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THE SPACE AND MOTION OF
COMMUNICATING AGENTS

The world is increasingly populated with interactive agents distributed in space, real
or abstract. These agents can be artificial, as in computing systems that manage
and monitor traffic or health; or they can be natural, e.g. communicating humans,
or biological cells. It is important to be able to model networks of agents in order
to understand and optimise their behaviour. Robin Milner’s purpose is to describe
in this book just such a model, and he does so by presenting a unified and rigorous
structural theory, based on bigraphs, for systems of interacting agents. This theory
is a bridge between the existing theories of concurrent processes and the aspirations
for ubiquitous systems, whose enormous size challenges our understanding.

The book begins with an assessment of the problems that a structural model for
distributed communicating systems must address. Bigraphs are introduced first
informally, then rigorously, before being used to describe the configuration of com-
ponent agents. The static theory of Part I gives way in Part II to examining the
dynamics of interactions, leading to the notion of behavioural equivalence and its
consequences.

The final Part explores a number of developments, in particular with regard
to ubiquitous computing and biological systems. Ideas for future research and
applications are presented. The book is reasonably self-contained mathematically,
and is designed to be learned from: examples and exercises abound, solutions for
the latter are provided.

Like Milner’s other work, this is destined to have far-reaching and profound
significance.
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Prologue

The informatic challenge

Computing is transforming our environment. Indeed, the term ‘computing’ de-
scribes this transformation too narrowly, because traditionally it means little more
than ‘calculation’. Nowadays, artifacts that both calculate and communicate per-
vade our lives. It is better to describe this combination as ‘informatics’, connoting
not only the passive stuff (numbers, documents, ...) with which we compute, but
also the activity of informing, or interacting, or communicating.

The stored-program computer, which sowed the seeds of this transformation 60
years ago, is itself a highly organised informatic engine specialised to the task of
calculation. Computers work by internal communication among their parts; no-
one expected that, within half a century, most of their work — bar highly specialised
applications — would involve external communication. But within 25 years arose
networks of interacting computers; the control of interaction then became a prime
concern. Interacting systems, such as the worldwide web or networks of people with
phones, are now commonplace; software takes part in them, but most prominent is
communication, not calculation.

These artifacts will be everywhere. They will control driverless motorway traf-
fic, via communication among sensors and effectors at the roadside and in vehicles;
they will monitor and treat our health via communication between devices installed
in the human body and software in hospitals. Thus the term ‘ubiquitous computing’
represents a vision that is being realised.! In 1994 Mark Weiser, a pioneer of this
vision, wrote2

Populations of computing entities will be a significant part of our environment, performing
tasks that support us, and we shall be largely unaware of them.

1 The terms ‘ubiquitous’ and ‘pervasive’ mean roughly the same when applied to computing. I shall only use
‘ubiquitous’.
2 Citations of related work will be found in Chapter 12.

iX



X Prologue

This suggests that informatic behaviour is just one of the kinds of phenomena that
impinge upon us. Other kinds are physical, chemical, meteorological, biological,
..., and we have a good understanding of them, thanks to an evolved culture of
scientific concepts and engineering principles. But understanding still has to evolve
for the behaviour of a population of informatic entities; we have not the wisdom to
dictate the appropriate concepts and principles once and for all, however well we
understand the individual artifacts that make up the population.

This understanding is unlikely to evolve in large steps. The qualities we shall
attribute to ubiquitous systems are extraordinarily various and complex. Such a
system, or its component agents, will be self-aware, possess beliefs about their en-
vironments, possess goals, enter negotiation to achieve goals, and be able to adapt
to changing circumstances without human intervention. Here is an incomplete list
(in alphabetical order) of concepts or qualities, all of which will be used to specify
and analyse the behaviour of ubiquitous systems:

agent, authenticity, belief, connectivity, continuous space, data protection, delegation, duty,
encapsulation, failure management, game theory, history, knowledge, intelligence, inten-
tion, interaction, latency, locality, motion, negotiation, protocol, provenance, route, secu-
rity, self-management, specification, transaction, trust, verification, workflow.

Much has been written about principles and methods of system design that can
realise these qualities, and much experimental work done in that direction. That
body of work is one part of the background for this book, and is discussed in greater
detail — with citations — in Chapter 12.

The design task for ubiquitous systems is all the harder because they will be
at least an order of magnitude larger than present-day software systems, and even
these have often been rendered inscrutable by repeated ad hoc adaptation. Yet ubiq-
uitous systems are expected to adapt themselves without going offline (since we
shall depend upon their continuous operation). Itis therefore a compelling scientific
challenge to understand them well enough to gain confidence in their performance.
This has been adopted as one of the Grand Challenges for Computing Research by
the UK Computing Research Committee.

Looking at our list of system qualities in greater detail, we notice that some
are more sophisticated, or ‘higher-level’, than others. Some, such as trust, are
properties normally attributed to humans, not to artifacts. But when an assertion
such as ‘A trusts B’ is made at a high level of modelling, we expect it to be realised
at alower level by A’s behaviour; for example, A may grant B’s requests on the basis
of evidence of B’s past behaviour.? If a stratification of modelling can be achieved
by such realisations, then the task of description and design of ubiquitous systems
will become tractable.

3 A behaviourist philosopher might insist that this is the meaning of ‘A trusts B’, even for humans.
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To model ubiquitous systems of artifacts will be hard enough. But, as the
reader may already be thinking, such systems will also contain natural organisms.
They will occur at dramatically different levels; we already mentioned people with
phones, and we should also include more elementary biological entities. We should
seek to model not only interactive behaviour among artificial agents, but also inter-
action with and among natural agents. Ultimately our informatic modelling should
merge with, and enrich, natural science.

Space

Where can we start, in building a stratified model of ubiquitous systems? The key
term here is ‘stratified’. The agents of a ubiquitous system stand to it in the same re-
lation as musical instruments stand to an orchestra. Instruments existed long before
orchestras; how to combine them in groups and then into the whole would have
puzzled the early virtuosi of each instrument. It would have gradually emerged
how the physical qualities of each instrument would combine to realise qualities of
the group; for example, how the tone-colours of different wind instruments would
yield the more abstract quality of tenderness, or of humour, in a wind quartet. Thus
gradually emerges the huge spectrum of qualities of a whole orchestra.

Where this analogy becomes strained is in the brute fact of size; a ubiquitous
system will involve millions of agents, whereas an orchestra has a mere hundred
instruments.

Let us return to stratification. In a ubiquitous system, a quality attributed to a
larger subsystem must be realised by simpler properties of smaller subsystems or
of individual components. This realisation, in turn, surely depends on how the
system and its subsystems are constructed. So, to realise system qualities, we must
first understand possible structures for ubiquitous systems. We may be grateful for
this conclusion; it poses a challenge more accessible than that of realising human-
like qualities in a machine. Structure is itself difficult, especially for systems that
will reorganise their own structure. But one can at least make proposals about the
possible ingredients of structure, without being bewildered by the immense range
of behavioural qualities that it will support.

This book works out such a proposal. It starts from the recognition that a no-
tion of discrete space is shared by existing informatic science on the one hand
and imminent ubiquitous systems on the other. This space involves just three of
the concepts listed above: agent, locality and connectivity. When we come to
reconfiguration of the space we must consider two more of those concepts: motion
and interaction.

At this point, the reader may object: ‘How can you be sure that we can base our
understanding of system behaviour on these concepts? You aim to explain systems
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that have some of the intelligence of humans, and these chosen concepts are at the
level of the basic structure of matter! Your proposal is analogous to claiming that
we can base our understanding of the brain on chemistry.” The simple answer is:
I am not sure that these concepts are sufficient; but I do claim they are necessary.
Brain researchers are faced with a task harder than ours in many ways; but they are
fortunate that much chemistry was known before brain research began. We, on the
other hand, have work to do to formulate the analogue of chemistry for ubiquitous
systems.

Let us now turn to discussing a space of agents, based upon locality and con-
nectivity. Since these ideas pervade the whole book, we shall denote them by the
simpler words placing and linking. It is instructive to reflect how placing and link-
ing run through existing informatics. Even before the stored-program computer,
calculation depended on ways to organise space — not the space of Euclidean ge-
ometry, but a discrete space involving properties like adjacency and containment.
Arabic numerals use one-dimensional placing to represent the power of digits; this
allows two-dimensional placing to be used to arrange data in the basic numerical
algorithms — addition, multiplication, and so on. Algorithms for solving differen-
tial equations with a manual calculator deployed the use of placing for data and
calculation in sophisticated ways.

In stored-program computers the space became more refined. Programs use one
storage register to ‘point at’ another; that is, an integer variable is used to index
through a sequence of elements (where previously a human calculator would run
his or her finger through the sequence). Thus linking became distinct from simple
properties of placing, such as adjacency or containment. Placing and linking became
independent; for example, an element placed within an array can be linked to
something else occupying a distant place.

It is striking that wireless networks allow us similarly to think of linking as
independent of physical placing in ubiquitous systems. We assume this indepen-
dence when we describe the internet. Moreover placing and linking can be either
physical or virtual; we even mix the two within a single system, using the re-
lationships of physical entities as metaphors for relating the virtual ones. These
metaphors abound in our vocabulary for software: flow chart, location, send and
fetch, pointer, nesting, tree, etc. Concurrent computing expands the vocabulary
further: distributed system, remote procedure call, network, routing, etc.

Motion

Any model of ubiquitous systems based on placing and linking, whether of physical
or virtual entities or both, must accommodate motion and interaction. In fact it
is unsatisfactory to separate these two concepts, so I tend to conflate them. (In
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moving into a room, I can be said to interact with the room.) The picture below
illustrates a mixture of the physical with the virtual; it also shows how a system
may reconfigure itself.

It represents a change of state in which a message M moves one step closer to
its destination. The three largest nodes may represent countries, or buildings, or
software agents. In each case the sender S of the message is in one, and the receiver
R in another. The message is en route; the link from M back to S indicates that
the message carries the sender’s address. M handles a key K that unlocks a lock
L, reaching an agent A that will forward the message to R. This unlocking can
be represented by a reaction rule; such rules define how a part of the system may
change both its placing and its linking. A rule that defines the above reconfiguration
is as follows:

Here, both key and lock are virtual; but of course physical reconfiguration can
happen in the same system. For example, at any time the (physical) receiver R may
move away from her location. Can the message chase R and catch her up? Perhaps
some interaction between her and the forwarding agent A makes this possible. In-
deed, as she goes, R may construct an informatic record of her (physical) journey,
and send it back to assist the forwarding agent. So there is no doubt that a model
of space and interaction has to coordinate informatic and physical entities.

I shall show that these diagrams, and their reconfiguration, are a presentation
of a rigorous theory. I aim to develop that theory to the point that it can begin to
underlie experiments with real systems, and so form the basis for theories that deal
with the more subtle notions mentioned above, such as beliefs, self-awareness and
adaptability.
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The bigraph model

The graphical structures we have just illustrated will be called bigraphs. Like an
ordinary graph, a bigraph has nodes and edges, and the edges link the nodes. But
unlike an ordinary graph, the nodes can be nested inside one another. So a bigraph
has link structure and place structure; hence the prefix ‘bi’ in bigraph.* Bigraphs
will be introduced with more detail in Chapter 1, but a few comments will be helpful
here:

(1) The two structures — placing and linking — will be treated independently
in the basic theory of bigraphs. This accords with our observation that
both pointers in computer programs and wireless links in the real world can
arbitrarily cross place boundaries. This independence property has another
benefit; when first introduced, it was found to simplify the theory of bigraphs
dramatically.

(i) The reader may ask “What is the space in which bigraphs live and move?’
The answer is that bigraphs themselves are the space of the model. My
proposal is that this notion of space is enough to represent an enormous
range of structures. Experiment with this simple space will reveal whether
and when a more complex space is required.

(iii) A single bigraph may represent both virtual and physical entities (a country,
a message, ...). This may seem surprising, but creates no difficulty; indeed,
it is very convenient. To push our example a little further, imagine that the
receiver R is a traveller who carries a laptop in which she makes a schematic
map of the places she visits. This physical laptop is then represented by a
node in the bigraph, and the virtual structure (the map) it contains may be
represented by the contents of that node.

Generality

Let us now discuss the degree of generality achieved by bigraphs. Will they serve
as a platform for building ubiquitous systems? To answer this we must present
the bigraph model as a design tool, to be used not only for analysis but even as
a programming language; then experiments can be done to reveal its power and
generality.

But to establish the model as a candidate for this long-term role, we must first
make sure that it accommodates, or generalises, already existing theories of inter-
active agents. This shorter-term challenge is more well-defined. We must encode
4 The term ‘bigraph’, as used here, was introduced in 2001. I recently found that the term was already used then

as a synonym for ‘bipartite graph’, a well-established notion in graph theory. The meanings differ, but the use
of the same term is unlikely to cause confusion.
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each previous model — including its rules of interaction — into bigraphs. Indeed
bigraphs should not only represent the agents and reactions of previous models;
they should also provide theory that applies uniformly to those models. In other
words, bigraphs should tend to unify theories of processes.

This book gives priority to the latter challenge: to generalise existing process
models. Therefore in Chapter 12, the final chapter, I explain how bigraphs have
drawn ideas from preceding models, and were developed in order to strengthen and
generalise their theory. The result has been positive. To give perspective, I give a
brief summary here. (A little familiarity with process models will be helpful in the
next paragraph, but it can be skipped.)

Each process model (for example Petri nets, CSP, mobile ambients, m-calculus)
defines processes syntactically, and then presents its rules of interaction. Thus each
model is represented in bigraphs by two parameters: a sorting discipline — which
includes a signature — that makes the bigraphs represent the model’s formal entities,
and a set of reaction rules to represent their behaviour. These two parameters yield
a bigraphical reactive system (BRS) that is specific to the model. BRSs for several
process models are presented in the book. Often the agreement with the model is
exact; in other cases nearly exact. It is worth making specific points:

(i) For the purpose of both analysis and programming, many existing models
have a convenient algebraic (i.e. modular) representation of processes. In
bigraphs there is a uniform algebraic presentation, and this bears a close
relation to that of existing models. Thus bigraphs contribute uniformity of
expression.

(ii)) Some calculi, including CCS and the w-calculus, define what it means for
two processes to behave alike. This is called behavioural equivalence. A
typical example is bisimilarity. Such an equivalence is usually a congruence
—1i.e. itis preserved by insertion of the processes into any environment. The
proof of congruence has typically been somewhat ad hoc. Bigraphs provide
a degree of uniformity here; in bigraphs not only do we treat bisimilarity
uniformly across process calculi, but we also provide a uniform proof of
congruence.

(iii) For most of the book we retain the full independence of placing and linking;
this yields most of the results. However Section 11.3 defines uniformly a
way to relax this independence; it defines how to localise a link and thereby to
represent the binding of a name; this has allowed us to handle (for example)
the m-calculus.

Thus the aim to generalise or subsume existing process calculi serves as a fo-
cus for developing our model. But these very calculi not only aspire to an engi-
neering role, as a means to express and analyse the design of complex systems;
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they also aspire to advance the fundamental science of informatics. They repre-
sent a challenge to the models of computation that were dominant in the twentieth
century. By exposing computation as an especially disciplined form of informatic
behaviour, they have opened the way to a science of such behaviour in which the
determinacy and hierarchy found in traditional computing are the exception, not the
rule. They replace calculational structure with communicational structure.

This book can therefore be seen as advancing the science of communicational
structures. By working in the explicit model of bigraphs, I also attempt to bridge
between this science and the engineering of large future informatic systems. My
hope is that, with this foundation, models of such future systems can be built in
a principled way. To tackle substantial examples of these models in detail would
have expanded the present book unreasonably. Furthermore, to submit such models
to analysis and experiment will demand a variety of software tools based upon our
theory. Such tools are already being developed — see below under ‘Deployment’ —
and their existence will create a strong incentive to build large experimental models;
these will, in turn, subject our theory to severe test.

Modelling of the present kind aspires to build a bridge from informatic science
not only to the engineering of new artifacts, but to the study of natural systems.
In other words, it extends the repertoire of models available to natural scientists.
For example, with the help of a stochastic treatment of interaction we are able to
apply the bigraphical model to the predictive analysis of biological systems. This
application is explained a little more in Section 11.4.

Rigour

Working at a broad frontier of informatics, spanning science and engineering, de-
mands prioritisation; as I have already stated, it lies beyond the scope of a single
book both to explore all possible applications (natural and artificial) and to estab-
lish a model in full detail. I have chosen to do the latter because, as we saw in the
preceding section, there already exist many precise models in the form of process
calculi, and they pose an accessible challenge — to recover them as instances of
a more impartial study. This challenge, to establish commonality among existing
formal models, must itself be addressed formally if we are to make it a firm platform
on which to tackle a still wider range of applications. But I have interleaved formal
development with discussion, and have not relied on previous knowledge of any
particular mathematical theory.

I use the medium of category theory, but the level at which I use it is elemen-
tary, and I define every categorical concept that I use. Large informatic systems
are complex, and any rigorous model must control this complexity by means of
adequate structure. After many years seeking such models, I am convinced that



Prologue XVii

categories provide this structure most convincingly. It is true that they can also
express deep mathematical abstractions, many of which at present lie beyond the
interest of informatic scientists. But there is a sharp division of motive between
pursuing these abstractions per se and using categorical primitives as a means to
understand informatic structure. The work in this book is of the latter kind. Read-
ers familiar with categories will follow their use here without difficulty; others who
wish to tame informatic structure may find this work a pleasant way to learn some
mathematics suited to that purpose.

Models are built to aid people’s understanding, and different people seek differ-
ent levels of understanding. Engineering scientists seek a rigorous model; software
designers seek something softer, but with equal intuitions, and this is even more
true for their client companies and for end-users. So we would like to know that
softer models of communicating agents can arise from our rigorous model. For-
tunately, by their very nature these systems involve a concept of space, which is
reflected in the idea of bigraphs and lends itself to informal understanding based
upon diagrams. Throughout the book I work as much as possible with bigraphical
diagrams; they express the rigorous ideas but do not replace them.

Deployment

It is one thing to develop a rigorous model; quite another thing to bring it into use
by those concerned mainly with applications. But this usage is a primary goal for
our model; moreover, it is only by deploying the model in applications that we can
subject it to stringent testing.

Even protypical applications tend to be complex; one need only think of phe-
nomena in ubiquitous computing and in biology. It follows that software tools are
essential for exploring the efficacy of the model, both for scientific analysis and
for advanced software engineering. Such tools have several roles: in programming
and specifying complex systems; in simulating them, with the help of stochastic
dynamics; and in visualising them at various levels of abstraction, exploiting the
graphical presentation inherent in the model.

Work in these directions is under way at the IT University (ITU) in Copenhagen,
as outlined in Chapter 12. A strategy exists for modular tool development, which
can proceed in collaboration among different institutions. I would be glad to hear
from anyone willing to contribute seriously to this development.

Outline of the book

Bigraphs are developing in various ways. All these developments are based upon
pure bigraphs: those in which the independence of placing and linking is strictly
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maintained. So most of the book is devoted to pure bigraphs, whose theory is more
or less settled. Part I presents their structure; Part II handles their behaviour; and
Part III deals with their development, past and future.

In Part I, Chapter 1 introduces bigraphs starting from standard notions in graph
theory. The main idea of bigraphs is to treat the placing and the linking of their
nodes as independently as possible. Chapter 2 defines bigraphs formally, together
with the operations that build them; it then introduces various kinds of category
that will help to develop their theory. Chapter 3 develops the algebra of bigraphs,
with operations for both placing and linking; it also derives operations familiar
from process calculi. Chapter 4 defines relative pushouts, a categorical tool for
structural analysis. Chapter 5 applies this tool to bigraphs, preparing for the later
derivation of transitions. Chapter 6 develops a sorting discipline for bigraphs that
is reminiscent of many-sorted algebra.

In Part II, Chapter 7 defines the notion of a wide reactive system (WRS), more
general than bigraphs. For such systems it defines reaction rules and derives (la-
belled) transition systems; it then obtains important results such as the congruence
of bisimilarity. WRSs have an abstract notion of space, enough to allow reaction to
be confined to certain places. Chapter 8 specialises this work to bigraphs, yielding
the more refined notions of a bigraphical reactive system (BRS) and its transition
systems; it also identifies certain well-behaved kinds of BRS. Chapter 9 uses link
graphs, a simplified version of the theory, to analyse behaviour in arithmetic nets
and Petri nets. Chapter 10 applies bigraphs to CCS, and recovers its original theory.

In Part III, Chapter 11 discusses several developments beyond pure bigraphs.
First, it examines how to track the identity of agents through interaction; this would
allow one to express, and to verify, assertions about a BRS such as ‘Each agent
receives each message at most once’ or ‘Mary has visited three rooms since she
entered the building’. Second, it proposes a generic way to represent agents with
infinite behaviour using finite bigraphs, with the help of rules for structural growth.
Third, it discusses how to constrain placing and linking so that certain links have
scope, or are bound, in the familiar way that variables in a programming language
have scope or are bound as formal parameters of a procedure. Finally, it summarises
recent work on the stochastic interpretation of bigraphical systems; this is essential
for simulating nondeterministic systems, in particular in biological applications,
where the more likely of two possible reactions is that which is attributed the higher
rate in an exponential distribution.

Chapter 12 outlines how bigraphs have developed, and discusses related work
with full citations. These show how much the work of this book owes to my close
colleagues, as well as to influences from other research initiatives.
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1. The idea of bigraphs
2. Categorical framework

3. Algebra for bigraphs 4. Relative pushouts

5. Bigraphical structure 6. Soriing 7. Reactive systems
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8. Bigraphical reactive systems

/ AN

9. Behaviour in link graphs 10. Behavioural theory for CCS

11. Further topics 12. Development and related work

Fig. 0.1. Dependency among the chapters

Using the book

The chapters need not be read in strict sequence. Mostly, later chapters point back
to what they need from earlier ones. Figure 0.1 gives a guide to the dependency
among chapters. For example if you reach Chapter 8 by going down the left side, you
read about bigraphs and then get the theory when you need it; if you reach it down
the right side you stay at the general level of reactive systems as long as possible.
Leaping ahead may also be useful; for example, those who know something of
process calculi may leap from Chapter 1 to Chapter 10, to gain motivation for
returning to the intervening chapters.

The book is suitable for teaching yourself; there are many exercises, and solu-
tions to all of them. It can also be used for a Masters’ course, where the amount of
theory included can be adapted to the students’ knowledge. Parts are appropriate
for an optional final year Undergraduate course.

The book can also serve as the foundation for a lecture course that concen-
trates upon the intuition of bigraphs and upon exploring their application. I have
designed such a course; from my website, http://www.cl.cam.ac.uk/~rm135, the
reader may download a sequence of 70 or more slides that I have used. Ac-
companying them is (or, at the time of writing, will soon be) a slide-by-slide
narrative, linking the slides together and making copious reference to this book
— especially for locating the underlying rigorous development. This combina-
tion of slides and narrative will evolve in response to my own experience,
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and to the experience of others who use them. I shall be delighted to receive
comments by email (rm135@cam.ac.uk) from anyone, based on such experience;
thus I hope to improve the slides, the book and ultimately the theory itself.
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Partl: Space






1
The idea of bigraphs

In this chapter we develop the notion of a bigraph from the simple idea that it
consists of two independent structures on the same set of nodes.

To prepare for the formal Definitions 1.1-2.7, we start informally from two well-
known concepts: a forest is a set of rooted trees; and a hypergraph consists of a set
of nodes, together with a set of edges each linking any number of nodes.

Idea A bigraph with nodes V' and edges E has a forest whose nodes are V', it also
has a hypergraph with nodes V and edges E.

Let us call an entity with this structure a bare bigraph. We shall use F, G to stand
for bare bigraphs. Here is a bare bigraph G having nodes V' = {vg, ..., vs} and
edges E = {ey, e1, e2}, with its forest and hypergraph:

bare bigraph G

forest of G hypergraph of G 0O 2]

€0
Vo V4 V1 \. V4
/ e\, 00
U1 €1 €2
U3

U3 U5

The upper diagram presents both the forest and the hypergraph; it depicts the forest
by nesting. The lower two diagrams represent the two structures separately, in a
conventional manner. The children of each node are the nodes immediately below

3



4 1 The idea of bigraphs

it in the forest (i.e. immediately within it, in the upper diagram). Thus v; and vy
are children of vy, which is their parent.

An edge is represented by connected thin lines; G has two edges that each connect
three nodes, and one that connects two nodes. The points at which an edge impinges
on its nodes are called ports, shown as black blobs.!

We now add further structure to a bare bigraph. It will allow bigraphs to be
composed, and will allow one bigraph to be considered as a component of another.
Here is F), informally a ‘part’ of G, having only some of its nodes and with one
hyperlink broken. Can we call it a component of G?

bare bigraph F o
v3
U1 e

€1

To make it so, we add interfaces to bare bigraphs, thus extending F and G into
bigraphs F' and G. This will allow us to represent the occurrence of F' as a com-
ponent of G by an equation G = H o F, where H is some ‘host’ or contextual
bigraph. We do this extension independently for forests and hypergraphs; a forest
with interfaces will be called a place graph, and a hypergraph with interfaces will
be called a link graph.

Let us illustrate with the bare bigraph F.A place graph interface will be a natural
number n, which we shall treat as a finite ordinal, the setn = {0, 1,...,n—1} whose
members are all preceding ordinals. A place graph’s outer and inner interfaces — or
faces as we shall call them — index respectively its roots and its sites. For the forest
of F we choose the outer face 3 = {0, 1, 2}, providing distinct roots as parents for
the nodes v1, v3 and v4. For the inner face of F we choose 0, i.e. it has no sites. This
extends the forest to a place graph F'P:0— 3, an arrow in a precategory? whose
objects are natural numbers. It is shown at the left of the diagram below.

1 By making ports explicit we permit distinct roles to be played by the edges impinging on a given node, just as
each argument of a given mathematical function plays a distinct role.

2 We shall define precategories in Chapter 2. For now, it is enough to know that a precategory has two kinds of
entity, objects and arrows; that each arrow goes from a tail to a head, both of which are objects; and that these
entities behave nicely together. Both objects and arrows may have all kinds of structure.
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roots ... 0 1 2 outer names ... , & Yy
place graph link graph V3 4
P. U4 L.
F":0-3 o o J} F*-: 0 —{zy} —
1 () )
Vs 5

The outer and inner faces of a link graph are name-sets: respectively, its outer and
inner names. For the hypergraph of F we choose outer face {zy}, thus naming
the parts of the broken hyperlink, and inner face (.3 This extends the hypergraph
to a link graph F-: () —{xy}, an arrow in a precategory whose objects are finite
name-sets. Names are drawn from a countably infinite vocabulary X'

Finally, a bigraph is a pair B = (BP, BL> of a place graph and a link graph;
these are its constituents. Its outer face is a pair (n,Y’), where n and Y are the
outer faces of BY and B respectively. Similarly for its inner face (m, X). For
our example F' = (FP  Fl) these pairs are (3, {zy}) and (0, () respectively. We
call the trivial interface e £ (0, () the origin. Thus F is extended to an arrow
F:e—(3,{xy}) in a precategory whose objects are such paired interfaces. F' will
be drawn as follows:

bigraph
Fre— (3, {zy})

The rectangles in F' — sometimes called regions — are just a way of drawing its roots,
seen also in F'P. The link graph F- has four links. Two of these are the edges e;
and eg, also called closed links; the other two are named = and y, and are called
open links.

Let us now add interfaces to the bare bigraph G, extending it into a bigraph G. It
has no open links, i.e. all its links are edges, so the name-set in its outer face will be
empty. Let us give it two roots; then, if G is placed in some larger context, vy and
v4 may be in distinct places — i.e. may have distinct parents. The diagram below
shows G and its constituents. Note that there is no significance in where a link
‘crosses’ the boundary of a node or region in a bigraph; this is because the forest
and hypergraph structures are independent.

3 We use single letters for names, so we shall often write a set {x,y, ...} of names as {zy-- -}, or even as
xy - - -, when there is no ambiguity.
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bigraph
G:e—(2,0)

roots ... (0

v/ ( .'.l-'n ™\, V4
link graph d O D
Gl0—D v20) =o”
e

place graph

P.
GP:0-2

We are now ready to construct a bigraph H such that G = H o F, illustrating
composition, which will later be defined formally. The inner face of H must be
(3,{zxy}), the outer face of F’; to achieve this, H must have three sites 0,1 and
2, and inner names x and y. Here are H and its constituents, with sites shown as
shaded rectangles:

bigraph
H: (3, {zy}) —(2,0)

roots... () 1
place graph 0 link graph “ Vo
HP 132 v2 b {zy} —0 O
sites ... 'Q 1 2 inner names ... 'T Y

In the place graph, each site and node has a parent, a node or root; in the link graph,
each inner name and port belongs to a link, closed or open. Just as it is insignificant
where links ‘cross’ node or root boundaries, so it is insignificant where they ‘cross’
a site. We draw inner names below the bigraph and outer names above it; this is
merely a convention to indicate their status as inner or outer. A name may be both
inner and outer, whether or not in the same link.
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In general, let F': I — J and H : J — K be two bigraphs with disjoint nodes and
edges, where I = (k, X), J = (m,Y) and K = (n,Z). Then the composite
bigraph H o F': I — K is just the pair of composites (H" o FP HYo F), whose
constituents are constructed as follows (informally):

(i) To form the place graph H” o F'P : k — n, for each i € m join the th root
of F'P with the ith site of HP;

(ii) To form the link graph H-o FL: X — Z, for each y € Y join the link of
F' having the outer name y with the link of H" having the inner name .

Thus H and F' are joined at every place or link in their common face .J, which
ceases to exist. The reader may like to check these constructions for H and F' as
in our example.

In our formal treatment, operations on bigraphs will be defined in terms of their
constituent place and link graphs. But it is convenient, and even necessary for prac-
tical purposes, to have diagrams not only for the constituents but for the bigraphs
themselves, such as for F', G and H in the example above. Such a diagram must
be to some extent arbitrary, because we are trying to represent placing and linking,
which are independent, in two dimensions! In particular, note that we have drawn
outer names above the picture (in F' and G for example), and we have drawn inner
names below the picture (in H for example). Other conventions are possible.

It will be helpful to look now at Figure 1.2, at the end of this chapter, showing the
anatomical elements of bigraphs that will later be defined formally. In the present
chapter we give only one formal definition, which determines how to introduce
different kinds of node for different applications.

Definition 1.1 (basic signature) A basic signature takes the form (K, ar). It has
a set IC whose elements are kinds of node called controls, and a map ar: K — N
assigning an arity, a natural number, to each control. The signature is denoted by
KC when the arity is understood. A bigraph over K assigns to each node a control,
whose arity indexes the ports of a node, where links may be connected. a

A signature suitable for our example is L = {K:2, L:0, M:1}. (Thus arities are
made explicit.) Here is our bigraph G : e —(2, ()}, with controls assigned to the
nodes:

bigraph G
with controls
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We have omitted node- and edge-identifiers, as we often shall when they are irrel-
evant. To end this chapter, let us look at a realistic (but simplified) example, which
indicates that bigraphs can go beyond the usual topics for process calculi.

Example 1.2 (a built environment) The next diagram shows a bare bigraph E
over the signature K = {A:2, B:1, C:2, R:0}, which classifies nodes as agents,
buildings, computers and rooms. The node-shapes are not significant, except to
indicate the purpose of each port. The figure represents a state which may change
because of the movement of agents, and perhaps other movements. Think of the
five agents as conducting a conference call (the long link). An agent in a room may
also be logged in (the short links) to a computer in the room, and the computers in
a building are linked to form a local area network. O

bare bigraph E

Bearing in mind our earlier example, the following exercise will be instructive.

EXERCISE 1.1

(1) Draw a bare bigraph D representing the three agents that are inside rooms.
Make this into a bigraph D by defining its outer face.

(2) Propose an outer face that makes Einto a bigraph F, allowing the possi-
bility that the two buildings may be situated in different cities. Draw the
bigraph C, with sites, such that C'o D = FE. O

Although the detailed study of dynamics is deferred to Part II, let us now illustrate
how bigraphs can reconfigure themselves. We are free to define different reconfig-
urations for each application. This is done by reaction rules each consisting of a
redex (the pattern to be changed) and a reactum (the changed pattern). Part of the
idea of bigraphs is that these changes may involve both placing and linking.

The redex and reactum of a rule are themselves bigraphs, and may match any
part of a larger bigraph. (This remark will be made precise in Part II.) Here are
three possible rules for built environments, such as the system E:
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Rule B1 is the simplest: an agent can leave a conference call. The redex — the
left-hand pattern — can match any agent; the out-pointing links mean that either of
her ports may at first be linked to zero or more other ports, in the same place or
elsewhere. If she is linked in a conference call to other agents, perhaps in other
buildings, the reaction by B1 will unlink her; any link to a computer is retained.

Rule B2 shows a computer connecting to an agent in the same place (presumably
a room). The redex insists that at first the agent is linked to no computer and the
computer is linked to no agent. Rules B1 and B2 change only the linking — not the
placing — in a bigraph, though the redex of B2 does insist on juxtaposition.

Rule B3, by contrast, changes the placing; an agent enters a room. Again, the
rule requires the agent and the room to be in the same place (presumably a build-
ing). The site (shaded) allows the room to contain other occupants, e.g. a computer
and other agents. The matching discipline allows these occupants to be linked
anywhere, either to each other or to nodes lying outside the room.

Another feature of B3 is that its redex allows the lower port of the agent to be
already linked to a computer somewhere, perhaps in another room. B3 retains any
such link. Equally, there may be no such link — the context in which the rule is
applied may close it off. Thus B3 can be applied to the system represented by E,
or I/, allowing an agent in the right-hand building to enter a room.

Taking this a step further, observe that in £ an agent and a computer are linked
only when they occupy the same room. Moreover, starting from E, our rules B1—
B3 will preserve this property, since only B3 creates such links, and only within
a room. We therefore call the property an invariant for E in the system with this
rule-set. We now briefly discuss invariants.

Given a rule-set, we refer to the configurations that a system may adopt as states.
The rule-set determines a reaction relation —> between states. The diagram below
shows the state E'3 adopted by E after three reactions

E— FE1—> FEy—> E3;

in the first, B1 is applied to the third agent from the left; in the second, B3 is
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applied to the fourth agent; this enables B2 to be applied to that agent in the third
reaction.

bigraph E5

We say that a property of states is (an) invariant for EY (under a given rule-set) if
it holds for all states reachable from E via reactions permitted by the rule-set, i.e.
it holds for all £’ such that E— --- —»> E’. For example, under the rule-set
B1-B3, the property ‘there are exactly five agents’ is invariant for .

Of course, our present rule-set is very limited. The following exercise suggests
how to enrich this rule-set a little, and explores what invariants may then hold.

EXERCISE 1.2

(1) Add arule B4 to enable an agent linked with a computer to sever this link,
and another rule B5 to allow an agent unlinked to a computer to leave a
room. Give a few examples of invariants for £ under the rule-set B1-B5.

(2) Instead of B4 and B5, design a single rule B6 that allows an agent to leave
aroom, simultaneously severing any link with the computer. How does this
change affect your invariants? O

Our behavioural model of the occupants of a building is crude, of course. But
reaction rules of this kind, hardly more complex, are beginning to find realistic
application in biological modelling. A crucial refinement is to add stochastic in-
formation that determines which reactions are more likely to occur, and therefore
to preempt others. In the built environment, an interesting refinement is to allow
agents to discover who is where, and record this information via the computers;
these stories can then be combined so that the system becomes reflective, meaning
that it can represent (part of) itself, and answer questions such as ‘where is agent
X4

In another direction, bigraphs can model process calculi. In this case, the con-
trols of a bigraph represent the constructors of the calculus. As an example, we

4 These experimental applications are discussed, with citations, in Chapter 12.
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take the calculus of mobile ambients, which partly inspired the bigraph model. In
mobile ambients the main constructor is ‘amb’ with arity 1, representing an ambi-
ent — a region within which activity may occur; its single port allows an ambient to
be named. Other constructors represent commands, or capabilities.

F 4
ambpb
amb

The above diagram shows two ambients, each with arbitrary content represented
by the sites; one ambient also contains an ‘in’ capability, which refers to the other
ambient by name. Let us use this example to illustrate the algebraic language for
bigraphs, which we shall develop in later chapters. Here is the algebraic term for
the above system:

ambx.(iny.do ‘ dl) | amby.dg .

The combinator ‘|’ represents juxtaposition, and is commutative and associative;
the combinator °.” denotes nesting. We shall see in Chapter 3 that both combinators
are derived from the categorical operations of composition and tensor product. The
metavariables dy,d; and do stand for parameters, i.e. arbitrary occupants of the
sites.

Let us now look at the dynamics of ambients. The above bigraph is, in fact, the
redex of one of the reaction rules for mobile ambients, three of which are shown in
Figure 1.1. In the first rule, the ‘in” command causes its parent ambient named =,
together with all its other contents, to move inside the ambient named y. The ‘in’
command, having done its job, vanishes; this exposes its contents to reactions with
the ambient’s other occupants. Note that reconfiguration is permitted within an
‘amb’ node, but not within an ‘in’ node; the occupant of an ‘in’ node has a potential
for interaction, which becomes actual only when the node itself has vanished.

In the second rule, conversely, the ‘out’ command causes the exit of its parent
ambient from its own parent. These two rules provide our first example of moving
sub-bigraphs from one region to another.

Finally, in the third rule the ‘open’ command causes an ambient node to vanish,
exposing its contents to interactions in a wider region.

EXERCISE 1.3 Modify rule A3 to use a ‘send’ command instead of ‘open’. It
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Al @ v

>

—
ambp
amb

amb,.(iny.do | dy) | amb,.dy —> amb,.(amb,.(dy | dy) | d2)

)

: y

—
>

amb

A2

amb,,.(amb,.(out,.dy | d1) | d3) —> amb,.(dy|dy) | amb,.d>

T

A3 ) N

open i ; i
amb e

open,.dy | amb,.dy — x|dy|dy

Fig. 1.1. Reaction rules for mobile ambients

should send its contents into the ambient with which it is linked, and then van-
ish. Also modify the rule so that this occurs even when the send command is not ad-
jacent to the ambient, but may be anywhere outside it. Hint: Use two regions,
as in the bigraph G at the start of the chapter. To juxtapose two regions but keep
them distinct, use ‘|| instead of “|’. Use ‘1’ to denote the empty bigraph with one
region. ]

This concludes our informal introduction to both the structure and the recon-
figuration of bigraphs. Our notion of reaction is not complex; nevertheless it can
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OUTER NAME

NODE-~

SITE -~
INNER NAME

PLACE = ROOT or NODE or SITE

LINK = EDGE or OUTER NAME
POINT = PORT Or INNER NAME

Fig. 1.2. Anatomy of bigraphs

represent process calculi such as CCS, mobile ambients and Petri nets. The repre-
sentation of CCS will be analysed in Chapter 10. Also, with the help of stochastic
rates, rules nearly as simple as ours are proving to be useful in modelling biological
processes.

Our next task is to define bigraphical structure formally, in the following chapter.
It will make precise the anatomy illustrated in Figure 1.2.



2
Defining bigraphs

In Section 2.1 we define bigraphs formally, together with fundamental ways to
build with them.

In Section 2.2, using some elementary category theory, we introduce a broader
mathematical framework in which bigraphs and their operations can be expressed.
The reader can often ignore this generality, but it will yield results which do not
depend on the specific details of bigraphs.

In Section 2.3 we explain how the concrete place graphs, link graphs and bi-
graphs over a basic signature each form a category of a certain kind. We then use
the tools of the mathematical framework to introduce abstract bigraphs; they are
obtained from the concrete ones of Section 2.1 by forgetting the identity of nodes
and edges.

Throughout this chapter, when dealing with bigraphs we presume an arbitrary
basic signature K.

2.1 Bigraphs and their assembly

Notation and terminology We frequently treat a natural number as a finite ordi-
nal, the set of all preceding ordinals: m = {0,1,...,m—1}. We write S # T to
mean that two sets S and T are disjoint, i.e. S NT = (. We write S & T for the
union of sets known or assumed to be disjoint. If f has domain S and S” C S, then
f 18" denotes the restriction of f to S’. For two functions f and g with disjoint
domains S and T" we write f & g for the function with domain S & 7" such that
(fWg)!S=fand (fWg)|T = g. We write Idg for the identity function on the
set S.

In defining bigraphs we assume that names, node-identifiers and edge-identifiers
are drawn from three infinite sets, respectively X', V and £, disjoint from each other.

We denote the interfaces, or faces, of bigraphs by I, J, K. Every bigraph will be

14
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a pair of a place graph and a link graph, which will be called its constituents. We
denote bigraphs and their constituents by upper case letters A, ..., H. o

We begin by defining place graphs and link graphs independently.

Definition 2.1 (concrete place graph) A concrete place graph
F = (Vp, ctrlp, protp) :m—n

is a triple having an inner face m and an outer face n, both finite ordinals. These
index respectively the sifes and roots of the place graph. F’ has a finite set Vp C V
of nodes, a control map ctrlp : Vyp — K and a parent map

protpmy Vp - Ve dn

which is acyclic, i.e. if prnt’:(v) = v for some v € Vi then i = 0. m|

Definition 2.2 (concrete link graph) A concrete link graph
F = (VF, Ep, ctrlp, lmkp) XY

is a quadruple having an inner face X and an outer face Y, both finite subsets of X,
called respectively the inner and outer names of the link graph.! F has finite sets
Ve C V of nodes and Er C & of edges, a control map ctrip: Vyp — K and a link
map

linkp : XWPpr—EpdY

where P = {(v,i) | i € ar(ctrlp(v))} is the set of ports of F. Thus (v, i) is the
1th port of node v. We shall call X W Pp the points of F, and Er WY its links. O

A bigraph is simply the pair of its constituents, a place graph and a link graph:

Definition 2.3 (concrete bigraph) An inferface for bigraphs is a pair I = (m, X)
of a place graph interface and a link graph interface. We call m the width of I, and
we say that [ is nullary, unary or multiary according as m is 0, 1 or >1. A concrete
bigraph

F = (Vg, Ep, ctrip, protp, linkp) : (k, X) —(m,Y)

consists of a concrete place graph ¥ = (Vp, ctrlg, prat ) : k — mand a concrete
link graph F* = (Vp, Ep, ctrlp, linkr) : X —Y. We write the concrete bigraph
as F' = (FP Fb). i

1" An alternative would be to define a link graph interface as an ordinal number k, just like a place graph interface.
Thus, instead of alphabetic names, we would represent each name by an ordinal ¢ € k. Our choice to use
a special repertoire X' of names is not arbitrary; as explained in Appendix A.2, it yields a distinct technical
advantage.
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We have now defined all the anatomy of bigraphs, as illustrated in Figure 1.2 at the
end of Chapter 1.

We have called our three graphical structures concrete; this refers to the fact that
their nodes and edges are identified by members of V and £. We have already used
these identifiers in defining a bigraph, to ensure that its place graph and link graph
have the same node set and the same control map.

We now define these identifiers to be the support of a graphical structure, and we
explain how it can be varied in a disciplined way.

Definition 2.4 (support for bigraphs) To each place graph, link graph or bigraph
F is assigned a finite set |F|, its support. For a place graph we define |F'| = Vp,
and for a link graph or bigraph we define |F'| = Vp W Ep.

For two bigraphs F' and G in the same homset, a support translation p : | F| — |G|
from F' to G consists of a pair of bijections py : V@ — Viz and pg : Ep — E¢ that
respect structure, in the following sense:

(i) p preserves controls, i.e. ctrlgopy = ctrip. It follows that p induces a
bijection pp : Pr — Pg on ports, defined by pp((v,4)) = (py(v), ).
(i) p commutes with the structural maps as follows:

pratgo(ldn Wpy) = (ld, Wpy)oprntp
linkg o (ldX ] pp) = (|dy ] pE) olinkp .

Given F and the bijection p, these conditions uniquely determine G. We therefore

denote GG by p- F, and call it the support translation of F by p. We call F and G

support equivalent, and we write F' = G, if such a support translation exists.
Support translation is defined similarly for place graphs and link graphs. |

The purpose of interfaces is to enable bigraphs to be composed; for this we
require the outer face of one to equal the inner face of the other. Examples of
composition were shown in Chapter 1; we think of it as placing one bigraph in the
context represented by another.

Definition 2.5 (composition and identities) We define composition for place
graphs and link graphs separately, and then combine them for the composition
of bigraphs.

e If F':k—m and G:m —n are two place graphs with |F'| # |G|, their com-
posite

GoF = (V,ctrl,prnt): k—n

has nodes V' = Vg W Vg and control map ctrl = ctrlp W ctrlg. Its parent map
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prnt is defined as follows: If w € kW Vg W Vi is a site or node of GGo F' then

| pratp(w) ifw € kW Vpand protp(w) € Vi
prot(w) = { prata(j)  ifw € kw Ve and pratp(w) =5 €m
protg(w) ifw e Vg .

The identity place graph at m is id,, = (0, Oxc, 1d,,) : m — m.2

o IfF:X —YandG:Y — Z aretwo link graphs with | F'| # |G/, their composite
GoF = (V,E, ctrl, link): X — Z

hasV = VpWw Vg, E = Erp W Eg, ctrl = ctrlp W ctrig, and its link map link is
defined as follows: If ¢ € X W Pr W Py is a point of G o F' then

| linkp(q) if g € X W Ppandlinkp(q) € EF
link(q) = { linkg(y) ifq€ X W Ppand linkp(q) =y €Y
linka(q) ifq€ Pg.
The identity link graph at X is idx = (0,0, 0x,ldx): X — X.

o IfF:I—Jand G:J— K are two bigraphs with |F| # |G
is

, their composite

GoF = (GPoFP GtoFYY: T K
and the identity bigraph at I = (m, X) is (id,,, idx). O

EXERCISE 2.1 Prove for bigraphs that C o (Bo A) = (C'o B) o A when either side
is defined. Hint: Prove it separately for place graphs and for link graphs, then pair
the results. |

We now turn to the second principal way to make larger bigraphs from smaller
ones. We can think of composition as putting one bigraph on top of another. We can
also put two bigraphs side-by-side. We define this operation, called juxtaposition,
only when they are disjoint. To be precise:

Definition 2.6 (disjoint graphical structures) Two place graphs F; ( = 0,1)
are disjoint if |Fy| # | F1|. Two link graphs F;: X; —Y; are disjoint if Xo# X1,
Yo # Y1 and | Fp| # | F1|. Two bigraphs F; are disjoint if Fy # F)¥ and F} # FL.

In each of the three cases we write Fyy # F}. O

We now define the juxtaposition of disjoint interfaces and disjoint bigraphs. Jux-
taposition is monoidal, i.e. it is associative and has a unit.

2 In contrast to Id, we write id to denote the identity for composition of graphical structures, and more generally
for composition of arrows in any kind of category (see Section 2.2).
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Definition 2.7 (juxtaposition and units) We define juxtaposition for place graphs
and link graphs separately, and then combine them in order to juxtapose bigraphs.
In each case we indicate the obvious unit for juxtaposition.

e For place graphs, the juxtaposition of two interfaces m; (7 = 0, 1) is mgo+m
and the unit is 0. If F; = (V,, ctrl;, prnt;) : m; — n; are disjoint place graphs
(z = 0, 1), their juxtaposition Fy ® F} : mg+mi1 — ng+nq is given by

Foo F = (Vow W, ctrig W ctrly, praty W prath)
where prnt) (mo+i) = no+j whenever prnt, (i) = j .

e For link graphs, the juxtaposition of two disjoint link graph interfaces is Xy X1
and the unit is 0. If F; = (V;, E;, ctrl;, prot;) : X; — Y; are disjoint link graphs
(@ = 0, 1), their juxtaposition Fyy ® F; : Xo W X1 — Yy W Y] is given by

oo Fy = (VowVy, Egd By, ctrigW ctrly, linko & link,) .

e For bigraphs, the juxtaposition of two disjoint interfaces I; = (m;, X;) (i =
0,1) is {m, + m1, Xo W X1) and the unit is ¢ = (0,0). If F;: I; — J; are disjoint
bigraphs (¢ = 0, 1), their juxtaposition Fy ® Fy: Iy ® 1 — Jy ® Jp is given by
ok = (FFeF, Fre Fh). m
This completes our definition of the graphical structures that concern us, together
with the fundamental operations upon them.

2.2 Mathematical framework

This section introduces certain kinds of category, which serve to classify bigraphs
and to develop some of their theory. We assume no previous knowledge of category
theory; we shall only use its elementary concepts, explaining them as we introduce
them.

Any kind of category deals with two main kinds of entity: objects and arrows.
For example, in the category SET the objects are sets S1, S, S3, . . . and the arrows
are functions f,g,... between sets. If a function f takes members of set S; to
members of set So then one writes f:.57 — .52, as in normal mathematical prac-
tice. In categories this practice is generalised; each arrow f — which may be quite
different from a function — has a domain I and a codomain J, both objects, and
again we write f: I — J. The main categories deployed in this book have objects
that are interfaces (of different kinds) and arrows that are graphical structures.

Any kind of category is concerned with the composition of two arrows f:1 — J
and h: J — K to produce a third arrow g = ho f: I — K. This equation is drawn
as a diagram:
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which is said to commute, because the two ways of going from I to K mean the
same. For example, in Chapter 1 we composed two bigraphs F': ¢ —(3, {xy}) and
H:(3,{zy}) —(2,0) toyield G = Ho F: e —(2,0).

Different kinds of category may have other operations besides composition, and
may have different properties. We shall be concerned with four kinds, which can
be arranged in a hierarchy as follows:

SPM CATEGORY

N

S-CATEGORY CATEGORY

N 7

PRECATEGORY

Of these kinds, s-categories are new; the other three are standard. Moving upward
to the left (") in the hierarchy gains more operations on arrows; moving upward
to the right (") changes composition from a partial to a total operation.

Our work will be mainly with two of these kinds. We shall often be concerned
with concrete bi