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PREFACE

The Proceedings of the International Congress of Mathematicians 1998, held in
Berlin, are published — electronically and in print — in three volumes. Volume I
contains information on the organization of the Congress including the list of
participants, reports on the opening and closing ceremonies, the Laudationes on
the Fields Medalists and the Nevanlinna Prize Winner, and the Plenary Lectures.
Volumes II and III contain the Invited Lectures.

For the first time, the Proceedings of an ICM have been produced complete-
ly electronically — without any commercial assistance. Using the facilities of
DOCUMENTA MATHEMATICA, the contents of the Plenary and Invited Lectures
were made available without charge on the Internet, already before the Congress
started, at http://www.mathematik.uni-bielefeld.de/documenta,.

The printed versions of Volumes IT and ITI were distributed to the participants
at the beginning of the Congress. Volume I, containing material which had to be
gathered during the Congress, was printed about three months after the Congress.

We want to thank all the speakers and organizers for their cooperation which
made such fast publication possible.

October 1998 Gerd Fischer
Ulf Rehmann
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Simon K. Donaldson
Gerd Faltings
Michael H. Freedman

Vladimir G. Drinfeld
Vaughan F. R. Jones
Shigefumi Mori
Edward Witten

Jean Bourgain
Pierre-Louis Lions
Jean-Christophe Yoccoz
Efim Zelmanov

Alexander A. Razborov
Avi Wigderson
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ORGANIZATION OF THE CONGRESS

MARTIN GROTSCHEL
President of the ICM’98

In 1992 the German Mathematical Society
(DMV) invited the International Mathemati-
cal Union (IMU) to hold the 1998 International
Congress of Mathematicians in Berlin. The in-
vitation was accepted by the 1994 General As-
sembly of the IMU in Luzern, the decision an-
nounced at the 1994 Congress in Ziirich.

In January 1995 the Council (Préasidium)
of the DMV and the representatives of the
mathematical institutions in Berlin appointed
the Board of Directors of the ICM’98 Or-
ganizing Committee (Martin Grotschel (TU
and ZIB Berlin), President; Friedrich Hirze-
bruch (MPI Bonn), Honorary President; Mar-
tin Aigner (FU Berlin), Vice President; Jiirgen
Sprekels (HU and WIAS Berlin), Treasurer;

Joérg Winkler (TU Berlin), Secretary) and also

founded the Verein zur Durchfihrung des In-

ternational Congress of Mathematicians 1998

in Berlin (VICM) to form a legal umbrella for the organization. In the course
of the preparations, the Board of Directors asked many colleagues to join the
organizing team. A list of its members can be found on the next pages.

Initial financial support came from the Bundesministerium fir Bildung, Wis-
senschaft, Forschung und Technologie and from the Senat von Berlin. Without
the substantial backing from these two institutions an application would have been
impossible. Other public and academic bodies, private corporations and founda-
tions, individuals and mathematical institutes supported the Congress significantly
as well. A list of donors can be found in this volume. The registration fee was DM
450 for early and DM 600 for late registration, there was no fee for accompanying
persons. The registration fees accounted for about one third of the total budget.

The scientific program of the Congress was in the hands of a Program Com-
mittee appointed by the IMU. Its members were Phillip Griffiths (Chairman), Luis
Calffarelli, Ingrid Daubechies, Gerd Faltings, Hans Follmer, Michio Jimbo, John
Milnor, Sergei Novikov, and Jacques Tits. The committee divided the program of
the Congress into 19 sections and appointed, for each section, a panel to nominate
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speakers. In early summer of 1997 the Program Committee selected 21 mathemati-
cians to give one-hour plenary addresses and 169 colleagues to present 45-minute
invited lectures. Five invited lecturers cancelled their talks at short notice due
to personal reasons. Two of them, however, submitted written versions of their
lectures to these Proceedings.

The Fields Medal Committee consisted of Yuri Manin (Chairman), John
Ball, John Coates, J. J. Duistermaat, Michael Freedman, Jiirg Frohlich, Robert
MacPherson, Kyoji Saito, and Steve Smale. The members of the Nevanlinna Prize
Committee were David Mumford (Chairman), Bjorn Engquist, Tom Leighton, and
Alexander Razborov. Both committees arrived at their decisions in spring 1998.

The Organizing Committee was responsible for all other activities of the
Congress. DER-CONGRESS handled accommodation, registration and related ar-
rangements as the official travel agent of the Organizing Committee.

The first day of the Congress, including the opening ceremony, took place at
the International Congress Center (ICC) of Berlin. During the opening ceremony,
attended by about 3,000 persons, the Fields Medals and the Nevanlinna Prize were
awarded. Moreover, Andrew Wiles received an IMU silver plaque in recognition
of his proof of “Fermat’s Last Theorem”. The opening ceremony was transmitted
worldwide in the Internet via MBone. In the afternoon of August 18, the work
of the Fields Medalists and the Nevanlinna Prize winner was presented in five
lectures. The manuscripts of these lectures can be found in this volume. Jiirgen
Moser concluded the first day with a plenary lecture.

All further sessions of the Congress took place on the campus of the Technische
Universitdt Berlin. The plenary lectures were held in morning sessions in the
Audimax of the TU Berlin. They were transmitted via closed-circuit television
to another large lecture hall. The 45-minute invited lectures were given in six
parallel sessions from 2 pm to 6 pm each afternoon, from August 19 to 26, except
for Sunday, August 23, which was kept free for excursions etc. The last day of the
Congress, August 27, consisted of four plenary addresses and the closing ceremony.

In addition to the invited and plenary lectures, 1,098 short 15-minute contri-
butions and 236 poster presentations were given. Moreover, 235 ad-hoc talks of
15 minutes length were scheduled during the Congress. Thus, ICM’98 had a total
of 1569 contributed presentations.

The organization of the Congress was, to a large extent, based on electronic
communication. Already in 1994, a World Wide Web Server on the International
Congress was set up at the Konrad-Zuse-Zentrum in Berlin. This server was con-
tinuously extended to contain up-to-date material so that every mathematician
interested in ICM’98 could look up most recent information. In addition to this,
circular letters were e-mailed to all those who preregistered for the Congress elec-
tronically. These circular letters complemented the printed First and Second An-
nouncements that were mailed out in August 1997 and January 1998, respectively,
to thousands of mathematicians worldwide.

The Organizing Committee also offered the possibility of electronic registra-
tion. Two thirds of the ICM’98 members took advantage of this facility; 95% of
the abstracts of the invited and contributed presentations were submitted elec-
tronically. Moreover, all but one of the plenary and invited speakers submitted
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their paper for the proceedings volume electronically. This made it possible to
produce Volumes II and III before the Congress, to make them available in the
Internet, and to deliver them to the participants in printed form at registration in
Berlin.

In all, 3,346 mathematicians from 98 countries participated in the Congress
together with an estimated number of 800 accompanying persons; 31 exhibitors
were present.

The Organizing Committee made significant efforts, together with the In-
ternational Mathematical Union, to give financial support for participants from
developing countries and Eastern Europe. A fund of more than DM 900,000 made
it possible to sponsor the attendance of approximately 450 mathematicians. About
510 colleagues were invited, around 60 were unfortunately unable to attend; 93
young and 37 mature colleagues from developing countries received grants from
the IMU and the local organization, 305 persons from the support program of the
local Organizing Committee for mathematicians from Eastern Europe. Special
grants from mathematical institutions and other support programs complemented
these efforts.

The social events included a buffet lunch after the opening ceremony, an opera
performance of the Magic Flute in the Deutsche Oper on August 23, and an ICM
party on August 26. To convey some of the many facets of Berlin to the ICM’98
participants, and in particular to accompanying persons, many Berlin mathemati-
cians, their friends and spouses offered informal tours, so called footloose tours, to
points of special interest in Berlin. About 1,200 ICM’98 members and accompa-
nying persons participated in these tours.

In accordance with the Program Committee and the IMU, the Organizing
Committee opened a Section of Special Activities to cover topics of mathematical
relevance that would not fit elsewhere in the official scientific program. These
special activities included an afternoon session on electronic publishing with three
talks and a panel discussion on “The Future of Electronic Communication, Infor-
mation, and Publishing”; presentations of mathematical software on three after-
noomns; several special activities related to women in mathematics including the
Emmy Noether Lecture given by Cathleen Synge Morawetz, and a panel discus-
sion “Events and Policies: Effects on Women in Mathematics”; an afternoon on
“Berlin as Centre of Mathematical Activity” (this workshop was suggested by the
International Commission on the History of Mathematics); a roundtable discus-
sion on “International Comparison of Mathematical Studies, University Degrees,
and Professional Perspectives”.

The exhibition “Terror and Exile” honored the memory of 53 Berlin mathe-
maticians who suffered under the Nazi terror; this topic was also addressed in a
special session “Mathematics in the Third Reich and Racial and Political Perse-
cution”.

Other events enhanced the scope of the ICM’98 activities. The special evening
lecture of Andrew Wiles on “Twenty Years of Number Theory” on August 19
attracted an audience of about 2,300. OIlli Lehto’s book on the International
Mathematical Union was presented and an exhibition of mathematical cartoons
was shown at the TU Mathematics Library.
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A major attempt to reach out to the non-mathematical public during the
Congress were the activities in the Urania, an institution with a long tradition in
the popularization of science. These included 11 lectures on mathematics for a gen-
eral audience, the VideoMath Festival in which the VideoMath Reel, a composition
of selected short videos on mathematics, and several other mathematical films were
shown. Exhibitions on “Hands-on Mathematics” (addressing high-school students
and teachers in particular), “Mathematical Stone Sculptures”, “Mathematics and
Ceramics”, and works by high-school students on “Mathematics and the Art”
complemented the Urania activities. An additional exhibition featuring paintings
and sculptures related to mathematical objects (Innovation®) was shown at the
Ludwig-Erhard-Haus. More than 5,000 persons attended the Urania lectures and
video performances, about 10,000 visited the exhibitions in the Urania.
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THE COMMITTEES OF THE CONGRESS

ProeraM COMMITTEE (APPOINTED BY THE IMU)

Phillip Griffiths, Chairman

Luis Caffarelli
Ingrid Daubechies
Gerd Faltings
Hans Follmer
Michio Jimbo
John Milnor
Sergei Novikow

Jacques Tits

19

Institute for Advanced Study, Princeton, USA;
University of Texas, Austin, USA

Princeton University, Princeton, USA
Max-Planck-Institut, Bonn, Germany
Humboldt-Universitdt, Berlin, Germany
Kyoto Universtity, Kyoto, Japan
SUNY at Stony Brook, Stony Brook, USA

Landau Institute, Moscow, Russia,
and University of Maryland, USA

College de France, Paris, France

The German Mathematical Society together with representatives of the mathe-
matical institutions of Berlin appointed the President, Honorary President, Vice
President, Treasurer and Secretary (Board of Directors) of the Local Organizing
Committee, who in turn appointed the members of all further committees.

ORGANIZING COMMITTEE

Martin Grotschel
Friedrich Hirzebruch
Martin Aigner
Jiirgen Sprekels
Jorg Winkler

Rolf Méhring

Ehrhard Behrends
Gerhard Berendt

A. Beutelspacher
Jochen Briining
Wolfgang Dalitz
Gerd Fischer

Gerd Frey

Ulrich Fuchs
Stephan Hartmann
Christian Hege
Christoph Helmberg
Karl-Heinz Hoffmann
Bettina Kasse
Herbert Kurke
Eberhard Letzner
Jutta Lohse
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President

Honorary President
Vice President
Finances

Secretary

Local Arrangements

FU Berlin
FU Berlin
Giessen

HU Berlin
ZIB Berlin
Diisseldorf
Essen

FU Berlin
TU Berlin
ZIB Berlin
ZIB Berlin
TU Miinchen
ZIB Berlin
HU Berlin
FU Berlin
WIAS Berlin

7ZIB and TU Berlin

Bonn

FU Berlin

WIAS and HU Berlin

TU Berlin

TU Berlin
Sabine Marcus TU Berlin
Sybille Mattrisch Z1B Berlin
Hans-Otfried Miiller Dresden
Winfried Neun Z1B Berlin
Volker Nollau Dresden
Konrad Polthier TU Berlin
Elke Pose TU Berlin
Ulf Rehmann Bielefeld
Werner Rémisch HU Berlin
Vasco Schmidt FU Berlin
Renate Schubert TU Berlin
Ralph-Hardo Schulz FU Berlin
Margitta Teuchert WIAS Berlin
Michael Walter ZIB Berlin
Christiane Weber Dresden
Giinter M. Ziegler TU Berlin
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LocAL ScIENTIFIC COMMITTEE

Michael E. Pohst,
Chairman

Giinter Albinus

Helmut Alt

Klaus Dieter Bierstedt

Alexander Bobenko
Peter Deuflhard

Jean-Dominique
Deuschel
Frank Duzaar
Dirk Ferus
Bernold Fiedler
Karl-Heinz Forster
Herbert Gajewski
Joachim Gréter
Jens Gustedt
Klaus Hulek
Heinz Adolf Jung
Markus Klein
Eberhard Knobloch
Helmut Koch
Hermann Konig
Sabine Koppelberg
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WIAS Berlin
FU Berlin
Paderborn
TU Berlin
ZIB and

FU Berlin

TU Berlin
HU Berlin
TU Berlin
TU Berlin
TU Berlin
WIAS Berlin
Potsdam
TU Berlin
Hannover
TU Berlin
Potsdam
TU Berlin
HU Berlin
Kiel

FU Berlin

ORGANIZATION OF THE CONGRESS

Ralf Kornhuber
Jirg Kramer
Herbert Kurke
Joachim Naumann
Michael Nussbaum

Erich Ossa

Christian Pommerenke

Hans-Jiirgen Promel
Siegfried Profdorf
Lutz Recke

Klaus R. Schneider
Ridiger Schultz
Wolfgang Schulz

Bert-Wolfgang Schulze

Martin Schweizer
Rudolf Seiler
Wilhelm Singhof
Helmut Strade
Gernot Stroth
Fredi Troltzsch
Elmar Vogt

Robert Weismantel
Giinter M. Ziegler

Registration of the participants

FU Berlin
HU Berlin
HU Berlin
HU Berlin
WIAS Berlin
Wuppertal
TU Berlin
HU Berlin
WIAS Berlin
HU Berlin
WIAS Berlin
Leipzig

HU Berlin
Potsdam

TU Berlin
TU Berlin
Diisseldorf
Hamburg
Halle
Chemnitz
FU Berlin
Magdeburg
TU Berlin
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LisT oF DONORS

The Organizing Committee is greatly indebted to all those who have supported
the congress either by monetary contributions or by donating goods and services.
Without these generous donations it would have been impossible to launch ICM’98.
We would like to thank the following sponsors cordially:

PuBLIC AND ACADEMIC BODIES

Bundesministerium fiir Bildung, Wissenschaft, Forschung und Technologie
Senat von Berlin

Deutsche Forschungsgemeinschaft

Séachsisches Staatsministerium fiir Wissenschaft und Kunst

Alexander von Humboldt-Stiftung

Berlin-Brandenburgische Akademie der Wissenschaften

International Mathematical Union

Deutsche Mathematiker-Vereinigung

European Mathematical Society

Deutsche Gesellschaft fiir Versicherungsmathematik
Berliner Mathematische Gesellschaft

PRrIvATE CORPORATIONS AND FOUNDATIONS

Allianz Lebensversicherungs-AG
Siemens AG

Stemmler-Stiftung
Mollgaard-Stiftung

Silicon Graphics

Deutsche Telekom

Storage Tek

Herlitz AG

Deutsche Bank AG
Springer-Verlag

Nikkei Culture

Walter und Eva Andrejewski-Stiftung
Minolta

Sender Freies Berlin

SUN Microsystems

Berliner Verkehrsbetriebe
Daimler-Benz-Stiftung

T-Mobil

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - I



22

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - I



Doc. MaTH. J. DMV 53

CLosSING CEREMONY

The closing ceremony was held on Thurday, August 27, 1998, starting at
15.00 in the main lecture hall of the TU Berlin

Davib MUMFORD, President of the International Mathematical Union,
addressed the audience as follows:

We have come to the end now of what I believe was a remarkable and very suc-
cessful Congress. As President of the IMU, it is my very pleasant duty first to
congratulate the local organizing committee for their role in this.

I would like to underline several aspects of the Congress which I felt were
especially successful. Firstly, in the entire pre-congress stage, the organizers have
used email most effectively, putting on virtually everyone’s desk the current plans,
events, speakers as soon as announced and the registration form. Moreover, their
ability to produce two thirds of the Proceedings before the Congress and one third
immediately after (held back only by those like me who didn’t write their speeches
beforehand) is a remarkable demonstration of the potential to publish a major
book at minimal cost with no commercial assistance.

Another great success is the quality of the presentations. I want to congrat-
ulate the Program Committee for their selections, the speakers on the clarity of
their talks and the Organizing Committee for their instructions and suggestions
to the speakers (that I'm sure were listened to from my own conversations with
many of the speakers).

Still another area in which the organizers have succeeded beyond all expec-
tations is in public relations. Both with unprecedented press coverage and with a
beautiful array of programs at Urania, they have reached major groups of Berlin-
ers, of Germans and of the World. (My wife reports reading of the Fields Medals
in the Boston Globe.)

Finally, I'd like to say that the physical arrangements seem to me to have
been near ideal: many large lecture rooms in close proximity, transport passes,
etc. Underlying all this, invisible but obviously vital, is probably the largest sum
of money ever raised for an ICM. Its use in helping hundreds attend the Congress
will be detailed later.

For this great job, I want now to propose a round of applause for the Orga-
nizers. BUT, as in all human activities, an institution cannot rest on its laurels.
The Congress is really for you and we want your feedback. Taking our clue from
the Organizers, we would like everyone who wishes to send us electronically their
comments, suggestions and proposals. You can reach the IMU at “imu@impa.br.”

My second duty is to report to you on the General Assembly (G. A.) of the
IMU that took place in Dresden over the weekend preceding the Congress. Many
of you may be unaware of the institutional infrastructure that supports the stately
procession of International Congresses, so let me quickly sketch this. The IMU is

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - 1



54 CLOSING CEREMONY

an organization whose members are countries — about 60 of them — which are repre-
sented by ‘adhering organizations’, National Academies or Mathematical Societies.
Each of them sends delegates to the G. A. which precedes each Congress and here
the whole chain of committees starts and the control rests. The G. A. elects
the President, Secretary and Executive Committee, which in turn appoints the
Program Committee (which appoints panels in every subfield), Fields Medal and
Nevanlinna Prize Committees and works with the Organizing Committee of the
next Congress. The goal, I should add, is to spread decision making over as large
and as representative a group as possible.

At this point, I want to report to you the decisons taken at the Dresden
G. A. The first decision is that:

ICM 2002 will be held in Beijing, China.

The President of the Chinese Mathematical Society, Professor K. C. Chang, will
give further information in a few minutes.
Secondly, the G. A. passed a resolution in support of diversity:

Building on the resolutions adopted at the 1986 and 1990 General Assemblies, the
IMU shall continue to endeavour to attract the participation of all mathematicians.
Subfields of mathematics and traditionally underrepresented groups should not be
overlooked in IMU activities.

Thirdly, the G. A. adopted an ‘enabling resolution’ to form a Committee on Elec-
tronic Information and Communication. This resolution reads:

1. In the last decade, the internet has been transforming our communication and
commerce. In the world of science, the internet is radically changing the modes
of information transfer at all levels. Communication on hand-written and printed
paper, distribution via postal mail and libraries is a system which has been stable
for many centuries. We cannot foresee clearly the new system which is evolving
except that it will involve electronic media and it will radically alter the economics
of communication. This transformation will certainly be global and will affect
mathematical research on all continents.

2. We strongly believe that the IMU can play several important roles during this
transition. Among these are:

i) it can provide a forum where all parties, i. e., all countries and all inter-
est groups (individual researchers, professional societies, publishers, and li-
braries) can discuss the issues and it can publish proceedings to increase
general understanding of all the issues involved,

it) it can recommend and promote international standards on electronic com-
munication among mathematicians, when needed,

ii1) it can act as a liaison between regional, national and local groups, coordinat-
ing their initiatives and discussions.
3. We therefore propose that the GA establish a
Committee on Electronic Information and Communication (CEIC)
to accomplish its objectives whose terms of reference and initial additional mem-
bership will be decided by the ad hoc committee consisting of John Fwing, Martin
Grétschel, Peter Michor, David Mumford and Jacob Palis and sent by mail ballot
to the adhering organizations for approval.
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I am happy to report that this Committee is nearly in place and that Peter Michor
has agreed to be its chairman for the next four years.

Fourthly, the G. A. elected as the next President of the IMU Professor Jacob
Palis and as Secretary Professor Phillip Griffiths and I wish to congratulate them
and wish them great success. The following are the full slates which were elected
for various Committees and Commissions of the Union:

IMU EXECUTIVE COMMITTEE

President: J. Palis Brazil
Vice-Presidents: ~ S. Donaldson United Kingdom

S. Mori Japan
Secretary: P. Griffiths USA
Members: V. Arnold Russia

J. M. Bismut France

B. Engquist Sweden

M. Grotschel Germany

M. Raghunathan India
ex-officio: D. Mumford, Past President USA

INTERNATIONAL COMMISSION ON MATHEMATICIAL INSTRUCTION (ICMI)

President: Hyman Bass USA
Vice-Presidents: M. Artigue France

N. Aguilera Argentina
Secretary: B. Hodgson Canada
Members: G. Leder Australia

Y. Namikawa Japan

I. Scharygin Russia

J. P. Wang China
ex-officio: Miguel de Guzman, Past President Spain

President of IMU
Secretary of IMU

COMMISSION ON DEVELOPMENT AND EXCHANGE (CDE)

Chairman: Rolando Rebolledo Chile
Secretary: Herb Clemens USA
Members: A. A. Ashour Egypt

K. C. Chang China

P. Cordaro Brazil

J.-P. Gossez Belgium

0. Nakoulima Guadeloupe

T. Sumada Japan
ex-officio: M. S. Narasimhan, Past Chairman  India

President of IMU
Secretary of IMU

INTERNATIONAL COMMISSION OF THE HISTORY OF MATHEMATICS (ICHM)
Jan P. Hogendijk (Netherlands) and Karen Parshall (USA)

I would now like to call on Jacob Palis to say a few words.
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JACOB PALIS, President of the IMU for 1999-2002, addressed the audi-
ence as follows:

Dear colleagues,

ladies and gentlemen:

It’s a great honor for me to become the next
President of the International Mathematical
Union, a fundamental institution for the devel-
opment of mathematics in the world. To have
good mathematics in all regions, in all coun-
tries, is precisely a main goal of the Union: we
shall pursue and achieve it together.

The Executive Committee and the Commissions of the Union will be engaged
in this major goal. As part of such an effort, IMU members, through their math-
ematical societies and research agencies, have been contributing to our Special
Development Fund; especially the US, Brazil, UK, Japan and France. Through
the Fund and Local Organizing Committee, we were able to finance the partic-
ipation at the ICM of about 100 young and 40 senior mathematicians from the
Developing World. Actually, the Local Organizing Committee did more: it also
made possible the presence of more than 300 mathematicians from the former So-
viet Union and Eastern Europe. To talk about this, I wish to call to the podium
Prof. ANATOLY M. VERSHIK (President of St. Petersburg Mathematical Society,
Head of the Laboratury of the Mathematical Institute of the Russian Academy of
Sciences).

ANATOLY M. VERSHIK addressed the audience as follows:

Dear Colleagues:

More than three hundred participants of our
congress have arrived from Russia and the for-
mer Soviet Union (fSU). Almost all of them
have obtained the special grants or partial fi-
nancial support from the Organization Com-
mittee or other funds which that Committee
was able to use. These are the results of the ef-
forts of the Committee and all of us thank the
organizers of the congress and the International
Mathematical Union for this support.

This Congress is the second International Congress of Mathematicians (of
course except Moscow Congress in ’66) with such a wide presence of mathemati-
cians from Russia and the fSU. It was impossible to imagine such a big group from
those countries at a congress even 10 years ago. Everybody understands how im-
portant it is, especially for young mathematicians, to have the possibility to take
part in a meeting of such a high scientific level, to listen to the talks of prominent
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scientists about recent studies, to present their own achievements, to obtain new
information and to look for new problems.

Those over 40 perhaps remember how limited the attendance of Soviet math-
ematics at the international congresses in the sixties, seventies and eighties was.
Even invited speakers could not obtain the permission from “very high scientific”
organizations for going abroad, e. g., I was an invited speaker at the Congress '74
in Vancouver but approximately 15 other invited speakers from Russia could not
visit that congress. It was common at that time to have a gap in the schedule
instead of the lectures of Soviet mathematicians or to entrust the reading of the
lecture to some of the foreign colleagues. Moreover, even Fields Medalists from
Russia (Novikov — Nice "70, Margulis — Helsinki '78) did not visit these congresses
and did not receive the medal during the ceremony because they had not obtained
permission for that!

The international mathematical community tried to help our mathematics
and mathematicians in those days many times but it was impossible and hopeless.
Indeed, the reasons for such stupid behaviour of Soviet authority were political or
something similar to that. The result of that policy was the separation between
the remarkable mathematical schools which had developed in the Soviet Union
and in the worldwide mathematical community.

Now fortunately we do not need any permissions of authorities and there
are no obstacles for going abroad, for having contact with our colleagues, for
collaboration with them and for visiting the conferences and congresses. But we
face completely new problems which are more understandable — for all that we need
financial support. For that matter the International Mathematical Community has
shown very deep and clear understanding of our problems, in this situation they
can help and they do help. There are many examples of such help and two excellent
ones are our visit to the Congress in Berlin and the previous Congress in Ziirich.

Thank you very much. Needless to say how important this help is for us!
Especially nowadays when the sole existence of the mathematics in our countries
is in such a danger.

In a rather solemn way I can say that our mathematics must survive and will
survive and the international solidarity of mathematicians is a guarantee for that.

JACOB PALIS continued his speech as follows:

Also as part of our strategy to achieve the goal of having good mathematics
throughout the world, we have proposed, and the General Assembly has approved
unanimously, a change in our statutes, to have multinational mathematical soci-
eties and unions to be affiliated with IMU in order to facilitate joint actions in
their respective region. The same applies to professional associations and in this
respect emerges our second main objective: the unity of mathematics in its diver-
sity of themes. We should have good mathematics, beyond being pure or applied
and this should reflect in the ICMs, as in the present one.

Finally, I wish to ask the mathematicians of the world to participate in our
multiple activities of the World Mathematical Year 2000.

Thank you.

Now I'm very pleased to invite K. C. Chang.
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KuNG CHIN CHANG, President of the Chinese Mathematical Society,
addressed the audience as follows:

Ladies and gentlemen:

It is a great pleasure and honor for me to invite all of
you, on behalf of the Chinese Mathematical Society, to
the next ICM at Beijing, a city interweaving historical
tradition with modern fascination.

All the past congresses were held in developed coun-
tries. Now, the next congress, the first in the new century,
will be held for the first time in a developing country.

This will add a new chapter to Prof. Olli Lehto’s book
“Mathematics Without Borders.”

We are grateful to the Executive Committee and the
General Assembly of IMU for the decision on the site of
Beijing. To host such an important congress is not only a great chance, but also
a big challenge. However, the successful experience of the previous congresses, in
particular, of the Berlin congress with such high levels of hospitality and efficiency,
will be very useful for us.

In the past two decades, many mathematicians all over the world, and most
of the members of the Executive Committee of IMU have visited China. Their
suggestions and ideas in organizing the congress are warmly welcome. With the
help of IMU and the cooperation of mathematicians throughout the world, the
Chinese mathematicians, who are eager to make the congress a success, will do
their best to make your attendance fruitful and enjoyable.

I am looking forward to seeing you all in Beijing in the year 2002.
The last speaker was MARTIN GROTSCHEL, President of the ICM’98:

At the first International Congresses it has been a tradition to commemorate
the mathematicians who have deceased in the previous years. We would like to
resume this tradition today. Following a German custom, I would like to ask you
to stand up for a few moments and remain in silence while I read some words of
remembrance.

It is impossible to list here all mathematicians who have died in the last four
years, even if we restrict the list to the most prominent ones. I have chosen six
colleagues who, I believe, represent all those who we will miss in the future:

HANSGEORG JEGGLE. Jeggle has been a professor at TU Berlin since 1971 and
has been dean of the Faculty of Mathematics for many years. He was killed in a
car crash on August 22, 1998.

FRANCOIS JAEGER. Jaeger, an expert in combinatorics and combinatorial knot
theory, had been selected by the ICM’98 Program Committee as an Invited Speaker
in Section 13 “Combinatorics”. He died on August 18, 1997 on the day when the
ICM’98 invitation was mailed to him.
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ANDRE WEIL, a towering figure of our field, whose name came up in many of the
plenary and invited presentations of this Congress. Weil died on August 6, 1998.

PauL ERDOS. Erdds was among the most productive mathematicians of all time
and probably the most highly connected individual of us all. He died at a confer-
ence in Warsaw on September 22, 1996.

Finally, I would like to mention that two Fields medalists have deceased within
the last four years.

LARS AHLFORS, the first recipient of a Fields Medal in 1936, died on October 11,
1996.

KuniHIKO KODAIRA, who received a Fields Medal in 1954, died on July 26, 1997.

Thank you for paying respect to the deceased colleagues. Please sit down again.

Ladies and Gentlemen, dear Colleagues:

One of the last sentences of my Opening Speech was:

“We would like to make ICM’98 an exceptional event. Let us hope that

our dreams come true.”
I think our dreams came true.

However, not everything went exactly as planned. For instance, last night’s
ICM party was going to be staged as an open air party on the greens behind the
Math Building. Bad weather made a rescue operation necessary. The available
facilities were, unfortunately, not really optimal for good queue management. I
apologize for these inconveniences and a few others that came up during the last 10
days. Some participants, in fact, told me that they were happy that misfortunes
such as these occured. In their opinion, they made the ICM organization look
more human.

I consider this as a compliment and would like to thank again all my colleagues
in the Organizing Committee, our students, secretaries, spouses, children, and
friends who have helped to run ICM’98 smoothly.

I have received a lot of additional requests. Participants would like to buy
videos of the Opening Ceremony, of some of the Plenary Presentations, etc. We
will consider all these issues in the near future, and I will write to you another
Circular Letter to let you know what we can do and offer. One offer will be made
right after the end of this Ceremony. We will show in the lecture hall H 104
the ICM’98 Special produced by channel B1 of Sender Freies Berlin which was
broadcast on TV last week.

The ICM’98 Proceedings will be sold and distributed after the Congress by
DOCUMENTA MATHEMATICA and the American Mathematical Society.

This is the right occasion to thank the many mathematical societies around
the world who have generously helped the ICM’98 Organizing Committee dis-
tribute information about ICM’98 and advertise the Congress. This has been a
very promising sign of international cooperation. I also consider it very positive
that the IMU has decided to integrate the regional mathematical unions, such as
the European Mathematical Society or the currently forming Asian Mathematical
Union, into its activities. And I believe that electronic information and communi-
cation, another topic taken up by the IMU, will considerably foster joint work of
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mathematicians from around the world, so that we can also reach those groups and
countries that seem somewhat isolated. Additional efforts, however, are necessary
on all sides.

It was somewhat difficult for me to attend lectures. But I managed to partici-
pate in most of the Plenary Addresses. I am grateful to all speakers that they have
made efforts, in some cases really remarkable efforts, to address a broad mathe-
matical audience. These lectures certainly formed the scientific backbone of our
Congress. I would also like to thank those who have presented posters or gave
short presentations. That’s where most of the communication and discussion took
place.

Many words of thanks have been said. I believe that only one word of thanks is
left. No congress, however well organized, can be successful without enthusiastic
participants. That is what you all have been. When officials of this university
noticed that on Saturday at 6 p.m. there were still 1500 persons attending lectures
they were really convinced that this Congress is an unusual event. I think that
the participants of this Congress found the right mixture between leisure, fun, and
hard work, and that many of us go home with a lot of new ideas and new friends.

Thank you very much for coming to Berlin and participating in ICM’98.

I declare the 23rd International Congress of Mathematicians closed.

Members of the organization teams:
Grdtschel, Behrends, Briining, Sprekels, Hartmann, Winkler, Aigner,
Mumford, Palis, Hirzebruch, Mohring, Rehmann, Teuchert
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THE WORK OF RICHARD EWEN BORCHERDS

PETER GODDARD

1 INTRODUCTION

Richard Borcherds has used the study of certain exceptional and exotic algebraic
structures to motivate the introduction of important new algebraic concepts: ver-
tex algebras and generalized Kac-Moody algebras, and he has demonstrated their
power by using them to prove the “moonshine conjectures” of Conway and Norton
about the Monster Group and to find whole new families of automorphic forms.

A central thread in his research has been a particular Lie algebra, now known
as the Fake Monster Lie algebra, which is, in a certain sense, the simplest known
example of a generalized Kac-Moody algebra which is not finite-dimensional or
affine (or a sum of such algebras). As the name might suggest, this algebra appears
to have something to do with the Monster group, i.e. the largest sporadic finite
simple group.

The story starts with the observation that the Leech lattice can be interpreted
as the Dynkin diagram for a Kac-Moody algebra, L.,. But L. is difficult to
handle; its root multiplicities are not known explicitly. Borcherds showed how to
enlarge it to obtain the more amenable Fake Monster Lie algebra. In order to
construct this algebra, Borcherds introduced the concept of a vertex algebra, in
the process establishing a comprehensive algebraic approach to (two-dimensional)
conformal field theory, a subject of major importance in theoretical physics in the
last thirty years.

To provide a general context for the Fake Monster Lie algebra, Borcherds has
developed the theory of generalized Kac-Moody algebras, proving, in particular,
generalizations of the Kac-Weyl character and denominator formulae. The denom-
inator formula for the Fake Monster Lie algebra motivated Borcherds to construct
a “real” Monster Lie algebra, which he used to prove the moonshine conjectures.
The results for the Fake Monster Lie algebra also motivated Borcherds to explore
the properties of the denominator formula for other generalized Kac-Moody alge-
bras, obtaining remarkable product expressions for modular functions, results on
the moduli spaces of certain complex surfaces and much else besides.

2 THE LEECH LATTICE AND THE KAC-MOODY ALGEBRA L,

We start by recalling that a finite-dimensional simple complex Lie algebra, L,
can be expressed in terms of generators and relations as follows. There is a non-
singular invariant bilinear form (,) on £ which induces such a form on the rank £
dimensional space spanned by the roots of £. Suppose {a; : 1 < i <rankL} is a
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basis of simple roots for £. Then the numbers a;; = (o, ;) have the following
properties:

a; > 0, (1)
Q5 = Qji, (2)
a; < 0 ifi#j, (3)
2a;5/a;; € L. (4)

The symmetric matrix A = (a;;) obtained in this way is positive definite.
The algebra £ can be reconstructed from the matrix A by the system of
generators and relations used to define £,

lei, fi] = hi, lei, f;] =0 fori#j, (5)
[his €5] = aije;, hi, 5] = —ai; fj, (6)
Ad(@l)n” (6]‘) = Ad(fl)n” (fj) = O, for ni; = 1-— Zaij/aii. (7)

These relations can be used to define a Lie algebra, L4, for any matrix A satisfying
the conditions (1-4). L4 is called a (symmetrizable) Kac-Moody algebra. If A is
positive definite, £ 4 is semi-simple and, if A is positive semi-definite, £ 4 is a sum
of affine and finite-dimensional algebras.

Although Kac and Moody only explicitly considered the situation in which
the number of simple roots was finite, the theory of Kac-Moody algebras applies
to algebras which have a infinite number of simple roots. Borcherds and others [1]
showed how to construct such an algebra with simple roots labelled by the points
of the Leech lattice, Ay. We can conveniently describe Ay, as a subset of the unique
even self-dual lattice, Ilo5 1, in 26-dimensional Lorentzian space, R25:1, IIo5,; is the
set of points whose coordinates are all either integers or half odd integers which

have integral inner product with the vector (3,...,%;3) € R?*>!, where the norm
of x = (x1,72,... ,@a5;20) is 22 = 2 + 23 + ... + 2355 — 23.

The vector p = (0,1,2,...,24;70) € Ils5 1 has zero norm, p* = 0; the Leech
lattice can be shown to be isomorphic to the set {z € Ilp5 1 : - p = —1} modulo

displacements by p. We can take the representative points for the Leech lattice to
have norm 2 and so obtain an isometric correspondence between Ay and

{relys,:r-p=—1,7=2}. (8)

Then, with each point r of the Leech lattice, we can associate a reflection
x — op(z) = x — (r - x)r which is an automorphism of Ily5;. Indeed these
reflections o, generate a Weyl group, W, and the whole automorphism group of
II55 1 is the semi-direct product of W and the automorphism group of the affine
Leech lattice, which is the Dynkin/Coxeter diagram of the Weyl group W. To
this Dynkin diagram can be associated an infinite-dimensional Kac-Moody alge-
bra, L., generated by elements {e,, f,, h, : r € A} subject to the relations (5-7).
Dividing by the linear combinations of the h, which are in the centre reduces its
rank to 26.

The point about Kac-Moody algebras is that they share many of the properties
enjoyed by semi-simple Lie algebras. In particular, we can define a Weyl group,
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W, and for suitable (i.e. lowest weight) representations, there is a straightforward
generalization of the Weyl character formula. For a representation with lowest
weight A, this generalization, the Weyl-Kac character formula, states

XA = Z det(w)w(ep“‘)/e” H (1 —e™)™, (9)

weW a>0

where p is the Weyl vector, with p-r = —r2?/2 for all simple roots r, m,, is the
multiplicity of the root «, the sum is over the elements w of the Weyl group W,
and the product is over positive roots «, that is roots which can be expressed as
the sum of a subset of the simple roots with positive integral coefficients.

Considering even just the trivial representation, for which A =0 and xo =1,
yields a potentially interesting relation from (9),

Z det(w)w(e?) = e H (1 —e™)™. (10)

weWw a>0

Kac showed that this denominator identity produces the Macdonald identities in
the affine case. Kac-Moody algebras, other than the finite-dimensional and affine
ones, would seem to offer the prospect of new identities generalizing these but the
problem is that in other cases of Kac-Moody algebras, although the simple roots
are known (as for L), which effectively enables the sum over the Weyl group to
be evaluated, the root multiplicities, m,,, are not known, so that the product over
positive roots cannot be evaluated.

No general simple explicit formula is known for the root multiplicities of Lo,
but, using the “no-ghost” theorem of string theory, I. Frenkel established the bound

1
mq é p24(1 - §a2)7 (11)

where pg(n) is the number of partitions of n using k& colours. This bound is
saturated for some of the roots of L., and, where it is not, there is the impression
that that is because something is missing. What seems to be missing are some
simple roots of zero or negative norm. In Kac-Moody algebras all the simple roots
are specified by (1) to be of positive norm, even though some of the other roots
they generate may not be.

3 VERTEX ALGEBRAS

Motivated by Frenkel’s work, Borcherds introduced in [3] the definition of a vertex
algebra, which could in turn be used to define Lie algebras with root multiplicities
which are explicitly calculable. A vertex algebra is a graded complex vector space,
V =@,z Va, together with a “vertex operator”, a(z), for each a € V, which is a
formal power series in the complex variable z,

a(z) = Z Az for a € V,,, (12)
meZ

where the operators a,, map V,, — V,,_,, and satisfy the following properties:
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anb =0 for n > N for some integer N dependent on a and b;

there is an operator (derivation) D : V' — V such that [D,a(2)] = fLa(2);
there is a vector 1 € V) such that 1(z) =1, D1 = 0;

a(0)1 = a;

(z— )N (a(2)b(¢) — b(¢)a(z)) = 0 for some integer N dependent on a and b.

G WD

[We may define vertex operators over other fields or over the integers with more
effort if we wish but the essential features are brought out in the complex case.]

The motivation for these axioms comes from string theory, where the vertex
operators describe the interactions of “strings” (which are to be interpreted as
models for elementary particles). Condition (5) states that a(z) and b(¢) commute
apart from a possible pole at z = (, i.e. they are local fields in the sense of quantum
field theory. A key result is that, in an appropriate sense,

(a(z = Q)D)(C) = a(2)b(¢) = b(¢)a(2). (13)

More precisely

/OdC/cdz (a(z = OB)(Q)f = /OdZ/OdC “(Z)b(Of_/OdC/OdZ bK)a(z)f'(M)

where f is a polynomial in z, {, z —  and their inverses, and the integral over z
is a circle about ¢ in the first integral, one about ¢ and the origin in the second
integral and a circle about the origin excluding the ¢ in the third integral. The
axioms originally proposed by Borcherds [2] were somewhat more complicated in
form and follow from those given here from the conditions generated by (14).

We can associate a vertex algebra to any even lattice A, the space V then
having the structure of the tensor product of the complex group ring C(A) with
the symmetric algebra of a sum €, A, of copies A,,,n € Z, of A. In terms
of string theory, this is the Fock space describing the (chiral) states of a string
moving in a space-time compactified into a torus by imposing perodicity under
displacements by the lattice A.

The first triumph of vertex algebras was to provide a natural setting for the
Monster group, M. M acts on a graded infinite-dimensional space V!, constructed
by Frenkel, Lepowsky and Meurman, where V1 = @nz,lV,f, and the dimensions
of dim V,E is the coefficent, ¢(n) of ¢" in the elliptic modular function,

§(1) — 744 = Z c(n)q™ = ¢ + 196884q + 21493760¢> + ... , q =¥,
n=—1 (].5)

A first thought might have been that the Monster group should be related to the
space V}, , the vertex algebra directly associated with the Leech lattice, but Vi,
has a grade 0 piece of dimension 24 and the lowest non-trivial representation of
the Monster is of dimension 196883. V¥ is related to Vj, but is a sort of twisted
version of it; in string theory terms it corresponds to the string moving on an
orbifold rather than a torus.

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - I - 99-108



THE WORK OF RICHARD EWEN BORCHERDS 103

The Monster group is precisely the group of automorphisms of the vertex
algebra V1,

ga(z)g~ = (ga)(2), g€ M. (16)

This characterizes M in a way similar to the way that two other sporadic simple
finite groups, Conway’s group C'o; and the Mathieu group May, can be character-
ized as the automorphism groups of the Leech lattice (modulo —1) and the Golay
Code, respectively.

4  GENERALIZED KAC-MOODY ALGEBRAS

In their famous moonshine conjectures, Conway and Norton went far beyond the
existence of the graded representation V# with dimension given by j. Their main
conjecture was that, for each element g € M, the Thompson series

(@)= > Trace(g|Vi)q" (17)

is a Hauptmodul for some genus zero subgroup, G, of SLy(R), i.e., if
H ={7:Im(7) > 0} (18)

denotes the upper half complex plane, G is such that the closure of H/G is a
compact Riemann surface, H/G, of genus zero with a finite number of points
removed and T,(g) defines an isomorphism of H/G onto the Riemann sphere.

To attack the moonshine conjectures it is necessary to introduce some Lie
algebraic structure. For any vertex algebra, V, we can introduce [2, 4] a Lie
algebra of operators

1
T omi

L(a)

Closure [L(a), L(b)] = L(L(a)b) follows from (14), but this does not define a Lie
algebra structure directly on V because L(a)b is not itself antisymmetric in @ and
b. However, DV is in the kernel of the map a — L(a) and L(a)b = —L(b)a in
V/DV, so it does define a Lie algebra £°(V) on this quotient [2], but this is not
the most interesting Lie algebra associated with V.

Vertex algebras of interest come with an additional structure, an action of the
Virasoro algebra, a central extension of the Lie algebra of polynomial vector fields
on the circle, spanned by L.,,,n € Z and 1,

]{a(z)dz =a_pt1, a€Vy. (19)

S = Doy Lo =0, (20)
with L_; = D and Loa = ha for a € Vj,. For V), ¢ = dim A, and for V¥, ¢ = 24.
The Virasoro algebra plays a central role in string theory. The space of “physical
states” of the string is defined by the Virasoro conditions: let

[Liny L) = (m —n)Lppyn +

P*(V)={a €V :Lya=ka;L,a=0,n>0}, (21)
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the space of physical states is P1(V). The space PY(V)/L_1P°(V) has a Lie
algebra structure defined on it (because L_1V N PY(V) C L_1P°(V)). This can
be reduced in size further using a contravariant form (which it possesses naturally
for lattice theories). The “no-ghost” theorem states that the space of physical
states P1(V) has lots of null states and is positive semi-definite for V, where A
is a Lorentzian lattice with dim A < 26. So we can quotient P'(V)/L_;P°(V)
further by its null space with the respect to the contravariant form to obtain a Lie
algebra L(V).

The results of factoring by the null space are most dramatic when ¢ = 26.
The vertex algebra Vi has a natural grading by the lattice L and the “no-
ghost” theorem states that the dimension of the subspace of L£(V) of non-
zero grade o is pea(1 — a?) if A is a Lorentzian lattice of dimension 26 but
pr—1(1 — a?/2) — pr_1(a?/2) if dimA = k # 26, k > 2. Thus the algebra

i = L£(V11,5 ,) saturates Frenkel’s bound, and Borcherds initially named it the
“Monster Lie algebra” because it appeared to be directly connected to the Mon-
ster; it is now known as the “Fake Monster Lie algebra.”

Borcherds [4] had the great insight not only to construct the Fake Monster Lie
algebra, but also to see how to generalize the definition of a Kac-Moody algebra
effectively in order to bring £/, within the fold. What was required was to relax
the condition (1), requiring roots to have positive norm, and to allow them to be
either zero or negative norm. The condition (4) then needs modification to apply
only in the space-like case a;; > 0 and the same applies to the condition (7) on
the generators. The only condition which needs to be added is that

[67;, ej] = [f“ f]] = 0 lf aij = 0 (22)

The closeness of these conditions to those for Kac-Moody algebras means
that most of the important structural results carry over; in particular there is a
generalization of the Weyl-Kac character formula for representations with highest
weight A,

X = Z det(w)w (e”Ze)\(u)e’”’A)/e” H (1—e*)™, (23)

weWw a>0

where the second sum in the numerator is over vectors p and ex(u) = (—1)™ if
v can be expressed as the sum of n pairwise orthogonal simple roots with non-
positive norm, all orthogonal to A, and 0 otherwise. Of course, putting A = 0 and
Xx = 1 again gives a denominator formula.

The description of generalized Kac-Moody algebras in terms of generators
and relations enables the theory to be taken over rather simply from that of Kac-
Moody algebras but it is not so convenient as a method of recognising them in prac-
tice, e.g. from amongst the algebras L(V') previously constructed by Borcherds.
But Borcherds [3] gave an alternative characterization of them as graded algebras
with an “almost postitive definite” contravariant bilinear form. More precisely,
he showed that a graded Lie algebra, £ = @D, ., Ln, is a generalized Kac-Moody
algebra if the following conditions are satisfied:
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1. Ly is abelian and dim £,, is finite if n #£ 0;

2. L possesses an invariant bilinear form such that (£,,, L£,) = 0 if m # n;

3. L possesses an involution w which is —1 on £y and such that w(L,,) C L_..;

4. the contravariant bilinear form (L, M) = —(L,w(M)) is positive definite on
Ly, for m # 0 ;

5. Lo C L, L].

This characterization shows that the Fake Monster Lie algebra, £, is a
generalised Kac-Moody algebra, and its root multiplicities are known to be given
by pasa(1 — %az), but Borcherds’ theorem establishing the equivalence of his two
definitions does not give a constructive method of finding the simple roots. As
we remarked in the context of Kac-Moody algebras, if we knew both the root
multiplicities and the simple roots, the denominator formula

Z det(w)w (e”ZqAa)e“) = e H (1 —e™)™m (24)

weWw a>0

might provide an interesting identity. Borcherds solved [4] the problem of finding
the simple roots, or rather proving that the obvious ones were all that there were,
by inverting this argument. The positive norm simple roots can be identified with
the Leech lattice as for £o,. Writing Ils5 1 = A @Il 1, which follows by uniqueness
or the earlier comments, the ‘real’ or space-like simple roots are {(\, 1, %)\2 —-1):
A € Ap}. (Here we are using we are writing Iy ; = {(m,n) : m,n € Z} with
(m,n) having norm —2mn.) Light-like simple roots are quite easily seen to be np,
where n is a positive integer and p = (0,0,1). The denominator identity is then
used to prove that there are no other light-like and that there are no time-like
simple roots.

The denominator identity provides a remarkable relation between modular
functions (apparently already known to some of the experts in the subject) which
is the precursor of other even more remarkable identities. If we restrict attention
to vectors (0,0, 7) € Ilz5 1 ® C, with Im(c) > 0, Im(7) > 0, it reads

pt T a=pma) ) = A@)AM) i) (7)) (25)
m>0,n€Z
where ¢/(0) = 24, ¢/(n) = ¢(n) if n # 0, p = €2™, g = e*™7 and

AP =g IO =) =D paln)g (26)

n>1 n>0

5 MOONSHINE, THE MONSTER LIE ALGEBRA AND AUTOMORPHIC FORMS

The presence of j(o) in (25) suggests a relationship to the moonshine conjectures
and Borcherds used [5, 6] this as motivation to construct the “real” Monster Lie
Algebra, £, as one with denominator identity obtained by multiplying each side
of (25) by A(c)A(7), to obtain the simpler formula

pt I - = o) — (). (27)
m>0,n€Z
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This looks like the denominator formula for a generalised Kac-Moody algebra
which is graded by II; ; and is such that the dimension of the subspace of grade
(m,n) # (0,0) is ¢(mn), the dimension of V% . It is not difficult to see that
this can be constructed by using the vertex algebra which is the tensor product
V% ® Vi, and defining £y to be the generalised Lie algebra, £(V* ® Vi, ,),
constructed from the physical states.

Borcherds used [5, 6] twisted forms of the denominator identity for Ly to
prove the moonshine conjectures. The action of M on V¥ provides an action on
V=Vi® Vi1, , induces an action on the physical state space PL(V) and on its
quotient, £y = L(V'), by its null space. The “no-ghost” theorem implies that the
part of Ly of grade (m,n), (Lar)(m,n), is isomorphic to V2, as an M module.
Borcherds adapted the argument he used to establish the denominator identity to
prove the twisted relation

exp ( ZN>O Zm>0 nez ( | )pqunN/N)
=3 ez Tr(gIVE)P™ = 32,00 Tr(g Vi)™ (28)

These relations on the Thompson series are sufficient to determine them from their
first few terms and to establish that they are modular functions of genus 0.

Returning to the Fake Monster Lie Algebra, the denominator formula given
n (25) was restricted to vectors of the form v = (0,0, 7) but we consider it for
more general v € II5 1 ® C, giving the denominator function

= 3 det(w)e2m @) I (1 N ezmn(w<p>,v>)24. (29)
weWw n>0

This expression converges for Im(v) inside a certain cone (the positive light cone).
Using the explicit form for ®(v) when v = (0,0, 7), the known properties of j and
A and the fact that ®(v) manifestly satisfies the wave equation, Borcherds [6, 7, 9]
establishes that ®(v) satisfies the functional equation

®(2v/(v,v)) = —((v,v)/2)*®(v). (30)
It also has the properties that
B(v+\) =®(v) for A€ Iy, (31)
and
O(w(v)) = det(w)®(v) for w € Aut(Ilys )", (32)

the group of automorphisms of the lattice IIs5 1 which preserve the time direction.
These transformations generate a discrete subgroup of the group of conformal
transformations on R2%!, which is itself isomorphic to Og6,2(R); in fact the dis-
crete group is isomorphic to Aut(1126’2)+. The denominator function for the Fake
Monster Lie algebra defines in this way an automorphic form of weight 12 for the
discrete subgroup Aut(Ilas2)" of Og6,2(R)™. This result once obtained is seen not

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - I - 99-108



THE WORK OF RICHARD EWEN BORCHERDS 107

to depend essentially on the dimension 26 and Borcherds has developed this ap-
proach of obtaining representations of modular functions as infinite products from
denominator formulae for generalized Kac-Moody algebras to obtain a plethora of
beautiful formulae [7, 9, 11], e.g.

j(T) _ q—l H(l _ qn)co(n2) — q_1(1 _ q)—744(1 _ q2)80256<1 _ qS)—12288744 o
n>0 (33)

where fo(7) = 3, co(n)q™ is the unique modular form of weight 1 for the group
['o(4) which is such that fo(7) = 3¢~ + O(q) at ¢ = 0 and co(n) =0if n =2 or
3 mod 4. He has also used these denominator functions to establish results about
the moduli spaces of Enriques surfaces and and families of K3 surfaces [8, 10].
Displaying penetrating insight, formidable technique and brilliant originality,
Richard Borcherds has used the beautiful properties of some exceptional structures
to motiviate new algebraic theories of great power with profound connections with
other areas of mathematics and physics. He has used them to establish outstanding
conjectures and to find new deep results in classical areas of mathematics. This is
surely just the beginning of what we have to learn from what he has created.
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THE WORK OF WILLIAM TiMOTHY GOWERS

BELA BOLLOBAS

It gives me great pleasure to report on the beautiful mathematics of William
Timothy Gowers that earned him a Fields Medal at ICM’98.

Gowers has made spectacular contributions to the theory of Banach spaces,
pure combinatorics, and combinatorial number theory. His hallmark is his excep-
tional ability to attack difficult and fundamental problems the right way: a way
that with hindsight is very natural but a priori is novel and extremely daring.

In functional analysis Gowers has solved many of the best-known and most
important problems, several of which originated with Banach in the early 1930s.
The shock-waves from these results will reverberate for many years to come, and
will dramatically change the theory of Banach spaces. The great success of Gowers
is due to his exceptional talent for combining techniques of analysis with involved
and ingenious combinatorial arguments.

In combinatorics, Gowers has made fundamental contributions to the study of
randomness: his tower type lower bound for Szemerédi’s lemma is a tour de force.
In combinatorial number theory, he has worked on the notoriously difficult problem
of finding arithmetic progressions in sparse sets of integers. The ultimate aim is to
prove Szemerédi’s theorem with the optimal bound on the density that suffices to
ensure long arithmetic progressions. Gowers proved a deep result for progressions
of length four, thereby hugely improving the previous bound. The difficult and
beautiful proof, which greatly extends Roth’s argument, and makes clever use of
Freiman’s theorem, amply demonstrates Gowers’ amazing mathematical power.

1 BANACH SPACES

A major aim of functional analysis is to understand the connection between the
geometry of a Banach space X and the algebra £(X) of bounded linear operators
from the space X into itself. In particular, what conditions imply that a space X
contains ‘nice’ subspaces, and that £(X) has a rich structure?

In order to start this global project, over the past sixty years numerous major
concrete questions had to be answered. As Hilbert said almost one hundred years
ago, “Wie iiberhaupt jedes menschliche Unternehmen Ziele verfolgt, so braucht
die mathematische Forschung Probleme. Durch die Losung von Problemen stiahlt
sich die Kraft des Forschers; er findet neue Methoden und Ausblicke, er gewinnt
einen weiteren und freieren Horizont.”

In this spirit, the theory of Banach spaces has been driven by a handful of
fundamental problems, like the basis problem, the unconditional basic sequence
problem, Banach’s hyperplane problem, the invariant subspace problem, the dis-
tortion problem, and the Schréder-Bernstein problem. For over half a century,
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progress with these major problems had been very slow: it is due to Gowers more
than to anybody else that a few years ago the floodgates opened, and with the
solutions of many of these problems the subject now has a ‘spacious, free horizon’.

If a space (infinite-dimensional separable Banch space) X can be represented
as a sequence space then an operator T' € L£(X) is simply given by an infinite
matrix, so it is desirable to find a basis of the space. A Schauder basis or simply
basis of a space X is a sequence (e,,)52; C X such that every vector z € X has a
unique representation as a norm-convergent sum r = Zzo:l anén. In 1973, solving
a forty year old problem, Enflo [4] proved that not every separable Banach space
has a basis, so our operators cannot always be given in this simple way. On the
other hand, it is almost trivial that every Banach space contains a basic sequence:
a sequence (,,)52; that is a basis of its closed linear span.

The relationship between an operator T € £(X) and closed subspaces of X
can also be very involved. In the 1980s Enflo [5] and Read [22] solved in the nega-
tive the invariant subspace problem for Banach spaces, and a little later Read [23]
showed that this phenomenon can arise on a ‘nice’ space as well: he constructed
a bounded linear operator on ¢; that has only trivial invariant subspaces.

Although a basis (e,)52; of a space X leads to a representation of the oper-
ators on X as matrices, it does not guarantee that £(X) has a rich structure. For
example, it does not guarantee that £(X) contains many non-trivial projections.
Thus, if x = Zflozl aneyn and €, = 0,1, then Z;L.Ozl €nan e, need not even converge.
Similarly, a permutation of a basis need not be a basis, and if Y| a,e, is con-
vergent and 7w : N — N is a permutation then Y ° r(n)€x(n) Need not converge.
A basis is said to be unconditional if it does have these very pleasant properties;
equivalently, a basis (e,)2; is unconditional if there is a constant C' > 0 such
that, if (a,)n*; and (\,)"_; are scalar sequences with |A,| <1 for all n, then

m m
n=1 n=1

Also, a sequence ()% is an unconditional basic sequence if it is an unconditional
basis of its closed linear span. The standard bases of ¢y and £,, 1 < p < oo, are
all unconditional (and symmetric).

An unconditional basis guarantees much more structure than a basis, so it is
not surprising that even classical spaces like C(]0,1]) and L; fail to have uncon-
ditional bases. However, the fundamental question of whether every space has a
subspace with an unconditional basis (or, equivalently, whether every space con-
tains an unconditional basic sequence) was open for many years, even after Enflo’s
result.

The search for a subspace with an unconditional basis is closely related to the
search for other ‘nice’ subspaces. For example, it is trivial that not every space
contains a Hilbert space, but it is far from clear whether every space contains c¢g
or £, for some 1 < p < oco. Indeed, this question was answered only in 1974, when
Tsirelson [28] constructed a counterexample by a clever inductive procedure. This
development greatly enhanced the prominence of the unconditional basic sequence
problem.
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The breakthrough came in the summer of 1991, when Gowers and Maurey [17]
independently constructed spaces without unconditional basic sequences. As the
constructions and proofs were almost identical, they joined forces to simplify the
proofs and to exploit the consequences of the result. The Gowers-Maurey space
Xeau is based on a construction of Schlumprecht [25] that eventually enabled
Odell and Schlumprecht [21] to solve the famous distortion problem. Odell and
Schlumprecht constructed a space isomorphic to £5 that contains no subspace al-
most isometric to £5. The main difficulty Gowers and Maurey had to overcome in
order to make use of Schlumprecht’s space Xg was that Xg itself had an uncon-
ditional basis.

Johnson observed that the proofs could be modified to show that the Gowers-
Maurey space not only has no unconditional basic sequence, but it does not even
have a decomposable subspace either: no subspace of X s can be written as a topo-
logical direct sum of two (infinite-dimensional) subspaces. Thus the space Xgas is
not only the first example of a non-decomposable infinite-dimensional space, but
it is also hereditarily indecomposable. Equivalently, every closed subspace Y of
X is such that every projection in £L(Y') is essentially trivial: either its rank or
its corank is finite. To appreciate how exotic a hereditarily indecomposable space
is, note that a space X is hereditarily indecomposable if and only if the distance
between the unit spheres of any two infinite-dimensional subspaces is 0: if Y and
Z are infinite-dimensional subspaces then

inf{|ly —2|[: yeV, z€ Z, |lyll = [[z|| = 1} = 0.

In fact, Gowers and Maurey [16] showed that if X is a complex hereditarily
indecomposable space then the algebra £(X) is rather small. An operator S €
L(X) is said to be strictly singular if there is no subspace Y C X such that the
restriction of S to Y is an isomorphism. Equivalently, S € £(X) is strictly singular
if for every (infinite-dimensional) subspace Y C X and every € > 0 there is a vector
y €Y with [|Sy|| < ellyl|.

THEOREM. Let X be a complex hereditarily indecomposable space. Then every
operator T € L(X) is a linear combination of the identity and a strictly singular
operator.

Gowers [9] was the first to solve Banach’s hyperplane problem when he constructed
a space with an unconditional basis that is not isomorphic to any of its hyperplanes
or even proper subspaces. The theorem above implies that every complex heredi-
tarily indecomposable space answers Banach’s hyperplane problem since it is not
isomorphic to any of its proper subspaces. In fact, Ferenczi [7] showed that a
complex Banach space X is hereditarily indecomposable if and only if for every
subspace Y C X, every bounded linear operator from Y into X is a linear com-
bination of the inclusion map and a strictly singular operator. Recently, Argyros
and Felouzis [1] showed that every Banach space contains either ¢; or a subspace
that is a quotient of a hereditarily indecomposable space.

It was not by chance that in order to construct a space without an uncondi-
tional basis, Gowers and Maurey constructed a hereditarily indecomposable space.
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As shown by the following stunning dichotomy theorem of Gowers [12], having an
unconditional basis or being hereditarily indecomposable are the only two ‘pure
states’ for a space.

THEOREM. FEwvery infinite-dimensional Banach space contains an infinite-dimen-
stonal subspace that either has an unconditional basis or is hereditarily indecom-
posable.

Gowers based his proof of the dichotomy theorem on a combinatorial game played
on sequences and subspaces. In order to describe this game, we need some
definitions. Given a space X with a basis (e,)52,, the support of a vector
a =" ane, € X is supp(a) = {n : a, # 0}. A vector a = > 7, ane,
precedes a vector b= bye, if n < m for all n € supp(a) and m € supp(b). A
block basis is a sequence 1 < xo < ... of non-zero vectors, and a block subspace
is the closed linear span of a block basis. For a subspace Y C X, write > (V)
for the set of all sequences (z;)} of non-zero vectors of norm at most 1 in Y with
z1 < - < xy. Call aset o C D (X) large if o N Y (V) # 0 for every (infinite-
oo

dimensional) block subspace Y. For a set 0 C > (X) and a sequence A = (§;)2,
of positive reals, the enlargement of o by A is

oa ={(x;)7 € Z(X) sl — il < 0i, 1 <4 <mn, for some (y;)} € o}

And now for the two-player game (0,Y) defined by a set o C > (X) and a
block subspace Y C X. The first player, Hider, chooses a block subspace Y7 C Y’;
the second player, Seeker, replies by picking a finitely supported vector y; € Y;.
Then Hider chooses a block subspace Y3 C Y, and Seeker picks a finitely supported
vector y2 € Ya. Proceeding in this way, Seeker wins the (o,Y)-game if, at any
stage, the sequence (y;)7 is in o. Hider wins if he manages to make the game go
on for ever. Clearly, Seeker has a winning strategy for the (o,Y") game if o is big
when measured by Y.

The combinatorial foundation of Gowers’ dichotomy theorem is then the fol-

lowing result [12].

THEOREM. Let X be a Banach space with a basis and let o C > (X) be large.
Then for every positive sequence A there is a block subspace Y C X such that
Seeker has a winning strategy for the (oa,Y)-game.

The beautiful proof of this result bears some resemblence to arguments of Galvin
and Prikry [8] and Ellentuck [3] concerning Ramsey-type results for sequences.

Gowers’ dichotomy theorem has been the starting point of much new research
on Banach spaces. For example, it can be used to tackle the still open problem
of classifying minimal Banach spaces. A Banach space is minimal if it embeds
into all of its infinite-dimensional subspaces. Casazza et al [2] used the dichotomy
theorem to show that every minimal Banach space embeds into a minimal Banach
space with an unconditional basis. Hence, a minimal space is either reflexive or
embeds into cg or #;.

DOCUMENTA MATHEMATICA + EXTRA VOLUME ICM 1998 - T - 109-118



THE WORK OF WILLIAM TIMOTHY GOWERS 113

The Schréder-Bernstein problem asks whether two Banach spaces are neces-
sarily isomorphic if each is a complemented subspace of the other. In [13] Gowers
gaver the first counterexample, and later with Maurey [16] constucted the following
further examples with even stronger paradoxical properties.

THEOREM. For every n > 1 there is a Banach space X, such that two finite-
codimensional subspaces of X, are isomorphic if and only if they have the same
codimension modulo n. Also, there is a Banach space Z, such that two product
spaces Z, and Z3 are isomorphic if and only if r and s are equal modulo n.

For n > 2, the space Z,, can be used to solve the Schréder-Bernstein problem;
even more, with X = Zz; and Y = Z3 @ Z3 we have Y @Y = Z4 = 73 = X. Thus
not only are X and Y complemented subspaces of each other, but X 2 Y &Y and
Y = X @ X. However, X = Z3 and Y = Z2 are not isomorphic.

The last result we shall discuss here is Gowers’ solution of Banach’s homo-
geneous spaces problem. A space is homogeneous if it is isomorphic to all of its
subspaces. Banach asked whether there were any examples other than /5. Gowers
proved the striking result that homogeneity, in fact, characterizes Hilbert space
[12].

THEOREM. The Hilbert space 5 is the only homogeneous space.

To prove this, Gowers could make use of results of Szankowski [25], and Ko-
morowski and Tomczak-Jaegermann [19] that imply that a homogeneous space
with an unconditional basis is isomorphic to ¢5. What happens if X is homoge-
neous but does not have an unconditional basis? By the dichotomy theorem, X has
a subspace Y that either has an unconditional basis or is hereditarily indecompos-
able. Since X 2 Y and X does not have an unconditional basis, Y is hereditarily
indecomposable. But this is impossible, since a hereditarily indecomposable space
is not isomorphic to any of its proper subspaces, let alone all of them!

2 ARITHMETIC PROGRESSIONS

In 1936 Erdés and Turdn [6] conjectured that, for every positive integer k and
0 > 0, there is an integer N such that every subset of {1,..., N} of size at least
0N numbers contains an arithmetic progression of length k. In 1953 Roth [24] used
exponential sums to prove the conjecture in the special case k = 3: this was one of
the results Davenport highlighted in 1958 when Roth was awarded a Fields Medal.
In 1969 Szemerédi found an entirely combinatorial proof for the case k = 4, and
six years later he proved the full Erdés-Turan conjecture. Szemerédi’s theorem
trivially implies van der Waerden’s theorem.

In 1977 Firstenberg [7] used techniques of ergodic theory to prove not only
the full theorem of Szemerédi, but also a number of substantial extensions of it.
This proof revolutionized ergodic theory.

In spite of these beautiful results, there is still much work to be done on the
Erd6s-Turén problem. Write f(k,d) for the minimal value of N that will do in
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Szemerédi’s theorem. The proofs of Szemerédi and Fiirstenberg give extremely
weak bounds for f(k,d), even in the case k = 4. In order to improve these bounds,
and to make it possible to attack some considerable extensions of Szemerédi’s
theorem, it would be desirable to use exponential sums to prove the general case.

Recently, Gowers [15] set out to do exactly this. He introduced a new notion of
pseudorandomness, called quadratic uniformity and, using techniques of harmonic
analysis, showed that a quadratically uniform set contains about the expected
number of arithmetic progressions of length four. In order to find arithmetic
progressions in a set that is not quadratically uniform, Gowers avoided the use of
Szemerédi’s uniformity lemma or van der Waerden’s theorem, and instead made
use of Weyl’s inequality and, more importantly, Freiman’s theorem. This theorem
states that if for some finite set A C Z the sum A+ A= {a+b:a,b € A} is not
much larger than A then A is not far from a generalized arithmetic progression.
By ingenious and involved arguments Gowers proved the following result [14].

THEOREM. There is an absolute constant C' such that

f(4,8) < expexpexp((1/6)°).

In other words, if A C {1,...,N} has size at least |A|] = 6N > 0 and
N > expexpexp((1/6)°), then A contains an arithmetic progression of length
4.

The bound in this theorem is imcomparably better than the previous best bounds.

The entirely new approach of Gowers raises the hope that one could prove
the full theorem of Szemerédi with good bounds on f(k,d). In fact, there is even
hope that Gowers’ method could lead to a proof of the Erdds conjecture that if
A C Nis such that )7, ., 1/a = oo then A contains arbitrarily long arithmetic
progressions. The most famous special case of this conjecture is that the primes
contain arbitrarily long arithmetic progressions.

3 COMBINATORICS

The basis of Szemerédi’s original proof of his theorem on arithmetic progressions
was a deep lemma that has become an extremely important tool in the study of the
structure of graphs. This result, Szemerédi’s uniformity lemma, states that the
vertex set of every graph can be partitioned into boundedly many pieces V1, ..., Vg
such that ‘most’ pairs (V;, V;) are ‘uniform’. In order to state this lemma precisely,
recall that, for a graph G = (V, E), and sets U,W C V, the density d(U,W) is
the proportion of the elements (u, w) of U x W such that uww is an edge of G. For
€,0 > 0 a pair (U, W) is called (e, §)-uniform if for any U’ C U and W' C W with
|U'| > §|U| and |W'| > 6|W]|, the densities d(U’,W') and d(U, W) differ by at
most €/2.

Szemerédi’s uniformity lemma [27] claims that for all €,6,7 > 0 there is a
K = K(e,0,n) such that the vertex set of any graph G can be partitioned into at
most K sets Uy, ..., Uy of sizes differing by at most 1, such that at least (1 —n)k?
of the pairs (U;, U;) are (¢, d)-uniform.
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Loosely speaking, a ‘Szemerédi partition’ V(G) = Ule U; is one such that
for most pairs (U;, U;) there are constants a;; such that if U/ C U; and U]’- cU;
are not too small then G contains about a;;|Uj||U;| edges from Uj to U;. In some
sense, Szemerédi’s uniformity lemma gives a classification of all graphs. The main
drawback of the lemma is that the bound K (¢, d,7) is extremely large: in the case
e = 6 = n, all we know about K(e, €, €) is that it is at most a tower of 2s of
height proportional to e~°. This is an enormous bound, and in many applications
a smaller bound, say of the type e " would be significantly more useful. As the
lemma is rather easy to prove, it was not unreasonable to expect a bound like this.

It was a great surprise when Gowers [14] proved the deep result that K (e, d,7)
is of tower type in 1/, even if € and 7 are kept large.

THEOREM. There are constants cg,09 > 0 such that for 0 < § < g there is a
graph G that does not have a (1/2,5,1/2)-uniform partition into K sets, where K
is a tower of 2s of height at most cod—'/16.

It is well known that even exponential lower bounds are hard to come by, let
alone tower type lower bounds, so this is a stunning result indeed! The proof,
which makes use of clever random choices to construct graphs whose small sets
of vertices do not behave like subsets of random graphs, goes some way towards
clarifying the nature of randomness. It also indicates that any proof of an upper
bound for K (e, §, n) must involve a long sequence of refinements of partitions, each
exponentially larger than the previous one.

This sketch has been all too brief, and a deeper study of Gowers’ work would
be needed to properly appreciate his clarity of thought and mastery of elaborate
structures. However, I hope that enough has been said to give some taste of
his remarkable mathematical achievements. In the theory of Banach spaces, not
only has he solved many of the main classical problems of the century, but he
has also opened up exciting new directions. In combinatorics, too, he has tackled
some of the most notorious questions, bringing about their solution with the same
exceptional blend of combinatorial power and technical skill. Hilbert would surely
agree that Gowers has given us wider and freer horizons.
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THE WORK OF MaAaxiMm KONTSEVICH

CLIFFORD HENRY TAUBES

Maxim Kontsevich is known principally for his work on four major problems in
geometry. In each case, it is fair to say that Kontsevich’s work and his view of the
issues has been tremendously influential to subsequent developments. These four
problems are:

o Kontsevich presented a proof of a conjecture of Witten to the effect that a cer-
tain, natural formal power series whose coeflicients are intersection numbers
of moduli spaces of complex curves satisfies the Korteweg-de Vries hierarchy
of ordinary, differential equations.

e Kontsevich gave a construction for the universal Vassiliev invariant for knots
in 3-space, and generalized this construction to give a definition of pertuba-
tive Chern-Simons invariants for three dimensional manifolds. In so doing,
he introduced the notion of Graph Cohomology which succinctly summarizes
the algebraic side of the invariants. His constructions also vastly simplified
the analytic aspects of the definitions.

e Kontsevich used the notion of stable maps of complex curves with marked
points to compute the number of rational, algebraic curves of a given degree
in various complex projective varieties. Moreover, Kontsevich’s techniques
here have greatly affected this branch of algebraic geometry. Kontsevich’s
formulation with Manin of the related Mirror Conjecture about Calabi-Yau
3-folds has also proved to be highly influential.

e Kontsevich proved that every Poisson structure can be formally quantized
by exhibiting an explicit formula for the quantization.

What follows is a brief introduction for the non-expert to these four areas of
Kontsevich’s work. Here, I focus almost solely on the contributions of Kontsevich
to the essential exclusion of many others; and I ask to be pardonned for my many
and glaring omissions.

1 INTERSECTION THEORY ON THE MODULI SPACE OF CURVES AND THE MA-
TRIX AIRY FUNCTION [1]

To start the story, fix integers ¢ > 0 and n > 0 which are constrained so
2g +n > 2. That is, the compact surface of genus g with n punctures has neg-
ative Euler characteristic. Introduce the moduli space M ,, of smooth, compact,
complex curves of genus g with n distinct marked points. This is to say that a
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point in M, , consists of an equivalence class of tuple consisting of a complex
structure j on a compact surface C' of genus g, together with an ordered set
A = {z1,...,2,} C C of n points. The equivalence is under the action of the
diffeomorphism group of the surface. This M, , has a natural compactification
(known as the Deligne-Mumford compactification) which will not be notationally
distinguished. Suffice it to say that the compactification has a natural fundamen-
tal class, as well as an n-tuple of distinguished, complex line bundles. Here, the
i’th such line bundle, L;, at the point (j,A) € My, is the holomorphic cotangent
space at x; € A.

With the preceding understood, note that when {di, ... ,d,} are non-negative
integers which sum to the dimension of M, ,, (which is 3¢ —3+n). Then, a number
is obtained by pairing the cohomology class

IT eza)®

1<i<n

with the afore-mentioned fundamental class of My ,,. (Think of representing these
Chern classes by closed 2-forms and then integrating the appropriate wedge prod-
uct over the smooth part of M, ,,.) Using Poincaré duality, such numbers can be
viewed as intersection numbers of varieties on M, ,, and hence the use of this term
in the title of Kontsevich’s article.

As g,n and the integers {dy,... ,d,} vary, one obtains in this way a slew of
intersection numbers from the set of spaces {My ,}. In this regard, it proved con-
venient to keep track of all these numbers with a generating functional. The latter
is a formal power series in indeterminants tg, t1, ... which is written schematically
as

Flto,ty,...) =Y (ot - ka (1)

(k) i>0

where, (k) signifies the multi-index (kg, k1, ... ) consisting of non-negative integers
where only finitely many are non-zero. Here, the expression (70071 ---) is the
number which is obtained as follows: Let

n=ki+k+..., and g=3(2(k1+2ka+3ks+...)—n)+1.

If g is not a positive integer, set <’Té€0 lel -++y = 0. If g is a positive integer, construct
on M, ,, the product of ¢;(L;) for 1 < j < k; times the product of ¢;(L;)? for
k1+1<j<ky+kotimes... etc.; and thus construct a form whose dimension is
39 — 3 +n, which is that of M, ,. Finally, pair this class on the fundamental class
of M, to obtain (rforf...).

By comparing formal properties of two hypothetical quantum field theories,
E. Witten was led to conjecture that the formal series U = 9?F/0t3 obeys the
classical KdV equation,

ou ou 10%U

o~ Vo, T2 08 @
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(As U is a formal power series, this last formula can be viewed as a conjectural
set of relations among the intersection numbers which appear in the definition of
Fin (1).)

Kontsevich gave the proof that U obeys this KdV equation. His proof of
Equation (2) is remarkable if nothing else then for the fact that he gives what is
essentially an explicit calculation of the intersection numbers {(r807F"...)}. To
this end, Kontsevich first introduces a model for M, , based on what he calls
ribbon graphs with metrics. (A ribbon graph is obtained from a 3-valent graph by
more or less thickening the edges to bands. They are related to Riemann surfaces
through the classical theory of quadratic differentials.) With an explicit, almost
combinatorial model for M, ,, in hand, Kontsevich proceeds to identify the classes
c1(Lj) directly in terms of his model. Moreover, this identification is sufficiently
direct to allow for the explicit computation of the integrals for {(rforf...)}. Tt
should be stressed here that this last step involves some extremely high powered
combinatorics. Indeed, many of the steps in this proof exhibit Kontsevich’s unique
talent for combinatorical calculations. In any event, once the coefficients of U are
obtained, the proof ends with an identification of the expression for U with a
novel expansion for certain functions which arises in the KdV story. (These are
the matrix Airy functions referred to at the very start of this section.)

2 FEYNMAN DIAGRAMS AND LOW DIMENSIONAL TOPOLOGY [2]

From formal quantum field theory arguments, E. Witten suggested that there
should exist a family of knot invariants and three manifolds invariants which can
be computed via multiple integrals over configuration spaces. Kontsevich gave an
essentially complete mathematical definition of these invariants, and his ideas have
profoundly affected subsequent developments.

In order to explain, it proves useful to first digress to introduce some basic
terminology. First of all, the three dimensional manifolds here will be all taken
to be smooth, compact and oriented, or else Euclidean space. A knot in a three
manifold is a connected, 1-dimensional submanifold, which is to say, the embedded
image of the circle. A link is a finite, disjoint collection of knots. A knot or link
invariant is an assignment of some algebraic data to each knot or link (for example,
a real number), where the assignments to a pair of knots (or links) agree when one
member of the pair is the image of the other under a diffeomorphism of the ambient
manifold. (One might also restrict to diffeomorphisms which can be connected by
a path of diffeomorphisms to the identity map.)

A simple example is provided by the Gauss linking number an invariant of
links with two components which can be computed as follows: Label the compo-
nents as K1 and Ks. A point in K; together with one in K5 provides the directed
vector from the former to the latter, and thus a point in the 2-sphere. Since both
Ky and K5 are copies of the circle, this construction provides a map from the
2-torus (the product of two circles) to the 2-sphere. The Gauss linking number is
the degree of this map. (The invariance of the degree under homotopies implies
that this number is an invariant of the link.) Alternately, one can introduce the
standard, oriented volume form w on the 2-sphere, and then the Gauss linking
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number is the integral over the K7 X K5 of the pull-back of the form w.

Witten conjectured the existence of a vast number of knot, link and 3-manifold
invariants of a form which generalizes this last formula for the Gauss linking num-
ber. Independently of Kontsevich, significant work towards constructing these in-
variants for knots and links had been carried out by Bar-Natan, Birman, Garoufa-
lidis, Lin, and Guadagnini-Martinelli-Mintchev. Meanwhile, Axelrod and Singer
had developed a formulation of the three-manifold invariants.

In any event, what follows is a three step sketch of Kontsevich’s formulation
for an invariant of a three-manifold M with vanishing first Betti number.

Step 1: The invariants in question will land in a certain graded, abelian group
which is constructed from graphs. Kontsevich calls these groups “graph cohomol-
ogy groups.” To describe the groups, introduce the set G of pairs consisting of a
compact graph I' with only three-valent vertices and a certain kind of orientation
o for I'. To be precise, o is an orientation for

(P reH(®T).

edges(T")

Note that isomorphisms between such graphs pull back the given o. Thus, one can
think of Gg as a set of isomorphism classes. Next, think of the elements of G as
defining a basis for a vector space over Z where consistency forces the identification
of (T', —o) with —(T", 0).

One can make a similar definition for graphs where all vertices are three valent
save for one four valent vertex. The resulting Z-module is called G;. In fact, for
each n > 0 there is a Z-module G,, which is constructed from graphs with all
vertices being at least 3-valent, and with the sum over the vertices of (valence —3)
equal to n.

With the set {G,,}n>0 more or less understood, remark that there are nat-
ural homomorphisms 9: G, — G,1 which obey 9> = 0. Indeed, 9 is defined
schematically as follows:

oI, o) = Z (T'/e, induced orientation from o).
ecedges(T")

Here, I' /e is the graph which is obtained from I' by contracting e to a point. The
induced orientation is quite natural and left to the reader to work out. In any
event, with d in hand, the modules {G,} define a differential complex, whose
cohomology groups are

GC, = kernel(9: G, — G.41)/ Image(9: G.—1 — G). (3)

This is ‘graph cohomology’. For the purpose of defining 3-manifold invariants,
only GCj is required.
Step 2: Fix a point p € M and introduce in M x M the subvariety

S=(pxM)U(Mxp)UA,

where A denotes the diagonal. A simple Meyer-Vietoris argument finds closed
2-forms on M x M — ¥ which integrate to 1 on any linking 2-sphere of any of
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the three components of . Moreover, there is such a form w with w Aw = 0
near Y. In fact, near 3, this w can be specified almost canonically with the choice
of a framing for the tangent bundle of M. (The tangent bundle of an oriented
3-manifold can always be framed. Furthermore, Atiyah essentially determined a
canonical frame for TM.) Away from >, the precise details of w are immaterial.
In any event, fix w using the canonical framing for TM.

With w chosen, consider a pair (T, 0) from Gy. Associate to each vertex of
I' a copy of M, and to each oriented edge e of I', the copy of M x M where the
first factor of M is labeled by the staring vertex of e, and the second factor by the
ending vertex. Associate to this copy of M x M the form w, and in this way, the
edge e labels a (singular) 2-form we on Xyertices(ry M.

Step 3 At least away from all versions of the subvariety X, the
forms {we}ecedges(r) can be wedged together to give a top dimensional form
Heeedges(r) We, ON X yevertices(r) M- It is a non-trivial task to prove that this form
is integrable. In any event, the assignment of this integral to the pair (I, 0) gives
a Z-linear map from Gy to R. The latter map does not define an invariant of
M from the pair (T',0) as there are choices involved in the definition of w, and
these choices effect the value of the integral. However, Kontsevich found a Stokes
theorem argument which shows that this map from Gg to R descends to the kernel
of 0 as an invariant of M. That is, these graph-parameterized integrals define a
3-manifold invariant with values in the dual space (GCy)*. (A recent paper by
Bott and Cattaneo has an exceptionally elegant discussion of these points.)

Kontsevich’s construction of 3-manifold invariants completely separates the
analytic issues from the algebraic ones. Indeed, the module GCj encapsulates all
of the algebra; while the analysis, as it were, is confined to issues which surround
the integrals over products of M. In particular, much is known about GCy; for
example, it is known to be highly non-trivial.

Kontsevich has a similar story for knots which involves integrals over con-
figuration spaces that consist of points on the knot and points in the ambient
space. Here, there is a somewhat more complicated analog of graph cohomology.
In the case of knots in 3-sphere, Kontsevich’s construction is now known to give
all Vassiliev invariant of knots.

In closing this section, it should be said that Kontsevich has a deep un-
derstanding of these and related graph cohomology in terms of certain infinite
dimensional algebras [3].

3 ENUMERATION OF RATIONAL CURVES VIA TORUS ACTIONS [4]

The general problem here is as follows: Suppose X is a compact, complex algebraic
variety in some complex projective space. Fix a 2-dimensional homology class
on X and ‘count’ the number of holomorphic maps from the projective line P!
into X which represent the given homology class. To make this a well posed
problem, maps should be identified when they have the same image in X. The
use of quotes around the word count signifies that further restrictions are typically
necessary in order to make the problem well posed. For example, a common
additional restriction fixes some finite number of points in X and requires the
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maps in question to hit the given points.

These algebro-geometric enumeration problems were considered very difficult.
Indeed, for the case where X = P2, the answer was well understood prior to
Kontsevich’s work only for the lowest multiples of the generator of Ha(P?;Z).
Kontsevich synthesized an approach to this counting problem which has been
quickly adopted by algebraic geometers as the method of choice. Of particular
interest are the counts made by Kontsevich for the simplest case of X = P? and
for the case where X is the zero locus in P* of a homogeneous, degree 5 polynomial.
(The latter has trivial canonical class which is the characterization of a Calabi-Yau
manifold.)

There are two parts to Kontsevich’s approach to the counting problem. The
first is fairly general and is roughly as follows: Let V be a compact, algebraic vari-
ety and let 8 denote a 2-dimensional homology class on V. Kontsevich introduces
a certain space M of triples (C,x, f) where C is a connected, compact, reduced
complex curve, while z = (z1,... ,2) is a k-tuple of pairwise distinct points on
C and f: C — V is a holomorphic map which sends the fundamental class of C'
to 8. Moreover, the associated automorphism group of f is suitably constrained.
(Here, k could be zero.) This space M is designed so that its compactification is a
reasonable, complex algebraic space with a well defined fundamental class. (This
compactification covers, in a sense, the oft used Deligne-Mumford compactification
of the space of complex curves with marked points.) The utilization of this space
M with its compactification is one key to Kontsevich’s approach. In particular,
suppose X C V is an algebraic subvariety. Under certain circumstances, the prob-
lem of counting holomorphic maps from C into X can be computed by translating
the latter problem into that of evaluating the pairing of M’s fundamental class
with certain products of Chern classes on M. The point here is that the condition
that a map f: C' — V lie in X can be reinterpreted as the condition that the
corresponding points in M lie in the zero locus of a certain section of a certain
bundle over M.

With these last points understood, Part 2 of Kontsevich’s approach exploits
the observation that V' = P™ has a non-trivial torus action. Such an action in-
duces one on M and its compactification. Then, in the manner of Ellingsrud and
Stromme, Kontsevich uses one of Bott’s fixed point formulas to obtain a formula
for the appropriate Chern numbers in various interesting examples.

4 DEFORMATION QUANTIZATION OF POISSON MANIFOLDS

This last subject comes from very recent work of Kontsevich, so the discussion here
will necessarily be brief. A ‘Poisson structure’ on a manifold X can be thought of
as a bilinear map

By: C%®(X)® C™(X) — C(X)

which gives a Lie algebra structure to C*°(X). In particular, By sends a pair
(f,g) to {o,df Adg) where « is a non-degenerate section of A>T X which satisfies a
certain quadratic differential constraint. The problem of quantizing such a Poisson
structure can be phrased as follows: Let h be a formal parameter (think Planck’s
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constant). Find a set of bi-differential operators Bs, Bs, ... so that

f*g=fg+h- Bi(f.g)+h* Ba(f,9)+...

defines an associative product taking pairs of functions on X and returning a
formal power series with C°°(X) valued coefficients. (A bi-differential operator
acts as a differential operator on each entry separately.) Kontsevich solves this
problem by providing a formula for { B2, Bs, ...} in terms of B;. The solution has
the following remarkable form

fxg= Z h" Z wrBr.a(f,9)

0<n<oco TeGn]
where

e GJn] is a certain set of (n(n+ 1))" labeled graphs with n + 2 vertices and n
edges.

e Br, is a bi-differential operator whose coefficients are constructed from mul-
tiple order derivatives of the given « by a rules which come from the graph
I.

e wr is a number which is obtained from I' by integrating a certain I'-dependent
differential form over the configuration space of n distinct points in the upper
half plane.

The details can be found in [5].
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THE WORK OF CURTIS T'. MCMULLEN

STEVE SMALE

Curtis T. McMullen has been awarded the Fields Medal for his work in dynamics
as well as for his contributions to the theory of computation, complex variables,
geometry of three manifolds, and other areas of mathematics. I limit myself here
to a brief discussion of some of his results.

The search for understanding of solutions of a polynomial equation has had a
central and glorious place in the history of mathematics. Already the ancient Greek
mathematicians had approximated the square root of two, i.e., the solution of
2?2 = 2 by what is now called Newton’s Method. Providing a solution for equations
such as 22 + 1 = 0 led to the introduction of complex numbers in mathematics.
Group theory was introduced to understand which polynomial equations could be
solved in terms of radicals. Earlier there had been such formulas for degrees 2
(the quadratic formula taught in high school), 3 and 4. For degrees greater than
4 there are no such formulae.

Instead of formulae, algorithms have been developed which produce (perhaps
by complex routines) a sequence of better and better approximations to a solution
of a general polynomial equation. In the most satisfactory case, iteration of a
single map, Newton’s Method, converges to a zero for almost all quadratic poly-
nomials and initial points; it is a “generally convergent algorithm.” But for degree
3 polynomials it converges too infrequently.

Thus I was led to raise the question as to whether there existed for each degree
such a generally convergent algorithm which succeeds for all polynomial equations
of that degree.

McMullen answers this question in his thesis, under Dennis Sullivan, where
he shows that no such algorithm exists for polynomials of degree greater than 3,
and for polynomials of degree 3 he produces a new algorithm which does converge
to a solution for almost all polynomials and initial points.

Thus McMullen “finished the job” since this work answers, in degree 3, “yes,”
and degree greater than three, “no;” it is complete. This indicates his depth of
understanding of the situation and is characteristic of his later work.

For the proof of his result McMullen establishes a rigidity theorem for full
families of rational maps of C into C with no attracting cycles other than fixed
points. Members of such families are conjugate by a linear fractional (Moebius)
transformation. The attracting cycles condition is implied by the general conver-
gence.

One obtains radicals by Newton’s method applied to the polynomial

fz) =2 ~a,
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starting from any initial point. In this way solution by radicals can be seen as a
special case of solution by generally convergent algorithms. This fact led Doyle and
McMullen to extend Galois Theory for finding zeros of polynomials. This exten-
sion uses McMullen’s thesis together with the composition of generally convergent
algorithms (a “tower”) and the introduction of finite Moebius groups.

They showed that the zeros of a polynomial could be found by a tower if and
only if its Galois group is nearly solvable, extending the notion of solvable with
the inclusion of the Moebius group As (the alternating group). As a consequence,
for polynomials of degree bigger than 5 no tower will succeed.

For degree 5, Doyle and McMullen construct an algorithm following some
ideas dating to Felix Klein’s famous lectures on the quintic and the icosahedron,
and using the classical theory of invariant polynomials. Thus the power of the
tower of generally convergent algorithms is found. Quite beautiful!

T. Y. Li and Jim Yorke introduced the word “chaos” into dynamics in con-
nection with the map of population biology,

L,:[0,1] —[0,1], Ly(z)=rz(l—=x).

Bob May had been intrigued by this map because there was an infinite sequence
of period doubling parameters r; converging to s = 3.57....

Soon thereafter, Mitch Feigenbaum’s work (with similar results due to Coullet-
Tresser) demonstrating the universality properties of this map, helped establish the
acceptance by physicists of the new discipline of dynamical systems. The sequence
(ri —ri—1)/(ri+1 — ;) has a limit, a number which is independent of the period
doubling map! Key to Feigenbaum’s work was the concept of renormalization and
the convergence of the renormalizations of an iterate of the Feigenbaum map Lg
to a fixed point F' of the renormalization operator.

Let us see what renormalization means for the second iterate L? of L = L,
for some 2 < r < 4. So L([0,1]) C [0,1] as above, and L has a second fixed point
q = (r —1)/r. Define p by the conditions 0 < p < ¢ and L(p) = ¢q. Thus L? acts
on [p, q] (with a sign reversal) something like L on [0,1]. If L?([p,q]) C [p,q] the
conditions for renormalization are present. Let A be the map Az = (z—q)/(p—q),
sending [p,q] onto [0,1]. The renormalized L? is given by RL(x) = AL?A~Y(z),
where R is the renormalization operator acting on L.

For certain r one may be able to repeat this process. If one can do it indef-
initely then L is called infinitely renormalizable. This is a very special situation
but occurs for the Feigenbaum map L, above.

Lanford found computer assisted proofs of the conjectures of Feigenbaum and
subsequently Sullivan put them into a broader, detailed, conceptual framework,
finding important relations between 1-dimensional dynamics and parts of classical
function theory as Kleinian groups.

Yet the proof of fast (exponential) convergence of the renormalizations, a
basic ingredient in this program, was missing until McMullen’s beautiful work
was published in the second of his two Annals of Math Studies in 1996. The
fast convergence was necessary to yield the crucial rigidity of the theory (“C'*te
conjugacy”).
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With the notation as above, McMullen’s result for the Feigenbaum map may
be expressed by the estimate:

|RFLy(z) — F(z)| < cB*, B<1.

Complex one dimensional dynamics is the study of the iterates of a polynomial
map P : C — C. This has become the most advanced and the most technical part
of dynamics. Yet one simple problem may be singled out as giving some focus to
this subject.

Among polynomial maps of a given degree d, are the hyperbolic ones dense?
A polynomial is called hyberbolic (sometimes axiom A), if the orbits of its critical
points tend under time to an attracting cycle (“including infinity”).

I naively gave this as a thesis problem in the 1960’s. Today it is still unsolved
even for d = 2, but there are a number of partial results.

Quadratic dynamics may be studied for polynomials in the normalized form

P.(2)=2*+¢

with parameter ¢ € C. The unique critical point is zero and if it tends to co under
iteration, the dynamics is well understood in terms of symbolic dynamics. The
Mandelbrot set M is defined as the set of ¢ € C for which this is not the case.
This often pictured set can be thought of as a “tree with fruit,” the fruit being
the components of its interior. McMullen proves in the first of his Annals of Math
Studies:

If ¢ is in a component of the interior of the Mandelbrot set which meets the
real axis, then P, is hyperbolic.

As McMullen writes, “if one runs the real axis through M, then all the fruit
which is skewered is good.”

Earlier Yoccoz had done an important special case, and I am ignoring here
much other earlier fundamental work in complex (and real) dynamics such as
Fatou, Julia, Douady and Hubbard. I am also ignoring the later work of Lyubich
and Graczyk-Swiatek.

Again the ideas of renormalization play a big role in the proof but now in the
context of complex maps.

To describe more precisely these ideas, the idea of a quadratic-like map is
useful. A quadratic polynomial map C — C is a proper map of degree 2. A
holomorphic proper map f: U — V of degree 2, with the closure of U a compact
subset of V| and having a critical point ¢ in U, is called quadratic-like. Here U,V
are supposed simply connected open sets of the complex numbers. For example,
an iterate of a quadratic polynomial restricted to an appropriate neighborhood of
its critical point is often quadratic like. If moreover, the critical point of f doesn’t
escape (all the iterates of ¢ are well defined), then according to Douady-Hubbard,
this map is topologically conjugate to a quadratic map of the form P.(z) = 22 +¢,
for some ¢ in the Mandelbrot set M.

The map P.(z) = 2% + ¢ with ¢ € M is said to be renormalizable if P is
quadratic-like, the critical point 0 € U and 0 doesn’t escape. P, is called infinitely
renormalizable if there are infinitely many values of such n. For the problem of
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density of hyperbolic polynomials in degree two, the case of finitely renormalizable
points had been dealt with earlier by Yoccoz. McMullen’s work is on the problem
of infinitely renormalizable points in M. It contains an intricate analysis of the
dynamics of these maps.

Moreover in these two books McMullen establishes new results in complex
function theory and the geometry of 3-manifolds.

Another important result of McMullen is his proof of Kra’s “Theta conjec-
ture.” Let X be a compact Riemann surface with a finite number of points re-
moved and its associated Riemannian curvature constant at —1, in other words
a hyperbolic surface. Its universal covering, A — X, has as its group of cover-
ing transformation, G, the fundamental group of X. Let Q(A) be the space of
holomorphic quadratic differentials ¢ with finite norm given by ||¢|| = [|¢| and
similarly define Q(X). To ¢ € Q(A) one may associate ©¢ € Q(X) by the formula
©¢ = > g* ¢, the sum being over the elements g of G. This is well defined since
the sum is G-invariant. The sum is the Poincaré series.

It is easily shown that the norm of this operator © is less than or equal to
one. Kra’s conjecture and McMullen’s theorem asserts that in fact ||©|| is strictly
less than one. But McMullen proves much more. For a general class of coverings
Y — X of Riemann surfaces he characterizes those for which his conclusion is true
(in terms of “amenable” covers).

Armed with this work on Kra’s conjecture, he is able to make a substantial
contribution to Thurston’s program of introducing hyperbolic structures for a large
class of 3-manifolds.

I have given a brief glimpse of what Curt McMullen has accomplished, but
would like to emphasize that his work has encompassed a large realm of the kind
of mathematics that lies at the cross-section of many paths of our rich culture.
McMullen is not a dynamicist, not an analyst nor a geometer. He is a mathemati-
cian.
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THE WORK OF PETER W. SHOR
RoNALD GRAHAM

Much of the work of Peter Shor has a strong geometrical flavor, typically coupled
with deep ideas from probability, complexity theory or combinatorics, and always
woven together with brilliance and insight of the first magnitude. Due to the space
limitations of this note, I will restrict myself to brief descriptions of just four of
his remarkable achievements, (unfortunately) omitting discussions of his seminal
work [8] on randomized incremental algorithms (of fundamental importance in
computational geometry) and his provocative results in computational biology on
self-assembling virus shells.

1 TWO-DIMENSIONAL DISCREPANCY, MINIMAX GRID MATCHINGS AND ONLINE
BIN PACKING

The minimax grid matching problem is a fundamental combinatorial problem aris-
ing the the average case analysis of algorithms. To state it, we consider a square S
of area N in the plane, and a regularly spaced v N x /N array G (=grid) of points
in S. Let P be a set of N points selected independently and uniformly in S. By a
perfect matching of P to G we mean a1 -1 map A : P — G. For each selection P,
define L(P) = miny max,cp d(p, A(p)), where X ranges over all perfect matchings
of P to G, and d denotes Euclidean distance.

THEOREM [Shor [24], Leighton/Shor [21]]
With very high probability,

E(L(P)) = ©((logN)*/*)

The proof is very intricate and ingenious, and contains a wealth in new ideas which
have spawned a variety of extensions and generalizations, notably in the work of
M. Talagrand [30] on majorizing measures and discrepancy.

A classical paradigm in the analysis of algorithms is the so-called bin packing
problem [10], in which a list W = (wq,ws,... ,w,) of “weights” is given, and
we are to required to pack all the w; into “bins” with the constraint that no bin
can contain a weight total of more than 1. Since it is NP-hard to determine the
minimum number of bins which W requires for a successful packing
(or even to decide if this minimum number is 2!), extensive efforts have been made
for finding good approximation algorithms for producing near-optimal packings.

In the Best Fit algorithm, after the first ¢ weights are packed, the next weight
w;4+1 is placed into the bin in which it fits best, i.e., so that the unused space
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in that bin is less than it would be in any other bin. (This is actually an online
algorithm). In his thesis [23] , Shor proved the very surprising (and deep) result
that when the w; are chosen uniformly at random from [0, 1], then with very high
probability, the amount of wasted space has size ©(n'/?(logn)3/*) .

An “up-right” region R = R(f) of the square S is defined as the region in S
lying above some continuous monotonically non-increasing function f (e.g., S is
itself up-right). If P is a set of N points chosen uniformly and independently at
random in S, we can define the discrepancy A(R) = || RNP | — area(R) | . An old
problem in mathematical statistics (from the 1950’s; see [5]) was the estimation of
supp A(R) over all up-right regions of S. This was finally answered by Leighton
and Shor in [24, 21], and it is now known that

sup A(R) = O(N/?(log N)3/4)).
R

The preceding results give just a hint of the numerous applications these
fertile techniques have found to such diverse areas as pseudo-random number gen-
eration, dynamic storage allocation, wafer-scale integration and two-dimensional

bin packing (see [9, 20, 17]).

2 DAVENPORT-SCHINZEL SEQUENCES

A Davenport-Schinzel sequence DS(n,s) is a sequence U = (ug,ug, ..., Uy, ) COM-
posed of n distinct symbols such that u; # w;41 for all 4, and such that U con-
tains no alternating subsequence of length s 4 2, i.e., there do not exist indices
i1 < iy < ...<igyo such that u;, =u;, =ujy, =...=aF#b=uy =u;, =....
We define

As(n) = max{m : (u1,... ,uy) is a DS(n, s) — sequence}.

Davenport-Schinzel sequences have turned out to be of central importance in com-
putational and combinatorial geometry, and have found many applications in such
areas as motion planning, visibility, Voronoi diagrams and shortest path algo-
rithms. It is known that DS(n, s)-sequences provide a combinatorial character-
ization of the lower envelope of n continuous univariate functions, each pair of
which intersect in at most s points. Hence, As(n) is just the maximum number of
connected components of the graphs of such functions, and accurate estimates of
As(n) can often be translated into sharp bounds for algorithms which depend on
function minimization. It is trivial to show that A1(n) = n and Ay(n) = 2n — 1.
The first surprise came when it was shown [15] that As(n) = ©(na(n)) where
a(n) is defined to be the functional inverse of the Ackermann function A(t), i.e.,
a(n) :=min{t : A(t) > n}. Note that a(n) is an extremely slowly growing function
of n since A is defined as follows:

Aty =2t, t >1, and Ag(t) = Ap_1(Ar(t—1)), k>2 t>2.

Thus, As(t) = 2%, As(t) is an exponential tower of n 2’s, and so on. Then A(t)
is defined to be A;(t). The best bounds for As(n), s > 3 in [15] were rather
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weak. This was remedied in [1] where Shor and his coauthors managed to show by
extremely delicate and clever techniques that Ay(n) = ©(n2*(™)). Thus, DS(n, 4)-
sequences can be much longer than DS(n,3)-sequences (but are still only slightly
non-linear). In addition, they also obtained almost tight bounds on all other
As(n), s > 4.

3 TILING R™ WITH CUBES

In 1907, Minkowski made the conjecture (in connection with his work on extremal
lattices) that in any lattice tiling of R™ with unit n-cubes, there must be two cubes
having a complete facet ( = (n — 1)-face) in common. This was generalized by
O. Keller [18] in 1930 to the conjecture that any tiling of R™ by unit n-cubes
must have this property. This was confirmed by Perron [22] in 1940 for n < 6,
and shortly thereafter, Hajés [14] proved Minkowski’s original conjecture for all
n. However, in spite of repeated efforts, no further progress was made in proving
Keller’s conjecture for the next 50 years. Then in 1992, Shor struck. He showed
(with his colleague J. Lagarias) that in fact Keller’s conjecture is false for all
dimensions n > 10. They managed to do this with an very ingenious argument
showing that certain special graphs suggested by Corrddi and Szabé [11] of size 4™,
must always have cliques of size 2" (contrary to the prevailing opinions then), from
which it followed that Keller’s conjecture must fail for R™ . The reader is referred
to [19] for the details of this combinatorial gem, and to [29] for a fascinating history
of this problem. I might point out that this is another example of an old conjecture
in geometry being shattered by a subtle combinatorial construction, an earlier one
being the recent disproof of the Borsuk conjecture by Kahn and Kalai [16]. It is
still not known what the truth for Keller’s conjecture is when n = 7,8, or 9.

4  QUANTUM COMPUTATION

It has been generally believed that a digital computer (or more abstractly, a Turing
machine) can simulate any physically realizable computational device. This, in
fact is the thrust of the celebrated Church - Turing thesis. Moreover, it was also
assumed that this could always be done in an efficient way, i.e., involving at most
a polynomial expansion in the time required. However, it was first pointed out by
Feynman [13] that certain quantum mechanical systems seemed to be extremely
difficult (in fact, impossible) to simulate efficiently on a standard (von Neumann)
computer. This led him to suggest that it might be possible to take advantage of
the quantum mechanical behavior of nature itself in designing a computer which
overcame these difficulties. In fact, in doing so, such a “quantum” computer might
be able to solve some of the classical difficult problems much more efficiently as
well. These ideas were pursued by Benioff [4], Deutsch [12], Bennett [2] and
others, and slowly, a model of quantum computation began to evolve. However,
the first bombshell in this embryonic field occurred when Peter Shor [25, 26] in
1994 announced the first significant algorithm for such a hypothetical quantum
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computer, namely a method for factoring an arbitrary composite integer N in
c(log N)?loglog N loglog log N

steps. This should be contrasted with the best current algorithm on (classical)
digital computers whose best running time estimates grow like

exp(eNY3(log N)?/3).

Of course, no one has yet ruled out the possibility that a polynomial-time factoring
algorithm exists for classical computers (cf. the infamous P vs. NP problem), but
it is felt by most knowledgeable people that this is extremely unlikely. In the
same paper, Shor also gives a polynomial-time algorithm for a quantum computer
for computing discrete logarithms, another (apparently) intractable problem for
classical computers.

There is not space here to describe these algorithms in any detail, but a few
remarks may be in order. In a classical computer, information is represented by
binary symbols 0 and 1 (bits). An n-bit memory can exist in any of 2" logical
states. Such computers also manipulate this binary data using functions like the
Boolean AND and NOT. By contrast, a quantum bit or “qubit” is typically a
microscopic system such as an electron (with its spin) or a polarized photon. The
Boolean states 0 and 1 are represented by (reliably) distinguishable states of the
qubit, e.g., |0) < spin % and |1) < spin —%. However, according to the laws of
quantum mechanics, the qubit can also exist in a continuum of intermediate states,
or “superpositions”, a|0) + 3|1) where « and 3 are complex numbers satisfying
laf? + 1812 = 1.

More generally, a string of n qubits can exist in any state of the form

11..1
2=00...0

where the 1, are complex numbers such that Y- [¢;|? = 1. In other words, a quan-
tum state of n qubits is represented by a unit vector in a 2"-dimensional complex
Hilbert space, defined as the tensor product of the n copies of the 2-dimensional
Hilbert space representing the state of a single qubit. It is the exponentially large
dimensionality of this space which distinguishes quantum computers from classical
computers. Whereas the state of a classical system can be completely described by
separately specifying the state of each part, the overwhelming majority of states
in a quantum computer are “entangled,” i.e., not representable as a direct product
of the states of its individual qubits. As stated in [3], “the ability to preserve and
manipulate entangled states is the distinguishing feature of quantum computers,
responsible both for their power and for the difficulty in building them.”

The crux of Shor’s factoring algorithm (after reducing the problem of factoring
N to that of determining for a random X coprime to N, the order of X (modulo N),
is a brilliant application of the discrete Fourier transform in such a way as to have
all the incorrect candidate orders (quantum mechanically) cancel out, leaving only
(multiples) of the correct order of X appearing (with high probability) when the

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - I - 133-140



THE WORK OF PETER W. SHOR 137

output is finally measured. I heartily recommend that the reader consult the paper
of Shor in this Volume, or [26, 31] for more details.

Of course, complicated quantum systems are delicate creatures and any sub-
stantial interaction with the external environment can cause rapid “decoherence,”
which then can result in the system collapsing to some classical state, thereby
prematurely terminating the ongoing computation. This was the basis for the
strong initial skepticism that any serious quantum computer could actually ever
be built. However, Shor’s subsequent contributions changed this situation substan-
tially. His paper [27] in 1995 announced the discovery of quantum error-correcting
codes, cutting through some widely held misconceptions about quantum informa-
tion, and showing that suitable measurements of a quantum system can acquire
sufficient information for detecting and correcting errors without disturbing any of
the encoded information. These ideas were further developed in [6, 7] to produce
a new theory of quantum error-correcting codes for protection against multiple
errors, using clever ideas from orthogonal geometry and properties of the recently
discovered ordinary (as opposed to quantum) codes over GF(4).

Finally, any quantum computer which is actually built will be composed of
components which are not completely reliable. Thus, it will be essential to create
algorithms which are “fault-tolerant” on such computers. In yet another path-
breaking paper [28], Shor in 1996 showed how this indeed could be done.

Not only does Peter Shor’s work on quantum computation during the past
four years represent scientific achievements of the first rank, but in my mind it
holds out the first real promise that non-trivial quantum computers may actually
exist in our lifetimes.
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ABSTRACT. In this paper, we report on the construction of secondary
invariants in connection with the Atiyah-Singer index theorem for fami-
lies, and the theorem of Riemann-Roch-Grothendieck. The local families
index theorem plays an important role in the construction.

In complex geometry, the corresponding objects are the analytic torsion
forms and the analytic torsion currents. These objects exhibit natu-
ral functorial properties with respect to composition of maps. Gillet
and Soulé have used these objects to prove a Riemann-Roch theorem in
Arakelov geometry.

Also we state a Riemann-Roch theorem for flat vector bundles, and report
on the construction of corresponding higher analytic torsion forms.
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The purpose of this paper is to report on the construction of certain secondary
invariants which appear in connection with the families index theorem of Atiyah-
Singer [4] and the Riemann-Roch-Grothendieck theorem [7]. These invariants are
refinements of the 7 invariant of Atiyah-Patodi-Singer [2], and of the Ray-Singer
analytic torsion for de Rham and Dolbeault complexes [50], [51], which are spectral
invariants of the considered manifolds.
Progress in this area was made possible by the development of several related
tools:

The discovery by Quillen [48] of superconnections.

A better understanding of local index theory (Getzler [31]) and the proof of
a local families index theorem by the author [9], and of related results by

Berline-Vergne [6], Berline-Getzler-Vergne [5].

Progress on the theory of determinant bundles, by Quillen [49], Freed and

the author [16], and Gillet, Soulé and the author [17].

The development of adiabatic limit techniques to study the behaviour of
certain spectral invariants (like the n-invariants of Atiyah-Patodi-Singer [2])
under degenerations, by Cheeger and the author [15], Mazzeo-Melrose [44],

and Dai [29].
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Algebraic geometry gave an essential impetus to the above developments. Ex-
tending earlier work by Arakelov and Faltings, Gillet and Soulé [33],[34] developed
an algebraic formalism which could use as an input results coming from analysis,
and invented the adequate Riemann-Roch-Grothendieck theorem.

Our starting point is the local families index theorem [9], [5]. Let 7 : X — S
be a fibration with compact even dimensional oriented Riemannian spin fibre Z.
Let E be a complex vector bundle on X . Let (D?),cs be the associated family
of Dirac operators [3] acting along the fibres Z. Let Ind(D?) € K(S) be the
corresponding index bundle. In [4], Atiyah and Singer proved the index theorem
for families,

(0.1) ch(Ind(D%)) = . E(TZ)ch(E)} in H(S, Q).

In [9], starting from natural geometric data, connections were introduced
on the vector bundles appearing in (0.1), so that by Chern-Weil theory, we can
represent the cohomology classes in (0.1) by differential forms. Using a special case
of a Quillen superconnection [48], the Levi-Civita superconnection [9], a “natural”
family of closed differential forms ay;,cr, on S was produced, which interpolates
between the differential forms representing the right-hand side of (0.1) (for ¢ — 0)
and the left-hand side of (0.1) (for ¢ — 400, by [6], [5]). Moreover, following
earlier work by Quillen [49], Freed and the author [16] proved a curvature theorem
for smooth determinant bundles associated to a family of Dirac operators. Also
extending earlier work in [16], [27], Cheeger and the author [15] constructed an
odd form on S, 7}, which transgresses equation (0.1) at the level of differential
forms. These forms 7 were used to evaluate the “adiabatic” limit of n-invariants
[16], [27], [15].

Let f : X — S be a proper holomorphic map of complex quasiprojective
manifolds, and let E be a holomorphic vector bundle on X. By Riemann-Roch-
Grothendieck [7],

(0.2) TA(TS)ch(f«E) = f|[TA(TX)ch(E)]in H(S, Q).

Assume that 7 : X — S is a holomorphic fibration with compact fibre Z. Let
E be a holomorphic vector bundle on X. Let (£2(Z, E‘Z)75Z) be the family of
relative Dolbeault complexes along the fibres Z. Let w™X be a closed (1,1)-form on
X restricting to a Kihler metric 74 along the fibres Z, and let g¥ be a Hermitian
metric on E. Recall that a holomorphic Hermitian vector bundle is naturally
equipped with a unitary connection, which can be used to calculate Chern-Weil
forms. Assume that Rm,FE is locally free. Let gR”*E be the Lo metric on Rm.F
one obtains via Hodge theory. In work by Gillet, Soulé and the author [17], and
by Koéhler and the author [20], a sum of real (p,p) forms on S was constructed,

the analytic torsion forms T(w™, g¥), such that the following refinement of (0.2)
holds,

90

(03) 5T, ¢") = ch(Rm.E, g"™ ") — 7. [TA(TZ, 6" “)ch(E, g7)] .

The forms T'(w*, g¥) also refine the forms 7 of [15]. The component of degree 0 of
T(wX, g¥) is the fibrewise holomorphic Ray-Singer torsion [51] of the considered
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Dolbeault complex, a spectral invariant of the Hodge Laplacians along the fibres. It
was used by Quillen [49] to construct a metric on (det(Rw.E))~!, whose properties
were studied by Quillen [49], and by Gillet, Soulé and the author [17].

At the same time, Gillet and Soulé were pursuing their effort to construct
an intersection theory on arithmetic varieties, in order to formulate a Riemann-
Roch-Grothendieck in Arakelov geometry. In [33], [34], they constructed refined
Chow groups CH , and Hermitian K-theory groups K. They used the analytic
torsion forms T'(wX, g¥) to define a direct image in K. From a computation with
Zagier [35] of the analytic torsion of PN equipped with the Fubini-Study metric,
they conjectured a Riemann-Roch-Grothendieck theorem in Arakelov geometry,
where the additive genus associated to an exotic power series R(x) appears as a
correction to the Todd genus Td.

In [11], a secondary characteristic class for short exact sequences of holomor-
phic vector bundles was constructed, which was evaluated in terms of the R class.

In [10], [18], the analogue of the above construction for submersions was car-
ried out for immersions. Namely, let ¢ : ¥ — X be an embedding of complex
manifolds, let F' be a holomorphic vector bundle on Y, and let (E,v) be a reso-
lution of i, F' by a complex of holomorphic vector bundles on X. Under natural
compatibility assumptions on Hermitian metrics g¥, g, gV¥/x, analytic torsion
currents T(E, g¥) were constructed on X, such that

00
2iﬂ'T
Again, (0.4) refines (0.2) at the level of currents. The functoriality of these con-
structions was established in work by Gillet, Soulé and the author [19].

In [21], using [11], Lebeau and the author calculated the behaviour of Quillen
metrics under resolutions. Then Gillet and Soulé [36] gave a proof of their
Riemann-Roch formula for the first Chern class. In [30], Faltings provided an
alternative strategy to a proof of the Riemann-Roch theorem of Gillet-Soulé, by
using deformation to the normal cone. In [13], the author extended his previous
result with Lebeau [21]. Namely, in the case of the composition of an embedding
and a submersion, a natural combination of analytic torsion forms is expressed in
terms of analytic torsion currents. When combined with the arguments of Gillet
and Soulé [36], this leads to a proof of the Riemann-Roch-Grothendieck theorem
of Gillet and Soulé in the general case. A remaining mystery of the theory was the
fact that the genus R seemed to appear twice in the theory: through the explicit
spectral computations in [35] of the analytic torsion of P,,, and also in the eval-
uation of certain characteristic classes in [11]. The mystery was solved by Bost
[24] and Roessler [53]. They show in particular that the evaluation in [35] of the
analytic torsion of P,, can be obtained as a consequence of [11],[21].

In [22], Lott and the author extended the formalism of higher analytic torsion
to de Rham theory. Assume that 7 : X — S is a fibration of real manifolds
with compact fibre Z. Let F' be a complex flat vector bundle on X. Then Rm,F
is a flat vector bundle on S. The differential characters of Cheeger-Simons [28]

produce Chern classes of flat vector bundles on a manifold M, with values in
H°Y(M,C/Z). In [22], a Riemann-Roch-Grothendieck formula was established

(0.4) (B,g") = Td™ ! (Ny/x, ¢"¥/*)ch(F, g")dy — ch(E, g%).
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for the real part of these classes, and corresponding real higher analytic torsion
forms were introduced, whose part of degree 0 is just the Ray-Singer torsion of
[50]. From these torsion forms, one can produce certain even cohomology classes
on S. In degree 0, the Ray-Singer conjecture, proved by Cheeger [26] and Miiller
[45], shows that, for unitarily flat vector bundles, the Ray-Singer torsion coincides
with the Reidemeister torsion [52]. In positive degree, the evaluation of the higher
analytic torsion forms of [22] is still mysterious, although some evidence suggests
they might possibly be related to constructions by Igusa and Klein [39] using Borel
regulators.

This paper is organized as follows. In Section 1, we state the local families
index theorem. In Section 2, we introduce the higher analytic torsion forms.
In Section 3, we describe the analytic torsion currents. In Section 4, we give a
compatibility result between analytic torsion forms and analytic torsion currents,
and we state the Riemann-Roch theorem of Gillet-Soulé. Finally, in Section 5, we
state a Riemann-Roch theorem for flat vector bundles.

For a more detailed survey on the analytic aspects of this paper, we refer the
reader to [14].

1. THE LOCAL FAMILIES INDEX THEOREM

1.1. THE LOCAL INDEX THEOREM. Let Z be a compact even dimensional oriented
spin manifold. Let g7# be a Riemannian metric on TZ. Let ST% = SIZ ®STZ be
the Zz-graded hermitian vector bundle of (T'Z, g7#) spinors. Let VTZ be the Levi-
Civita connection on (T'Z, g7%). Let VS = v @ VST be the corresponding
unitary connection on §7%4 = SIZGBSTZ. Let (E, g¥, VF) be a complex Hermitian
vector bundle on Z, equipped with a unitary connection V.

Let ¢(TZ) be the bundle of Clifford algebras of (T'Z, g74). Then ST4 ® E is
a Clifford module for the Clifford algebra ¢(TZ). If X € TZ, let ¢(X) denote the
action of X € ¢(TZ) on ST4 @ E. Put

(1.1) H=0"Z2_S8""®E), H. =C>*(Z,51? 9 E).

Let eq,--- , e, be an orthonormal basis of T'Z.
Let D? be the Dirac operator acting on H,

(1.2) DZ =3 c(e) VS TOE,
1

Let DZ be the restriction of DZ to Hy, so that

z 0 D%
(1.3) D” = |: Df 0 :
The elliptic operator DZ is Fredholm. Its index Ind(D%) € Z is given by
(1.4) Ind(D?) = dim(ker D¥) — dim(ker D?).
Let A be the multiplicative genus associated to the power series
~ x/2
1.5 A = ——.
(15) @) = e
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The Atiyah-Singer index theorem [3] asserts that
(1.6) Ind(D?) = / A(TZ)ch(E).
Z

If F=F,®F_is a Zy-graded vector space, let 7 = +1 on Fy define the
grading. If A € End(F), let Trs[A] be the supertrace of A, i.e. Trs[A] = Tr[TA].
Now we state the McKean-Singer formula [42].

ProrosiTioN 1.1. For anyt > 0,
(1.7) Ind(D?) = Trg[exp(—tD%?)].

Let P;(z,y) be the smooth kernel of exp(—tD?%?2) with respect to the volume
element dy, so that (1.7) can be written as

(1.8) Ind(D?) = /ZTrS[Pt(JU, z)]dz.

In Patodi [46], Gilkey [32], Atiyah-Bott-Patodi [1], it was proved that, as con-
jectured in [42], “fantastic cancellations” occur in the asymptotic expansion of
Trs[Pi(z, )] , so that as t — 0,

(1.9) Try[Py(z, )] — {A(TZ, VT 7)ch(E, VE)}max,

Another proof of (1.9) by Getzler [31] has considerably improved our geometric
understanding of the above cancellations. Equation (1.9) is known as a local index
theorem. From (1.8), (1.9), one recovers the index formula (1.6).

1.2. QUILLEN’S SUPERCONNECTIONS. Here we follow Quillen [48]. Let E = E, &
E_ be a Zs-graded vector bundle on a manifold S.

DEFINITION 1.2. A superconnection is an odd first order differential operator A
acting on C(S, A(T*S)®FE) such that if w € C=(S, A(T*S)),s € C=(S, E),

(1.10) A(ws) = dws + (—1)4°8“w As.

By definition, the curvature of A is A2 € C°°(S, (A(T*S)REnd(E))*v*"). Let
@ :w € ANT*S) — pw = (2im)~ 48«/2y € A(T*S).

DEFINITION 1.3. Let ch(E, A) be the even form on S,
(1.11) ch(E, A) = ¢Tr[exp(—A?)].

THEOREM 1.4. The even form ch(E,A) is closed, and its cohomology class
[ch(E, A)] is given by

(1.12) [ch(E, A)] = ch(E,) — ch(E_).

Remark 1.5. Observe the striking algebraic similarity of the right-hand sides of
(1.7) and (1.11) with the density exp(—2?) of the gaussian distribution on R.
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1.3. LOCAL FAMILIES INDEX THEOREM AND ADIABATIC LIMITS. Let 7 : X — S
be a submersion of smooth manifolds with even dimensional compact fibre Z. We
assume that 77 is oriented and spin. Let g74 be a Riemannian metric on T'Z.
Let (E,g¥,VF) be a Hermitian vector bundle on X with unitary connection. Let
(D%)4es be the family of Dirac operators acting fibrewise along the fibres Z on
H, = H., ® H_,. Then to the family of Fredholm operators (D7 ,),cs, there is
an associated virtual vector bundle Ind(D%) € K(S). The families index theorem

of Atiyah-Singer [4] asserts in particular that
(1.13) ch(Ind(D%)) = . [A(TZ)ch(E)]in H*"(S, Q).

Assume temporarily that X and S are even dimensional oriented compact
spin manifolds. Let ¢g7%, g7 be Riemannian metrics on TX,T'S. For ¢ > 0, put

1
(1.14) gI X = gTX 4 ZargTs,
13

Letting € tend to 0 is often described as taking an adiabatic limit. Let DX be the

Dirac operator associated to (g7 %, V¥).

Let VIX and VT be the Levi-Civita connections on (7X,gr¥) and
(TS,g"%). Let THX be the orthogonal bundle to TZ in TX with respect to
g™ . It U € TS, let U¥ € THX be the lift of U in THX. Let PTZ be the
projection TX = THX @ TZ — TZ. Let V% be the connection on (TZ, g*%),

(1.15) vlZ = pTZygrXx,
which does not depend on € > 0. A trivial calculation shows that as ¢ — 0,
(1.16) A(TX, VT = o [A(TS, VTHA(TZ, V7).
Let Pf(x,y) be the smooth kernel of exp(—tDZX:2). Then by (1.9),
(1.17) Try[Pf (2, )] — {A(TX, VIX)ch(B, V)}mex.
We change our notation slightly, and temporarily assume that g is given
by gI* = W*g ®g¢T?. IfU,V €TS8, put
(1.18) T(U,V)=-PT2[UH VH]
If U € TS, let divz(UH) be the divergence of U with respect to the vertical vol-

ume form dvz. Let (ey,... ,e,) and (fi,. .., fm) be orthogonal bases of (T'Z, g7#%)
and (T'S, gT%). If STX is the vector bundle of (T'X, gI*) spinors,

(1.19) STX — px§T93872,

Put

(1.20) DH = 21:(:( Fa) (V35T 4 v (72))
Then by [15],

(1.21) DX# = D" + D7 — Zelfu)e(f3)elT (far f1):

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - T - 143-162



LocaL INDEX THEORY AND HIGHER ANALYTIC TORSION 149

Put
(1.22) H=0C>(Z,(5"" @ E)|z).

Then H = Hy ® H_ is an infinite dimensional Za-graded vector bundle on S, and
C®(M,n*STS @ E) = C>(S, STS®H).

DEFINITION 1.6. Let VH be the connection on H, such if U € T'S,s € C>°(S, H),
1
(1.23) VHs =V, ®Ps 4 5 divz(U™)s
Then D is the Dirac operator action on C°(S,STS®H) associated to
gt>, . Following [9], we formally replace ¢(fa) by f* A . in (1.21).
TS vH). Following [9 fi 11 1 fa) by f*A.in (1.21

DEFINITION 1.7. For ¢t > 0, put

1
(1.24) A, =V 4+ ViD7 - S—ﬁf“fBC(T(fa,fa))-

Then A; is a superconnection on H, the Levi-Civita superconnection associ-
ated to (THX, g% VE).
For t > 0, let a; be the even form on S

(1.25) a; = Tr[exp(—A?)].
Now we state the local families index theorem [9], [6], [5].

THEOREM 1.8. The form a; is real, even and closed. Moreover

(1.26) [a] = ch(IndD?) € H**(B, Q).
Ast — 0,
(1.27) ay = m[A(TZ,VT?)ch(E, V)] + O(t).

Ifker D C H is a vector bundle, and VkerD? g the orthogonal projection of VH
on ker D%, as t — 400,

=)
7

Remark 1.9. Equations (1.26) and (1.27) were proved by the author in [9], and
equation (1.28) by Berline-Vergne [6], Berline-Getzler-Vergne [5]. Equation (1.27)
is known as the local families index theorem. It extends the local index formula
given in (1.9).

(1.28) ay = ch(ker DZ vk D%y 1 o

2. COMPLEX GEOMETRY AND HIGHER ANALYTIC TORSION FORMS

2.1. THE ANALYTIC TORSION FORMS OF A HOLOMORPHIC COMPLEX. Here we
follow [17]. Let S be a complex manifold, and let

(2.1) (B,0):0 = Ep 5 Epy... 5 FEy—0

be a holomorphic complex of vector bundles on S. Put

(2.2) Ey=@ E,E-=E.

7 even iodd
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Then E = E; @ E_ is Zy-graded. Let g% = @~ g% be a Hermitian metric on
E =@ ,E;. Let VE =@]", V¥ be the corresponding holomorphic Hermitian
connection. Let v* be the adjoint of v. Set

(2.3) V=v+o"
For t > 0, set
(2.4) ¢, = VP 4V, ¢, =V + Vi,

C, = C/+C,.
Let N be the number operator of E, which acts on Ej by multiplication by k.

PRrROPOSITION 2.1. The following identities hold

(2.5) C"?=0,0"7 =0,
ocy /
att = i[CtII’N]v aaC; :_é[ct/vN]'

DEFINITION 2.2. Let P° be the set of smooth real forms on S, which are sums
of forms of type (p,p). Let P59 be the set of @ € P¥ which can be written as
a = 9f + dv, with 8 and v smooth.

DEerINITION 2.3. For ¢ > 0, put
(2.6) a; = ©Trglexp(—C?)], 7: = @Trs[N exp(—C?)].
The following result is obtained in [17] as an easy consequence of Proposition
2.1.
PROPOSITION 2.4. The forms oy and ~; lie in PS. Also
oy _ 00
ot 2im t’
Assume now that H(F,v) is of locally constant dimension. Then H(F,v)

is a holomorphic Z-graded vector bundle. By finite dimensional Hodge theory,
H(E,v) ~ ker V inherits a Hermitian metric g (%), Set

(2.7)

m

(2.8) ch'(E,g") => (~1)'ich(E, g").
=0

By [6], [5], as t — +o0,

(2.9) o = ch(H(E,v), g"E)) 4 O(

Tt = Ch/(H(Eﬂj)ng(E,v)) + O(

);
).

S-S

DEFINITION 2.5. For s € C,0 < Re(s) < 1/2, set

I

= 7" (9 = Yoo )dt,
I'(s) /0

T(E,9%) = 2 R(E,¢")0).

As the notation suggests, by (2.9), R(E,g%)(s) extends to a holomorphic
function of s near s = 0, so that T'(E, g¥) is well defined.

(2.10) R(E,9)")(s) =
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PROPOSITION 2.6. The form T(E, g¥) lies in P5°, and

(2.11) ?T(E,gE) = ch(H(E,v),g" ")) — ch(E, g").
i

2.2. BOoTT-CHERN CLASSES. Let E be a holomorphic vector bundle on a complex
manifold S. Let g¥, ¢’ £ be two Hermitian metrics on E. Then by Bott and Chern
[25], and by [17], there is a uniquely defined class ch(E,gE,g’E) € P¥/P%0 such
that

o If g% = g%, ch(E, g7, ¢'") = 0.

e The class ch(E, g¥, ¢'") is functorial.

e The following equation holds

90 ~
(2.12) 5 -Ch(E.g",¢") = ch(B.g"") — ch(E,4").

i
The above clisses are called Bott-Chern classes. The same construction applies to
classes like Td(E, g%, ¢'"). The class of forms T(E,g%) € PS/PS9 constructed
in Definition 2.5 is also a Bott-Chern class.

2.3. THE HIGHER ANALYTIC TORSION FORMS ASSOCIATED TO A HOLOMORPHIC
SUBMERSION. Following work by Gillet, Soulé and the author [17], we will extend
the arguments of Section 2.1 to an infinite dimensional situation.

Let # : X — S be a holomorphic submersion with compact fibre Z. Let E
be a holomorphic vector bundle on X, and let Rw,E be the direct image of F.
In the sequel TX,TZ =TX/S ... denote the corresponding holomorphic tangent
bundles. Let wX be a real closed (1,1) form on X which restricts to a fibrewise
Kihler form on TZ = TX/S, so that if J7™Z is the complex structure of Tr Z,
w(JT®Z ) is a Hermitian product g7% on TZ . Let g¥ be a Hermitian metric
on E. Let T X be the orthogonal bundle to TZ in TX with respect to wX. Let
(2, E| Z),EZ) be the family of relative Dolbeault complexes along the fibres Z.
Then Q(Z, E|z) can be equipped with the Lo metric

dvy
2.13 <58 >= [ <s,5 >ppeon (O dimz
( ) S, 8 /Z 5,8 ATV Z)QE (27r)dlmz

Let 52* be the adjoint of 5Z. Put

(2.14) D% =3"+3".
DEFINITION 2.7. Let V% F12) he the connection on Q(Z, E|z), such that if U €
TRS, if s is a smooth section of A(T*(OV 7)) ® E,
*(0,1)

(2.15) Vo - Mt DeE

Let T be the tensor defined in (1.18) associated to (g74,T# X). Then T is
of type (1,1). Let N be the number operator of (Z,E|z). Let w¥H be the
restriction of wX to T4 X. Then w®# is a smooth section of 7*AV(THS).
Finally recall that A(T*(®1)S) ® E is a Clifford module for the Clifford algebra of
(TrZ, g"=%).
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DEFINITION 2.8. For ¢t > 0, put

" _Z . C(T(l,o))
2.16 B = \/‘Ea + VQ(Z7E|Z) -
(2.16) f e
B, = Vo 4+ vHZEz) _ M’
24/2t)
" ’ wX7H
B: = B, +B;, Nte=N +1 T

Then one can show that, in (2.16), the superconnection B; is a form of the
Levi-Civita superconnection A;/, considered in (1.24). Also, by [17], an obvious
analogue of Proposition 2.1 holds, with C}’, C} replaced by B}, B;, and N replaced
by Nt-

DEFINITION 2.9. For t > 0, set
(2.17) o = @Trs[exp(—Bf)],'yt = oTrs[V; exp(—Bf)].

THEOREM 2.10. For t > 0, the form oy and +; lie in P°, the form oy is closed
and

(2.18) [at] = ch(Rm, E)in H*"(S, Q),
Oy 00
ot 2 ¢
Furthermore, ast — 0, there are forms C_1,Co € P° such that
(2.19) o = m|Td(TZ,g"%)ch(E, g")] + O(t),
Ve = % + Co + O(t).

Observe that the first equation in (2.19) is a consequence of the local families
index theorem of [9] stated in (1.27)

Assume that Rw,FE is locally free. Then the holomorphic vector bundle
Rm,E ~ ker DZ inherits a metric g% F. By [5], as t — +o0,

1
2.20 a; = ch(RmE,¢"™F) +0(—),
(220) ;= ch(Rm.E,g"F) +O( )
1
= cb(Rm.E, "™ F) + O(—).
Ve (Rm.E,g"™") (\/E)
DEFINITION 2.11. For s € C,0 < Re(s) < 1/2, put
1 [t
2.91 X E :_7/ s—1 — Yoo
( ) R(w X )(S) F(S) 0 3 (7t vy )dta

(¥, 67) = 2R, 97)0)
s
In fact, by equations (2.19), (2.20), R(w™,g¥)(s) extends to a holomorphic
function of s near s = 0, so that T'(wX, g¥) is well-defined. The forms T'(w¥, g¥)
are called higher analytic torsion forms. The following result was established in
work by Gillet-Soulé and the author [17], and Kéhler and the author [20].
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THEOREM 2.12. The form T(wX, g¥) lies in P°. Moreover

(2.22) %T(MX, g%) = ch(Rr.E, g™ F) — 1, [TA(TZ, g7 %)ch(E, g)).
Remark 2.13. Clearly (2.22) refines (0.2) at the level of differential forms. Kohler
and the author [20] showed that T'(w™,g®) € P9/PSY depends on w¥,g¥
via Bott-Chern classes. This result was proved before in degree 0 in [17]. A
consequence of [20] is that T(wX,g¥) € P9/P%° depends on w* only via
gT%. Let PkerD? he the orthogonal projection of Q(Z, E|;) on ker D?. Set
pker DL _ | pkerD? pop g ¢ C,Re(s) >> 0, put

(223) 9(5) = _TrS[N(DZ,Q)*SPkcr Dzyj_}
Then
0
a2 ey - P
0s
Also eXP(—%%(O)) is called the Ray-Singer analytic torsion [51] of the complex

Q(Z, E|z). The Ray-Singer torsion is an alternate product of generalized determi-
nants of Laplacians. -
By [17], the odd form 7j = =(9 — 0)T(w*,g”) coincides with the form

constructed by Cheeger and the author in [15].
2.4. QUILLEN METRICS. Assume temporarily that S is a point. Put
(2.25) A= (det H(Z,E|z))"".

Then X is a complex line, the inverse of the determinant of the cohomology of
E. Let | | be the metric on X induced by the fibrewise Ly metric on g (%:F12),
which we obtain by identifying H(Z, E|z) to the corresponding harmonic forms.

DEFINITION 2.14. The Quillen metric | || on A is defined by
106

2.26 - _190 .

(2.26) I a=1 xexp(—3 o (0)

In the general case where S is not a point, we still assume the existence of a
form wX taken as in Section 2.3. Let g% be an arbitrary fibrewise Kihler metric
on TZ. Let g¥ be a Hermitian metric on E. We no longer assume R7,E to be
locally free. Put

(2.27) ME) = (det Rr,.E)~*.

Then by Knudsen-Mumford [40], A(E) is a holomorphic line bundle on S, and for
any s € S, there is a canonical isomorphism.

(2.28) NE)s ~ (det(H(Zs, Eyz,)) ™

By Definition 2.14, the fibres A(E)s are equipped with the Quillen metric
Il lIxg).- The following result was established by Quillen [49] in the case where
the fibres Z are a fixed Riemann surface, and by Gillet, Soulé and the author
[17], following earlier work by Freed and the author [16] on smooth determinant
bundles.
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THEOREM 2.15. The Quillen metric is smooth on A\(E). Moreover
(2.29) aME) || lIam) = —m[Td(TZ, g"7)ch(E, g")]?.

Remark 2.16. Theorem 2.15 is a consequence of (2.22), and also of anomaly formu-
las [17], describing the variation of Quillen metrics when g7%, g% themselves vary.
These anomaly formulas extend the Polyakov anomaly formulas for generalized
determinants on Riemann surfaces [47].

2.5. FUNCTORIALITY OF THE ANALYTIC TORSION FORMS WITH RESPECT TO
COMPOSITION OF SUBMERSIONS. Let

J/ \L Y/{WS
TZ)Y T™W/V

Ly

(2.30)

Tv/s

be a diagram of submersions my,g, Ty s, Tw v, with compact fibres Z,Y, X.
Let w"',w" be closed (1,1) forms on W,V as in Section 2.3 . Let (E,g¥) be
a holomorphic Hermitian vector bundle on W, such that Rmy,g.E, Rrw, v E,
Rrw)ss Ry, «E are locally free. Let Twv (@, %), Tw/s(w", g%), Ty s(w",
gf™w/v+E) be the analytic torsion forms which are associated to the maps in the
above diagram. Then in work by Berthomieu and the author [8] and by Ma [41], us-
ing the adiabatic limit techniques of Cheeger and the author [15], Mazzeo-Melrose
[44] and Dai [29], these forms were shown to be naturally compatible, i.e. they

verify a relation which refines the functoriality of Riemann-Roch with respect to
TZ TY G PW/PW,O

the composition of submersions. Namely, let Td(TZ TY, g
be the Bott-Chern class such that

(2.31)

90 — )
%Td(TZ, TY,g"%,g"") = TA(TZ,9"7) = myy )y [TA(TY, ") TA(T X, ™).
Under suitable assumptions, Ma [41] has constructed a Bott-Chern class a €
P /P59 such that
(2.32) 90 o = ch(Rmy) s, Rrw v E, gimvss-Timw v. By

2
_Ch(Rﬂ-W/S*E7 gRTrW/S* )7
for which the following result holds.

THEOREM 2.17. The following identity holds

Tw s, g%) = Ty s (WY, g™ w/v-E) + w5 [TATY, g7 )T v (W™, gF)]
(2.33) +a — w5 [TA(TZ, TY, g7, 7Y )ch(E, gF)] in PS /PS0.

Remark 2.18. The case where S is a point was considered in [8].
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3. THE ANALYTIC TORSION CURRENTS ASSOCIATED TO AN EMBEDDING

3.1. CONSTRUCTION OF THE ANALYTIC TORSION CURRENTS. Let i : Y — X be
an embedding of complex manifolds. Let Ny,x be the normal bundle to ¥ in X.
Let F be a holomorphic vector bundle on Y. Let

(3.1) (B, 0):0 = Ep > Ep_1... 5 FEy—0

be a holomorphic complex of vector bundles on X, which, together with a holomor-
phic restriction map: r : Eoy — F, provides a resolution of the sheaf i.Oy (F).
In particular (E,v) is acyclic on X \'Y. By [10], H(E,v)y is a holomorphic vector
bundle on Y. Move precisely, if U € T X}y, let dyv be the derivative of v in
any holomorphic trivialization of (F,v) near Y. Then by dyv only depends on
the image z € Ny,x of U, and (0.v)? = 0. Let 7 : Ny,x — Y be the canonical
projection. Then there is a canonical isomorphism

(3.2) (T H((E,v)y), 8:v) ~ (7" (A(Ny/x) @ F), V—Ti.).

Let g% = @™ g%, gV¥/%, g*" be Hermitian metrics on E = @™ E;, Ny;x,F . As
in (2.3), put V = v +v*. Then H(E,v)|y ~ kerVjy C E}y. Let g"(Ev) be the
corresponding metric on H(E,v).

We will say that g% verifies assumption (A) with respect to g™Vv/x, g% if (3.2)
is an isometry. By [10], given ¢g¥v/x, ¢F there exists g¥ = @7 g% such that
assumption (A) is verified. From now on, we assume that (A) holds. For ¢ > 0,
we define ay,v; € P¥X as in (2.6). Let dy be the current of integration on Y. The
following result was proved in [10], using formulas of Mathai and Quillen [43].

THEOREM 3.1. Ast — +o0,

1

(33) Qg = Tdil(NY/X7gNy/X)Ch(Fa gF)5Y + O(%)v

where (’)(%) is taken in the suitable Sobolev space.

Remark 3.2. Using (1.12), we find that (3.3) refines the theorem of Riemann-Roch-
Grothendieck [7] stated in (0.2) at the level of currents.

By (3.3), one can construct a current T(E, g¥) on X as in (2.10). Let P{f be
the set of real currents which are sum of currents of type (p,p), whose front set
is included in Ny /X,R" We define P}),( ¥ as in Definition 2.2. The following result
was proved in [18].

THEOREM 3.3. The current T(E, g¥) lies in P{X. Moreover

90 _
(3.4) 2. (B, 9%) = Td™ (Ny,x, g™/ *)ch(F, g")dy — ch(E, g*).

Remark 3.4. Harvey and Lawson [38] have also constructed currents related to
smooth versions of Riemann-Roch-Grothendieck for embeddings.
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3.2. FUNCTORIALITY OF THE ANALYTIC TORSION CURRENTS WITH RESPECT TO
THE COMPOSITION OF EMBEDDINGS. Let i'.Y’" — X F’ (E’,v’) be another set of
data similar to the above data. Assume that Y and Y intersect transversally. Put
Y” =Y NY'. Then (ERE',v®1 4 1&v') is a resolution of (F‘y,,@)F"Y,,).

Let (g%, g™Nv/x,gF) and (gE/7gNY’/X,gF/) be metrics verifying (A). Recall

~ ’ N- Ny ~ ’

that Ny ,x = Ny, x|y»®Ny/x|y~. Then (¢¥@g" Gy @9|YY~/X7 (95 @gy))
also verify (A). Let Pfuy,,Pgﬁ/, be the obvious analogues of P ,P})f 0 when
replacing Y by Y UY’. The following result was proved by Gillet, Soulé and the
author in [19].

THEOREM 3.5. The following identity holds

(3.5) T(ERE',g"®F) = T(E,¢")ch(E', " ) +
Td ™" (Ny,x, g™/ )ch(F, ¢")T(E', g7 )y
in P}i(uy//P{:iloy'/ .

Remark 3.6. In [19], Theorem 3.5 is used to evaluate the currents T(E,g¢¥) in
terms of the arithmetic characteristic classes of Gillet and Soulé [33], [34].

4. ANALYTIC TORSION FORMS AND ANALYTIC TORSION CURRENTS

4.1. COMPOSITION OF AN EMBEDDING AND A SUBMERSION. Leti: W — V be an
embedding of complex manifolds, and let S be a complex manifold. Let my/g, Ty,
be holomorphic submersions of W,V onto S, with compact fibres X,Y, so that
Ty/st = Twys- Then we have the diagram

(4.1) Y —W

S

X—V 7/5) S

Let F' be a holomorphic vector bundle on W. Let (E,v) be a complex of holo-
morphic vector bundles on V as in (3.1), which together with a restriction map
r : Eoy — F, provides a resolution of i,F'. In the sequel we assume that
Ry s, F is locally free. Let Rmy /g, FE be the direct image of E. Tautologically,
RrysoFE ~ Rmy s F. Let wY,w" be (1,1) closed forms on V, W which restrict
to Kéhler forms on the fibres X,Y. Note that Ny, ~ Ny,x. Let gNvix gF
be Hermitian metrics on Ny, x, F'. Let gF = @;';OgEi be a Hermitian metric on
E = @™ ,E;, which verifies (A) with respect to g™v/x, gF.

4.2. FUNCTORIALITY OF THE ANALYTIC TORSION OBJECTS WITH RESPECT TO
+oo 1
THE COMPOSITION OF AN EMBEDDING AND A SUBMERSION. Let ((s) = Z — be
n
n=1
the Riemann zeta function. Now we introduce the power series R of Gillet-Soulé
[35].
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DEFINITION 4.1. Let R be the formal power series

n

¢ (—n "1 T
(4.2) ww =3 |2 C((_n)) +;5 (-m 2

We identify R(z) with the corresponding additive genus. The power series
R was obtained by Gillet-Soulé and Zagier by an explicit computation of the
analytic torsion of P,, as a correction to the Todd genus Td of Gillet-Soulé’s
theory, which would fit into a conjectural form of Riemann-Roch-Grothendieck in
Arakelov geometry.

Let Td(TX‘y,gTY,gﬁ;,X,gNY/X) € PW/PW0 be the Bott-Chern class such
that

50 ~
(1.3) SO TAT Xy g™ g™, M%) = TATX )y, )
~Td(TY, g™ )Td(Ny,x,g"/¥).

Let T(w",gF) € P be the analytic torsion forms associated to the family of

double complexes (X, E|x), (5X +v)). Observe that Rmy /g, E ~ Ry s, F is
now equipped with twoLs metrics gf*"v/s<F and gf"w/s«F The following result
was proved by Lebeau and the author [21] in the case where S is a point, and
extended by the author in [13] to the general case.

THEOREM 4.2. The following identity holds

(4.4) ch(Rmy s, F, gFmwis- B ghmvis- By (W gF) 4 T(wY, ¢")

TA(TX w,g"" g7 ¥V gNY/X)
Td(Ny,x,9" Y/X)

—7y/s« [TATX)R(TX)ch(E)] + my/s.[TA(TY )R(TY )ch(F)] = 0in P/ P50,

—y5[TATX, g" VT (E, g%)] + mw )54 ch(F, g")

Remark 4.8. The main result of [21] is formulated as a formula of comparison of
Quillen metrics on the determinant lines A(E) ~ A(F). An important idea in
[21],[13] is to replace v by Tw, with T > 0, and to study the behaviour of the
corresponding analytic torsion forms as T' — 4o0. Then one has to describe the
behaviour of the associated harmonic forms, and also the full spectrum of the
corresponding Laplacians In [21], [13], the appearance of the additive genus R
is related to the evaluation in [11] of a characteristic class, the higher analytic
torsion forms associated to a short exact sequence of holomorphic vector bundles.
The evaluation of this class involves computations on a harmonic oscillator. The
coincidence of this class of forms with the genus evaluated by Gillet and Soulé [35]
remained unexplained until Bost [24] and Roessler [53] showed that the evaluation
of the analytic torsion of P,, given in [35] can be obtained as a consequence of [21].
Of course, Theorems 2.17, 3.5 and 4.2 are compatible. In [12], the main result of
[21] was interpreted as an excess intersection formula for Bott-Chern currents in
infinite dimensions.
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4.3. THE RIEMANN-ROCH THEOREM OF GILLET AND SOULE. Let X be an arith-
metic variety, i.e. a regular flat scheme over Spec(Z). In [33], [34], Gillet-
Soulé constructed an arithmetic Chow group CH (X). By definition, CH (X) =
Z(X)/R(X), where Z(X) is the group of arithmetic cycles (Z,gz) , with Z an
algebraic cycle, and gz is a Green current on Xc, i.e. it is a sum of real currents
of type (p,p), smooth on X¢c\Z¢, such that %gz + 07 = wy is a smooth form
on X, and ﬁ(X ) is an equivalence relation which refines linear equivalence.

Let (E,g”) be an arithmetic vector bundle on X. Namely E is an algebraic
vector bundle on X, ¢¥ is a Hermitian metric on X¢. Then Gillet and Soulé con-
structed arithmetic characteristic classes of (E, g”) with values in CH (X )q- More
precisely they constructed a Grothendieck group IA(O (X)) with contains equivalence
classes of vector bundles (E, g¥), and also classes of forms of the type PX /PX.0,
and a Chern character map ch : Ko(X) — él\'i(X)Q.

Let now m : X — S be a projective flat morphism of arithmetic varieties.
Suppose that 7 : Xq — Yq is smooth. Let w¥ be a smooth real (1,1) form on
Xq as in Section 2.3. Let (E, gZ) € Ko(X) be such that Rim, E = 0 for i > 0. In

35], Gillet and Soulé defined m (E, gZ) € Ky(S) by the formula

(4.5) m(E, ¢F) = (Rn.E, " F) — T(w¥, ¢F).
This definition is then extended to arbitrary (E,g%)) € Ko (X). Put
(4.6) TANTX/S, gTX/5) = TA(TX/S, g7*/5)(1 — R(TX/S)).

The following result was conjectured by Gillet and Soulé in [35] and proved in [36],
[37], using Theorem 4.2.

THEOREM 4.4. The following identity holds
(4.7) ch(m(E, g%)) = m[TdN(TX/S, gT%/5)ch(E, gP)] in CH(S)q.

Remark 4.5. Assume that S = Spec(Z). Then (4.7) is an equality in R. Tt ex-
presses the Arakelov degree of det(Rm.E) in terms of arithmetic characteristic
classes.

In [30], Faltings has indicated an alternative strategy to the proof of the Gillet-
Soulé theorem, based on the technique of deformation to the normal cone. Then
one has to study the behaviour of the analytic torsion forms, as smooth fibres are
deformed to the union of two smooth fibres intersecting transversally.

5. HIGHER ANALYTIC TORSION AND FLAT VECTOR BUNDLES

Let X be a smooth manifold, and let F' be a complex flat vector bundle
on X. Then by [28], the bundle F' has Chern classes c¢(F) € H°(X,C/Z).
For Re(c)(F) € H(X,R), there is a corresponding Chern-Weil theory. In fact
let V¥ be the flat connection on F. Let g© be a Hermitian metric on F. Put
0 = (¢")"'V¥gF. Then for k odd, Re(cy)(F,g") = (2ir)~*k=D/22=FTr[9*] is a
closed form which represents Re(c)(F) € H*(X,R).

Let 7 : X — S be a submersion of smooth manifolds, with compact fibre Z.
Then Rm.F is a Z-graded flat vector bundle on S. Let e(T'Z) € H(X, Q) be the
Euler class of TZ.
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Now we state a result by Lott and the author [22], which was proved using
flat superconnections.

THEOREM 5.1. For any k € N, k odd,
(5.1) Re(cg)(Rm. F) = me[e(TZ)Re(ck)(F))].

Given a metric g and a Euclidean connection V7%, let g/ be the Ly
Hermitian metric on R, F which is obtained via fibrewise Hodge theory. In [22],
higher analytic torsion forms T'(g*", V%) are constructed such that

(5.2)  dT(¢", V") = m[e(TZ,V"?)Re(c)(F.g")] — Re(c.)(Rm.F,g"™").

In degree 0, T(g¥, VT%) is the Ray-Singer analytic torsion of [50]. The Ray-
Singer conjecture, proved by Cheeger [26] and Miiller [45] says that for unitarily
flat vector bundles, the Ray-Singer analytic torsion coincides with a geometrically
defined invariant of the manifold, the Reidemeister torsion [52]. In higher degree,
the interpretation of T'(g¥", VT#) is still mysterious. There is a possible link with
work by Igusa and Klein [39] on Borel regulators. For related results in an algebraic
context, we refer to Bloch and Esnault [23].
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