as 1,
the abc. log file is renamed abcl.log. Later, when you want to rerun the
previous abc problem, give the command abc abcl.
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Any alphabetic or numeric characters can be appended to abc to make up
a new log file name. Thus abc123 or abcxyz are both acceptable new log
file names.

1.5 The tilde notation for printed answers

The number of decimal places to which an answer is computed is set by you, the
program caller, and the decimals usually can be specified as either fixed-point or
scientific floating-point. Let us suppose that three fixed-point decimal places are
requested. It is possible with this decimal place choice that a computed answer
is displayed this way:

111.234"

The tilde (7) indicates that the displayed result has a positive error bound.
Nevertheless, the displayed result is correct to the last decimal place shown.
Section 3.4 has a discussion of the meaning of the phrase “correct to the last
decimal place”, but this can be understood here to mean that the magnitude of
the error is no larger than one-half of a unit in the last decimal place, or 5 units
in the decimal place that would follow the last digit displayed. Thus, for the
sample answer just shown, 0.0005 is the error bound on the answer. The tilde
may be mentally converted to :i:% and so this particular answer also may be
interpreted as

111.234+1

Here the displayed % is of course to be associated with the terminal digit 4 of
the answer.

Occasionally, when k fixed-point decimal digits are requested, an answer may
appear showing k + 1 decimal digits after the decimal point. Whenever an extra
decimal place appears, the extra decimal digit is always a 5. Thus, continuing
with our supposition that three fixed-point decimal digits are requested, it is
possible that an answer might appear this way

111.2345

Section 3.4 explains why it is necessary sometimes to give an answer to one
more decimal place than requested.

More rarely, when k fixed-point decimal digits are requested, an answer may
appear to k decimal places, but without the tilde. The lack of a tilde indicates
that the displayed answer has a zero error bound, and accordingly the answer is
exact. For instance, continuing with our three fixed-point decimal supposition,
an answer might appear this way:

111.234
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In this case the answer is exactly the rational number 111.234. As an example, if
we call up the calc program to obtain a three fixed-point decimal approximation
to cos(0), the exact answer obtained appears as shown below:

1.000

Suppose now that you decide that scientific floating-point decimals are more
convenient for representing answers. A k decimal scientific floating-point number
is a number in the form

(sign) dy.dyd,. . . d, - 10° (1.1)

with the requirement that the exponent e be an integer, and that the leading
decimal digit d, not be zero. For instance, —3.4444 . 102 is a four decimal
scientific floating-point value, but —3.4444 . 10¥2 or 0.4444-10" are not. The
leading term ‘(sign) d,.d,d,. . . d,’ is the mantissa and the trailing factor ‘10°’
is the exponent part of the number. With scientific floating-point notation, it is
permissible to indicate that a number is zero by simply displaying a zero, that
is, displaying O without any exponent part.

When a computation program is directed to obtain answers to k floating-point
decimal places, the exponent part of an answer is shown using “E notation.”
Thus if the exponent part is 1073, this is displayed as E—3. With mantissas, the
tilde notation is used. Thus the display 2.1234™ E5 indicates that the mantissa
is correct to the last digit, and that the error of the mantissa is no larger than
one-half a unit in the last displayed decimal place. If a tilde does not appear in a
floating-point mantissa, the mantissa has a zero error bound and is exact. As an
example, if we direct the calc program to print out a four decimal floating-point
approximation to cos(0), the exact answer appears this way:

1.0000 EO

A four decimal floating-point approximation to sin(0) appears as
0

and illustrates the point that exact zeros appear as a single digit O without an
exponent part. A four decimal floating-point approximation to tan(/4) appears
this way:

1.0000™ EO
Note that the tilde appears even though the tangent of 7/4 is exactly 1. When-

ever a tilde appears with a displayed answer known to be exact, it means
merely that the accompanying error bound computation yielded a positive result.
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As explained in Section 3.4, computed error bounds serve to ensure the correct-
ness of displayed answer digits. A computed error bound is a bound guaranteed
not to be too small, but it is not necessarily exact.

With floating-point display, as explained in Section 3.4, sometimes no mantissa
digits can be obtained. A computed approximation with a computed error bound
defines an interval on the real number line, and if this interval contains the zero
point, then a mantissa correct to the last decimal place is not forthcoming. If the
interval obtained is actually a point, that is, the approximation is zero and the error
bound is zero, then the display of 0 in place of a mantissa and an exponent part
is correct. But for intervals that are not points, the failure to obtain a mantissa is
indicated by the display of 0.~ for the mantissa, with an accompanying negative
exponent of magnitude equal to or greater than the number of floating-point
decimal places requested. Thus if we request four floating-point decimal places,
the display shown below might occur:

0-E—-4

The leading 0 signals the failure to obtain a mantissa (because a floating-point
mantissa should start with a nonzero decimal digit), and the tilde after the
decimal point signals that the displayed O is not necessarily exact. The interval
containing the zero point in which the answer lies is obtained by interpreting the
tilde in the usual way to mean plus or minus one-half a unit in the last decimal
place displayed, or 5 units in the decimal place just beyond the last displayed
one. For the answer just shown, the interval indicated is (04 0.5)-10~*. The
larger the number of requested floating-point digits, the smaller the displayed
intervals containing the zero point must be, because the magnitude of the negative
exponent must match or exceed the number of requested decimal places.
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Computer Arithmetics

Suppose our computation problem is a simple one: to compute various math-
ematical constants to a prescribed number of correct decimal digits. Typical
constants might be ¢Y2 or tan31°. Two demonstration programs (called demo
programs from now on) do precisely this task. The demo program calc com-
putes real constants and the program r_calc computes rational constants. This
chapter gives background information needed to understand how these programs
operate.

In this chapter we describe a computer arithmetic called range arithmetic,
which automatically generates answers with an error bound. With this
arithmetic, it is easy to compute constants correct to a prescribed number of dec-
imal places. Because range arithmetic is a variety of interval arithmetic, interval
arithmetic must be described first. But before we do that, let us first describe the
usual computer arithmetic, provided by all the common programming languages.

2.1 Floating-point arithmetic

In this system, as commonly used today, each floating-point number is assigned
a fixed block of computer memory of several allowed sizes, and the programmer
chooses the size. Usually a programming language allows at least two floating-
point sizes. The number stored in memory has the form

(sign) .d\d,...d, - B°
The leading digit d, is unequal to zero, e is the exponent, and B is the base
used for the exponent part. Here various number systems can be used in this

representation: binary, octal, decimal, or hexadecimal. Accordingly, the base B

9



10 2 Computer Arithmetics

could be 2, 8, 10, or 16. The range arithmetic system uses the decimal system,
so we will concentrate on decimal floating-point representations, which have
the form

(sign) .d,d,...d,-10° (2.1)

This representation is similar to what was called scientific floating-point in
Chapter 1, except that the decimal point precedes rather than follows the first
digit of the mantissa. This convention makes multiplication and division a little
easier to execute on the computer. The mantissa now is (sign) .d,d,. .. d,.
A certain amount of the assigned memory space is for the exponent e. Let us
suppose that enough bits are allocated so that an exponent can vary between plus
or minus 9,999, because from computational experience this is about as much
variation as is ever needed. The mantissa digits take up most of the memory
space, with the number of digits, k, depending on the floating-point size we
choose. For example, we may have three choices available, giving us 6, 14, or
25 mantissa digits. When two numbers of a particular size are added, subtracted,
or multiplied, the mantissa needed for an exact computed result may be longer
than the particular size allows. Digits then must be discarded to make the result
fit into the memory space reserved for the mantissa.

Floating-point arithmetic is obtained either by programming the computer to
do it (a software floating-point), or having it done by a silicon chip (a hardware
floating-point). A drawback of this conventional system is that the size must
be chosen before a program is run. This precludes having the program choose
the size, perhaps after doing a sample computation. Let us pass then to a more
flexible system.

2.2 Variable precision floating-point arithmetic
With this arithmetic the format of a number, shown here,
(sign) .d\d,. ..d,-10¢ (2.2)

is identical to that given previously, except that n, the number of mantissa digits,
now is variable instead of being fixed at the few choices previously allowed.
Such a system will have an upper bound, N, on the number of mantissa digits
possible, with N typically being several thousand. Thus any number of the form
just shown is allowed if 7z is in the range 1 < n < N. Because 7 is not fixed, the
amount of memory needed for a number is not known in advance of forming the
number. The storage of a number in memory now requires a variable number of
bytes to hold the mantissa. The integer n, stored in a designated initial part of
a number’s memory block, indicates how many of the following memory bytes
hold mantissa digits.
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This system is now able to correctly represent even a very long input
decimal constant. We simply convert the number to the form (2.2) with n just
large enough to represent all digits. Thus program constants, such as 2.75 or
2222211111, obtain the forms +.275-10" or +.2222211111-10', respectively.
When performing divisions with such numbers, we must decide how many
mantissa digits to form. And when doing additions, subtractions, or multipli-
cations, generating an exact result may require an inconveniently large num-
ber of mantissa digits. A control parameter is needed, bounding the length of
all mantissas formed by arithmetic operations. This control parameter, always
a positive integer, can be given the name PRECISION. Thus PRECISION
can be set to any value between a default minimum and the system upper
bound N.

Before any computation, we set PRECISION to some value that seems
appropriate, and if the computation reveals that more mantissa digits are
needed, then we increase PRECISION and repeat the computation. Note that
PRECISION does not determine the mantissa length for any decimal constants
used by a program. Such constants always are converted to floating-point form
with a mantissa just long enough to represent them exactly.

This system is clearly an improvement over the previous floating-point system,
but there still is a major drawback. We usually cannot tell from our computed
numbers how accurate our results are, especially after a long and complicated
computation, so we do not know when to increase PRECISION. We need some
way of determining how big our computational error is.

2.3 Interval arithmetic

In 1962 Ramon Moore proposed a way for the computer to keep track of errors.
Instead of using a single computer representation for a number, two would be
used, one to represent the number, and another to represent the maximum error
of the number. First note that a number’s “error” is defined as the absolute value
of the number’s deviation from the true value, so a number’s error is always
positive or zero. Each number now has a representation m £ €, where m is a
computer floating-point representation of the number, and € is the computer
representation for the error. Program constants that are exactly represented by
a computer number have € set to zero. As the computer does each arithmetic
operation of addition, subtraction, multiplication, and division, besides forming
the result m, it forms the result’s error bound €. The mathematical relations used
for the four arithmetic operations are the following:

my ke +myte=(m+m)E(€+e) (23)
m e —my,te,=(m—my)L(e +e,) (2.4)
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my+ € xm, € = (mm,) =L (&|my|+|mle,+€€) (2.5)
€+ |—|€
m,

if |m,| > €,

m
it U IR U B
m,Ete+myte = (m2> |m,| — €, (2.6)

Division error if [m,| <e,

The first two relations for addition and subtraction are easy to understand,
because the result error bound is just the sum of the two operand error bounds.
To verify the multiplication relation, multiply the two operands together to obtain
four terms; one is the result value, and the other three are error terms. The result
error bound is the sum of the magnitudes of these three error terms.

A division operation with intervals cannot succeed unless the divisor interval
does not contain the zero point. Thus division is not possible if |m,| < €,. When
division is possible, the result error bound does not depend on the signs of m, or
m,, and to find this bound, we can restrict our attention to |m,| £ €, = |m,| £ ¢€,.
Here we see that the maximum error occurs either when the smallest possible
numerator is divided by the largest possible denominator or when the largest
possible numerator is divided by the smallest possible denominator. In the first
case the error is

|m,| _ Imi| =€ |my[(Imy] + &) — (Imy| — €)[m,]|

Imy|  |myl+e, [m,[(|m,| +€,)

_ €1lm,| +|m, €,
[m,|(Jm;y| +€,)

€e+|—le
m,
Im,|+ €,
In the other case the error is
Im,| + € _ m,| _ (Imy |+ €)|my| = |m,[(Imy| — &)
Im,| —€,  |[my] [my|(|m,] —€,)

_ € |m,| +|m|e

B |m,|(|m,| — €,)
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If €, is positive, this second value for the error is greater, and is the error shown
in (2.6).

With interval arithmetic we let the computer form an error bound as it forms
each numerical value. We are repaid for this extra computation by always having
rigorous error bounds for all our computed answers.

2.4 Range arithmetic

When interval arithmetic is combined with the variable precision system
described in Section 2.2, we obtain the means of knowing when too few digits
have been used in our computation. To the floating-point representation we add
a single decimal digit r for the error, and obtain the representation

(sign) .d,d,. ..d,+r-10° (2.7)

The digit r is the range digit, used to define the maximum error of the number,
with the decimal significance of r identical to that of the last mantissa digit d,,.
By adding r to d,, or subtracting r from d,, we form the endpoints of the
mantissa interval. From the range digit we obtain the mantissa’s error bound, by
taking account of the range digit’s mantissa position and ignoring the exponent
part. When the mantissa error is multiplied by the exponent part, 10°, we obtain
the number’s error bound. Below, these two error values are given for some
typical numbers.

Ranged number Mantissa error bound Number error bound
+.8888 49 10! .0009=9-10"* 9.1073
—.7244666+2-1072 .0000002 =2-1077 2.107°
+.2355555555+£3-10% .0000000003 =3-10~1° 3.107¢

When decimal constants are converted to this range arithmetic form, as before,
the number of mantissa digits that appear is the minimum needed to fully
represent the constant; and the range digit is 0 because the constant is without
error. Thus the constant 2.5 would obtain the ranged form +.25+0-10!. Ranged
numbers like this one, with a zero range digit, are called exact.

When exact numbers now are added, subtracted, or multiplied, the result also
is exact if the PRECISION bound is not overstepped. But if PRECISION is
exceeded, then the mantissa gets truncated to the PRECISION length, and the
number gets a range digit of 1, indicating a maximum error of one unit in the
last mantissa digit. As before, the accuracy of the four rational operations is
changed simply by changing PRECISION.

When an arithmetic operation is performed with one or both operands having
a nonzero range digit, the result also gets a nonzero range digit, computed using
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the interval relations of the preceding section. Generally the result mantissa error
bound is computed first, then rounded up to a one-digit value to form the range
digit. This fixes n, the number of mantissa digits. Then the result mantissa is
formed to this length, and if this means some mantissa digits are discarded, then
the result range digit is incremented by one.

As a computation proceeds, with the numbers now having nonzero range
digits, the successive mantissas generally obtain increasing error bounds, and,
accordingly, their length tends to decrease. In one respect this is helpful, in
that suspect mantissa digits get discarded automatically. Shorter mantissas mean
faster arithmetic operations, so usually the later part of a computation runs
quicker than the earlier part. If the final results have too few mantissa digits to
yield the required number of correct decimal places, then the whole computation
is repeated at a higher PRECISION. The cases where this occurs are likely to be
cases where ordinary floating-point computation would yield inaccurate results.
The amount to increase PRECISION may be determined by examining each
answer that was insufficiently accurate, to see by how many digits it failed to
meet its target form. If the greatest deficit in correct decimal places equals D,
then PRECISTION can be increased by D, plus some small safety margin perhaps,
and a repetition of the computation at this higher precision will likely succeed.

To illustrate the general idea of range arithmetic, in Table 2.1 we show a
sample range arithmetic computation to obtain the constant (5/4)*? to 5 correct
fixed-point decimal places. The first computation is done with PRECISION set
at 6, and the second with PRECISION set at 10. Each computation consists of
five multiplications that are squarings of powers of 5/4.

Of course not all computations are as simple as the one shown in
Table 2.1, which is a straightforward evaluation from an initial constant to an
answer. Usually the numerical solution of a mathematical problem is more
complicated, and initial gross approximations to desired results are progressively
refined. When we treat such cases we will need some method of determining
the error of the final approximants.

TABLE 2.1 Range arithmetic computation of (3)* by 5 squarings

Step Step result PRECISION =6 PRECISION =10

0 2 +.125+0- 10! +.125+0- 10!
1 (3)? +.1562540- 10" +.1562540-10!
2 )* +.244140+1- 10" +.244140625 +0 - 10"
3 ()8 +.596043 £5- 10" +.5960464477 4 1- 10"
4 (3)'° +.355267+6- 10 +.3552713678 2 - 102
5 (3)* +.126214 £5-10* +.1262177447 £2-10*

To 5 correct fixed-point decimal places, (3)*? = 1262.17745~
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2.5 Practical range arithmetic

In the description of range arithmetic just given, we allowed the mantissa of
a ranged number to change in length by a single decimal digit, and used a
single decimal digit for the range. We presented this type of range arithmetic
because it is easy to describe and easy to understand. When programming range
arithmetic, however, one must take into account the number of mantissa digits
that can be stored in integer elements, a basic type comprising a specific
number of memory bytes, and a type that is available in almost all programming
languages. Let us designate the number of decimal digits that can be stored
in the type integer, as its decimal width. The decimal width depends on
how many memory bytes of storage are alloted to the type integer. Let us
suppose, for instance, that the decimal width is four. Because the mantissa digits
are composed of integer units, the number of mantissa digits is always a
multiple of the decimal width, and the number of digits in the range is also the
decimal width.

To revise the range arithmetic system to accommodate an arbitrary decimal
width of W digits, change each mantissa digit d; and range digit » in the
representation

(sign) .d\d,...d,xr-10°

from a single digit to a block of W decimal digits, and denote these by using
capital letters in place of small letters. The exponent base, which was 10, is
changed to B = 10", that is, 1 followed by W zeros. A ranged number now has
the representation

[(sign) .D,D,...D,+R]-B"

For example, with a decimal width of four, the constant 17.52 has the represen-
tation

[+.(0017)(5200) = (0000)] - 10000

Thus a programmed range arithmetic system is essentially identical to the range
arithmetic system described, except that base 10 with its 10 digits, O through 9,
is replaced by a base with more digits, which, for a decimal width of 4, is a base
with 10* = 10,000 different digits.

2.6 Interval arithmetic notation

There are two ways to designate intervals: with the notation m % € that we have
been using, and with the endpoint notation [a, b]. One notation is easily converted
into the other; m=€ is also [m — e, m+ €], and [a, b] is also “+2 4 254, Most
often we use the m =+ € notation, and we need names for the two parts. The



16 2 Computer Arithmetics

number m is the midpoint of the interval, and because the width of the interval
is 2€, the number € is the halfwidth of the interval.

For any mathematical constant, such as a, it is convenient to use an underline,
as in a, to denote the constant’s range arithmetic interval approximation obtained
at the current PRECISION.

Now consider two real numbers a and b, with range arithmetic intervals
a and b. If the a interval intersects the b interval we indicate this by writing
a=>b. For instance, 2.22 +2=2.24 4+ 3. Here we count intervals as 1ntersect1ng
even if they just touch, so that 2.22+1=2.24 4+ 1. The new symbol = for
interval intersection is needed, and using = for this case would be misleading,
because when a intersects b, any of the relations a < b, a = b, or a > b may
hold for the numbers a and b, We write a > b if the a interval is to the right of
the b interval, and we write a < b if the g interval is to the left of the b interval.
Thus 3.334+1>3.30+£1 and 3.33+1 < 3.36 £ 1. We always have exactly one
of three possibilities: a < b, a=b, or a > b. From a < b, it follows that a < b,
and from a > b, it follows that a > b, but as already mentioned, from ¢ =b any
of the relations a < b, a = b, or a > b could be true.

Note that intervals may also be compared with exact numbers, because an
exact number may be viewed as defining an interval of length zero. Thus, for
any interval a, we always have one of the three possibilities: a > 0, a < 0, or
a=0. We say an interval is “positive”, “negative”, or “overlaps 0, depending
on which of the three listed relations holds.

An interval relationship is obtained at some specific computation precision.
So if a=b holds at a certain precision, then when precision is increased we may
still find a = b, but we could find a > b or we could find a < b. We write a # b
to indicate that the two intervals a and b do not intersect. Then it is always
true that a=» or a # b, because two intervals either intersect or they do not
intersect. It may be useful here to list the conclusions that can be reached when
various interval relations hold:

Interval relation Implied mathematical relation
a<b a<b
a>b a>b
a#b a#b
a=b None certain

Conversely, if we know that a certain mathematical order relation holds between
two numbers, this information limits the interval relations we could find:

Mathematical relation Possible interval relation
a<b a<bora=b
a>b a>bora=b

a=b a=b
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In this textbook, because range arithmetic is the computer arithemetic used,
the phrase “if a < b, then” should be interpreted as meaning “if at the current
precision a < b, then”. Similarly, the phrase “if a # b, then” should be interpreted
as “if at the current precision a # b, then”.

2.7 Computing standard functions in range arithmetic

After the four arithmetic operations +, —, x and =+ have been coded for range
arithmetic, one can compose simple programs to use this arithmetic. But often
we also need standard functions like In x, sinx, or cosx. For instance, we may
need to find cos3.12222 + 1, where the cosine argument is in radians.

In range arithmetic, standard functions can be formed in much the same
way they are formed with ordinary floating-point arithmetic, that is, by using
power series expansions in combination with various useful identities that apply
to the particular function. Thus to form cosx, we can use the three identities
cos(—x) = cos x, cosx = cos(x —27rn), and cos x = —cos(x — 7) to replace the
argument x by a value x’ between O and 7/2. Then we halve x’ as many times
as necessary to confine its new value x” within a narrower interval, say [0, 0.1].
We record the number of halvings, intending to perform the scaling operation
2y*—1on y = cos x” as many times as we halved, in accordance with the identity
cos(2x) = 2 cos?(x) — 1.

To compute cos x”, we use the Maclaurin series expansion

M2 I/l4 6 2n

=1 “ 1y
cosu=1-gt gt G

How many terms of the series should we use to form cosx”? In the process
of summing the series, we would be adding consecutive terms to a summation
variable S. The terms rapidly decrease in magnitude, and when finally we come
to a term T whose magnitude |T| is less than the S halfwidth, then clearly this
is a good point to break off the summation.

The S halfwidth bounds the computation error in forming the partial sum for
cosx”, but does not include the series truncation error that we make by ending
the summation. Because the series is an alternating series, with successive terms
decreasing in magnitude, the truncation error is bounded by the magnitude of
the first series term not summed. We need to increase the halfwidth of S by an
amount sufficient to account for the truncation error |T.

This evaluation example shows that it is useful to introduce another operation
to range arithmetic, the operation

S@®T

The result of ST is the first operand §, but with an increased halfwidth, the
increase being equal to the largest possible |T'| value in the T interval.
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The operation &@ has another application besides its use in standard function
computations. Before giving this application, first note that when a mathematical
constant is computed in range arithmetic, we get an interval with a halfwidth
that can be examined and tested. If we wish to print the constant to a certain
number of decimal places, the size of this halfwidth determines whether we can
get the specified number of correct places from the interval. If we can not, the
higher precision needed can be determined, and the computation then is repeated
at this precision.

Now suppose we want to solve some mathematical problem numerically.
Here we may have one procedure for computing an approximation A to the
answer, and another procedure for computing an upper bound E on the error
of our approximation. Both computations yield range arithmetic numbers with
halfwidths bounding their computational error. The operation A@ E then gives
a correctly ranged approximation to the answer that can be tested to determine
whether the required number of correct decimal places can be obtained from it.
If not, we increase precision, recompute both A and E, and try again.

2.8 Rational arithmetic

A useful byproduct of range arithmetic is that rational arithmetic becomes easy
to obtain. For rational arithmetic we use a pair of exact numbers to represent
each rational, namely a numerator integer p and a denominator integer g to
represent the rational in the form p/g. The denominator integer g cannot be
zero, but there is no restriction on the numerator p. The rational operations of
addition, subtraction, multiplication, and division are executed according to the
following rules:

P P Pt air

—+
9 D 919>
Pi_Pr_Pi%— 1P
@ D@ 949
Db PP (2.8)
9@ D 99
P .
if p,#0
PP )gp, ?
@ D@ Division error  if p, =0

Before executing any of the four operations shown above, PRECISION is
temporarily set to its highest value, N. The resulting p and ¢ integers then
are computed in range arithmetic, following the rules given above. Because no
division operation is ever needed, the two integers obtained are always exact.
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If the range of one of these integers is ever nonzero, then N, the implemen-
tation bound on the number of mantissa digits, is not large enough for the
computation.

It is convenient to restrict denominator integers g to positive values only.
It is then easier to decide whether we are dealing with a positive or negative
rational, because we need examine only the sign of p, rather than the signs
of both p and ¢. With this restriction, the equations for arithmetic operations
given earlier must be reexamined. The equations for addition, subtraction, or
multiplication need no changes, because each of these operations yields a result
with a positive denominator when both operands have positive denominators.
This is not the case for division, however, and the revised operation is

P19 if p,>0
q1P>
PP — .
2= P1d if p, <0

@ D q:|pa|

Division error  if p, =0

It is convenient also to always eliminate common divisors from the pair of
integers p, g, and obtain each rational in what is called reduced form. This
way, we can conclude that a rational p,/q, equals another rational p,/q,, after
we check that p, equals p, and that ¢, equals g,. If common divisors are not
eliminated, we reach the same conclusion only after we find that p, ¢, equals p,q,,
and this requires two multiplications. Elimination of common divisors also keeps
the integers p and g smaller, making arithmetic operations faster, and making
it less likely that we exceed N, the bound on mantissa length. Accordingly, as
each rational p/q is obtained by an initial construction or through an arithmetic
operation, the greatest common divisor D of |p| and ¢ is found, and if D is
greater than one, then the pair p and ¢ is replaced by the pair p’ and ¢/, with
p'=p/Dand ¢'=q/D.

The method we use for finding D is the Euclidean algorithm, which finds
the greatest common divisor of any two positive integers n, and n, by repeated
divisions. The procedure is as follows. We divide the larger integer by the smaller
to obtain an integer quotient and an integer remainder. Assume now that n, > n,
(the integers are switched if this inequality is not true). Let d, be the quotient
and n; the remainder when n, is divided by n,, so that

ny=dny,+ns

with 0 < n; < n,. From the last equation, it is clear that any common divisor of
n, and n, is also a divisor of n;, so the greatest common divisor of n, and n, is
a common divisor of n, and n. On the other hand, any common divisor of n,
and n5 is also a divisor of n;, so the greatest common divisor of n, and n; is a
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common divisor of n; and n,. The two statements together imply that these two
greatest common divisors are identical, so the problem of finding the greatest
common divisor can be shifted from the pair n; and n, to the pair n, and n;, and
the entire process can be repeated on the new pair. We see that n,, the smaller
number of the new pair, is less than n,, the smaller number of the original pair.
Thus if this procedure is repeated enough times, it must lead eventually to a
pair of integers with one member being zero. When this happens the desired
greatest common divisor equals the nonzero member of this final pair. Thus for
the integer pair 144 and 78, we arrive at their greatest common divisor in the
following four steps:

Pair Division relation
144, 78 144 =1-78+66
78, 66 78=1-66+12
66, 12 66=5-124+6
12,6 12=2-64+0
6,0 The greatest common divisor is 6

Software Exercises A

Software exercises here and in later chapters are designed to clarify how to use
the demo programs to best advantage. All the exercises in this section concern the
demo program calc. Our goal with calc is to evaluate to 10 correct decimal
places the two constants mentioned at the beginning of this chapter, ¢V and
tan31°. Along the way to doing that, some of the common properties of demo
programs are explained. The last exercise gives some guidance in viewing the
source code of a demo program, with the calc program used as an example.

1. Call up the program calc on your PC. Here you need to choose the PNM
program from your list of Windows programs, and after the PNM form appears,
click on the Exe part subsection of the Command menu. After the list of
demo program names appears, click on the calc line. The form caption now is
“PNM Command: calc”. Next click on the Go subsection of the Command menu.
The PNM form disappears. You next need to get to the Windows command
subsection (see page 248), type the letter g (for “go”) and hit the ENTER key
to obtain the calc demo program.

The calc program requests that you specify the number of decimal places
desired, but instead just type the letter q and hit the ENTER key to exit the
program. Every demo program can be exited while it is waiting for an entry with
the single letter q, for “quit”.
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2. While still in the Windows command subsystem, call up the calc program
again by typing a g and hitting the ENTER key. When a demo program
selection is made using the PNM form and selecting the Go subsection of the
Command menu, that demo program is called whenever you enter the Windows
command subsystem, type a g and hit the ENTER key. Now exit the program
by typing a control-c, that is, hold the CNTRL key down and hit the ¢ key.
Every demo program can be exited with a control-c at any time, whether or not
the program is waiting for a keyboard entry. This type of exit is needed when
a demo program is making some computation, and you decide not to wait for
the result.

3. Once more call up the calc program by typing a g and hitting the ENTER
key. This time enter the integer 10 to choose 10 fixed-point decimal places for
calc’s computed constants. Demo programs generally allow a user to choose
n fixed-point decimal places by entering an unsigned integer n, and to choose
n floating-point decimal places by entering the negative integer —n. If you
enter an integer outside the range of allowed integer values, you get a message
telling you what the bound is. The calc program bound is 150 decimal places.
After you enter the 10, you see next a display of the symbols that can be used
to define a real number constant. The five arithmetic operations handled by
calc are +, -, * (multiplication), / (division), and ~ for exponentiation.
The order in which arithmetic operation are executed can be controlled by
adding parentheses. When a series of arithmetic operations appear without
parentheses to delimit them, they are interpreted as described in the SYMBOLS
RECOGNIZED display. For instance (you can test any example mentioned in an
exercise by entering it), 1+2*3 is computed as if it were 1+ (2*3), because
the rank of * is higher than the rank of +. Similarly, 2°2*2 is computed as if
it were (272)*2, because the rank of ~ is higher than the rank of *. When
two or more operations of the same rank appear without parentheses, evaluation
is left to right, except for the case of operations of “hi” rank, where evaluation
is then right to left. Thus 4*3/2 is computed as if it was (4*3)/2, but =272
is computed as if it was —(272).

4. Decimal constants supplied to calc may use a sign prefix, and may have a
single decimal point, but should not have any commas. Thus the entry 2,100
will yield a “syntax” error report. The helpful ‘e’ notation may be used here.
Thus 2.1e3 is interpreted as 2100, and 2e-3 as 0.002. One may view
the ‘e’ following a decimal constant as denoting * 10~, so 2.1e3 may be
viewed as 2.1*10"3. If desired, the letter ‘e’ can be space separated from
the constant’s decimal part or exponent part, so 2.1e3 may also be entered
as 2.1 e3 or 2.1 e 3. Exit the calc program and call it up again, but this
time enter —10 in response to the request for decimal places. Now when you
evaluate a constant such as 27100, you obtain the constant with ‘e’ notation,
but the ‘e’ is now capitalized.
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5. Exit calc and call it up again and specify 10 fixed-point decimal places for
the remainder of these exercises. We can now evaluate the first target constant,
V2. The function exp() is the exponential function, so the keystroke entry
needed for eV? is exp(sqrt(2)). Each function computed by calc, such
as exp() or sqrt (), requires a set of parentheses to delimit the function’s
argument.

6. The function 1n() and the function log() are identical, both being the
“natural logarithm” function In. Thus 1n(exp (1)) is 1. To obtain other loga-
rithms, use the identity

Thus to obtain log,, 97 use the entry 1n(97)/1n(10).

7. We are ready now to evaluate the other constant mentioned at the beginning
of this chapter, tan31°. The three trigonometric functions sin( ), cos (), and
tan() all use radian angle measure, so degrees must be specified in terms
of radians; 180 degrees equals 7 radians, so one degree is /180 radians.
Accordingly the keystroke entry to use for tan31° is tan(31*pi/180).
One or more spaces may separate the tokens that make up an entry,
so tan(31 * pi / 180) is acceptable, but t an(31*pi/180) yields
an error message, because the letters of a function must be together.

8. The three functions asin( ), acos (), and atan( ) are the three standard
inverse trigonometric functions sin”', cos™!, and tan~'. The angle supplied
by each of these functions is a radian angle, so if degrees are desired, the
conversion factor 180/ is needed. Thus to obtain tan~! 1 in degrees, the entry
atan(1)*180/pi is needed.

9. The source code of all demo programs is written in the C++ programming
language. A demo program abc has its central controlling program in a file with
the name abc.cc. To see this file for calc, return to the PNM form, choose
the Source menu and click on the cc files subsection. After the list of files
appears, click on the calc.cc line to see the calc.cc source code. One can
often get a general idea of how a demo program does its task by viewing its
source code, even if you have never used C++.

The first line of a demo source code file lists the files that are linked together
to produce the demo execution program, the list always beginning with the demo

program name. Thus the first line of calc.cc is

// link: calc real
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This indicates that calc is linked with one other file of name real. The
source file real . cc supplies the range arithmetic capabilities needed by calc.
Any secondary file of the link list (such as real) in general has a source file
(real.cc) and a descriptive header file (real.h). All such files can be viewed
by using the Source menu.

Notes and ReFerences
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Classification of
Numerical Computation |
Problems

To achieve precision in numerical computation, a numerical analyst must be
aware of the potential difficulty lurking in certain simple computation tasks. We
begin by examining an especially simple computation task, deciding whether or
not a real number is zero.

3.1 A knotty problem

Imagine we are computing a certain quantity a and must determine whether
a equals zero. If a equals zero we take branch zero, otherwise we take branch
nonzero. The number a may be the value of a solution to a complicated
differential equation problem at some particular point, or a number obtained
through some other intricate computation.

There is no difficulty in carrying out this task in ordinary floating-point arith-
metic, because we take branch zero if the a floating-point approximation comes
out as zero, otherwise we take branch nonzero. However, the a floating-point
approximation has an unknown error, so we may end up taking the wrong branch.

Now consider doing the test in range arithmetic, and here we imagine that we
obtain various numbers of correct fixed-point decimal places for a, displayed in
the usual manner. We list some sample cycles below. Keep in mind that if a is
actually zero, we cannot expect to obtain an exact range arithmetic zero when
we compute a, because this occurs only for the simplest computations.

The problem with the last case is that we never are certain when to take
branch zero. Indeed, what should we do when we obtain a sequence of better
and better approximations to zero, defining smaller and smaller intervals? We
cannot continue to form better and better approximations indefinitely, because
a may equal zero, and then we would be in an endless loop. And if we adjust
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our program so that we take branch zero when the a interval containing the
zero point becomes “sufficiently” small, we really are taking branch zero not
just for a =0, but for a equal to any of the real numbers lying in the sufficiently
small interval. Anyone examining our program could demonstrate to us our error
by arranging things so that a was not equal to zero, but merely close enough so
that it passed our criterion for taking branch zero.

a Outcome
0.144~ take branch nonzero
0.00000™ recompute to higher precision
0.0000000003~ take branch nonzero
0.00000~ recompute to higher precision
0.000000000™ recompute to higher precision

0.00000000000000™ recompute to higher precision

Thus deciding for a real number whether it is zero has a potential difficulty.
The difficulty is not a peculiarity of range arithmetic, but merely becomes more
evident with this mode of computation. The difficulty for the problem of deciding
whether an arbitrary real number is zero cannot be overcome by using a more
complicated computation arithmetic or a more complicated analysic technique.
In this chapter we draw attention to problems that have an intrinsic difficulty,
the “nonsolvable” problems. The mathematical problems free of such difficulties
are “solvable” problems.

In the next section we give a brief introduction to the mathematical basis for
this terminology. Our first classified problem is

Nonsolvable Problem 3.1 For any real number a, decide whether a
equals 0.

Often a nonsolvable problem can be changed in some convenient manner to
become solvable. For instance, in the example just used, perhaps taking branch
zero for a nonzero a leads to no difficulty as long as |a| is “very small”. In
this case, we should switch from trying to decide whether a is exactly zero, to
deciding whether it is close to zero, as described in the following

Solvable Problem 3.2 For any real number a and positive integer ,
decide that a is unequal to 0, or decide that |a| < 107

A decision procedure is easy to carry out in range arithmetic. Once more we
use underlining, as in a, to indicate the range arithmetic interval obtained for
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a mathematical constant. We evaluate a at some chosen precision and compare
a with 0. If we find a # 0, then a # 0. If we find a =0 and determine that the
a width <107%, then |a| < 107*. This is because a contains the zero point, so
every real number in a is <107, If @ = 0 but the @ width is >107%, we increase
precision appropriately to obtain a decision on the next trial.

Notice that with this first solvable problem, the two outcomes are not mutually
exclusive. It is possible that at one precision we decide that |a| < 107%, and at a
higher precision we decide that a # 0.

3.2 The impossibility of untying the knot

In the 1930s, revolutionary methods were introduced into mathematics that
have changed our understanding of the subject. Turing, in a brilliant paper [5]
wherein he defined the machines now known as Turing machines, proved that a
long-standing logical problem, with the German name “Entcheidungsproblem”,
was not solvable by any mechanical method. Turing’s stunning conclusion was
obtained by assuming that the result in question could be achieved, and then
showing that this presumption leads to a contradiction.

The difficulty of Nonsolvable Problem 3.1 occurs because in numerical com-
putation any real number we deal with is a “computable number”, that is, a real
number for which a constructive algorithm is known that can deliver rational
approximations to the number that are as accurate as we please. Although we can
obtain arbitrarily accurate approximations to a computable number, nevertheless
these approximations do not allow us to decide in all cases whether the number
is zero. And there can never be a constructive way of determining whether com-
putable numbers are zero, perhaps by some method of examining the internal
sturcture of the approximation algorithm, because if such a method existed, then
with a Turing-style argument, one can show how to define a computable number
that thwarts the decision method.

In a sense, when a problem is shown to be nonsolvable, this is a liberat-
ing result. We no longer need to wonder how to tackle the resistant difficult
cases of the problem, because we see that any method we use can be only
partially successful. It is more reasonable to consider how to avoid the problem
altogether.

3.3 Repercussions from nonsolvable problem 3.1

Given a nonsolvable problem, suppose we have a second problem for which a
constructive solution imples a method of solving the first problem. This sec-
ond problem then must be nonsolvable too. For instance, as a consequence of
Nonsolvable Problem 3.1, we have also
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Nonsolvable Problem 3.3 For any two real numbers a and b, decide
whether a = b.

Because we can take b as zero, a method for solving this problem is also a
method for solving Problem 3.1. The nonsolvable problem just obtained then
implies the following

Nonsolvable Problem 3.4 For any two real numbers a and b, decide
whether a > b.

If it were possible to always determine whether a > b, then from our yes or no
results from testing a > b and b > a, we would know whether a = b, contradicting
Nonsolvable Problem 3.3.

For real numbers a and b, exactly one of the three possibilities can hold:
a<b,a=>b,or a>b. We know now that deciding which of the three holds is
a nonsolvable problem, and because this problem arises often, we list it below,
with a revised, solvable version.

Nonsolvable Problem 3.5 For any two real numbers a and b, select the
single correct relation from these three: a < b, a =>b, or a > b.

Solvable Problem 3.6 For any two real numbers a and b, and any positive
integer k, select a correct relation from these three: a < b, |a —b| < 107,
ora>b.

Problem 3.6 is solvable because we can compute a and b to higher and higher
precision until both intervals in width are < 1-107*. If a=b, then |a —b| < 107*
because the sum of the widths of a and b is <10~*. And if the two intervals do
not overlay, we easily determine whether @ < b or a > b. Here we do not try
to decide whether |a — b| < 107¥, for that would be nonsolvable too, forcing us
to decide, in some cases, whether |a — b| was exactly 107, The three choices
listed in Problem 3.6 are not mutually exclusive. It is quite possible that at a
certain precision we decide that a is within 107 of b, but at a higher precision
we decide that one of the other possibilities occurs.

Another way the difficulty of Problem 3.5 can be overcome, for inequality
tests at least, is to have two distinct numbers to test against, as in the following

Solvable Problem 3.7 For any real number a and any two unequal real
numbers b, and b,, choose either b, or b, as a number unequal to a.

Because we know that b, and b, are distinct, by computation to sufficiently
high precision the intervals b, and b, will not intersect, and a certain rational
width & will separate them. If we now compute a to a precision high enough
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that the ¢ width < &, then a can intersect at most one of the b, and b, intervals,
and so at least one of the b, and b, numbers is found to be unequal to a.

A third way the difficulty of Nonsolvable Problem 3.5 can be overcome is by
putting some restriction on the type of numbers that are compared. Certainly if
the two numbers are rational, that is, they are expressed in the form p/q with
the integers p and g known, there is no difficulty deciding any order relation.
However, it does not suffice merely to know that the two numbers a and b are
rational, if we can only obtain range arithmetic approximations to them.

3.4 Some solvable and nonsolvable decimal
place problems

Previously, we identified the difficulty in deciding whether one number was
equal to, less than, or greater than a second number. When ranged approximations
to the two numbers yield overlapping intervals, and this keeps happening as we
increase the precision, we are in a quandary as to which relation holds. This
difficulty shows up sometimes when we attempt to obtain a correct k-place
fixed-point approximation to a number. For instance, suppose we are trying to
get a correct five-place approximation to a certain number a and we obtain the
following sequence of ranged approximations to a:

A111150+2
1111150000 £ 1
.111115000000000 + 3

We are unable to decide whether our correct five-place result should be .11111~
or .11112~, because the various a approximations all contain within their
intervals the point .111115 which is midway between .11111 and .11112. If
a < .111115, the only correct five-place fixed-point approximation is .111117;
if a > .111115, the only correct one is .111127; and if @ = .111115, either
11117 or .111127 can be used. Thus choosing which five-place approximation
is correct hinges on deciding the correct order relation between a and the rational
number .111115. None of the a approximations shown above allows us to make
this determination. Thus we encounter Nonsolvable Problem 3.5, and because it
is clear the difficulty is independent of the number of decimal places desired,
we have

Nonsolvable Problem 3.8 For any real number a and positive integer &,
obtain a correct k decimal place fixed-point approximation to a.

A way out of the impasse is easy to find. Whenever it becomes difficult to
decide between two neighboring k-place approximations, give one extra, correct
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decimal-place. This should not be difficult, because if the decimally expressed
rational d,,.d,d, ... d,5 is inside a succession of a intervals, then d,.d,d, ... d;5
is a correct k + 1-place approximation as soon as the error of the a approxima-
tion becomes small enough. For instance, with our example above, a six-place
approximation, namely .111115~, can be obtained from the very first ranged
value, where the difficulty first appeared. The error of this initial a approxi-
mation, 2 units in the seventh decimal position, is below the allowance for six
correct places, namely .0000005. In general, we have

Solvable Problem 3.9 For any real number a and positive integer ,
obtain a correct k decimal place or a correct k+ 1 decimal place fixed-point
approximation to a.

With our demo programs, when results are to be displayed to a certain number
of correct decimal places in fixed-point format, an extra decimal place may
occasionally be noticed for some answers. The extra place is always a 5, supplied
automatically if the difficulty we have been describing shows up.

An interesting question is what error bound must we achieve to approximate a
quantity Q to either k or k+ 1 correct decimal places in the manner allowed by
Solvable Problem 3.9? We consider the case where k equals three. Suppose that
we have obtained an approximation m & € to Q. Here € is a bound on all errors
made in computing m. We can form a three-place decimal approximation from
the rational number m, but then we make an additional rounding error €, which
can be as large as 0.5- 1073, Thus the three possible m values, .111422, .1115, or
.11065, all yield the same three-place approximation .111~, with rounding errors,
respectively, of .422-107%,.5-1073, and .35-107. We want our three-place
value to be correct, s0 €+€, <.5-1073, or € <.5-107* — €,. When the rounding
error € gets close to .5+ 1073, forcing € to be small, we try instead to form a four-
place approximation from m. Now we have € < .5-107* — €,. If m is between
.111475 and .111525, our four-place representation is .1115~, with a rounding
error no larger than .25-107*, so that our inequality is € < .25-107%. And if
m is between .1110 and .111475, or between .111525 and .112, the three-place
representations .111~ or .112™ have rounding errors no larger than .475-1073,
again giving the inequality € < .25-107%. Thus for m varying between .111 and
.112, the largest rounding errors, occurring when m = .111475 or m = .111525,
force € to be no larger than .25-10~*. In general, to be certain that we can form
a correct k or k+ 1 decimal place fixed-point approximation to a quantity Q, we
must keep the Q error bound to at most

g, =.25-10~*D (3.1)
We consider next the problem of forming correct k-place scientific floating-

point approximations. It is clear that the difficulty of forming exactly k decimal
places can occur here too.
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Nonsolvable Problem 3.10 For any real number a and positive integer
k, obtain a correct k decimal place scientific floating-point approximation to a.

Here there is even an additional difficulty that is sometimes encountered. Suppose
we are attempting to find a correct four-place floating-point approximation to a
number a, and the series of range arithmetic approximations we obtain, at ever
increasing precision, is as follows:

A£2-107°
0+3-107"12
d44-1077

The problem here is that we can not find even one correct decimal place if the
zero point is in the a interval. If a is actually zero, we should display O instead
of floating-point digits. Thus with scientific floating-point, when attempting
to obtain a certain number of correct places, we may be bumping into the
nonsolvable problem of determining whether the number equals zero. One way
of revising the problem to make it solvable is the following:

Solvable Problem 3.11 For any real number a and positive integer k,
obtain a correct k decimal place or a correct k+ 1 decimal place, scientific
floating-point approximation to a, or else indicate that |c| < 107*.

Now we allow an escape from the decimal place problem when we are uncertain
whether a is zero. The magnitude bound 10~ suggested here is arbitrary, and
can be replaced by some other convenient bound, for instance, 1072 or 107+,
By making the escape bound depend on k, we get smaller magnitude indications
as more decimal places are requested.

The escape magnitude bound used by our demo programs is one-half the
amount suggested in Problem 3.11. Suppose results are to be printed to five
correct places in floating-point format. The escape is indicated by replacing the
normal display, such as 3.22222™ E12, with the display 0. E —n, where the
integer n is always at least equal to k, the number of correct decimal places
requested. For instance, in five-place floating-point format, 0.” E—50r 0.7 E—9
might be displayed. A floating-point display normally starts with a nonzero
integer, so displaying a leading zero makes the escape unmistakable. Because
the error of 0.™ is at most one-half of a unit in the 0 position, this makes % .10
the magnitude bound of 0. E — n.

In the remainder of this text, whenever we use the phrase “to k decimal
places” in the statement of a solvable problem, we mean “to k or k+1
correct decimal places in either fixed-point format or scientific floating-point
format, with a size escape allowed for floating-point”.

The difficulties in obtaining precisely k decimal places for a number a do
not occur if a is a rational number p/q and the integers p and g are known.
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Here, when we form a k decimal-place approximation to a, our only error is the
rounding error, which always can be kept to no more than % -107F,

Solvable Problem 3.12 For any rational number p/q and positive
integer k, obtain a correct k-place fixed-point approximation, and, if p # 0, a
correct k-place scientific floating-point approximation.

3.5 The solvable problems handled by calc

In the science of numerical analysis, it is advantageous to treat only solvable
problems because such problems have no intrinsic difficuties. Different treat-
ments of a particular solvable problem may be compared with respect to how
completely they solve the problem.

Consider the demo program calc of Software Exercises A. This program may
be considered as solving either Problem 3.9, determining k correct fixed-point
decimal places for an arbitrary real number, or solving Problem 3.11, determin-
ing k correct floating-point decimal places for an arbitrary real number. Both
problems are solvable because they allow escapes from computation difficulties.

How far does calc go towards the complete solution of the two problems
cited? First we note that the two problems set no bounds on k, the number of
correct decimal places, whereas calc does. This is not a major flaw because any
solution program must require some bound of this type, because of limitations
of computer memory and computer speed. A more serious flaw is that the real
numbers calc treats are merely those constants that the program allows a user
to enter. To handle either problem in full generality, a solution program must
allow a user to define any real number, by specifying, in an appropriate language,
the algorithm by which the real number is to be calculated. So calc is very
far indeed from a complete solution, even ignoring its decimal place restriction.
Better programs than calc would allow a greater variety of standard functions
perhaps, but the point being made here is that any solution program for a solvable
problem never can solve all cases of the problem, so it is always possible to
compare various solution efforts with each other and rate them in various ways.

3.6 Another nonsolvable problem

Nonsolvable Problem 3.1 is a basic nonsolvable problem in that many other
computation problems can be shown to be nonsolvable as a consequence. One
other basic nonsolvable problem, which arises in later chapters, is

Nonsolvable Problem 3.13 For any real number a, either decide that
a > 0, or decide that a <0, with either conclusion being allowed when a = 0.
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Here imagine that for various real numbers a, on the basis of our test of a we take
either the program branch non-negative or the branch non-positive.
Once more consider various cases:

a Outcome
0.144~ take branch non-negative
0.00000™ recompute to higher precision
—0.0000000003~ take branch non-positive
0.00000~ recompute to higher precision
0.000000000™ recompute to higher precision

0.00000000000000™ recompute to higher precision

Again, the last case is the troublesome case. Whatever we choose to do for a
number a of this variety, we could be wrong. There is no constructive way of
making a correct decision that works for all computable real numbers a.

3.7 The trouble with discontinuous functions

Suppose we have a certain real function f(x) defined over an interval /. What
should we require of f(x) so it is “realizable”? Clearly, from an x argument lying
in the domain I, we should be able to obtain an f(x) value. That is, if we can
obtain arbitrarily accurate ranged approximations to x, than we should be able
to obtain arbitrarily accurate ranged approximations to f(x). Generally we need
a computer routine whereby a ranged x approximation is used to compute a
ranged f(x) approximation. And further, the accuracy of the f(x) approxima-
tion must improve in some fashion as the accuracy of the x approximation
improves.

Now consider a function with a discontinuity at some argument. As a sim-
ple example we use the well-known sign function, usually designated by the
abbreviation sgn. Its definition is

+1 if x>0
sgn x = 0 ifx=0
-1 ifx<0

This function has a discontinuity at x = 0. Ideally a routine realizing this function
would return one of three exact values, +1, 0, or —1, depending on whether
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it finds x > 0, x =0, or x < 0, respectively. But deciding which of the three
x relations holds is Nonsolvable Problem 3.5. We can decide only whether
x>0, x=0, or x <0 at some finite precision. If x > 0 or x < 0, the value
of sgn x is determined, but if x=0, and the x interval contains positive and
negative rationals, the interval value for sgn x so far determined is 04+ 1. Of
course we can compute the x argument at increasingly higher precisions, but if x
is zero, generally every x interval contains positive and negative rationals. Only
in the special case where we happened to obtain an exact zero for x, would we
be able to supply an exact zero as the value for sgn x. So for many cases where
the argument x is zero, a better value for sgn x than 0=+ 1 never is determined.
The function sgn is not realizable. We see that the sgn x function we can
implement is

+1 if x>0
sgn x = 1 sometimes 0, but often undefined if x =0
-1 if x<0

Let us call a mathematical idea a “nonrealizable concept” if it is not possible
to constructively implement the idea. Thus “the sgn function defined for all
numbers x” is a nonrealizable concept. It is clear that if sgn x were realizable
we would have a finite means for deciding whether any number was zero or
not, contradicting Nonsolvable Problem 3.1. Just as with a nonsolvable problem,
where we try to determine a solvable version of it, with a nonrealizable concept
it is illuminating to try to revise the idea to make it realizable. There is no
difficulty realizing a sgn function defined for all numbers except zero, the point of
discontinuity. For an arbitrary argument x, our program forms x approximations
to increasingly higher precision endlessly, until at last it obtains x # 0, and then
the program can return a sgn value of +1 or —1 depending on whether x > 0 or
x < 0. Note that if a zero argument is mistakenly supplied, our program enters
an endless loop. If we wish, we could make the program check whether the x
approximation is an exact zero and return the proper sgn value of 0 in that case.
Still, this adjustment would not eliminate all the endless loops for possible zero
arguments, and the sgn function still would not be defined at x = 0.

The same difficulty is obtained with any function f(x) with a discontinuity
at some point x, within the function’s domain. The discontinuity requires us to
treat arguments x in such a way that we do one thing if x = x,, and another thing
if x # x,. We can decide only whether x=x, or x # x,, and this is insufficient.

In general, a mathematical function f(x) with discontinuities is not realiz-
able. What is realizable is a function equal to f(x) at all points where f(x) is
continuous, and undefined at the points where f(x) is discontinuous.

Throughout this text, any function mentioned in a theorem, in a solvable
problem, or in a nonsolvable problem, is to be presumed continuous in its
domain.
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Real-Valued Functions

This chapter describes certain commonly encountered functions. The demo
program fun evaluates these functions, and the demo program eval shows
how these functions are encoded.

4.1 Elementary functions

In a calculus course the great majority of functions used in the examples and
problems can be expressed in terms of standard functions, such as e*, also
denoted exp(x), its inverse In x, or various trigonometric functions such as sin x.
Such functions are what we call elementary functions, for which it is easy to
calculate derivatives and to obtain Taylor series expansions.

Definition 4.1 A function of a finite number of real variables x,, x,, ..., X,
is an elementary function if it can be expressed in terms of its variables and real
constants ¢, ¢,, ..., ¢, by a finite number of the binary operations of addition,

subtraction, multiplication, division, or exponentiation, and the unary operations
of function evaluation with sin, cos, tan, sin”! ,cos™ !, tan"!, exp, or In.

A prefix minus sign, as in —ux, is viewed as a special case of a subtraction
operation with an implied zero operand, that is, —x = 0 — x. The exponentiation
operation with operands A and B produces A”.

In later chapters sometimes we define an elementary function with one of its
constants being used as a parameter. In those cases the parameter is designated
by a subscript, as in f,(x), where the letter ¢ here denotes the constant parameter.

The hyperbolic functions cosh(x), sinh(x), or tanh(x) are all elementary
functions, because they can be expressed in terms of exp(x). For instance,
cosh(x) = [exp(x) +exp(—x)]/2. Similarly, the function abs(x) = |x| is an

37



38 4 Real-Valued Functions

elementary function, because it can be expressed in terms of exponentiation as
(x2)'/2 = \/x2. The two argument function max(x, y), which equals the maxi-
mum of the two real numbers x and y, may be viewed as an elementary function,
because it can be expressed as %b + '”;hl, which is # + “b‘(zﬂ Similarly,
min(x, y), which equals the minimum of the two real numbers x and y, is an
elementary function, because it can be expressed as “T”’ — lazbl,

To simplify the task of specifying an elementary function, the demo programs
allow a user the option of choosing abs(), max(, ), min(, ), or hyperbolic func-
tions when defining an elementary function by keyboard entry. For instance,
the keyboard line tanh (x) 2 designates the elementary function tanh” x. (Not
tanh x2, because the argument part (x) of tanh is inseparable from tanh.)

Consider a typical elementary function

e *cos3.2y+0.56x*

f&) = —a31s-

4.1)
that is specified with the keyboard line
(exp(-x)*cos(3.2*y)+0.56*x"4)/(1l+tan(3.15*%z)"2) (4.2)

To evaluate the function on a computer, we need a list of operations to be done,
called the function’s evaluation list. Normally, the compiler for a programming
language does the job of converting a string expression into an evaluation list;
but if we want our range arithmetic programs to be able to compute elemen-
tary functions entered from the computer keyboard, then code to generate an
evaluation list is needed. The source file entry.cc shows the code that does
this task for demo programs, where function constants are usually just simple
decimal quantities. For a general elementary function, it is possible that certain
constants require long computer subroutines for their specification.

In the particular case of the function (4.1) just displayed, the evaluation list
is given in Table 4.1. The list presumes an array of registers is available to
hold ranged numbers. The array is initially empty, and then filled as needed,
one register at a time, with a counter indicating the last register “active” or
in use. Initially the counter is set to 0, indicating no active registers. Every
evaluation operation is one of three types, a binary arithmetic or exponentiation
operation, a unary sign change or function evaluation operation, or an operation
which fills the next available register. If the operation is binary, the last two
active registers supply the two operands, the operation result is placed in the
lower numbered of these two registers, and the counter is decreased by 1. If
the operation is unary, the last active register supplies the operand, the result
is returned to this register, and the counter is left unchanged. There are two
evaluation operations that increment the counter and add an element to the newly
active register. The “variable to array end” enters a designated function variable,
and the “constant to array end” enters a constant.
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TABLE 4.1 Evaluation List for the Function f(x) of Eq. (4.1) or (4.2)

Term No. Operation Active array

1 Variable x to array end X

2 Unary — —X

3 exp() e

4 Constant 3.2 to array end e, 32

5 Variable y to array end e, 32,y

6 X e, 32y

7 cos() e, cos(3.2y)

8 X e *cos(3.2y)

9 Constant 0.56 to array end e *cos(3.2y), 0.56

10 Variable x to array end e *cos(3.2y), 0.56, x
11 Constant 4 to array end e *cos(3.2y), 0.56, x, 4
12 exponentiation e *cos(3.2y), 0.56, x*
13 x e *cos(3.2y), 0.56x*
14 + e ¥ cos(3.2y) +0.56x*
15 Constant 1 to array end Numerator, 1
16 Constant 3.15 to array end Numerator, 1, 3.15
17 Variable z to array end Numerator, 1, 3.15, z
18 X Numerator, 1, 3.15z
19 tan() Numerator, 1, tan(3.15z)
20 Constant 2 to array end Numerator, 1, tan(3.15z), 2
21 exponentiation Numerator, 1, tan?(3.15z)
22 + Numerator, Denominator
23 = f(x)

Software Exercises B

The exercises with the demo program fun show how to use log files, and
the exercises with the demo program eval show how demo programs encode
simple elementary functions.

1. Call up the demo program fun. After obtaining the PNM form, click on the
Command menu section Exe part, and choose fun from the list of program
names displayed. Note that after this choice is made, the Log part section
of the Command menu is inactive, indicating that no fun. log file is present.
The fun program does create a log file after you completely specify a function
evaluation problem, but like all demo programs creating log files, a log file is
not present on the first call. Next click on the Command section Go, get to the
Windows command subsystem and energize the fun program in the usual way
by typing the letter g and hitting the ENTER key. Specify the sine function
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by typing sin(x), take the initial x value to be 0, and make the x increment
10 degrees (type 10*pi/180). Choose 9 increments so that the final sine
evaluation occurs at 90°. Finally choose 10 fixed-point decimal places for both
the x and the f(x) displays.

2. The sin x display obtained in the preceding exercise is unsatisfactory, because
the x value is a radian value, and a degree value is preferable. Now that we have
a fun.log file, it is easy to change details in the display. Obtain the PNM
form once more. Note that this time the Log part section of the Command
menu is active, indicating the presence of a log file. Click on the Log part
section of the Command menu, and choose the single log file displayed. Note
the change in the form caption. Next, click on the Open section of the Log
menu, and again choose the single log file displayed. The log file contents will
fill the PNM form. Changes to the log file now can be made. Change the f(x)
function from sin(x) to sin(x*pi/180), which switches x from radians
to degrees. Next change the x increment from the radian value 10*pi/180 to
the degree value 10. Also, 10 decimal places for degrees seems excessive, so
change the x decimal places from 10 to 2. Next click on the Save section of the
Log menu, and finally click on the Go section of the Command menu to exit
the PNM form. After you energize the fun program in the usual way, a better
sin x display is obtained.

3. The fun program not only creates a log file, but also makes its display
available for later inspection by saving the display in the print file fun.prt.
To view the sinx display, obtain the PNM form, click on the Open section of
the Prt menu, and the contents of the fun.prt file appears in the PNM form.
If you have a printer available on your PC, you can print the sinx display by
clicking on the Print section of the Prt menu. However, note that what is
printed is whatever is showing in the PNM form, so before printing a print file,
the PNM form should be examined to be sure that all parts of the print file are
on display. If not, the PNM form should be enlarged to accomplish this.

4. The program eval, which does not create a log file or a print file, can be
used to see an elementary function’s evaluation list. Call up this demo program
in the usual way, choose reals, and then type 1.2 * 3.4 as an evaluation
example. The evaluation list shows that two constants get entered into the
evaluation array. Constants needed for the evaluation process are obtained as
exact ranged numbers by referring the appropriate generating subroutine to the
position in the typed string of symbols where the constant begins. The constant
ends in the typed string whenever either the string ends or some symbol not used
for constant specification is encountered.

5. Try other functions of your choice to see the corresponding evaluation list.
The evaluation list given in Table 4.1 will be displayed if you type line (4.2).
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The demo program deriv computes ordinary derivatives and partial derivatives
of elementary functions. This program finds derivatives by forming power series.
In this chapter, methods for generating power series are presented, and afterwards
the program deriv is described.

5.1 Power series of elementary functions

Consider an elementary function f(x) with the power series (or Taylor series)
shown in the next line:

f(x)=a0+a|(x—x0)+a2(x—xo)2+--~+ak(x—x0)k+-~- (5.1

The real number x, is the series expansion point. Obtaining the f(x) power
series enables us to find the derivatives of f(x) at the series expansion point, via
the Taylor series formula for the coefficients:

_ A (x0)

a, =
k k!

(5.2)

We can use the evaluation list of f(x) to generate the series by reinterpreting
all the evaluation operations. Instead of using an array of registers holding
real numbers and obtaining just f(x)’s value, we use an array of power series
representations, and obtain f(x)’s power series.

Suppose we want to form the f(x) power series up to the term in (x — x,)?.
At any step in the evaluation process, each active array element defines for some
function g(x) the corresponding power series terms

80+ &1 (x = x0) + &2(x — x0)” + - -+ g, (x — xp)*

41
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Accordingly, instead of a number as previously described, an active array register
holds a set of g+ 1 power series coefficients gy, g;, &, - - - » §,- Because g, =
g(x,), we can view our previous use of the evaluation list to obtain an f(x) value
as equivalent to generating single term power series.

Assume now that the evaluation array is an array of vectors, where each vector
has ¢+ 1 components and holds the coefficients of some function’s power series
at a specified series expansion point x,. We need to make new interpretations
for the two operations of the f(x) evaluation list that increase the array size,
which are the “constant to array end” and “variable to array end” operations.
A constant ¢ has the series representation

c=c+0(x—x))+0(x—2x,)*+---

so the first operation mentioned puts the vector (¢, 0,0, . .., 0) at the array end.
For the variable x we have the series representation

x = x4+ 1(x —x5) +0(x — x0)* +0(x — x¢)* +- - -

so the second operation puts the vector (x,, 1,0,0,...,0) at the array end.

The five binary operations of an evaluation list need appropriate
reinterpretations as series operations. Let g, and £, denote the coefficients
of the two operand functions g(x) and h(x). For addition, subtraction, and
multiplication, the series operations are the following:

(g+h) =g+ hy (5.3)
(g—h)i=g—h (5.4)
k k
(g-h)y = Zgihk—i or Z hi8_; (5.5)
i=0 i=0

For division we have

- k_ D reo (X — xo)k
g(g/h)k (x—x0)" = —Zf:o I (x — xg)F

Setting x equal to x, implies (g/h), = g,/hy- The division equation can be
rewritten as

3 (=5 = D (e x— ) 3 Iy — )
k=0 k=0 k=0

Employing the multiplication relation (5.5), we get

k (8/M)ohyg if k=0
= h h = { k-1
S g(;(g/ b ;)(g/h)ihkfi +(g/h)hy if k>0
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This leads to a recursive relation for the coefficients (g/h), as follows:

o/ ho if k=0

h), — _
T (s Smin) ko
0 i=0

(5.6)

To carry out the division operation, of course we must have A, # 0.

For the binary operation of exponentiation, g”, there are two procedures,
depending on whether the operand function 4 is a constant. If % is not a constant,
then we have

(&") = (elng ' h)k (5.7)

and our exponentiation operation is converted to one multiplication and two
function evaluations. The unary function evaluation operations are given later in
this section.

If & is a constant a, then, as with the division operation, upon setting x to x,,
it becomes clear that (g“), = (g,)°. To obtain a general relation for (g%),, we
use the equation

6" = ag() g () 58

After multiplication by g(x), the equation becomes
d a a ./
8(x)——8(x)" = ag(x)"g'(x)
X
Converting to power series, we obtain
Z gi(x— xo)k ) Z k(g*)(x— xo)ki1 =a Z(ga)k(x - xo)k : Z kg (x— xo)ki1
k=0 k=1 k=0 k=1
After we multiply on the right by (x — x,), we get
doa(x— o)t D k(gM)i(x— X)) =a 2 (g (x— o)t D kg(x— x0)
k=0 k=1 k=0 k=1

which can be rewritten as shown below, with all summation indices starting at 0,
because the series term added is 0.

3 (= x)t - k(8 (= x)t = a3 (8 (x—x0)* 3 k(3 — xo)*
k=0 k=0 k=0 k=0
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This leads via the multiplication relation (5.5) to the following equation for the
coefficient of (x — x,)*:

k k
Zgi(k —i)(g )i =a Z igi(8" )i
i=0 i=0
or
k k
8o k(g)+ Zgi(k —i)(g" )i =0+ Z aig,(8")i—;
i=1 i=1
which can be rewritten as
k
8o k(g = Z(di +i—k)g:(8)ii
i=1

We obtain from this the recurrence relation

(20)° if k=0
(89), = li((a—i—l)z_])(ga)k_igi Fr=0 (5.9)
8o i=1 k

When g, = 0, because of the division by g,, we cannot form the terms (g%),
for k > 0. But when g, = 0 and « is a positive integer, the power series expansion
g¢ exists; and even if a is not an integer, but is positive, the Taylor series formula
(5.2) indicates that the series terms are defined for k < a. When g, = 0, for these
two cases, an alternate method of obtaining the series terms is needed. If a is
a small positive integer, we can use the relation

8'=g-88 (5.10)
a factors
and obtain the series by repeated multiplication. For the other case, a method of

specifying the terms can be derived from equation (5.8). This equation can be
written in power series form as

Z k(g")e(x—x)* " = Z a(g* )e(x = xp)* - Z kgi (x = x0)""!
k=1 k=0 k=1
Multiplying this equation by (x — x,) and equating (x — x,)* coefficients, we

obtain

k
k(g)=a Z(ga_l)k—iigi

i=1
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which leads to the following recursive formula for obtaining the terms of g from
those of g !

8680 if k=0
N = k 5.11
TN D S k>0 G1b
i=1
With this formula we can construct the terms (g%),, (g%)y,.-.,(g%), from
the terms (g 1)y, (€15 .., (g%71),_;. Suppose now that g, = 0 and that the

largest integer less than the positive number a is g. We can start with just
the single term (g°77), = (g,)° ¢ of the function g ¢, and then generate in
succession the terms for the functions g¢~9*+!, g¢=4+2 . each time finding one
more term than we had previously, until we arrive at the full list of defined terms
for g¢, namely (g*), (§%)1>-- -, (8%),- All of these terms = 0, but nevertheless
they can be computed this way to define intervals, whereas they cannot be
computed via (5.9) because of the division operation.

Next we reinterpret the evaluation operation for each standard function, the
natural exponential function first. We have

e = Z(eg)k(x —x)*
k=0
Taking derivatives, we get
d
_(eg(X)) = 5™ g (x)
dx

If we multiply this equation on the right by (x — x,) and express it in terms of
power series, we get

S k() (x— xp)t = () — ) - Y ke (6 —x)!
k=1 k=0 k=1

Employing the series multiplication relation (5.5) again, we see that for k > 0
we have

k
k(e®), = Z ig;(€*)ii
i=1
and we obtain the following recursive relation for the coefficients (e),:
e if k=0

&)y, =41 &
Y e, k>0
i=1

(5.12)
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For the natural logarithm we have

d g )
ax M=

After multiplying by (x — x,) and then converting to power series, we get

> > e kg (x — xo)k
k(1 _ k _ k=1
,; (n)e(x =) 2120:0 8 (x —xo)*

Equating the coefficients of (x — x,)* on the two sides of the equals sign, we get,
after using the division relation (5.6) for the right-hand side,

1 k—1 .
k(Ing), = g_ (kgk - Z l(lng)igki)
0 i=1

Note here that the summation is void or empty for k = 1, because the stopping
index is less than the starting index. The void summation becomes clearer if
we rewrite our equation as

k(Ing), = gl (kgk - Z i(lng)igki)

0 O0<i<k

After accounting separately for (Ing),, we get

Ing, if k=0
1 ={1 1 5.13
(Ing). — (gk - 2 i(lng)igk—i> if k>0 G-13)
8o k oSizk
From the relations
d . ,
——sing(x) = cos g(x) - g'(x)
dx
d . ,
——cosg(x) = —sing(x) - g'(x)
dx
we obtain in similar fashion the relations
sin g, if k=0
. N
(sin g): Z >igi(cosg),; ifk>0
= (5.14)

cos g, if k=0

= 1 &
(cos )y — Lig(sing); if k>0
i=1
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These equations make it clear that it is necessary to generate both sets of
coefficients, (sing), and (cos g),, even when only one set is required.
The hyperbolic functions have similar power series relations

sinh g, if k=0

inhg), = | 1 &
(sinhg); =Yg (coshg); if k>0
i=1

(5.15)
cosh g, if k=0
h =11k
(cosh g), P > ig(sinhg), ; if k>0
i=1

i=

Next we consider the inverse trigonometric functions. We have

g (x)

d
PR e pre

dx

The coefficients of the denominator function 1+ g? must be formed; this is easily
accomplished as 1+ g-g. Using the division relation (5.6), we get

B tan~! g, if k=0
(tan™"g)i = EYSN +1g2)0 |:gk - %Ogiki(tan‘l 2):(1 +g2)ki:| if k>0 (5.16)
In similar fashion, from
w0 i
we obtain
sin”' g, if k=0
(s g)e = ﬁ 01,5 i 9T | itk=0
(5.17)

The cos™" function can be evaluated by using the relation cos™' x = 7 — sin~' x.
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For the abs, max, and min functions we have

k=0 : |g]
S if go>0
b =
@s =10, 1 g if g, <0
Not defined if g, =0
k=0 : max(gy, hg)
8k if gy > hy
v h) = 5.18
(max & Me=1y 20 I, if gy < hy (5-18)
Not defined if g, = h,
k=0 : min(gy, hy)
(min g h)k — 8k lf 8o < hO
k>0 : hy if gy > hy
Not defined if g, = h,

This completes the description of the process for computing power series of
an elementary function f(x).

5.2 An example of series evaluation

As an example of the general procedure for using power series to obtain
derivatives, suppose we want just the first and second derivatives of the simple
function f(x) = x*>+5 at the point x = 3. The evaluation list for f(x) consists
of the following five operations:

variable x to array end
constant 2 to array end
exponentiation
constant 5 to array end
+

We need only generate our power series up to the term (x —3)?, so our series
coefficent vectors have just three components.

Here the series expansion point is at x = 3, so the “variable x to array end”
operation constructs the vector (3, 1,0). Because the exponent 2 is a small
positive integer, the exponentiation operation of x*> can be done by multiplying
the x series by itself, giving the result (9, 6, 1). The final + operation yields the
vector (14, 6, 1), so the series obtained for f(x) is

1446(x —3) + 1(x — 3)?
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From the series coefficients we find f(3) = 14, f'(3) =1!-6 =6, and
ff@3)y=2-1=2.

5.3 Power series for elementary functions of several
variables

The equations developed in Section 5.1 allow the generation of a power series for
an elementary function f(x), enabling the f(x) derivatives at the series expansion
point to be obtained. Here we obtain similar equations for an elementary function
of several variables f(x,, . .., x,). These relations enable one to find any f partial
derivative with respect to its variables. Suppose all f partial derivatives exist in
some region R defined by the n interval relations a; < x;, <b;,, i=1,...,n.
If a series expansion point (x; , . .., X, ) is chosen in R, then f can be expressed
as a power series of the form

> Yo fua _xlo)k]‘ - (x, —xno)k" (5.19)

d=0  ky+ - +hk,=d
The power series term

(x) _x10)k]- - (x, _xno)k”

with coefficient f; . is said to be of degree d, where d =k, +---+k,.

To obtain the appropriate series relations, let (x,, ..., x,) be a point in R close
to the series expansion point, and define the function g(¢) by the equation

(1) :f(xlu +i(x;—x)s s X, F1(x, _xnu))

Let the variable t have the domain [0, 1], so that g(0) = f(x,,...,x,),
and g(1) = f(xy, . .., x,). Expanding g(¢) in a power series about the point r =0,
we have
(0 (0 (d) 0
g(t)=g(0)+gl(—‘)t+gz¥t2+-~+g7$)td+-~ (5.20)

Because dg/dt at the point + =0 equals Y ., (x; — xio)% with all partial
derivatives taken at the point (x; , ..., x, ), the coefficient g9 (0)/d! equals

1 d a7
E ('xl_xlo)a_xl—i_”'—i_(xn_xno)g f('xlo"“’xno)
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After the multinomial is expanded, this is

1 94
Fx e x,) | G —x )0 (x, —x, )
k1+§n=d Kl k! [ax’;l. Lok o 0
(5.21)
Thus the coefficient f;, . of equation (5.19) equals
1 94
. S,y x,)
Kl ok, o '

In equation (5.20), when we set ¢ equal to 1, we obtain

d=0 ki+...+k,=d

In obtaining the relations for generating the terms of an elementary function
f(x) in Section 5.1, often a derivative with respect to x was taken, followed
by the multiplication of the resulting equation by (x — x,). The two steps can
be performed together by using the operator (x — xo)%. For a function of the

variables x, ..., x,, the corresponding operator is
ad ad
(xl_‘xlo)a_-xl+‘ .. +('xn_xn0)5 (523)

n

Using this operator, we can derive equations for the power series terms of
functions with an arbitrary number of variables. The steps are similar to those
previously taken. Some additional notation is helpful here. We use the capital
letter K to represent the index ki, ..., k,, so the coefficient g, , of the
series term

gkl ..... k, (‘xl - ‘xlo)kl e ('xn - ‘xno)kn
becomes gg. The capital letter O is reserved for the index 0, . . ., 0. Define [K]
to be the integer k; +- - - +k,,, the degree of the term g,. For two indices / and J,
define I/ — J to be the index Q with ¢, =i, —j,,...,q, =1,— j,. The notation

I = J has the obvious interpretation, and I < J signifies
(5.24)

The notation I < J also signifies (5.24), but with the requirement that inequality
occurs at least once. Thus if [/] = [J], which implies that g, and g, have
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the same degree, then neither / < J nor I > J is possible. The following equations
can be derived by repeating the steps of Section 5.1:

(g+h)g =gk +hg
(§— M)k =8k —hg
(g-Mx= Z grhyg_; or Z 8k—1hy

O=I<K 0=I<K
8o/ho if K=0
(g/M)x = 1 )
/’l_ <gK - OXI:K(g/h)IhK1> lf K> O
0} =]<
eso if K=0
eg = 1 .
=, e, it k=0
Ing, if K=0
(Ing)y=1 1 1 .
Ty (e g 2 0 (ng gy ) K= 0
) <I<
sin g, ifK=0
Sil’l = 1 .
M=\ E a(eosee s K= 0
cos go if K=0
cos = 1 . )
BT~ 2 M sing)y i K0
sinh g, if K=0
sinh = 1 .
( 8k m O;K[I]g,(coshg),(_, if K>0
coshg, if K=0
cosh ={ 1 ) )
( &) m O;K[I]gl(smhg),(,, if K> 0O
(80)° if K=0
(&x =41 (a+ D[] _
‘ — X <— - 1) (k-1 & fK>0
80 0<I=K [K]
86"'80 if K=0
a — a .
&) m O%K(gail)K—l[l]gl it K>0
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tan~" go if K=0
(tan71 g)K = 1 1
- - I t —1 1 2 f K 0
(I+g?) |:gK K] O<ZIiK[ Jtan™"g),(1+¢ )K_I] A=
sin” g if K=0
(Sin_l k= 1 |: 1 .l .
gk~ 2 U(sin™ g),(/1—g)g_,| ifK>O0
(V1=g), L [Kl ok ! Kt
K=0: |gl
8k it go>0
b =
(abs g)x K>0: {—g if g, <0
Not defined if g, =0
K=0 : max(gy, hy)
if h
(max g, h)g = . 8k 1 go > ho
K>0 : hy if go < hy
Not defined if g, = hy
K =0 : min(gy,hy)
(min g, h)x = N ?f 8o < ho
K>0: hy if g, > h,
Not defined if g, = h,

These formulas allow the generation of the power series for a function of any
number of variables.

5.4 A more general method of generating power series

To generate the power series of an elementary function f(x) of just one
variable, the evaluation array can be an array of vectors. Here an active vector’s
components give the coefficients of some intermediate function’s power series,
with the coefficient of the (x — x,)’ series term held in vector component i + 1.
To generate the power series of a function f(x;,...,x,) of several variables,
a more flexible series representation system is needed. The evaluation array
now must be an array of lists, each list defining some intermediate function’s
series coefficients. For instance, suppose the function f whose power series we
want has three variables x, y, and z. Then an intermediate function g(x, y, z) is
represented by a list giving the successive terms of the power series

Zgi],iz,i3 (x— xo)i1 - )’0)[2 (z— Zo)i3
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A list element holds a coefficient g; ; ., the three integers i;, i,, and i; that
identify the coefficient, and one other integer i, equal to the degree i, + i, + i,
of the series term. Thus each list element has the ranged value of a coefficient
and an identifying four-integer index vector (iy, i,, i,, i3). If R is the value of the
coefficient, then the list element will be denoted (i, i,, i,, i3)[R]. For instance,
suppose the f(x,y, z) series expansion point is (x,, ¥y, z9) = (3,4, 5). Before
attempting to generate the series for f(x,y,z), the series for each variable is
prepared in advance. For our example, these series are

x series:  (0,0,0,0)[3]4+(1,1,0,0)[1]
yseries: (0,0,0,0)[4]+ (1,0, 1,0)[1]
zseries: (0,0,0,0)[5]4(1,0,0, [1]

Here we use a + sign to separate the elements on a series list. Suppose now
that f(x,y, z) is the simple function xy+ z+ 10. The evaluation list for this
function is

[ variable x to array end ]
variable y to array end
X
variable z to array end
+
constant 10 to array end
+

The series obtained after completing the multiplication operation is
(0,0,0,0)[12]+ (1,0, 1,0)[3]+(1,1,0,0)[4]+ (2, 1,1,0)[1]

and the final series generated after completing the second addition operation is

(0,0,0,0)[27]+(1,0,0, D[1]4+ (1,0, 1,0)[3]+(1,1,0,0)[4] + (2,1, 1, 0)[1]

indicating that at the point (3, 4, 5) we have

a a a &
f=27,—f=1,—f=3,—f=4and f:l
0z ady 0x axdy

Here it is convenient to order the series terms by the index four-tuple, with
index I preceding index J if, comparing index components in order and ignoring
equal components, the first smaller component belongs to index I. This way,
the constant term of a series is always first because its index is (0, 0, 0, 0), and
a degree d term always precedes a degree d + 1 term.
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5.5 The demo program deriv

This program computes f(x, y, z) series in the manner described in the preceding
section, and is then able to obtain f derivatives at the series evaluation point
(%95 Yo» 29) from the series coefficients f; ;;, using the formula

1 ai+j+k

T Wﬂxo’ Yo» 20)

fi

If the derivatives found are not accurate enough to satisfy the accuracy
requirement, then as is standard with range arithmetic, the computation is
repeated at an appropriate higher precision.

Software Exercises C

These exercises show some features of the deriv demo program.

1. Call up the program deriv to find the first eight derivatives of the function
sin x at the argument point x = 0, specifying, for example, 10 fixed-point decimal
places.

2. Because deriv creates a log file, it is easy to change the point at which
derivatives are found. Edit the deriv.log file, changing the argument point
from O to /2, save the file, and then call up deriv deriv.

3. Change the PNM command back to deriv, and then call up deriv to
compute all cos(x+ y+ z) derivatives of order three or less, at the origin. After
the display of derivatives appears at your console, return to the PNM form and
look at the deriv.prt file to see them again.

4. Call up deriv to obtain the first five derivatives of x*2 at the point x = 1.
Next edit the log file to change the evaluation point from 1 to 0. Save the log
file, and then call up deriv deriv. Notice that only derivatives to the fourth
order are obtained, because the function’s series coefficients can be found only
up to the term f,(x — 0)*.

Notes cmd References

A. R. Moore was an early advocate of power series methods for finding
derivatives and integrals. We have used the notation of his book [1]. For a
more complete discussion of derivatives and power series, see the book
by Rall [2].
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B. Various functions that are not elementary are often encountered in applied
mathematics. Examples are the gamma and beta functions, the Bessel
functions, and the hypergeometric functions. There is no basic difficulty in
extending the elementary function class to include additional function types,
as long as the new function types can be generated using specific power
series formulas (as is the case for the standard functions).

[1] Moore, R. E., Methods and Applications of Interval Analysis, STAM Studies in Applied
Mathematics, SIAM, Philadelphia, 1979, 24-29.

[2] Rall, L. B., Automatic Differentiation: Techniques and Applications, Lecture Notes
in Computer Science 120, Springer-Verlag, Berlin, 1981.
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Computing Integrals

Three demo programs compute integrals accurately. The program integ com-
putes ordinary definite integrals, the program mulint computes higher dimen-
sional integrals, and the program impint computes improper integrals.

6.1 Computing a definite integral

Suppose f(x) is an elementary function defined in [a, b], and f(x) is infinitely
differentiable in this interval except, possibly, at a finite number of points. We
describe a method of accurately computing the integral fab f(x) dx using f(x)
power series expansions. Methods for forming power series were described in
the preceding chapter.

Assume, temporarily, that f(x) is infinitely differentiable in [a, b]. We can
form a power series for f(x), taking the [a, b] interval midpoint x, = (a + b)/2
as the series expansion point, with the degree n of the last series term reason-
ably large, for example 12 or higher. This finite series, often called a Taylor
polynomial, is

fo +f1(x—x0)+f2(x—xo)2+-~~+fn(x—x0)”

which may be written more explicitly as

1/ (n)
o)+ £ ) —x) + 0 (g L (e
and more compactly as

- f(i) (%)
!

i!

(x _xo)i

i=0
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We can then integrate the Taylor polynomial to obtain an approximation to
[i f(x) dx.

Thus it is easy this way to approximate our integral. The more difficult task is
to somehow bound the error made in replacing f(x) by the Taylor polynomial.
Here we can use Taylor’s formula for the remainder, given in the next theorem,
and proven in most calculus texts:

Theorem 6.1 Suppose the function f(x) is defined and continuous in [a, b]
and has n+ 1 derivatives there. Then for any point x, in (a, b) and any point x
in [a, b] unequal to x,, there exists a point z between x and x, such that

O (x) f"(2)
f) =3 == (n+1)!

i=0

(x—xp)' + (= xp)"*! (6.1)

The degree n+ 1 term is called the remainder.

Let us apply this result to our integration problem. Eq. (6.1) can be rewritten as

n+l (i) ) (n+1) _ f(n+l)
R I

Here we have added a degree n+ 1 term to the Taylor polynomial and then
subtracted it out. The degree of the Taylor polynomial is now n+ 1, but it is
more convenient to have n for this degree, so we rewrite the equation replacing
n—+1 by n:

[ =3

i=0

(x —xp)

n (i) (n) _ f(m
S i(!xo) i+f (2) n!f (%) (x—x,)"

We finally have a bound for the error of the Taylor polynomial:

_ L=
n!

no ()
-2 T (g (x—xp)"

i=0 :
The point z depends on x and is in general an unknown point. Instead of trying
to find z, we can find the maximum distance of £ (x) from f(x,) as x varies
in the interval [a, b]. If W is this nonnegative value, then the error of the Taylor
polynomial for any x in [a, b] is < 2|x — x,|". Thus our error bound is 0 if
X = X,, and rises to its maximum value when x equals an endpoint of the [a, b]
interval.

This error bound also can be expressed compactly in interval form, using the

simpler power series notation:

f) = fo+filx—x0) + fo(x —x0) 4+ f (x —x0)"! +(.fn:l:wn)('x_(20;;
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The interval f, +w, has the midpoint f, = f™(x,)/n! and the halfwidth
w, = W/n!. The term (f,+ w,)(x —x,)" should be understood to mean
Sfu(x—x0)" £w,|x — x,|", that is, multiplication by (x — x,)" is treated differently
for the two parts of f, +w,.

If h is taken equal to the halfwidth (b — a)/2 of the interval [a, b], then
the integral of the Eolynomial (6.2) over the interval [x, — h, x, + k] gives an
approximation to fa f(x) dx, and the approximation’s error bound is obtained by
integrating w, |x — x,|". Here it is convenient to take 7, the polynomial’s degree,
as an even integer 2¢, because then |x — x,|*! = (x — x,)*¢. We then obtain

Xo+h xo+h 24 ) Xo+h
/ fx)dx = Zfi(x—xo)’dxi/ wzq(x—xo)z" dx
xo—h xo—h i_g xo—h

5 h2q+1

h3
=2|:foh+f2? +f4?+“.+f2qmi| +2

2g+1

w,, 2011 (6.3)

The program integ obtains definite integrals to a prescribed number of
correct decimal places, and it does this by dividing the integration interval [a, b]
into subintervals small enough that their error terms become acceptably small.
This requires a method of determining the bound w,, for each subinterval, and
we consider this problem next.

6.2 Formal interval arithmetic

In Chapter 2, we introduced Moore’s interval arithmetic as a means of monitoring
the computation error of range arithmetic. We can use interval arithmetic again in
a different fashion to obtain a bound w,, to be assigned to f,,. The nonnegative
number w,, is a bound on the distance of the f,, value at an arbitrary point in
[a, b] from the specific f,, value determined at the interval midpoint x,.

The general idea here is to do the computation for the f(x) power series as
described in Chapter 5, except that an interval m 4+ w represents each series
coefficient in the computation, and that interval arithmetic is used everywhere.
It is true that range arithmetic itself is a form of interval arithmetic, but a ranged
number has only a gross representation of halfwidth, as a means of determining
an appropriate precision of computation. In this application we want a more
accurate representation of interval halfwidths. So one ranged number is used
for each interval midpoint m, and one ranged number is used for each interval
halfwidth w. After the computation is complete, as usual we can check our
ranged results to determine whether we have obtained enough correct decimal
places, and if not, the whole computation is repeated at a higher precision. The
series representation for x now is

x = (xgFwp) + (1£0)(x — xo)
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with x, = (a + b)/2 and w, = (b — a)/2. Note that each of the two coefficients
correctly bounds the distance of the coefficient computed at an arbitrary point in
[a, b] from the coefficient value computed at x,. The series representation for a
constant a is

a=(ax0)

There are only two operations on a function’s evaluation list that can increase
the number of intermediate series, and these are the “variable to array end”
and “constant to array end” operations. Both operations introduce a series with
correct coefficient bounds, and so if all other operations use interval arithmetic
in computing coefficients, then the final coefficients have bounds which are
guaranteed not to be too small.

We repeat below the rules of interval arithmetic. The division operation has
a slightly different form than previously, in that the = relation is used, because
now the two quantities defining an interval are both ranged numbers, not rational
numbers as previously.

my£w, + my£w, = (m;+m,) £ (w, +w,) (6.4)
mytw; — mytw, = (my—my) £ (w; +w,) (6.5)
myEw; X mytw, = (mym,) x (wy|my| + |m[w, + wyw,) (6.6)
m, wy [t wy
— )| ——""—) if
myEw, +mytw, = <m2> < lmy| —w, i hmal > w, (6.7)

Division error if |m,| = w, or |m,| < w,

When the steps of the f(x) evaluation list are done using the interval arithmetic
relations justlisted, we will call the computation “formal interval arithmetic”, range
arithmetic being the “informal” variety. Instead of obtaining for f(x) the series

Jo +f1(x_xo)+f2(x_xo)2+'"+fn(x_xo)"

we now obtain for f(x) the representation

(foEwy) +(fixw)(x—x0) +-- -+ (f, Tw,) (x —x)"

With n taken as the even integer 2q, only the halfwidth w,, is used. But to obtain
it we must compute halfwidths for all coefficients of all the intermediate series.

Most unary series operations are function evaluations, and these now need to be
done in formal interval arithmetic style. Generally for each standard function it is
not difficult to obtain an appropriate interval arithmetic relation. As an example,
consider the natural logarithm function. Because In x is an increasing function
with a decreasing derivative, we have

In(mtw)=Inm=+ (lnm—ln(m — w))
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Two logarithm evaluations are required here, and each evaluation is likely to
require many arithmetic operations. To speed up logarithm evaluation, one might
prefer to use the less accurate relation

In(m+w) = nm+ —

m—w
obtained by applying the Mean Value Theorem:

w

1
Inm—Inm—w)=>In"2)w=--w<
Z n—w
Thus with the standard functions, there are often several choices for the interval
arithmetic evaluation equations. We list below some of the relations used by our
demo programs for the standard functions.

et =" e (e —1) (6.8)
Inm=+ v if m>w

In(m+w) = m—uw (6.9)

Inerror ifm<worm=w
sin(m £ w) = sinm £ min(| cosm|+w, 1) - w (6.10)
cos(m =+ w) = cosm £ min(|sinm|+w, 1)-w (6.11)
sinh(m+ w) =sinhm+coshm- (e” —1) (6.12)
cosh(m £ w) = coshm £ coshm- (e’ —1) (6.13)

w

tan"'(m+w)=tan"'m=+
(m £ w) M [max(jm| — w, O)2

(6.14)

6.3 The demo program integ for computing ordinary
definite integrals

In finding an approximation with an error bound to fah f(x) dx, it is convenient
to arrange the computation by means of a “task queue”. A task queue often is
a convenient way of handling computations where the exact sequence of steps
needed is not known in advance. A task queue finds many applications in precise
computation programs. In general a task queue is a list of the tasks that need to be
performed to reach the objective. Depending on the problem, the queue initially
holds a single task, or a short list of tasks, which would attain the objective;
but generally it is not known whether these tasks can be performed successfully.
Cyclically, the task at the head of the queue is attempted, then discarded from
the queue if the task is completed successfully. This process continues until the
task queue is empty, because the objective has been attained. If the task at the
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head of the queue cannot be done, the task is split into an appropriate set of
simpler subtasks that accomplish the same end, and these subtasks replace the
task at the head of the queue.

When dealing with definite integrals, it is convenient to always have [0, 1] as
the integration interval. If we make the substitution x = a + (b — a)u, the definite
integral fub f(x) dx can be rewritten as fol F(u) du, where F(u) equals [b—a] f
(a+[b—a]u). If our integral is required to k correct fixed-place decimal places,
the maximum error bound & allowable can be computed in advance [see Eq.
(3.1)]. We must obtain an integral approximation with an error bound no larger
than &. The task queue will hold a list of u subintervals, and the integral of F(u)
must be found for each. Initially the queue holds the single « interval 0.5£0.5.
In general, if u, =+ & is the interval at the head of the queue, the queue cycle
consists of calculating an integral approximation over u, % i, and checking that
the error bound 2w2q% does not exceed its £ allotment, which is

length [uy — h, u,+ h]
. =2he
length [0, 1]

If this requirement is met, the integral approximation is added to a sum S, the error
bound is added to another sum E, both sums initially zero, and the queue interval
is discarded. Otherwise, the queue interval is bisected and the two subintervals
replace it on the task queue. The error bound of an integral approximation has
the multiplier 4#2¢*!, so when an interval is bisected, and % is halved, this error
bound multiplier decreases by the factor 22% whereas the ¢ allotment decreases
only by the factor 1/2. So eventually, when % gets small enough, the error
bound test is passed. When finally the task queue is empty, S holds the required
approximation to fol F(u) du and E holds the error bound, which does not exceed
s.

Whenever the integral error bound for a queue interval is more than its
allotment, it is advisable to test whether the precision of computation is adequate
and to increase it if not. Such a test is needed at some point in any range
arithmetic program.

It may happen that the F(u) series cannot be computed for a queue interval,
because the interval is too large. Such a series generation error may occur, for
instance, on a division operation g(u)/h(u), when the leading term of A(u) is an
interval containing the zero point. Or a series error may occur when generating
In g(u) if the leading term of g(u) contains the zero point in its interval. These
cases are treated just as if the & allotment were exceeded.

The procedure, as so far described, suffices when the function F(u) is analytic
at every point of [0, 1]. (A function is analytic at a point u, if it has derivatives
of arbitrary order there.) But it is possible that F(u) is defined, but is not analytic
at a few points inside [0, 1] or at an endpoint. For instance the integral might
be fol ~/1—u? du with the nonanalytic point u = 1, or fol(u — $)'3 du with the
nonanalytic point u = 1/2. It will not be possible to obtain any series coefficients
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beyond the constant coefficient when the integration interval u, &/ contains
such a point. The F(u) series then has just the leading series term f;, £ wy,.

However, equation (6.3) is valid even when ¢ is zero, and we obtain for the
integral the value 2f,/ and the error bound 2w,h. The halfwidth w, decreases as
h decreases, so the error 2w,h eventually becomes less than the error allotment
2gh when h becomes small enough. Normally an interval u,=+ h containing a
nonanalytic point is extremely small before it passes this test.

6.4 Taylor's remainder formula generalized

In the next section the demo program mulint for computing multiple integrals
is described. That program must deal with integrand functions having several
variables, so it will be advantageous here to generalize the Taylor remainder
formula for such functions.

For functions f(x) of one variable, we have seen that if we choose the series
expansion point x, as the midpoint of [a, b], take the x series to be

b
(xo + T) +(1£0)(x—xp)
and use formal interval arithmetic to obtain for f(x) the series
(fo £ wo) + (fi £ w)(x=x0) +- -+ (frumy £ W, ) (x—x)""
+ (fm + wm)('x - xO)m

of maximum degree m, then Taylor’s remainder formula implies that we are
justified to use the relation

f(x) =1, +f1(x—x0)+~~+fm_l(x—x0)m71 +(fnTw,)(x—x))"  (6.15)

We need corresponding relations for a function f(x,, ..., x,) of n variables,
analytic in a region R that can be expressed as a product of intervals:

R= l_[[a,, ;

Here each variable x; is restricted to the interval [a;, b;]. The series expansion
point for the f series is taken as ()c10 .

» X,,)» Where x; is the midpoint of
[a;, b;]. The series for a variable x; is then

i i

X = <x :l:bTa)+(1:I:0)(x x;)

We obtain for f the series

Zm: Yo e Ewe )G —x ) (= x, )

d=0 ki+-+k,=d



64 6 Computing Integrals

Suppose (xy, . . ., x,) is some point in R. We see that the expression correspond-
ing to (6.15) is

fx oo x,) = Z Z fkl ..... kn(xl _xlo)kl- - (x, _xno)k"

+ Z (fkl ,,,,, K, TWe, k,,)(xl _xlo)k] s (3, _xno)k"

ky+ - +k,=m

All the terms of degree m for f, each having an interval coefficient, arise from
the single term of degree m for the function g(z) defined in Section 5.3. Now
there are many series coefficients that retain their interval form, instead of only
one, as was previously the case for f(x).

6.5 The demo program mulint for higher
dimensional integrals

The program mulint, like the program integ, uses a task queue to compute its
integrals, but differs from integ in its requirements for the integrand function.
With integ, the integrand f(x) can have a finite number of points where it
is not analytic, but just defined and continuous. The program mulint requires
its integrand function to be analytic throughout the integration domain. To see
the reason for this change, consider a typical problem for mulint, the iterated
integral fah ;2((;)) f(x,y) dx dy. Here the region of integration defined by the limit
functions g,(x) and g,(x) over their domain [a, b] defines a bounded region R.

The integration is converted to integration over the unit (u,v) square by
making the substitutions

y=g& () +[&() —g 0]y

(6.16)
x=a+(b—a)u
Here u# and v both vary in [0,1]. The integral then has the form
fol fol F(u, v) dudv where

Fu, v) = (b—a)[g,(x) — &1 ()] f(x, y)

with x and y now being functions of u# and v. The task queue holds a list of (u, v)
subrectangles (u, =+ h,) X (v, = h,) over which integration needs to be done.
Now we can see the reason for requiring f(x, y) to be analytic in its domain.
If f(x,y) is not analytic, then in general there would be one or more curves
in the (u, v) square where f(x,y) would be defined but not analytic, and this
would mean that a single term series for the integrand function would be needed
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over a collection of tiny rectangles covering the curves, making the integration
problem computerbound for a PC. The program mulint requires that the limit
functions g,(x) and g,(x) be analytic for the same reason, that is, to keep the
integration problem from becoming computerbound.

Assume now that f(x,y), g,(x), and g,(x) are analytic in their domains. As
mulint begins the integration problems, the task queue holds just the square
(.5£.5) x (.5£.5). To describe the general task queue cycle, let us take the
integration rectangle at the head of the task queue to be (uyxh) x (vy £ h,).
The variables u and v are set to

u= (ugEhy)+ (1£0)(u —up)
and
v=(vg£h,y) + (1£0)(v—1,)

For the function F(u, v) we obtain the degree 2¢ series

Z Z (sz + wi,j)(” - uo)i(v - Uo)j

d=0 i+j=d
from which the integral approximation

2s+17 21+1
F23,2th1 h2

2 Z, 2s+ D)2+ 1)

r=0 s+t=

is obtained, as is the error bound

) wi,jhli+lhé+l
g (DG +1)
If £ is the error bound that must be achieved by our final integral approximation
in order to obtain k correct decimal places from it, we need to check that our
subrectangle error bound is not greater than the allotment 44, h,e.

When the error allotment is exceeded, the integration subrectangle is divided
into two equal subrectangles, obtained by halving either the u dimension or the
v dimension. The division method is chosen by recomputing the error bound
with first &, replaced by h,/2, and then h, replaced by h,/2, and letting the
smaller value determine the division method. If there is a series generation error,
then the larger side of the subrectangle is bisected.

The integration method, described for two dimensional integrals, can be easily
generalized to apply to integrals of higher dimension.
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6.6 The demo program impint for computing
improper integrals

The program impint computes various one- -dimensional improper integrals.
The improper integral can be of the form f f(x) dx, where the function f(x) is
not defined throughout [a, b], but only in either (a, b], [a, b), or (a, b). Another
common improper integral is [ f(x) dx. Here f(x) may be defined in [a, c0) or
only in (a, 00). A similar improper integral is fio f(x) dx, with f(x) defined in
(—o0, b] or only in (—oo, b). Finally there is the improper integral [ f(x) dx.

Consider first the integral [ Ib f(x)dx, where f(x) is defined only in (a, b].
For example, the integral could be fow “i'/}" dx. The program impint integrates
the function f(x) from a point «, slightly to the right of a, to the endpoint
b, using the integration method described in Section 6.3. To account for the
unintegrated stretch [a, «], the program impint requires the user to specify an
error-limiting positive function g(x), defined in some small interval [a, b,], such
that | [ f(¢) di| < g(x) for x in (a, b;], with the limit lim g(x) = 0 being valid.
This ensures that by moving « close enough to a, the error made in omitting the
stretch [a, a] can be made arbitrarily small.

Usually it is not difficult to find a suitable function g(x). For the example
problem, we have

cost ‘ / | cos ¢t * dt
‘/ dt< | —=2/x
Jt —Jo

so g(x) can be taken to be 2./, and its domain can be taken to be (0, 1].

Let £ be an error bound that, if achieved for an integral approximation, permits
the display of the integral’s value to the requested number of decimal places.
The program impint computes g(«,), where a, = a+27"(b; — a), for the
cases n =0,1,2,..., until finally it obtains a g value less than &/2. If this
occurs for the argument a,, then a, becomes «, and impint computes the
definite integral | b f(x) dx to the error bound £/2 by the same method used by
the program integ.

The program impint computes the improper integral f f(x) dx in much
the same way. The user is required to specify a positive function g(x) defined
in some infinite interval (—oo, b;], such that for any x in this domain the
inequality | [ f(x) dx| < g(x) holds, with the limit hm g(x) =0 being valid.

By repeated trials, the program 1mp1nt finds a pomt a within (=00, by] such
that g(a) < £/2, and then computes fa f(x) dx to the error bound &/2.

As an example, for the improper integral fio e~ dx, the function g(x) can be
taken as ; ~ with domain (—o0, —1], because for any x in this domain we have

X X 1
/ e dt</ —te " dt = Ee"

1 .
=S¢ =g()

—o0
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An integral f: f(x)dx with f(x) defined only in [a, b) is handled similarly.
For this integral a positive function A(x) is required, defined in some interval
[a,, D), such that for any x in this domain the inequality |fxbf(t) dt| < h(x)
holds, with the limit lim %(x) = 0 being valid. The program impint computes

x—at

the f(x) integral from a to a point 3, slightly to the left of b, and uses the A (x)
function to account for the error made in omitting the small stretch [B, b]. An
integral f:o f(x) dx also requires a function A (x), defined appropriately.

An integral fah f(x)dx with f(x) defined only in (a, b) can be integrated
accurately if both a function g(x) and a function i (x) are supplied, to account for
unintegrated stretches near a and near b. The integral [ f(x) dx also requires
that two error bounding functions be supplied.

Software Exercises D

These exercises use the three integration programs integ, mulint, and
impint.

1. Call up integ and calculate to 20 decimal places f_ll /1 —x%dx. An inte-
gral is computed by summing integral approximations over small subintervals,
starting at the left interval endpoint and working toward the right endpoint. Note
that progress over the interval [—1, +1] is slow near the endpoints of the inter-
val, where the derivative of the integrand gets large. At x = —1 and x = 1, the
integrand derivative is not defined, and a degree O evaluation of the integrand is
needed over small subintervals containing these points.

2. Vito Lampret [4] lists the following five integrals as examples of definite
integrals that cannot be integrated analytically, because antiderivatives functions
for the integrands are not known.

1
I, :/ V1+xtdx
0

/2 3
12:8/ 1 ——cos?x dx
0 4

l T
L= —/ cos(sin x) dx
7 Jo

larctan x
1, :/ dx
0 X

1

I =/ ¢ dx
0

Call up integ and evaluate any of the four integrals I,, I,, I;, or I5 to 10
decimal places. The remaining integral I, is improper, and is treated in exercise 5.
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3. Call up mulint and evaluate to 5 decimal places the integral
/, 12 dx [ x*¢¥dy. Try also to compute to 5 decimal places the integral
fol dx fox /1 —y*dy. This integral computation is rejected by mulint because
of difficulty obtaining a series expansion of the integrand near the (x, y) point
(1, 1). Note that the integrand is not analytic at the point (1, 1).

4. Call up impint and calculate to 5 decimal places the improper integral
Jo? 2 dx. The function g(x) needed here can be taken as x, because || < 1
for x in (0, Z]. Record the computed value, and then redo the calculation with
g(x) taken incorrectly as x/1000. Notice that the answer changes slightly from
its previous correct value. Accurate values for improper integrals are of course
not possible if the error limiting functions g(x) and h(x) are incorrect.

5. Callup impint to evaluate to 10 decimal places the integral I, of exercise 2.

Because d/dx arctan x = ﬁ <l= %x for x in (0, 1], the function arctan x does

not increase as fast as the function x increases in the interval (0, 1]. Therefore

anx 1 for x in (0, 1], so f; ¥802 gx < x for x in (0, 1]. Accordingly, the
X . . . 0 *

needed impint function g(x) can be taken as x.

Notes and References
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other integration techniques.
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approaches to the accurate computation of definite integrals.
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Finding Where a
Function f(x) is Zero

This chapter treats the problem of finding the points where a given elementary
function is zero. The demo program zeros solves problems of this kind.

7.1 Obtaining a solvable problem

For a polynomial P(x), any real or complex argument x, such that P(x,) =0
is called a root of the polynomial. For a general real-valued function f(x), it
is customary to use other terminology. An argument x, such that f(x,) =0 is
called a zero of the function. Let us assume that some real elementary function
f(x) is defined in an interval [a, b], and that all zeros inside this interval are to
be found. A zero x, of f(x) at which the derivative f’(x,) is nonzero is called a
simple zero. If f'(x,) =0, the zero is multiple. A third possibllity is that f”(x,)
is not defined.

In general we would want a solution program to report that there are no zeros
in [a, b] when this is the case, and if there are zeros, to list them to a prescribed
number of correct decimal places, and to indicate which zeros are simple. We
expect a program to accomplish this by examination of f(x), and sometimes the
derivative f’(x), at various arguments in [a, b]. The data that must be specified
appears to be just the elementary function f(x), the two numbers a and b defining
the search interval, and the number k of correct decimal places wanted.

However, suppose for the search interval [a, b] the supplied function is

fe)=x—c

where the parameter ¢ is some arbitrary constant. A difficulty here is that if
we find f.(a)=0 or f.(b)=0, we are uncertain whether this means a zero

69
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lies in [a, b]. Perhaps the zero lies just outside the interval [a, b]. Our solution
program must report a zero if ¢ > a and ¢ < b, and no zero otherwise; but
determining whether these inequalities are true is a nonsolvable problem. We
eliminate this difficulty by requiring, as part of the problem specification, that
the function values f(a) and f(b) both test unequal to zero.

Another difficulty is illustrated by the function

faG) = (x=1)*+]d|

where d is an arbitrary real constant. Assume the interval of interest is [0, 2].
Here we see that if d # 0, no zero must be reported; whereas if d = 0, the
zero 1 must be displayed to k decimal places. This amounts to attempting the
nonsolvable problem of deciding whether or not the real number d is zero. To
obtain a solvable problem we must allow some sort of “escape" from complete
accuracy in identifying zeros or reporting the absense of zeros.

Note that at both endpoints of the interval [0, 2], the function f,(x) is positive.
Even if we had a function f(x) that showed opposite signs at the interval
endpoints, it would sometimes be difficult to find just one zero accurately.

Consider the case of the function

f.(x) = max(min(e, x+1), x—1)

The parameter e can be any real number. For any setting of the parameter e, the
function f,(x) is defined for all x. This function has an interval of width 2 in
which it equals e, and is linear with slope 1 everywhere else. The function f,(x)
is diagramed for two e choices in Figs 7.1a and 7.1b. Suppose the search interval
is [—2, 2]. For any e, we have f,(—2) negative and f,(2) positive. If e > 0, there
is a single zero at x = —1. If e < 0, there is a single zero at x = 1. And if e =0,
all x points between —1 and 1 are zeros. The difficulty with this function is that
when e is close to zero, it becomes hard to decide whether there is a single zero
at —1 or at +1, or an infinite number of zeros between —1 and +1.

We show next that, if for elementary functions f(x) defined on [a, b] with f(a)
and f(b) of opposite signs, we could always determine just one zero to k decimal
places, then we contradict Nonsolvable Problem 3.13. Given any real number e,
we form the function f,(x) and determine a zero to just 1 decimal place. If the
obtained zero approximation =1, then e <0, and if the approximation = — 1,
then e > 0. And if the obtained approximation satisfies neither relation, then
clearly e is zero, so we may choose either ¢ > 0 or e < 0. This contradiction of
Problem 3.13 implies the interesting next result:

Nonsolvable Problem 7.1 For any elementary function f(x) defined on
[a, b], with f(a) and f(b) both nonzero and having opposite signs, find to &
decimal places one zero of f(x) in [a, b].
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Fig. 7.1a The function f,(x) for e = 1.
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Fig. 7.1b The function f,(x) for e = 0.

The problem of finding zeros of elementary functions becomes difficult if
functions having an infinite number of zeros in the search interval [a, b] are
permitted. We will require that, at most, a finite number of zeros are present
in the search region, and this eliminates the possibility of f(x) being zero on a
subinterval of [a, b]. Now that we have explored the difficulties in treating our
problem, we can propose

Solvable Problem 7.2 For any elementary function f(x) defined in an
interval [a, b] and having at most a finite number of zeros there, and for any
positive integer k, determine that |f(a)| < 107 or | f(b)| < 10* and halt. Or, if
f(a) #0 and f(b) # 0, bound all the zeros of f(x) in [a, b] by:

(1) giving, to k decimal places, points identified as simple zeros, or

(2) giving, to k decimal places, points identified as containing within their tilde
interval a subinterval where |f(x)| < 107*. The subinterval is identified as
“containing at least one zero” if the f signs differ at the subinterval endpoints.
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The “tilde interval” of a displayed decimal value, such as 1.234™, is 1.234 + %,
that is, it is the interval obtained by appending :l:% to the displayed value. A case
(2) answer not specified as containing at least one zero, is of course just a possible
zero, and may turn out not to be a zero after all. With this problem, the results
obtained depend on the size of k. It is possible that when k is increased, the
number of case (2) points decreases, and the number of simple zeros increases.

The function f,(x) can still be designated as an elementary function for this
problem as long as the parameter constant e is not zero. (If f,(x), with e taken to
be 0, is specified to the program zeros as the f(x) function, the program enters
a loop, and must be stopped with a control-c input, because the requirement that
only a finite number of zeros be present is violated.)

7.2 Using interval arithmetic for the problem

The search for f(x) zeros in [a, b] is done by evaluating f(x) using formal
interval arithmetic, as described in Chapter 6 for the problem of finding definite
integrals.

A task queue is needed, with the queue listing the intervals to be tested.
Initially the queue has a single entry specifying the entire search interval [a, b].
We want to bound zeros in small subintervals of halfwidth less than some control
parameter W, which is set initially to a small value, such as 0.1. The task
queue cycle is as follows. The preliminary x series is set to reflect the leading
queue interval, and then the f(x) evaluation list is executed to obtain an interval
my+w, for f(x).

If the computed f(x) interval is positive or negative, there are no zeros in
the designated interval, and the queue interval is discarded. If the f(x) interval
overlaps 0, there may be one or more zeros in the designated interval, but we
cannot be certain of this, because interval arithmetic does not necessarily yield
the true interval. It only gives an interval guaranteed not to be too small. If the
queue interval halfwidth < W, the queue interval is transferred to a list L, which
initially is empty. Otherwise the queue interval is bisected and two bisection
interval entries replace the previous entry on the queue. Eventually the queue
becomes empty, and then we can examine the list L of small [a, b] subintervals,
for which the computed f(x) interval overlapped zero. Of course if L is empty,
there are no zeros in [a, b], and we are done.

Of all the subintervals formed in the process of subdividing [a, b], those
containing zeros must appear on the list L. But a subinterval adjoining to one
of these may also end up on L, because of f(x) interval overestimation. It is
also possible that a zero happens to lie on a boundary point of a subinterval, and
then the two subintervals sharing this boundary point both are on L. To simplify
matters, we divide the L subintervals into sets of adjoining subintervals, create
for each set a container interval [c, d] equal to the union of the subintervals of
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its members. Container intervals are held in a second list L,, and each container
interval has attached to it a list of its set members.

A list L, container interval [c, d] has the property that f(c) is nonzero.
If ¢ equals a, the left endpoint of the starting search interval [a, b], this is cer-
tainly true. If ¢ is not a, then c, besides being a left endpoint of some subinterval
that ended up on the list L, is also a right endpoint of a different subinterval that
was discarded. A subinterval is discarded only if its computed f(x) interval is
positive or negative, so f(c) is nonzero. Similarly, f(d) is nonzero.

Depending on the function f(x), for a container interval [c, d] it may be
possible to compute an interval m, £ w, for f’(x) over [c,d]. A favorable
circumstance would be finding that the f’(x) interval was either positive or
negative. In this case, because the function f(x) is either strictly increasing
or strictly decreasing over [c, d], there can be at most one simple zero in the
container interval. Usually this zero can be found rapidly by Newton’s method,
discussed in the next two sections.

For some of the L, container intervals, it may not be possible to compute an
f'(x) interval, or if it is computed, it may fail to test positive or negative. For each
such case, we move the list of member subintervals associated with the container
interval back onto the task queue, and discard the container interval. We do the
same for container intervals for which the Newton method attempt fails. The
target halfwidth W is reduced by multiplying it by some factor, such as 0.1,
and then the previously described queue procedure of f(x) interval computation
and queue interval bisection is repeated, leading to a set of smaller subintervals
possibly containing zeros, another list of container intervals on L,, a repetition of
f’(x) computation, and if we are not done, additional cycles of this computation.

In favorable cases of this problem, all the zeros end up being identified as
simple zeros and being computed to the required number of places by Newton’s
method. Otherwise, the cyclic processing of each container interval [c, d] con-
tinues until the interval becomes so small that it lies within the tilde-interval of
a k decimal display of its midpoint, and, simultaneously, a computed interval
for f(x) over [c, d] indicates that |f(x)| < 107 for x in [c, d]. In this case the
midpoint of this small interval is displayed to k decimal places along with an
upper bound on |f(x)|. The presence of at least one zero in [c, d] can be reported
whenever f(c) and f(d) are of opposite signs.

7.3 Newton’s method

Suppose f(x) is a function having a derivative, and that x, is a zero approx-
imation for f(x), perhaps grossly inaccurate. Newton’s method is an iteration
system for progressively improving a zero approximation for any function with
a derivative, with the method delivering a sequence of zero approximations:
X{, Xp,..., X;,.... The iteration equation is derived from this simple idea:
if we have an approximation x, to a zero of f(x), then on the graph of f(x)
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Fig. 7.2 Newton’s Method.

(see Fig. 7.2), we can draw a tangent line at the point x = x,, and follow this
tangent line to where it crosses the x axis. This way we obtain another zero
approximation x,, , that is hopefully better than x,. The Taylor series for f(x),
with the series expansion point at x,, is

JO) = fx) + () (x—x )+ (7.1)

The equation of the tangent line at x = x, is obtained by discarding all terms of
the Taylor series beyond the ones shown, to get the straight line equation

y=fx) +f () (x —x;)

If in this equation we set y equal to zero and solve for x, calling the solution
X1, then we obtain the Newton’s method equation

_ Sf(x)
1 (x)

The zero-finding procedure described in the preceding section bounds at most
one simple zero in a container interval [c, d] if the f'(x) interval computed for
[¢, d] is positive or negative. Using the Newton’s method iteration equation, and
with the starting approximation x, taken as the midpoint of [c, d], the sequence
of iterates generally locates the zero rapidly. However, as Fig. 7.3 shows, it is
possible that the iterates cycle without approaching the zero. If this should occur,
we can treat the container interval as if its f’(x) interval was not of one sign,
that is, we discard [c, d] and process its associated subintervals further. Perhaps
a smaller container interval will lead to success with Newton’s method. In the
more common case where the iterates approach the zero, we need a criterion

(7.2)

X1 = Xk
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Fig. 7.3 Cycling with Newton’s method.

for halting the iteration cycle. After an iterate x;,, is computed from x,, the
two iterates are compared. If x, ., # x;, then the range of x,_, is set to zero in
preparation for the next cycle, that is, x, ., is replaced by the exact midpoint of
X4 Eventually we find x,,, =x,, and then the exact midpoint of x, becomes
the final approximation to the zero in [c, d], and we designate this final value x,.
The case of cycling iterates is detected by finding that |x,,, —x,| does not
decrease as k increases.

Next we need to determine the error of x., which is the distance from x,
to the zero. For the x, container interval [c, d], an interval f'(x,) £ w, was
computed for the f derivative. Suppose we compute the interval m &+ w equal
to [f(x,) £0]/[f"(xy) £w,]. Then, as we show, the error of x_ is bounded by
e =|m|+w, so x,@ e may be taken as a correctly ranged zero approximation.
This result follows from the Mean Value Theorem. At the true zero z, we have
f(z) =0, 0 f(x.) = f(x,) — f(z) = f'(c,)(x, —z), where the point c, is between
x, and z. The error |x, —z| equals |f(x,)|/|f’(c,)|, and because f’(c,) lies in the
interval f’(x,) £ w,, the error is bounded by e. If x,@ e does not give us the
desired number of correct decimal places, we need to increase the precision of
computation, restart the Newton’s method iteration process, and repeat the error
test with a better x,.

7.4 Order of convergence

In the later cycles of Newton’s method, when x, gets close to a zero z, it is often
noticed that the convergence accelerates, with the number of correct decimal
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places of the iterates approximately doubling at each step. We can show this by
using the Taylor series remainder formula, adding an additional remainder term
to the terms shown in equation (7.1):

F0) = f0) + £ () (= 5+ 3 7(e) (x = ,)°

Here c, is some point between x and x,. If we set x equal to the zero z, then we
have

0= f(5) /()= 1) + 5.1 (€) (e~ )°

When we divide this equation by f’(x,) and set x, — f(x,)/f'(x;) equal to x,,
we obtain

f"(e)

SN 2
27

O=z—X 0+

which can be rewritten as

f'(c)

T X = _Zf’(xk) (Z_Xk)z (7.3)

Because the term in z — x, is squared, if f'(z) # 0 and x, is close enough to z,
then x,_, is even closer to z, so the iterates after x, converge to z.

The quantity |z — x;| is the error of the approximation x,. Taking absolute
values of both sides of equation (7.3), we obtain

(1 error) = L, (x, error)®

where L, = |f"(c,)/2f'(x;)|- The coefficient L, approaches a limiting value L
because

i L — i @ _ 7@ _
S TR )l T 27 G

Thus in the last stages of Newton’s method, the following equation is accurate:
(%, error) = L (x, error)®

This equation implies that the number of correct decimal places approximately
doubles at each step, and may be more than this or less, depending on the
magnitude of L.

When a series of approximates x, approaches the true value z, such that the
error satisfies the relation

error x
im —L =1 >0
k—oo (error x;)*
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the convergence is said to be of order s. Thus the convergence of the iterates x,
of Newton’s method is generally of order two, or x, converges quadratically.
If the exponent s equals one, then x, is said to converge linearly. For linear
convergence, the positive constant L in the limit must be less than 1, and the
nearer L is to 1, the slower the convergence.

Linear convergence is encountered with Newton’s method if the derivative at
z is zero. Suppose we have f'(z) = f"(z) =--- = f""V(z) =0, and £ (z) #0.
If we expand f(x) in a Taylor series about the zero point z, and use the Taylor
series remainder formula, at x = x, we have the equation

f) = f@+ @ -2+ 5 f”(Z)(xk—Z)2+ + = f(")(cl)(xk—Z)

= _|f(n)(cl)(xk —z)"

Here ¢, is some point between x, and z. Similarly, for f’(x,) we have the
equation

7 = G e s =)

where ¢, is some point between x, and z. We have then
oy f(xk) —(x—2)— f(n)(cl)( —2)
TR ) T )

i (n) (n) i 1
.If X, is 'close enough to z, then f"(c,)/nf"(c,) is near to -, a.md convergence
is certain because |x;,, —z| < |x; —z|. Then x; approaches z in the limit, and
we have

Xjyp CITOT n—1

lim = lim |1 —
k—oo X, error =z

n

S0 ‘1_ f0@) | _
e | " 0@ | T

The convergence is linear, and is slower for larger n.

Software Exercises E
These exercises demonstrate some properties of the demo program zeros.

1. Call up the program zeros. The program requests the number n of functions
for which zeros are to found. In Chapter 12, solution methods are described
for finding where several functions are simultaneously zero. For now, however,
take n equal to 1. Enter the function /x by using the keyboard line x~ (1/3),
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take the search interval to be [—5, 5], and choose 5 decimal-place precision. The
derivative of this function is undefined at x = 0, and the zero at x = 0 is found
not by Newton’s method, but by the slower process described in the text. Note
that the program makes a positive report of a zero.

2. Now that a log file is available, edit the log file to change the function’s
exponent from 1/3 to 2/3, save the log file, and then call up zeros zeros.
This time a positive report of a zero is not made, because the function does not
change signs at the endpoints of the container interval.

3. Call up zeros and find to 10 decimal places the zeros of x>+ 107'% in

[—1, 1]. Here there is no zero, but the program locates a zero possibility. Edit
the log file to increase the number of decimal places requested to 50, and then
call up zeros zeros. This time the higher precision computation leads to no
zero being found.

4. Call up zeros and find to 5 decimal places the zeros of J—C -sin% in [0.1, 1].
Here there are several zeros, and the order in which they are found is determined
by chance. Edit the log file to move the left endpoint of the search interval closer
to the origin, to 0.01. When you call up zeros zeros, many more zeros are
reported. To see all the zeros, use the PNM form to view the print file.



Finding Roots of
Polynomials |

The demo program roots finds the roots of polynomials with real coefficients.
The next five sections give needed background information for the problem of
locating roots, and the last section describes the roots program.

8.1 Polynomials

Let n be any nonnegative integer. A polynomial of degree n in the variable 7
has the form

P(z)=c,2"+c,., 2" '+ +eizte (8.1)

where the leading coefficient ¢, is required to be nonzero. (It is convenient in
this section to allow a polynomial’s degree to be 0, and accordingly any nonzero
constant is viewed as defining a polynomial of degree 0.) A polynomial is a
real polynomial, a rational polynomial, or a complex polynomial depending on
whether all coefficients ¢, are, respectively, real, rational, or complex numbers.
If n is positive, the polynomial also has the representation

P(z)=c,(z—2)(2—2). .. (2—2,) (8.2)
where the n factors z — z; are unique, apart from order. Each complex number z; is
a root of the polynomial. Going from the representation (8.1) to the representation

(8.2) is not a simple problem, but at least it is one that is solvable.

Solvable Problem 8.1 For any real or complex polynomial of positive
degree n, find the n roots to k decimal places.

79
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We find a complex number to k decimal places if we find both its real part
and its imaginary part to k places. An efficient method of locating the roots of
a real polynomial is described later, in Section 8.3. We defer to Chapter 16 the
description of a practical method for locating the roots of a complex polynomial.

Some of the roots of a polynomial may be identical. In equation (8.2), if we
group together the linear factors of identical roots and reassign indices so that

the distinct roots are z,, Z,,..., 7,40 WE obtain the representation
P(z) =c,(z—z2)"(z—22)". .. (z—z,)" (8.3)
Here the integers n;, n,,...,n, sum to n. The exponent n; is the multiplicity

of the root z,. If n; =1, z; is a simple root, otherwise z; is a multiple root with
multiplicity n;. It is not a solvable problem to find the multiplicity of the roots
of a real or complex polynomial of degree more than 1, as is easily seen by
considering the polynomial

P(z) = - (a,+a)zta,a,=(z—a,)(z—a,)

where a, and a, are any real numbers. If we can always determine the multiplicity
of this polynomial’s roots, then we have a method of determining whether any
two numbers a, and a, are equal, contradicting Nonsolvable Problem 3.3.

Nonsolvable Problem 8.2 For any real or complex polynomial of degree
n > 1, determine the multiplicity of the roots.

Suppose for a real or complex polynomial P(z) we obtain correctly ranged
approximations to all its roots, using the various methods described in the text.
We can arrange the roots in sets, with two roots z; = x, +1iy, and z, = x, +iy,
belonging to the same set if we find x; = x, and y, = y,. A root that is in a
set all by itself is certainly a simple root, but suppose we find m roots collected
in one set. We then have a root of apparent multiplicity m. If we were to
compute polynomial root approximations to more correct decimal places, the
roots may arrange themselves differently, so that a root of apparent multiplicity
m becomes a root of smaller apparent multiplicity, or even a simple root. Thus
an apparent multiplicity may be larger than the true multiplicity, and only an
apparent multiplicity of 1 is certain to be the correct multiplicity.

For rational polynomials this difficulty in determining multiplicity disappears.

Solvable Problem 8.3 For any rational polynomial, find its distinct roots
to k decimal places, and determine their multiplicity.

In this section, we show that a rational polynomial P(z) of positive degree can
be decomposed into a set of polynomials N,(z), N,(z),..., N,(z), containing
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the distinct roots of P(z), such that the P(z) roots of multiplicity m are simple
roots of N, (z). The integer r equals the highest multiplicity of any root of
P(z). If there are no multiple roots, then r =1 and N,(z) = P(z). The task of
finding the roots of P(z) is made easier by this decomposition, and the correct
multiplicity of the computed roots is obtained as a by-product.

A polynomial with a leading coefficient of 1 is called a monic polynomial.
Any polynomial can be converted to monic form by dividing it by its leading
coefficient c,,. If this is done for the polynomial (8.1), the polynomial becomes

P(2)=2"+a, 2" '+ +aiz+a

where the coefficient a; equals c¢;/c,. The representation for this polynomial in
terms of its distinct roots is now

Pi(2)=(z—z)"(z2—2)". .. (2—z,)" (8.4)

If z; is a root of multiplicity n; for P,(z), then z; will be a root of multiplicity
n; — 1 for the derivative of P,(z). This is easy to show. We have

Pi(z) = (z—2)"S(2)

where S(z) is some polynomial of lower degree not having z; as a root, that is,
S(z;) # 0. Taking the derivative, we have

Pi(2) =n(z—2)""'S(2) + (2 —2)"S'(z) = (2 — 2)" ' [n:S(z) + (2 — 2)) ' (2)]
=(z—2)" 'T(2)

where the polynomial 7(z) equals n,S(z) + (z — z;)S'(z). We see that for P;(z)
the multiplicity of z; is at least n, — 1, and it cannot be higher because 7(z;) =
n;8(z;) # 0. Thus if the multiplicity structure of P,(z) is as shown in equation
(8.4), then P,(z) and P;(z) have the common divisor polynomial

Py(2)=(z—2)" "(z—z)" " .. (z—z,)"! (8.5)

Any two polynomials have a unique monic common divisor polynomial of
highest degree, called their greatest common divisor, as is clear by considering
the linear factor forms (8.3) of the two polynomials. For P,(z) and P;(z), there
cannot be a higher degree divisor polynomial than P,(z), so P,(z) is their greatest
common divisor. When P,(z) has rational coefficients, the greatest common
divisor of P,(z) and P;(z) can be found, as we now show.

Here we use a version of the Euclidean algorithm presented in Section 2.8 as a
means of finding the greatest common divisor of two positive integers. The poly-
nomial P, (z) is divided by P;(z), using the usual polynomial division procedure.
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We obtain the quotient polynomial Q,(z) and the remainder polynomial R,(z),
as shown in the next equation:

Pi(z) = 0i(2)P,(2) + R, (2)

Any common divisor polynomial of P,(z) and P;(z) is also a common divisor
of R,(z). Similarly, any common divisor polynomial of P|(z) and R,(z) is also
a common divisor of P,(z). So the pair P,(z) and P;(z) has the same greatest
common divisor as the pair Pj(z) and R,(z). The division process is repeated
for the new pair, obtaining

Pi(2) = Q2 (2)R,(2) + R,(2)
and this process is continued until a zero remainder is obtained:

R (2) = 05(2)R,(2) + R5(2)
Ry(2) = 04(2)R5(2) + Ry(2)

R, _5(2) = Q,(2)R,_1(2) + R(2)
Rxfl (Z) = Qﬁ»l (Z)RS(Z)

The polynomial R (z), after it is converted to monic form, will equal P,(z) of
equation (8.5). This is because R (z) is the greatest common divisor of the last
pair, and proceeding backward step by step, also the greatest common divisor of
the initial pair P,(z) and P;(z).

The procedure used on P,(z) to obtain P,(z) can now be applied to P,(z)
if this monic polynomial is not equal to 1, and then we get the polynomial
P;(z). Thus the Euclidean procedure, if repeatedly applied, produces a series of
monic polynomials P,(z), P,(z), P;(z),...,P.(2), 1, that always ends with a
polynomial P, (z) equal to 1.

When P, (z) of line (8.4) is divided by the polynomial P,(z) of line (8.5), we
obtain the polynomial

M(2) =(z—z)(z—2). .- (z—2,)

with all the distinct roots of P,(z) as simple roots. In general, if for the sequence

P (z), Py(z),..., P(z), P., (z) =1, we define
P,
M;(z) = ) fori=1,2,...,r
Pi,(2)
we get the set of polynomials M,(z), M,(z),..., M,.(z), all with only simple

roots, such that all roots of P,(z) which are of multiplicity m or higher are
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roots of M, (z). If M;(z) and M,,,(z) are two successive polynomials in the
set, the degree of M, (z) is less than or equal to the degree of M;(z). The last
polynomial in this series, M,(z), has only the roots of P,(z) with the highest
multiplicity.

From these polynomials it is convenient to obtain by division another set of
r polynomials N,(z), N,(z),..., N.(z), again with simple roots only, defined
by the equation

M;(2)

Ni(z) = { My, (2)
M.(2) ifi=r

ifi<r

The polynomials N;(z) have degrees that sum to g, the number of distinct roots
of P,(z), and each distinct root of P,(z) is a root of just one of these polynomials.
If the root is of multiplicity m, then it is a root of N, (z). Thus when the roots
of the polynomials N;(z) are found by the method described later, they can be
displayed with their exact multiplicities.

As an example, suppose P, (z) =z’ —3z°+3z* —z. Then P} (z) = 7z° — 15z* +
9z% — 1. The Euclidean algorithm yields

1 6 12 6
7_35 33_ i 76_154 92_1 _ .5 =3 _ =
z 4377 -2 7z(z 749z )7z+7z -2
49 6 12 6
T8 15244972 1=z — 25+ 28— 27— #4221
Z 7 +9z 6( 7z+7z 7z 7 +2z

6 , 12, 6 6 4 ’
—= —z7—=z==z| — 277 —1
7z+7z 7z 72( ' +2z

Making the last polynomial of the series monic by dividing by its leading
coefficient, we get P,(z) = z* —2z%+ 1. Repeating the Euclidean algorithm with
P,(z), we obtain

1
=272 41= Zz(4z3 —47) -7 +1
477 —4z = —4z(-+1)
s0 P;(z) = z2 — 1. One more application of the Euclidean algorithm leads to
1= ! 2z)—1
Z =522z
2z ==2z(-1)

so P,(z) is 1.
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The M;(z) polynomials are

MO = hiy =

= i =

My(z) = P3T(Z) =z -1
and the N,(z) polynomials are

MO = i =

MO -

N;(2) =Ms(z) =2 —1

We see that the roots of P,(z) are 0 with multiplicity 1, along with 1 and —1,
both with multiplicity 3.
These results can also be understood by setting

Pi(2)=(z—2)(z2—2) (2 — 23)

with z; =1, z, = —1, and z; = 0. We see that by repeated application of the
Euclidean algorithm, we would obtain the sequence

Py(2) =(z—2)°(z— )’
Py(2) = (z—2))(z2—2,)
P,(z)=1

leading to the sequence

M (2) =(z—z)(z2—2)(z—23)
My(z) = (z—2)(2—2,)
M;3(z) = (z—2y)(2—2,)
and then finally to the sequence
Ni(2) = (z—z3)
N,(z) =1
N3(z) =(z—2)(z—2,)
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8.2 A bound for the roots of a polynomial

When searching for the roots of a monic polynomial
P(2)=7"+a, 2" '+ - +az+a, (8.6)

it is helpful to compute a bounding radius R, such that in the complex plane,
the circle |z] < R contains all the roots. The next two theorems give two ways
of computing a bounding radius.

Theorem 8.1 A bounding radius for the roots of the polynomial P,(z) is
Rl = maX{lan—l| + 17 |an—2| + 1’ MR |a1| + 1’ |a0|}
As an example, let us form the polynomial
P(2)=(z—1)(z=2)(z=3)(z—4) =z — 10z’ + 357" — 507 + 24

We obtain R, = max{11, 36, 51,24} =51.

To prove the theorem, we show that if a complex number z is such that
|z| > R,, then

la, 12"+ a2t ag| < 2] (8.7)
This implies that z cannnot be a root of P,(z), because roots satisfy the equation
a, 2" '+ taiztay=—7"
which leads to
la, 12"+ a2t ag| = 2]
Proceeding with the proof, we assume now that |z| > R,, and obtain
la, 12" aztag| < la, ||z 4 lag 2]+ ag
<R =Dl 4+ (R = Dlz| +R,
=R, = D(zI" "+ F 2]+ +1

zI"—1

— R -
|z| =1
z|"—1

<= =
lz] =1

The next result gives a way of forming a bounding radius that often is more
accurate than R,.
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Theorem 8.2 If the monic polynomial P,(z) of line (8.6) has at least one
nonzero coefficient a;, the polynomial

n—1 __

Py(2) =2"—=la,,[z"" =+ —laj|z—ay|

has exactly one positive root p, which may be taken as a bounding radius for
P,(2).

For our example polynomial, z* — 107> 4 35z> — 50z + 24, the polynomial
P,(z) equals z* — 10z’ —35z% — 50z — 24, and its positive root is 13.00~. So
we get a smaller bounding radius than previously, though we need to find the
positive root to obtain it. To eliminate the need of finding the positive root, we
can just approximate the positive root of P,(z) by choosing some convenient
small positive integer r, and then forming P,(r), P,(r*), P,(r*),.. ., stopping
as soon as we have obtained Pp(r") > 0. The last ¥ value formed exceeds the
positive root p, so we can use this as our bounding radius. With our example,
if we choose r =2, we find P,(2*) <0 and P,(2%) > 0, so we get a bounding
radius of 16 this way.

To prove the theorem, set z equal to the real number x, and write the polyno-
mial P,(x) as

P,(x) =" (1——|“"‘| —---—M—@) (8.8)

The factor x" has no positive roots. The other factor, with a positive derivative
for x > 0, approaches —oo as x approaches zero from the right and approaches
1 as x approaches oo, and thus has exactly one positive root p. If z is a complex
number with |z| > p, then P,(|z|) is positive. This implies

2" = la,llz]"™" = = layllz] = lag| > 0

2" > |a, \||z]" " 4+ ayl|z] +lag| = |a, 2"+ +a,z+ay|

Again we have inequality (8.7), so z cannot be a root of P,(z).

8.3 The Bairstow method for finding roots of a real
polynomial

There are many methods for finding approximations to the roots of a polynomial,
and the Bairstow method is an efficient method for real polynomials.
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A real polynomial P(z) of even degree can be written as a product of real
quadratic (degree 2) polynomials. This follows from the polynomial’s factoriza-
tion (8.2), because the polynomial’s complex roots come in conjugate pairs, and
a conjugate pair of roots, x, + iy, and x, —iy,, yields the real quadratic factor

(z—x —iy)(z—x; +iy) =[(z—x) —iy]l(z—x) +iy] = (Z_xl)z_(i)ﬁ)z

=7 —2x;z2+x +y;

The roots that are not conjugate pairs then are real roots, and these can be
grouped by pairs r, and r,, with each pair again yielding a real quadratic factor:

z—r)z—r)=2—(r+n)z+nn

A real polynomial of odd degree can be written as a product of real quadratic
polynomials and one real linear (degree 1) polynomial.

The Bairstow method for real polynomials finds quadratic real factors, and
in this way finds roots, a pair at a time. Suppose B(z) = z>+ b,z + b, is an
approximation to some quadratic factor of the real polynomial P(z) of degree n.
When we divide P(z) by B(z), we obtain the quotient Q(z) and a linear remainder
12+ ¢y

P(z) = B(2)Q(z) + ¢,2+ ¢ (8.9)

The coefficients ¢, and ¢, are functions of b, and b,, and we want to choose
the variables b, and b, so both ¢,(b,, by) and c,(b,, by) are zero. We obtain
an iteration equation by using a generalization of Newton’s method. Suppose
the values of b, and b, at the kth iteration are bék) and bﬁk), respectively. Then
the leading terms of Taylor expansions for ¢, and ¢, in terms of their variables
b, and b, are:

ac,

ZLp —b¥y ...
=)+

dc
cl(bl,bo)zcl—i—a—bl(bl—bfk))—i-
1
36‘0 (k) aCO (k)
Co(b17b0)zco+£(b1_b1 )+£(b0_bo )+
| 0

If we drop all Taylor series terms besides the ones shown, and set each series
equal to zero, the result, in matrix form, is

dc; dc,

01 _[a],] o ab, || by —b
0| | o dcy  dcy bo—b(()k)

b, b,
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From this we easily obtain the iteration equation

dc, de; 17!
1 Jge oa
Zanl B REED [ ¢ ]
by by 9 96 o
b, ob,

To get expressions for the partial derivatives, we differentiate equation (8.9)
with respect to b, first, and then with respect to b, obtaining the equations

90(z) dc,  dc,
el B 8.10
ab, " ap,° " o, (8.10)

90(z) | dc dcy
ko P 8.11
ab, b, "+ ob, ®.11)

0=1z0(z)+ B(z)

0=0(z)+B(2)

It is helpful at this point to consider polynomial equations of the general form
0=B(2)S(z) +az+B

where S(z) is some real polynomial, and « and B are real numbers. The highest
order coefficient of S(z), which we may take to be the coefficient of z¥, must be
zero. Otherwise, after multiplication by B(z), a nonzero term in z**? appears on
the right side of the equation. Continuing the reasoning, all the coefficients of
S(z) are zero, and, consequently, so are « and 8. To make use of this observation,
we divide Q(z) by B(z) to obtain, as shown in the following equation, the
quotient Q,(z) and the remainder d,z+ d,:

0(z) = B(2)Q,(2) +d,z+d,

Ater we substitute this result in equation (8.11), we obtain the equation

0= 5| @)+ 22 [ (4,4 50 Jo (a4 5

By our previous reasoning, this implies
ad
g 1
b,
e
ab,  °

After we make a similar substitution in equation (8.10), and replace the term
d,z> by

d,[B(z) —bjz—by] = d,B(z) —d,b;z—d b,
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we get
30(2) ac, acy
0=82B d dy—dby+ — —dby+—
[0+ a4 (dy- i+ 50 e (- i+ 5
This implies
il
-l =d,b,—d,
0b,
0
% _ d,b,
0b,
We have then the matrix equation
dc, dc,
b, b, d\b,—d, —d,
9y 9y L by —d
b, b,

with a determinant D = d?b, — (d,b, — d,)d,. As may be verified by multipli-
cation, the inverse matrix is

dc, dc, !

db,  db, 1| —do d,
deg dey | D —diby dib—dy
ab, ob,

The Bairstow method consists of choosing some initial quadratic
2+ bgo)z + b(()o) and then performing the following cycle. The problem polyno-
mial P(z) is divided by B®(z) = 22+ b2+ b to obtain the quotient polyno-
mial Q(z) and the remainder ¢,z + c,. Then Q(z) is divided by B®¥)(z) to obtain
a quotient and a remainder d,z 4+ d,,. The quadratic coefficients bgkﬂ), b(()k+1) are

formed from bik), b(()k) by adding the amounts

cd by —co(d by —d,)
D

c1dy— ¢od,

Ab, =
D

Aby =

If we find bel) #+ bﬁk) or find b(()kH) #+ b(()k), then, in preparation for the next cycle,
the ranges of bEkH) and b(()k“) are set to zero. Otherwise, the iteration ends and our
final quadratic approximation z2 + b,z + b, uses the values of the kth iterates, with
againranges set to 0. From this quadratic polynomial we obtain two roots of P(z) by
using the quadratic formula (—b, & /b? — 4b,) /2. The quotient Q(z) becomes the
new problem polynomial, and another cycle of quadratic approximations begins,
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unless of course the degree of our problem polynomial has become two or one. In
this case the remaining roots are found easily.

The Bairstow iteration must be monitored for steady progress toward a
quadratic factor of P(z). The value of |c,|+|c,| can be used as an indicator.
If this indicator does not decrease with an iteration, the procedure can always
be restarted by choosing new values for bio) and b(()o). Because the Bairstow
method is a variety of Newton’s method, and we know Newton’s method con-
verges linearly toward a multiple zero, we can expect Bairstow’s method to
converge slowly toward a multiple quadratic factor. Thus we see the advantage
of using the Euclidean procedure to obtain problem polynomials N;(z) having
no multiple roots.

8.4 Bounding the error of a rational polynomial’s root
approximations

After a rational polynomial has been dissected into polynomials N, (z), . . ., N,(z)
and the roots of each of these polynomials found by Bairstow’s method, each
root being an exact complex number, the next problem is to determine an
error bound for each root. In this section let P(z) denote any of the N,(z)
polynomials, and let n be its degree. We have then distinct root approximations
wy, Wy, . . ., w, to the simple roots of P(z). These approximations are the actual
roots of a certain polynomial Q(z) of degree n, which has the factorization

0@)=(Gz-—w)(z—w,)...(z—w,)

P
The quotient Q((Z)) has the partial fraction expansion
Z
P(z) "o
— =1+ ! (8.12)
0(2) g‘ =,

with complex coefficients 4;. If we set z equal to any root z, of P(z), we get
the equation

" h
1=
Z]:Zp—wi

i

Taking absolute values, we obtain the relations

~ N Al
2 =2 ———

1=
i—1 ip —W; i=1 |ZP_wi|
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bl .
Suppose the sum term ﬁ is largest for i = i;,. Then we have
p— W
|h;,|
1<n 0
|zp — W,
|Z - w10| = n|h10|

Now suppose for each root approximation w; we compute the quantity
g, =n|h;] (8.13)
Then it is certain that every root of P(z) lies in one of the disks
lz—w,| < ¢ i=1,2,...,n (8.14)

If these disks do not intersect each other, then each disk contains exactly one
root of P(z). Moreover, if m of these disks overlap, then the composite figure
contains exactly m roots of P(z). To see this, consider the polynomial

Py(z) = AP(z) + (1 = 1) Q(z)

where the real parameter A varies in the interval [0, 1]. The polynomial P,(z)
equals Q(z) when A =0, and equals P(z) when A = 1. We have

Py(z) | P(2) o Ah;
00 ~ o TUTN= ”,Z, p—

and according to our previous analysis, each root of P,(z) lies in one of the
disks

lz—w,| < Ag; i=1,2,...,n

The radius of each disk varies directly with A, being zero when A =0, and equal
to the radius of the P(z) disk when A = 1. When A is O, the point disk at w; has
a root of Q(z). As A varies in [0, 1], the various roots of P,(z) are continuous
functions of A. Because the number of roots in all the disks is always n, the
number of roots of P,(z) in the disk with center w, remains one, as long as
this disk does not intersect any of the other disks. Otherwise, there would be
a discontinuous jump of at least one root of P,(z). Similarly, when A is of a
size that m of the P,(z) disks overlap, the total number of roots of P,(z) in the
overlapping disks must equal m.

The radius &; obtained for the approximation w; is used to assign appropriate
ranges to w;, changing w; = x; +iy; to w; = (x;® ;) +i(y;D &,). The next step

91
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is to compare the approximations w; with each other to make certain that no two
w; overlap. If some of them overlap, then the radii ¢; of the overlapping disks are
summed, and twice the sum becomes the new radius assigned to approximations
w; of the overlapping set.

The quantity #; needed for the disk radius of w; is easily calculated. If we
multiply equation (8.12) by (z — w;) we obtain the equation

P(z hi(z—w;
L — (Z_wi)+hi+zg
};[i(z —w;) A 2T W
When z is set equal to w;, we obtain

P(w;) _
H(wi_wj) o

J#i

8.5 Finding accurate roots for a rational or a real
polynomial

The preceding sections have described three tasks, that when done for a rational
polynomial P(z). yield accurate root approximations. First P(z) is dissected into
polynomials N;(z) having simple roots. Then the Bairstow method is used to
obtain root approximations for the polynomials N.(z). Finally error bounds are
assigned to these roots using the partial fraction method of the preceding section.

When P(z) is a rational polynomial, the polynomials N;(z) make it easier to
compute the error of the root approximations. After the root approximations of
a polynomial N;(z) are assembled, we can compute their error bounds as simple
roots of N;(z), rather than as possibly multiple roots of the original problem
polynomial P(z). If the N;(z) roots are not found to the desired number of correct
decimal places, we need only increase the precision of computation and repeat
the root finding and error bounding procedure on N;(z) alone.

For a real polynomial P(z), the Euclidean procedure can be used to obtain
polynomials N;(z), but here there is ambiguity whether the computed polyno-
mials N,(z) are correct. Consider the range arithmetic division of the Euclidean
procedure, where a polynomial R;(z) is divided by a polynomial R;,(z) of
degree k. The remainder polynomial has the general form

dk,lzk_l + dkfzzk_z +-- 4+ d|Z + do

Suppose we find that a certain number of leading coefficients overlap
zero, that is, 0 =d,_, =d,_, =--- = d,. We take this result to mean that
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0=d,_,=d,_,=---=d,, and if d, is d,,, the Euclidean procedure has termi-
nated; otherwise the next polynomial R;,(z) is of degree s — 1. But perhaps
one or more of the coefficients presumed to be zero are actually not zero. In
that case the precision of computation should have been increased, and the
Euclidean procedure redone. Thus with range arithmetic, at any given precision
of computation, the Euclidean procedure yields polynomials N(z), but we are
uncertain whether they are correct. When the root approximations for all poly-
nomials N;(z) are assembled, and we are ready to bound their error, we must
use the original polynomial P(z) in the error bounding process. If it turns out
that not enough correct decimal places have been determined, we must increase
the precision of computation appropriately and repeat all steps of our procedure,
and that includes a new determination of the polynomials N,(z).

The determination of error bounds for the root approximations is now more
complex. Suppose for the monic real polynomial P(z) of degree n, we have found
distinct root approximations wy, w,, . . . , w, with respective apparent multiplic-
ities ny, ny, . . ., n, summing to n. These approximations are the actual roots of
a certain polynomial Q(z) of degree n which has the factorization

0(2) = (z—w)"(z—w,)". .. (z—w,)"

) has the partial fraction expansion

(z
0(z)

The function

P(z)
0(z) ZI,ZI w)’

with complex coefficients &;;. If we set z equal to any root z, of P(z), we get
the equation

(8.15)

) 3) ppemim

,111(113 w)J

Taking absolute values, we obtain the relations

1= <yy Ml
,1_/1(ZP_w)] ,1_,1|ZP w|j
hij| . .. . .
Suppose the double sum term o w] is largest for i =i, and j = j,. Then
P il
we have
R
T fzp—wy o
|ZP_u}io|j(J nlhto jn|

1
|20 —w;, | < (nfhy, 5, ) o
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Now suppose for each root approximation w; we compute the quantity
g, = max’ (n|hy])} (8.16)
Then it is certain that every root of P(z) lies in one of the disks
lz—w|<e i=1,2,...,q (8.17)

The same reasoning that was used with an intermediate polynomial P,(z) in
the preceding section allows us to conclude that if these disks do not intersect
each other, then the disk associated with the approximation w; of apparent
multiplicity n; contains exactly n; roots of P(z). Moreover, if several of these
disks overlap, and the sum of the associated multiplicities of these disks is m,
then the composite figure contains exactly m roots of P(z).

The general plan for computing error bounds is as follows. Suppose we have
a set of exact P(z) root approximations w;, computed by either the Bairstow
method or some other method. These root approximations have apparent multi-
plicities assigned by the N,(z) decomposition of P(z). After the various quantities
h;; are computed, by a method described later in this section, the radius g; is
obtained for each approximation w; = x; +iy;, and this radius is used to assign
appropriate ranges to w;, changing it to w; = (x;® ¢,) +i(y;® ¢;). The next step
is to compare the approximations w; with each other to make certain that no
two overlap, that is, to make certain that i; # w; for i # j. If some of them
overlap, the original approximations w; need to be combined corresponding
to the overlap, choosing arbitrarily one approximation w; to represent the set
of overlapping approximations, and increasing apparent multiplicities appropri-
ately. Then the error bound computation is repeated. When finally there is no
overlap, an approximation w; of apparent multiplicity m is a correctly ranged
approximation to m roots of P(z), though these m roots need not all be equal.

Suppose we are trying to compute root approximations to a certain number of
correct fixed-point decimal places, and we have a root approximation w; of appar-
ent multiplicity m. For &, to be no greater than 107%, according to equation (8.16)
we must have |nh; | no larger than 107", We see then that to achieve k correct
decimal places, we need to carry around km decimal places in our computations
for these approximations. Multiple roots require higher precision computation
than simple roots, and the precision needed is proportional to the multiplicity.

We consider next the method of computing the needed quantities 4; ;. This
essentially is a Taylor series computation. If we multiply equation (8.15) by
(z—w;)", we obtain

P(2)
[T(z— wj)nj

J#

=hip+hig o @—w)++h(2— w)"

On the right side of the equals sign we have collected all the terms that contain
powers of (z —w,;) with an exponent less than n,. The other terms on the right
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side can themselves be expanded in a Taylor series about the expansion point w;,
but the factor (z —w;)" that they have prevents any terms in (z — w;)* appearing
with an exponent & less than n,. Thus the terms in (z — w;) shown are the correct
leading Taylor series terms for the function on the left. Therefore if the function
on the left is obtained as a power series, with the series expansion point being
w;, we obtain the needed values /;; as the first n; series coefficients. We need
the two expansions

P(z) = by+b,(z = w) +by(z—w)* + -+ (z—w)" " 4+

[[e—w)=cot+ez—w)+ez—w) +-+@—w)" ™"+
J#i

and then we can form the needed terms by doing a series division, using relation
(5.6) of Chapter 5.

8.6 The demo program roots

The roots program obtains from the user the degree and coefficients of the
problem polynomial P(z), and also the number of correct decimal places to be
obtained. The program’s first task is to determine whether the specified problem
polynomial is a rational polynomial. For each entered coefficient, a ranged
number is obtained at the current precision when the coefficient is specified by
a keyboard entry. The coefficient can be converted to a rational in either of two
ways. First, if the obtained number is exact, that is, has a zero range, then the
exact value is transformed into a rational number in the two-integer form p/q.
Second, if the number’s range is positive, then the coefficient’s evaluation list
is examined to determine whether standard function evaluations occur. If there
are none, the number must be rational, and so the evaluation list can be used to
generate a rational number in the form p/gq.

If roots is able to obtain rational values for all coefficients, then roots
uses the system for obtaining accurate root values described in the first four
sections of this chapter. If for any coefficent, roots fails to obtain a rational
value, then roots uses the more difficult procedure described in the preceding
section.

Software Exercises F

These exercises are for the demo program roots.

1. Call up the program roots and verify that the polynomial x*— 10x> —
35x? —50x — 24 of Section 8.2 has the single positive root 13.00™.
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2. This exercise and the next two exercises show how multiple roots are spec-
ified, which depends on whether the program roots is successful in obtaining
a rational polynomial. Call up roots, specify the polynomial z* 42z + 1, and
obtain the roots to 5 decimal places. The polynomial z? +2z+1 = (z+1)2, so
a single root of multiplicity 2 is displayed.

3. Modify the roots log file, changing the 2 coefficient to 2 tan(7r/4) by enter-
ing 2*tan(pi/4), and then call up roots roots. Although 2tan(7/4) =2,
note that this time a disclaimer is made about the multiplicity of the displayed
root, because a rational polynomial was not obtained.

4. Modify the roots log file, changing the 2 coefficient to 2 cos(0) and then
call up roots roots. Note that this time no multiplicity disclaimer appears.
The disclaimer is absent because the ranged value obtained for the 2 coefficient
has a zero range, and so the number’s evaluation list is not consulted. Some stan-
dard function values are obtained as exact numbers. For instance, the keyboard
entries sin(0), cos(0), and exp(0) all generate exact values.

Notes and References

A. The use of the Euclidean algorithm to determine the multiplicity structure of
a polynomial is discussed in Uspensky’s textbook [4] and in the paper by
Dunaway [2].

B. Theorem 8.1 and 8.2 were discovered by Cauchy. Wilf’s book [5] discusses
these and other polynomial root bounds.

C. Our presentation of Bairstow’s method follows that of Hamming [3].

D. The error bound for polynomials in Section 8.5 was given by Braess and
Hadeler [1].
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Solving n Linear
Equations in n
Unknowns

Three demo programs solve linear equations for the case where the number of
unknowns matches the number of equations. The program equat is for equa-
tions with real coefficients the program r_equat is for equations with rational
coefficients and the program c_equat is for equations with complex coeffi-
cients. The next section introduces matrix notation, and the succeeding section
uses the ideas of Chapter 3 to define appropriate computation objectives. The
succeeding sections present methods for solving linear equations and obtaining
matrix determinants, and finally, in the last section, the three demo programs are
described.

9.1 Notation

For a matrix A of m rows and n columns, or, more briefly, of size m x n, it is
customary to indicate the A elements (or A components) by using a small letter
matching the matrix capital letter, and attaching row and column indices, with
the row index always preceding the column index. Thus A has elements a;;.
The matrix A is real if all elements are real numbers, is rational if all elements
are rational numbers, and is complex if all elements are complex numbers. The
matrix is square when m = n, and in that case the matrix A has a determinant,
indicated by the symbol det A. A square matrix may also be called n-square to
indicate the number n of rows and columns.
An upper triangular matrix is an n-square matrix of the form

apy Adp Gz -0 Ay,
Ayy Gpz -+ lyy
sz - A3y,

a

97
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An entirely blank region of a displayed matrix, as shown here, is always made up
entirely of zero elements. Thus an upper triangular matrix can be characterized
as a square matrix whose elements below the diagonal are all zero. The diagonal
elements of any matrix, square or not, are those elements with matching row and
column indices. The determinant of an upper triangular matrix equals the product
of its diagonal elements. Similarly, a lower triangular matrix is an n-square
matrix with zero elements above its diagonal, and its determinant also is equal
to the product of its diagonal elements.

We use the symbol I to denote an n-square identity matrix, its size inferred
from context, and the symbol O to denote an m x n matrix with all elements
zero, its size also inferred from context. If there is only one column to a matrix,
it is customary to omit the unchanging column index for its elements, and to call
the matrix a vector. We use lower case boldface letters to denote vectors. So if
¢ is a vector, it has the form

The vector ¢ may also be called an n-vector to indicate the number of its
components. The length of ¢, denoted by len ¢, is /> i, ¢ if ¢ is real, and is

V2o e;]? if e is complex.
The transpose of a matrix A of size m x n, denoted by the symbol A7, is a
matrix D of size n X m with d;; equal to a;. If the matrix product AB is defined,

then the rule (AB)” = B" A” holds.

9.2 Computation problems

A frequently encountered problem is that of solving the system of linear equations
apx,+apx;+---+a,x, =b,

Ay Xy +ayXy + -+ ay,x, = b,

an1 X + A Xy +oet AppXp = bn

for the values of x;, x,, ..., x,. This is equivalent to solving the matrix equation
ayp A s 4y X1 b,
Gy Ay o Ay X2 b,

App Ay 0 Ay Xn bn
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Assigning appropriate letters to the three arrays, the problem is then to solve
Ax=Db

for the vector x. The matrix A is often called the coefficient matrix. In a linear
algebra course, it is shown that this problem has a unique solution vector x if
and only if det A is nonzero. If det A = 0, there are two possibilities: either an
infinite number of solutions, or no solutions at all. This applies whether the
arrays A, b are real or complex.

Suppose the computation goal for the real case is

Nonsolvable Problem 9.1 Given a set of n linear equations in
n unknowns, represented by the matrix equation Ax = b, where A is a real
n-square coefficient matrix, x is the vector of unknowns, and b the real vector
of constants, find to k£ decimal places the x components, or else indicate that
detA=0.

The difficulty here is the necessity of determining whether or not detA =0,
an instance of Nonsolvable Problem 3.1. A similar difficulty would occur for
the complex case. To get a solvable problem, we give up trying to determine
whether the A determinant is exactly zero. Rather than list two problems, one
for the real case and one for the complex case, we list them together this way:

Solvable Problem 9.2 Given a set of n linear equations in 7 unknowns,
represented by the matrix equation Ax =b, where A is a real (complex) n-square
coefficient matrix, x is the vector of unknowns, and b the real (complex) vector
of constants, find to k decimal places the x components, or else indicate that
|detA| < 107,

The bound 107* is merg:ly a convenient one and could be replaced by others, for
instance, 10~ or 107~".

If A and b are both rational, the difficulty in determining whether det A =0
disappears. If det A # 0, we obtain x as a vector of rational numbers, which can
always be displayed to any desired number of correct decimal places.

Solvable Problem 9.3 Given a set of n linear equations in n unknowns,
represented by the matrix equation Ax = b, where A is a rational n-square
coefficient matrix, x is the n-vector of unknowns, and b the rational n-vector
of constants, find as rational numbers the unknowns x, ..., x,, or else indicate
that det A = 0.

Suppose for a square matrix A we wish to obtain the square inverse matrix
A~!, satisfying the equation AA~! = I. The inverse matrix A~! exists if det A # 0,
because if X, is the ith column of A~! and b; is the ith column of I, then x; can
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be determined by solving the system of linear equations Ax; =b,. In a linear
algebra course, it is shown that if the equation AA~! = I holds, then the equation
A7'A =1 holds also.

An appropriate computation objective for matrix inverses is

Solvable Problem 9.4 Given the n-square real (complex) matrix A, find to
k decimal places the elements of the matrix A~!, orelse indicate that | det A| < 107,

When A is rational, a stronger result is possible, as specified in

Solvable Problem 9.5 Given the n-square rational matrix A, find the
rational elements of the matrix A~!, or else indicate that det A = 0.

9.3 A method for solving linear equations

A system of n linear equations in n unknowns can be solved by the elimina-
tion method, whereby the equations are manipulated until they have the matrix
representation A’x =b’, where A’ is upper triangular. If we are successful in
obtaining this representation for the equations, then they have the form

’ ’ / ’ o
ay X, +dpxX,+ a1 x,  +a,x, = b

/ / ’ o
apXyt- ot ay, X, +a5,X, =b,

’ ’ ’
an—ln—lxnfl + an—ln'xn - bn—l

’ 1/
annxn - bn

and are easily solved by back substitution, namely

1

_ ’
Xy = / (bn)
Ay
_ 1 (b/ ’
Xp—1 = / n—1 _anfl,nxn
anfl,n—l
—_— / —_— ! —_ e — 4
Xy = ——(by —ayx; 5, X,)

22

—_———— / —_— ! —_ e — !
X == (bl apXs aln‘xn)
11
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All these equations can be combined as

n

N (b= Y dx)  i=moa—1.....2.1

i /! i
aj; k=i+1
with the understanding that the sum is void for x,, because here the starting

index n+ 1 is greater than the ending index n. The possibly void summation is
clearer when expressed this way:

N (b= Y dx)  i=moa—l.....2.1 9.1)

1 / 1
i i<k<n
The manipulation of the equations is done most conveniently by repeatedly
changing the stored representations of A and b until the desired upper triangular
form of A is obtained. The operations performed on these matrices are of just
two types:

Exchange Row(i, j): Exchange rows i and j.
Add Row Multiple(i, j, M): Add M times row i to a different row j.

Either matrix operation always is performed simultaneously on A and on b.
When either operation is executed, the set of linear equations represented by
Ax =Db is changed by an allowable algebraic manipulation into a different set
of equations. The two sets of equations are equivalent, because it is possible to
undo either row operation by another operation of the same type.

The upper triangular form of A is obtained by bringing the columns of A to
the proper form, one by one, starting at column 1 and working toward the right.
For the sake of simplicity, we use a;; to denote an element of A during this
process, and we do not try to differentiate between the successive values that the
element may take. The procedure varies slightly depending on whether A and b
are rational. The procedure for the real or complex case is given first, with the
minor changes for the rational case supplied later.

When working on column j, the procedure is the following. The elements
a}j, a;. Fje e a;”. are tested to locate the one with the “best” absolute value.
The best absolute value is the largest absolute value, but because we can only
decide for two ranged numbers ¢ and d whether |c| > |d|, |c|=]d]|, or |c| < |d],
we proceed cautiously. Let r be the row index of the column element that is
currently largest in absolute value, and let L be the current largest absolute value.
For column j the first element we test is a’;, so initially r = j and L = |a;. j|. The
elements with row index k > j are tested in sequence, and if |a; ;| > L, then L is
replaced by |a; j| and r is replaced by k. After the test of the column is complete,
if we find L > 0 with r # j, then the operation Exchange Row(, r) is performed
to convert element a; into a’;. Then using the other row operation, appropriate
multiples of row j are subtracted from rows below to clear the A elements in
column j below a’;. Doing the clearing with the A element in column j having
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the largest absolute value, rather than using any nonzero element in row j or
below, has the advantage that smaller multiples of row j are subtracted from
rows below, and this tends to make the A elements to the right of column j have
smaller interval widths.

If we are successful in bringing A to upper triangular form, then we obtain
the values of the variables x; by using equation (9.1) We determine whether &
correct decimal places have been obtained, and if not, we increase precision an
appropriate amount and the entire computation is repeated.

Let us be more specific about the phrase “increase precision an appropriate
amount,” which appears in the preceding paragraph and at other places in this
chapter. The number of correct decimal places, in either fixed-point or scientific
floating-point notation, that can be obtained from a ranged number can be
determined from the number’s midpoint and interval halfwidth. By examining
all the computed answers of a problem, it is possible to determine whether
the target number of correct decimal places has been achieved, and, if not,
what the maximum deficit in correct places is. When the computation is redone
because answers are not accurate enough, precision is increased by at least the
maximum deficit, and perhaps a few extra places, just to be more certain that
the next cycle of computation will succeed.

It may happen when working with a certain column j of A that we encounter
no element whose absolute value tests positive. In this case we find L = 0,
so we abandon the attempt to solve the equations, and compute det A instead.
A method for computing matrix determinants is described in the next section.

The procedure for the rational case differs, because here computation is with
exact numerators and denominators, so there is no advantage in locating the
element in column j with the largest absolute value. Only a nonzero element
is needed in aj;, so if aj; # 0, the clearing operation can begin immediately.
Otherwise a row exchange is needed to bring a nonzero element into the a’;
position. Whenever a nonzero element in column j is not found, there is no need
to compute the determinant, because it must be zero.

9.4 Computing determinants

The procedure for computing the determinant of a square matrix A is similar
to the procedure already described for solving the matrix equation Ax = b,
except that now there is no vector b. The matrix A is gradually brought to upper
triangular form, column by column, starting with column 1 and working to the
right, using the two matrix row operations given earlier. The procedure varies
significantly, depending on whether the matrix A is rational. We consider the
nonrational case first.

An operation Add Row Multiple(i, j, M) on A does not change the determi-
nant of the varying matrix A. An operation Exchange Row(i, j) changes just
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the sign of this determinant. To keep track of the sign changes, a test integer s,
initially 1, is replaced by its negative each time an Exchange Row(i, j) operation
is performed.

We again use a;; to denote the changing elements of the A matrix during the
determinant computation procedure. After the matrix A is successfully brought to
upper triangular form, det A =]}, a’;, with the sign changed if the test integer
s=—1.

It may happen when working with a certain column j of A, that all the
quantities |a/;|, |@},;],..., |a,;| test =0, indicating that the det A interval con-
tains the zero point. To obtain a narrow interval for det A, a third operation
is allowed:

Exchange Col(i, j): Exchange columns i and j.

This operation changes just the sign of det A, and does not affect the width of
the computed det A interval. Our procedure now is to continue trying to bring
A to upper triangular form, using, if necessary, this additional operation. Now
when dealing with any column j of A, if in row j or below we can find no
elements of positive absolute value, we search the columns of A further to the
right for elements in row j or below with positive absolute value. If one is found
in column k say, then we perform the operation Exchange Col(j, k) to bring
this element into column j, and, if necessary, do a row exchange operation to
make this element ;. Next, we clear all elements below a’; by using Add Row
Multiple(i, j, M) operations.

The procedure now will terminate when for some column ¢, no element of
positive absolute value in row g or below is found in this column or in the other
A columns further to the right. The final A matrix has the form

- / ! / /
ay Ap o Gy o dyy,

! ! /
a22 e a2q e a2n

, e
A = a (9.2)

qq qn

/ /

L anq e a’m |

where the (n — g+ 1)-square submatrix

has all elements = 0. The determinant of the matrix A’ is identical to the determi-
nant of the starting matrix A, except that its sign may be wrong. The determinant
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of A’ equals H,.q: a,; times the determinant of the submatrix. We can bound the
magnitude of det A’ if we can bound the magnitude of the determinant of the
submatrix.

In magnitude the determinant of the submatrix is not greater than the product
of a magnitude bound for determinant terms times the number of terms in the
determinant, which is (n — g+ 1)!. The element a;; has the magnitude bound
(midpoint a/| + halfwidth aj;), so by taking the maximum of these for each
submatrix column and multiplying these maxima together, we obtain a bound for
determinant terms. After multiplying this by (n— ¢+ 1)!, we obtain a magnitude
bound M for the determinant of the submatrix. We obtain for det A the interval
value

detA=0%|a},...a, ., |M

When the matrix A is rational, a rational value for det A can be more easily
determined, for two reasons. First, in the column j process, we do not search
for the element of largest absolute value, but just for any nonzero element. And
if no such element is found, the determinant is zero, and further computation is
not needed.

9.5 Finding the inverse of a square matrix

As stated earlier, because AA~! = I, column i of A~!, denoted by the vector x;,
can be found by taking the constant vector b; equal to the ith column of /, and
then solving the linear equations represented by the matrix equation Ax; =b,.
However, it is more efficient to use the method described next.

We start with the matrix equation AA~" = I, where the matrices A and [ are
known, and A~! is unknown, and apply simultaneously to the matrices A and [
a series of the operations Exchange Row(i, j) and Add Row Multiple(, j, M),
attempting with these row operations to bring A into upper triangular form.
An operation Exchange Row(i, j)) on an n-square matrix C is equivalent to
premultiplying C by a matrix equal to the identity matrix I, except that rows i
and j have been exchanged. Similarly an operation Add Row Multiple(i, j, M)
on C is equivalent to premultiplying C by a matrix equal to the identity matrix 7,
except that M times row i has been added to row j. Thus we can justify
performing either operation simultaneously on A and on [ as simply the premul-
tiplication of the equation AA~! = I by another matrix to produce the equation
AA =T,

Following the same procedure that was described previously of gradually
changing A, except that here we operate on A and [ instead of A and b, we
may succeed in bringing A to upper triangular form. If we are unable to bring
A to upper triangular form, then we abandon the goal of determining A~ and
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compute det A instead. If we succeed in bringing A to upper triangular form,
then we begin to use a new row operation on both A" and /"

Multiply Row(i, M): Multiply row i by the nonzero constant M.

Again we can justify applying this operation to A" and I’ as equivalent to the
premultiplication of the equation A’A~! = I’ by a matrix equal to the identity
matrix, except that row i has been multiplied by the constant M.

Working from column n of A backward toward column 1, in column j we
apply the operation Multiply Row(j, 1/a’;) to both A" and /' to make a; equal 1.
The next part of the column j procedure is to apply a series of operations Add
Row Multiple(i, j, M) to both A’ and I’ to clear the elements of A’ above the 1
element.

After all columns of A" have been processed, the matrix A" has been converted
to the identity matrix I, and the matrix equation, which initially was AA™! =1,
has been converted to JA~! = I’. The elements of I’ now equal the elements of
A~!. If this process leads to results that are insufficiently accurate, the entire
calculation is repeated at an appropriate higher precision.

9.6 The demo programs equat, r_equat, and c_equat

All three programs have similar beginnings. The number of equations is requested
from the user, and the integer obtained determines the size of the matrix
A and vector b arrays, which then get filled according to the user’s keyboard
entries.

The program equat, for real linear equations, continues as follows. After
the number of correct decimal places of the solution vector has been specified
by the user, equat initially follows the procedure of Section 9.3 for solving
Ax = b. In that procedure, it sometimes happens that A cannot be converted
to upper triangular form. In that case, before switching to the alternate task of
computing a bound on det A, the program equat attempts to construct, from
the starting real coefficient matrix A, a same-sized rational matrix identical to A.
The process of finding an equal rational value for an A element is similar to
the process described in Section 8.6 for finding an equal rational coefficient for
a real polynomial coefficient. If a rational coefficient matrix is obtained, then
equat computes its determinant. A zero rational determinate indicates that A is
singular, and no further computation is needed. A nonzero rational determinant
is helpful, because the alternate objective of Solvable Problem 9.2, bounding
the A determinant, now can be skipped. Instead equat increases precision by a
fixed amount and tries the solution process again. Only when a rational matrix is
not obtained, does equat pursue the alternate objective of computing a bound
on det A.

The program r_equat for rational linear equations, is somewhat simpler.
The objective of the program is to obtain a solution vector of rational numbers,
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and unlike the program equat. the program r_equat does not need a com-
putation loop. The solution procedure for a rational coefficient matrix A and
a rational constant vector b always yields a rational solution vector or indicates
that det A = 0.

The program c_equat follows the solution procedure of Section 9.3, except
for one difference. In the column j procedure, finding the absolute value of
a complex A matrix element requires computing a square root, which is time-
consuming. Instead c_equat computes for an element a4 ib the quantity
a® + b?, that is, the absolute value squared, and uses the largest of these values
to locate the best element to bring to the a’; position.

Software Exercises G

These exercises show properties of the programs r_equat first and then
equat. To keep the keyboard entry process short, all exercises are for two
equations in two unknowns.

1. Call up r_equat and specify the coefficient matrix A = |:1 _1] and the

11

3 .
vectorb = [_ ] Note that the solution vector x = [

) l] is displayed in rational

-2
p/q format.

2. This time call up equat and specify the same coefficient matrix and constant
vector. The equat program now requests you to specify the number of correct
decimal places, and let us choose 10. Note that the answers are displayed in
exact form without tildes, indicating that the solution vector’s components were
obtained with zero ranges.

3. Now that a log file for equat is available, edit it by changing a,, from
1 to sin(7r/2), which equals 1. Save the log file and call up equat equat.
The solution vector this time appears with tildes, indicating that all its compo-
nents have nonzero ranges. The changed entry affected both vector components,
leading to nonexact computed values.

4. Edit the log file again, changing a,, from —1 to 1, so that the A matrix
is singular. Save the log file and call up equat equat. Note that this time
the alternate objective of Problem 9.2 is pursued, with equat indicating
that the A determinant is less than 107! (because 10 decimal places were
requested). Besides this indication, equat also shows the computed value of
the determinant.

5. [Edit the log file one last time, changing a,, back to 1. Save the log file and
call up equat equat. Now all of A’s elements are convertible to rationals, and
this time equat indicates that the A matrix is singular.
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Notes and References

A. Two general references on linear algebra are the books by Gantmacher
[2] and by Hohn [4]. Two references emphasizing computation methods of
linear algebra are the books by Golub and Van Loan [3] and by Faddeev
and Fadeeva [1].

[1] Faddeev, D. K. and Faddeeva, V. V., Computational Methods of Linear Algebra,
W. H. Freeman, San Francisco, 1963.

[2] Gantmacher, F. R., Theory of Matrices, Vols 1 and 2, Chelsea Publishing Co.,
New York, 1960.

[3] Golub, G. H. and Van Loan, C. E., Matrix Computations, 2nd Edn, Johns Hopkins
University Press, Baltimore, 1989.

[4] Hohn, F. Elementary Matrix Algebra, 3rd Edn, Macmillan, New York, 1973.
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Eigenvalue and
Eigenvector Problems

Three demo programs find eigenvalues and eigenvectors for an n-square
matrix A. The program eigen is for matrices with real elements, the program
r_eigen is for matrices with rational elements, and the program c_eigen is
for matrices with complex elements. As a preparation for explaining how these
programs work, the next section treats a linear equation problem differing some-
what from the problems treated in the preceding chapter. The following section
then gives the basic terminology for eigenvalue and eigenvector problems. Fol-
lowing that, practical methods for obtaining eigenvalues and eigenvectors are
presented, and finally, in the last section of this chapter, the three demo programs
are described.

In this chapter, a concept of linear algebra is needed. The real or complex
n-vectors vy, V,, ...,V are linearly independent if no vector of the set can be
expressed as a linear combination of the others. An m x n real or complex matrix
A is said to have rank r if, thinking of its columns as m-vectors, the maximum
number of linearly independent columns that can be found is r. We also require
this linear algebra result, which is valid for both real and complex matrices:

Theorem 10.1 Let B be any matrix of size m x n. If C is an m-square
matrix with det C # 0, and D is an n-square matrix with det D # 0, then B, CB,
and BD all have the same rank.

109
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10.1 Finding a solution to Ax= 0 when det A= 0

Suppose a system of n real or complex linear equations in n unknowns is
encountered where the vector b of constants is a zero vector:

apx,tapx,+--+ apx, =0

Ay X +aynx,+- -+ ay,x, =0
. . e (10.1)

A X +a,nx, +-- +a,,x,= 0

Such equations are often called homogeneous equations. Suppose further that the
determinant of the coefficient matrix A is known to equal zero, and a nontrivial
solution is required. That is, we seek an n-vector x, not equal to 0, that satisfies
the matrix equation Ax = 0. In the next section we see that this problem arises
in finding eigenvectors.

If x is a solution vector, then so is ¢x for any choice of the constant c¢. Thus if
we can find a nonzero solution vector x, then we can also find one of length 1,
namely m;xx' Accordingly we take the problem now to be that of locating a
solution vector of length 1.

The procedure described in the preceding chapter for solving the matrix equa-
tion Ax =b can be adapted to solve this problem too. We start with the matrix
equation Ax = 0, and apply the operations Exchange Row(i, j) and Add Row
Multiple(i, j, M) to bring A to upper triangular form. This time we can ignore
the b vector, because b = 0, and these operations never change b. The A matrix
zero determinant value also is unchanged by these operations.

The determinant of an upper triangular matrix equals the product of the diag-
onal elements, and because this determant is 0, eventually a column j of A is
encountered where all elements in row j or below test =0. When this happens,
our procedure is similar to the procedure described in the preceding chapter
for computing determinants. We allow the operation Exchange Col(i, j) in our
A manipulations and search the columns to the right of column j for any element
in row j or below that is nonzero. Such an element can be brought to the diagonal
position, and we can then continue trying to bring A to upper triangular form, as
far as is possible. But now, because we are attempting to solve Ax =0, and not
computing a determinant, we must interpret the effect of the column operation.
Applying the operation Exchange Col(i, j) on A is equivalent to postmultiplying
A by a certain matrix Q, equal to the identity matrix I, except that columns i
and j have been exchanged. The matrix Q is its own inverse, that is, QQ = I.
We have Ax = AQQx = AQX/, where X' = Qx, so if we perform an operation
Exchange Col(i, j) on A, we also need to replace x by x' = Qx, that is, by a
vector of unknowns with components x; and x; exchanged.

A simple way of recording these vector changes is to enlarge the A matrix,
adding an extra row above the other rows, that row’s elements initially being
the integers 1,2,...,n. Then when we exchange two A columns, the extra
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row’s elements get exchanged also, and indicate the X component corresponding
to an X' component. However, instead of an enlarged A, our description will
suppose the following equivalent method is used. At the beginning of operations,
a “horizontal” array H with component i equal to the integer i is constructed:

H=[1 2 3 ... n]initally
H=[H, H, H; ... H,]in general

Then when we do an Exchange Col(i, j) operation on A, we also do the operation
on H to switch the integers H; and H;. After all operations are complete, the
indicator H shows how to form x' from x, that is, x; is component H, of x.
The final matrix A’ that we obtain is identical to the matrix A’ shown in
Eq. (9.2), having a certain submatrix of elements =0, and this submatrix is

shown again here:

(10.2)
anq T gy

We can solve our problem if this submatrix is 1-square. In that case, the lone
submatrix element a/,, must equal 0. This is because det A is known to be 0,
so det A’, being equal to det A or —det A, must be O too. Because A’ is upper-
triangular, det A’ equals the product of its diagonal elements, and these elements,
with the exception of @, , are nonzero. The system of equations now has the form

nn?
/ / / / / / / / —
apx,+apx;+---+a, x, +a,x, =0

li / / ! / !
AypXy+ -+ ay, X, +ay,x, =0

’ ’ ’ ’
anfl,nflxnfl + anfl,nxn - 0

To obtain a solution, we set x/, equal to 1, and then solve for the other components
of X' by back substitution:

x =1

_ ’ ’ ’
'xn—2 - ’ (an—Z,n—l‘xn—l + an—Z,n)
an—Z,n—Z

4

I ;o . ’ ’ ’
X = P (a12x2+ a1 X,y +a1,n)
11
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We obtain a vector of length 1 by multiplying all components of x' by 1/lenx’,
and we unscramble the effect of the column exchanges by consulting the A indi-
cator, taking x; as X, , rearranging the vector’s components accordingly.

If the A’ submatrix of elements =0 is not 1-square, then there is a diffi-
culty. This time we cannot be certain that all submatrix elements are actually O.
A recomputation of A’ at a higher precision might result in a smaller submatrix,
but then again, it might not. Let us suppose for a moment that all submatrix
elements are 0. We can obtain n — g+ 1 linearly independent solution vec-
tors Xy, ..., X, oy, by setting the array of variables (x, x ,...,x,) equal
successively to

(1,0,...,0), (0,1,...,0), ..., (0,0,....,1)

each time solving for the rest of the variables x; by back substitution, adjusting
values afterward to achieve a length of 1, and then reassigning variable values
x; to their proper position in the x vector by consulting the indicator H. This is
in accordance with a theorem of linear algebra:

Theorem 10.2 If the n-square real (complex) matrix A has rank r, less than
n, then there exist n — r linearly independent solution vectors X,,...,X,_, to

the matrix equation Ax = 0, and a vector X is a solution vector if and only if it
can be written in the form

X= clxl + C2X2 + e + Cn—rxn—r

where ¢, ¢,, ..., c,_, are real (complex) constants.

n
Note that if the submatrix (10.2) has all zero elements, this implies that the rank
of A’ is equal to ¢ — 1, the number of nonzero A’ diagonal elements. By
Theorem 10.1, none of the row or column operations used on the changing
matrix A’ can alter its rank, because these operations can be interpreted to be
either premultiplication or postmultiplication of A’ by another matrix with a
nonzero determinant. So the rank of A’ after an operation is also the rank of A’
before the operation.

When there are two or more rows to the submatrix, it is risky to assume that
all submatrix elements are zero. We cannot be confident in the solution vectors
X; unless the ambiguity of the submatrix elements is resolved. For the special
case where A is a diagonal matrix, no computation is required, and solving
our problem becomes purely a matter of determining which diagonal elements
are 0. It is clear then that with this problem we cannot avoid encountering the
nonsolvable problem of deciding whether two numbers are equal.

Nonsolvable Problem 10.1 Given an n-square real (complex) matrix A,
with n > 1 and detA =0, find to k& decimal places the elements of a real
(complex) n-vector x of length 1, such that Ax = 0.



10.2 Eigenvalues and eigenvectors 113

If we know in advance what the rank of A is, then the difficulty in interpreting
A’ disappears. If the matrix A’ we obtain is such that the row index ¢ — 1 of
the last nonzero diagonal element equals the known rank 7, then all submatrix
elements must be zero, and we find n — r solution vectors of length 1 by the
method described. And if g — 1 is less than r, then A’ must be recomputed at a
higher precision.

Solvable Problem 10.2 Given an n-square real (complex) matrix A of
known rank r < n, find to k decimal places the elements of n — r linearly
independent real (complex) n-vectors X, X,, . . . , X,,_,, all of length 1, such that
Ax; =0 for all i.

If we know nothing about the n-square matrix A except that the rank r is less
than n, that is, det A = 0, then we obtain a solvable problem only by reducing
our requirements:

Solvable Problem 10.3 Given an n-square real (complex) matrix A with
n > 1 and det A =0, find to k decimal places the elements of a real (complex)
n-vector x of length 1 such that Ax =0, or else find to k decimal places the
elements of two or more real (complex) n-vectors x,, X,, . . . , X,, all of length 1,
such that len(Ax;) < 107* for all i.

The positive bound 107 is arbitrary and may be changed to some other positive
bound that varies with k, such as 107", The procedure to be followed here
depends on the form of A’. If the A" submatrix turns out to be 1-square, then,
as described previously, we obtain a vector x of length 1 satisfying the equation
Ax = 0. If there is more than one row to the submatrix, then we assume that all
submatrix elements are zero to get the vectors X;, X,, ..., X,_,. These vectors
must be tested with the original matrix A to determine whether len(Ax;) < 107%
for all i. If this result is not obtained, and also if the elements of x or x; are not
found to k decimal places, then we must recompute A’ at an appropriate higher
precision.

10.2 Eigenvalues and eigenvectors

Let A be a square matrix with real or complex elements. In many contexts the
problem arises of finding a nonzero vector x, such that the matrix equation

AX = AX

holds for some number A. The values possible for A are called eigenvalues, and
the vector X is called an eigenvector. We can rewrite the matrix equation as

(A=ADx=0
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and in this form it is clear that there can be a nonzero vector x only if
det(A — Al) = 0. The matrix A — Al has the form

ap—A ap Tt an
as Ay —A - sy
a, ) ann_/\

and det(A — Al) is a polynomial in A:

det(A—Al) = (a;;,—A)(ap,—A)...(a,,
det(A—Al) = (=1)"(A\"4c¢, A" "+ +c;A+¢p) (10.3)

— A) + other determinant terms

The polynomial A" +c, ;A" "'+ --4c; A+, is called the characteristic polyno-
mial of A. There are n eigenvalues, A, A,, ..., A,, corresponding to the n roots
of the characteristic polynomial.

It is easy to accurately compute the coefficients of the characteristic poly-
nomial, and in the next section practical methods of doing this are presented.
Solvable Problem 8.1 now implies

Solvable Problem 10.4 Find to k decimal places the n eigenvalues of a
real (complex) n-square matrix A.

Consider next the problem of determining for each eigenvalue A; an associated
eigenvector X;. Solving the matrix equation

(A=ADx;=0
for x; is equivalent to solving a system of linear homogeneous equations for the
components of X;, a problem considered in the preceding section.
It is helpful here to introduce the concept of similarity. One n-square matrix B

is similar to another n-square matrix A if there is an n-square matrix P with an
inverse P~! such that

B=P'AP (10.4)
The matrix P is said to transform A into B. From equation (10.4) it follows that
PBP'=A

Thus P~! transforms B into A, so the relation of similarity is symmetric. Similar
matrices have the same characteristic polynomial, because
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det(B— AI) =det(P~'AP — AI) = det[P~' (A — AI)P]
=det P~"det(A — Al)det P = det P~' det Pdet(A — AI)
=det(P~'P)det(A — AI) = det I det(A — AI)
=det(A — AJ)
Thus similar matrices A and B have identical eigenvalues. Moreover, if X; is a A;

eigenvector of B, then y;, = PX; is a A, eigenvector of A, because from Bx; = A;X;
it follows that

BP7'Px, = \x;
PBP7'Px; = P(\;x;) = A, PX,
A(Px;) = A;(Px;)
Ay, = Ay,

Thus if we can find a matrix similar to A for which it is easy to find eigenvectors,
then we also obtain eigenvectors for A by using the transformation matrix P.
Among the matrices similar to A, there exists a certain upper triangular
matrix J, called the Jordan normal form of A, or more simply, the Jordan form
of A, and defined in the theorem that follows. Let J,(A) be the r-square matrix

Al
Al

J(A) = (10.5)
Al
Arxr

The matrix J,(A) is called a Jordan block. Its diagonal elements equal A, and its
elements just above the diagonal equal 1.

Theorem 10.3 For any n-square real (complex) matrix A, there exists
an n-square complex matrix P, having an inverse P~!, such that P~'AP = J,
where J, the Jordan form of A, is an n-square matrix composed of Jordan blocks
in the configuration

‘]ml (/\l)
sz ()\2)
J= . (10.6)

‘]m, (At)
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The Jordan form of A is unique up to rearrangement of the Jordan blocks.
These blocks are all in diagonal position, that is, their diagonal elements are also
diagonal elements of J.

The block eigenvalues A, A,, ..., A, are eigenvalues of J, and consequently
of A too, but these block eigenvalues are not necessarily all distinct. If A; is
a multiplicity m eigenvalue of A, then A; must appear m times as a diago-
nal element of J, and may be the diagonal element of more than one Jordan
block. For example, if A is a 7-square matrix with eigenvalues A,, A,, and A5,
with multiplicities 2, 2, and 3, respectively, then it is possible for J to take
the form

with diagonal Jordan blocks J,(A,), J,(A,), J;(A,), and J5(A;).
It is sometimes difficult to compute the Jordan form. For instance, suppose

we have
a b
a=[5 ]

and b =0. The Jordan form is either

depending on whether b is equal to zero. (If b # 0, the matrix |:(1) 2_1i|,

with inverse [(1) 2:|, transforms A into |:g clz:|’ which becomes A’s Jordan
form.) We see that again we encounter the nonsolvable problem of determining
whether a number is zero.

Nonsolvable Problem 10.5 For a real (complex) n-square matrix A,
with n > 1, determine to k decimal places the elements of the Jordan form of A.

We consider the case of a rational matrix A later in this chapter, in Section 10.6.

It is not the diagonal elements of J that are difficult to determine, because
these are eigenvalues and can be found to any number of correct decimal places.
It is the 1’s and 0’s above the diagonal that are troublesome. The Jordan form,
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though sometimes difficult to compute, is helpful in understanding eigenvalue
and eigenvector problems.

It is simple to determine the eigenvectors of a Jordan form J. The eigenvector
equation for a Jordan block J,(A) is (J,(A) — A)x = 0, where the vector x has
r components, and the matrix J,(A) — Al is

0 1

0 1

. (10.7)

0 1
0drxr

By working from the next to last linear equation backward, the solution x to
[J.(A) — Allx = 0 is easily seen to be any multiple of

1

X —
0

It is also helpful to note that for A" # A, the equation [J,(A) — A'I]x = 0 has only
the trivial solution, because the upper triangular matrix [J,(A) — A’I] has nonzero
diagonal elements, so its determinant is nonzero.

For each Jordan block J,(A) appearing in J we obtain an eigenvector x by
adding zero components to x” in the obvious way to create an n-vector with a
single 1 component. If there are ¢ Jordan blocks in the J matrix, we obtain in
this way ¢ linearly independent eigenvectors x,, ..., X,, one vector associated
with each block. If A, is a particular eigenvalue of J, it is easy to see that the
equation (J — A, I)x = 0 implies that any eigenvector associated with A, must
be a linear combination of those eigenvectors associated with the individual A,
blocks. This is because the Jordan blocks that are not A, blocks all have nonzero
diagonal elements, forcing corresponding components of x to be 0.

When we compute eigenvalues to a certain number of correct decimal places,
we can assign apparent multiplicities to them. An apparent multiplicity of 1
is always the correct multiplicity and the eigenvalue is simple. Suppose A, is
a simple eigenvalue of A. Then A, is also a simple eigenvalue of J, and this
implies that the matrix J — A,[ has rank n — 1. The rank of the matrix A — A,/
also is n — 1, for we have

A=A, =PJP~" —\,1=P(J—A, )P’

and then Theorem 10.1 implies that the ranks of A— A, I and J — A, are the same.
Solvable Problem 10.2 now implies
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Solvable Problem 10.6 For a simple eigenvalue A, of a real (complex)
n-square matrix A, find to k& decimal places the elements of an associated
eigenvector x of length 1.

Suppose now that A, is an apparent multiple eigenvalue of A. Here we are
uncertain whether our computed multiplicity is correct. Examining the Jordan
form, we see that if there are ¢ Jordan blocks associated with A, then the rank
of J—A,I is n— g, and there are g linearly independent eigenvectors associated
with A,. The ranks of A—A,I and J — A,[ are the same, and if we were certain
what this rank was, according to Solvable Problem 10.2, we could determine
the correct number of linearly independent A eigenvectors for A,. But we can
not be certain of a computed rank unless it turns out to equal n — 1. Solvable
Problem 10.3 is helpful in this situation.

Solvable Problem 10.7 For an apparent multiple eigenvalue A, of a
real (complex) n-square matrix A, find to k decimal places the elements of a
single associated eigenvector x of length 1, or else find to k£ decimal places the
elements of two or more vectors X, . . ., X, each of length 1 and satisfying the
inequality len(Ax; — A x;) < 107* for all i.

The vectors x;, ..., x, may be called “apparent eigenvectors” if it is under-
stood that higher precision computatation may show that some of these vectors
are not eigenvectors.

We now turn to practical methods for handling the solvable problems of this
section.

10.3 Companion matrices and Vandermonde matrices
The method for finding eigenvalues and eigenvectors that is presented in the next
section makes use of the two matrix types treated here. The first type answers the

following question: How can one construct a square matrix that has a specific
characteristic polynomial? Suppose the polynomial is

PA)=A"+c, A" '+ +ed+e,

One solution to this puzzle is the n-square companion matrix C having the form:

00 ... 0 —¢
1 0 ... 0 —c
c=|01 ... 0 —q
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A companion matrix has all elements zero except for the elements just below
the diagonal, which equal 1, and the elements in the last column, which equal
the coefficients of the polynomial times —1.
To show that
det(C—Al) = (=1)"(A"+c, A"+ 4cA+¢) (10.8)

compute the determinant of

A0 ... 0 —¢

1 —A ... 0 —c,
C—\ = 0 1 0 —C

0 0 ... 1 —A—c,,

by a cofactor expansion along the last column. Recall that the cofacter of a
matrix element in row i and column j is (—1)™/ times the determinant of the
submatrix obtained by crossing out the ith row and jth column of the matrix.
The cofactor of the element —c, is (—1)"*! times the determinant of an upper

triangular matrix with all diagonal elements equal to 1, so —c, times its cofactor
is (—1)"¢,. The cofactor of the element —A —c¢,_, is (—1)"*" = 41 times
the determinant of an (n — 1)-square lower triangular matrix with all diagonal
elements equal to —A, so —A —c,_; times its cofactor is (—1)"(A" + ¢,_;A"™").
This verifies that the coefficients shown in equation (10.8) are correct for the
leading two terms of the polynomial and the constant term. The cofactor of any
other element in the last column, such as —c;, is (— 1)"+/+! times the determinant
of a matrix with the structure

B, O

0O B,

The j-square matrix B, is lower triangular with diagonal elements equal to —A,
and the (n — 1 — j)-square matrix B, is upper triangular with diagonal elements
equal to 1. This leads to a contribution to det(C — Al) of (—c;)(—1)""*(=A)/ =
c;(=1)"2*2)0 = (=1)"c; A, in agreement with equation (10.8).

If C’s characteristic polynomial has n distinct roots A, A,, ..., A,, then by
Theorem 10.3 the matrix C can be transformed into a diagonal matrix with these
roots along the diagonal. To find the transforming matrix, consider the matrix

1A, A2 .y
1 A, A2 ... 2l
v=|. 2.7 (10.9)

1A, A2 o gt
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A matrix of this form is called a Vandermonde matrix. If we carry through the
matrix multiplication VC, and use in the last column of the product the identity

n—1 __ yn
—Co— A== AT = A

which holds fori=1,2, ..., n, we find

A )\% )\7'
oo |t
A A2

A 71 A, - A

A, 1A, - A

i A LA, e A

Thus if the diagonal matrix is assigned the letter D, then we have VC = DV, and
if V has an inverse V™!, then VCV~! = D, so V™! is the transforming matrix.

We show by an indirect argument that if all the roots A; are distinct, then
det V #£0, so V has an inverse. For an n-square matrix A, if there are no nonzero
n-vectors X satisfying the matrix equation Ax = 0, this implies det A # 0. Suppose
then that the n-vector

d,

satisfies the matrix equation Vd = 0. We have then
di+dy\+ds\ 2+ +d N =0, fori=1,2,...,n
Thus the degree n— 1 polynomial D(A), given by
DA) =d, +dA+d;\ 2+ +d, A"

has n distinct roots, which is impossible.
Suppose there are multiple roots in the factorization of the characteristic
polynomial:

P =A—=A)"(A=A)" . (A=A)™

Now the Vandermonde matrix takes a more general form. A block of m; rows
of V are assigned to A; with the structure
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3
00 1 (2>/\,-
3 2
1)"f

o (i

A2

1

A,

1

1

A

1

(
(

m; — 1
2

m; — 1
1
1

mi—
Ai
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If we let V, denote this m; x n matrix, then we find that the matrix equation
V,C =J, (A;)V; holds, where J,, (A;) is an m;-square Jordan block. To see this,
first carry through the matrix multiplication V;C to get:

0 0

0 1

B ()

n n—m,-+1_
(’"i - 1) .

n n—2
(5)

2 3Y,2 (4) )3 n\ a1
@) () (i)
A? A3 A A Al

L% i i i i

To obtain the last column of this matrix, we need one additional equation. We
know that A, satisfies the polynomial equation

—(co+ A+ A+ 4,  ATH=A"

Because A; has multiplicity m;, it also satifies the equations that can be obtained
from this one by taking derivatives with respect to A, of any order between 1 and
m; — 1. If we take the j-th derivative and then divide by j!, we obtain our needed
equation

.]+1 n—1 n—1—j n n—j
_|:Cj+cj+1< j ))‘4_...4_6”_1( J ))\ 1_1i|=(j>)‘ J

A matrix identical to V,C is obtained if we premultiply V, by the Jordan block
J.,(A;). Here we need to make use of the binomial identity

(5)=G2)+(3")

which is valid when the integer s is larger than the positive integer ;.
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Thus if the characteristic equation of a companion matrix has eigenvalues
Ay, Ay, ..., A, with respective multiplicities m,, m,, . . . , m,, and we form a Van-
dermonde matrix V having an appropriate sized block for each distinct eigen-
value, we have the matrix equation VC = JV, where J is the Jordan form for
C. The argument used before to show det V # 0 can be repeated for the more
general Vandermonde matrix to show that it too has a nonzero determinant. Thus
V has an inverse V!, so we have VCV~! = J, and C is transformed to Jordan
form by V~!. The Jordan form of a companion matrix is restricted, because an
eigenvalue A; can have only one associated Jordan block.

10.4 Finding eigenvalues and eigenvectors
by Danilevsky’s method

Given an n-square problem matrix A, the method of Danilevsky can be used
to find an m-square matrix Q that transforms A into a companion matrix C,
that is, Q~'AQ = C. If we are successful in finding Q and C, then the last
column of C has the coefficients of the common characteristic polynomial of C
and A. Knowing the characteristic polynomial, A’s eigenvalues can be obtained
as the polynomial’s distinct roots, with each eigenvalue assigned an apparent
multiplicity. This allows us to construct the matrices V and V~! and to transform
C into Jordan form J. Because Q~'AQ = C and VCV~! = J, if we set P equal to
QV~!, then P"'AP = J. The eigenvector of J associated with an eigenvalue A;
is a vector Xx; with all zero components except for a single 1 component aligned
with the starting row of the Jordan block associated with A;. The corresponding
eigenvector y; of A is Px;, as was shown in Section 10.2. Thus the eigenvectors
of A are certain column vectors of P.

The matrices Q and C are computed in stages. That is, a series of transforma-
tions are made, gradually bringing A to companion form, one column at a time.
We use A; to designate the form of A after it has been transformed so that the
columns to the left of column i are in companion form. In general we have

0 a, ... a, ]
/ /
1 a,, ... a,,
/ /
1 a, ... as,
A = )
1 / I3
I a;, .. a,
/ /
Aivri -+ Gipin
a a
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The elements of A; get changed as A; is transformed into A, ;. To keep
notation simple, the primed element notation a;; is used for all matrices A;. At
the beginning of operations, A; = A and Q =/, and no columns are in correct
form. The process ends when A, has been obtained, because A, is in companion
matrix form.

We want to transform A, so that in column i we have the needed structure of all

zeros except for a single 1 below the diagonal position, and at the same time keep
unchanged the preceding columns that already have the correct structure. We
require an n-square matrix Q, such that Q;'A,Q, = A,, . Each time we perform
any transformation, the current Q matrix is postmultiplied by the transforming
matrix and becomes the new Q matrix.
A key element of A; is a; L the “pivot element”, which becomes 1 as
A; gets transformed into A, ;. The pivot element must be nonzero, and if it
not, it needs to be exchanged for a column element below it that is nonzero.
So the first step is to check the elements ], ;, @i, ;... ,a,, stopping as
soon as a nonzero element is located. If this first nonzero element is not
a,, ;> butis a’;, we perform the operation Exchange Row(i+ 1, ) on A to
bring this element into the pivot position without disturbing the companion
matrix columns already obtained. This operation is equivalent to premultiply-
ing A; by a matrix I’ identical to I except that rows i+ 1 and j have been
exchanged. The matrix [’ is its own inverse, so to complete the transformation, the
needed postmultiplication by I’ is done by performing the operation Exchange
Col(i + 1, j), which leaves the new pivot element in column i undisturbed.
The column exchange is also performed on the current Q matrix to change it
to QI'.

Now with a;, ; # 0, the needed matrix Q; that transforms A; into A, is
equal to the identity matrix I except that column i+ 1 is replaced by column i
of A;:

coli+1
1 ay,

!’
1 a;
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The inverse of this matrix is

coli+1

/
ay;

1 —

!
aiJr/l,i
ay;

_ ni 1

/
L Qi .

as may be seen readily by doing the matrix multiplication Q,Q;"' to obtain /.
Because the first i columns of Q; are identical to corresponding columns of 1,
the first i columns of the product A;Q, are the same as those of A;. One can
then verify that the premultiplication of A,Q; by Q;' does not alter columns 1
through i — 1 of A;Q;, but does change column i to the companion matrix form,
that is, to a column having a 1 in the pivot position, and Os elsewhere in the
column.

It may happen that we find no element # 0 among the elements a

/
i+1,i°
Ay -»a;,. In this case we give up trying to transform A; to companion
matrix form, and try instead to transform it to the form

[ % c02 ] (10.10)

Here there are two companion matrices of various sizes, both in diagonal position.
This more general goal is sometimes needed with Danilevsky’s method, because
the Jordan form of a companion matrix is restricted, in that an eigenvalue of
multiplicity greater than 1 can have only a single Jordan block. If the Jordan
form of A has several Jordan blocks associated with a multiple eigenvalue, the
more general goal becomes necessary.

When the column i impasse is encountered, the structure of the matrix A; may
be interpreted as

C, B
A,:[ o D] (10.11)
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The i-square submatrix C; occupying the first i rows and columns of A; is
in companion form, and the submatrix below it is a zero submatrix, or more
exactly, a submatrix with all elements either O (the first i — 1 columns) or =0
(column §). By a series of transformations, we convert all rows except row 1
of the submatrix B to rows of zeros, preserving the submatrix C,; and the zero
submatrix below it. Suppose we have brought A; to a form where all rows of
its changing submatrix B below row ¢ are zero. We can clear row g of B by a
process similar to the one described earlier for clearing a column of A;, but here
we use the 1s of the submatrix C, to do the clearing.
Let S, be a matrix identical to I except that row g — 1 is as shown:

1
10 0 a,,. -.. a,
1
S, = . row g —1
1
1
1
The elements a;yi TP a;yn are the current A; elements in row g, which also

are elements of the current submatrix B. The inverse matrix S;' is identical to
S, except that all primed elements are replaced by their negatives. When 4; is
transformed by S;‘, so that S, A ,»S;l replaces the previous version of A;, row g
of the submatrix B gets cleared. (Postmultiplication of A; by Sq’1 affects only
the current B and D submatrices, and clears row g of B. Here the presence of
a 1 in row ¢ and column g — 1 of C, is essential. Then the premultiplication
of Al-S;1 by §, affects only row g —1, so the new zero elements in row g are
unchanged.)

Transformations in succession by S;,S,_,,..., S, bring A; to a form where
rows 2 through i of the B submatrix are all zeros. If the elements of the B subma-
trix in row 1 all test = 0, then the transformation to the general form (10.10) is
complete, and the entire Danilevsky process can be applied to the submatrix D,
which becomes our new problem matrix. However, when carrying out a trans-
formation on this submatrix, we must be careful to extend the reach of any
transformation on it beyond the D region to the regions above and to the left.
Some elements there are approximate zeros rather than exact zeros, and we want
their ranges to correctly reflect their computational error at all times.

Of course it may happen that there is an element # 0 in row 1 of the final B
submatrix. Suppose the first such element # 0 we find is b,,. This element is
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brought to a new position by transforming A; by a matrix U, of the form shown
below. The submatrix in the upper left of U, is ¢-square.

010 ...0 -
001 ...0
000 ... 1

U=l100.. 0

1
L 1]

Postmultiplication of our problem matrix by U, brings column ¢ to the
column 1 position, and moves columns 1 through 7 — 1 back one column. The
inverse of U, is its own transpose. Premultiplication now by U,™' will perform
a similar manipulation of rows 1 through ¢. After this transformation of A; is
complete, its upper left submatrix in the first i 4+ 1 rows and i columns has the
form

00...0
b, 0 ... 0
1 0
00 ...1

(i+1)xi

The transformation by U, has possibly caused nonzero elements to appear in the
first column below row i+ 1. In any case the form of A, is now such that if
we restart the Danilevsky method at column 1, we cannot again encounter the
impasse of not finding a suitable pivot element until we are at least one column
further than before. All the 0 elements of a; cause the successive transformation
matrices Q;, Q,,. .., Q; to have a diagonal submatrix in the first i 41 rows and
first i+ 1 columns, so although the 1 elements in the submatrix just shown may
get changed to a different nonzero value, the general form of this submatrix does
not change.

Thus the Danilevsky procedure eventually succeeds in transforming the prob-
lem matrix to the general form

G
C= . (10.12)

c

N

where all submatrices C; are companion matrices. Frequently s = 1 and just one
companion matrix is obtained. The elements of C that do not belong to any of
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the various companion submatrices either are O or test = 0. Because some of
these elements may not be exact zeros, if we find correctly ranged eigenvalue
approximations to the various companion submatrices, using their easily obtained
characteristic polynomials, we cannot presume these eigenvalues are correctly
ranged for C. Nevertheless for each companion matrix C,, eigenvalue approxi-
mations can be found with computed apparent multiplicities, using the methods
of Chapter 8, and so a Vandermonde matrix V; for C; can be constructed. We
form the matrix

V;

v
to correspond to the structure of C shown in (10.12). Using this matrix and its
inverse V™!, we can transform C to “approximate” Jordan form J’. Thus in all
cases we can construct a matrix P such that P~'AP = J'.

10.5 Error bounds for Danilevsky’s method

The Jordan form J' achieved by Danilevsky’s method is approximate, in
the sense that off-diagonal J' elements may not be exact Os or exact 1s. There-
fore the eigenvalues of J' and the various columns of the transforming matrix
P that are taken as eigenvectors must be assigned error bounds, to be added
to the automatic computational error bounds. We consider here two types of
approximate Jordan forms J’, one type that is diagonal with no off-diagonal 1s,
and the more general Jordan form that has off-diagonal 1s.

For diagonal Jordan forms, we use a result due to Gershgorin that bounds
eigenvalue error.

Theorem 10.4 Let B be any n-square matrix with real or complex elements.
In the complex plane define the n disks

lz—by|<r. i=12,....,n (10.13)

where

= Z |bij|
j=1
J#
These n disks may overlap. In general, they form s disjoint, connected sets,
where s = n only if the disks do not overlap. Every eigenvalue of B lies in one

of these connected sets, and each connected set consisting of ¢ disks contains
t eigenvalues.
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To prove the theorem, let A be any eigenvalue of B, and let x be an associated
eigenvector, adjusted via multiplication by a constant so that the component x;
of largest magnitude equals 1. All other components of x then have magnitude
< 1. The matrix equation Ax = Bx may be converted to the following element
equations:

(A— b,,)x—Zb,, ;o i=1,2,....n (10.14)

/#'

Taking absolute values, we have

|A bzz||x|_|2bu J|—Z|bu||x|—2|bu| l—V izl’z"“’n

j#l j#r j#l

Because x;, = 1, for equation i, we have

|A b, io, 10| — 10
Thus A lies in one of the disks, and hence in one of the s connected sets.

To prove the other part of the theorem, about the number of eigenvalues in a
connected set of disks, consider the matrix

B(u) = (1 —u)J +uB

where J is a diagonal matrix with the same diagonal elements as B. As the real
parameter u varies from O to 1, the matrix B(u) varies from J to B. When u =0,
the disks are points and all parts of the theorem are correct. As u varies toward 1,
the disk radii grow, and the sets of connected disks vary in the number of
component disks. The eigenvalues move continuously in the complex plane and
therefore cannot jump from one set of connected disks to another. Consequently,
for any value of u, the number of disks in a connected set and the number of
associated eigenvalues always match, and this includes the case u = 1.

We consider next how to bound the error of a supposed eigenvector. For a
diagonal matrix, the eigenvector associated with any eigenvalue may be taken as
a vector with a single component equal to 1, all other components being 0. If we
claim this vector as an eigenvector approximation for B, which is not necessarily
diagonal, then the zero eigenvector components must be assigned some error.
The matrix B may be represented as a sum of two parts, a diagonal matrix J and
a discrepancy matrix E:

by, 0 by ... b,
by by 0 ... b,

B=J+E= _ + 0
b, by by ... 0
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The radius r, equals the sum of the absolute values of the E matrix elements
that are in row g, and bounds the error of the J diagonal element b, if the disk
corresponding to this element is disjoint from the other disks. Let us assume
this to be the case. Then we may set A, = b,, @ r, to obtain a correctly ranged
eigenvalue. Letx, be the B eigenvector associated with A, with its gth component
set equal to 1. The other components of x, cannot have a magnitude larger
than 1. Otherwise, if x; is the component of x, that is largest in magnitude, we
can divide all the vector’s components by x; to make the i, component 1, repeat
the steps of the proof of the preceding theorem and obtain |A, —b; ; | <1, ,
so A, lies in the b, ; disk, contradicting our assumption that the b, disk was
disjoint.

Now we can bound the magnitude of any component x; of x,, different from x,,.
Using equation (10.14) for i # g, after taking absolute values, we have

n n
[A, = billxi| < 1Byl < D01yl - 1=,
=1 pr

j#i i

Hence

lx;] < _ =p;
|Aq_bii|

and we may take x; as 0@ p; to obtain correctly ranged values for all the
components of our eigenvector x,. The eigenvector for the problem matrix A
now can be computed in the usual way as Px,.

Suppose now that the b,, disk is not disjoint from the other disks, but is part
of a disjoint composite formed by ¢ disks. In this case we take A, as b, D R
where R =2 r;, the sum being over all indices i such that the b,; disk is part
of the composite. Now A, is taken as an eigenvalue of apparent multiplicity . In
accordance with Solvable Problem 10.3, ¢ apparent eigenvectors can be defined,
using vectors x; with all zero components except for a single 1 component in
positions appropriate to the set of overlapping disks. An apparent eigenvector
X; is not necessarily an eigenvector, and the only claim made for x; is that
len(Bx; — A ;) is within a prescribed bound. Thus x; does not have to have an
additional error bound assigned, and we obtain the apparent eigenvectors for the
problem matrix A in the usual way as columns of P.

Now we consider the second, more general, Jordan form, where off-diagonal
Is occur. Again we represent the matrix B as a sum of two matrices, a Jordan
form matrix J and a discrepancy matrix E. An ij element of J outside the
Jordan block domains is 0, and a corresponding element of E is b;;. The plan
for elements of J and E that are in a Jordan block domain, can be illustrated by
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showing just the elements of the first Jordan block. We presume this first block
is m-square and show first the J elements and then the E elements.

b, 1
b, 1
(10.15)
b, 1
L by
i 0 b12 -1 b13 bl m—1 blm ]
b21 b22 - b]l b23 -1 b2 m—1 2m
bm—l,l bm—l,2 bm—l,S e bm—l,m—l - bll bm—l,m -1
L bml me bm3 bm,m—l bmm - bll ]

As before let r; equal the sum of the absolute values of the matrix E elements
in row i. This time, to keep our error bounds simple in form, we use only the
quantity r defined as the maximum r; value over all the rows of B. Suppose x
is an eigenvector of B with the component of largest magnitude being one of
the components x,, ..., x, associated with our first block. Because our block
is the first block, we designate the x eigenvalue to be A,. Suppose also that
our eigenvector is multiplied by a constant to make the component of largest
magnitude equal 1. The element equations are

(Ay = byy)x, :x2+Zeljxj

j=1

(A, =Dby)xy, = x5+ Z €iX;
j=1
(10.16)

n
(A =b)x, =x,+ Z Cm—1,jXj

j=l1

(A =by)x, = Zemj'xj
j=1
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Here the quantities e;; are the elements of the discrepancy matrix E. After we
take absolute values, the first equation becomes

n n
|A) = by l[x] < |x2|+Z|elj||xj| = |x2|+2|61/‘| 1< x|+
J=1 j=1
and, in general, we have

Ay =Dy llx;] < [xjpq | +r j=12,...,m—1 (10.17)
Ay =byllx, | <7 Jj=m .

Suppose the x component that equals 1 is x;. Multiply the first inequality of
(10.17) by |A; — b;;|™"", the second by |A, — b,,|™ 2, and so on down to the last
inequality, which is multiplied by 1. We obtain the inequalities

L I e B e D e L P e T N s
|y = by " x| < Ay = by " x| 4 [ — by "

A= by Plsi| < 1A = by ], | 4[4 = by |7
Ay =byllx,| <
If we add all these inequalities and cancel any identical terms on both sides of
the inequality, we obtain the relation
Ay = by " < rldy =by " A = by [
or
Ay = by " =r|A; =by " = = A = by | =7 <0 (10.18)

The polynomial

Zm—VZM71 —————rz—7
is positive if z is real and exceeds the solitary positive root R of the polynomial
(see Theorem 8.2). If we take z = 1, the polynomial equals 1 —mr. We assume
now and in the remainder of this section, that r is sufficiently small so that
r< %, making 1 — mr positive. (If this should not be the case, we increase
precision and repeat the Danilevsky procedure.) So the inequality (10.18) implies
|A; — by,| < R. The positive root R of our polynomial is <1, and so we have

R=(rR"! —|—rR’"_2+~~-+rR+r)$

<IN ) = ()t
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We obtain the easily calculated bound
A, —by| < (mr)n (10.19)

If we suppose that the largest modulus component of our eigenvector is not x,;
but some other component x; associated with the first Jordan block, we obtain
even sharper bounds on |\, — b,,|. Instead of the inequality (10.18), we obtain

by a similar method the inequality
Ay = by " = Ay = by " = = A = by | = <0
which leads to
Ay = byl < [((m— j+ D)r) 7] < (mA) 7 < (mr)»

Thus the inequality (10.19) always can be used, and it defines a disk in the
complex plane, namely |z — b;,| < (mr)"/™. Similarly, any other Jordan block
of B has a bounding disk assigned. Suppose a certain number of these disks
overlap, forming a connected set, and let ¢ equal the sum of the row sizes of the
Jordan blocks corresponding to these disks. In the same way as was shown in
the proof of the Gershgorin theorem, this set must contain ¢ eigenvalues of B,
counting multiplicities.

The procedure to be followed when the matrix B approximates a general
Jordan normal form is similar to the procedure for the diagonal case. For the first
Jordan block a correctly ranged eigenvalue is A, = b;; @ (mr)"/™, and similarly
for the other blocks. If a disk for a Jordan block is discrete, we try to obtain
eigenvector components, and if the disk is part of a composite figure, we supply
apparent eigenvectors.

We consider now the problem of determining eigenvector components for a
Jordan block when the bounding disk is discrete. Again we assume the eigenvec-
tor has been multiplied by a constant so that its component of largest magnitude
equals 1. To illustrate the procedure, we assume the eigenvector is associated
with the eigenvalue A, the first block eigenvalue. By similar reasoning as in the
proof of the Gershgorin Theorem, the eigenvector’s 1 component must be associ-
ated with the first block, that is, it must be one of the components x, x,, . . ., X,,.
If the bound obtained by (10.19) is <1/2, then it cannot be the case that the 1
component of our eigenvector is not x;, but some other component x; associated
with the first Jordan block. If that were the case, we would have the following
contradiction. The element equation (10.16) for row j—1 can be rewritten as

n
xp=(A=by)x;_; — Zejfl,ixi
i=1

After taking absolute values, setting |x;| equal to 1, and using the inequality
|x;| <1 for all other components, we obtain the relation

I <|A=by|+r
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which is impossible because both |A — b;,| and r are less than 1/2.

Thus if r is small enough, the only eigenvectors possible for the matrix B are
eigenvectors whose component of largest modulus, x,, made equal to 1, is such
that g equals the starting row index of a Jordan block. As in the diagonal B case
we need to obtain correctly ranged values for the other components of such a
vector. Continuing with the case of the A, eigenvector, the first m — 1 equations
of the set (10.16) can be rewritten as

xp= (A =by)x; =D e X j=2,3,....m
=1

Taking absolute values leads to the inequalities
|x;] <Ay —=byy|+r j=2,3,...,m

for the components other than x, that are associated with the first block, that
is, they have indices matching the row indices of the first block. All these
components may be taken as 0@ g, where g = [(mr)# + r].

We consider next the components associated with some other block, that
starts in row s. These components we will denote by x|, x5, . . ., x/,,, the block
being m’-square. Taking absolute values of the equations that apply to these m’
components, we obtain the relations

A1 = by llxi] < Ixp| 47

|)‘1 _bss||‘x/2| = |Xé| +r

|)‘l _bsx||‘x:n’—l| = |x;n’| +r

|/\1 _bss||x:n/| =r

Working backward through these inequalities, we obtain the following bounds
for x;:

wl < o
|/\1 _b:s|

r r

<
v S e T = hp

bl T I b

5§
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Each component x; then may be assigned the value 0@ ¢, with ¢/ chosen
according to the inequalities shown. With correctly ranged components for the
B eigenvector x, we can form the A eigenvector y by means of the equation
y = Px, and convert it to a vector of length 1 in the usual way. As always we
need to redo the entire computation at an appropriate higher precision if the
required number of correct decimal places for the eigenvector components is not
obtained.

10.6 Rational matrices

Finding eigenvalues and eigenvectors for a rational matrix A generally requires
that one leave the field of rational numbers. Nevertheless, when A is rational,
this problem can be treated without difficulty.

Solvable Problem 10.8 For a rational n-square matrix A, determine
all eigenvalues to k decimal places, and determine the multiplicity of each
eigenvalue. For each eigenvalue A, find to k decimal places the elements of a
complete set of linearly independent eigenvectors X, . . . , X,, each of length 1.

More details about the computation procedure for a rational matrix are given in
the next section.
The problem of finding the Jordan form J of A also poses no difficulty.

Solvable Problem 10.9 Given an n-square rational matrix A, determine
to k decimal places the elements of the Jordan form J of A, and to k decimal
places the elements of a complex matrix P, such that P'AP = J.

With a rational matrix A, the Danilevsky procedure of Section 10.4 can be
used to find a rational matrix Q that transforms A to companion form C,
where the rational matrix C is composed of a number of companion subma-
trices, C,, C,, ..., C,, all in diagonal position. The Danilevsky procedure con-
verts to rational computation without difficulty and yields a rational companion
matrix C with exact elements. From the rational characteristic polynomial of
one of the companion submatrices C;, one can form eigenvalue approxima-
tions A\, AL .. . A, with respective correct multiplicities m? m, .. com.
Using these elgenvalues one can construct the appropriate Vandermonde
matrix V, and then obtain the matrix P = QV~!, which transforms A to the
Jordan form J. Thus the Jordan form obtained is the correct Jordan form, and
should its elements not be obtained to the required number of decimal places,
one need only increase precision appropriately, and repeat the transformation of

the exact companion matrix C to Jordan form.
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10.7 The demo programs eigen, c_eigen,
and r_eigen

For a square matrix A with real elements, the program eigen finds eigenvalues,
eigenvectors, and, possibly, apparent eigenvectors. After the elements of the
matrix A have been entered by the user, and the number of correct decimal
places specified, the program eigen enters a loop wherein all computations are
performed.

Within the loop, first the Danilevsky procedure is used to transform A into
companion matrix form C. The roots of the real polynomials defined by the
companion submatrices are obtained, and used to construct a Vandermonde
matrix V, allowing the companion matrix C to be transfomed by V! into
approximate Jordan normal form J'. The polynomial roots are obtained with
their ranges set to zero, because the methods described in Section 10.5 are used
to obtain from J' correctly ranged eigenvalues. Using exact root approximations
to construct V allows V! to have elements with smaller ranges.

If eigenvectors are required, for each ranged eigenvalue of J’ either a correctly
ranged eigenvector is obtained, or a set of apparent eigenvectors is obtained.
Apparent eigenvectors for J' have a single component equal to 1 and all others
are 0. From a correctly ranged J' eigenvector X, a correctly ranged A eigenvector
y is obtained using the relation y = Px, where P is the matrix that transforms
A into J'. Apparent eigenvectors for A are formed simply by using appropriate
columns of P. Eigenvectors and apparent eigenvectors are converted into vectors
of length 1 by multiplying them by the reciprocal of their length. Finally,
eigenvalues and eigenvector components are tested to determine whether enough
correct decimal places have been obtained. If so, the loop is exited and the
results displayed. Otherwise, precision is increased appropriately and another
cycle through the computation loop ensues.

The program c_eigen is similar to eigen except for minor changes to
accomodate a complex problem matrix A instead of a real one.

The program r_eigen for a rational problem matrix A has a computation
loop that differs from the eigen loop. The companion matrix C is obtained sith
rational arithmetic, and the computation loop starts after C is obtained.

The Jordan blocks corresponding to a C submatrix are correctly sized, because
correct multiplicities for the roots of a rational polynomial are obtained. After
ranges are assigned to the leading diagonal elements of the Jordan blocks to
define eigenvalues, eigenvalues associated with different C submatrices are
compared with each other. If there is no overlap, then one correctly ranged
eigenvector per Jordan block is obtained by the method described for eigen.

If there are k eigenvalues associated with different C submatrices that overlap,
and if these eigenvalues truly are equal, then k linearly independent eigenvectors
can be obtained. The eigenvalue multiplicity of this common eigenvalue is the
sum of the individual multiplicities. An overlap can be verified by multiplying
the polynomials of all the C submatrices together to obtain the A characteristic
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polynomial, and determining the true multiplicity of its roots. If this multiplicity
determination shows that the overlap is in error, precision is increased and the

loop computations are repeated. Otherwise, the normal testing of eigenvectors
ensues.

Software Exercises H

These exercises concern the two demo programs eigen and r_eigen.

1. Call eigen and find to 10 decimal places the eigenvalues and eigenvectors
of the following matrix.

SO
—_w A
W =

View the eigen print file to see the results in detail. Note the “Apparent
multiplicity” label for eigenvalues. For one of the eigenvalues, two apparent
eigenvectors are obtained instead of two eigenvectors. However, the problem
matrix is a rational matrix, and for such a matrix, computing apparent eigenvec-
tors is not necessary.

2. Call r_eigen, enter the problem matrix of the preceding exercise one
more time, and view the r_eigen print file. Note that the multiplicity is not
labeled as apparent, and three eigenvectors are obtained. Thus if all elements of
a problem matrix are known to be rational, it is advantageous to use the program
r_eigen instead of eigen.



Problems of Linear
Programming |

Two demo programs use linear programming principles. Both programs employ
rational arithmetic exclusively. The program linpro solves common prob-
lems of linear programming, and the program i_equat solves linear interval
equations, which are sometimes encountered in engineering disciplines.

The opening two sections of this chapter are preparatory and treat the general
problem of solving linear equations when all coefficients and constants are
rational. Then in the following two sections, the fundamentals of linear program-
ming are presented. After that, the problem of solving linear interval equations
is discussed, and it is shown how these equations can be accurately solved by
linear programming methods. The last two sections of this chapter describe the
programs linpro and i_equat.

11.1 Linear algebra using rational arithmetic

Consider the most general rational linear equation problem. We have a set of m
linear equations in » unknowns with rational coefficients and constants:

apx t+apx,+---+a,x, =b

Ay Xy +axnXy + -+ ay,X, = b,
(1L.1)

A1 Xy +(1m2)62+' : '+amnxn = bm

There may be no solution, one solution, or many solutions, and if there are
many solutions, these must be specified in some way. The equivalent matrix
equation is

Ax=Db

137



138 11 Problems of Linear Programming

with A the rational coefficient matrix of size m X n, with X an n-vector of
unknowns, and with b the rational m-vector of right-side constants.

A solution procedure is possible using the various row and column operations
introduced in Chapter 9. First we apply the operations Exchange Row(i, j) and
Add Row Multiple(i, j, M) to A, attempting to make zero all the elements of
A below the diagonal. Each operation is applied to both A and b, so that the
new set of equations, defined by the changed A and b arrays, is equivalent to
the old set. As in Chapter 9, the changing elements of A and components of b
are denoted by the symbols a;; and b}, respectively, and the changed arrays are
denoted by A" and b’. When working on column j of A’, if we find a}; =0,
then we search column j for an element below a; that is unequal to zero. If we
find a;; # 0, then we perform the operation Exchange Row(j, k) to bring this
element into the a; position. After we have obtained a nonzero diagonal element
a}j, we clear the elements in column j below fl.,ff’ with element a;, ; being cleared
by the operation Add Row Multiple(}, &, —%).

If in column j the element a}j and the elemen%s below it are zero, then we search
the columns to the right of column j, one by one, attempting to find an element in row
J or below that is nonzero. If we find a/,, # 0, we perform the operation Exchange
Col(g, j) to bring this element to the a;, ; position, and then we can proceed as before
to bring column j to the proper form. The Exchange Col(g, j) operation of course
cannot be performed on b’. To keep the equations represented by our A" and b’
arrays equivalent to the initial equations, as explained in Section 10.1, we perform
the Exchange Col(g, j) operation on an indicator array H, initially holding the
integers 1 through n in natural order. The indicator H identifies X', the changing
vector of unknowns. The components of X" are x|, . . . , x,,, with x; identical to x -
After as many columns of A as possible have been brought to the desired form, the
appearance of all the arrays is as follows:

- ! 4 ! _ —_ __ —
Ay A o 4y 4y x| b
/ / /
Ay o0 Gy w0 Gy, b,
x/
. . 2
a/ e a/ : ‘/
r m '/ == br (112)
0 X /
" br+l
x! ’
o JL 1 L b,

If any constant b; in the list of constants b, ..., b/, is unequal to zero, then

there are no solutions to the equations, because we have found an equivalent set
of equations with one equation being 0 = b,

If all the constants b, ..., b, are zero, we can obtain a representation of
the solutions to the equations. The zero elements of A’ below row r are no
longer needed, and these are discarded. Similarly, all O components of b’ beyond
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component r are discarded. The number of A’ rows is now r and the number of
b’ components is now r, but the vector X’ retains all its n components. Working
from column r back toward column 1, we gradually form an identity submatrix
in the first r columns of A’. When working with column j, we apply the operation
Multiply Row(j, 1/a’;) to both A" and b’ to make a’; equal 1. Then we subtract
appropriate multiples of row j from rows above to clear column j above the unit
diagonal element. After these column operations are completed, the arrays have
the form

[I C1x'=Vb

where the identity submatrix / is r-square and the submatrix C’ is of size
r x (n—r). It is convenient to split the n-vector X' into two subvectors, an
r-vector X, and an (n — r)-vector Xj,.

[l C] [XB} —b (11.3)
Xy
The vector xj, is defined in terms of x components by the first » components of
the indicator H, and the vector X}, is defined by the remaining n» — r components
of H. Eq. (11.3) can also be expressed this way:

X, +C'xy = b’

The solution is given by the matrix representation

x’:[x/ﬂi|=|:b_,cx’\’i| (11.4)
XN Xy

where the components of the (n — r)-vector X) can be set to any values we
please.

The subscripts ‘B’ and ‘N’ stand for “basic” and “nonbasic”, which is
terminology from linear programming. If we set x), to 0, we obtain, after undoing
the scrambling of X’ components, the solution vector b,. Similarly, by setting X,
to various vectors with all components 0 except for a single component equal
to 1, we obtain n — r linearly independent solution vectors, which, after similar
unscrambling of components, canbe represented asby,+x,, by +x,, . . . , by +Xx,_,.
Therefore any solution to the original set of equations has the form b, plus multiples
of the vectors x;.

Solvable Problem 11.1 Given a set of m linear equations in n unknowns,
represented by the matrix equation Ax = b, where A is a rational m x n coefficient
matrix, X is the n-vector of unknowns, and b is a rational m-vector of constants,
decide whether the equations have a solution. If they have a solution, determine
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the rank r of the coefficient matrix, and find a vector b, and n — r linearly
independent rational vectors Xy, . . ., X,_,, such that any real vector x represents

’ n—ro

a solution to the equations only if it can be written in the form
X = bO + X + Xy +- 4t Cor Xy

with real constants c;.

11.2 A more efficient method for solving rational
linear equations

The described method of solving rational linear equations uses row and column
exchanges to bring the coefficient matrix A to the form [/ C’]. Exchanging the
elements of two matrix rows or two matrix columns is time consuming, especially
if the matrix is large. These exchange operations can be eliminated when the rows
of the matrix A, viewed as vectors, are known to be linearly independent. In this
case the solution procedure described in the preceding section cannot generate a
contradictory equation of the form 0 = b/ . The equations are consistent and can
be solved, because a zero A’ row, as shown in Eq. (11.2), implies that the rows
of A are linearly dependent.

To eliminate row and column exchanges of the m x n coefficient matrix A, with
only the two operations Multiply Row(i, M) and Add Row Multiple(i, j, M)
now allowed on A and on the vector b of right-hand constants, we need two
indicator arrays, B and N. Both arrays have integer components.

The array B (“basic variable indicator”) has m components that are used
to locate the columns of the changing matrix A’ that have been converted to
columns of 1, that is, columns having a single 1 element with all other elements
being 0. Specifically, B; = k if column k of A’ is identical to the ith column of
an m-square identity matrix /. The array B will also define the basic variables,
because if B; = k, then x, is the ith basic variable. Now there is no longer a need
for the indicator H defining x’. The array N (‘“nonbasic variable indicator”), with
n —m components, gives the positions of the other A’ columns, and defines the
nonbasic variables.

To solve Ax =b when the rank of the m x n coefficient matrix A is known
to equal m, we can proceed as follows. We examine the rows of A, starting
with the first row and proceeding in order to the last row. In each row we test
the elements in sequential order, stopping at the first nonzero element. When
examining row i, if we find a # 0, we convert the element to 1 by using
the operation Multiply Row(i, 1/a},) on A’ and b’. Next we use appropriate
Add Row Multiple(i, j, M) operations on A" and b’ to clear the other elements
of column k. Now with a column matching the ith identity matrix column, we
set B, = k. The I columns already found by processing the rows before row i
are unaffected by the row i procedure. After all rows have been processed, the
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array B is fully determined, and the components of N are set to indicate the
remaining columns of the coefficient matrix.
After the processing of rows is complete, equation i now has the form

Xp + a;,Nl Xy, + a;,Nszz +ot a;»Nnﬂann—r»z =b; (115)
Any nonbasic variable xy usually can be exchanged for a basic variable, and
because linear programming solution methods require such an operation, we
study how to accomplish this. The exchange can be done as long as column N,
of A’, associated with the nonbasic variable, has a nonzero element. Suppose a
nonzero element appears in row k. We multiply row k of A’ and component k
of b’ by the reciprical of this nonzero element to change the element to 1. Then
we use appropriate Add Row Multiple(i, j, M) operations on A" and b’ to clear
the rest of column N,. These operations will have perturbed column B, of A’ but
no other column indicated by the B array. After we exchange the integers B,
and N, all is restored to the required form.

11.3 Introduction to linear programming

Linear programming (or linear optimization) is a mathematical theory for
finding the maximum or minimum of a linear expression in certain variables
Xy, X5, ..., X,, when the variables are restricted by a set of linear inequalities.
Such problems arise in many areas, with prime examples being the management
of inventory or the management of production.

Suppose the linear expression f to be optimized, called the objective
function, is

f=hx+hx+ o+ fix+ fo (11.6)
and the linear inequalities that must be satisfied are

apx,+apx,+---+a,x, <b

Ay Xy +ayX, + -+ ay,x, < b,
(11.7)

A1 X1 +am2x2 +e +amnxn = bm

Some new notation is helpful here. For two n-vectors v and w, we write the
relation v < w when v, < w; holds for all i. Then the linear inequalities may be
written as AX <b. In linear programming problems the variables x; are restricted
to nonnegative values, so additional inequalities that are always implied are:

X >0,x%>0,...,x

>0 (11.8)

n
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In analogy with the quadrant concept of the cartesian plane, the points satisfying
(11.8) are said to lie in the first orthant of the n-space. If in the inequalities
(11.8) we prefix some of the variables with a minus sign, we define another
orthant of the n-space, which has a total of 2" orthants.

We will assume that all the initial constants a;;, b;, and f; of a linear program-
ming problem are rational constants, because the solution method presented, the
simplex method, at various steps requires deciding whether certain quantities are
positive, negative, or zero, and there is no difficulty making such decisions if
we use rational arithmetic.

The first step in the solution procedure is to rewrite each inequality of the set
(11.7) as an equation, introducing one extra variable to represent the difference
between the two sides of the inequality:

apXy+apXy+-o+aXx, X, =b,
Ay X+ Ay Xy + -+ ay,X, + Xnt2 =b,
(11.9)
a1 X +am2x2+“ '+amnxn+ 'xn+m = bm
The introduced variables x,,,, X, 5,...,X,,, are called slack variables, and

like the original variables, they must be nonnegative, so we still have x; > 0 for
all i. All these relations may be represented concisely as

[A I]x=Db and x>0 (11.10)

where X is an (n+ m)-vector and b is an m-vector.

The general solution to the matrix equation of line (11.10) can be found by the
method described in the preceding section, but there is an easier route. Because
of the presence of the m-square identity submatrix within the enlarged coefficient
matrix [A ], we need only set B to indicate the columns of this submatrix,
and set N to indicate the other columns, and we are done. From now on we call
this particular solution the “simple solution”. Each possible way of writing the
solution using different specifications of the basic and nonbasic variables deter-
mines the same set of solution points within the (n + m)-dimensional space S.
Because the nonbasic indicator N has (n+m) —m = n components, the set of
solution points defines an n-dimensional subspace of S. Any point X, satisfying
both relations of line (11.10), called a feasible point, lies in the intersection of
the subspace with the first orthant of S.

The set of feasible points FP, if it is not empty or infinite in extent, may
be thought of as a kind of generalized n-dimensional polyhedron lying in S.
The set FP is convex, because, as we show next, if x, and x, are vectors
defining two feasible points, all points on the line segment joining the two
points are also feasible. The line segment is defined by x = (1 — 1)x, + 1x,,
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0 <t<1. As t varies from O to 1, the point x moves from x, to x,. We have
[A I]x,=band [A []x,=h, along with x; > 0 and x, > 0. Then we have
also [A I](1—6)x,=(1—1fb and [A [I]tx, =1tb, along with (1 —5)x, >0
and rx, > 0. Adding, we obtain [A I]x =b along with x > 0, so all points on
the line segment are feasible.

The gradient vector of the objective function f, pointing in the direction of
maximum increase for f, is a constant vector. If in FP we move in a straight
line making an acute angle with the gradient, the objective function increases,
whereas if we move perpendicular to the gradient, it does not change. If we wish
to find the objective function maximum in FP, by moving along a sequence
of straight line segments, each segment should make an acute angle with the
gradient, or at worst be perpendicular to it. The maximum will usually be found
at a “corner point”, that is, a vertex of FP. Occasionally there is no maximum
because we can move as far as we please in FP along some line making an
acute angle with the gradient. Here the set FP is infinite in extent and allows
unrestricted motion along this line. Accordingly, except for the case where there
is no finite maximum, the corner points of FP are the only points we need to
test to find the maximum of the objective function. It is possible that an entire
boundary line segment or higher dimensional face of FP consists of maximum
points because the gradient is perpendicular to it, but in this case we also can
find a corner point where the maximum is attained. The situation is similar when
searching for the minimum of the objective function.

As shown in the preceding section, the m equations in n 4 m unknowns given
by (11.9) have the simple solution, and there are other solutions obtainable by
exchanging nonbasic and basic variables. The nonbasic components of x may
be set to any value, and the basic components of x can then be determined. The
components xz , Xg,,...,Xp Of X are called basic variables, and the compo-
nents xy,, Xy,, - - . » Xy, are nonbasic variables. According to Eq. (11.5), for any
solution representation, when the nonbasic components are set to 0, for all i we
have xp = bj, where b; is the current ith component of b’. We will call the x
point determined this way the null point of the solution representation. If all
components b are nonnegative, then the null point is a corner point of the set
of feasible points FP. This point satisfies all the constraints of (11.10), and is
a corner point because if x is to continue to define a feasible point, the nonba-
sic components, being zero, can change in only one direction, that is, become
positive.

The simplex method of solving a linear programming problem starts with
any solution representation whose null point is a corner point of FP, and then
attempts to find another solution representation with its null point again a corner
point, but with the objective function f showing an improved value at the new
corner point. This process of f improvement continues until finally a corner
point is found at which f is optimum.

If the components of the starting b vector of (11.10) are all nonnegative, the
null point of the simple solution representation is a corner point. When this
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fortunate situation does not occur, the problem of locating a starting corner point
is more difficult, and we deal with it later.

We assume now our linear programming problem requires us to maximize
the objective function f. (One can find an f minimum by using the maximizing
procedure on —f.) When we are ready to improve the objective function, it
must be expressed entirely in terms of the nonbasic variables. Note that if our
starting corner point was obtained by the simple solution representation, this is
automatically the case. To make the process of eliminating basic variables from
f easy, it is convenient before starting the procedure to rewrite f of line (11.6) as

f+f1/x1‘|‘fz/x2+"'+fr/lxn=fo (fi/z_fi)

and to carry the coefficients f] as an extra last row of the starting [A I] array.
The coefficient f;, then becomes an extra last component of the b vector. The
enlarged [A [] array and the enlarged b vector thus have this form:

a, a, ... a, 1 0 ... 0 b,
ay, Ay ... a, 01 ... 0 b,
D= ionono | W=l
Apy Gy von Gy, 00 .00 1 b,
i fH .. ff, 00 ... 0 fo

Suppose now the null point of the simple solution is a feasible point. With the
f coefficients in the last row of the enlarged [A ] array, whenever a nonbasic
and a basic component of x are exchanged by the process of converting a column
to an identity matrix column by clearing elements, the objective function element
in the last row is cleared too. So the coefficients f; associated with nonbasic
variables may be any value, but all coefficients f; associated with basic variables
are zero. The value of the objective function at the null point equals the current
value of f in the b’ vector.

We begin now the description of the simplex cycle at a general
solution representation having the matrix form D'x = b’. The coeffi-
cients of the objective function that correspond to nonbasic variables,
that is, the coefficients f,’\,l, f;\,z, e, f,/\,", are examined one by one in
the order shown, and the examination stops at the first negative coef-
ficient. Suppose f,(,q is negative. The nonbasic variable Xy, will be
increased from its zero value to make f larger. As Xy, increases, the
basic variables also change. A basic variable xj satisfies the following
equation:

’ ’ ’ oy
Xp, + di,N] Xy, + di,Nszz +- di,N,lxN,, =b;

The basic variable xp increases, decreases, or does not change, depending on
s . o . A 2.

whether di,N[/ is negative, positive, or zero, respectively. If d; N, 18 positive

and x, decreases, it must not decrease below zero; otherwise, the null point
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of the new solution representation will be nonfeasible. The basic variable xp
becomes zero when xy equals b;/d; n,- Thus the nonbasic variable xy can
be allowed to increase only to the minimum b;/d; , value determined for
those positive coefficients d; i, in column N,. If there happens to be no positive
coefficients in this column, then Xy, can be allowed to increase indefinitely,
and the linear programming problem is revealed as a problem without a finite
maximum. Suppose a minimum of the b;/d;, values occurs for i equal to r.
The nonbasic variable xy is increased to this value and becomes basic, and the
basic variable xj is decreased to zero and becomes nonbasic. We make these
changes i 1n our D' and b’ arrays in the following way. The operation Multiply
Row(r, d, ) on D’ and b’ changes the d’ "N, element to 1, and afterwards a series
of Add Row Multiple operations on D’ and b’ clears column N, of D" (and
also clears f Nq) Finally the exchange of roles of x; and Xy, is accomphshed by
exchanging the B, and the N, integers. We are now ready for the next simplex
cycle.

When we can not find any negative f/ coefficients associated with nonbasic
variables for a solution representation, we have located a corner point where f is
maximum, and the simplex process terminates. The maximum of f is the current
fo value, the last component of the enlarged b’ vector, and the point at which
this maximum occurs is the null point for this final solution representation. The
point is determined when the current nonbasic variables are set to 0, making
the current basic variables equal the corresponding b’ components. If all the f;
components associated with nonbasic variables are positive, no other feasible
point shares this maximum f value, and the located corner point is identified as
a unique maximum point.

11.4 Making the simplex process foolproof

In the simplex cycle, if b, is positive when the roles of x; and x N, are exchanged,
the new f, coefficient will be larger than the preceding one, because the coeffi-
cient f;\,q is negative, and a positive multiple of b is added to f; when f{vq
is cleared. Because f, is larger than any previous f, value, the corner point
determined by the new solution representation is different from any previous
corner point. If b is zero, the objective function’s f,, value is unchanged. In
this case, it is possible the new corner point is identical to a previous one, and
there is a danger that we are in a simplex cycle loop. A number of ways have
been proposed to eliminate the possibility of loops, and our demo programs use
the method proposed by Dantzig, Orden, and Wolfe [3]. With this method we
measure improvement of the objective function in a more general way, using
vector comparison involving additional f coefficients instead of just f, in the
enlarged b’ vector. At the start of the simplex process, when the first corner
point has been located, the D’ columns associated with the m basic variables
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are recorded. Let [1],[2],...,[m] be these columns. ([k] equals the initial
B, integer.) The vector £’ to be used in comparisons has m + 1 components,
which are:

Jos Tl fim

Here f}, denotes the coefficient associated with column [i]. A similar vector d;
is defined for any row i of the D’ array by taking its components to be:

b, ;,[1]’ s d?,[m]
Now let u and v be two such vectors, and let 0 be such a vector with all
components zero. We count u > v if, comparing the components in order and
ignoring components that are equal, the first larger component belongs to u.
If u > v, we will say that the vector u is “lexicographically” greater than the
vector v. Thus (2,2,1,...,3) > (2,1,3,...,5). Many rules for inequalities
with real numbers have analogous rules for this vector relation. From u > v, it
follows that w —v > 0. It also follows that au > av, where a is any positive
number, and that u+w > v+ w where w is any vector. Thus if u > 0 and a > 0,
then if w is any vector, it follows that w+ au > w. A final needed relation is
that if w;, > v, and u, > v,, it follows that u, +u, > v, 4+v,.
In a simplex cycle, previously when f;, was negative, we chose a row r such
that b, /d, n, Was the minimum of the quantities b;/d; n, having d; x, Positive.
However, there could be a tie for mimimum, and we revise our selection system

to make the choice unique. Now we choose row r if the vector —'—d is the
r.Ng

lexicographic minimum of all vectors ﬁd; having d; N, positive.

At the beginning of the first simplexqcycle, the last m components of the
vectors d! are associated with the initial basic variables, and accordingly are all
0 except for a single 1 component. Therefore subvectors composed of the last
m components of the vectors d; are linearly independent, implying that a com-

parison tie among the beginning vectors ﬁd; is impossible. Also, we have the

relation d; > 0 for all i. We show next that if these two conditions exist at the start
of a simplex cycle, they exist at the end of the cycle, and so always hold. During
a simplex cycle, the last m components of the new d; vectors get generated from
the corresponding components of the preceding d; vectors, by a number of Mul-
tiply Row and Add Row Multiple operations. These operations do not affect
the linear independence of the last m components, and so the new d; vectors
have the same property. Note also that when column N, is cleared by adding
multiples of row r to other rows, if d; N, is negative, a positive multiple of row r
is added to row i. Because d/, > 0, for the new vector d; we will have d} > 0 if this
relation was true for the old vector d;. If d;  ‘is positive, the multiple d; , /d,

of row r is subtracted from row i, but because d%dl’. > d,#d’r, implying
i,Ng rNg
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d; > Ly d’, we again obtain d; > 0 for the new vector d. The multiplication of

row r by the positive constant 1/d;, , maintains the relation d, > 0. Thus d; > 0
for all i at the conclusion of the simplex cycle.

Because d/ > 0, when a positive multiple of d, is added to f’, the new f’
vector is lexicographically greater than the old one. This implies that the new
solution representation is different from any preceding solution representation,
and simplex cycle loops now are impossible.

Now we address the problem of locating an initial corner point when the
simple solution representation does not determine one. Assume that we have any
solution representation, possibly the simple one, and that some of the components
b! are negative, so our representation’s null point is not feasible. The basic
variable xj is negative or nonnegative, according to whether the current b;
component is negative or nonnegative, respectively. We collect the indices of
all negative basic variables in a list L. So i is on the list L if xj is negative.
The general idea is to adapt the simplex procedure to the problem of finding the
largest value of the linear function f equal to the sum of basic variables on the
list L. The list L varies as we proceed, with i being dropped from L as soon
as x becomes nonnegative. When the list is empty, our solution representation
determines a feasible null point.

The varying linear function f, defined as the sum of all basic variables with
indices currently on the list L, has, corresponding to a nonbasic variable Xy, a
coefficient f} that equals > ;. d; . We want to increase f, so we test these
coefficients to find a negative one, say fN As before, we wish to make the
nonbasic variable Xy, positive to increase our temporary objective function. Here
the increase is limited to the minimum of the quantities b;/d; , for i not on L
with d; , positive, because we do not want any nonnegative basic variables to
become negative. However, there may be no indices i satisfying the conditions
given. In this case we increase xy, to the maximum of the group of positive
quantities b;/d; ,, having i on L and having d; i, negative, because then every
corresponding negatlve basic variable in this group will become nonnegative,
and nonnegative basic variables stay nonnegative. Once the bound on Xy, is
determined, the process of altering the D’ and b’ arrays and exchanging "the
variable xy with a basic variable is the same as before. After we have a new
solution representatlon the entire process is repeated, and it continues until the
list L is empty and a feasible null point has been determined. If it ever happens
that none of the f, N, coefficients are negative, the linear programming problem
is revealed as one that has no feasible points.

The lexicographical vector comparison system for avoiding simplex cycle
loops can be used when finding a starting feasible solution. Here, however, every
time the objective function gets changed, the D’ columns [1],. .., [m] need to
be changed to the current B; values, to ensure that d; > 0 for all nonnegative
basic variables.
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11.5 Solving n linear interval equations in n unknowns

Suppose we have n linear equations in » unknowns, as shown on the following
lines,

apxy+apx,+---+a,x, =b

Ay Xy +apXy + -+ ay,X, = b,
(11.11)

an1X +an2x2+' ! '+ann'xn = bn

and that the elements a;; and b; are not known exactly, but are specified as
intervals. This situation arises sometimes when these numbers are experimentally
determined and are known only to a few correct decimal places. For instance,
we may have the equations

2347 x, 4+ 1.737x, — 270" x; = 4.19™
—1.627x,+6.77"x, +3.45"x, = 1.28" (11.12)
4.167x,+2.817x,+3.937x, = 6.16~

where all constants above are known only to 2 correct decimal places. Thus
a,, lies in the interval 2.34 &+ .005, or using the endpoint format, the interval
[2.335,2.345]. A solution to these equations is required with each constant
replaced by an appropriate interval. The determined value for each variable x; is
now an interval also. The problem is

Solvable Problem 11.2 Given a system of n linear interval equations in
n unknowns, represented by the matrix equation Ax = b with A and b having
interval elements with rational endpoints, either give optimum rational upper
and lower bounds for the unknowns x;, or show that the matrix A is singular.

The interval matrix A is shown to be singular when a rational n-square matrix R
with a zero determinant can be defined by choosing a rational value for each r;;
element within the interval bounds of a;;.

Often instead of rational bounds for x;, what we want are optimum upper and
lower x; bounds to k correct decimal places. These of course are easily obtained
from the rational bounds. One method of obtaining bounds for the x components
is to use the method for solving n linear equations in n unknowns described
in Chapter 9, but with formal interval arithmetic replacing the range arithmetic.
However, the interval bounds obtained this way, although certain not to be too
small, are often much too wide. Also the method may sometimes fail to obtain the
required upper triangular A’ matrix, even though the beginning interval matrix
A is not singular.
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The methods of linear programming can be used to obtain accurate bounds.
First, we show some needed notation. The interval elements of A and b can be
expressed in either the endpoint notation or the m1dp01nt halfwidth notation. If
for an interval element a;; we use the notation a( for the element’s midpoint
and af}”) for its halfw1dth, and similar notation for the interval element b;, then
for all i, j

ij aij >

(m) + a(u bfm) + bl(w)
a.. =
ij = [a(m) (w) al(;n) + al(]w)] i [bl(m) . bfw), bl(m) + bl(w)]

We use A" for the matrix of midpoints and A™ for the matrix of halfwidths,
and similarly b and b for the midpoint and halfwidth vectors. Also, if C is
a real, rational, or complex matrix, then |C| denotes the matrix of corresponding
size with elements equal to |c;;|. Similarly, if d is a real, rational, or complex
n-vector, then |d| denotes the n-vector with components |d;|. The following
basic result, due to Oettli and Prager [8], allows the problem to be transformed
into a problem of linear programming.

Theorem 11.1 Let the real n-square matrix A and the real n-vector b be
defined by intervals. A necessary and sufficient condition for a real n-vector x
to specify a solution point to the matrix equation Ax =b is

[AMx —b™| < A™|x| +H™ (11.13)
or, equivalently,

AW x| —b™ < AMx —b"™ < A®|x| +b™) (11.14)

We show the necessity of the condition first. If the n-vector x specifies a
solution point, there is an n-square matrix A and an n-vector b such that Ax = b,
with A and b satisfying the relations

~

Al _ AW < Z < Al + AW and b _ p® <b< b +b(w)

which can be rewritten as

o~ o~

— AW <A-— Al < AW and —p® <pH—pm < p®

which is equivalent to

[A—AM| <A™  and  [b—b"| <b®
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We have
|AMx —b™| = |A™x —b™ — (Ax —b)| = [(A™ — A)x — (b —b)|
< |A™ —AJ|x|+ b —b| < A®|x|+b®

To show the sufficiency of the condition, suppose the matrix relation (11.13)
holds for a certain n-vector x. We must show that there is an acceptable matrix
A and an acceptable vector b such that Ax =b. Take A equal to A 4 A® with
A® 10 be determined, and take b equal to b™ +b®, with b® likewise to be
determined. The matrix A® and the vector b® must satisfy

|A®] <A™  and  [B®| <bp® (11.15)
The matrix equation Ax=b implies
(A™ 4 A®@)x — " 4 p®
A®x _h® — _(Amx _pm)
==Yy

Here we have taken the vector y equal to the determinable vector A"x — b,
The ith component of y then satisfies the equation

Za(‘”x b = —y, (11.16)

The elements of A® and b® which appear for component i do not appear for
any other component, so we are free to set them as we please to satisfy the
—y, equation. We take ag V=1, a(w)sgn x; and take b = —1,-b™, where the
parameter #;, one component of the parameter vector t, is to be determmed
We must choose each component #; so that the inequality |z;| < 1 holds, because
the relations (11.15) must be satisfied. Equation (11.16) now has the form

(Za‘“”lle +bf“'>> =-,
If ¢, is set to 1, the left side of this equation is a number p;, that is,
Z a;f' x|+ 5" = p

where p; is nonnegative. Because y = A™x —b™, the inequality (11.14) implies
—p; < ¥, < p;, 80 |y;| < p;. Thus if p, =0, then y; =0 too, and ¢, is set equal
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to 0. If p; is nonzero, ¢; is taken equal to —y;/p; and the needed condition |t <1
holds. Thus an appropriate matrix A and vector b must exist such that relation
(11.13) holds, and the theorem is proved.

We can use this result to obtain a method of treating the preceding solvable
problem. Given a specific problem Ax = b, one can always obtain one solution
point by solving the set of equations defined by the matrix equation Ax =b.
Suppose that when we do this, we obtain a point x that lies in a particular
orthant Q. To find the relations that apply in Q, let D,, be an n-square diagonal
matrix with its ith diagonal element chosen to be +1 or —1 depending on
whether x; is positive or negative, respectively, in the orthant. Then we have
both equations D,x = |x| and x = Dy|x|. The relations (11.14) now may be
written as

—A(“’)|X| —b™ < A(’")DQ|X| —b™ < A(“’)|x| + b
or, equivalently, as
(A(m)DQ—A("’))|X| < b - p™ AL17)
(—A(’”)DQ — A(w))|x| < —p" 4 p®

To find the largest value of a component |x;| of |x| for all solution vectors
x in the orthant O, we can solve the linear programming problem with the 2n
linear constraints represented by the two vector inequalities just given, and the
nonnegativity constraints

|x,| >0, k=1,2,....n

for the maximum of the objective function f equal to |x;|. The smallest value
for |x;| is obtained by solving the identical linear programming problem, except
that we find the minimum of the objective function.

Suppose, for instance, that the problem to be solved is

[5,6]x,+[4,5]x, =[2,3]

(11.18)
(3, 4]x, +[0, 1]x, =1, 2]
Here the various matrices and vectors of the theorem are:
11 9 1 1 5 1
Al — 2 2 , AW = 22 , b = 2 . b®™ = 2
7 1 11 3 1
2 2 2 2 2 2

The solution to A™x = b yields a point in the first orthant, or rather first
quadrant, the dimension of x being 2. To find the maximum and minimum of
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the variables x; and x, in the first quadrant, we set D, to /. The two vector
relations (11.17), when written out for each component, are:

Slxy| +4|x,| <3
3lxy|+0]x,| <2
—6]x;| = 5[x,[ <=2

—4|x,| = 1|, = =1

We can use the program linpro to find the maximum and minimum of |x,|
and |x,| in quadrant 1. Here we use this program four times, always entering the
inequalities just displayed but replacing |x,| by x, and |x,| by x,, finding the
maximum and the minimum of the objective function x,, and doing the same for
the objective function x,. The interval obtained this way for x; is ﬁ, %], and
the interval obtained for x, is [0, %].

Because the minimum of x, is 0, the boundary of quandrant 1 was reached,
so we must repeat the entire process for the adjoining quadrant 4, that is, the
quadrant obtained by changing the second diagonal element of D, from +1 to
—1. In this quadrant the vector inequalities (11.17), when written out, are:

5lx [ +50x[ <3

3lxy+1x[ =2
—6lx;[ —4|x,| = -2
—4|x;| = 0lx,| = -1

As before we can use the program 1linpro to find the extremes for the variables
in quadrant 4, but this time when we enter the displayed inequalities, |x,| is
replaced by x,; and |x,| is replaced by —x,, with the objective function being
varied just as before. The interval obtained for x, is [%, 1] and the interval
obtained for x, is [0, 1], which, taking into account the effect of D, is actually
the x, interval [—1, 0]. Combining results from the two quadrants, the interval

for x, is [11, 1], and the interval for x, is [—1, 17—1]

11.6  Solving linear inferval equations
via linear programming

The method used to solve the simple interval problem of the preceding section
can be made more efficient and applicable to an arbitrary problem of this type.
It is necessary to assume that solution points to a set of linear interval equations
lie in just one orthant to make the problem conform to the requirements of linear
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programming. The points x that satisfy such equations frequently do lie in just
one orthant, but, as shown by the preceding example, it is also possible that
solution points stretch over several orthants. In each orthant the set of solution
points is convex, because a solution point is also a feasible point for a set of
inequalities, and as shown in Section 11.3, the feasible points form a convex set.
When there are solution points in more than one orthant, these convex orthant
parts join together to form a solution set that may not be convex.

To simplify our notation, we now replace |x,| everywhere by X;. We assign
one additional slack variable to each individual component inequality of the set
(11.17) to convert it into an equation. So the number of variables increases from
n to 3n, and the constraint equations then have this matrix representation:

A("’)DQ —A® 1 O b(™ 4 pw
(m) @) X= (m) 4 ) (11.19)
—A™D,— A" O I —b™ +b

Here X is a 3n-vector with components X;.

It is necessary to maintain a current upper and a current lower bound for each
of the n variables of x. These bounds are updated as various orthants of the
n-space are investigated.

A task queue listing the orthants to be investigated is also needed, with each
entry having the diagonal elements of the matrix D, defining the orthant. Initially
the queue has a single entry for the starting orthant, with the list entry identifying
the orthant as the starting one. This starting orthant is found by solving the
equation Ax = b for x, and using the vector to determine the orthant Q
and the corresponding matrix D,. If a component x; of this initial solution
vector is zero, the corresponding jth diagonal element of D, is arbitrarily taken
as +1.

Because (11.19) has 2n equations, the number of basic variables is 2n, and
the number of nonbasic variables is n. The first step with a task queue entry is
to generate the corresponding coefficient matrix of size 2n x 3n. For the starting
orthant, an initial feasible solution representation is found by the computation
described in Section 11.4. For any other orthant, a list of the 2 basic variables
that permit a feasible solution appears on the queue entry, and this information
is used to generate the initial solution representation. It will become clear shortly
how this information has been obtained.

For a nonstarting orthant Q, it is easy to generate the starting feasible solu-
tion representation, using the provided list of basic variables, which identifies
the coefficient matrix columns that must be converted into identity submatrix
columns. After these preliminary operations are done, a feasible solution repre-
sentation is available for the simplex process, and the indicators B and N are set
accordingly.

We now employ notation used before in Section 11.3 to describe the simplex
procedure. The changing coefficient matrix is D’, with elements d; ., but now D’

ij’
does not have an added row to hold objective function coefficients. The changing
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right-hand vector b’, with components &/, also does not have an added component
for the objective function.

The objective functions f =7%;, i=1,2,...,n are maximized in sequence,
and then these same objective functions are minimized in sequence. Each objec-
tive function problem begins operations with the final solution representation
and associated corner point obtained by the preceding problem. This is not true,
of course, for the maximization of the first objective function, which begins with
the specified solution representation, or in the case of the starting orthant, the
computed solution representation.

We consider the maximization problems first. The objective function f =7%;
is defined by a D' row and a b’ component whenever X, is a basic variable.
Suppose X; is basic variable ')?Bj. The row j elements of D' and component j of
b’ imply then the equation

xB +dy Xy Xy, o d Ry, = b
Just as with an objective function, we look in row j of D’ for an element
d; . that is negative. If none is found, we are done and the maximum equals b’.
If a negatlve coefficient d’, N, is found, we search column N, of D’ for posmve
elements Ny using 1ex1cographlc comparison to determine Wthh basic variable
will be replaced (The basic variable replaced cannot be X Xp, because d N, is
negative.) Here the unboundedness of the objective function %; is detected if no
positive elements are found in column N, of D'. This 1ndlcates that the interval
matrix A is singular, and computation ceases.

If X, is a nonbasic variable, such as ’)ENk , the first step is to convert it to a basic
variable. Here we proceed as if column N, had been determined as the column
to change for an objective function, making the variable basic by the process
just described. Now with the variable basic, the procedure is the same as that
just described.

The procedure for finding the minimum of a variable X; is similar if X; is
the basic variable ')?Bj, except that we look for positive coefficients d’; v, instead
of negative ones. And if X; is nonbasic, we are done, because the minimum is
identified as zero. Whenever a zero minimum value is obtained for a variable X;,
this signals that the orthant Q,, identical to the current orthant Q except for the
opposite x; sign, must be investigated. The task queue list L is searched to see
if Qy is already on the list. If it is, the minimum problem for %; in the Q, entry
is set to be skipped. If it is not on the list, then a Q) entry is added to the end of
the task queue with the X; minimum problem set to be skipped. In this case the
starting basic variables for Q, are assigned Q’s basic variables which show a
zero value for X; because it is nonbasic. (We may assume X; is nonbasic because
it is made nonbasic should it happen not to be so.) Note that D, and D,, = differ
only in the ith diagonal element, so the coefficient matrix for orthant O, and the
coefficient matrix for Q differ only in column i. Suppose the set of equations
(11.19) for Q were supplied and the current basic variables were designated.



11.7 The program linpro for linear programming problems 155

By going through the procedure described earlier for obtaining a starting feasible
solution, we would obtain the current solution representation without column i
being invoked in the process of generating the identity submatrix / of D’, and we
would obtain a feasible null point. If these same basic variables are specified for
the equations corresponding to Q,, a solution representation is obtained which
has the same null point, and so this solution is feasible also.

After the maxima and minima of all variables X, have been determined for
the current orthant Q, these are converted to x; values by attaching the signs
of orthant Q, and these values now update the current upper and current lower
bounds for the components of x. After the last orthant has been investigated, the
final values of the current upper and current lower bounds give the desired x
interval bounds.

11.7 The program linpro for linear programming
problems

The program linpro for solving linear programming problems follows the
procedures described in Sections 11.3 and 11.4, but has some features that need
explanation. The program allows the entry of either linear inequalities or linear
equations. And an entered inequality can take either the form

agx,+apx,+---+a,x, <b
or the form
agx,+apx,+---+a,x, > b

Our treatment of linear programming problems presumes that any relation
imposed is always an inequality of the first displayed form. How are the other
cases handled?

After inequality and equation constants have been entered by a user, the
program linpro uses a rational matrix with enough rows present so that two
rows are assigned to each equation, one row is assigned to each inequality,
and one row is assigned to the objective function. An inequality of the second
displayed form is converted to an inequality of the first displayed form by
multiplying its coefficients and right side constant by —1, and the inequality is
stored this way in the rational matrix.

An equation is changed into two separate inequalities of the two displayed
forms, and these two inequalities are stored in two adjoining rows of the matrix,
with a second form inequality being converted to the first form. Slack variables
are taken into account by setting appropriate matrix elements to 1.
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11.8 The program i_equat for interval linear equations

The program i_equat follows the procedure described in Section 11.6, and
obtains rational bounds for each x component. These bounds determine a “box”
in the n-space, with sides perpendicular to the coordinate axes, within which all
solution points to the interval equations must lie. In general, not all points within
the box are solution points, but the size of the box cannot be reduced. If only a
single orthant is visited, the true solution space is convex, but this may not be
the case when several orthants are visited.

Software Exercises |

These exercises are mainly with the programs linpro and i_ equat. The
program r__ equat is used to verify a text statement.

1. A simple linear programming problem is the following. A small factory
produces two items from a raw material. Each item a requires 5 hours of
manpower to assemble, takes up 4 units of raw material, and yields a profit of
3 units. Each item b requires 2 hours of manpower, takes up 2 units of raw
material, and yields a profit of 2 units. If during a week, 120 manpower hours
and 100 units of raw materials are available, how many of each item should be
produced to maximize profit.

Let x, denote the number of a items produced in a week, and x, the number
of b items. The constraint equations are

Sxy+2x, <120
4x, +2x, <100

and the objective function is
f=3x+2x,

Call up 1inpro and solve this linear programming problem, obtaining the result
in both rational form and 5 correct decimal places form. The result shows that
it is best to concentrate on item b, and produce no items of a.

2. Suppose for some reason it is essential that every week all the manpower
hours be used productively, and all raw materials be consumed. In this case the
constraint inequalities become constraint equations. Edit the 1inpro log file
appropriately to fit this situation, and call up 1inpro linpro. Now more units
of item a are produced than item b.



Notes and References 157

3. In the discussion of the interval equation example (11.18), it is stated that
the solution to A”x = b is a point in the first quadrant. Verify this assertion
by calling up r_equat and entering the example’s A" and b, The rational
solution vector obtained has components x;, = 11/26 and x, = 1/26.

4. Call up i_equat and verify that equations (11.18) have the solution
obtained in the text.

5. The program i_equat displays the orthant being investigated, but normally
the solution is obtained so quickly that this temporary display goes unnoticed.
If the linear interval equations supplied to i__ equat have x = 0 as a solution
point, then every orthant of the n-space is investigated. To see the orthants
displayed as i_equat carries out a search through all orthants, specify 10
equations, take A equal to an identity matrix and b equal to the zero vector,
and take all elements of A® and b™ equal to 0.01.

Notes and References

A. Two texts on linear programming are the books by Brickman [2] and by
Ignizio and Cavalier [5].

B. The linear programming method for solving linear interval equations [1] that
is described in Section 11.6 is a generalization of a method proposed by
Oettli [7] for the case where the x solution points lie in a single orthant.
Other methods for handling this single orthant case are given in Neumaier’s
book [6]. A general method for treating linear interval equations, with no
restrictions placed on the x solution, was found by Rohn [9] and is described
in Neumaier’s book.

C. An example of linear interval equations with a nonconvex solution set
contained in several orthants was given by Hansen [4].
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Finding Where Several
Functions are Zero

In Chapter 7 we considered the problem of finding where a function f(x) is zero.
This chapter treats the more general problem of finding the points where each
of several specified functions is zero. The demo program zeros, which solves
the simpler problem, also solves the more general problem.

12.1 The general problem for real elementary functions

Suppose we must find where n real elementary functions of n variables are
simultaneously zero. The equations that must be satisfied are

filx, %y, .00, x,)=0
folxps %, 0005 x,) =0

(12.1)
fn('xl7~x27 ce. ,Xn) =0

We use the simpler problem’s terminology and call an argument point
(¢, €55+ .., c,) at which all these equations hold a zero of the functions. In
problems of this kind there often is some specific region of the argument space
in which zeros are sought. Initially we assume the region of interest is defined
by restricting each variable to a finite interval:

a, <x;<b;, for i=1,2,...,n
Later in this chapter we consider other ways to specify the region of interest.

159
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12.2 Finding a suitable solvable problem

For the general problem we employ vector notation. We use X to denote a vector
with components x;, x,,...,x,. Such a vector is determined “to k decimal
places” by giving every component to k decimal places. We have now a vector-
valued function f(x) with components

f[i(xX) = fi(x;, x50 .05 X,) i=1,2,...,n

The function f(x) is called elementary if all component functions are elementary.
The search region is defined by the relations a < x <b, where the constant vector
a has components equal to the left endpoints of the n intervals defining the
region, and the constant vector b has components equal to the right endpoints.
Here the vector relation x <y denotes the n component relations x; < y,. When
n =3, the search region is a box in the argument space. In general, for any n, we
will use the convenient term “box” for this search region defined by two vector
constants. Our problem now is that of finding in a specified box B the arguments
x where f(x) = 0, with 0 of course denoting a vector with all components zero.

The method described in Chapter 7 for the case n = 1 can be generalized to
apply when n > 1. However, there are parts of the f(x) procedure that need
reinterpretation. If the f’(x) interval is of one sign in a subinterval [c, d], this
indicates that there can be at most one zero in [¢, d]. To obtain a similar inference
for f(x) over a subbox B®), we must compute a Jacobian interval over B®.
The Jacobian of f at a point x is the determinant of an n-square matrix J (f (x))
defined by the equation

FOL®) 300 00 ]

dx, 0x, dx,,
af>(x) df5(x) af,(x)
J (f (X)) = ax, ox,  ox,

0,() 0,00 3,00

L dx, dx, ox

n =

Thus the Jacobian is det J (f (x)). When n = 1 and f(x) becomes f(x), the Jacobian
is the derivative df(x)/dx. A commonly used symbol for the Jacobian is
O(fis far oo vs f)/0(x15 Xy, ..., x,), which we employ later, in Chapter 16. If
f(x) is such that we can compute intervals over B® for all the elements of
J (f (x)) then we also can compute an interval for the Jacobian. If we find that
this interval is positive or negative, then there can be at most one zero in B®),
This becomes clear after we prove the following well-known generalization of
the Mean Value Theorem.
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Theorem 12.1 Let the box B be defined by a < x < b where a and b are
two constant vectors. If f(x) is defined in B and has all first partial derivatives
there, then if y and z are any two points in B, there are points ¢,,¢,,...,¢C
along the line segment joining y and z such that

n

" af.(c.
fi(Z)—fi(Y)=Z%(zj—yj) for i=1,2,...,n

j=1 J

If we set x = (1 — t)y + 7z, where the parameter ¢ varies from O to 1, then x
varies along the line segment from y to z. For each i, let F;(7) = f;([1 —t]y +z).
Making use of the Mean Value Theorem, for each i there is a point #; in (0, 1)
such that

dF(z) ]y+tZ)f9x

~0) =y SRR

F(1) = F(0) = fi(z) - f,(y) =

TR

j=1
The point ¢; is [1 —#,]y + ¢,z and the theorem is proved.
Corollary. If the computed Jacobian interval over a box B is positive

or negative, then f(x) is one-to-one over B, and as a consequence, there can be
at most one zero in B.

If y and z were two distinct arguments in B with f(y) = f(z), it would follow

from the theorem that there were points ¢, ¢,, . . ., ¢, inside B such that
[ afi(c)) 5f1(c1) afi(er) ]
0x, T ox, 2 —y 0
afz(cz) afz(cz) af5(cy) oA
P e =Y 0
X, ax, ox,, ) = .

(e dfe) e [ L] L0

ox, 0x, cx

n -

The determinant of the displayed matrix must be zero, because the product of the
matrix with the nonzero vector z—y is 0. The elements of each matrix row are
evaluated at different points, unlike a Jacobian matrix, where all elements are
evaluated at the same point. Nevertheless, each element of this matrix is within
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the interval used for the element in the Jacobian evaluation over the box B.
If a positive or negative Jacobian interval is obtained, it is not possible for the
determinant of this matrix to be zero. So f(y) = f(z) is impossible, and the f(x)
mapping over B is one-to-one.

The zero-finding procedure for dimension n = 1 has another part that requires
reinterpretation for dimension n > 1. For a container subinterval [c, d], there is
at least one f(x) zero in [c, d] if the signs of f(c) and f(d) are different. For a
container subbox B, is there an analogous test?

If f(x) # 0 on the boundary of B", there are two ways known to generalize
the simple sign test used when n = 1. One way is to compute a nonnegative
integer called the crossing parity, which can have only two values, O or 1, with a
1 value indicating the presence of at least one zero. This integer test is described
in Section 12.4.

A second way of generalizing the simple sign test is to compute an integer
called the crossing number, which can be positive, negative, or zero. A nonzero
crossing number indicates the presence of at least one zero. This integer is related
to the crossing parity, and may be considered an improvement over that test. This
second integer test is described in Section 12.5. The computation for the crossing
number is only slightly more complicated than the computation for the crossing
parity, and, accordingly, the program zeros uses the crossing number test.

Now we can generalize the f(x) solvable problem to the case of f(x) over a
box B. First we present some needed terminology for the general case. A zero
X, is simple if the Jacobian at X, is nonzero. The filde-box of a point X is the
box determined by the tilde-intervals of the components x;. And the halfwidth
of a box B is the largest halfwidth of its component intervals.

Solvable Problem 12.1 For any elementary function f(x) defined on a
box B and having at most a finite number of zeros there, and for any positive
integers k, and k,, locate to k; decimal places a point X, on the boundary of B
at which every component of f(x,) is less in magnitude than 10~%1, and halt. Or,
if £(x) # 0 on the boundary of B, bound all the zeros of f in B by:

(1) giving, to k, decimal places, points identified as simple zeros, or

(2) giving, to k, decimal places, points identified as containing within their tilde-
box, a subbox where max; |f;(x)| < 107%2; the subbox is certain to contain
at least one zero if the f(x) crossing number over the subbox is nonzero.

This is the first time a solvable problem allows two different values for decimal
places, k, and k,. The integer k, is for unexpected outcomes and the integer k,
is for expected outcomes. We do not distinquish between the two integers in our
description of practical solution methods. We always use k for the number of
decimal places wanted.
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12.3 Extending the f(x) solution method
to the general problem

We describe now the general computation scheme for solving this problem.
In the computation it is helpful to use a reference box B™, with all dimension
intervals being [0, 1], the ith interval with variable u; being mapped linearly into
the corresponding interval [a;, b;] of x;, according to the rule

12 1

x; = (1—u)a;+ub,

1

Any required subdivision of B is done by making the appropriate subdivision of
the reference box B, with each interval endpoint of a B™ subbox maintained
as an exact number, with a range of zero. The interval endpoints for the
corresponding B subbox are obtained by using the linear relations given.
Controlling the subdivision of B this way has two advantages. If the precision of
computation is increased, the endpoints of the intervals defining a subbox B are
obtained to higher precision too. And it is always possible to determine when two
subboxes of B are adjoining, by comparing the exact interval endpoints of their
BW™ reference subboxes. In our description of the zero-finding procedure, each
subbox of B is to be understood as defined by a corresponding subbox of B™.,
The first step of the general procedure is to test f(x) to make certain it is
defined over B. We need here a task queue holding boxes to be checked. Initially
the queue holds just the starting box B. The task queue cycle with the first queue
box B is the following. We set all series primitives x; to their box interval
values, and then generate intervals for all component functions f;. If there are no
series errors, the subbox is discarded. If there is an error in the evaluation of a
component, we construct all possible subboxes that can be formed by bisecting
all B9 dimension intervals, and these 2" subboxes replace B on the queue.
Eventually, either the queue becomes empty, in which case f(x) passes its test,
or else the leading queue box becomes small enough to fit inside the tilde-box
of its centerpoint, if this centerpoint were displayed to k decimal places. The
box centerpoint can now be displayed to k& decimal places to indicate a point in
the proposed search box B where some component of f cannot be computed.
Next we test f over the boundary of B to make certain that the components of
f(x) are nonzero there. Again a task queue is needed, but for this examination
we must allow the queue to hold domains that define a side of a box or a part
of a side. A queue domain now has n fields s, s,,...,s,, and each field s, is
flagged either as a “point” holding a single number c;, or as an “interval” holding
a number pair ¢;, d;, with ¢; < d;. We distinguish the two cases by writing s, = ¢;

n’
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or s; = [¢;, d;]. The queue initially has 2n domains defining the boundary of B.
For example, the side of B that has x; fixed at a; is obtained as a queue domain
by setting

a; fori=j

la;, b;] for i j

s, =

The task queue cycle with the leading queue domain is as follows. We use
the s; fields to set the x; primitives to their interval or point values, and then
obtain intervals for all components f;. If any f; interval is positive or negative,
the domain is discarded. On the other hand, if for each component f; we obtain
an interval overlapping 0, then we construct all possible subdomains that can
be formed by bisecting interval fields and copying the point field, and these
2" subdomains replace the leading queue domain. Eventually, either the queue
becomes empty, in which case the test is passed, or the leading queue domain
fails within the tilde-box of its centerpoint if it were displayed to k decimal
places, and simultaneously, the relations | f;(x)| < 107* hold for all i. When this
second case occurs, the centerpoint is displayed to k decimal places as a point
on the boundary of B where max, |f;(x)| < 107*.

Once these two tests are passed, the next phase is to get a list of small
B subboxes where a zero is likely. The target halfwidth W is set to its initial
value, such as 0.1. Our first goal will be to find B subboxes where a zero is
likely, with the subbox halfwidth < W. Again we need a task queue holding
subboxes, and initially the queue holds just the box B. The task queue cycle is
as follows. We set the primitives x; to the component intervals of the first queue
box B?), and then attempt to generate intervals for the functions f;. If we obtain
a series evaluation error, then B(@ is divided into two subboxes by bisecting its
largest component interval, and these two subboxes replace B9’ on the queue.
If we obtain intervals for all functions f;, and one of these intervals is positive
or negative, then B@ is discarded. If all f; intervals overlap 0, the halfwidth
of B@ is compared with W, and if it is smaller, then B@ is moved to another
initially empty list L, for later processing. Otherwise B9 is divided into two
subboxes by bisecting its largest component interval, and these two subboxes
replace B9 on the queue. Eventually the queue becomes empty. If the list L is
also empty we are done, since there are no zeros in B.

The next part of the procedure is to arrange the L subboxes into sets of
adjoining boxes. (Two boxes of dimension n adjoin if the intersection of their
boundaries is a box of dimension n— 1.) Any subbox belonging to one of
these sets is connected to any other subbox of the set either directly or via
other adjoining subboxes of the set. For each set we make up a container
box B© just large enough in each dimension, to contain all of the subboxes
of a set. For any member subbox of a container box B© it is certain that
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f is not 0 on any boundary it shares with the container box, because any such
point x is either a boundary point of B, implying f(x) # 0, or is also a boundary
point of some adjoining subbox that got discarded in the testing process, again
implying f(x) # 0.

Next an interval for the Jacobian is computed for each container box B©).
If the Jacobian interval is positive or negative, according to the Theorem 12.1
Corollary, there is at most one simple zero inside B© | and the zero, if present,
usually can be found easily to k decimal places by the generalized Newton’s
method, discussed in Section 12.8.

For any container box B(© with a Jacobian interval that overlaps 0, or with
a Jacobian interval computation attempt that fails for some reason, the box is
checked to determine whether it satisfies the requirements of outcome (2) of
Problem 12.1. If it does, then after the crossing number is computed for the
box, and the box centerpoint is displayed, the container box and its associated
subboxes are discarded.

Any container boxes failing these tests are also discarded, after first moving
their member subboxes back to the task queue. The parameter W is reduced by
some factor, such as 0.1, and another cycle of subbox processing ensues.

12.4  The crossing parity

Let B be a box with f(x) # 0 on the the boundary of the box. We use the notation
dB to denote the boundary of B. For dimension n > 1, the f image of dB is
an (n — 1)-dimensional “surface”. The general idea of the crossing parity test is
that if this surface encloses the origin, then a straight line ray from the origin
should pierce the surface at an odd number of points and then be free of it. And
if the surface does not enclose the origin, then a ray from the origin either does
not pierce the surface or pierces it at an even number of points. The ray used
must not be tangent to the surface at any point, for then the touched tangential
point is not a piercing point. So a suitable ray for this test is what we term a
“nontangential” ray.

The crossing parity is defined as the number of times, modulus 2, that a
nontangential ray from the origin pierces the f image of dB. In modulus 2 addition
of integers, indicated by the abbreviation “mod 2”, multiples of 2 are discarded
from the sum, so the result is always the O or 1 remainder that is left. Accordingly,
the crossing parity has only two possible values, 0 or 1, and if it is 1, this
indicates that B contains at least one f(x) zero. If we imagine the ray from
the origin being varied slightly, the parity value does not change unless the ray
leaves some part of f(dB), and as it does, an entering piercing point combines
with an exiting piercing point at a tangential point, so again the parity does not
change. Thus the crossing parity does not depend on which nontangential ray
from the origin we use.
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For dimension n = 1, the box B defines a single interval [a,, b,], and the
boundary 9B is a nonconnected set, made up of two distinct points. This is unlike
the situation with higher dimensions, where dB is a connected set. Nevertheless,
a crossing parity is defined for n = 1, where a ray from the origin is either the
positive x, axis or the negative x, axis. If f,(a,) and f,(b,) are both positive or
both negative, the crossing parity is easily seen to be 0, using either of the two
rays to make the crossing parity test. The crossing parity is 1 only if f;(a,) and
f1(b,) have opposite signs. Thus for n = 1, the crossing parity is equivalent to
the test of the f,(a,) and f,(b,) signs.

For dimension n = 2, it is possible for the f image of dB to loop around the
origin any number of times. For instance, suppose that the two intervals defining
the box B are both [—1, +1] and that f is defined by the equations

fl(xl’XZ):x%_xg

(12.2)
fr(xp, x5) =2xx,

Here we have used the real and imaginary parts of the complex function
2= (x+ix) = (x12 - x%) +i(2x,x,)

to specify f, and f,. If we imagine the square domain B situated in the complex
plane, with the x, axis the real axis, and the x, axis the imaginary axis, then the
f image of any domain point P is P?, using complex arithmetic. The f image of
dB loops twice around the origin.

Similarly, using the same B intervals, one can create an f function such that
the f image of dB loops around the origin k times, where k is any positive
integer. Take as f; and f, the real and imaginary parts of the complex function
2t = (x; +ixy)~.

These examples illustrate a shortcoming of the crossing parity test. Here
we obtain a crossing parity of 1 only if k, the number of loops, is odd, even
though for every k the corresponding example function has a zero in B. The test
described next does not have this shortcoming.

12.5 The crossing number and the topological degree

The general idea of the crossing number is as follows. For dimension n > 1, the
set dB has an “inside” and an “outside”. If f has a nonzero Jacobian, the f image
of dB is also a set with an inside and outside. If we can distinguish somehow
between the two sides of £f(dB), then we can determine whether a nontangential
ray from the origin is entering or leaving f(dB), instead of merely determining
the ray is piercing f(dB).

Suppose that at each point of f(dB) we are able to define a normal vector that
points in a consistent direction. That is, the normal vector either points outward
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everywhere or it points inward everywhere. With such a normal vector, the
crossing parity test is improved, because now, instead of counting the number
(mod 2) of f(dB) points pierced by a nontangential ray, we assign to each
piercing point a count of 41 if the ray is in the general direction of the normal,
and assign a count of —1 if the ray is in the general direction of a vector opposite
to the normal. The sum of the ray’s assigned counts at all the f(dB) piercing
points can be positive, negative, or 0, and this sum is the ray’s crossing number.
A nonzero crossing number indicates the presence of at least one zero within B.

For elementary functions, we describe a method of defining a normal vector
for dimension n = 3, and then generalize the method. In dimension n = 3, the
cross product of the vector a = a;i+ a, j+ a;k with the vector b= b,i+b,j+ bk
is the vector a x b defined by the equation

ijk
axb=det| a, a,a;
b, b, b,

This vector is perpendicular to both a and b, because the dot product of it with
either vector yields a determinant with two identical rows:

[ a,a,a; |
(axb)-a=det| a;a,a; | =0
| by b, by |

[ by by by |
(axb)-b=det| a,a,a; | =0
| by by by |

In dimension n = 3, a box B is defined by three intervals, and dB consists of the
6 sides of the box. At any point of a side of dB, one of the three x; variables is
constant, but the other two variables can vary to generate the particular side of dB
containing the point. Thus, for each side of dB, of the three vector partial deriva-
tives of /dx,, df /dx,, 0f /0x,, two are defined, and both vectors are tangent to the
f image of the dB side. We take the normal vector at an image point to be the cross
product of the two defined vector partial derivatives times a numerical factor that
can equal only +1 or —1. The numerical factor is chosen to obtain an outward-
pointing normal vector for the simple case where f is the identity function.
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To generalize the method to apply to any dimension n > 1, let e, e,,... e,
be unit basis vectors associated with the n dimensional coordinate system
X\, Xy, ..., X, Thatis, x =73, x;e;. At any f image point, the normal vector n is
assigned according to the equation

€ ) €,
o Oh o
ou, ou, = ou
o, ah A |
n=(£1)-det duy, u, T du, | = ;yiei (123)
afy 9 .
- au,17| aMnfl o aMnfl -
Here u,, u,,...,u, , are the n — 1 variables that are “free” on the side of dB
that generates the f image point. Take u; to be the ith free variable from the list
of variables x;, x,, . .., x,. Each vector df /du;, whose components form one of

the rows of the determinant, is tangent to some line in the f image of the side.
The vector n, being perpendicular to all these vectors, is then perpendicular
to the image of the side. The factor &1 is set to either +1 or —1 so that an
outward pointing normal vector is obtained when f is the identity function.

Suppose n is evaluated at the image of some point P on a side of dB. The free
variables are given by thelistu,, u,, . . . , u,_,, which, ifreplaced by their x; values,
would become the list x|, x,, . .., x,, except for one missing, fixed, x; variable.
Let u, be this single fixed variable on this particular side of dB. For one of the
intervals defining the box B, u,, is either the interval’s right or left endpoint. The
vector % =) %e,— can be evaluated at P if we have access to B rather than
just dB. This vector, if nonzero and imagined situated at f(P), points outward
from f(dB), but not necessarily perpendicularly, if u, is at the right endpoint of
its interval. This vector points inward, but not necessarily perpendicularly, if u,, is
at the left endpoint of its interval.

The dot product of n with this vector satisfies the relation

[ Oh Oh O T
ou, du,  Ou,
o
ot ou, ou, = ou
N = (1) -det| 2 O
ou,, du, du, du,
afy  9f f,

— aMnfl 814”71 o 6M1171 -
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If u, is identical to x,, then by k — 1 successive row exchanges of the first row with
the rows below, this determinant would become the Jacobian for f at the point P.
That is, we have

n~§ = (£1)-(=1)""detJ(f (P)) (12.4)

n

This equation allows us to determine the £1 factor for n. When f is the
identity function, the normal vector n points outward from f(dB). We know
the direction that df /du,, points, so the dot product n - - is positive when u,, is at
its right endpoint, and is negative when u,, is at its left endpomt Also, the Jacoblan
is now the determinant of the identity matrix, and is 1. So at any point P on 9B,
the %1 factor is (—1)*~! for a right endpoint and is (—1)* for a left endpoint,
where k is the index of the fixed variable on the side of dB containing P.

Now that the +1 factor is determined, equation (12.4) becomes

af J(E(P)) if u, is at its right endpoint

8u —J(£(P)) if u, is at its left endpoint
Suppose now that f is a function such that everywhere in B its Jacobian is of
one sign. The last equation implies that if the Jacobian is positive (as it is for
the identity function), the f normal vector n points outward. and if the Jacobian
is negative, the f normal vector n points inward.

For dimension n = 1, the box B consists of a single interval [a,, b,], and
to complete the specification of normal vectors, we take n to be e, at the b, image
point, and take n to be —e, at the @, image point. This defines a consistent
crossing number for the two possible rays, and the crossing number can equal
only +1, —1, or 0. A crossing number of +1 or —1 is equivalent to having
opposite signs for f\(a;) and f,(b,).

For an elementary function f defined over a box B, having a nonzero Jacobian
everywhere except for a “few” points, does every nontangential ray from the
origin yield a crossing number value? Of course there is no difficulty when
the dimension n is 1, but for higher dimensions, there are three ways that
nontangential rays can fail to give a crossing number. An elementary function
may fail to have the required partial derivatives at some points of dB, and at the
f image of such points, the normal vector fails to be defined. Also, if any vector
df /du; is a zero vector, again the normal vector is not defined. Finally, for any
point P lying on the intersection of two sides of dB, the P image point gets
differing normal vectors according to the side of dB used to define the normal,
and so a ray through P’s image point must be considered as having an undefined
crosssing number. So a nontangential ray from the origin must be considered
“exceptional” if one of these three conditions is encountered. From now on we
call a nontangential, nonexceptional ray a “satisfactory” ray.
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To summarize, for an elementary function having a nonzero Jacobian
everywhere except for a few points, all rays are satisfactory if the dimension
n is 1. For n =2 there can be a finite number of nonsatisfactory rays, and for
n = 3, there can be curvilinear lines such that rays from the origin intersecting
these lines are not satisfactory. For n > 3 the number of nonsatisfactory rays can
be even larger, but always the number of such rays is always infinitesimal in
comparison with the number of satisfactory rays. A ray that is not satisfactory
has neighboring rays that are.

The mathematician Kronecker devised a way of obtaining the crossing number
by integration over dB. His integration formula makes the various exceptional
or nontangential rays insignificant for an elementary function. The integer that
Kronecker’s integration formula delivers has been given the name “topological
degree”. Thus the topological degree may be taken to mean the crossing number
obtained for a satisfactory ray from the origin.

12.6 Properties of the crossing number

Suppose the elementary function f is defined over a box B. We can divide the
box B into two subboxes by choosing one of the intervals defining B, dividing
it into two subintervals, and then reassigning the subintervals and the remaining
B intervals in the obvious two ways. The two subboxes created this way have a
side in common, and we assume that no f(x) zero lies on this side. Let the two
subboxes created this way from B be labeled B, and B,. The crossing number
for B equals the crossing number for B, plus the crossing number for B,. This
is because f(dB) consists of f(dB,) and f(dB,) together, except for the presence
of the image of the dividing side in f(dB,) and in f(dB,). Consider computing
the crossing numbers for B, B,, and B, by following a satisfactory ray from
the origin. The crossing number count for B equals the crossing number count
for B, plus the crossing number count for B,, except for the counts obtained
for B, and B, where the ray intersects the image of the common dividing side.
But at any such intersection point, the normal vector for B, is opposite to the
normal vector for B,, so this intersection point can be ignored when the counts
for B, and B, are added.

If the box B is divided into several subboxes, with no dividing side intersecting
a zero, the crossing number of B is the sum of the crossing numbers for all the
subboxes.

When it is known that all the zeros of B are simple, a relation useful for
crossing number computation can be obtained. We divide B several times so
that each B zero is isolated within a subbox. The Jacobian at each zero is
nonzero, and we may assume the subbox enclosing the zero is small enough that
a Jacobian interval computed for the subbox is nonzero. In this case, according
to the Theorem 12.1 Corrollary, the f image of the subbox is one-to-one, so the
crossing number for such a subbox is +1 if the Jacobian is positive, and —1
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if the Jacobian is negative. The crossing number for any subbox not containing
a zero is 0.

Thus, when all B zeros are simple, the crossing number for B is p — n, where
p is the number of zeros with positive Jacobians, and » is the number of zeros
with negative Jacobians. Even for dimension n = 1, this result holds, but here
p—n can be only +1, —1, or 0.

12.7 Computation of the crossing number

The crossing number of an elementary function f over a box B can be calculated
using interval arithmetic. The method may be viewed as an attempt to find the
crossing number by choosing a ray H from the origin and finding all the points
where this ray crosses f(dB). If there are N, crossing points where the ray is in
the general direction of the normal vector n, and N_ crossing points where the
ray is in the general direction of —n, then N, — N_ is the crossing number. The
interval arithmetic character of the computation allows us to assume that H is a
satisfactory ray, because even if H were tangential or exceptional, there would
be a satisfactory ray within an arbitrarily small arc rotation of H.

To carry out the ray test procedure, we use a task queue holding domains
comprising the boundary of B, with each queue domain defined by fields
s;, i=1,...,n, previously mentioned in Section 12.3 as fields needed to test
dB to make certain f(x) # 0 there. Recall that a field is flagged as a “point”
holding a single number a, or as an “interval” holding a number pair a and b,
with a < b, and we distinguish the two cases by writing s; = a or s; = [a, b].
Initially the queue is loaded with 2n domains designating the different sides of
the box B.

A queue domain has one additional field, “orientation”, which equals the +1
factor appearing in the expression (12.3) for the normal vector n. Recall that this
factor equals (—1)* or (—1)*"!, depending on whether the side’s fixed variable
x, is set to its lefthand interval endpoint or its righthand interval endpoint,
respectively.

Initially we take the ray H to be pointing in the direction of e, that is, the
basis vector pointing in the positive direction of the x; coordinate. We search
for regions of dB where the ray H would meet f(dB), the image of dB. We do
this with the following task queue cycle. Taking the first queue domain, we set
the primitives x; equal to the corresponding s; point or interval values. That is,
one variable is set to a fixed value, and the others are set to intervals. Then
using formal interval arithmetic, we generate interval values for the component
functions f,, f5, ..., f,. If any of these intervals do not contain O, the ray H
cannot intersect the image of this part of dB, and the queue domain is discarded.
If all these function intervals contain 0, then we form an interval for f,. If the
/1 interval is negative, again the ray H cannot meet the image of this part of dB,
and the queue domain is discarded. If the f| interval is positive, it is likely that
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the ray H meets the image of this part of dB, and the queue domain is moved to
another initially empty list L, for later attention. In the remaining case, where the
f, interval contains 0, it is uncertain whether the ray H meets the image of this
part of the boundary of B, and we proceed as follows. From the queue domain
we construct all possible queue domains that can be formed by replacing interval
s; fields by either their right half or their left half subintervals, copying point
fields s;, and copying the orientation value. These 2"~! queue domains replace
the first queue domain.

Because the point 0 does not lie in the image of dB, eventually the task
queue becomes empty, although it may be necessary to increase the precision
of computation to obtain this. (Every time a queue domain is subdivided, this
is an appropriate time to check the precision of computation.) When the task
queue is empty, the list L is examined. In general L contains domains which
together define a subset B of dB. The subset B(") will in general have a
number of connected parts. On the boundary of each connected part the func-
tions f,, f3,..., f, can never be simultaneously zero. This is because each
point on the boundary of the connected part is also a point on the bound-
ary of some queue domain that was discarded. This discarded queue domain
had one of its functions f,,...,f, positive or negative, or had f, nega-
tive, but f; negative did not occur, because f, was positive on the adjoining
connected part.

Consider any domain on L with orientation o defining a subdomain S of
BW, The ray H may meet the f image of S at one or more points where f(x)
is a positive multiple of e,, and for each of these points there will be a point
P of S where the functions f,, f5, ..., f, are simultaneously zero. According
to equation (12.3) the normal vector has a positive or negative e, component
depending on whether

A 9 7
u, ou, T o
o 0fs
odet| u; du, T
of, 9fs of,
L du,_, u,_, T ou,_,

is positive or negative. Note that the determinant may be interpreted as the
Jacobian for the functions f,, f5,...,f, at the point where all these func-
tions are zero. By the relation obtained in the last paragraph of the preceding
section, the contribution made by all such points to the sum N, —N_ is o
times the crossing number of the mapping defined by f,, f3,..., f, on the
(n — 1)-dimensional region S. We need to sum these contributions for each
domain on the list L to obtain N, — N_. Thus we have replaced our original
task of calculating a crossing number for a function with n components, by the
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task of calculating a set of signed crossing numbers for a function with n— 1
components.

To do this second task, we proceed much as we did before, this time loading
our task queue with boundary domains for each element on the list L. For
each domain of L with orientation o, we form 2! boundary domains for
the task queue by copying all fields s; except for one interval field which is
converted to a point field set to an endpoint of the interval. If the interval
field converted was the jth interval field, counting from s, toward s,, then the
orientation assigned to this new domain is o times (—1)/ or times (—1)/1,
depending on whether the left or the right endpoint is assigned. If two L domains
have a common side, then this side gets specified twice on the queue. Such
pairs are discarded, since the orientation values assigned to them are always
opposite, and so their net contribution is zero. It is also possible for one L
domain’s side to be contained within another L domain’s side. In this case
the task queue is corrected to specify only the unrepeated part of the larger
side. After such duplications are removed, what is left on the queue defines the
boundary of B, The formation of the second task queue is similar to that of
the initial task queue, except for the need to remove duplications. If duplications
were not removed, the correct crossing number still would be obtained, because
of the opposing signs on duplicated sides, but the computation would take
longer.

The second task queue computation is similar to the first, except that the
number of f; functions evaluated is reduced by one. This time we take the ray H
to be pointing in the positive direction of the second coordinate x,. Eventually
the task queue is empty, and there is another list L specifying a subdomain
B® of 9B that requires further examination.

Each time the process is carried out, the dimension of the point sets examined
and the number of functions treated is reduced by one. After the next-to-last
cycle, the list L defines a set B that contains a number of line segments,
each with an orientation o assigned. The sum of contributions ¢ times crossing
number for all these segments must be found to obtain N, — N_. Now we are
down to just one component f,(xX), so the crossing number is easy to obtain.
For each line segment S with orientation o on the list L, we construct two point
domain elements for the task queue, where the orientation value assigned is
o - (—1) for the point domain having the left endpoint of the single remaining S
interval field, and o - (41) for the right endpoint. The ray H now points in the
positive direction of x,, and the final queue cycle is to move to the list L only
those point domains x for which f,(x) is positive. The others are discarded.
After this final task queue is empty, the sum of the orientations of the point
domains on L yields N, — N_, and we finally obtain the crossing number of
f(x) over B.

An example may clarify the general process. Consider the mapping f from R3
into R® defined by

2,2 2,2 _ 2,2
Ji=xi+x3—x3, fr=x+x5—x, fi=x5+x1—x
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These functions have a zero at (0,0,0) and at (% %, %) The Jacobian at
(0,0,0) is

0 0-1
det| =1 0 O0|=-1
-1 0
and the Jacobian at (4, 1, 1) is
1 1-1
det| -1 1 1|=4
1-1 1

Thus the crossing number equals —1 if B is a small box containing just the
zero (0,0, 0), it equals +1 if B is a small box containing just the zero (3, 3, 1),
and equals zero if B is a box large enough to contain both zeros. We will
compute the crossing number for a box B containing just the origin, namely the

box B with the interval [ —1, 1] for each variable x;.

There are initially six domains defining sides of B on the first task queue, and
only the domain given below is moved to the list L when it is tested.

11 11 1
51: -, =1, S2= — =1, S3=__; 0':—1 (125)
44 44 4

For this domain, the interval for both f, and f; is [—=,32
0 as required, and the interval for f; is [, 2] and is positive as required.
The other five queue domains are discarded either because their f, interval
does not contain 0, their f; interval does not contain 0, or their f; interval is
negative.

The region B is defined by the single domain (12.5), and so the queue on
the second iteration has four domains defining its sides. Of these only the one

given below is transferred to L when it is tested.

2] and contains

1 11 1
SIZ—Z, S2:|:—Z,Zi|, S3:_Z; og=1 (126)

For this domain, the interval for f; is [—é, %] and contains 0 as required,
3

and the interval for f, is [, 2] and is positive as required. The other three
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domains either have an f; interval that does not contain O or have a negative f,
interval.

The region B? is defined by the single domain (12.6), and so the queue on
the last iteration has two domains defining its sides, which now are points. Only
the domain below yields a positive sign for f.

1 1 1
S =—-, §H=—-—, §3 = ——, o=-—1

4 4 4

Accordingly the crossing number equals —1, the orientation value of this single
domain.

12.8 Newton’s method for the general problem

Suppose for f(x) that the n component functions f;(x) = f;(x,, x,, ..., x,) and
all partial derivatives f (X are defined in a certain region of x space, and suppose
that x® = (x%, x", ..., x®) is a zero approximation for f(x). At the series
expansion point x*), the Taylor series of the component functions are
af (X )
A1) = AT SR (=)
of (X ) k
1206 = SO+ TS (=)

/

n (k) :
10 = O3 0D oy

A linear approximation to each function f; can be obtained from just the

1
series terms shown. Recall that the Jacobian matrix J (f (x(k))) is the matrix

with i, j element equal to af e

matrix-vector form as

) The linear approximations may be written in
]

y=f (x(k)) + J(f(x(k)))(x — X(k))

If we set y to 0, solve for x to obtain a better zero approximation, and call our
solution x**1, we obtain the equation

X =xO—[y(E)] E) (12.7)

The general zero finding method sometimes creates a container box B(©) with
the f(x) Jacobian positive or negative over the box. Using the iteration equation
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(12.7), and with the starting approximation x© taken as the box centerpoint,
the sequence of iterates generally rapidly locates the zero. After an iterate x**!)
is computed, if xﬁ“l) #+ x?k), then, in preparation for the next cycle, x*+D g
replaced by its midpoint, that is, the vector whose ith component is x?kH) with

its range set to 0. Eventually we find K = xfk) for all i, and then the midpoint

of x¥ defines the final zero approximation, which we denote x®.
An error bound for x® can be obtained by generalizing the error bounding
method used in Section 7.3. If z is the zero inside B(©, then f(z) = 0, and using

the Mean Value Theorem once more, we have fori=1,...,n,

n

£ = i) - fimy = 3 D o

j=1 j

where the points ¢;; lie on the line segment joining x® and z. If 7 is the n-square
af; (ci_/’)

6xj

matrix with elements , then we have

f(x®) =7 (x® —z)
which implies
x®—z=7'f (x@)

If a matrix J© of interval elements is formed, using the intervals computed in
testing the container box, each element of this matrix contains the corresponding
element of J. So if an interval inverse matrix [J©]~! is formed, each component
of x® —z will be contained within the corresponding interval element of
the vector

y =[JO]'f(x®) (12.8)

Thus the error of x*) is bounded by ¢; = |midpoint y;|+halfwidth y;. So x” @ e,
is a correctly ranged zero approximation component. If our error bounding
process fails to yield a zero approximation with sufficient correct decimal places,
then it is necessary to increase the precision of computation, restart the Newton’s
method iteration, and repeat this test with a better x® approximation.

12.9 Searching a more general region for zeros

Suppose f has two components, and we are interested in finding all the zeros of
f that lie inside the unit circle x? + x3 < 1. Solvable Problem 12.1 requires the
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search domain to be a rectangle. We could enclose the unit circle in a square and
search within the square, but there is a difficulty that could arise. It is possible
that a component function f; is defined inside the unit circle but not in the square.

It is worthwhile to consider now whether Solvable Problem 12.1 can be
changed to allow more general search domains than just boxes. An iterated
integral for n dimensional volume of the form

b hy(xp) By (%0, o X))
/ [ / dx,dx,. . .dx, (12.9)
a Vg 8

1) Vg (g, X, )

has an integration domain that can serve also as a zero search domain. For
instance, for our example problem of finding zeros within the unit circle, we
could use the dimension 2 domain of

1 o 3/1-x}
/ / dx, dx,
—1Y-/1-x2
To solve Problem 12.1 over boxes, we employed a mapping from a reference

unit box B™ into the problem box B. For the circle example we can map from
the unit square into the circle with a function x(u) defined by

xi=—1-(1—u)+1-u
Xy =—y/1=x7-(1—uy) +/1—x}-u,

Here u, and u, vary in [0, 1]. This mapping allows us to convert a function
f(x) defined in the circle into a function f(x(u)) defined in the unit square. The
mapping from the boundary of the unit square into the boundary of the circle is
not one-to-one, since the entire left and right edges of the unit square map onto
points, but the mapping from the interior of the unit square into the interior of
the circle is one-to-one. Using the composite f, we can search the interior of B
for zeros, mapping each zero in B™ into a zero in the circle.

Definition 12.1 An clementary region is a region of n-space that can be
defined as the integration domain of the integral (12.9), where all functions
h; and g; are elementary functions.

An elementary region of dimension 1 is a closed interval [a, b]. An elementary
region R of dimension 2 is defined by two elementary functions #,(x,) and
g, (x,) over an interval [a, b], and its interior consist of those points (x, y) for
which the inequalities ¢ < x < b and g,(x) <y < h;(x) hold.

The method described for solving Problem 12.1 also serves for solving the
more general problem given next.
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Solvable Problem 12.2 For any elementary function f(x) defined on an
elementary region R and having at most a finite number of zeros there, and
for any positive integers k, and k,, locate to k, decimal places a point on the
boundary of R where all components of f(x) are less in magnitude than 10~
and halt. Or, if f(x) # 0 on the boundary of R, bound all the zeros of f in R by:

(1) giving, to k, decimal places, points identified as simple zeros, or

(2) giving, to k, decimal places, points identified as containing within their
tilde-box a region where max, |f;(x)| < 107%; the region is certain to contain
at least one zero if the f(x) crossing number computed over a box defining
the region is nonzero.

With an elementary region R, we map from a unit box B™ into R, using a
mapping X = x(u) derived from the functions defining R. Using the notation
of the integral (12.9), we have x; = (1 —u;)a+ u,b, and for i > 1 we have
x; = (1 —u;)g,_, +u;h;_,. The mapping from the boundary of B®™ into the
boundary of R may not be one-to-one, but the mapping from the interior of
BW to the interior of R is one-to-one, so we can search for zeros of f in the
interior of R by searching for zeros of f(x(u)) in the interior of B™.

The zero-finding process that we used previously will also work for the more
general region R. The B™ box is subdivided just as before, but the determination
of a degree 0 or degree 1 series expansion for f now is done in two steps,
reflecting £’s composite nature. For any u subbox B® of B™, we obtain an
x subbox BX® by finding interval values for the various x; expressions given
in the preceding paragraph. Then after x; primitives are set accordingly, we
obtain the f; expansions.

As before, we test f to make certain it is nonzero over the boundary of BW,
The search for zeros is done with a task queue listing subboxes of B™ in which
a zero is possible.

Software Exercises J
These exercises, like Software Exercises E, are with the demo program zeros.
1. Call up zeros and find to 10 decimal places the zero of the Section 12.4

example used to illustrate a difficiency of the crossing parity:

fi(xy, x,) =xf—x§

Fo(xs %) = 2xx,

Use search intervals [—10, 10] for both x, and x,.
Note that the phrase “at least one zero” is used for the single zero possibility
found. If the crossing parity had been used by the demo program instead of the



Software Exercises J 179

crossing number, the “at least one zero” phrase would not appear because a zero
crossing parity would be obtained.

2. Call up zeros and find to 10 decimal places the zero of

fi(xs x) = x
Fo (15 x0) =[x,

Again use search intervals [—10, 10] for both x; and x,.

A zero possibility is indicated near x; = x, = 0, but the phrase “at least one
zero” does not appear. This function’s Jacobian is not defined along the line
x, =0, is positive for x, > 0, and is negative for x, < 0. The crossing number
test is reliable for an elementary function if the function’s Jacobian has one
sign throughout the containment box, except, possibly, at a “few” points. This
example shows that the crossing number test, though more reliable than the
crossing parity test, still can fail to indicate the presence of an existing zero.

3. Call up zeros and find to 10 decimal places the zeros of

fi(xy,xp) :x?—xz

fa(xy, %) = x5 —x
Use the search interval [—10, 10] for both x, and x,. Obtain in this way the two
simple zeros x; = x, =0 and x, = x, = 1. Note that one zero is displayed as an

exact number, that is, without the usual tilde symbol. Whenever this occurs, it
indicates that the equation (12.8) vector f(x®) is 0.

4. Edit the log file to change both search intervals from [—10, 10] to [0, 10], and
then call up zeros zeros. Note the program’s rejection of the problem because
the functions no longer test nonzero on the boundary of the search region.

5. Callup zeros and reenter the preceding problem but use a circle centered at
the origin, with a radius of 2, as the search region. Note that the two simple zeros
are again obtained. If you edit the log file to change the radius to +/2, and then call
up zeros zeros, the problem is rejected because the boundary check fails.

6. Call up zeros and find to 10 decimal places the zeros of the three
component function used as an example in Section 11.7:

_ 2, 2 2, 2 _ 2,2
Ji=xi+x3—x3, fr=x+x5—x, fi=x5+x1—x

Take the search interval for x;, x,, and x; to be [—10, 10].

7. Call up zeros and find to 1 decimal place the single zero of the two
functions

flzxf+x§—2, HL=x+x,—-2
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Take the search interval for x, and x, to be [—10, 10]. The straight line x, +x, =2
is tangent to the circle x? +x3 = 2 at the point (1, 1), and the f Jacobian is
zero there, so this zero is found by the slow method of reducing the size of the
container region. Whenever the zeros program fails to display any results after
a reasonable waiting period, it becomes advisable to interrupt the program with
a control-c, edit the log file to reduce the number of decimal places to 1 or 2,
and then repeat the search by calling up zeros zeros.

Notes cmd References

A. The Kronecker integral for topological degree is given in the text by
Alexandroff and Hopf [2, pp. 465—467].

B. The method given in Section 12.7 for computing crossing number was initially
presented as a method for computing the topological degree using interval
arithmetic [1]. The method is a version of a method proposed earlier by
Kearfott [3].

[1] Aberth, O., Computation of topological degree using interval arithmetic, and appli-
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[3] Kearfott, R. B., A summary of recent experiments to compute the topological degree,
Proceedings of an International Conference on Applied Nonlinear Analysis, University
of Texas at Arlington, April 20-22, 1978 (V. Laskshmikantham, ed.), Academic
Press, New York, 1979, pp. 627-633.



Optimization Problems

Two programs locate the extreme values of a real function within a specified
bounded domain. The program maxmin finds the absolute maximum or mini-
mum, and the program extrema locates the relative maximum or minimum.

13.1 Finding a function’s extreme values

A common problem is finding the maximum or minimum of an elementary
function f(x,, x5, ..., x,) in a specified bounded region of n-space. Box search
regions, defined in Section 12.2, are convenient bounded regions, and we take
our computation problem to be locating the maximum or the minimum of an
elementary function f in a specified box B. Finding the maximum M of f is
equivalent to finding the minimum m of —f, because if the inequality

m<—f(x;, Xy, ...,%,)

is true for all arguments in B, with equality for at least one argument point, then
after we multiply by —1, the inequality

—m > f(x), %y, ..., X,)

is true for all arguments in B, with equality for at least one argument point.
So the f maximum M is —m. Accordingly, we can limit our problem now to
locating the minimum value of f(x,, x,, ..., x,) in a specified box B.

Usually one is interested not only in the value of the minimum, but also in
the argument or arguments where the minimum is attained. However, locating
to k decimal places even a single argument point where the minimum occurs

181
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is a nonsolvable problem, as may be seen by considering the case of functions
f.(x) = cx, having the arbitrary constant parameter ¢ and with the interval [—1, 1]
as the search region. If the parameter c is zero, the minimum of f,(x) occurs at
any argument in [—1, 1]. If ¢ is positive, the minimum occurs at x = —1. And
if ¢ is negative, the minimum occurs at x = 1. A program that could find to
k decimal places one point at which any function f.(x) is minimum would let
us infer that ¢ > 0 if the k decimal value supplied were negative or zero, and
would let us infer that ¢ < 0 if the value supplied were positive. However, this
contradicts Nonsolvable Problem 3.13.

Thus we must retreat from attempting to determine where the minimum
occurs. It is convenient here to use vector notation for f arguments, so now
f(x1, x5, ..., x,) is denoted by f(x). An x box is defined by a set of intervals,
one interval for each x; variable. An alternate problem, with an escape, is

Solvable Problem 13.1 For an elementary function f(x) defined in a
box B of n-space, and for any positive integer k, give to k decimal places the
minimum value of f in B, and give to k decimal places all f arguments in B
where f has a matching & decimal value, or else define to k decimal places an
x subbox in which the minimum occurs.

When f arguments are supplied, no claim is made that the minimum occurs at
any of these arguments. If k is increased, a more accurate minimum value is
obtained, and possibly a shorter list of arguments. The escape is for difficult
cases, like the example function f,. with c close to zero. Here the escape subbox
would be identical to the search box, that is, the x, interval [—1, 1].

In the computation, it is helpful once more to use a reference box B™_ where
all component intervals of u are [0, 1] and the ith interval with variable u;
is mapped linearly into the corresponding interval [a;, b;] of x;, according to
the rule

x;=(—u)a;+ub,

This device was described previously in Section 12.3 for the problem of finding
zeros. When we say that a subbox B® is divided into two, what occurs is that
the reference box for B gets divided.

The first step in finding the minimum is to divide B into a list of subboxes
such that f can be computed without error over each of the subboxes. This
is a task queue computation, with the queue initially holding just the box B.
The queue cycle consists of attempting to compute an interval for f, via formal
interval arithmetic, over the leading queue subbox. If there is a series error, the
leading box is divided into two by bisecting its largest component interval, and
the two subboxes replace it on the queue. If an f interval is obtained, the leading
box is added to an initially empty list L. Eventually the task queue is empty,
and the list L has our required B disection.
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Combining ideas from computation procedures suggested by Moore [5] [6],
Skelboe [10], and Ichida-Fujii [4], we obtain the k-decimal bound on the mini-
mum of f efficiently as follows. For each subbox B® on L, if B has no
boundary points of B, a degree 1 series evaluation of f is attempted. If this is
obtained, then we have intervals for all the partial derivatives of f over BO_If
any of these partial derivative intervals do not contain 0, then it is certain that
the minimum of f does not occur in B, and the subbox is discarded. When a
degree 1 evaluation is not obtained, a degree 0 evaluation of f can be obtained,
because this is just the formal interval arithmetic computation of f over B®.
For any box B® containing boundary points of B, just a degree 0 evaluation
is obtained. Thus for every subbox undergoing a degree 0 evaluation, and for
all the nondiscarded subboxes with degree 1 evaluations, we obtain an interval
mg 4wy for f over B®. The f minimum over B may be as large as my, the
f value at the centerpoint of B®), and may be as small as mg — w;. Thus the f
minimum over B is somewhere in the interval [mg — wy, m].

The surviving subboxes on the list L are now arranged in the following order.
Subbox By precedes subbox By on the list if mg —wg < mg —wy, or, in the
case where mg —wg = mgy — Wy, if wg > wy. An initial interval bound [M,, M, ]
for the minimum of f may be taken as [mg — wg , mg | where By is the first
subbox on the list L.

The following process is repeatedly performed to reduce the width of the
interval [M,, M,]. The first subbox on L is removed and divided into two
subboxes by bisecting its largest component interval. Each of these two subboxes
goes through the f evaluation procedure described, and if not discarded, is placed
in its appropiate position on the L list. The new value of M, is mg — w,, where
By, is the new leading element on L. The other value M, is not changed unless
mg, < M,. in this case M, is set equal to mg, and then a pass is made through
the list L to discard any subbox B for which mg —wg > M,.

The minimum of f equals the ranged number (M, + M,) @ (M, — M,).
The process of bisecting the first element of L continues until an f minimum
accurate to k decimal places is obtained.

The next step is to use the surviving members of the final L list to find where
in B the minimum occurs. The L subboxes are arranged into connected sets of
subboxes, and for each set a containing box B(©) is constructed, just large enough
to hold the members of the set. If each box B(© is small enough to fit within the
tilde-box of its centerpoint to k decimal places, then we satisfy the requirements
of Problem 13.1 by displaying all the centerpoints to k decimal places.

If some of the B© boxes fail this criterion, the list L is processed anew,
obtaining f’s minimum value to more decimal places, in an attempt to get
container boxes small enough that centerpoints can be displayed. If there is
no progress toward this goal, the escape exit is used. That is, we construct a
containing box just large enough to hold all the subboxes of the final list L, and
display to k decimal places the endpoints of its defining intervals.
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13.2 Finding where a function’s gradient is zero

Often it is useful to determine whether a function f has one or more local extrema
inside a certain region R. To find these points, one tries to locate the points of R
where the f gradient is 0. The gradient of f is the vector whose ith component
is the partial derivative of f with respect to variable x,. (For dimension n = 1,
the gradient’s single component is the derivative of f with respect to x,.) If the
f gradient is defined and is nonzero, it points in the direction where f increases
at the greatest rate.

Assume now that the function f is such that the f derivative (n = 1) or
the several f partial derivatives (n > 1) are defined inside a specified bounded
region, which we take to be an n-dimensional box B, and that our problem is to
lacate all points in B at which the f gradient vector is 0. For conciseness, our
procedure description presumes n > 1.

We have n partial derivative functions 3 f , % . "f defining the gradient of
f, and we want the points in B where these functlons are simultaneously 0. This
problem is similar to Solvable Problem 12.1, which is the problem of finding
the points where n functions of n variables are simultaneously zero when the
search domain is an n-dimensional box B. As with that zero-finding problem,
to have a solvable problem we must require the f gradient to be nonzero on the
B boundary. Also, as with that zero-finding problem, to avoid computerbound
varieties of the problem, we require the f gradient to be zero only at a finite
number of points in B.

For the zero-finding problem we used x to denote the n component argument
point x;, x,, ..., x,, and this notation is useful for the gradient problem too.
We are searching for points x where the functions %, 8{{;"),..., ‘?’;(x) are
simultaneously zero. For the zero-finding problem it Wasllmportant to compute
the Jacobian of the functions f(x), fz(x) , f,(x), and for our problem
we must compute the Jacobian of ‘9f (x) s it} —:, which has the form

PRSI

xy

[ Pf(x)  Pf(x) Pf(x) 7]
ox?  Oxdx,  0x,0x,
Pf(x) P f(x) 9 f(x)
det | dx,dx, ax2 7 dx,ox,
Pf(x) P f(x) 9 f(x)
| Ox,0x; dx,0x, 1 0x2

This determinant is called the Hessian of f, and the corresponding matrix is the
Hessian matrix.
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We call a point x where the gradient is zero a simple zero gradient point if
the Hessian of f at x is nonzero. A solvable version of our problem, analogous
to Problem 12.1, is

Solvable Problem 13.2 For an elementary function f(x) defined and
having a gradient on a box B, with the gradient being 0 at most a finite number
of points in B, for any positive integers k, and k,, locate to k; decimal places
a point on the boundary of B where every component of the gradient is less in
magnitude than 10~ and halt. Or, if the gradient is not 0 on the boundary of B,
bound all the zero gradient points in B by:

(1) giving, to k, decimal places, points identified as simple zero gradient
points, or

(2) giving, to k, decimal places, points identified as containing within
their tilde-box a subbox where maxi|%"_)| < 1072, the subbox is cer-
tain to contain at least one zero gradient boint if the crossing number for

@, YUY gver the subbox is nonzero.
dxy dxy dx,

At a simple zero gradient point, it is possible to determine from the point’s
Hessian matrix whether the point is a local maximum, a local minimum, or
a saddle point for f. To see this, take any such zero gradient point X, and
translate x coordinates to make this point the origin. A translation does not alter
any derivative at the point, so the point’s Hessian matrix is unchanged, and its
gradient is still 0. A Taylor series for f, with the series expansion point 0, has
the form

fx) = f(0)+ 5S f<0> F 3f(0>
’0 i.j=0 X;0x

i<j

XiXj

All series terms up to degree 2 are shown. If we let H denote the Hessian matrix,
the series expansion may be expressed in matrix-vector notation as

f(x) =f(0)+%xTHx+...

Here the symbol x” denotes the row vector transpose of the column vector x.
(Transpose notation was introduced in Section 9.1.)

The Hessian matrix H is symmetric, and making use of a basic result of linear
algebra, there exists an orthogonal matrix P with inverse PT that transforms H
to a real diagonal matrix D:

D=P'HP
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This implies H = PDPT, and the equation for f(x) can be written

f@%=ﬂ®+%ﬂfbﬁx+“.

= SO+ 5 (P D(PX) 4

The diagonal elements of D are H eigenvalues, and if they are all positive,
then f(x) equals f(0) plus a sum of squares with positive coefficients, which
indicates that f has a local minimum at the zero gradient point. Similarly, if all
the diagonal elements of D are negative, then f has a local maximum at the
point. If the diagonal elements are a mixture of positive and negative quantities,
then f has a saddlepoint there. No diagonal element of D can be 0, because this
would imply det D = 0. But at a simple zero gradient point, the Hessian, det H,
is nonzero and equals det D because

det H = det(PDP") = det Pdet Ddet P” = det D - (det Pdet P")
=detD- (det PP") = det Ddet I = det D

The procedure for finding zero gradient points within a box B is very much
like the procedure given in Section 12.3 for the problem of finding zeros of
a set of functions f; within a box B. In that procedure, we sometimes compute
a Jacobian interval over a container subbox of B. So if we copy that procedure,
then we sometimes compute a Hessian interval over a container subbox. To get
a Jacobian interval over a container subbox B(©), we obtain a degree 1 series
expansion for each component function f; over B©). The coefficient of the f;
series term in (x — x;) yields the interval value for the element df;/dx; of the
Jacobian. To compute a Hessian interval, we need to obtain a degree 2 series
expansion of f. Line (5.21) indicates that twice the coefficient of the series
term in (x — x;)* yields the value for the element 8*f/dx? of the Hessian, and
the coefficient of the series term in (x — x;)(x — x;) yields the value for both
elements & f /dx;dx; and 9*f/dx;dx; of the Hessian.

The computation for a Jacobian interval, using a Jacobian matrix J having
interval elements, is done in the way described in Section 9.4 for computing
a determinant. Using allowable matrix row operations, we attempt to bring the
Jacobian matrix to upper triangular form J'. If we are successful, the product of
the J’ diagonal elements gives us the Jacobian interval.

When computing a Hessian interval, it is best to do the determinant compu-
tation differently, to determine the type of the simple zero gradient point within
B©) | that is, whether the point is a local maximum, a local minimum, or a saddle
point.
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Let H be the beginning Hessian matrix with interval elements. The first step
is to test whether the interval element /,, does not contain the zero point, and if
s0, to clear column 1 below it. To clear any column 1 element 4,,, we subtract
row 1 multiplied by the interval quantity Ay, /h,,. The clearing of column 1 is
equivalent to a premultiplication of H by a matrix Q, identical to the identity
matrix I except for the elements in column 1 below the diagonal. The column 1
element in row k is —h,,/h,, instead of being 0.

If the process of testing diagonal elements and using them as column clearers
is successful with all columns, we have brought the Hessian matrix to upper
triangular form. We show next that the signs of the diagonal elements match
the signs of the Hessian’s eigenvalues, so the diagonal elements can be tested to
determine the type of a simple zero gradient point in the subbox.

When column 1 is cleared, the changed Hessian matrix is Q,H, and all its
column 1 elements, except the diagonal element, are 0. The first diagonal element
of O, H is identical to the first diagonal element of H. If we were to postmultiply
Q,H by QOT, the transpose of Q,, the only change made to Q;H would be to
convert the row 1 elements to the right of the diagonal element to 0. The resulting
matrix Q; HQ] is symmetric, because H is symmetric.

The process of using diagonal elements one by one to clear the elements
of H below the diagonal, is equivalent to premultipling H by a succession of
matrices Q,, Q,,...,0,_;. If we set Q equal to Q,_,...0,0,, then the final
upper triangular matrix is QH. By the reasoning of the previous paragraph,
the matrix QHQ is a diagonal matrix, with diagonal elements identical to the
diagonal elements of the final matrix QH. The diagonal elements of QHQ" are
not necessarily eigenvalues of H, because Q is not necessarily an orthogonal
matrix. However, by Sylvester’s law of inertia [3, p. 445], the diagonal elements
of QHQT have the same signs as do the eigenvalues of H. If all the diagonal
elements are positive, a simple zero gradient point is a local minimum. If all the
diagonal elements are negative, a simple zero gradient point is a local maximum.
If any two diagonal elements have opposite signs, then a simple zero gradient
point must be a saddle point.

A difficulty may occur in the process of computing the Hessian determinant.
It may happen that a diagonal element in a certain column overlaps 0, but there
is an element lower down in the column that does not contain 0. Whenever
this occurs, this implies that any simple zero gradient point in the subbox is
a saddle point. (The determinant computation can be completed by imitating
the process of computing Jacobian determinats. That is, the diagonal element
is replaced by a more suitable element by a row exchange, and then elements
below are cleared as usual.) Suppose this difficulty occurs for column n— 1. The
determinant of the current matrix equals the product of the first » —2 diagonal
elements times the 2 by 2 subdeterminant in diagonal position in columns n — 1
and n. This subdeterminant is negative, so the two H eigenvalues associated
with this subdeterminant have opposite signs. This implies a simple zero gradient
point is a saddle point.
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If the difficulty occurs earlier than for column n — 1, imagine performing
symmetry preserving row exchange and column exchange operations on the
matrix, bringing the suitable element to just below the diagonal position, with
another same valued element brought to the right of the diagonal position.
Then imagine clearing the elements below the first element and to the right of
the second element by appropriate symmetry preserving operations. Again the
resulting symmetric matrix has a negative subdeterminant in diagonal position.
implying that a simple zero gradient point is a saddle point.

13.3 The demo program extrema

The progam extrema locates zero gradient points by following a procedure
much like the zero-finding procedure for Problem 12.1, described in Section 12.3.
The first step is to test f(x) to make certain that all partial derivatives are
defined over B, and this is done via a task queue similar to that described for
the zero-finding problem.
Next f is tested over the boundary of B to make certain that the f gradient is
nonzero there. After these preliminary tests are made, the general zero-finding

procedure of Section 12.3 is used, with the n functions f|(x),..., f,(X) now
being X 400 o)
?odxy

At the point in the zero flndlng procedure where a Jacobian is computed for a
subbox B©, the Hessian computation is made instead, in the manner described
in the preceding section, to detect the type of any zero gradient points found
in B,

Software Exercises K

These exercises are with the demo programs maxmin and extrema.

1. This exercise and the next demonstrate how maxmin displays its results.
Call up maxmin and obtain to 5 decimal places both the minimum and the
maximum of the function x4y in the square determined by the inequalities
1 <x <10, 1 <y<10. Here a single point is displayed for either extreme value.

2. Edit the log file to change the function from x4y to x, and then call up
maxmin maxmin. This time, because the minimum and maximum computation
leads to large connected (x, y) sets, the program displays only intervals for each
variable.

3. Call up extrema and find to 10 decimal places the local minima and local
maxima of the function cos(x) + cos(2x) + cos(3x) in the interval [—10, 10].



Notes and References 189

There are 19 local extrema in [—10, 10]. In cases where many extrema are found,
the print file is needed to see them all.

4. The book by Ratschek and Rokne [7] suggests the function
4x* —2.1x* +x5/3 + xy — 4y* + 4y*

to test mimimization programs. Call up maxmin to find to 5 decimal
places all zero gradient points of this function in the square defined by —10 <
x; < 10, —10 < x, < 10.
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B. Schaefer [8] [9] has treated optimization problems with range arithmetic.

[1] Fletcher, R., Practical Methods of Optimization, 2nd Edn, John Wiley & Sons,
New York, Chichester, England, 1987.

[2] Hansen, E., Global Optimization Using Interval Analysis, Marcel Dekker, Inc.,
New York, 1992.

[3] Hohn, F., Elementary Matrix Algebra, 3rd Edn, Macmillan, New York, 1973.

[4] Ichida, K. and Fujii, Y., An interval arithmetic method for global optimization,
Computing 23 (1979), 85-97.

[5] Moore, R. E., Interval Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1966.

[6] Moore, R. E., On computing the range of values of a rational function of n variables
over a bounded region, Computing 16 (1976), 1-15.

[7] Ratschek, H. and Rokne, J., New Computer Methods for Global Optimization,
Chichester, England, John Wiley & Sons, New York, 1988.

[8] Schaefer, M. J., Precise optimization using range arithmetic, J. Comp. Appl. Math.
53 (1994), 341-351.

[9] Schaefer, M. J., Verification of constrained minima, J. Comp. Appl. Math. 67 (1996),
195-205.

[10] Skelboe, S., Computation of rational interval functions, BIT 14 (1974), 87-95.



This page intentionally left blank



Ordinary Differential
Equations

Two demo programs solve problems of ordinary differential equations. The
program difsys is for initial value problems and the program difbnd is
for boundary-value problems. These problem types are defined in the next two
sections.

14.1 Introduction

A function y(x) satisfies an ordinary differential equation of the first order if it
satisfies an equation of the form

Y = flx,y)

More generally, a function y(x) satisfies an ordinary differential equation of
order n if the n-th derivative of y(x) is connected with lower order derivatives
by the relation

Y = fy, Y, YY) (14.1)
Thus the equation
Y = +xy)? (14.2)

is an ordinary differential equation of order 2. The differential equation (14.1)
is linear if it can be expressed in the form

YO 4, ()Y g (0)Y g (x)y = h(x)
Equation (14.2) is not a linear differential equation, but the next equation is:

" /1’

y" = xy" — x*y 43y —sin(x)

191
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More generally, s functions y,(x), y,(x), ..., y,(x), satisfy s interrelated dif-
ferential equations of respective orders n,, n,, . . . , i, if the following relations
hold:

n n—1) n,—1) ng—
(])—fl(xyl’---’ygl ’YZ,---’yéz ””’ys""7ys(' l))

n ny—1 ny—1 ng—
(2)—f2(x )ﬁw-w)’fl )v)’z’---’)éz )""’ys"“’ygA I))
(14.3)

n 1 H—1 n,
(‘)—f(xy],...,ygn' ),yz,...,yén ),...,ys,...,yg D)
The ith differential equation is linear if it can be expressed in the form

s nj—1

(n)‘i‘z Z&,k(x))’ = h;(x)

Jj=1 k=0
For example, the functions y, and y, may satisfy the interrelated equations
Y =yi+yin
Yo =2y, +3y,

The second equation is linear, but not the first.

The set of interrelated differential equations (14.3) involving the functions
(%), y,(x), . .., y,(x) is equivalent to a set of interrelated first order differen-
tial equations involving another set of functions u,(x), uy(x),..., u,(x):

uy = fi(x, up, uyy ..y uy,)

w, = fo(x, uy, uyy .y,
(14.4)

u;’n =fm(-x7 U, Uyy o o ,um)

Thus for the single equation (14.1), we may set u;(x) equal to the (i — 1)th
derivative of y(x), fori=1,2,...,n, to obtain the equations

e

uy, =1,
/_

Uy = Uy
/ —
u, |\ =1u
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Similarly, the set of equations (14.3) can be rewritten in terms of m variables
u;, where m =3_;_, n;, and with n; of the new variables associated with y;(x).

From now on, we use the system of equations (14.4) with m unspecified to
designate the set of differential equations under study. If u(x) denotes the vector
with components u,(x), u,(x), ..., u,(x), the system (14.4) may be written
concisely in vector form as

u =f(x,u)

Here f is an m-component vector function of x and u.

14.2 Two standard problems of ordinary
differential equations

In general, with any instance of the system u’ = f(x, u), one finds that over a
particular x interval [a, b] there are many functions u(x) satisfying the equation.
To obtain a unique solution, additional conditions are required.

The initial value problem for the system u’ = f(x, u) is the determination of
a solution u(x) in [a, b] such that u equals a specified value v at a particular
argument x, in [a, b]. Most often x, is at the left endpoint a of [a, b], and if
this is the case, the initial value problem is to find a function u defined in [a, b]
such that

u =f(x,u)
w(@) = v (14.5)

The two-point boundary-value problem for the system u’ = f(x, u) is the deter-
mination of a solution u(x) in [a, b] such that u(a) and u(b) satisfy the relation

g ((u(a),u())=0 fori=1,2,...,m
where each function g; has the 2m variables u,(a), . . . , u,,(a),u,(b), ..., u, (b).
These relations are called the boundary conditions, and can be written in the

vector form shown next if we understand that vectors always have m components,
the same number of components as the system.

g(u(a),u(b)) =0 (14.6)
The vector boundary condition (14.6) is linear if it can be expressed in the form

Au(a)+Bu(b) =c
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where A and B are m-square real matrices, and ¢ is an m-vector. For instance,
if A=1, B=—I, and ¢ =0, we have the periodic boundary condition

u(a) =u(b)

Linear boundary conditions are often encountered, and a frequent case is the
separated variety:

Zu(a) =c,

Bu(b)=c¢,

Here A is of size m, x m and B is of size my, x m, with m,+m;, = m. Then ¢,
is an m,-vector and ¢, is an m,-vector. A particularly simple set of separated
linear boundary conditions is given by this set of equations:

u,(a)=c, fori=1,....k and u,(b)=c, fori=k+1,...,m

Here m conditions are obtained by fixing in some fashion m of the 2m com-
ponents of u(a) and u(b). Note that if all m components of u(a) are fixed, or
all m components of u(b) are fixed, then the two-point boundary-value problem
becomes the initial value problem. Thus the two-point boundary-value problem
includes the initial value problem as a special case.

Often a differential equation problem that appears to be different from either
of the two basic types can be changed in some way to fit one of the patterns.
For example, the motion of a weightless rigid pendulum of length 1, with its
attached end at the origin and its free end with a unit mass at the point (x, y) of
the vertical cartesian plane, is determined by the following equations, obtained
by calculus of variations methods [2, p. 5]:

d’*x d?

W:Kx; d—g:Ky—g; P4y =1 (14.7)
The constant g equals the gravitational acceleration. Here a force along the
pendulum has x and y components Kx and Ky, where K is an unknown time
dependent parameter. Suppose the values of x and y are desired when an initial
velocity v, is imparted to the free end of the pendulum at its rest position. The
parameter K can be eliminated by multiplying the first differential equation by
v, the second by x, and subtracting, to obtain

d*x  d%y

Y dr? XW

The third equation of (14.7) can be differentiated twice with respect to ¢ to obtain

d’x  d%y dx\* [dy\’
x—ty—=—(—) - (—=
dr? dr? dt dt

:gx
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When these two equations are solved for d>x/dt> and d*y/dt*, we obtain these
equations and initial conditions:

d*x |:(dx>2+ <dy>2:|

_ = g_xy_x JR— —_

dr? dt dt

dy > dx\*  (dy)’ (14.8)
a8 [(z) " (z)

dy©0) _

0) =0;
x(0) P

=vy; y(0)=-1

If we identify x, dx/dt, y, dy/dt, and ¢ with the variables u,, u,, us, u,, and x,
we obtain the initial value problem

Uy = i
Wy = guyuy — (Ul +ul]
Uy =y
uy = —gui —us[u; + ]
u(0)=0; u,(0)=vp; u3(0)=-1; uy(0)=0
As another example, consider the eigenvalue problem of a vibrating string:
y// + Ay — 0

The eigenvalues A are sought such that there is a solution function y(x) in [0, 7]
satisfying the boundary conditions

y0)=y(m) =0 and y(0)=1

The condition y'(0) = 1 is present to “normalize” the solution function. (The
solution to this problem is y = JLX sin(v/Ax), for A = 12,22, 3%, ... ) Here if we
identify u,, u,, and u; with y, y’, and A, we have a two-point boundary-value
problem with the differential equations

/_

uy =u,
/_

Uy = —usll,
/_

u; =0

and the separated boundary conditions



196 14 Ordinary Differential Equations

u,(0)=0
u,(0)=1
u (m)=0

14.3 Difficulties with the initial value problem

There are certain difficulties that may be encountered in treating the initial value
problem numerically. Take the case where m, the number of functions, is 1, and
the problem is to find in [a, b] a solution to

uy = fi(x, uy)
satisfying the initial condition
uy(a) =v,

Sometimes a solution in [a, b] is not possible, because the solution function
u,(x) tends to infinity at some point within the designated interval. For instance,
suppose in the x interval [0, 2] we wanted a solution to the problem

r__ 2
uy=1u,

O =1 (14.9)

The nonlinear differential equation is separable and the solution is easily found
to be

1
1—x

u (x) =

Because lim = oo, an accurate numerical solution cannot reach the midpoint of

the [0, Z]Xi?lterval. Thus we must be prepared to occasionally encounter solutions
that grow without bound as x approaches some point ¢ within [a, b]. For such
cases an attempt to numerically approximate the solution accurately throughout
[a, b] would be futile.

A difficulty of a different variety is illustrated by the problem of finding in
[0, 1] a solution to the problem

1
3
uy=1u;

u, (0)=0

(14.10)

The differential equation, again nonlinear, is separable, and it is not difficult to
verify that there are an infinite number of solutions to this problem. First note
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that u; =0 and u, = [%x]% are two distinct solutions to the problem. These two
solutions can be used to construct an infinite family of solutions. We use the

parameter ¢ to designate the following different members of the family:

0 forO0<x<t
3
[%()c—t)]2 fort<x<1

uy (x; 1) = {

The parameter ¢ may assume any value in [0, 1]. When ¢ = 1, u, is the 0 solution;
3

when t =0, u, is [%x]f; and when ¢ is between 0 and 1, u;, combines features
of the two solutions. Note that when ¢ is in (0, 1), the two parts of the solution
join without introducing a discontinuity in u, or its derivative.

Multiple solutions to the initial value problem (14.5) can be eliminated by
imposing restrictions on f(x, u). Note that the function u]* of (14.10) does not
have a derivative with respect to u, anywhere along the line u; = 0.

Suppose for the initial value problem (14.10) we designate a containment box
By, jju of m+1 dimensions, defined by the relations

a<x<b and [vi—=M=<uy <v,+M] for i=1,...,m

The theory of ordinary differential equations shows that if f(x, u) has a bounded
partial derivative with repect to all its u variables within this box, then multiple
solutions to the initial value problem are not possible if u(x) stays within the
box. The two difficulties of this section are taken into account with

Solvable Problem 14.1 Given the initial value problem u’ = f(x, u),
u(a) = v, where f(x, u) is an elementary function differentiable with respect to
its u variables over a containment box By, ;) y, for any argument c in [a, b],
find u(c) to k decimal places, or else indicate that the solution u(x) exits the
containment box before x reaches c.

14.4 Linear differential equations
Suppose for an initial value problem, all the individual differential equation

components of u’ = f(x, u) are linear, that is, each equation can be written in
the form

“; + Zgij(x)uj = h;(x)
j=1

The vector function f(x, u) is then called linear. All the components of a linear
f(x, u) have partial derivatives with respect to each component of u. If all func-
tions g; ; and h; are elementary and defined in the interval [a, b] of the initial
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value problem, then all the solution components are bounded, and we do not
have to deal with the possibility of a solution component tending to infinity
as x approaches some point ¢ inside [a, b]. For we can find a positive con-
stant p bounding the magnitude of all these elementary functions in [a, b]. We
have then

|ui] < D18y ()us| + [hy(x)]
j=1

< ZP|“]'| +p

j=1

A component of the solution u(x) can grow in [a, b] no faster than the corre-
sponding component of the solution to the following initial value problem:

u, = pu;+p, U (a) = || i=1,2,...,m

The solution %(x) to this second problem grows exponentially but is bounded
in [a, b]. Accordingly, we can dispense with a containment box for u(x), and
we have

Solvable Problem 14.2 Given the initial value problem u’ = f(x, u),
u(a) = v, where f(x, u) is a linear elementary function defined for x in [a, b],
find u(c) to k decimal places, where c is any x value in [a, b].

14.5 Solving the initial value problem by power series

In Chapter 6 we computed definite integrals of elementary functions using power
series. Power series methods are useful also for solving differential equations.
However, to apply such methods, the function f(x,u) must be differentiable
to arbitrary order with respect to all of its variables. Although this condition
commonly holds, this is a stronger condition on f(x, u) than what either of the
two preceding solvable problems require.

Assume now that this stronger condition holds. If u is the solution to the initial
value problem, then for each component u;, we have the differential equation
u, = fi(x,uy,...,u,). This equation can be differentiated any number of times
with respect to x, because all partial derivatives of all functions f; exist, so u;
is infinitely differentiable at any x point in [a, b]. So the u components can be
approximated by Taylor polynomials over small subintervals of [a, b].

The power series method to be described has some similarity to the power
series method for computing definite integrals, described in Chapter 6, but is
more complicated than that method. We will suppose that we have advanced
our u(x) approximation from x = a up to x = x,, and have obtained the interval
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m® +w® for u(x,). Here we are using vector notation to represent the m com-
ponents of u(x,). The halfwidth vector w¥), called the global error vector,
defines a halfwidth bound for the solution u at x,, that is, u(x,) is somewhere
within the interval m® £ w®_ (At the start of the approximation process, x; = a
and m") £ w") = v40, so the global error vector then is 0.)

At the series expansion point (x,, m®)) we try to obtain a power series for
the solution u(x) that bounds the solution in the interval [x,, x, + &]. The step
width 4 is adjusted so that various requirements to be described are satisfied.
Generally the step width of the preceding interval [x,_,, x.] is the first & value
tried, but occasionally this initial 4 value is doubled to test whether conditions
have changed to allow a larger step width. If any of the required conditions
are not met, & is halved, and the attempt repeated. In the starting x interval
[a, a+ k], the first trial & is large, for example 0.5.

The bounding series for u in powers of x — x; is computed up to the terms in
(x — x;)", where n is reasonably large, such as 12 or higher. The computation
for the terms of u are made by a recursive procedure. Initially series variables
are set to

x=(x, £h)+(1x0)(x—x,)

u=m%+w)

The halfwidth vector w has components larger than or identical to corresponding
components of the global error vector w¥). The first step is to choose the vector w
so that for any x in [x,, x, + A] it is certain that u(x) is contained within the
vector bounding interval m® +w.

For the chosen step width &, whether a halfwidth vector W is satisfactory is
determined by the outcome of a degree O series evaluation for f:

f=(f,+w,)

The containment condition is satisfied if a halfwidth bound vector for u in
[x,, x, + h], calculated using the global error vector w) and the largest possible
rates of increase for u components, obtained from f, is within the vector w:

wO L (|| +W,) <W (14.11)

A value for w is desired with components as small as possible. A simple method
of determining a suitable W is to set W initially to w*), evaluate f, and if the vector
inequality (14.11) fails for component j, then component j of W is increased to
match component j of w® + h(|f,| +W,), times a factor slightly above 1, for
example 1.1. The test (14.11) then is repeated after f is recalculated. After a
fixed number of these attempts to adjust W fail, the step width % is halved, and
the whole process restarted.
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After a suitable W is determined, the next step is to determine all the terms of
the u series. Because w’ =f, a term (f, &=w,)(x — x,)* determined for the f series
becomes the term (ler_lfk + ﬁwk)(x—xk)’“rl for u. So the degree 0 term for
f allows u to be changed to

u=(m® £W)+ (£, +W,) (x— x,)

The computation for the f series now is carried further to obtain the degree
1 term of £, which is used to fix the degree 2 term of u. This cyclic procedure,
of computing the degree k term of f and using it to fix the degree k+ 1 term of
the u series, continues until all the required terms of u are obtained.

If the global error vector w®) for u(x,) were 0 (as it is for the first step), then
by the series remainder formula (6.2), we would have

2 n—1 n

u(x,+h) =m® + hfy + %fl 4+ %fn_z + %(fn_1 +w,) (14.12)
The vector W, _, is the local error vector over the interval [x,, x; + h]. For
each component of u, the local errors accumulate and add to the global error as
the solution is constructed from a toward b. The rate of growth of global error
due to the local error is defined by the vector ?Wn_l, and if any component
exceeds a preset bound (which would depend on the number of correct decimal
places wanted), then / is halved, and the whole process restarted.

The global error w**! equals the local error over [x,, x, + 4] plus another
halfwidth vector, the global error carryover, which equals w*) plus other terms.
The series terms of (14.12) that do not have a halfwidth part are calculated at the
point defined by x = x, and u = m®, but the solution u(x,) can be anywhere
in the interval m® 4+ w(®_ To take this into account, all u series terms of degree
less than n are assigned a halfwidth to reflect the effect of the global error w®,
and this requires a new computation of these terms. For this second calculation,
the variables are set initially to

x=(x£0)+(1£0)(x—x,)

u= (m(k) :I:w(k))

and the cyclic process described previously is repeated, but this time it ends
when the u term of degree n — 1 is obtained. The degree 1 term given for x is
needed to make the computation yield the same midpoints as before, but with
changed halfwidths. We distinquish these changed halfwidths by using w in
place of w, and after the newly calculated terms are inserted in (14.12), we
obtain

h? h" -
u(x, +h)= (m(k) iw(k)) + h(fy = w,) + ?(fl tw )+ +—E,_ £wW, )
n

(14.13)
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At x = x+h we have u(x, + &) = m*+) £ wk+D  Equation (14.13) now
shows that

h? h"

m*) =m® 4 nf + Sl (14.14)
h2 hnfl W .

wkth — w® hw, + ?wl 4.4 mwni2 + FW'FI (14.15)

The global error carryover is

h2 hn—l
W(k)+hw0+7w|+--~+

W, , (14.16)

n—1

We can calculate u(x) for any x in [x,, x, + ] by using (14.14) and (14.15),
with & replaced by the value of x —x,.
As an example, let us apply the proposed system to the test case:

u=—u

(14.17)
u(0)=v
The number of components m can be any positive integer, and the solution
is uw = e *v. Suppose we have carried the numerical solution up to the point
x = x,, obtaining u(x;) = m® + w®, Because f = —u, the u series term
in (x —x;)’ has the coefficient (—1)/(m® £ w®). Therefore we obtain for
u(x, +h)=m%D £ wk+D the values

2 3 n

m = m® _ pm® h_'mu«) _ %m@) et (_1)nh_‘m<k>
h3 hn—l ht

k) 4 ... k) " &
TR ey ST AT

2
Wi — W g pw® 1 %wm I

(By the rules of interval arithmetic, c(m+w) = cm £ |c|w.) We see that m*+!)
is nearly e”"m®, a satisfactory result, but the global error carryover is nearly
e"w®_ It will not be possible to compute u(x) to k decimal places for a large
interval [a, b], with the global error growing exponentially this way. It is clear
that an improvement in the computation of w**! is needed.

14.6 Degree 1 interval arithmetic

In this section we introduce a variety of interval arithmetic that is helpful in
obtaining accurate differential equation solutions.

When performing any of the four operations +, —, X, + on intervals, an overly
large result interval may be obtained if the operands are related in some way.
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Each of the four interval arithmetic relations (2.3)—(2.6) given in Chapter 2 is
obtained under the assumption that the two operands are independent, so that if
one operand takes a certain value within its interval, this has no influence on the
other operand. If this assumption is not valid, a narrower result interval may be
possible.

Two simple examples of this are the computations of x —x and xy — x for
intervals x and y. For instance, if x =241 and y =3 £ 1, then according to
the interval equation for subtraction, we have x —x = 042, when the answer
should be 0+ 0. Similarly, according to the interval equations for multiplication
and subtraction, we have

xy—x=Q+1)xGBE)—Q+1)=[2-3+£(1-3+2-14+1-1)]—-2£1)
=(6+£6)—(2+1)=4£7

As x varies in the interval [1, 3] and y varies in the interval [2, 4], the function
xy — x varies in [1,9]. (These bounds for xy — x are readily found with the
program maxmin.) So using the xy — x midpoint value of 4, the best possible
interval result is 4 £5.

Suppose a certain interval computation depends on N initial quantities hav-
ing interval values. Imagine the ith such interval quantity, m; £ w;, defining
a variable v; in an interval [m; — w;, m; + w;]. Suppose the computation can
be represented as a certain elementary function f of the variables v, ..., vy.
When we do a formal interval computation for f, we obtain an interval result
which may be considered a degree O series expansion of f in terms of the
variables v;. If we compute f as a degree 1 series expansion of the variables
v;, then we obtain interval bounds for all of f’s degree 1 terms. This type of
computation occurred in Chapter 6, where we needed to bound a high degree
term of an integrand function f(x) expressed as a power series. To obtain these
interval bounds, we use formal interval arithmetic, and each series variable v,
is set to

v = (m;£w;) +(1£0)(v; —m;)

The computation f proceeds by generating a degree 1 series representation for
each successive quantity occurring in the calculation. In general an intermediate
result g will have the form

q= a+ZBk(vk —my)
k

Here the interval « defines ¢g’s degree 0 term, and an interval coefficient 3, is
present to define a degree 1 term for each variable v, on which ¢ depends. The
degree O term gives ¢’s value as computed by ordinary interval arithmetic. The
degree 1 terms give interval bounds for ¢’s partial derivatives with respect to the
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various variables v;. The quantity q may be viewed as a function g(v,, ..., vy)
of the N variables v, ..., vy. The domain of this function is the N-space box
B defined by the N intervals m; & w;, and the function g has the Taylor series
expansion

ag(my, ..., my)
g(my, ... ’mN)+Z%(Uk_mk)+”'
k Uk
with the series expansion point (m,,...,my) in B, so that g(m,,...,my) is
the midpoint of ¢’s interval , and dg(m,, . .., my)/dv, is the midpoint of the
interval 3,. We now make use of equation (6.2). For any point (v,,...,vy)

within B, we have the interval relation

q(vy, ..., vy) =midpoint &+ B (v, —my)
k

The maximum absolute value of (v, —m,) in B is w,, so we obtain a second
halfwidth for g’s interval, namely

halfwidth g = 3" |8, |w, (14.18)
k

Here |B,| equals |midpoint B,|+ halfwidth B,. Thus we always have two
halfwidths for ¢, one by ordinary interval arithmetic (which we will call the
degree 0 halfwidth), and one by using equation (14.18) (which we will call the
degree 1 halfwidth). With formal interval arithmetic, the degree 1 halfwidth for
q is not automatically computed as is the degree 0 halfwidth, but whenever it is
computed, it can replace ¢’s degree 0 halfwidth if it is smaller.

Repeating the computations given earlier for x —x and xy — x in degree 1
format, if x is v; and y is v,, we have

x—x=[Cx1)+(1x0)-(v,=2)]-[2£1)+(1£0)-(v,—2)]

=[(0£2)+(0£0)- (v, —2)]
and

y=x=[2E)+1A£0)- (v, =2)]- [BED+(1£0)- (v, -3)]
—[Q£D)+(1£0)- (v, —2)]
=[(6+£6)+(B+1)-(v,—2)+@2£1)-(v,—3)]
—[Q£D)+(1%£0)- (v, —2)]
=[@G£7+Qx1D)-(v,-2)+2£1)- (v,—3)]



204 14 Ordinary Differential Equations

For x — x we obtain a degree 1 halfwidth of 0-1 =0, and for xy — x a degree 1
halfwidth of 3-1+43-1 = 6. These halfwidths are an improvement over the
degree 0 halfwidths of 2 and 7, respectively. We see that now we obtain the cor-
rect halfwidth for x — x, and an improved but not optimum halfwidth for xy — x.

In general, degree 1 interval arithmetic requires more computation than the
ordinary variety, but the halfwidths it obtains often are significantly better for
cases where the computation requires many additions and subtractions of inter-
mediate results.

The degree 1 halfwidth can also be larger than the degree 0 halfwidth. For
instance, using the x and y intervals that have appeared in these examples, for
X -y we obtain

x-y=[Cx1)+(1=£0)-(v;, —2)]- [Bx1)+(1£0)- (v, —3)]
=[(6£6)+(Bx1) - (v,—=2)+2%1):(v,—3)]

For x -y we obtain a degree 1 halfwidth of 4-1+43-1 =7, which is larger than
the degree 0 halfwidth of 6. The situation is similar for the division x/y.

One can imagine obtaining a “degree 2 halfwidth” also. Here we have the same
representation for all starting constants as before, but any quantity ¢ computed
in terms of these constants is calculated up to degree 2. Thus g has the form

g=a+Y Bi(v,—m)+> v, (v, —m) (v, —my)

k1

Here v,,, like B, is an interval. Again making use of equation (6.2), and using
similar reasoning as before, ¢’s degree 2 halfwidth is

halfwidth ¢ = > |midpoint B|w; + Y |y wew,
K Kl

For the example xy — x we obtain now

xy—x=[2£D)+1£0) (v, =2)]-[B£D)+(1£0)- (v, —3)]
—[C£1)+(1£0)- (v, —2)]
=[@+D+Q2E£1)-(v,-2)+(2+1)-(v,—3)
+(1£0)(v; —2)(v, —3)]

The degree 2 halfwidth is [(2-1)4(2-1)]4+[1-1-1] =5, which is the optimum
value.

If there are N initial constants, the number of terms an end result must carry to
obtain a degree 2 halfwidth is proportional to N2, whereas the number of terms
for a degree 1 halfwidth is proportional only to N. This increased computational
cost makes it difficult to find applications where it is worthwhile computing
degree 2 halfwidths instead of degree 1 halfwidths.
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14.7 An improved global error

By using the type of interval arithmetic introduced in the preceding section,
the global error carryover computation can be greatly improved. The degree
1 halfwidth computation (14.18) depends only on the u intervals. To obtain an
improved halfwidth, we set u components to

u; = mfk):l:wfk) +(1:l:0)(ul-—ml(-k)) i=1,...,m
This can be expressed compactly in matrix-vector notation as
u=m® £w® 4 (7+0)(u-—m") (14.19)

All f computations are now made to degree 1 with respect to u, so this changes
the coefficient of the f series term in (x —x;)’ from f; = w; to

k
fj:I:wj+(Aj:|:Bj)(u—m( )

where A; and B; are matrices. Instead of the expression (14.13) for u(x; + h),
we now obtain an expression which is degree 1 with respect to u, with a degree
0 part identical to the right side of (14.13), and with a degree 1 part equal to

h2 hn—l
[(Ij: 0)+h(AgEBo) + - (A £ B) + -+ —— (4, iBn_z)] (u—m®)

=(A£B)(u—m") (14.20)

where the matrices A and B are determined by the equations

h2 hn—l
A=IT+hAy+—A+ +—A,,
2 n—1
h2 hn—l
B=hBy+—B,+ -+ B, ,
2 n—1

We replace the global error carryover (14.16), which is degree 0 with respect to
u, with the degree 1 halfwidth vector

(JA| +B)yw®

There is no change in the midpoint value (14.14) for m**", and also no change
in the local error contribution to w+!.

For the test problem (14.17), because f = —u, we find the coefficient of the
u series term in (x — x;)/ equals

(1) )+ (1 £:0)(u—m®)]



206 14 Ordinary Differential Equations

so that we obtain

2 n—1

h
A=IT—hl+—I— - +(=1)""!
o DTG

1

B=0
The global error carryover is now very nearly e™"w®, and there no longer is
difficulty obtaining accurate values of the solution over wide intervals [a, b].

A second instructive test problem is the differential equation y” 4y = 0, with
initial conditions y(0) = v,, y'(0) = v,, or, equivalently, setting u, = y and

U =y,
(A I 7 O 0 S R S

The solution is
u, | cosx sinx v,
u, |~ | —sinx cosx v,

Again taking u(x,) to be m® £ w® and using degree 1 interval arithmetic, this
time we find the coefficient of the u series term in (x — x;)7 is

l[ 0 1T[(m(wiw<k>)+(lio)(u—m“‘))]

jpL-10
. 01 . )

If we set the matrix S equal to 10/ for this problem we find

h? h? n"
m“ = [I+hS+ =S+ S+ + —S"] m®
2! 3! n!
2 -1 0 4 )
Note that §° = 0 —1/ and $* = 1. We find that very nearly

. (k) (k) o
m; cosh+m, sinh
D |: cosh sinh :|m(k) _ |: 1 2 j|

—sinh cosh —mﬁk) sin i+ mgk) cosh

The matrix B of (14.20) is O, and the matrix A is given by

2 n—1

A—I+hS+h52+hBS3+ + st
N 2! 3! (n—1)!
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The global error carryover, the u degree 1 halfwidth vector |A|lw®, is very
nearly

(k)

wgk) cosh+ wgk) sinh
wfk) sinh+w, cosh

This is not a good result. For instance, if wfk) = wgk) the global error carryover

vector has components that approximate (sin %+ cos h)wfk), which is close to
(h+ l)wgk). After executing ¢ of these h steps, the global error components are
close to (h+1)4 wik). The global error will grow exponentially for this problem,
preventing determination of the solution u over a large interval [a, b]. Another
improvement in the treatment of global error carryover is needed.

The major part of the global error carryover is generally the vector |A|w®). The
term Aw® is converted to the form |A|w® to get positive halfwidths to combine
with the Bw® halfwidths. The global error vector w*) defines intervals for the
u solution components. Let us think of this vector as if it were varying, with
its ith component always never greater than wgk) and never less than —wik .
Then the vector defines a variation box in m space, with sides perpendicular to
the coordinates. As w® varies within its allotted box, the vector Aw® varies
within an m-dimensional parallelepiped. The halfwidth vector |A|w®), with ith
component ), |aik|w,£k), defines the smallest box containing this parallelepiped.
If w®) were to vary within a subregion of its box, then Aw®) would vary within
the corresponding subregion image.

An improvement in global error carryover is possible by avoiding the conver-
sion of AwW® to |A|w®. Suppose instead of maintaining the global error as a
vector w¥), we maintain it in the form C®¥w®, using both a matrix C*®) and
a vector w¥. We take CV =1 at the starting point x, = a. The global error
carryover is now

(A£B)CHwWH = AcHwH £ pcOwh
=ACHw® +wpg

where wy = B|C®|w® . For the global error C**Dw*+D  we take C**+" equal
to AC® and w**) equal to w® plus a correction vector w* large enough to
account for wy plus the local error %W,,_l. If we set w = wy+ %W,,_l, we can
continue the global error carryover computation, obtaining

AC(k)W(k) +W, — C(k+1)w(k) +w/ — C(k+1)[w(k) + (C(k+1))—lwr]

so the correction vector w* may be taken as | (C*+1)~!|w'.

With the test problem (14.21), we find that the vector w*) now grows linearly
instead of exponentially, with the addition of only a small halfwidth vector
at each h step to compensate for the local error. The matrix C*) changes at each
h step by being premultiplied by a matrix that is very nearly
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cosh sinh

—sinh cosh
and the elements of the successive C®) matrices vary in the interval [—1, 1].
This revision of the error bounding system allows the second test problem to be
solved to k decimal places surprisingly large distances from the initial x value a.
The system so far described works well with both test problems, but there is
one final difficulty that is occasionally encountered. It is possible the differential
equation system is such that the increment vector w* needed to adjust w*+!,

although initially small, eventually becomes sizeable, even though the local error
and the error due to the matrix B are small. An example where this happens is

the initial value problem
up 1. up(0) | _| 2
u, |’ u,(0) |10

, 1 1
CIERE
T Il

which has the solution
u(x)| | 14e™
uy(x) |~ | 1—e™*

What occurs here is that the matrices C*®' approach singularity, so the elements
of their inverses become ever larger, and eventually the correction vector w*
contains huge components.

The two demonstration programs that solve differential equations, difsys
and difbnd, monitor the magnitude of the elements of the C ® inverse matrix.
When the largest component magnitude passes a certain bound, C* is reset to 1,
and w® reset to |CW |w),

14.8 Solvable two-point boundary-value problems

To obtain a solution to the two-point boundary-value problem
u =f(x,u)
g(u(a),u(b)) =0

we must find a vector v such that the solution u(x) to the initial value problem

(14.22)

u =f(x,u)
(14.23)
u(a)=v

satisfies the boundary condition g (u(a),u(b)) = 0. Generally a region R of
m-space is prescribed in which to search for suitable vectors v. If any of the
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boundary conditions are of the form u;(a) = ¢, where c is some constant, this
simplifies the search, because the j component of v is fixed at ¢, and the
dimension of the search region is reduced by one. We use the notation u(x; v)
to denote the solution to the initial value problem corresponding to v, so that
the boundary condition can be written as g (v, u(b; v)) = 0, or, more simply, as
p(v) =0, where p(v) is g (v, u(b; v)). The two-point boundary-value problem
is essentially a problem of finding zeros of the function p. For each zero we
find, the solution to the boundary problem is obtained by numerically solving
the initial value problem (14.23) with v set equal to the zero.

We will assume that the search region for v is a box B in v-space, possibly of
dimension less than m, if some v components are fixed by boundary conditions.
We must be certain that for v in B, u(x; v) is defined. This is a strong condition,
requiring the solution of the initial value problem (14.23) to be defined and
bounded throughout [a, b] for any v in B.

We will phrase the solvable problem so that the goal is to approximate the
P zeros that lie in the search box B. If we obtain a zero accurately enough, we can
obtain the corresponding solution of the boundary problem to the required number
of decimal places. We model the problem after Solvable Problem 12.1 as follows:

Solvable Problem 14.3 Given the two-point boundary-value problem
u' =f(x,u), g(u(a),u(b)) =0, where f and g are elementary, with the function
p(v) = g(v,u(b; v)) defined for v in a box B, nonzero on the boundary of B,
and having at most a finite number of zeros in B, given a containment box
By, ;,» Within which f has partial derivatives with respect to all the u variables,
which is large enough to contain the solution to the initial value problem u’ =
f(x,u),u(a) =v, for any v in B, bound the zeros of p(v) in B by

(1) giving to k decimal places points identified as simple zeros, or
(2) giving to k decimal places points identified as containing within their tilde-
box a region where max; |p;(v)| < 107%.

Solvable Problem 12.1 requires a search of the boundary of the box B to find
points where the problem function is close to zero. And the crossing number
helps to resolve whether a type (2) point actually is a zero. Although in principle
these possibilities are open to us, the difficulty in obtaining a value for p(v)
precludes these luxuries in a practical program, so they have not been included
in the statement of the preceding problem.

A type (1) “simple zero” point, is a v value in B where the p(v) Jacobian is
nonzero, and definitely gives a solution to the boundary-value problem; whereas
a type (2) point gives only a solution possibility. Such a point obtained for a
certain k could be missing for a larger k.

The procedure of Chapter 12 for finding the zeros of a function f can be
adapted to Solvable Problem 14.3. This procedure, described in Section 12.3, has
two parts. The search region B is repeatedly subdivided into smaller and smaller
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subboxes, and intervals are found for the components of f over these subboxes.
A subbox is discarded whenever a component interval does not contain 0.
Periodically, for the sets of subboxes remaining, container boxes are constructed,
each bounding off a group of mutually adjacent subboxes, and these container
boxes are the means of locating the simple zeros. We need to find a way to carry
out the two parts of this procedure on the function p.

Assume we can use the power series method of Sections 14.5 and 14.7 on the
initial value problem (14.23). With this method, an interval for u at an x point
in [a, b] is converted to an interval for u at another x point further along. So
if we have intervals for the components of v, we can obtain intervals for the
components of u(b; v). These u(b; v) intervals may be overly wide, but their
widths decrease toward zero as the widths of the v intervals decrease toward
zero. And intervals for u(b; v) lead to intervals via interval arithmetic for the
components of p(v). Thus there is no fundamental difficulty carrying through
the first part of the Chapter 12 procedure.

The Chapter 12 container box subroutine determines a simple zero point is
present by first computing a Jacobian interval over the container box. So for
our problem, determining that a container box contains a single simple zero of
p requires computing intervals for the partial derivatives of p(v) with respect to
the components of v. This requires computing intervals for the partial derivatives
of u(b;v) with respect to the components of v. When we differentiate the
differential equations for u(x; v) with respect to these components, we obtain
the equations

du;(x;v)  dfi(x,u)

c?vj 6vj

Lhj=1,...,m

which also may be written as

du(x;v)\ | 9fi(x,w) dug (x; v)
( v; )_Z duy, v;

J J

ij=1,....m (14.24)
k

We now have ordinary differential equations for the partial derivatives
du,(x; v)/dv,. If the function f(x, u) has all the required partial derivatives, then,
in principle at least, we can obtain intervals for du;(b; v) /dv; over a v box just as
we can obtain intervals for u;(b; v) over a v box. We consider practical methods
of getting such intervals next.

14.9 Solving the boundary-value problem by power series

Problem 14.3 needs to be revised so that power series methods are possible.
The function f is required to be infinitely differentiable with respect to all of
its variables, and a containment box B, ) is not necessary if an appropriate
escape is provided.
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Solvable Problem 14.4 Giventhetwo-pointboundary-value problemu’ =
f(x,u), g(u(a), u(b)) =0, where f and g are elementary, where f has all partial
derivatives with respect to all its variables when x is in [a, b], with the function
p(v) = g(v, u(b; V)) having at most a finite number of zeros for v in a given box B,
with p(v) nonzero on the boundary of B, bound all the p zeros in B by

(1) giving to k decimal places points identified as simple zeros, or

(2) giving to k decimal places points identified as containing within their
tilde-box a region where max, |p;(v)| < 107%,
or find to k decimal places a point v, in B where for some x in [a, b] a
component of u(x;v,) is larger in magnitude than a specified positive
bound M.

In preceding sections of this chapter that were devoted to the initial value
problem, we used a series evaluation method to obtain interval bounds for u(x)
for any x in [a, b]. With this method, when we have the representation m® £ w(®)
for u at x,, we then obtain a similar representation for u at a point x,_, to the
right of x,. Now, instead of starting at x = a with the u representation v %0,
as we did for the initial value problem, we start with the u(a) representation
v £ w) specified by the first v subbox B®) on the queue. After the differential
equation solution process reaches b, if x,, = b, then the interval m*) £ w*) is
obtained for u(b), which becomes the interval representation of u(b;v) over
B®). An interval arithmetic computation for g(v, u(b; V)) gives us an interval
for p(v) over B®). We have now determined how to dot the first part of the
Chapter 12 procedure for locating zeros.

To do the second part of the procedure, interval bounds must be obtained for
the elements of the p(v) Jacobian matrix over a v container box B(©). For this
part we need to do an interval degree 1 series computation for g(v, u(b; V)) If
the midpoint-halfwidth representation for the box B© is v(©) £ w(©), we set the
degree 1 series representation for u at x = a over this box to

u=VOEw)+T£0)(v-v)
We need a representation for u(b; v) of the form
u(b; v) = (m* £w®) + (A®) £ BE) (v —v(©)

Here we are supposing that somehow the v partial derivatives of u(b; v) have been
bounded in the intervals defined by matrices A*) and B*). With its variables
v and u(b; v) set this way, a degree 1 series expansion of the elementary function g
will give us the p partial derivative intervals we need. In the expression just given
for u at a, we presumed that none of the v components had been fixed as con-
stants by the boundary conditions. If component j of v is fixed at the value c, then
its degree O term becomes ¢ =0, and its degree 1 terms all have coefficients 0 0.
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We can obtain the required partial derivative intervals for u(b; v) over a box
B© by extending the procedure for obtaining intervals for u(b; v) over B,
Here we not only bound in intervals the solution to the differential equation
u’ =f(x,u) at selected points x, in [a, b], but we must also bound in intervals
the solution to the differential equations (14.24). Suppose then that at a point x,
in [a, b] we have obtained the interval vector m® £ w® for u(x,; v) over the
box B, and also have obtained the interval array A% 4+ B® for the Jacobian
elements of u(x,; v) over the same box. The representation for u as a series in v is

u=m"%+wh) 4+ (A® £ BO) (v —v(©) (14.25)

In Section 14.5 there were two parts to the procedure for obtaining a series
for w in [x;, x, + &]. In the first part, a containment box for u is obtained, with
h determined in the process and the local error found. In the second part, the
global error for u at x,_, is found. Since we are solving differential equations
just as before, our procedure has the same two parts. At the point x,, we have u
given by (14.25). (Initially, when k = 1 and x, = a, then A" =] and BV = 0.)
In the first part of the procedure, variables are set to

x=(x,£h)+(1£0)(x—x,)
u=(m"® W)+ (A® £B)(v—v©)

The halfwidth vector w and halfwidth matrix B have components that are larger
than or identical to corresponding components of w® and B®. For the chosen
step width &, we determine whether the w and B estimates are acceptable by the
outcome of a series computation for f that is degree 0 in x:

f = (£, £ W) + (4 £ By) (v—v')

(In this series computation, u is viewed not only as a function of x, but also as
a function of the v components, which are variables independent of x. If an x
degree k computation of f is made, the expression is always obtained to v degree
1. This gives us the needed x degree k values for (8ui /v j)/.) Now we make the
containment test

w L h(f)| +Wo) <W  B+h(|A|+B,) <B

If any component of W or B fails this test, it is replaced by the corresponding
component on the other side of the inequality, times a factor slightly above 1, such
as 1.1, and the test is repeated after f is recalculated. After a fixed number of
these tests fail, Ii is halved, and the whole process is restarted.

After W and B are found, the next step is to obtain all the higher degree x
terms of the u series. Note that if the x degree k term of f is determined to be

[(f £ w,) + (A £ B)(V— V(C))](x - xk)k
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then the x degree k+ 1 term of u is

1 1 1 1
4+ - A, +—B _v© VRS
|:<k+1k k+IWk>+<k+1 KT k)(" Vi) [ (x = xp)

All the other parts of the power series computation described in Section 14.5 have
their counterparts in this computation. The difference is that now we compute
additional series terms in v when we make our u power series computations.

The method for improving halfwidth computations described in Section 14.6
needs to be used here also to keep halfwidth values from becoming unnecessarily
large. There are more intervals now to be viewed as variables than previously,
these being all the intervals in (14.25).

14.10 The linear boundary-value problem

The boundary-value problem becomes easier to treat if the differential equations
are linear and the boundary conditions are linear. In this case the two-point
boundary-value problem itself is called linear. The function f(x,u) has the
vector-matrix representation

f(x,u) = G(x)u+h(x)

where G(x) is an m-square matrix whose elements are functions of x, and h(x)
is an m-vector whose components also are functions of x. If all these functions of
x are elementary and defined in [a, b], then according to Solvable Problem 14.4,
the components of u(b; v) can be determined for any v.

Because the differential equations are linear, it is possible to obtain the fol-
lowing representation for u(b; v):

u(b;v) = Qv+r (14.26)

Here Q is a real m-square matrix and r is a real m-vector. Column j of Q equals
the solution at x = b of the initial value problem

U =G(x)u, u(a)=e (14.27)

where e; equals column j of the m-square identity matrix /. The vector r equals
the solution at x = b of the initial value problem

u' =h(x), u(a)=0 (14.28)

If for each j we multiply by v; the solution to (14.27) and sum, and then add
the solution to (14.28), we obtain the solution to the initial value problem

u' =G(x)ut+h(x), u(a)=v
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If we use equation (14.26) in the linear boundary condition equation
Au(a)+Bu(b)=c

we obtain the matrix equation
Av+BQv=c—Br (14.29)

Thus if the matrix A+ BQ is nonsingular, there is only one vector v which gives
a solution to the boundary-value problem, the vector (A + BQ)~!(c — Bp). Note
that the matrix A 4+ BQ equals the Jacobian matrix of p(v) = Av+ Bu(b, v) —c.
For the linear boundary-value problem, a possible solvable problem is

Solvable Problem 14.5 Given the linear two-point boundary-value
problem

u = G(x)u+h(x), Au(a)+Bu(b)=c

where the elements of the matrix G(x) and the components of the vector h(x)
are elementary functions of x defined in [a, b], find to k decimal places the lone
simple zero of p(v) = Av+ Bu(b, v) —c, or indicate that the magnitude of the
p Jacobian is less than 107,

This problem can be solved numerically by finding m + 1 separate solutions
to various initial value problems, namely the solutions whose values at x = b are
needed to form Q and r. But generally it is more efficient to get these values by
using the procedure described in the preceding section for obtaining the G(Vv)
partial derivatives, because then we need only one sweep through [a, b] with the
differential equation solution procedure.

Software Exercises L

These exercises are with the demo programs difsys and difbnd.

1. Call up difsys and solve the simple initial value problem u' = u, u(0) =1
to 10 fixed-point decimal places for x in the interval [0, 10]. Set the x increment
between printouts to 0.1. The problem’s solution is the exponential function
u = ¢*. Check the print file to see that 10 decimal place accuracy is not obtained
toward the end of the [0, 10] interval. Edit the log file to change the 10 fixed-point
decimal places to 10 floating-point decimal places, and then call up difsys
difsys. This time 10 decimal place accuracy is obtained throughout [0, 10].
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2. In this exercise and the next, we see the response of difsys to the two
difficult example problems of Section 14.3. Call up difsys and attempt to
solve to 10 fixed-point decimal places the problem u’ = u?, u(0) =1 in the x
interval [0, 2]. Set the x increment between printouts to 0.01. difsys gives
values until x = 0.99, then indicates that the integration step width has become
too small, and terminates. The program difsys does not require a user to
specify a containment box, as is required by Problem 14.1, so the method of
indicating trouble differs from that in Problem 14.1.

3. Callupdifsys and solve to 10 fixed-point decimal places the problem v’ =
u'3, u(0) =0 in the x interval [0, 1]. Set the x increment between printouts to
0.1. The problem is rejected by difsys because u does satisfy differentiability
conditions at x = 0. Edit the log file to change u(0) from O to 0.01, and then
call up difsys difsys. This time a solution is obtained.

4. Call up difsys and solve an initial value problem for #” = —u in the
interval [0, 207] to 10 fixed-point decimal places. Take the initial conditions to
be u(0) =0 and «'(0) = 1, and set the x increment between printouts to 7/10.
The problem’s solution is u = sin x. Afterwards, edit the log file to change from
10 fixed-point decimal places to 10 floating-point decimal places and then call
up difsys difsys to see the changed output.

5. Call up difbnd and solve the string eigenvalue problem given at the end
of Section 14.2. The differential equations and boundary conditions are

uy =u, u,(0) =0
wy,=—uzu;  uy(0) =1
;=0 u (m) =0

Take the [a, b] interval to be [0, 7]. After you specify the initial conditions,
difbnd requests an interval for u3, so specify the interval [0, 10]. Set the
display interval to [0, 77], the x increment between printouts to 7r/10, and choose
10 decimal-place accuracy. The program finds three distinct solutions.

6. Call up difbnd and attempt to solve to 5 decimal places in the interval
[0, 7] the linear two-point boundary-value problem u” +u =0, u(0) = u(mw) =0.
Take /10 as the printout increment. The function u(x) = ¢ sin x with c arbitrary
satisfies the problem, so there are an infinite number of solutions. With this
problem, the program difbnd takes the escape of Solvable Problem 14.5, and
indicates that the Jacobian of the boundary condition matrix is too small. Edit
the log file to change b to m/2, which changes the boundary conditions to
u(0) = u(7w/2) =0, and call up difbnd difbnd. This time difbnd finds the
unique solution.

7. Call up difbnd and solve to 5 decimal places in the interval [0, 1]
the two-point nonlinear boundary-value problem u” = —e*, u(0) = u(1) =0.
Use a search interval for «’ of [0, 12] and set the printout increment to 0.1. The
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program difbnd locates 2 separate solutions, one with u'(0) near 0.5 and one
with u'(0) near 11.
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The demo program pde solves what is known as the initial value problem for
a system of partial differential equations. In this chapter the term “function
analytic at an argument point P’ means the function at P has a derivative of any
specified order with respect to its variables.

15.1 Partial differential equation terminology

With ordinary differential equations (ODEs), it is customary to use x as the lone
independent variable. With partial differential equations (PDEs), where there are
two or more independent variables, it has become customary to use ¢ as the last
independent variable. In many PDE problems, ¢ designates time, but in general,
it is best to think of ¢ as simply the final independent variable.

To prepare for PDE problems, we reconsider the initial value ODE problem,
using ¢ in place of x. We suppose that in some ¢ interval [¢,,#,] a system of
differential equations is to be solved. A typical equation for one of the functions
u(t) has the form

d'u du d'u =
S
dr’ dt dr=1 ...

)
and the corresponding initial conditions are

d’u(t,)
—=a

o s =01 r—1

Here u and its derivatives are the “central variables” of the function F, which is
presumed to be elementary and analytic in its domain. The F starred dots ( * )

217
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are there to allow the appearance of central variables from the other ODEs of the
system. When we convert the list of equations in the usual way to a collection

of m first order differential equations in the new variables v, v,, ..., v, the
equations and initial conditions take the form
V:
d_tl = fi(t,v,vp,...,0,)
vi(ty) = o (15.1)
i=1,2,...,m

(If r; is the order of the ith original equation, then m =}, r;.)

The initial value problem for a PDE system defined over a rectangle in two
dimensional (x, f) space is similar. The rectangle R is the product of the x interval
[xo, X,] and the ¢ interval [7,, ¢,], and all initial values are given either along the
t = t, boundary line of R or along the # = ¢, boundary line. For definiteness, we
presume the boundary line ¢ = ¢, is specified. A typical equation for one of the
functions u(x, t) has the following form:

u ou 9ty %
=F|xtu, —,..., ———,
ot 0x oxaot=1" ...

Here the rth order ¢ derivative of u equals a function F that is allowed to depend
on u and the mixed derivatives of u, of order at most ¢ in x and of order at
most ¥ — 1 in ¢, these being the “central variables” of F. Again the F starred
dots ( * ) are there to allow the appearance of central variables from the other
PDE:s of the system. The initial conditions along R’s = t, boundary line are

du )
W(x, t)=G;(x) j=0,1,...,r—1

Assume that the functions F and G, are elementary and analytic in their domains,
and that each solution function u is uniquely defined and bounded in R. In
analogous fashion as with the ODE system, one can convert the PDE system
into m PDEs that are first order in ¢, defining m functions v,, v,, ..., v,,. These
PDEs with their initial conditions have the form:

a; v, v, Pmy,,
—=filxtv,....,—, 05 ..., s Uy e vy
ot dxP oxP2 IxPm
vi(x, 1p) = g;(x) (15.2)
i=1,2,....,m

Each integer p; defines the highest x derivative needed for the function v;.
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Sometimes one or more of the functions v, has a known value along the R
boundary line x = x;,, the R boundary line x = x,, or along both lines. It has
become customary to make use of this information in the numerical treatment
of PDE initial value problems, and the problem then is called “the initial value—
boundary value PDE problem”.

15.2 ODE and PDE initial value problems

For the ODE problem (15.1), we assume the functions f; are such that unique
solutions v; are defined in [t,, #,;]. Similarly, for the PDE problem (15.2), we
assume the functions f; and g; are such that unique solutions v, are defined in R.
For either problem, suppose our numerical task is to compute to k decimal places
at any designated point in the ¢ or (x,f) domains the functions v; and all v,
derivatives that occur in the differential equations governing the problem. The
solvable problems of Chapter 14 indicate that the ODE problem is solvable. For
the PDE problem, we have

Nonsolvable Problem 15.1 Given the initial value problem (15.2), with
the elementary functions f; analytic in R, the elementary functions g; analytic in
[#,5 #,], and with the solution functions v; defined in R, at any designated point
(x, ) in R compute to k decimal places the functions v; and all partial derivatives
occurring in the PDEs.

Although the PDE problem in general is nonsolvable, there are some cases
where the problem becomes solvable. For instance, suppose the equations (15.2)
have the form

v,
— =Ji ) t’ ’ 3o Uy
ar fix, t, vy, 0, Un)
vi(x, 1) = &(x) (15.3)
i=1,2,...,m

Since the PDEs have no x partial derivatives, they can be treated as ODEs, and
in that case we have seen that the problem is solvable.

To show that the objective of Nonsolvable Problem 15.1 is in general not
possible, we need to consider any other PDE system not of the type shown in
(15.3). We will use the following simple example problem:

v dv

ot dx
Here [x,, x,] x [y, #,] is taken as [—r, 7] x [0, 10]. The initial condition along
the line r =0 is

v(x, 0) = g(x)
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The solution is v(x, r) = g(x+1). Suppose now that g(x) has the following form
with the parameter a:

asin(i) ifa#0

a

154
0 ifa=0 ( )

8.(x) =

If a # 0, we have v(x, 1) = asin((x+t)/a) and dv/dx = cos((x +1)/a); but if
a =0, we have v(x, t) = 0. The difficulty here is that if the parameter a makes an
arbitrarily small change from zero to a nonzero value, it leads to large changes
in dv/dx throughout the rectangle R. For instance, if a # 0, dv(x, t)/dx =1 at
all points in R where x+ ¢ = 0; but if a = 0, then dv(x, £)/dx = 0 throughout R.
Thus an accurate value for dv(x, t)/dx is not possible in general. If there were
some method to compute dv(x, r)/dx accurately for g,, this would contradict
Nonsolvable Problem 3.1.

The PDE problem becomes solvable if we give up trying to compute the true
solution and its partial derivatives accurately, and try only to find functions v, that
satisfy the PDEs and initial conditions to a prescribed error bound. With our example
problem, we obtain a value for Jv(x, )/dx, but because no claim is made that v
is close to the true solution, the troublesome initial value function g, poses no
difficulty.

We make this change explicit with

Solvable Problem 15.2 Given the initial value problem (15.2), with the
elementary functions f; analytic in R, the elementary functions g; analytic in
[%y, t;], and with the solution functions v, defined in R, generate functions v,
defined in R such that v, satisfies all PDE equations and initial conditions to k

decimal places.

The remainder of this chapter is about methods of generating v;. The preceding
chapter described power series methods for ordinary differential equations, and
we extend those methods to apply to our problem.

15.3 A power series method for the ODE problem

The PDE method is easier to describe if first we explain how the method is
used with the ODE initial value problem (15.1) to bound the error of the ODEs.
Suppose an error bound € is prescribed for the ODEs, and assume an initial ¢
interval [1,, t,+ ] is chosen. The ¢ series, valid in the interval 7, &k, now is

t=(ty£h)+(1£0)(t—1,)

A preliminary goal is to find Taylor series expressions for all functions v;. With
these series available in interval arithmetic form, we can calculate f; series, and
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this allows us to bound the errors of the ODEs. The series eventually obtained
for the functions v; are the following:

K
()= (v tw )t —1) i=1,2,....m (15.5)
=0

With these series and the ¢ series one can compute the f; series

F(O=Y(fuxtw)t—1) i=12,....m (15.6)

k=0

All the series of lines (15.5) and (15.6) are constructed together, one term at a time.
Imagine now that the highest degree is k, a variable that starts at 0 and rises up to K.
For each k setting, terms of degree k are computed for all series. Note that each
function f;, besides possibly being a function of ¢, with a known interval halfwidth,
may also be a function of some of the variables v, . .., v,,, with unknown inter-
val halfwidths. We describe next the procedure for assigning halfwidths to the v,
variables, to obtain valid interval series terms for all functions f;.
When k = 0, the series of line (15.5) have the form

v () =W otwy,) i=1,...,m (15.7)

Here v; , can be set equal to «;, using the initial condition part of line (15.1), and
only the interval halfwidths w; , need to be determined. The computation for these
halfwidths when k = 0 is the most time-consuming part of the series construction
process. First suppose these halfwidths are set to arbitrary nonnegative values,
and afterwards the functions f;, when computed, yield the intervals

oxw, i=1,2,...,m 15.8
i,0 i,0

For any function y(f) and nonnegative number M, if we find | % | < M for t in some
interval [a, b], this implies |y(¢) — y(a)| < M(b — a). So if we find that

(fiol+wig) h<w, i=12,....m (15.9)

it is certain that the halfwidths w; , have not been set too small. A cyclic process
is used to obtain sufficiently wide halfwidths that are not overly large. Initially
all halfwidths w; , are set to zero. Then the intervals of line (15.8) are computed
and the tests of line (15.9) are made. If for any i we find M = (|f, | +w/,)
is so large that we do not have Mh < w;,, then w;, is reset to Mh times a
factor slightly larger than 1, such as 1.1. Whenever any w;, is increased, the
entire computation is repeated using the larger halfwidths. Usually the test of
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line (15.9) succeeds after a few cycles, but in cases where this does not occur,
the ¢ interval width % is halved, and the whole process begins anew.

When all interval widths w;, , have been chosen succesfully, with the degree
zero terms of the f; expansions (15.6) now also known in interval form, all
higher degree series terms are obtained relatively easily. For instance, suppose
all degree k terms are known. Then the degree k+ 1 terms of the v; series can be
found by setting (v, ;,, £w, ) equal to ﬁ( fix T wi,) (because the derivative
of v, is f;). After these terms are obtained, the degree k + 1 terms of the functions
f: also can be calculated. If there should be a problem calculating an f; term,
perhaps caused by using a divisor interval containing the zero point, the interval
width £ is halved, and the entire process begins anew.

When the degree parameter k reaches its terminal value K, a test for ODE accu-
racy is made. For any 7 in [¢,, ,+ h), the error of the f; series Y, f. . (t— 1)
is bounded by wj , [t — 1,|*. The ODE error bound € is achieved if for all i we
find w] , h* < €. If all inequalities hold, and similar inequalities hold for the v;
series, the collection of series is saved for later evaluation, and the whole process
starts again in a new ¢ subinterval [r*, r* 4 h], with #* = ¢, + h, using the new
initial values o = Z,’;O vi,khk, i=1,...,m. If any of these inequalities fail, &
is halved and the entire process is repeated. The procedure continues until the ¢
subintervals cover [¢,, t,].

The described ODE method produces in each ¢ subinterval polynomial approx-
imations to v; and dv,/dt, i =1,...,m, which we now designate as v, and
dv,/dt. A pair of v; polynomials for two adjoining subintervals have the same
values at the point separating the subintervals, but this is not generally true for
the pair of dv,/dt polynomials.

Fig. 15.1 shows a typical function ;(¢) over a ¢ interval containing the first
three adjoining subintervals in which approximations are obtained. The dotted
line represents the solution v; to the ODE initial value problem, and the central
solid line represents the successive polynomial approximations ZkK=0 v (1= 1)k
used by v,. Surrounding the central line are the two boundary lines pro-
vided by the interval arithmetic computation. The upper line is defined by
N Vit — 1) + (Vg +w; x)(t — 1,)%, and the lower line is defined by

o Vi (t— 1)+ (v; g —w; ¢ ) (t— 1)K (The separation between the two bound-
ary lines is exaggerated to make the diagram clearer.) At any ¢ point, such as ¢/,
the 7, interval arithmetic approximation has a midpoint P on the v; midline
graph corresponding to #', with a halfwidth given by the vertical distance from
P to either of the D, boundary lines. The v; approximation thus is always within
the two boundary lines, and we can consider the graph of 7, to be the graph
obtained after all the space between the two boundary lines is shaded in. The
discontinuity of the derivative of this graph’s center line does not imply that the
function U; has a discontinuous derivative at ¢, + h, because v;’s value is known
only in interval form at ¢, + h. Within the bounds of 7;’s graph, the graph of a
function having a continuous derivative could be drawn. In Fig. 15.1, a graph of
this hypothetical function is shown in the first ¢ subinterval as the dashed line.
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Fig. 15.1 A schematic graph of v; and v;

The function 7; satisfies its ODE to within the € bound. Note, however, that the
true solution v; is certain to lie within the v; boundary lines only in the first ¢
subinterval. In Fig. 15.1, the v; graph is shown outside these lines in the second
t subinterval.

15.4 The first PDE solution method

Suppose in the rectangle R =[x, x,] X [#,, #,] an error bound € is prescribed for
the PDEs, and the same error bound is prescribed for the difference between the
computed PDE solutions and the specified initial values on R’s boundary line at
t=t,.

With the ODE problem, initial values are real numbers, but now initial values
are functions g; that are approximated by polynomials. An approximation poly-
nomial is obtained by Taylor series expansion, with again all terms computed in
interval arithmetic. If x,, is the x interval midpoint (x,+ x,)/2, and w,, is the
x interval halfwidth (x; —x,)/2, then the variable x has the two-term series

x=(x,xw,)+(1x0)(x—x,) (15.10)
Using the x series, each function g; is expanded into a Taylor series of degree J:

gi(t) =(gioTw)+ (g Tw/ )(x—x,)+---
(g ul - =1 m
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Here J is the initial choice for the expansion degree, which should be a reasonably
large value, such as 12. The accuracy test that must be passed is

w/,(w,) <€ i=1,2,....m (15.11)

Whenever the test fails for some function g;, then J is increased by an amount
AJ, such as 6, and the Taylor series is computed to the higher degree, the
process continuing until either the accuracy test holds or the J upper bound of
the implementation is reached.

It is possible that a g; approximating polynomial is not obtained for either
of two reasons. It could be that the function g;(¢), although analytic in [x,, x,],
cannot be developed into a Taylor series using the x series of line (15.10). This
occurs, for example, if [x,, x;] =[—2,2], and an initial value function g; is
1/(1+ x?). This function is undefined in the complex plane at the points i and
—1, and in elementary complex function theory, it is shown that such a function
cannot have a Taylor expansion at the series expansion point 0, the midpoint
of [—2, 2], that is valid at any point in the complex plane further from 0 than
i or —i. So finding a Taylor series that is valid in the wide interval [—2, 2] is
impossible. In a case like this, one can divide the interval [x,, x,] into a few
smaller intervals and solve the PDE problem in each of the resulting smaller
R rectangles. With functions for which there is no difficulty generating Taylor
series when using the x series of line (15.10), it is possible that the accuracy test
eventually increases J beyond the implementation upper bound. For instance,
with our implementation, this occurs if [x,, x;] = [0, 77] and a g; function is
sin(100x). For such a case, we can use the previous remedy of subdividing R.

When the accuracy test is passed for all initial value functions, the degree
bound J is set equal to the largest value needed for any g;, and an approximating
polynomial to this now fixed degree is used in place of every function g;.
The PDE method is used to obtain series of the general form Z]j.zo Zszo ajy
(x — x,,)/(t — ty)* for all v; functions and their ¢ partial derivatives in the R
subrectangle [x,, x,] X [y, t, + h]. Before giving the description of the first PDE
method, we need to obtain the remainder for such a series.

Suppose now that f(x, t) is an analytic function defined in the subrectangle.
According to the remainder equation (6.1), if we hold x fixed, f(x, f) may be
expanded in a ¢ Taylor series with the series expansion point ¢ = ¢, as follows:

K211 0 f(x, 1) 1 oK f(x,7)
fa =3 5= K ok

k=0

(t—1)" + (1—1)¥

The point 7 depends on x, and is somewhere in (%, #,+ /). Next, make substitu-
tions in the coefficients of this series, using the following x Taylor expansions
with x,, as the series expansion point:

akf('x’ tO) _ = aj+kf(xm’ [O)
ark ! dxiatk

T f(X, 1)

J
Taar &%)

()C - 'xm)j +

Jj=0
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k=0,1,...,K—1

I ) S~ Ko1)o G D)
FIG 7 oniork T axd :

j=0
The points X, and the point X are somewhere in (x,, x;). We obtain in this way
a Taylor series expression with J 4+ K 4 1 remainder terms:

S (1)
) =2 T

=0 k0 J!

(.X - xm)j(t - t())k

&1 PTG 1) J k
+ZJ'k'W( _'xm) (t_tO)

« 1 ¥ fx,,. 1)

—x,) (t—1)"
= ]'K‘ axfﬁtK (x xm) ( 0)

1 ¥R, T)
JIK!  dxJ otk
If we generate an interval version of the preceding equation with the typical

coefficient being f £ wy, then the interval arithmetic equation that corresponds
to line (6.2) is

(x—x,)" (- 15)¥ (15.12)

J—-1K—-1
f('x t) _Z Zf]k(x 'xm) (t_to)k+ Z(f]k:bwjk)(x 'xm) (t_t )k
J=0 k=0 k=0
J—1
+ Z(f]K + ij)(x - xm)j(t - to)K + (fix Twyg) (x — xm)J(t - tO)K
Jj=0

(15.13)

The PDE method for finding solution series terms in the first # subinterval can
now be described. The series representation eventually obtained for the functions
v; is

v ) =3 (kw0 —x,) (t—1) i=1,....,m  (15.14)

=0 k=0

Any v, partial derivative with respect to x that appears in Eq. (15.2) is easily
obtained in series form by differentiating the v, series an appropriate number of
times. With all the v; series and their x derivatives, and the ¢ and x series, one
can compute the f; series:

filx,0) = iji(ﬁ%k:I:w;,j’k)(x—xm)j(t— ) i=1,...,m (15.15)

=0 k=0
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When the complete series for the functions f; are obtained, an accuracy test for
the PDEs is possible, which is a test of the f; errors. According to Eq. (15.13),
we have the error bound € if

K-1 J-1
Z w;,J,k(wm)Jhk + Z w;,j,K(wm)th + w;,J,K(wm)JhK <E€ l = 1’ o.M
k=0 Jj=0

(15.16)

The general procedure is similar to the procedure described for ODEs. Again
imagine the parameter k of lines (15.14) and (15.15) is a variable that starts at 0
and rises to K. For each k setting, corresponding series terms are computed for
all functions v; and f;. Again the most time-consuming part of the computation
occurs when k = 0, because interval halfwidths for the functions v, must be
estimated. When £ = 0, we have

J

vi(x. ) = (v okw ) (x—x,) i=1....m (15.17)
=0

Here the polynomials obtained from the initial conditions have been expanded
into series using the x variable setting shown in Eq. (15.10). The halfwidths
obtained, wg ;0> Are valid for the [x,, x,] interval on the initial value line ¢ =,
at the bottom of R, but not for the ¢ strip, which is [x,, x,] x [#,, t, + h]. We
require instead

J
v(x, 1) = Z(vi,jyoztwiyjqo)(x—xm)j i=1,...,m (15.18)

=0

where w;, ;  is for this first 7 strip. A cyclic procedure is used to assign values
to w; ;, that are not overly large. Initially, the halfwidths w; ;, are set equal to
wf; - The functions f; are evaluated for k = 0 to obtain the series

J
filx, 1) = Z(ﬁ’jyoztw;t/,o)(x—xm)] i=1,...,m (15.19)
j=0
The following test is made:
0 , h i=1,...,m
Wi o+ (|fi,j,0‘ +wi,j,o)' < W; ;o> i=0,1,...,7 (15.20)

If any of these inequalities fail for an ij combination, then the corresponding
halfwidth w; ;, is reset according to the plan described previously for ODEs.
Whenever any w; ;, is increased, the entire halfwidth computation is repeated
with the larger halfwidths. More cycles are allowed for this computation than
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were allowed for ODEs, and in cases where the test never succeeds, the ¢
subinterval width 4 is halved and the whole process begins anew. After all
halfwidths w;, ;, have been chosen successfully, the other series terms for v,
and f; corresponding to higher k settings are obtained in a more straightforward
fashion. The computation for these other terms of v, and f; is similar to the
procedure described for ODEs.

When the parameter k reaches its terminal value K, the accuracy test (15.16)
is made on all f; series, and a similar test is made on all v, series. If these
tests are passed, the collection of series is saved for later evaluation, and the
whole process starts anew in the next strip [x,, x,] X [¢*, £ + h], with the initial
value polynomial for v; now taken to be equal to Z;:O Z/I::() v (= x,,)  h*.
The procedure continues until the # strips cover R.

15.5 A simple PDE problem as an example

Suppose the rectangle R is given by

R= X t
= 10,7 " [0, 10]

and the single PDE to be solved is dv,/dt = dv,/dx, with the initial condition
v, (x, 0) = sin(x). This problem has the true solution v,(x, t) = sin(x+ ). Sup-
pose the error bound € is chosen to be 2-107%, so that the computed v, solution
will satisfy the PDE and the initial condition to 5 decimal places.

The first task is to obtain a polynomial that approximates the function sin(x)
over the interval [0, 7] to within e. We need a Taylor series for sinx with the
series expansion point x,, = 7, the midpoint of [0, 7r]. Taking the x series as
(5 £3)+(1£0)(x—7), and the degree of the expansion equal to 12, the sin
series obtained, with interval coefficients, passes the accuracy test (15.11). The
interval halfwidths of the sin expansion may now be discarded, and the degree
12 polynomial that replaces sinx and becomes v, (x, 0) is

PO =1= 5 (=3P + (x =)' = (x=5)" (15.21)

The computation for the f| and v, series on the strip [0, 7] x [0, k] is next. We
will do this computation as if it were an ordinary real number computation, and
consider later the benefits of doing it in interval arithmetic. Because f; = dv,/dx,
the f, terms when k = 0 are obtained by differentiation of P(x) and are

—( = +5E=5) =+ =D

These f, terms get integrated with respect to ¢ to become the following v, terms
for k=1:

—(x =)t —0)+ L(x = TP —0)— -+ (x = D' (t-0)
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These v, terms yield the following f, terms for k = 1:
—(t—0)+ 5 (x—= 2Pt —0)— 4 5 (x—2)(t—0)

This pattern of computation continues until k£ reaches the end value K, which
1

we take to be 12; the single k = 12 term for v,, which is 5 (r —0)", yields
no corresponding f, term. (The reduction in number of terms as k advances
is an accident of the example, and does not occur if the PDE is changed to
‘%‘ = %‘ +v,.)

This real number computation delivers an x, ¢ polynomial for v, that approx-
imates the v, solution near the line + = 0, but we do not know how far from
this line the approximation may be used. By doing the computation in interval
arithmetic in the manner descibed in the preceding section, we obtain two key
benefits. First, the strip width % is determined. Second, the interval halfwidths
associated with the v, coefficients “shade in” the v, graph (as in the Fig. 15.1
diagram), so that the expected shift in f; at the start of the next strip is not a
concern.

The computation for v, and f, on the second strip (and on all later strips)
is easier because a sinx evaluation is not needed to obtain the beginning x
polynomial. We ignore the interval halfwidths of the first strip’s computed
v,(x, t) function and use the degree 12 polynomial v,(x, &) as the beginning x

polynomial for the second strip.

15.6 A defect of the first PDE method

The method described in Section 15.4 has a serious shortcoming for many simple
PDE problems. For instance, for the example problem of the preceding section,
the computed solution is close to the true solution sin(x + #) for ¢ near the initial
value line # = 0. But it becomes larger than 9 for higher ¢ values, even though
the PDE is approximated to within 5 decimal places, and the initial condition is
satisfied to the same accuracy. Recall that the initial condition function sin(x) is
replaced by the polynomial P(x) of Eq. (15.21), the degree 12 Taylor polynomial
obtained by expanding sin(x) in a Taylor series using the series expansion point
x = m/2. We can understand the divergence of the computed solution from
the true solution by examining the graph of P(x) shown in Fig. 15.2b, and
comparing it with the graph of sin(x), shown in Fig. 15.2a. Notice that P(x) is
quite close to sin(x) in the interval [0, 7], but then eventually rises to infinity
on either side of 7/2, as any even-degree Taylor polynomial must do. When the
initial condition function for the example PDE is P(x) instead of sin(x), the true
solution becomes P(x + ¢) instead of sin(x+ 7). To obtain a computed solution
close to sin(x+7) on the rectangle R, the Taylor polynomial P(x) must be of
such high degree that it is close to sin(x) not just on the interval [0, 7], but on
the wider interval [0, 7 + 10] required by R.
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Fig. 15.2a
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Fig. 15.2b

For any PDE initial value problem over a rectangle R, we see that the initial
value polynomials v;(x, #,) need to be accurate approximations to the initial
value functions g; over an interval wider than the interval [x,, x,], with the size
of the interval depending on the PDEs and the dimensions of the rectangle R.

15.7 The revised PDE method with comparison computation

A more accurate solution method is obtained by making a series of trial runs
to determine how large to make the degree J in the series expansions of lines
(15.14) and (15.15).

Let the initial value polynomial for v; on any ¢ subinterval be
Zf:o v; ;(x —x,,)’. Recall that x,, is the midpoint of [x,, x,] and the x series is

x=(x,+tw,)+(1+0)(x—x,)



230 15 Partial Differential Equations

The previously described procedure generates another v; polynomial to be used in
the next ¢ subinterval [#*, t* 4 h]. Let this initial value polynomial be designated
Zj oV} J(x X, Onatr1a1run the computation for the starred polynomial is done
twice, once at the chosen degree J and once at the higher degree J'=J+AJ. The
two J' degree polynomials for v; are Z/ o Ui (x— x,,)’ and Z, o Ui (x—x, ). The
two computed starred polynomrals d1ffer in Value at any point (x, t*) by no more
than 8, = Y"7_ U 7, =0forj>J.

On the first trral run as prevrously described, J is chosen high enough to
make the polynomial error < € on the line # = #,. A trial run continues from one
t subinterval to the next if we obtain 6; < € for all i. Whenever this result is
not obtained, the trial run ends, J is reset to the higher value J’, and a new trial
ensues, starting once more at t = ¢,. Eventually J is high enough for the trial
run to go to completion. When this occurs the successful run is repeated one last
time, without doing duplicate computation, to store the v; and f; expansions of
lines (15.14) and (15.15) for later evaluation at points of interest in R.

The series of trial runs is not needed if all initial functions g; are polynomials
of degree less than or equal to the starting degree J. In this case, the quantities

i, of the line (15.11) test are zero. This occurrence signals that increasing
J to J 4+ AJ does not change the beginning v; polynomials.

15.8 Higher dimensional spaces

Although we have posed the PDE problems and examples in (x, f) space, the
method is applicable to (x, y, t) or (x, y, z, t) space. The relation (15.13) and test
of line (15.16) for (x, f) space can be generalized without difficulty to apply to
the higher dimensional cases.

The computation time for a ¢ subinterval is roughly proportional to the number
of terms in the beginning polynomial for v;. In (x, ¢) space, the v; polynomial is

7
Z vi,j(x —Xx,)
Jj=0
and has J+ 1 terms. In (x, y, f) space, the corresponding polynomial is

J
Z Z Ui,j|,j2(x_xm)]1 v —ya)"

J=0Jj1+p=j

1
and has 5(] +1)(J +2) terms. And in (x, y, z, t) space the polynomial is

J
Z Z Ui,jl,jz,j3 ('x_xm)Jl (y_ym)j2 (Z _Zm)J3

J=0Ji+h+i=j
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and has %(J +1)(J +2)(J +3) terms. For example, with J presumed to be 12,
the various execution times for a ¢ subinterval in (x, ¢), (x, y, ), and (x, y,z, 1)
spaces may be expected to be roughly proportional to the numbers 13, 91, and
455, respectively.

Because the test of line (15.16) involves more terms as the space dimension
increases, the ¢ subintervals become correspondingly smaller, further increasing
the execution time for higher dimensional problems.

15.9  Satisfying boundary conditions

With the described method, boundary condtions cannot be directly imposed.
If there are boundary conditions for a PDE problem, these must be obtained
by restricting the initial value functions g; appropriately, so that the boundary
conditions come about as a consequence of the PDEs.

Suppose, for instance, that the boundary condition v, (¢, x,) = b(¢) is required
for the function v,, and that b(¢) is an elementary analytic function of z. At the
point ¢ = ¢, we have the Taylor expansion

b(t) = by+ by (1 —19) + by (1 — 1g)* + by (1 — 1)’ + - -+

The v, initial value function g,, besides being restricted by the equation
g1 (xy) = by, has additional requirements. In the first 7 subinterval, the v, differ-
ential equation of line (15.2) will be satisfied to high accuracy, and this implies
that at the point (x,, 7,) we have

d
b=
Jat

vy, I, ny,
= fil xo, to> V15 - - -

——, Uy, ... A
) 8xl’l s U2 ) axl’z ) s Umo»s ) 8xpm

Thus the differential equation connects the Taylor coefficient b, with the initial
value functions. Because of our assumption of analyticity for all functions, we
can take higher ¢ derivatives and obtain relations connecting the other Taylor
coefficients of b(¢) with the initial value functions.

As an example, consider the parabolic heat equation % = czgi—,? for a heat
conducting bar of length L lying on the x interval [0, L], where v(x, t) is the
temperature, and ¢? is a positive constant. If the left endpoint of the bar is
maintained at the temperature 7', this leads to the boundary condition v(0, 1) =T.
The differential equation implies that

o P00.0) _ ,du(0.0)
ot 0x?/

=1,2,...

The initial value function g(x) = v(x, 0), besides satisfying the relation g(0) =T,
must have all even order derivatives equal to zero at x = 0.
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If the left endpoint of the bar is perfectly insulated, this leads to the boundary
condition dv(0, r)/dx = 0. The differential equation implies that

9*1(0,0) . 8%+1(0,0
0= V00 _ 500y
ot dx dx2i+1

This time every odd order derivative of g(x) must be zero at x = 0.

Software Exercises M

These exercises are with the demo program pde. Because of the long computa-
tion needed to solve a typical initial value problem, the program pde chooses the
accuracy goal, which is unlike the other demo programs. It chooses 5 decimal-
place accuracy for a 1- or 2-dimensional problem, 3 decimal-place accuracy for a
3-dimensional problem, and 1 decimal-place accuracy for a 4-dimensional prob-
lem. The program pde creates a log file, but does not create a print file. After
the program approximates the solution to a PDE or ODE initial value problem, it
enters a loop in which it repeatedly requests values for the independent variables,
and then displays the computed PDE or ODE solution at the designated point,
as well as all the derivatives that occur in the differential equations. To exit the
loop, type the single letter q (for “quit”) and hit the ENTER key.

1. Call up pde and solve the example problem of Section 15.6 by taking [x,, x, ]
as [0, 7] and [£,, ¢,] as [0, 10], entering the differential equation du/dt = du/dx,
choosing the t = #, line for initial conditions, and choosing sin(x) as the u initial
value function. The true solution is u = sin(x +1).

2. Edit the log file to change the ¢ interval from [0, 10] to [0, 100] and then
call up pde pde. The pde program now repeatedly increases the degree of
its series computations because the comparison computations indicate this is
needed. Whenever it becomes clear that the size of the ¢ interval is too large,
one should stop the pde computation by entering a control-c, and then edit the
log file to reduce the ¢ interval.

3. Call up pde and solve the equation ‘;—‘; = % + % + ‘;27?, specifying [0, 10]
as the interval for each independent variable, in this case x, y, z, and ¢; supply an
X, y, z polynomial of moderate degree, such as x* + y? + xyz, as the initial condi-
tion function u(x, y, z) at t = t,,. For polynomial initial conditions of degree <12,
the pde program is able to obtain the polynomial solution in x, y, z and ¢ quickly.
For the example initial condition, the true solution is x* + y* + xyz + (6x +2)¢.

4. Call up pde and solve the ODE initial value problem d*u/dt* = —u over
the ¢ interval [0, 207r], with the initial conditions u(0) =0 and du(0)/dt = 1.
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The true solution to this problem is u = sin(#). The pde program can solve ODE
initial value problems, but unlike the program difsys, the program pde does
not attempt to approximate the true solution. Nevertheless, its solutions are often
surprisingly accurate.

Notes and References

A. Brian Hassard of SUNY at Buffalo and his students [1] [2] made early precise
computations of specific PDE problems.

[1] B. Hassard and S. Zhixin, Precise solution of Laplace’s equation, Math. Comp. 64
(1995), 515-536.

[2] X. Hongliand, Precise Solution of Wave Equation, Ph.D. Dissertation, SUNY at
Buffalo, June, 1998.
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Numerical Methods
with Complex Functions

This chapter requires some acquaintance with complex analysis, to the extent of
understanding the differentiation and integration of complex functions.

A number of demo programs have their computation systems explained in
this chapter. They are c_ calc for evaluating complex constants, c_fun for
evaluating complex functions, c_ deriv for computing a complex function’s
derivatives, c_ integ for computing the line integral of a complex function
within the complex plane, c_ roots for finding a complex polynomial’s roots,
and c_ zeros for finding the zeros of a complex function or the zeros of
several complex functions.

16.1  Elementary complex functions

Like elementary real functions, the elementary complex functions are frequently
encountered functions for which it is easy to form power series and to compute
derivatives.

Definition 16.1 A function of a finite number of complex variables
215235 - - - » Z, 1S an elementary complex function if it can be expressed in terms
of its variables and complex constants ¢, ¢,, . . ., ¢,, by a finite number of the
binary operations of addition, subtraction, multiplication, division, or exponen-
tiation, and the unary operations of function evaluation with sin, cos, tan, sin”!,

cos™!, tan~!, exp, or log.

For some elementary real functions, there is no elementary complex analogue.
For instance, the max or min elementary real functions do not have complex
versions. And the function |z|, though relatively easy to compute, is not an
elementary complex function, even though |x| is an elementary real function.

235
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Some issues concerning function evaluation need to be addressed. The inverse
of the exponential function e* = e¢*(cosy+isiny) is logz, and it is well known
that it is not possible to define logz in the complex plane without introducing
a “cut line” on which the function is discontinuous. This cut line is usually
taken as the negative real axis, and the definition of log z is then In|z| 4 i®(z),
where In denotes the natural logarithm (to base ¢), and ©(z) gives the principal
argument of z, that is, an angle in radians between 7 and —. As z approaches a
point x, on the negative real axis from above, log z approaches In |x,| + i7r, and
as z approaches this point from below, log z approaches In |x,| — i, so logz is
discontinuous on the cut line. In accordance with the view of how discontinuous
functions should be treated numerically, as explained in Section 3.7, we take
log z to be undefined on the negative real axis, and of course also at the origin
because In |z| is not defined there.

The computation of z¢, where the exponent a may be any real or complex num-
ber, is done in the following way. If a =0, then z° = 1. If a is a positive integer,
then z¢ is formed by repeated multiplication and is defined over the entire com-
plex plane. If a is a negative integer, then z* is computed as (1/z)~“ and is defined
everywhere except at the origin. Now suppose a is some real or complex number
other than a real integer. In this case we take z“ to be defined by the relation

Zu — eulogz
This implies that z* is undefined along the negative real axis and origin because
the log function is not defined there.

With our range arithmetic routines for z¢, whenever a and z are real, with the
imaginary parts of a and z being exact zeros, the complex operation z* defers to
the real operation x“. If a is a rational number p/q that is in reduced form with
the integer g positive, the usual interpretation of x“ is

= (5 =

The real range arithmetic operations for x* employ this interpretation, and so the
complex operation z“ also obtains this interpretation when both z and a are real.

The inverse functions sin~' z, cos™! z, and tan~" z are computed in the complex
plane according to the equations

1
sin”' z = —ilog[iz+ (1 —2%)2]

Cos” z=——sin" z
| i+z
tan~ z = —log ——
1—Z

These equations imply that sin™' z and cos'z are undefined when 1 —z? is
negative real, which occurs when z is real and greater in absolute value than 1.
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These are the only points where these two functions are undefined, because in
the equation for sin”' z, the log argument is never a negative real number or
zero. On the other hand, for tan~! z, the log argument is negative real for z = iy
with |y| > 1, and the log argument is either not defined or zero when y equals 1
or —1. So tan~! z is not defined on the imaginary axis except for the open interval
between —1 and +1.

These notes help explain the complex values that the program c_calc gen-
erates in response to a user’s entry of a complex constant. A complex number
¢ = x+ iy in range arithmetic has two parts that are real ranged numbers. These
of course are the real x component and the real y component. Computation
of complex constants is done via an evaluation list in the same way that the
computation of real constants is done.

The program c_fun evaluates complex functions in much the same way
real functions are evaluated, described in Chapter 4, except that complex range
arithmetic replaces the real range arithmetic.

16.2 The demo program c_deriv

The series relations developed in Chapter 5 for computing values and deriva-
tives of real functions can be extended to complex functions. However, some
changes in notation are needed. For instance, the opening equation (5.1) now is
replaced by

f@) =ay+a,(z—2)+a,(z—20)° +- - +ap(z—z) +-- (16.1)

Most of the series relations presented in Chapter 5 apply to elementary complex
functions, but with obvious notation changes.

The c_deriv program for elementary complex functions is similar to the
deriv program, and uses complex power series in place of real power series.
Like the deriv program, c_deriv checks the coefficients of the generated
series to determine whether enough correct decimal places are obtained. If not,
precision is increased and the series is recomputed. This process continues until
the test for decimal place accuracy is passed.

16.3 Computing line infegrals in the complex plane

The program c_integ computes the complex plane integral . f(z) dz, where
f(z) is an elementary complex function, and the curve C in the complex plane
is either a straight line segment or a closed circle. The method of computation
is similar to the method previously described for the program integ.
Consider first the case where the curve C is the straight line segment that
begins at the complex point a and ends at the complex point b. Here the path of
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integration is defined by the equation z = a + (b — a) - u, where the real variable
u starts at 0 and ends at 1. We have then

/f(z)dz=(b—a)/ fla+(b—a)u)du
c 0

The integral over the u interval [0, 1] has a real part and an imaginary part, and
the errors of the two parts are each monitored in the way the integ program
monitors error. If the error of one of these parts is larger than the error allotment
for a u subinterval of that size, then the u subinterval is divided into two equal-
length parts, and the integration reattempted for these smaller subintervals.

If the curve C is a circle with centerpoint m and radius r, the path of integration
is defined by the equation z = m + r - ¢>™*, where again the real variable u starts
at 0 and ends at 1. In this case we have

1
f f@)dz= 27Tir/ f(m+ rezm“) 27 gy
¢ 0

This integral over the [0, 1] u interval can be obtained accurately using the
method described for the previous integral.

16.4 Computing the roots of a complex polynomial

We explain here the procedure by which the program c_roots finds accurate
approximations to the roots of a complex polynomial P(z). The dissection of P(z)
into subpolynomials N;(z) is done similarly to what was described for the demo
program roots, except of course that complex range arithemetic is used in place
of real range arithmetic. This dissection makes finding multiple roots easier.

The roots of each polynomial N,(z) are found one by one, because the complex
roots of a complex polynomial do not come in conjugate pairs; so the Bairstow
method cannot be used. A complex version of Newton’s method is used instead.
The Taylor series expansion for an analytic function f(z) at a series expansion
point w, has the leading terms

f(Z) Zf(wk)+f,(wk)(z—wk)+...

If we follow the usual reasoning of Newton’s method and approximate f(z) by
using just the first two terms of its series expansion, then setting f(z) equal
to zero, solving for z, and calling our solution w,,;, we obtain the complex
Newton’s method iteration equation

S(wy)

. —
I (we)
This iteration equation can be used to find roots of N,(z) if the progress of the
iteration is closely monitored. A convenient point w, is chosen within a computed

(16.2)

Wiy =W
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root bounding circle |z| < R. (The circular bounds derived in Section 8.2 for
real polynomials also are valid for complex polynomials.). As each iterate w, is
found, some indicator of progress toward a root is also needed. This could be
the quantity |N;(w,)|, which should decrease with each iteration.

For the complex number w, = x; + iy,, define midpoint w, as midpoint
X, +i(midpoint y,), and define w;, = w;,, as x, = x,,, and y, = y,,,. After
each iteration cycle, we check whether w,,, = w,, and if this relation does not
hold, then w, is replaced by midpoint w,_,; in preparation for the next itera-
tion cycle. After we finally obtain w,,, = wj, then midpoint wj can serve as
the final root approximation w,. If the degree of the problem polynomial N;(z)
is greater than 1, the factor z — w, is divided into the problem polynomial to
get one of lower degree, and the process is repeated with the new polynomial
in order to obtain another root approximation. The procedure continues until
approximations to all the roots have been assembled. Error bounds for these
roots are computed in the way described in Section 8.5.

16.5 Finding a zero of an elementary complex function f(z)

Suppose the elementary complex function f(z) is defined in some rectangle R
in the complex plane, and we want to find all the zeros of f(z) in R. Here R is
specified by inequalities applying to the real and imaginary parts of z = x + iy,
that is, by inequalities @ < x < b and ¢ <y < d. An f(z) zero z, is simple if
f'(zo) # 0. The zero is a multiple zero with multiplicity m, if £ (z,) # 0 and

0=f(z0) = f'(z0) = f"(z9) =+~ = f(mil)(zo)

The beginning solvable problem of Chapter 7, finding the zeros for an elemen-
tary real function f(x) in a search interval [a, b], requires that f(x) test nonzero
on the boundary of [a, b]. Similarly, to obtain a solvable problem here, we must
require that f(z) test nonzero on the boundary of R.

In Section 7.1, for the problem of finding zeros of f(x) in [a, b], two com-
putation difficulties were described, illustrated by specific functions f,(x) and
f.(x). For our problem, a function analogous to f,(x) is

fa@) = (z=1)*+d|

where d is any real number. Suppose R is some rectangle enclosing the point
1+0i. If d is 0, there is a zero of multiplicity 2 at z = 1. If d is unequal to 0, but
near 0, instead of having no zero, as would be the case for f,(x), there are the
two zeros 1+ i\/f |d|) within R. Thus we do not need to report “possible zeros”
for the f(z) problem. However, note the difficulty here in deciding whether
we have found a multiple zero. If d = 0, the number 1 is a multiple zero, but if
d # 0 there are 2 simple zeros. If we could decide the multiplicity of a zero
correctly for every d, we could determine whether any real number is zero,
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contradicting Nonsolvable Problem 3.1. Thus the multiplicity of any zero not
designated “simple”, must be reported as the zero’s “apparent multiplicity”.

The other difficulty mentioned in Section 7.1 is the possibility that f(x) might
be zero on a subinterval inside [a, b], and thus have an infinite number of zeros.
This difficulty cannot occur for an elementary complex function f(z) that is
defined throughout R and is nonzero on the R boundary. This is because an
elementary complex function defined at all points in R is analytic in the interior
of R, and if such a function is O on a line segment in R, it is 0 everywhere in R,
and would not pass the R boundary test.

These considerations make the solvable problem for f(z) simpler than the
corresponding problem for f(x). First we need some terminology for the ele-
mentary complex function problem: A search rectangle R is a rectangle in the
complex plane defined by four constants a, b, ¢, d, with z = x + iy restricted by
inequalities a < x < b and ¢ <y < d. A zero is determined to k decimal places
by giving both its real and imaginary parts to k decimal places.

Solvable Problem 16.1 For any elementary complex function f(z)
defined in a search rectangle R, and any positive integer k, find a point z, on
the boundary of R where |f(z,)| < 107 and halt. Or if f(z) # 0 on the boundary
of R, bound all the zeros of f in R by

(1) giving, to k decimal places, points identified as simple zeros,
(2) giving, to k decimal places, points identified as zeros of apparent multi-
plicity m, with the integer m > 2.

If a real number r is displayed to k correct decimal places, the number r
may lie anywhere in the corresponding tilde-interval. Similarly, in the complex
plane a complex number z = x + iy displayed to k decimal places may lie
anywhere in a tilde-rectangle centered at the displayed value, with sides parallel
to the real and imaginary axes. If a zero of apparent multiplicity m is displayed
to k decimal places, there are exactly m zeros within the tilde-rectangle, if we
add the multiplicities of the various individual zeros. For instance, if m = 3, then
within the tilde-rectangle there could be one zero of multiplicity 3, there could be
three simple zeros, or there could be a simple zero and a zero of multiplicity 2.
If the number of correct decimal places is increased, it is possible but not certain
that the zero of apparent multiplicity 3 gets changed into 3 simple zeros, or
changed into a simple zero and a zero of apparent multiplicity 2.

We have

[(@) = fx+iy) = ulx, y) +iv(x, y)

so our problem may be considered equivalent to the problem of finding the zeros
of the two real functions u(x, y) and v(x, y) in the real (x, y) space rectangle R.
Accordingly, the concept of crossing number, defined for real elementary
functions, can be used for our problem. For an analytic function f(z) we have
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f'(z) = +i%, and the Cauchy-Riemann equations §* = % and §* = —¢* hold.
So the Jacobian for u and v at a point (x, y) is ) '

du du du dv

dx dy ax  ox o\ v\? NP
lawa [T o o <ax> o) =@

dx dy dx dx

Thus the Jacobian is always positive or zero. This implies, when computing
the crossing number, that the normal n defined by equation 12.3 always points
outward from the boundary image, so a computed crossing number must be
positive or zero. At any simple zero of # and v where the Jacobian is nonzero,
the Jacobian is actually positive. So if f(z) has exactly k simple zeros inside the
problem rectangle R, the corresponding f(z) crossing number is k. If in R the
function f(z) has exactly one multiple zero of multiplicity m, the corresponding
crossing number is m, using a simple continuity argument where m simple zeros
combine to form the multiple zero.

If the analytic function f(z) is defined inside and on the rectangle R, and
f(z) is nonzero on R, then the number of zeros inside R can be determined by
using the argument principle, namely that the number of zeros in R, counting
multiplicities, equals the integral

1 [
2_77'i - m dz

where the integration around R is done counterclockwise. The integral displayed
is equivalent to the corresponding Kronecker’s integration formula, mentioned
in Section 12.5. Thus the argument principle is equivalent to the statement that
the number of zeros equals the crossing number for the real functions u(x, y)
and v(x, y) over the real rectangle R.

Because we always know the number of zeros of f(z) inside a search rectangle
by computing the corresponding crossing number, this simplifies the task of
determining those zeros. The search procedure can be done with a task queue
holding problem rectangles to be investigated; the task queue initially holds just
the beginning rectangle R. If R, is the first rectangle on the queue, let n(R,,) be
the number of zeros inside R, obtained by computing the crossing number. If
n(R,) =0, we discard R,,. If n(R,) = 1, the zero must be simple, and we try
to find the zero by the complex version of Newton’s method, described in the
preceding section, using the centerpoint of our rectangle as the initial iteration
point. If there is some difficulty with the iteration, then we bisect R, in its longer
dimension, find which subrectangle contains the zero by computing the crossing
number for either subrectangle, discard the unneeded subrectangle, and resume
the Newton’s method attempt with a smaller rectangle. Eventually we will be
able to determine the simple zero to the required number of decimal places.
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If n(R,) > 1, we bisect R, by a division of its larger side, or a division
of either side if the two sides test equal in length, obtaining two problem
rectangles R, and R,,. Because of the additive property of crossing numbers,
we have n(R,) = n(R,, ) +n(Ry,). So a computation of n(R, ) also determines
n(R,,). However, if there is a multiple zero z, inside R, with multiplicity m
equal to n(R,), we obtain a series of subrectangles enclosing z,, and for these
subrectangles the crossing number never changes, and never becomes 1, which
is the criterion for using Newton’s method. The subrectangles surrounding z,
diminish in size until one is obtained that falls within the tilde-rectangle of its
centerpoint if it were displayed to the requisite k decimal places. The centerpoint
then is displayed, but only as a zero of apparent multiplicity m, because, as far
as we know, there could be several separate zeros inside the tilde-rectangle, with
multiplicities summing to .

We have glossed over a potential difficulty in the procedure, in that when
we bisect Ry, it may happen that a zero lies on the common side of the two
subrectangles. In this case we can not compute the crossing number for f(z) over
a subrectangle, and so can not determine the zero count for either subrectangle.
Some means of avoiding this trouble must be provided. Before we accept a
bisection of R, we do an interval arithmetic computation of f(z) over the line
segment dividing R,,. If the real part interval or the imaginary part interval for
f(z) does not contain the zero point, the bisection is accepted. Otherwise, we
divide the segment into two subsegments and try the interval computation again
for each subsegment. This is another task queue computation, where we continue
subdividing until the subsegment at the head of the queue has a halfwidth below
a preset bound 6, at which point the process is halted. Of course if the task queue
becomes empty before this happens, the bisection is accepted. In the case of bisec-
tion failure, a new division line parallel to but somewhat removed from the previ-
ous bisection line is chosen, and the segment check is repeated. Because there are
only n(R,) zeros in R, a suitable division line is certain to be found eventually.

16.6 The general zero problem for elementary
complex functions

The problem we consider here is is finding where n elementary complex functions
of n variables are simultaneously zero. The equations that must be solved are

fizi 2020 2,) =0
fZ(Z]sZZ,- . ,Zn):O

' : (16.3)
fn(ZhZQ, e ’Zn) =0
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The region of interest is defined by restricting each variable z; to a rectangle of
its complex domain, or, equivalently, restricting the real part and the imaginary
part of each variable z; = x; 4 iy, to a finite interval, as shown below:

a;<x;<b;and ¢; <y, <d,, i=1,2,...,n (16.4)

It is convenient to use vector notation once more, with z denoting a vector with
components z,, z,, - - - , Z,, and f(z) denoting the function with the components
shown in (16.3). The function f is counted elementary if all its components are
elementary. For lack of any better term, we still call the domain (16.4) a box.
The appropriate generalization of Problem 16.1 is

Solvable Problem 16.2 For any elementary analytic function f(z)
defined on a box B, and any positive integer k, find a point z, on the boundary
of B where every component of f(z,) is less in magnitude than 10~% and halt.
Or if f(z) # 0 on the boundary of B, bound all the zeros of f in B by

(1) giving, to k decimal places, points identified as simple zeros, or
(2) giving, to k decimal places, points identified as zeros of apparent multi-
plicity m, with the integer m > 2.

A “zero of apparent multiplicity m” is a zero such that m is the crossing number
over a small domain enclosing the zero.

A procedure for solving this problem is obtained by generalizing the procedure
described for solving the previous problem, where there was just one function
f(2). In that procedure, crossing number computations using the two component
functions u(x,y) and v(x,y) are the means of isolating the zeros. We only
need to show that the crossing number computed for f(z), considered as 2n
component elementary real functions of 2n real variables bounded in intervals,
cannot be negative. With the help if the next theorem, this result follows by
similar reasoning as was given in Section 16.5.

Theorem 16.1 For an analytic function f(z), the real Jacobian
AUy, vy e oo Uy, v,)/0(Xy, ¥y, - - - X, ¥,,) equals the square of the absolute value
of the complex Jacobian d(f,, ..., f,)/0(zy---»2,)-

After the Cauchy-Riemann equations are used to replace all partial derivatives
with respect to the variables y,, the real Jacobian
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 du, du, ou, du; 7
dv,  dv, dv, v,
det : Dooninon : :
u, ou, ou, u,
ax ay, T ax dy,
dv, dv, dv, dv,
L ox, dy, T 77 ax, dy,
takes the form
r ou, v, du, dv; ]
a—x] _ﬁ_xl cee e 8_x,, _8_x,,
v, du, v, du,
det : oonnnon : : (16.5)
u, v, u, v,
8_x, - o T ax — ox,
v, du, v, du,
L dx, ax, 7T ox, dx,
The Jacobian matrix of line (16.5) is composed of submatrices having the general
form |: Z b . Consider the complex matrix

with inverse

For any real constants a and b we have
| a -b 1] 1 i a —b 1 1
O A e R | Al | R
_ 1| atib —b+ia 1 1
T2 a—ib —-b—ia —i i

[a+ib 0 ] _[a+ib 0
L0 a-ib|T| o0  a+ib
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Here we are using the notation that a bar over a complex number indicates the
complex conjugate of the number. If we premultiply the matrix of line (16.5)
with a 2n-square matrix composed of n submatrices A~! in diagonal position, and
postmultiply with a 2r-square matrix composed of n submatrices A in diagonal
position, the determinant of the result equals the initial determinant value, but
now has the form

Cah i T
2, O oo,
0o O 0o o
Ge, e,
det| :ooiouinoiioi (16.6)
ih i,
o O a0
0
0 fu 0 O
| 9z, dz,

By performing n — 1 column exchanges on this determinant to move the even
numbered columns to the right side, followed by the same number of row
exchanges to move the even numbered rows to the bottom, we can make the
determinant take the form

- 5 P _
h oy o
dz, az,

a. a.
8—f” ai 0 ... 0
Z1 Zn R R
I U S A
dz, 9z,
af, af,
o ... 0 /i fy
| a7, dz

n =

Thus the real Jacobian equals the product of the complex Jacobian times its own
conjugate, or the square of the absolute value of the complex Jacobian, and so
the real Jacobian is never negative.

Software Exercises N

These exercises are with the demo programs c_ calc, c_fun, c_ deriv,
c_ integ, c_roots and c_ zeros. All these programs, with the exception
of c_calc, create both a log file and a print file.
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1. Call up c_calc and evaluate to 10 decimal places log(c), with ¢ taken at
various points in the complex plane. Note that an error is indicated whenever ¢
lies on the negative real axis.

2. Call up c_fun and evaluate ¢° , starting at z = 0 and using a z increment
of mri. Choose 10 increments, 5 fixed-point decimal places for the z display, and
10 fixed-point decimal places for the f(z) display. To see the change in display
with floating-point decimal places, edit the log file to change the sign of both
decimal specifications, and then call up c_fun c_£fun.

3. Call up c_deriv and find to 5 fixed-point decimal places the partial
derivatives of sin(z+ w) of order 2 or less at the (z, w) point (0, 0). You can edit
the log file to choose another (z, w) point, and then call c_deriv c_deriv
to obtain the new display.

4. Call up c_integ and find to 10 decimal places the integral of ¢* along a
straight line from a = 0 to b = 2. The function e* has a period of 27, and the
integral obtained is 0.

5. Call up c_integ and find to 10 decimal places the integral of 1/z along a
circle of radius 2 centered at the point i. This integral equals 27ri.

6. Call up c_roots, and as a test, find to 10 fixed-point decimal places the
roots of

(z—i)(z —2i)(z —3i)(z — 4i) = z* — 10iz* — 357> + 50iz + 24

7. Call up c_zeros and find to 10 decimal places the zeros of (sinz)? in
the search rectangle with opposite vertices —4 —i and 3 + 2i. The zeros are not
located by Newton’s method but by the slow method of repeated bisection of an
enclosing rectangle. If you edit the log file to change the function to sinz, the
same zeros, now simple, are found quickly by Newton’s method.

8. Call up c_zeros and find to 10 decimal places the zeros of

fl(Zl’Zz)ZZ%_ZZ

fo(z1,20) = Zg_zl

Use the search rectangle with the opposite endpoints —10 — 10i and 104 10§
for both z, and z,. This problem is similar to the one given in Exercise 3 at
the end of Chapter 12, except that in Exercise 3, there the variables range over
real intervals instead of over complex rectangles as they do here. Note the four
solutions here instead of the two obtained in Chapter 12.
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Notes and References

A. The demo program c_zeros computes the crossing number to determine
the number of zeros in a complex plane search rectangle. The papers by
Collins and Krandick [1] and by Schaefer [2] discuss using the argument
principle for this purpose.

[1] Collins, G. E. and Krandick, W., An efficient algorithm for infallible polynomial
complex root isolation, Proceedings of ISSAC, 1992.

[2] Schaefer, M. J., Precise zero of analytic functions using interval arithmetic, Interval
Comput. 4 (1993), 22-39.



The Precise Numerical Methods Program PNM

The program PNM is for any PC using the Microsoft Windows XP operating
system. PNM gives you access to a variety of demo programs that solve numer-
ical problems precisely, and PNM also supplies the source code for these demo
programs. The amount of hard disk space needed is small, just 10 megabytes.

Loading PNM and the demo programs onto your hard disk

First load the CD into the CD reader of your PC. Next click on the Start taskbar
and then on Control Panel. Finally click on Add/Remove Programs, and you
will be guided through the installation process.

After the installation process is complete, the program PNM should be dis-
played as an accessible program when you click on Programs. Click on PNM
and a form is displayed with the caption “Precise Numerical Methods”. Click
on the Load menu, and then click on the command

Load exe and source files from CD

You will obtain a “Loading is Complete” message when all demo programs are
loaded along with their source code. Chapter 1 has further details on how to run
a demo program.

How to remove PNM and the demo programs from your hard disk

Should you ever wish to remove PNM and the demo programs from your PC’s
hard disk, reverse the loading process just described. With the PNM form in
view, remove the demo programs by clicking on the Load menu, and then
clicking on the command

Delete all PNM files
After you obtain the “Deletion is Complete” message, and click on it, the PNM
form disappears. Next click on the Start taskbar and then on Control Panel.

Finally click on Add/Remove Programs, which will allow you to remove the
PNM program.

How to obtain the Windows command subsystem

First click on Run, and then type cmd and hit the Enter key.
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Absolute value, 11
Add Row Multiple, 101, 102-104

Bairstow method, 86-90

Basic variables, 143

Boundary conditions, 193—4
linear, 1934, 213-14
partial differential equations,
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periodic, 194
separated, 194

Bounding radius R, 85-6

Calling up program, 2-3
Companion matrices, 118-22
Complex functions, elementary
see Elementary complex functions
Complex numbers, 97
Computable number, 27
Convergence, 75-7
Correct to the last decimal place, 5
Crossing number, 162, 166-70
computation, 171-5
properties, 170-1
Crossing parity, 162, 165-6

Danilevsky method, 122-7

error bounds, 127-34
Decimal place problems, 29-32
Decimal width, 15

Degree 1 interval, 201-204
Derivatives, 41
demo program, 54
elementary functions, 41-8
general method of generating power
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Determinant, 97, 102-104
Diagonal elements, 187-8
Discontinuous functions, 33—4

Eigenvalue/eigenvector, 109, 113-18
companion/Vandermonde matrices,
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Danilevsky method, 1227
demo programs eigen, c_eigen, r_eigen,

135-6

error bounds for Danilevsky method,
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nonsolvable problems, 112—13, 116-17
rational matrices, 134
solvable problems, 113, 114-15,
118, 134
theorems, 112, 115-16, 127-34
Elementary complex functions, 235
computing line integrals in complex
plane, 237-8
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Elementary complex functions (Continued)

computing roots of complex
polynomial, 238-9
definition, 235-7
demo program c_deriv, 237
finding zero of f(z), 23942
general zero problem, 242-5
Elementary function, 37-9, 41-8
finding maximum/minimum, 181-3
finding solvable problem, 160-2, 178,
182-3
Elementary region, 177
Exchange Row, 101-104
Exponent part, 6
Extreme values, 181-3

Feasible point, 142-3
Floating point, 6-7, 9-10
scientific, 6, 10
variable precision, 10-11
fix):
extending solution method to general
problem, 163-5
interval arithmetic, 72-3
Newton’s method, 73-5
obtaining solvable problem, 69-72
order of convergence, 75-7

General problem, 163-5
Newton’s method, 175-6
General zero problem, 242-5
Global error carryover, 200

improved, 205-208

Halfwidth, 16
Hessian matrix, 185-7

Initial value problem, 193
difficulties, 196-7
solving by power series, 198-201

Integrals, 57-68
definite, 57-9
higher dimensional, 64-5
impint program, 66-7
improper, 66—7
integ program, 61-3
mulint program, 64-5

Interval, 11-13
formal, 59-61
f(x) zero, 72-3
notation, 15-17

Jacobian interval, 160, 161, 162, 165, 186,
243-5

Line integrals, computing in complex plane,

237-8
Linear boundary-value problem, 1934,
213-14
Linear differential equations, 197-8
Linear equations, 97, 137-40
computation problems, 98—100
computing determinants, 102-104
equat, r_quat, c_equat programs,
105-106
finding inverse of square
matrix, 104-105
i_equat program, 156
method for solving, 100-102
notation, 97-8
solvable problem, 13940
Linear interval equations, 152-5
Linear programming, 137
introduction to, 141-5
linpro program, 155

n linear interval equations in 7 unknown,

148-52
notation, 141-2
objective function, 141
simplex method, 142-7
solving linear equations, 152-5
Linearly independent, 109
Log files, 3-5

Mantissa, 6

Mean Value Theorem, 160-1
Midpoint, 16

Moore, Ramon, 11

Multiple, 69

n linear interval equations in n# unknown:
solvable problem, 148-9
theorem, 149-52
Newton’s method, 73-5, 175-6
Nonbasic variables, 143
Nonsolvable problem, 26, 32-3,
70-1, 80
decimal place, 29-32
eigenvalue/eigenvector, 116—17
linear equations, 98
partial differential equations, 219-20
repercussions, 27-8



Notation, 15-17
linear equations, 97-8
Null point, 143-4

Open-source software, 1-2
Optimization problems:
demo program extrema, 188
finding extreme values, 181-3
finding where function’s gradient is
zero, 184-8
Ordinary differential equation of
order n, 191-3
Ordinary differential equation of the first
order, 191-3
Ordinary differential equations
(ODEs), 217
difficulties with initial value
problem, 196-7
initial value problems, 219-20
power series method, 220-3
two standard problems, 193-6

Partial differential equations (PDEs):
defect of first method, 228-9
first solution method, 223-7
higher dimensional spaces, 230-1
initial value problems, 219-20
revised method with comparison
computation, 229-30
satisfying boundary
conditions, 231-2
simple problem as example, 227-8
terminology, 217-19
Polynomials, 79-84
Bairstow method, 86-90
bound for the roots of, 85-6
bounding error of rational root
approximations, 90-2
computing roots of complex
polynomial, 238-9
finding accurate roots for rational or
real, 92-5
roots program, 95
Power series:
definite integrals, 198
elementary functions of several
variables, 49-52
general method of generating, 52-3
initial value problem, 198-201
ordinary differential
equations, 220-3
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two-point boundary-value
problem, 210-13
Print file, 34

Queue domain, 171-5

Range, 13-14

computing standard functions,

17-18

practical, 15
Rational arithmetic, 137-40
Rational linear equations, 140-1
Rational numbers, 97
Rational operations, 18-20
Rational root approximation, 90-2
Ray test, 171-3
Real elementary functions, 159
Real numbers, 97
Real-valued functions, 37-40
Region of interest, 159
Remainder formula, 63—4
Root, 69
Roots of complex polynomial, 238-9

Saddle point, 187-8
Series evaluation, 48-9
Simple zero, 69
Simple zero gradient point, 185,
187-8
Simplex method, 142-5
making process foolproof, 145-7
Software exercises:
c_calc, 245-6
c_deriv, 245-6
c_fun, 245-6
c_integ, 245-6
c_roots, 245-6
c_zeros, 245-6
calc program, 20-3
demo program, 95-6
deriv program, 54
difsys, difbnd programs, 214-16
eigen, c_eigen, r_eigen programs, 134
equat, r_quat, c_equat programs, 106
fun program, 39-40
integ, mulint, impint programs, 67—8
linpro, I_equat programs, 156—7
maxmin, extrema programs, 188-9
pde program, 232-3
zeros program, 77-8, 178-80
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Solvable problem, 267, 28-9
decimal place, 29, 30-2
eigenvalue/eigenvector, 113, 114-15, 118
elementary complex function, 240-2, 243
function’s extreme values, 182-3, 185-8
handled by calc, 32
linear equations, 98-100
linear programming, 139-40, 148-9
linear two-point boundary-value, 214
obtaining, 69-72
ordinary differential equations, 197, 198
partial differential equations, 220
polynomials, 79-84
several functions are zero, 162, 178
two-point boundary-value, 209-10,

211-13
Square matrix, 97, 104-105
Standard functions, 17-18

Tilde-box, 162
Tilde notation, 5-7

Topological degree, 16670
Turing, Alan, 27
Two-point boundary-value
problem, 193
power series, 210-13
solvable, 208-10

Upper triangular matrix, 97

Vandermonde matrices, 118-22

Zero, 25-6
elementary complex function f(z),
23942
f(x), 69-77
finding several functions, 159-78
function gradient, 184-8
searching for more general
region, 176-8



