




Modern Birkhäuser Classics

Many of the original research and survey monographs in pure and 

applied mathematics published by Birkhäuser in recent decades 

have been groundbreaking and have come to be regarded as found-

ational to the subject. Through the MBC Series, a select number of 

these modern classics, entirely uncorrected, are being re-released 

in paperback (and as eBooks) to ensure that these treasures remain 

accessible to new generations of students, scholars, and resear-

chers.



Visions in Mathematics
GAFA 2000 Special Volume, Part I

N. Alon

J. Bourgain

A. Connes

M. Gromov

V. Milman

Editors

Birkhäuser

Reprint of the 2000 Edition



Editors:

N. Alon

School of Mathematical Sciences

University of Tel Aviv

Tel Aviv 69978

Israel

e-mail: nogaa@math.tau.ac.il

A. Connes

Collège de France

3, rue d‘Ulm

75231 Paris cedex 05

France

e-mail: alain@connes.org

V. Milman

Department of Mathematics

University of Tel Aviv

Tel Aviv 69978

Israel

e-mail: milman@post.tau.ac.il

J. Bourgain

School of Mathematics 

Institute for Advanced Study

Princeton University

Princeton, NJ 08540

USA

e-mail: bourgain@math.ias.edu

M. Gromov

Institut des Hautes Études Scientifiques

35, Route de Chartres

91440 Bures-sur-Yvette

France

e-mail: gromov@ihes.fr

2000 Mathematics Subject Classification 35-02, 37-02, 00A05, 00A79, 01A67, 

17B37, 42B20, 53C23, 76F55, 82C03

Library of Congress Control Number: 2010920640

Bibliographic information published by Die Deutsche Bibliothek

Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbiblio grafie; 

detailed bibliographic data is available in the Internet at <http://dnb.ddb.de>.

ISBN 978-3-0346-0421-5 

This work is subject to copyright. All rights are reserved, whether the whole or 

part of the material is concerned, specifically the rights of translation, reprinting, 

re-use of illustrations, broadcasting, reproduction on microfilms or in other ways, 

and storage in data banks. For any kind of use whatsoever, permission from the 

copyright owner must be obtained.

© 2010 Birkhäuser, Springer Basel AG

P.O. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced of chlorine-free pulp. TCF ∞

ISBN 978-3-0346-0421-5    e-ISBN 978-3-0346-0422-2

9 8 7 6 5 4 3 2 1 www.birkhauser.ch

Originally published under the title “Visions in Mathematics. Towards 2000”  

as Special Volume, Part I, pp. 1-453 of the Journal “GAFA Geometric And  

Functional Analysis” by Birkhäuser Verlag, Switzerland, ISSN 1016-443X  

© 2000 Birkhäuser Verlag, P.O. Box 133, CH-4010 Basel, Switzerland









S. Bloch

J. Bourgain

J. Fröhlich

W. T. Gowers

M. Gromov

V. Kac

D. Kazhdan

GAFA2000 
Tel Aviv, Israel



A. Kupiainen

S. Klainerman Y. Ne’eman

S. Novikov

Ya. G. Sinai

E. M. Stein

E. H. Lieb

L. Lovász



























































































































































































































































(s)

(s')
S 

2

S (s')

(s)
s'

s

























R'
R






































































































































































































































































































































































































































































































































































































































































	Cover
	Visions in MathematicsGAFA 2000 Special Volume, Part I
	ISBN 9783034604215
	Table of Contents
	Foreword
	Visions in Mathematics - Towards 2000 Scientific Program
	GAUB-MANIN DETERMINANT CONNECTIONS AND PERIODS FOR IRREGULAR CONNECTIONS
	1 Introduction
	2 The Conjecture
	3 The Fourier Transform
	4 Kloosterman Sheaves
	5 Periods

	PROBLEMS IN HAMILTONIAN PDE'S
	1 Introduction
	2 Two Hamiltonian Models
	3 The Cauchy Problem
	4 Singularity Formation for NLS
	5 Periodic Boundary Conditions
	6 Invariant Measures
	7 KAM Tori and Nekhoroshev Stability
	References

	ON A CLASSICAL LIMIT OF QUANTUM THEORY AND THE NON-LINEAR HARTREE EQUATION
	1 General Perspective, Description of the Problem
	2 Large Systems of Non-Relativistic Bosons
	3 NL Hartree Equations as a Hamiltonian System
	4 The Point-Particle Limit of the NL Hartree Equations with Attractive Two-Body Forces
	5 More About Open Problems, Conclusions
	References

	ROUGH STRUCTURE AND CLASSIFICATION
	1 Introduction
	2 Will Mathematics Exist in 2009?
	3 Rough Structure and Classification, and Related Problems
	4 A Further Selection of Problems
	References

	SPACES AND QUESTIONS
	1 Dawn of Space
	2 Spirit of Riemann
	3 K >< 0 and Other Metric Stories
	4 Life Without Metric
	5 Symbolization and Randomization
	References

	CLASSIFICATION OF INFINITE-DIMENSIONAL SIMPLE GROUPS OF SUPERSYMMETRIES AND QUANTUM FIELD THEORY
	Introduction
	1 Lie's Problem and Cartan's Theorem
	2 Statement of the Main Theorem
	3 Explanation of the  Proof of Theorem 1
	4 Construction of Exceptional Linearly Compact Lie Superalgebras
	5 Classification of Superconformal Algebras
	6 Representations of Linearly Compact Lie Superalgebras
	7 Fundamental Particle Multiplets
	8 Speculations and Visions
	References

	GEOMETRIZATION IN REPRESENTATION THEORY
	References

	GEOMETRIC AND UNIPOTENT CRYSTALS
	1 Introduction
	2 Definitions and Main Results on Geometric Crystals
	2.1 General notation.
	2.2 geometric pre-crystals and geometric crystals.
	2.3 The geometric crystal Xwo.
	2.4 Positive geometric crystals and their tropicalization.
	2.5 Trivialization of geometric crystals.

	3 Unipotent Crystals
	3.1 Definition of unipotent crystals and their product.
	3.2 From unipotent G-crystals to unipotent L-crystals.
	3.3 From unipotent G-crystals to geometric L-crystals.
	3.4 Positive unipotent crystals and duality
	3.5 Diagonalization of the productions of unipotent crystals.

	4 Examples of Unipotent Crystals
	4.1 Standard unipotent crystals.
	4.2 Multiplication of standard unipotent crystals.
	4.3 W-invariant functions on standard unipotent G-crystals.
	4.4 Positive structures on standard unipotent crystals.
	4.5 Duality and symmetries for standard unipotent crystals.

	5 Proofs
	5.1 Proofs of results in section 2.
	5.2 Proof of the results in section 3.
	5.3 Proof of results in section 4.

	6 Projections of Bruhat Cells to the Parabolic Subgroups
	6.1 General facts on projections.
	6.2 Example of the projection for G = GL m+n.

	7 Appendix: Combinatorial Pre-crystals and W -crystals
	References

	Y-FUNCTIONS OF REPRESENTATIONS AND LIFTING
	1 Introduction and Statement of the Results
	1.1 The Langlands program and the lifting.
	1.2 -functions.
	1.3 The Fourier transform Fp.
	1.4 Local L-functions.
	1.5 Conjectural applications to automorphic L-functions.
	1.6 Application to lifting.
	1.7 Idea of the construction of Op.
	1.8
	1.10 Acknowledgments.

	2 Lifting
	2.1 Unramified lifting.
	2.2 The global lifting.

	3 Gamma-functions and Bernstein's Center
	3.1 Bernstein's center
	3.4 Rational functions on Irr(G).
	3.5 -regular central elements.
	3.7 -compact distributions.
	3.12 Lifting and the distributions  w,p.
	3.14 Compatibility with induction.
	3.16
	3.18 -functions determine the lifting.
	3.19

	4 The Case of Split Tori
	4.1 Lifting for split tori.
	4.2 -functions for split tori.
	4.4 The Fourier transform Fp.
	4.6 The function Cp.
	4.8 The semigroup Tp.
	4.11 Mellin transform.

	5 Local Spaces of Functions
	5.1 Saturations.
	5.2 C-version.
	5.3 The Fourier transform Fp.
	5.5 The semigroup Gp.
	5.6 The space Sp(G).
	5.7 The function Cp.
	5.7.1 The Satake transform.
	5.7.2 The function Cp.

	5.10 Local L-functions.

	6 The Poisson Summation Formula
	7 ''Algebraic'' Integrals over Local Fields
	7.1 Locally integrable functions.
	7.4 Algebraic-geometric distributions.
	7.8 Reduction of algebro-geometric distributions.
	7.10 W-equivariant distributions.

	8 The Case of G(m, n) and its Applications
	8.1 The case m=2.
	8.7 The case of G(n, m).
	8.10 -functions.
	8.12 Lifting from non-split tori.

	9 The Case of Finite Fields
	9.1 Notation.
	9.2 -functions for GL(n).
	9.2.1 The main result.
	9.3.1 Character sheaves.

	9.7 The case of arbitrary group.
	9.9.1 The perverse sheaf p,.
	9.10.1 The action of p in R,w.


	10 Appendix (by V . Vologodsky)
	10.1 Notation.

	References

	PDE AS A UNIFIED SUBJECT
	Introduction
	Between Mathematics and Physics
	The Main Equations
	The Problem of Breakdown
	The Problem of Well-posedness for Nonlinear Epuations
	References

	LESSONS FOR TURBULENCE
	1 Navier-Stokes Equations and Turbulence
	2 The Initial Value Problem
	3 Statistical Hydrodynamics
	4 Universality
	5 Random Advection
	References

	THE MATHEMATICS OF THE SECOND LAW OF THERMODYNAMICS
	1 A Guide to Entropy and the Second Law of Thermodynamics [LiY2]
	2 Some Speculations and Open Problems
	References

	DISCRETE AND CONTINUOUS: TWO SIDES OF THE SAME?
	1 Introduction
	2 Discrete in Continuous and Continuous in Discrete
	2.1 Marriage and measures
	2.2 Disjoint subsets and topology.

	3 Optimization; Discrete, Linear, Semidefinite
	3.1 Polyhedral combinatorics.
	3.2 Semidefinite optimization.

	4 Discrepancy Theory
	5 The Laplacian
	5.1 Random walks.
	5.2 The Cage theorem and conformal mappings.
	5.3 Colin de Verdiere's invariant.

	References

	PYTHAGOREAN AND PLATONIC CONCEPTIONS IN XXTH CENTURY PHYSICS
	1 Introduction: Why Start in Greece?
	2 Greek ''Meta-science'' as Distinguished from Greek Science
	3 Pythagoreanisms, as induced by Quantum Mechanics
	4 The First Geometrization (Relativity): Global (1905) and Local (1915) Phases
	5 Extending the Geometry so as to Include Local ''Internal'' Symmetries (Creation of the Means, in an Early Attempt at Unification)
	6 The Second Geometrization (Gauge Theories): Global and Quasi-local Phase (1955-1966)
	7 The Second Geometrization's Local Phase: (a) QCD (1973)
	8 The Second Geometrization's Local Phase: (b) the Electroweak Theory (1967-1982)
	9 The Standard Model and Beyond: Towards a Third Geometrization?
	References

	1. CLASSICAL AND MODERN TOPOLOGY 2. TOPOLOGICAL PHENOMENA IN REAL WORLD PHYSICS
	1 Classical and Modern Topology
	2 Topological Phenomena in Real World Physics
	References

	SOME PROBLEMS IN THE THEORY OF DYNAMICAL SYSTEMS AND MATHEMATICAL PHYSICS
	1 Generically Quasi-periodic and Hyperbolic Dynamics are the Only Structurally Stable Types of Dynamics
	2 Qualitative Theory of PDE and Infinite-Dimensional Systems
	3 Quantum Chaos and Anderson Localization
	References

	SOME GEOMETRICAL CONCEPTS ARISING IN HARMONIC ANALYSIS
	1 ''Classical Theory''
	2 Extensions; The Setting
	3 Control Metric and Associated Singular Intergrals
	4 The Conflict of Metrics; First Example
	5 The Conflict of Metrics; Second Example
	6 A New Viewpoint
	7 A New Viewpoint, II
	8 Some Aspects of a General Theory
	References


