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Preface

“Le professeur Gelfand est ainsi un pionnier qui, comme Poincaré et Hilbert,
ayant défriché de nouveaux domaines, a laissé€ du travail a ses continuateurs
pour une ou plusieurs générations.”

Henri Cartan

Israel Moiseevich Gelfand is one of the greatest mathematicians of the 20th cen-
tury. His insights and ideas have helped to develop new areas in mathematics and to
reshape many classical ones.

The influence of Gelfand can be found everywhere in mathematics and mathemat-
ical physics from functional analysis to geometry, algebra, and number theory. His
seminar (one of the most influential in the history of mathematics) helped to create
a very diverse and productive Gelfand school; indeed, many outstanding mathemati-
cians proudly call themselves Gelfand disciples.

The width and diversity of the Gelfand school confirms one of his main ideas
about the unity of the universe of mathematics, applied mathematics, and physics.
The conference held in his honor reflected this unity. Talks were presented by for-
mer Gelfand students, their former students, and other outstanding mathematicians
influenced by Gelfand.

The diversity of the talks and the subsequent outgrowths presented in this volume
represent the diversity of Gelfand’s interests. Articles by S. DeBacker and D. Kazh-
dan, B. Kostant and N. Wallach, G. Lusztig, and A. Vershik are devoted to various
aspects of representation theory. (One cannot imagine representation theory without
the fundamental works of I. M. Gelfand.) Geometry (an old love of Gelfand’s) and its
connections with physics are represented in the volume by the articles of M. Atiyah;
D. McDuff; M. Kontsevich and Y. Soibelman; and Chien-Hao Liu, Kefeng Liu, and
S.-T. Yau.

The article by A. Connes on noncommutative geometry reflects Gelfand’s long-
time (for more than 60 years) interests in noncommutative structures.

A majority of articles are devoted to a variety of topics in modern algebraic
geometry and topology: A. Braverman, M. Finkelberg, and D. Gaitsgory; T. Coates
and A. Givental; and V. Drinfeld.
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Gelfand’s interests in mathematical and theoretical physics are represented by
papers of L. Faddeev; M. Movshev and A. Schwarz; N. Nekrasov and A. Okounkov;
and A. Okounkov, N. Reshetikhin, and C. Vafa.

The article by H. Brezis connects partial differential equations and algebraic
topology.

The unity of mathematics and physics cannot be separated from the life and work
of Israel Gelfand. The conference and this volume are testimonies and celebrations
of this unity.

P. Etingof , MIT
V. Retakh, Rutgers University
1. M. Singer, MIT

September 2005



Conference Program: An International Conference on
“The Unity of Mathematics”

Sunday, August 31st

9:15am
Benedict Gross: Opening talk (as Dean of Harvard College)

9:30-10:30am
David Kazhdan: Works of I. M. Gelfand on the theory of representations

11:00am-noon
Robbert Dijkgraaf, Random matrices, quantum geometry and integrable hierarchies

2:00-3:00pm
Alexander Beilinson: Around the center of a Kac—Moody algebra

3:30—4:30pm
Vladimir Drinfeld: Infinite-dimensional vector bundles in algebraic geometry

4:45-5:45pm
George Lusztig: Character sheaves and generalizations

Monday, September 1st

9:30-10:30am
Michael Atiyah: Some reflections on geometry and physics

11:00am-noon
Cumrun Vafa: Unity of topological field theories

2:00-3:00pm
Alain Connes: Noncommutative geometry and modular forms
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3:30—4:30pm
Albert Schwarz: Supersymmetric gauge theories on commutative and noncommuta-
tive spaces

4:45-5:45pm
Nathan Seiberg: Matrix models, the Gelfand-Dikii differential polynomials, and
(super) string theory

Tuesday, September 2nd

9:30-10:30am
Shing-Tung Yau: Mirror symmetry and localization

11:00am-noon
Dusa McDuff: Quantum cohomology and symplectomorphism groups

2:00-3:00pm
Nikita Nekrasov: Unity of instanton mathematics

3:30-4:30pm
Ludwig Faddeev: Algebraic lessons from quantum integrable models

5:15-6:15pm
Israel M. Gelfand: Mathematics as an adequate language. A few remarks

Wednesday, September 3rd

9:30-10:30am
Alexander Givental: Strings, loops, cobordisms and quantization

11:00am-noon
Michael Hopkins: Algebraic topology and modular forms

2:00-3:00pm
Maxim Konstevich: Integral affine structures

3:30—4:30pm
Sergey Novikov: Discrete complex analysis and geometry

4:45-5:45pm
Isadore Singer: Chiral anomalies and refined index theory
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6:30pm: Banquet at Royal East Restaurant
Israel Gelfand’s talk given at dinner

Thursday, September 4th

9:30-10:30am
Peter Sarnak: The generalized Ramanujan conjectures

11:00am-noon
Bertram Kostant: Macdonald’s eta function formula and Peterson’s Borel abelian
ideal theorem

2:00-3:00pm
Dennis Gaitsgory: Uhlenbeck compactification of the moduli space of G-bundles on
an algebraic surface

3:30—4:30pm
Anatoly Vershik: Gel’fand—Zetlin bases, virtual groups, harmonic analysis on infinite
dimensional groups

4:45-5:45pm
Joseph Bernstein: Estimates of automorphic functions and representation theory



Talk Given at the Dinner at Royal East Restaurant
on September 3, 2003

Israel M. Gelfand
(Transcribed by Tatiana Alekseyevskaya)

It is a real pleasure to see all of you. I was asked many questions. I will try to answer
some of them.

e The first question is, “Why at my age I can work in mathematics?”
¢ The second, “What must we do in mathematics?”’
¢ And the third, “What is the future of mathematics?”’

I think these questions are too specific. I will instead try to answer my own question:
e “What is mathematics?”’ (Laughter.)

Let us begin with the last question: What is mathematics?

From my point of view, mathematics is a part of our culture, like music, poetry
and philosophy. I talked about this in my lecture at the conference. There, I have
mentioned the closeness between the style of mathematics and the style of classical
music or poetry. I was happy to find the following four common features: first,
beauty; second, simplicity; third, exactness; fourth, crazy ideas. The combination
of these four things: beauty, exactness, simplicity and crazy ideas is just the heart
of mathematics, the heart of classical music. Classical music is not only the music
of Mozart, or Bach, or Beethoven. It is also the music of Shostakovich, Schnitke,
Shoenberg (the last one I understand less). All this is classical music. And I think,
that all these four features are always present in it. For this reason, as I explained
in my talk, it is not by chance that mathematicians like classical music. They like it
because it has the same style of psychological organization.

There is also another side of the similarity between mathematics and classical
music, poetry, and so on. These are languages to understand many things. For
example, in my lecture I discussed a question which I will not answer now, but I
have the answer: Why did great Greek philosophers study geometry? They were
philosophers. They learned geometry as philosophy. Great geometers followed and
follow the same tradition—to narrow the gap between vision and reasoning. For
example, the works of Euclid summed up this direction in his time. But this is
another topic.
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An important side of mathematics is that it is an adequate language for different
areas: physics, engineering, biology. Here, the most important word is adequate
language. We have adequate and nonadequate languages. I can give you examples
of adequate and nonadequate languages. For example, to use quantum mechanics
in biology is not an adequate language, but to use mathematics in studying gene
sequences is an adequate language. Mathematical language helps to organize a lot of
things. But this is a serious issue, and I will not go into details.

Why this is issue important now? It is important because we have a “perestroika”
in our time. We have computers which can do everything. We are not obliged to be
bound by two operations—addition and multiplication. We also have a lot of other
tools. I am sure that in 10 to 15 years mathematics will be absolutely different from
what it was before.

The next question was: How can I work at my age? The answer is very simple.
I am not a great mathematician. I speak seriously. I am just a student all my life.
From the very beginning of my life I was trying to learn. And for example now, when
listening to the talks and reading notes of this conference, I discover how much I still
do not know and have to learn. Therefore, I am always learning. In this sense I am a
student—never a “Fiihrer.”

I would like to mention my teachers. I cannot explain who all my teachers were
because there were too many of them. When I was young, approximately 15-16
years old, I began studying mathematics. I did not have the formal education, I never
finished any university, I “jumped” through this. Atthe age of 19, I became a graduate
student, and I learned from my older colleagues.

At that time one of the most important teachers for me was Schnirelman, a ge-
nius mathematician, who died young. Then there were Kolmogorov, Lavrentiev,
Plesner, Petrovsky, Pontriagin, Vinogradov, Lusternik. All of them were different.
Some of them I liked, some of them, I understood how good they were but I did not
agree with their—Ilet us say softly—point of view. (Laughter) But they were great
mathematicians. I am very grateful to all of them, and I learned a lot from them.

At the end, I want to give you an example of a short statement, not in mathematics,
which combines simplicity, exactness, and other features I mentioned. This is a
statement of a Nobel Prize winner, Isaac Bashevis Singer: “There will be no justice
as long as man will stand with a knife or with a gun and destroy those who are weaker
than he is.”



Mathematics as an Adequate Language

Israel M. Gelfand

Introduction

This conference is called “The Unity of Mathematics.” T would like to make a few
remarks on this wonderful theme.

I do not consider myself a prophet. I am simply a student. All my life I have
been learning from great mathematicians such as Euler and Gauss, from my older and
younger colleagues, from my friends and collaborators, and most importantly from
my students. This is my way to continue working.

Many people consider mathematics to be a boring and formal science. However,
any really good work in mathematics always has in it: beauty, simplicity, exactness,
and crazy ideas. This is a strange combination. I understood earlier that this combi-
nation is essential in classical music and poetry, for example. But it is also typical
in mathematics. Perhaps it is not by chance that many mathematicians enjoy serious
music.

This combination of beauty, simplicity, exactness, and crazy ideas is, I think,
common to both mathematics and music. When we think about music, we do not
divine it into specific areas as we often do in mathematics. If we ask a composer what
is his profession, he will answer, “I am a composer.”” He is unlikely to answer, “I am
a composer of quartets.” Maybe this is the reason why, when I am asked what kind
of mathematics I do, I just answer, “I am a mathematician.”

I'was lucky to meet the great Paul Dirac, with whom I spent a few days in Hungary.
I learned a lot from him.

In the 1930s, a young physicist, Pauli, wrote one of the best books on quantum
mechanics. In the last chapter of this book, Pauli discusses the Dirac equations. He
writes that Dirac equations have weak points because they yield improbable and even
crazy conclusions:

1. These equations assume that, besides an electron, there exists a positively charged
particle, the positron, which no one ever observed.

2. Moreover, the electron behaves strangely upon meeting the positron. The two
annihilate each other and form two photons.
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And what is completely crazy:
3. Two photons can turn into an electron—positron pair.

Pauli writes that despite this, the Dirac equations are quite interesting and especially
the Dirac matrices deserve attention.

I asked Dirac, “Paul, why, in spite of these comments, did you not abandon your
equations and continue to pursue your results?”’

“Because, they are beautiful.”

Now it is time for a radical perestroika of the fundamental language of mathe-
matics. I will talk about this later. During this time, it is especially important to
remember the unity of mathematics, to remember its beauty, simplicity, exactness
and crazy ideas.

It is very useful for me to remind myself than when the style of music changed
in the 20th century many people said that the modern music lacked harmony, did not
follow standard rules, had dissonances, and so on. However, Shoenberg, Stravin-
sky, Shostakovich, and Schnitke were as exact in their music as Bach, Mozart, and
Beethoven.

1 Noncommutative multiplication

We may start with rethinking relations between the two simplest operations: addition
and multiplication.

Traditional Arithmetic and Algebra are too restrictive. They originate from a
simple counting and they describe and canonize the simplest relations between per-
sons, groups, cells, etc. This language is sequential: to perform operations is like
reading a book, and the axiomatization of this language (rings, algebras, skew-fields,
categories) is too rigid. For example, a theorem by Wedderburn states that a finite-
dimensional division algebra is always commutative.

1.1 Noncommutative high-school algebra

For twelve years, V. Retakh and I tried to understand associative noncommutative
multiplication. This is the simplest possible operation: you operate with words in
a given alphabet without any brackets and you multiply the words by concatena-
tion. Part of these results are described in a recent survey, “Quasideterminants,” by
L. Gelfand, S. Gelfand, V. Retakh, and R. Wilson. I would say that noncommutative
mathematics is as simple (or, even more simple) than the commutative one, but it is
different. It is surprising how rich this structure is.
Take a quadratic equation

x2+px+q=0

over a division algebra. Let x1, x» be its left roots, i.e., xl.2 +pxi+q=0,i=1,2.
You cannot write —p = x| + x2, ¢ = x1x2 as in the commutative case. To have
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the proper formulas, we have to give other clothes to x; and x,. Namely, assume
that the difference is invertible and set x21 = (x1 — x2)x1(x1 — xz)_l, X1 =
(xp — x1)x2(xp — xl)_l. Then

=P =X12+ X1 =X2,1 + X2,

q = X1,2X1 = X2,1X2.

To generalize this theorem to polynomials of the nth degree with left roots

X1, ..., %n, we need to find “new clothes” for these roots by following the same
pattern. For any subset A C {1,...,n}, A = (i1,...,in),andi ¢ A, we introduce
pseudo-roots x4 ;. They are given by the formula
—1
XA, = V(Xips vevs Xigys X)X V(Xiyy ooy Xiys Xi) 70
where v(x;, ..., x;,, x;) is the Vandermonde quasideterminant, v(x;) = 1,
m m m
xpt x|
V(Xips eves Xiyyy Xi) =
Xiy ooo Xip,  Xi
1 ... 1 1
Suppose now thatroots x1, . . ., x,, are multiplicity free, i.e., the differences x4 ; —
xa,j are invertible forany Aandi ¢ A, j ¢ A,i # j.
Let xy, ..., x, be multiplicity free roots of the equation

X" a4 4a, =0.
Let (i1, ...,i,) be an ordering of 1, ..., n. Set X;, = x(i,.. i Li-k=1,...,n.
Theorem.

—ay =X, + -+ X,
ar = E Xi, Xiy
p>q

a, = (—1)"iin .. .)Z,-] .
These formulas lead to a factorization
P@t) =t — %)t — %) ... (t = X)),

where P(7) = " + a;#"~! + --- 4+ a, and ¢ is a central variable.

Thus, if the roots are multiplicity free, then we have n! different factorizations
of P(t). In the commutative case we also have n! factorizations of P (¢) but they all
coincide.

The variables x4 ; satisfy the relations
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XAUi},j T XA,i = XAU(j}i T XA, ),

XAU(i}, jXA,i = XAU(j},iXA,j

fori ¢ A, j ¢ A.

The algebra generated by these variables and these relations is called Q,. This
is a universal algebra of pseudo-roots of noncommutative polynomials. By going to
quotients of this algebra, we may study special polynomials, for example, polynomials
with multiple roots when x4 ; = x4, j forsomei, j and A. Evento a trivial polynomial
x"* there corresponds an interesting quotient algebra QS of Q,. For example, Q(z) is
a nontrivial algebra with generators x1, x, and relations x12 = x% =0.

Note that Q,, is a Koszul (i.e., “good”) algebra and its dual also has an interesting
structure.

1.2 Algebras with two multiplications

Sometimes a simple multiplication is a sum of two even simpler multiplications.
A good example is the algebra of noncommutative symmetric functions studied by
V. Retakh, R. Wilson, myself, and others. In the notation of Section 1.1, this algebra
can be described as follows. Let x, ..., x, be free noncommuting variables. Let
i1,...,ipbeanorderingof 1, ..., n. Define elements X; , ..., X;, as above. Let Sym
be the algebra of polynomials in X;,, ..., X;, which are symmetric in x1, ..., x, as
rational functions. The algebra Sym does not depend on an ordering of 1, ..., n, and
we call it the algebra of noncommutative symmetric functions in variables x1, ..., x;.
To construct a linear basis in algebra Sym, we need some notation. Let w =
ap, - ..ap, be a word in ordered letters a; < --- < a,. An integer m is called a
descent of wif m < k and p,;, > pm+1. Let M (w) be the set of all descents of w.
Choose any ordering of xi,...,x,, say, x| < x2 < --- < x,. For any set

J =(ji1,..., jk), define
Ry = Zipl X ps

where the sum is taken over all words w = x, ...xp,, such that M(w) = {ji, ji +
J2o i+ 2+ A+ k-

The polynomials R; are called ribbon Schur functions; they are noncommutative
analogues of commutative ribbon Schur functions introduced by MacMahon.

One can define two multiplications on noncommutative ribbon Schur functions.

Letl = (i17"'5ir)’J= (j17""j3)‘ SetI+J= (i17"'5ir717ir+j]aj27‘-'5jS)7
L-J =1, o=ty dr, 1o J2, s Js)-
Set

Ry *1 Ry = Ry4y, Ry* Ry =Ry.y.

The multiplications *j and *; are associative and their sum equals the standard mul-
tiplication in Sym. In other words,

RiR; =R+ + Rpy.

In fact, the algebra Sym is freely generated by one element X + - - - + X, and two
multiplications *; and ;.
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Two multiplications also play a fundamental role in the theory of integrable sys-
tems of Magri-Dorfman—Gelfand—Zakharevich. The theory is based on a pair of
Poisson brackets such that any linear combination of them is a Poisson bracket. The
Kontsevich quantization of this structure gives us a family of associative multiplica-
tions.

I think it is time to study several multiplications. It may bring a lot of new
connections.

1.3 Heredity versus multiplicativity

An important problem both in pure and applied mathematics is how to deal with
block-matrices. Attempts to find an adequate language for this problem go back to
Frobenius and Schur. My colleagues and I think that we found an adequate language:
quasideterminants. Quasideterminants do not possess the multiplicative property of
determinants but unlike commutative determinants they satisfy the more important
Heredity Principle: Let A be a square matrix over a division algebra and (A;;) ablock
decomposition of A. Consider A;;s as elements of a matrix X. Then the quasideter-
minant of X will be a matrix B, and (under natural assumptions) the quasideterminant
of B is equal to a suitable quasideterminant of A. Maybe instead of categories, one
should study structures with the Heredity Principle.

The determinants of multidimensional matrices also do not satisfy the multiplica-
tive property. One cannot be too traditional here nor be restrained by requiring the
multiplicative property of determinants. I think we have found an adequate language
for dealing with multidimensional matrices. (See the book Discriminants, Resultants
and Multidimensional Determinants by 1. Gelfand, M. Kapranov, and A. Zelevin-
sky.) A beautiful application of this technique connecting multilinear algebra and
classical number theory was given in the dissertation “Higher composition laws” by
M. Bhargava. I predict that this is just a beginning.

2 Addition and multiplication

The simplicity of the relations between addition and multiplication is sometimes
illusory. A free abelian group with one generator (denoted 1) and with operation of
addition and a free abelian monoid with infinitely many generators and with operation
of multiplication (called prime numbers) are the simplest objects one can imagine,
but their “marriage” gives us the ring of integers Z.

And even Gross, Iwaniec, and Sarnak cannot answer all questions about the mys-
teries of the ring of integers—solving the Riemann hypothesis, for example.

The great physicist Lev Landau noticed, “I do not understand why mathematicians
try to prove theorems about addition of prime numbers. Prime numbers were invented
to multiply them and not to add.” But for a mathematician, the nature of addition of
prime numbers is a key point in understanding the relations between two operations:
addition and multiplication.
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Note that theories like Minkowski mixed volumes and valuations are very inter-
esting forms of addition.

The invention of different types of canonical bases (Gelfand—Zetlin, Kazhdan—
Lusztig, Lusztig, Kashiwara, Berenstein—Zelevinsky) are, in fact, attempts to relate
addition and multiplication. Many good bases have a geometric nature, i.e., they are
related or they should be related to triangulations of some polyhedra.

Another attempt is the invention of matroids by Whitney. Whitney tried to axiom-
atize a notion of linear independence for vectors. This gives interesting connections
between algebra and combinatorial geometry. I will talk about this later.

Algebraic aspects of different types of matroids, including Coxeter matroids in-
troduced by Serganova and me, are discussed in a recent book, Coxeter Matroids, by
A. Borovik, I. Gelfand, and N. White. But this is just a beginning. In particular, we
have to invent matroids in noncommutative algebra and geometry.

3 Geometry

Geometry has a different nature compared to algebra; it is based on a global perception.
In geometry we operate with images like TV images. I do not understand why our
students have trouble with geometry: they are watching TV all the time. We just
need to think how to use it. Anyway, images play an increasingly important role
in modern life, and so geometry should play a bigger role in mathematics and in
education. In physics this means that we should go back to the geometrical intuition
of Faraday (based on an adequate geometrical language) rather than to the calculus
used by Maxwell. People were impressed by Maxwell because he used calculus, the
most advanced language of his time.

Many talks in this conference (Dijkgraaf, Nekrasov, Schwarz, Seiberg, Vafa) are
devoted to a search for proper geometrical language in physics. And never forget
E. Cartan, and always learn from Atiyah and Singer.

3.1 Matroids and geometry

I want to mention only one part of geometry, combinatorial geometry, and give you
only two examples. One is a notion of matroids. I became interested in matroids
when I understood that they give an adequate language for the geometry of hyper-
geometric functions by S. Gelfand, M. Graev, M. Kapranov, A. Zelevinsky, and me.
With R. Macpherson, I used matroids for a combinatorial description of cohomology
classes of manifolds. Continuing this line, Macpherson used oriented matroids for a
description of combinatorial manifolds. We should also have a similar theory based
on symplectic and Lagrangian matroids.

In particular, we should have a good “matroid” description for Chern—Simon
classes.
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3.2 Geometry and protein design

Another example is my work with A. Kister, “Combinatorics and geometrical struc-
tures of beta-proteins.” Step by step, analyzing real structures, we are trying to create
an adequate language for this subject. It is a new geometry for live objects.

4 Fourier transforms and hypergeometric functions

In our search of an adequate language, we should not be afraid to challenge the clas-
sics, even such classics as Euler. Quite recently we realized that our approach to
hypergeometric functions can be based on the Fourier transform of double exponents

. V=1t . .
like e*¢ , where x and w are complex and 7 is a real number. The Fourier trans-
forms of such functions are functionals over analytic functions. For example, let

F(x, w, 7) be the Fourier transform of the double exponent e"eﬁwt. Then

-k
(Fx.0.2.9() = Y 1o (ko).
k=0 "

We may define the action of F(x, w, z) as ¢ — Y Res[f(2)¢(z)], where f(z) is a
meromorphic function with simple poles in kw, k =0, 1,2, ....

The function f(z) is defined up to addition of an analytic function. As a repre-
sentative of this class, we may choose the function

2oxko

FO (-xv w, Z) = T )
!
= k!'z+ ko
or the function
(=) /T 2/ w).
We believe now that the function I'¢ should replace the Euler function I' in the theory
of hypergeometric functions, but this work with Graev and Retakh is in progress.

S Applied mathematics, nonlinear PDEs, and blowup

My search for an adequate language is based in part on my work in applied mathemat-
ics. Sergey Novikov called me somewhere, “an outstanding applied mathematician.”
I take it as a high compliment. I learned the importance of applied mathematics from
Gauss. I think that the greatness of Gauss came in part because he had to deal with
real-world problems like astronomy and so on and that Gauss admired computations.
For example, I found recently that Gauss constructed the multiplication table for
quaternions thirty years before Hamilton.

By the way, [remember my “mental conversation” with Gauss. WhenIdiscovered
Fourier transforms of characters of abelian groups, I had an idea that now I can make
a revolution with Gauss sums and to change number theory. I even imagined telling
this to Gauss. And then I realized that Gauss probably would tell me, “You young
idiot! Don’t you think that I already knew it when I worked with my sums?”’
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5.1 PDEs and Hironaka

Working as an applied mathematician, I realized the importance of the resolution of
singularities while working with nonlinear partial differential equations in the late
1950s. I understood that we have to deal with a sequence of resolutions (blowups)
by changing variables and adding new ones. So, I was fully prepared to embrace the
great result of Hironaka. We studied his paper for a year. Hironaka’s theorem seems
to have nothing to do with nonlinear PDEs. But for me it just shows the unity of
mathematics.

Let me emphasize here that we still do not have a “Hironaka’ theory for nonlin-
ear PDEs.

5.2 Tricomi equation

When the books by Bourbaki started to appear in Moscow, I asked, “In which volume
will a fundamental solution of the Tricomi equation be published?”” Bourbaki did not
publish this volume, and it is time to do it myself.

The Tricomi equation is

8u n 8u y
Y ax2  ayr U
It is elliptic for y > 0 and hyperbolic for y < 0. With J. Barros-Neto, we found
fundamental solutions for the Tricomi equation, continuing works by Leray, Agmon,
and others.

Acknowledgments. 1am grateful to Tanya Alexeevskaya and Tanya Gelfand for their help with
the introduction, and to Vladimir Retakh for his help with the mathematical section.
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1 Introduction

The theme of this conference is “The Unity of Mathematics,”” embodying the attitude
of Gel’fand himself as demonstrated in the wide range of his many original works. I
share this outlook and am happy to describe one of the most fascinating examples, rep-
resenting the unity of mathematics and physics. The speakers were also encouraged
to look to the future and not be afraid to speculate—again, characteristics of Gel’fand.
In my case, this is perhaps an unnecessary and even dangerous injunction, since my
friends feel that I am already too much inclined to wild speculation, and very rash
enthusiasm should be dampened down instead of