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Preface

This book is dedicated to the Memory
of US GS’s J. P. Snyder (1926–1997),
genius of inventing new Map Projections.

Our review of Map Projections has 21 chapters and 10 appendices. Let us point out the most essential
details in advance in the following passages.

Foundations.

The first four chapters are of purely introductory nature. Chapter 1 and Chapter 2 are concerned with
general mappings from Riemann manifolds to Riemann manifolds and with general mappings from
Riemann manifolds to Euclidean manifolds and present the important eigenspace analysis of types
Cauchy–Green and Euler–Lagrange. Chapter 3 introduces coordinates or parameters of a Riemann
manifold, Killing vectors of symmetry, and oblique frames of reference for the sphere and for the
ellipsoid-of-revolution. A special topic is the classification of surfaces of zero Gaussian curvature for
ruled surfaces and for developable surfaces in Chapter 4.

Mappings of the sphere or the ellipsoid to the tangential plane

Mappings of the sphere or the ellipsoid
to the cylinder

Mappings of the sphere or the ellipsoid
to the cone

Conformal mappings

Equidistant mappings Equal area mappings

Pseudo-mappings of types
azimuthal, cylindric, or conic

Perspective mappings

Geodetic mappings
(initial value versus boundary value problems)

Double projections
(“sphere to ellipsoid” and “sphere to plane”)

The classical scheme of map projections

Next, we intend to follow the classical scheme of map projections. Consult the formal scheme above
for a first impression.



VI Preface

The standard map projections: tangential, cylindric, conic.

The Chapters 5–7 on mapping the sphere to the tangential plane, namely in the polar aspect (normal
aspect) – for instance, the Universal Polar Stereographic Projection (UPS) – and the meta-azimuthal
mapping in the transverse as well as the oblique aspect, follow. They range from equidistant mapping
via conformal mapping to equal area mapping, finally to normal perspective mappings. Special cases
are mappings of type “sphere to tangential plane” at maximal distance, at minimal distance, and at
the equatorial plane (three cases). We treat the line-of-sight, the line-of-contact, and minimal versus
complete atlas. The gnomonic projection, the orthographic projection, and the Lagrange projection
follow. Finally, we ask the question: “what is the best projection in the class of polar and azimuthal
projections of the sphere to the plane?” A special section on pseudoazimuthal mappings, namely the
Wiechel polar pseudoazimuthal mapping, and another special section on meta-azimuthal projections
(stereographic, transverse Lambert, oblique UPS and oblique Lambert) concludes the important chap-
ter on various maps “sphere to plane”.

Chapter 8 is the first chapter on mapping the ellipsoid-of-revolution to the tangential plane. We treat
special mappings of type equidistant, conformal, and equal area, and of type perspective. Chapter 9
is the first chapter on double projections. First, we introduce the celebrated Gauss double projection.
Alternatively, we introduce the authalic equal area projection of the ellipsoid to the sphere and from
the sphere to the plane.

The four Chapters 10–13 are devoted to the mapping “sphere to cylinder”, namely to the polar as-
pect, to the meta-cylindric projections of type transverse and of type oblique, and finally to the
pseudo-cylindrical mode. Four examples, namely from mapping the sphere to a cylinder (polar as-
pect, transversal aspect, oblique aspect, pseudo-cylindrical equal area projections) in Chapters 10–13
document the power of these spherical projections. The resulting map projections are called (i)
Plate Carrée (quadratische Plattkarte), (ii) Mercator projection (Gerardus Mercator 1512–1594), and
(iii) equal area Lambert projection. A special feature of the Mercator projection is its property “map-
ping loxodromes (rhumblines, lines of constant azimuths) to a straight line crossing all meridians with
a constant angle”. The most popular map projection is the Universal Transverse Mercator projection
(UTM) of the sphere to the cylinder, illustrated in Fig. 11.3. The pseudo-cylindrical equal area pro-
jections – they only exist – are widely used in the sinusoidal version (Cossin, Sanson–Flamsteed), in
the elliptic version (Mollweide, very popular), in the parabolic version (Craster), and in the rectilinear
version (Eckert II).

In Chapter 10, a special section is devoted to the question “what is the best cylindric projection when
best is measured by the Airy optimal criterion or by the Airy–Kavrajski optimal criterion?” We have
compared three mappings: (i) conformal, (ii) equal area, and (iii) distance preserving in the class of
“equidistance on two parallel circles”. We prove that the distance preserving maps are optimal and
the equal area maps are better than the conformal maps, at least until a latitude of Φ = 56◦, when we
apply the Airy optimal criterion. Alternatively, when we measure optimality by the Airy–Kavrajski
optimal criterion, we find again that the optimum is with the distance preserving maps, but conformal
maps produce exactly the same equal area maps, less optimal compared to distance preserving maps.
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In contrast, Chapters 14–16 are a review in mapping an ellipsoid-of-revolution to a cylinder. We
start with the polar aspect of type {x = AΛ, y = f(Φ)}, specialize to normal equidistant, nor-
mal conformal, and normal equiareal, in general, to a rotationally symmetric figure (for example,
the torus). The transverse aspect is applied to the transverse Mercator projection and the special
Gauss–Krueger coordinates (UTM, GK) derived from the celebrated Korn–Lichtenstein equations sub-
ject to an integrability condition and an optimality condition for estimating the factor of conformality
(dilatation factor) in a given quantity range [−lE,+lE] × [BS, BN] = [−3.5◦,+3.5◦] × [80◦S, 84◦N] or
[−lE,+lE]× [BS, BN] = [−2◦,+2◦]× [80◦S, 80◦N], namely ρ = 0.999, 578 or ρ = 0.999, 864. Due to its
practical importance, we have added three examples for the transverse Mercator projection and for
the Gauss–Krueger coordinate system of type {Easting,Northing}, adding the meridian zone number.
Another special topic is the strip transformation from one meridian strip system to another one, both
for Gauss–Krueger coordinates and for UTM coordinates. We conclude with two detailed examples of
strip transformation (Bessel ellipsoid, World Geodetic System 84). At the end, we present to you the
oblique aspect of type Oblique Mercator Projection (UOM) of the ellipsoid-of-revolution, also called
rectified skew orthomorphic by M.Hotine. J. P. Snyder calls it “Hotine Oblique Mercator Projection
(HOM)”. Landsat-type data are a satellite example.

Only in the polar aspect, we present in Chapter 17 the maps of the sphere to the cone. We use Fig. 17.1
as an illustration and the setup {a = Λ sin Φ0, r = f(Φ)} in terms of polar coordinates. n := sinΦ0

range from n = 0 for the cylinder to n = 1 for the azimuthal mapping. Thus, we are left with the
rule 0 < n < 1 for conic projections. The wide variety of conic projections were already known to
Ptolemy as the equidistant and conformal version on the circle-of-contact. If we want a point-like image
of the North Pole, the equidistant and conformal version on the circle-of-contact is our favorite.
Another equidistant and conformal version on two parallels is the de L’Isle mapping. Various versions
of conformal mapping range from the equidistant mappings on the circle-of-contact to the equidistant
mappings on two parallels (secant cone, J. H. Lambert). The equal area mappings range from the case
of an equidistant and conformal mapping on the circle-of-contact over the case of an equidistant and
conformal mapping on the circle-of-contact and a point-like image of the North Pole to the case of
equidistance and conformality on two parallels (secant cone, H. C. Albers).

Chapter 18 is an introduction into mapping the sphere to the cone, namely of type pseudo-conic. We
specialize on the Stab–Werner projection and on the Bonne projection. Both types have the shape of
the heart.

The polar aspect of mapping the ellipsoid-of-revolution to the cone is the key topic of Chapter 19. We
review the line-of-contact and the principal stretches before we enter into special cases, namely of type
equidistant mappings on the set of parallel circles of type conformal (variant equidistant on the circle-
of-reference, variant equidistant on two parallel circles, generalized Lambert conic projection) and type
equal area (variant equidistant and conformal on the reference circle, variant pointwise mapping of
the central point and equidistant and conformal on the parallel circle, variant of an equidistant and
conformal mapping on two parallel circles, generalized Albers conic projection).
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Geodesics and geodetic mappings, in particular, the geodesic circle, the Darboux frame, and the
Riemann polar and normal coordinates, are the topic of Chapter 20. We illustrate the Lagrange and the
Hamilton portrait of a geodesic, introduce the Legendre series, the corresponding Hamilton equations,
the notion of initial and boundary value problems, the Riemann polar and normal coordinates,
Lie series, and specialize to the Clairaut constant and to the ellipsoid-of-revolution. Geodetic par-
allel coordinates refer to Soldner coordinates. Finally, we refer to Fermi coordinates. The deformation
analysis of Riemann, Soldner, and Gauss–Krueger coordinates is presented.

Datum problems.

Datum problems, namely its analysis versus synthesis and its Cartesian approach versus curvilinear
approach, are presented in Chapter 21. Examples reach from the transformation of conformal coordi-
nates of type Gauss–Krueger and type UTM from a local datum (regional, national, European) to a
global datum (WGS 84) of type UM (Universal Mercator).

Appendices.

AppendixA is entitled as “Law and order”. It brings up relation preserving maps. We refer to Venn
diagrams, Euler circles, power sets, Hesse diagrams, finally to fibering. The inversion of univariate,
bivariate, in general, multivariate homogeneous polynomials is presented in AppendixB. In contrast,
AppendixC reviews elliptic functions and elliptic integrals. Conformal mappings are the key sub-
ject of AppendixD. First, we treat the classical Korn–Lichtenstein equations. Second, we treat the
celebrated d’Alembert–Euler equations (usually called Cauchy–Riemann equations) which generate
both conformal mapping, (i) on the the basis of real algebra and (ii) on the basis of complex alge-
bra. Lemma D.1 gives three alternative formulations of the Korn–Lichtenstein equations. The fun-
damental solutions of the d’Alembert–Euler equations subject to the harmonicity condition is re-
viewed in Lemma D.2 in terms of a polynomial representation (D.15)–(D.29). An alternative solution
in terms of matrix notation based upon the Kronecker–Zehfuss product is provided by (D.30) and
(D.31). Lemmas D.3 and D.4 review two solutions of the d’Alembert–Euler equations subject to the
integrability conditions of harmonicity, by separation of variables this time. Two choices of solving
the basic equations of the transverse Mercator projection are presented: x = x(q, p), y = y(q, p). We
especially estimate (i) the boundary condition for the universal transverse Mercator projection mod-
ulo an unknown dilatation factor and (ii) we solve the already formulated boundary value problem
with respect to the d’Alembert–Euler equations (Cauchy–Riemann equations). Finally, the unknown
dilatation factor is optimally determined by optimizing the total distance distortion measure (Airy
optimum) or the total areal distortion. AppendixE introduces the extrinsic terms geodetic curvature,
geodetic torsion, and normal curvature, the notion of a geodesic circle, especially the Newton form
of a geodesic in Maupertuis gauge on the sphere and on the ellipsoid-of-revolution. Mixed cylindri-
cal maps of the ellipsoid-of-revolution of type equiareal based upon the Lambert projection and the
sinusoidal Sanson–Flamsteed projection, especially as the horizontal weighted mean versus the verti-
cal weighted mean, are the central topics of AppendixF. The generalized Mollweide projection and
the generalized Hammer projection (generalized for the ellipsoid-of-revolution) are the key topics, es-
pecially of our studies in AppendixG and AppendixH. The optimal Mercator projection and the
optimal polycylindric projection of type conformal, here developed on the ellipsoid-of-revolution, are
applied to the many islands of the Indonesian Archipellagos in Appendix I. Projection heights in the
geometry space are the topic of Appendix J. We treat the plane, the sphere, the ellipsoid-of-revolution,
and the triaxial ellipsoid, and we review the solution algorithm for inverting Cartesian coordinates
to projection heights. An example is the Buchberger algorithm. In detail, we review surface normal
coordinates, for example, in the computation of the triaxial ellipsoids of type Earth, Moon, Mars,
Phobos, Amalthea, Io, and Mimas.
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We here would like to emphasize that our introduction into Map Projections is exclusively based
upon right handed coordinates. In this orientation, we particularly got support from my German col-
leagues J. Engels (Stuttgart), V. Schwarze (Backnang), and R. Syffus (Munich). We here would like to
note that the software manuscript was produced by V.Weberruß with expertise. To all our readers,
we appreciate their care for the Wonderful World of Map Projections. We dedicate our work to
J. P. Snyder (1926–1997), who worked for the US Geological Survey for a lifetime. We stay on the
strong shoulders of great scientists, for example, C. F. Gauss, J. L. Lagrange, B. Riemann, E. Fermi,
J. H. Lambert, and J. H. Soldner. May we remember their great works.

Erik W. Grafarend Friedrich W. Krumm
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1 From Riemann manifolds to Riemann manifolds
“It is vain to do with more what can be done with fewer.”
(Entities should not be multiplied without necessity.)
William of Ockham (1285-1349)

Mappings from a left two-dimensional Riemann manifold to a right two-dimensional Riemann manifold,
simultaneous diagonalization of two matrices, mappings (isoparametric, conformal, equiareal, isometric,
equidistant), measures of deformation (Cauchy–Green deformation tensor, Euler–Lagrange deformation
tensor, stretch, angular shear, areal distortion), decompositions (polar, singular value), equivalence the-
orems of conformal and equiareal mappings (conformeomorphism, areomorphism), Korn–Lichtenstein
equations, optimal map projections.

There is no chance to map a curved surface (left Riemann manifold), which differs from a developable
surface to a plane or to another curved surface (right Riemann manifold), without distortion or
deformation. Such distortion or deformation measures are reviewed here as they have been developed
in differential geometry, continuum mechanics, and mathematical cartography. The classification of
various mappings from one Riemann manifold (called left) onto another Riemann manifold (called
right) is conventionally based upon a comparison of the metric.

Example 1.1 (Classification).

The terms equidistant, equiareal, conformal, geodesic, loxodromic, concircular, and harmonic represent
examples for such classifications.

End of Example.

In terms of the geometry of surfaces, this is taking reference to its first fundamental form, namely
the Gaussian differential invariant. In particular, in order to derive certain invariant measures of such
mappings outlined in the frontline examples and called deformation measures, a “canonical formalism”
is applied. The simultaneous diagonalization of two symmetric matrices here is of focal interest. Such
a diagonalization rests on the following Theorem1.1.

Theorem 1.1 (Simultaneous diagonalization of two symmetric matrices).

If A ∈ Rn×n is a symmetric matrix and B ∈ Rn×n is a symmetric positive-definite matrix such that
the product AB−1 exists, then there exists a non-singular matrix X such that both following matrices
are diagonal matrices, where In is the n-dimensional unit matrix:

XTAX = diag(λ1, . . . , λn) , XTBX = In = diag(1, . . . , 1) . (1.1)

End of Theorem.

According to our understanding, the theorem had been intuitively applied by C. F.Gauss when he
developed his theory of curvature of parameterized surfaces (two-dimensional Riemann manifold).
Here, the second fundamental form (Hesse matrix of second derivatives, symmetric matrix H) had been
analyzed with respect to the first fundamental form (a product of Jacobi matrices of first derivatives,
a symmetric and positive-definite matrix G). Equivalent to the simultaneous diagonalization of a
symmetric matrix H and a symmetric and positive-definite matrix G is the general eigenvalue problem

|H− λG| = 0 , (1.2)

which corresponds to the special eigenvalue problem∣∣HG−1 − λIn
∣∣ = 0 , (1.3)

where HG−1 defines the Gaussian curvature matrix

−K = HG−1 . (1.4)



2 1 From Riemann manifolds to Riemann manifolds

In comparing two Riemann manifolds by a mapping from one (left) to the other (right), we here only
concentrate on the corresponding metric, the first fundamental forms of two parameterized surfaces. A
comparative analysis of the second and third fundamental forms of two parameterized surfaces related
by a mapping is given elsewhere. F.Uhlig (1979) published a historical survey of the above theorem
to which we refer. Generalizations to canonically factorize two symmetric matrices A and B which
are only definite (which are needed for mappings between pseudo-Riemann manifolds) can be traced
to J. F. Cardoso and A. Souloumiac (1996), M. T. Chu (1991a,b), R. W.Newcomb (1960), C. R. Rao
and S.K.Mitra (1971), S.K.Mitra and C. R.Rao (1968), S. R. Searle (1982, pp. 312–316), W. Shougen
and Z. Shuqin (1991), and F.Uhlig (1973, 1976, 1979). In mathematical cartography, the canonical
formalism for the analysis of deformations has been introduced by N. A. Tissot (1881). Note that
there exists a beautiful variational formulation of the simultaneous diagonalization of two symmetric
matrices which motivates the notation of eigenvalues as Lagrange multipliers λ and which is expressed
by Corollary 1.2.

Corollary 1.2 (Variational formulation, simultaneous diagonalization of two symmetric matrices).

If A ∈ R
n×n is a symmetric matrix and B ∈ R

n×n is a symmetric positive-definite matrix such that
the product AB−1 exists, then there exist extremal (semi-)norm solutions of the Lagrange function(
tr
[
XTAX

])
1/2 =: ||X||A, the A-weighted Frobenius norm of the non-singular matrix X subject to

the constraint

tr
[
XTBX− In

]
= 0 , (1.5)

namely the constraint optimization

||X||2A − λ tr
[
XTBX− In

]
= extrX,λ , (1.6)

which is solved by the system of normal equations(
A− λB

)
X = 0 , (1.7)

subject to

XTBX = In . (1.8)

This is known as the general eigenvalue–eigenvector problem. The Lagrange multiplier λ is identified
as eigenvalue.

End of Corollary.

Let here be given the left and right two-dimensional Riemann manifolds {M2
l , GMN} and {M2

r , gµν},
with standard metric GMN = GNM and gµν = gνµ, respectively, both symmetric and positive-
definite. A subset Ul ⊂ M

2
l and Ur ⊂ M

2
r , respectively, is covered by the chart Vl ⊂ E

2 := {R2, δIJ}
and Vr ⊂ E

2 := {R2, δij}, respectively, with respect to the standard canonical metric δIJ and δij ,
respectively, of the left two-dimensional Euclidean space and the right two-dimensional Euclidean
space. Such a chart is constituted by local coordinates {U, V } ∈ SΩ ⊂ E

2 and {u, v} ∈ Sω ⊂ E
2,

respectively, over open sets SΩ and Sω. Figures 1.1 and 1.2 illustrate by a commutative diagram the
mappings Φl, Φr and f , f . The left mapping Φl maps a point from the left two-dimensional Riemann
manifold (surface) to a point of the left chart, while Φr maps a point from the right two-dimensional
Riemann manifold (surface) to a point of the right chart. In contrast, the mapping f relates a point of
the left two-dimensional Riemann manifold (surface) to a point of the right two-dimensional Riemann
manifold (surface). Analogously, the mapping f maps a point of the left chart to a point of the right
chart: f : M

2
l → M

2
r , f : Vl → Vr = Φr ◦ f ◦Φ−1

l . All mappings are assumed to be a diffeomorphism:
the mapping {dU,dV } → {du, dv} is bijective. Example 1.2 is the simple example of an isoparametric
mapping of a point on an ellipsoid-of-revolution to a point on the sphere.
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f

f

M
2
l M

2
r

ΦrΦl

˘
R

2, δij

¯
= E

2˘
R

2, δIJ

¯
= E

2

Ur ⊂ M
2
r

M
2
l ⊃ Ul

Fig. 1.1. Commutative diagram (f, f, Φl, Φr); f : M
2
l → M

2
r ; f = Φr ◦ f ◦ Φ−1

l .

Example 1.2 (E2
A1,A1,A2

→ S2
r, isoparametric mapping).

As an example of the mapping f : M
2
l −→ M

2
r and the commutative diagram (f, f,Φl,Φr), think of

an ellipsoid-of-revolution

E
2
A1,A1,A2

:=
{

X ∈ R
3 X2 + Y 2

A2
1

+
Z2

A2
2

= 1 , R
+ � A1 > A2 ∈ R

+

}
(1.9)

of semi-major axis A1 and semi-minor axis A2 as the left Riemann manifold M2
l = E2

A1,A1,A2
, and

think of a sphere
S

2
r :=

{
x ∈ R

2
∣∣∣x2 + y2 + z2 = r2, r ∈ R

+
}

(1.10)

of radius r as the right Riemann manifold M2
r = S2

r, f being the pointwise mapping of E2
A1,A1,A2

to S
2
r one-to-one. f could be illustrated by a transformation of {ellipsoidal longitude Λ, ellipsoidal

latitude Φ} onto {spherical longitude λ, spherical latitude φ} one-to-one. The mapping f = id is
called isoparametric if {Λ = λ, Φ = φ} or {U = u, V = v} in general coordinates of the left Riemann
manifold and the right Riemann manifold, respectively. Accordingly, in an isoparametric mapping,
{ellipsoidal longitude, ellipsoidal latitude} and {spherical longitude, spherical latitude} are identical.

End of Example.

f

f

Λ λ

Φ φ
ΦrΦl

M
2
l = E

2
A1,A1,A2 M

2
r = S

2
r

Φl :=

»
arctan Y

X
, arctan

A2
1A−2

2 Z√
X2+Y 2

–
Φr :=

»
arctan y

x
, arctan z√

x2+y2

–

Fig. 1.2. Bijective mapping of an ellipsoid-of-revolution E
2
A1,A1,A2 to a sphere S

2
r; f : E

2
A1,A1,A2 → S

2
r;

Φl := [Λ, Φ], Φr := [λ, φ]; isoparametric mapping f = id, namely {Λ, Φ} = {λ, φ}.
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R
2

R
3

Fig. 1.3. Simply connected regions.

An isoparametric mapping of this type is illustrated by the commutative diagram of Fig. 1.2. We
take notice that the differential mappings, conventionally called f∗ and f∗, respectively, between the
bell-shaped surface of revolution and the torus illustrated by Fig. 1.1 do not generate a diffeomorphism
due to the different genus of the two surfaces. While Fig. 1.3 illustrates simply connected regions in
R

2 and R
3, respectively, Fig. 1.4 demonstrates regions which are not simply connected. Those regions

are characterized by closed curves which can be laid around the inner holes and which cannot be
contracted to a point within the region. The holes are against contraction. The mapping f : M2

l → M2
r

is usually called deformation. In addition, the mappings f∗ (pullback) versus f∗ (pushforward) of the
left tangent space TM

2
l onto the right tangent space TM

2
r , also called pullback (right derivative map,

Jacobi map Jr), and of the right tangent space TM
2
r onto the left tangent map TM

2
l , also called

pushforward (left derivative map, Jacobi map Jl), are of focal interest for the following discussion.
Indeed the pullback map f∗ coincides with the mapping of the right cotangent space ∗TM

2
r � {du, dv}

onto the left cotangent space ∗TM
2
l � {dU,dV } as well as the pushforward map f∗ with the mapping

of the left cotangent space ∗TM
2
l � {dU,dV } onto the right cotangent space ∗TM

2
r � {du, dv}. This

is illustrated by the relations

f∗ :

{
TM

2
l → TM

2
r

∗TM
2
r → ∗TM

2
l

versus f∗ :

{ ∗TM
2
l → ∗TM

2
r

TM
2
r → TM

2
l

.

(pullback) (pushforward)

(1.11)

R
2

R
3

Fig. 1.4. Not simply connected regions.
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1-1 Cauchy–Green deformation tensor

A first multiplicative measure of deformation: the Cauchy–Green deformation tensor, polar decomposition,
singular value decomposition, Hammer retroazimuthal projection.

There are various local multiplicative and additive measures of deformation being derived from the
infinitesimal distances dS2 of M

2
l and ds2 of M

2
r , with

dS2 = GMN (UL)dUMdUN versus ds2 = gµν(uλ)duµduν . (1.12)

The mapping of type deformation, f : M2
l → M2

r , is represented locally by f , in particular UM → uµ,
the mapping of type inverse deformation, f

−1
: M

2
r → M

2
l , is represented locally by f−1, in particular

uµ → UM , with UM → uµ = fµ(UM ) and uµ → UM = FM (uµ). In the left and right tangent
bundles TM

2
l ×M

2
l and TM

2
r ×M

2
r , we represent locally the projections π(TM

2
l ×M

2
l ) = TM

2
l and

π(TM
2
r ×M

2
r ) = TM

2
r by the pullback map and the pushforward map, in particular, by

f∗ : dUM =
∂UM

∂uµ
duµ versus f∗ : duµ =

∂uµ

∂UM
dUM . (1.13)

∣∣∂UM/∂uµ
∣∣ > 0 versus

∣∣∂uµ/∂UM
∣∣ > 0 preserve the orientation ∂/∂U ∧ ∂/∂V and ∂/∂u ∧ ∂/∂v,

respectively, of M
2
l and M

2
r , respectively.

The first multiplicative measure of deformation has been introduced by A. L. Cauchy (1828) and
G. Green (1839) reviewed in the sets of relations shown in Box 1.1, where the abbreviation Left CG
indicates the left Cauchy–Green deformation tensor and the abbreviation Right CG indicates the
right Cauchy–Green deformation tensor. With respect to the deformation gradients, the left and right
Cauchy–Green tensors are represented in matrix algebra by

Cl := JT
l GrJl versus Cr := JT

r GlJr . (1.14)

The set of deformation gradients is described by the two Jacobi matrices Jl and Jr, which obey the
matrix relations

Jl :=
{

∂uµ

∂UM

}
= J−1

r versus Jr :=
{

∂UM

∂uµ

}
= J−1

l . (1.15)

The abstract notation hopefully becomes more concrete when you work yourself through Example 1.3
where we compute the Cauchy–Green deformation tensor for an isoparametric mapping of a point on
an ellipsoid-of-revolution to a point on a sphere.

Box 1.1 (Left and right Cauchy–Green deformation tensor).

Left CG: Right CG:

ds2 = dS2 =

= gµν

˘
fλ(UL)

¯ ∂uµ

∂UM

∂uν

∂UN
dUMdUN = = GMN

˘
F L(uλ)

¯∂UM

∂uµ

∂UN

∂uν duµduν =

= cMN (UL) dUMdUN , = Cµν(uλ)duµduν ,

cMN (UL) = Cµν(uλ) =

= gµν(UL)
∂uµ

∂UM
(UL)

∂uν

∂UN
(UL) . = GMN (uλ)

∂UM

∂uµ (uλ)
∂UN

∂uν (uλ) .

(1.16)
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Example 1.3 (Cauchy-Green deformation tensor, f : E
2
A1,A1,A2

→ S
2
r).

The embedding of an ellipsoid-of-revolution M
2
l = E

2
A1,A1,A2

and a sphere M
2
r = S

2
r into a three-

dimensional Euclidean space {R3, I3} with respect to a standard Euclidean metric I3 (where I3 is the
3× 3 unit matrix) is governed by

X(Λ,Φ) = E1
A1 cos Φ cos Λ√

1−E2 sin2 Φ
+ E2

A1 cos Φ sin Λ√
1−E2 sin2 Φ

+ E3
A1(1−E2) sin Φ√

1−E2 sin2 Φ
=

=
[
E1,E2,E3

]
A1√

1−E2 sin2 Φ

⎡⎣ cos Φ cos Λ

cos Φ sin Λ

(1−E2) sin Φ

⎤⎦ ,

E2 :=
(
A2

1 −A2
2

)
/A2

1 = 1− (
A2

2/A2
1

)
,

(
A2

2/A2
1

)
= 1− E2 ,

(1.17)

and by

x(λ, φ) = e1r cos φ cosλ + e2r cos φ sin λ + e3r sin φ =

=
[
e1,e2,e3

] ⎡⎣ r cos φ cos λ

r cos φ sin λ

r sin φ

⎤⎦ ,

(1.18)

respectively. The coordinates ( X, Y, Z) and (x, y, z) of the placement vectors X(Λ,Φ) ∈ E2
A1,A1,A2

and x(λ, φ) ∈ S2
r are expressed in the left and right orthonormal fixed frames {E1,E2,E3|O} and

{e1,e2,e3|O} at their origins O and O.
Next, we are going to construct the left tangent space TM

2
l as well as the right tangent space TM

2
r ,

respectively. The vector field X(Λ,Φ) is locally characterized by the field of tangent vectors
{

∂X
∂Λ , ∂X

∂Φ

}
,

the Jacobi map with respect to the “surface normal ellipsoidal longitude Λ”and the “surface normal
ellipsoidal latitude Φ”, namely

{
∂X
∂Λ , ∂X

∂Φ

}
=

[
E1,E2,E3

] ⎡⎣XΛ XΦ

YΛ YΦ

ZΛ ZΦ

⎤⎦ =

=
[
E1,E2,E3

]
⎡⎢⎢⎢⎢⎢⎢⎢⎣

− A1 cos Φ sin Λ√
1−E2 sin2 Φ

−A1(1−E2) sin Φ cos Λ
(1−E2 sin2 Φ)3/2

+ A1 cos Φ cos Λ√
1−E2 sin2 Φ

−A1(1−E2) sin Φ sin Λ
(1−E2 sin2 Φ)3/2

0 + A1(1−E2) cos Φ
(1−E2 sin2 Φ)3/2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

(1.19)

as well as the vector field x(λ, φ) is locally characterized by the field of tangent vectors
{

∂x
∂λ , ∂x

∂φ

}
, the

Jacobi map with respect to the “spherical longitude λ”and the “spherical latitude φ”, namely

{
∂x
∂λ , ∂x

∂φ

}
=

[
e1,e2,e3

] ⎡⎣xλ xφ

yλ yφ

zλ zφ

⎤⎦ =

=
[
e1,e2,e3

] ⎡⎣−r cos φ sin λ −r sin φ cos λ

+r cos φ cos λ −r sin φ sin λ

0 r cos φ

⎤⎦ .

(1.20)
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Next, we are going to identify the coordinates of the left metric tensor Gl and of the right metric
tensor Gr, in particular, from the inner products〈

∂X
∂Λ

∂X
∂Λ

〉
= A2

1 cos2 Φ
1−E2 sin2 Φ

=: G11 ,
〈

∂x
∂λ

∂x
∂λ

〉
= r2 cos2 φ =: g11 ,

〈
∂X
∂Λ

∂X
∂Φ

〉
=

〈
∂X
∂Φ

∂X
∂Λ

〉
=: G12 = 0 ,

〈
∂x
∂λ

∂x
∂φ

〉
=

〈
∂x
∂φ

∂x
∂λ

〉
=: g12 = 0 ,

〈
∂X
∂Φ

∂X
∂Φ

〉
= A2

1(1−E2)2

(1−E2 sin2 Φ)3
=: G22 ,

〈
∂x
∂φ

∂x
∂φ

〉
= r2 =: g22 ,

dS2 = A2
1 cos2 Φ

1−E2 sin2 Φ
dΛ2 + A2

1(1−E2)2

(1−E2 sin2 Φ)3
dΦ2 , ds2 = r2 cos2 φdλ2 + r2 dφ2 .

(1.21)

Resorting to this identification, we obtain the left metric tensor, i. e. Gl, and the right metric tensor,
i. e. Gr, according to

Gl :=
[

G11 G12

G12 G22

]
=

{
GMN

}
= Gr :=

[
g11 g12

g12 g22

]
=

{
gµν

}
=

=

[
A2

1 cos2 Φ
1−E2 sin2 Φ

0

0 A2
1(1−E2)2

(1−E2 sin2 Φ)3

]
, =

[
r2 cos2 φ 0

0 r2

]
.

(1.22)

Finally, we implement the isoparametric mapping f = id. Applying the summation convention
over repeated indices, this is realized by

UM → uµ = fµ(Uµ) , uµ = δµ
MUM , u1 = U1 , u2 = U2 , λ = Λ , φ = Φ , Jl = I2 = Jr , (1.23)

∣∣∂UM/∂uµ
∣∣ = 1 > 0 ,

f∗ : dUM = δM
µ duµ ,

[
dΛ

dΦ

]
=

[
dλ

dφ

]
,

∣∣∂uµ/∂UM
∣∣ = 1 > 0 ,

f∗ : duµ = δµ
MdUM ,

[
dλ

dφ

]
=

[
dΛ

dΦ

]
.

(1.24)

Resorting to these relations and applying again the summation convention over repeated indices, we
arrive at the left and right Cauchy–Green tensors, namely

cMN = gµν
∂uµ

∂UM

∂uν

∂UN
= gµνδµ

Mδν
N , Cµν = GMN

∂UM

∂uµ

∂UN

∂uν
= GMNδM

µ δN
ν ,

Cl =
{
cMN

}
= JT

l GrJl =
[

r2 cos2 Φ 0

0 r2

]
, Cr =

{
Cµν

}
= JT

r GlJr =

[
A2

1 cos2 φ
1−E2 sin2 φ

0

0 A2
1(1−E2)2

(1−E2 sin2 φ)3

]
,

ds2 = r2 cos2 ΦdΛ2 + r2 dΦ2 , dS2 = A2
1 cos2 φ

1−E2 sin2 φ
dλ2 + A2

1(1−E2)2

(1−E2 sin2 φ)3
dφ2 .

(1.25)

By means of the left Cauchy–Green tensor, we have succeeded to represent the right metric or the
metric of the right manifold M

2
r in the coordinates of the left manifold M

2
l . Or we may say that we

have pulled back (dλ, dφ) ∈ ∗Tλ,φM
2
r to (dΛ, dΦ) ∈ ∗TΛ,ΦM

2
l , namely from the right cotangent space to

the left cotangent space. By means of the right Cauchy–Green tensor, we have been able to represent
the left metric or the metric of the left manifold M

2
l in the coordinates of the right manifold M

2
r . Or

we may say that we have pushed forward (dΛ, dΦ) ∈ ∗TΛ,ΦM2
l to (dλ, dφ) ∈ ∗Tλ,φM2

r , namely from
the left cotangent space to the right cotangent space.

End of Example.
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There exists an intriguing representation of the matrix of deformation gradients J as well as of
the matrix of Cauchy–Green deformation C, namely the polar decomposition. It is a generalization to
matrices of the familiar polar representation of a complex number z = r exp iφ, (r ≥ 0) and is defined
in Corollary 1.3.

Corollary 1.3 (Polar decomposition).

Let J ∈ R
n×n. Then there exists a unique orthonormal matrix R ∈ SO(n) (called rotation matrix)

and a unique symmetric positive-definite matrix S (called stretch) such that (1.26) holds and the
expressions (1.27) are a polar decomposition of the matrix of Cauchy–Green deformation.

J = RS , R∗R = In , S = S∗ , (1.26)

Cl = J∗l GrJl = SlR
∗GrRSl versus SrR

∗GlRSr = J∗rGlJr = Cr . (1.27)

End of Corollary.

Q
ue

st
io

n.

Question: “How can we compute the polar decomposition of the Jacobi matrix?” Answer:
“An elegant way is the singular value decomposition defined in Corollary 1.4.”

Corollary 1.4 (Polar decomposition by singular value decomposition).

Let the matrix J ∈ R2×2 have the singular value decomposition J = UΣV∗, where the matrices U ∈ R2×2

and V ∈ R2×2 are orthonormal (unitary), i. e. U∗U = I2 and V∗V = I2, and where Σ = diag(σ1, σ2) in
descending order σ1 ≥ σ2 ≥ 0 is the diagonal matrix of singular values {σ1, σ2}. If J has the polar
decomposition J = RS, then R = UV∗ and S = VΣV∗. λ(J) and σ(J) denote, respectively, the set of
eigenvalues and the set of singular values of J. Then

the left eigenspace is spanned by the left eigencolumns u1 and u2 which are generated by

(JJ∗ − λiI2)ui = (JJ∗ − σ2
i I2)ui = 0 , ||u1|| = ||u2|| = 1 ; (1.28)

the right eigenspace is spanned by the right eigencolumns v1 and v2 generated by

(J∗J− λj I2)vj = (J∗J− σ2
j I2)vj = 0 , ||v1|| = ||v2|| = 1 ; (1.29)

the characteristic equation of the eigenvalues is determined by

|JJ∗ − λI2| = 0 or |J∗J− λI2| = 0 , (1.30)

which leads to λ2 − λI + II = 0, with the invariants

I := tr [JJ∗] = tr [J∗J] , II := (det [J])2 = det [JJ∗] = det [J∗J] ,

λ1 = σ2
1 = 1

2

(
I +

√
I2 − 4II

)
, λ2 = σ2

2 = 1
2

(
I −√I2 − 4II

)
;

(1.31)

the matrices S and R can be expressed as

S = (J∗J)1/2 = (v1,v2)diag(σ1, σ2)(v∗
1,v

∗
2) , R = JS−1 = (u1,u2)(v∗

1,v
∗
2) ; (1.32)

J is normal if and only if RS = SR.

End of Corollary.
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More details about the polar decomposition related to the singular value decomposition can be found in
the classical text by N. J.Highham (1986), C.Kenney and A. J. Laub (1991), and T.C.T.Ting (1985).
Example 1.4 is a numerical example for singular value decomposition and polar decomposition.

Example 1.4 (Singular value decomposition, polar decomposition).

Let there be given the Jacobi matrix J and the product matrices JJ∗ and J∗J such that the left and
right characteristic equations of eigenvalues read

J =
[

5 2
−1 7

]
, JJ∗ =

[
29 9
9 50

]
, J∗J =

[
26 3
3 53

]
, (1.33)

|JJ∗ − λI2| = |J∗J− λI2| =

=
∣∣∣∣ 29− λ 9

9 50− λ

∣∣∣∣ = =
∣∣∣∣ 26− λ 3

3 53− λ

∣∣∣∣ =

= λ2 − 79λ + 1369 = = λ2 − 79λ + 1369 =

= 0 , = 0 ,

(1.34)

I := tr [JJ∗] = tr [J∗J] = 79 , II := det [JJ∗] = det [J∗J] = 1369 , (1.35)

λ1 = 53.329 317 , σ1 =
√

λ1 = 7.302 692 ,

λ2 = 25.670 683 , σ2 =
√

λ2 = 5.066 624 .

(1.36)

The left eigenspace is spanned by the left eigencolumns (u1,u2), the right eigenspace by the right
eigencolumns (v1,v2), namely

(JJ∗ − λ1I2)u1 = 0 , (J∗J− λ1I2)v1 = 0 ,

(JJ∗ − λ2I2)u2 = 0 , (J∗J− λ2I2)v2 = 0 ,

(1.37)

or[−24.329 317 9
9 −3.329 317

] [
u11

u21

]
= 0 ,

[−27.329 317 3
3 −0.329 317

] [
v11

v21

]
= 0 ,

[
3.329 317 9

9 24.329 317

] [
u12

u22

]
= 0 ,

[
0.329 317 3

3 27.329 317

] [
v12

v22

]
= 0 .

(1.38)

Note that the matrices JJ∗ − λI2 and J∗J− λI2 have only rank one. Accordingly, in order to solve the
homogenous linear equations uniquely, we need an additional constraint. Conventionally, this problem
is solved by postulating normalized eigencolumns, namely

u2
11 + u2

21 = 1 , u2
12 + u2

22 = 1 , v2
11 + v2

21 = 1 , v2
12 + v2

22 = 1 ,

‖u1‖ = ‖u2‖ = 1 , ‖v1‖ = ‖v2‖ = 1 .
(1.39)

The left eigencolumns, which are here denoted as (u1,u2), are constructed from the following system
of equations:

−24.329 317u11 + 9u21 = 0 , +3.329 317u12 + 9u22 = 0 ,

u2
11 + u2

21 = 1 , u2
12 + u2

22 = 1 .
(1.40)
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This system of equations leads to two solutions. In the frame of the example to be considered here,
we have chosen the following result:

u11 = +0.346 946 , u12 = +0.937 885 ,

u21 = +0.937 885 , u22 = −0.346 946 .
(1.41)

The right eigencolumns, which are here denoted as (v1,v2), are constructed from the following system
of equations:

−27.329v11 + 3v21 = 0 , +0.329v12 + 3v22 = 0 ,

v2
11 + v2

21 = 1 , v2
12 + v2

22 = 1 .
(1.42)

This system of equations leads to two solutions. In the frame of the example to be considered here,
we have chosen the following result:

v11 = +0.109 117 , v12 = +0.994 029 ,

v21 = +0.994 029 , v22 = −0.109 117 .
(1.43)

In summary, the left and right eigencolumns are collected in the two following orthonormal matrices
U and V:

U =
[

+0.346 946 +0.937 665
+0.937 665 −0.346 946

]
, V =

[
+0.109 117 +0.994 029
+0.994 029 −0.109 117

]
. (1.44)

The polar decomposition is now straightforward. According to the above considerations, we finally
arrive at the result

R = UV∗ , S = VΣV∗ , Σ = diag (σ1, σ2) , (1.45)

R =
[

+0.970 142 +0.242 536
−0.242 536 +0.970 142

]
, S =

[
+5.093 248 +0.242 536
+0.242 536 +7.276 069

]
. (1.46)

Note that from this result immediately follows that R is an orthonormal matrix. Furthermore, note
that S indeed is a symmetric matrix.

End of Example.

Before we consider a second multiplicative measure of deformation, please enjoy Fig. 1.5, which
shows the Hammer retroazimuthal projection, illustrating special mapping equations of the sphere.
The ID card of this special pseudo-azimuthal map projection is shown in Table 1.1.

Table 1.1. ID card of Hammer retroazimuthal projection of the sphere.

(i) Classification Retroazimuthal, modified azimuthal, neither conformal nor equal area.

(ii) Graticule
Meridians: central meridian is straight, other meridians are curved.
Parallels: curved. Poles of the sphere: curved lines.
Symmetry: about the central meridians.

(iii) Distortions Distortions of area and shape

(iv) Other features

The direction from any point to the center of the map is the angle that a
straight line connecting the two points makes with a vertical line. This
feature is the basis of the term “retroazimuthal”. Scimitar-shaped
boundary. Considerable overlapping when entire sphere is shown.

(v) Usage To determine the direction of a central point from a given location

(vi) Origins

Presented by E. Hammer (1858–1925) in 1910. The author is the successor
of E. Hammer in the Geodesy Chair of Stuttgart University (Germany). The
map projection was independently presented by E.A. Reeves (1862–1945)
and A.R.Hinks (1874–1945) of England in 1929.
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Fig. 1.5. Special map projection of the sphere, called Hammer retroazimuthal projection, centered near
St.Louis (longitude 90◦ W, latitude 40◦ N), with shorelines, 15◦ graticule, two hemispheres, one of which
appears backwards (they should be superimposed for the full map).

1-2 Stretch or length distortion

A second multiplicative measure of deformation: stretch or length distortion, Tissot portrait, simultaneous
diagonalization of two matrices.

The second multiplicative measure of deformation is based upon the scale ratio, which is also called
stretch, dilatation factor, or length distortion. One here distinguishes the left and right stretch:

left stretch: right stretch:

Λ2dS2 = ds2 ,
ds2

dS2
= Λ2 =: Λ2

l , λ2ds2 = dS2 , Λ2
r := λ2 =

dS2

ds2
,

subject to duality Λ2λ2 = 1 .

(1.47)

Q
ue

st
io

n. Question: “What is the role of stretch {Λ2, λ2} in the context of the pair of (symmetric,
positive-definite) matrices {cMN , GMN}, {Cl,Gl}, and {Cµν , gµν}, {Cr,Gr}, respectively?”
Answer: “Due to a standard lemma of matrix algebra, both matrices can be simultaneously
diagonalized, one matrix being the unit matrix.”

We briefly outline the simultaneous diagonalization of the positive-definite, symmetric matrices
{Cl,Gr} and {Cr,Gl}, respectively, which is based upon a transformation called “Kartenwechsel”:

left “Kartenwechsel”: right “Kartenwechsel”:
versus

T : Vl(UM2
l
)→ Ṽl(UM2

l
) τ : Vr(UM2

r
)→ Ṽr(UM2

r
) .

(1.48)

The commutative diagram shown in Fig. 1.6 illustrates this “Kartenwechsel”. Let us pay attention to
Theorem1.1 and Corollary 1.3, and let us present the various transformations in the Boxes 1.2–1.8.
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f

f
can

f

Ul ⊂ M
2
l Ur ⊂ M

2
r

Vl ⊂ E
2 Vr ⊂ E

2

Ṽl ⊂ E
2 Ṽr ⊂ E

2

Φl ΦrΦ̃l Φ̃r

Fig. 1.6. Commutative diagram, canonical representation of pairs of metric tensors, “Kartenwechsel” T and
τ , canonical mapping f

can
from the left chart Ṽl to the right chart Ṽr.

Box 1.2 (Left versus right Cauchy–Green deformation tensor).

Left CG:

ds2 = gµν

˘
fλ(UL)

¯ ∂uµ

∂UM

∂uν

∂UN
dUMdUN =

= cMN (UL) dUMdUN ,

cMN (UL) := gµν(UL)
∂uµ

∂UM
(UL)

∂uν

∂UN
(UL) .

Right CG:

dS2 = GMN

˘
F L(uλ)

¯∂UM

∂uµ

∂UN

∂uν duµduν =

= Cµν(uλ)duµduν ,

Cµν(uλ) := GMN (uλ)
∂UM

∂uµ
(uλ)

∂UN

∂uν
(uλ) .

(1.49)

Box 1.3 (Left Tissot circle versus left Tissot ellipse, left Cauchy–Green deformation tensor: Ricci calculus).

Left Tissot circle S
1: Left Tissot ellipse E

1
λ1,λ2 :

dS2 = GMNUM
A UN

B
–dV A–dV B = ds2 = gµνuµ

Muν
NUM

A UN
B

–dV A–dV B =

= δAB
–dV A–dV B = = Λ2

1(–dV 1)2 + Λ2
2(–dV 2)2 =

= (–dV 1)2 + (–dV 2)2 = Ω2
1 + Ω2

2 . = Ω2
1/λ2

1 + Ω2
2/λ2

2 .

(1.50)

Box 1.4 (Left Tissot circle versus left Tissot ellipse, left Cauchy–Green deformation tensor: Cayley calculus).

Left Tissot circle S
1: Left Tissot ellipse E

1
λ1,λ2 :

dS2 = ΩTFT
l GlFlΩ = ds2 = ΩTFT

l ClFlΩ =

= ΩTΩ ⇐⇒ = ΩTdiag
`
Λ2

1, Λ
2
2

´
Ω ⇐⇒

⇐⇒ FT
l GlFl = I . ⇐⇒ FT

l ClFl = diag
`
Λ2

1, Λ
2
2

´
= diag

`
1/λ2

1, 1/λ2
2

´
.

(1.51)
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Box 1.5 (The right Tissot ellipse versus the right Tissot circle, right Cauchy–Green deformation tensor:
Ricci calculus).

Right Tissot ellipse E
1
Λ1,Λ2 : Right Tissot circle S

1:

dS2 = GMNUM
µ UN

ν uµ
αuν

β
–dvα–dvβ = ds2 = gµνuµ

αuν
β
–dvα–dvβ =

= (–dv1)2/Λ2
1 + (–dv2)2/Λ2

2 = = δαβ
–dvα–dvβ =

= λ2
1ω

2
1 + λ2

2ω
2
2 . = (–dv1)2 + (–dv2)2 = ω2

1 + ω2
2 .

(1.52)

Box 1.6 (The right Tissot ellipse versus the right Tissot circle, right Cauchy–Green deformation tensor:
Cayley calculus).

Right Tissot ellipse E
1
Λ1,Λ2 : Right Tissot circle S

1:

dS2 = ωTFT
r CrFr ω = ds2 = ωTFT

r GrFrω =

= ωTdiag
`
λ2

1, λ
2
2

´
ω = ωTω

⇐⇒ ⇐⇒
FT

r CrFr = diag
`
λ2

1, λ
2
2

´
= diag

`
1/Λ2

1, 1/Λ2
2

´
. FT

r GrFr = I .

(1.53)

Box 1.7 (Left general eigenvalue problem and right general eigenvalue problem: Ricci calculus).

Left eigenvalue problem: Right eigenvalue problem:

Λ2dS2 = ds2 , λ2ds2 = dS2 ,

Λ2GMNUM
A UN

B
–dV A–dV B = λ2gµνuµ

αuν
β
–dvα–dvβ =

= gµνuµ
Muν

NUM
A UN

B
–dV A–dV B = GMNUM

µ UN
ν uµ

αuν
β
–dvα–dvβ

⇐⇒ ⇐⇒
Λ2GMNUN

B = cMNUN
B λ2gµνuν

β = Cµνuν
β

⇐⇒ ⇐⇒
(cMN − Λ2GMN )UN

B = 0 , (Cµν − λ2gµν)uν
β = 0 ,

subject to subject to

gµνuµ
Muν

NUM
A UN

B = δAB . GMNUM
µ UN

ν uµ
αuν

β = δµν .

(1.54)

Box 1.8 (Left general eigenvalue problem and right general eigenvalue problem: Cayley calculus).

Left eigenvalue problem: Right eigenvalue problem:

Λ2dS2 = ds2 , λ2ds2 = dS2 ,

Λ2–dV TFT
l GlFl

–dV = λ2–dV TFT
r GrFr

–dV =

= –dV TFT
l ClFl

–dV = –dV TFT
r CrFr

–dV

⇐⇒ ⇐⇒
(Cl − Λ2Gl)Fl = 0 , (Cr − λ2Gr)Fr = 0 ,

subject to subject to

FT
l GlFl = I . FT

r GrFr = I .

(1.55)
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Certainly, we agree that the various transformations have to be checked by “paper and pencil”, in
particular, by means of Examples 1.2 and 1.3. In case that we are led to “non-integrable differentials”
(namely differential forms), we have indicated this result by writing “–dV ” and “–dv” according to
the M. Planck notation. In this context, the left and right Frobenius matrices, Fl and Fr, have to be
seen. They are used as matrices of integrating factors which transform “imperfect differentials” –dV A

(namely –dV 1, –dV 2, or differential forms Ω1, Ω2) or –dvα (namely –dv1, –dv2, or differential forms ω1, ω2)
to “perfect differentials” dUA (namely dU1, dU2) or duα (namely du1, du2). As a sample reference
of the theory of differential forms and the Frobenius Integration Theorem, we direct the interested
reader to J. A. deAzcarraga and J. M. Izquierdo (1995), M. P. doCarmo (1994), and H. Flanders (1970
p. 97). Indeed, we hope that the reader appreciates the triple notation index notation (Ricci calculus),
matrix notation (Cayley calculus), and explicit notation (Leibniz–Newton calculus). Thus, we are led
to the general eigenvalue problem as a result of simultaneous diagonalization of two positive-definite
symmetric matrices {Cl,Gl} or {Cr,Gr}, respectively. Compare with Lemma 1.5.

Lemma 1.5 (Left and right general eigenvalue problem of the Cauchy–Green deformation tensor).

For the pair of positive-definite symmetric matrices {Cl,Gl} or {Cr,Gr}, respectively, a simultaneous
diagonalization defined by

left diagonalization:

FT
l ClFl = diag

(
Λ2

1, Λ
2
2

)
:= Dl ,

FT
l GlFl = I2

versus

right diagonalization:

FT
r CrFr = diag

(
λ2

1, λ
2
2

)
:= Dr ,

FT
r GrFr = I2

(1.56)

is readily obtained from the following general eigenvalue–eigenvector problem of type left eigenvalues
and left principal stretches:

ClFl − GlFlDl = 0

⇐⇒
(Cl − Λ2

i Gl)f li = 0

⇐⇒∣∣Cl − Λ2Gl

∣∣ = 0 ,

Λ2
1,2 = Λ2

± =
1
2

(
tr
[
ClG

−1
l

]±√(
tr
[
ClG

−1
l

])2 − 4det
[
ClG

−1
l

])
,

(1.57)

subject to FT
l GlFl = I2, and

CrFr − GrFrDr = 0

⇐⇒
(Cr − λ2

i Gr)f ri = 0

⇐⇒∣∣Cr − λ2Gr

∣∣ = 0 ,

λ2
1,2 = λ2

± =
1
2

(
tr
[
CrG

−1
r

]±√(
tr
[
CrG

−1
r

])2 − 4det
[
CrG

−1
r

])
,

(1.58)

subject to FT
r GrFr = I2, and

Λ2
1,2 = 1/λ2

1,2 ⇐⇒ 1/Λ2
1,2 = λ2

1,2 . (1.59)

End of Lemma.
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In order to visualize the eigenspace of the left and right Cauchy–Green deformation tensors Cl

and Cr relative to the left and right metric tensors Gl and Gr, we are forced to compute in addition
the eigenvectors, in particular, the eigencolumns (also called eigendirections) of the pairs {Cl,Gl} and
{Cr,Gr}, respectively. Compare with Lemma 1.6.

Lemma 1.6 (Left and right general eigenvectors, left and right principal stretch directions).

For the pair of positive-definite symmetric matrices {Cl,Gl} and {Cr,Gr}, an explicit form of the left
eigencolumns (also called left principal stretch directions) and of the right eigencolumns (also called
right principal stretch directions) is

1st left eigencolumn, Λ1:[
F11

F21

]
=

1√(
c22 − Λ2

1G22

)2
G11 − 2

(
c12 − Λ2

1G12

)(
c22 − Λ2

1G22

)
G12 +

(
c12 − Λ2

1G12

)2
G22

×

×
[

c22 − Λ2
1G22

−(c12 − Λ2
1G12

)] ,

2nd left eigencolumn, Λ2:[
F12

F22

]
=

1√(
c11 − Λ2

2G11

)2
G22 − 2

(
c11 − Λ2

2G11

)(
c12 − Λ2

2G12

)
G12 +

(
c12 − Λ2

2G12

)2
G11

×

×
[−(c12 − Λ2

2G12

)
c11 − Λ2

2G11

]
,

(1.60)

1st right eigencolumn, λ1:[
f11

f21

]
=

1√(
C22 − λ2

1g22

)2
g11 − 2

(
C12 − λ2

1g12

)(
C22 − λ2

1g22

)
g12 +

(
C12 − λ2

1g12

)2
g22

×

×
[

C22 − λ2
1g22

−(C12 − λ2
1g12

)] ,

2nd right eigencolumn, λ2:[
f12

f22

]
=

1√(
C11 − λ2

2g11

)2
g22 − 2

(
C11 − λ2

2g11

)(
C12 − λ2

2g12

)
g12 +

(
C12 − λ2

2g12

)2
g11

×

×
[−(C12 − λ2

2g12

)
C11 − λ2

2g11

]
.

(1.61)

End of Lemma.
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A sketch of a proof is presented in the following. Note that there are four pairs of {F11, F22}
dependent on the sign choice {+,+}, {+,−},{−, +}, and {−,−}. In Lemma 1.6, we have chosen
the solution sign {F11, F22} = {+,+}. Furthermore, note that the proof for representing the right
eigencolumns or right eigendirections runs analogeously. The dimension four of the solution space of
eigencolumns or eigendirections has already been documented by J. M. Gere and W.Weaver (1965),
for instance.

Proof (1st and 2nd left eigencolumns).

1st left eigencolumn, Λ1:[
c11 − Λ2

1G11 c12 − Λ2
1G12

c12 − Λ2
1G12 c22 − Λ2

1G22

][
F11

F21

]
=

[
0

0

]
, (1.62)

2nd identity:(
c12 − Λ2

1G12

)
F11 +

(
c22 − Λ2

1G22

)
F21 = 0 =⇒

=⇒ F21 = −c12 − Λ2
1G12

c22 − Λ2
1G22

F11 ⇐⇒
⎡⎣F11

F21

⎤⎦ = F11

⎡⎣ 1

− c12−Λ2
1G12

c22−Λ2
1G22

⎤⎦ .
(1.63)

2nd left eigencolumn, Λ2:[
c11 − Λ2

2G11 c12 − Λ2
2G12

c12 − Λ2
2G12 c22 − Λ2

2G22

][
F21

F22

]
=

[
0

0

]
, (1.64)

1st identity:(
c11 − Λ2

2G11

)
F21 +

(
c12 − Λ2

2G12

)
F22 = 0 =⇒

=⇒ F12 = −c12 − Λ2
2G12

c11 − Λ2
2G11

F22 ⇐⇒
⎡⎣F12

F22

⎤⎦ = F22

⎡⎣− c12−Λ2
2G12

c11−Λ2
2G11

1

⎤⎦ .
(1.65)

Left conditions:

FT
l GlFl = I2 ⇐⇒

[
F11 F21

F12 F22

] [
G11 G12

G12 G22

] [
F11 F12

F21 F22

]
=

[
1 0
0 1

]
. (1.66)

1st and 2nd partitioning:

[
F11, F21

] [G11 G12

G12 G22

][
F11

F21

]
= 1 ,

[
F12, F22

] [G11 G12

G12 G22

][
F12

F22

]
= 1 . (1.67)
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2nd identity:

F 2
11

[
1,− c12−Λ2

1G12

c22−Λ2
1G22

] [G11 G12

G12 G22

]⎡⎣ 1

− c12−Λ2
1G12

c22−Λ2
1G22

⎤⎦ = 1

⇐⇒ F 2
11

[
G11 −G12

c12−Λ2
1G12

c22−Λ2
1G22

, G12 −G22
c12−Λ2

1G12

c22−Λ2
1G22

] ⎡⎣ 1

− c12−Λ2
1G12

c22−Λ2
1G22

⎤⎦ = 1

⇐⇒ F 2
11

[
G11 − 2G12

c12−Λ2
1G12

c22−Λ2
1G22

+ G22
(c12−Λ2

1G12)2

(c22−Λ2
1G22)2

]
= 1

=⇒ F11 = ± c22 − Λ2
1G22√(

c22 − Λ2
1G22

)2
G11 − 2

(
c12 − Λ2

1G12

)(
c22 − Λ2

1G22

)
G12 +

(
c12 − Λ2

1G12

)2
G22

⇐⇒
⎡⎣F11

F21

⎤⎦ = F11

⎡⎣ 1

− c12−Λ2
1G12

c22−Λ2
1G22

⎤⎦ =

= ± 1√(
c22 − Λ2

1G22

)2
G11 − 2

(
c12 − Λ2

1G12

)(
c22 − Λ2

1G22

)
G12 +

(
c12 − Λ2

1G12

)2
G22

×

×
[

c22 − Λ2
1G22

−(c12 − Λ2
1G12

)] q. e. d.

(1.68)

1st identity:

F 2
22

[
− c12−Λ2

2G12

c11−Λ2
2G11

, 1
] [G11 G12

G12 G22

]⎡⎣− c12−Λ2
2G12

c11−Λ2
2G11

1

⎤⎦ = 1

⇐⇒ F 2
22

[
G12 −G11

c12−Λ2
2G12

c11−Λ2
2G11

, G22 −G12
c12−Λ2

2G12

c11−Λ2
2G11

] ⎡⎣− c12−Λ2
2G12

c11−Λ2
2G11

1

⎤⎦ = 1

⇐⇒ F 2
22

[
G22 − 2G12

c12−Λ2
2G12

c11−Λ2
2G11

+ G11
(c12−Λ2

2G12)2

(c11−Λ2
2G11)2

]
= 1

=⇒ F22 = ± c11 − Λ2
2G11√(

c11 − Λ2
2G11

)2
G22 − 2

(
c11 − Λ2

2G11

)(
c12 − Λ2

2G12

)
G12 +

(
c12 − Λ2

2G12

)2
G11

⇐⇒
⎡⎣F12

F22

⎤⎦ = F22

⎡⎣− c12−Λ2
2G12

c11−Λ2
2G11

1

⎤⎦ =

= ± 1√(
c11 − Λ2

2G11

)2
G22 − 2

(
c11 − Λ2

2G11

)(
c12 − Λ2

2G12

)
G12 +

(
c12 − Λ2

2G12

)2
G11

×

×
[−(c12 − Λ2

2G12

)
c11 − Λ2

2G11

]
q. e. d.

(1.69)

End of Proof.
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∂/∂U
–dV 1

∂/∂V–dV 2

∂/∂U

–dV 1
∂/∂V

–dV 2
Λ1

Λ2

Fig. 1.7. Left Cauchy–Green tensor, left Tissot circle S
1, left Tissot ellipse E

1
Λ1,Λ2 , the tangent vectors are

∂/∂U and ∂/∂V .

The canonical forms of the metric, namely dS2 and ds2, have been interpreted as the following pairs:

left Tissot circle S
1

versus

left Tissot ellipse E
1
Λ1,Λ2

,

and

right Tissot ellipse E
1
λ1,λ2

versus

right Tissot circle S
1.

(1.70)

Figure 1.7 illustrates the pair {left Cauchy–Green deformation tensor, left metric tensor} by means of
the left Tissot circle S

1 and the left Tissot ellipse E
1
Λ1,Λ2

on the left tangent space TM
2
l . In contrast,

by means of Fig. 1.8, we aim at illustrating the pair {right Cauchy–Green deformation tensor, right
metric tensor} by means of the right Tissot ellipse E

1
λ1,λ2

and the right Tissot circle S
1 on the right

tangent space TM
2
r . The left eigenvectors span canonically the left tangent space TM

2
l , while the right

eigenvectors span the right tangent space TM
2
r , namely

UM
A

∂

∂UM
versus uµ

α

∂

∂uµ
, Fl

∂

∂U
versus Fr

∂

∂u
. (1.71)

Indeed, they are generated from a dual holonomic base (coordinate base) {dU1,dU2} versus {du1,du2}
to an anholonomic base {–dV 1, –dV 2} = {Ω1, Ω2} versus {–dv1, –dv2} = {ω1, ω2} by the transformations

[
dU1

dU2

]
= Fl

[
Ω1

Ω2

]
versus

[
du1

du2

]
= Fr

[
ω1

ω2

]
. (1.72)

∂/∂u

–dv1

∂/∂v

–dv2

∂/∂u

–dv1

∂/∂v–dv2

λ1

λ2

Fig. 1.8. Right Cauchy–Green tensor, right Tissot ellipse E
1
λ1,λ2 , right Tissot circle S

1, the tangent vectors
are ∂/∂u and ∂/∂v.
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1-3 Two examples: pseudo-cylindrical and orthogonal map projections

Two examples of deformation analysis: pseudo-cylindrical and orthogonal map projections (Cauchy–Green
deformation tensor, its eigenspace, Tissot ellipses of distortion).

The general eigenspace analysis of the Cauchy–Green deformation tensor visualized by the Tissot
ellipses of distortion is the heart of any map projection. It is for this reason that we present to you
the pseudo-cylindrical map projection called Eckert II as Example 1.5 and the orthogonal projection of
the northern hemisphere onto the equatorial plane as Example 1.6. We recommend to go through all
details with “paper and pencil”.

Example 1.5 (Pseudo-cylindric map projection of type Eckert II, left Cauchy–Green deformation tensor).

M.Eckert (1906) proposed six new pseudo-cylindrical map projections of the sphere which have some
intrinsic properties. (i) The images of the central meridian and the pole have half the length of the
equator, the line of zero latitude. (ii) The images of lines of equilatitude, called parallel circles, are
parallel straight lines. Consult Fig. 1.9 for a more illustrative information. For instance, as a special
pseudo-cylindrical projection, an equiareal mapping of the sphere onto a cylinder of type Eckert II,
all meridians and parallel circles are mapped as straight lines. The mapping equations are given by

x = R
2√
6π

Λ
√

4− 3 sin |Φ| , y = R

√
2π

3

(
2−

√
4− 3 sin |Φ|

)
sign Φ ,

sign Φ =

[
+1 ∀ Φ ≥ 0

−1 ∀ Φ < 0
.

(1.73)

End of Example.

We pose four problems. (i) Prove that the images of meridians and parallel circles are straight lines.
Prove the half length condition between the images of the central meridian and the pole, respectively,
and the equator. (ii) Derive the left Cauchy–Green deformation tensor. (iii) Solve the left general
eigenvalue–eigenvector problem. Prove the condition of an equiareal mapping Λ1Λ2 = 1. (iv) Prove
that at {Λ = 0, Φ = 0} the special pseudo-cylindrical projection is not an isometry.

Fig. 1.9. Special pseudo-cylindrical projection of the sphere of type Eckert II (M.Eckert 1906), Tissot ellipses
of distortion.
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Solution (the first problem).

Let us rewrite the mapping equations in a more systematic form by introducing the two constants
c1 := 2R/

√
6π and c2 := R

√
2π/3 in Box 1.9 in order to analyze the graticule of “Eckert II”. First,

the geometrical shape of the image of the meridians is determined by removing the root
√

4− 3 sin |Φ|
from the second equation by substituting the root from the first equation. For Λ = constant, we are
led to the straight line L1(Λ = constant). Second, the parallel circles are immediately fixed in shape
by Φ = constant. x is a homogeneous linear form of longitude Λ and y is a constant. In summary, the
meridians are tilted straights and the parallel circles are parallel straights. Third, let us compute the
length of the circular equator x(Λ = +π, Φ = 0)− x(Λ = −π, Φ = 0) = 8Rπ/

√
6π = 4πc1, the length

of the central meridian x(Λ = 0, Φ = +π/2) − x(Λ = 0, Φ = −π/2) = 4Rπ/
√

6π = 2πc1, and the
length of the image of the pole x(Λ = +π, |Φ| = π/2) − x(Λ = −π, |Φ| = π/2) = 4Rπ/

√
6π = 2πc1.

Obviously, the length of image of the circular equator is twice the length of image of the central
meridian or the pole.

End of Solution (the first problem).

Solution (the second problem).

In order to derive the left Cauchy–Green deformation tensor, according to Box 1.10, we depart from
computing the left Jacobi matrix Jl. First, the partial derivatives DΛx, DΦx, DΛy, and DΦy build up
the left Jacobi matrix. Second, by means of the matrix product Cl = J∗l GrJl, we are able to compute
the left Cauchy–Green matrix for the right matrix of the metric Gr = I2. Indeed, the chart {x, y}
is covered by Cartesian coordinates whose metric is simply given by ds2 = dx2 + dy2. Though the
special left Cauchy–Green matrix Cl = J∗l Jl looks simple, but is complicated in detail. The elements
{c11, c12 = c21, c22} document these features.

End of Solution (the second problem).

Solution (the third problem).

Box 1.11 outlines the solution of the third problem, namely the laborious analytical computation of
the left eigenvalues and the left eigencolumns. First, we refer to Gl as the matrix of the metric of
the sphere S2

R of radius R, and to Cl as the matrix of the left Cauchy–Green tensor, as computed
in Box 1.10. The characteristic equation of the left general eigenvalue problem leads to the solution
Λ2

1,2 = Λ2
+,− as functions of the two fundamental invariants (i) tr

[
ClG

−1
l

]
and (ii) det

[
ClG

−1
l

]
. While

the elements of the matrix ClG
−1
l evoke simple, its trace is complicated. In contrast, det

[
ClG

−1
l

]
= 1.

Second, it is a straightforward proof that the product of eigenvalues squared is identical to the second
invariant, i. e. Λ2

1Λ
2
2 = det

[
ClG

−1
l

]
. As proven, det

[
ClG

−1
l

]
= 1 (in consequence Λ1Λ2 = 1) can be

interpreted as the condition for an equiareal mapping. A detailed computation of the left eigenvalues{
Λ1, Λ2

}
=

{
Λ+, Λ−

}
is not useful due to the lengthy forms involved. Third, the same argument

holds for the computed first eigencolumn, which is associated to Λ1 =
√

Λ2
1 ∈ R

+ and for the second
eigencolumn, which is associated to Λ2 =

√
Λ2

2 ∈ R
+, and these are very lengthy. For practical use, a

computation in a {Λ,Φ} lattice (for instance, 1◦ × 1◦) is recommended.

End of Solution (the third problem).

Solution (the fourth problem).

Box 1.12 collects the details of the proof that the “Eckert II mapping” of the point {Λ,Φ} = {0, 0} is
not an isometry. For an isometry, Λ1 = Λ2 = 1 is the postulate. If Λ1 = Λ2, then it holds that
(tr[ClG

−1
l ])2 = 4det[ClG

−1
l ]. Since (tr[ClG

−1
l (Λ = 0, Φ = 0)])2 = [(64 + 9π2)/24π]2 �= 4 due to

det[ClG
−1
l ] = 1, it follows that Λ1 �= Λ2.

End of Solution (the fourth problem).
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Example 1.5 documents that for various map projections it is practically impossible to analytically
compute the eigenspace which leads to the left and right Tissot ellipses. Numerically no problems
appear when we have a computer at hand. For a large number of map projections, there is no problem
to analytically compute the eigenspace. Such an example is considered after the boxes.

Box 1.9 (Eckert II, the first problem).

x = c1Λ
p

4 − 3 sin |Φ| , c1 :=
2R√
6π

,

y = c2

“
2 −

p
4 − 3 sin |Φ|

”
sign φ , c2 := R

r
2π

3
= πc1 .

(1.74)

Meridians:p
4 − 3 sin |Φ| =

x

c1Λ
⇒ y = 2c2 − c2

c1

x

Λ
= 2c2 − π

x

Λ
,

Λ = constant ⇒ y = 2c2 − c3x , c3 :=
π

Λ
, L1(Λ = constant) :=

˘
x ∈ R

2
˛̨
y = 2c2 − c3x

¯
.

(1.75)

Parallel circles:

Φ = constant ⇒ x = c4Λ , c4 := c1

p
4 − 3 sin |Φ| , y = c5 , c5 := 2c2 − c2

p
4 − 3 sin |Φ| ,

L1(Φ = constant) :=
˘
x ∈ R

2
˛̨
x = c4Λ, y = c5

¯
.

(1.76)

“Half”:

(i) length of the circular equator:

x(Λ = +π, Φ = 0) − x(Λ = −π, Φ = 0) = 8Rπ/
√

6π ,

(ii) length of the central meridian:

x(Λ = 0, Φ = π/2) − x(Λ = 0, Φ = −π/2) = 4Rπ/
√

6π ,

(iii) length of the pole:

x(Λ = +π, |Φ| = π/2) − x(Λ = −π, |Φ| = π/2) = 4Rπ/
√

6π .

(1.77)

Box 1.10 (Eckert II, the second problem).

x = c1Λ
p

4 − 3 sin |Φ| , c1 :=
2R√
6π

,

y = c2

“
2 −

p
4 − 3 sin |Φ|

”
sign φ , c2 := R

r
2π

3
= πc1 .

(1.78)

Left Jacobi matrix:

Jl :=

»
DΛx DΦx
DΛy DΦy

–
,

DΛx = c1

p
4 − 3 sin |Φ| , DΦx = −c1

2
Λ

3 cos Φ sign Φp
4 − 3 sin |Φ| ,

DΛy = 0 , DΦy =
3c2

2

cos Φp
4 − 3 sin |Φ| .

(1.79)

Left Cauchy–Green matrix:

Cl = J∗l GrJl , Gr = I2 ⇒ Cl = J∗l Jl,
c11 =

2R2

3π

`
4 − 3 sin |Φ| ´

, c12 = −R2

π
Λ cos Φ sign Φ ,

c21 = c12 , c22 =
3

2

R2

π

cos2 Φ

4 − 3 sin |Φ|
`
Λ2 + π2´

.

(1.80)
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Box 1.11 (Eckert II, the third problem).

Gl = R2

»
cos2 Φ 0

0 1

–
, Cl according to Box 1.10. (1.81)

Left general eigenvalue problem:

˛̨
Cl − Λ2Gl

˛̨
= 0 ⇔ Λ2

1,2 = Λ2
+,− =

1

2

„
tr

ˆ
ClG

−1
l

˜ ± q`
tr

ˆ
ClG

−1
l

˜´2 − 4det
ˆ
ClG

−1
l

˜ «
, (1.82)

`
ClG

−1
l

´
11

= c11G
−1
11 = +

2

3π

4 − 3 sin |Φ|
cos2 Φ

,

`
ClG

−1
l

´
12

= c12G
−1
22 = − 1

π
Λ cos Φ signΦ ,

`
ClG

−1
l

´
21

= c21G
−1
11 = − 1

π
Λ cos Φ signΦ ,

`
ClG

−1
l

´
22

= c22G
−1
22 = +

3

2π

cos2 Φ

4 − 3 sin |Φ|
`
Λ2 + π2´

,

(1.83)

det
ˆ
ClG

−1
l

˜
= 1 , tr

ˆ
ClG

−1
l

˜
=

2

3π

4 − 3 sin |Φ|
cos2 Φ

+
3

2π

cos2 Φ

4 − 3 sin |Φ|
`
Λ2 + π2´

. (1.84)

Λ1Λ2 = 1:

Λ2
1Λ

2
2 = det

ˆ
ClG

−1
l

˜
= 1 . (1.85)

Left eigencolumns:

(i)
√

:=
q

G11(c22 − Λ2
1G22)2 + G22c2

12 (G12 = 0) ,

2
4F11

F22

3
5 =

1√

2
664

3

2π
R2 cos2 Φ

4 − 3 sin |Φ|
`
Λ2 + π2´ − Λ2

1R
2

1

π
R2Λ cos Φ signΦ

3
775 ;

(1.86)

(ii)
√

:=
q

G22(c11 − Λ2
2G11)2 + G11c2

12 (G12 = 0) ,

2
4F12

F21

3
5 =

1√

2
664

1

π
R2Λcos Φ signΦ

2

3π
R2(4 − 3 sin |Φ|) − Λ2

2R
2 cos2 Φ

3
775 .

(1.87)

Box 1.12 (Eckert II, the fourth problem).

Λ1 = Λ2 ⇔ `
tr

ˆ
ClG

−1
l

˜´2
= 4det

ˆ
ClG

−1
l

˜
, (1.88)

det
ˆ
ClG

−1
l

˜
= 1 , (1.89)

`
tr

ˆ
ClG

−1
l

`
Λ = 0, Φ = 0

´˜´2
=

„
64 + 9π2

24π

«2


= 4det
ˆ
ClG

−1
l

˜
= 4 ⇒ Λ1 
= Λ2 . (1.90)
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Fig. 1.10. Orthogonal projection of points of the sphere S
2
R+ onto the tangent plane P

2
O at the North Pole,

shorelines, right Tissot ellipses of distorsion.

Example 1.6 (Orthogonal projection of points of the sphere onto the equatorial plane through the origin).

Let us assume that we make an orthogonal projection of points of the northern hemisphere onto the
equatorial plane P

2
O through the origin O of the plane S

2
R+ . Figure 1.10 and Figure 1.11 illustrate

such an azimuthal projection by means of polar coordinate lines, shorelines, and right Tissot ellipses
of distortion. The mapping equations are given by x = X, y = Y , Z > 0, x = R cos Φ cos Λ, y =
R cos Φ sin Λ.

End of Example.

e1

e2

fα f r

r

α

λ1

λ2

ϕ

O

p

Fig. 1.11. Orthogonal projection S
2
R+ onto P

2
O, polar coordinates, right Tissot ellipse E

2
λ1,λ2 , right eigenvectors

{fα, f r p}, right eigenvalues {λ1, λ2}, image of parallel circle.
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We pose two problems. (i) Derive the right Cauchy–Green deformation tensor. (ii) Solve the right
general eigenvalue–eigenvector problem.

Solution (the first problem).

By means of detailed derivations given in Boxes 1.13 and 1.14, we aim at an analytical analysis of
the right Cauchy–Green deformation tensor in Cartesian coordinates {x, y} and in polar coordinates
{α, r}, which cover the projection plane P

2
O. The right mapping equations {Λ(x, y), Φ(x, y)} and

{Λ(α), Φ(r)} are given first. They are constituted from the identities x = X = R cosΦ cos Λ and
y = Y = R cos Φ sin Λ, where {Λ,Φ} are the spherical coordinates. {Λ,Φ} or {longitude, latitude}
label a point in S

2
R+ . We use the symbol + in order to allow only positive values Z ∈ R

+, which are
points in the northern hemisphere. Second, we compute the right Jacobi matrices Jr(x, y) and Jr(α, r)
in Cartesian coordinates {x, y} and in polar coordinates {α, r}. While Jr(x, y) is a fully occupied
matrix, Jr(α, r) is diagonal. Third, this difference continues when we are going to compute the right
Cauchy–Green matrices Cr(x, y) and Cr(α, r). Again, Cr(x, y) is a fully occupied symmetric matrix,
while Cr(α, r) is diagonal. Fourth, in Box 1.13, we represent the right Cauchy–Green deformation
tensor as a tensor of second order in the Cartesian two-basis eµ⊗ eν for all {µ, ν} = {1, 2}. Note that
R

2 = span{e1,e2}, where {e1,e2 O} is an orthonormal two-leg at O. Remarkably, Cr(x, y) includes
the components e1⊗ e2, e1⊗ e2 + e2⊗ e1, and e2⊗ e2. In contrast, the algebra of the right Cauchy–
Green deformation tensor in Box 1.14, represented in polar coordinates, is slightly more complicated.
A placement vector x(α, r) ∈ P2

O is locally described by the tangent space Tx M2
r spanned by the

tangent vectors g1 = Dαx and g1 = Drx. In polar coordinates {α, r}, the matrix of the right metric
is given by Gr = diag(r2, 1), a diagonal matrix. The first differential invariant of M

2
r ∼ P

2
O is given

by (ds)2 = f(dα,dr). The basis {g1, g2}, which is dual to {g1, g2}, also called co-frame, is computed
next, namely by G−1(α, r). Due to the orthogonality of the two-leg {g1, g2 p}, the co-frame amounts
to g1 = g1/g11 and g2 = g2/g22, respectively. Question: “Why did we bother you with the notation of
the co-frame {g1, g2 p}?” Answer: “Often the moving frame {g1(α, r), g2(α, r)} is called covariant,
accordingly its dual {g1(α, r), g2(α, r)} is called contravariant. The properly posed question can be
answered immediately. The second-order tensor Cr(α, r) is represented in the contravariant or two-
co-basis {g1 ⊗ g1, g1 ⊗ g2, g2 ⊗ g1, g2 ⊗ g2}, in general. Due to the diagonal structure of the right
deformation tensor Cr(r), contains only components g1 ⊗ g1 and g2 ⊗ g2, or g1 ⊗ g1 and g2 ⊗ g2,
respectively.”

End of Solution (the first problem).

Solution (the second problem).

The results on the right eigenspace analysis of the matrix pair {Cr,Gr} are collected in Box 1.15 and
Box 1.16, exclusively. In particular, we aim at computing the right eigenvalues, eigencolumns, and
eigenvectors, namely in Box 1.15 in Cartesian coordinates {x, y} along the fixed orthonormal frame
{e1,e2} and in Box 1.16 in polar coordinates {α, r} along the moving orthogonal frame {g1, g2 p}.
First, we solve the right general eigenvalue problem, both in Cartesian representation {λ1(x, y), λ2 = 1}
and in polar representation {λ1(r), λ2 = 1}. The characteristic equation

∣∣Cr − λ2Gr

∣∣ = 0 is solved in
Box 1.16 if both Cr and Gr are diagonal. The determinantal identity is factorized directly into the right
eigenvalues λ1 and λ2, a result we take advantage from in a following section. Second, we derive the
simple structure of the eigencolumns {f11(x, y), f21(x, y)} and {f12(x, y), f22(x, y)} in case of Cartesian
coordinates as well as of the eigencolumns {f11(r), f21(r)} and {f12(r), f22(r)} in polar coordinates.
Third, let us derive the right eigenvectors. In Box 1.15, we succeed to represent the orthonormal right
eigenvectors in the Cartesian basis {e1,e2 p}. In contrast, in Box 1.16, we are able to compute the
first right eigenvector as a tangent vector of the image of the parallel circle, while the second right
eigenvector “radial” as a tangent vector of the image (straight line) of the meridian. Such a beautiful
result is illustrated by Fig. 1.11.

End of Solution (the second problem).
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Box 1.13 (Orthogonal projection S
2
R+ onto P

2
O, Cartesian coordinates, the first problem).

x = r cos α , y = r sin α , Λ(x, y) = arctan
Y

X
= arctan

y

x
= α ,

Φ(x, y) = arccos

√
X2 + Y 2

R
= arccos

p
x2 + y2

R
= arccos

r

R
.

(1.91)

Right Jacobi matrix:

Jr :=

"
DxΛ DyΛ

DxΦ DyΦ

#
=

1p
x2 + y2

2
664

− yp
x2 + y2

+
xp

x2 + y2

− xp
R2 − (x2 + y2)

− yp
R2 − (x2 + y2)

3
775 ,

DxΛ = − y

x2 + y2
, DyΛ = +

x

x2 + y2
,

DxΦ = − xp
x2 + y2

1p
R2 − (x2 + y2)

, DyΦ = − yp
x2 + y2

1p
R2 − (x2 + y2)

.

(1.92)

Right Cauchy–Green matrix:

Cr := J∗r GlJr , Gl = R2

"
cos2 Φ 0

0 1

#
=

"
x2 + y2 0

0 R2

#
, Cr =

1

x2 + y2
×

×

2
664

yp
x2 + y2

xp
R2 − (x2 + y2)

− xp
x2 + y2

yp
R2 − (x2 + y2)

3
775

"
x2 + y2 0

0 R2

# 2
664

yp
x2 + y2

− xp
x2 + y2

xp
R2 − (x2 + y2)

yp
R2 − (x2 + y2)

3
775 =

=
1

x2 + y2

2
6664

y
p

x2 + y2 x
R2p

R2 − (x2 + y2)

−x
p

x2 + y2 y
R2p

R2 − (x2 + y2)

3
7775

2
6664

yp
x2 + y2

− xp
x2 + y2

xp
R2 − (x2 + y2)

yp
R2 − (x2 + y2)

3
7775 =

=
1

R2 − (x2 + y2)

"
R2 − y2 xy

xy R2 − x2

#
.

(1.93)

Right Cauchy–Green tensor:

Cr =

2X
µ,ν=1

eµ ⊗ eνCµν =

2X
µ,ν=1

Cµνeµ ⊗ eν ,

R
2 = span{e1, e2} = span{e1, e2} ,

˙
eµ eν

¸
= δµν , ‖eµ‖2 = 1 ,

Cr = e1 ⊗ e1C11 +
1

2

`
e1 ⊗ e2 + e2 ⊗ e1

´
2C12 + e2 ⊗ e2C22 =

= e1 ⊗ e1
R2 − y2

R2 − (x2 + y2)
+

1

2

`
e1 ⊗ e2 + e2 ⊗ e1

´ 2xy

R2 − (x2 + y2)
+ e2 ⊗ e2

R2 − x2

R2 − (x2 + y2)
,

1

2

`
eµ ⊗ eν + eν ⊗ eµ

´
=: eµ ∨ eν (symmetric product) ,

Cr = e1 ∨ e1
R2 − y2

R2 − (x2 + y2)
+ e1 ∨ e2

2xy

R2 − (x2 + y2)
+ e2 ∨ e2

R2 − x2

R2 − (x2 + y2)
.

(1.94)
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Box 1.14 (Orthogonal projection S
2
R+ onto P

2
O, polar coordinates, the first problem).

x = r cos α , y = r sin α ,

Λ(x, y) = arctan
y

x
= α ,

Φ(x, y) = arccos

p
x2 + y2

R
= arccos

r

R
.

(1.95)

Right Jacobi matrix:

Jr :=

"
DαΛ DrΛ

DαΦ DrΦ

#
=

2
41 0

0 − 1√
R2 − r2

3
5 ,

DαΛ = 1 , DrΛ = 0 ,

DαΦ = 0 , DrΦ = − 1p
1 − r2/R2

1

R
= − 1√

R2 − r2
.

(1.96)

Right Cauchy–Green matrix:

Cr := J∗r GlJr =

2
64r2 0

0
R2

R2 − r2

3
75 ,

Gl = R2

"
cos2 Φ 0

0 1

#
=

"
r2 0

0 R2

#
.

(1.97)

Right Cauchy–Green tensor:

x(α, r) = e1r cos α + e2r sin α ,

g1 := Dαx = −e1r sin α + e2r cos α , g2 := Drx = +e1 cos α + e2 sin α ,

g11 :=
˙
g1 g1

¸
= r2 , g12 :=

˙
g1 g2

¸
= 0 , g22 :=

˙
g2 g2

¸
= 1 ,

Gr =

"
r2 0

0 1

#
,

(ds)2 = r2(dα)2 + (dr)2 ,

gµ =

2X
ν=1

gµνgν , g1 =
1

g11
g1 =

1

r2
g1 , g2 =

1

g22
g2 = g2 ,

Cr =

2X
µ,ν=1

gµ ⊗ gνCµν =

= g1 ⊗ g1r2 + g2 ⊗ g2 R2

R2 − r2
= g1 ⊗ g11 + g2 ⊗ g2

R2

R2 − r2
.

(1.98)
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Box 1.15 (Orthogonal projection S
2
R+ onto P

2
O, Cartesian coordinates, the second problem).

Gr =

»
1 0
0 1

–
, Cr according to Box 1.13. (1.99)

Right general eigenvalue problem:

˛̨
Cr − λ2Gr

˛̨
= 0 ⇔ λ2

1,2 = λ2
+,− =

1

2

„
tr

ˆ
CrG

−1
r

˜ ± q`
tr

ˆ
CrG

−1
r

˜´2 − 4det
ˆ
CrG

−1
r

˜ «
,

Cr =
1

R2 − (x2 + y2)

»
R2 − y2 xy

xy R2 − x2

–
, Gr = I2 ,

tr
ˆ
CrG

−1
r

˜
= tr [Cr] =

2R2 − (x2 + y2)

R2 − (x2 + y2)
,

det
ˆ
CrG

−1
r

˜
= det [Cr] =

`
R2 − x2

´`
R2 − y2

´ − x2y2ˆ
R2 − (x2 + y2)

˜2 =
R2

R2 − (x2 + y2)
,

`
tr

ˆ
CrG

−1
r

˜´2 − 4det
ˆ
CrG

−1
r

˜
=

(x2 + y2)2ˆ
R2 − (x2 + y2)

˜2 ,

λ2
1 = λ2

+ =
R2

R2 − (x2 + y2)
, λ1 = λ+ = +

Rp
R2 − (x2 + y2)

, λ2
2 = λ2

− = 1 , λ2 = λ− = +1 .

(1.100)

Right eigencolumns:

(i)
√

:=
p

g11(C22 − λ2
1g22)2 − 2g12(C12 − λ2

1g12)(C22 − λ2
1g22) + g22(C12 − λ2

1g12)2 =

=
q

(C22 − λ2
1)

2 + C2
12 = x

p
x2 + y2

R2 − (x2 + y2)
,

"
f11

f21

#
=

1√
"
C22 − λ2

1

−C12

#
= − 1p

x2 + y2

"
x

y

#
;

(1.101)

(ii)
√

:=
p

g11(C12 − λ2
2g12)2 − 2g12(C11 − λ2

2g11)(C12 − λ2
2g12) + g22(C11 − λ2

2g11)2 =

=
q

(C11 − λ2
2)

2 + C2
12 = x

p
x2 + y2

R2 − (x2 + y2)
,

"
f12

f22

#
=

1√
" −C12

C11 − λ2
2

#
= +

1p
x2 + y2

"−y

x

#
.

(1.102)

Right eigenvectors:

1st eigenvector: f 1 := e1f11 + e2f21 , f 1(x, y) = −e1
xp

x2 + y2
− e2

yp
x2 + y2

;

2nd eigenvector: f 2 := e1f12 + e2f22 , f 2(x, y) = −e1
yp

x2 + y2
+ e2

xp
x2 + y2

.

(1.103)

Notes:˙
f 1 f 2

¸
= 0 ⇒ �

`
f 1, f 2

´
= π/2 ,

‚‚f 1

‚‚
2

=
‚‚f 2

‚‚
2

= 1 . (1.104)
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Box 1.16 (Orthogonal projection S
2
R+ onto P

2
O, polar coordinates, the second problem).

Gr =

»
r2 0
0 1

–
, Cr according to Box 1.14. (1.105)

Right general eigenvalue problem:

˛̨
Cr − λ2Gr

˛̨
= 0 ⇔ λ2

1,2 = λ2
+,− =

1

2

„
tr

ˆ
CrG

−1
r

˜ ± q`
tr

ˆ
CrG

−1
r

˜´2 − 4det
ˆ
CrG

−1
r

˜ «
,

G−1
r =

"
1

r2
0

0 1

#
, CrG

−1
r =

2
41 0

0
R2

R2 − r2

3
5 ,

tr
ˆ
CrG

−1
r

˜
=

2R2 − r2

R2 − r2
, det

ˆ
CrG

−1
r

˜
=

R2

R2 − r2
,

q`
tr

ˆ
CrG

−1
r

˜´2 − 4det
ˆ
CrG

−1
r

˜
=

r2

R2 − r2
,

λ2
1 = λ2

+ =
R2

R2 − r2
, λ1 = λ+ = +

R√
R2 − r2

, λ2
2 = λ2

− = 1 , λ2 = λ− = +1 .

(1.106)

Alternative solution, right general eigenvalue problem:

Cr = diag

„
r2,

R2

R2 − r2

«
, Gr = diag

`
r2, 1

´
,

˛̨
Cr − λ2Gr

˛̨
= 0

⇔˛̨̨
˛̨r2(1 − λ2) 0

0 R2

R2−r2 − λ2

˛̨̨
˛̨ =

˛̨̨
˛C11 − λ2g11 0

0 C22 − λ2g22

˛̨̨
˛ = 0

⇔

C11 − λ2g11 = r2(1 − λ2) = 0 , C22 − λ2g22 =
R2

R2 − r2
− λ2 = 0

⇒

λ2
1 = λ2

+ =
R2

R2 − r2
, λ1 = λ+ = +

R√
R2 − r2

, λ2
2 = λ2

− = 1 , λ2 = λ− = +1 .

(1.107)

Right eigencolumns:"
f11

f21

#
=

1√
g11

"
1

0

#
=

1

r

"
1

0

#
,

"
f12

f22

#
=

1√
g22

"
0

1

#
=

"
0

1

#
. (1.108)

Right eigenvectors:

g1 := gα = Dαx = −e1r sin α + e2r cos α , g2 := gr = Drx = +e1 cos α + e2 sin α ; (1.109)

1st eigenvector: fα := gαf11 + grf21 , fα(r) = gα
1

r
= −e1 sin α + e2 cos α

(tangent vector of image of parallel circles) ;

2nd eigenvector: f r := gαf12 + grf22 , f r(r) = gr

(tangent vector of image of meridians) .

(1.110)
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1-4 Euler–Lagrange deformation tensor

“Approach your problems from the right end and begin with the answers.
Then, one day, perhaps you will find the final question.”
(The Hermit Clad in Crane Feathers, in R. van Gulik’s The Chinese Maze Murders.)

A first additive measure of deformation: the Euler–Lagrange deformation tensor, relations between the
Cauchy–Green and the Euler-Lagrange deformation tensor.

The first additive measure of deformation is based upon the scale differences ds2−dS2 versus dS2−ds2,
which are represented by pullback UM → uµ = fµ(UM ) or pushforward uµ → UM = FM (uµ), in
particular, by

ds2 − dS2 = dUT
(
JT

l GrJl − Gl

)
dU versus dS2 − ds2 = duT

(
JT
r GlJr − Gr

)
du . (1.111)

Accordingly, we are led to the deformation measures of Box 1.17, which have been introduced by
L.Euler and J. L. Lagrange, called strain.

Box 1.17 (Left versus right Euler–Lagrange deformation tensor).

Left EL deformation tensor : Right EL deformation tensor :

ds2 − dS2 = dUT
“
JT

l GrJl − Gl

”
dU , dS2 − ds2 = duT

“
JT
r GlJr − Gr

”
du ,

1

2

`
ds2 − dS2´

= +dUTEl dU ,
1

2

`
dS2 − ds2´

= −duTEr du ,

El :=
1

2

“
JT

l GrJl − Gl

”
. Er :=

1

2

“
Gr − JT

r GlJr

”
.

(1.112)

Q
ue

st
io

n.

Question: “What is the role of strain in the context of the pair of matrices {El,Gl} and
{Er,Gr}, respectively?” Answer: “{El,Er} are symmetric matrices and {Gl,Gr} are symetric,
positive-definite matrices. Thus, according to a standard lemma of matrix algebra, both
matrices can be simultaneously diagonalized, one matrix being the unit matrix. With the
reference to the general eigenvalue we experienced for the Cauchy–Green deformation tensor,
we arrive at Lemma 1.7.”

Lemma 1.7 (Left and right general eigenvalue problem of the Euler–Lagrange deformation tensor).

For the pair of symmetric matrices {El,Gl} or {Er,Gr}, where {Gl,Gr} are positive-definite matrices,
a simultaneous diagonalization, namely

FT
l ElFl = diag

(
K1,K2

)
, FT

l GlFl = I2 versus FT
r ErFr = diag

(
κ1, κ2

)
, FT

r GrFr = I2, (1.113)

is immediately obtained from the left and right general eigenvalue–eigenvector problems

ElFl − GlFl diag
(
K1,K2

)
= 0 ErFr − GrFr diag

(
κ1, κ2

)
= 0

⇔ ⇔(
El −KiGl

)
f li = 0 (∀i ∈ {1, 2}) (

Er − κiGr

)
f ri = 0 (∀i ∈ {1, 2})

⇔ and ⇔∣∣El −KiGl

∣∣ = 0
(
FT

l GlFl = I2
)

,
∣∣Er − κiGr

∣∣ = 0
(
FT

r GrFr = I2
)

,

K1,2 = K+,− =
1
2
tr
[
ElG

−1
l

]± κ1,2 = κ+,− =
1
2
tr
[
ErG

−1
r

]±
±
√(

tr
[
ElG

−1
l

])2 − 4det
[
ElG

−1
l

]
, ±

√(
tr
[
ErG

−1
r

])2 − 4det
[
ErG

−1
r

]
.

(1.114)

End of Lemma.
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In order to visualize the eigenspace of both the left and the right Euler–Lagrange deformation tensor
El and Er relative to the left and right metric tensors Gl and Gr, we are forced to compute in addition
the left and right eigenvectors (namely the left and right eigencolumns, also called eigendirectories)
of the pairs {El,Gl} and {Er,Gr}, respectively. Lemma 1.8summarizes the results.

Lemma 1.8 (Left and right eigenvectors of the left and the right Euler–Lagrange deformation tensor).

For the pair of symmetric matrices {El,Gl} or {Er,Gr}, an explicit form of the left eigencolumns and
the right eigencolumns is

1st left eigencolumns, K1:[
F11

F21

]
= 1√

G11(e22−K1G22)2−2G12(e12−K1G12)(e22−K1G22)+G22(e12−K1G12)2
×

×
[

e22 −K1G22

−(e12 −K1G12)

]
;

(1.115)

2nd left eigencolumns, K2:[
F12

F22

]
= 1√

G22(e11−K2G11)2−2G12(e11−K2G11)(e12−K2G12)+G11(e12−K2G12)2
×

×
[−(e12 −K2G12)

e11 −K2G11

]
;

(1.116)

1st right eigencolumns, κ1:[
f11

f21

]
= 1√

g11(E22−κ1g22)2−2g12(E12−κ1g12)(E22−κ1g22)+g22(E12−κ1g12)2
×

×
[

E22 − κ1g22

−(E12 − κ1g12)

]
;

(1.117)

2nd right eigencolumns, κ2:[
f12

f22

]
= 1√

g22(E11−κ2g11)2−2g12(E11−κ2g11)(E12−κ2g12)+g11(E12−κ2g12)2
×

×
[−(E12 − κ2g12)

E11 − κ2g11

]
.

(1.118)

End of Lemma.

The proof of these relations follows the line of thought of the proof of Lemma 1.6. Accordingly, we
skip any proof here.
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∂/∂U

1

∂/∂V

1

∂/∂u

∂/∂v √
K1

√
K2

Fig. 1.12. Left Euler–Lagrange tensor, K1 > 0, K2 > 0, left Euler–Lagrange circle S
1, left Euler–Lagrange

ellipse E
1√

K1,
√

K2
.

The canonical forms of the scale difference (ds)2 − (dS)2 and (dS)2 − (ds)2, respectively, have been
interpreted as

left Euler–Lagrange circle S1

versus

left Euler–Lagrange ellipse

E
1√

K1,
√

K2
(Ki > 0∀ i = 1, 2) ,

left Euler–Lagrange hyperbola

H
1√

K1,
√

K2
(K1 > 0,K2 < 0) ,

and

right Euler–Lagrange circle S
1

versus

right Euler–Lagrange ellipse

E
1√

κ1,
√

κ2
(κi > 0∀ i = 1, 2) ,

right Euler–Lagrange hyperbola

H
1√

κ1,
√

κ2
(κ1 > 0, κ2 < 0) ,

(1.119)

on the left tangent space TUM2
l and the right tangent space TuM2

r , respectively. A deformation portrait
with a positive eigenvalue K(El,Gr) or κ(Er,Gl) is referred to as extension, with a negative eigenvalue
K(El,Gr) or κ(Er,Gl) as compression. Obviously, Cauchy–Green deformation and Euler–Lagrange
deformation are related as outlined in Corollary 1.9. The four cases of the eigenspace analysis of the
left and the right Euler–Lagrange deformation are illustrated in Figs. 1.12–1.15.
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Fig. 1.13. Left Euler–Lagrange tensor, K1 > 0, K2 < 0, left Euler–Lagrange circle S
1, left Euler–Lagrange

hyperbola H
1√

K1,
√

K2
, left and right focal points Fl and Fr.
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∂/∂U
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√
κ1

√
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1

Fig. 1.14. Right Euler–Lagrange tensor, κ1 > 0, κ2 > 0, right Euler–Lagrange circle S
1, right Euler–Lagrange

ellipse E
1√

κ1,
√

κ2
.

Corollary 1.9 (Relation between the Cauchy–Green and the Euler–Lagrange deformation tensor).

2El = J∗l GrJl − Gl = Cl − Gl 2Er = Gr − J∗rGlJr = Gr − Cr

versus versus versus

Cl = 2El + Gl , Cr = Gr − 2Er ;

El = J∗l ErJl versus Er = J∗rElJr ;

2Ki = Λ2
i ∀ i = 1, 2 versus 2κi = λ2

i − 1 ∀ i = 1, 2 .

(1.120)

End of Corollary.

Examples for the mapping between two Riemann manifolds are the following. C. F.Gauss (1822, 1844)
presented his celebrated conformal mapping of the biaxial ellipsoid E2

A1,A1,A2
= M2

l onto the sphere
S

2
r = M

2
r , also called double projection due to a second conformal mapping of the sphere S

2
r onto the

plane R
2. M.Amalvict and E. Livieratos (1988) elaborated the isoparametric mapping of the triaxial

ellipsoid E
2
A1,A2,A3

= M
2
l onto the biaxial ellipsoid E

2
A1,A1,A2

= M
2
r . A. Dermanis, E. Livieratos, and

S. Pertsinidou (1984) mapped the geoid onto the biaxial ellipsoid. While nearly all existing map projec-
tions are analyzed by means of the Cauchy–Green deformation tensor, A. Dermanis and E. Livieratos
(1993) used the Euler–Lagrange deformation tensor for map projections, in particular, dilatation
tr
[
ElG

−1
l

]
or tr

[
ErG

−1
r

]
and general shear

(
tr
[
ElG

−1
l

])2−4det
[
ElG

−1
l

]
or

(
tr
[
ErG

−1
r

])2−4det
[
ErG

−1
r

]
.

An elaborate example is discussed in Section 1-5. However, to give you some breathing time, please
first enjoy the Berghaus star projection presented in Fig. 1.16.
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Fig. 1.15. Right Euler–Lagrange tensor, κ1 > 0, κ2 < 0, right Euler–Lagrange circle S
1, right Euler–Lagrange

hyperbola H
1√

κ1,
√

κ2
, left and right focal points Fl and Fr.
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Fig. 1.16. Berghaus star projection, shorelines of a spherical Earth, 18◦ graticule, central meridian 90◦ W,
“world map”.

1-5 One example: orthogonal map projection

One example of deformation analysis (Euler–Lagrange deformation tensor, its eigenspace, ellipses and
hyperbolae of distortion), orthogonal map projection, Hammer equiareal modified azimuthal projection.

The general eigenspace analysis of the Euler–Lagrange deformation tensor analysis visualized by el-
lipses and hyperbolae of distortion is close to the heart of any map projection. It is for this reason
that we present to you as Example 1.7 the orthogonal projection of the northern hemisphere onto the
equatorial plane. We recommend to go through all details with “paper and pencil”.

Example 1.7 (Orthogonal projection of points of the sphere onto the equatorial plane through the origin).

Let us assume that we make an orthogonal projection of points of the northern hemisphere onto the
equatorial plane P2

O through the origin O of the plane S2
R+ . For an illustration of such a map projection

let us refer to Fig. 1.10. The direct mapping and inverse mapping equations are given by

x = X = R cos Φ cos Λ , Λ(x, y) = arctan(y/x) ,

y = Y = R cosΦ sin Λ , versus cos Φ(x, y) =

√
x2 + y2

R
,

α = Λ , r =
√

X2 + Y 2 = R cos Φ , Λ = α , cosΦ = r/R .

(1.121)

End of Example.

We take advantage of Cartesian coordinates {x, y} and polar coordinates {α, r} to cover R
2. We pose

two problems. (i) Derive the right Euler–Lagrange deformation tensor. (ii) Solve the right general
eigenvalue–eigenvector problem.



34 1 From Riemann manifolds to Riemann manifolds

Solution (the first and the second problem).

We solve the two problems side-by-side in Box 1.18 in Cartesian coordinates and in Box 1.19 in polar
coordinates. Given the right Euler–Lagrange matrix, by means of Box 1.20, we are giving the transform
to the left Euler–Lagrange matrix.

• First, we transform the right Cauchy–Green matrix from Box 1.13 to Box 1.18. Second, we take
advantage of Corollary 1.9 in order to compute the right Euler–Lagrange matrix 2Er = I2 − Cr in
Cartesian coordinates as well as its right eigenvalues 2κi = λ2

i − 1 from given right eigenvalues λ2
i .

In particular, we find κ1 �= 0 and κ2 = 0. Third, we represent the right Euler–Lagrange tensor in
the Cartesian base e1 ∨ e1, e1 ∨ e2, and e2 ∨ e2, where ∨ denotes the symmetric product.

• Fourth, in contrast, we transfer the right Cauchy–Green matrix from Box 1.14 to Box 1.19. Fifth,
we again use Corollary 1.9 in order to compute the right Euler–Lagrange matrix 2Er = Gr − Cr

(Gr = diag(r2, 1)) in polar coordinates as well as its right eigenvalues 2κi = λ2
i − 1. Again, we find

κ1 �= 0 and κ2 = 0. Sixth, we represent the right Euler–Lagrange tensor in the polar base g2 ⊗ g2.
• Seventh, Box 1.20 reviews the transformations of the right Euler–Lagrange tensor Er to the left

Euler–Lagrange tensor El by means of the left Jacobi matrix Jl transferred from Box 1.14 by
Jl = J−1

r . Eighth, we have computed the left eigenvalues of the left Euler–Lagrange deformation
tensor. The degenerate distortion ellipse/hyperbola of the right Euler–Lagrange matrix is finally
illustrated by Fig. 1.17.

End of Solution (the first and the second problem).

Box 1.18 (Orthogonal projection S
2
R+ onto P

2
O, Cartesian coordinates, the first problem and the second

problem).

Right Cauchy–Green matrix in Cartesian coordinates:

Cr =
1

R2 − (x2 + y2)

»
R2 − y2 xy

xy R2 − x2

–
. (1.122)

Right Euler–Lagrange matrix in Cartesian coordinates:

2Er = I2 − Cr , Er = −1

2

1

R2 − (x2 + y2)

»
x2 xy
xy y2

–
. (1.123)

Right eigenvalues:

2κi = λ2
i − 1 ∀ i ∈ {1, 2} ,

λ2
1 =

R2

R2 − (x2 + y2)
, λ2

2 = 1 , κ1 =
1

2

x2 + y2

R2 − (x2 + y2)
, κ2 = 0 .

(1.124)

Right Euler–Lagrange tensor:

Er =

= −1

2
e1 ⊗ e1

x2

R2 − (x2 + y2)
− 1

2

`
e1 ⊗ e2 + e2 ⊗ e1

´ xy

R2 − (x2 + y2)
− 1

2
e2 ⊗ e2

y2

R2 − (x2 + y2)
=

= −1

2
e1 ∨ e1

x2

R2 − (x2 + y2)
− e1 ∨ e2

xy

R2 − (x2 + y2)
− 1

2
e2 ∨ e2

y2

R2 − (x2 + y2)

subject to

eµ ∨ eν :=
1

2

`
eµ ⊗ eν + eν ⊗ eµ

´
.

(1.125)
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p

Fig. 1.17. Orthogonal projection S
2
R+ onto P

2
O, degenerate Euler–Lagrange ellipse/hyperbola.

Box 1.19 (Orthogonal projection S
2
R+ onto P

2
O, polar coordinates, the first and the second problem).

Right Cauchy–Green matrix in polar coordinates:

r2 = x2 + y2 = X2 + Y 2 = R2 cos2 Φ ,

Cr(r) =

2
4r2 0

0
R2

R2 − r2

3
5 , Gr(r) =

»
r2 0
0 1

–
.

(1.126)

Right Euler–Lagrange matrix in polar coordinates:

2Er = Gr − Cr , Er =
1

2

2
40 0

0 − r2

R2 − r2

3
5 . (1.127)

Right eigenvalues:

2κi = λ2
i − 1 ∀ i ∈ {1, 2} , λ2

1 =
R2

R2 − r2
, λ2

2 = 1 , κ1 =
1

2

r2

R2 − r2
> 0 , κ2 = 0 . (1.128)

Right Euler–Lagrange tensor:

Er = −1

2
g2 ⊗ g2

r2

R2 − r2
. (1.129)

Box 1.20 (Orthogonal projection S
2
R+ onto P

2
O, polar coordinates, the transformations from the right Euler–

Lagrange matrix to the left Euler–Lagrange matrix).

Er → El :

El = J∗l ErJl , r2 = R2 cos2 Φ ,

Jl =

»
1 0

0 −
p

R2 − r2

–
, El =

»
0 0
0 −r2/2

–
= −1

2
R2

»
0 0
0 cos2 Φ

–
.

(1.130)

Left eigenvalues:

2K1 = Λ2
1 − 1 =

1

λ2
1

− 1 , 2K2 = Λ2
2 − 1 =

1

λ2
2

− 1 , K1 = −1

2
cos2 Φ , K2 = 0 . (1.131)
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Fig. 1.18. Special map projection of the sphere: the Hammer equiareal modified azimuthal projection. This
map projection is centered to the Greenwich meridian, with shorelines, 30◦ longitude, 15◦ latitude graticule,
Tissot ellipses of distortion, “the world in one chart”.

A map projection which is worth studying with all the machinery of deformation measures is the
Hammer equiareal modified azimuthal projection of the sphere S2

R+ presented in Fig. 1.18. The ID card
of this special map projection is shown in Table 1.2.

Table 1.2. ID card of Hammer equiareal modified azimuthal projection of the sphere.

(i) Classification Modified azimuthal, transverse, rescaled equiareal.

(ii) Graticule

Meridians: central meridian is straight, other meridians are
algebraic curves of fourth order. The limiting meridians
form an ellipse.
Parallels: curved. equator is straight, other parallels
are algebraic curves of fourth order.
Poles of the sphere: points.
Symmetry: about the central meridians.

(iii) Distortions
Product of principal stretches is one, equiareal,
equidistant map of the equator.

(iv) Direct mapping equations

x =
c1R

√
2
√

1−c24 sin2 Φ sin(c3Λ)q
1+

√
1−c24 sin2 Φ cos(c3Λ)

,

y = c2R
√

2c4 sin Φq
1+

√
1−c24 sin2 Φ cos(c3Λ)

,

c1 = 2 , c2 = 1 ,

c3 = 1
2

, c4 = 1 ,

c1c2c3c4 = 1 .

(v) Usage Atlas cartography.

(vi) Origins

Presented by E. Hammer (1858–1925) in 1892. The special
Hammer projection has been generalized from the sphere
S

2
R+ to the ellipsoid-of-revolution E

2
A1,A1,A2

by E.Grafarend and R. Syffus (1997e).
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1-6 Review: the deformation measures

Review: the family of twentytwo different deformation measures, compatibility conditions, integrability
conditions, differential forms.

By means of Table 1.3, let us introduce a collection of various deformation measures, i. e. deformation
tensors of the first kind based upon the reviews by D. B. Macvean (1968), K. N. Morman (1986), and
E. Grafarend (1995). For the classification scheme various representation theorems of T. C. T. Ting
(1985) are most useful. Compatibility conditions for Cauchy–Green deformation fields have been for-
mulated by F.P.Duda and L.C.Martins (1995). They are needed for the problem to determine the
mapping equations UK = fK(uk) or uk = fk(UK) from prescribed left or right Cauchy–Green
deformation fields as tensor-valued functions. In the context of exterior calculus, these compatiblity
conditions are classified as integrability conditions. The various deformation measures honor the works
of E. Almansi (1911), A. Cauchy (1889,1890), J. Finger (1894a), G. Green (1839), H. Hencky (1928),
Z. Karni and M. Reiner (1960), G. Piola (1836), and B. R. Seth (1964a,b). The inverse deformation
matrices, namely E5, E6, E15, E16, E17, and E18, appear in the various forms of distortion energy.
Logarithmic and root measures of deformation appear in special stress–strain relations, which very
often are called constitutive equations. The measures E3 and E4 as well as E13 and E14 build up the
special eigenvalue problems. They correspond to definitions of the curvature matrix K = −HG−1, in
surface geometry built on the matrices of the first differential form I ∼ (dg)2 = gµνduµduν as well as
on the second differential form II ∼ (dh)2 = hµνduµduν , which is also called the Hesse form. Indeed,
they establish the matrix pair {H,G}, where G is positive definite.

1-7 Angular shear

A second additive measure of deformation: angular shear (also called angular distortion), left and right
surfaces, parameterized curves.

An alternative additive measure of deformation is angular shear, also called angular distortion. Assume
that two parameterized curves in M2

l as well as their images in M2
r intersect at the point U0 as well as

u0, respectively. Two vectors U̇1
M and U̇2

N as well as u̇µ
1 and u̇ν

2 being elements of the corresponding
local tangent spaces TU0M

2
l as well as TU0M

2
r ,

U̇
M

1 ∈ TU0M
2
l , U̇

N

2 ∈ TU0M
2
l

versus u̇µ
1 ∈ TU0M2

r , u̇ν
2 ∈ TU0M2

r , (1.132)

include the angles Ψl and Ψr. (Note that prime differentiation is understood as differentiation with
respect to arc length. In contrast, dot differentiation is understood as differentiation with respect to
an arbitrary curve parameter, called “tl” and “tr”, respectively.) As it is illustrated by Fig. 1.19, the
left angle Ψl as well as the right angle Ψr are represented by the inner products

cosΨl = 〈U ′
1 U ′

2〉 = cosΨr = 〈u′
1 u′

2〉 =
versus

=
GMN U̇

M

1 U̇
N

2√
GABU̇

A

1 U̇
B

2

√
GΓ∆U̇

Γ

1 U̇
∆

2

=
gµνu̇µ

1 u̇ν
2√

gαβu̇α
1 u̇β

2

√
gγδu̇

γ
1 u̇δ

2

.

(1.133)

The second additive measure of deformation is the angular shear or the angle of shear (Σl is of type
“left” and Σr is of type “right”, respectively)

Σl = Σ := Ψl − Ψr versus Σr = σ := Ψr − Ψl . (1.134)

The following Example 1.8 and the following Box 1.21 illustrate this second additive measure of de-
formation. In order to be simple, however, we have chosen the coordinate lines that are illustrated in
Fig. 1.20.
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Table 1.3. Various deformation tensors of the first kind.

Definitions Author Comments

E1 = Cl = SlR
∗GrRSl = J∗l GrJl

A.Cauchy (1889,1890)

(“left Cauchy–Green”)
if Gr = I, then Cl = S2

l = J∗l Jl

E2 = Cr = SrR
∗GlRSr = J∗r GlJr

G.Green (1839)

(“right Cauchy–Green”)
if Gl = I, then Cr = S2

r = J∗r Jr

E3 = ClG
−1
l

E.Grafarend (1995)

(“left-right Cauchy–Green”)
if Gl = I, then E3 = Cl

E4 = CrG
−1
r

E.Grafarend (1995)

(“right-left Cauchy–Green”)
if Gr = I, then E4 = Cr

E5 = GlC
−1
l

E.Grafarend (1995)

(“inverse left-right Cauchy–Green”)

J. Finger (1894a)

if Gl = I, then E5 = E−1
3

E6 = GrC
−1
r

E.Grafarend (1995)

(“inverse right-left Cauchy–Green”)

G.Piola (1836),

if Gr = I, then E6 = E−1
4

E7 = C
m/2
l ∼ {Λm

1 , Λm
2 } B. R. Seth (1964a,b)

(m ∈ Z, m 
= 0)
m = 2 : E7 = E1

E8 = ln Cl ∼ {ln Λ1, ln Λ2} H.Hencky (1928) –

E9 = C
m/2
r ∼ {λm

1 , λm
2 } B. R. Seth (1964a,b) m = 2 : E9 = E2

E10 = ln Cr ∼ {ln λ1, ln λ2} H.Hencky (1928) –

E11 = El = 1
2
(Cl − Gl)

A.Cauchy (1889,1890)

(“left Euler–Lagrange”)
if Gl = I, then El = 1

2
(Cl − I)

E12 = Er = 1
2
(Gr − Cr)

E.Almansi (1911)

(“right Euler–Lagrange”)
if Gr = I, then Er = 1

2
(I − Cr)

E13 = ElG
−1
l = 1

2
(ClG

−1
l − I)

E.Grafarend (1995)

(“left-right Euler–Lagrange”)
if Gl = I, then E13 = El

E14 = ErG
−1
r = 1

2
(I − CrG

−1
r )

E.Grafarend (1995)

(“right-left Euler–Lagrange”)
if Gr = I, then E14 = Er

E15 = 1
2
(C−1

l − G−1
l ) Z. Karni and M.Reiner (1960)

if Gl = I

then E15 = 1
2
(C−1

l − I)

E16 = 1
2
(G−1

r − C−1
r ) Z. Karni and M.Reiner (1960)

if Gr = I

then E16 = 1
2
(I − C−1

r )

E17 = GlE
−1
l

E.Grafarend (1995)

(“inverse left-right Euler–Lagrange”)
if Gl = I, then E17 = E−1

l

E18 = GrE
−1
r

E.Grafarend (1995)

(“inverse right-left Euler–Lagrange”)
if Gr = I, then E18 = E−1

r

E19 = E
m/2
l ∼ {Km/2

1 , K
m/2
2 } B. R. Seth (1964a,b)

(m ∈ Z, m 
= 0)
m = 2 : E19 = E11

E20 = 1
2

ln El H.Hencky (1928) –

E21 = E
m/2
r ∼ {κm/2

1 , κ
m/2
2 } B. R. Seth (1964a,b) m = 2 : E21 = E12

E22 = 1
2

ln Er H.Hencky (1928) –
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Ẋ1, Ẋ2 ∈ TU0M
2
l ẋ1, ẋ2 ∈ Tu0M

2
r

Ẋ1 = ∂X
∂UM U̇

M
1

Ẋ2 = ∂X
∂UN U̇

N
2

ẋ1 = ∂x
∂uµ u̇µ

1

ẋ2 = ∂x
∂uν u̇ν

2

Ψl Ψr

U 0 u0

Fig. 1.19. Angular measure of deformation, left and right shear.

Example 1.8 (Angular shear or angular distortion, f : E2
A1,A1,A2

→ S2
r).

Let us take reference to Example 1.3, where we analyze the isoparametric mapping f = id from an
ellipsoid-of-revolution M

2
l = E

2
A1,A1,A2

to a sphere M
2
r = S

2
r. Here, we shall continue the analysis by

computing angular shear or angular distortion of two parameterized curves in M
2
l = E

2
A1,A1,A2

as well
as their images in M

2
r = S

2
r.

Left surface, parameterized curves: Right surface, parameterized curves:

(i)parallel circles: (i)parallel circles:

U1 = Λ = tl , U2 = Φ = constant ; u1 = λ = tr , u2 = φ = constant ; (1.135)

(ii)meridians: (ii)meridians:

U1 = Λ = constant , U2 = Φ = tl . u1 = λ = constant , u2 = φ = tr . (1.136)

U1(tl)=
[
Λ(tl)
Φ(tl)

]
=

[
tl

constant

]
,

[
tr

constant

]
=

[
λ(tr)
φ(tr)

]
= u1(tr) ,

U2(tl)=
[
Λ(tl)
Φ(tl)

]
=

[
constant

tl

]
.

[
constant

tr

]
=

[
λ(tr)
φ(tr)

]
= u2(tr) .

(1.137)

End of Example.

Φ φ

Λ λ

Fig. 1.20. Angular shear, isoparametric mapping E
2
A1,A1,A2 → S

2
r, left and right parameterized curves of type

{ellipsoidal parallel circle, ellipsoidal meridian} and {spherical parallel circle, spherical meridian}.
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With these parameterized curves in M
2
l and M

2
r , respectively, we enter Box 1.21. Here, we compute

Φ−1
l and Φ−1

r in parameterized form, namely (Λ,Φ) → X(Λ,Φ) ∈ R3 and (λ, φ) → x(λ, φ) ∈ R3,
respectively. The left and the right displacement field is used to derive the tangent vectors {Ẋ1, Ẋ2} of
type “left” and {ẋ1, ẋ2} of type “right”. The inner products vanish according to our test computations
in Example 1.3. In consequence, Ψl = Ψr = π/2 and Σl = Σr = 0, i. e. no angular distortion appears.

Box 1.21 (Angular shear or angular distortion).

Left vector field: Right vector field:

X(Λ, Φ) = E1
A1 cos Φ cos Λp
1 − E2 sin2 Φ

+ x(λ, φ) = e1r cos φ cos λ+

+E2
A1 cos Φ sin Λp
1 − E2 sin2 Φ

+ E3
(1 − E2)A1 sin Φp

1 − E2 sin2 Φ
. +e2r cos φ sin λ + e3r sin φ .

(1.138)

Left displacement field: Right displacement field:

dX =
∂X

∂Λ

dΛ

dtl
dtl +

∂X

∂Φ

dΦ

dtl
dtl . dx =

∂x

∂λ

dλ

dtr
dtr +

∂x

∂φ

dφ

dtr
dtr . (1.139)

1st left parameterized curve: 1st right parameterized curve:

Λ̇ = 1 , Φ̇ = 0 ,
dX

dtl
=

∂X

∂Λ
. λ̇ = 1 , φ̇ = 0 ,

dx

dtr
=

∂x

∂λ
. (1.140)

2nd left parameterized curve: 2nd right parameterized curve:

Λ̇ = 0 , Φ̇ = 1 ,
dX

dtl
=

∂X

∂Φ
. λ̇ = 0 , φ̇ = 1 ,

dx

dtr
=

∂x

∂φ
. (1.141)

Left angular shear: Right angular shear:

˙
Ẋ1

˛̨
Ẋ2

¸
=

fi
∂X

∂Λ

˛̨̨
˛∂X

∂Φ

fl
= 0 , 0 =

fi
∂x

∂λ

˛̨̨
˛∂x

∂φ

fl
=

˙
ẋ1

˛̨
ẋ2

¸
,

cos Ψl = 0 ⇔ Ψl = ±π

2
, ±π

2
= Ψr ⇔ cos Ψr = 0 ,

Σl = Ψl − Ψr = 0 . Σr = Ψr − Ψl = 0 .

(1.142)

1-8 Relative angular shear

A third multiplicative measure of deformation: relative angular shear, Cauchy–Green deformation tensor,
Euler–Lagrange deformation tensor.

The third multiplicative measure of deformation is the ratio Ql and Qr, respectively. This ratio is also
called relative angular shear. In particular

Ql cos Ψl = cosΨr , Ql = Q :=
cosΨr

cosΨl
versus Qr cos Ψr = cosΨl , Qr = q :=

cos Ψl

cos Ψr
, (1.143)

subject to duality Qq = 1. Note that additive angular shear and multiplicative angular shear are
related by

cos Σl = cos Σr =
versus

= Ql cos2 Ψl +
√

1−Q2
l cos2 Ψl sin Ψl = Qr cos2 Ψr +

√
1−Q2

r cos2 Ψr sin Ψr .

(1.144)
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In Box 1.22, we have collected various representations of angular shear, in particular, in terms of the
Cauchy–Green deformation and Euler–Lagrange deformation tensors, as well as their eigenvalues.

Box 1.22 (Left and right angular shear).

cos Ψl =
U̇

T
1 GlU̇ 2

‖U̇ 1‖Gl‖U̇ 2‖Gl

= cos Ψr =
u̇T

1 Gru̇2

‖u̇1‖Gr‖u̇2‖Gr

=

=
u̇T

1 Cru̇2

‖u̇1‖Cr‖u̇2‖Cr

, =
U̇

T
1 ClU̇ 2

‖U̇ 1‖Cl
‖U̇ 2‖Cl

,

(1.145)

Ql :=
cos Ψr

cos Ψl
=

U̇
T
1 ClU̇ 2

U̇
T
1 GlU̇ 2

× Qr :=
cos Ψl

cos Ψr
=

u̇T
1 Cru̇2

u̇T
1 Gru̇2

×

×‖U̇ 1‖Gl
‖U̇ 2‖Gl

‖U̇ 1‖Cl‖U̇ 2‖Cl

= ×‖u̇1‖Gr‖u̇2‖Gr

‖u̇1‖Cr‖u̇2‖Cr

=

=
U̇

T
1 ClU̇ 2

U̇
T
1 GlU̇ 2

1

Λ(U̇ 1)Λ(U̇ 2)
, =

u̇T
1 Cru̇2

u̇T
1 Gru̇2

1

λ(u̇1)λ(u̇2)
,

(1.146)

Ql =
U̇

T
1

`
2El + Gl

´
U̇ 2

U̇
T
1 GlU̇ 2

‖U̇ 1‖Glq
U̇

T
1

`
2El + Gl

´
U̇ 1

× Qr =
u̇T

1

`
2Er + Gr

´
u̇2

u̇T
1 Gru̇2

‖u̇1‖Grq
u̇T

1

`
2Er + Gr

´
u̇1

×

× ‖U̇ 2‖Glq
U̇

T
2

`
2El + Gl

´
U̇ 2

, × ‖u̇2‖Grq
u̇T

2

`
2Er + Gr

´
u̇2

,

(1.147)

Ql =
1 + 2

`
U̇

T
1 ElU̇ 2

´
/

`
U̇

T
1 GlU̇ 2

´q
1 + 2

`
U̇

T
1 ElU̇ 1

´
/

`
U̇

T
1 GlU̇ 1

´q
1 + 2

`
U̇

T
2 ElU̇ 2

´
/

`
U̇

T
2 GlU̇ 2

´ ,

Qr =
1 + 2

`
u̇T

1 Eru̇2

´
/

`
u̇T

1 Gru̇2

´q
1 + 2

`
u̇T

1 Eru̇1

´
/

`
u̇T

1 Gru̇1

´q
1 + 2

`
u̇T

2 Eru̇2

´
/

`
u̇T

2 Gru̇2

´ ,

(1.148)

cos Ψl =
v̇T

1 FT
r CrFrv̇2

‖v̇1‖FT
r CrFr

‖v̇2‖FT
r CrFr

= cos Ψr =
V̇

T
1 FT

l ClFlV̇ 2

‖V̇ 1‖FT
l

C
l
F

l
‖V̇ 2‖FT

l
C

l
F

l

=

=
v̇T

1 diag(λ2
1, λ

2
2)v̇2

‖v̇1‖Dλ‖v̇2‖Dλ

, =
V̇

T
1 diag(Λ2

1, Λ
2
2)V̇ 2

‖V̇ 1‖DΛ‖V̇ 2‖DΛ

.

(1.149)

The following Example 1.9 and the following Box 1.23 illustrate this third multiplicative measure of
deformation.

Example 1.9 (Relative angular shear).

Again, we refer to Example 1.3, and to Example 1.8 in addition, where the isoparametric mapping
f = id from an ellipsoid-of-revolution M

2
l = E

2
A1,A1,A2

to a sphere M
2
e = S

2
r with respect to the

Cauchy–Green deformation tensor and the absolute angular shear has been analyzed. Here, we aim
at relative angular shear. First, by means of Box 1.23, we are going to compute cos Ψl and cos Ψr

from the two sets of left and right curves, namely from the left Cauchy–Green tensor and the right
Cauchy–Green tensor. Second, we derive relative angular shear: Ql = Qr = 1.

End of Example.
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Box 1.23 (Relative angular shear).

Left Cauchy–Green matrix: Right Cauchy–Green matrix:

Cl =

»
r2 cos2 Φ 0

0 r2

–
. Cr =

2
6664

A1 cos2 φ

1 − E2 sin2 φ
0

0
A2

1

`
1 − E2

´2`
1 − E2 sin2 φ

´3

3
7775 . (1.150)

Left angular shear: Right angular shear:

cos Ψl =
u̇T

1 Cru̇2

‖u̇1‖Cr‖u̇2‖Cr

, cos Ψr =
U̇

T
1 ClU̇ 2

‖U̇ 1‖Cl‖U̇ 2‖Cl

,

cos Ψl ∼ [1, 0] Cr

»
0
1

–
= 0 , cos Ψr ∼ [1, 0] Cl

»
0
1

–
= 0 ,

cos Ψl = 0 ⇔ Ψl = ±π

2
. cos Ψr = 0 ⇔ Ψr = ±π

2
.

(1.151)

Left relative angular shear: Right relative angular shear:

Ql :=
cos Ψr

cos Ψl
= 1 . Qr :=

cos Ψl

cos Ψr
= 1 . (1.152)

In the following section, we consider the equivalence theorem for conformal mapping. However, in
order to give you first some breathing time, please enjoy the Stab–Werner pseudo-conic projection
that is presented in Fig. 1.21.

Fig. 1.21. Stab–Werner pseudo-conic projection, with shorelines of a spherical earth, equidistant mapping
of the Greenwich meridian, Tissot ellipses of distortion, “cordiform mapping”. (Johannes Werner: Libellus de
quatuor terrarum orbis in plane figurationibus. Nova translativ primi libri geographiae. El. Ptolemai (Latin),
Nenenberg 1514, “designed after instructions by Johann Stabius”, first map by Petrus Aqianus, World Map
of Ingolstadt).
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1-9 Equivalence theorem of conformal mapping

“Experience proves that anyone who studied geometry is infinitely
quicker to grasp difficult subjects than one who has not.”
(Plato. The Republic Book 7, 375 B.C.)

The equivalence theorem of conformal mapping from the left to the right two-dimensional Riemann
manifold (conformeomorphism), generalized Korn–Lichtenstein equations.

We shall define conformeophism as well as angular shear, and shall present the equivalence theorem
that relates conformeomorphism to a special structure of the Cauchy–Green deformation tensor, the
Euler–Lagrange deformation tensor, the left and right principal stretches (left and right eigenvalues)
as well as dilatations, before we are led to the generalized Korn–Lichtenstein equations which govern
any conformal mapping: compare with Definition 1.10 and Theorem 1.11. For a further motivation,
we refer to Fig. 1.22, which presents an image of Lichtenstein’s original publication “Zur Theorie der
konformen Abbildung”.

Definition 1.10 (Conformal mapping).

An orientation preserving diffeomorphism f : M
2
l → M

2
r is called angle preserving conformal mapping

(conformeomorphism, inner product preserving) if Ψl = Ψr and Σl = Σ = 0 ⇔ Σr = σ = 0 for all
points of M2

l and M2
r , respectively, holds.

End of Definition.

Theorem 1.11 (Conformeomorphism M
2
l → M

2
r , conformal mapping).

Let f : M2
l → M2

r be an orientation preserving conformal mapping. Then the following conditions
(i)–(iv) are equivalent:

(i) Ψl(U̇1, U̇2) = Ψr(u̇1, u̇2) , (1.153)

for all tangent vectors
{
U̇1, U̇2

}
and their images

{
u̇1, u̇2

}
, respectively;

(ii) Cl = Λ2(U0)Gl , ClG
−1
l = Λ2(U0)I2 versus Cr = λ2(u0)Gr , CrG

−1
r = λ2(u0)I2 ,

El = K(U0)Gl , ElG
−1
l = K(U0)I2 versus Er = κ(u0)Gr , ErG

−1
r = κ(u0)I2 ;

(1.154)

(iii) K = (Λ2 − 1)/2 , Λ2 = 2K + 1 versus (λ2 − 1)/2 = κ , 2κ + 1 = λ2 ,

Λ1 = Λ2 = Λ(U0) versus λ1 = λ2 = λ(u0) ,

K1 = K2 = K(U0) versus κ1 = κ2 = κ(u0) ,

Λ2(U0) =
1
2
tr

[
ClG

−1
l

]
versus λ2(u0) =

1
2
tr

[
CrG

−1
r

]
;

(1.155)

left dilatation: right dilatation:

K =
1
2
tr

[
ElG

−1
l

]
versus κ =

1
2
tr

[
ErG

−1
r

]
,

tr
[
ClG

−1
l

]
= 2

√
det

[
ClG

−1
l

]
versus tr

[
CrG

−1
r

]
= 2

√
det

[
CrG

−1
r

]
,

tr
[
ElG

−1
l

]
= 2

√
det

[
ElG

−1
l

]
versus tr

[
ErG

−1
r

]
= 2

√
det

[
ErG

−1
r

]
;

(1.156)

(iv) generalized Korn–Lichtenstein equations (special case: g12 = 0):[
uU

uV

]
=

1√
G11G22 −G2

12

√
g11

g22

[−G12 G11

−G22 G12

] [
vU

vV

]
, (1.157)

subject to the integrability conditions uUV = uV U and vUV = vV U .

End of Theorem.
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Fig. 1.22. Lichtenstein, L.: Zur Theorie der konformen Abbildung. Konforme Abbildung nichtanalytischer
singularitätenfreier Flächenstücke auf ebene Gebiete (Bull. Int. Acad. Sci. Cracovie, Chasse des Sciences,
Math. et Natur., Serie A, pp. 192–217, Cracovie 1916). Part one.
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Fig. 1.23. Lichtenstein, L.: Zur Theorie der konformen Abbildung. Konforme Abbildung nichtanalytischer
singularitätenfreier Flächenstücke auf ebene Gebiete (Bull. Int. Acad. Sci. Cracovie, Chasse des Sciences,
Math. et Natur., Serie A, pp. 192–217, Cracovie 1916). Part two.
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Before we present the sketches of proofs for the various conditions, it has to be noted that the
generalized Korn–Lichtenstein equations, which govern conformal mapping M2

l → M2
r , suffer from

the defect that they contain the unknown functions g11[uλ(UΛ)] and g22[uλ(UΛ)], and the reason is
that the mapping functions uλ(UΛ) have to be determined. In case of {M2

r , gµν} = {R2, δµν}, the
corresponding Korn–Lichtenstein equations do not suffer since these functions do not appear. The
stated problem is overcome by representing the right Riemann manifold M

2
r by isometric coordinates

(also called conformal coordinates or isothermal coordinates) directly such that the quotient g22/g11

is identical to one. This is exactly the procedure advocated by C. F.Gauss (1822, 1844) and applied
to the conformal mapping of E

2 onto S
2
r. We shall come back to this point-of-view after the proof.

Proof (first part).

(i)⇒ (ii).

Ψl = Ψr → cos Ψl = cosΨr ⇔ U ′
1
T
GlU

′
2 = u′

1
T
Gru

′
2 ⇔

⇔ duT
1 JT

r GlJrdu2 =
dS1

ds1
duT

1 Grdu2
dS2

ds2
⇔ duT

1 Crdu2 = λ1duT
1 Grdu2λ2 ⇔

⇔ λ1 = λ2 = λ(u0) , Cr = λ2(u0)Gr q. e. d.

(1.158)

cosΨr = cosΨl ⇔ u′
1
T
Gru

′
2 = U ′

1
T
GlU

′
2 ⇔ dUT

1 JT
l GrJldU2 =

ds1

dS1
dUT

1 GldU2
ds2

dS2
⇔

⇔ Λ1 = Λ2 = Λ(U0) , Cl = Λ2(U0)Gl q. e. d.
(1.159)

(i)⇐ (ii).⎡⎢⎣cos Ψl = U ′
1
TGlU

′
2 =

ds1

dS1
uT

1 JT
r GlJrdu2

ds2

dS2

JT
r GlJr = Cr = λ2(u0)Gr , λ−1

1 = λ−1
2 = λ−1

⎤⎥⎦⇒ [
cosΨl = u′

1
T
Gru

′
2 = cos Ψr

orientation is preserved

]
⇔

⇔ Ψl = Ψr q. e. d.

(1.160)

End of Proof (first part).

Proof (second part).

(ii)⇒ (iii).
Left eigenvalue problem:

Cl = Λ2(U0)Gl , El = K(U0)Gl ⇔
⎡⎣Λ2(U0) = Λ2

1 = Λ2
2

K(U0) = K2
1 = K2

2

⎤⎦ . (1.161)

Right eigenvalue problem:

Cr = λ2(u0)Gr , Er = κ(u0)Gr ⇔
[
λ2(u0) = λ2

1 = λ2
2

κ(u0) = κ2
1 = κ2

2

]
. (1.162)

(ii)⇐ (iii).

Λ2
1 = Λ2

2 = Λ2(U0) , FT
l

−1diag
[
Λ2

1, Λ
2
2

]
F−1

l = Cl , FT
l

−1
F−1

l = Gl ⇒ Cl = Λ2(U0)Gl ,

λ2
1 = λ2

2 = λ2(u0) , FT
r
−1diag

[
λ2

1, λ
2
2

]
F−1

r = Cr , FT
r
−1

F−1
r = Gr ⇒ Cr = λ2(u0)Gr .

(1.163)

The statements for the quantities El, Er, ElG
−1
l , ErG

−1
r , K, κ, Λ, and λ follow in the same way.

End of Proof (second part).
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Proof (third part).

(ii)⇒ (iv).

In order to derive a linear system of partial differential equations for {uU , uV , vU , vV }, we depart from
the inverse right Cauchy–Green deformation tensor Cr since it contains just the above quoted partials.
For an inverse portrait involving the partials {Uu, Uv, Vu, Vv}, in previous sections, we start from the
inverse left Cauchy–Green deformation tensor, a procedure we are not following further.

1st step:

C−1
r = JlG

−1
l JT

l =
G−1

r

λ2
⇔

⎡⎢⎢⎢⎣
[
uU uV

vU vV

]
G−1

l

[
uU vU

uV vV

]
=

G−1
r

λ2

x1 :=
[
uU

uV

]
, x2 :=

[
vU

vV

]
⎤⎥⎥⎥⎦⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

(α) xT
1 G−1

l x1 = +
g22

λ2

(β) xT
2 G−1

l x2 = +
g11

λ2

(γ) xT
1 G−1

l x2 = −g12

λ2

(δ) xT
2 G−1

l x1 = −g12

λ2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (1.164)

Without loss of generality – see through the remark that follows after the proof – let us here assume
that the right two-dimensional Riemann manifold (i. e. the right parameterized surface) M2

r is charted
by orthogonal parameters (orthogonal coordinates) such that g12 = 0 holds. Such a parameterization
of a surface can always be achieved though it might turn out to be a difficult numerical procedure.

2nd step:[
xT

2 G−1
l x1 = 0 (δ)

“Ansatz” x1 = GlXx2 (X = unknown matrix)

]
⇔ xT

2 G−1
l x2 = 0 ∀ x2 ∈ R

2×1 (ε) . (1.165)

A quadratic form over the field of real numbers can only be zero (“isotropic”) if and only if X is
antisymmetric, i. e. X = −XT (for a proof, we refer to A. Crumeyrolle (1990), Proposition 1.1.3):

“Ansatz” X = Ax ∀ A = −AT, A :=

[
0 1

−1 0

]
∈ R

2×2 , x ∈ R . (1.166)

3rd step:⎡⎣ 1
g22

xT
1 G−1

l x1 =
1

g11
xT

2 G−1
l x2 =

1
λ2

x1 = GlAxx2

⎤⎦⇒
⇒ 1

g22
xT

1 G−1
l x1 =

1
g22

xT
2 ATGlAx2x =

1
g11

xT
2 G−1

l x2 ⇔

⇔ g11

g22
ATGlAGlx = I ⇔

⇔

⎡⎢⎣x =
1√

G11G22 −G2
12

√
g22

g11

x1 = GlAxx2

⎤⎥⎦⇒
⇒ x1 = GlA

1√
G11G22 −G2

12

√
g22

g11
x2 .

(1.167)

The converse (iv) ⇒ (ii) is obvious.

End of Proof (third part).
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Here is the remark relating to Gl being diagonal, not unity, of course. An obvious generalization for
solving (γ) and (δ) for g12 �= 0 would be the

“Ansatz” x1 = GlXx2 , X =

[
y x

−x −y

]
, (1.168)

the superposition of a diagonal trace-free matrix diag [y,−y] and an antisymmetric matrix Ax. Indeed,
we succeed in determining the unknowns x and y according to the above steps, but fail to arrive at
linear relations between the partials {uU , uV , vU , vV }.

M
2
l

`
U1, U2 Gl

´
,˘

U1, U2
¯

or
˘
U, V

¯
,

general parameters

(general left coordinates).

M
2
r

`
u1, u2 Gr

´
,˘

u1, u2
¯

or
˘
u, v

¯
,

general parameters

(general right coordinates).

Left conformal coordinates

(left isometric, left isothermal),˘
Q1, Q2

¯
or

˘
P, Q

¯
.

Right conformal coordinates

(right isometric, right isothermal),˘
q1, q2

¯
or

˘
p, q

¯
.

Special Korn–Lichtenstein equations,

Cauchy–Riemann equations

(d’Alembert–Euler equations).

Special left

Korn–Lichtenstein

equations.

Special right

Korn–Lichtenstein

equations.

Fig. 1.24. Flow chart, conformal mapping M
2
l → M

2
r .

In practice, a different way in constructing a conformeomorphism M2
l → M2

r has been chosen. In
Fig. 1.24, the alternative path of generating a conformal mapping from a left curved surface to a right
curved surface is outlined. First, the original coordinates {U1, U2} or {U, V }, which parameterize the
left surface, are transformed to alternative left conformal coordinates {P,Q}, which are also called
isometric or isothermal. Indeed, the left differential invariant Il ∼ dS2 = Λ2(dP 2 + dQ2) is described
by identical metric coefficients GPP = GQQ = Λ2 and GPQ = 0. Second, the original coordinates
{u1, u2} or {u, v}, which parameterize the right surface, are transformed to alternative right conformal
coordinates {p, q}, which are also called isometric or isothermal. Indeed, the right differential invariant
Ir ∼ ds2 = λ2(dp2+dq2) is described by identical metric coefficients gpp = gqq = λ2 and gpq = 0. Third,
the left conformal coordinates {P,Q} are transformed to right conformal coordinates by solving the
special Korn–Lichtenstein equations for M

2
l

{
P,Q Gl = Λ2I2

}→M
2
r

{
p, q Gr = λ2I2

}
, which are called

Cauchy–Riemann (d’Alembert–Euler) equations, subject to an integrability condition. The integrability
condition turns out to be the vector-valued Laplace equation of harmonicity, as stated in the following
theorem and proven later on.
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Theorem 1.12 (Conformeomorphism M
2
l → M

2
r , conformal mapping).

An orientation preserving conformal mapping M
2
l → M

2
r can be constructed by three steps in solving

special Korn–Lichtenstein equations.

1st step or left step.

The left Riemann manifold M
2
l

(
U1, U2 Gl

)
, which is called left surface, is parameterized by general

left parameters (general left coordinates) {U1, U2} or {U, V }. The solution of the following special
Korn–Lichtenstein equations (i), subject to the following integrability conditions of harmonicity (ii)
and orientation conservation (iii), is needed.

(i) Special KL:

[
PU

PV

]
= 1√

G11G22−G2
12

[−G12 G11

−G22 G12

] [
QU

QV

]
,

⎡⎢⎣PU = 1√
G11G22−G2

12

(−G12QU + G11QV )

PV = 1√
G11G22−G2

12

(−G22QU + G12QV )

⎤⎥⎦ . (1.169)

(ii) Left integrability:

PUV = PV U and QUV = QV U (1.170)

or (in terms of the Laplace–Beltrami operator)⎡⎢⎢⎢⎢⎣
∆UV P :=

(
G11PV −G12PU√

G11G22−G2
12

)
V

+
(

G22PU−G12PV√
G11G22−G2

12

)
U

= 0

∆UV Q :=
(

G11QV −G12QU√
G11G22−G2

12

)
V

+
(

G22QU−G12QV√
G11G22−G2

12

)
U

= 0

⎤⎥⎥⎥⎥⎦ . (1.171)

(iii) Left orientation conservation:∣∣∣∣∣PU PV

QU QV

∣∣∣∣∣ = PUQV − PV QU > 0 . (1.172)

Note that the coordinates P and Q are the left conformal coordinates, which are also called isometric
or isothermal.

2nd step or right step.

The right Riemann manifold M
2
r

(
u1, u2 Gr

)
, which is called right surface, is parameterized by general

right parameters (general right coordinates) {u1, u2} or {u, v}. The solution of the following special
Korn–Lichtenstein equations (i), subject to the following integrability conditions of harmonicity (ii)
and orientation conservation (iii), is needed.

(i) Special KL:

[
pu

pv

]
= 1√

g11g22−g2
12

[−g12 g11

−g22 g12

] [
qu

qv

]
,

⎡⎢⎣pu = 1√
g11g22−g2

12

(−g12qu + g11qv)

pv = 1√
g11g22−g2

12

(−g22qu + g12qv)

⎤⎥⎦ . (1.173)
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(ii) Right integrability:

puv = pvu and quv = qvu (1.174)

or (in terms of the Laplace–Beltrami operator)⎡⎢⎢⎢⎢⎣
∆uvp :=

(
g11pv−g12pu√

g11g22−g2
12

)
v

+
(

g22pu−g12pv√
g11g22−g2

12

)
u

= 0

∆uvq :=
(

g11qv−g12qu√
g11g22−g2

12

)
v

+
(

g22qu−g12qv√
g11g22−g2

12

)
u

= 0

⎤⎥⎥⎥⎥⎦ . (1.175)

(iii) Right orientation conservation:∣∣∣∣∣pu pv

qu qv

∣∣∣∣∣ = puqv − pvqu > 0 . (1.176)

3rd step (left–right).

The left Riemann manifold M
2
l

(
P,Q Λ2I2

)
which here is called left surface and is parameterized in left

conformal coordinates {P,Q}, is orientation preserving conformally mapped onto the right Riemann
manifold M2

r

(
p, q λ2I2

)
, which here is called right surface and is parameterized in right conformal

coordinates {p, q}, if the following special Korn–Lichtenstein equations (i) (called Cauchy–Riemann
(or d’Alembert–Euler) equations) subject to the following integrability conditions of harmonicity (ii)
and orientation conservation (iii) are solved.

(i) Special KL (Cauchy–Riemann, d’Alembert–Euler):[
pP

pQ

]
=

1√
g11g22 − g2

12

[
0 1
−1 0

] [
qP

qQ

]
, pP = qQ and pQ = −qP . (1.177)

(ii) Right integrability:

pPQ = pQP and qPQ = qQP (1.178)

or (in terms of the Laplace–Beltrami operator)⎡⎢⎢⎣
∆PQp := pPP + pQQ =

(
∂2

∂P 2 + ∂2

∂Q2

)
p(P,Q) = 0

∆PQq := qPP + qQQ =
(

∂2

∂P 2 + ∂2

∂Q2

)
q(P,Q) = 0

⎤⎥⎥⎦ . (1.179)

(iii) Left–right orientation conservation:∣∣∣∣∣pP pQ

qP qQ

∣∣∣∣∣ = pP qQ − pQqP = 0 . (1.180)

The special Korn–Lichtenstein equations, which govern as Cauchy–Riemann (or d’Alembert–Euler)
equations any harmonic, orientation preserving conformal mapping M

2
l (P,Q)→ M

2
r (p, q), are uniquely

solvable if a proper boundary value problem is formulated.

End of Theorem.
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The proof of the operational theorem of conformal mapping M
2
l → M

2
r rests upon the existence

theorem of S. S.Cherne (1955), where it is shown that under rather mild certainty assumptions, namely
C2,x, conformal coordinates (isometric coordinates, isothermal coordinates) exist as solutions of the
left or right Korn–Lichtenstein equations. Let us here also refer to the following authors. W. Blaschke
and K. Leichtweiß (1973), D. G. L. Boulware, L. S. Brown and R. D. Peccei (1970), J. P. Bourguignon
(1970), B.Y.Chen (1973), B.Y.Chen and K.Yano (1973), S. S. Chern (1967), S. S. Chern, P. Hartman
and A. Wintner (1954), M. DoCarmo, M. Dajczer and F. Mercuri (1985), L. P. Eisenhart (1949),
L. Euler (1755, 1777a), S. Ferrara, A. F. Grillo and R. Gatto (1972), A. Finzi (1922), C. F. Gauss
(1822, 1844), H. Goenner, E. Grafarend and R. J. You (1994), C. G. J. Jacobi (1839), S. Heitz (1988),
W.Klingenberg (1982), K.König and K. H. Weise (1951), A. Korn (1914), L. Krueger (1903, 1922),
N.Kuiper (1949, 1950), R. S.Kulkarni (1969, 1972), R. S. Kulkarni and U. Pinkall (1988), J. Lafontaine
(1988), J. L. Lagrange (1781), G. M. Lancaster (1969, 1973), L. Lichtenstein (1911, 1916), J. Liou-
ville (1850), A. I. Markuschewitsch (1955), L. Mirsky (1960), C. W.Misner (1978), S. K.Mitra and
C. R. Rao (1968), B. Moor and H. Zha (1991), J. D. Moore (1977), S. Nishikawa (1974), G. Ricci (1918),
B. Riemann (1851), H. Samelson (1969), E. Schering (1857), H. Schmehl (1927), R. Schoen (1984),
J. A. Schouten (1921), M. Spivak (1979), E. M. Stein and G. Weiss (1968), H. Weber (1867), H. Weyl
(1918, 1921), T.Wray (1974), K.Yano (1970), A. I. Yanushauskas (1982), M. Zadro and A. Carminelli
(1966), and J. Zund (1987).

Proof (sketch of the proof for the first step).

The special KL equations generate a conformal mapping, Ml (U, V Gl) → Ml

(
P,Q Λ2I2

)
, namely a

conformal coordinate transformation from general left coordinates {U, V } to left conformal coordinates
{P, Q}. The left matrix of the metric, i. e. the matrix Gl, is transformed to the left matrix of the
conformally flat metric, Λ2I2. Up to the factor of conformality, Λ2(P,Q), the transformed matrix of
the metric is a unit matrix, I2. Here, we only outline how the integrability conditions PUV = PV U and
QUV = QV U are converted to the Laplace–Beltrami equation.

KL, 1st equation and 2nd equation, lead to

PUV =
(

−G12QU+G11QV√
G11G22−G2

12

)
V

, PV U =
(

−G22QU+G12QV√
G11G22−G2

12

)
U

. (1.181)

1st: PUV = PV U ⇔
(

G11QV −G12QU√
G11G22−G2

12

)
V

= −
(

G22QU−G12QV√
G11G22−G2

12

)
U

⇒

⇒
(

G11QV −G12QU√
G11G22−G2

12

)
V

+
(

G22QU−G12QV√
G11G22−G2

12

)
U

= 0 .

(1.182)

The KL matrix equation is inverted to[
QU

QV

]
= 1√

G11G22−G2
12

[
G12 −G11

G22 −G12

] [
PU

PV

]
, QU = G12PU−G11PV√

G11G22−G2
12

, QV = G22PU−G12PV√
G11G22−G2

12

. (1.183)

The inverted KL equations lead to

QUV = −
(

G11PV −G12PU√
G11G22−G2

12

)
V

, QV U =
(

G22PU−G12PV√
G11G22−G2

12

)
U

. (1.184)

2nd: QUV = QV U ⇔ −
(

G11PV −G12PU√
G11G22−G2

12

)
V

=
(

G22PU−G12PV√
G11G22−G2

12

)
U

⇒

⇒
(

G11PV −G12PU√
G11G22−G2

12

)
V

+
(

G22PU−G12PV√
G11G22−G2

12

)
U

= 0 .

(1.185)

End of Proof (the first step).
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Proof (sketch of the proof for the second step).

The special KL equations generate the conformal mapping Mr (u, v Gr) → Mr

(
p, q λ2I2

)
, a conformal

coordinate transformation from general right coordinates {u, v} to right conformal coordinates {p, q}.
The right matrix of the metric, Gr, is transformed to the right matrix of the conformally flat metric,
λ2I2. Up to the factor of conformality, λ2(p, q), the transformed matrix of the metric is a unit matrix,
I2. Here, we only outline how the integrability conditions puv = pvu and quv = qvu are converted to
the Laplace–Beltrami equation.

KL, 1st equation and 2nd equation, lead to

puv =
(

−g12qu+g11qv√
g11g22−g2

12

)
v

, pvu =
(

−g22qu+g12qv√
g11g22−g2

12

)
u

. (1.186)

1st: puv = pvu ⇔
(

g11qv−g12qu√
g11g22−g2

12

)
v

= −
(

g22qu−g12qv√
g11g22−g2

12

)
u

⇒

⇒
(

g11qv−g12qu√
g11g22−g2

12

)
v

+
(

g22qu−g12qv√
g11g22−g2

12

)
u

= 0 .

(1.187)

The KL matrix equation is inverted to[
qu

qv

]
= 1√

g11g22−g2
12

[
g12 −g11

g22 −g12

] [
pu

pv

]
, qu = g12pu−g11pv√

g11g22−g2
12

, qv = g22pu−g12pv√
g11g22−g2

12

. (1.188)

The inverted KL equations lead to

quv = −
(

g11pv−g12pu√
g11g22−g2

12

)
v

, qvu =
(

g22pu−g12pv√
g11g22−g2

12

)
u

. (1.189)

2nd: quv = qvu ⇔ −
(

g11pv−g12pu√
g11g22−g2

12

)
v

=
(

g22pu−g12pv√
g11g22−g2

12

)
u

⇒

⇒
(

g11pv−g12pu√
g11g22−g2

12

)
v

+
(

g22pu−g12pv√
g11g22−g2

12

)
u

= 0 .

(1.190)

End of Proof (the second step).

Proof (sketch of the proof for the third step).

The special KL equations generate a conformal mapping M
2
l

(
P,Q Λ2I2

) → Mr

(
p, q λ2I2

)
, namely

a conformal transformation from left conformal (isometric, isothermal) coordinates {P,Q} to right
conformal (isometric, isothermal) coordinates {p, q}. The left matrix of the conformally flat metric,
Λ2I2, is transformed to the right matrix of the conformally flat metric, λ2I2. Up to the factors of
conformality, Λ2(P, Q) and λ2(p, q), the matrices of the left and right metrices are unit matrices, I2.
Here, we only outline how the integrability conditions pPQ = pQP and qPQ = qQP are converted to
the special Laplace–Beltrami equation.

KL, 1st equation and 2nd equation, lead to the following relations.

1st: pPQ = pQP , pPQ = qQQ , pQP = −qPP ,

pPQ = pQP ⇔ qQQ = −qPP ⇒ qPP + qQQ = 0 .
(1.191)

2nd: qPQ = qQP , qQP = pPP , −qPQ = pQQ ,

qQP = qPQ ⇔ pPP = −pQQ ⇒ pPP + pQQ = 0 .
(1.192)

This concludes the proofs.

End of Proof (the second step).
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Note that a more elegant proof of the Korn–Lichtenstein equations based upon exterior calculus
has been presented by E. Grafarend and R. Syffus (1998d). In addition, the authors succeeded to
generalize the fundamental differential equations which govern a conformeomorphism the number of
dimensions being n (for n = 3, they coincide with the Zund equations (J. Zund (1987)) from M

3
l

to M
3
r ), namely left (pseudo-)Riemann manifold M

n
l → right (pseudo-)Riemann manifold M

n
r := E

r,s

(r + s = n). In general, conformal mappings from an arbitrary left (pseudo-)Riemann manifold M
n
l

to an arbitrary right (pseudo-)Riemann manifold M
n
r do not exist. The dimension n = 2 is just an

exception where conformal mappings always exist, though may be difficult to find. For instance, due to
involved difficulties, the Philosphical Faculty of the University of Goettingen Georgia Augusta (dated
13 June 1857) set up the “Preisaufgabe” to find a conformal mapping of the triaxial ellipsoid which had
already parameterized by C. F. Gauss in terms of “surface normal coordinates” applying the “Gauss
map”. Based upon the Jacobi’s contribution on elliptic coordinates (C. G. J. Jacobi (1839)), which
separate the Laplace–Beltrami equations of harmonicity, the “Preisschrift” of E. Schering (1857) was
finally crowned, nevertheless leaving the numerical problem open as to how to construct a conformal
map of the triaxial ellipsoid – up to now an open problem (W.Klingenberg (1982), H. Schmehl (1927),
and B. Mueller (1991)). The case of dimension n = 3 is a special case to be treated. In contrast, for
dimension n > 3, a general statement can be made: a conformeomorphism exists if and only if the
Weyl curvature tensor, being a curvature element of the Riemann curvature tensor, vanishes. We have
given in Table 1.4 a list of related, commented references. A typical example for the non-existence of
a conformeomorphism is provided by the following example.

Example 1.10 (Non-existence of a conformeomorphism).

In general relativity, the solutions of the Einstein gravitational field equations (for instance, the
Schwarzschild metric) generate a Weyl curvature different from zero. Accordingly, the space-time
pseudo-Riemann manifold M

3,1
l (space–time) → M

3,1
r :=

{
R

3,1, δ−µν

}
does not allow a conformal map-

ping to the pseudo-Euclidean manifold
{
R

3,1, I−4
}
, where I−4 :=

[
δ−µν

]
:= diag [1, 1, 1,−1]. Note that

details referred to those authors are listed in Table 1.4.

End of Example.

P
hy

si
ca

l
as

id
e. There is another interesting perspective between the geometry of conformal mappings and

the physical field equations, say of gravitostatics, electrostatics, and magnetostatics. It turns
out as a result of conformal field theory that the factor of conformality, Λ2 or λ2, respec-
tively, corresponds to the gravitational potential, the electric potential, and the magnetic
potential, a notion being introduced by C. F. Gauss. A highlight has been the contribu-
tion of C. W. Misner (1978) who used the vector-valued four-dimensional Laplace–Beltrami
equations (harmonic maps) as models of physical theories.

1-10 Two examples: Mercator Projection and Stereographic Projection

Two important examples for the equivalence theorem of conformal mapping, the conformal mapping from
an ellipsoid-of-revolution to the sphere: Universal Mercator Projection (UMP), Universal Stereographic
Projection (UPS).

The most famous examples for a conformal mapping of an ellipsoid-of-revolution E2
A1,A1,A2

to a sphere
S2

r are the Universal Mercator Projection (UMP) and the Universal Stereographic Projection (UPS),
which we are going to present to you in Example 1.11 and Fig. 1.25, and in Example 1.12 and Fig. 1.26,
respectively. For both examples, we pose four problems, namely (i) prove that left and right UMP
as well as UPS fulfill the Korn–Lichtenstein equations subject to the integrability and orientation
conditions, (ii) prove that the factor of left and right conformality has to fulfill a special Helmholtz
differential equation derived from left and right Gaussian curvature, (iii) prove which coordinate line
is mapped equidistantly, and (iv) derive a “simple conformal mapping” E

2
A1,A1,A2

→ S
2
r.
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Table 1.4. Conformal mapping M
n
l → M

n
r , commented references.

W. Blaschke, K. Leichtweiß (1973)
Two-dimensional conformal mapping,

Korn–Lichtenstein equations: n = 2.

J. P. Bourguignon (1970)
n-dimensional conformal mapping,

Weyl curvature: n ≥ 3.

L. P. Eisenhart (1949)
n-dimensional conformal mapping,

Weyl curvature: n = arbitrary.

A. Finzi (1922)
Three-dimensional conformal mapping,

generalized Korn–Lichtenstein equations: n = 3.

C. F.Gauss (1822)
Classical contribution on two-dimensional

conformal mapping: n = 2.

C. F.Gauss (1816–1827)
Classical contribution on conformal mapping

of the ellipsoid-of-revolution.

E.Grafarend, R. Syffus (1998c)
n-dimensional conformal mapping,

generalized Korn–Lichtenstein equations.

E.R.Hedrick, L. Ingold (1925a) Analytic functions in three dimensions.

E.R.Hedrick, L. Ingold (1925b) Laplace–Beltrami equations in three dimensions.

W. Klingenberg (1982) Conformal mapping of the triaxial ellipsoid, elliptic coordinates.

R. S. Kulkarni (1969) Curvature structures and conformal mapping.

R. S. Kulkarni (1972) Conformally flat manifolds.

R. S. Kulkarni, U. Pinkall (eds.) (1988) Conformal geometry.

J. Lafontaine (1988) Conformal mapping “from the Riemann viewpoint”.

J. Liouville (1850) Three-dimensional conformal mapping.

G.Ricci (1918) Conformal mapping.

J.A. Schouten (1921) n-dimensional conformal mapping, Weyl curvature.

H. Weyl (1918) Conformal mapping.

H. Weyl (1921) Conformal mapping.

A. I.Yanushauskas (1982)
three-dimensional conformal mapping,

generalized Korn–Lichtenstein equations.

J. Zund (1987)
three-dimensional conformal mapping,

generalized Korn–Lichtenstein equations.
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Example 1.11 (Conformal mapping of an ellipsoid-of-revolution E
2
A1,A1,A2

to a sphere S
2
r: the Universal

Mercator Projection (UMP) of type left E
2
A1,A1,A2

and right S
2
r, the special Korn–Lichtenstein equations,

and the Cauchy–Riemann equations (d’Alembert–Euler equations)).

Let us assume that we have found a solution of the left Korn–Lichtenstein equations of the ellipsoid-
of-revolution E

2
A1,A1,A2

parameterized by the two coordinates {Λ,Φ} which conventionally are called
{Gauss surface normal longitude, Gauss surface normal latitude}. Similarly, let us depart from a solu-
tion of the right Korn–Lichtenstein equations of the sphere S

2
r parameterized by the two coordinates

{λ, φ} which are called {spherical longitude, spherical latitude}. Here, we follow the commutative di-
agram of Fig. 1.25 and identify the left conformal coordinates {P,Q} with the Universal Mercator
Projection (UMP) of E2

A1,A1,A2
, and the right conformal coordinates {p, q} with the Universal Mer-

cator Projection (UMP) of S2
r, which is outlined in Box 1.24. The ratios Q/A1 and q/r are also called

{ellipsoidal isometric latitude, spherical isometric latitude} or ellipsoidal spherical Lambert functions
Q = A1 lamΦ and q = r lamφ, respectively. In addition, we adopt the left and right matrices of the
metric {Gl,Gr} of Example 1.3.

End of Example.

We pose four problems. (i) Do the left and right conformal maps that are parameterized by
{P (Λ), Q(Φ)} and {p(λ), q(φ)} as “UMP left” and “UMP right” fulfil the Korn–Lichtenstein equa-
tions, the integrability conditions (vector-valued Laplace–Beltrami equations of harmonicity), and the
condition “orientation preserving conformeomorphism”? (ii) Derive the left and right factors of con-
formality, Λ2 = Λ2

1 = Λ2
2 and λ2 = λ2

1 = λ2
2. Do the factors of conformality fulfill a special Helmholtz

equation? (iii) Prove that under “UMP left” as well as “UMP right” both the equators of E
2
A1,A1,A2

and
S

2
r are mapped equidistantly. Interpret this result as a boundary condition of the Korn–Lichtenstein

equations. (iv) Derive a “simple conformal mapping” E
2
A1,A1,A2

→ S
2
r.

Fig. 1.25. Universal Mercator Projection (UMP) of the sphere S
2
r with shorelines and Tissot ellipses of

distortion. Graticule: 30◦ in longitude, 15◦ in latitude. Domain: {−180◦ < Λ ≤ +180◦,−80◦ < Φ < +80◦}.
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Box 1.24 (UMP of E
2
A1,A1,A2 versus UMP of S

2
r).

Left conformal coordinates: Right conformal coordinates:

P = A1Λ , Q = A1 ln tan

„
π

4
+

Φ

2

« »
1 − E sin Φ

1 + E sin Φ

–E/2
!

. q = r ln tan

„
π

4
+

φ

2

«
, p = rλ . (1.193)

Left matrix of the metric Gl: Right matrix of the metric Gr:

Gl =

2
6664

A2
1 cos2 Φ

1 − E2 sin2 Φ
0

0
A2

1(1 − E2)2

(1 − E2 sin2 Φ)3

3
7775 .

"
r2 cos2 φ 0

0 r2

#
= Gr . (1.194)

Left Jacobi matrix: Right Jacobi matrix:

PΛ = A1 , QΛ = PΦ = 0 , QΦ =
A1(1 − E2)

1 − E2 sin2 Φ

1

cos Φ
. pλ = r , qλ = pφ = 0 , qφ =

r

cos φ
. (1.195)

Solution (the first problem).

Start from the conformal map that is defined in Box 1.24. The three conditions to be fulfilled are
given in Box 1.25 for “left UMP” and in Box 1.26 for “right UMP”. First, we write down the left and
right specified Korn–Lichtenstein equations, namely

√
G11/G22,

√
G22/G11 and

√
g11/g22,

√
g22/g11,

respectively. Indeed, by transforming {QΛ, QΦ, PΛ, PΦ} as well as {qλ, qφ, pλ, pφ} left and right, KL
1st and KL 2nd are satified. Second, we specialize the left and right integrability conditions of the
vector-valued Korn–Lichtenstein equations, namely the left and right Laplace–Beltrami equations,
by {G11, G22, PΛ, PΦ, QΛ, QΦ} of E2

A1,A1,A2
as well as {g11, g22, pλ, pφ, qλ, qφ} of S2

r. Indeed, we have
succeeded that {P, Q} are left harmonic and {p, q} are right harmonic. Third, we prove left and right
orientation by computing the left and right Jacobians which turn out positive.

End of Solution (the first problem).

Solution (the second problem).

In any textbook of Differential Geometry, you will find the representation of the Gaussian curvature of
a surface in terms of conformal coordinates (isometric, isothermal). Let the left and the right matrix of
the metric be equipped with a conformally flat structure {Gl = λ2

l I2,Gr = λ2
r I2}, which is generated by

a left and a right conformal coordinate representation. Then the left and the right Gaussian curvature
are given by kl = −(1/2λ2

l )∆l lnλ2
l = −(1/λ2

l )∆l ln λl and kr = −(1/2λ2
r )∆r ln λ2

r = −(1/λ2
r )∆r ln λr

as well as ∆l := DPP +DQQ = D2
P +D2

Q and D2
p +D2

q = Dpp +Dqq := ∆r, where ∆l and ∆r represent
the left and the right Laplace–Beltrami operator. Let us apply this result in solving the second problem.
By means of Boxes 1.27, 1.28, and 1.29, we have outlined how to generate a conformally flat metric of
an ellipsoid-of-revolution and of a sphere. It is the classical Gauss factorization.

End of Solution (the second problem).

Solution (the third problem).

By means of the left and the right mapping equations, i. e. by means of {P = A1Λ,Q(Φ = 0) = 0}
and {p = rλ, q(φ = 0) = 0}, respectively, it is obvious that an equatorial arc of E2

A1,A1,A2
and

of S
2
r is mapped equidistantly. Similarly, the factor of conformality derived in Box 1.27 amounts to

λ2
l (Φ = 0) = 1 for the left manifold and to λ2

r (φ = 0) = 1 for the right manifold. Such a configuration
on the ellipsoidal as well as the spherical equator we call an isometry. Indeed, the postulate of an
equidistant mapping of the left or right equator constitutes a boundary condition for the left and
right Korn–Lichtenstein equations, namely to make their solution unique.

End of Solution (the third problem).
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Box 1.25 (Left Korn–Lichtenstein equations, UMP of E
2
A1,A1,A2 , harmonicity, orientation).

Left Korn–Lichtenstein equations:

(1st) PΛ = +

r
G11

G22
QΦ , PΦ = −

r
G22

G11
QΛ (2nd) ,

(1st) QΛ = −
r

G11

G22
PΦ , QΦ = +

r
G22

G11
PΛ (2nd) ;

(1.196)

r
G11

G22
= cos Φ

1 − E2 sin2 Φ

1 − E2
⇔

r
G22

G11
=

1

cos Φ

1 − E2

1 − E2 sin2 Φ
; (1.197)

(UMP left) QΦ =
A1(1 − E2)

1 − E2 sin2 Φ

1

cos Φ
, PΛ = A1 (KL 2nd) ,

(UMP left) QΛ = 0 , PΦ = 0 (KL 1st) .

(1.198)

Left integrability conditions:

∆Λ,ΦP =

r
G11

G22
PΦ

!
Φ

+

r
G22

G11
PΛ

!
Λ

= 0 ,

∆Λ,ΦQ =

r
G11

G22
QΦ

!
Φ

+

r
G22

G11
QΛ

!
Λ

= 0 ;

(1.199)

(1st)

r
G11

G22
PΦ = 0 ,

r
G22

G11
PΛ =

A1(1 − E2)

1 − E2 sin2 Φ

1

cos Φ

⇒

∆Λ,ΦP =

r
G11

G22
PΦ

!
Φ

+

r
G22

G11
PΛ

!
Λ

=

„
A1(1 − E2)

1 − E2 sin2 Φ

1

cos Φ

«
Λ

= 0

(1.200)

q. e. d.

(2nd)

r
G11

G22
QΦ = A1 ,

r
G22

G11
QΛ = 0

⇒

∆Λ,ΦQ =

r
G11

G22
QΦ

!
Φ

+

r
G22

G11
QΛ

!
Λ

= 0

(1.201)

q. e. d.

Left orientation:˛̨̨
˛̨PΛ PΦ

QΛ QΦ

˛̨̨
˛̨ = PΛQΦ − PΦQΛ = A2

1
1 − E2

1 − E2 sin2 Φ

1

cos Φ
> 0 (1.202)

due to

−π/2 < Φ < +π/2 ⇒ cos Φ > 0 (1.203)

q. e. d.
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Box 1.26 (Right Korn–Lichtenstein equations, UMP of S
2
r, harmonicity, orientation).

Right Korn–Lichtenstein equations:

(1st) pλ = +

r
g11

g22
qφ , pφ = −

r
g22

g11
qλ (2nd) ,

(1st) qλ = −
r

g11

g22
pφ , qφ = +

r
g22

g11
pλ (2nd) ;

(1.204)

r
g11

g22
= cos φ ,

r
g22

g11
=

1

cos φ
; (1.205)

(UMP right) qφ =
r

cos φ
, pλ = r (KL 2nd) ,

(UMP right) qλ = 0 , pφ = 0 (KL 1st) .

(1.206)

Right integrability conditions:

∆λ,φp =

„r
g11

g22
pφ

«
φ

+

„r
g22

g11
pλ

«
λ

= 0 ,

∆λ,φq =

„r
g11

g22
qφ

«
φ

+

„r
g22

g11
qλ

«
λ

= 0 ;

(1.207)

(1st)

r
g11

g22
pφ = 0 ,

r
g22

g11
pλ =

r

cos φ

⇒

∆λ,φp =

„r
g11

g22
pφ

«
φ

+

„r
g22

g11
pλ

«
λ

=

„
r

cos φ

«
λ

= 0

(1.208)

q. e. d.

(2nd)

r
g11

g22
qφ = r ,

r
g22

g11
qλ = 0

⇒

∆λ,φq =

„r
g11

g22
qφ

«
φ

+

„r
g22

g11
qλ

«
λ

= 0

(1.209)

q. e. d.

Right orientation:˛̨̨
˛̨pλ pφ

qλ qφ

˛̨̨
˛̨ = pλqφ − pφqλ =

r2

cos φ
> 0 (1.210)

due to

−π/2 < Φ < +π/2 ⇒ cos Φ > 0 (1.211)

q. e. d.
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Box 1.27 (Conformally flat left and right manifolds, ellipsoid-of-revolution versus sphere).

Left manifold, Right manifold,

{Λ, Φ} left coordinates: {λ, φ} right coordinates:

dS2 =
A2

1 cos2 Φ

1 − E2 sin2 Φ
dΛ2 +

A2
1(1 − E2)2

(1 − E2 sin2 Φ)3
dΦ2 . ds2 = r2 cos2 φ dλ2 + r2dφ2 . (1.212)

Conformally flat left manifold, Conformally flat right manifold,

{P, Q} conformally {p, q} conformally

left coordinates right coordinates

(isometric, isothermal): (isometric, isothermal):

dS2 =
cos2 Φ

1 − E2 sin2 Φ
× ds2 = cos2 φ ×

×
»
A2

1dΛ2 +
A2

1(1 − E2)2

(1 − E2 sin2 Φ)2
1

cos2 Φ
dΦ2

–
. ×

»
r2dλ2 +

r2

cos2 φ
dφ2

–
.

(1.213)

Left differential form: Right differential form:

dP := A1dΛ , dp := rdλ ,

dQ := A1
1 − E2

1 − E2 sin2 Φ

1

cos Φ
dΦ . dq := r

1

cos φ
dφ .

(1.214)

Left factor of conformality: Right factor of conformality:

λ2
l :=

cos2 Φ

1 − E2 sin2 Φ
,

dS2

ds2
l

= λ2
l , cos2 φ =: λ2

r , λ2
r =

ds2

ds2
r

,

ds2
l = dP 2 + dQ2 , dp2 + dq2 = ds2

r ,

dS2 = λ2
l

`
dP 2 + dQ2

´
, λ2

r

`
dp2 + dq2

´
= ds2 ,

dS2 =
cos2 Φ

1 − E2 sin2 Φ

`
dP 2 + dQ2´

. cos2 φ
`
dp2 + dq2

´
= ds2 .

(1.215)

Left Cauchy–Green matrix: Right Cauchy–Green matrix:˛̨
Cl − Λ2

l Gl

˛̨
= 0 ⇔ ˛̨

Cr − Λ2
rGr

˛̨
= 0 ⇔

⇔
˛̨̨
˛A2

1 − Λ2
l G11 0

0 Q2
Φ − Λ2

l G22

˛̨̨
˛ = 0 ⇔ ⇔

˛̨̨
˛r2 − Λ2

rg11 0
0 q2

φ − Λ2
rg22

˛̨̨
˛ = 0 ⇔

⇔

2
664 lΛ

2
1 =

A2
1

G11
=

1 − E2 sin2 Φ

cos2 Φ

lΛ
2
2 =

Q2
Φ

G22
=

1 − E2 sin2 Φ

cos2 Φ

3
775 ⇒ ⇔

2
6664

rΛ
2
1 =

r2

g11

rΛ
2
2 =

q2
φ

g22
=

1

cos2 φ

3
7775 ⇒

⇒ lΛ
2
1 = lΛ

2
2 = Λ2

l =
1 − E2 sin2 Φ

cos2 Φ
⇔ ⇒ rΛ

2
1 = rΛ

2
2 = Λ2

r = 1
cos2 Φ

⇔

⇔ λ2
l =

cos2 Φ

1 − E2 sin2 Φ
. ⇔ λ2

r = cos2 φ .

(1.216)
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Box 1.28 (Representation of the factors of conformality in terms of conformal coordinates).

Left factor of conformality:

P = A1Λ , Q = A1f(Φ) , f(Φ) := ln tan

„
π

4
+

Φ

2

« »
1 − E sin Φ

1 + E sin Φ

–E/2
!

,

λ2
l =

cos2 Φ

1 − E2 sin2 Φ
, Λ2

l =
1 − E2 sin2 Φ

cos2 Φ
⇒

λ2
l =

cos2 f−1(Q/A1)p
1 − E2 sin2 f−1(Q/A1)

, Λ2
l =

1 − E2 sin2 f−1(Q/A1)

cos2 f−1(Q/A1)
.

(1.217)

Right factor of conformality:

p = rλ , q = r ln tan

„
π

4
+

φ

2

«
= r artanh sin φ ,

tanh(q/r) = sin φ ,
1

cosh(q/r)
= cos φ ,

λ2
r = cos2 φ , Λ2

r =
1

cos2 φ

⇒
λ2

r =
1

cosh2(q/r)
, Λ2

r = cosh2(q/r) .

(1.218)

Box 1.29 (The differential equation which governs the factor of conformality).

Two versions of the special Helmholtz equations:

(i) ∆ ln λ2 + 2kλ2 = 0 , (ii) ∆λ2 + 2kλ4 = 0 . (1.219)

(k is the Gaussian curvature k(p, q).)

Right differential equation of the factor of conformality (S2
r ):

kr =
1

r2
= constant ,

∆ ln λ2
r +

2

r2
λ2

r = 0 , λ2
r = cosh−2(q/r) , ln λ2

r = −2 ln cosh(q/r) ,

Dq ln λ2
r = −2

r
tanh(q/r) , ∆r ln λ2

r = Dqq ln λ2
r = − 2

r2

1

cosh2(q/r)
= − 2

r2
λ2

r

(1.220)

q. e. d.

Left differential equation of the factor of conformality (E2
A1,A1,A2):

kl =
(1 − E2 sin2 φ)2

A2
1(1 − E2)

=
1 − E2 sin2 f−1(Q/A1)

A2
1(1 − E2)

,

∆ ln λ2
l + 2k(Q)λ2

l = 0 , λ2
l =

cos2 f−1(Q/A1)p
1 − E2 sin2 f−1(Q/A1)

,

ln λ2
l = 2 ln f−1(Q/A1) − 1

2
ln

ˆ
1 − E2 sin2 f−1(Q/A1)

˜
,

∆l ln λ2
l = DQQ ln λ2

l = −2k(Q)λ2
l

(1.221)

q. e. d.
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In Box 1.27, we write down the metric forms “left dS2” and “right ds2” in the initial coordinates
{Λ,Φ} and {λ, φ}, respectively. Second, we factorize by (i) cos2 Φ/(1−E2 sin2 Φ) and (ii) cos2 φ. The
first term A1dΛ and rdλ, respectively, generates dP and dp, respectively. In contrast, the second term
([A1(1−E2)/(1−E2 sin2 Φ)] cos Φ)dΦ and (r/ cos φ)dφ, respectively, generates dQ and dq, respectively.
Indeed, the first factors cos2 Φ/(1 − E2 sin2 Φ) and cos2 φ produce the left and the right factor of
conformality, called λ2

l and λ2
r , respectively. They are reciprocal to Λ2

l and Λ2
r , respectively. Third, by

means of Box 1.28, we aim at representing the factors of conformality, λ2
l and λ2

r , in terms of conformal
(isometric, isothermal) latitude Q and q, respectively, namely λ2

l (Q) and λ2
r (q), respectively. Here, we

have to invert the functions Q/A1 = f(Φ) and q/r = ln tan(π/4 + φ/2) = artanh (sin φ), also called
the inverse Lambert or Gudermann function, lam or gd, respectively. φ = lam(q/r) = gd(q/r) or
sin φ = tanh(q/r), cosφ = 1/ cosh(q/r). While λ2

l (Q) and Λ2
l (Q) cannot be given in a closed form,

λ2
r = 1/ cosh2(q/r) and Λ2

r = cosh2(q/r) are available in a simple form. Fourth, by means of Box 1.29,
we prove that λ2

r and λ2
l , respectively, fulfill the conformal representation of the right and the left

Gaussian curvature, here written in two versions as a special Helmholtz differential equation. For
being simpler, we did first “right” followed by the more complex “left” computation. Indeed, for given
Gaussian curvature kr = 1/r2 = constant of the sphere S

2
r and kl = (1 − E2 sin2 Φ)2/[A2

1(1 − E2)]
of the ellipsoid-of-revolution E

2
A1,A1,A2

finally transformed into {q,Q} coordinates of type conformal
(isometric, isothermal), we succeed to prove ∆ ln λ2 + 2kλ2 = 0 of type “right” and “left”.

Solution (the fourth problem).

A “simple conformal mapping” of E
2
A1,A1,A2

→ S
2
r is the isoparametric mapping characterized by

p = P , λ =
A1

r
Λ , q = Q , A1 ln

(
tan

(
π

4
+

Φ

2

)[
1− E sin Φ

1 + E sin Φ

]E/2
)

= r ln tan
(

π

4
+

φ

2

)
. (1.222)

C. F. Gauss (1822, 1844) made some special proposals how to choose the radius r of S2
r in an optimal

way. Here, let us refer to Chapter 2, where the Gauss projection E2
A1,A1,A2

→ S2
r → P2 is discussed in

detail. Here, we conclude with a representation of the left as well as the right inverse mapping Φ−1
l

and Φ−1
r in terms of conformal coordinates (isometric, isothermal) of Box 1.30, which specializes Φ−1

l

and Φ−1
r of Box 1.21.

End of Solution (the fourth problem).

Box 1.30 (Representation of Φ−1
l and Φ−1

r in terms of conformal coordinates: E
2
A1,A1,A2 → S

2
r).

Φ−1
l : X(Λ, Φ) = Φ−1

r : x(λ, φ) =

= E1
A1 cos Φ cos Λp
1 − E2 sin2 Φ

+ = e1 r cos φ cos λ +

+ E2
A1 cos Φ sin Λp
1 − E2 sin2 Φ

+ + e2 r cos φ sin λ +

+ E3
A1(1 − E2) sin Φp

1 − E2 sin2 Φ
= + e3 r sin φ =

= E1
A1 cos f−1(Q/A1) cos(P/A1)p

1 − E2 sin2 f−1(Q/A1)
+ = e1 r

cos(p/r)

cosh(q/r)
+

+ E2
A1 cos f−1(Q/A1) sin(P/A1)p

1 − E2 sin2 f−1(Q/A1)
+ + e2 r

sin(p/r)

cosh(q/r)
+

+ E3
A1(1 − E2) sin f−1(Q/A1)p

1 − E2 sin2 f−1(Q/A1)
. + e3 r tanh(q/r) .

(1.223)

Isoparametric mapping: p = P and q = Q.
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Example 1.12 (Conformal mapping of an ellipsoid-of-revolution E
2
A1,A1,A2

to a sphere S
2
r: the Universal

Stereographic Projection (UPS) of type left E
2
A1,A1,A2

and right S
2
r, special Korn–Lichtenstein equations,

Cauchy–Riemann equations (d’Alembert–Euler equations)).

Let us assume that we have found a solution of the left Korn–Lichtenstein equations of the ellipsoid-
of-revolution E

2
A1,A1,A2

parameterized by the two coordinates {Λ,Φ} which conventionally are called
{Gauss surface normal longitude, Gauss surface normal latitude}. Similarly, let us depart from a solu-
tion of the right Korn–Lichtenstein equations of the sphere S

2
r parameterized by the two coordinates

{λ, φ} which are called {spherical longitude, spherical latitude}. Here, we follow the commutative dia-
gram of Fig. 1.26 and identify the left conformal coordinates {P,Q} with the Universal Stereographic
Projection (UPS) of E2

A1,A1,A2
, and the right conformal coordinates {p, q} with the Universal Stereo-

graphic Projection (UPS) of S2
r, which is outlined in Box 1.31. In addition, we adopt the left and right

matrices of the metric {Gl,Gr} of Example 1.3.

End of Example.

We pose five problems. (i) Do the left and right conformal maps that are parameterized by
{P (Λ,Φ), Q(Λ,Φ)} and {p(λ, φ), q(λ, φ)} as “UPS left” and “UPS right” fulfil the Korn–Lichtenstein
equations, the integrability conditions (vector-valued Laplace–Beltrami equations of harmonicity, the
condition “orientation preserving conformeomorphism”? (ii) Derive the left and right factors of confor-
mality, Λ2 = Λ2

1 = Λ2
2 and λ2 = λ2

1 = λ2
2. Do the factors of conformality fulfill a special Helmholtz equa-

tion? (iii) Prove that under “UPS left” as well as “UPS right” both the ellipsoidal North Pole and the
spherical North are mapped isometrically. (iv) Derive a “simple conformal mapping” E

2
A1,A1,A2

→ S
2
r.

(v) Why is the conformal mapping “UPS” called stereographic?

Fig. 1.26. Universal Polar Stereographic Projection of the sphere S
2
r, shorelines of the northern hemisphere,

Tissot ellipses of distortion. Graticule: 30◦ in longitude, 15◦ in latitude. Domain: {0 < λ < 2π, 0 < φ < π/2}.
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Box 1.31 (UPS of E
2
A1,A1,A2 versus UPS of S

2
r).

Left conformal coordinates Right conformal coordinates

(isometric, isothermal): (isometric, isothermal):

P =
2A1√
1 − E2

„
1 − E

1 + E

«E/2

×

× tan

„
π

4
− Φ

2

« „
1 + E sin Φ

1 − E sin Φ

«E/2

cos Λ ,

p = 2r tan

„
π

4
− φ

2

«
cos λ ,

Q =
2A1√
1 − E2

„
1 − E

1 + E

«E/2

×

× tan

„
π

4
− Φ

2

« „
1 + E sin Φ

1 − E sin Φ

«E/2

sin Λ .

q = 2r tan

„
π

4
− φ

2

«
sin λ .

(1.224)

Left matrix of the metric Gl: Right matrix of the metric Gr:

Gl =

2
6664

A2
1 cos2 Φ

1 − E2 sin2 Φ
0

0
A2

1(1 − E2)2

(1 − E2 sin2 Φ)3

3
7775 .

"
r2 cos2 φ 0

0 r2

#
= Gr . (1.225)

Left Jacobi matrix: Right Jacobi matrix:

P = f(Φ) cos Λ , Q = f(Φ) sin Λ , p = g(φ) cos λ , q = g(φ) sin λ ,

f(Φ) :=
2A1√
1 − E2

„
1 − E

1 + E

«E/2

×

× tan

„
π

4
− Φ

2

« „
1 + E sin Φ

1 − E sin Φ

«E/2

,

g(φ) := 2r tan

„
π

4
− φ

2

«
,

PΛ = −f(Φ) sin Λ , QΛ = +f(Φ) cos Λ , pλ = −g(φ) sin λ , qλ = +g(φ) cos λ ,

PΦ = +f ′(Φ) cos Λ , QΦ = +f ′(Φ) sin Λ , pφ = +g′(φ) cosλ , qφ = +g′(φ) sin λ ,

f ′(Φ) = − 1 − E2

1 − E2 sin2 Φ

f(Φ)

cos Φ
. g′(φ) = − g(φ)

cos φ
.

(1.226)

“Trigonometry”:

tan
x

2
=

1 − cos x

sin x
: tan

„
π

4
− φ

2

«
=

1

2
tan

“π

2
− φ

”
=

1 − cos
`

π
2
− φ

´
sin

`
π
2
− φ

´ =
1 − sin φ

cos φ
. (1.227)

“Differential calculus”:

y = tan x , y′ =
1

cos2 x
= 1 + tan2 x :

d

dφ
tan

„
π

4
− φ

2

«
= −1

2

»
1 + tan2 `π

4
− φ

2

´–
=

= −1

2

»
1 + tan2 1

2

“π

2
− φ

”–
= −1

2

»
1 +

(1 − sin φ)2

cos2 φ

–
=

= −1

2

1

cos φ

cos2 φ + 1 − 2 sin φ + sin2 φ

cos φ
= − 1

cos φ

1 − sin φ

cos φ
= − 1

cos φ
tan

„
π

4
− φ

2

«
.

(1.228)
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Solution (the first problem).

Start from the conformal map defined in Box 1.31. The three conditions to be fulfilled are given in
Box 1.32 for “left UPS” and in Box 1.33 for “right UPS”. First, we specify the left and the right Korn–
Lichtenstein equations, namely

√
G11/G22 ,

√
G22/G11 and

√
g11/g22 ,

√
g22/g11 , respectively.

Indeed, by transforming {QΛ, QΦ, PΛ, PΦ} as well as {qλ, qφ, pλ, pφ} left and right, KL 1st and KL 2nd
are satified. Second, we analyze the left and the right Laplace–Beltrami equations as the integrability
conditions of the left and the right Korn–Lichtenstein equations, namely by {G11, G22, PΛ, PΦ, QΛ, QΦ}
as well as {g11, g22, pλ, pφ, qλ, qφ} of E

2
A1,A1,A2

and S
2
r, respectively. Finally, we succeed to prove that

{P, Q} are left harmonic coordinates and {p, q} are right harmonic coordinates. Third, we prove left
and right orientation by computing the left and right Jacobians which are notably positive.

End of Solution (the first problem).

Solution (the second problem).

Again, we have to refer to standard textbooks of Differential Geometry, where you will find the
representation of the Gaussian curvature of a surface in terms of conformal coordinates (isometric,
isothermal). Let the left and the right matrix of the metric be equipped with a conformally flat
structure {Gl = λ2

l I2,Gr = λ2
r I2}, which is generated by a left and a right conformal coordinate

representation. Then the left Gaussian curvature and the right Gaussian curvature are provided by
kl = −(1/2λ2

l )∆l ln λ2
l = −(1/λ2

l )∆l ln λl and kr = −(1/2λ2
r )∆r ln λ2

r = −(1/λ2
r )∆r ln λr as well as

∆l := DPP + DQQ = D2
P + D2

Q and D2
p + D2

q = Dpp + Dqq := ∆r, where ∆l and ∆r represent the
left Laplace–Beltrami operator and the right Laplace–Beltrami operator. Let us apply this result in
solving the second problem again.

• By means of Box 1.34, we have outlined how to generate a conformally flat metric of an ellipsoid-of-
revolution and of a sphere. First, we depart from the arc lengths “left dS2” given in “left coordinates”
{Λ,Φ} as well as “right ds2” given in “right coordinates” {λ, φ}. Second, we compute the left and
right Cauchy–Green matrices from “left dP 2+dQ2” and “right dp2+dq2”, the arc lengths squared of
the projective plane covered by left conformal coordinates {P,Q} and by right conformal coordinates
{p, q}, respectively. In particular, we arrive at the two equations dP 2+dQ2 = f2(Φ)dΛ2+f ′2(Φ)dΦ2

and dp2+dq2 = g2(φ)dλ2+g′2(φ)dφ2, and the corresponding elements of the left Cauchy–Green ma-
trix Cl and of the right Cauchy–Green matrix Cr. Third, we determine the left eigenvalues {lΛ

2
1,l Λ

2
2}

and the right eigenvalues {rΛ2
1,r Λ2

2} in solving the left characteristic equation
∣∣Cl − Λ2

l Gl

∣∣ = 0
and the right characteristic equation

∣∣Cr − Λ2
rGr

∣∣ = 0. In particular, we prove the identities “left
lΛ

2
1 =l Λ2

2 = Λ2
l ” and “right rΛ

2
1 =r Λ2

2 = Λ2
r”, characteristic for a conformal mapping. Fourth, due

to the duality relations Λ2
l λ

2
l = 1 Λ2

rλ
2
r = 1, we are able to compute λ2

l and λ2
r , respectively, and the

conformally flat metric of type “left dS2 = λ2
l (dP 2+dQ2)” and of type “right ds2 = λ2

r (dp2+dq2)”.

• Fifth, by means of Box 1.35, we aim at representing the factors of conformality, λ2
l (φ) and λ2

r (φ),
in terms of left conformal coordinates {P, Q} and right conformal coordinates {p, q}. We begin
with transforming the right factor of conformality, λ2

r (φ) → λ2
r (p, q), since it is available in closed

form. In contrast, the transformation of the left factor of conformality, λ2
l (Φ) → λ2

l (P,Q), is only
symbollically written since f−1(

√
P 2 + Q2) is not available in closed form. Note the beautiful

transformations {sin φ, cosφ} and {sin λ, cosλ} as functions of the “UPS coordinates” p and q.

• Sixth, Box 1.36 outlines that λ2
r and λ2

l , respectively, fulfill the conformal representation of the right
and the left Gaussian curvature, here written in two versions as a special Helmholtz differential
equation. The simple representation is performed first, followed by the left representation. For a given
Gaussian curvature kr = 1/r2 = constant of the sphere S2

r and kl = (1 − E2 sin2 Φ)2/[A2
1(1 − E2)]

of the ellipsoid-of-revolution E
2
A1,A1,A2

being transformed into {p, q} and {P,Q} left and right
conformal coordinates, we succeed to prove ∆ ln λ2 + 2kλ2 = 0 of type “right” and “left”.

End of Solution (the second problem).
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Box 1.32 (Left Korn–Lichtenstein equations, UPS of E
2
A1,A1,A2 , harmonicity, orientation).

Left Korn–Lichtenstein equations:

(1st) PΛ = +

r
G11

G22
QΦ , PΦ = −

r
G22

G11
QΛ (2nd) ,

(1st) QΛ = −
r

G11

G22
PΦ , QΦ = +

r
G22

G11
PΛ (2nd) ;

(1.229)

r
G11

G22
= cos Φ

1 − E2 sin2 Φ

1 − E2
⇔

r
G22

G11
=

1

cos Φ

1 − E2

1 − E2 sin2 Φ
; (1.230)

(UPS left)

8><
>:

QΦ = f ′(Φ) sin Λ = − 1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) sin Λ

PΛ = −f(Φ) sin Λ

9>=
>; (KL 2nd) ,

(UPS left)

8><
>:

QΛ = f(Φ) cos Λ

PΦ = f ′(Φ) cos Λ = − 1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) cos Λ

9>=
>; (KL 1st) .

(1.231)

Left integrability conditions:

∆Λ,ΦP =

r
G11

G22
PΦ

!
Φ

+

r
G22

G11
PΛ

!
Λ

= 0 ,

∆Λ,ΦQ =

r
G11

G22
QΦ

!
Φ

+

r
G22

G11
QΛ

!
Λ

= 0 .

(1.232)

(1st)

r
G11

G22
PΦ = cos Φ

1 − E2 sin2 Φ

1 − E2

„
− 1 − E2

1 − E2 sin2 Φ

1

cos Φ

«
f(Φ) cos Λ = −f(Φ) cos Λ ,

r
G22

G11
PΛ =

1 − E2

1 − E2 sin2 Φ

1

cos Φ
[−f(Φ) sin Λ] ,

∆Λ,ΦP = −f ′(Φ) cos Λ − 1

cos Φ

1 − E2 sin2 Φ

1 − E2
f(Φ) cosΛ =

= +
1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) cos Λ − 1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) cosΛ = 0 q. e. d.

(1.233)

(2nd)

r
G11

G22
QΦ = cos Φ

1 − E2 sin2 Φ

1 − E2

„
− 1 − E2

1 − E2 sin2 Φ

1

cos Φ

«
f(Φ) sin Λ = −f(Φ) sin Λ ,

r
G22

G11
QΛ =

1 − E2

1 − E2 sin2 Φ

1

cos Φ
[+f(Φ) cos Λ] ,

∆Λ,ΦQ = −f ′(Φ) sin Λ − 1

cos Φ

1 − E2 sin2 Φ

1 − E2
f(Φ) sin Λ =

= +
1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) sin Λ − 1 − E2

1 − E2 sin2 Φ

1

cos Φ
f(Φ) sin Λ = 0 q. e. d.

(1.234)

Left orientation:˛̨̨
˛̨PΛ PΦ

QΛ QΦ

˛̨̨
˛̨ = PΛQΦ − PΦQΛ = −ff ′ `

sin2 Λ + cos2 Λ
´

= −f(Φ)f ′(Φ) =

=
1 − E2

1 − E2 sin2 Φ

1

cos Φ
f2(Φ) > 0 due to − π/2 < Φ < +π/2 ⇒ cos Φ > 0 q. e. d.

(1.235)
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Box 1.33 (Right Korn–Lichtenstein equations, UPS of S
2
r, harmonicity, orientation).

Right Korn–Lichtenstein equations:

(1st) pλ = +

r
g11

g22
qφ , pφ = −

r
g22

g11
qλ (2nd) ,

(1st) qλ = −
r

g11

g22
pφ , qφ = +

r
g22

g11
pλ (2nd) ;

(1.236)

r
g11

g22
= cos φ ,

r
g22

g11
=

1

cos φ
; (1.237)

(UPS right) qφ = g′(φ) sin λ , pλ = −g(φ) sin λ ,

(UPS right) qλ = g(φ) cos λ , pφ = +g′(φ) cosλ ,

g′(φ) = − g(φ)

cos φ

⇒
(KL 2nd) g′(φ) sin λ = − g(φ)

cos φ
sin λ q. e. d.

(KL 1st) g(φ) cos λ = − cos φ g′(φ) cos λ q. e. d.

(1.238)

Right integrability conditions:

∆λ,φp =

„r
g11

g22
pφ

«
φ

+

„r
g22

g11
pλ

«
λ

= 0 ,

∆λ,φq =

„r
g11

g22
qφ

«
φ

+

„r
g22

g11
qλ

«
λ

= 0 .

(1.239)

(1st)

r
g11

g22
pφ = cos φ g′(φ) cos λ = −g(φ) cos λ ,

r
g22

g11
pλ =

1

cos φ
[−g(φ) sin λ] = − g(φ)

cos φ
sin λ

⇒
∆λ,φp = −g′(φ) cos λ − g(φ)

cos φ
cos λ , g′(φ) = − g(φ)

cos φ
⇒ ∆λ,φp = 0 q. e. d.

(1.240)

(2nd)

r
g11

g22
qφ = cos φ g′(φ) sin λ = −g(φ) sin λ ,

r
g22

g11
qλ =

1

cos φ
g(φ) cos λ

⇒
∆λ,φq = −g′(φ) sin λ − g(φ)

cos φ
sin λ , g′(φ) = − g(φ)

cos φ
⇒ ∆λ,φq = 0 q. e. d.

(1.241)

Right orientation:˛̨̨
˛̨pλ pφ

qλ qφ

˛̨̨
˛̨ = pλqφ − pφqλ = −g(φ)g′(φ) =

g2(φ)

cos φ
> 0 (1.242)

due to

−π/2 < φ < +π/2 ⇒ cos φ > 0 q. e. d. (1.243)
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Box 1.34 (Conformally flat left and right manifold, ellipsoid-of-revolution versus sphere).

Left manifold,

{Λ, Φ} left coordinates:

Right manifold,

{λ, φ} right coordinates:

dS2 =
A1 cos2 Φ

1 − E2 sin2 Φ
dΛ2 +

A2
1(1 − E2)2

(1 − E2 sin2 Φ)3
dΦ2 . ds2 = r2 cos2 φ dλ2 + r2dφ2 . (1.244)

Left Cauchy–Green matrix: Right Cauchy–Green matrix:

dP 2 + dQ2 =
`
P 2

Λ + Q2
Λ

´
dΛ2+ dp2 + dq2 =

`
p2

λ + q2
λ

´
dλ2+

+2 (PΛPΦ + QΛQΦ) dΛdΦ+ +2 (pλpφ + qλqφ) dλdφ+

+
`
P 2

Φ + Q2
Φ

´
dΦ2 = +

`
p2

φ + q2
φ

´
dφ2 =

= f2(Φ)dΛ2 + f ′2(Φ)dΦ2 = g2(φ)dλ2 + g′2(φ)dφ2

⇔ ⇔
lc11 = f2(Φ) , lc12 = 0 , lc22 = f ′2(Φ) ; rc11 = g2(φ) , rc12 = 0 , rc22 = g′2(Φ) ;

(1.245)

˛̨
Cl − Λ2

l Gl

˛̨
= 0

˛̨
Cr − Λ2

rGr

˛̨
= 0

⇔ ⇔˛̨̨
˛̨f2(Φ) − Λ2

l G11 0

0 f ′2(Φ) − Λ2
l G22

˛̨̨
˛̨ = 0 ;

˛̨̨
˛̨g2(φ) − Λ2

rg11 0

0 g′2(φ) − Λ2
rg22

˛̨̨
˛̨ = 0 ;

(1.246)

lΛ
2
1 =

f2(Φ)

G11
=

f2(Φ)

A2
1 cos2 Φ

(1 − E2 sin2 Φ) , rΛ
2
1 =

g2(φ)

g11
=

g2(φ)

r2 cos2 φ
,

lΛ
2
2 =

f ′2(Φ)

G22
= rΛ

2
2 =

g′2(φ)

g22
=

=
f ′2(Φ)

A2
1(1 − E2)

(1 − E2 sin2 Φ) , =
g′2(φ)

r2
,

f ′2(Φ) =
(1 − E2)2

(1 − E2 sin2 Φ)2
f2(Φ)

cos2 Φ
g′2(φ) =

g2(φ)

cos2 φ

⇒ ⇒
lΛ

2
1 = lΛ

2
2 = Λ2

l ; rΛ
2
1 = rΛ

2
2 = Λ2

r ;

(1.247)

r2 cos φ

g2(φ)
=

r2 cos2 φ

4r2 tan2
`

π
4
− φ

2

´ =
1

4

sin2
`

π
2
− φ

´
tan2

`
π
4
− φ

2

´ =
sin2

`
π
4
− φ

2

´
cos2

`
π
4
− φ

2

´
tan2

`
π
4
− φ

2

´ =

= cos4
`

π
4
− φ

2

´
;

(1.248)

Λ2
l =

1 − E2 sin2 Φ

A2
1 cos2 Φ

f2(Φ) Λ2
r =

1

cos4
`

π
4
− φ

2

´
⇔ ⇔

λ2
l =

A2
1 cos2 Φ

1 − E2 sin2 Φ

1

f2(Φ)
. λ2

r = cos4
„

π

4
− φ

2

«
.

(1.249)

Conformally flat left manifold: Conformally flat right manifold:

dS2 = λ2
l

`
dP 2 + dQ2´

. ds2 = λ2
r

`
dp2 + dq2´

. (1.250)
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Box 1.35 (Representation of the factors of conformality in terms of conformal coordinates).

Left factor of conformality:

P (Λ, Φ) = f(Φ) cos Λ , Q(Λ, Φ) = f(Φ) sin Λ ,

λ2
l =

A2
1 cos2 Φ

1 − E2 sin2 Φ

1

f2(Φ)
=

A2
1 cos2 f−1

“p
P 2 + Q2

”
1 − E2 sin2 f−1

“p
P 2 + Q2

” 1

P 2 + Q2
,

Λ2
l =

1 − E2 sin2 f−1
“p

P 2 + Q2
”

A2
1 cos2 f−1

“p
P 2 + Q2

” `
P 2 + Q2´

.

(1.251)

Right factor of conformality:

p(λ, φ) = 2r tan

„
π

4
− φ

2

«
cos λ , q(λ, φ) = 2r tan

„
π

4
− φ

2

«
sin λ , tan(α/2) =

r
1 − cos α

1 + cos α

⇔

tan

„
π

4
− φ

2

«
= tan

1

2

“π

2
− φ

”
=

r
1 − sin α

1 + sin α
, 2r tan

„
π

4
− φ

2

«
= 2r

r
1 − sin α

1 + sin α
=

p
p2 + q2

⇒

sin φ =
4r2 − (p2 + q2)

4r2 + (p2 + q2)
, cos φ =

4r
p

p2 + q2

4r2 + (p2 + q2)
,

sin λ =
tan λ√

1 + tan2 λ
=

qp
p2 + q2

, cos λ =
1√

1 + tan2 λ
=

pp
p2 + q2

,

λ2
r = cos4

`π

4
− φ

2

´
=

1

4

`
1 + sin φ

´2
=

16r4

(4r2 + p2 + q2)2
,

Λ2
r =

1

cos4
`

π
4
− φ

2

´ =
4`

1 + sin φ
´2 =

`
4r2 + p2 + q2

´2

16r4
.

(1.252)

Box 1.36 (The differential equation which governs the factor of conformality).

Two versions of the special Helmholtz equations (k is the Gaussian curvature k(p, q)):

(i) ∆ ln λ2 + 2kλ2 = 0 . (ii) ∆λ2 + 2kλ4 = 0 . (1.253)

Right differential equation of the factor of conformality (S2
r ):

kr =
1

r2
= constant , ∆ ln λ2

r +
2

r2
λ2

r = 0 ,

λ2
r =

16r4

(4r2 + p2 + q2)2
, ln λ2

r = ln 16r4 − 2 ln
`
4r2 + p2 + q2´

,

Dp ln λ2
r = −4

p

4r2 + p2 + q2
, Dq ln λ2

r = −4
q

4r2 + p2 + q2
,

Dpp ln λ2
r = D2

p ln λ2
r = −4

4r2 + p2 + q2 − 2p2

(4r2 + p2 + q2)2
, Dqq ln λ2

r = D2
q ln λ2

r = −4
4r2 + p2 + q2 − 2q2

(4r2 + p2 + q2)2
,

Dpp ln λ2
r = − 4

(4r2 + p2 + q2)2
`
4r2 − p2 + q2´

, Dqq ln λ2
r = − 4

(4r2 + p2 + q2)2
`
4r2 + p2 − q2´

,

∆r ln λ2
r = − 32r2

(4r2 + p2 + q2)2
= − 2

r2
λ2

r q. e. d.

(1.254)
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Continuation of Box.

Left differential equation of the factor of conformality (E2
A1,A1,A2):

kl =
(1 − E2 sin2 φ)2

A2
1(1 − E2)

=

=
1 − E2 sin2 f−1

“p
P 2 + Q2

”
A2

1(1 − E2)
,

∆ ln λ2
l + 2k(P,Q)λ2

l = 0 ,

λ2
l =

A2
1 cos2 f−1

“p
P 2 + Q2

”
1 − E2 sin2 f−1

“p
P 2 + Q2

” 1

P 2 + Q2
,

ln λ2
l = ln A2

1 + 2 ln cos f−1
“p

P 2 + Q2
”
− ln

h
1 − E2 sin2 f−1

“p
P 2 + Q2

”i
− ln

`
P 2 + Q2´

,

∆l ln λ2
l =

`
D2

P + D2
Q

´
ln λ2

l = −2k(P, Q)λ2
l

q. e. d.

(1.255)

Box 1.37 (Representation of Φ−1
l and Φ−1

r in terms of conformal coordinates: E
2
A1,A1,A2 → S

2
r).

Φ−1
l : X(Λ, Φ) = Φ−1

r : x(λ, φ) =

= E1
A1 cos Φ cos Λp
1 − E2 sin2 Φ

+ = e1 r cos φ cos λ +

+ E2
A1 cos Φ sin Λp
1 − E2 sin2 Φ

+ + e2 r cos φ sin λ +

+ E3
A1(1 − E2) sin Φp

1 − E2 sin2 Φ
= + e3 r sin φ =

= E1

A1 cos f−1
“p

P 2 + Q2
”

r
1 − E2 sin2 f−1

“p
P 2 + Q2

” Pp
P 2 + Q2

+ = e1 4r2 p
4r2+p2+q2 +

+ E2

A1 cos f−1
“p

P 2 + Q2
”

r
1 − E2 sin2 f−1

“p
P 2 + Q2

” Qp
P 2 + Q2

+ + e2 4r2 q

4r2 + p2 + q2
+

+ E3

A1(1 − E2) sin f−1
“p

P 2 + Q2
”

r
1 − E2 sin2 f−1

“p
P 2 + Q2

” . + e3 r 4r2−(p2+q2)

4r2+p2+q2 .

(1.256)

Isoparametric mapping:

p = P , q = Q . (1.257)
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Solution (the third problem).

By means of the two mapping equations “left” {P = f(Φ) cos Λ,Q = f(Φ) sin Λ} and of the two
mapping equations “right” {p = g(φ) cos λ, q = g(φ) sin λ}, we are able to compute the factors of
conformality {Λ2

l , λ
2
l } of type “left” and {Λ2

r , λ
2
r} of type “right”. The detailed formulae are reviewed

in Box 1.34. If we specify “left” Φ = π/2 (ellipsoidal North Pole) or “right” φ = π/2 (spherical North
Pole), we are led to lΛ

2
1(π/2) = lΛ

2
2(π/2) = Λ2

l (π/2) = 1 and rΛ
2
1(π/2) = rΛ

2
2(π/2) = Λ2

r (π/2) = 1.
Obviously, at the North Pole, “left UPS” and “right UPS” are an isometry. We shall see later that
this is a built-in constraint for any UPS.

End of Solution (the third problem).

Solution (the fourth problem).

A “simple conformal mapping” of E
2
A1,A1,A2

→ S
2
r is the isoparametric mapping, which is conveniently

characterized by

p = P , q = Q or
2r tan

(
π
4 − φ

2

)
cos λ = 2A1√

1−E2
(1−E)E/2

(1+E)E/2 tan
(

π
4 − Φ

2

) [
1+E sin Φ
1−E sin Φ

]E/2

cosΛ ,

2r tan
(

π
4 − φ

2

)
sin λ = 2A1√

1−E2
(1−E)E/2

(1+E)E/2 tan
(

π
4 − Φ

2

) [
1+E sin Φ
1−E sin Φ

]E/2

sin Λ .

(1.258)

Here, we conclude with a representation of the left as well as the right inverse mapping, namely
Φ−1

l : {P,Q} → X(P, Q) and Φ−1
r : {p, q} → x(p, q) in terms of conformal coordinates (isometric,

isothermal) of Box 1.37, which specializes Φ−1
l and Φ−1

r of Box 1.21.

End of Solution (the fourth problem).

Solution (the fifth problem).

By means of Fig. 1.27, we illustrate why “UPS” is called stereographic. The stereographic projection
of the “left” ellipsoid-of-revolution E

2
A1,A1,A2

and the “right” sphere S
2
r is based upon three elements

of projective geometry of type central perspective. First, we define the perspective center, here the
ellipsoidal “left” South Pole Sl as well as the spherical “right” South Pole Sr. Second, we define the
bundle of projection lines leaving Sl and Sr, respectively, and intersecting E2

A1,A1,A2
at Pl and S2

r

at Sr. Third, we define the projective plane P2
Nl

and P2
Nr

, respectively, namely the tangent planes
TNl

E
2
A1,A1,A2

at the “left” ellipsoidal North Pole and TNrS
2
r at the “right” spherical North Pole,

respectively. The projection lines Sl → Pl intersect the projective plane at pl, an element of the “left”
tangent plane at the “left” North Pole, and the projection lines Sr → Pr intersect the projective plane
at pr, an element of the “right” tangent plane at the “right” North Pole. Note that we have collected
the fundamental “left” and “right” ratios of projective geometry in Box 1.38. Their conversion to√

P 2 + Q2 “left” and
√

p2 + q2 “right” generates the map Φ → f(Φ) and φ → g(φ), respectively. The
projective planes are covered by polar coordinates of type “left” {

√
P 2 + Q2 cos αl,

√
P 2 + Q2 sin αl}

and of type “right”
{√

p2 + q2 cos αr,
√

p2 + q2 sin αr

}
, respectively.

{√
P 2 + Q2,

√
p2 + q2

}
are

the radial coordinates, {αl, αr} are the “left and “right” South azimuths. The central perspective
generates

√
P 2 + Q2 = f(Φ) versus

√
p2 + q2 = g(φ) and αl = Λ versus αr = λ. Indeed, “UPS” is

azimuth preserving: the “left” azimuth is identified as ellipsoidal longitude, the “right” azimuth as
spherical longitude, and

P (Λ,Φ) = f(Φ) cos Λ versus p(λ, φ) = g(Φ) cos λ ,

Q(Λ,Φ) = f(Φ) sin Λ versus q(λ, φ) = g(Φ) sin λ .
(1.259)

End of Solution (the fifth problem).
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Pl
A2Zl

A1

pl = π(Pl)Nl

0l

Sl

0r

Pr

r

r

Nr

Zr

Sr

pr = π(Pr)

π
4
− φ

2

Fig. 1.27. Left: vertical section of the “left” ellipsoid-of-revolution E
2
A1,A1,A2 , projective geometry of type

central perspective (perspective center Sl, projection line SlPlpl, projective plane P
2
Nl

). Right: vertical section
of the “right” sphere S

2
r, projective geometry of type central perspective (perspective center Sr, projection line

SrPrpr, projective plane P
2
Nr).

Box 1.38 (Projective geometry of type central perspective).

Left projective ratio: Right projective ratio:

ZlPl

Nlpl
=

SlZl

SlNl
,

√
X2 + Y 2p
P 2 + Q2

=
A2 + Z

2A2
.

ZrPr

Nrpr
=

SrZr

SrNr
,

p
x2 + y2p
p2 + q2

=
r + z

2r
. (1.260)

f(Φ): g(φ):

A1 cos Φp
1 − E2 sin2 Φ

1p
P 2 + Q2

=
r cos φp
p2 + q2

=

=
1

2
1 +

√
1 − E2 sin Φp
1 − E2 sin2 Φ

!
, 1

2
(1 + sin φ) ,

p
P 2 + Q2 = 2A1

cos Φp
1 − E2 sin2 Φ +

√
1 − E2 sin Φ

,
p

p2 + q2 = 2r
sin

`
π
2
− φ

´
1 + cos

`
π
2
− φ

´ ,

p
P 2 + Q2 =

2A1√
1 − E2

×
p

p2 + q2 = 2r tan

„
π

4
− φ

2

«

× cos Φp
1 − E2 sin2 Φ/

√
1 − E2 + sin Φ

, := g(φ) .

p
P 2 + Q2 =

2A1√
1 − E2

×

× cos Φ

1 + sin Φ

1 + sin Φp
1 − E2 sin2 Φ/

√
1 − E2 + sin Φ

,

p
P 2 + Q2 =

2A1√
1 − E2

tan

„
π

4
− φ

2

«
×

×
p

(1 + E)(1 − E)(1 + sin Φ)p
(1 + E sin Φ)(1 − E sin Φ) +

p
(1 + E)(1 − E) sin Φ

=:

=: f(Φ) .

(1.261)
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According to the documents of Synesius (378–430), bishop of Ptolemaios, as well as of
Prokius Diadochus (412–485), a philosopher in Athens, the stereographic projection orig-
inates from Hipparch (180–125 B. C.), astronomer in Nicaea (Bythinia). His planisphere
shows the celestial sphere in a polar stereographic projection. For the use of terrestrial charts
the stereographic projection has been used for the first time by Walter Lude (1507), canonicus
in Lothringen. While his choice was polar projection, J. Stab and J.Werner (1514), respec-
tively, used an arbitrary placement of the projection plane, finally Gemma Frisius (1540)
its equatorial placement. The particular properties of the stereographic projection, namely
conformality and the circular map of parallel circles of the sphere, has been recognized only
later: Jordanius Nemorarius (1507) mentioned the circularity of transformal parallel circles.
Gerhard Mercator (1587) invented conformality in his Duisburg map of the eastern and
western half spheres in stereographic projection. At the bottom line of his map he writes:
“. . . Etsi enim gradus a centro versus circumferentiam crescant, uti in gradibus aeqhimoc-
tialibus vides, tamem latitudinis longitudinisque gradus in eadem a centro distantia eandem
ad invicem proportionem servant quam in sphaera et quadranguli inter duos proximos par-
allelos dusque meridianos rectangulam figuram habent quemadmodum in sphaera, ita ut
regiones undiquaque omnes motivam figuram obtineant sine omni tortuosa distractione.”
(Indeed though the distances grow from the center to the periphery as to be seen from the
lines of constant aequinoctium, they preserve the lengths of longitude and latitude arcs in
relative proportion with respect to the sphere. Quadrangles between to nearly parallels and
two meridians are represented by a rectangular figure like on the sphere such that all areas
keep their natural figure without distortions.) The name stereographic projection originates
from the mathematician Aguilonius (1566–1617) of Belgium. Compare with Fig. 1.28, which
gives an impression of a typical ancient map.

H
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to
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e.

J.H. Lambert (1726–1777) was probably the first cartographer who compared different map-
pings and projections on a mathematical basis: in order to make the mapping of the sphere
onto the plane locally similar (“in kleinsten Teilen ähnlich”) he considered similar triangles
on the sphere and the plane, which J. H. Lambert tested with respect to the stereographic
projection as well as to the Mercator projection:

dx = a
dQ

cos Φ
+ bdΛ

(spherical longitude Λ, spherical latitude Φ) ,

dy = b
dQ

cos Φ
+ adΛ

(righthand rectangular coordinates {Λ,Φ} of the plane) .

(1.262)

In support of J. L. Lagrange (1736–1813), he sets dΦ/cosΦ = dQ, which leads to the famous
differential equations for two-dimensional conformal mapping, namely

dx = −adQ + bdΛ ,

dy = +bdQ + adΛ ,

y + ix = f(Q± iΛ)

⎧⎨⎩
+ = conformal

− = anticonformal
, (1.263)

with special reference to deBougainville’s “Traite du calcul integral” (Paris 1756, p. 140),
who in turn gave reference to d’Alembert. It was only J. L. Lagrange (1779) who could
work with the fundamental solution y + ix = f(Q ± iΛ). Meanwhile L. Euler (1777) had
published the same result, finally leading to the notation of d’Alembert-Euler equations
for two-dimensional conformal mapping. Additionally, note that the fundamental equations
which govern infinitesimal conformality have been written as differential one-forms.
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Fig. 1.28. “Ptolemeus Aegyptius”, a detail of the star map by Albrecht Dürer (1471–1528). “Imagines coeli
septentrionales cum duodecim imaginibus zodiaci” 1515, wood engraving, 42, 7×42, 7 cm, New York, Metropoli-
tan Museum of Art, Harris Brisbane Dick Fund 1951.
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1-11 Areal distortion

“It isn’t that they can’t see the solution. It is that they can’t see the problem.”
(G.K.Chesterton, The Scandal of Father Brown. The Point of a Pin.)

Fourth multiplicative and additive measures of deformation, dual deformation measures, areomorphism,
equiareal mapping.

Up to now, all deformation measures have been built on the first differential invariants Il and Ir of
surface geometry, which are also called dS2 and ds2. Such an invariant “left” or “right” measures
the infinitesimal distance between two points on the “left” or the “right” surface. A dual measure of
a surface (two-dimensional Riemann manifold) immersed in R

3 is the infinitesimal surface element.
Indeed, the surface element “left versus right”, (1.264), is dual to the infinitesimal distance element
“left versus right”, (1.265):

dSl :=
√

det[Gl]dU ∧ dV versus dSr :=
√

det[Gr]du ∧ dv , (1.264)

dS2 = G11dU2 + 2G12dUdV + G22dV 2 versus ds2 = g11du2 + 2g12dudv + g22dv2 . (1.265)

In the context of the mapping f : M
2
l → M

2
r , we next define areomorphism as an equiareal mapping

M
2
l → M

2
r : see Definition 1.13.

Definition 1.13 (Equiareal mapping).

An orientation preserving diffeomorphism f : M2
l → M2

r is called area preserving and equiareal (vector
product preserving, areomorphism) if√

det[Gl]dU ∧ dV =
√

det[Gr]du ∧ dv (1.266)

or, equivalently,

Φ2
l = Φ2 :=

√
det[Gr]du ∧ dv√
det[Gl]dU ∧ dV

= 1

⇔

1 =

√
det[Gl]dU ∧ dV√
det[Gr]du ∧ dv

=: Φ2 = Φ2
r

(1.267)

or
Slr :=

√
det[Gr]du ∧ dv −√

det[Gl]dU ∧ dV = 0

⇔
Srl :=

√
det[Gl]dU ∧ dV −√

det[Gr]du ∧ dv = 0

(1.268)

for all points of M2
l and M2

r , respectively, holds.

End of Definition.

Indeed, the left surface element
√

det[Gl]dU ∧dV as well as the right surface element
√

det[Gr]du∧dv
have enabled us to introduce dual measures to the left length element dUTGldU as well as to the right
length element duTGrdu. There exist representations of the multiplicative measure of areal distortion,
{Φ2

l , Φ
2
r}, and of the additive measure of areal distortion, {Slr, Srl}, in terms of the Cauchy–Green

deformation tensor, the Euler–Lagrange deformation tensor, and the principal stretches (left or right
eigenvalues), which we collect in Box 1.39 and turn out to be useful in the equivalence theorem.
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Box 1.39 (Areal distortion, representations of its multiplicative and additive deformation measures).

M
2
l → M

2
r :

(i)

p
det[Gl]dU ∧ dV =

p
det[Gr]du ∧ dv ,p

det[Gr]du ∧ dv =
p

det[Gl]dU ∧ dV ;p
det[Gl]dU ∧ dV =

p
det[Gr − 2Er]du ∧ dv ,p

det[Gr]du ∧ dv =
p

det[Gl − 2El]dU ∧ dV ;p
det[Gl]dU ∧ dV =

1

det[Fr]
λ1λ2du ∧ dv ,

p
det[Gr]du ∧ dv =

1

det[Fl]
Λ1Λ2dU ∧ dV ;

(1.269)

˘
M

2
r , gµν

¯
=

˘
R

2, δµν

¯ ⇒
p

det[Gl]dU ∧ dV = λ1λ2du ∧ dv .

(ii)
Φ2

l =
q

det[ClG
−1
l ] = Λ1Λ2 ,

Φ2
r =

q
det[CrG

−1
r ] = λ1λ2 .

(1.270)

(iii)

Slr =
“p

det[Cl] −
√

Gl

”
dU ∧ dV ,

Srl =
“p

det[Cr] −
√

Gr

”
du ∧ dv ;

Slr = (Λ1Λ2 − 1)
1

det[Fl]
dU ∧ dV ,

Srl = (λ1λ2 − 1)
1

det[Fr]
du ∧ dv ;

(1.271)

˘
M

2
r , gµν

¯
=

˘
R

2, δµν

¯ ⇒ Srl = (λ1λ2 − 1) du ∧ dv .

To give you again some breathing time, please enjoy Fig. 1.29, which presents the “quasicordiform”
Bonne-pseudo-conic projection.

Fig. 1.29. Bonne-pseudo-conic projection, with shorelines of a spherical Earth, equidistant mapping of the line-
of-contact of a circular cone, “quasicordiform”. Tissot ellipses of distortion. (According to Rigobert Werner).



76 1 From Riemann manifolds to Riemann manifolds

1-12 Equivalence theorem of equiareal mapping

The equivalence theorem of equiareal mapping from the left to the right two-dimensional Riemann
manifold (areomorphism).

We have already defined areomorphism, namely areal distortion, in order to present here an equivalence
theorem that relates areomorphism to a special partial differential equation whose solution guarantees
an equiareal mapping. In particular, we make a “canonical statement” about the product of left and
right principal stretches to be one. Furthermore, we specify the equiareal mapping for a right manifold{
M

2
r , gµν

}
=

{
R

2, δµν

}
to be Euclidean.

Theorem 1.14 (Areomorphism M
2
l → M

2
r , equiareal mapping).

Let f : M2
l → M2

r be an orientation preserving equiareal mapping. Then the following conditions
(i)–(iv) are equivalent.

(i)√
det[Gl]dU ∧ dV =

√
det[Gr]du ∧ dv .

(ii)
det [Cr] = det [Gr] , det [Cl] = det [Gl] , det [Gr − 2Er] = det [Gr] , det [Gl + 2El] = det [Gl] .

(iii)
Λ1Λ2 = 1 , λ1λ2 = 1 .

(iv)

UuVv − UvVu =
√

det[Gr]
det[Gl]

=
√

g11g22−g2
12

G11G22−G2
12

, uUvV − uV vU =
√

det[Gl]
det[Gr]

=
√

G11G22−G2
12

g11g22−g2
12

.

(1.272)

End of Theorem.

The proof is straightforward. For a better insight into the equivalence theorem of an equiareal mapping,
we recommend a detailed study of the next example.

1-13 One example: mapping from an ellipsoid-of-revolution to the sphere

One example for the equivalence theorem of equiareal mapping: the equiareal mapping from an ellipsoid-
of-revolution to the sphere.

A beautiful example for the equivalence theorem of equiareal mapping is the mapping of the ellipsoid-
of-revolution E

2
A1,A1,A2

to the sphere S
2
r, postulated by means of Λ1Λ2 = 1 to be area preserving. All

notations are taken from Example 1.3. First, by means of Box 1.40, we set up the mapping equations
E

2
A1,A1,A2

→ S
2
r, namely by λ = Λ, φ = f(Φ). Here, we compute the left Cauchy–Green matrix Cl as

well as the left principal stretches {Λ1, Λ2}. Second, Box 1.41 illustrates the various steps to be taken
in order to derive an equiareal map from the canonical postulate Λ1Λ2 = 1. As soon as we transfer
the general form of the principal stretches {Λ1, Λ2} into such a postulate, by means of separation of
variables, we derive a first-order differential equation, which is directly solved by integration. Third,
with respect to standard integrals and the boundary condition φ = f(Φ = 0) = 0, we find the classical
formula for sinφ, where the mapping function φ = f(Φ) is called authalic latitude (O. S.Adams (1921),
p. 65; J. P. Snyder (1982), p. 19). Fourth, we solve the problem how to choose the radius of the sphere
S

2
r when only the semi-major axis A1 or the relative eccentricity E2 = (A2

1 − A2
2)/A2

1, A1 > A2 of
E

2
A1,A1,A2

are given. A first choice is A1 = r, a second choice, also called optimal, is the identity
of the left global surface element Sl of E2

A1,A1,A2
and of the right global surface element Sr of S2

r.
As derived later, we give both area (E2

A1,A1,A2
) as well as area (S2

r) in closed form. Accordingly, we
have succeeded to solve r(A1, E). Step five, based upon Box 1.42, summarizes the forward or direct
equations of the special equiareal mapping, called authalic, of type λ = Λ and sinφ = sin f(Φ) for
the optimal equiareal choice of the radius r(A1, E). In addition, we have computed the left and right
principal stretches {Λ1, Λ2} and {λ1, λ2} for the authalic mapping.
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Box 1.40 (Left Cauchy–Green matrix, left eigenspace: E
2
A1,A1,A2 → S

2
r).

Left manifold ({Λ, Φ} coordinates): Right manifold ({λ, φ} coordinates):

dS2 =
A2

1 cos2 Φ

1 − E2 sin2 Φ
dΛ2 +

A2
1(1 − E2)2

(1 − E2 sin2 Φ)3
dΦ2 . ds2 = r2 cos2 φ dλ2 + r2dφ2 . (1.273)

“Ansatz”:

E
2
A1,A1,A2 → S

2
r ; λ = Λ , φ = f(Φ) . (1.274)

Left Cauchy–Green matrix:

Cl = JT
l GrJl =

"
r2 cos2 φ 0

0 r2 f ′ 2
(Φ)

#
,

Jl =

"
DΛλ DΛφ

DΦλ DΦφ

#
=

"
1 0

0 f ′(Φ)

#
, Gr =

"
r2 cos2 φ 0

0 r2

#
.

(1.275)

Left principal stretches, left eigenspace:

˛̨
Cl − Λ2

l Gl

˛̨
=

˛̨̨
˛̨c11 − G11Λ

2
l 0

0 c22 − G22Λ
2
l

˛̨̨
˛̨ = 0 ⇔

⇔
"
c11 − G11Λ

2
l = 0

c22 − G22Λ
2
l = 0

#
⇔

2
664Λ2

1 =
c11

G11
=

r2 cos2 φ

A2
1 cos2 Φ

(1 − E2 sin2 Φ)

Λ2
2 =

c22

G22
=

r2f ′2(Φ)

A2
1(1 − E2)2

(1 − E2 sin2 Φ)3

3
775 .

(1.276)

Box 1.41 (Equiareal mapping: E
2
A1,A1,A2 → S

2
r, φ = f(Φ)).

Area preserving postulate:

Λ1Λ2 = 1 ⇔ r cos φ

A1 cos Φ

p
1 − E2 sin2 Φ

rf ′(Φ)

A1(1 − E2)
(1 − E2 sin2 Φ)3/2 = 1 . (1.277)

Equation of variables:

r2 cos φ dφ =
dΦ

(1 − E2 sin2 Φ)2
A2

1(1 − E2) cos Φ . (1.278)

Standard integrals:

∆ := π/2 − Φ ⇒ −d∆ = dΦ ,

Z
cos Φ

(1 − E2 sin2 Φ)2
dΦ = −

Z
sin ∆

(1 − E2 cos2 ∆)2
d∆ =

=
cos ∆

2(1 − E2 cos2 ∆)
+

1

4E
ln

1 + E cos ∆

1 − E cos ∆
+ cr =

=
sin Φ

2(1 − E2 sin2 Φ)
+

1

4E
ln

1 + E sin Φ

1 − E sin Φ
+ cr ,

R
cos φ dφ = sin φ + cl .

(1.279)
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Continuation of Box.

Boundary conditions:

Φ = 0 ⇔ φ = 0 ⇒ cl = cr = 0 . (1.280)

Equiareal map of E
2
A1,A1,A2 → S

2
r:

r2 sin φ = A2
1(1 − E2)

»
sin Φ

2(1 − E2 sin2 Φ)
+

1

4E
ln

1 + E sin Φ

1 − E sin Φ

–
;

case 1: A1 = r ; case 2:

j
left global surface element coincides

with right global surface element
;

Sl = area
`
E

2
A1,A1,A2

´
= area

`
S

2
r

´
= Sr ;

4πA2
1

»
1

2
+

1 − E2

2E
ln

1 + E

1 − E

–
= 4πr2

⇒

r2 =
1

2
A2

1

»
1 +

1 − E2

2E
ln

1 + E

1 − E

–
.

(1.281)

Authalic latitude (O. S.Adams (1921), p. 65; J. P. Snyder (1982), p. 19):

φ = f(Φ) ,

sin φ = sin f (Φ Sl = Sr) .
(1.282)

Box 1.42 (The authalic equiareal map: E
2
A1,A1,A2 → S

2
r).

Authalic equiareal map:

λ = Λ ,

sin φ = (1 − E2)

»
sin Φ

1 − E2 sin2 Φ
+

1

2E

1 + E sin Φ

1 − E sin Φ

–
/

»
1 +

1 − E2

2E
ln

1 + E

1 − E

–
.

(1.283)

Left and right principal stretches:

Λ1 =
r cos φ

A1 cos Φ

p
1 − E2 sin2 Φ ,

Λ2 =
r

A1(1 − E2)
f ′(Φ)(1 − E2 sin2 Φ)3/2 ,

φ = f(Φ) ⇒ φ′ = f ′(Φ) =
1

r2 cos φ

A2
1(1 − E2)

(1 − E2 sin2 Φ)2
cos Φ ,

Λ1 = λ−1
1 =

r cos φ

A1 cos Φ

p
1 − E2 sin2 Φ ,

Λ2 = λ−1
2 =

A1 cos Φ

r cos φ

1p
1 − E2 sin2 Φ

.

(1.284)
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In the light of the equivalence theorem 1.14 (areomorphism), we are now prepared to solve the following
problems. (i) Can we prove the first equivalence given by (1.285) and (ii) can we prove the third
equivalence given by (1.286)?

det[Cl] = det[Gl] or det[Cr] = det[Gr] , (1.285)

uUvV − uV uU =

√
det[Gl]
det[Gr]

=

√
G11G22 −G2

12

g11g22 − g2
12

. (1.286)

Solution (the first problem).

Start from the equiareal map of Box 1.41 in order to prove det[Cl] = det[Gl], where the left Cauchy–
Green matrix Cl as well as the left matrix Gl of the metric is given by means of Box 1.40. Here, again
we collect all deviational items in Box 1.43. As soon as we implement f ′(Φ) into the determinantal
identity, the proof is closed.

End of Solution (the first problem).

Solution (the second problem).

By means of Box 1.44, let us work out the partial differential equation which governs an equiareal
mapping. Note that we here specify {u = λ, v = φ} and {U = Λ, V = Φ} subject to the “Ansatz”
{λ = Λ, φ = f(Φ)}. Indeed, we find f(Φ) as given already in Box 1.42.

End of Solution (the second problem).

Note that the second or canonical equivalence Λ1Λ2 = 1 has already been used to construct the
equiareal map E

2
A1,A1,A2

→ S
2
r.

Box 1.43 (Equiareal mapping: E
2
A1,A1,A2 → S

2
r, det[Cl] = det[Gl]).

Cl =

2
4r2 cos2 φ 0

0 r2f ′2(φ)

3
5 , Gl =

2
6664

A2
1 cos2 Φ

1 − E2 sin2 Φ
0

0
A2

1(1 − E2)2

(1 − E2 sin2 Φ)3

3
7775 ,

2
664
det [Cl] = r4 cos2 φ f ′2(φ)

f ′2(Φ) =
1

r4 cos2 φ

A4
1(1 − E2)2

(1 − E2 sin2 Φ)4
cos2 Φ

3
775 ⇒ det [Cl] =

A4
1(1 − E2)2

(1 − E2 sin2 Φ)4
cos2 Φ = det [Gl]

q. e. d.

(1.287)

Box 1.44 (Equiareal mapping: E
2
A1,A1,A2 → S

2
r, partial differential equation).

uUvV − uV uU =

s
det[Gl]

det[Gr]
, u = λ , v = φ = f(Φ) , U = Λ , V = Φ ⇔

⇔ λΛφΦ − λΦφΛ =

r
G11G22

g11g22
⇔ f ′2(Φ) =

1

r2 cos φ

A2
1(1 − E2)

(1 − E2 sin2 Φ)2
cos Φ ,

f ′(Φ) : see Box 1.42

q. e. d.

(1.288)
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1-14 Review: the canonical criteria

“Where we cannot use the compass of mathematics or the torch of experience
. . . it is certain we cannot take a single step forward.”
(Voltaire.)

Review: the canonical criteria for conformal equiareal, isometric, and equidistant mappings, optimal map
projections, Gaussian curvatures.

Up to now, we have defined the conformal mapping (compare with Definition 1.10) as well as the
equiareal mapping (compare with Definition 1.13) from the left two-dimensional Riemann manifold
(here: left surface immersed into R3) to the right two-dimensional Riemann manifold (here: right
surface immersed into R3). We demonstrated that under the action of the conformal map, angles were
preserved. In contrast, an equiareal transformation preserves the surface element. However, what is
to tell about length preserving mappings f : M

2
l → M

2
r?

1-141 Isometry

Let us begin with the definition of an isometry and relate it in the form of an equivalence theorem
to the other measures of deformation. In particular, we ask the question: When does an isometric
mapping exist?

Definition 1.15 (Isometry).

An admissible mapping f : M
2
l → M

2
r is called length preserving or an isometry if for any curve in the

left surface (“left curve”: cl(tl), tl ∈ I(cl)) the corresponding curve in the right surface (“right curve”:
cr(tr), tr ∈ I(cr)) as its image f ◦ cl(tl) has the identical length:∫ bl

al

ṡldtl =
∫ br

ar

ṡrdtr . (1.289)

Two Riemann manifolds M2
l and M2

r , respectively, which are mapped on each other by means of an
isometry are called isometric.

End of Definition.

Without any proof, we make the following equivalence statement. (Of course, we could make an
equivalent statement for the right manifold M

2
r .)

Theorem 1.16 (Isometry M
2
l → M

2
r ).

An admissible mapping f : M
2
l → M

2
r is an isometry if and only if the following equivalent conditions

are fulfilled.
(i) The coordinates of the left Cauchy–Green tensor Cl are identical to the coordinates

of the left metric tensor Gl, i. e.

Cl = Gl . (1.290)

(ii) The stretches Λ for any point X ∈ M
1
l ⊂ M

2
l ⊂ R

3 is independent of the directions of
the tangent vector Ẋ, a constant to be one, i. e.

Λ(Ẋ) = 1 ∀ Ẋ �= 0 , Ẋ ∈ TM
1
l ⊂ TM

2
l , Ẋ =

3∑
I=1

2∑
M=1

EI
∂XI

∂UM

dUM

dtl
. (1.291)

(iii) The left principal stretches for any point X ∈ M2
l are a constant to be one: Λ1 = Λ2 = 1.

End of Theorem.
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If an isometric mapping f : M
2
l → M

2
r were existing for an arbitrary left and right two-dimensional

Riemann manifold, we would have met an ideal situation. Let us therefore ask: when does an isometric
mapping f : M2

l → M2
r exist? Unfortunately, we can only sketch the existence proof here which is

based upon the intrinsic measure of curvature of a surface, namely Gaussian curvature, computed

k = det [K] =
det [H]
det [G]

,

K := −HG−1 ∈ R2×2 .

(1.292)

The curvature matrix K of a surface is the negative product of the Hesse matrix H and the inverse of
the Gauss matrix G defined as follows.

Box 1.45 (Curvature matrix of a surface).

G =

3X
I=1

∂XI

∂UM

∂XI

∂UN
=

»
e f
f g

–
, (1.293)

H =

3X
I=1

∂2XI

∂UM∂UN
NI =

»
l m
m n

–
, (1.294)

K =
1

eg − f2
=

»−gl + fm fl − em
−gm + fn fm − en

–
. (1.295)

N I denotes the coordinates of the surface normal vector N ∈ NM
2
l with respect to the basis

{E1,E2,E3, O} fixed to the origin O and assumed to be orthonormal. N = E1N
1 + E1N

2 + E3N
3

and XI(U, V ) are the representers of Φ−1
l , which are also called embedding functions M2

l ⊂ R3 if we ex-
clude self-intersections and singular points (corners) of M

2
l . The “Theorema Egregium” of C. F. Gauss

states that the determinant of the curvature matrix, in short Gaussian curvature, depends only on
(i) the metric coefficients e, f, g, (ii) their first derivatives eU , eV , fU , fV , gU , gV , and (iii) their second
derivatives eUU , eUV , eV V , . . . , gUU , gUV , gV V . The fundamental theorem of an isometric mapping can
now be formulated as follows.

Theorem 1.17 (Isometric mapping).

If a left curvature is isometrically mapped to a right surface, then corresponding points X ∈ M
2
l and

x ∈ M
2
r have identical Gaussian curvature.

End of Theorem.

A list of Gaussian curvatures for different surfaces is shown in Table 1.5. In consequence, there are no
isometries (i) from ellipsoid to sphere, (ii) from ellipsoid or sphere to plane, cylinder, cone, any ruled
surface (developable surfaces of Gaussian curvature zero).

Table 1.5. Gaussian curvatures for some surfaces.

Type of surface Gaussian curvature

sphere S
2
R k = 1

R2 > 0

ellipsoid-of-revolution E
2
A1,A1,A2 k = 1

MN
, M := A1(1−E2)

(1−E2 sin2 Φ)3/2 , N := A1√
1−E2 sin2 Φ

plane, cylinder, cone, ruled surface k = 0
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1-142 Equidistant mapping of submanifolds

Indeed, we are unable to produce an isometric landscape of the Earth, its Moon, the Sun, and planets,
other celestial bodies, or the universe. In this situation, we have to look for a softer version of a
length preserving mapping. Such an alternative concept is found by “dimension reduction”. Only a
one-dimensional submanifold M

1 of the two-dimensional Riemann manifold M
2 is mapped “length

preserving”. For instance, we map the left coordinate line “ellipsoidal equator” equidistantly to the
right coordinate line “spherical equator”, namely by the postulate A1Λ = rλ. The arc length A1Λ
of the ellipsoidal equator coincides with the arc length of the spherical equator rλ. A more precise
definition is given in Definition 1.18.

Definition 1.18 (Equidistant mapping).

Let a particular mapping f : M
2
l → M

2
r of a left surface (left two-dimensional Riemann manifold) to a

right surface (right two-dimensional Riemann manifold) be given. Beside the exceptional points, both
parameterized surfaces M2

l as well as M2
r are covered by a set of coordinate lines {U = constant, V },

{U, V = constant} as well as {u = constant, v}, {u, v = constant}, called left curves cl(t) (left
one-dimensional submanifold) and right curves cr(t) (right one-dimensional submanifold). Under the
mapping f ◦ cl(t) = cr(t), the mapping

cl(t) → cr(t) or R
3 ⊃ M

2
l ⊃ M

1
l

equidistant−→ M
1
r ⊂ M

2
r ⊂ R

3 (1.296)

is called equidistant if a finite section of a specific left curve cl(t) has the same length as a finite section
of a corresponding right curve cr(t).

End of Definition.

Let us work out the equivalence theorem for an equidistant mapping from a left curve cl(t) to a right
curve cr(t).

Theorem 1.19 (Equidistant mapping R
3 ⊃ M

2
l ⊃ M

1
l−→M

1
r ⊂ M

2
r ⊂ R

3).

Let us assume that the left surface (left two-dimensional Riemann manifold) as well as the right surface
(right two-dimensional Riemann manifold) has been parameterized by left coordinates {U, V } and
right coordinates {u, v}. If the directions of their left tangent vectors and their right tangent vectors
coincide with the directions of the left principal stretches (left eigendirections, left eigenvectors) and
of the right principal stretches (right eigendirections, right eigenvectors), then the following conditions
of an equidistant mapping are equivalent.

(i) Equidistant mapping of a section of a specific left curve cl(t) to a
corresponding section of a specific right curve cr(t).

U coordinate line to u coordinate line: V coordinate line to v coordinate line:∫ bl

al

√
G22(t)V̇ dt =

∫ br
ar

√
g22(t)v̇dt .

∫ bl

al

√
G11(t)U̇dt =

∫ br
ar

√
g11(t)u̇dt .

(1.297)

(ii) Left or right Cauchy–Green matrix under an equidistant mapping cl(t) → cr(t).

U coordinate line to u coordinate line: V coordinate line to v coordinate line:

c22 = G22 or C22 = g22 . c11 = G11 or C11 = g11 .
(1.298)

(iii) Left or right principal stretches under an equidistant mapping cl(t) → cr(t).

U coordinate line to u coordinate line: V coordinate line to v coordinate line:

Λ2 = 1 or λ2 = 1 . Λ1 = 1 or λ1 = 1 .
(1.299)

End of Theorem.
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The proof is straightforward. We refer to Example 1.11, where we solved the third problem: the
ellipsoidal equator had been equidistantly mapped to the spherical equator, namely rλ = A1Λ, such
that Λ1(Φ = 0) = 1 or λ1(φ = 0) = 1.

1-143 Canonical criteria

By means of the various equivalence theorems, we are well-prepared to present to you, as beloved
collectors items of Box 1.46, the canonical criteria or measures for a conformal, an equiareal, and an
isometric mapping M

2
l → M

2
r as well as for an equidistant mapping cl(t) → cr(t). These canonical

measures are exclusively used to generate in following sections equidistant, conformal, and equiareal
mappings of various surfaces like the ellipsoid-of-revolution to the sphere. Hilbert’s invariant theory is
finally used to generate scalar functions of the tensor-valued deformation measures. Box 1.47 reviews
the two fundamental Hilbert invariants of the Cauchy–Green and Euler–Lagrange deformation tensors.

Box 1.46 (Canonical criteria for a conformal, equiareal, and isometric mapping M
2
l → M

2
r as well as for an

equidistant mapping cl(t) → cr(t)).

Conformeomorphism:

Λ1 = Λ2 or λ1 = λ2 ,

K1 = K2 or κ1 = κ2 ,
(1.300)

for all points of M
2
l or M

2
r , respectively.

Aeromorphism:

Λ1Λ2 = 1 or λ1λ2 = 1 ,

K1K2 + 1
2

(K1 + K2) = 0 or κ1κ2 + 1
2

(κ1 + κ2) = 0 ,
(1.301)

for all points of M
2
l or M

2
r , respectively.

Isometry:

Λ1 = Λ2 = 1 or λ1 = λ2 = 1 ,

K1 = K2 = 0 or κ1 = κ2 = 0 ,
(1.302)

for all points of M
2
l or M

2
r , respectively.

Equidistance:

Λ1 = 1 , Λ2 = 1 or λ1 = 1 , λ2 = 1 ,

K1 = 0 , K2 = 0 or κ1 = 0 , κ2 = 0 ,
(1.303)

for all points of M
2
l (left curve) and M

2
r (right curve) which are equidistantly mapped.

Box 1.47 (Canonical representation of Hilbert invariants derived from deformation measures).

I1 (Cl) := Λ2
1 + Λ2

2 = tr
ˆ
ClG

−1
l

˜
versus i1 (Cr) := λ2

1 + λ2
2 = tr

ˆ
CrG

−1
r

˜
,

I2 (Cl) := Λ2
1Λ

2
2 = det

ˆ
ClG

−1
l

˜
versus i2 (Cr) := λ2

1λ
2
2 = det

ˆ
CrG

−1
r

˜
,

(1.304)

or

I1 (El) := K1 + K2 = tr
ˆ
ElG

−1
l

˜
versus i1 (Er) := κ1 + κ2 = tr

ˆ
ErG

−1
r

˜
,

I2 (El) := K1K2 = det
ˆ
ElG

−1
l

˜
versus i2 (Er) := κ1κ2 = det

ˆ
ErG

−1
r

˜
.

(1.305)
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1
2
I1 =

1
2
(
Λ2

1 + Λ2
2

)
= 1

2 tr
[
ClG

−1
l

]
,

1
2
i1 =

1
2
(
λ2

1 + λ2
2

)
= 1

2 tr
[
CrG

−1
r

] (1.306)

represent the average Cauchy–Green deformation, distortion energy density of the first kind, also called
Cauchy–Green dilatation. In contrast,

ln
√

I2 =
1
2
(
ln Λ2

1 + lnΛ2
2

)
= ln

√
det

[
ClG

−1
l

]
,

ln
√

i2 =
1
2
(
ln λ2

1 + lnλ2
2

)
= ln

√
det

[
CrG

−1
r

] (1.307)

are the geometric mean of Cauchy–Green deformation or distortion energy density of the second
kind. Note that similar Hilbert invariants can be formulated and interpreted for the Euler–Lagrange
deformation tensor.

P
hy

si
ca

l
as

id
e.

Alternative measures of distortion energy density are introduced in continuum mechanics.
By means of the weighted Frobenius matrix norm of Box 1.48, we have given quadratic forms
of Cauchy–Green and Euler–Lagrange deformation density. The weight matrices Wl and Wr

are Hooke matrices, also called direct and inverse stiffness matrices. Box 1.47 and Box 1.48
have reviewed local scalar-valued deformation measures, namely distortion densities of the
first and the second kind. As soon as we have to map a certain part of the left surface as well
as the right surface, we should consequently introduce global invariant distortion measures as
summarized in Box 1.49, which constitute Cauchy–Green and Euler–Lagrange deformation
energy. dSl denotes the left surface element, while dSr denotes the right surface element, for
instance, dSl =

√
det[Gl]dUdV and dSr =

√
det[Gr]dudv, respectively. The vec operator is

a mapping of a matrix as a two-dimensional array to a column as a one-dimensional array:
under the operation vec[A], the columns of the matrix A are stapled vertically one-by-one.
An example is A ∈ R

2×2, vec[A] = (a11, a21, a12, a22).

Box 1.48 (Weighted matrix norms of Cauchy–Green and Euler–Lagrange deformations).

Cauchy–Green deformation:

‖ClG
−1
l ‖2

Wl
:=

:= tr
h`

ClG
−1
l

´T
Wl

`
ClG

−1
l

´i versus

‖CrG
−1
r ‖2

Wr :=

:= tr
h`

CrG
−1
r

´T
Wr

`
CrG

−1
r

´i
,

‖ClG
−1
l ‖2

Wl
=

=
`
vec

ˆ
ClG

−1
l

˜´T
Wl

`
vec

ˆ
ClG

−1
l

˜´ versus
‖CrG

−1
r ‖2

Wr =

=
`
vec

ˆ
CrG

−1
r

˜´T
Wr

`
vec

ˆ
CrG

−1
r

˜´
.

(1.308)

Euler–Lagrange deformation:

‖ClG
−1
l ‖2

Wl
:=

:= tr
h`

ElG
−1
l

´T
Wl

`
ElG

−1
l

´i versus

‖ErG
−1
r ‖2

Wr :=

:= tr
h`

ErG
−1
r

´T
Wr

`
ErG

−1
r

´i
,

‖ElG
−1
l ‖2

Wl
=

=
`
vec

ˆ
ElG

−1
l

˜´T
Wl

`
vec

ˆ
ElG

−1
l

˜´ versus
‖ErG

−1
r ‖2

Wr =

=
`
vec

ˆ
ErG

−1
r

˜´T
Wr

`
vec

ˆ
ErG

−1
r

˜´
.

(1.309)
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Box 1.49 (Cauchy–Green distortion energy, Euler–Lagrange distortion energy).

(i) Cauchy–Green distortion energy:

(1st)

1

2

Z
dSl tr

ˆ
ClG

−1
l

˜
=

=
1

2

Z
dSl

`
Λ2

1 + Λ2
2

´ versus

1

2

Z
dSr tr

ˆ
CrG

−1
r

˜
=

=
1

2

Z
dSr

`
λ2

1 + λ2
2

´
;

(2nd)

Z
dSl

q
det

ˆ
ClG

−1
l

˜
=

=

Z
dSlΛ1Λ2

versus

Z
dSr tr

ˆ
CrG

−1
r

˜
=

=

Z
dSrλ1λ2 ;

(3rd)

Z
dSl

`
ln Λ2

1 + ln Λ2
2

´
versus

Z
dSr

`
ln λ2

1 + ln λ2
2

´
;

(4th)

Z
dSl tr

h`
ClG

−1
l

´T
Wl

`
ClG

−1
l

´i
:=

:= |||ClG
−1
l |||2Wl

versus

Z
dSr tr

h`
CrG

−1
r

´T
Wr

`
CrG

−1
r

´i
:=

:= |||CrG
−1
r |||2Wr .

(1.310)

(ii) Euler–Lagrange distortion energy:

(1st)

1

2

Z
dSl tr

ˆ
ElG

−1
l

˜
=

=
1

2

Z
dSl (K1 + K2)

versus

1

2

Z
dSr tr

ˆ
ErG

−1
r

˜
=

=
1

2

Z
dSr (κ1 + κ2) ;

(2nd)

Z
dSl

q
det

ˆ
ElG

−1
l

˜
=

=

Z
dSl

√
K1K2

versus

Z
dSr

q
det

ˆ
ErG

−1
r

˜
=

=

Z
dSr

√
κ1κ2 ;

(3rd)
1

2

Z
dSl(ln K1 + ln K2) versus

1

2

Z
dSr(ln κ1 + ln κ2) ;

(4th)

1

2

Z
dSl tr

h`
ElG

−1
l

´T
Wl

`
ElG

−1
l

´i
:=

:= |||ElG
−1
l |||2Wl

versus

1

2

Z
dSr tr

h`
ErG

−1
r

´T
Wr

`
ErG

−1
r

´i
:=

:= |||ErG
−1
r |||2Wr .

(1.311)

1-144 Optimal map projections

Optimal map projections relate to the invariant scalar measures of Cauchy–Green deformation. More
than 1000 scientific contributions have been published on this topic. Harmonic maps, optimal Universal
Mercator Projections (opt UMP) as well as optimal Universal Transverse Mercator (opt UTM) belong
to this category. Let us only introduce here the optimality conditions as they are summarized in
Box 1.50, Box 1.51, and Box 1.52. First, G. B. Airy (1861) and V. V. Kavrajski (1958) introduced local
as well as global measures of f : M

2
l → M

2
r from isometry. Since for an isometry canonicallyΛ1 = Λ2 = 1

or λ1 = λ2 = 1 holds, {Λ1−1, Λ2−1} or {ln Λ1, ln Λ2} and {λ1−1, λ2−1} or {lnλ1, lnλ2} as “errors”
εl and εr are measures of the local departure from isometry. When integrated over the part of the left
or right surface to be mapped, we are led to the global measures of departure from isometry, namely
IA and IAK of type “left” and “right”. Second, we introduce local and global measures of f : M

2
l → M

2
r

from an areomorphism or a conformeomorphism. Since for an equiareal mapping canonically Λ1Λ2 = 1
or λ1λ2 = 1 holds, {Λ1Λ2 − 1} or {λ1λ2 − 1} as “errors” εl and εr of type “areal” measure the local
departure from an areomorphism. Similarly, for a conformal mapping canonically Λ1 = Λ2 or λ1 = λ2

holds. Accordingly, Λ1−Λ2 or λ1−λ2 as “errors” εl and εr as measures of type “conformal” describe the
local departure from a conformeomorphism. When integrated over the part of the left or right surface
to be mapped, we are led to global measures of departure from areomorphism or conformeomorphism,
namely Iareal and Iconf of type “left” and “right”. Examples are given in the following chapters.
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Box 1.50 (Local measures for departure of the mapping M
2
l → M

2
r from isometry).

(i) G.B.Airy (1861):

ε2lA :=
1

2

ˆ
(Λ1 − 1)2 + (Λ2 − 1)2

˜
versus

1

2

ˆ
(λ1 − 1)2 + (λ2 − 1)2

˜
=: ε2rA . (1.312)

(ii) V.V. Kavrajski (1958):

ε2lAK :=
1

2

ˆ
(ln Λ1)

2 + (ln Λ2)
2˜

versus
1

2

ˆ
(ln λ1)

2 + (ln λ2)
2˜

=: ε2rAK . (1.313)

Box 1.51 (Local measures for departure of the mapping M
2
l → M

2
r from equiareal and conformal).

(i) Departure from an equiareal mapping:

ε2l areal := (Λ1Λ2 − 1)2 versus (λ1λ2 − 1)2 =: ε2r areal . (1.314)

(ii) Departure from a conformal mapping:

ε2l conf := (Λ1 − Λ2)
2 versus (λ1 − λ2)

2 =: ε2r conf . (1.315)

Box 1.52 (Global measures for departure of the mapping M
2
l → M

2
r from isometry, areomorphism, and

conformeomorphism).

(i) Isometry:

IlA :=
1

Sl

Z
dSlε

2
lA versus

1

Sr

Z
dSrε

2
rA =: IrA ,

IlAK :=
1

Sl

Z
dSlε

2
lAK versus

1

Sr

Z
dSrε

2
rAK =: IrAK .

(1.316)

(ii) Areomorphism:

Il areal :=
1

Sl

Z
dSlε

2
l areal versus

1

Sr

Z
dSrε

2
r areal =: Ir areal . (1.317)

(iii) Conformeomorphism:

Il conf :=
1

Sl

Z
dSlε

2
l conf versus

1

Sr

Z
dSrε

2
r conf =: Ir conf . (1.318)

1-145 Maximal angular distortion

The conformal mapping f : M
2
l → M

2
r had been previously defined by the angular identity Ψl = Ψr

or by zero angular shear
∑

l = Ψl − Ψr = 0 or
∑

r = Ψr − Ψl = 0. By means of the canonical
criteria Λ1 = Λ2 or Λ1−Λ2 = 0, we succeeded to formulate an equivalence for conformality. We shall
concentrate here by means of a case study on the deviation of a general mapping f : M2

l → M2
r from

conformality. In particular, we shall solve the optimization problem of maximal angular shear or of the
largest deviation of such a general mapping from conformality. Fast first-hand information is offered
by Lemma 1.20

Lemma 1.20 (Left and right general eigenvalue problem of the Cauchy–Green deformation tensor).

The angular distortion is maximal if Ωl = 2
∑+

l = 2arcsin Λ1−Λ2
Λ1+Λ2

or Ωr = 2
∑+

r = 2arcsin λ1−λ2
λ1+λ2

.

End of Lemma.
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Ψl

π
2
− Ψl

C2

D1

C1

V = constant

U = constant

Fig. 1.30. Left angular shear
P

l := Ψl −Ψr, left Gauss frame, left Cartan frame, left Darboux frame, angular
shear parameter Ψl.

The general proof of such a lemma can be taken from C.Truesdell and R.Toupin (1960), pp. 257–266.
here, we make the simplifying assumption {G12 = 0, c12 = 0} and {g12 = 0, C12 = 0}. The off-diagonal
elements of the left matrix of the metric Gl as well as of the left Cauchy–Green matrix Cl vanish.
Or we may say that the coordinate lines “left” and their images “right” intersect at right angles. In
consequence, the mapping equations are specified by {u(U), v(V )}. An analogue statement can be
made for the special case {g12 = 0, C12 = 0}. First, we have to define the angular parameters Ψl and
Ψr. According to Fig. 1.30 and Fig. 1.31, we refer the angle Ψl and Ψr, respectively, to the unit tangent
vector C1 along the V = constant coordinate line and to the unit tangent vector D1 of an arbitrary
curve intersecting the coordinate line V = constant, as well as to the unit tangent vector c1 along
the v = constant coordinate line and to the unit tangent vector d1 of an arbitrary curve intersecting
the coordinate line v = constant. Such an image curve is generated by mapping the original curve
C(S) ∈ M

1
l ⊂ M

2
l to c(s) ∈ M

1
r ⊂ M

2
r . Box 1.53 summarizes the related reference frames, namely

Gauss reference frame (3-leg):
{G1,G2,G3 U, V } , {g1, g2, g3 u, v} ;

(1.319)

Cartan reference frame (3-leg, orthonormal, repére mobile):
{C1,C2,C3 U, V } , {c1, c2, c3 u, v} ;

(1.320)

Darboux reference frame (3-leg, orthonormal):
{D1,D2,D3 U(S), V (S)} , {d1,d2,d3 u(s), v(s)} .

(1.321)

Ψr

π
2
− Ψr

c2
d1

c1

v = f(V ) = constant

u = constant

Fig. 1.31. Right angular shear
P

r := Ψr − Ψl, right Gauss frame, right Cartan frame, right Darboux frame,
angular shear parameter Ψr.



88 1 From Riemann manifolds to Riemann manifolds

Box 1.53 (Reference frames (3-leg) of type Gauss, Cartan, and Darboux).

The left manifolds (M1
l ⊂ M

2
l , G12 = 0).

Gauss: Cartan: Darboux:

G1 :=
∂X(U, V )

∂U
, C1 :=

G1

‖G1‖ =
G1√
G11

, D1 := X ′ =
dX

dS
,

G2 :=
∂X(U, V )

∂V
, C2 :=

G2

‖G2‖ =
G2√
G22

,
D2 := D3×D1 =

= ∗ (D3 ∧ D1) ,

G3 :=
G1×G2

‖G1×G2‖ .
C3 := C1×C2 =

= ∗ (C1 ∧ C2) = G3 .
D3 = C3 = G3 .

(1.322)

The right manifolds (c12 = 0).

Gauss: Cartan: Darboux:

g1 :=
∂x

`
u(U), v(V )

´
∂U

, c1 :=
g1

‖g1‖ , d1 := x′ =
dx

`
u(s), v(s)

´
ds

,

g2 :=
∂x

`
u(U), v(V )

´
∂V

, c2 :=
g2

‖g2‖ ,
d2 := d3×d1 =

= ∗ (d3 ∧ d1) ,

g3 :=
g1×g2

‖g1×g2‖ .
c3 := c1×c2 =

= ∗ (c1 ∧ c2) .
d3 = c3 = g3 .

(1.323)

Those forms of reference are needed to represent cos Ψl and cosΨr, the cosine of the angles between the
tangent vector C1 and c1, respectively, and the tangent vector D1 and d1, respectively (also called
“Cartan 1” and “Darboux 1”) by means of the scalar product 〈X ′ C1〉 and 〈x′ c1〉, respectively.
Second, according to Box 1.54, we derive the basic relations cos Ψl =

√
G11U

′ and sin Ψl =
√

G22V
′

as well as cos Ψr =
√

g11u
′ and sin Ψr =

√
g22v

′. {U ′, V ′} and {u′, v′} express the derivative of the
parameterized curve C(S) and c(s), respectively, with respect to the canonical curve parameters
{arc lengthS, arc length s}. Third, outlined in Box 1.55, by means of the chain rule, we succeed to derive
{U ′, V ′} and {u′, v′}, respectively, in terms of the elements of the Jacobi matrices [∂{U, V }/∂{u, v}]
and [∂{u, v}/∂{U, V }] and the stretches ds/dS and dS/ds, respectively. In this way, we succeed to
represent cosΨl and sinΨl and cosΨr and sin Ψr in terms of the elements of the left and the right
Cauchy–Green matrix Cl and Cr, respectively. Fourth, Box 1.56 leads us to the left and the right
angular shear,

∑
l and

∑
r, respectively. Our great results are presented in Corollary 1.21. The proof

follows the lines of Box 1.56, namely the addition theorem tan(x−y) = (tanx+tan y)/(1+tan x tan y).
tan

∑
l (Ψl) as well as tan

∑
r (Ψr) establish the optimization crtiteria for maximal angular distortion.

Fifth, the characteristic optimization problem
∑

l (ψl) = extr. or
∑

r (ψr) = extr. is dealt with in
Box 1.57. Indeed, we find the two stationary points tanΨ±

l and tanΨ±
r . These stationary solutions

lead us to the extremal values of
∑±

l and
∑±

r , the celebrated representations

sin
∑±

l = ±Λ1 − Λ2

Λ1 + Λ2
versus sin

∑±
r = ±λ1 − λ2

λ1 + λ2
. (1.324)

From these extremal values of left and right angular shear
∑±

l and
∑±

r , we derive the left and right
maximal angular distortion Ωl and Ωr, respectively, namely

Ωl = 2arcsin
∣∣∣∣Λ1 − Λ2

Λ1 + Λ2

∣∣∣∣ versus Ωr = 2 arcsin
∣∣∣∣λ1 − λ2

λ1 + λ2

∣∣∣∣ , (1.325)

based upon the symmetry
∑+

l = −∑−
l ,

∑+
r = −∑−

r and Ωl :=
∑+

l −
∑−

l , Ωr :=
∑+

r −
∑−

r .
Indeed, Ωl and Ωr are the maximal data of angular distortion.
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Box 1.54 (Angular parameters Ψl and Ψr).

“Left”: “Right”:

X ′ :=
∂X

∂U

dU

dS
+

∂X

∂V

dV

dS
; x′ :=

∂x

∂u

du

ds
+

∂x

∂v

dv

ds
;

cos Ψl = ‖X ′‖‖C1‖ cos Ψl =
˙
X ′ C1

¸
, cos Ψr = ‖x′‖‖c1‖ cos Ψr =

˙
x′ c1

¸
,

cos Ψl =
√

G11U
′ ; cos Ψr =

√
g11u

′ ;

sin Ψl = cos
“π

2
− Ψl

”
= sin Ψr = cos

“π

2
− Ψr

”
=

= ‖X ′‖‖C2‖ cos
“π

2
− Ψl

”
=

˙
X ′ C2

¸
, = ‖x′‖‖c2‖ cos

“π

2
− Ψr

”
=

˙
x′ c2

¸
,

sin Ψl =
√

G22V
′ . sin Ψr =

√
g22v

′ .

(1.326)

Box 1.55 (Transformation of angular parameters Ψl and Ψr. Special case: G12 = 0, c12 = 0, u(U), v(V )
versus U(u), V (v)).

cos Ψl =
√

G11U
′ =

p
G11U ′2 , cos Ψr =

√
g11u

′ =
p

g11u′2 ,

sin Ψl =
√

G22V
′ =

p
G22V ′2 . sin Ψr =

√
g22v

′ =
p

g22v′2 ,

u′ =
du

ds
, v′ =

dv

ds
.

(1.327)

U ′ =
dU

du

du

ds

ds

dS
, V ′ =

dV

dv

dv

ds

ds

dS
u′ =

du

dU

dU

dS

dS

ds
, v′ =

dv

dV

dV

dS

dS

ds

⇒ ⇒

cos Ψl =

s
G11

„
dU

du

«2

u′ ds

dS
, cos Ψr =

s
g11

„
du

dU

«2

U ′ dS

ds
,

sin Ψl =

s
G22

„
dV

dv

«2

v′ ds

dS
sin Ψr =

s
g22

„
dv

dV

«2

V ′ dS

ds

⇒ ⇒

cos Ψl =
√

C11u
′ ds

dS
, sin Ψl =

√
C22v

′ ds

dS
. cos Ψr =

√
c11U

′ dS

ds
, sin Ψr =

√
c22V

′ dS

ds
.

(1.328)

Corollary 1.21 (The canonical representation of left angular shear and right angular shear. Special case:
G12 = 0, c12 = 0 and g12 = 0, C12 = 0).

Let
∑

l := Ψl − Ψr and
∑

r := Ψr − Ψl, respectively, denote left and right angular shear, a measure
of the deviation of the mapping M

2
l → M

2
r from conformality. Then a canonical representation of the

angular parameters Ψl and Ψr as well as of the angular shear parameters
∑

l and
∑

r is

tanΨl =
λ2

λ1
tanΨr versus tan Ψr =

Λ1

Λ2
tanΨl , (1.329)

tan
∑

l = (Λ1 − Λ2)
tanΨl

Λ1 + Λ2 tan2 Ψl
versus tan

∑
r = (λ1 − λ2)

tanΨr

λ1 + λ2 tan2 Ψr
. (1.330)

End of Corollary.
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Box 1.56 (The canonical representation of left angular shear and right angular shear. Special case: G12 = 0,
c12 = 0 and g12 = 0, C12 = 0).

Left and right angular parameters Ψl and Ψr:

cos Ψl =
√

C11
du

ds

ds

dS
versus

√
c11

dU

dS

dS

ds
= cos Ψr ,

cos Ψl =
√

C11
du

ds

1

λ
versus

√
c11

dU

dS

1

Λ
= cos Ψr ,

sin Ψl =
√

C22
dv

ds

ds

dS
versus

√
c22

dV

dS

dS

ds
= sin Ψr ,

sin Ψl =
√

C22
dv

ds

1

λ
versus

√
c22

dV

dS

1

Λ
= sin Ψr .

(1.331)

Left and right stretches, left and right principal stretches:

λ2 :=
dS2

ds2
versus Λ2 :=

ds2

dS2
,

λ2
1 =

C11

g11
versus Λ2

1 =
c11

G11
,

λ2
2 =

C22

g22
versus Λ2

2 =
c22

G22
,

(1.332)

cos Ψr =
√

g11u
′ √

G11U
′ = cos Ψl

⇒ ⇒

cos Ψl = cos Ψr

r
C11

g11

1

λ
versus cos Ψl

r
c11

G11

1

Λ
= cos Ψr ,

sin Ψl = sin Ψr

r
C22

g22

1

λ
versus sin Ψl

r
c22

G22

1

Λ
= sin Ψr ,

(1.333)

cos Ψl = cos Ψr
λ1

λ
versus cos Ψl

Λ1

Λ
= cos Ψr ,

sin Ψl = sin Ψr
λ2

λ
versus sin Ψl

Λ2

Λ
= sin Ψr ,

tan Ψl =
λ2

λ1
tan Ψr versus

Λ2

Λ1
tan Ψl = tan Ψr .

(1.334)

Left and right angular shear, left and right angular distortion:

tan (Ψl − Ψr) = tan
P

l versus tan
P

r = tan (Ψr − Ψl) ,

tan
P

l =
tan Ψl − tanΨr

1 + tan Ψl tan Ψr
versus tan

P
r =

tan Ψr − tan Ψl

1 + tan Ψr tan Ψl
,

tan
P

l =
tan Ψl − Λ2Λ

−1
1 tan Ψl

1 + Λ2Λ
−1
1 tan2 Ψl

versus tan
P

r =
tanΨr − λ2λ

−1
1 tan Ψr

1 + λ2λ
−1
1 tan2 Ψr

,

tan
P

l = (Λ1 − Λ2)
tan Ψl

Λ1 + Λ2 tan2 Ψl
versus tan

P
r =

tan Ψr

λ1 + λ2 tan2 Ψr
(λ1 − λ2) .

(1.335)
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Box 1.57 (The optimization problem; extremal, left angular shear or right angular shear; maximal angular
distortion).

Optimization problem:

P±
l =

= arg
˘P

l ∈ [0, 2π]
P

l(ψl) = extr.
¯ versus

P±
r =

= arg
˘P

r ∈ [0, 2π]
P

r(ψr) = extr.
¯

,
(1.336)

x := Ψl , f(x) :=
P

l(Ψl) , x := Ψr , f(x) :=
P

r(Ψr) ,

a := Λ1 , b := Λ2 . tan f(x) =
tan x

a + b tan2 x
. a := λ1 , b := λ2 .

(1.337)

Stationary points:

(tan x)′ = 1 + tan2 x , (1.338)

f ′(x) = 0

⇔
(tan f(x))′ = (1 + tan2 f(x))f ′(x) = 0 ,

(tan f(x))′ =
1 + tan2 x

(a + b tan2 x)2
(a − b tan2 x) ,

(tan f(x))′ = 0

⇔
a − b tan2 x = 0

⇔
tan x = ±p

a
b

,

(1.339)

tan Ψ±
l = ±

r
Λ1

Λ2
versus tan Ψ±

r = ±
r

λ1

λ2
. (1.340)

Extremal left or right angular shear:

tan
P±

l = ±1

2

Λ1 − Λ2√
Λ1Λ2

versus tan
P±

r = ±1

2

λ1 − λ2√
λ1λ2

,

sin x =
tanx√

1 + tan2 x
,

sin
P±

l = ±Λ1 − Λ2

Λ1 + Λ2
versus sin

P±
r = ±λ1 − λ2

λ1 + λ2
.

(1.341)

Maximal angular distortion:

Ωl :=
P+

l −P−
l = 2

P+
l

versus Ωr :=
P+

r −P−
r = 2

P+
r ,

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ versus Ωr = arcsin

˛̨̨
˛λ1 − λ2

λ1 + λ2

˛̨̨
˛ .

(1.342)
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1-15 Exercise: the Armadillo double projection

Exercise: the Armadillo double projection. First: sphere to torus. Second: torus to plane. The oblique
orthogonal projection.

An excellent example of a mapping from a left two-dimensional Riemann manifold to a right two-
dimensional Riemann manifold where we have to use all the power of the previous paragraphs is the
Armadillo map modified by Raisz, which is illustrated in Fig. 1.32. First, points of the sphere S

2
R of

radius R are mapped onto a specific torus T2
a,b. Second, subject to a = b = R, T2

a,b is mapped as an
oblique orthogonal projection onto a central plane P

2
O. Such a double projection is analytically presented

in Box 1.58. The first mapping, namely S
2
R → T

2
a,b, is fixed by the postulate {λ = Λ/2, φ = Φ}, which

cuts the spherical longitude Λ half to be gauged to the toroidal longitude λ. In contrast, spherical
latitude Φ is set identical to the toroidal latitude φ. For generating the second mapping, namely
T2

a,b → P2
O, subject to a = b = R, we rotate around the 2 axis by −β from {X, Y, Z} ∈ R3 to

{X ′, Y ′, Z ′} ∈ R
3. In consequence, we experience an orthogonal projection of any point of the specific

torus T2
a,b onto the Y ′–Z ′ plane such that x = Y ′ and y = Z ′. In this way, we have succeeded

in parameterizing the double projection S
2
R → T

2
a,b → P

2
O by {x(Λ,Φ), y(Λ,Φ)}. However, we pose

the following problems. (i) Determine the left principal stretches {Λ1, Λ2} from the direct mapping
equations x(Λ,Φ) and y(Λ,Φ) subject to the matrix Gl of the metric, the right matrix Gr of the metric,
the left Jacob matrix Jl, and the left Cauchy–Green matrix Cl viewed in Box 1.59. (ii) Prove that the
Armadillo double projection is not equiareal. (iii) Prove that the images of the parallel circles of the
sphere are ellipses. Determine their semi-major and semi-minor axes as well as the location of the
center. (iv) Prove that the images of the meridians of the sphere are conic sections.

Solution (all problems).

Here are some ideas to solve the hard problems. For the second problem, we advise you to prove
the inequality det[Cl] �= det[Gl]. To solve the third problem, choose Φ = constant and eliminate
Λ from the direct equations of the mapping, for instance, sinΛ/2 = x/[R(1 + cos Φ)] as well as
cos Λ/2 = (R cos β sin Φ− y)/[R(1 + cosΦ) sin β]. Next, add sin2 Λ/2+cos2 Λ/2 = 1 and you are done.
Similarly, to solve the fourth problem, choose Λ = constant and eliminate Φ from the direct equations
of the mapping, for instance, by 1 + cos Φ = x/[R sin Λ/2] as Φ = (x − R sin Λ/2)/(R sin Λ/2) and
cos2 Φ as well as by y/R + (x sin β)/(R tanΛ/2) = cos β sin Φ, to be squared to cos2 β sin2 Φ, leading
to a quadratic form of type ax2 + bxy + cy2 + d = 0, indeed a conic section.

End of Solution (all problems).

Fig. 1.32. Armadillo projection modified by Raisz: double projection, (i) sphere → torus, (ii) torus → plane,
obliquity β = 20◦, Tissot ellipses of distortion.
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Box 1.58 (Armadillo double projection. 1st: sphere to torus. 2nd: torus to oblique plane).

Left manifold S
2
r, Right manifold T

2
a,b ∼ S

1
a × S

1
b ,

left coordinates right coordinates

(spherical longitude Λ, (toroidal longitude λ,

(spherical latitude Φ): (toroidal latitude φ):

S
2
r := T

2
a,b :=

:=
n

X ∈ R
3
˛̨̨
X2 + Y 2 + Z2 − R2 = 0, :=

n
x ∈ R

3
˛̨̨ “p

x2 + y2 − a
”2

+ z2 − b2 = 0,

R ∈ R
+, R > 0

o
, a ∈ R

+, b ∈ R
+, b ≤ a

o
,

Φ−1
l : X(Λ, Φ) = Φ−1

r : x(λ, φ) =

= E1R cos Φ cos Λ + E2R cos Φ sin Λ+ = e1(a + b cos φ) cos λ + e2(a + b cos φ) sin λ+

+E3R sin Φ . +e3b sin φ .

(1.343)

1st mapping:»
λ
φ

–
=

»
Λ/2
Φ

–
, a = b = R . (1.344)

2nd mapping (oblique orthogonal projection).

Left manifold T
2
a,b : Right manifold (oblique plane) P

2
O:

X = R(1 + cos Φ) cos Λ/2 , x = Y ′ ,

Y = R(1 + cos Φ) sin Λ/2 , y = Z′ ;

Z = R sin Φ ;

(1.345)

2
4X

Y
Z

3
5 = R2(β)

2
4X ′

Y ′

Z′

3
5

⇔2
4X ′

Y ′

Z′

3
5 = R2(−β)

2
4X

Y
Z

3
5 ,

R2(β) =

2
4cos β 0 − sin β

0 1 0
sin β 0 sin β

3
5

⇔2
4 cos β 0 sin β

0 1 0
− sin β 0 cos β

3
5 = RT

2 (β) = RT
2 (−β) ;

(1.346)

x := Y = Y ′ , y := Z′ = − sin βX + cos βZ ,

x = R(1 + cos Φ) sin Λ/2 , y = −R(1 + cos Φ) sin β cos Λ/2 + R cos β sin Φ .
(1.347)
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Box 1.59 (Left principal stretches).

Left and right matrices of the metric:

Gl :=

»
R2 cos2 Φ 0

0 R2

–
,

Gr :=

»
1 0
0 1

–
.

(1.348)

Left Jacobi matrix:

Jl :=

»
DΛx DΦx
DΛy DΦy

–
=

= R

2
664

1

2
(1 + cos Φ) cosΛ/2 − sin Φ sin Λ/2

1

2
(1 + cos Φ) sin β sin Λ/2 cos β cos Φ + sin β sin Φ cos Λ/2

3
775 .

(1.349)

Left Cauchy–Green matrix:

Cl := JT
l GrJl =

»
c11 c12

c12 c22

–
,

c11 = x2
Λ + y2

Λ =

=
1

4
R2(1 + cos Φ)2

`
cos2 Λ/2 + sin2 β sin2 Λ/2

´
=

=
1

4
R2(1 + cos Φ)2

`
1 − cos2 β sin2 Λ/2

´
,

c12 = xΛxΦ + yΛyΦ =

=
1

2
R2(1 + cos Φ) sin Λ/2 [− sin Φ cos Λ/2 + sin β (cos β cos Φ + sin Φ sin β cos Λ/2)]

=
1

2
R2(1 + cos Φ) sin Λ/2

`
sin β cos β cos Φ − sin Φ cos2 β cos Λ/2

´
=

1

2
R2(1 + cos Φ) sin Λ/2 cos β (sin β cos Φ − sin Φ cos β cos Λ/2) ,

c22 = x2
Φ + y2

Φ =

= R2 ˆ
sin2 Φ sin2 Λ/2 + (cos β cos Φ + sin Φ sin β cos Λ/2)2

˜
,

(1.350)

det [Cl] = R4 (1 + cos Φ)2

4
(sin β sin Φ + cos Φ cos β cos Λ/2)2 ,

det [Gl] = R4 cos2 Φ 
= det [Cl] .

(1.351)

Left principal stretches:˛̨
Cl − Λ2

l Gl

˛̨
= 0 . (1.352)
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With this box, we finish the general consideration of mappings between Riemann manifolds. In
the following chapter, we specialize the various rules for mappings between Riemann manifolds and
Euclidean manifolds.
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2 From Riemann manifolds to Euclidean manifolds
Mapping from a left two-dimensional Riemann manifold to a right two-dimensional Euclidean manifold,
Cauchy–Green and Euler–Lagrange deformation tensors, equivalence theorem for equiareal mappings,
conformeomorphism and areomorphism, Korn–Lichtenstein equations and Cauchy–Riemann equations,
Mollweide projection, canonical criteria for (conformal, equiareal, isometric, equidistant) mappings, polar
decomposition and simultaneous diagonalization for more than two matrices.

Let there be given the left two-dimensional Riemann manifold {M2
l , GMN} as well as the right two-

dimensional Euclidean manifold {M2
r , gµν} = {R2, δµν} = E

2. In many applications, the choice of
{R2, δµν} is the “plane manifold”, for instance, (i) the equatorial plane of the sphere or the ellipsoid,
(ii) the meta-equatorial, also called oblique equatorial plane of the sphere or the ellipsoid, (iii) the
plane generated by developing the cylinder, the cone, a ruled surface (namely surfaces which are
“Gauss flat”), (iv) the tangent space TU0M

2
l of the left two-dimensional Riemann manifold fixed to

the point U0 := {U1
0 , U2

0 } being covered by Cartesian coordinates. (Refer to all previous examples.)
We shall not repeat the various deformation measures of type multiplicative and additive for the
special case of the right two-dimensional Euclidean manifold {R2, δµν}. Instead, we present to you
(i) the left and right eigenspace analysis and synthesis of the Cauchy–Green deformation tensor,
special case {M2

r , gµν} = {R2, δµν}, (ii) the left and right eigenspace analysis and synthesis of the
Euler–Lagrange deformation tensor, special case {M2

r , gµν} = {R2, δµν}, (iii) conformeomorphism,
conformal mapping, special case {M2

r , gµν} = {R2, δµν}; Korn–Lichtenstein equations, special case
Cauchy–Riemann equations (d’Alembert–Euler equations).

2-1 Eigenspace analysis, Cauchy–Green deformation tensor

Left and right eigenspace analysis and synthesis of the Cauchy–Green deformation tensor, special case
{M2

r , gµν} = {R2, δµν}.

First, let us confront you with Lemma 2.1, where we present detailed results of the left and right
eigenspace analysis and synthesis of the Cauchy–Green deformation tensor for the special case of a
right Euclidean manifold. Second, we focus on an interpretation of the results and additionally discuss
a short example.

Lemma 2.1 (Left and right eigenspace analysis and synthesis of the Cauchy–Green deformation tensor,
special case {M2

r , gµν} = {R2, δµν}).

(i) Synthesis.

For the matrix pair of positive-definite and symmetric matrices {Cl,Gl} or {Cr,Gr}, a simultaneous
diagonalization is (the right Frobenius matrix Fr is an orthonormal matrix)

Cl = JT
l Jl , FT

l ClFl = diag
[
Λ2

1, Λ
2
2

]
, FT

l GlFl = I versus FT
r CrFr = diag

[
λ2

1, λ
2
2

]
, FT

r Fr = I . (2.1)

(ii) Analysis.

Left eigenvalues or left principal stretches:∣∣Cl − Λ2
i Gl

∣∣ = 0 ,

Λ2
1,2 = Λ2

± = 1
2

(
tr

[
ClG

−1
l

]±√(
tr

[
ClG

−1
l

])2 − 4det
[
ClG

−1
l

])
.

(2.2)
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Left eigencolumns:[
F11

F21

]
=

1√
G11(c22 − Λ2

1G22)2 − 2G12(c12 − Λ2
1G12)(c22 − Λ2

1G22) + G22(c12 − Λ2
1G12)2

×

×
[
+(c22 − Λ2

1G22)
−(c12 − Λ2

1G12)

]
,

[
F12

F22

]
=

1√
G22(c11 − Λ2

2G11)2 − 2G12(c11 − Λ2
2G11)(c12 − Λ2

2G12) + G11(c12 − Λ2
2G12)2

×

×
[−(c12 − Λ2

2G12)
+(c11 − Λ2

2G11)

]
.

(2.3)

Right eigenvalues or right principal stretches
(the right general eigenvalue problem reduces to the right special eigenvalue problem):∣∣Cr − λ2

i Gr

∣∣ = |Cr − λiI2| = 0 ∀ i ∈ {1, 2} ,

λ2
1,2 = λ2

± =
1
2

(
tr

[
CrG

−1
r

]±√(
tr

[
CrG

−1
r

])2 − 4det
[
CrG

−1
r

])
=

=
1
2

(
C11 + C22 ±

√
(C11 − C22)2 + (2C12)2

)
.

(2.4)

Right eigencolumns:

Fr =
[
f11 f12

f21 f22

] ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[
f11

f21

]
=

1√
(C22 − λ2

1)2 + C2
12

[
C22 − λ2

1

−C12

]
,

[
f12

f22

]
=

1√
(C11 − λ2

2)2 + C2
12

[ −C12

C11 − λ2
2

]
.

(2.5)

Since the right Frobenius matrix Fr is an orthonormal matrix, it can be represented by

Fr =
[

cosϕ sin ϕ
− sin ϕ cosϕ

]
∀ ϕ ∈ [0, 2π] ,

tanϕ =
C12

C11 − λ2−
, tan 2ϕ =

2C12

C11 − C22
.

(2.6)

End of Lemma.

The proof of Lemma 2.1 is straightforward from Lemma 1.6 as soon as we specialize Gr = I2. Of special
interest is the right eigenspace analysis. Here, the right Frobenius matrix Fr is orthonormal. As an
orthonormal matrix (also called “proper rotation matrix”), it can be parameterized by a rotation angle
ϕ. Such an angle of rotation orientates the right eigenvectors {f1,f2 O} with respect to {e1,e2 O},
R

2 = span{e1,e2}. Indeed, the “tan 2ϕ identity” leads to an easy computation of the orientation of
the right eigenvectors. We proceed to a short example.
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Example 2.1(Orthogonal projection of points of the sphere S
2
R+ onto the equatorial plane P

2
O through

the origin O).

In Example 1.6, we presented already to you the special map projection of the hemisphere S
2
R+ onto the

central equatorial plane P
2
O by computing its characteristic right Cauchy–Green deformation tensor as

well as its right eigenspace. Here, we aim at testing the right Frobenius matrix Fr on orthonormality.
Let us transfer the right eigencolumns to build up

Fr =
[
f11 f12

f21 f22

]
= − 1√

x2 + y2

[
x y
y −x

]
. (2.7)

Is this Frobenius matrix of integrating factors an orthonormal matrix? Please test F∗
rFr = I2 to convince

yourself. Here, we generate

Fr =
[

cos ϕ sin ϕ
− sin ϕ cosϕ

]
= − 1√

x2 + y2

[
x y
y −x

]
, (2.8)

tanϕ = −y

x
, tan 2ϕ =

2 tan α

1− tan2 α
= − 2xy

x2 − y2
, (2.9)

C12 =
xy

R2 − (x2 + y2)
, C11 − C22 =

x2 − y2

R2 − (x2 + y2)
, (2.10)

tan 2ϕ =
2C12

C11 − C22
=

2xy

x2 − y2
. (2.11)

If x = y, then tanϕ = −1, tan 2ϕ → ±∞, ϕ = ∓45◦.

End of Example.

2-2 Eigenspace analysis, Euler–Lagrange deformation tensor

Left and right eigenspace analysis and synthesis of the Euler–Lagrange deformation tensor, special case
{M2

r , gµν} = {R2, δµν}.

First, let us confront you with Lemma 2.2, where we present detailed results of the left and right
eigenspace analysis and synthesis of the Euler–Lagrange deformation tensor for the special case of a
right Euclidean manifold. Second, we focus on an interpretation of the results.

Lemma 2.2 (Left and right eigenspace analysis and synthesis of the Euler–Lagrange deformation tensor,
special case {M2

r , gµν} = {R2, δµν}).

(i) Synthesis.

For the pair of symmetric matrices {El,Gl} or {Er,Gr}, where the matrices {Gl,Gr} are positive
definite, a simultaneous diagonalization is (the right Frobenius matrix Fr is an orthonormal matrix)

FT
l ElFl = diag [K1,K2] , FT

l GlFl = I versus FT
r ErFr = diag [κ1, κ2] , FT

r Fr = I . (2.12)

(ii) Analysis.

Left eigenvalues:

|El −KiGl| = 0 , K1,2 = K± =
1
2

(
tr

[
ElG

−1
l

]±√(
tr

[
ElG

−1
l

])2 − 4det
[
ElG

−1
l

])
. (2.13)
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Left eigencolumns:[
F11

F21

]
=

1√
G11(e22 −K1G22)2 − 2G12(e12 −K1G12)(e22 −K1G22) + G22(e12 −K1G12)2

×

×
[

e22 −K1G22

−(e12 −K1G12)

]
,

[
F12

F22

]
=

1√
G22(e11 −K2G11)2 − 2G12(e11 −K2G11)(e12 −K2G12) + G11(e12 −K2G12)2

×

×
[−(e12 −K2G12)

e11 −K2G11

]
.

(2.14)

Right eigenvalues
(the right general eigenvalue problem reduces to the right special eigenvalue problem):

|Er − κiIr| = 0 ,

κ1,2 = κ± =
1
2

(
tr [Er]±

√
(tr [Er])

2 − 4det [Er]
)

=

=
1
2

(
E11 + E22 ±

√
(E11 − E22)2 + (2E12)2

)
.

(2.15)

Right eigencolumns:

Fr =
[
f11 f12

f21 f22

] ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[
f11

f21

]
=

1√
(E22 − κ1)2 + E2

12

[
E22 − κ1

−E12

]
,

[
f12

f22

]
=

1√
(E11 − κ2)2 + E2

12

[ −E12

E11 − κ2

]
.

(2.16)

Since the right Frobenius matrix Fr is an orthonormal matrix, it can be represented by

Fr =
[

cos φ sin φ
− sin φ cosφ

]
∀ φ ∈ [0, 2π] ,

tanφ =
E12

E11 − κ−
, tan 2φ =

2E12

E11 −E22
.

(2.17)

End of Lemma.

Lemma 1.7 is the basis of the proof if we specialize Gr = I2. Again, we emphasize that within the
right eigenspace analysis the right Frobenius matrix is orthonormal. As an orthonormal matrix, i. e.
Fr ∈ SO(2) := {Fr ∈ R

2×2 FT
r Fr = I2 and det [Fr] = +1}, it can be properly parameterized by a

rotation angle φ. Such an angle of rotation orientates the right eigenvectors {f1,f2 O} with respect
to {e1,e2 O}, R

2 = span{e1,e2}. Indeed, the “tan 2φ identity” leads to an easy computation of the
orientation of the right eigenvectors.
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2-3 The equivalence theorem for conformal mappings

The equivalence theorem for conformal mappings from the left two-dimensional Riemann manifold to
the right two-dimensional Euclidean manifold (conformeomorphism), Korn–Lichtenstein equations and
Cauchy–Riemann equations (d’Alembert–Euler equations).

The previous equivalence theorem for a conformeomorphism is specialized for the case of the two-
dimensional right Euclidean manifold {M2

r , gµν} = {R2, δµν} =: E
2. In many applications, the choice

of {R2, δµν} is the planar manifold, for instance, the tangent space TU0M
2
l of the left two-dimensional

Riemann manifold fixed to the point U0 = {U1
0 , U2

0 }, being covered by Cartesian or polar coordinates.
For an illustration of such a setup of a “planar manifold”, go back to our previous examples.

2-31 Conformeomorphism

First, let us confront you with Lemma 2.3. The proof based upon Theorem 1.11 is straightforward.
Examples are given in the following chapters.

Lemma 2.3 (Conformeomorphism, conformal mapping, special case {M2
r , gµν} = {R2, δµν}).

Let f : M
2
l → {R2, δµν} be an orientation preserving conformal mapping. Then the following conditions

are equivalent.

(i) Ψl(U̇1, U̇2) = Ψr(u̇1, u̇2)

for all tangent vectors U̇1, U̇2 and their images u̇1, u̇2, respectively.
(2.18)

(ii) Cl = λ2(U0)Gl versus Cr = λ2I2 , C−1
r = I2/λ2 ,

C11 = C22 = λ2 , C12 = C21 = 0 , C11 = C22 = λ−2 , C12 = C21 = 0 ;

El = K(U0)Gl versus Er = κI2 , E−1
r = I2/κ ,

E11 = E22 = κ , E12 = E21 = 0 , E11 = E22 = κ−1 , E12 = E21 = 0 .

(2.19)

(iii)

[
K = (Λ2 − 1)/2

Λ2 = 2K + 1

]
versus

[
(λ2 − 1)/2 = κ

2κ + 1 = λ2

]
,

Λ1 = Λ2 = Λ(U0) versus λ1 = λ2 = λ(u0) ,

K1 = K2 = K(U0) versus κ1 = κ2 = κ(u0) ,

Λ2(U0) = tr
[
ClG

−1
l

]
/2 versus λ2(u0) = tr [Cr] /2 ;

(2.20)

(left dilatation) K = tr
[
ElG

−1
l

]
/2 versus (right dilatation) κ = tr [Er] /2 ,

tr
[
ClG

−1
l

]
= 2

√
det

[
ClG

−1
l

]
versus tr

[
CrG

−1
r

]
= 2

√
det [Cr] ,

tr
[
ElG

−1
l

]
= 2

√
det

[
ElG

−1
l

]
versus tr [Er] = 2

√
det [Er] .

(2.21)

(iv) (Generalized Korn–Lichtenstein equations, Cauchy–Riemann equations,
subject to the integrability conditions uUV = uV U and vUV = vV U )[

uU

uV

]
=

1√
G11G22 −G2

12

[−G12 G11

−G22 G12

] [
vU

vV

]
. (2.22)

End of Lemma.
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2-32 Higher-dimensional conformal mapping

In order to develop the theory of a higher-dimensional conformal diffeomorphism ( in Gauss’s words:
“in kleinsten Teilen ähnlich”), we first derive the Korn–Lichtenstein equations of a two-dimensional
conformal mapping M

2
l → M

2
r := {R2, δµν} = E

2 by means of exterior calculus, namely by means of
the Hodge star operator. With such an experience built up, second, we derive the Zund equations of
a three-dimensional conformal mapping M

3
l → M

3
r := {R3, δµν} = E

3 by means of exterior calculus
taking advantage of the Hodge star operator in R

3. Note that the Hodge star operator generalizes
the vector product, also called cross product or outer product, to any dimension. Indeed, the classical
vector product serves us only in R

3. Box 2.1 summarizes the various steps to produce a conformal
diffeomorphism M2

l → M2
r = {R2, δµν} = E2 in terms of exterior calculus. First, we introduce the left

Jacobi map {dx,dy} → {dU,dV } and the right Jacobi map {dU,dV } → {dx,dy}. Second, we compute
the right Cauchy–Green matrix Cr subject to its conformal structure Cr = λ2I2 and C−1

r = λ−2I2. We
are led to a representation of the conformal right Cauchy–Green matrix Cr = JT

r GlJr = λ2I2 or
C−1

r = JT
l G−1

l Jl = λ−2I2 in terms of the Jacobi matrices Jl and Jr. The rows of the left Jacobi matrix
can be interpreted as “G−1

l orthogonal”, while the right Jacobi matrix can be interpreted as “Gl

orthogonal”. Third, this result of conformal geometry is used by the Hodge star operator. One-by-
one, we define dx, x1, x2, and dy∗. Here, we make use of the two-dimensional permutation symbol
eLM ∈ R2×2 (L, M ∈ {1, 2}). Fourth, we explicitly represent the exterior form dx = dy∗ of the
Korn–Lichtenstein equations: compare with Lemma 2.4.

Lemma 2.4 (E. Grafarend and R. Syffus (1998d, p. 292), conformeomorphism M
2
l → M

2
r := {R2, δµν},

Korn–Lichtenstein equations).

The following formulations of the Korn–Lichtenstein equations producing a conformal diffeomorphism
M

2
l → M

2
r := {R2, δµν} are equivalent.

Formulation (i):

dx = ∗dy . (2.23)

Formulation (ii):

∂x

∂UL
= eLM

√
det [Gl]GMN ∂y

∂UN
. (2.24)

Formulation (iii):

xU =
1√|Gl|

(−G12yU + G11yV ) , xV =
1√|Gl|

(−G22yU + G12yV ) , (2.25)

Gl = [GMN ] =

⎡⎣G11 G12

G12 G22

⎤⎦ ⇔ 1
|Gl|

⎡⎣ G22 −G12

−G12 G11

⎤⎦ =
[
GLM

]
= G−1

l , (2.26)

subject to the integrability conditions

∂2x

∂U∂V
=

∂2x

∂V ∂U
,

∂2y

∂U∂V
=

∂2y

∂V ∂U
. (2.27)

End of Lemma.
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Box 2.1 (Conformal diffeomorphism M
2
l → M

2
r = {R

2, δµν} = E
2, exterior calculus).

Diffeomorphism:»
dx
dy

–
= Jl

»
dU
dV

–
or

»
dU
dV

–
= Jr

»
dx
dy

–
⇔

Jl = J−1
r

⇔
Jr = J−1

l .

(2.28)

Right Cauchy–Green matrix for a conformal diffeomorphism:

Cr = JT
r GlJr = λ2I2

⇔
C−1

r = JlG
−1
l JT

l = λ−2I2 .

(2.29)

The rows of the left Jacobi matrix are G−1
l orthogonal:

dx = xUdU + xV dV =

2X
M=1

xMdUM , x1 := DUx = xU , x2 := DV x = xV . (2.30)

Hodge star operator:

∗dy :=

2X
L,M,N=1

eLM

p
det [Gl]G

MNyNdUL ,

subject to

y1 := DUy = yU , y2 := DV y = yV .

(2.31)

Permutation symbol:

eLM =

8<
:

+1 for an even permutation of the indices L, M ∈ {1, 2}
−1 for an odd permutation of the indices L,M ∈ {1, 2}
0 otherwise

. (2.32)

Korn–Lichtenstein equations in exterior calculus:

dx =
2X

M=1

xMdUM =
2X

L,M,N=1

eLM

p
det [Gl]G

MNyNdUL = dy∗

⇔
∂x

∂UL
= eLM

p
det [Gl]G

MN ∂y

∂UN
, dx = dy∗ .

(2.33)

Box 2.2 summarizes the operational procedure for generating a conformal diffeomorphism, also
called conformeomorphism, M

3
l → M

3
r = {R3, δµν} = E

3, again in terms of exterior calculus. First, we
introduce the differential one-forms, the differential two-forms, and the differential three-forms. Second,
we apply the Hodge star operator (i) to ∗dx etc., (ii) to ∗(dy∧dz) etc., and (iii) to ∗(dy∧dy∧dz). The
columns [x1, x2, x3]T, [y1, y2, y3]T, and [z1, z2, z3]T may be considered orthogonal. Third, we represent
the expression ∗(dy ∧ dz) as an example explicitly. Again, the three-dimensional permutation symbol
eLM1M2 ∈ R3×3×3 (L, M1,M2 ∈ {1, 2}) as a three-dimensional array is defined. Fourth, we explicitly
compute the expression dx = ∗(dy∧dz), the Zund equations of a three-dimensional conformal mapping
M

3
l → M

3
r = E

3: compare with Lemma 2.5.
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Box 2.2 (Conformal diffeomorphism M
3
l → M

3
r = {R

3, δµν} = E
3, exterior calculus).

Differential frame:

(i)

dx = x1dU + x2dV + x3dW

dy = y1dU + y2dV + y3dW

dz = z1dU + z2dV + z3dW

3
7775 (one-forms) ,

(ii) dy ∧ dz , dz ∧ dx , dx ∧ dy , (two-forms) ,

(iii) dx ∧ dy ∧ dz (three-form) .

(2.34)

Hodge star operator:

(i) ∗dx = dy ∧ dz , ∗dy = dz ∧ dx , ∗dz = dx ∧ dy ;

(ii) ∗(dy ∧ dz) = dx , ∗(dz ∧ dx) = dy , ∗(dx ∧ dy) = dz ;

(iii) ∗ (dx ∧ dy ∧ dz) = 1 .

(2.35)

Example:

∀L, M1, M2, N1, N2 ∈ {1, 2, 3} :

∗(dy ∧ dz) =
3X

L,M1,M2,N1,N2=1

eLM1M2

p
|Gl|GM1N1GM2N2 ∂y

∂UN1

∂z

∂UN2
dUL . (2.36)

Permutation symbol:

eLM1M2 =

8<
:

+1 for an even permutation of the indices L, M1, M2 ∈ {1, 2, 3}
−1 for an odd permutation of the indices L, M1, M2 ∈ {1, 2, 3}
0 otherwise

. (2.37)

Zund equations of a two-dimensional conformal diffeomorphism in exterior calculus:

dx =
3X

M=1

xMdUM =

=

3X
L,M1,M2,N1,N2=1

eLM1M2

p
|Gl|GM1N1GM2N2 ∂y

∂UN1

∂z

∂UN2
dUL = ∗(dy ∧ dz)

⇔
∂x

∂UL
= eLM1M2

p
det [Gl]G

M1N1GM2N2 ∂y

∂UN1

∂z

∂UN2
,

dx = ∗(dy ∧ dz) .

(2.38)
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Lemma 2.5 (J. Zund (1987), E. Grafarend and R. Syffus (1998d, p. 292), the Zund equations of a three-
dimensional conformeomorphism M3

l → M3
r = {R3, δµν} = E3).

Equivalent formulations of the equations producing a conformal mapping M
3
l → M

3
r = E

3 are provided
by the following formulations.

Formulation (i):

dx = ∗(dy ∧ dz) . (2.39)

Formulation (ii):

∀ I, J1, J2,K1,K2 ∈ {1, 2, 3} : ∂x
∂UI = 1

2eIJ1J2

√|Gl|GJ1K1GJ2K2 ∂y
∂UK1

∂z
∂UK2 . (2.40)

Formulation (iii):

∂x
∂U = 1

2

√|Gl|
[ (

G21G32 −G31G12
)

∂y
∂U

∂z
∂V +

(
G21G33 −G31G23

)
∂y
∂U

∂z
∂W +

+
(
G22G31 −G32G21

)
∂y
∂V

∂z
∂U +

(
G22G33 −G32G23

)
∂y
∂V

∂z
∂W +

+
(
G23G31 −G33G21

)
∂y
∂W

∂z
∂U +

(
G23G32 −G33G22

)
∂y
∂W

∂z
∂V

]
,

(2.41)

∂x
∂V = 1

2

√|Gl|
[ (

G31G12 −G11G32
)

∂y
∂U

∂z
∂V +

(
G31G13 −G11G33

)
∂y
∂U

∂z
∂W +

+
(
G32G11 −G12G31

)
∂y
∂V

∂z
∂U +

(
G32G13 −G12G33

)
∂y
∂V

∂z
∂W +

+
(
G33G11 −G13G31

)
∂y
∂W

∂z
∂U +

(
G33G12 −G13G32

)
∂y
∂W

∂z
∂V

]
,

(2.42)

∂x
∂W = 1

2

√|Gl|
[ (

G11G22 −G21G12
)

∂y
∂U

∂z
∂V +

(
G11G23 −G21G13

)
∂y
∂U

∂z
∂W +

+
(
G12G21 −G22G11

)
∂y
∂V

∂z
∂U +

(
G12G23 −G22G13

)
∂y
∂V

∂z
∂W +

+
(
G13G21 −G23G11

)
∂y
∂W

∂z
∂U +

(
G13G22 −G23G12

)
∂y
∂W

∂z
∂V

]
,

(2.43)

subject to

G11 = 1
|Gl| (G22G33 −G23G32) , G12 = 1

|Gl| (G13G32 −G12G33) ,

G13 = 1
|Gl| (G12G23 −G13G22) , G22 = 1

|Gl| (G11G33 −G13G31) ,

G23 = 1
|Gl| (G12G31 −G11G32) , G33 = 1

|Gl| (G11G22 −G12G21) .

(2.44)

Formulation (iv):

∂x
∂U = 1√

|Gl|

[
G11

(
∂y
∂V

∂z
∂W − ∂y

∂W
∂z
∂V

)
+ G12

(
∂y
∂W

∂z
∂U − ∂y

∂U
∂z
∂W

)
+ G13

(
∂y
∂U

∂z
∂V − ∂y

∂V
∂z
∂U

)]
,

∂x
∂V = 1√

|Gl|

[
G12

(
∂y
∂V

∂z
∂W − ∂y

∂W
∂z
∂V

)
+ G22

(
∂y
∂W

∂z
∂U − ∂y

∂U
∂z
∂W

)
+ G23

(
∂y
∂U

∂z
∂V − ∂y

∂V
∂z
∂U

)]
,

∂x
∂W = 1√

|Gl|

[
G13

(
∂y
∂V

∂z
∂W − ∂y

∂W
∂z
∂V

)
+ G23

(
∂y
∂W

∂z
∂U − ∂y

∂U
∂z
∂W

)
+ G33

(
∂y
∂U

∂z
∂V − ∂y

∂V
∂z
∂U

)]
,

(2.45)

subject to the integrability conditions ∂2x
∂U∂V = ∂2x

∂V ∂U , ∂2x
∂U∂W = ∂2x

∂W∂U , ∂2x
∂V ∂W = ∂2x

∂W∂V .

End of Lemma.
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Q
ue

st
io

n. Question: “Why did we bother you with the three-dimensional conformal mapping of a three-
dimensional Riemann manifold to a three-dimensional Euclidean manifold?” Answer: “One
of the main reasons is the inability of the theory of complex manifolds to work conformally
with odd-dimensional real manifolds. Only even-dimensional real manifolds M

2n(R) can be
transformed to complex manifolds M

n(C).”

Finally, Lemma 2.6 presents the partial differential equations of a conformeomorphism if it exists
from a left n-dimensional (pseudo-)Riemann manifold Mn

l of signature l to a right n-dimensional
(pseudo-)Riemann manifold Mn

r = En of signature r.

Lemma 2.6 (E. Grafarend and R. Syffus (1998d, p. 293), conformeomorphism).

Equivalent formulations of the equations producing a conformal mapping M
n
l → M

n
r = E

n are provided
by the following formulations.

Formulation (i):

dx1 = ∗(dx2 ∧ . . . ∧ dxn) . (2.46)

Formulation (ii):

∀L, M1, . . . ,Mp, N1, . . . , Np ∈ {1, . . . , n}

(p = n− 1) :

∂x

∂UL
=

1
p!

eLM1...Mp

√
det [Gl]GM1N1 . . . GMpNp

∂x2

∂UN1
. . .

∂xn

∂UNp
,

(2.47)

subject to the integrability conditions

∂2x1

∂UL∂UN
=

∂2x1

∂UN∂UL
. (2.48)

End of Lemma.

2-4 The equivalence theorem for equiareal mappings

The equivalence theorem for equiareal mappings from the left two-dimensional Riemann manifold to
the right two-dimensional Euclidean manifold (areomorphism), Mollweide projection of the ellipsoid-of-
revolution, principal stretches.

The previous equivalence theorem for an areomorphism is specialized for the case of the two-
dimensional right Euclidean manifold {M2

r , gµν} = {R2, δµν} =: E
2. In many applications, the choice

of {R2, δµν} is the planar manifold, for instance, the tangent space TU0M
2
l of the left two-dimensional

Riemann manifold fixed to the point U0 = {U1
0 , U2

0 }, being covered by Cartesian or polar coordinates.
For an illustration of such a setup of a “planar manifold”, go back to our previous examples. Here,
we focus on the equivalence theorem, namely the differential equations which govern an equiareal
mapping M

2
l → {R2, δµν}.
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Theorem 2.7 (Areomorphism, M
2
l → {R2, δµν}, equiareal mapping).

Let f : M2
r := {R2, δµν} =: E2 be an orientation preserving equiareal mapping. Then the following

conditions are equivalent.

Condition (i):√
det [Gl] dU ∧ dV = du ∧ dv . (2.49)

Condition (ii):

det [Cl] = 1 and det
[
ClG

−1
l

]
= 1 ,

det [I2 − 2Er] = 1 and det [2El + Gl] = det [Gl] .
(2.50)

Condition (iii):

Λ1Λ2 = 1 and λ1λ2 = 1 . (2.51)

Condition (iv):

UuVv − UvVu = 1/
√

det [Gl] =

= 1/
√

G11G22 −G2
12 ,

uUvV − uV vU =
√

det [Gl] =

=
√

G11G22 −G2
12 .

(2.52)

End of Theorem.

Here, we only have specialized Theorem1.14 to M
2
r := {R2, δµν} =: E

2. One of the most popular
equiareal mappings E

2
A1,A1,A2

→ {R2, δµν} is the Mollweide projection of the ellipsoid-of-revolution to
the plane, which is presented in Example 2.2 and is illustrated in Fig. 2.1.

Example 2.2 (Mollweide projection of the ellipsoid-of-revolution, with reference to E. Grafarend and
A.Heidenreich (1995)).

Let us assume that we have found a solution of the right characteristic equation, which generates
an equiareal mapping of the ellipsoid-of-revolution E

2
A1,A1,A2

parameterized by the two coordinates
{Λ,Φ} (called {Gauss surface normal longitude,Gauss surface normal latitude}) as outlined in Box 2.3,
also called generalized Mollweide projection. Such a generalized Mollweide projection is classified as
“pseudo-cylindric” and equiareal, mapping the circular equator equidistantly. Its mapping equations
x(Λ,Φ) and y(Φ), where {x, y} are Cartesian coordinates that cover {R2, δµν} = E

2, depend on
cos t(Φ) and sin t(Φ). The auxiliary function t(Φ) is a solution of the generalized Kepler equation since
for relative eccentricity E2 = (A2

1−A2
2)/A2

1 → 0 the generalized Kepler equations reduces to the Kepler
equation. Such a Kepler equation is known from the classical Mollweide projection of the sphere or
from solving the Kepler two-body problem in mechanics.

End of Example.
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We pose two problems. (i) Prove that the generalized Mollweide projection of the ellipsoid-of-revolution
is equiareal. For this purpose, observe the postulate det

[
ClG

−1
l

]
= 1. (ii) Determine the left principal

stretches Λ1 and Λ2 by setting up the characteristic equations of the left eigenvalue problem that is
presented in Box 2.4.

Solution (the first problem).

Here, we set up the test of an equiareal mapping to be based upon the postulate det
[
ClG

−1
l

]
= 1. First,

by means of Box 2.5, we compute the left Jacobi matrix substituted by DΛx, DΦx, DΛy, and DΦy.
Second, we set up the left Cauchy–Green matrix Cl = J∗GrJl subject to Gr = I2. We have to emphasize
that Cl is not a diagonal matrix. Third, we adopt the left matrix of the metric Gl. Fourth, given the left
Cauchy–Green matrix, Cl, and the left matrix of the metric, Gl, we derive the determinantal identity
det

[
ClG

−1
l

]
= 1. By means of implicit differentation of the generalized Kepler equation, we compute

(t′), (t′)2, (t′)2 cos4 t, a2b2 and 1/G11G22 in step five. Sixth, taking all individual terms into one, we
have proven det

[
ClG

−1
l

]
= 1.

End of Solution (the first problem).

Solution (the second problem).

First, we set up the characteristic equations of the left general eigenvalue problem of Box 2.4 in
order to compute the left principal stretches Λ1 and Λ2, respectively. Second, the solution of the left
characteristic equation subject to the condition of an equiareal mapping, namely det

[
ClG

−1
l

]
= 1,

accounts for computing the first left invariant tr
[
ClG

−1
l

]
. Indeed, a simple form of such an invariant

is not available. Accordingly, we left tr
[
ClG

−1
l

]
with a formula for (t′)2 and 1/G11G22, respectively.

End of Solution (the second problem).

Fig. 2.1. Mollweide projection of an ellipsoid-of-revolution, E.Grafarend and A.Heidenreich (1995).
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Box 2.3 (The Mollweide projection of E
2
A1,A1,A2 ; the pseudo-cylindric, equiareal, equidistant mapping of the

circular equator).

Mapping equations:

x(Λ, Φ) = aΛ cos t(Φ) ,

y(Λ, Φ) = b sin t(Φ) .
(2.53)

Generalized Kepler equations:

2t + sin 2t = π
ln 1+E sin Φ

1−E sin φ
+ 2E sin Φ

1−E2 sin2 Φ

ln 1+E
1−E

+ ln 2E
1−E2

. (2.54)

Scales:

a = A1 ,

b =
A1(1 − E2)

πE

„
ln

1 + E

1 − E
+

2E

1 − E2

«
.

(2.55)

Box 2.4 ([The left principal stretches, the left eigenvalues, and the generalized Mollweide projection of the
ellipsoid-of-revolution).

Characteristic equation of the left general eigenvalue problem:

Λ4 − tr
ˆ
ClG

−1
l

˜
Λ2 + det

ˆ
ClG

−1
l

˜
= 0 subject to det

ˆ
ClG

−1
l

˜
= 1 (2.56)

⇒

Λ2
1,2 =

1

2

»
tr

ˆ
ClG

−1
l

˜ ± q`
tr

ˆ
ClG

−1
l

˜´2 − 4

–
. (2.57)

Computation of the first invariant tr
ˆ
ClG

−1
l

˜
:

tr
ˆ
ClG

−1
l

˜
=

a2 cos2 t

G11
+ (t′)2

a2Λ2 sin2 t + b2 cos2 t

G22
,

cos4 t (t′)2 =
E2 cos2 Φ

(1 − E2 sin2 Φ)4
π2“

ln 1+E
1−E

+ 2E
1−E2

”2 ,

tr
ˆ
ClG

−1
l

˜
=

1

G11G22

ˆ
a2G22 cos2 t + (t′)2G11

`
a2Λ2 sin2 t + b2 cos2 t

´˜
,

1

G11G22
=

(1 − E2 sin2 Φ)4

A4
1(1 − E2)2 cos2 Φ

,

G11 =
A2

1 cos2 Φ

1 − E2 sin2 Φ
,

G22 =
A2

1(1 − E2)2

(1 − E2 sin2 Φ)3
.

(2.58)
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Box 2.5 (Left Cauchy–Green matrix, generalized Mollweide projection of the ellipsoid-of-revolution).

Left Jacobi matrix:

Jl :=

"
DΛx DΦx

DΛy DΦy

#
,

DΛx = a cos t , DΦx = DtxDΦt = −aΛ sin t t′ ,

DΛy = 0 , DΦy = DtyDΦt = +b cos t t′ .

(2.59)

Left Cauchy–Green matrix:

Cl := J∗l GrJl , Gr = I2 ⇒ Cl = J∗l Jl ,

Cl =

"
a2 cos2 t −aΛ2 cos t sin t t′

−aΛ2 cos t sin t t′ (a2Λ2 sin2 t + b2 cos2 t)(t′)2

#
.

(2.60)

Left matrix of the metric:

Gl =

"
N2(Φ) 0

0 M2(Φ)

#
(N(Φ) and M(Φ): see Example 1.3). (2.61)

det
ˆ
ClG

−1
l

˜
= 1:

det
ˆ
ClG

−1
l

˜
=

a2 cos2 t

G11

a2Λ2 sin2 t + b2 cos2 t

G22
(t′)2 − a4Λ2 cos2 t sin2 t

G11G22
(t′)2 =

=
cos4 t

G11G22
a2b2(t′)2 .

(2.62)

(t′):

2(1 + cos 2t)dt =
π

ln
1 + E

1 − E
+

2E

1 − E2

×

×
"

1 − E sin Φ

1 + E sin Φ

E cos Φ

1 − E sin Φ
+

E cos Φ(1 + E sin Φ)

(1 − E sin Φ)2

!
+

2E cos Φ

1 − E2 sin2 Φ
+

4E3 sin2 Φ cos Φ

(1 − E2 sin2 Φ)2

#
dΦ ,

1 + cos 2t = 2 cos2 t ,

cos2 t (t′) =
E cos Φ

(1 − E2 sin2 Φ)2
π

ln 1+E
1−E

+ 2E
1−E2

, cos4 t (t′)2 =
E2 cos2 Φ

(1 − E2 sin2 Φ)4
π2“

ln 1+E
1−E

+ 2E
1−E2

”2 ,

1

G11G22
=

(1 − E2 sin2 Φ)4

A2
1 cos2 ΦA2

1(1 − E)2
, a2b2 =

A4
1(1 − E2)2

π2E2

„
ln

1 + E

1 − E
+

2E

1 − E2

«2

.

(2.63)

(6th) Determinantal identity:

det
ˆ
ClG

−1
l

˜
= 1 . (2.64)
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2-5 Canonical criteria for conformal, equiareal, and other mappings

Canonical criteria for conformal, equiareal, and isometric mappings as well as equidistant mappings
M

2
l → {R2, δµν}, Hilbert invariants.

Q
ue

st
io

n.

Question: “How can we generalize those canonical criteria for a conformal, an equiareal, or
an isometric mapping M

2
l → M

2
r := {R2, δµν} = E

2 if we restrict the right two-dimensional
Riemann manifold to be two-dimensional Euclidean?” Answer: “Let us refer to Box 1.46 and
Box 1.47 in order to formulate the answer. As it is outlined in Box 2.6, the fundamental four
Hilbert invariants I1 and I2 or i1 and i2 become dependent, typically called “syzygetic”, as
soon as we are dealing with a conformal mapping M

2
l → {R2, δµν}.”

Box 2.6 (Canonical representation of Hilbert invariants, M
2
l → {R

2, δµν}).

I1(Cl) := Λ2
1 + Λ2

2 = tr
ˆ
ClG

−1
l

˜
versus i1(Cr) := λ2

1 + λ2
2 = tr [Cr] ,

I2(Cl) := Λ2
1Λ

2
2 = det

ˆ
ClG

−1
l

˜
versus i2(Cr) := λ2

1λ
2
2 = det [Cr] ,

(2.65)

or

I1(El) := K1 + K2 = tr
ˆ
ElG

−1
l

˜
versus i1(Er) := κ1 + κ2 = tr [Er] ,

I2(El) := K1K2 = det
ˆ
ElG

−1
l

˜
versus i2(Er) := κ1κ2 = det [Er] .

(2.66)

Special case: conformal mapping (syzygy).

I1 = 2
√

I2 versus i1 = 2
√

i2 . (2.67)

Note that for a general diffeomorphism, namely f : {M2, GMN} → {R2, δµν}, the first two Hilbert
invariants I1(El) and i1(Er) are also called left and right dilatation. They measure the isotropic part
of a deformation, while the following shear components its anisotropic part:

Γ1(Cl) := C22 − C11 versus γ1(Cr) := c22 − c11 ,

Γ1(El) := E22 − E11 versus γ1(Er) := e22 − e11 ,

Γ2(Cl) := 2C12 versus γ2(Cr) := 2c12 ,

Γ2(El) := 2E12 versus γ2(Er) := 2e12 .

(2.68)

2-6 Polar decomposition and simultaneous diagonalization of three matrices

Polar decomposition and simultaneous diagonalization of three matrices: {El,Cl,Gl} versus {Er,Cr,Gr},
stretch matrices.

A first remark has to be made towards the group theoretical representation of the left Fl and the right
Fr matrix of eigenvectors. In case of {M2

r , gµν} = {R2, δµν}, we took advantage of the fact that the right
matrix Fr of eigenvectors is an orthonormal matrix R. In the general case {M2

l , GMN} = {M2
r , gµν},

the left Fl and right the Fr matrix of eigenvectors enjoy the polar decomposition
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Fl = R1S1 versus Fr = R3S3

versus versus

Fl = S2R2 versus Fr = S4R4

, (2.69)

where the matrices Ri are orthonormal, R−1
i = RT

i , while the matrices Si are by definition symmetric,
Si = ST

i . These symmetric matrices Si are sometimes called stretch matrices. For more details including
numerical examples, we refer to J. E. Marsden and T. J. R. Hughes (1983, pp. 51–55), R. W. Ogden
(1984, pp. 92–94), J. C. Simo and R. L.Taylor (1991), and T. C. T. Ting (1985). Here, we conclude with
a second remark relating again to the simultaneous diagonalization of two matrices, e.,g. the pairs of
Cauchy-Green deformation tensors {Cl,Gl} or {Cr,Gr} and the pairs of Euler-Lagrange deformation
tensors {El,Gl} or {Er,Gr}, respectively. Of course, we could also aim at a simultaneous diagonalization
of three matrices, e. g. the triplets

{El,Cl,Gl} versus {Er,Cr,Gr} , (2.70)

in particular

UT
l GlXl = S1

l ⇔ Gl = UlS
1
l X

−1
l versus Gr = UrS

1
rX

−1
r ⇔ UT

r GrXr = S1
r , (2.71)

XT
l ClYl = S2

l ⇔ Cl =
(
X−1

l

)T
S2

l Y
−1
l versus Cr =

(
X−1

r

)T
S2

rY
−1
r ⇔ XT

r CrYr = S2
r , (2.72)

YT
l ElVl = S3

l ⇔ El =
(
Y−1

l

)T
S3

l V
T
l versus Er =

(
Y−1

r

)T
S3

rV
T
r ⇔ YT

r ErVr = S3
r , (2.73)

where S1, S2, and S3 are certain quasi-diagonal matrices, where V and U are unitary matrices, and
non-singular matrices are Xl, Yl and Xr, Yr, respectively. But we are not able to diagonalize Gl and
Gr, respectively, to unity. The diagonalization of Gl and Gr, respectively, to unit matrices is by all
means recommendable since accordingly all other tensors, e.g. Cl and Cr, respectively, or El and Er,
alternatively, refer to unit vectors which span the local tangent space of M

2
l or M

2
r , respectively.

Before we proceed to the next chapter, let us here additionally note that a tree of generalization of
the ordinary singular value decompositions has been developed by M.T.Chu (1991 a,b), B. deMoor
and H. Zha (1991), H. Zha (1991), and others to which we refer.



3 Coordinates

Coordinates (direct, transverse, oblique aspects), coordinate transformations, charts (complete atlas,
minimal atlas), homeomorphism, Killing vectors of symmetry, universal transverse Mercator projection,
universal oblique Mercator projection.

Coordinates are in the heart of curves and surfaces, left and right, one- and two-dimensional Riemann
manifolds. As parameters of curves and surfaces, they can be experimentally determined. For instance,
by the satellite Global Positioning System (“global problem solver”: GPS), we obtain {ellipsoidal
longitude, ellipsoidal latitude, ellipsoidal height} as Gauss surface normal coordinates with respect to
the International Reference Ellipsoid in order to coordinate points (so-called “bench marks”) on the
Earth’s topographic surface. These coordinates are collected in National Data Files, each of the order
of 1010 coordinate data. Here, we answer the following questions.

Q
ue

st
io

n.

Question: “Why has the notion of the manifold and the chart, U → φ(U), been axiomatically
introduced?” Question: “What are those coordinates as collectors items in mega data sets
of the order of 1010 coordinate data?”

First, we present you a more careful explanation of the notion of a manifold, its chart, minimal and
complete atlas, in particular, the change from one chart to another chart (“Kartenwechsel”). Second,
we highlight the direct aspect, the transverse aspect, in general, the oblique aspect of a surface. Such
a notion is needed (i) to understand the popular optimal Universal Transverse Mercator Projection
(UTM) with respect to the International Reference Ellipsoid and (ii) to understand the so-called
Universal Oblique Mercator Projection (UOM), also called “rectified skew orthomorphic” by M. Hotine
(1947a–e) or Hotine Oblique Mercator Projection (HOM) by J. P. Snyder (1982, p. 76), which has been
used for casting the Heat Capacity Mapping Mission (HCMM) imagery since 1978, particularly suitable
for mapping Landsat type data.

3-1 Coordinates relating to manifolds

Coordinates relating to manifolds, in particular, differential manifolds, elements of topology (Hausdorff
topological space, open and closed domains).

Let us here first consider manifolds and their charts, the complete atlas, and the minimal atlas. Let
us here first define the term chart according to Definition 3.1.

Definition 3.1 (Manifold, chart).

An n-dimensional manifold M
n is locally an n-dimensional Hausdorff topological space. That is to

any element of M
n, called “point”, there is a connected open neighborhood U and a homeomorphism

Φ : U → φ(U) to an open set φ(U) of R
n. M

n is locally homeomorph to R
n. Any homeomorphism φ

is called a chart of M
n. A one-dimensional manifold is called curve, a two-dimensional manifold with

Riemann metric and without Cartan torsion is called surface, and a compact, connected manifold
without boundary is called closed manifold.

End of Definition.

Indeed, we implemented many unknown notions from the theory of morphism, in particular, from
topology, but we do not hope to lose you, the map maker. Therefore, just follow us to stroll along
Hausdorff Street, Bonn (Germany) to meditate over Haussdorff’s axiom of separation (T2) within
Listing’s topoploy, shortly reviewed in the Appendix. What is more important here is the question
that follows.
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Q
ue

st
io

n. Question: “Why has the notion of the manifold and the chart, U → φ(U), been axiomatically
introduced?” Answer: “The answer to our fundamental question is based on the “mathe-
matical observation” that not all higher-dimensional curved surfaces can be embedded or
immersed in a higher-dimensional Euclidean space. Or we do not know whether such an
embedding or immersion exists.”

For instance, since the twenties of the 20th century, we know that spacetime is a four-dimensional
pseudo-Riemann manifold of signature “+ + +−” equipped with a pseudo-Riemann metric, Riemann
curvature, zero Cartan torsion. But how to embed or immerse such a four-dimensional spacetime
manifold in a pseudo-Euclidean space? In case we know nothing, we better work “intrinsically” with
the manifold, neglecting the problem of embedding or immersion. Indeed, this is the majority vote
procedure when dealing with spacetime. And, in addition, it would not be too helpful to think in
terms of the following theorem: any analytical four-dimensional pseudo-Riemann manifold (analytical
spacetime) can be immersed in a ten-dimensional pseudo-Euclidean space. Another example is the
projective space P

n, and this projective space cannot be embedded or immersed in an Euclidean space
as the ambient space. Anyway, let us continue to explain continuity and homeomorphism, a situation
similar to art, where many “. . . isms” exist. At least, the mathematical builders of the world are more
careful in defining their“. . . isms”, like conformeomorphism or areomorphism.

Definition 3.2 (Continuity, homeomorphism).

Let X and Y be two topological spaces and f : X → Y a mapping. f is called sequence continuous or
continous in x ∈ X if f to x convergent sequences are continuously mapped to f(x) convergent series.
f is called sequence continuous or just continuous if f is continuous in any point x of X. f is called a
topological map or a homeomorphism if f is continuous, bijective, and f−1 is continous as well.

End of Definition.

In order to illustrate this in detail, let us here consider the topologies on S
1
r and φ(S1

r) as well as the
topologies on S

2
r and φ(S2

r): compare with Example 3.1 and Fig. 3.1 as well as with Example 3.2 and
Fig. 3.2, respectively.

x

y

x

e1

e2

λ

p

p = π(P )

P

0 λ 2π

0 < λ < 2π

Fig. 3.1. Manifold “one-sphere” S
1
r, chart Φ(x) = λ(x): the angular parameter is λ ∈ ]0, 2π[.
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Example 3.1 (Circle S
1
r, one-dimensional manifold, topology).

First, we present the topology on S1
r. Second, we present the topology on φ(S1

r). The “one-sphere” S1
r

(circle of radius r) is defined as the manifold

S
1
r :=

{
x ∈ R

2 x2 + y2 = r2, r ∈ R
+, r > 0

}
, U := S

1
r/{x = +r} . (3.1)

(i) Topology on S
1
r.

The topology on S
1
r is defined by the Euclidean metric, namely the distance function of the ambient

space R3, i. e.

d(x1,x2) := ‖x1 − x2 ‖2 . (3.2)

Along the orthonormal base {e1,e2 O} attached to the origin O, the center of the “one-sphere”,
we define a Cartesian coordinate system {x, y} such that ‖ x ‖22 = x2 + y2 = r2 > 0. A point P
of the “one-sphere” is orthogonally projected on the x axis such that p = π(P ). Refer to Fig. 3.1
for an illustration. The unit vector ex := x/ ‖ x ‖2 and the unit base vector e1 include the angle
λ = �(ex,e1), an element of the open interval λ ∈ {R 0 < λ < 2π}.

Φ(x) = λ(x) ⇔ Φ−1(x) : x(λ) = e1r cosλ + e2r sin λ , (3.3)

Φ−1(x) = r

[
cos λ
sin λ

]
, (3.4)

d(x1,x2) = r
√

(cos λ1 − cosλ2)2 + (sin λ1 − sin λ2)2 =

= r
√

2
√

1− (cos λ1 cosλ2 + sin λ1 sin λ2) =

= r
√

2
√

1− cos(λ1 − λ2) .

(3.5)

We apologize for our sloppy notation x(λ) meaning x = κ(λ), but introduced for economical reason:
save extra symbols.

λ(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

arctan(y/x) for x > 0

arctan(y/x) + π for x < 0

(π/2) sgn y for x = 0 and y �= 0

undefined for x = 0 and y = 0

. (3.6)

Note that {λ = 0 or 2π} or, equivalently, {x = r, y = 0} is the exceptional point which is not curved
by the angular parameter λ!

(ii) Topology on Φ(S1
r).

The topology on Φ(S1
r) is defined by the Euclidean metric, namely the distance function

d(y1,y2) := ‖y1 − y2 ‖2 = |λ1 − λ2| . (3.7)

End of Example.
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Example 3.2 (Sphere S
2
r, two-dimensional manifold, topology).

First, we present the topology on S2
r. Second, we present the topology on φ(S2

r). The “two-sphere” S2
r

(sphere of radius r) is defined as the manifold

S
2
r :=

{
x ∈ R

3 x2 + y2 + z2 = r2, r ∈ R
+, r > 0

}
. (3.8)

(i) Topology on S
2
r.

The topology on S
2
r is defined by the Euclidean metric, namely the distance function of the ambient

space R
3, i. e. d(x1,x2) := ‖ x1 − x2 ‖2. Along the orthonormal base {e1,e2,e3 O} attached to the

origin O, the center of the “two-sphere”, we define a Cartesian coordinate system {x, y, z} in such a
way that ‖x ‖22 = x2 + y2 + z2 = r2 > 0. A point P of the “two-sphere” is orthogonally projected on
the (x, y) plane, which is also called the equatorial plane, such that p = π(P ). Refer to Fig. 3.2 for an
illustration. The straight line p–O is oriented with respect to the unit vector e1 or the x axis by the
angular parameter “spherical longitude” λ, an element of the open interval λ ∈ {R 0 < λ < 2π}. In
contrast, the straight line P–O is oriented with respect to the equatorial plane (x, y) by the angular
parameter “spherical latitude” φ, an element of the open interval φ ∈ {R −π/2 < φ < +π/2}. Again,
we emphasize the open domain (λ, φ) ∈ {R2 0 < λ < 2π,−π/2 < φ < +π/2}.

Φ(x) =
[
λ(x)
φ(x)

]
⇔ Φ−1(x) : x(λ, φ) = e1r cosφ cos λ + e2r cosφ sin λ + e3r sin φ , (3.9)

Φ−1(x) = r

⎡⎣cosφ cos λ
cosφ sin λ

sin φ

⎤⎦ (
r =

√
x2 + y2 + z2

)
, (3.10)

d(x1,x2) =

= r
√

(cos φ1 cos λ1 − cosφ2 cos λ2)2 + (cos φ1 sin λ1 − cosφ2 sin λ2)2 + (sin φ1 − sin φ2)2 =

= r
√

2
√

1− (cos φ1 cosφ2 cos λ1 cos λ2 + cos φ1 cos φ2 sin λ1 sin λ2 + sin φ1 sin φ2) =

= r
√

2
√

1− cos φ1 cosφ2 cos(λ1 − λ2) + sin φ1 sin φ2 = r
√

2
√

1− cosΨ .

(3.11)

We here again apologize for our sloppy notation x(λ, φ) meaning x = κ(λ, φ), but introduced for
shorthand writing.

λ(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
arctan(y/x) for x > 0
arctan(y/x) + π for x < 0
(π/2) sgn y for x = 0, y �= 0
undefined for x = 0, y = 0

, φ(x) =

⎧⎪⎨⎪⎩
arctan

z√
x2 + y2

undefined for x = y = z = 0

. (3.12)

Note that {λ = 0 or 2π, φ = π/2 or − π/2} is the exceptional point set, namely the half meridian
South-Pole–North-Pole passing the point x = r, y = 0, z = 0, sometimes called Greenwich Meridian.
Such a half meridian is not curved by the angular parameter set {λ, φ}!

(ii) Topology on Φ(S2
r).

The topology on Φ(S2
r) is defined by the Euclidean metric, namely the distance function

d(y1,y2) := ‖y1 − y2 ‖2 =
∣∣(λ1 − λ2)2 + (φ1 − φ2)2

∣∣ . (3.13)

End of Example.
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x y

z

φ

λ

φ

λ

Φ(x)

x p

P

π(P ) = p

Fig. 3.2. Manifold “two-sphere” S
2
r, chart Φ(x) =

ˆ
λ(x), φ(x)

˜
: the angular parameters are λ ∈ ]0, 2π[ and

φ ∈ ] − π/2, +π/2[.

You may have wondered why did we introduce open sets, an open domain of parameters to coordinate
a surface or a Riemann manifold of type S

1
r or S

2
r, respectively. Actually, we have postulated that

Φ(x) should be “one-to-one”. This is not guaranteed for the spherical South Pole or North Pole since
λ(x, y, z) for x = 0, y = 0, z = ±r as a mapping is “one-to-infinity”, for instance. Further arguments
are given as soon as we equip the manifold with a differential structure (differential topology). Indeed,
you may have realized that in terms of open sets or an open domain of parameters, S

1
r or S

2
r is not

completely covered. We are therefore forced to introduce more than one set of parameters, hoping that
their union ∪Ui, i ∈ {1, . . . , I} covers totally S

1
r and S

2
r, and M

2, in general.

Definition 3.3 (Atlas, complete atlas, minimal atlas).

An atlas of a manifold M
n of dimension n is a family of open sets Ui, i ∈ {1, . . . , I}, called charts,

such that the two conditions (i) and (ii) hold: (i) ∪i Ui(x) = M
n, (ii) for each i ∈ {1, . . . , I} there

is an open set Vi ⊂ E
n and a bijective mapping Φi : Ui → Vi such that Vi is isomorphic with

E
n := {Rn, δµν}. Such an atlas is called “complete”. Out of the choice of various charts whose union

covers M
n completely, there is one called minimal atlas (which is sometimes also called maximal),

where I is minimal.

End of Definition.

As an example think of a Road Atlas or a Geographic Atlas whose charts cover a part of or the whole
surface of the Earth. In the first case, the atlas of the Earth would be incomplete. In the second case,
complete but not minimal. The various notions of atlas, complete atlas, and minimal atlas are clarified
by the examples that follow. Beforehand, however, let us give a short comment to the new notions, in
particular, to the relation between “charts” and “coordinates”. Indeed, the set of all charts enables us
to associate to any point of M

n locally a set of coordinates. As coordinates of a point x, we introduce
the image Φ(x) in {Rn, δµν} =: E

n, most of the time equipped with an Euclidean metric or with a
pseudo-Euclidean metric.
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Fig. 3.3. “one-sphere” S
1
r, complete atlas built on four charts.

Example 3.3 (Circle S
1
r, complete atlas: I = 4).

A complete atlas of S1
r is generated by four charts of the type

U1 := {[x, y] ∈ S
1
r y > 0} , Φ1[x, y] := x = t1 ,

U2 := {[x, y] ∈ S1
r x > 0} , Φ2[x, y] := y = t2 ,

U3 := {[x, y] ∈ S1
r y < 0} , Φ3[x, y] := x = t3 ,

U4 := {[x, y] ∈ S
1
r x < 0} , Φ4[x, y] := y = t4 .

(3.14)

The sets Ui and their maps Φ(Ui) ∈ ]− 1,+1[ are open with respect to the chosen topology.

I = 4:

Φ−1
1 (t1) =

[
t1,+

√
r2 − t21

]
∼ x1(t1) = e1t1 + e2

√
r2 − t21 ,

Φ−1
2 (t2) =

[
+
√

r2 − t22, t2

]
∼ x2(t2) = +e1

√
r2 − t22 + e2t2 ,

Φ−1
3 (t3) =

[
t3,−

√
r2 − t23

]
∼ x3(t3) = e1t3 − e3

√
r2 − t23 ,

Φ−1
4 (t4) =

[
−
√

r2 − t24, t4

]
∼ x4(t4) = −e1

√
r2 − t24 + e4t4 .

(3.15)

Indeed, the union of the patches (“Umgebungsräume”) U1 ∪ U2 ∪ U3 ∪ U4 = S
1
r, which is the “one-

sphere” S
1
r is covered by the four charts Φ1 ∈ V1, Φ2 ∈ V2, Φ3 ∈ V3, Φ4 ∈ V4, and Vi := ] − 1,+1[,

(i ∈ {1, 2, 3, 4}) completely. We have generated a complete atlas: consult Fig. 3.3 for animation.

End of Example.
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Example 3.4 (Sphere S
2
r, complete atlas: I = 6).

By means of an orthogonal projection p = π(P ), we already introduced a first coordinate set of the
“two-sphere” S2

r in terms of spherical longitude λ and spherical latitude φ. As local coordinates, {λ, φ}
do not cover all points of the “two-sphere”. As a set of exceptional points, we removed the South Pole,
the North Pole, as well as the Greenwich Meridian, the meridian λ = 0. Here, we introduce a special
union of six charts, which covers the “two-sphere” completely. Figure 3.4 illustrates those six charts.
Their generators Φi = Φ(Ui) (i = 1, 2, 3, 4, 5, 6) are the following:

U+
z = {[x, y, z] ∈ S2

r z = +
√

r2 − (x2 + y2) > 0, x2 + y2 < r2} ,

Φ1(x, y, z) :=
[
x
y

]
=

[
u1

v1

]
,

Φ−1
1 (u1, v1) =

[
u1, v1,+

√
r2 − (u2

1 + v2
1)
]
∼ x1(u, v) = e1u1 + e2v1 + e3

√
r2 − (u2

1 + v2
1) ,

U
−
z = {[x, y, z] ∈ S

2
r z = −√r2 − (x2 + y2) < 0, x2 + y2 < r2} ,

Φ2(x, y, z) :=
[
x
y

]
=

[
u2

v2

]
,

Φ−1
2 (u2, v2) =

[
u2, v2,−

√
r2 − (u2

2 + v2
2)
]
∼ x2(u, v) = e1u2 + e2v2 − e3

√
r2 − (u2

2 + v2
2) ,

U
+
y = {[x, y, z] ∈ S

2
r y = +

√
r2 − (x2 + z2) > 0, x2 + z2 < r2} ,

Φ3(x, y, z) :=
[
x
z

]
=

[
u3

v3

]
,

Φ−1
3 (u3, v3) =

[
u3,+

√
r2 − (u2

3 + v2
3), v3

]
∼ x3(u, v) = e1u3 + e2

√
r2 − (u2

3 + v2
3) + e3v3 ,

U−
y = {[x, y, z] ∈ S2

r y = −√r2 − (x2 + z2) < 0, x2 + z2 < r2} ,

Φ4(x, y, z) :=
[
x
z

]
=

[
u4

v4

]
,

Φ−1
4 (u4, v4) =

[
u4,−

√
r2 − (u2

4 + v2
4), v4

]
∼ x4(u, v) = e1u4 − e2

√
r2 − (u2

4 + v2
4) + e3v4 ,

U
+
x = {[x, y, z] ∈ S

2
r x = +

√
r2 − (y2 + z2), y2 + z2 < r2} ,

Φ5(x, y, z) :=
[
y
z

]
=

[
u5

v5

]
,

Φ−1
5 (u5, v5) =

[
+
√

r2 − (u2
5 + v2

5), u5, v5

]
∼ x5(u, v) = +e1

√
r2 − (u2

5 + v2
5) + e2u5 + e3v5 ,

U
−
x = {[x, y, z] ∈ S

2
r x = −√r2 − (y2 + z2), y2 + z2 < r2} ,

Φ6(x, y, z) :=
[
y
z

]
=

[
u6

v6

]
,

Φ−1
6 (u6, v6) =

[
−
√

r2 − (u2
6 + v2

6), u6, v6

]
∼ x6(u, v) = −e1

√
r2 − (u2

6 + v2
6) + e2u6 + e3v6 .

(3.16)
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x
y

z

S
2
r

Fig. 3.4. “two-sphere” S
2
r, complete atlas built on six charts.

The sets Ui and their images Φ(Ui) are open with respect to the chosen topology. For instance, the
set U

+
z and its image Φ1(x, y, z):

U
+
z =

{
[x, y, z] ∈ S

2
r z = +

√
r2 − (x2 + y2) > 0, x2 + y2 < r2

}
, Φ1(x, y, z) :=

[
x
y

]
=

[
u
v

]
,

Φ−1
1 (u, v) =

[
u, v,+

√
r2 − (u2 + v2)

]
∼ x1(u, v) = e1u + e2v + e3

√
r2 − (u2 + v2) .

(3.17)

The terms Φ−1
1 (u, v) or x1(u, v) determine an open set of the “two-sphere” over the (x, y) plane,

namely {−r < u < +r,−r < v < +r} =: V1.

I = 6:

Again, the union of the patches (“Umgebungsräume”) U1 ∪ U2 ∪ U3 ∪ U4 ∪ U5 ∪ U6 = S2
r is S2

r,
completely covered by the six charts Φ1 ∈ V1, . . . , Φ6 ∈ V6, and Vi := { ]− r, +r[ , ]− r,+r[ } � (u, v)
(i ∈ {1, 2, 3, 4, 5, 6}). An illustration is offered by Fig. 3.4. In summary, we have generated the complete
atlas of the “two-sphere” constructed by six charts. The choice of the open interval is motivated by the
fact that the functions Φi(u, v) (i ∈ {1, 2, 3, 4, 5, 6}) at u2 + v2 = r2 are singular when differentiated.
Indeed, this result is documented by the following expressions:

dΦ−1
1 (u, v) ∼

⎡⎢⎢⎢⎢⎣
partial derivative with respect to u,[
1, 0,−u/

√
r2 − (u2 + v2)

]
: singular at u2 + v2 = r2,

partial derivative with respect to v,[
0, 1,+v/

√
r2 − (u2 + v2)

]
: singular at u2 + v2 = r2,

. . .

dΦ−1
6 (u, v) ∼

⎡⎢⎢⎢⎢⎣
partial derivative with respect to u,[
+u/

√
r2 − (u2 + v2), 1, 0

]
: singular at u2 + v2 = r2,

partial derivative with respect to v,[
+v/

√
r2 − (u2 + v2), 0, 1

]
: singular at u2 + v2 = r2.

(3.18)

End of Example.



3-1 Coordinates relating to manifolds 121

Example 3.5 (Circle S
1
r, minimal atlas: I = 2).

Earlier, we generated a local coordinate system of the “one-sphere” S1
r by the orthogonal projection

p = π1(P ) of a point P of the “one-sphere” S
1
r onto the x axis. Alternatively, we project the point

P orthogonally by q = π2(P ) onto the x′ axis, chosen as the y axis. Again, we introduce an angular
parameter by α = �(ex,e2), an element of the open interval α ∈ {α ∈ R 0 < α < 2π}.

1st chart, 1st parameter set: 2nd chart, 2nd parameter set:

Φ1(x) = λ(x) , Φ2(x) = α(x) ,

Φ−1
1 (x) = r

[
cos λ
sin λ

]
∼ Φ−1

2 (x) = r

[
cosα
sin α

]
∼

∼ x1(λ) = e1r cosλ + e2r sin λ . ∼ x2(α) = e1r cos α + e2r sin α .

(3.19)

I = 2: {Φ−1
1 (U)} ∪ {Φ−1

2 (U)} covers the “one-sphere” completely in the sense of a minimal atlas.
Formally, in Fig. 3.5 such a minimal atlas is illustrated.

End of Example.

Example 3.6 (Sphere S2
r, minimal atlas: I = 2).

Beforehand, a first coordinate system of the “two-sphere” S
2
r had been introduced by an orthogonal

projection p = π1(P ) of a point P of the “two-sphere” S
2
r onto the equatorial plane. Alternatively, let

us make an orthogonal projection q = π2(P ) of a point P of the “two-sphere” S
2
r onto the (x′, y′) plane,

which coincides with the Greenwich Meridian Plane spanned by {e2,e3 O}. (The name meridian is
derived from the word noon. Here, it coincides with the coordinate plane λ = 0.) Within the (x′, y′)
plane spanned by {e1′ ,e2′ O} = {e2,e3 O}, the point q is coordinated by the angular parameter α,
namely α = �(ex,e1′), also called meta-longitude, an element of the open interval α ∈ {α ∈ R 0 < α <
2π}. The elevation angle of the vector O–P with respect to the (x′, y′) plane is the angular parameter
β, also called meta-latitude, an element of the open interval β ∈ {β ∈ R − π/2 < β < +π/2}.
The orientation of the meta-equatorial plane is conventionally denoted as transverse. Here, we only
introduce the 1st and 2nd charts.

1st chart, 1st parameter set: 2nd chart, 2nd parameter set:

Φ1(x) =
[
λ(x)
φ(x)

]
, Φ2(x) =

[
α(x)
β(x)

]
,

Φ−1
1 (x) = r

⎡⎣cosλ cos φ
sin λ cosφ

sin φ

⎤⎦ ∼ Φ−1
2 (x) = r

⎡⎣cos α cos β
sin α cos β

sin β

⎤⎦ ∼
∼ x1(λ, φ) = ∼ x2(α, β) =

= e1r cosλ cos φ + e2r sin λ sin φ + e3r sin φ . = e1r cos α cos β + e2r sin α cos β + e3r sin β .

(3.20)

I = 2: {Φ−1
1 (U)} ∪ {Φ−1

2 (U)} covers the “two-sphere” as a minimal atlas. Let us identify the sets of
exceptional points, both in the chart {λ, φ} and in the chart {α, β}. In the left chart {λ, φ} ∈ Φ1(x),
the North Pole, the South Pole, and the λ = 0 meridian define the set of left exceptional points. In the
right chart {α, β} ∈ Φ2(x), the meta-North Pole (“West Pole”), the meta-South Pole (“East Pole”),
and the α = 0 meridian define the set of right exceptional points.

End of Example.
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Fig. 3.5. “one-sphere” S
1
r, minimal atlas of two charts, orthogonal projections p = π1(P ), q = π2(P ).

3-2 Killing vectors of symmetry

Killing vectors of symmetry for the surface-of-revolution and the sphere, transformation groups, first
differential invariants, rotation group R3(Ω), special orthogonal groups SO(2) and SO(3).

In order to understand better the special aspects of a surface, called transverse and oblique, we have to
analyse the special symmetries of the surface-of-revolution, in particular, the ellipsoid-of-revolution,
and the sphere. Such a symmetry analysis is conventionally based on the Killing vector of symmetry,
which we are going to compute here. As soon as we have identified at least one Killing vector of
symmetry for the surface of revolution and the three Killing vectors of symmetry of the sphere, we
discuss their impact on the definition of the transverse aspect as well as of the oblique aspect of a
surface. We pose two questions.

Q
ue

st
io

n.

Question 1: “Let a transformation group act on the coordinate transformation of a surface-
of-revolution. Indeed, we make a coordinate transformation. What are the transformation
groups (the coordinate transformations) which leave the first differential invariant ds2 of a
surface-of-revolution equivariant or form-invariant?” Answer 1: “The transformation group,
which leaves the first differential invariant ds2 (also called “arc length”) equivariant is the
one-dimensional rotation group R3(Ω), a rotation around the 3 axis of the ambient space
{R3, δij}. The 3 axis establishes the Killing vector of symmetry.”.

A proof of our answer is outlined in Box 3.1. First, we present a parameter representation of a surface-
of-revolution, defined by {u, v} in an equatorial frame of reference and defined by {u∗, v∗} in a rotated
equatorial frame of reference. Second, we follow the action of the rotation group R3(Ω) ∈ SO(2).
Third, we generate the forward and backward transformations {e1,e2,e3 O} → {e1∗ ,e2∗ ,e3∗ O}
and {e1∗ ,e2∗ ,e3∗ O} → {e1,e2,e3 O} of orthonormal base vectors, which span the three-dimensional
Euclidean ambient space. Fourth, we then fill in the backward transformation of bases into the first
parameter representation of the surface-of-revolution and compare with the second one. In this way, we
find the “Kartenwechsel” (“cha-cha-cha”) {u∗ = u−Ω, v∗ = v}. Fifth, we compute the first differential
invariant ds2 of the surface-of-revolution, namely the matrix of the metric G = diag

[
f2, f ′2 + g′2

]
.

Cha-cha-cha leads us via the Jacobi map J to the second representation ds∗2 of the first differential
invariant, which turns out to be equivariant or form-invariant. Indeed, we have shown that under the
action of the rotation group: ds2 = ds∗2. Sixth, we identify e3 or [0, 0, 1] as the Killing vector of the
symmetry of a surface-of-revolution.
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Box 3.1 (Surface-of-revolution. Killing vector of symmetry, equivariance of the arc length under the action
of the special orthogonal group SO(2)).

Surface-of-revolution parameterized in an equatorial frame of reference:

x(u, v) = e1f(v) cosu + e2f(v) sin u + e3g(v) . (3.21)

Surface-of-revolution parameterized in a rotated equatorial frame of reference:

x(u∗, v∗) = e1∗f(v∗) cos u∗ + e2∗f(v∗) sin u∗ + e3∗g(v∗) . (3.22)

Action of the special orthogonal group SO(2):

R3(Ω) ∈ SO(2) :=
˘
R3 ∈ R

3×3 R∗
3R3 = I3, |R3| = 1

¯
,2

4e1∗
e2∗
e3∗

3
5 = R3(Ω)

2
4e1

e2

e3

3
5 =

2
4 cos Ω sin Ω 0
− sin Ω cos Ω 0

0 0 1

3
5

2
4e1

e2

e3

3
5 ,

2
4e1

e2

e3

3
5 = R∗

3(Ω)

2
4e1∗

e2∗
e3∗

3
5 =

2
4cos Ω − sin Ω 0

sin Ω cos Ω 0
0 0 1

3
5

2
4e1∗

e2∗
e3∗

3
5 ,

e1 = e1∗ cos Ω − e2∗ sin Ω , e2 = e1∗ sin Ω + e2∗ cos Ω , e3 = e3∗ .

(3.23)

Coordinate transformations:

x(u, v) = f(v)e1∗(cos Ω cos u + sin Ω sin u) + f(v)e2∗(− sin Ω cos u + cos Ω sin u) + e3∗g(v) ,

x(u, v) = f(v)e1∗ cos(u − Ω) + f(v)e2∗ sin(u − Ω) + e3∗g(v) ,
(3.24)

v = v∗ , x(u, v) = x(u∗, v∗)
⇔

cos u∗ = cos(u − Ω) , sin u∗ = sin(u − Ω) , tan u∗ = tan(u − Ω)

⇔
u∗ = u − Ω .

(3.25)

Arc length (first differential invariant):

ds2 = [du, dv] J∗xJx

»
du
dv

–
,

Jx =

2
4Dux Dvx

Duy Dvy
Duz Dvz

3
5 =

2
4−f sin u f ′ cos u

f cos u f ′ sin u
0 g′

3
5 , G := J∗xJx =

»
f2 0

0 f ′2 + g′2

–
.

(3.26)

1st version: 2nd version:

ds2 = f2du2 +
“
f ′2 + g′2

”
dv2 . ds∗2 = f∗2du∗2 +

“
f∗′2 + g∗′2

”
dv∗2 .

u∗ = u − Ω , v∗ = v ⇔ du∗2 = du2 , dv∗2 = dv2 ,

ds2 = f2du2 +
“
f ′2 + g′2

”
dv2 = f2du∗2 +

“
f ′2 + g′2

”
dv∗2 = ds∗2 .

(3.27)

Killing vector of symmetry (rotation axis):

e3 = [e1, e2, e3]

2
40
0
1

3
5 ∼

2
40

0
1

3
5 . (3.28)
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Q
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Question 2: “Let a transformation group act on the coordinate representation of a sphere.
Or we may say, we make a coordinate transformation. What are the transformation groups
(the coordinate transformations) which leave the first differential invariant ds2 of a sphere
equivariant or form-invariant?” Answer 2: “The transformation group, which leaves the
first differential invariant ds2 (also called “arc length”) equivariant is the three-dimensional
rotation group R(α, β, γ), a subsequent rotation around the 1 axis, the 2 axis, and the 3
axis of the ambient space {R3, δij}. The three axes establish the three Killing vectors of
symmetry.”

A proof of our answer is outlined in Box 3.2. First, we present a parameter representation of a sphere,
defined by {u, v} in an equatorial frame of reference and defined by {u∗, v∗} in an oblique frame
of reference generated by the three-dimensional orthogonal group SO(3). Second, the action of the
transformation group SO(3) is parameterized by Cardan angles {α, β, γ}, namely a rotation R1(α)
around the 1 axis, a rotation R2(β) around the 2 axis, and a rotation R3(γ) around the 3 axis. Third,
we transform forward and backward the orthonormal system of base vectors {e1,e2,e3 O} and
{e1∗ ,e2∗ ,e3∗ O}, which span the three-dimensional Euclidean space, the ambient space of the sphere
S2

r. {e1,e2,e3 O} establish the conventional equatorial frame of reference, {e1∗ ,e2∗ ,e3∗ O} at the
origin the meta-equatorial reference frame. Fourth, the backward transformation is substituted into
the parameter representation of the placement vector e1r cos v cosu + e2r cos v sin u + e3r sin v ∈ S

2
r,

such that e1∗f1 (α, β, γ u, v) + e2∗f2 (α, β, γ u, v) + e3∗f3 (α, β, γ u, v) is a materialization of the
“Kartenwechsel” (“cha-cha-cha”). In this way, we are led to tan u∗ = f2/f1 and sin v∗ = f3, both
functions of the parameters {α, β, γ} ∈ SO(3), of the longitude u, and the latitude v. Fifth, as soon as
we substitute “cha-cha-cha”, namely the diffeomorphism {du, dv} → {du∗,dv∗} by means of the Jacobi
matrix J in the first differential invariant ds∗2, namely the matrix of the metric G = diag[r2 cos2 v, r2],
we are led to the first representation ds2 of the first differential invariant, which is equivariant or
form-invariant: ds2 = r2 cos2 vdu2 + r2dv2 = r2 cos2 v∗du∗2 + r2dv∗2 = ds∗2. Indeed, we have shown
that under the action of the three-dimensional rotation group, namely R(α, β, γ) = R1(α)R2(β)R3(γ),
ds2 = ds∗2. Sixth, we accordingly identify the three Killing vectors {e1,e2,e3} or [1, 0, 0], [0, 1, 0],
and [0, 0, 1], respectively – the symmetry of the sphere S

2
r.

Box 3.2 (Sphere. Killing vectors of symmetry, equivariance of the arc length under the action of the special
orthogonal group SO(3)).

Sphere parameterized in an equatorial frame of reference:

x(u, v) = e1 cos v cos u + e2 cos v sin u + e3 sin v . (3.29)

Sphere parameterized in an oblique frame of reference:

x(u∗, v∗) = e1∗ cos v∗ cos u∗ + e2∗ cos v∗ sin u∗ + e3∗ sin v∗ . (3.30)

Action of the special orthogonal group SO(3):

R(α, β, γ) ∈ SO(3) := {R ∈ SO(3) R∗R = I3, |R| = 1} ,2
4e1∗

e2∗
e3∗

3
5 = R1(α)R2(β)R3(γ)

2
4e1

e2

e3

3
5

⇔2
4e1

e2

e3

3
5 = R∗

3(γ)R∗
2(β)R∗

1(α)

2
4e1∗

e2∗
e3∗

3
5 ,

e1 = e1∗(cos γ cos β) − e2∗(sin γ cos α + cos γ sin β sin α)+

+e3∗(sin γ sin α + cos γ sin β cos α) ,

e2 = e1∗(sin γ cos β) + e2∗(cos γ cos α + sin γ sin β sin α)+

+e3∗(− cos γ sin α + sin γ sin β cos α) ,

e3 = e1∗(− sin β) + e2∗(cos β sin α) + e3∗(cos β cos α) .

(3.31)
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Continuation of Box.

Coordinate transformations:

x(u, v) = x(u∗, v∗)

⇔
e1∗f1 (α, β, γ u, v) + e2∗f2 (α, β, γ u, v) + e3∗f3 (α, β, γ u, v) =

= e1∗ cos v∗ cos u∗ + e2∗ cos v∗ sin u∗ + e3∗ sin v∗ ,

(3.32)

cos v∗ cos u∗ = f1 (α, β, γ u, v) =

= cos γ cos β cos v cos u + sin γ cos β cos v sin u − sin β sin v ,

cos v∗ sin u∗ = f2 (α, β, γ u, v) =

= −(sin γ cos α + cos γ sin β sin α) cos v cos u+

+(cos γ cos α + sin γ sin β sin α) cos v sin u + cos β sin α sin v ,

sin v∗ = f3 (α, β, γ u, v) =

= (sin γ sin α + cos γ sin β cos α) cos v cos u−
−(cos γ sin α + sin γ sin β cos α) cos v sin u + cos β cos α sin v ,

(3.33)

tan u∗ = f2/f1 , sin v∗ = f3 . (3.34)

Arc length (first differential invariant):

ds2 = [du, dv]

»
r2 cos v 0

0 r2

– »
du
dv

–
(“diffeomorphism”) ,

»
du∗

dv∗

–
= J

»
du
dv

–
, J :=

»
Duu∗ Dvu∗

Duv∗ Dvv∗

–
,

d tan u∗ = (1 + tan2 u∗)du∗ ⇒ du∗ = cos2 u∗d tan u∗ ,

d sin v∗ = cos v∗dv∗ ⇒ dv∗ =
1p

1 − sin2 v∗
d sin v∗ ,

ds2 = r2 cos2 vdu2 + r2dv2 = r2 cos2 v∗du∗2 + r2dv∗2 = ds∗2 .

(3.35)

Killing vector of symmetry (rotation axis):

1 axis of symmetry: e1 ∼
2
41

0
0

3
5 , 2 axis of symmetry: e2 ∼

2
40
1
0

3
5 , 3 axis of symmetry: e3 ∼

2
40

0
1

3
5 . (3.36)
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e. W.Killing (1892) transformed the postulate of equivariance (“form invariance”) of the first

differential invariant under the action of a transformation group (“Lie group”) into a system
of partial differential equations, which are known as the Killing equations being subject to an
integrability condition. An important historical reference on the theme continuous groups
of transformations and Killing’s equations is L. P. Eisenhart (1961, pp. 208–221). J. Zund
succeeded to solve the Killing equations for the sphere (three Killing vectors) and for the
ellipsoid-of-revolution (one Killing vector).
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3-3 The oblique frame of reference of the sphere

The oblique frame of reference of the sphere (three Killing vectors): normal, oblique, and transverse
aspects, Killing symmetry, designs of an oblique frame of reference of the sphere.

Let us confront you here with three aspects of the sphere, which are called normal, oblique, and
transverse. These aspects form the basis of spherical coordinates of the sphere, taking into account
the three Killing vectors of symmetry, typical for a spherical surface. The first oblique frame of
reference of S

2
r is based upon the meta-North Pole, with the spherical coordinates {λ0, φ0} as design

elements. Alternatively, the second oblique frame of reference of S
2
R refers to the centric oblique plane

P
2
O, which intersects the sphere S

2
R and passes the origin O. The oblique plane P

2
O intersects S

2
R in a

so-called circular oblique equator, also called meta-equator, which is oriented by two Kepler elements
{Ω, I}, namely the longitude Ω of the ascending node and the inclination I. Finally, the third frame
of reference, which is called transverse, is defined as special oblique, namely by an inclination I = π/2.
For all three frames of reference, we present to you the forward and backward transformation formulae,
also called direct and inverse. Their derivation is technically done in a way which is suitable for other
figures of reference which have less Killing symmetry, like the ellipsoid-of-revolution.

3-31 A first design of an oblique frame of reference of the sphere

The first design of an oblique frame of reference of the sphere S
2
r is taking reference to the following

design aspects. (i) We make a choice about the three spherical coordinates {λ0, φ0, r} of the “new
North Pole” (which is also called meta-North Pole) relative to the conventional equatorial frame of
reference. We attach to the direction of the new North Pole a new equatorial frame of reference, which
is called meta-equatorial, namely {e10 ,e20 ,e30 x0}, a set of orthonormal base vectors at the point
x(λ0, Φ0, r) =: x0, such that e30 := x0/ ‖ x0 ‖. We connect the conventional equatorial frame of
reference {e1,e2,e3 O} to the oblique or meta-equatorial frame of reference {e10 ,e20 ,e30 O} at the
origin O, namely by parallel transport of {e10 ,e20 ,e30} from x0 to PO (in the Euclidean sense). (ii)
We represent the coordinates of the placement vector x, both in the conventional equatorial frame of
reference and in the oblique equatorial frame of reference. (iii) We finally derive the forward as well
as backward equations of transformation between them.

Solution (the first problem).

The first problem can be solved (i) by representing the placement vector x(λ0, φ0, r) in terms
of the chosen spherical coordinates {λ0, φ0, r}, (ii) by computing the triplet of partial derivatives
{Dλ0x, Dφ0x, Drx}, which are normalized by the Euclidean norms ‖Dλ0x ‖, ‖Dφ0x ‖, and ‖Drx ‖,
leading to the triplet −eφ0 := Dφ0x/‖Dφ0x ‖, +eλ0 := Dλ0x/‖Dλ0x ‖, and +er := Drx/‖Drx ‖,
and these three triplet terms are called South, East, and Vertical. Finally, we relate the base vectors
{e10 ,e20 ,e30 x0} := {eλ0 ,eφ0 ,er x0} to {e1,e2,e3 O}. This is outlined in Box 3.3. For geometrical
details, consult Figs. 3.6 and 3.7.

End of Solution (the first problem).

Solution (the second problem).

The second problem, the representation of the placement vector x in the orthonormal equatorial frame
of reference {e1,e2,e3 O} at the origin O as well as in the oblique frame of reference {e10 ,e20 ,e30 O}
(which is called meta-equatorial) at the origin O in terms of spherical coordinates {λ, φ, r} as well as
in meta-spherical coordinates {α, β, r}, is solved by forward and backward transformations. This is
outlined in Boxes 3.3 and 3.4. For geometrical details, consult again Figs. 3.6 and 3.7. Here, we meet
the particular problem to parallel transport the oblique frame of reference {e10 ,e20 ,e30 x(λ0, φ0, r)}
(which is defined at the point x(λ0, φ0, r)) in the Euclidean sense from (λ0, φ0, r) to the origin O in
order to generate the centric frame of reference {e10 ,e20 ,e30 O}.
End of Solution (the second problem).
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Box 3.3 (Establishing an oblique frame of reference (meta-equatorial) of the sphere).

(i) Placement vector towards the meta-North Pole:

x(λ0, φ0, r) = e1r cos φ0 cos λ0 + e2r cos φ0 sin λ0 + e3r sin φ0 . (3.37)

(ii) Jacobi map:

Dλ0x = −e1r cos φ0 sin λ0 + e2r cos φ0 cos λ0 ,

Dφ0x = −e1r sin φ0 cos λ0 − e2r sin φ0 sin λ0 + e3r cos φ0 ,

Drx = +e1 cos φ0 cos λ0 + e2 cos φ0 sin λ0 + e3 sin φ0 .

(3.38)

(iii) Meta-equatorial (oblique) frame of reference:

˘
South, East, Vertical

¯
:=

:=

j −Dφ0x

‖Dφ0x‖ ,
Dλ0x

‖Dλ0x‖ ,
Drx

‖Drx‖
ff

=:

=:
˘
e10 , e20 , e30 [λ0, φ0, r]

¯
,

(3.39)

e10 = eS = +e1 sin φ0 cos λ0 + e2 sin φ0 sin λ0 − e3 cos φ0 ,

e20 = eE = −e1 sin λ0 + e2 cos λ0 ,

e30 = eV = +e1 cos φ0 cos λ0 + e2 cos φ0 sin λ0 + e3 sin φ0 .

(3.40)

{eS, eE, eV x0} is a moving frame (repére mobile) at x0 := x(λ0, φ0, r):

2
4e10

e20

e30

3
5 =

2
4eS

eE

eV

3
5 =

2
4sin φ0 cos λ0 sin φ0 sin λ0 − cos φ0

− sin λ0 cos λ0 0
cos φ0 cos λ0 cos φ0 sin λ0 + sin φ0

3
5

2
4e1

e2

e3

3
5 . (3.41)

(iv) Parallel transport:

{eS, eE, eV x(λ0, φ0, r)} = {eS, eE, eV O} . (3.42)

Statement:

2
4e10

e20

e30

3
5 =

2
4eS

eE

eV

3
5 = R(λ0, φ0, r)

2
4e1

e2

e3

3
5 ,

R(λ0, φ0, r) := R2 (π/2 − φ0)R3(λ0) ,

R3(λ0) :=

2
4 cos λ0 sin φ0 0
− sin λ0 cos λ0 0

0 0 1

3
5 , R2 (π/2 − φ0) :=

2
4sin φ0 0 − cos φ0

0 1 0
cos φ0 0 sin φ0

3
5 .

(3.43)
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φ0

φ

β
O

S

N

equator

meta-equatormeta-South

meta-North
e30 = eV

x0/r (projection)

x/r (projection)

Fig. 3.6. Vertical section of S
2
r, equatorial as well as meta-equatorial (oblique) frame of reference.

Now, we are well-prepared to solve the forward and backward transformation problems, which are
also called the direct and the inverse transformations, which can be characterized as follows. (i) Direct
transformation:given the longitude λ and the latitude φ of point x ∈ S

2
r in the conventional equatorial

frame of reference as well as the spherical coordinates {λ0, φ0} of the meta-North Pole, find the meta-
longitude α and the meta-latitude β (alternatively, the meta-colatitude ψ) of an identical point in the
meta-equatorial (oblique) frame of reference of the sphere S2

r. (ii) Inverse transformation:given the
meta-longitude α and the meta-latitude β in the meta-equatorial (oblique) frame of reference as well
as the spherical coordinates {λ0, φ0} of the meta-North Pole, find the longitude λ and the latitude φ
of an identical point in the conventional equatorial frame of reference of the sphere S

2
r.

λ0
λ

α

O
reference meridian
“Greenwich”

meta-South
meta-meridian
e10 = eS

meta-East
e20 = eE

x/r (projection)

Fig. 3.7. Horizontal section of S
2
r, equatorial as well as meta-equatorial (oblique) frame of reference.
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Solution (the third problem, direct transformation).

Such a problem can be immediately solved as outlined in Boxes 3.3, 3.4, 3.5, and 3.6. First, we have pa-
rameterized the transformation of reference frames {e10 ,e20 ,e30 O} → {e1,e2,e3 O} by means of the
pole position {λ0, φ0}. Second, the placement vector x ∈ S

2
r of a point of the reference sphere is repre-

sented in both the conventional equatorial frame of reference {e1,e2,e3 O} and in the meta-equatorial
(oblique) frame of reference {e10 ,e20 ,e30 O} at the origin O. Third, we substitute {e1,e2,e3 O} in
favor of {e10 ,e20 ,e30 O} by means of the backward transformation of reference frames, our first
setup. The final representation of the placement vector x(λ, φ;λ0, φ0) is achieved in terms of (i) con-
ventional equatorial coordinates {λ, φ} and (ii) equatorial coordinates {λ0, φ0} of the meta-North
Pole. The corresponding two coordinate transformations α(λ, φ;λ0, φ0) and β(λ, φ;λ0, φ0) are derived
in Box 3.5. The three identities for (i) cos α, (ii) sinα, and (iii) sinβ or cos ψ are derived by represent-
ing (i) x0 = r cos β cosα, (ii) y0 = r cos β sin α, and (iii) z0 = r sin β = r cos ψ in the oblique frame
of reference. The first identity is also called spherical sine lemma, the second identity is also called
spherical sine–cosine lemma, and the third identity is called spherical side cosine lemma. Indeed, we
have derived the collective formulae of Spherical Trigonometry, however, in a way to be used for other
reference surfaces, for instance, the ellipsoid-of-revolution – a surface with one Killing vector of sym-
metry. The direct transformation formulae {λ, φ;λ0, φ0} → {α, β} are presented in Box 3.6. First, by
dividing the second identity by the first identity, we arrive at tanα = f(λ, φ;λ0, φ0). Alternatively,
we may chose cos α or sinα, which are additionally depending on cosβ. Second, we repeat the third
identity sinβ = cos ψ either for the meta-latitude β or the meta-colatitude ψ, also called meta-polar
distance – the space angle between the vectors x and x0.

End of Solution (the third problem, direct transformation).

Solution (the third problem, inverse transformation).

Such a problem can be immediately solved as outlined in Box 3.7. First, we have parameterized the
transformation of reference frames {e1,e2,e3 O} → {e10 ,e20 ,e30 O} by means of the pole position
{λ0, φ0}. Second, the placement vector x ∈ S

2
r of a point of the reference sphere is represented

in both the conventional equatorial frame of reference {e1,e2,e3 O} and in the meta-equatorial
(oblique) frame of reference {e10 ,e20 ,e30 O} at the origin O. Third, we substitute {e10 ,e20 ,e30 O}
in favor of {e1,e2,e3 O} by means of the forward transformation of reference frames, our first
setup. The final representation of the placement vector x(α, β;λ0, φ0) is achieved in terms of (i)
meta- equatorial coordinates {α, β} and (ii) equatorial coordinates {λ0, φ0} of the meta-North Pole.
The corresponding two coordinate transformations λ(α, β;λ0, φ0) and φ(α, β;λ0, φ0) are derived in
Box 3.8. The three identities for (i) cos λ, (ii) sinλ, and (iii) sinφ are based on representing (i) x =
r cos φ cos λ, (ii) y = r cosφ sin λ, and (iii) z = r sin φ in the oblique frame of reference as derived in
the previous formulae. The inverse transformation formulae {α, β;λ0, φ0} → {λ, φ} are presented in
Box 3.9. First, by dividing the second identity by the first identity, we arrive at tanλ = f(α, β;λ0, φ0).
Alternatively, we may take advantage of the elegant form tan(λ − λ0), which is achieved as soon as
we implement the addition theorem for tan(α±β). Indeed, another simple derivation is the following.
Take reference to the direct transformation formulae. Multiply, the third identity by cosφ0, namely
sin β cos φ0, as well as the first identity by sin φ0, namely cosβ cos α sin φ0, and sum up. In this way, you
have found cosφ cos(λ− λ0) = sin β cos φ0 + cosβ cos α sin φ0. From the second identity, you transfer
cos φ sin(λ−λ0) = cosβ sin α and divide to produce tan(λ−λ0) = sin(λ−λ0)/ cos(λ−λ0). Second, you
transfer the third identity of the inverse transformation to gain sinφ = g(α, β;λ0, φ0). Alternatively,
you may multiply the first identity of the forward transformation by cosφ0, namely cosβ cos α cos φ0,
and replace cos β cosφ0 cos(λ− λ0) by the third identity, i. e. sin β − sin φ sin φ0 = cosψ− sin φ sin φ0.
Finally, solve for sinφ.

End of Solution (the third problem, inverse transformation).
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Box 3.4 (Representation of a placement vector x ∈ S
2
r in both the equatorial frame of reference indicated

by {e1, e2, e3 O} and the meta-equatorial (oblique) frame of reference indicated by {e10 , e20 , e30 O}).
e1x + e2y + e3z = x = e10x0 + e20y0 + e30z0 ,

e1 cos φ cos λ + e2 cos φ sin λ + e3 sin φ =
x

r
= e10 cos β cos α + e20 cos β sin α + e30 sin β .

(3.44)

Transformation {e1, e2, e3 O} → {e10 , e20 , e30 O}:2
4e1

e2

e3

3
5 =

2
4sin φ0 cos λ0 − sin λ0 cos φ0 cos λ0

sin φ0 sin λ0 cos λ0 cos φ0 sin λ0

− cos φ0 0 sin φ0

3
5

2
4e10

e20

e30

3
5 , (3.45)

e1 = +e10 sin φ0 cos λ0 − e20 sin λ0 + e30 cos φ0 cos λ0 ,

e2 = +e10 sin φ0 sin λ0 + e20 cos λ0 + e30 cos φ0 sin λ0 ,

e3 = −e10 cos φ0 + e30 sin φ0 ,

(3.46)

x = e1x + e2y + e3z =

= e10
`
x sin φ0 cos λ0 + y sin φ0 sin λ0 − z cos φ0

´
+

+e20
` − x sin λ0 + y cos λ0

´
+ e30

`
x cos φ0 cos λ0 + y cos φ0 sin λ0 + z sin φ0

´
=

= re10
`
cos φ cos λ sin φ0 cos λ0 + cos φ sin λ sin φ0 sin λ0 − sin φ cos φ0

´
+

+re20
` − cos φ cos λ sin λ0 + cos φ sin λ cos λ0

´
+

+re30
`
cos φ cos λ cos φ0 cos λ0 + cos φ sin λ cos φ0 sin λ0 + sin φ sin φ0

´
= re10 cos β cos α + re20 cos β sin α + re30 sin β .

(3.47)

Box 3.5 (From the equatorial frame of reference {e1, e2, e3 O} to the meta-equatorial (oblique) frame of
reference {e10 , e20 , e30 O}: the direct transformation).

(i) The first identity (spherical sine lemma):

x0 = r cos β cos α ⇒ cos α =
x0

r cos β
,

cos α =
1

cos β

`
cos φ cos λ sin φ0 cos λ0 + cos φ sin λ sin φ0 sin λ0 − sin φ cos φ0

´
,

cos α =
1

cos β

`
cos φ sin φ0 cos(λ − λ0) − sin φ cos φ0

´
.

(3.48)

(ii) The second identity (spherical sine-cosine lemma):

y0 = r cos β sin α ⇒ sin α =
y0

r cos β
,

sin α =
1

cos β

` − cos φ cos λ sin λ0 + cos φ sin λ cos λ0

´
,

sin α =
1

cos β
cos φ sin(λ − λ0) .

(3.49)

(iii) The third identity (spherical side cosine lemma):

z0 = r sin β = r cos ψ ⇒ sin β = cos ψ =
z0

r
,

sin β = sin ψ = cos φ cos φ0 cos λ cos λ0 + cos φ cos φ0 sin λ sin λ0 + sin φ sin φ0 ,

sin β = sin ψ = cos φ cos φ0 cos(λ − λ0) + sin φ sin φ0 .

(3.50)
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Box 3.6 (The forward problem of transforming spherical frames of reference. Input variables: λ, φ, λ0, φ0.
Output variables: α, β).

(i) The first and second identities:

tan α =
cos φ sin(λ − λ0)

cos φ sin φ0 cos(λ − λ0) − sin φ cos φ0
, tan α =

sin(λ − λ0)

sin φ0 cos(λ − λ0) − tan φ cos φ0
. (3.51)

Alternatives:

sin α =
1

cos β
cos φ sin(λ − λ0) ,

cos α =
1

cos β

`
cos φ sin φ0 cos(λ − λ0) − sin φ cos φ0

´
.

(3.52)

(ii) The third identity:

sin β = sin ψ = cos φ cos φ0 cos(λ − λ0) + sin φ sin φ0 . (3.53)

Box 3.7 (Representation of a placement vector x ∈ S
2
r in both the equatorial frame of reference

{e1, e2, e3 O} and the meta-equatorial (oblique) frame of reference {e10 , e20 , e30 O}).

e10 = +e1 sin φ0 cos λ0 + e2 sin φ0 sin λ0 − e3 cos φ0 ,

e20 = −e1 sin λ0 + e2 cos λ0 ,

e30 = +e1 cos φ0 cos λ0 + e2 cos φ0 sin λ0 + e3 sin φ0 ,

(3.54)

x = e1x + e2y + e3z = e10x0 + e20y0 + e30z0 =

= e1

`
x0 sin φ0 cos λ0 − y0 sin λ0 + z0 cos φ0 cos λ0

´
+

+e2

`
x0 sin φ0 sin λ0 + y0 cos λ0 + z0 cos φ0 sin λ0

´
+ e3

` − x0 cos φ0 + z0 sin φ0

´
=

= re1 cos φ cos λ + re2 cos φ sin λ + re3 sin φ =

= re1

`
cos β cos α sin φ0 cos λ0 − cos β sin α sin λ0 + sin β cos φ0 cos λ0

´
+

+re2

`
cos β cos α sin φ0 sin λ0 + cos β sin α cos λ0 + sin β cos φ0 sin λ0

´
+

+re3

` − cos β cos α cos φ0 + sin β sin φ0

´
.

(3.55)

Box 3.8 (From the meta-equatorial (oblique) frame of reference {e10 , e20 , e30 O} to the equatorial frame
of reference {e1, e2, e3 O}: the inverse transformation).

(i) The first identity:

x = r cos φ cos λ ⇒ cos λ =
x

r cos φ
,

cos λ =
1

cos φ

`
cos β cos α sin φ0 cos λ0 − cos β sin α sin λ0 + sin β cos φ0 cos λ0

´
.

(3.56)

(ii) The second identity:

y = r cos φ sin λ ⇒ sin λ =
y

r cos φ
,

sin λ =
1

cos φ

`
cos β cos α sin φ0 sin λ0 + cos β sin α cos λ0 + sin β cos φ0 sin λ0

´
.

(3.57)

(iii) The third identity:

z = r sin φ ⇒ sin φ =
z

r
,

sin φ = − cos β cos α cos φ0 + sin β sin φ0 .
(3.58)
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Box 3.9 (The backward problem of transforming spherical frames of reference. Input variables: α, β, λ0, φ0.
Output variables: λ, φ).

(i) The first and second identities:

tan λ =
cos β cos α sin φ0 sin λ0 + cos β sin α cos λ0 + sin β cos φ0 sin λ0

cos β cos α sin φ0 cos λ0 − cos β sin α sin λ0 + sin β cos φ0 cos λ0
,

tan(λ − λ0) =
tan λ − tan λ0

1 + tan λ tan λ0

⇒
tan(λ − λ0) =

sin α

tan β cos φ0 + cos α sin φ0
,

(3.59)

cos λ =
1

cos φ

`
cos β cos α cos φ0 sin λ0 − cos β sin α sin λ0 + sin β cos φ0 cos λ0

´
,

sin λ =
1

cos φ

`
cos β cos α sin φ0 sin λ0 + cos β sin α cos λ0 + sin β cos φ0 sin λ0

´
.

(3.60)

(ii) The third identity:

sin φ = − cos β cos α cos φ0 + sin β sin φ0 . (3.61)

3-32 A second design of an oblique frame of reference of the sphere

The second design of an oblique frame of reference of the sphere S
2
R is taking reference to the

following design aspects. (i) We intersect the sphere S
2
R by a central plane P

2
O, generating the oblique

circular equator, also called meta-equator. We attach the oblique orthornomal frame of reference
{E1′ ,E2′ ,E3′ O} at the origin O to the central plane P

2
O such that {E1′ ,E2′ O} span the central

plane as well as E3′ , its unit normal vector. We connect the conventional equatorial frame of reference
{E1′ ,E2′ ,E3′ O} by means of the Kepler elements Ω and I, also called right ascension of the
ascending node Ω and inclination I. These Kepler elements constitute the Euler rotation matrix
R(Ω, I) := R1(I)R3(Ω). (ii) Finally, based upon such a connection, the coordinates of the placement
vector x have to be represented both in the conventional equatorial frame of reference and in the
oblique equatorial frame of reference. (iii) The forward equations as well as the backward equations
of transformation between them have to be derived.

Solution (the first, the second, and the third problem).

The three problems, in particular, can be solved (i) by representing the placement vector X(Λ,Φ,R)
in terms of the chosen spherical coordinates {Λ,Φ,R} with respect to the equatorial frame of reference
{E1,E2,E3 O}, (ii) by transforming to an oblique frame of reference {E1′ ,E2′ ,E3′ O} by means of
the Kepler elements (special Cardan angles) Ω and I, called longitude Ω of the ascending node and
inclination I, and (iii) by introducing oblique spherical coordinates {A,B}, called meta-longitude A
and meta-latitude B. The complete program is outlined in Boxes 3.10–3.15. In particular, we transform
from the original equatorial frame of reference {E1,E2,E3 O} to the oblique frame of reference, called
meta-equatorial, by R1(I)R3(Ω). Indeed, we perform a first rotation by the Cardan angle Ω around
the 3 axis (Z axis) and a second rotation by the Cardan angle I around the 1 axis (X ′ axis) in order to
generate [E1′ ,E2′ ,E3′ ]∗ = R1(I)R3(Ω)[E1,E2,E3]∗. Such a procedure can be interpreted as follows:
intersect S

2
R by a centric plane P

2
O to produce a circular meta-equator, which is oriented by Ω and I.

For geometrical details, consult Fig. 3.8.

End of Solution (the first, the second, and the third problem).
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Ω

I
O1

1′

E1

E3

E1′

E2′

Fig. 3.8. The oblique plane P
2
O intersecting the sphere S

2
R, circular meta-equator.

Box 3.10 (Establishing an oblique frame of reference (meta-equatorial) of the sphere).

(i) The placement vector X represented in the conventional

as well as in the oblique frame of reference:

X(Λ, Φ, R) = E1R cos Φ cos Λ + E2R cos Φ sin Λ + E3R sin Φ =

= E1′R cos B cos A + E2′R cos B sin A + E3′R sin B = x(A, B, R) .
(3.62)

(ii) The transformation of the frames of reference:

2
4E1′

E2′
E3′

3
5 = R1(I)R3(Ω)

2
4E1

E2

E3

3
5 ,

R1(I)R3(Ω) =

=

2
4 cos Ω sin Ω 0

− sin Ω cos I cos Ω cos I sin I

sin Ω sin I − cos Ω sin I cos I

3
5

(3.63)

versus

2
4E1

E2

E3

3
5 = R∗

3(Ω)R∗
1(I)

2
4E1′

E2′
E3′

3
5 ,

R∗
3(Ω)R∗

1(I) =

=

2
4cos Ω − sin Ω cos I sin Ω sin I

sin Ω cos Ω cos I − cos Ω sin I

0 sin I cos I

3
5 .

(3.64)
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Box 3.11 (Representation of a placement vector X ∈ S
2
R in both the equatorial frame of reference

{E1, E2, E3 O} and the meta-equatorial (oblique) frame of reference {E1′ , E2′ , E3′ O}).

(i) The Cartesian representation:

E1X + E2Y + E3Z = E1′X
′ + E2′Y

′ + E3′Z
′ . (3.65)

(ii) The curvilinear representation ({E1′ , E2′ , E3′ O} → {E1, E2, E3 O}):

E1 = E1′ cos Ω − E2′ sin Ω cos I + E3′ sin Ω sin I ,

E2 = E1′ sin Ω + E2′ cos Ω cos I − E3′ cos Ω sin I ,

E3 = E2′ sin I + E3′ cos I ,

(3.66)

X =

= E1X + E2Y + E3Z =

= E1′
`
X cos Ω + Y sin Ω

´
+

+E2′
` − X sin Ω cos I + Y cos Ω cos I + Z sin I

´
+

+E3′
`
X sin Ω sin I − Y cos Ω sin I + Z cos I

´
,

(3.67)

X =

= RE1′
`
cos Φ cos Λ cos Ω + cos Φ sin Λ sin Ω

´
+

+RE2′
` − cos Φ cos Λ sin Ω cos I + cos Φ sin Λ cos Ω cos I + sin Φ sin I

´
+

+RE3′
`
cos Φ cos Λ sin Ω sin I − cos Φ sin Λ cos Ω sin I + sin Φ cos I

´
=

= RE1′ cos B cos A + RE2′ cos B sin A + RE3′ sin B .

(3.68)

(iii) The curvilinear representation ({E1, E2, E3 O} → {E1′ , E2′ , E3′ O}):

E1′ = +E1 cos Ω + E2 sin Ω ,

E2′ = −E1 sin Ω cos I + E2 cos Ω cos I + E3 sin I ,

E3′ = +E1 sin Ω sin I − E2 cos Ω sin I + E3 cos I ,

(3.69)

X =

= E1′X
′ + E2′Y

′ + E3′Z
′ =

= E1

`
X ′ cos Ω − Y ′ sin Ω cos I + Z′ sin Ω sin I

´
+

+E2

`
X ′ sin Ω + Y ′ cos Ω cos I − Z′ cos Ω sin I

´
+

+E3

`
Y ′ sin I + Z′ cos I

´
,

(3.70)

X =

= RE1

`
cos B cos A cos Ω − cos B sin A sin Ω cos I + sin B sin Ω sin I

´
+

+RE2

`
cos B cos A sin Ω + cos B sin A cos Ω cos I − sin B cos Ω sin I

´
+

+RE3

`
cos B sin A sin I + sin B cos I

´
=

= RE1 cos Φ cos Λ + RE2 cos Φ sin Λ + RE3 sin Φ .

(3.71)
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Box 3.12 (From the equatorial frame of reference {E1, E2, E3 O} to the meta-equatorial (oblique) frame
of reference {E1′ , E2′ , E3′ O}: the direct transformation).

(i) The first identity:

X ′ = R cos B cos A

⇒

cos A =
X ′

R cos B
,

cos A =
1

cos B

`
cos Φ cos Λ cos Ω + cos Φ sin Λ sin Ω

´
,

cos A =
cos Φ

cos B
cos(Λ − Ω) .

(3.72)

(ii) The second identity:

Y ′ = R cos B sin A

⇒

sin A =
Y ′

R cos B
,

sin A =
1

cos B

` − cos Φ cos Λ sin Ω cos I + cos Φ sin Λ cos Ω cos I + sin Φ sin I
´

,

sin A =
1

cos B

`
cos Φ cos I sin(Λ − Ω) + sin Φ sin I

´
.

(3.73)

(iii) The third identity:

Z′ = R sin B

⇒

sin B =
Z′

R
,

sin B = cos Φ cos Λ sin Ω sin I − cos Φ sin Λ cos Ω sin I + sin Φ cos I ,

sin B = − cos Φ sin I sin(Λ − Ω) + sin Φ cos I .

(3.74)

Box 3.13 (The forward problem of transforming spherical frames of reference. Input variables: Λ, Φ, Ω, I.
Output variables: A, B).

(i) The first and second identities:

tanA =
cos I sin(Λ − Ω) + tan Φ sin I

cos(Λ − Ω)
. (3.75)

Alternatives:

sin A =
cos Φ

cos B

`
cos I sin(Λ − Ω) + tanΦ sin I

´
,

cos A =
cos Φ

cos B
cos(Λ − Ω) .

(3.76)

(ii) The third identity:

sin B = − cos Φ sin I sin(Λ − Ω) + sin Φ cos I . (3.77)
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Box 3.14 (From the meta-equatorial (oblique) frame of reference {E1′ , E2′ , E3′ O} to the equatorial frame
of reference {E1, E2, E3 O}: the inverse transformation).

(i) The first identity:

X = R cos Φ cos Λ ⇒ cos Λ =
X

R cos Φ
,

cos Λ =
1

cos Φ

`
cos B cos A cos Ω − cos B sin A sin Ω cos I + sin B sin Ω sin I

´
.

(3.78)

(ii) The second identity:

Y = R cos Φ sin Λ ⇒ sin Λ =
Y

R cos Φ
,

sin Λ =
1

cos Φ

`
cos B cos A sin Ω + cos B sin A cos Ω cos I − sin B cos Ω sin I

´
.

(3.79)

(iii) The third identity:

Z = R sin Φ ⇒ sin Φ =
Z

R
,

sin Φ = cos B sin A sin I + sin B cos I .

(3.80)

Box 3.15 (The backward problem of transforming spherical frames of reference. Input variables: A, B, Ω, I.
Output variables: Λ, Φ).

(i) The first and second identities:

tan Λ =
cos B cos A sin Ω + cos B sin A cos Ω cos I − sin B cos Ω sin I

cos B cos A cos Ω − cos B sin A sin Ω cos I + sin B sin Ω sin I
. (3.81)

(ii) The third identity:

sin Φ = cos B sin A sin I + sin B cos I . (3.82)

3-33 The transverse frame of reference of the sphere: part one

In the framework of the transverse aspect, we are aiming at establishing a special oblique frame of
reference by the inclination I = 90◦. We have to deal with two problems depending on the input data.

Forward problem. Backward problem.

Input: Λ,Φ and Ω, I = π/2. Input: A,B and Ω, I = π/2.

Output: A,B. Output: Λ,Φ.

Within the forward problem, which is solved in Box 3.16, we depart from (i) given spherical longitude
Λ and spherical latitude Φ of a point in the sphere S2

R and from (ii) given longitude of the ascending
node Ω and inclination I = π/2 of the meta-equatorial plane in order to derive (iii) meta-longitude
A and meta-latitude B of the homologous point in the sphere. Conversely, for solving the backward
problem, which is outlined in Box 3.17, we inject (i) meta-longitude A and meta-latitude B of a point
in the sphere S

2
R and (ii) longitude of the ascending node Ω and inclination I = π/2 of the meta-

equatorial plane in order to derive spherical longitude Λ and spherical latitude Φ of the homologous
point in the sphere. Consult Fig. 3.9, which is an illustration of the transverse aspect of the sphere.
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Ω
I = π/2

O

Fig. 3.9. The transverse aspect of the sphere.

Box 3.16 (The forward problem of transforming spherical frames of reference: the transverse aspect. Input
variables: Λ, Φ, Ω, I = π/2. Output variables: A, B).

(i) Meta-longitude:

tan A =
tan Φ

cos(Λ − Ω)
,

cos A =
cos Φ

cos B
cos(Λ − Ω) =

=
cos Φ cos(Λ − Ω)p

1 + cos Φ sin(Λ − Ω)
p

1 − cos Φ sin(Λ − Ω)
,

sin A =
sin Φ

cos B
=

=
sin Φp

1 + cos Φ sin(Λ − Ω)
p

1 − cos Φ sin(Λ − Ω)
.

(3.83)

(ii) Meta-latitude:

sin B = − cos Φ sin(Λ − Ω) . (3.84)

(iii) Substitutions:

cos A =
1√

1 + tan2 A
, sin A =

tan A√
1 + tan2 A

,

cos A =
cos(Λ − Ω)p

cos2(Λ − Ω) + tan2 Φ
, sin A =

tan Φp
cos2(Λ − Ω) + tan2 Φ

,

1

cos B
=

1p
1 − cos2 Φ sin2(Λ − Ω)

=
1p

1 − cos Φ sin(Λ − Ω)
p

1 − cos Φ sin(Λ − Ω)
.

(3.85)
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Box 3.17 (The backward problem of transforming spherical frames of reference: the transverse aspect. Input
variables: A, B, Ω, I = π/2. Output variables: Λ, Φ).

(i) Longitude:

tan(Λ − Ω) = − tan B

cos A
. (3.86)

(ii) Latitude:

sin Φ = cos B sin A . (3.87)

(iii) Substitutions:

sin(Λ − Ω) = − sin B

cos Φ
,

cos(Λ − Ω) = +
tan Φ

tan A
,

tan(Λ − Ω) = − sin B

sin Φ

sin A

cos A
= − tan B

cos A
.

(3.88)

3-34 The transverse frame of reference of the sphere: part two

The transverse case is a special case of an oblique frame of reference. Since it has gained great interest
in map projections, we devote another special section to the transverse aspect. In short, for such
a peculiar aspect, the meta-North Pole is chosen to be located in the conventional equator of the
reference sphere S

2
r. In short, the spherical latitude φ0 = 0◦ of the meta-North Pole is fixed to zero.

Accordingly, we specialize the forward and backward transformation formulae according to Boxes 3.6
and 3.9 to such a special pole configuration. In order to understand better the conventional choice of
the transverse frame of reference, we additionally consider the following example.

Example 3.7 (On the transverse frame of refererence).

Let us choose λ0 = 270◦ and φ0 = 0◦, namely a placement of the meta-North Pole in the West Pole.
For such a configuration, the meta-equator (then called transverse equator) agrees with the Greenwich
meridian of reference. e10 = eS is directed to the South, e20 = eE is directed to the East. Such an
oblique frame of reference has not found the support of traditional map projectors. They prefer a
transverse frame of reference

{
e1∗ ,e2∗ ,e3∗

∣∣O}, namely a right-handed orthonormal frame of reference
that is oriented “East, North, Vertical” and relates to

{
e10 ,e20 ,e30

∣∣O} by

e1∗ = +e20 = eE (“Easting”) ,

e2∗ = −e10 = eS (“Northing”) ,

e3∗ = +e30 = eV (“Vertical”) .

(3.89)

In terms of this example, we may alternatively choose λ0 = λ0 − 270◦ = 90◦ + λ0 or λ0 = 270◦ + λ0,
and α = αS = 90◦ + αE or αE = αS − 90◦ = 270◦ + αS, such that {λ0 = 0◦, φ0 = 0◦} identifies the
Greenwich meridian of reference. Indeed, we have shifted both λ0 and αE for 3π/2 ∼ 270◦.

End of Example.



3-3 The oblique frame of reference of the sphere 139

Note that the direct transformation {λ, φ;λ0, φ0} → {αE, β} can then be conveniently solved, namely
with the result that is presented in Box 3.6. First, for the choice φ0 = 0, sin(λ − λ0) = cos(λ − λ0),
cos(λ − λ0) = − sin(λ − λ0), and tan α = tan αS = −1/ tanαE = − cot αE, we have derived the
transverse equations of reference. Second, if we substitute these identities into the representative
formulae “from the equatorial frame of reference

{
e1,e2,e3

∣∣O} to the meta-equatorial (“oblique”)
frame of reference

{
e10 ,e20 ,e30

∣∣O}” that are collected in Box 3.5, we are directly led to the basic
identities of transforming from the equatorial reference frame to the transverse reference frame.

3-35 Transformations between oblique frames of reference: first design, second design

Q
ue

st
io

n. Question: “How can the two oblique frames of reference e0 and E′, called first design and
second design, respectively, be related?” Answer: “The two oblique frames of reference can
be related to each other when we allow a third rotation in the Kepler orbital plane by means
of [E1′′ ,E2′′ ,E3′′ ]∗ = R3(ω)[E1′ ,E2′ ,E3′ ]∗.”

Note that ω is called longitude in the meta-equatorial plane. Such an additional rotation may come as a
surprise, but without such a longitude, the oblique frames of first and second kind cannot be identified
without inconsistencies. Sometimes, the angular parameter ω is called ambiguity. As it is outlined in
Box 3.18 and Box 3.19, the identity postulate (3.90) leads to trigonometric equations for {ω, I,Ω}
(given λ0 and φ0) and {λ0, φ0} (given ω, I, and Ω). Accordingly, we are able to transform forward
and backward between the oblique frames of reference subject to [E1′′ ,E2′′ ,E3′′ ]∗ = [e10 ,e20 ,e30 ]∗,
[E1 ,E2 ,E3 ]∗ = [e1 ,e2 ,e3 ]∗. Compare with Fig. 3.10, which illustrates the commutative diagram for
oblique frames of reference. The essential formulae for transforming E′′ → e0 as well as e0 → E′′ are
collected in Lemma 3.4, Lemma 3.5, and Corollary 3.6. These transformation formulae are summarized
and numerically tested in the following section.

E′′ e0

E eid

id

R3(ω)R1(I)R3(Ω) R2

“π

2
− φ0

”
R3(λ0)

Fig. 3.10. Commutative diagram for oblique frames of reference.
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⎡⎣E1′′

E2′′

E3′′

⎤⎦ =

= R3(ω)R1(I)R3(Ω)

⎡⎣E1

E2

E3

⎤⎦ = R2

(
π
2 − φ0

)
R3(λ0)

⎡⎣e1

e2

e3

⎤⎦ =

=

⎡⎣e10

e20

e30

⎤⎦
(3.90)

Box 3.18 (Transformation between oblique frames of reference: first design, second design).

(i) E → E′′

2
4E1′′

E2′′
E3′′

3
5 = R3(ω)

2
4E1′

E2′
E3′

3
5 ,

2
4E1′

E2′
E3′

3
5 = R1(I)R3(Ω)

2
4E1

E2

E3

3
5 ,

(3.91)

2
4E1′′

E2′′
E3′′

3
5 = R3(ω)R1(I)R3(Ω)

2
4E1

E2

E3

3
5 . (3.92)

(ii) e → e0

2
4e10

e20

e30

3
5 = R2

“π

2
− φ0

”
R3(λ0)

2
4e1

e2

e3

3
5 . (3.93)

(iii) E = e, E′′ = e0

2
4E1′′

E2′′
E3′′

3
5 = R3(ω)R1(I)R3(Ω)

2
4E1

E2

E3

3
5 = R2

“π

2
− φ0

”
R3(λ0)

2
4e1

e2

e3

3
5 =

2
4e10

e20

e30

3
5

⇔

R3(ω)R1(I)R3(Ω) = R2

“π

2
− φ0

”
R3(λ0) .

(3.94)
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Box 3.19 (Individual equations of transforming oblique frames of reference).

Equation (i):

R3(ω)R1(I)R3(Ω) =

=

2
4 cos ω cos Ω − sin ω sin Ω cos I cos ω sin Ω + sin ω cos Ω cos I sin ω sin I
− sin ω cos Ω − cos ω sin Ω cos I − sin ω sin Ω + cos ω cos Ω cos I cos ω sin I

sin Ω sin I − cos Ω sin I cos I

3
5 .

(3.95)

Equation (ii):

R2

“π

2
− φ0

”
R3(λ0) =

=

2
4sin φ0 cos λ0 sin φ0 sin λ0 − cos φ0

− sin λ0 cos λ0 0
cos φ0 cos λ0 cos φ0 sin λ0 sin φ0

3
5 .

(3.96)

Equation (iii):

cos ω = 0 , sin ω = 1 ⇒ ω = 90◦ . (3.97)

Equation (iv):

cos Ω = sin λ0 , sin Ω = − cos λ0 ⇒ Ω = 270◦ + λ0 , λ0 = 90◦ + Ω . (3.98)

Equation (v):

cos I = sin φ0 , sin I = − cos φ0 ⇒ I = 270◦ + φ0 , φ0 = 90◦ + I . (3.99)

Lemma 3.4 (The transformation of the first oblique frame of reference to the second oblique frame of
reference: λ0, φ0 → ω, I,Ω).

If the first oblique frame of reference is given by defining a meta-North Pole {λ0, φ0}, then the second
oblique frame of reference is determined by the orbital Kepler elements ω = 90◦, I = 270◦ + φ0, and
Ω = 270◦ + λ0.

End of Lemma.

Lemma 3.5 (The transformation of the second oblique frame of reference to the first oblique frame of
reference: ω, I,Ω → λ0, φ0).

If the second oblique frame of reference is given by defining the orbital Kepler elements {ω, I,Ω},
then the first oblique frame of reference is determined by the meta-North Pole λ0 = 90◦ + Ω and
φ0 = 90◦ + I, subject to ω = 90◦.

End of Lemma.

For the transverse frame of reference, the inclination of the ascending node I is chosen ninety degrees,
i. e. I = 90◦. Accordingly, the transformation of reference frames leads us to Corollary 3.6.

Corollary 3.6 (Transformation of reference frames, transverse aspect, I = 90◦).

If the second transverse frame of reference is given by defining the orbital Kepler elements as
{ω, I,Ω} = {90◦, 90◦, Ω}, then the first transverse frame of reference is determined by the meta-North
Pole λ0 = 90◦ + Ω and φ0 = 0◦.

End of Corollary.
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3-36 Numerical Examples

The following Table 3.1 and the following Table 3.2 show some selected examples of the two designs
to be considered here.

Table 3.1. First design: compare with Section 3-31.

Oblique frame,

meta-North Pole = Rio de Janeiro

(λ0 = −43◦12′, φ0 = −22◦54′36′′).

Direct problem (3.51/3.53).

P = Stuttgart

(λ = 9◦11′24′′, φ = 47◦46′48′′)

⇒
α = 147◦41′30′′.5, β = 5◦07′56′′.2.

Indirect problem (3.59/3.61).

α = −30◦, β = −20◦

⇒
λ = 173◦26′06′′.3,

φ = −38◦03′29′′.1.

Transverse frame,

meta-North Pole = West Pole

(λ0 = 270◦, φ0 = 0◦).

Direct problem (3.51/3.53).

P = Greenwich

(λ = 0◦, φ = 51◦28′38′′)

⇒
α = 141◦28′38′′, β = 0◦.

Indirect problem (3.59/3.61).

α = −30◦, β = −20◦

⇒
λ = 143◦56′51′′.4,

φ = −54◦28′07′′.1.

Table 3.2. Second design: compare with Section 3-32.

Meta-equator:

inclination I = 13◦24′36′′,

longitude of the ascending node

Ω = 52◦28′12′′.

Direct problem (3.75/3.77).

P = Stuttgart

(λ = 9◦11′24′′, φ = 47◦46′48′′)

⇒
A = −29◦27′49′′.7, B = 55◦48′51′′.1.

Indirect problem (3.81/3.82).

A = −30◦, B = −20◦

⇒
λ = 27◦34′19′′.6,

φ = 47◦46′48′′.

Transverse frame, meta-equator:

inclination I = 90◦,

longitude of the ascending node

Ω = 0◦.

Direct problem (3.75/3.77).

P = Greenwich

(λ = 0◦, φ = 51◦28′38′′)

⇒
A = 51◦28′38′′, B = 0◦.

Indirect problem (3.81/3.82).

A = −30◦, B = −20◦

⇒
λ = 22◦47′45′′.2,

φ = 51◦28′38′′.
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3-4 The oblique frame of reference of the ellipsoid-of-revolution

The oblique frame of reference of the ellipsoid-of-revolution (one Killing vector), transverse aspect, direct
transformation, indirect transformation, oblique quasi-spherical coordinates, quasi-spherical longitude,
quasi-spherical latitude.

Indeed, for an ellipsoid-of-revolution, there exist also three aspects which are called normal, oblique,
and transverse. Again, these aspects generate special ellipsoidal coordinates of the ellipsoid-of-
revolution, taking into account one Killing vector of symmetry. The oblique frame of reference of
E

2
A1,A2

is based upon the centric oblique plane P
2
O, which intersects the ellipsoid-of-revolution and

passes the origin O. Such an oblique plane P
2
O intersects E

2
A1,A2

in an elliptic oblique equator, also
called meta-equator, which is oriented by two Kepler elements {Ω, I}, called the longitude Ω of the
ascending node and the inclination I. The transverse frame of reference is obtained by choosing an
inclination I = π/2.

3-41 The direct and inverse transformations of the normal frame to the oblique frame

Let us orientate a set of orthonormal base vectors
{
E1,E2,E3

}
along the principal axes of the

ellipsoid-of-revolution of semi-major axis A1 and semi-minor axis A2:

E
2
A1,A2

:=
{
X ∈ R

3
(
X2 + Y 2

)
/A2

1 + Z2/A2
2 = 1, A1 > A2, A1 ∈ R

+, A2 ∈ R
+
}

. (3.100)

Against this frame of reference
{
E1,E2,E3

∣∣O} at the origin O, we introduce the oblique frame of
reference

{
E1′ ,E2′ ,E3′

∣∣O} at the origin O built on an alternative set of orthonormal base vectors
which are related by means of a rotation:⎡⎣E1′

E2′

E3′

⎤⎦ = R1(I)R3(Ω)

⎡⎣E1

E2

E3

⎤⎦ . (3.101)

This rotation is illustrated by Fig. 3.8. The rotation around the 3 axis is denoted by Ω, the right
ascension of the ascending node, while the rotation around the intermediate 1 axis is denoted by I,
the inclination. R1 and R3 are orthonormal matrices such that the following relation holds:

R1(I)R3(Ω) =

⎡⎣1 0 0
0 cos I sin I
0 − sin I cos I

⎤⎦⎡⎣ cos Ω sin Ω 0
− sin Ω cos Ω 0

0 0 1

⎤⎦ =

⎡⎣ cosΩ sin Ω 0
− sin Ω cos I cosΩ cos I sin I
sin Ω sin I − cosΩ sin I cos I

⎤⎦ ,

R1(I)R3(Ω) ∈ R
3×3 .

(3.102)

Accordingly, the following vector equation defines a representation of the placement vector X in the
orthonormal bases

{
E1,E2,E3

}
and

{
E1′ ,E2′ ,E3′

}
, respectively:

X =
3∑

i=1

EiX
i = E1X + E2Y + E3Z = E1′X ′ + E2′Y ′ + E3′Z ′ =

3∑
i′=1

Ei′X
i′ . (3.103)

Note that the corresponding Cartesian coordinate transformations are dual to the following systems
of coordinate transformations:

X1 = X1′
cos Ω − X2′

sin Ω cos I + X3′
sin Ω sin I =: X ,

X2 = X1′
sin Ω + X2′

cos Ω cos I −X3′
cos Ω sin I =: Y ,

X3 = X2′
sin I + X3′

cos I =: Z ,

(3.104)

or

X1′
= +X1 cos Ω + X2 sin Ω =: X ′ ,

X2′
= −X1 sin Ω cos I + X2 cos Ω cos I + X3 sin I =: Y ′ ,

X3′
= +X1 sin Ω sin I − X2 cos Ω sin I + X3 cos I =: Z ′ .

(3.105)
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3-42 The intersection of the ellipsoid-of-revolution and the central oblique plane

In order to obtain an oblique equatorial plane, namely an oblique equator, we intersect the ellipsoid-
of-revolution E

2
A1,A2

of semi-major axis A1 and semi-minor axis A2 and the central oblique plane L
2
O

(two-dimensional linear manifold through the origin O). Subsequently, the oblique equatorial plane as
well as its normal enables us to establish an oblique quasi-spherical coordinate system. Our first result
is summarized in Corollary 3.7.

Corollary 3.7 (The intersection of E
2
A1,A2

and L
2
O).

The intersection of the ellipsoid-of-revolution E2
A1,A2

and the central oblique plane L2
O is the ellipse

of semi-major axis A1′ = A1 and semi-minor axis A2′ = A1

√
1− E2/

√
1−E2 cos2 I with respect to

the relative eccentricity E2 :=
(
A2

1 −A2
2

)
/A2

1:

E
1
A1′ ,A2′

:=

:=
{

x′ ∈ R
2 x′

A2
1′

+
y′

A2
2′

= 1, A1′ = A1, A2′ = A1

√
1− E2/

√
1− E2 cos2 I, A1′ > A2′

}
.

(3.106)

End of Corollary.

For short, the proof of Corollary 3.7 has been given in J. Engels, E.Grafarend (1995, pp. 42–43).
Compare with Fig. 3.8, which illustrates the oblique elliptic equator as well as the orthogonal projection
of a point X ∈ E

2
A1,A2

onto the oblique equatorial plane, respectively. Note that in a following section,
the oblique equator is used to establish the following elliptic cylinder:

C2
A1′ ,A2′

:=

:=

{
X ′ ∈ R

3 X ′2

A2
1′

+
Y ′2

A2
2′

= 1, Z ′ ∈ R

}
.

(3.107)

We here note that the points of E2
A1,A2

are conformally mapped just to lay down the foundation of a
cylindric map projection.

3-43 The oblique quasi-spherical coordinates

With respect to the oblique equatorial plane and its normal vector, namely the oblique orthonormal
frame

{
E1′ ,E2′ ,E3′

∣∣O}, let us introduce oblique quasi-spherical coordinates by means of

X ′ = R(A,B) cos A cos B ,

Y ′ = R(A,B) sin A cos B ,

Z ′ = R(A,B) sin B .

(3.108)

A (A ∈ [0, 2π[) usually is called oblique quasi-spherical longitude, B (B ∈ [−π/2,+π/2]) usually is
called oblique quasi-spherical latitude, and R(A,B) is the oblique radius, which in turn is a function
of A and B. Corollary 3.8 gives the answer, how this radial function can be expressed.

Corollary 3.8 (The oblique radial function R(A,B)).

If a point X ∈ E2
A1,A2

is given in terms of oblique quasi-spherical coordinates of type (3.108), its
radial function is represented by

R(A,B) =
A1

√
1− E2√

1− E2[cos2 A cos2 B + (sin A cos B cos I − sin B sin I)2]
, (3.109)

where the angle I characterizes the inclination of the oblique equatorial plane.

End of Corollary.
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Proof.

For the proof, we depart from the quadratic form which is characteristic for E
2
A1,A2

, namely we
replace the Cartesian coordinates {X1, X2, X3} = {X, Y, Z} via (3.105) by the Cartesian coordinates
{X1′

, X2′
, X3′} = {X ′, Y ′, Z ′} :

X2 + Y 2

A2
1

+
Z2

A2
2

= 1

⇔
A2

1A
2
2 =

=
(
X2 + Y 2

)
A2

2 + Z2A2
1 =

= A2
2X

′2 +
(
A2

2 cos2 I + A2
1 sin2 I

)
Y ′2 +

(
A2

2 sin2 I + A2
1 cos2 I

)
Z ′2+

+2Y ′Z ′ (A2
1 −A2

2

)
sin I cos I ,

(3.110)

E2 :=
A2

1 −A2
2

A2
1

⇔

E2 = 1− A2
2

A2
1

⇔
A2

2 = A2
1

(
1−E2

)
,

(3.111)

A2
1

(
1−E2

)
=

=
(
1− E2

)
X ′2 +

[(
1− E2

)
cos2 I + sin2 I

]
Y ′2 +

[(
1− E2

)
sin2 I + cos2 I

]
Z ′2+

+2Y ′Z ′E2 sin I cos I

and

A2
1

(
1−E2

)
=

= X ′2 + Y ′2 + Z ′2 − E2
(
X ′2 + Y ′2 cos2 I + Z ′2 sin2 I

)
+

+2Y ′Z ′E2 sin I cos I ,

(3.112)

A2
1

(
1−E2

)
R2

=

= 1− E2
(
cos2 A cos2 B + sin2 A cos2 B cos2 I + sin2 B sin2 I − 2 sin A sin B cos B sin I cos I

)
= 1− E2[cos2 A cos2 B + (sin A cos B cos I − sin B sin I)2]

⇒
(3.109) .

(3.113)

End of Proof.

Next, we have to compute the arc length of E
1
A1′ ,A2′

, i. e. that part of the oblique ecliptic equator
which ranges from the oblique quasi-spherical longitude zero to a fixed, but arbitrary value A.
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3-44 The arc length of the oblique equator in oblique quasi-spherical coordinates

In order to compute the length of an arc in the oblique ecliptic equator E
1
A1′ ,A2′

in terms of oblique
quasi-spherical longitude, we are forced to represent the infinitesimal arc length by

dS =
√

dX ′2 + dY ′2 B=0=
√

R2(A) + R2
1(A)dA , (3.114)

subject to

R0(A,B = 0) := R(A) :=
A1

√
1−E2√

1−E2
(
1− cos2 I sin2 A

) , (3.115)

R1(A,B = 0) := R1(A) :=
1
1!

dR(A)
dA

= −A1E
2
√

1− E2 cos2 I sin A cosA[
1−E2

(
1− cos2 I sin2 A

)]3/2
, (3.116)

such that

S(A) =
∫ A

A=0

√
R2(A∗) + R2

1(A∗)dA∗ . (3.117)

In the following steps, we perform the integration. (i) Series expansion of R(A) according to (3.120)
up to order E6. (ii) Series expansion of R1(A) = dR/dA according to (3.121) up to order E6. (iii)
Series expansion of R2(A) + R2

1(A) according to (3.122) up to order E6. (iv) Series expansion of
(R2(A) + R2

1(A))1/2 according to (3.125) up to order E6.

Solution (the first step).

R(A)
A1

√
1− E2

= (1− x)−1/2 = 1 +
1
2
x +

1 · 3
2 · 4x2 +

1 · 3 · 5
2 · 4 · 6x3 + O−

(
x4

)
, (3.118)

subject to

x := −E2
(
1− cos2 I sin2 A

)
, |x| ≤ 1 ; (3.119)

R(A) = A1

√
1− E2

[
1 +

1
2
E2

(
1− cos2 I sin2 A

)
+

+
1 · 3
2 · 4E4

(
1− cos2 I sin2 A

)2
+

1 · 3 · 5
2 · 4 · 6E6

(
1− cos2 I sin2 A

)3
+ O−

(
E8

) ]
.

(3.120)

End of Solution (the first step).

Solution (the second step).

R1(A) =
dR

dA
=

= A1

√
1− E2

[
− E2 cos2 I sin A cos A−

−1 · 3
2

E4 cos2 I
(
1− cos2 I sin2 A

)
sin A cosA−

−1 · 3 · 5
2 · 4 E6 cos2 I

(
1− cos2 I sin2 A

)
sin A cosB −O1

(
E8

) ]
.

(3.121)

End of Solution (the second step).
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Solution (the third step).

R2(A) + R2
1(A) = A1

(
1− E2

)(
1 + E2

(
1− cos2 I cos2 A

)
+

+E4
[(

1− cos2 I cos2 A
)2

+ cos4 I sin2 A cos2 A
]
+

+E6
[(

1− cos2 I cos2 A
)3

+ 3 cos4 I
(
1− cos2 I sin2 A

)
sin2 A cos2 A

]
+ O1

(
E8

))
.

(3.122)

End of Solution (the third step).

Solution (the fourth step).

dS

dA

1
A1

√
1− E2

= (1 + x)+1/2 = 1 +
1
2
x− 1 · 1

2 · 4x2 +
1 · 1 · 3
2 · 4 · 6x3 − 1 · 1 · 3 · 5

2 · 4 · 6 · 8x4 + O+

(
x5

)
, (3.123)

subject to

x := E2
(
1− cos2 I sin2 A

)
+ E4

[(
1− cos2 I sin2 A

)2
+ cos4 I sin2 A cos2 A

]
+

+E6
[(

1− cos2 I sin2 A
)2

+ 3 cos4 I
(
1− cos2 I sin2 A

)
sin2 A cos2 A

]
+ O+

(
E8

)
;

(3.124)

dS(B = 0) = A1

√
1−E2

(
1 +

1
2
E2

(
1− cos2 I sin2 A

)
+

+E4

[
3
8
(
1− cos2 I sin2 A

)2
+ cos4 I sin2 A cos2 A

]
+

+E6

[
5
16

(
1− cos2 I sin2 A

)3
+

5
4

cos4 I
(
1− cos2 I sin2 A

)
sin2 A cos2 A

]
+ O+

(
E8

))
dA .

(3.125)

End of Solution (the fourth step).

Note that all series (3.120), (3.121), (3.122), and (3.125) are uniformly convergent. Accordingly, we
can interchange integration and summation within (3.117) when we substitute (3.125) as a series
expansion. An alternative useful expansion of S(A) in terms of powers of ∆A is provided by the
following formulae:

S (A0 + ∆A) = S (A0) + S1 (A0)∆A + S2 (A0) (∆A)2 + OS

[
(∆A)3

]
, (3.126)

S1 (A) =
1
1!

dS

dA
= A1

√
1− E2

(
1 +

1
2
E2

(
1− cos2 I sin2 A

)
+

+E4

[
3
8
(
1− cos2 I sin2 A

)2
+ cos4 I sin2 A cos2 A

]
+

+E6

[
5
16

(
1− cos2 I sin2 A

)3
+

5
4

cos4 I
(
1− cos2 I sin2 A

)
sin2 A cos2 A

]
+ O

(
E8

))
,

(3.127)

S2 (A) =
1
2!

d2S

dA2 = A1

√
1− E2

(
−E2 cos2 I sin A cos A−

−E4

[
3
4
(
1− cos2 I sin2 A

)
cos2 I sin A cos A− 2 cos2 I sin A cos3 A + cos4 I sin3 A cos A

]
−

−E6

[
15
8

(
1− cos2 I sin2 A

)2
cos2 I sin A cosA +

5
2

cos2 I sin3 A cos A−

−5
2
(
1− cos2 I sin2 A

)
cos4 I sin A cos3 A +

5
4
(
1− cos2 I sin2 A

)
cos4 I sin3 A cosA

]
+ O

(
E8

))
.

(3.128)
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Next, we have to work out how the oblique quasi-spherical longitude/latitude are related to the
standard surface normal ellipsoidal longitude/latitude. This finally concludes the introduction of the
oblique coordinate system of the ellipsoid-of-revolution. At first, we here aim at a transformation of
oblique quasi-spherical longitude/latitude into surface normal ellipsoidal longitude/latitude to which
we refer as direct transformation. Additionally, we here aim at a transformation of surface normal
ellipsoidal longitude/latitude into oblique quasi-spherical longitude/latitude to which we refer as
inverse transformation.

3-45 Direct transformation of oblique quasi-spherical longitude/latitude

The standard representation of a point X being an element of E
2
A1,A2

is given in terms of surface
normal ellipsoidal longitude/latitude {Λ,Φ} ∈ {

R2
∣∣0 ≤ Λ < 2π,−π/2 < Φ < +π/2

}
, which excludes

North Pole and South Pole of E
2
A1,A2

. Accordingly, {Λ,Φ} constitutes only a first chart of E
2
A1,A2

, i. e.

X1 = X =
A1 cos Φ cos Λ√
1− E2 sin2 Φ

,

X2 = Y =
A1 cos Φ sin Λ√
1− E2 sin2 Φ

,

X3 = Z =
A1

(
1− E2

)
sin Φ√

1− E2 sin2 Φ
.

(3.129)

The ellipsoidal coordinates Λ and Φ are called surface normal since the surface normal of E2
A1,A2

enjoys the spherical image

N = E1 cos Φ cos Λ + E2 cosΦ sin Λ + E3 sin Φ . (3.130)

A minimal atlas of E
2
A1,A2

, which covers all points of E
2
A1,A2

, has to be based on two charts given by
E.Grafarend and R. Syffus (1995). The direct mapping of type (3.129), namely {Λ,Φ} → {X, Y, Z},
has the inverse

tanΛ =
Y

X
,

tanΦ =
1

1− E2

Z√
X2 + Y 2

.

(3.131)

By means of (3.104), (3.108), and (3.109), one alternatively derives the direct mapping equations and
inverse mapping equations

X = R(A,B)
[
cos A cosB cosΩ − sin A cosB sin Ω cos I + sin B sin Ω sin I

]
,

Y = R(A,B)
[
cos A cosB sin Ω + sinA cosB cosΩ cos I − sin B cosΩ sin I

]
,

Z = R(A,B)
[
sin A cos B sin I + sinB cos I

]
,

(3.132)

tanΛ =
cos A cos B sin Ω + sin A cosB cosΩ cos I − sin B cosΩ sin I

cos A cosB cosΩ − sin A cosB sin Ω cos I + sin B sin Ω sin I
,

tanΦ =
1

1− E2

sin A cos B sin I + sin B cos I√
cos2 A cos2 B + (sin A cos B cos I − sin B sin I)2

.

(3.133)



3-4 The oblique frame of reference of the ellipsoid-of-revolution 149

Let us here additionally collect the result of the transformation {A,B} → {Λ,Φ} by the following
Corollary 3.9.

Corollary 3.9 (The change from one chart to another chart: cha-cha-cha, the oblique quasi-spherical
longitude/latitude versus the surface normal ellipsoidal longitude/latitude).

Given the longitude of the ascending node Ω as well as the inclination I of the oblique equatorial plane,
then the transformation of oblique quasi-spherical longitude/latitude in surface normal ellipsoidal
longitude/latitude is represented by (3.133).

End of Corollary.

Next, let us assume that we know already a point {Λ0, Φ0}, correspondingly {A0, B0}, in E
2
A1,A2

.
Relative to such a fixed point, we are able to find the coordinates {Λ,Φ}, correspondingly {A,B},
close to {Λ0, Φ0}, correspondingly {A0, B0}, by a Taylor series expansion of the type presented in
Boxes 3.20 and 3.21.

Box 3.20 (Taylor series expansion of the longitude function Λ(A, B), Taylor polynomials).

∆Λ = Λ − Λ0 =

=
∂Λ

∂A
(A0, B0) ∆A +

∂Λ

∂B
(A0, B0) ∆B+

+
1

2

∂2Λ

∂A2 (A0, B0) (∆A)2 +
∂2Λ

∂A∂B
(A0, B0) ∆A∆B +

1

2

∂2Λ

∂B2 (A0, B0) (∆B)2 +

+
1

6

∂3Λ

∂A3 (A0, B0) (∆A)3 +
1

6

∂3Λ

∂B3 (A0, B0) (∆B)3 +

+
1

2

∂3Λ

∂A2∂B
(A0, B0) (∆A)2 ∆B +

1

2

∂3Λ

∂A∂B2 (A0, B0) ∆A (∆B)2 +

+OΛ

ˆ
(∆A)4 , (∆B)4

˜
,

(3.134)

∆Λ = Λ − Λ0 =: l , ∆Φ = Φ − Φ0 =: b ,

∆A = A − A0 =: α , ∆B = B − B0 =: β .
(3.135)

Definition of partial derivatives:

l10 :=
∂Λ

∂A
(A0, B0) , l01 :=

∂Λ

∂B
(A0, B0) ,

l20 :=
1

2

∂2Λ

∂A2 (A0, B0) , l11 :=
∂2Λ

∂A∂B
(A0, B0) , l02 :=

1

2

∂2Λ

∂B2 (A0, B0) ,

l30 :=
1

6

∂3Λ

∂A3 (A0, B0) , l03 :=
1

6

∂3Λ

∂B3 (A0, B0) ,

l21 :=
1

2

∂3Λ

∂A2∂B
(A0, B0) , l12 :=

1

2

∂3Λ

∂A∂B2 (A0, B0) .

(3.136)

Taylor series, powers of Taylor series:

l = l10α + l01β + l20α
2 + l11αβ + l02β

2 + l30α
3 + l21α

2β + l12αβ2 + l03β
3 + O1

`
α4, β4´

,

l2 = l210α
2 + 2l10l01αβ + l201β

2 + 2l10l20α
3+

+2 (l10l11 + l01l20) α2β + 2 (l01l20 + l10l02) αβ2 + 2l01l02β
3 + O2

`
α4, β4´

,

l3 = l310α
3 + 3l210l01α

2β + 3l10l
2
01αβ2 + O3

`
α4, β4´

.

(3.137)
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Box 3.21 (Taylor series expansion of the latitude function Φ(A, B), Taylor polynomials).

∆Φ = Φ − Φ0 =

=
∂Φ

∂A
(A0, B0) ∆A +

∂Φ

∂B
(A0, B0) ∆B+

+
1

2

∂2Φ

∂A2 (A0, B0) (∆A)2 +
∂2Φ

∂A∂B
(A0, B0) ∆A∆B +

1

2

∂2Φ

∂B2 (A0, B0) (∆B)2 +

+
1

6

∂3Φ

∂A3 (A0, B0) (∆A)3 +
1

6

∂3Φ

∂B3 (A0, B0) (∆B)3 +

+
1

2

∂3Φ

∂A2∂B
(A0, B0) (∆A)2 ∆B +

1

2

∂3Φ

∂A∂B2 (A0, B0) ∆A (∆B)2 +

+OΦ

ˆ
(∆A)4 , (∆B)4

˜
,

(3.138)

∆Λ = Λ − Λ0 =: l , ∆Φ = Φ − Φ0 =: b ,

∆A = A − A0 =: α , ∆B = B − B0 =: β .
(3.139)

Definition of partial derivatives:

b10 :=
∂Φ

∂A
(A0, B0) , b01 :=

∂Φ

∂B
(A0, B0) ,

b20 :=
1

2

∂2Φ

∂A2 (A0, B0) , b11 :=
∂2Φ

∂A∂B
(A0, B0) , b02 :=

1

2

∂2Φ

∂B2 (A0, B0) ,

b30 :=
1

6

∂3Φ

∂A3 (A0, B0) , b03 :=
1

6

∂3Φ

∂B3 (A0, B0) ,

b21 :=
1

2

∂3Φ

∂A2∂B
(A0, B0) , b12 :=

1

2

∂3Φ

∂A∂B2 (A0, B0) .

(3.140)

Taylor series, powers of Taylor series:

b = b10α + b01β + b20α
2 + b11αβ + b02β

2 + b30α
3 + b21α

2β + b12αβ2 + b03β
3 + O1

`
α4, β4´

,

b2 = b2
10α

2 + 2b10b01αβ + b2
01β

2 + 2b10b20α
3+

+2 (b10b11 + b01b20) α2β + 2 (b01b20 + b10b02) αβ2 + 2b01b02β
3 + O2

`
α4, β4´

,

l3 = b3
10α

3 + 3b2
10b01α

2β + 3b10b
2
01αβ2 + O3

`
α4, β4´

.

(3.141)

Note that all the partial derivatives that are quoted in these boxes can be computed by taking
advantage of the identities d tanx = (1 + tan2 x)dx and dx = d tan x/(1 + tan2 x), which lead to the
recursive scheme presented in Box 3.22.

Box 3.22 (Recursive relations for the partial derivatives lij and bij up to order three, x ∈ {Λ, Φ).

∂x

∂A
= +

1

1 + tan2 x

∂ tan x

∂A
,

∂2x

∂A2 = +
2 tan x

(1 + tan2 x)2

„
∂ tan x

∂A

«2

+
1

1 + tan2 x

∂ tanx

∂A
,

∂3x

∂A3 = −2
1 − 3 tan x

(1 + tan2 x)3

„
∂ tan x

∂A

«3

− 6 tan x

(1 + tan2 x)2

„
∂ tanx

∂A

« „
∂2 tan x

∂A2

«
+

+
1

1 + tan2 x

∂3 tan x

∂A3 ,

∂2x

∂A∂B
= +

1

1 + tan2 x

∂2 tan x

∂A∂B
− 2 tan x

(1 + tan2 x)2

„
∂ tan x

∂B

« „
∂ tan x

∂A

«
.

(3.142)
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3-46 Inverse transformation of oblique quasi-spherical longitude/latitude

Let us depart from the representation (3.108) of oblique Cartesian coordinates {X ′, Y ′, Z ′} in terms
of oblique quasi-spherical longitude/latitude {A,B}. The inverse map relates these oblique Cartesian
coordinates to oblique quasi-spherical longitude/latitude:

tan A =
Y ′

X ′ ,

tanB =
Z ′√

X ′2 + Y ′2
.

(3.143)

As soon as we implement the transformation of normal Cartesian coordinates {X, Y, Z} into oblique
Cartesian coordinates {X ′, Y ′, Z ′} of type (3.104) and (3.105) as well as the surface normal ellipsoidal
longitude/latitude {Λ,Φ} into normal Cartesian coordinates {X, Y, Z} of type (3.129), we are led to

X ′ = X cos Ω + Y sin Ω =

=
A1√

1− E2 sin2 Φ
cos Φ (cos Λ cos Ω + sin Λ sin Ω) =

=
A1√

1− E2 sin2 Φ
cos Φ cos(Λ−Ω) ,

(3.144)

Y ′ = −X sin Ω cos I + Y cos Ω cos I + Z sin I =

=
A1√

1− E2 sin2 Φ

(− cosΦ cos Λ sin Ω cos I + cos Φ sin Λ cos Ω cos I +
(
1−E2

)
sin Φ sin I

)
=

=
A1√

1− E2 sin2 Φ

(
+ cos Φ cos I sin(Λ−Ω) +

(
1− E2

)
sin Φ sin I

)
,

(3.145)

Z ′ = X sin Ω sin I − Y cosΩ cos I + Z cos I =

=
A1√

1−E2 sin2 Φ

(
cos Φ cos Λ sin Ω sin I − cosΦ sin Λ cos Ω cos I +

(
1− E2

)
sin Φ cos I

)
,

(3.146)

such that

tanA =
− cos Φ cos I sin(Λ−Ω) +

(
1− E2

)
sin Φ sin I

cosΦ cos(Λ−Ω)
,

tan B =
cos Φ cos Λ sin Ω sin I − cos Φ sin Λ cos Ω cos I +

(
1−E2

)
sin Φ cos I√

cos2 Φ cos2(Λ−Ω) + [cos Φ cos I sin(Λ−Ω) + (1− E2) sin Φ sin I]2
.

(3.147)

Let us here additionally collect the result of the transformation {Λ,Φ} → {A,B} by the following
Corollary 3.10.

Corollary 3.10 (The change from one chart to another chart: cha-cha-cha, the surface normal ellipsoidal
longitude/latitude versus the oblique quasi-spherical longitude/latitude).

Given the longitude of the ascending node Ω as well as the inclination I of the oblique equatorial plane,
then the transformation of surface normal ellipsoidal longitude/latitude into oblique quasi-spherical
longitude/latitude is represented by (3.147).

End of Corollary.
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It should be noted that the coordinates {A,B} of type oblique quasi-spherical longitude/latitude are
not orthogonal. Accordingly, the matrix of the metric of E2

A1,A2
in terms of these coordinates contains

off-diagonal elements. Finally, we note that the terms up to order three of the corresponding Taylor
series expansions can be determined by resorting to the partial derivatives of Box 3.23.

Box 3.23 (Partial derivatives up to order three).

(tan Λ),A = +
cos2 B cos I − sin A sin B cos B sin I

(cos A cos B cos Ω − sin A cos B sin Ω cos I + sin B sin Ω sin I)2
,

(tan Λ),B = − cos A sin I

(cos A cos B cos Ω − sin A cos B sin Ω cos I + sin B sin Ω sin I)2
;

(3.148)

N = N(A, B) := cos2 B cos I − sin A sin B cos B sin I ,

M = M(A, B) := cos A sin I ,

D = D(A, B) := cos A cos B cos Ω − sin A cos B sin Ω cos I + sin B sin Ω sin I ;

(3.149)

N,A = − cos A sin B cos B sin I ,

N,B = −2 sin B cos B − sin A cos2 B sin I + sin A sin2 B sin I ,

M,A = − sin A sin I , M,B = 0 ,

(3.150)

N,AA = + sin A sin B cos B sin I ,

N,AB = − cos A cos2 B sin I + cos A sin2 B sin I = N,BA ,

N,BB = −2 cos2 B + 2 sin2 B + 2 sin A sin B cos B sin I + 2 sin A sin B cos B sin I ,

M,AA = − cos A sin I , M,AB = 0 , M,BA = 0 , M,BB = 0 ,

(3.151)

D,A = − sin A cos B cos Ω − cos A cos B sin Ω cos I ,

D,B = − cos A sin B cos Ω + sin A sin B sin Ω cos I + cos B sin Ω sin I ,

D,AA = − cos A cos B cos Ω + sin A cos B sin Ω cos I ,

D,AB = + sin A sin B cos Ω + cos A sin B sin Ω cos I = D,BA ,

D,BB = − cos A cos B cos Ω + sin A cos B sin Ω cos I − sin B sin Ω sin I ;

(3.152)

(tan Λ),A =
N

D2
, (tan Λ),B =

M

D2
,

(tan Λ),AA =
D2N,A −2DD,A N

D4
, (tan Λ),BB =

D2M,B −2D2D,B M

D4
,

(tan Λ),AAA =
D4

`
2DD,A N,A +D2N,AA

´ − 8D4D,2A N

D8
,

(tan Λ),BBB =
D4

`
2DD,B M,B +D2M,BB

´ − 4D6D,2B M

D8
,

(tan Λ),AB =
D2N,B −2DD,B N

D4
,

(tan Λ),ABB =
D4

`
2DD,B N,B +D2N,BB

´ − 8D4D,2B N

D8
,

(tan Λ),AB = (tan Λ),BA , (tan Λ),ABB = (tan Λ),BAB = (tan Λ),BBA .

(3.153)

In the following chapter, let us close a gap and introduce a classification scheme that is needed in
the remaining chapters.



4 Surfaces of Gaussian curvature zero
Classification of surfaces of Gaussian curvature zero (Gauss flat, two-dimensional Riemann manifolds) in
a two-dimensional Euclidean space, ruled surfaces, developable surfaces.

While in the first chapter we discuss the mapping of a left surface (two-dimensional Riemann manifold)
to a right surface (two-dimensional Riemann manifold), the second chapter specializes the right surface
to be a plane. In contrast, the third chapter answers the question of how to parameterize a surface (in
general, a Riemann manifold) in order to cover all points of such differentiable manifolds completely by
an atlas. Special attention is paid to the question of a minimal atlas. Here, we fill the gap between the
first and the second chapter. In particular, we introduce a special ruled surface of Gaussian curvature
zero which can be developed to a plane, a cylinder, a cone, or a “tangent developable”. Such Gauss flat
two-dimensional Riemann manifolds are fundamental for the classification of the right surface assumed
to be developable. All following chapters are based upon this classification scheme. First, we clarify
the notion of a ruled surface. Second, we specialize to developable surfaces, in short, “developables”.
The text is only explanatory and rich of illustrations. All proofs are referred to the literature.

4-1 Ruled surfaces

Ruled surfaces (circular cone of the sphere as a ruled surface, helicoid as a ruled surface, one-sheeted
hyperboloid of revolution as a ruled surface, directrix).

Let us make familiar with a special surface, usually called ruled surface. First, we introduce a curve
x(U) ∈ {R3, I3} in a three-dimensional Euclidean space, called the directrix of the surface. U is the
parameter of the curve. Second, a ruler is moving along the directrix, generating the ruling of the
surface. Alternatively, we may say that a ruled surface results from the motion of a straight line
in space. Movements of this kind of surfaces or segments are found in many physical, in particular,
mechanical applications. For instance, the motion of a robot arm generates a ruled surface. Example 4.1
together with Fig. 4.1 illustrates such generators of a ruled surface, here the circular cone of the
sphere S

2
R. In contrast, Fig. 4.2 presents the helicoid and the one-sheeted hyberboloid of revolution as

alternative examples of a ruled surface.

Example 4.1 (Circular cone C
2
R cos Φ0

of the sphere S
2
R).

Let us construct a circular cone of the sphere S
2
R as a ruled surface. First, we choose the parallel

circle, also called small circle, of the parameterized sphere as the reference curve or directrix. Second,
we attach locally to any point of the directrix a vector field which is generated by a ruler moving
along the reference curve. Consult Box 4.1 and Fig. 4.1 for a more detailed analysis. In terms of
spherical coordinates {Λ,Φ,R}, we parameterize the “position vector” X(Λ,Φ,R) with respect to an
orthonormal frame of reference

{
E1,E2,E3

∣∣O}, spanning a three-dimensional Euclidean space E
3,

attached to the origin O, which is the center of the sphere S
2
R of radius R.

{
CΛ,CΦ

∣∣Λ,Φ
}

is the local
frame of reference, i. e. Cartan’s moving frame (“repére mobile”), attached to a point {Λ,Φ} ∈ S

2
R. As

the reference curve, we have chosen the parallel circle Φ0 = constant, namely the directrix x(U), where
U = Λ is the parameter of the reference curve. The generator or the ruler of the surface is the vector
field Y (U) := CΦ(U), the unit vector which is normal to CΛ(Λ,Φ0), directed towards North. The
linear manifold V Y (U), also called the bundle of straight lines, is forming the circular cone C

2
R cos Φ0

of radius R cosΦ0 as soon as the ruler moves around the parallel circle. Finally, we have gained the
parameterized ruled surface X(U, V ). Its typical matrix of the metric, G, has been computed.

End of Example.

Additionally, let us more precisely define a ruled surface in Definition 4.1, which follows after Box 4.1
summarizing the vector definitions of Example 4.1.
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E1

E3

E2

Fig. 4.1. Ruled surface of type circular cone C
2
R cos Φ0 , directrix: parallel circle S

1
R cos Φ0 , generating vector

field CΦ(Λ, Φ0).

Fig. 4.2. Helicoid as ruled surface, one-sheeted hyberboloid of revolution as ruled surface.



4-1 Ruled surfaces 155

Box 4.1 (Circular cone C
2
R cos Φ0 of the sphere S

2
R: ruled surface).

Spherical coordinates and Cartan’s frame of reference:

X(Λ, Φ) =
ˆ
E1, E2, E3

˜ 2
4R cos Φ cos Λ

R cos Φ sin Λ
R sin Φ

3
5 , (4.1)

CΛ :=
DΛX(Λ, Φ)

‖DΛX(Λ, Φ)‖ =
ˆ
E1, E2, E3

˜ 2
4− sin Λ
+ cos Λ

0

3
5 ,

CΦ :=
DΦX(Λ, Φ)

‖DΦX(Λ, Φ)‖ =
ˆ
E1, E2, E3

˜ 2
4− sin Φ cos Λ
− sin Φ sin Λ

cos Φ

3
5 .

(4.2)

Directrix x(U) (parallel circle, small circle, curve of constant latitude Φ0, U = Λ):

x(U) :=
ˆ
E1, E2, E3

˜ 2
4R cos Φ0 cos U

R cos Φ0 sin U
R sin Φ0

3
5 . (4.3)

Generator or ruler of the surface (U = Λ):

Y (U) := CΦ(Φ0) =
ˆ
E1, E2, E3

˜ 2
4− sin Φ0 cos U
− sin Φ0 sin U

cos Φ0

3
5 . (4.4)

Parameterized ruled surface:

X(U, V ) = x(U) + V Y (U) ,

X(U, V ) =
ˆ
E1, E2, E3

˜ 2
4R cos Φ0 cos U − V sin Φ0 cos U

R cos Φ0 sin U − V sin Φ0 sin U
R sin Φ0 + V cos Φ0

3
5 ,

x(U) =
ˆ
E1, E2, E3

˜ 2
4R cos Φ0 cos U

R cos Φ0 sin U
R sin Φ0

3
5 ∈ S

1
R cos Φ0 ,

Y (U) =
ˆ
E1, E2, E3

˜ 2
4− sin Φ0 cos U
− sin Φ0 sin U

cos Φ0

3
5 =: CΦ .

(4.5)

Matrix of the metric:

G11 = E =‖DUx‖2 +V 2 ‖DUY ‖2=‖DUX(U, V )‖2 , G11 = R2 cos2 Φ0 + 1 ; (4.6)

G12 = G21 = F = 〈DUx(U) Y (U)〉 = 〈DUX(U, V ) DV X(U, V )〉 , G12 = G21 = 0 ; (4.7)

G22 = G =‖Y (U)‖2=‖DV X(U, V )‖2 , G22 = 1 ; (4.8)

G =

»
1 + R2 cos2 Φ0 0

0 1

–
. (4.9)
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Definition 4.1 (Ruled surface).

A surface is called ruled surface if there exists a parameterization of the continuity class C
2 of type

X(U, V ) = x(U) + V Y (U), where x(U) is a differentiable curve and Y (U) is a vector field along the
curve x(U) which vanishes nowhere.

End of Definition.

The matrix of the metric, G, associated with a ruled surface is a typical element of this kind. Compare
with Box 4.2, where we have computed the matrix G.

Box 4.2 (The matrix of the metric of a ruled surface).

G11 = E =‖DUx‖2 +V 2 ‖DUY ‖2=‖DUX(U, V )‖2 , (4.10)

G12 = G21 = F = 〈DUx(U) Y (U)〉 = 〈DUX(U, V ) DV X(U, V )〉 , (4.11)

G22 = G =‖Y (U)‖2=‖DV X(U, V )‖2 , (4.12)

G =

"
E F

F G

#
=

"‖DUx‖2 +V 2 ‖DUY ‖2 〈DUx(U) Y (U)〉
〈DUx(U) Y (U)〉 ‖Y (U)‖2

#
. (4.13)

4-2 Developable surfaces

Developable surfaces (equivalence theorem for ruled surfaces, Gauss flat surfaces, tangent developable:
developable helicoid.)

A ruled surface is called developable if it can be locally mapped to the plane, preserving the metric of
the surface and the generating lines. One of the lines that lies in the plane and afterwards strips of
the surface is developed on both sides of the plane, preserving both angles and lengths.

Theorem 4.2 (Equivalence theorem for ruled surfaces).

For a ruled surface, the following conditions are equivalent. (i) The surface is developable. (ii) The
surface is Gauss flat: k = 0. (iii) Along each of the straight lines, the surface normales are parallel.

End of Theorem.

A ruled surface which satisfies one of the conditions (i), (ii), or (iii) is also called a torse or a developable.
Every surface element without planar points which is Gauss flat (k = 0) is a ruled surface.

Theorem 4.3 (Torse, developable).

An open and dense subset of every torse consists of (i) planes, (ii) cylinders, (iii) cones, and (iv)
tangent developables, namely ruled surfaces for which the vector Y is tangent to the directrix x.

End of Theorem.

A detailed proof of Theorem4.3 is given by W. S.Massey (1962) as well as by W.Kuehnel (2002,
pp. 86–89). Here, we illustrate Gauss flat surfaces of type (i) plane, (ii) cylinder, (iii) cone, and (iv)
tangent developable (“developable helicoid”) in Figs. 4.3–4.6. In contrast, Fig. 4.7 illustrates a Gauss
flat surface which is not a ruled surface based upon two segments of a cone.
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Fig. 4.3. Gauss flat surface (k = 0) of type plane. Here: tangent plane of the sphere attached to the North
Pole: “developable”.

Fig. 4.4. Gauss flat surface (k = 0) of type cylinder. Here: cylinder wrapping the sphere, equator is the
line-of-contact: “developable”.
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Fig. 4.5. Gauss flat surface (k = 0) of type conus. Here: cone wrapping the sphere, a special parallel circle is
the line-of-contact: “developable”.

Fig. 4.6. Tangent developable of a helix (“developable helix”).
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Fig. 4.7. Gauss flat surface (k = 0) which is not a ruled surface.

In the following chapter, focussing on the polar aspect, we study the mapping of the sphere to a
tangential plane.
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5 “Sphere to tangential plane”: polar (normal) aspect

Mapping the sphere to a tangential plane: polar (normal) aspect. Equidistant, conformal, and equal area
mappings. Normal perspective mappings. Pseudo-azimuthal mapping. Wiechel polar pseudo-azimuthal
mapping. Northern tangential plane, equatorial plane, southern tangential plane. Gnomonic and ortho-
graphic projections. Lagrange projection.

For mapping local and regional areas, maps of a surface (for instance, a topographic surface TOP,
a reference figure of a celestial body like the sphere S

2
R, a reference figure of a celestial body like

the ellipsoid-of-revolution E
2
A1,A2

, or a reference figure of a celestial body like the triaxial ellipsoid
E2

A1,A2,A3
) onto a tangential plane are without competition. In this introductory chapter, we focus

on mapping the sphere to a tangential plane, which is located either at the North Pole or at the
South Pole. Such a placement of the plane “we map onto” is conventionally called polar aspect. Since
the spherical coordinate Λ coincides with the polar coordinate α of a point in the tangent plane, the
mapping is called azimuthal mapping: α = Λ. Later on, we generalize from the polar aspect to the
transverse aspect, finally to the oblique aspect. For a first impression, consult Fig. 5.1.

Fig. 5.1. Mapping the sphere to a tangential plane: polar aspect. Point-of-contact: North Pole. Parameters:
Λ0 ∈ [0◦, 360◦], Φ0 = 90◦.

A first set of maps is illustrated by the magic triangle that is depicted in Fig. 5.2. From the
canonical postulates of principal stretches (i) Λ2 = 1, (ii) Λ1 = Λ2, and (iii) Λ1Λ2 = 1, we generate
the differential equations which characterize (i) an equidistant mapping, (ii) a conformal mapping
(conformeomorphism), and (iii) an equiareal mapping (areomorphism). These characteristic differential
equations are uniquely solved with respect to a properly chosen initial value. The related maps are
called (i) Postel’s map, (ii) Universal Polar Stereographic (UPS) map, and (iii) Lambert’s map. In
addition, we produce a second set of maps called normal perspective. We identify the perspective
center, the line-of-sight, and the line-of-contact, and we discuss the minimal and complete atlas. The
guided tour through the world of azimuthal projective maps brings us to special maps, which are
called (i) the gnomonic projection, (ii) the orthographic projection, and (iii) the Lagrange projection,
and which are pointed out by Fig. 5.3. Finally, we answer the key question: What are the best polar
azimuthal mappings of the sphere to the plane?

H
is
to

ri
ca

l
as

id
e.

Note that the gnomonic projection is believed to has been invented by Thales of Milet
(1st half of 6th century B.C.), the equiareal azimuthal projection has been invented by
J. H. Lambert (∗ 26 August 1728, Muelhausen, Elsass; † 25 September 1777, Berlin), and
G. Postel used the equidistant azimuthal projection for a first map of France (1568, 1570).
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equiareal map (“Lambert”)

equidistant map (“Postel”) conformal map (“UPS”)

Fig. 5.2. The magic triangle: equiareal map, equidistant map, and conformal map.

The characteristics of the sphere S
2
R with radius R are reviewed by its ID card. Such an ID card is

a list of (i) the embedding of the sphere S
2
R into a three-dimensional Euclidean space {R3, I3} which is

equipped with a canonical metric (the matrix of the metric is the unit matrix, namely I3 = diag[1, 1, 1]);
(ii) the Frobenius matrix F whose elements are called {a, b, c, d} (the Frobenius matrix maps a two leg
of tangent vectors to a two leg which is orthonormal and is also called Cartan frame of reference); (iii)
the matrix G = J∗J of the metric of S

2
R whose elements are called {e, f, g} (the letter G has been chosen

in honour of C. F.Gauss, the matrix G builds the first fundamental form I: ds2 = [dΛ, dΦ]G[dΛ, dΦ]∗);
(iv) the matrix H of second derivatives, which is defined by

[〈
G3

∣∣∂2X/∂UK∂UL
〉]

with respect to
the surface normal vector G3 and the embedding function X = X(U1, U2) or X = X(Λ,Φ) (the
letter H has been chosen in honour of L. O.Hesse, the matrix H builds the second fundamental
form II: [dΛ, dΦ]H[dΛ, dΦ]∗, the elements of the Hesse matrix are denoted by {l,m, n}); (v) the
Jacobi matrix J of the first derivatives of the embedding function, precisely [DΛX, DΛY,DΛZ, ] and
[DΦX, DΦY,DΦZ, ] (the letter J has been chosen in honour of C. G. J. Jacobi); the curvature matrix
K = −HG −1, its negative trace taken half (denoted by the letter h), also called mean curvature, and its
determinant (denoted by the letter k), also called Gaussian curvature; (vi) the Christoffel symbols of
the second kind, which are named after E.B. Christoffel (∗ 10 November 1829, Monschau; † 15 March
1900, Strassburg), which are used to compute geodesics, and which are defined by{

M
K L

}
=

1
2
GMN (DKGNL + DLGKN −DNGKL) . (5.1)

gnomonic projection

orthographic projection

Lagrange projection

Fig. 5.3. The special azimuthal projective maps.
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In Box 5.1, the ID card of the sphere S
2
R is summarized. According to the above considerations, F

(with elements a, b, c, d) is the Frobenius matrix, G (with elements e, f, g) is the Gauss matrix, H
(with elements l,m, n) is the Hesse matrix, J is the Jacobi matrix, and K is the curvature matrix,
leading to the mean curvature h and to the Gaussian curvature k, and

G = J∗J , H =
[〈

G3
∂2X

∂UK∂UL

〉]
=

[〈
G3

∣∣XKL

〉]
, J =

[
∂XJ

∂UK

]
,

K = −HG −1 , h = −1
2
tr[K] , k = det[K] .

(5.2)

Box 5.1 (ID card of the sphere S
2
R).

Spherical coordinates (1st chart: Λ, Φ):

{Λ, Φ, R} → {X, Y, Z} :

X(Λ, Φ, R) = E1R cos Φ cos Λ + E2R cos Φ sin Λ + E3R sin Φ ∈ ˘
R

3, I3
¯

;

{X, Y, Z} → {Λ, Φ, R} :

Λ(X) = arctan
Y

X
+ 180◦

»
−1

2
sgnY − 1

2
sgnY sgnX + 1

–
, Φ(X) = arctan

Z√
X2 + Y 2

,

R =
p

X2 + Y 2 + Z2 .

(5.3)

Matrices F, G, H, J, K, and I (elements: a, b, c, d; e, f, g; l,m, n):

F =

»
a b

c d

–
=

2
664

1

R cos Φ
0

0
1

R

3
775 =

2
664

1√
G11

0

0
1√
G22

3
775 ∈ R

2×2 , (5.4)

G =

»
e f

f g

–
=

"
R2 cos2 Φ 0

0 R2

#
∈ R

2×2 , H =

»
l m

m n

–
=

"
−R cos2 Φ 0

0 −R

#
∈ R

2×2 , (5.5)

J =

2
4−R cos Φ sin Λ −R sin Φ cos Λ

+R cos Φ cos Λ −R sin Φ sin Λ

0 R cos Φ

3
5 ∈ R

3×2 , K =

2
664

1

R
0

0
1

R

3
775 ∈ R

2×2 , (5.6)

h = − 1

R
, k =

1

R2
, I = I2 =

»
1 0

0 1

–
∈ R

2×2 . (5.7)

Christoffel symbols:j
1

1 1

ff
=

j
1

2 2

ff
=

j
2

1 2

ff
=

j
2

2 2

ff
= 0 ,

j
1

1 2

ff
= − tan Φ ,

j
2

1 1

ff
= sin Φ cos Φ =

1

2
sin 2Φ . (5.8)

5-1 General mapping equations

Setting up general equations of the mapping “sphere to plane”: the azimuthal projection in the normal
aspect (polar aspect).

There are two basic postulates which govern the setup of general equations of mapping the sphere S
2
R

of radius R to a tangential plane TX0S
2
R, which is attached to a point X0 ∈ TS

2
R. Let the tangential

plane be covered by polar coordinates {α, r}. Then these postulates read as follows.
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Postulate.

The polar coordinate α, which is also called azimuth, is identical to the spherical longitude, i. e. α = Λ.

End of Postulate.

Postulate.

The polar coordinate r depends exclusively on the spherical latitude Φ or on the spherical colatitude
∆ := π/2 − Φ, i. e. r =

√
x2 + y2 = f(∆) = f(π/2 − Φ). If Φ = π/2 or, equivalently, ∆ = 0, then

f(0) = 0 holds.

End of Postulate.

In last consequence, the general equations of an azimuthal mapping are provided by the following
vector equation:

[
x

y

]
=

[
r cos α

r sin α

]
=

[
f(∆) cos Λ

f(∆) sin Λ

]
. (5.9)

Q
ue

st
io

n.

Question: “How do the images of the coordinate line Λ = constant and the coordinate
line Φ = constant look like?” Answer (y = x tan Λ and Λ = constant = meridian): “The
image of the meridian Λ = constant under an azimuthal mapping is the radial straight
line.” Answer (x2 + y2 = r2 = f2(∆) and ∆ = constant = parallel circle): “The image of the
parallel circle ∆ = constant (or Φ = constant) under an azimuthal mapping is the circle S

1
r

of radius r = f(∆). Such a mapping is called concircular.”

Proof (y = x tan Λ, Λ = constant = meridian).

Solve the first equation towards f(∆) = x/ cos Λ and substitute f(∆) in the second equation such
that the following equation holds:

y = f(∆) sin Λ = x sin Λ/ cos Λ = x tan Λ . (5.10)

End of Proof (y = x tan Λ, Λ = constant = meridian).

Proof (x2 + y2 = r2 = f2(∆), ∆ = constant = parallel circle).

Compute the terms x2 and y2 and add the two:

x2 + y2 = f2(∆) . (5.11)

End of Proof (x2 + y2 = r2 = f2(∆), ∆ = constant = parallel circle).

In summary, the images of the meridian and the parallel circle constitute the typical graticule of an
azimuthal mapping, i. e.

meridians (Λ = constant) −→ radial straight lines ,

parallel circles
(

∆ = constant
Φ = constant

)
−→ equicentric circles .

(5.12)



5-1 General mapping equations 165

Box 5.2 shows a collection of formulae which describe the left Jacobi matrix Jl as well as the left
Cauchy–Green matrix Cl for an azimuthal mapping S2

R → P2
O. The left pair of matrices {Cl,Gl} is

canonically characterized by the left principal stretches Λ1 and Λ2 in their general form.

Box 5.2 (“Sphere to plane”, distortion analysis, azimuthal projection, left principal stretches).

Parameterized mapping:

α = Λ ,

r = f(∆) ,

x = r cos α = f(∆) cos Λ ,

y = r sin α = f(∆) sin Λ .

(5.13)

Left Jacobi matrix:

Jl :=

"
DΛx D∆x

DΛy D∆y

#
=

"−f(∆) sin Λ f ′(∆) cos Λ

+f(∆) cos Λ f ′(∆) sin Λ

#
. (5.14)

Left Cauchy–Green matrix (Gr = I2):

Cl = J∗l GrJl =

"
f2(∆) 0

0 f ′2(∆)

#
. (5.15)

Left principal stretches:

Λ1 = +

r
c11

G11
=

f(∆)

R sin ∆
,

Λ2 = +

r
c22

G22
=

f ′(∆)

R
.

(5.16)

Left eigenvectors of the matrix pair {Cl, Gl}:

C1 = EΛ =
DΛX

‖DΛX ‖

(Easting) ,

C2 = EΦ =
DΦX

‖DΦX ‖

(Northing) .

(5.17)

Next, we specialize the general azimuthal mapping to generate an equidistant mapping, a series of
conformal mappings (stereographic projections) and an equiareal mapping.
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5-2 Special mapping equations

Setting up special mappings “sphere to plane”: azimuthal projections in the normal aspect (polar aspect).
Equidistant Polar Mapping (EPM), Universal Polar Stereographic Projection (UPS). Conformal mapping,
equiareal mapping, normal projective mapping.

5-21 Equidistant mapping (Postel projection)

Let us postulate an equidistant mapping of the family of meridians Λ = constant, namely the mapping
r = f(∆) = R∆. Indeed, R arc(π/2 − Φ) = r generates such a simple equidistant mapping, which we
illustrate by means of Fig. 5.4. The corresponding distortion analysis is systematically presented in
Box 5.3. The EPM (Equidistant Polar Mapping) is finally summarized in Lemma 5.1.

Box 5.3 (Equidistant mapping of the sphere to the tangential plane at the North Pole).

Parameterized mapping:

α = Λ , r = f(∆) = R∆ ,

x = r cos α = R∆ cos Λ = R
“π

2
− Φ

”
cos Λ , y = r sin α = R∆ sin Λ = R

“π

2
− Φ

”
sin Λ .

(5.18)

Left principal stretches:

Λ1 =
∆

sin ∆
=

π
2
− Φ

cos Φ
, Λ2 = 1 . (5.19)

Left eigenvectors:

C1Λ1 = EΛ
∆

sin ∆
(Easting) , C2Λ2 = EΦ (Northing) . (5.20)

Parameterized inverse mapping:

tanΛ =
y

x
, ∆ =

r
x2 + y2

R2
. (5.21)

Left maximal angular distortion:

Ωl = 2 arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2arcsin

˛̨̨
˛∆ − sin ∆

∆ + sin ∆

˛̨̨
˛ . (5.22)

Lemma 5.1 (EPM, equidistant mapping of the sphere to the tangential plane at the North Pole).

The equidistant mapping of the sphere to the tangential plane at the North Pole, in short, EPM
(Equidistant Polar Mapping), is parameterized by

x = R∆ cos Λ = R
(π

2
− Φ

)
cosΛ , y = R∆ sin Λ = R

(π

2
− Φ

)
sin Λ , (5.23)

subject to the left Cauchy–Green eigenspace
{
EΛ

∆
sin ∆ ,EΦ

}
.

End of Lemma.
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Fig. 5.4. A spherical vertical section, an equidistant mapping of the sphere to the tangential plane at the
North Pole.
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The equidistant mapping of the sphere to the tangential plane at the North Pole is associated
with the name of G. Postel (1581), though it was already known to G. Mercator (1569). Both
used it for mapping the polar regions. Nowadays, it is applied for plotting stars around the
North Pole, for the World Map 1:2.5Mio, and for charts in aerial navigation, remote sensing,
and seismology.

In order to complete the considerations, we present to you Fig. 5.5, which shows a sample of a polar
equidistant map of the sphere.

Fig. 5.5. An equidistant mapping of the sphere S
2
R onto the tangent space TNS

2
R, Tissot ellipses, polar aspect,

graticule 15◦, shorelines.
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5-22 Conformal mapping (stereographic projection, UPS)

Let us postulate a conformal mapping by means of the canonical measure of conformality, i. e. Λ1 = Λ2.
Such a conformal mapping of the sphere to the tangential plane of the North Pole is illustrated by
means of Fig. 5.6 that follows after the Boxes 5.4 and 5.5.

Q
ue

st
io

n. Question 1: “How can we generate the conformal mapping equations?” Answer 1: “Following
the procedure of Boxes 5.4 and 5.5, we here depart from the general representation of Λ1 and
Λ2. By means of separation of variables, the relation Λ1 = Λ2 leads us to df/f = d∆/ sin ∆
as the characteristic differential equations. Integration of the left side as well as of the right
side leads us to the indefinite mapping equation f(∆) = c tan∆/2.”

Q
ue

st
io

n. Question 2: “How can we gauge the integration constant?” Answer 2: “The postulate
lim∆→0 Λ2(∆) = 1 that is quoted in Box 5.5 establishes an isometry at the North Pole of the
sphere. Indeed, the limit ∆ → 0 of Λ2(∆) = c/(2R cos2 ∆/2) fixes c as c = 2R. Accordingly,
the polar coordinate r = f(∆) = 2R tan ∆/2 leads to the parameterized conformal mapping
x = r(∆) cos Λ and y = r(∆) sin Λ.”

This conformal mapping is called UPS (Universal Polar Stereographic Projection) for the following
reason. Figure 5.6, which illustrates this stereographic projection, focuses on the peripheral angle
∆/2 = π/4 − Φ/2 at the South Pole. Obviously, a projection line departing from the perspective
center intersects at P ∈ S

2
R and p ∈ TNS

2
R. Compare with Lemma 5.2, which summarizes the UPS

(Universal Polar Stereographic Projection).

Lemma 5.2 (UPS, conformal mapping of the sphere to the tangential plane at the North Pole).

The conformal mapping of the sphere to the tangential plane at the North Pole, in short, UPS
(Universal Polar Stereographic Projection), is parameterized by

x = 2R tan
∆

2
cos Λ =

= 2R tan
(

π

4
− Φ

2

)
cosΛ ,

y = 2R tan
∆

2
sin Λ =

= 2R tan
(

π

4
− Φ

2

)
sin Λ ,

(5.24)

subject to the left Cauchy–Green eigenspace

left CG eigenspace =

{
EΛ

1
cos2

(
π
4 − Φ

2

) ,EΦ
1

cos2
(

π
4 − Φ

2

)} . (5.25)

End of Lemma.

In the case of UPS, the areal distortion increases fast with colatitude (polar distance ∆), namely
Λ1Λ2 − 1 = cos−4

(
π/4 − Φ/2

) − 1 and Λ1Λ2 − 1 → ∞ for ∆ → π, and this is the reason for the
application of UPS as outlined in the following historical aside.
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Box 5.4 (Conformal mapping of the sphere to the tangential plane at the North Pole).

Postulate of a conformeomorphism:

Λ1 = Λ2 ,

f(∆)

R sin ∆
=

f ′(∆)

R
⇒ df

f
=

d∆

sin ∆
.

(5.26)

Integration of the characteristic differential equation of a conformal mapping S
2
R → TNS

2
R:Z

dx

sin x
= ln

˛̨̨
tan

x

2

˛̨̨
,

Z
dy

y
= ln y ,Z

df

f
=

Z
d∆

sin ∆
⇔ ln f = ln

˛̨̨
˛tan ∆

2

˛̨̨
˛ + ln c , f(∆) = c tan

∆

2
∀∆ ∈ ]0, π[ .

(5.27)

Parameterized conformal mapping:"
x

y

#
= 2R tan

∆

2

"
cos Λ

sin Λ

#
= 2R tan

„
π

4
− Φ

2

« "
cos Λ

sin Λ

#
. (5.28)

Left principal stretches:

Λ1 = Λ2 =
1

cos2 ∆
2

=
1

cos2
`

π
4
− Φ

2

´ . (5.29)

Left eigenvectors:

C1Λ1 = EΛ
1

cos2
`

π
4
− Φ

2

´ (“Easting”) , C2Λ2 = EΦ
1

cos2
`

π
4
− Φ

2

´ (“Northing”) . (5.30)

Left angular shear:P
l = Ψl − Ψr = 0 , Ωl = 0 . (5.31)

Parameterized inverse mapping:

tan Λ =
y

x
, tan

∆

2
=

1

2R

p
x2 + y2 . (5.32)

Box 5.5 (Distortion analysis at the North Pole).

Postulate of an isometry at the North Pole:

lim
∆→0

Λ2(∆) = 1 . (5.33)

Eigenspace analysis of the matrix pair {Cl, Gl}:

Λ2 =
f ′(∆)

R
, f ′(∆) =

df

d∆
=

c

2

1

cos2 ∆
2

⇒ Λ2 =
c

2R

1

cos2 ∆
2

,

Λ2 =
c

2R

1

cos2 ∆
2

, lim
∆→0

Λ2(∆) = 1⇒c = 2R ,

df

d∆
=

R

cos2 ∆
2

, r = f(∆) = 2R tan
∆

2
.

(5.34)
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N

S

TNS
2
R

P

p

O

∆
2

= π
4
− Φ

2

∆ = π
2
− Φ

Fig. 5.6. A spherical vertical section, a conformal mapping of the sphere to the tangential plane at the North
Pole, UPS (Universal Polar Stereographic Projection). This stereographic projection is highlighted by the
radial coordinate r = f(∆) = 2R tan ∆/2 = Np.
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Note that the UPS (Universal Polar Stereographic Projection) is already found in Hipparch’s
works. Nowadays, it is applied for charts in aerial navigation, for the World Map of polar
regions at latitudes larger than +80◦, namely substituting the UTM (Universal Transverse
Mercator Projection).

In order to complete the considerations, we present to you Fig. 5.7, which shows a sample of the UPS
(Universal Polar Stereographic Projection) of the sphere.

Fig. 5.7. Conformal map (UPS) of the sphere S
2
R onto the tangent space TNS

2
R, Tissot ellipses, polar aspect,

graticule 15◦, shorelines.
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5-23 Equiareal mapping (Lambert projection)

Let us postulate an equiareal mapping by means of the canonical measure of areomorphism, i. e.
Λ1Λ2 = 1. Such an equiareal mapping of the sphere to the tangential plane of the North Pole is
illustrated by means of Fig. 5.8 that follows after Box 5.6.

Q
ue

st
io

n.

Question: “How can we construct the equiareal mapping equations?” Answer: “Following
the procedure of Box 5.6, we here depart from the general representation of Λ1 and Λ2. The
postulate of an equiareal mapping leads us to the characteristic differential equation, which
we solve by separation of variables. We use the initial condition r(0) = f(0) = 2R sin ∆/2,
namely the polar coordinate r as a function of the colatitude ∆, also called polar distance.
The polar coordinate α = Λ is fixed by the postulate of an azimuthal projection. The
parameterized equiareal mapping is finally used to compute the left principal stretches,
namely Λ1 = 1/ cos∆/2, Λ2 = cos∆/2. They build up the left eigenvectors along the East
unit vector EΛ and the North unit vector EΦ (the South unit vector is E∆ = −EΦ).
These unit vectors are defined by EΛ := DΛX/ ‖DΛX ‖ and EΦ := DΦX/ ‖DΦX ‖. In
addition, we have computed the left maximal angular shear as well as the parameterized
inverse mapping {Λ(x, y), Φ(x, y)}.”

The basic results of the equiareal azimuthal projection of the sphere to the tangential plane at the
North Pole are collected in Lemma 5.3.

Lemma 5.3 (Equiareal azimuthal projection of the sphere to the tangential plane at the North Pole).

The equiareal mapping of the sphere to the tangential plane at the North Pole is parameterized by
the two equations

x =

= 2R sin
∆

2
cos Λ =

= 2R sin
(

π

4
− Φ

2

)
cosΛ ,

y =

= 2R sin
∆

2
sin Λ =

= 2R sin
(

π

4
− Φ

2

)
sin Λ ,

(5.35)

subject to the left Cauchy–Green eigenspace

left CG eigenspace =

{
EΛ

1
cos

(
π
4 − Φ

2

) ,EΦcos
(

π

4
− Φ

2

)}
. (5.36)

End of Lemma.

From the sketch that is shown in Fig. 5.8, we gain some geometric understanding of how to construct
the normal equiareal mapping by a “pair of dividers and a ruler”. The radial coordinate r = Np
coincides with the segment NP = 2R sin ∆/2, the peripheral point P within the vertical section
constitutes a rectangular triangle NSP subject to SN = 2R.
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Box 5.6 (Equiareal mapping of the sphere to the tangential plane at the North Pole).

Postulate of a areomorphism:

Λ1Λ2 = 1 ,

f(∆)

R2 sin ∆

df(∆)

d∆
= 1 ⇒ f(∆)df(∆) = R2sin ∆d∆ .

(5.37)

Integration of the characteristic differential equation of an equiareal mapping S
2
R → TNS

2
R

subject to an initial condition:2
4f2

2
= −R2 cos ∆ + c

r(0) = f(0) = 0

3
5 ⇒ 0 = −R2 + c ⇒ c = R2 ,

2
64f2 = 2R2(1 − cos ∆) = 4R2 sin2 ∆

2

cos x = 1 − 2 sin2 x

2

3
75 ⇒ r = f(∆) = 2R sin

∆

2
.

(5.38)

Parameterized equiareal mapping:"
x

y

#
= 2R sin

∆

2

"
cos Λ

sin Λ

#
= 2R sin

„
π

4
− Φ

2

« "
cos Λ

sin Λ

#
. (5.39)

Left principal stretches:

f ′(∆) = R cos
∆

2
,

Λ1 =
1

cos ∆
2

=
1

cos
`

π
4
− Φ

2

´ , Λ2 = cos
∆

2
= cos

„
π

4
− Φ

2

«
;

(5.40)

special value (isometry): Φ → π

2
: lim

Φ→π/2
Λ1 = lim

Φ→π/2
Λ2 = 1 . (5.41)

Left eigenvectors:

C1Λ1 = EΛ
1

cos
`

π
4
− Φ

2

´ (“Easting”) ,

C2Λ2 = EΦcos

„
π

4
− Φ

2

«
(“Northing”) .

(5.42)

Left maximal angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2 arcsin

1 − cos2 ∆
2

1 + cos2 ∆
2

. (5.43)

Parameterized inverse mapping:

tan Λ =
y

x
,

sin
∆

2
=

1

2R

p
x2 + y2 .

(5.44)
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Fig. 5.8. Spherical vertical section, equiareal mapping of the sphere to the tangential plane at the North Pole,
azimuthal projection.
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e. The geometric construction to be considered here may have motivated J. H. Lambert (1772)

to invent such an equiareal mapping of the sphere. Due to the postulate of an equiareal
mapping, the equiareal azimuthal projection of the sphere is very popular in Geostatistics.

In order to complete the considerations, we present to you Fig. 5.9, which shows a sample of the polar
equiareal projection of the sphere.

Fig. 5.9. Equiareal map of the sphere S
2
R onto the tangent space TNS

2
R, Tissot ellipses, polar aspect, graticule

15◦, shorelines.
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5-24 Normal perspective mappings

The general normal perspective mapping of the sphere S
2
R of radius R to a tangential plane at the

North Pole, the South Pole, or an equatorial plane is of focal interest in Mathematical Cartography,
in Photogrammetry, in Machine Vision as well as in Aeronautics and Satellite Geodesy. Here, as soon
as we have generated the general parameterized mappings of the perspective type, we introduce more
specific projections: the gnomonic projection, the orthographic projection, and the Lagrange projection.
Based on Figs. 5.10–5.12, we design the elements of a first perspective projection. At first, we locate the
perspective center at O∗ outside the sphere on the southern axis of symmetry North-Pole–South-Pole.
The perspective center O∗ is the origin of a bundle of projection lines, in particular, half straights.
Second, we place the projection plane (i) at maximum distance from O∗ at the North Pole to coincide
with the tangential plane TNS

2
R, (ii) at the center O of the sphere S

2
R as the equatorial plane, and (iii)

at minimum distance from O∗ at the South Pole to coincide with the tangential plane TNS
2
R. Note

that the projection lines intersect the sphere S
2
R at P , while the projection plane is intersected at p.

The perspective center O∗ is at distance D from the origin O of the sphere S
2
R or at height H above

S, measured by SO∗, such that D = R + H holds.

Q
ue

st
io

n. Question: “How to find the polar coordinate r = f(∆) in Figs. 5.10–5.12, where ∆ = π/2−Φ
is the spherical colatitude and Φ is the spherical latitude of the point P ∈ S

2
R?” Answer:

“Consult the sub-sections that follow, which compactly present the case studies for the
individual geometrical situations.”

Note that in all these cases the perspective ratio r/QP = O∗N/O∗Q is the fundament for the answer
to the well-posed question.

N

S

r

P

p

O

Q = π(P )

R

R

H

O∗

R

D

Fig. 5.10. Spherical vertical section, general normal perspective mapping of the sphere to the tangential plane
at the North Pole, projection plane at maximal distance.



5-2 Special mapping equations 175

N

S

r

P

p

O

Q = π(P )

R

R

H

O∗

D

Fig. 5.11. Spherical vertical section, the general normal perspective mapping of the sphere to the equatorial
plane. The geometrical details.
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Fig. 5.12. Spherical vertical section, the general normal perspective mapping of the sphere to the tangential
plane at the South Pole, projection plane at minimal distance. The geometrical details.
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5-241 Case 1: northern tangential plane (tangential plane at maximal distance)

This situation is shown in Fig. 5.10. With reference to Boxes 5.7 and 5.8, we derive the general form
of the parameterized mapping r = f(∆). Note that Q = π(P ) is the point generated by an orthogonal
projection of the point P ∈ S

2
R onto the axis of symmetry North-Pole–South-Pole. Let us refer to the

following identities.

Identity (i):

QP = R cosΦ .

Identity (ii):

O∗N = R + D = 2R + H .

Identity (iii):

O∗Q = O∗O + OQ =

= D + R sin Φ = R(1 + sinΦ) + H .

(5.45)

Solving the perspective ratio for r, we are finally led to r = f(∆). Such a representation of the radial
function f(∆) is supplemented by the computation of f ′(∆), a formula needed for the analysis of the
left principal stretches.

Box 5.7 (Basics of the perspective ratio, northern tangential plane TNS
2
R).

Basic ratio:

r

QP
=

O∗N
O∗Q

. (5.46)

Explicit spherical representation of the basic ratio:

r

R cos Φ
=

R + D

R sin Φ + D

⇒

r =
R + D

R sin Φ + D
R cos Φ

⇒

r =
R + D

R cos ∆ + D
R sin ∆ =: f(∆) .

(5.47)

Derivative of the function r = f(∆) with respect to colatitude (polar distance ∆):

f ′(∆) =
df

d∆
=

= R(R + D)
R + D cos ∆

(R cos ∆ + D)2
=

= R(R + D)
R + D sin Φ

(R sin Φ + D)2
.

(5.48)
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Box 5.8 (General normal perspective mapping of the sphere to the tangential plane at maximal distance).

Parameterized mapping (polar coordinates):

α = Λ ,

r =
R + D

R sin Φ + D
R cos Φ =

1 + R
D

1 + R
D

sin Φ
R cos Φ .

(5.49)

Parameterized mapping (Cartesian coordinates):

"
x

y

#
=

2
664

R + D

R sin Φ + D
R cos Φ cos Λ

R + D

R sin Φ + D
R cos Φ sin Λ

3
775 =

2
66664

1 + R
D

1 + R
D

sin Φ
R cos Φ cos Λ

1 + R
D

1 + R
D

sin Φ
R cos Φ sin Λ

3
77775 ,

"
x

y

#
=

R + D

R sin Φ + D
R cos Φ

"
cos Λ

sin Λ

#
=

1 + R
D

1 + R
D

sin Φ
R cos Φ

"
cos Λ

sin Λ

#
.

(5.50)

Left principal stretches:

Λ1 =
f(∆)

R sin ∆
, Λ2 =

f ′(∆)

R
; (5.51)

Λ1 =
R + D

R cos ∆ + D
=

1 + R
D

1 + R
D

cos ∆
,

Λ2 =
R + D

(R cos ∆ + D)2
(D cos ∆ + R) =

„
1 +

R

D

« R
D

+ cos ∆`
1 + R

D
cos ∆

´2 ,

(5.52)

or

Λ1 =
R + D

R sin Φ + D
=

1 + R
D

1 + R
D

sin Φ
,

Λ2 =
R + D

(R sin Φ + D)2
(D sin Φ + R) =

„
1 +

R

D

« R
D

+ sin Φ`
1 + R

D
sin Φ

´2 .

(5.53)

Special isometry:

∆ → 0 or Φ → π/2

⇒
Λ1 = Λ2 = 1 .

(5.54)

Box 5.8is a summary of the general normal perspective mapping of the sphere S2
R to the northern

tangential plane, specifically of the parameterized mapping in both polar coordinates {α, r} and in
Cartesian coordinates {x, y}, completed by the computation of the left principal stretches {Λ1, Λ2}.
At the point of symmetry, namely ∆ = 0or Φ = π/2, we prove the isometry Λ1 = Λ2.
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5-242 Case 2: equatorial plane of reference

This situation is shown in Fig. 5.11. With reference to Boxes 5.9 and 5.10, we derive the general form of
the parameterized mapping r = f(∆). It may be noticed newly that Q = π(P ) is the point generated
by an orthogonal projection of the point P ∈ S

2
R onto the axis of symmetry North-Pole–South-Pole.

Let us refer to the following identities.

Identity (i):

QP = R cosΦ .

Identity (ii):

O∗O = D = R + H .

Identity (iii):

O∗Q = O∗O + OQ = D + R sin Φ .

(5.55)

Solving the perspective ratio for r, we are finally led to r = f(∆). There is the special case O∗ = S,
namely the identity of the perspective center O∗ and the South Pole S, a case that is treated in all
textbooks of Differential Geometry. Here, the distance D is identical to the radius R of the reference
sphere S2

R. Indeed, for this special case, we probe r = R tan∆/2. Finally, we compute f ′(∆), a formula
going into the computation of the left principal stretches.

Box 5.9 (Basics of the perspective ratio, equatorial plane of reference).

Basic ratio:

r

QP
=

O∗O
O∗Q

. (5.56)

Explicit spherical representation of the basic ratio:

r

R cos Φ
=

D

R sin Φ + D

⇒

r =
D

R sin Φ + D
R cos Φ

⇒

r =
D

R cos ∆ + D
R sin ∆ .

(5.57)

Special case O∗ = S, D = R:

r =
R cos Φ

1 + sin Φ
=

R sin ∆

1 + cos ∆
, r = R tan

„
π

4
− Φ

2

«
= R tan

∆

2
. (5.58)

Derivative of the function r = f(∆) with respect to colatitude (polar distance ∆):

f ′(∆) =
df

d∆
= DR

R + D cos ∆

(R cos ∆ + D)2
= DR

R + D sin Φ

(R sin Φ + D)2
. (5.59)
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Box 5.10 (General normal perspective mapping of the sphere to the equatorial plane of reference).

Parameterized mapping (polar coordinates):

α = Λ , r =
D

R sin Φ + D
R cos Φ =

R + H

R(1 + sin Φ) + H
cos Φ . (5.60)

Special case H = 0:

r = R tan

„
π

4
− Φ

2

«
= R tan

∆

2
. (5.61)

Parameterized mapping (Cartesian coordinates):

"
x

y

#
=

2
664

D

R sin Φ + D
R cos Φ cos Λ

D

R sin Φ + D
R cos Φ sin Λ

3
775 =

2
6664

R + H

R(1 + sin Φ) + H
R cos Φ cos Λ

R + H

R(1 + sin Φ) + H
R cos Φ sin Λ

3
7775 ,

"
x

y

#
=

D

R sin Φ + D
R cos Φ

"
cos Λ

sin Λ

#
=

R + H

R(1 + sin Φ) + H
R cos Φ

"
cos Λ

sin Λ

#
.

(5.62)

Special case H = 0:

"
x

y

#
= R tan

„
π

4
− Φ

2

« "
cos Λ

sin Λ

#
= R tan

∆

2

"
cos Λ

sin Λ

#
. (5.63)

Left principal stretches:

Λ1 =
f(∆)

R sin ∆
, Λ2 =

f ′(∆)

R
; (5.64)

Λ1 =
D

R sin Φ + D
=

R + H

R(1 + sin Φ) + H
,

Λ2 = D
R + D sin Φ

(R sin Φ + D)2
= (R + H)

R(1 + sin Φ) + H sin Φ

[R(1 + sin Φ) + H]2
.

(5.65)

Special case H = 0:

Λ1 = Λ2 =
1

1 + sin Φ
=

1

1 + cos ∆
, Λ1 = Λ2 =

1

2

1

cos2 ∆
2

=
1

2

1

cos2
`

π
4
− Φ

2

´ . (5.66)

Box 5.10is a summary of the general normal perspective mapping of the sphere S2
R to the equatorial

plane of reference, specifically of the parameterized mapping in both polar coordinates {α, r} and in
Cartesian coordinates {x, y}, completed by the computation of the left principal stretches {Λ1, Λ2}.
For the special case O∗ = S or, equivalently, D = R or H = 0, we prove conformality Λ1 = Λ2. For such
a configuration of the southern perspective center, Φ = −π/2 is singular: Λ1(−π/2)= Λ2(π/2) →∞.
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5-243 Case 3: southern tangential plane (tangential plane at minimal distance)

This situation is shown in Fig. 5.12. According to Fig. 5.12, Q = π(P ) is the point generated by an
orthogonal projection of the point P ∈ S

2
R onto the axis of symmetry North-Pole–South-Pole. Note

that the southern projection plane is at distance D from the origin O or, alternatively, at spherical
height H from O∗. Collected in Box 5.11, we present to you the basic identities

Identity (i):

QP = R |cos Φ| = R |sin ∆| .

Identity (ii):

O∗S = D −R = H .

Identity (iii):

O∗Q = O∗O + OQ =

= D −R |sin Φ| = R(1− |sin Φ|) + H .

(5.67)

Solving the perspective ratio for r, we are finally led to r = f(∆). Such a representation of the radial
function f(∆) is supplemented by the computation of f ′(∆), a formula needed for the analysis of the
left principal stretches.

Box 5.11 (Basics of the perspective ratio, tangential plane at minimal distance to O∗).

Basic ratio:

r

QP
=

O∗S
O∗Q

. (5.68)

Explicit spherical representation of the basic ratio:

r

R cos Φ
=

H

R + H − R |sin Φ| =
D − R

D − R |sin Φ|
⇒

r =
HR cos Φ

H + R(1 − |sin Φ|) =
D − R

D − R |sin Φ|R cos Φ

⇒

r =
D − R

D − R |cos ∆|R |sin ∆| =: f(∆) .

(5.69)

Derivative of the function r = f(∆) with respect to colatitude (polar distance ∆):

f ′(∆) =
df

d∆
=

= R(D − R)
D |cos ∆| − R

(D − R |cos ∆|)2 =

= R(D − R)
D |sin Φ| − R

(D − R |sin Φ|)2 .

(5.70)
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By means of Box 5.12, we have collected the parameter equations which characterize the general
normal perspective mapping of the sphere S2

R to the southern tangential plane, specifically in terms
of polar coordinates {α, r} and of Cartesian coordinates {x, y}, completed by the computation of the
left principal stretches {Λ1, Λ2}. At the point of symmetry, namely ∆ = π or Φ = −π/2, we prove the
isometry Λ1 = Λ2 = 1.

Box 5.12 (General normal perspective mapping of the sphere to the tangential plane at minimal distance).

Parameterized mapping (polar coordinates):

α = Λ ,

r = (D − R)
R cos Φ

D − R |sin Φ| =
H

H + R(1 − |sin Φ|)R cos Φ .
(5.71)

Parameterized mapping (Cartesian coordinates):

"
x

y

#
=

2
664

(D − R)
R cos Φ cos Λ

D − R |sin Φ|

(D − R)
R cos Φ sin Λ

D − R |sin Φ|

3
775 ,

"
x

y

#
=

H

H + R(1 − |sin Φ|)R cos Φ

"
cos Λ

sin Λ

#
.

(5.72)

Left principal stretches:

Λ1 =
f(∆)

R sin ∆
,

Λ2 =
f ′(∆)

R
;

(5.73)

Λ1 =
D − R

D − R |cos ∆| =
H

H + R(1 − |sin Φ|) ,

Λ2 = (D − R)
D |cos ∆| − R

(D − R |cos ∆|)2 = H
H − R(1 − |sin Φ|)

[H + R(1 − |sin Φ|)]2 .

(5.74)

Special isometry:

∆ → π (|cos ∆| → 1) or Φ → −π/2 (|sin Φ| → 1)

⇒
Λ1 = Λ2 = 1 .

(5.75)

5-244 Line-of-sight, line-of-contact, minimal and complete atlas

The line-of-sight as well as the line-of-contact for both the general normal perspective mapping to the
tangential plane at the North Pole and to the tangential plane at the South Pole are illustrated in
Fig. 5.13 and Fig. 5.14, respectively.
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Fig. 5.13. Line-of-sight, normal perspective mapping of the sphere to the tangential plane at the North Pole,
projection plane at maximal distance.
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Fig. 5.14. Line-of-sight, normal perspective mapping of the sphere to the tangential plane at the South Pole,
projection plane at minimal distance.
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Q
ue

st
io

n.
Question: “What is the line-of-sight or the line-of-contact and how can we compute the spher-
ical latitude Φr of the line-of-contact or the maximal radial coordinate rmax?” Answer 1:
“The normal central projection O∗ → TNS

2
R or O∗ → TSS

2
R is restricted to points inside

the circular cone C
2
QlrPr

or C
2
PlQlr

. Indeed, the projection line, which contacts the sphere
tangentially, restricts the domain of points of S

2
R which can be mapped to TNS

2
R or TSS

2
R.

The radius QlrPr or PlQlr determines the circular cone. Its related bundle of projection
lines constitutes the characteristic circular cone-of-contact. The line-of-contact is the circle
S

1
R cos Φr

of radius R cos Φr. Its trace PlQlrPr is illustrated in Fig. 5.13 and Fig. 5.14, re-
spectively.” Answer 2: “Let be given the distance O∗O of the perspective center O∗ and the
origin O of S2

R, which is called D, or alternatively the spherical height H of the perspective
center O∗ relative to S. Then the critical spherical latitude Φr can be computed as outlined
in Box 5.13. If O∗ is placed south on the line NS, then the critical value is determined by
sin |Φr| = R/D, regardless whether the projection plane is located at the North Pole or at
the South Pole.”

Box 5.13 (Data for the line-of-sight and the line-of-contact, critical spherical latitude, center of perspective
under the South Pole).

Tangential plane at the North Pole Tangential plane at the South Pole

sin |Φr| =
R

D
=

R

R + H
versus sin |Φr| =

R

D
=

R

R + H
,

tan |Φr| =
rmax

R + D
=

rmax

2R + H
versus tan |Φr| =

rmax

H
,

rmax = (2R + H) tan |Φr| versus rmax = H tan |Φr| ;

(5.76)

tan x =
sin xp

1 − sin2 x
, tan |Φr| =

R

R + H

1q
1 − R

(R+H)2

=
Rp

(2R + H)H
; (5.77)

rmax = R

r
1 + 2

R

H
versus rmax =

Rq
1 + 2 R

H

. (5.78)

Let us compute the maximal extension of such a normal central perspective. According to the identities
of Box 5.13, the maximal extension rmax is either R

√
1 + x for a projection plane at the North Pole or

R/
√

1 + x for a projection plane at the South Pole and x := 2R/H. Figure 5.15 and Table 5.1 outline
those functions in the domain 0 ≤ x ≤ 5.

Example 5.1 (Numerical example I).

A first numerical example is R/H = 3/2 and x = 3, such that
√

1 + x = 2, 1/
√

1 + x = 1/2,
rmax(North) = 2R, and rmax(South) = R/2.

End of Example.

Example 5.2 (Numerical example II).

A second numerical example is R/H = 40 and x = 80, such that
√

1 + x = 9, 1/
√

1 + x = 1/9,
rmax(North) = 9R, and rmax(South) = R/9.

End of Example.

Obviously, by means of a normal central perspective from a southern perspective center to a projection
plane at the North Pole, we can cover more points than on the northern hemisphere. In contrast, a
normal central perspective from a southern perspective center to a projection plane at the South Pole,
we can cover only few points of the southern hemisphere.
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Fig. 5.15. Maximal extension of a normal central perspective of the sphere, the functions
√

1 + x and
1/

√
1 + x, domain 0 ≤ x ≤ 5, x := 2R/H.

Such a discussion motivates the construction of a minimal atlas from the setup of a normal central
perspective as follows. Consider the two charts (i) central perspective projection from a southern
perspective center to a projection plane at the North Pole and (ii) central perspective projection from
a northern perspective center to a projection plane at the South Pole. The union of the two charts
covers the sphere S

2
R completely. The two charts constitute a minimal atlas. While Fig. 5.10 illustrates

the first chart (O∗ south on the NS line, projection plane at the North Pole), in contrast, Fig. 5.16
illustrates the second chart (O∗ north on the SN line, projection plane at the South Pole).

Table 5.1. Maximal extension of a normal central perspective of the sphere, the functions
√

1 + x and
1/

√
1 + x, domain 0 ≤ x ≤ 5, x := 2R/H.

x
√

1 + x 1/
√

1 + x

0.0 1.000 1.000

0.5 1.225 0.816

1.0 1.414 0.707

1.5 1.581 0.632

2.0 1.732 0.577

2.5 1.871 0.535

3.0 2.000 0.500

3.5 2.121 0.471

4.0 2.236 0.447

4.5 2.345 0.426

5.0 2.449 0.408
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Fig. 5.16. Spherical vertical section, general normal perspective mapping of the sphere to the tangential plane
at the South Pole, projection plane at maximal distance.

The normal perspective mapping, which corresponds to Fig. 5.12, but where the perspective center
O∗ is placed north on the SN line and the projection plane is identified as the tangent plane at the
North Pole, is presented in Fig. 5.17.
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D

Fig. 5.17. Spherical vertical section, general normal perspective mapping of the sphere to the tangential plane
which is at minimal distance to O∗: D = R + H.



186 5 “Sphere to tangential plane”: polar (normal) aspect
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Fig. 5.18. Line-of-sight, normal perspective mapping of the sphere to the tangential plane at the South Pole,
projection plane at maximal distance.

For later reference, Box 5.14 outlines the corresponding data for the line-of-sight and the line-of-
contact: compare with Figs. 5.18 and 5.19. Note that the special case where the projection plane is
placed in the center O of the sphere S

2
R is discussed at the end of this section.

prpl rmax rmax

Qlr
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Φr

Φr

N

S

O∗

H

D

Fig. 5.19. Line-of-sight, normal perspective mapping of the sphere to the tangential plane at the North Pole,
projection plane at minimal distance.
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Box 5.14 (Data for the line-of-sight and the line-of-contact, critical spherical latitude, center of perspective
over the North Pole).

Tangential plane at the South Pole Tangential plane at the North Pole

sin Φr =
R

D
=

R

R + H
versus sin Φr =

R

D
=

R

R + H
,

tan Φr =
rmax

R + D
=

rmax

2R + H
versus tan Φr =

rmax

H
,

rmax = (2R + H) tanΦr versus rmax = H tan Φr ;

(5.79)

tan x =
sin xp

1 − sin2 x
, tan Φr =

R

R + H

1q
1 − R

(R+H)2

=
Rp

(2R + H)H
; (5.80)

rmax = R

r
1 + 2

R

H
versus rmax =

Rq
1 + 2 R

H

. (5.81)

5-245 The gnomonic projection

According to Fig. 5.20, the gnomonic projection is generated as a polar central perspective, where
O∗ = O or D = 0 in the context of a normal general perspective mapping holds. In Box 5.15, the
items of such a mapping of the sphere to a plane (namely, (i) the parameterized mapping, (ii) the left
principal stretches of the left Cauchy–Green eigenspace, (iii) the left maximal angular shear, and (iv)
the inverse parameterized mapping) are collected.

H
is
to

ri
ca

l
as

id
e. Note that the gnomonic projection has been used in the antiquity for the construction of a

sundial (“gnomon”).

The basic results of the gnomonic projection or polar central perspective mapping of the sphere S
2
R

are collected in Lemma 5.4.

Lemma 5.4 (Gnomonic projection of the sphere to the polar tangential plane).

The gnomonic projection of the sphere S2
R to the tangential plane at the North Pole is parameterized

by the two equations

x = R cot Φ cos Λ ,

y = R cotΦ sin Λ ,
(5.82)

subject to the left Cauchy–Green eigenspace

left CG eigenspace =
{

EΛ
1

sin Φ
,EΦ

1
sin2 Φ

}
. (5.83)

End of Lemma.
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Box 5.15 (Gnomonic projection).

Parameterized central perspective mapping (polar coordinates):

α = Λ ,

r = R tan ∆ = R cot Φ .
(5.84)

Parameterized central perspective mapping (Cartesian coordinates):

"
x

y

#
= R cot Φ

"
cos Λ

sin Λ

#
. (5.85)

Left principal stretches:

Λ1 =
1

sin Φ
,

Λ2 =
1

sin2 Φ
.

(5.86)

Left eigenvectors:

C1Λ1 = EΛ
1

sin Φ
(Easting) ,

C2Λ2 = EΦ
1

sin2 Φ
(Northing) .

(5.87)

Left maximal angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2 arcsin

˛̨̨
˛1 − sin Φ

1 + sin Φ

˛̨̨
˛ . (5.88)

Parameterized inverse mapping:

tan Λ =
y

x
, tan Φ =

Rp
x2 + y2

. (5.89)

Note that the northern gnomonic projection covers all points in the half open interval π/2 ≤ Φ < 0.
The point Φ = 0 moves to infinity. Accordingly, for a complete gnomonic atlas of the sphere, we need
three charts: one northern, one southern, and one equatorial chart.

Q
ue

st
io

n. Question: “What made the gnomonic projection particularly useful in marine, aerial, and
space navigation?” Answer: “It is the property that the gnomonic projection is geodesic.
Geodesics, namely great circles of the sphere, are mapped onto a straight line – a very
important characteristic!”
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N r

P

p = π(P )

O = O∗

∆ = π
2
− Φ

Fig. 5.20. The gnomonic projection of the sphere.

Last but not least, we present to you a nice sample of the polar gnomonic projection of the sphere in
Fig. 5.21.

Fig. 5.21. Special perspective map of the sphere S
2
R onto the tangent space TNS

2
R: gnomonic projection,

Tissot ellipses, polar aspect, graticule 15◦, shorelines.
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5-246 The orthographic projection

The orthographic projection, which is usually also called parallel projection or orthogonal projection,
is generated as a parallel projection (orthogonal projection) of a point P ∈ S

2
R either on a polar

tangent plane of S
2
R or on a plane parallel to the polar tangent plane through the origin O: compare

with Figs. 5.22 and 5.23. In the context of a general perspective mapping, we are able to generate an
orthographic projection by moving the perspective center O∗ to infinity, i. e. D → ∞ or R/D → ∞.
In Figs. 5.22 and 5.23, such a parallel projection (orthogonal projection) is illustrated. In Box 5.16,
the characteristics of such a projection (namely, (i) the parameterized mapping, (ii) the left principal
stretches of the left Cauchy–Green eigenspace, (iii) the left maximal angular shear, and (iv) the inverse
parameterized mapping) are collected.

T
ec

hn
ic

al
as

id
e. Note that the orthographic projection is used for charting the Moon or the Earth, for

example, on a TV screen.

The basic results of the orthographic projection (parallel projection, orthogonal projection) of the
sphere S2

R are collected in Lemma 5.5.

Lemma 5.5 (Orthographic projection of the sphere to the polar tangential plane or the equatorial plane).

The orthographic projection of the sphere S
2
R to the tangential plane or to the equatorial plane is

parameterized by the two equations

x = R cosΦ cos Λ = X ,

y = R cosΦ sin Λ = Y ,

(5.90)

subject to the left Cauchy–Green eigenspace

left CG eigenspace =
{

EΛ,EΦ
1

sin Φ

}
. (5.91)

End of Lemma.

Note that the northern orthographic projection covers all points of the northern hemisphere, while
the southern orthographic projection covers all points of the southern hemisphere. Accordingly, the
union of the two charts generated by a northern and a southern orthographic projection constitutes a
minimal atlas of the sphere. Additionally, let us here emphasize that the left maximal angular shear
of the gnomonic projection and the orthographic projection coincide.

Q
ue

st
io

n. Question: “What makes the orthographic projection (parallel projection, orthogonal projec-
tion) particularly useful in Geographic Information Systems?” Answer: “It is the property,
which is called concircular, that parallel circles of the sphere S

2
R are mapped onto circles

of TNS
2
R, TSS

2
R, or P

2
O. By means of r = R cosΦ, they are radius preserving – an essential

characteristic!”



5-2 Special mapping equations 191

N r
TNS

2
R

P

p = π(P )

O

R

Fig. 5.22. The orthographic projection of the sphere: S
2
R → TNS

2
R.

A sample of the polar orthographic projection (parallel projection, orthogonal projection) of the sphere
is finally presented to you in Fig. 5.24.

N

r
P

2
O

P

p = π(P )O

R

Fig. 5.23. The orthographic projection of the sphere: S
2
R → P

2
O.
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Box 5.16 (Orthographic projection).

Parameterized orthographic mapping (polar coordinates):

α = Λ , r = R cos Φ . (5.92)

Parameterized orthographic mapping (Cartesian coordinates):"
x

y

#
= R cos Φ

"
cos Λ

sin Λ

#
=

"
X

Y

#
. (5.93)

Left principal stretches:

Λ1 = 1 , Λ2 = sin Φ . (5.94)

Left eigenvectors:

C1Λ1 = EΛ (Easting) , C2Λ2 = EΦsin Φ (Northing) . (5.95)

Left maximal angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2 arcsin

˛̨̨
˛1 − sin Φ

1 + sin Φ

˛̨̨
˛ . (5.96)

Parameterized inverse mapping:

tan Λ =
y

x
, cos Φ =

p
x2 + y2

R
. (5.97)

Fig. 5.24. Special perspective map of the sphere S
2
R onto the tangent space TNS

2
R: orthographic projection,

Tissot ellipses, polar aspect, graticule 15◦, shorelines.
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5-247 The Lagrange projection

The normal general perspective mapping of the sphere reduces to the Polar Stereographic Projection
(UPS) if we specialize H = 0 or D = R. A special variant already mentioned is achieved if we choose
the South Pole as the perspective center O∗ (alternatively, the North Pole) and a projection plane
to coincide with the equatorial frame P

2
O. In Figs. 5.25 and 5.26, such a central perspective mapping

is illustrated. In Box 5.17, the characteristics of such a projection (namely, (i) the parameterized
mapping, (ii) the left principal stretches of the left Cauchy–Green eigenspace, (iii) the left maximal
angular shear, and (iv) the inverse parameterized mapping) are collected.

H
is
to

ri
ca

l
as

id
e.

Such a central perspective mapping particularly is associated with the name of J. L. Lagrange
(1736–1813). Note that his works on map projections are published in A.Wangerin,
Über Kartenprojectionen, Abhandlungen von J. L. Lagrange and C.F.Gauss (Verlag
W.Engelmann, Leipzig 1894).

The basic results of the Lagrange projection of the sphere S
2
R to the equatorial plane are collected in

Lemma 5.6.

Lemma 5.6 (Special perspective mapping of the sphere: the Lagrange projection).

The Lagrange projection of the sphere S
2
R to the equatorial plane is parameterized by

x = R tan
∆

2
cos Λ = R tan

(
π

4
− Φ

2

)
cos Λ ,

y = R tan
∆

2
sin Λ = R tan

(
π

4
− Φ

2

)
sin Λ ,

(5.98)

subject to the left Cauchy–Green eigenspace

left CG eigenspace =

{
EΛ

1
2 cos2 ∆

2

,EΦ
1

2 cos2 ∆
2

}
. (5.99)

The Lagrange projection is conformal.

End of Lemma.

Note that the northern hemisphere is conformally mapped from the southern projective center S = O∗,
while the southern hemisphere is conformally mapped from the northern projective center N = O∗,
namely generating northern and southern points within a circle of radius R. The union of these two
charts generates a minimal atlas of conformal type.

Q
ue

st
io

n. Question: “What makes the Lagrange projection particularly useful when compared with
the Universal Stereographic Projection (UPS)?” Answer: “It is the different factor of con-
formality Λ1 = Λ2: the left principal stretches of the Lagrange projection are half of the left
principal stretches of the UPS: Λ1(Lagrange) = Λ2(Lagrange) = 1

2Λ1(UPS) = 1
2Λ2(UPS).”
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N

r

P

p = π(P )O

Φ

∆/2

S = O∗

Fig. 5.25. Special perspective mapping: the Lagrange projection: the left chart. Together with the right chart,
a minimal atlas of the sphere is constituted.

N = O∗

S

r

P

p = π(P )

O |Φ|

|∆| /2

Fig. 5.26. Special perspective mapping: the Lagrange projection: the right chart. Together with the left chart,
a minimal atlas of the sphere is constituted.
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Box 5.17 (Lagrange projection).

Parameterized special perspective mapping (polar coordinates):

α = Λ ,

r = R tan
∆

2
= R tan

„
π

4
− Φ

2

«
.

(5.100)

Sine lemma (triangle OpS):

r

sin ∆
2

=
R

cos ∆
2

→ r . (5.101)

Parameterized special perspective mapping (Cartesian coordinates):"
x

y

#
= R tan

∆

2

"
cos Λ

sin Λ

#
= R tan

„
π

4
− Φ

2

« "
cos Λ

sin Λ

#
. (5.102)

Case (i) (Φ = 0):"
x

y

#
= R

"
cos Λ

sin Λ

#
. (5.103)

Case (ii) (Φ = π/2):"
x

y

#
=

"
0

0

#
. (5.104)

Left principal stretches:

Λ1 =
f ′(∆)

R sin ∆
=

tan ∆
2

2 sin ∆
2

cos ∆
2

=
1

2 cos2 ∆
2

,

Λ2 =
f ′(∆)

R
=

1

2 cos2 ∆
2

.

(5.105)

Conformality:

Λ1 = Λ2 . (5.106)

Left eigenvectors:

C1Λ1 = EΛ
1

2 cos2 ∆
2

(Easting) ,

C2Λ2 = EΦ
1

2 cos2 ∆
2

(Northing) .

(5.107)
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Continuation of Box.

Left maximal angular distortion:P
l = Ψl − Ψr = 0 ,

Ωl = 0 .
(5.108)

Parameterized inverse mapping:

cos Λ =
xp

x2 + y2
,

sin Λ =
yp

x2 + y2
,

(5.109)

tan
∆

2
= tan

„
π

4
− Φ

2

«
=

1

R

p
x2 + y2 ,

2 sin
∆

2
cos

∆

2
=

2 tan ∆
2

1 + tan2 ∆
2

= sin ∆ = cos Φ ,

cos Φ =
2 tan ∆

2

1 + tan2 ∆
2

=
2

R

p
x2 + y2

1 + x2+y2

R2

= 2R

p
x2 + y2

R2 + x2 + y2
,

cos2
∆

2
− sin2 ∆

2
=

1

1 + tan2 ∆
2

− tan2 ∆
2

1 + tan2 ∆
2

=
1 − tan2 ∆

2

1 + tan2 ∆
2

= cos ∆ = sin Φ ,

sin Φ =
1 − tan2 ∆

2

1 + tan2 ∆
2

=
1 − x2+y2

R2

1 + x2+y2

R2

=
R2 − (x2 + y2)

R2 + (x2 + y2)
,

(5.110)

cos Φ = 2R

p
x2 + y2

R2 + x2 + y2
,

sin Φ =
R2 − (x2 + y2)

R2 + (x2 + y2)
.

(5.111)

S
2
R ⊂ E

3:

X(Λ, Φ, R) = [E1, E2, E3]

2
4X

Y
Z

3
5 , (5.112)

X = R cos Φ cos Λ = 2R
x

R2 + (x2 + y2)
,

Y = R cos Φ sin Λ = 2R
y

R2 + (x2 + y2)
,

Z = R sin Φ = R
R2 − (x2 + y2)

R2 + (x2 + y2)
.

(5.113)



5-2 Special mapping equations 197

5-25 What are the best polar azimuthal projections of “sphere to plane”?

Most textbooks on map projections list those many azimuthal projections of the “sphere to plane”
without taking any decision of which one may be the best. Indeed, for such a decision, we need an
objective criterion, and we choose it according to Chapter 1 and Chapter 2, i. e. we choose the distortion
energy over a spherical cap being covered by the chosen azimuthal projection of the sphere S

2
R to the

tangent space TNS
2
R or the plane P

2
O. In order to prepare us for a rational decision of the best polar

azimuthal projection “sphere to plane”, in Table 5.2, we have tabulated a variety of values for the left
principal stretches Λ1(∆) along the parallel circle and Λ2(∆) along the meridian for the area distortion
Λ1(∆)Λ2(∆) and the maximal angular shear 2 arcsin[|Λ1(∆)− Λ2(∆)| /(Λ1(∆)+Λ2(∆))] as functions
of colatitude (polar distance ∆), namely for ∆ given by ∆ ∈ {0◦, 30◦, 60◦, 90◦} and six typical polar
azimuthal projections.

Table 5.2. Distortion data of spherical mappings: “sphere to plane”, azimuthal projections, normal aspect
(polar, direct).

name ∆ = π/2 − Φ
Λ1

(parallel circle)

Λ2

(meridian)

Λ1Λ2

(area distortion)

2 arcsin |Λ1(∆)−Λ2(∆)|
(Λ1(∆)+Λ2(∆))

(max. ang. distortion)

equidistant 0◦ 1.000 1 1.000 0◦00′

(Postel) 30◦ 1.047 1 1.047 2◦38′

60◦ 1.209 1 1.209 10◦52′

90◦ 1.571 1 1.571 25◦39′

conformal 0◦ 1.000 1.000 1.000 0◦

(UPS) 30◦ 1.072 1.072 1.149 0◦

60◦ 1.333 1.333 1.778 0◦

90◦ 2.000 2.000 4.000 0◦

equiareal 0◦ 1.000 1.000 1.000 0◦00′

30◦ 1.035 0.966 1.000 3◦58′

60◦ 1.155 0.866 1.000 16◦26′

90◦ 1.414 0.707 1.000 38◦57′

gnomonic 0◦ 1.000 1.000 1.000 0◦00′

30◦ 1.155 1.333 1.540 8◦14′

60◦ 2.000 4.000 8.000 38◦57′

90◦ ∞ ∞ ∞ 180◦00′

orthographic 0◦ 1 1.000 1.000 0◦00′

30◦ 1 0.866 0.866 8◦14′

60◦ 1 0.500 0.500 38◦57′

90◦ 1 0 0 180◦00′

Lagrange 0◦ 0.500 0.500 0.250 0◦

conformal 30◦ 0.536 0.536 0.287 0◦

60◦ 0.667 0.667 0.445 0◦

90◦ 1.000 1.000 1.000 0◦

In addition, a collection of the distortion energy density tr[ClG
−1
l ]/2 = (Λ2

1(∆) + Λ2
2(∆))/2, the

arithmetic mean of the left principal stretches squared, is presented in Box 5.18. The distortion energy
density has been given both as a function of colatitude ∆ and latitude Φ. Next, by means of Box 5.19,
we outline the computation of the total surface element S of a spherical cap between a parallel circle
of latitude Φ (colatitude ∆) and Φ = π/2 (North Pole). Finally, we are prepared to compute by means
of Box 5.20 the distortion energy over a spherical cap, relatively to the six typical polar azimuthal
projections. Note that all integral formulae were taken from W.Gröbner and N.Hofreiter (1973), in
particular, 331.10 k (page 119) 331.11 k (page 120), and 333.8 b (page 130).
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Box 5.18 (Distortion energy density tr[ClG
−1
l ]/2 = (Λ2

1(∆)+Λ2
2(∆))/2 for various azimuthal map projections

of the sphere, normal aspect (polar aspect)).

Equidistant (Postel):

1

2

`
Λ2

1 + Λ2
2

´
=

1

2

sin2 ∆ + ∆2

sin2 ∆
=

1

2

cos2 Φ +
`

π
2
− Φ

´2

cos2 Φ
. (5.114)

Conformal (UPS):

1

2

`
Λ2

1 + Λ2
2

´
=

1

cos4 ∆
2

=
1

cos4
`

π
4
− Φ

2

´ . (5.115)

Equiareal (Lambert):

1

2

`
Λ2

1 + Λ2
2

´
=

1

2

1 + cos4 ∆
2

cos2 ∆
2

=
1

2

1 + cos4
`

π
4
− Φ

2

´
cos2

`
π
4
− Φ

2

´ . (5.116)

Gnomonic:

1

2

`
Λ2

1 + Λ2
2

´
=

1

2

cos2 ∆ + 1

cos4 ∆
=

1

2

sin2 Φ + 1

sin4 Φ
. (5.117)

Orthographic:

1

2

`
Λ2

1 + Λ2
2

´
=

1

2

`
1 + cos2 ∆

´
=

1

2

`
1 + sin2 Φ

´
. (5.118)

Lagrange conformal:

1

2

`
Λ2

1 + Λ2
2

´
=

1

4

1

cos4 ∆
2

=
1

4

1

cos4
`

π
4
− Φ

2

´ . (5.119)

Box 5.19 (Total surface element S or the area of a spherical cap).

S = R2

Z 2π

0

dΛ

Z π/2

Φ

dΦ cos Φ = R2

Z 2π

0

dΛ

Z ∆

0

d∆ sin ∆ , (5.120)

subject to

∆ :=
π

2
− Φ or Φ =

π

2
− ∆ ,

dΦ = −d∆ ,Z π/2

Φ

dΦ = −
Z 0

∆

d∆ = +

Z ∆

0

d∆ ;

(5.121)

S = 2πR2ˆ
+ sin Φ

˜π/2

Φ
= 2πR2(1 − sin Φ) ,

S = 2πR2ˆ − cos ∆
˜∆

0
= 2πR2(1 − cos ∆) .

(5.122)
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Box 5.20 (Distortion energy of six polar azimuthal projections over a spherical cap).

General representation of the distortion energy:

J :=

Z
dS

1

2
tr

ˆ
ClG

−1
l

˜
=

Z
dS

1

2

`
Λ2

1 + Λ2
2

´
, J = 2πR2

Z ∆

0

sin x
1

2

`
Λ2

1(x) + Λ2
2(x)

´
dx . (5.123)

(i) Equidistant (Postel) polar azimuthal projection:

J1 :=
J

2πR2
=

1

2

Z ∆

0

x2

sin x
dx +

1

2

Z ∆

0

sin xdx . (5.124)

1st integral:Z ∆

0

x2

sin x
dx =

∆2

2
+ lim

K→∞

KX
k=1

(−1)k+1 2
`
22k−1 − 1

´
(2 + 2k)(2k)!

B2k∆2+2k . (5.125)

Bernoulli numbers:

B0 = 1 , B1 = −1

2
, B2 = +

1

6
, B4 = − 1

30
, B6 = +

1

42
, B8 = − 1

30
,

B10 = +
5

66
, B12 = − 691

2730
, B14 = +

7

6
, B16 = −3617

510
.

(5.126)

2nd integral:Z ∆

0

sin xdx = [− cos x]∆0 = 1 − cos ∆ . (5.127)

J1:

J1 =
1

4
∆2 + lim

K→∞

KX
k=1

(−1)k+1

`
22k−1 − 1

´
(2 + 2k)(2k)!

B2k∆2+2k +
1

2
(1 − cos ∆) . (5.128)

(ii) Conformal polar azimuthal projection (UPS):

J2 :=
J

2πR2
=

Z ∆

0

sin x

cos4 x
2

dx = 2

Z ∆

0

sin x
2

cos3 x
2

dx ,

J2/2 = [1/ cos2
x

2
]∆0 =

1

cos2 ∆
2

− 1 =
1 − cos2 ∆

2

cos2 ∆
2

, J2 = 2 tan2 ∆

2
.

(5.129)

(iii) Equiareal (Lambert) polar azimuthal projection:

J3 :=
J

2πR2
=

Z ∆

0

sin x
1 + cos4 x

2

cos2 x
2

dx = 2

Z ∆

0

sin
x

2

1 + cos4 x
2

cos x
2

dx =

= 2

Z ∆

0

tan
x

2

“
1 + cos4

x

2

”
dx ,

x/2 := y

⇒Z
tan

x

2

“
1 + cos4

x

2

”
dx = 2

Z
tan y

`
1 + cos4 y

´
dy =

= 2

Z
tan ydy + 2

Z
sin y cos3 ydy = −2 ln cos y − 1

2
cos4 y = −2 ln cos

x

2
− 1

2
cos4

x

2
,

h
ln cos

x

2

i∆

0
= ln cos

∆

2
,

h
cos4

x

2

i∆

0
= cos4

∆

2
− 1 ,

J3 = 1 − cos4
∆

2
− 4 ln cos

∆

2
.

(5.130)



200 5 “Sphere to tangential plane”: polar (normal) aspect

Continuation of Box.

(iv) Gnomonic polar azimuthal projection:

J4 :=
J

2πR2
=

1

2

Z ∆

0

sin x
1 + cos2 x

cos4 x
dx =

1

2

Z ∆

0

sin x

„
1

cos4 x
+

1

cos2 x

«
dx ,

J4 =
1

6

ˆ
1/ cos3 x

˜∆

0
+

1

2
[1/ cos x]∆0 ,

J4 =
1

6

„
1

cos3 ∆
− 1

«
+

1

2

„
1

cos ∆
− 1

«
,

J4 =
1

6

1 − cos3 ∆

cos3 ∆
+

1

2

1 − cos ∆

cos ∆
.

(5.131)

(v) Orthographic polar azimuthal projection:

J5 :=
J

2πR2
=

1

2

Z ∆

0

sin x(1 + cos2 x)dx , J5 =
1

2

Z ∆

0

sin xdx +
1

2

Z ∆

0

sin x cos2 xdx ,

J5 =
1

2
[− cos x]∆0 − 1

6

ˆ
cos3 x

˜∆

0
, J5 =

1

2
(1 − cos ∆) +

1

6
(1 − cos3 ∆) .

(5.132)

(vi) Lagrange conformal polar azimuthal projection:

J6 :=
J

2πR2
=

1

4

Z ∆

0

sin x

cos4 x
2

dx =
1

2

Z ∆

0

sin x
2

cos3 x
2

dx ,

sin x = 2 sin
x

2
cos

x

2
, x/2 = y : dx = 2dy ,

J6 =

Z ∆/2

0

sin y

cos3 y
dy =

1

2

ˆ
1/ cos2 y

˜∆/2

0
=

1

2

1

cos2 ∆
2

− 1

!
,

J6 =
1

2
tan2 ∆

2
.

(5.133)

The portrait of the distortion energy density and of the total distortion energy over a spherical cap
(0◦ ≤ ∆ ≤ 60◦) is given by Fig. 5.27, Fig. 5.28, and Table 5.3 for six polar azimuthal projections
of type (i) equidistant (Postel), (ii) conformal (UPS), (iii) equiareal (Lambert), (iv) gnomonic, (v)
orthographic, and (vi) Lagrange conformal. Contact Appendix A in order to enjoy the ordering

J6 < J5 < J1 < J2 < J4 < J3 for < 49◦, 248502

and

J6 < J5 < J1 < J2 < J3 < J4 for > 49◦, 248502 .

(5.134)

Denote for a moment the symbol < by “better”. Then we can make a most important qualitative
statement about the six polar azimuthal projections based upon the ordering of the respective total
distortion energies over a spherical cap, namely

conformal (Lagrange) < orthographic < equidistant (Postel) < conformal (UPS) <

< gnomonic < equal area (Lambert) for < 49◦, 248502
and

conformal (Lagrange) < orthographic < equidistant (Postel) < conformal (UPS) <

< equal area (Lambert) < gnomonic for > 49◦, 248502 .

(5.135)

Of course, in practice, decision makers for azimuthal map projections do not follow objective criteria:
they prefer the equiareal (Lambert) projection.
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equiareal (Lambert)

equidistant (Postel)

conformal (UPS)

orthographic

Lagrange conformal

gnomonic

circular diagram

Fig. 5.27. Circular diagram, polar azimuthal projections.

∆ [◦]

distortion
energy

Fig. 5.28. Distortion energy over a spherical cap: six polar azimuthal projections, 0◦ ≤ ∆ ≤ 60◦.
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Table 5.3. Distortion energy over a spherical cap: six polar azimuthal projections, 0◦ ≤ ∆ ≤ 60◦.

∆[◦] J1 J2 J3 J4 J5 J6

0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

5 0.00381 0.00381 0.00761 0.00383 0.00380 0.00095

10 0.01523 0.01531 0.03038 0.01555 0.01508 0.00383

15 0.03427 0.03466 0.06815 0.03591 0.03350 0.00867

20 0.06093 0.06218 0.12063 0.06628 0.05853 0.01555

25 0.09521 0.09830 0.18746 0.10891 0.08944 0.02457

30 0.13713 0.14359 0.26816 0.16728 0.12540 0.03590

35 0.18670 0.19883 0.36222 0.24694 0.16548 0.04971

40 0.24397 0.26495 0.46908 0.35679 0.20872 0.06624

45 0.30899 0.34315 0.58814 0.51184 0.25419 0.08579

50 0.38184 0.43489 0.71882 0.73874 0.30101 0.10872

55 0.46264 0.54198 0.86056 1.08829 0.34843 0.13550

60 0.55155 0.66667 1.01286 1.66667 0.39583 0.16667

5-3 The pseudo-azimuthal projection

Setting up general equations of the mapping “sphere to plane”: the pseudo-azimuthal projection in the
normal aspect (polar aspect).

In a preceding section, we define polar azimuthal projections by the following two postulates. (i) The
images of the circular meridians Λ = constant under an azimuthal mapping are radial straight lines.
(ii) The images of parallel circles Φ = constant or ∆ = constant are concentric circles. Any deviation
from these postulates generates pseudo-azimuthal projections or, in general, mappings of the sphere
S

2
R of radius R to a polar tangential plane TNS

2
R or to a plane P

2
O through the center O of the sphere

S
2
R. Here, we shall only consider general equations of a pseudo-azimuthal mapping of type[

x(Λ,∆)
y(Λ,∆)

]
= r(∆)

[
cosα(Λ,∆)
sin α(Λ,∆)

]
or[

x(Λ,∆)
y(Λ,∆)

]
= f(∆)

[
cos g(Λ,∆)
sin g(Λ,∆)

]
,

(5.136)

which are characterized by two functions, namely the radial function f(∆) and the azimuth function
g(Λ,∆). The azimuth function α(Λ,∆) = g(Λ,∆) is azimuth preserving if α(Λ,∆) = ∆. Accordingly,
in general, a pseudo-azimuthal mapping is not azimuth preserving, α(Λ,∆) �= ∆.

Q
ue

st
io

n.

Question: “How are the pseudo-azimuthal projections “sphere to plane” classified?” Answer:
“By computing the left Cauchy–Green matrix as well as its left eigenspace.”
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category A category B

category C category D

Fig. 5.29. Images of coordinate lines under four categories of mapping, special case: polar coordinates.

Let us bother you with the detailed analysis of distortion for pseudo-azimuthal mappings of type
x = f(∆) cos g(Λ,∆) and y = f(∆) sin g(Λ,∆). In Box 5.21, we present the left Jacobi matrix, the left
Cauchy–Green matrix and the left principal stretches. In order to supply you with a visual impression
of what is going to happen when you switch from azimuthal to pseudo-azimuthal, in Fig. 5.29, we have
made an attempt to highlight the images of the coordinate lines under the following four categories
of mapping. (The various categories have been properly chosen by W.R.Tobler (1963a) as long as we
intend to map “sphere to plane”.)

Category A: Category B: Category C: Category D:

α = Λ ,
r = f(∆) .

α = g(Λ,∆) ,
r = f(∆) .

α = g(Λ) ,
r = f(Λ,∆) .

α = g(Λ,∆) ,
r = f(Λ,∆) .

(5.137)

Box 5.21 (Polar pseudo-azimuthal projections “sphere to plane”, left principal stretches).

Parameterized mapping:

α = g(Λ, ∆) , r = f(∆) , x = r cos α = f(∆) cos g(Λ,∆) , y = r sin α = f(∆) sin g(Λ, ∆) . (5.138)

Left Jacobi matrix:

Jl =

"
DΛx D∆x

DΛy D∆y

# "−fgΛ sin g f ′ cos g − fg∆ sin g

+fgΛ cos g f ′ sin g + fg∆ cos g

#
. (5.139)

Left Cauchy–Green matrix:

Gr = I2 , Cl = J∗l GrJl = J∗l Jl =

"
f2g2

Λ f2gΛg∆

f2gΛg∆ f ′2 + f2g2
∆

#
. (5.140)

Left principal stretches:

˛̨
Cl − Λ2Gl

˛̨
= 0 ⇔ Λ2

1,2 = Λ2
± =

1

2

„
tr

ˆ
ClG

−1
l

˜ ± q`
tr

ˆ
ClG

−1
l

˜´2 − 4det
ˆ
ClG

−1
l

˜«
, (5.141)
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Continuation of Box.

Gl =

"
R2 sin2 ∆ 0

0 R2

#
, G−1

l =

2
64

1

R2 sin2 ∆
0

0
1

R2

3
75 ,

ClG
−1
l =

"
c11G

−1
11 c12G

−1
22

c12G
−1
11 c22G

−1
22

#
=

2
664

f2g2
Λ

R2 sin2 ∆

f2gΛg∆

R2

f2gΛg∆

R2 sin2 ∆

f ′2 + f2g2
∆

R2

3
775 ,

(5.142)

tr
ˆ
ClG

−1
l

˜
=

1

R2 sin2 ∆

h
f2g2

Λ +
“
f ′2 + f2g2

∆

”
sin2 ∆

i
,

det
ˆ
ClG

−1
l

˜
=

1

R4 sin2 ∆

h
f2g2

Λ

“
f ′2 + f2g2

∆

”
− f4g2

Λg2
∆

i
,

tr
ˆ
ClG

−1
l

˜
=

1

R2 sin2 ∆

h
f2 `

g2
Λ + g2

∆ sin2 ∆
´

+ f ′2 sin2 ∆
i

,

det
ˆ
ClG

−1
l

˜
=

1

R4 sin2 ∆
f2f ′2g2

Λ .

(5.143)

Let us comment on the left principal stretches that we have computed in Box 5.21. First, based on
the parameterized mapping of category B, we have calculated the left Jacobi matrix, namely the
partial derivatives of x(Λ,∆) and y(Λ,∆). Second, we succeeded to derive a simple form of the left
Cauchy–Green matrix. Third, the general eigenvalue problem for the matrix pair {Cl,Gl} leads to
the characteristic equation

∣∣Cl − Λ2Gl

∣∣ = 0. We did not explicitly compute the left principal stretches
{Λ1, Λ2}. Instead, we took advantage of the invariant representation of the left eigenspace in terms
of the Hilbert invariants J1 = tr

[
ClG

−1
l

]
and J2 = det

[
ClG

−1
l

]
. J1 as well as J2 have been explicitly

computed.

Q
ue
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n.

Question: “Do conformal mappings of the pseudo-azimuthal type, category B, exist or do
equiareal mappings of the pseudo-azimuthal type, category B, exist?” Answer: “No conformal
mappings of the pseudo-azimuthal type, category B, exist, but equiareal indeed do.”

This question may be asked with the left principal stretches Λ1 and Λ2 at hand. But how to prove
this answer? Let us prove this answer in two steps.

Proof.

First, we prove the non-existence of a conformal pseudo-azimuthal mapping, category B. The canonical
postulate of conformality, Λ1 = Λ2, is equivalent to (5.144). The sum of two positive numbers cannot
be zero, in general. The special case gΛ = 1 and g∆ = 0 transforms the pseudo-azimuthal mapping,
category B, back to the azimuthal mapping, category A.

tr
[
ClG

−1
l

]
= 2

√
det

[
ClG

−1
l

]
; here: (fgΛ − f ′ sin ∆)2 + f2g2

∆ sin2 ∆ = 0 . (5.144)

Second, we characterize an equiareal pseudo-azimuthal mapping, category B. The canonical postulate
of an equiareal mapping, Λ1Λ2 = 1, is equivalent to (5.145). In consequence, we give an example of
an equiareal pseudo-azimuthal mapping, category B. The special case gΛ = 1 transforms the pseudo-
azimuthal mapping, category B, back to the azimuthal mapping, category A.√

det
[
ClG

−1
l

]
= 1 ; here:

ff ′

R2 sin ∆
gΛ = 1 . (5.145)

End of Proof.
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5-4 The Wiechel polar pseudo-azimuthal projection

A special variant of Lambert’s equiareal polar azimuthal projection: the Wiechel polar pseudo-azimuthal
projection.

A special variant of Lambert’s equiareal polar azimuthal projection has been given by H. Wiechel
(1879). The direct equations for mapping the “sphere to plane” are presented in Box 5.22 and are
illustrated in Fig. 5.30. Thanks to the azimuthal function α = g(Λ,∆) �= Λ (in general, here we
consider α = Λ + ∆/2), the Wiechel map is pseudo-azimuthal. A quick view to Wiechel’s pseudo-
azimuthal map of Fig. 5.30 motivates the following interpretation: we see the polar vortex at the
North Pole directed to the Earth’s rotation axis, namely e3. Indeed, we compute the curl or vortex of
the placement vector x(Λ,∆) = e1x(Λ,∆) + e2y(Λ,∆):

curlx(Λ,∆) = e3 (DΛy −D∆x) = e3

[
−R cos(Λ + ∆) + 2R sin

∆

2
cos

(
Λ +

∆

2

)]
�= 0 . (5.146)

Consult the original contribution of H.Wiechel (1879) for a deeper understanding. In particular, enjoy
his arguments for “a rotational graticule”. To become familiar with such a special pseudo-azimuthal
mapping “sphere to plane”, let us ask the following question.

Q
ue

st
io

n.

Question: “Is the Wiechel pseudo-azimuthal projection “sphere to plane” equiareal?”
Answer: “Yes.”

For the proof, follow the lines of the proof outlined in Box 5.22. First, we compute the left Jacobi
matrix constituted by the partial derivatives DΛx, D∆x, DΛy, and D∆y. Second, we derive the left
Cauchy–Green matrix by computing Cl = J∗l Jl. Third, we derive the left principal stretches, the left
eigenvalues of the matrix ClG

−1
l , namely Λ1 and Λ2, from the trace tr

[
ClG

−1
l

]
and the determinant

det
[
ClG

−1
l

]
. Fourth, Λ1Λ2 = 1 proves an equiareal mapping.

Fig. 5.30. Wiechel’s pseudo-azimuthal projection “sphere to plane”, normal aspect.
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Box 5.22 (Wiechel’s pseudo-azimuthal projection “sphere to plane”).

Direct equations of Wiechel’s map (polar coordinates):

α = Λ +
∆

2
= Λ +

„
π

4
− Φ

2

«
=: g(Λ,∆) ,

r = 2R sin
∆

2
= 2R sin

„
π

4
− Φ

2

«
=: f(∆) .

(5.147)

Direct equations of Wiechel’s map (Cartesian coordinates):"
x

y

#
= 2R sin

∆

2

"
cos

`
Λ + ∆

2

´
sin

`
Λ + ∆

2

´
#

,

"
x

y

#
= f(∆)

"
cos g(Λ, ∆)

sin g(Λ, ∆)

#
. (5.148)

Left Jacobi matrix:

Jl =

"
DΛx D∆x

DΛy D∆y

# "−f sin g f ′ cos g − fg∆ sin g

+f cos g f ′ sin g + fg∆ cos g

#
, f ′ = R cos

∆

2
, g∆ =

1

2
. (5.149)

Left Cauchy–Green matrix:

Gr = I2 , Cl = J∗l GrJl = J∗l Jl =

"
f2 1

2
f2

1
2
f2 f ′2 + f2g2

∆

#
=

"
4R2 sin2 ∆

2
2R2 sin2 ∆

2

2R2 sin2 ∆
2

R2

#
. (5.150)

Left principal stretches:

Λ2
1,2 = Λ2

± =
1

2

„
tr

ˆ
ClG

−1
l

˜ ± q`
tr

ˆ
ClG

−1
l

˜´2 − 4det
ˆ
ClG

−1
l

˜«
, (5.151)

ClG
−1
l =

2
6664

1

cos2 ∆
2

2 sin2 ∆

2

1

2

1

cos2 ∆
2

1

3
7775 ,

tr
ˆ
ClG

−1
l

˜
=

1 + cos2 ∆
2

cos2 ∆
2

, det
ˆ
ClG

−1
l

˜
= 1 ,

`
tr

ˆ
ClG

−1
l

˜´2 − 4det
ˆ
ClG

−1
l

˜
=

1

cos4 ∆
2

"„
1 + cos2

∆

2

«2

− 4 cos4
∆

2

#
,

(5.152)

Λ2
1,2 = Λ2

± =
1

2

1

cos2 ∆
2

2
41 + cos2

∆

2
±

s„
1 + cos2

∆

2

«2

− 4 cos4
∆

2

3
5

⇒
Λ1Λ2 = 1 .

(5.153)
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With this box, we finish the discussion of the polar (normal) aspect of the mapping “sphere to
tangential plane”. In the chapter that follows, let us discuss the transverse aspect.
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6 “Sphere to tangential plane”: transverse aspect

Mapping the sphere to a tangential plane: meta-azimuthal projections in the transverse aspect. Equidis-
tant, conformal (stereographic), and equal area (transverse Lambert) mappings.

Azimuthal projections may be classified by reference to the point-of-contact of the plotting surface with
the Earth. While chapter 5 treated the case of a polar azimuthal projections (azimuthal projection
in the polar aspect), this section concentrates on meta-azimuthal mappings of the Earth onto a
plane in the transverse aspect, which are often also called equatorial: the point-of-contact (meta-
North Pole) may be any point on the (conventional) equator of the reference sphere. According to
chapter 3, its spherical coordinates, referring to the equatorial frame of reference, are specified through
Λ0 ∈ [0◦, 360◦], Φ0 = 0◦. In the special case Λ0 = 270◦, the meta-North Pole is located in the West
Pole and the meta-equator (then called transverse equator) agrees with the Greenwich meridian of
reference. For a first impression, consult Fig. 6.1.

Fig. 6.1. Mapping the sphere to a tangential plane: transverse aspect. Point-of-contact: meta-North Pole at
Λ0 = 300◦, Φ0 = 0◦.

6-1 General mapping equations
Setting up general equations of the mapping “sphere to plane”: the meta-azimuthal projections in the
transverse aspect. Meta-longitude, meta-latitude.

The general equations for meta-azimuthal projections are based on the general equation (5.9) of
Chapter 5, but spherical longitude Λ and spherical latitude Φ being replaced by their counterparts
meta-longitude and meta-latitude. In order to distinguish the polar coordinate α in the plane from
the meta-longitude α as introduced in Chapter 3, see (3.51) and (3.53), we here refer to A and B
as the meta-coordinates meta-longitude and meta-latitude. In consequence, the general equations of a
meta-azimuthal mapping in the transverse aspect are provided by the vector relation (6.1) taking into
account the constraints (6.2): [

x
y

]
=

[
r cos α
r sin α

]
=

[
f(B) cos A
f(B) sin A

]
, (6.1)

tanA =
sin(Λ− Λ0)
− tanΦ

,

sin B = cosΦ cos(Λ− Λ0) .

(6.2)
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These equations result from (3.51) and (3.53) by setting the position of the meta-North Pole to Φ0 = 0◦.
As a matter of course, the polar coordinate α, usually called azimuth, is not anymore identical to the
spherical longitude Λ. The images of (conventional) meridians and (conventional) parallels lose their
typical behavior of being radial straight lines and equicentric circles. Since r equals f(B), parallel
circles Φ = constant are mapped as a function of longitude Λ and longitude Λ0 of the meta-North
Pole. Likewise, the image of a meridian Λ = constant becomes a complicated curve satisfying the
equation y = − sin(Λ− Λ0)/ tanΦx, i. e. y is a linear function of x but with a longitude and latitude
dependent slope.

6-2 Special mapping equations

Setting up special equations of the mapping “sphere to plane”: the meta-azimuthal projections in the
transverse aspect. Equidistant mapping (transverse Postel projection), conformal mapping (transverse
stereographic projection), equal area mapping (transverse Lambert projection).

6-21 Equidistant mapping (transverse Postel projection)

Let us formulate a transverse equidistant mapping of the sphere to a plane by the postulate that for
the family of meta-meridians A = constant the relations (6.3) hold true. The mapping equations and
the corresponding distortion analysis are systematically presented in Box 6.1. A sketch of this mapping
with the choice of Λ0 = 270◦ is given in Fig. 6.2.

r = Rarc(π/2−B) ,

sin B = cosΦ cos(Λ− Λ0) .
(6.3)

Fig. 6.2. Mapping the sphere to a tangential plane: transverse aspect, equidistant mapping. Point-of-contact:
meta-North Pole at Λ0 = 270◦, Φ0 = 0◦.
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Box 6.1 (Transverse equidistant mapping of the sphere to a plane at the meta-North Pole. Parameters:
Λ0 ∈ [0◦, 360◦], Φ0 = 0).

Parameterized mapping:

α = A , r = f(B) = Rarc(π/2 − B) , (6.4)

x = r cos α = R (π/2 − B) cos A , y = r sin α = R (π/2 − B) sin A ,

tan A =
sin(Λ − Λ0)

− tan Φ
, sin B = cos Φ cos(Λ − Λ0) .

(6.5)

Left principal stretches:

Λ1 =
π/2 − B

cos B
, Λ2 = 1 . (6.6)

Left eigenvectors:

C1Λ1 = EA
π/2 − B

sin (π/2 − B)
, C2Λ2 = EB . (6.7)

Parameterized inverse mapping:

tanA =
y

x
, B =

π

2
−

r
x2 + y2

R2
,

tan(Λ − Λ0) =
sin A

tan B
,

sin Φ = − cos B cos A .

(6.8)

Left maximum angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2 arcsin

˛̨̨
˛ π

2
− B − cos B

π
2
− B + cos B

˛̨̨
˛ . (6.9)

6-22 Conformal mapping (transverse stereographic projection, transverse UPS)

The transverse conformal mapping of the sphere to a tangential plane is easily derived with the
knowledge of the preceding paragraph. We here conveniently rewrite the mapping equations of the
normal conformal mapping of Section 5-22 in terms of the (meta-)coordinates meta-longitude A and
meta-latitude B. Again, we take into account the relations (6.1) and (6.2) between meta-coordinates,
standard spherical coordinates (Λ,Φ), and the coordinates Λ0 ∈ [0◦, 360◦] and Φ0 = 0◦ of the meta-
North Pole. Then, the setup of the mapping equations is given by Lemma 6.1.
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Lemma 6.1 (Transverse conformal mapping of the sphere to a tangential plane at the meta-North Pole
Λ0 ∈ [0◦, 360◦], Φ0 = 0◦).

x = 2R tan
(

π

4
− B

2

)
cos A , y = 2R tan

(
π

4
− B

2

)
sin A ,

tanA =
sin(Λ− Λ0)
− tanΦ

, sin B = cos Φ cos(Λ− Λ0) ,

(6.10)

subject to the principal stretches

Λ1 = Λ2 =
1

cos2
(

π
4 − B

2

) (6.11)

and the left Cauchy-Green eigenspace

left CG eigenspace =

{
EA

1
cos2

(
π
4 − B

2

) ,EB
1

cos2
(

π
4 − B

2

)} . (6.12)

End of Lemma.

An idea of the appearance of the transverse conformal mapping to be considered here can be obtained
from Fig. 6.3.

Fig. 6.3. Mapping the sphere to a tangential plane: transverse aspect, conformal mapping. Point-of-contact:
meta-North Pole at Λ0 = 90◦, Φ0 = 0◦.
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6-23 Equal area mapping (transverse Lambert projection)

For displaying eastern and western hemispheres in atlas maps, the equatorial aspect of the well-known
Lambert projection is widely used. In order to derive the mapping equations, we immediately start
from equations (5.35) of Lemma 5.3 again substituting spherical longitude Λ and spherical latitude Φ
by their counterparts meta-longitude A and meta-latitude B. We end up with the parameterization
in Lemma 6.2. An illustration is given by Fig. 6.4. It is easily observed from Fig. 6.4 that meridians,
except the central meridian, are complex curves unequally spaced at the equator. Spacing decreases
with increasing distance from the central meridian. Parallels, except the equator which is a straight line,
are as well complex curves. Distortions increase radially from the point-of-contact which is mapped
isometrically, i. e. free from any distortion.

Lemma 6.2 (Transverse equal area mapping of the sphere to a tangential plane at the meta-North Pole
Λ0 ∈ [0◦, 360◦], Φ0 = 0◦).

x = 2R sin
(

π

4
− B

2

)
cos A , y = 2R sin

(
π

4
− B

2

)
sin A (6.13)

subject to

tanA =
sin(Λ− Λ0)
− tanΦ

, sin B = cos Φ cos(Λ− Λ0) . (6.14)

The left principal stretches and left Cauchy-Green eigenspace are specified through

Λ1 =
1

cos
(

π
4 − B

2

) , Λ2 = cos
(

π

4
− B

2

)
,

left CG eigenspace =
{

EA
1

cos(π
4 −B

2 ) ,EB cos
(

π
4 − B

2

)}
.

(6.15)

End of Lemma.

Fig. 6.4. Mapping the sphere to a tangential plane: transverse aspect, equal area mapping. Point-of-contact:
meta-North Pole at Λ0 =270 ◦, Φ0 =0 ◦.
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Figure 6.4 finishes the discussion of the transverse aspect. In the following chapter, let us have a
closer look at the oblique aspect.
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Mapping the sphere to a tangential plane: meta-azimut hal projections in the oblique aspect. Equidistant,
conformal (oblique UPS), and equal area (oblique Lambert) mappings.

In this chapter, we generalize the concept of azimuthal projections and present the class of widely
applied oblique azimuthal projection. The point-of-contact is not anymore restricted to be one of
the poles or lying on the equator, it can be any point on the reference sphere, i. e. Λ0 ∈ [0◦, 360◦],
Φ0 ∈ [−90◦, 90◦]. With this configuration, any region of interest can be mapped by an equidistant,
conformal, or equal area projection. The latter one is in particular appropriate for regions which
are approximately circular in extent. Figure 7.1 gives an impression of the geometrical situation for
mappings of meta-azimuthal projections in the oblique aspect.

Fig. 7.1. Mapping the sphere to a tangential plane: oblique aspect. Point-of-contact: meta-North Pole at
Λ0 = 330◦, Φ0 = 40◦.

7-1 General mapping equations

Setting up general equations of the mapping sphere to plane: meta-azimuthal projections in the oblique
aspect. Meta-longitude, meta-latitude.

The general equations for mapping the sphere to the plane using a meta-azimuthal projection in the
oblique aspect involve the most general equations of meta-azimuthal mappings (7.1) in connection
with the constraints (7.2) for oblique frames of references:[

x
y

]
=

[
r cos α
r sin α

]
=

[
f(B) cos A
f(B) sin A

]
, (7.1)

tanA =
cosΦ sin(Λ− Λ0)

cos Φ sin Φ0 cos(Λ− Λ0)− sin Φ cos Φ0
,

sin B = cos Φ cos Φ0 cos(Λ− Λ0) + sin Φ sin Φ0 .

(7.2)

In order not to mix up the polar coordinate α in the plane and meta-longitude α as introduced in
Chapter 3, see (3.51) and (3.53), we here refer to A and B as the meta-coordinates meta-longitude
and meta-latitude. In contrast to previous sections, the latitude Φ0 of the meta-North Pole is not
restricted to Φ0 = 90◦ (polar aspect) and Φ0 = 0◦ (transverse aspect), respectively, but can take all
values between Φ0 = −90◦ and Φ0 = 90◦, i. e. Λ0 ∈ [0◦, 360◦] and Φ0 ∈ [−90◦, 90◦].
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7-2 Special mapping equations

Setting up special equations of the mapping “sphere to plane”: the meta-azimuthal projections in the
oblique aspect. Equidistant mapping (oblique Postel projection), conformal mapping (oblique stereo-
graphic projection, UPS), equal area mapping (oblique Lambert projection).

7-21 Equidistant mapping (oblique Postel projection)

The oblique equidistant mapping of the sphere to a tangential plane is the generalization of equations
derived earlier. The results are stated more precisely in Box 7.1. Figure 7.2 gives an impression of the
famous oblique equidistant mapping of the sphere to a tangential plane with the meta-North Pole
located in Stuttgart/Germany (Λ0 = 9◦11′, Φ0 = 48◦46′).

Box 7.1 (Oblique equidistant mapping of the sphere to a plane at the meta-North Pole Λ0 ∈ [0◦, 360◦],
Φ0 ∈ [−90◦, 90◦]).

Parameterized mapping:

α = A , r = f(B) = Rarc(π/2 − B) , (7.3)

x = r cos α = R (π/2 − B) cos A , y = r sin α = R (π/2 − B) sin A ,

tan A =
cos Φ sin(Λ − Λ0)

cos Φ sin Φ0 cos(Λ − Λ0) − sin Φ cos Φ0
, sin B = cos Φ cos Φ0 cos(Λ − Λ0) + sin Φ sin Φ0 .

(7.4)

Left principal stretches:

Λ1 =
π/2 − B

cos B
, Λ2 = 1 . (7.5)

Left eigenvectors:

C1Λ1 = EA
π/2 − B

sin (π/2 − B)
, C2Λ2 = EB . (7.6)

Parameterized inverse mapping:

tanA =
y

x
, B =

π

2
−

r
x2 + y2

R2
,

tan(Λ − Λ0) =
sin A

tan B cos Φ0 + cos A sin Φ0
, sin Φ = − cos B cos A cos Φ0 + sin B sin Φ0 .

(7.7)

Left maximum angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2 arcsin

˛̨̨
˛ π

2
− B − cos B

π
2
− B + cos B

˛̨̨
˛ . (7.8)
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Fig. 7.2. Mapping the sphere to a tangential plane: oblique aspect, equidistant mapping. Point-of-contact:
meta-North Pole at Stuttgart/Germany (Λ0 = 9◦11′, Φ0 = 48◦46′).

7-22 Conformal mapping (oblique stereographic projection, oblique UPS)

The oblique conformal mapping of the sphere to a tangential plane is the generalization of equations
derived earlier. The results are stated more precisely in Box 7.2. Figure 7.3 gives an impression of
the famous oblique conformal mapping of the sphere to a tangential plane with the meta-North Pole
located at Rio de Janeiro (Λ0 = −43◦12′, Φ0 = −22◦54′).

Box 7.2 (Oblique conformal mapping of the sphere to a plane at the meta-North Pole Λ0 ∈ [0◦, 360◦],
Φ0 ∈ [−90◦, 90◦]).

Parameterized mapping:

α = A , r = f(B) = 2R tan

„
π

4
− B

2

«
, (7.9)

x = 2R tan

„
π

4
− B

2

«
cos A , y = 2R tan

„
π

4
− B

2

«
sin A ,

tan A =
cos Φ sin(Λ − Λ0)

cos Φ sin Φ0 cos(Λ − Λ0) − sin Φ cos Φ0
, sin B = cos Φ cos Φ0 cos(Λ − Λ0) + sin Φ sin Φ0 .

(7.10)

Left principal stretches:

Λ1 = Λ2 =
1

cos2
`

π
4
− B

2

´ . (7.11)

Left eigenvectors:

C1Λ1 = EA
1

cos2
`

π
4
− B

2

´ , C2Λ2 = EB
1

cos2
`

π
4
− B

2

´ . (7.12)

Parameterized inverse mapping:

tan A =
y

x
, tan

„
π

4
− B

2

«
=

1

2R

p
x2 + y2 ,

tan(Λ − Λ0) =
sin A

tan B cos Φ0 + cos A sin Φ0
, sin Φ = − cos B cos A cos Φ0 + sin B sin Φ0 .

(7.13)
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Fig. 7.3. Mapping the sphere to a tangential plane: oblique aspect, conformal mapping. Point-of-contact:
meta-North Pole at Rio de Janeiro (Λ0 = −43◦12′, Φ0 = −22◦54′).

7-23 Equal area mapping (oblique Lambert projection)

The oblique equal area mapping of the sphere to a tangential plane is the generalization of equations
derived earlier. The results are stated more precisely in Box 7.3. Figure 7.4 gives an impression of
the famous oblique conformal mapping of the sphere to a tangential plane with the meta-North Pole
located at Perth (Λ0 = −115◦52′, Φ0 = −31◦57′).

Box 7.3 (Oblique equal area mapping of the sphere to a plane at the meta-North Pole Λ0 ∈ [0◦, 360◦],
Φ0 ∈ [−90◦, 90◦]).

Parameterized mapping:

α = A , r = f(B) = 2R tan

„
π

4
− B

2

«
, x = 2R sin

„
π

4
− B

2

«
cos A , y = 2R sin

„
π

4
− B

2

«
sin A ,

tan A =
cos Φ sin(Λ − Λ0)

cos Φ sin Φ0 cos(Λ − Λ0) − sin Φ cos Φ0
, sin B = cos Φ cos Φ0 cos(Λ − Λ0) + sin Φ sin Φ0 .

(7.14)

Left principal stretches:

Λ1 =
1

cos
`

π
4
− B

2

´ , Λ2 = cos

„
π

4
− B

2

«
. (7.15)

Left eigenvectors:

C1Λ1 = EA
1

cos
`

π
4
− B

2

´ , C2Λ2 = EBcos

„
π

4
− B

2

«
. (7.16)

Parameterized inverse mapping:

tan A =
y

x
, sin

„
π

4
− B

2

«
=

1

2R

p
x2 + y2 ,

tan(Λ − Λ0) =
sin A

tan B cos Φ0 + cos A sin Φ0
, sin Φ = − cos B cos A cos Φ0 + sin B sin Φ0 .

(7.17)

Left maximum angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2arcsin

˛̨̨
˛̨1 − cos2

`
π
4
− B

2

´
1 + cos2

`
π
4
− B

2

´
˛̨̨
˛̨ . (7.18)
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Fig. 7.4. Mapping the sphere to a tangential plane: oblique aspect, equal area mapping. Point-of-contact:
meta-North Pole at Perth (Λ0 = −115◦52′, Φ0 = −31◦57′).

Figure 7.4 finishes the discussion of the mappings “sphere to tangential plane”. In the following
chapter, let us have a closer look at the mapping “ellipsoid-of-revolution to tangential plane”.
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8 “Ellipsoid-of-revolution to tangential plane”

Mapping the ellipsoid-of-revolution to a tangential plane. Azimuthal projections in the normal aspect
(polar aspect): equidistant, conformal, equiareal, and perspective mapping.

First and foremost, let us consider the ID card of the ellipsoid-of-revolution E
2
A1,A2

: see Box 8.1.
As before, F (with elements a, b, c, d) is the Frobenius matrix, G = J∗J (with elements e, f, g) is the
Gauss matrix, H =

[〈
XKL

∣∣G3

〉]
(with elements l,m, n) is the Hesse matrix, J =

[
∂XJ/∂UK

]
is

the Jacobi matrix, and K = −HG−1 is the curvature matrix, finally leading to the mean curvature
h = −tr[K]/2 and to the Gaussian curvature k = det[K].

Box 8.1 (ID card of the ellipsoid-of-revolution E
2
A1,A2).

Surface normal ellipsoidal coordinates (1st chart: Λ, Φ):

{Λ, Φ} ∈ E
2/{Z = ±A2} :=

˘
X ∈ R

3 (X2 + Y 2)/A2
1 + Z2/A2

2 = 1, A1 > A2, Z 
= ±A2

¯
,

X := E1
A1 cos Φ cos Λp
1 − E2 sin2 Φ

+ E2
A1 cos Φ sin Λp
1 − E2 sin2 Φ

+ E3
A1(1 − E2) sin Φp

1 − E2 sin2 Φ
,

Λ(X) = arctan
Y

X
+ 180◦

»
−1

2
sgnY − 1

2
sgnY sgnX + 1

–
, Φ(X) = arctan

1

1 − E2

Z√
X2 + Y 2

.

(8.1)

Matrices F, G, H, J, K , and I (elements a, b, c, d; e, f, g; l,m, n):

F =

2
66664

p
1 − E2 sin2 Φ

A1 cos Φ
0

0
(1 − E2 sin2 Φ)3/2

A1(1 − E2)

3
77775 =

2
664

1√
G11

0

0
1√
G22

3
775 =

2
64

1

N cos Φ
0

0
1

M

3
75 =

»
a b

c d

–
∈ R

2×2 , (8.2)

G =

2
664

A2
1 cos2 Φ

1 − E2 sin2 Φ
0

0
A2

1(1 − E2)2

(1 − E2 sin2 Φ)3/2

3
775 =

"
N2 cos2 Φ 0

0 M2

#
=

»
e f

f g

–
∈ R

2×2 , (8.3)

H =

2
6664
− A1 cos2 Φp

1 − E2 sin2 Φ
0

0 − A1(1 − E2)

(1 − E2 sin2 Φ)3/2

3
7775 =

»
l m

m n

–
∈ R

2×2 , (8.4)

J =

2
666666664

− A1 cos Φ sin Λp
1 − E2 sin2 Φ

−A1(1 − E2) sin Φ cos Λ

(1 − E2 sin2 Φ)3/2

+
A1 cos Φ cos Λp
1 − E2 sin2 Φ

−A1(1 − E2) sin Φ sin Λ

(1 − E2 sin2 Φ)3/2

0 +
A1(1 − E2) cosΦ

(1 − E2 sin2 Φ)3/2

3
777777775
∈ R

3×2 , (8.5)

K =

2
664

p
1 − E2 sin2 Φ

A1
0

0
(1 − E2 sin2 Φ)3/2

A1(1 − E2)

3
775 =

2
664

1

N
0

0
1

M

3
775 ∈ R

2×2 , (8.6)
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Continuation of Box.

I = I2 =

»
1 0

0 1

–
∈ R

2×2 . (8.7)

1st curvature radius, normal curvature:

κ1 =
1

A1

p
1 − E2 sin2 Φ , κ−1

1 =
A1p

1 − E2 sin2 Φ
=: N(Φ) . (8.8)

2nd curvature radius, meridianal curvature:

κ2 =
(1 − E2 sin2 Φ)3/2

A1(1 − E2)
, κ−1

2 =
A1(1 − E2)

(1 − E2 sin2 Φ)3/2
=: M(Φ) . (8.9)

Mean curvature, Gauss curvature:

h = −
p

1 − E2 sin2 Φ

2A1
− (1 − E2 sin2 Φ)3/2

2A1(1 − E2)
= −1

2

N + M

NM
, k =

(1 − E2 sin2 Φ)2

A2
1(1 − E2)

=
1

MN
. (8.10)

Christoffel symbols of the 2nd kind:j
1

1 1

ff
=

j
1

2 2

ff
=

j
2

1 2

ff
= 0 ,

j
1

1 2

ff
= − (1 − E2) tan Φ

1 − E2 sin2 Φ
,

j
2

1 1

ff
=

1

2
sin 2Φ

1 − E2 sin2 Φ

1 − E2
,

j
2

2 2

ff
= 3E2 sin Φ cos Φ(1 − E2 sin2 Φ) ;

j
M

K L

ff
:=

1

2
GMN `

DKGNL + DLGKN − DNGKL

´ ∈ R
2×2×2 ∀ K, L, M ∈ {1, 2} .

(8.11)

In addition to this ID card, we here present the central characteristics of the geodetic ellipsoidal system:
see Table 8.1, “Geodetic Reference System 1980” (Bulletin Geodesique, 58, pp. 388–398, 1984) versus
“World Geodetic Datum 2000” (Journal of Geodesy, 73, pp. 611–623, 1999).

Table 8.1. “Geodetic Reference System 1980” versus “World Geodetic Datum 2000”.

H.Moritz (1984)
E.Grafarend, A. Ardalan (1999)

(“zero frequency tide geoid”)

Semi-major axis

A1

6 378 137 m 6 378 136.602 ± 0.053 m

Semi-minor axis

A2

6 356 752.3141 m 6 356 751.860 ± 0.052 m

Relative eccentricity

E2 = (A2
1 − A2

2)/A
2
1

0.006 694 380 022 90 0.006 694 397 984 91

Absolute eccentricity

ε =
p

A2
1 − A2

2

521 854.0097 m 521 854.674 ± 0.015 m

Axis difference

A1 − A2

21 384.686 m 21 384.742 m

Flattening

F = (A1 − A2)/A1

0.003 352 810 681 18 0.003 352 819 692 40

Inverse flattening

F−1 = A1/(A1 − A2)
298.257 222 101 298.256 420 489
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8-1 General mapping equations

Setting up general equations of the mapping “ellipsoid-of-revolution to plane”: azimuthal projections in
the normal aspect (polar aspect).

There are again two basic postulates which govern the setup of general equations of mapping the
ellipsoid-of-revolution E

2
A1,A2

of semi-major axis A1 and semi-minor axis A2, which are characterized
by A1 > A2, to a tangential plane TE

2
A1,A2

attached to a point X ∈ TE
2
A1,A2

. Let the tangential plane
be covered by polar coordinates {α, r}. Then the following postulates are valid.

Postulate.

The polar coordinate α, which is also called azimuth, is identical to the ellipsoidal longitude, i. e.
α = Λ.

End of Postulate.

Postulate.

The polar coordinate r depends only on the ellipsoidal latitude Φ or on the ellipsoidal colatitude
∆ := π/2 − Φ, i. e. r =

√
x2 + y2 = f(∆) = f(π/2 − Φ). If Φ = π/2 or, equivalently, ∆ = 0, then

f(0) = 0 holds.

End of Postulate.

In last consequence, the general equations of an azimuthal mapping are provided by the following
vector equation: [

x

y

]
=

[
r cos α

r sin α

]
=

[
f(∆) cos Λ

f(∆) sin Λ

]
. (8.12)

Q
ue

st
io

n.

Question: “How can we identify the images of the special coordinate lines Λ = constant
and Φ = constant, respectively?” Answer (y = x tan Λ, Λ = constant : elliptic meridian):
“The image of the elliptic meridian Λ = constant under an azimuthal mapping is the radial
straight line.” Answer (x2 + y2 = r2 = f2(∆), ∆ = constant : parallel circle): “The image of
the parallel circle ∆ = constant (or Φ = constant) under an azimuthal mapping is the circle
S

1
r of radius r = f(∆). Such a mapping is called concircular.”

Proof (y = x tan Λ, Λ = constant : elliptic meridian).

Solve the first equation towards f(∆) = x/ cos Λ and substitute f(∆) in the second equation such
that y = f(∆) sin Λ = x sin Λ/ cos Λ = x tan Λ holds.

End of Proof (y = x tan Λ, Λ = constant : elliptic meridian).

Proof (x2 + y2 = r2 = f2(∆), ∆ = constant : parallel circle).

Compute the terms x2 and y2 and add the two: x2 + y2 = f2(∆).

End of Proof (x2 + y2 = r2 = f2(∆), ∆ = constant : parallel circle).

In summary, the images of the elliptic meridian and the parallel circle constitute the typical graticule
of an azimuthal mapping, i. e.

meridians (Λ = constant) −→ radial straight lines ,

parallel circles
(

∆ = constant
Φ = constant

)
−→ equicentric circles .

(8.13)
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Box 8.2 shows a collection of formulae which describe the left Jacobi matrix Jl as well as the left
Cauchy–Green matrix Cl for an azimuthal mapping E2

A1,A2
→ P2

O. The left pair of matrices {Cl,Gl}
is canonically characterized by the left principal stretches Λ1 and Λ2 in their general form.

Box 8.2 (“Ellipsoid-of-revolution to plane”, distortion analysis, azimuthal projection, left principal stretches).

Parameterized mapping:

α = Λ ,

r = f(∆) ,

x = r cos α = f(∆) cos Λ ,

y = r sin α = f(∆) sin Λ .

(8.14)

Left Jacobi matrix:

Jl :=

"
DΛx D∆x

DΛy D∆y

#
=

"−f(∆) sin Λ f ′(∆) cos Λ

+f(∆) cos Λ f ′(∆) sin Λ

#
. (8.15)

Left Cauchy–Green matrix (Gr = I2):

Cl = J∗l GrJl =

"
f2(∆) 0

0 f ′2(∆)

#
. (8.16)

Left principal stretches:

Λ1 = +

r
c11

G11
=

f(∆)
√

1 − E2 cos2 ∆

A1 sin ∆
,

Λ2 = +

r
c22

G22
=

f ′(∆)
`
1 − E2 cos2 ∆

´3/2

A1(1 − E2)
.

(8.17)

Left eigenvectors of the matrix pair {Cl, Gl}:

C1 = EΛ =
DΛX

‖DΛX ‖

(Easting) ,

C2 = EΦ =
DΦX

‖DΦX ‖

(Northing) .

(8.18)

Next, we specialize the general azimuthal mapping to generate an equidistant mapping, a series of
conformal mappings (stereographic projections), and an equiareal mapping.
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8-2 Special mapping equations

Setting up special mappings “ellipsoid-of-revolution to plane”, equidistant mapping, conformal mapping,
equiareal mapping.

8-21 Equidistant mapping

Let us postulate an equidistant mapping of the family of elliptic meridians Λ = constant, namely
r = f(∆), by means of the canonical postulate of an equidistant mapping Λ2 = 1. Figure 8.1 is an
illustration of such a mapping, and Box 8.3 contains the mathematical details of the mapping equations
x = f(∆) cos Λ and y = f(∆) sin Λ, where the radial function is given as an elliptic integral of the
second kind

f(∆∗) = A1E(∆∗, E) , (8.19)

where ∆∗ is the circle reduced polar distance and E is the elliptic modulus. Here, we address the reader
to Appendix C, where some notes on elliptic functions and elliptic integrals of the first, second, and
third kind are presented. At this point, we are left with the question of focal interest.

Q
ue

st
io

n.

Question: “How can we prove the meridian arc length as an elliptic integral of the second
kind?” Answer: “Let us work out this in the following passage in more detail.”

N

Z

TNE
2
A1,A2r

A2

−A2

A1−A1

p

P

O

√
X2 + Y 2

S

Fig. 8.1. Equidistant mapping of the ellipsoid-of-revolution to the tangential plane: normal aspect, meridian
arc length r = f(∆), P ∈ E

2
A1,A2 .
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Box 8.3 (Equidistant mapping of the ellipsoid-of-revolution to the tangential plane at the North Pole).

Parameterized mapping:

α = Λ , r = f(∆), ∆ := π/2 − Φ ,

x = r cos α = f(∆) cos Λ , y = r sin α = f(∆) sin Λ .
(8.20)

Canonical postulate Λ2 = 1,

equidistant mapping of the family of meridians:

Λ2 = f ′(∆)
(1 − E2 cos2 ∆)3/2

A1(1 − E2)
= 1

⇔

df = A1(1 − E2)
d∆

(1 − E2 cos2 ∆)3/2

⇒

f(∆) = A1(1 − E2)

Z ∆

0

d∆

(1 − E2 cos2 ∆)3/2
.

(8.21)

Transformation of surface normal latitude Φ to reduced latitude Φ∗:

tan Φ∗ =
p

1 − E2 tan Φ

⇔

tan Φ =
1√

1 − E2
tan Φ∗ .

(8.22)

Equidistant mapping of the family of meridians,

elliptic integral of the second kind:

f(∆) → f(Φ) ,

f(Φ) = A1(1 − E2)

Z π/2

π/2−Φ

dΦ′

(1 − E2 sin2 Φ′)3/2
;

f(Φ) → f(Φ∗) ,

f(Φ∗) = A1

Z π/2

π/2−Φ∗

p
1 − E2 cos2 Φ∗′dΦ∗′ ;

f(Φ∗) → f(∆∗) ,

f(∆∗) = A1

Z ∆∗

0

p
1 − E2 sin2 ∆d∆ =: A1E(∆∗, E) .

(8.23)

Elliptic integral of the second kind:

f(Φ) = A1E
h
π/2 − arc tan

“p
1 − E2 tan Φ

”
, E

i
. (8.24)
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We depart from the representation of the meridian arc length as a function of the polar distance ∆,
the complement of the surface normal latitude Φ. Let us transform the integral kernel (which is a
function of Φ) to Φ∗ (which is the circular reduced latitude). Such a polar coordinate is generated by
projecting a meridianal point P vertically onto a circle S

1
A1

of radius A1. Note that the geometrical
situation is illustrated in Fig. 8.2 and Fig. 8.3. Furthermore, note that the relations ∆ := π/2−Φ and
∆∗ := π/2− Φ∗ hold, and

f(∆) = A1(1− E2)
∫ ∆

0

d∆′

(1−E2 cos2 ∆′)3/2

⇔

f(∆∗) = A1

∫ ∆∗

0

√
1− E2 sin2 ∆d∆ .

(8.25)

The transformation formulae Φ → Φ∗ and Φ∗ → Φ, respectively, are summarized in Box 8.4, originating
from

√
X2 + Y 2 = A1 cosΦ∗ and Z = A2 sin Φ∗, taking reference to the semi-major axis A1 and the

semi-minor axis A2. Here, we refer to

sin Φ =
sin Φ∗

√
1−E2 cos2 Φ∗

or

cos ∆ =
cos ∆∗√

1− E2 sin2 ∆∗
,

and

A1(1− E2)
(1− E2 cos2 ∆)3/2

=
A1√

1−E2
(1− E2 sin2 ∆∗)3/2 ,

and

sin ∆ =
√

1− E2√
1− E2 sin2 ∆∗

sin ∆∗

⇒

cos ∆d∆ =
√

1− E2

(1− E2 sin2 ∆∗)3/2
cos∆∗ d∆∗ ,

⇒

d∆ =
cos ∆∗

cos ∆

√
1− E2

(1− E2 sin2 ∆∗)3/2
d∆∗ =

√
1− E2

1−E2 sin2 ∆∗ d∆∗ ,

(8.26)

in order to have derived

A1(1− E2)
(1−E2 cos2 ∆)3/2

d∆ =
A1√

1− E2
(1− E2 sin2 ∆∗)3/2

√
1− E2

1− E2 sin2 ∆∗ d∆∗ ,

A1(1− E2)
(1− E2 cos2 ∆)3/2

d∆ = A1

√
1−E2 sin2 ∆∗d∆∗ .

(8.27)



228 8 “Ellipsoid-of-revolution to tangential plane”

A1

P ∗

A1A2

Φ∗

P

O √
X2 + Y 2 A1

Fig. 8.2. Circle reduced latitude:
√

X2 + Y 2 = A1 cos Φ∗.

A2

P ∗

A2

Φ∗

P

O A1

Z Z

Fig. 8.3. Circle reduced latitude: Z = A2 sin Φ∗.
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Box 8.4 (Two ellipsoidal coordinate systems parameterizing the oblate ellipsoid-of-revolution).

Oblate ellipsoid-of-revolution:

EA1,A1,A2 :=

j
X ∈ R

3 X2 + Y 2

A2
1

+
Z2

A2
2

= 1, A1 > A2 ∈ R
+

ff
. (8.28)

Ansatz 1 (surface normal coordinates): Ansatz 2 (circle reduced coordinates):

X =
A1 cos Φ cos Λp
1 − E2 sin2 Φ

, X = A1 cos Φ∗ cos Λ ,

Y =
A1 cos Φ sin Λp
1 − E2 sin2 Φ

, Y = A1 cos Φ∗ sin Λ ,

Z =
A1(1 − E2) sin Φp

1 − E2 sin2 Φ
, Z = A2 sin Φ∗ ,

(8.29)

subject to

E2 :=
A2

1 − A2
2

A2
1

and
A2

A1
=

p
1 − E2 . (8.30)

Direct and inverse transformation of surface normal latitude Φ to circle reduced latitude Φ∗:

tan Φ =
1

1 − E2

Z√
X2 + Y 2

versus tan Φ∗ =
A1

A2

Z√
X2 + Y 2

=
1√

1 − E2

Z√
X2 + Y 2

,

tan Φ =
1√

1 − E2
tan Φ∗ versus tan Φ∗ =

p
1 − E2 tan Φ ,

cos Φ =

√
1 − E2

√
1 − E2 cos2 Φ∗ cos Φ∗ versus cos Φ∗ =

1p
1 − E2 sin2 Φ

cos Φ ,

sin Φ =
1√

1 − E2 cos2 Φ∗ sin Φ∗ versus sin Φ∗ =

√
1 − E2p

1 − E2 sin2 Φ
sin Φ .

(8.31)

In most practical cases, where we are aiming at an azimuthal projection of an equidistant type
of the ellipsoid-of-revolution representing the Earth, the planets, or other celestial bodies, a series
expansion of the meridian arc length has been a sufficient approximation. Accordingly, we are going
to outline the series expansion of the meridian arc length as a function of surface normal latitude Φ
or its complement, the polar distance ∆. In preparing such an series expansion, we have collected
auxiliary formulae in Corollary 8.1 to Corollary 8.7. First, we expand (1 + x)y according to B. Taylor,
just representing the meridian arc length by x := −E2 cos2 ∆, y = −3/2, and |x| > 1. Second, we
represent (1 − E2 cos2 ∆)3/2 in terms of powers {1, E2 cos2 ∆,E4 cos4 ∆,E6 cos6 ∆, . . .}. Third, we
transform the powers {cos2 ∆, cos4 ∆, cos6 ∆, . . .} in terms of {1, cos 2∆, cos 4∆, cos 6∆, . . .}. Fourth,
an explicit version of the product sums is given in Corollary 8.4 to Corollary 8.6. Since the power series
are uniformly convergent, we can term-wise integrate in order to achieve the meridian arc length in
Corollary 8.7.
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Corollary 8.1 (Power series (1 + x)y, Taylor expansion).

(1 + x)y =

= 1 +
1
1!

y[1 + x]y−1
x=0x

1 +
1
2!

y(y − 1)[1 + x]y−2
x=0x

2+

+
1
3!

y(y − 1)(y − 2)[1 + x]y−3
x=0x

3 + O(x4)

∀ |x| < 1 ,

(1 + x)y := (1− E2 cos2 ∆)−3/2 , x := −E2 cos2 ∆ , y := −3
2

.

(8.32)

End of Corollary.

Corollary 8.2 (Power series (1 + x)y, reformulation 1).

(1− E2 cos2 ∆)−3/2 =

= 1 +
3
2
E2 cos2 ∆ +

3 · 5
2 · 4E4 cos4 ∆ +

3 · 5 · 7
2 · 4 · 6E6 cos6 ∆ + O(E8) .

(8.33)

End of Corollary.

Corollary 8.3 (Power series (1 + x)y, cosine powers).

cos2 ∆ =
1
2

+
1
2

cos 2∆ ,

cos4 ∆ =
3
8

+
1
2

cos 2∆ +
1
8

cos 4∆ ,

cos6 ∆ =
5
16

+
15
32

cos 2∆ +
3
16

cos 4∆ +
1
32

cos 6∆ .

(8.34)

End of Corollary.

Corollary 8.4 (Power series (1 + x)y, reformulation 2).

(1− E2 cos2 ∆)−3/2 =

= 1 +
3
2
E2

(
1
2

+
1
2

cos 2∆

)
+

+
15
8

E4

(
3
8

+
1
2

cos 2∆ +
1
8

cos 4∆

)
+

+
35
16

E6

(
5
16

+
15
32

cos 2∆ +
3
16

cos 4∆ +
1
32

cos 6∆

)
+

+O(E8) .

(8.35)

End of Corollary.
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Corollary 8.5 (Power series (1 + x)y, reformulation 3).

(1− E2 cos2 ∆)−3/2 =

= 1 +
3
4
E2 +

45
64

E4 +
175
256

E6 + O1(E8)+

+
(

3
4
E2 +

15
16

E4 +
525
512

E6 + O2(E8)
)

cos 2∆+

+
(

15
64

E4 +
105
256

E6 + O3(E8)
)

cos 4∆ +
(

35
512

E6 + O4(E8)
)

cos 6∆ + O5(E8) .

(8.36)

End of Corollary.

Corollary 8.6 (Power series (1 + x)y, multiplication with (1− E2)).

(1− E2)(1− E2 cos2 ∆)−3/2 =

= 1− 1
4
E2 − 3

64
E4 − 5

256
E6 + O1(E8)+

+
(

3
4
E2 +

3
16

E4 +
45
512

E6 + O2(E8)
)

cos 2∆+

+
(

15
64

E4 +
45
256

E6 + O3(E8)
)

cos 4∆ +
(

35
512

E6 + O4(E8)
)

cos 6∆ + O5(E8) .

(8.37)

End of Corollary.

Corollary 8.7 (Termwise integration of uniformly convergent series).

∫
cos nxdx =

1
n

sin nx ∀ n ∈ Z ,

∫ ∆

0

(1− E2)(1− E2 cos2 ∆′)−3/2d∆′ =

=
(

1− 1
4
E2 − 3

64
E4 − 5

256
E6 + O1(E8)

)
∆+

+
(

3
8
E2 +

3
32

E4 +
45

1024
E6 + O2(E8)

)
sin 2∆+

+
(

15
256

E4 +
45

1024
E6 + O3(E8)

)
sin 4∆ +

(
35

3072
E6 + O4(E8)

)
sin 6∆ + O5(E8) .

(8.38)

End of Corollary.
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The hard work of the series expansion of the kernel representing the meridian arc length has finally
led us to Lemma 8.8, where an elegant version of the meridian arc length up to the order O(E12) has
been achieved.

Lemma 8.8 (Meridian arc length, forward computation).

f(∆) = A1

∫ ∆

0

(1− E2)(1− E2 cos2 ∆′)−3/2d∆′ = A1(1− E2)
∫ π/2

Φ

(1− E2 sin2 Φ′)−3/2dΦ′

⇒
f(Φ) = A1

[
E0

(π

2
− Φ

)
−E2 sin 2Φ− E4 sin 4Φ− E6 sin 6Φ−E8 sin 8Φ−

−E10 sin 10Φ + O(E12)
]

,

(8.39)

subject to

E0 = 1 − 1
4

E2 − 3
64

E4 − 5
256

E6 − 175
16384

E8 − 441
65536

E10 ,

E2 = − 3
8

E2 − 3
32

E4 − 45
1024

E6 − 105
4096

E8 − 2205
131072

E10 ,

E4 = +
15
256

E4 +
45

1024
E6 +

525
16384

E8 +
1575
65536

E10 ,

E6 = − 35
3072

E6 − 175
12288

E8 − 3675
262144

E10 ,

E8 = +
315

131072
E8 +

2205
524288

E10 ,

E10 = − 693
1310720

E10 .

(8.40)

End of Lemma.

8-22 Conformal mapping

Let us postulate a conformal mapping of the ellipsoid-of-revolution onto a tangential plane at the North
Pole by means of the canoncial measure of conformality, i. e. Λ1 = Λ2. Such a conformal mapping is
illustrated by a vertical section of Fig. 8.4.

Q
ue

st
io

n.

Question: “How can we generate the mapping equations of such a conformeomorphism?”
Answer: “Let us work out this in the following passage in more detail.”

The forward computation of the meridian arc length r = f(∆) supplies us with the radial coordinate
r of an equidistant mapping of a point of the ellipsoid-of-revolution to a corresponding point on the
tangential plane at the North Pole: compare with Lemma 8.8. The central problem we are left with
can be formulated as follows: given the radial coordinate r, find the surface normal ellipsoidal latitude
Φ. Such a problem of generating the inverse function can be solved by series inversion. For details,
we here have to direct you to Appendix B, where the standard series inversion of a homogeneous
univariate polynomial is outlined, and where additional references of how to do it are given. Basic
formulae are supplied by Lemma8.9.
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N

Z

TNE
2
A1,A2r

A2

−A2

A1−A1

p 
= π(P )

P

O

√
X2 + Y 2

S

Fig. 8.4. Conformal mapping of the ellipsoid-of-revolution onto a tangential plane: normal aspect, P ∈ E
2
A1,A2 ,

p 
= π(P ), not UPS.

Lemma 8.9 (Meridian arc length, inverse computation).

A forward computation of the meridian arc length based upon a uniform series expansion is provided
by formula (8.39). Its inverse function can be represented by

Φ =
π

2
− r

A1E0
− F2 sin 2

r

A1E0
− F4 sin 4

r

A1E0
− F6 sin 6

r

A1E0
−

−F8 sin 8
r

A1E0
− F10 sin 10

r

A1E0
+ O(E12) ,

(8.41)

subject to

E0 = 1− 1
4
E2 − 3

64
E4 − 5

256
E6 − 175

16384
E8 − 441

65536
E10 (8.42)

and

F2 =
3
8

E2 +
3
16

E4 +
213
2048

E6 +
255
4096

E8 +
166479
655360

E10 ,

F4 =
21
256

E4 +
21
256

E6 +
533
8192

E8 − 120563
327680

E10 ,

F6 =
151
6144

E6 +
155
4096

E8 +
2767911
9175040

E10 ,

F8 =
1097

131072
E8 − 273697

4587520
E10 .

(8.43)

End of Lemma.
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The Equidistant Polar Mapping (EPM) of the ellipsoid-of-revolution is summarized in Lemma 8.10,
which is based upon the direct mapping equations, its left principal stretches, the left eigenvectors,
the left maximal angular distortion, and the inverse mapping equations that are collected in Box 8.5.

Lemma 8.10 (Equidistant Polar Mapping (EPM), equidistant mapping of the ellipsoid-of-revolution to
the tangential plane at the North Pole).

The equidistant mapping of the spheroid to the tangential plane at the North Pole of an oblate
ellipsoid-of-revolution, in short, Equidistant Polar Mapping (EPM), is parameterized by

x = f(∆) cos Λ , y = f(∆) sin Λ , (8.44)

subject to the left Cauchy–Green eigenspace {EΛΛ1(∆),EΦ}. The radial function r = f(∆) that
represents the meridian arc length from the North Pole to a point on the meridian Λ = constant is
given either in the form of an elliptic integral of the second kind or in the series expansion of Box 8.5.

End of Lemma.

Box 8.5 (Equidistant mapping of the ellipsoid-of-revolution to the tangential plane at the North Pole).

Parameterized mapping:

α = Λ , r = f(∆) , ∆ := π/2 − Φ , f(∆) → f(Φ) ,

x = r cos α = f(Φ) cosΛ , y = r sin α = f(Φ) sin Λ .
(8.45)

Series expansion, equidistant mapping of the family of meridians:

f(Φ) = A1

»
E0

“π

2
− Φ

”
− E2 sin 2Φ − E4 sin 4Φ − E6 sin 6Φ − E8 sin 8Φ − E10 sin 10Φ + O(E12)

–
. (8.46)

Parameterized equidistant mapping:

x = A1E0

“π

2
− Φ

”
cos Λ−

−A1

`
E2 sin 2Φ + E4 sin 4Φ + E6 sin 6Φ + E8 sin 8Φ + E10 sin 10Φ + O(E12)

´
cos Λ ,

y = A1E0

“π

2
− Φ

”
sin Λ−

−A1

`
E2 sin 2Φ + E4 sin 4Φ + E6 sin 6Φ + E8 sin 8Φ + E10 sin 10Φ + O(E12)

´
sin Λ .

(8.47)

Left principal stretches and left eigenvectors:

Λ1 =
f(∆)

√
1 − E2 cos2 ∆

A1 sin ∆
=

f(Φ)
p

1 − E2 sin2 Φ

A1 cos Φ
, Λ2 = 1 , (8.48)

C1 = EΛ =
DΛX

‖DΛX ‖ (“Easting”) , C2 = EΦ =
DΦX

‖DΦX ‖ = −E∆ (“Northing”) ,

(i) C1Λ1 = EΛ
f(Φ)

p
1 − E2 sin2 Φ

A1 cos Φ
, (ii) C2Λ2 = EΦ = −E∆ .

(8.49)

Left angular distortion:

dl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2arcsin

˛̨̨
˛̨f(Φ)

p
1 − E2 sin2 Φ − A1 cos Φ

f(Φ)
p

1 − E2 sin2 Φ + A1 cos Φ

˛̨̨
˛̨ . (8.50)

Parameterized inverse mapping, Λ = α, tan Λ = y/x (r =
p

x2 + y2):

Φ =
π

2
− r

A1E0
− F2 sin 2

r

A1E0
− F4 sin 4

r

A1E0
− F6 sin 6

r

A1E0
− F8 sin 8

r

A1E0
−

−F10 sin 10
r

A1E0
+ O(E12) .

(8.51)
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Following the procedure that is outlined in Box 8.6, we are immediately able to generate the conformal
mapping equations.

Box 8.6 (Conformal mapping of the ellipsoid-of-revolution to the tangential plane at the North Pole).

Postulate of conformeomorphism:

Λ1 = Λ2 ,

f(∆)
√

1 − E2 cos2 ∆

A1 sin ∆
=

f ′(∆)(1 − E2 cos2 ∆)3/2

A1(1 − E2)
⇒ df

f
=

1 − E2

sin ∆(1 − E2 cos2 ∆)
d∆ .

(8.52)

Integration of the characteristic differential equations of a conformal mapping:

ln f =

Z
1 − E2

sin ∆(1 − E2 cos2 ∆)
d∆ + ln c . (8.53)

Decomposition into rational partials:

1 − E2

sin ∆(1 − E2 cos2 ∆)
=

1

sin ∆
− E

2

„
E sin ∆

1 + E cos ∆
+

E sin ∆

1 − E cos ∆

«
,

Z
1 − E2

sin ∆(1 − E2 cos2 ∆)
d∆ = ln tan

∆

2
− E

2
ln

1 − E cos ∆

1 + E cos ∆
+ ln c =

= artanh(cos ∆) − Eartanh(E cos ∆) + ln c

⇒

f(∆) = c

„
1 + E cos ∆

1 − E cos ∆

«E/2

tan
∆

2
∀ ∆ ∈ [0, π[

or

f(∆) = c exp [artanh(cos ∆)] exp [−Eartanh(E cos ∆)] .

(8.54)

Integration constant, postulate of isometry at the North Pole:

lim
∆→0

Λ1(∆) = 1 ,

lim
∆→0

c

„
1 + E cos ∆

1 − E cos ∆

«E/2

tan
∆

2

√
1 − E2 cos2 ∆

A1 sin ∆
= 1 ,

lim
∆→0

Λ1(∆) = c

„
1 + E

1 − E

«E/2 √
1 − E2

A1
lim

∆→0

tan(∆/2)

sin ∆
= 1 .

(8.55)

L’Hospital’s rule 0/0:

lim
∆→0

tan(∆/2)

sin ∆
= lim

∆→0

(tan(∆/2))′

(sin ∆)′
,

(tan(∆/2))′ =
1

2

1

cos2(∆/2)
=

1

1 + cos ∆
, (sin ∆)′ = cos ∆ ,

lim
∆→0

tan(∆/2)

sin ∆
= lim

∆→0

1

1 + cos ∆

1

cos ∆
=

1

2
,

lim
∆→0

Λ1(∆) =
c

2A1

„
1 + E

1 − E

«E/2 p
1 − E2 = 1

⇒

c =
2A1√
1 − E2

„
1 − E

1 + E

«E/2

.

(8.56)
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Continuation of Box.

Parameterized conformal mapping:

α = Λ , r = f(∆) ,

f(∆) =
2A1√
1 − E2

„
1 − E

1 + E

«E/2 „
1 + E cos ∆

1 − E cos ∆

«E/2

tan
∆

2
,

f(∆) → f(Φ) ,

f(Φ) =
2A1√
1 − E2

„
1 − E

1 + E

«E/2 „
1 + E sin Φ

1 − E sin Φ

«E/2

tan

„
π

4
− Φ

2

«
,

x = r cos α = f(Φ) cosΛ , y = r sin α = f(Φ) sin Λ .

(8.57)

Left principal stretches and left eigenvectors:

Λ1 = Λ2 =
f(Φ)

p
1 − E2 sin2 Φ

A1 cos Φ
, (8.58)

EΛ =
DΛX

‖DΛX ‖ (“Easting”) , EΦ =
DΦX

‖DΦX ‖ = −E∆ (“Northing”) ,

(i) C1Λ1 = EΛ
f(Φ)

p
1 − E2 sin2 Φ

A1 cos Φ
, (ii) C2Λ2 = EΦ

f(Φ)
p

1 − E2 sin2 Φ

A1 cos Φ
.

(8.59)

Left angular shear:

P
l = Ψl − Ψr = 0 , Ωl = 0 . (8.60)

Parameterized inverse mapping:

f(x) =

„
1 + x

1 − x

«E/2

= f(0) +
1

1!
f ′(x)

˛̨
x=0

,

E cos ∆ = x � 1 ,

f(x) =

„
1 + x

1 − x

«E/2

= 1 +
1

1!

E

2

„
1 + x

1 − x

«E/2−1
(1 − x) − (1 + x)(−1)

(1 − x)2

˛̨̨
˛̨
x=0

x + O(2) =

= 1 + Ex + O(2) .

(8.61)

Alternative:

artanhx = x +
x3

3
+

x5

5
+

x7

7
+

x9

9
+

x11

11
+ O(x13) ,

E cos ∆ = x � 1 ,

artanh(E cos ∆) =

= E cos ∆ +
E3

3
cos3 ∆ +

E5

5
cos5 ∆ +

E7

7
cos7 ∆ +

E9

9
cos9 ∆ +

E11

11
cos11 ∆ + O(x13) .

(8.62)
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Q
ue

st
io

n.
Question: “Is the conformal mapping of the ellipsoid-of-revolution to a tangential plane at
the North Pole UPS?” Answer: “Let us work out this subject in the following passage in
more detail.”

Let us introduce the stereographic projection of the point P ∈ E
2
A1,A2

of the ellipsoid-of-revolution
E

2
A1,A2

to the point p = π(P ), an element of the tangent space TNE
2
A1,A2

at the North Pole N. The
South Pole S has been chosen as the perspective center, also called O∗, the center of the projection.
Q = π(P ) is the point on the z axis generated by an orthogonal projection. Consult Fig. 8.5 for
further geometrical details. Naturally, �NSp = �QSP denotes the characteristic parallactic angle of
the central projection p = π(P ):

tan�NSp = tan �QSP ⇔ r

2A2
=
√

X2 + Y 2

A2 + Z
⇒

r =
2A2

A2 + Z

√
X2 + Y 2 = 2A1 cosΦ

A2

A2

√
1− E2 sin2 Φ + A1(1− E2) sin Φ

,

(8.63)

f(Φ)→ f(∆) ,

r = f(Φ) =
2A1 cosΦ√

1−E2 sin2 Φ +
√

1−E2 sin Φ
,

r = f(∆) =
2A1 sin ∆√

1− E2 cos2 ∆ +
√

1− E2 cos∆
.

(8.64)

The projective equations document a radial function r �= f(∆) which differs remarkably from the
equations of an azimuthal conformal mapping. Definitely, the azimuthal conformal mapping of the
ellipsoid-of-revolution is not UPS.

N

Z

TNE
2
A1,A2r

A2

Q = π(P )

−A2

A1

X, Y−A1

p 
= π(P )

P

O

S

O∗

Fig. 8.5. Stereographic projection of P ∈ E
2
A1,A2 to p ∈ TNE

2
A1,A2 , perspective center S.
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8-23 Equiareal mapping

Let us postulate an equiareal mapping of the ellipsoid-of-revolution onto a tangential plane at the
North Pole by means of the measure Λ1Λ2 = 1. The details of such a mapping are collected in
Box 8.7. At first, we have to start from the canonical postulate of an equiareal mapping, namely
Λ1Λ2 = 1 or f(∆)(1− E2 cos2 ∆)1/2f ′(∆)(1 − E2 cos2 ∆)3/2/(A2

1 sin ∆ (1 − E2)) = 1, an equation
solved for fdf = A2

1(1−E2) sin ∆d∆/(1−E2 cos2 ∆)2. Direct integration leads to f2/2 as an integral
solved by“integration-by-parts”. Four integrals lead us to the final integral f2/2 as a function of
(i) ln[(1 + E cos ∆)/(1 − E cos ∆)], (ii) 1/(1 − E cos∆), and (iii) 1/(1 + E cos∆). By the postulate
f(∆ = 0) = 0, we then gauge the integration constant c. In summary, we get the mapping equations
f(∆) and f(Φ), or (α = A, r = f(∆)), or (x = f(Φ) cos Λ, y = f(Φ) sin Λ). The left principal stretches
and the left eigenvectors are collected in Box 8.7 by (8.73) and by (8.74). We finally conclude with the
left maximal angular distortion (8.75).

Lemma 8.11 (Normal mapping: ellipsoid-of-revolution to plane, equiareal mapping).

The equiareal mapping of the ellipsoid-of-revolution to the tangential plane at the North Pole is
parameterized by

x = f(∆) cos Λ ,

y = f(∆) sin Λ ,
(8.65)

subject to the left Cauchy–Green eigenspace {EΛΛ1(Φ),EΦΛ2(Φ)}. The radial function r = f(Φ) that
represents an equiareal mapping is given as a four terms integral in a closed form.

End of Lemma.

Box 8.7 (Equiareal mapping of the ellipsoid-of-revolution to the tangential plane at the North Pole).

Postulate of an areomorphism:

Λ1Λ2 = 1 ,

f(∆)
√

1 − E2 cos2 ∆

A1 sin ∆

f ′(∆)(1 − E2 cos2 ∆)3/2

A1(1 − E2)
= 1 ⇒ fdf = A2

1
1 − E2

(1 − E2 cos2 ∆)2
sin ∆d∆ .

(8.66)

Integration of the characteristic differential equations of a conformal mapping

E
2
A1,A2 → TNE

2
A1,A2 :

1

2
f2 = A2

1

Z
1 − E2

(1 − E2 cos2 ∆)2
sin ∆d∆ + c . (8.67)

Decomposition into rational partials:

y = E cos ∆Z
sin ∆

(1 − E2 cos2 ∆)2
d∆ = − 1

E

Z
d(E cos ∆)

(1 − E2 cos2 ∆)2
= − 1

E

Z
dy

(1 − y2)2
,

1

(1 − y2)2
=

A

(1 − y)2
+

B

(1 − y)
+

C

(1 + y)2
+

D

(1 + y)
⇔ A = B = C = D =

1

4
,

Z
sin ∆

(1 − E2 cos2 ∆)2
d∆ = − 1

4E

Z »
1

(1 − y)2
+

1

(1 − y)
+

1

(1 + y)2
+

1

(1 + y)

–
dy .

(8.68)
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Continuation of Box.

Standard integrals:Z
dy

ay + b
=

1

a
ln |ay + b| ,

Z
dy

(1 + y)2
= − 1

1 + y
,

Z
dy

(1 − y)2
= +

1

1 − y
,

Z
sin ∆

(1 − E2 cos2 ∆)2
d∆ = − 1

4E

»
ln

1 + y

1 − y
+

1

1 − y
− 1

1 + y

–
=

= − 1

4E

»
ln

1 + E cos ∆

1 − E cos ∆
+

1

1 − E cos ∆
− 1

1 + E cos ∆

–
.

(8.69)

Integration constant:

1

2
f2 = A2

1
1 − E2

4E

»
− ln

1 + E cos ∆

1 − E cos ∆
− 1

1 − E cos ∆
+

1

1 + E cos ∆

–
+ c ,

f(∆ = 0) = 0 ⇔ f2(∆ = 0) = 0 ⇔ c = A2
1
1 − E2

4E

„
ln

1 + E

1 − E
+

1

1 − E
− 1

1 + E

«
.

(8.70)

Parameterized mapping equations:

f(∆) → f(Φ) ,

f(∆) = A1

p
1 − E2

r
1

1 − E2
+

1

2E
ln

1 + E

1 − E
− cos ∆

1 − E2 cos2 ∆
− 1

2E
ln

1 + E cos ∆

1 − E cos ∆
,

f(Φ) = A1

p
1 − E2

r
1

1 − E2
+

1

2E
ln

1 + E

1 − E
− sin Φ

1 − E2 sin2 Φ
− 1

2E
ln

1 + E sin Φ

1 − E sin Φ
,

(8.71)

α = Λ , r = f(∆) or r = f(Φ) , x = f(Φ) cos Λ , y = f(Φ) sin Λ . (8.72)

Left principal stretches and left eigenvectors:

Λ1 =
f(Φ)

p
1 − E2 sin2 Φ

A1 cos Φ
, Λ2 =

A1 cos Φ

f(Φ)
p

1 − E2 sin2 Φ
, (8.73)

C1 = EΛ =
DΛX

‖DΛX ‖ (“Easting”) , C2 = EΦ =
DΦX

‖DΦX ‖ (“Northing”) ,

(i) C1Λ1 = EΛ
f(Φ)

p
1 − E2 sin2 Φ

A1 cos Φ
, (ii) C2Λ2 = EΦ

A1 cos Φ

f(Φ)
p

1 − E2 sin2 Φ
.

(8.74)

Left maximal angular distortion:

Ωl = 2arcsin

˛̨̨
˛Λ1 − Λ2

Λ1 + Λ2

˛̨̨
˛ = 2arcsin

˛̨̨
˛Λ2

1 − 1

Λ2
1 + 1

˛̨̨
˛ =

= 2 arcsin

˛̨̨
˛f2(Φ)(1 − E2 sin2 Φ) − A2

1 cos2 Φ

f2(Φ)(1 − E2 sin2 Φ) + A2
1 cos2 Φ

˛̨̨
˛ .

(8.75)
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8-3 Perspective mapping equations

Setting up perspective mappings “ellipsoid-of-revolution to plane”, the fundamental perspective graph,
Space Photos.

In this section, we intend to present various perspective mappings from the ellipsoid-of-revolution to
the tangential plane, placing the perspective center arbitrarily. Let the position Pc be on the top
of the ellipsoid-of-revolution. Furthermore, let us use the orthogonal projection to locate the point
P0 = p0 at minimal distance or maximal distance, namely ‖Xc −X0 ‖ = min or ‖Xc −X0 ‖ = max.
Alternatively, we can take advantage of an orthogonal projection of the ellipsoid-of-revolution to the
sphere, which passes the center O of the ellipsoid-of-revolution. The three variants of the special
perspective mappings “ellipsoid-of-revolution to plane” are illustrated by Figs. 8.8, 8.7, and 8.6.

T
ec

hn
ic

al
as

id
e.

Note that the perspective mappings from the ellipsoid-of-revolution to the tangential plane
are applied to map points-in-space to the tangential planes of the ellipsoid-of-revolution.
Examples are visions from a tower or from an airplane and from an Earth satellite by eye
or by a camera. A special example are images of TV cameras showing clouds – important
information needed for weather reports.

For our introduction, we treat only the case of the mapping of minimal distance. The final mapping
equations, given the coordinates of perspective center

(
Λ0, Φ0,H0

)
to the plane which is located at

minimal distance from the perspective center, are presented in Box 8.8 in terms of the coordinates
(x∗, y∗)p in the tangential plane: see (8.76) and (8.77).

Pc

p = π(Pmax)

Pmax

p = π(Pmin)

Pmin

Fig. 8.6. Perspective mappings of a perspective center Pc to the plane which passes the center O of the
ellipsoid-of-revolution E

2
A1,A2 .
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Pc

P0 = p0

p = π(P )

H0

P

dist (max) = ‖Xc − X0 ‖

Fig. 8.7. Perspective mappings of a perspective center Pc to the plane which is at the maximal distance from
an ellipsoid-of-revolution E

2
A1,A2 .

Pc

P0 = p0

p = π(P )

H0

P

dist (min) = ‖X c − X0 ‖

Fig. 8.8. Perspective mappings of a perspective center Pc to the plane which is at the minimal distance from
an ellipsoid-of-revolution E

2
A1,A2 .



242 8 “Ellipsoid-of-revolution to tangential plane”

Box 8.8 (Perspective mapping equations, minimal distance, perspective center Λ0, Φ0, H0).

South coordinates:

x∗ = x∗(p) =

= H0
−N cos Φ sin Φ0 cos(Λ − Λ0) + N(1 − E2) sin Φ cos Φ0 + N0E

2 sin Φ0 cos Φ0

N cos Φ cos Φ0 cos(Λ − Λ0) + N(1 − E2) sin Φ sin Φ0 − N0 + N0E2 sin2 Φ0 − H0

.

(8.76)

East coordinates:

y∗ = y∗(p) =

= H0
−N cos Φ sin(Λ − Λ0)

N cos Φ cos Φ0 cos(Λ − Λ0) + N(1 − E2) sin Φ sin Φ0 − N0 + N0E2 sin2 Φ0 − H0

.
(8.77)

N :=
A1p

1 − E2 sin2 Φ
, N0 :=

A1p
1 − E2 sin2 Φ0

. (8.78)

Alternatives.

East coordinates:

x∗∗ = y∗ . (8.79)

North coordinates:

y∗∗ = −x∗ . (8.80)

Polar coordinates (South azimuth α, radial coordinate r):

tan α∗ =

=
N cos Φ sin(Λ − Λ0)

N cos Φ sin Φ0 cos(Λ − Λ0) − N(1 − E2) sin Φ cos Φ0 − N0E2 sin Φ0 cos Φ0
,

r =
p

x∗ 2 + y∗ 2 =
p

x∗∗ 2 + y∗∗ 2 .

(8.81)

Alternative coordinates:

α∗∗ = 90◦ − α∗ (East azimuth) . (8.82)

At this point, you may enjoy our examples. Our first example, see Fig. 8.9, uses a tilted perspective,
also called Space Photo projection: the eastern seaboard viewed from a point about 160 km above
Newburgh, New York (Φ0 = 41◦30′ northern latitude, Λ0 = 74◦ Western longitude, 1◦ graticule). Our
second example, see Fig. 8.10, uses a tilted perspective, also called Space Photo projection: France and
Central Europe viewed from a point about 640 km above central Spain (Φ0 = 40◦ northern latitude,
Λ0 = 5◦ western longitude, 2◦ graticule).
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Fig. 8.9. A first example: Space Photo, J. P. Snyder. Reprinted with permission from “The perspective map
projection of the Earth” by J. P. Snyder, The American Cartographer, vol. 8, no. 2, 1981, pp. 149–160.
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Fig. 8.10. A second example: Space Photo, J. P. Snyder. Reprinted with permission from “The perspective
map projection of the Earth” by J. P. Snyder, The American Cartographer, vol. 8, no. 2, 1981, pp. 149–160.
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8-31 The first derivation

The first derivation of the perspective equations is based upon the fundamental perspective graph
denoted by PcP0P as illustrated by Fig. 8.11. Here, we take advantage of the basic equations which
are based upon the so-called normal intersection in terms of the curve P0P , which coincides with the
intersection line E

2
A1,A2

and PPcP0P . Note that δ is the angle of the cone in the triangle P0, Pc, P at
Pc, Furthermore, note that the point P0 locates the point of minimal distance with respect to the
point Pc and the tangent space TP0E

2
A1,A2

at the point P0. Moreover, note that p = π(P ) denotes the
projection point, which is at minimal distance. In addition, G3 is the normal unit vector extending
from P0 to Pc. Here, we take advantage of the radial coordinate r, the first equation, the second
equation, and the third equation, namely

r =‖P0 − P ‖ , P0 = p0

(radial coordinate) ,
(8.83)

tan δ =
r

h
or r = h tan δ

(first equation) ,
(8.84)

k2 = g2 + h2 − 2gh cos δ or cos δ =
g2 + h2 − k2

2gh

(second equation) ,

(8.85)

tan δ =
±√1− cos2 δ

cos δ
=
±√4g2h2 − (g2 + h2 − k2)2

g2 + h2 − k2

(third equation) .

(8.86)

The height h = H0 of the perspective center Pc above the point P0, which is nothing but an element
of the ellipsoid-of-revolution, is given. The distance g :=‖Xc −XP ‖ the distance h :=‖Xc −X0 ‖,
and the distance k :=‖ XP − X0 ‖ are given. In summary, the above equations lead to a special
formulation of r, namely

r =
h

g2 + h2 − k2

√
4g2h2 − (g2 + h2 − k2)2 . (8.87)

In the passages that follow, we use the representation of the distances g, h, and k in surface normal
ellipsoidal coordinates which are supported by E

2
A1,A2

.
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Pc

P0 = p0

p = π(P )

Pk

g

H0 = h

δ

G3

projection line

TMP0

EA1,A2

Fig. 8.11. Fundamental perspective graph. P ∈ E
2
A1,A2 , P0P ∈ E2 ∪ PPcP0P .

The point Pc (Λc, Φc,H0 = h) is defined as follows:

Xc =

= E1

[
A1√

1− E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
cos Φ0 cos Λ0 +

+ E2

[
A1√

1− E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
cos Φ0 sin Λ0 +

+ E3

[
A1(1− E2)√
1− E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
sin Φ0 .

(8.88)

Given the coordinates of the point Xc, we derive h, g, and k as follows:

g :=
√(

Xc −XP

)2 +
(
Yc − YP

)2 +
(
Zc − ZP

)2
,

h :=
√(

Xc −X0

)2 +
(
Yc − Y0

)2 +
(
Zc − Z0

)2
,

k :=
√(

XP −X0

)2 +
(
YP − Y0

)2 +
(
ZP − Z0

)2
.

(8.89)
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The diverse differences are defined as follows:

Xc −XP =

=

[
A1√

1−E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
cosΦ0 cos Λ0 − A1√

1− E2 sin2 Φ
cosΦ cos Λ ,

Yc − YP =

=

[
A1√

1− E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
cos Φ0 sin Λ0 − A1√

1− E2 sin2 Φ
cosΦ sin Λ ,

Zc − ZP =

=

[
A1(1− E2)√
1− E2 sin2 Φ0

+ H0

(
Λc, Φc

)]
sin Φ0 − A1(1−E2)√

1− E2 sin2 Φ
sin Φ ,

(8.90)

and

XP −X0 =

=
A1√

1− E2 sin2 Φ
cos Φ cos Λ− A1√

1− E2 sin2 Φ0

cos Φ0 cosΛ0 ,

YP − Y0 =

=
A1√

1− E2 sin2 Φ
cos Φ sin Λ− A1√

1− E2 sin2 Φ0

cos Φ0 sin Λ0 ,

ZP − Z0 =

=
A1(1− E2)√
1−E2 sin2 Φ

sin Φ− A1(1−E2)√
1− E2 sin2 Φ0

sin Φ0 .

(8.91)

Substituting g, h, and k into the basic formula for the radial coordinate r, r is obtained as follows:

r =
‖Xc −X0 ‖

‖Xc −XP ‖2 + ‖Xc −X0 ‖2 − ‖XP −X0 ‖2×

×
√

4‖Xc−XP ‖2‖Xc−X0‖2 −
[ ‖Xc −XP ‖2 + ‖Xc−X0‖2 −‖XP −X0‖2

]2
.

(8.92)

Substitute the transformation of surface normal ellipsoidal coordinates {Λ,Φ}, {Λ0, Φ0,H0(Λc, Φc)},
and {Λ0, Φ0,H = 0} to the corresponding Cartesian coordinates, and you receive the new curvilinear
representation of the radial coordinates.
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Let us now take care of the polar coordinate and base our analysis on the transformation of
reference frames, in particular, on the orthonormal Euclidean triad, corotating with the Earth, called
{E1,E2,E3}, and on the moving frame, called South, East, Vertical, an orthonormal triad in an
astronomical orientation, namely {E1∗ ,E2∗ ,E3∗}: see Box 8.9. We here use the symbol of a star to
identify the antipolar star orientation. Γ Gr refers to the gravity vector at Greenwich, while Ω denotes
the global rotation vector of the Earth. By contrast, E1∗ refers to the South unit vector, E2∗ refers to
the East unit vector, and E3∗ completes the orthonormal triad as the local vertical vector. The Euler
rotation matrix RE(Λ0, Φ0, 0) and the rotation matrices R3(Λ0) and R2(π/2 − Φ0) are provided by
(8.97). In Fig. 8.12, E1∗ and E2∗ are compactly illustrated.

Box 8.9 ({E1, E2, E3} and {E1∗ , E2∗ , E3∗}, Euler rotation matrix, Euler parameters).

Transformation of fixed and moving frame

({E1, E2, E3} versus {E1∗ , E2∗ , E3∗}):

E1∗ := − ∂X/∂Φ

‖∂X/∂Φ‖

(South) ,

E2∗ := +
∂X/∂Λ

‖∂X/∂Λ‖

(East) ,

E3∗ := +
∂X/∂H

‖∂X/∂H ‖

(Vertical) ,

(8.93)

2
4 E1∗

E2∗
E3∗

3
5 = RE (Λ0, Φ0, 0)

2
4 E1

E2

E3

3
5 , (8.94)

E1 := E2×E3 ,

E2 :=
−Γ Gr×Ω

‖−Γ Gr×Ω ‖ ,

E3 :=
Ω

‖Ω ‖ .

(8.95)

Euler rotation matrix:

RE(Λ0, Φ0, 0) := R3(0)R2(π/2 − Φ0)R3(Λ0) , (8.96)

R3(Λ0) =

2
64

cos Λ0 sin Λ0 0

− sin Λ0 cos Λ0 0

0 0 1

3
75 , R2(π/2 − Φ0) =

2
64

sin Φ0 0 − cos Φ0

0 1 0

cos Φ0 0 sin Φ0

3
75 . (8.97)

Euler parameters:

RE(Λ0, Φ0, 0) =

2
64

cos Λ0 sin Φ0 sin Λ0 sin Φ0 − cos Φ0

− sin Λ0 cos Λ0 0

cos Λ0 cos Φ0 sin Λ0 cos Φ0 sin Φ0

3
75 . (8.98)
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p0 = P0

E2∗∗
North

E1∗∗
East

p0 = P0

E2∗
East

E1∗
South

p

p

Fig. 8.12. Ellipsoidal horizontal plane at the point P0.

In the frame that is located at the point P0, let us here derive the spherical coordinates of the point
P from the coordinates {α, β, r}:

X∗
P −X∗

0 = r cos β cos α , Y ∗
P − Y ∗

0 = r cosβ sin α , Z∗
P − Z∗

0 = r sin β ,

tanα =
Y ∗

P − Y ∗
0

X∗
P −X∗

0

=
r21

(
XP −X0

)
+ r22

(
YP − Y0

)
+ r23

(
ZP − Z0

)
r11

(
XP −X0

)
+ r12

(
YP − Y0

)
+ r13

(
ZP − Z0

) ,

tanβ =
Z∗

P − Z∗
0√(

X∗
P −X∗

0

)2 +
(
Y ∗

P − Y ∗
0

)2
.

(8.99)

Finally, we we transfrom the relative placement vector {XP −X0, YP − Y0, ZP −Z0}E to the relative
placement vector {X∗

P −X∗
0 , Y ∗

P − Y ∗
0 , Z∗

P − Z∗
0}E∗ :⎡⎢⎢⎣

X∗
P −X∗

0

Y ∗
P − Y ∗

0

Z∗
P − Z∗

0

⎤⎥⎥⎦
E∗

= RE(Λ0, Φ0, 0)

⎡⎢⎢⎣
XP −X0

YP − Y0

ZP − Z0

⎤⎥⎥⎦
E

, (8.100)

tanα =

=
− sin Φ0

(
XP −X0

)
+ cos Λ0

(
YP − Y0

)
sin Φ0 cosΛ0

(
XP −X0

)
+ sin Φ0 cos Λ0

(
YP − Y0

)− cosΦ0

(
ZP − Z0

) ,

tan β analogous .

(8.101)

The arctan leads to the orientation angle we need. But we have to pay attention to the quadrant rule.
The mapping α ∈ [0 , 2π]→ tanα is not injective. Therefore, we must apply the quadrant rule:

Y ∗
P − Y ∗

0 positive, X∗
P −X∗

0 positive: 1st quadrant 0 ≤ α < π/2 ,

Y ∗
P − Y ∗

0 positive, X∗
P −X∗

0 negative: 2nd quadrant π/2 ≤ α < 0 ,

Y ∗
P − Y ∗

0 negative, X∗
P −X∗

0 negative: 3rd quadrant π ≤ α < 3π/2 ,

Y ∗
P − Y ∗

0 negative, X∗
P −X∗

0 positive: 4th quadrant 3π/2 ≤ α < 2π .

(8.102)
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8-32 The special case “sphere to tangential plane”

Let us here specialize to the mapping “sphere to tangential plane”, namely to the case where P0 is
located at the North pole and Pc at the South pole, and we only treat the case where P0 is at maximal
distance from Pc. Consult Fig. 8.13 for more details. We here begin with identifying the points X0

and Xc, respectively, by their coordinates {0, 0, Z} and {0, 0,−Z}, respectively. Φ0 = π/2 and Λ0 are
not specified. g, h, and k are defined by (8.104).

XP ∈ S
2
R : XP = R cos Φ cos ΛE1 + R cos Φ sin ΛE2 + R sin ΦE3 , (8.103)

g =‖Xc −XP ‖=
√

R2 cos2 Φ cos2 Λ + R2 cos2 Φ sin2 Λ + R2(1 + sinΦ)2 =

= R
√

2
√

1 + sin Φ = R
√

2
√

1 + cos ∆ ,

h = H0 = 2R ,

k =‖X0 −XP ‖= R
√

cos2 Φ + (1− sin Φ)2 = R
√

2
√

1− sin Φ = R
√

2
√

1− cos∆ .

(8.104)

At this point we specialize α = Λ and r = r(Φ). Note that the analogous Φ representation is obtained
by 4g2h2 = 32R4(1+sinΦ) = 32R4(1+cos∆) and (g2+h2−k2)2 = 16R4(1+sinΦ)2 = 16R4(1+cos∆)2.

α = Λ ,

r = 2R
cos Φ

1 + sin Φ
= 2R

sin ∆

1 + cos ∆
= 2R tan∆/2 = 2R tan

(
π

4
− Φ

2

)
.

(8.105)

N = p0 = P0

S = Pc

δ

g

H0 = h

k

P

r

p = π(P )

TMP0

Φ

R

Fig. 8.13. Maximal distance mapping “sphere to tangential plane”.
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8-33 An alternative approach for a topographic point

We illustrate the perspective center Pc, the projection point P0 on the ellipsoid-of-revolution, the
topographic point P (Λ,Φ,H > 0), and the point p = π(P ) on the tangential plane through P0 in
Fig. 8.14. {E1∗ ,E2∗ ,E3∗} refers to the point P0 as a triad in the local horizontal plane p0p with
reference to P0 = p0 and p = π(P ).

∣∣〈Xp −Xc

∣∣n〉∣∣ is the length of the projection onto the normal
vector n, the local vertical at the point P0 with respect to the local tangential plane. We may also write
n = G3. The reference frame is denoted by {E1,E2,E3} and is oriented as described in the previous
chapter. H0 = h is called the distance P0Pc along the principal axis of the perspective mapping.
Follow the illustration in Fig. 8.14. Here, we start from the fundamental equation, namely the ratio
Xp −Xc = λ

(
XP −Xc

)
, where

∣∣λ∣∣ is the perspective factor:

∣∣λ∣∣ =
‖Xp −Xc ‖
‖XP −Xc ‖ =

H0∣∣〈XP −Xc

∣∣n〉∣∣ ,

λ = − H0∣∣〈XP −Xc

∣∣n〉∣∣ ,

(8.106)

Xp = Xc − H0∣∣〈XP −Xc

∣∣n〉∣∣(XP −Xc

)
, Xc = X0 + H0n

⇒

Xp = X0 + H0n−
H0

(
XP −X0 −H0n

)〈
XP −X0

∣∣n〉−H0

.

(8.107)

Xc

Pc

E3

E2

E1

P0

P

XP − Xc

X0

p = π(P )

E1∗

G3

E2∗

h = H0

α

projection line

Fig. 8.14. Reference frames in a three-dimensional Euclidean space, called {E1, E2, E3} and {E1∗ , E2∗ , E3∗},
called South, East, Vertical. Special case: topographic point P (Λ, Φ, H > 0).



252 8 “Ellipsoid-of-revolution to tangential plane”

Pc

n = G3

P 0 pr =‖p − P 0 ‖

h = H0

˙
XP − Xc

˛̨ − n
¸ XP − Xc

‖XP − Xc −
˙
XP − Xc

˛̨
n

¸
n‖

P

Fig. 8.15. The ratio r/ ‖XP − Xc −
˙
XP − Xc

˛̨
n

¸
n‖= H0/

˛̨˙
XP − Xc

˛̨
n

¸˛̨
.

In the next phase, we compute the rectangular coordinates x∗
p and y∗

p as well as the angular parameters
r =

(
x∗

p
2 + y∗

p
2
)1/2 and α = arctan y∗

p/x∗
p, taking advantage of the ray condition. In Fig. 8.15, the

principle situation is illustrated.

x∗
p =

〈
E1∗

∣∣Xp −X0

〉
y∗

p =
〈
E2∗

∣∣Xp −X0

〉]⇒
⎡⎢⎢⎢⎢⎣

x∗
p =

−H0

〈
E1∗

∣∣XP −X0

〉〈
XP −X0

∣∣n〉−H0

y∗
p =

−H0

〈
E2∗

∣∣XP −X0

〉〈
XP −X0

∣∣n〉−H0

, (8.108)

α = arctan

〈
E2∗

∣∣Xp −X0

〉〈
E1∗

∣∣Xp −X0

〉 , (8.109)

r

‖XP −Xc −
〈
XP −Xc

∣∣n〉
n‖ =

H0∣∣〈XP −Xc

∣∣n〉∣∣ = |λ|

⇒

r = H0

√
‖XP −Xc ‖2 −

〈
XP −Xc

∣∣n〉2∣∣〈XP −Xc

∣∣n〉∣∣ .

(8.110)

In Box 8.10, the computational products are listed. As it is sketched in Box 8.10, the angular parameter
r can be rewritten as (8.111).

r = H0

√
‖XP −X0 ‖2 −

〈
XP −X0

∣∣n〉2∣∣〈XP −X0

∣∣n〉−H0

∣∣ . (8.111)
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Box 8.10 (Computational products).

Xc = X0 + H0n ,

‖XP − Xc ‖2=
˙
XP − X0 − H0n

˛̨
XP − X0 − H0n

¸
=

=‖XP − X0 ‖2 −2H0

˙
XP − X0

˛̨
n

¸
+ H2

0 ,

˙
XP − Xc

˛̨
n

¸2
=

˙
XP − X0 − H0n

˛̨
n

¸2
=

`˙
XP − X0

˛̨
n

¸ − H0

´2
=

=
`˙

XP − X0

˛̨
n

¸´2 − 2H0

˙
XP − X0

˛̨
n

¸
+ H2

0

⇒

‖XP − Xc ‖2 −˙
XP − Xc

˛̨
n

¸2
= ‖XP − X0 ‖2 −˙

XP − X0

˛̨
n

¸2

⇒

r = H0

q
‖XP − X0 ‖2 −˙

XP − X0

˛̨
n

¸2˛̨˙
XP − X0

˛̨
n

¸ − H0

˛̨ .

(8.112)

Finally, we have to represent the five vectors n, XP , X0, E1∗ , and E2∗ in the fixed reference frame
{E1,E2,E3} in order to be able to compute the projections onto XP −X0. In Boxes 8.11 and 8.12,
the respective relations are collected.

Box 8.11 (Representation of the vectors n, XP , X0, E1∗ , and E2∗ in the fixed reference frame).

n = [E1, E2, E3]

2
64

cos Φ0 cos Λ0

cos Φ0 sin Λ0

sin Φ0

3
75 , (8.113)

X0 = [E1, E2, E3]

2
664

N0 cos Φ0 cos Λ0

N0 cos Φ0 sin Λ0

N0(1 − E2) sin Φ0

3
775 ,

XP = [E1, E2, E3]

2
664

(N + H) cosΦ cos Λ

(N + H) cosΦ sin Λ

([N(1 − E2) + H]) sin Φ

3
775 ,

(8.114)

E1∗ = [E1, E2, E3]

2
64

sin Φ0 cos Λ0

sin Φ0 sin Λ0

− cos Φ0

3
75 (South) ,

E2∗ = [E1, E2, E3]

2
64
− sin Λ0

cos Λ0

0

3
75 (East) .

(8.115)
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Box 8.12 (Projections onto XP − X0).

˙
XP − X0

˛̨
n

¸
=

= +(N + H) cos Φ cos Λ cos Φ0 cos Λ0 + (N + H) cos Φ sin Λ cos Φ0 sin Λ0+

+[N(1 − E2) + H] sin Φ sin Φ0 − N0 cos2 Φ0 cos2 Λ0−

−N0 cos2 Φ0 sin2 Λ0 − N0(1 − E2) sin2 Φ0 =

= +(N + H) cos Φ cos Φ0 cos(Λ − Λ0)+

+[N(1 − E2) + H] sin Φ sin Φ0 − N0 + N0E
2 sin2 Φ0 ,

(8.116)

˙
E1∗

˛̨
XP − X0

¸
=

= +(N + H) cosΦ cos Λ sin Φ0 cos Λ0 + (N + H) cos Φ sin Λ sin Φ0 sin Λ0−

−[N(1 − E2) + H] sin Φ cos Φ0 − N0 cos Φ0 cos Λ0 sin Φ0 cos Λ0−

−N0 cos Φ0 sin Λ0 sin Φ0 sin Λ0 + N0(1 − E2) sin Φ0 cos Φ0 =

= +(N + H) cos Φ cos Φ0 cos(Λ − Λ0)−

−[N(1 − E2) + H] sin Φ cos Φ0 − N0E
2 sin Φ0 cos Φ0 ,

(8.117)

˙
E2∗

˛̨
XP − X0

¸
=

= −(N + H) cos Φ cos Λ sin Λ0 + (N + H) cos Φ sin Λ cos Λ0+

+N0 cos Φ0 cos Λ0 sin Λ0 − N0 cos Φ0 sin Λ0 cos Λ0 =

= +(N + H) cos Φ sin(Λ − Λ0) ,

(8.118)

‖XP − X0 ‖2=

= +[(N + H) cos Φ cos Λ − N0 cos Φ0 cos Λ0]
2+

+[(N + H) cos Φ sin Λ − N0 cos Φ0 sin Λ0]
2+

+[(N(1 − E2) + H) sin Φ − N0(1 − E2) sin Φ0]
2 =

= +[N + H]2 + E2[−2N2 + E2N2 − 2HN ] sin2 Φ−

−2[N + H]N0 cos Φ cos Φ0 cos(Λ − Λ0)−

−2[N(1 − E2) + H]N0(1 − E2) sin Φ sin Φ0+

+N2
0 + E2N2

0 (−2 + E2) sin2 Φ0 .

(8.119)

The final formulae are given already before for {x∗
p, y

∗
p} or {x∗∗

p , y∗∗
p } = {y∗

p,−x∗
p} and {α∗, r} for the

South azimuth and the radial coordinate or {α∗∗, r} for the East azimuth α∗∗ = 90◦ − α∗ and the
radial coordinate.
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In the following chapter, we study the mapping of the ellipsoid-of-revolution to the sphere and
from the sphere to the plane.
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9 “Ellipsoid-of-revolution to sphere and from sphere to plane”

Mapping the ellipsoid-of-revolution to sphere and from sphere to plane (the Gauss double projection, the
“authalic” equal area projection): metric tensors, curvature tensors, principal stretches.

A special mapping, which was invented by C.F.Gauss (1822, 1844), is the double projection of the
ellipsoid-of-revolution to the sphere and from the sphere to the plane. These are conformal mappings. A
very efficient compiler version of the Gauss double projection was presented by M.Rosenmund (1903)
(ROM mapping equations) and applied for mapping Switzerland and the Netherlands, for example.
An alternative mapping, called “authalic”, is equal area, first ellipsoid-of-revolution to sphere, and
second sphere to plane.

9-1 General mapping equations “ellipsoid-of-revolution to plane”
Setting up general equations of the mapping “ellipsoid-of-revolution to plane”: mapping equations, metric
tensors, curvature tensors, differential forms.

Postulate.

The spherical longitude λ should be a linear function of the ellipsoidal longitude Λ: parallel circles of
the ellipsoid-of-revolution should be transformed into parallel circles of the sphere.

End of Postulate.

Postulate.

The spherical latitude φ should only be a function of the ellipsoidal latitude Φ: meridians of the
ellipsoid-of-revolution (lines of constant longitude) should be transformed into meridians of the sphere
(ellipses of constant longitude).

End of Postulate.

9-11 The setup of the mapping equations “ellipsoid-of-revolution to plane”

λ = λ0 + a
(
Λ− Λ0

)
, φ = f(Φ) . (9.1)

Λ0 is the ellipsoidal longitude of the reference point P0(Λ0, Φ0), an element of the ellipsoid-of-
revolution. First, let us compute the metric tensor (first differential form) of the ellipsoid-of-revolution
and of the sphere. Second, let us compute the curvature tensor (second differential form) of the
ellipsoid-of-revolution and the sphere. The mapping equations (9.2) (X = Φ−1(U) versus x = φ−1(u))
form the basis of the computation of the first differential form and the second differential form of a
surface. They lead to the inverse mapping equations (9.3).

⎡⎣X
Y
Z

⎤⎦ =
A1√

1−E2 sin2 Φ

⎡⎣ cos Φ cos Λ
cos Φ sin Λ

(1−E2) sin Φ

⎤⎦ versus r

⎡⎣ cos φ cosλ
cosφ sin λ

sin φ

⎤⎦ =

⎡⎣x
y
z

⎤⎦ , (9.2)

[
U
V

]
=

[
Λ
Φ

]
=

[
arctan Y X−1

arctan 1
1−E2

Z√
X2+Y 2

]
versus

[
u
v

]
=

[
λ
φ

]
=

[
arctan yx−1

arctan z√
x2+y2

]
. (9.3)
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9-12 The metric tensor of the ellipsoid-of-revolution, the first differential form

First, let us here compute the first differential form of the surface of type ellipsoid-of-revolution
as follows.

GKL = 〈GK GL〉 =
3∑

J=1

∂XJ

∂UK

∂XJ

∂UL
, (9.4)

G1 = GΛ :=
∂X

∂Λ
=

A1 cosΦ

(1− E2 sin2 Φ)1/2
(− sin ΛE1 + cos ΛE2) , (9.5)

G2 = GΦ :=
∂X

∂Φ
= − A1(1− E2)

(1− E2 sin2 Φ)3/2
(sinΦ cos ΛE1 + sin Φ sin ΛE2 − cos ΦE3) . (9.6)

A1 denotes the semi-major axis of the ellipsoid-of-revolution, A2 denotes the semi-minor axis of the
ellipsoid-of-revolution, and E =

√
A2

1 −A2
2/A1 =

√
1−A2

2/A
2
1 defines the first numerical eccentricity.

The basis vectors finally lead to the elements of the metric tensor.

E(Gauss) := 〈GΛ GΛ〉 := GΛΛ = G11 =
A2

1 cos2 Φ

1− E2 sin2 Φ
,

F (Gauss) := 〈GΛ GΦ〉 := GΛΦ = G12 = G21 = GΦΛ = 0 ,

G(Gauss) := 〈GΦ GΦ〉 := GΦΦ = G22 =
A2

1(1− E2)2

(1−E2 sin2 Φ)3
.

(9.7)

9-13 The curvature tensor of the ellipsoid-of-revolution, the second differential form

Second, let us here compute the second differential form of the surface of type ellipsoid-of-revolution
as follows.

HKL =
〈
G3 ∂2X/∂UK∂UL

〉
=

1√
det [GKL]

[
GK,L,G1,G2

]
. (9.8)

The second differential form is related to the determinantal form of the ellipsoid-of-revolution. We
shall compute the surface normal vector G3 and the surface tangent vectors G1 and G2. In Box 9.1,
the various steps are collected. Subsequently, we shall collect the coordinates of the matrix HKL which
are derived from the second derivatives, see Box 9.2. In summary, we present the coordinates of the
curvature tensor of the ellipsoid-of-revolution in (9.9).

L(Gauss) :=
〈
G3 ∂G1/∂U1

〉
:= HΛΛ = H11 = − A1 cos2 Φ

(1− E2 sin2 Φ)1/2
,

M(Gauss) :=
〈
G3 ∂G1/∂U2

〉
:= HΛΦ = H12 = H21 = HΦΛ = 0 ,

N(Gauss) :=
〈
G3 ∂G2/∂U2

〉
:= HΦΦ = H22 = − A1(1− E2)

(1− E2 sin2 Φ)3/2
.

(9.9)
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Box 9.1 (The surface normal vector G3, the surface tangent vectors G1 and G2).

G3 =
G1×G2

‖ G1×G2 ‖ = cos Φ cos ΛE1 + cos Φ sin ΛE2 + sin ΦE3 , (9.10)

∂2X

∂UK∂UL
=

∂

∂UL
GK(U1, U2) ,

p
det [GKL] =

A2
1(1 − E2) cos Φ

(1 − E2 sin2 Φ)2
,

(9.11)

∂G1

∂U1
=

3X
J=1

∂2XJ

∂Λ 2 EJ = − A1 cos Φ

(1 − E2 sin2 Φ)1/2

`
cos Λ E1 + sin Λ E2

´
,

∂G1

∂U2
=

3X
J=1

∂2XJ

∂Λ∂Φ
EJ =

A1(1 − E2)

(1 − E2 sin2 Φ)3/2

`
sin Φ sin Λ E1 − sin Φ cos Λ E2

´ (9.12)

versus

∂G2

∂U1
=

3X
J=1

∂2XJ

∂Φ∂Λ
EJ =

3X
J=1

∂2XJ

∂Λ∂Φ
EJ ,

∂G2

∂U2
=

3X
J=1

∂2XJ

∂Φ 2 EJ =
A1(1 − E2)

(1 − E2 sin2 Φ)5/2
×

×
»
− cos Φ cos Λ(1 + 2E2 sin2 Φ)E1 − cos Φ sin Λ(1 + 2E2 sin2 Φ)E2−

− sin Φ(1 + 2E2 sin2 Φ − 3E2)E3

–

= −A1(1 − E2)(1 + 2E2 sin2 Φ)

(1 − E2 sin2 Φ)5/2

»
cos Φ cos Λ E1 + cos Φ sin Λ E2 +

„
1 − 3E2

1 + 2E2 sin2 Φ

«
sin Φ E3

–
.

(9.13)

Box 9.2 (The matrix HKL).

H11 =
˙
G3 ∂G1/∂U1¸

= 〈G3 ∂GΛ/∂Λ〉 = − A1 cos2 Φ

(1 − E2 sin2 Φ)1/2
,

H12 =
˙
G3 ∂G1/∂U2¸

= 〈G3 ∂GΛ/∂Φ〉 =

=
A1(1 − E2)

(1 − E2 sin2 Φ)3/2

`
sin Φ cos Φ sin Λ cos Λ − sin Φ cos Φ sin Λ cos Λ

´
= 0 ,

H22 =
˙
G3 ∂G2/∂U2¸

= 〈G3 ∂GΦ/∂Φ〉 =

= −A1(1 − E2)(1 + 2E2 sin2 Φ)

(1 − E2 sin2 Φ)5/2

„
cos2 Φ + sin2 Φ

1 + 2E2 sin2 Φ − 3E2

1 + 2E2 sin2 Φ

«
=

= − A1(1 − E2)

(1 − E2 sin2 Φ)5/2
(cos2 Φ + 2E2 sin2 Φ cos2 Φ + sin2 Φ + 2E2 sin4 Φ − 3E2 sin2 Φ)

= − A1(1 − E2)

(1 − E2 sin2 Φ)5/2

ˆ
1 − E2 `

3 sin2 Φ − 2 sin2 Φ cos2 Φ − 2 sin4 Φ
´˜

=

= − A1(1 − E2)

(1 − E2 sin2 Φ)5/2

ˆ
1 − E2 `

3 sin2 Φ − 2 sin2 Φ cos2 Φ − 2 sin2 Φ + 2 sin2 Φ cos2 Φ
´˜

=

= − A1(1 − E2)

(1 − E2 sin2 Φ)5/2
(1 − E2 sin2 Φ) = − A1(1 − E2)

(1 − E2 sin2 Φ)3/2
.

(9.14)
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9-14 The metric tensor of the sphere, the first differential form

Third, we compute the first differential form of the surface of type sphere. In (9.15) and (9.16), r is
the radius of the sphere. The basis vectors finally lead to the elements of the spherical metric tensor.

gkl = 〈gk gl〉 =
3∑

j=1

∂xj

∂uk

∂xj

∂ul
,

g1 = gλ :=
∂x

∂λ
= r cos φ (− sin λ e1 + cosλ e2) ,

g2 = gφ :=
∂x

∂φ
= −r (sinφ cosλ e1 + sin φ sin λ e2 − cosφe3) ,

(9.15)

e(Gauss) := 〈gλ gλ〉 := gλλ = g11 = r2 cos2 φ ,

f(Gauss) := 〈gλ gφ〉 := gλφ = g12 = g21 = gφλ = 0 ,

g(Gauss) := 〈gφ gφ〉 := gφφ = g22 = r2 .

(9.16)

9-15 The curvature tensor of the sphere, the second differential form

Fourth, we compute the second differential form of the surface of type sphere. The second differential
form is related to the determinantal form of the sphere. We compute first the surface normal vector
and second the surface derivatives of the tangent vectors. In summary, we refer to the coordinates of
the curvature tensor of the sphere.

hkl =
〈
g3 ∂2x/∂uk∂ul

〉
=

〈
g3 ∂2gk/∂ul

〉
=

1√
det [gkl]

[
gK,L, g1, g2

]
,

g3 = cosφ cos λ e1 + cos φ sin λ e2 + sin φe3 ,

g3 =
g1×g2

‖ g1×g2 ‖ ,
√

det [gkl] = r2 cos φ ,

(9.17)

l(Gauss) :=
〈
g3 ∂g1/∂u1

〉
:= hλλ = h11 = −r cos2 φ ,

m(Gauss) :=
〈
g3 ∂g1/∂u2

〉
:= hλφ = h12 = h21 = hφλ = 0 ,

n(Gauss) :=
〈
g3 ∂g2/∂u2

〉
:= hφφ = h22 = −r .

(9.18)

Based upon the general mapping equations λ = λ0 + a(Λ − Λ0) and φ = f(Φ), let us here compute
the deformation tensor of the first kind and the deformation tensor of the second kind.



9-1 General mapping equations “ellipsoid-of-revolution to plane” 261

9-16 Deformation of the first kind

We first consider the deformation of the first kind: the deformation tensor of the first kind is based
upon the first fundamental form of differential geometry.

I := ds2 =
2∑

k,l=1

gkldukdul =
2∑

K,L=1

cKLdUKdUL , cKL :=
2∑

k,l=1

gkl
∂uk

∂UK

∂ul

∂UL
. (9.19)

The first invariant differential form I := ds2 =
∑2

K,L=1 cKLdUKdUL is to be computed next. In
Box 9.3, the various steps of computing the matrix cKL are outlined.

Box 9.3 (The matrix cKL ).

∂u1

∂U1
=

∂λ

∂Λ
= a and

∂u1

∂U2
=

∂λ

∂Φ
= 0 ,

∂u2

∂U1
=

∂φ

∂Λ
= 0 and

∂u2

∂U2
=

∂φ

∂Φ
= f ′(Φ)

(9.20)

⇔

∂uk

∂UK
=

"
∂λ/∂Λ ∂λ/∂Φ

∂φ/∂Λ ∂φ/∂Φ

#
=

"
a 0

0 f ′(Φ)

#
. (9.21)

If g12 = 0, then

c11 = cΛΛ =

2X
k,l=1

gkl
∂uk

∂Λ

∂ul

∂Λ
= g11

„
∂λ

∂Λ

«2

+ g22

„
∂φ

∂Λ

«2

,

c12 = cΛΦ =

2X
k,l=1

gkl
∂uk

∂Λ

∂ul

∂Φ
= g11

„
∂λ

∂Λ

« „
∂λ

∂Φ

«
+ g22

„
∂φ

∂Λ

« „
∂φ

∂Φ

«
,

c22 = cΦΦ =

2X
k,l=1

gkl
∂uk

∂Φ

∂ul

∂Φ
= g11

„
∂λ

∂Φ

«2

+ g22

„
∂φ

∂Φ

«2

(9.22)

⇒

c11 = cΛΛ = a2r2 cos2 φ , c12 = cΛΦ = c21 = cΦΛ = 0 , c22 = cΦΦ = r2 f ′ 2
(Φ) . (9.23)

The matrix elements cKL of the first Cauchy–Green deformation tensor are summarized according to
(9.24). The principal stretches of the first kind amount to (9.25).

cKL =

[
a2r2 cos2 φ 0

0 r2 f ′ 2(Φ)

]
, (9.24)

Λ1 =
√

c11/G11 =

√
a2r2 cos2 φ

A2
1 cos2 Φ

(1− E2 sin2 Φ) =
ar cos φ

N cosΦ
,

Λ2 =
√

c22/G22 =

√
r2 f ′ 2(Φ)

A2
1(1− E2)2

(1− E2 sin2 Φ)3 =
rf ′(Φ)

M
=

r

M

dφ

dΦ
.

(9.25)
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The curvature tensors of the ellipsoid-of-revolution and the sphere, namely the Gauss curvature scalar
and the trace as the alternative curvature scalar, are presented in Box 9.4. Note that N and M are the
radii of principal type of the ellipsoid-of-revolution and that r is the curvature radius of the sphere.

Box 9.4 (Curvature tensors, Gauss’s curvature tensors ).

Curvature tensor
(ellipsoid-of-revolution):

Curvature tensor
(sphere):

Grad G3 = grad g3 =

= −HG−1

"
G1

G2

#
= K

"
G1

G2

#
. = −hg−1

"
g1

g2

#
= k

"
g1

g2

#
.

(9.26)

Gauss’s curvature tensor
(ellipsoid-of-revolution):

Gauss’s curvature tensor
(sphere):

K := −HG−1 , k := hg−1 ,

K := −HG−1 =

"
1/N 0

0 1/M

#
, k := −hg−1 =

"
1/r 0

0 1/r

#
.

N :=
A1

(1 − E2 sin2 Φ)1/2
,

M :=
A1(1 − E2)

(1 − E2 sin2 Φ)3/2
.

(9.27)

Eigenvalues of the
curvature tensor:

Eigenvalues of the
curvature tensor:

K1 :=
1

N
, K2 :=

1

M
, κ1 = κ2 =

1

r
,

Grad G3 = Grad g3 =

= K

"
G1

G2

#
=

"
K1G1

K2G2

#
. = k

"
g1

g2

#
=

"
κ1g1

κ2g2

#
.

(9.28)

Tangent space: Tangent space:

G1 :=
∂X

∂Λ
, G2 :=

∂X

∂Φ
. g1 :=

∂x

∂λ
, g2 :=

∂x

∂φ
. (9.29)
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9-17 Deformation of the second kind

We then consider the deformation of the second kind: the deformation tensor of the second kind is
based upon the second fundamental form of differential geometry. We shall compute its representation.
First, in the coordinate system {u, v} = {u1, u2}. Second, in the transformed coordinate system
uk → UK = UK(uk). Or from the spherical coordinate system to the ellipsoidal coordinate system.

II :=
2∑

k,l=1

hkldukdul =
2∑

K,L=1

dKLdUKdUL , dKL :=
2∑

k,l=1

hkl
∂uk

∂UK

∂ul

∂UL
. (9.30)

Box 9.5 (The matrix dKL ).

∂u1

∂U1
=

∂λ

∂Λ
= a and

∂u1

∂U2
=

∂λ

∂Φ
= 0 ,

∂u2

∂U1
=

∂φ

∂Λ
= 0 and

∂u2

∂U2
=

∂φ

∂Φ
= f ′(Φ)

(9.31)

⇔

∂uk

∂UK
=

"
∂λ/∂Λ ∂λ/∂Φ

∂φ/∂Λ ∂φ/∂Φ

#
=

"
a 0

0 f ′(Φ)

#
. (9.32)

If h12 = 0, then

d11 = dΛΛ =
2X

k,l=1

hkl
∂uk

∂Λ

∂ul

∂Λ
= h11

„
∂λ

∂Λ

«2

+ h22

„
∂φ

∂Λ

«2

,

d12 = dΛΦ =

2X
k,l=1

hkl
∂uk

∂Λ

∂ul

∂Φ
= h11

„
∂λ

∂Λ

« „
∂λ

∂Φ

«
+ h22

„
∂φ

∂Λ

« „
∂φ

∂Φ

«
,

d22 = dΦΦ =

2X
k,l=1

hkl
∂uk

∂Φ

∂ul

∂Φ
= h11

„
∂λ

∂Φ

«2

+ h22

„
∂φ

∂Φ

«2

(9.33)

⇒

d11 = dΛΛ = −a2r cos2 φ , d12 = dΛΦ = 0 , d22 = dΦΦ = −r f ′ 2
(Φ) . (9.34)

In summary, let us here present the diverse coordinates of the second deformation tensor, namely
its eigenvalues.

dKL =

[−a2r cos2 φ 0

0 −r f ′ 2(Φ)

]
, (9.35)

dΛ1 =
√

d11/H11 =

√
a2r cos2 φ

A1 cos2 Φ
(1− E2 sin2 Φ)1/2 ,

dΛ2 =
√

d22/H22 =

√
r f ′ 2(Φ)

A1(1− E2)
(1− E2 sin2 Φ)3/2 .

(9.36)
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9-2 The conformal mappings “ellipsoid-of-revolution to plane”

The conformal mappings from the ellipsoid-of-revolution to the plane: the conditions of conformality, the
standard integrals, spherical isometric latitude, ellipsoidal isometric latitude.

First, we postulate the condition of conformality Λ1 = Λ2 and subsequently we take advantage of the
standard integrals that are collected in Box 9.6.

Λ1 = Λ2

⇔
ar cosφ

A1 cos Φ
(1− E2 sin2 Φ)1/2 =

r

A1(1− E2)
dφ

dΦ
(1− E2 sin2 Φ)3/2

⇔

(9.37)

dφ

cosφ
=

1−E2

1−E2 sin2 Φ

a

cos Φ
dΦ . (9.38)

We here note in passing that via the first standard integral, we introduce spherical isometric latitude.
By integration-by-parts, we split the second standard integral into three parts, namely by introducing
ellipsoidal isometric latitude.

Box 9.6 (The standard integrals).

First standard integral:

Z
dφ

cos φ
= Ifirst = ln tan

„
π

4
+

φ

2

«
:= q

(“spherical isometric latitude”).

(9.39)

Second standard integral:

Z
1 − E2

1 − E2 sin2 Φ

dΦ

cos Φ
= Isecond . (9.40)

1 − E2

1 − E2 sin2 Φ

1

cos Φ
=

1

cos Φ
− E

2

„
E cos Φ

1 + E sin Φ
− E cos Φ

1 − E sin Φ

«
, (9.41)

Z
1 − E2

1 − E2 sin2 Φ

dΦ

cos Φ
=

= ln tan

„
π

4
+

Φ

2

«
− E

2
ln

1 + E sin Φ

1 − E sin Φ
= ln

"
tan

„
π

4
+

Φ

2

« „
1 − E sin Φ

1 + E sin Φ

«E/2
#

:= Q

(“ellipsoidal isometric latitude”).

(9.42)

The combination of the first and the second standard integral leads us to the celebrated relation in
terms of the integration constants c and k, namely

q = a(Q + k) , k = ln c , c = exp k ;

ln tan
(

π

4
+

φ

2

)
= a ln tan

(
π

4
+

Φ

2

)
− aE

2
ln

1 + E sin Φ

1− E sin Φ
+ a ln c .

(9.43)
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φ φ

φ

ln Λ (ln Λ)′

(ln Λ)′′

Fig. 9.1. The three postulates of the Gauss mapping “ellipsoid-of-revolution to sphere”.

Let us fix the integration constants a, c, and r. In the so-called “fundamental point” P0(Λ0, Φ0), we
assume r := N(Φ0), where the curvature form N0 is defined by (9.44) (“first proposal of C. F. Gauss”).
Around the “fundamental point” P0(Λ0, Φ0), we assume the Taylor expansion that is defined by (9.45)
(“second proposal of C. F. Gauss”).

r = N0 =
A1√

1− E2 sin2 Φ
, (9.44)

ln Λ = lnΛ0 +
(

d lnΛ

dφ

)
φ0

(φ− φ0) +
1
2

(
d2 ln Λ

dφ 2

)
φ0

(φ− φ0)
2 + · · · . (9.45)

The following three postulates specify the above relations. Note that we can summarize the three
postulates in such a way that we postulate a horizontal turning tangent according to Fig. 9.1.

Postulate (first postulate).

Λ0 = 1 . (9.46)

In the so-called “fundamental point” P0(Λ0, Φ0), we assume an equal lateral mapping.

ln Λ0 = 0 . (9.47)

End of Postulate.

Postulate (second postulate).

(ln Λ)′ (φ0) = 0 . (9.48)

End of Postulate.

Postulate (third postulate).

(lnΛ)′′ (φ0) = 0 . (9.49)

End of Postulate.
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Let us present the summary of the Gauss mapping “ellipsoid-of-revolution to sphere” based upon
the stretch equation (9.50) in form of Lemma 9.1.

ar cos φ
A1 cos Φ

(1−E2 sin2 Φ)1/2

=
ar cos φ

N(Φ) cos Φ
. (9.50)

Lemma 9.1 (Gauss mapping “ellipsoid-of-revolution to sphere”).

The mapping equations from the ellipsoid-of-revolution adequately parameterized by {Λe, Φe} to the
sphere adequately parameterized by {λs, φs} of type conformal read

λs = λs
0 + a(Λe − Λe

0) , (9.51)

tan
(

π

4
+

φs

2

)
= ca

[
tan

(
π

4
+

Φe

2

)]a (
1−E sin Φe

1 + E sin Φe

)aE/2

, (9.52)

and

a = cosΦ0

√
N0

M0
+ tan2 Φ0 ,

c =

[
tan

(
π
4 + φ0

2

)]1/a

tan
(

π
4 + Φ0

2

) (
1−E sin Φ0
1+E sin Φ0

)E/2
=

=
exp q0/a

exp Q0
,

ln c =
1
a
q0 −Q0 ,

tanφ0 =
√

N0

M0
tanΦ0 .

(9.53)

Relative to the equidistant mapping of the “fundamental point”, P0(Λ0, Φ0) → p0 = p(λ0, φ0), there
hold the conditions

Λ0 = 1 , Λ′
0 = 0 , Λ′′

0 = 0 . (9.54)

The mean spherical radius reads

r =
√

M0N0 . (9.55)

End of Lemma.

The following chains of calculations, on the one hand, supply us with proofs of the above relations,
and on the other hand, supply us with additional relations needed to understand the above relations.
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Proof (first postulate).

First postulate (Λ0 = 1):

Λ0 =
ar cos φ0

N0 cos Φ0
⇒ r =

N0 cos Φ0

a cos φ0
. (9.56)

End of Proof.

Proof (second postulate).

Second postulate (Λ′
0 = 0 ⇔ (ln Λ)′0 = Λ′

0/Λ0):

ln Λ = ln ar + ln cos φ− ln[N(Φ) cos Φ] ,

d lnΛ

dφ
= − sin φ

cosφ
− N ′(Φ) cos Φ−N(Φ) sin Φ

N(Φ) cos Φ

dΦ

dφ
,

N(Φ) =
A1

(1− E2 sin2 Φ)1/2
, N ′(Φ) =

A1E
2 sin Φ cos Φ

(1− E2 sin2 Φ)3/2
,

dΦ

dφ
=

1− E2 sin2 Φ

1−E2

cos Φ

a cos φ
=

N(Φ)
M(Φ)

cosΦ

a cos φ

⇒
d lnΛ

dφ
= − sin φ

cos φ
+

sin Φ

a cos φ
= − tanφ +

sin Φ

a cos φ

⇒
(ln Λ)′(φ0, Φ0) = 0 ⇒ a sin φ0 = sin Φ0 .

(9.57)

End of Proof.

Proof (third postulate).

Third postulate (Λ′′
0 = 0⇔ (ln Λ)′′0 = 0):

d2 ln Λ

dφ 2 = − 1
cos2 φ

+
a cos φ cosΦdΦ

dφ + a sin φ sin Φ

a2 cos2 φ
=

= − 1
cos2 φ

[
1− 1

a
sin φ sin Φ− 1

a
cosφ cos Φ

dΦ

dφ

]
,

d2 ln Λ

dφ 2 (φ0, Φ0) = 0

⇒

a cos φ0 =

√
1− E2 sin2 Φ0

1− E2
cos Φ0 .

(9.58)

End of Proof.
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Proof (lemma relations).

Intermediate results:

r =
N0 cos Φ0

a cosφ0
, (9.59)

a sin φ0 = sin Φ0 , (9.60)

a cos φ0 = a

√
1− sin2 φ0 =

√
1− E2 sin2 Φ0

1−E2
cos Φ0 =

√
N0

M0
cosΦ0 . (9.61)

Action item: combine (9.59) and (9.61) and find

r =
A1 cos Φ0

a cos φ0

1√
1− E2 sin2 Φ0

=
A1

√
1− E2

1− E2 sin2 Φ0

=
√

M0N0 . (9.62)

Action item: combine (9.60) and (9.61) and find

tanφ0 =

√
1− E2

1− E2 sin2 Φ0

tanΦ0 =
√

M0

N0
tanΦ0 . (9.63)

Action item: combine (9.60) and (9.61) and find

a =
√

sin2 Φ0 +
N0

M0
cos2 Φ0 = cos Φ0

√
N0

M0
+ tan2 Φ0 . (9.64)

(If N0/M0 = 1, then a = 1.)

Solve the mapping equations at the initial fundamental point P0(Λ0, Φ0)
with respect to the integration constant c and find

ca =

[
tan

(
π
4 + φ0

2

)]
tana

(
π
4 + Φ0

2

) (
1−E sin Φ0
1+E sin Φ0

)aE/2
,

c =

[
tan

(
π
4 + φ0

2

)]1/a

tan
(

π
4 + Φ0

2

) (
1−E sin Φ0
1+E sin Φ0

)E/2
.

(9.65)

End of Proof.
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The principal stretches of the conformal mapping “ellipsoid-of-revolution to sphere” are explicitly
given by (9.66).

Λ1 = Λ2 = Λ =
a
√

M0N0 cos φ

N(Φ) cos Φ
, a as given above , (9.66)

φ = 2 arctan

(
ca

[
tan

(
π

4
+

Φ

2

)]a (
1− E sin Φ

1 + E sin Φ

)aE/2
)
− π

2
. (9.67)

9-3 The equal area mappings “ellipsoid-of-revolution to plane”

The equal area mappings from the ellipsoid-of-revolution to the plane: the condition of equal area, the
standard integrals, authalic latitude.

First, we postulate the condition of equal area Λ1Λ2 = 1 and subsequently we take advantage of the
standard integrals that are collected in Box 9.7.

Λ1Λ2 = 1

⇔
ar cosφ

A1 cos Φ
(1− E2 sin2 Φ)1/2 r

A1(1− E2)
dφ

dΦ
(1− E2 sin2 Φ)3/2 = 1

⇔

(9.68)

r2cosφdφ =
A2

1(1− E2)
a

cos Φ
dΦ

(1− E2 sin2 Φ)2
. (9.69)

Box 9.7 (The standard integrals).

First standard integral
(conic mapping: Lambert conformal):

r2sin φ =
A2

1(1 − E2)

a

Z
cos Φ

dΦ

(1 − E2 sin2 Φ)2
+ c ,

∆ :=
π

2
− Φ ⇒ −d∆ = +dΦ , c := 0 ,

−
Z

sin ∆

(1 − E2 cos2 ∆)2
d∆ =

cos ∆

2(1 − E2 cos2 ∆)
+

1

4E
ln

1 + E cos ∆

1 − E cos ∆
=

=
sin Φ

2(1 − E2 sin2 Φ)
+

1

4E
ln

1 + E sin Φ

1 − E sin Φ
.

(9.70)

Second standard integral
(equal area conic mapping):

ar2sin φ = A2
1(1 − E2)

»
sin Φ

2(1 − E2 sin2 Φ)
+

1

4E
ln

1 + E sin Φ

1 − E sin Φ

–
,

sin φ =
A2

1(1 − E2)

ar2

»
sin Φ

2(1 − E2 sin2 Φ)
+

1

4E
ln

1 + E sin Φ

1 − E sin Φ

–
.

(9.71)
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The term authalic latitude φ has been introduced by O. S.Adams (1921, p. 65) or J. P. Snyder (1982,
p. 19). In Box 9.8, the two interesting concepts are summarized.

Box 9.8 (The two interesting concepts).

First case:

A1 = r , a = 1 . (9.72)

Second case
(“identical surface area”):

4πr2 = 4πA2
1

„
1

2
+

1 − E2

4E
ln

1 + E

1 − E

«
⇒

r2 =
1

2
A2

1

„
1 +

1 − E2

2E
ln

1 + E

1 − E

«
⇒

sin φ =
(1 − E2)

a

sin Φ
(1−E2 sin2 Φ)

+ 1
2E

ln 1+E sin Φ
1−E sin Φ

1 + 1−E2

2E
ln 1+E

1−E

.

(9.73)

Example:

a = 1 . (9.74)

Λ1 =
ar cos φ

A1 cosΦ
(1−E2 sin2 Φ)1/2 ,

Λ2 =
rdφ/dΦ

A1(1−E2)
(1−E2 sin2 Φ)3/2 ,

(9.75)

dφ

dΦ
=

1
a cos φ

1
r2

A2
1(1− E2)

(1− E2 sin2 Φ)2
cosΦ

⇒
(9.76)

Λ2 = Λ−1
1 =

=
A1 cos Φ

a cos φ

1
r
(1− E2 sin2 Φ)−1/2 =

1
a

A1 cos Φ

r cos φ

1
(1− E2 sin2 Φ)1/2

.
(9.77)

We here also note the remarkable representations for sinφ(sinΦ). Furthermore, note the remarkable
representations for the cases A1 = r versus 4πr2 = 4πA2

1

(
1/2 + [(1 − E2)/4E] ln[(1 + E)/(1 − E)]

)
and Λ1 and Λ2, respectively.
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The final step are the standard mapping procedures of mapping the sphere to the plane. In the
following chapters, we study the mapping of the sphere to the cylinder.
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10 “Sphere to cylinder”: polar aspect

Mapping the sphere to a cylinder: polar aspect. Equidistant, conformal, and equal area mappings. Principle
for constructing a cylindrical map projection. Optimal cylinder projections of the sphere, equidistant on
two parallels.

In this chapter, we present a collection of most widely used map projections in the polar aspect in
which meridians are shown as a set of equidistant parallel straight lines and parallel circles (parallels)
by a system of parallel straight lines orthogonally crossing the images of the meridians. As a specialty,
the poles are not displayed as points but straight lines as long as the equator. First, we derive the
general mapping equations for both cases of (i) a tangent cylinder and (ii) a secant cylinder and
describe the construction principle. The mapping equations and the equations for the left principal
stretches involve a general latitude dependent function f , which is determined in a following section
through the postulate of (i) an equidistant, (ii) a conformal, or (iii) an equal area mapping. The
resulting map projection are the most simple Plate Carrée projection (“quadratische Plattkarte”), the
famous conformal Mercator projection (presented by Gerardus Mercator (Latinized name of Gerhard
Kremer, 1512–1594) of Flanders in 1569) and the equal area Lambert projection (presented by Johann
Heinrich Lambert (1728–1777) of Alsace in 1772). While the Plate Carrée projection was mainly used
for the representation of equatorial regions, the Mercator projection has found widespread use in
(aero-)nautics and maps for displaying air and ocean currents. A special feature of this projection
is that the loxodrome (rhumb line, line of constant azimuth) is displayed as a straight line crossing
all meridians with a constant angle. The cylindrical Lambert projection, in contrast, has found only
minimal usage, which is mainly due to the fact that the images of parallels lie very dense in medium
and high latitudes. For a first impression, have a look at Fig. 10.1.

Fig. 10.1. Mapping the sphere to a (tangent) cylinder. Polar aspect. Line-of-contact: equator.
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10-1 General mapping equations

Setting up general equations of the mapping “sphere to cylinder”: projections in the polar aspect. Principle
for constructing a cylindrical map projection.

There are two basic postulates which govern the setup of general equations of mapping the sphere S
2
R

of radius R to a tangent or secant cylinder C
2
R. First, the coordinate x depends only on the longitude

Λ and the parallel circles Φ = ±Φ0 have to be mapped equidistantly, i. e. x = RΛ cos Φ0. Second, the
coordinate y is only a function of latitude Φ, i. e. y = f(Φ), compare with Fig. 10.2 for the case of a
tangent cylinder. In case of the tangent variant, the cylinder is wrapping the sphere with the equator
being the line-of-contact. In the second case of a secant cylinder, two parallel circles Φ = ±Φ0 are the
lines-of-contact, compare with Fig. 10.3.

Box 10.1 (“Sphere to cylinder”: distortion analysis, polar aspect, left principal stretches).

Parameterized mapping:

x = RΛ cos Φ0 , y = f(Φ) . (10.1)

Left Jacobi matrix:

Jl :=

»
DΛx DΦx
DΛy DΦy

–
=

»
R cos Φ0 0

0 f ′(Φ)

–
. (10.2)

Left Cauchy–Green matrix (Gr = I2):

Cl = J∗l GrJl =

»
R2 cos2 Φ0 0

0 f ′ 2
(Φ)

–
. (10.3)

Left principal stretches:

Λ1 =

r
C11

G11
=

cos Φ0

cos Φ
,

Λ2 =

r
C22

G22
=

f ′(Φ)

R
.

(10.4)

Left eigenvectors of the matrix pair {Cλ, Gλ}:

C1 = EΛ =
DΛX

‖DΛX‖
(Easting) ,

C2 = EΦ =
DΦX

‖DΦX‖
(Northing) .

(10.5)

Next, we specialize the general cylindrical mapping to generate an equidistant mapping, a confor-
mal mapping, and an equal area mapping.
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Fig. 10.2. Principle for constructing a cylindrical map projection in the polar aspect (tangent cylinder:
Φ0 = 0◦). Greenwich (1) and equator (2).

X

Z

YΦ

y = f(Φ)

x = RΛ cos Φ0
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Fig. 10.3. Principle for constructing a cylindrical map projection in the polar aspect (secant cylinder:
Φ0 = ±30◦). Greenwich (1) and equator (2). Φ0 = const. (3) and −Φ0 = const. (4).
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10-2 Special mapping equations

Setting up special equations of the mapping “sphere to cylinder”. Equidistant mapping (Plate Carrée
projection), conformal mapping (Mercator projection), equal area mapping (Lambert cylindrical equal
area projection).

10-21 Equidistant mapping (Plate Carrée projection)

For the first mapping of the sphere to a cylinder, we postulate that all meridians shall be mapped
equidistantly, namely

Λ2 = 1⇒ f ′(Φ)
R

= 1 ⇒ df = RdΦ ⇒ f(Φ) = RΦ + const. (10.6)

The integration constant is determined from the additional constraint that for Φ = 0 the coordinate
y should vanish, y = 0 ⇒ const. = 0. We end up with the most simple mapping equations (10.7). The
left principal stretches are provided by (10.8). For the parallel circle Φ = ±Φ0, we experience isometry,
conformality Λ1 = Λ2 = 1, and no area distortion Λ1Λ2 = 1. Compare with Fig. 10.4.

[
x
y

]
= R

[
Λ cosΦ0

Φ

]
, (10.7)

Λ1 =
cos Φ0

cos Φ
, Λ2 = 1 . (10.8)

Fig. 10.4. Mapping the sphere to a cylinder: polar aspect, equidistant mapping, Φ0 = 0◦: tangent cylinder
(Plate Carrée projection, quadratische Plattkarte).
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10-22 Conformal mapping (Mercator projection)

The requirement for conformality leads to the postulate (10.9). Again, the integration constant is
determined from the additional constraint that for Φ = 0 the coordinate y should vanish, namely
y = 0 ⇒ const. = 0. Therefore, the mapping equations are provided by (10.10). The left principal
stretches are provided by (10.11). The parallel circle Φ = ±Φ0 is mapped free from any distortion.
Compare with Fig. 10.5.

Λ1 = Λ2

⇒
cosΦ0

cos Φ
=

1
R

df

dΦ
⇒ df = R

cos Φ0dΦ

cos Φ

⇒∫
df =f(Φ) = R cos Φ0

∫
dΦ

cos Φ
= R cos Φ0 ln cot

(
π

4
− Φ

2

)
+ const. ,

(10.9)

[
x
y

]
= R cos Φ0

[
Λ

ln cot
(

π
4 − Φ

2

)] = R cosΦ0

[
Λ

ln tan
(

π
4 + Φ

2

)] , (10.10)

Λ1 = Λ2 =
cosΦ0

cos Φ
. (10.11)

Fig. 10.5. Mapping the sphere to a cylinder: polar aspect, conformal mapping, Φ0 = 0◦: tangent cylinder
(Mercator projection).
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10-23 Equal area mapping (Lambert projection)

Λ1Λ2 = 1

⇒
cosΦ0

cos Φ

f ′(Φ)
R

= 1

⇒

df = R
cosΦ

cos Φ0
dΦ

⇒∫
df =f(Φ) = R

sin Φ

cos Φ0
+ const.

(10.12)

As before, the integration constant is determined from the additional constraint that for Φ = 0 the
coordinate y should be zero, namely y = 0 ⇒ const. = 0. Therefore, the mapping equations are
provided by (10.13). The left principal stretches are provided by (10.14). Compare with Fig. 10.6.

[
x
y

]
= R

[
Λ cosΦ0

sin Φ
cos Φ0

]
, (10.13)

Λ1 =
cosΦ0

cos Φ
, Λ2 =

cos Φ

cosΦ0
. (10.14)

Fig. 10.6. Mapping the sphere to a cylinder: polar aspect, equal area mapping, Φ0 = 0◦: tangent cylinder
(normal Lambert cylindrical equal area projection).



10-3 Optimal cylinder projections 279
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Fig. 10.7. The Airy optimum of three different mappings: (i) conformal maps, (ii) equiareal maps, and (iii)
distance preserving maps.

10-3 Optimal cylinder projections

Optimal cylinder projections of the sphere of type equidistant on two standard parallels. Conformal
cylindrical mapping, equal area cylindrical mapping, equidistant cylindrical mapping.

Many applications require a map projection the distortions of which do not excess a certain value in
the mean. An example is given by Lemma 10.1.

Lemma 10.1 (Optimal cylinder projections of the sphere of type equidistant on two parallel circles).

If we compare (i) conformal maps, (ii) equiareal maps, and (iii) distance preserving maps in the class
of optimal cylinder projections of the sphere, equidistant on two parallel circles, where the equidistance
on two parallel circles is the unknown parameter, we find according to the Airy optimal criterion that
the distance preserving maps are optimal and the equiareal maps are better than the conformal maps,
at least up to a latitude of Φ = 56◦. According to the criterion of Airy–Kavrajski, again the distance
preserving maps are optimal, but the conformal maps and the equiareal maps produce exactly equally
good maps.

End of Lemma.

The two optima of type Airy and Airy–Kavrajski for the mapping of type cylinder projection of the
sphere and equidistant on two parallel circles is illustrated by Fig. 10.7 and Fig. 10.8. Reference Papers
are G.B.Airy (1861), N. Francula (1971), E.W.Grafarend (1995), E.W.Grafarend and A.Niermann
(1984), E.W.Grafarend and R. Syffus (1998c), V.Hojovec and L. Jokl (1981), W. Jordan (1875, 1896),
C. Kaltsikis (1980), V. V. Kavrajski (1958).
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Fig. 10.8. The Airy–Kavrajski optimum of three different mappings: (i) conformal maps, (ii) equiareal maps,
and (iii) distance preserving maps.

Let us finally prove our statements based upon (i) the various mapping equations of the sphere
under the postulates of equidistant mappings on two parallels and type cylinder mappings and (ii)
the corresponding principal stretches. The Airy distortion energy is based upon the integral (10.15),
the global arithmetic mean of the surface integral of a spherical zone between the equator and the
latitude circle Φ of the local measure respective global measure (10.16).

IA :=
1

2S

∫
S

dS[(Λ1 − 1)2 + (Λ2 − 1)2] , (10.15)

dS = 2πR2 cos ΦdΦ versus S = 2πR2 sin Φ . (10.16)

Proof (conformal cylindrical mapping).

We start from the mapping equations of conformal type constrained to the equidistance postulate on
two parallel circles. In addition, we enjoy the identity postulate of left principal stretches.[

x
y

]
= R cosΦ0

[
Λ

ln cot
(

π
4 − Φ

2

)] = R cos Φ0

[
Λ

ln tan
(

π
4 + Φ

2

)] , (10.17)

Λ1 = Λ2 =
cos Φ0

cosΦ
. (10.18)
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Starting from the above relations, we obtain

(Λ1 − 1)2 + (Λ2 − 1)2

2
=

(
cos Φ0

cosΦ
− 1

)2

=
1

cos2 Φ
(cos2 Φ0 − 2 cos Φ cos Φ0 + cos2 Φ) , (10.19)

IA(conformal) =
1

sin Φ

Φ∫
0

dΦ∗ 1
cos Φ∗ (cos2 Φ0 − 2 cos Φ∗ cos Φ0 + cos2 Φ∗)

=
1

sin Φ

[
cos2 Φ0 ln tan

(
π

4
+

Φ

2

)
− 2Φ cos Φ0 + sin Φ

]
.

(10.20)

Auxillary integrals:∫
dΦ

cosΦ
= ln tan

(
π

4
+

Φ

2

)
=

1
2

ln
1 + sin Φ

1− sin Φ
, (10.21)

∫
dΦ = Φ ,

∫
dΦ cosΦ = sin Φ .

(10.22)

In order to determine the unknown parameter Φ0, we restrict the Airy distortion energy integral
to the region between Φ = ±85◦.

IA(conformal) = min

⇔
dIA/dΦ0 = 0 ,

(10.23)

−2 sin Φ̂0 cos Φ̂0 ln tan
(

π

4
+

Φ

2

)
+ 2Φ sin Φ̂0 = 0 ,

sin Φ̂0 �= 0

⇒

(10.24)

cos Φ̂0 =
Φ

ln tan
(

π
4 + Φ

2

) , (10.25)

Φ = 85◦ ,
∣∣∣Φ̂0

∣∣∣ = 61 .72◦ ,
√

IA = 0.5426 . (10.26)

End of Proof.
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Proof (equiareal cylindrical mapping).

Next, we deal with the mapping equations of equiareal type constrained to the equidistance postulate
on two parallel circles. Again, we enjoy the condition of an equiareal mapping of type (10.28).[

x
y

]
= R

[
Λ cos Φ0

sin Φ/cosΦ0

]
, (10.27)

Λ1 = 1/Λ2 = cosΦ0/ cos Φ ,

Λ2 = 1/Λ1 = cosΦ/ cos Φ0 .
(10.28)

Starting from the above relations, we obtain

(Λ1 − 1)2 + (Λ2 − 1)2

2
=

=
(cos Φ0/ cos Φ− 1)2 + (cos Φ/ cosΦ0 − 1)2

2
=

=
1
2

cos4 Φ0 − 2 cos Φ cos3 Φ0 + 2 cos2 Φ cos2 Φ0 − 2 cos3 Φ cos Φ0 + cos4 Φ

cos2 Φ0 cos2 Φ
,

(10.29)

IA(equiareal) =
1

2 sin Φ

Φ∫
0

dΦ∗ 1
cosΦ∗ cos2 Φ0

×

×( cos4 Φ0 − 2 cosΦ∗ cos3 Φ0 + 2 cos2 Φ∗ cos2 Φ0 − 2 cos3 Φ∗ cos Φ0 + cos4 Φ∗
)

.

(10.30)

Auxillary integrals:

∫
dΦ∗

cosΦ∗ = ln tan
(

π

4
+

Φ∗

2

)
=

1
2

ln
1 + cosΦ∗

1− cosΦ∗ , (10.31)

∫
dΦ∗ = Φ∗ ,

∫
dΦ∗ cos2 Φ∗ =

Φ∗

2
+

sin 2Φ∗

4
=

Φ∗

2
+

1
2

sin Φ∗ cos Φ∗ ,

∫
dΦ∗ cosΦ∗ = sin Φ∗ ,

∫
dΦ∗ cos3 Φ∗ =

1
3

sin Φ∗(2 + cos2 Φ∗) .

(10.32)

For the unknown parameter Φ0, we shall compute the Airy distortion energy
for the given region of Φ = ±85◦.
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IA(equiareal) = min

⇔
dIA/dΦ0 = 0 ,

(10.33)

IA(equiareal) = IA(Φ0) =

=
1

2 sin Φ

[
cos2 Φ0 ln tan

(
π

4
+

Φ

2

)
− 2Φ cos Φ0 + 2 sin Φ−

− 1
cos Φ0

(Φ +
1
2

sin 2Φ) +
1
3

sin Φ

cos2 Φ0
(2 + cos2 Φ)

]
,

(10.34)

dIA/dΦ0 = 0

⇒

−2 sin Φ̂0 cos Φ̂0 ln tan
(

π

4
+

Φ

2

)
+ 2Φ sin Φ̂0−

− sin Φ̂0

cos2 Φ̂0

(
Φ +

1
2

sin 2Φ

)
+

2
3

sin Φ̂0

cos3 Φ̂0

sin Φ(2 + cos2 Φ) = 0 ,

sin Φ̂0 �= 0 , cos Φ̂0 �= 0

⇒

−3 cos4 Φ̂0 ln tan
(

π

4
+

Φ

2

)
+ 3Φ cos3 Φ̂0 − 3 cos Φ̂0

(
Φ

2
+

1
4

sin 2Φ

)
+ (2 + cos2 Φ) sin Φ = 0 .

(10.35)

The result is an algebraic equation of fourth order in terms of cos 4 Φ̂0 = x, namely
x4 + ax3 + bx + c = 0.

cos4 Φ̂0 − Φ cos3 Φ̂0

ln tan
(

π
4 + Φ

2

) +
(2Φ + sin 2Φ) cos Φ̂0

4 ln tan
(

π
4 + Φ

2

) − (2 + cos2 Φ) sin Φ

3 ln tan
(

π
4 + Φ

2

) = 0 , (10.36)

a = − Φ

ln tan
(

π
4 + Φ

2

) , b = +
(2Φ + sin 2Φ)

4 ln tan
(

π
4 + Φ

2

) ,

c = − (2 + cos2 Φ) sin Φ

3 ln tan
(

π
4 + Φ

2

) ,

(10.37)

Φ = 85◦ ,
∣∣∣Φ̂0

∣∣∣ = 49.31◦ ,
√

IA = 0.5248 . (10.38)

End of Proof.
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Proof (distance preserving mapping).

Finally, we present the mapping equations of distance preserving type constrained to the postulate of
an equidistance mapping on two parallel circles. We have to specify the principal stretches as (10.40).[

x
y

]
= R

[
Λ cos Φ0

Φ

]
, (10.39)

Λ1 = cos Φ0/ cosΦ , Λ2 = 1 . (10.40)

Starting from the above relations, we obtain

(Λ1 − 1)2 + (Λ2 − 1)2

2
=

1
2
(cos Φ0/ cos Φ− 1)2 , (10.41)

IA(equidistant) =
1
2
IA(conformal)

⇒
(10.42)

Φ = 85◦ ,
∣∣∣Φ̂0

∣∣∣ = 61.72◦ ,
√

IA = 0.3837 . (10.43)

End of Proof.

In the following chapter, let us continue studying the mapping of the sphere to the cylinder, namely
let us study the transverse aspect.



11 “Sphere to cylinder”: transverse aspect

Mapping the sphere to a cylinder: meta-cylindrical projections in the transverse aspect. Equidistant,
conformal, and equal area mappings.

Among cylindrical projections, mappings in the transverse aspect play the most important role. Al-
though many worldwide adopted legal map projections use the ellipsoid-of-revolution as the reference
figure for the Earth, the spherical variant forms the basis for the Universal Transverse Mercator (UTM)
grid and projection. In the subsequent chapter, we first introduce the general concept of a cylindri-
cal projection in the transverse aspect. Following this, three special map projections are presented:
(i) the equidistant mapping (transverse Plate Carrée projection), (ii) the conformal mapping (trans-
verse Mercator projection), and (iii) the equal area mapping (transverse Lambert projection). The
transverse Mercator projection is especially appropriate for regions with a predominant North-South
extent. As in previous chapters, the two possible cases of a tangent and a secant cylinder are treated
simultaneously by introducing the meta-latitude B = ±B1 of a meta-parallel circle which is mapped
equidistantly. For a first impression, have a look at Fig. 11.1.

Fig. 11.1. Mapping the sphere to a (tangent) cylinder. Transverse aspect. Line-of-contact: Λ0 = −60◦.
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11-1 General mapping equations

Setting up general equations of the mapping “sphere to cylinder”: projections in the transverse aspect.
Meta-spherical longitude, meta-spherical latitude.

The general equations for mapping the sphere to a cylinder in the transverse aspect are based on
the general equation (10.1) of Chapter 10, but spherical longitude Λ and spherical latitude Φ being
replaced by their counterparts meta-longitude and meta-latitude, which are indicated here by capital
letters A and B. In order to treat simultaneously the transverse tangent cylinder and the transverse
secant cylinder, we introduce B0 as the meta-latitude of those meta-parallel circles B = ±B0 which
shall be mapped equidistantly. In consequence, the general equations for this case are given by the
very general vector relation (11.1), taking into account the constraints (3.51) and (3.53) for Φ0 = 0◦,
namely (11.2). For the distortion analysis, the left principal stretches result to (11.3).

[
x
y

]
=

[
RA cos B0

f(B)

]
, (11.1)

tan A =
sin(Λ− Λ0)
− tanΦ

, sin B = cosΦ cos(Λ− Λ0) , (11.2)

Λ1 =
cos B0

cos B
, Λ2 =

f ′(B)
R

. (11.3)

The procedure of how to set up special equations of the mapping “sphere to cylinder” in the trans-
verse aspect (transverse equidistant mapping, transverse conformal mapping, transverse equal area
mapping) can be easily deduced from the preceding chapters. Far easier, in the mapping equations as
well in the equations for the left principal stretches defined in Chapter 10, conventional coordinates
spherical longitude Λ and spherical latitudes Φ and Φ0 are simply replaced by their corresponding items
meta-spherical longitude A and meta-spherical latitudes B and B0. Transformations of conventional
spherical coordinates to meta-spherical coordinates is performed by using (11.2).

11-2 Special mapping equations

Setting up special equations of the mapping “sphere to cylinder”: meta-cylindrical projections in the trans-
verse aspect. Equidistant mapping (transverse Plate Carrée projection), conformal mapping (transverse
Mercator projection), equal area mapping (transverse Lambert cylindrical equal area projection).

11-21 Equidistant mapping (transverse Plate Carrée projection), see Fig. 11.2

[
x
y

]
= R

[
A cosB0

B

]
,

Λ1 =
cos B0

cos B
, Λ2 = 1 .

(11.4)
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Fig. 11.2. Mapping the sphere to a cylinder: transverse aspect, equidistant mapping, B0 =0 ◦, transverse
Plate Carr´ ee projection.

11-22 Conformal mapping (transverse Mercator projection), compare with Fig. 11.3

[
x
y

]
= R cos B0

[
A

ln cot
(

π
4 − B

2

)] = R cosB0

[
A

ln tan
(

π
4 + B

2

)] =

= R cosB0

[
A

1
2 ln 1+sin B

1−sin B

]
=

= R cosB0

[
A

ar tanh(sinB)

]
,

(11.5)

Λ1 = Λ2 =
cosB0

cosB
. (11.6)

11-23 Equal area mapping (transverse Lambert projection), compare with Fig. 11.4

[
x
y

]
= R

[
A cosB0

sin B
cos B0

]
, (11.7)

Λ1 =
cos B0

cosB
, Λ2 =

cosB

cosB0
. (11.8)
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Fig. 11.3. Mapping the sphere to a cylinder: transverse aspect, conformal mapping, B0 = 0◦, transverse
Mercator projection.

In the following chapter, let us continue studying the mapping of the sphere to the cylinder, namely
let us study the oblique aspect.

Fig. 11.4. Mapping the sphere to a cylinder: transverse aspect, equal area mapping, B0 = 0◦, transverse
Lambert cylindrical equal area projection.
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Mapping the sphere to a cylinder: meta-cylindrical projections in the oblique aspect. Equidistant, confor-
mal, and equal area mappings.

Cylindrical projections in the oblique aspect are mainly used to display regions which have a predom-
inant extent in the oblique direction, neither East-West nor North-South. In addition, they form the
most general cylindrical projections because mapping equations for projections in the polar and the
transverse aspect can easily be derived from it. This is done by setting the corresponding latitude of
the meta-North Pole Φ0 to a specific value: Φ0 = 90◦ generates cylindrical projections in the polar
aspect, Φ0 = 0◦ result in cylindrical projections in the transverse aspect. As an introductory part, we
present the equations for general cylindrical mappings together with the equations for the principal
stretches, before derivations for specific cylindrical map projections of the sphere (oblique equidis-
tant projection, oblique conformal projection and oblique equal area projection) are given. For a first
impression, have a look at Fig. 12.1.

Fig. 12.1. Mapping the sphere to a (tangent) cylinder. Oblique aspect.
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12-1 General mapping equations

Setting up general equations of the mapping “sphere to cylinder”: projections in the oblique aspect.
Meta-longitude, meta-latitude.

The general equations for mapping the sphere to a cylinder in the transverse aspect are based on the
general equation (10.1) of Chapter 10, but spherical longitude Λ and spherical latitude Φ being replaced
by their counterparts meta-longitude and meta-latitude, which are indicated here by capital letters
A and B. In order to treat simultaneously both the transverse tangent cylinder and the transverse
secant cylinder, we introduce B0 as the meta-latitude of the meta-parallel circles B = ±B0 which shall
be mapped equidistantly. In consequence, the general equations for this case are given by the very
general vector relation (12.1), taking into account the constraints (3.51) and (3.53), namely (12.2).
For the distortion analysis, the left principal stretches result to (12.3).

[
x
y

]
=

[
RA cos B0

f(B)

]
, (12.1)

tanA =
cos Φ sin(Λ− Λ0)

cosΦ sin Φ0 cos(Λ− Λ0)− sin Φ cos Φ0
,

sin B = cosΦ cos Φ0 cos(Λ− Λ0) + sin Φ sin Φ0 ,

(12.2)

Λ1 =
cos B0

cos B
, Λ2 =

f ′(B)
R

. (12.3)

The procedure of how to set up special equations of the mapping sphere to cylinder in the oblique
aspect (oblique equidistant mapping, oblique conformal mapping, oblique equal area mapping)
can be easily deduced from the preceding chapters. Far easier, in the mapping equations as well
in the equations for the left principal stretches defined in Chapter 10, conventional coordinates
spherical longitude Λ and spherical latitudes Φ and Φ0 are simply replaced by their corresponding
items meta-spherical longitude A and meta-spherical latitudes B and B0. Transformations of conven-
tional spherical coordinates to meta-spherical coordinates is performed using (12.2).

12-2 Special mapping equations

Setting up special equations of the mapping “sphere to cylinder”: meta-cylindrical projections in the
oblique aspect. Equidistant mapping (oblique Plate Carrée projection), conformal mapping (oblique Mer-
cator projection), equal area mapping (oblique Lambert cylindrical equal area projection).

12-21 Equidistant mapping (oblique Plate Carrée projection), compare with Fig. 12.2

[
x
y

]
= R

[
A cosB0

B

]
,

Λ1 =
cos B0

cos B
, Λ2 = 1 .

(12.4)



12-2 Special mapping equations 291

Fig. 12.2. Mapping the sphere to a cylinder: oblique aspect, equidistant mapping, B0 = 45◦, oblique Plate
Carrée projection.

12-22 Conformal mapping (oblique Mercator projection), compare with Fig. 12.3

[
x
y

]
= R cos B0

[
A

ln cot
(

π
4 − B

2

)] = R cosB0

[
A

ln tan
(

π
4 + B

2

)] =

= R cosB0

[
A

1
2 ln 1+sin B

1−sin B

]
=

= R cosB0

[
A

ar tanh(sinB)

]
,

(12.5)

Λ1 = Λ2 =
cosB0

cosB
. (12.6)

12-23 Equal area mapping (oblique Lambert projection), compare with Fig. 12.4

[
x
y

]
= R

[
A cosB0

sin B
cos B0

]
, (12.7)

Λ1 =
cos B0

cosB
, Λ2 =

cosB

cosB0
. (12.8)
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Fig. 12.3. Mapping the sphere to a cylinder: oblique aspect, conformal mapping, B0 = 45◦, oblique Mercator
projection.

In the following chapter, let us continue studying the mapping of the sphere to the cylinder, namely
let us study pseudo-cylindrical equal area projections.

Fig. 12.4. Mapping the sphere to a cylinder: oblique aspect, equal area mapping, B0 = 60◦, oblique Lambert
cylindrical equal area projection.
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Mapping the sphere to a cylinder: pseudo-cylindrical projections. Sinusoidal pseudo-cylindrical mapping,
elliptic pseudo-cylindrical mapping, parabolic pseudo-cylindrical mapping, rectilinear pseudo-cylindrical
mapping. Jacobi matrix, Cauchy–Green matrix, principal stretches.

Pseudo-cylindrical projections have, in the normal aspect, straight parallel lines for parallels. The
meridians are most often equally spaced along parallels, as they are on a cylindrical projection, but
on which the meridians are curved. Meridians may be mapped as straight lines or general curves.

13-1 General mapping equations

General mapping equations and distortion measures for pseudo-cylindrical mappings of the sphere. Jacobi
matrix, Cauchy–Green matrix, principal stretches.

The mapping equations are of the general form (13.1). The left Jacobi matrix is provided by (13.2)
and the left Cauchy–Green matrix (Gr = I2) by (13.3).

x = x(Λ,Φ) = RΛ cos Φg(Φ) ,

y = y(Φ) = Rf(Φ) ,
(13.1)

Jl :=

[
DΛx DΦx

DΛy DΦy

]
=

= R

[
g(Φ) cos Φ −Λ[g(Φ) sin Φ− g′(Φ) cos Φ]

0 f ′(Φ)

]
,

(13.2)

Cl = J∗l GrJl =

= R2

⎡⎣ g2 cos2 Φ −Λg2 sin Φ cos Φ + Λg′g cos2 Φ

−Λg2 sin Φ cos Φ + Λg′g cos2 Φ Λ2g2 sin2 Φ + f ′ 2 + Λ2 g′ 2 cos2 Φ− 2Λ2gg′ sin Φ cos Φ

⎤⎦ .
(13.3)

The left principal stretches are determined from the characteristic equation det [Cl − Λ2
SGl] = 0 and

Gl = diag [R2 cos2 Φ,R2], which leads to the biquadratic equation (13.4), the solution of which is
provided by (13.5).

Λ4
S − Λ2

S(Λ2g2 sin2 Φ + f ′ 2 + g2 + Λ2 g′ 2 cos2 Φ− 2Λ2gg′ sin Φ cos Φ) + g2 f ′ 2 = 0 , (13.4)

Λ2
S = 1

2 (Λ2g2 sin2 Φ + f ′ 2 + g2 + Λ2 g′ 2 cos2 Φ− 2Λ2gg′ sin Φ cos Φ)±

±
√

1
4 (Λ2g2 sin2 Φ + f ′ 2 + g2 + Λ2 g′ 2 cos2 Φ− 2Λ2gg′ sin Φ cos Φ)− g2 f ′ 2 =:

=: a± b .

(13.5)
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The four roots are then given by (13.6). The postulate of “no area distortion”, i. e.(13.7) now deter-
mines the relationship between the unknown functions f and g as (13.8).

(ΛS)1,2 = ±√(Λ2
S)1 = ±√a + b ,

(ΛS)3,4 = ±√(Λ2
S)2 = ±√a− b ,

(13.6)

(ΛS)1,2(ΛS)3,4 =

=
√

a + b
√

a− b = a2 − b2 != 1 ,

(13.7)

f ′ = g−1 ⇔ g = f ′ −1
. (13.8)

We therefore end up with the general mapping equations (13.9) and the left principal stretches (13.10).
For the special case f ′(Φ) = 1, the left principal stretches can easily calculated as (13.11), which shows
that on the equator, Φ = 0◦, we experience isometry (conformality).

x = x(Λ,Φ) = RΛ
cosΦ

f ′(Φ)
=

R2Λ cos Φ
dy
dΦ

,

y = y(Φ) = Rf(Φ) ,

(13.9)

Λ2
S =

= 1
2f ′4 (Λ2f ′2 sin2 Φ + f ′6 + f ′2 + Λ2 f ′′ 2 cos2 Φ + 2Λ2f ′f ′′ sin Φ cos Φ)±

±
√

1
4f ′8 (Λ2f ′2 sin2 Φ + f ′6 + f ′2 + Λ2 f ′′ 2 cos2 Φ + 2Λ2f ′f ′′ sin Φ cos Φ)2 − 1 ,

(13.10)

(ΛS)1,2 =

= ±
√

2
2

√
2 + Λ2 sin2 Φ + Λ sin Φ

√
4 + Λ2 sin2 Φ ,

(ΛS)3,4 =

= ±
√

2
2

√
2 + Λ2 sin2 Φ− Λ sin Φ

√
4 + Λ2 sin2 Φ .

(13.11)

13-2 Special mapping equations

Special mapping equations for pseudo-cylindrical equal area mappings of the sphere. Sinusoidal pseudo-
cylindrical mapping, elliptic pseudo-cylindrical mapping, parabolic pseudo-cylindrical mapping, rectilinear
pseudo-cylindrical mapping.

The special mapping equations to be considered are the mapping equations of the sinusoidal pseudo-
cylindrical mapping, the elliptic pseudo-cylindrical mapping, the parabolic pseudo-cylindrical map-
ping, and the rectilinear pseudo-cylindrical mapping. Let us study these special mapping equations in
the sections that follow.
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13-21 Sinusoidal pseudo-cylindrical mapping (J. Cossin 1570, N. Sanson 1650,
J. Flamsteed 1646–1719), compare with Fig. 13.1

The mapping equations (13.12) are derived from (13.1) in connection with (13.8) and the special
instruction f(Φ) = Φ. The left Jacobi matrix is given by (13.13) and the left Cauchy–Green matrix
(Gr = I2) by (13.14). The left principal stretches are defined by (13.15). The structure of the coordinate
lines are defined by (13.16). [

x
y

]
= R

[
Λ cos Φ

Φ

]
, (13.12)

Jl = R

[
cosΦ −Λ sin Φ

0 1

]
, (13.13)

Cl = J∗l GrJl = R2

[
cos2 Φ −Λ sin Φ cos Φ

−Λ sin Φ cos Φ Λ2 sin2 Φ + 1

]
, (13.14)

(ΛS)1,2 = ±
√

2
2

√
2 + Λ2 sin2 Φ + Λ sin Φ

√
4 + Λ2 sin2 Φ ,

(ΛS)3,4 = ±
√

2
2

√
2 + Λ2 sin2 Φ− Λ sin Φ

√
4 + Λ2 sin2 Φ ,

(13.15)

Φ =
y

R
⇒ x = RΛ cos

y

R
,

cosΦ =
x

RΛ
⇒ y = R arccos

x

RΛ
.

(13.16)

Fig. 13.1. Equal area pseudo-cylindrical mapping. Sanson–Flamsteed projection.
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13-22 Elliptic pseudo-cylindrical mapping (C.B.Mollweide), compare with Fig. 13.2

Starting from the general equation of an ellipse, i. e. x2/a2 + y2/b2 = 1, with constant minor axis b
and major axis a = a(Λ) being a function of spherical longitude, we fix the size of b in such a way
that a hemisphere −π/2 ≤ Λ ≤ π/2 is mapped onto a circle of the same area.

2πR2 πr2 = πb2

(area of the hemisphere) (area of a circle)

⇒ r = b = R
√

2 ⇒ x2

a2(Λ)
+

y2

2R2
= 1 .

(13.17)

Now the “Ansatz”(13.18) obviously fulfills the general ellipse equation. The choice (13.19) is motivated
through the postulate of an equidistant mapping of the equator, Φ = t = 0. In particular, we obtain
a(π/2) = b = R

√
2!

x = a(Λ) cos t , y = b sin t = R
√

2 sin t ,

t = t(Φ) ,

(13.18)

a(Λ) =
2
√

2
π

RΛ . (13.19)

The subsequent distortion analysis accompanied by the postulate of “no areal distortion”leads to
the relationship (13.20) between the parameter t and spherical latitude Φ, which is solved by the
separation-of-variables technique. The resulting equation (13.21) is a transcendental equation in t,
the so-called special Kepler equation, well-known in satellite geodesy. It is best solved numerically, for
example, by using the Newton–Raphson method.

Fig. 13.2. Equal area pseudo-cylindrical mapping. Mollweide projection.
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cos Φ = ± 4
π

dt

dΦ
cos2 t , (13.20)

π sin Φ = 2t + sin 2t . (13.21)

Table 13.1. The solution of the special Kepler equation.

Φ t Φ t Φ t Φ t

0◦ 0 30◦ 0.415 85 60◦ 0.866 98 90◦ π/2

10◦ 0.137 24 40◦ 0.559 74 70◦ 1.039 00

20◦ 0.275 48 50◦ 0.709 10 80◦ 1.238 77

The solution of the special Kepler equation is shown in Table 13.1. Thus, the final mapping equations
are provided by (13.22). The left principal stretches are best determined by the numerical solution
of the biquadratic characteristic equation based on the left Jacobi matrix (13.23) as well as the left
Cauchy–Green deformation matrix (13.24) (Gr = I2).

x =
2
√

2
π

RΛ cos t , y = R
√

2 sin t ,

2t + sin 2t = π sin Φ ,

(13.22)

Jl =

= R
√

2
π

[
2 cos t −πΛ tan t cos Φ

2 cos t

0 π2 cos Φ
4 cos t

]
,

(13.23)

Cl = J∗l GrJl =

=
2R2

π2

[
4 cos2 t −πΛ tan t cos Φ

−πΛ tan t cos Φ π2 cos2 Φ(π2+4Λ2 tan2 t)
16 cos2 t

]
,

(13.24)

det (Cl − Λ2
SGl) =

= R2

∣∣∣∣∣
8

π2 cos2 t− Λ2
S cos2 Φ − 2

π Λ tan t cos Φ

− 2
π Λ tan t cos Φ cos2 Φ

2 cos2 t (Λ
2 tan2 t + π2

4 )− Λ2
S

∣∣∣∣∣ =

= 0 .

(13.25)
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13-23 Parabolic pseudo-cylindrical mapping (J. E. E. Craster), compare with Fig. 13.3

This mapping is defined in such a way that the meridians except the central meridian, which is
a straight line, are equally spaced parabolas. Parallels are unequally spaced straight lines, farthest
apart near the equator. The mapping equations are defined by (13.26). The left Jacobi matrix is given
by (13.27) and the left Cauchy–Green matrix is given by (13.28) (Gr = I2). As can be seen from
Fig. 13.3, map distortion is severe near outer meridians at high latitudes.

x =

=
√

3
π RΛ(2 cos 2Φ

3 − 1) ,

y =

=
√

3πR sin Φ
3 ,

(13.26)

Jl =

= R

√
3
π

[
2 cos 2Φ

3 − 1 − 4
3Λ sin 2Φ

3

0 π
3 cos Φ

3

]
,

(13.27)

Cl = J∗l GrJl =

=
R2

3π

[
9
(
1− 2 cos 2Φ

3

)2
12Λ sin 2Φ

3

(
1− 2 cos 2Φ

3

)
12Λ sin 2Φ

3

(
1− 2 cos 2Φ

3

)
16Λ2 sin2 2Φ

3 + π2 cos2 Φ
3

]
.

(13.28)

Fig. 13.3. Equal area pseudo-cylindrical mapping. Craster projection.
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13-24 Rectilinear pseudo-cylindrical mapping (Eckert II), compare with Fig. 13.4

Here, the mapping instruction requires the meridians to be straight lines. This is generated by the
mapping equations (13.29). (13.30) shows the left Jacobi matrix and (13.31) the left Cauchy–Green
matrix (Gr = I2). The structure of the meridian images is defined by (13.32). It is easily shown that
the length of the poles and of the central meridian is half the length of the equator.

x = 2RΛ√
6π

√
4− 3 sin |Φ| ,

y = R
√

2π
3

(
2−√

4− 3 sin |Φ|
)

sign Φ ,

(13.29)

Jl = R

⎡⎢⎢⎣
2√
6π

√
4− 3 sin |Φ| − 3Λ√

6π

cos Φ sign Φ√
4−3 sin |Φ|

0
√

3π
2

cos Φ√
4−3 sin |Φ|

⎤⎥⎥⎦ , (13.30)

Cl = J∗l GrJl =
R2

π

⎡⎢⎣2
3
(4− 3 sin |Φ|) −Λ cos Φsign Φ

−Λ cos Φ sign Φ 3 cos2 Φ(Λ2+π2)
2(4−3 sin |Φ|)

⎤⎥⎦ , (13.31)

√
4− 3 sin |Φ| =

√
6π

2RΛ
x

⇓
y =

√
2π
3 R

(
2−

√
6π

2RΛx
)

sign Φ =
(
−π x

Λ + R
√

8π
3

)
sign Φ .

(13.32)

Fig. 13.4. Equal area pseudo-cylindrical mapping. Eckert II projection.



300 13 “Sphere to cylinder”: pseudo-cylindrical projections

In the chapters that follow, let us study the mapping of the ellipsoid-of-revolution to the cylinder.
Let us begin with the polar aspect.



14 “Ellipsoid-of-revolution to cylinder”: polar aspect

Mapping the ellipsoid-of-revolution to a cylinder: polar aspect. Its generalization for general rotationally
symmetric surfaces. Normal equidistant, normal conformal, and normal equiareal mappings. Cylindric
mappings (equidistant) for a rotationally symmetric figure. Torus mapping.

At the beginning of this chapter, let us briefly refer to Chapter 8, where the data of the best fit-
ting “ellipsoid-of-revolution to Earth” are derived in form of a table. Here, we specialize on the
mapping equations and the distortion measures for mapping an ellipsoid-of-revolution E

2
A1,A2

to a
cylinder, equidistant on the equator. Section 14-1 concentrates on the structure of the mapping equa-
tions, while Section 14-2 gives special cylindric mappings of the ellipsoid-of-revolution, equidistant
on the equator. At the end, we shortly review in Section 14-3 the general mapping equations of a
rotationally symmetric figure different from an ellipsoid-of-revolution, namely the torus.

14-1 General mapping equations
General mapping equations of an ellipsoid-of-revolution to a cylinder: the polar aspect. Applications.
Deformation tensor. Principal stretches.

The first postulate fixes the image coordinate y by the assumption of an exclusive dependence on
the ellipsoidal latitude Φ. In contrast, the image coordinate x is only dependent on the longitude Λ,
especially assuming that the equator is mapped equidistantly.

Postulate.

x = A1Λ , y = f(Φ) . (14.1)

End of Postulate.

Assuming summation over repeated indices, we specialize the deformation tensor of first order cKL

according to (14.2). In detail, we note that (14.3) and (14.4) hold.

cKL = gkl
∂uk

∂UK

∂ul

∂U l
= δkl

∂uk

∂UK

∂ul

∂U l
=

=
∂xk

∂UK

∂xl

∂U l
,

(14.2)

c11 =
(

∂x

∂Λ

)2

+
(

∂y

∂Λ

)2

,

c12 =
(

∂x

∂Λ

)(
∂x

∂Φ

)
+

(
∂y

∂Λ

)(
∂y

∂Φ

)
,

c22 =
(

∂x

∂Φ

)2

+
(

∂y

∂Φ

)2

,

(14.3)

∂x

∂Λ
= A1 ,

∂x

∂Φ
=

∂y

∂Λ
= 0 ,

∂y

∂Φ
= f ′(Φ) ,

cKL =

[
A2

1 0

0 f ′(Φ)

]
.

(14.4)
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At this point, let us finally review the principal stretches and let us finally give the general structure
of the coordinate lines.

Λ1 =
√

c11/G11 =

√
1− E2 sin2 Φ

cosΦ
, Λ2 =

√
c22/G22 =

f ′(Φ)(1− E2 sin2 Φ)3/2

A1(1− E2)
, (14.5)

x = A1Λ , y = f(Φ) . (14.6)

14-2 Special mapping equations

Special mapping equations of cylindric mappings: normal equidistant, normal conformal, and normal
equiareal mappings.

Next, we present special normal mappings of type equidistant mapping, conformal mapping, and
equiareal mapping as second postulates.

14-21 Special normal cylindric mapping (equidistant: parallel circles,
conformal: equator)

As it is shown in the following chain of relations, let us transfer the postulate of an equidistant mapping
on the set of parallel circles.

Λ2 = 1 ⇒ f ′(Φ)
A1(1− E2)

(1−E2 sin2 Φ)3/2 = 1⇔ df = A1(1−E2)
dΦ

(1− E2 sin2 Φ)3/2
,

f(Φ) = A1(1− E2)
∫ Φ

0

dΦ′

(1− E2 sin2 Φ′)3/2
.

(14.7)

A1

ΦΦ∗

Z

A2 ∆ π
2

+ Φ

P

P ∗

tangent

normal

spherical surface

Fig. 14.1. Vertical section of the ellipsoid-of-revolution.
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The integral A1(1−E2)
∫ Φ

0
dΦ′

(1−E2 sin2 Φ′)3/2 is identified as the length of the meridian arc dependent
on the ellipsoidal latitude Φ. Let us present the integral dependent on the reduced latitude Φ∗.

tanΦ∗ =
A2

A1
tanΦ =

√
1− E2 tanΦ . (14.8)

Its derivation is based upon
√

X2 + Y 2 =
√

X∗2 + Y ∗2 = A1 cos Φ∗ and Z∗ = A1 sin Φ∗. A point P is
characterized by the identical abszissa as a point P ∗ on the substitutional sphere of radius A.⎡⎢⎢⎣

X

Y

Z

⎤⎥⎥⎦ =

⎡⎢⎢⎣
A1 cos Λ cos Φ∗

A1 cos Λ cos Φ∗

A2 sin Φ∗

⎤⎥⎥⎦ . (14.9)

We gain the parametric representation by Λ = Λ∗ and
√

X2 + Y 2 =
√

X∗2 + Y ∗2. The integral
dependent of the reduced latitude then is obtained as follows.

E
2
A1,A2

:=
{

(X, Y, Z) :
X2 + Y 2

A2
1

+
Z2

A2
2

= 1
}
⊂ R

3 , (14.10)

Z√
X2 + Y 2

= (1− E2) tan Φ =
A2

A1
tanΦ∗ ,

A2

A1
=

√
1− E2

⇒
tanΦ∗ =

√
1− E2 tanΦ =

A2

A1
tanΦ

⇒

(14.11)

f(Φ) = A1(1− E2)
∫ Φ

0

dΦ′

(1− E2 sin2 Φ′)3/2
= A1

∫ Φ∗

0

dΦ∗′√(1−E2 cos2 Φ∗′) . (14.12)

Let us here also define the elliptic integral of the second kind (for example, consult AppendixC or
I. S.Gradshteyn and I.M. Ryzhik (1983), namely page 905, formula 8.1113). The definition (14.13)
leads for f(Φ) to the representation (14.14). The principal stretches are easily computed as (14.15).

f(Φ) = A1(1−E2)
∫ Φ

0

dΦ′

(1− E2 sin2 Φ′)3/2
, f(Φ∗) = A1

∫ Φ∗

0

dΦ∗′√1− E2 cos2 Φ∗′ ,

f(∆∗) = A1

∫ π/2

∆∗
d∆∗′

√
1− E2 sin2 ∆∗′ = A1

∫ π/2

0

d∆∗′
√

1− E2 sin2 ∆∗′−

−A1

∫ ∆∗

0

d∆∗′
√

1− E2 sin2 ∆∗′ = A1 [E(π/2, E)−E(∆∗, E)] ,

(14.13)

f(Φ) = A1

(
E(π/2, E)−E

[
π

2
− arctan

(
A2

A1
tanΦ

)
, E

])
, (14.14)

Λ1 =

√
1− E2 sin2 Φ

cos Φ
, Λ2 = 1 . (14.15)
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14-22 Special normal cylindric mapping (normal conformal, equidistant: equator)

First, let us here apply the postulate of conformal mapping. Similar as before, we obtain the following
set of formulae.

Λ1 = Λ2 ⇔
√

1− E2 sin2 Φ

cos Φ
=

(1− E2 sin2 Φ)3/2

A1(1− E2)
f ′(Φ)⇒

⇒ df =
A1(1− E2)

cos Φ

1
1−E2 sin2 Φ

dΦ⇒ f(Φ) = A1

∫ Φ

0

dΦ′

cos Φ′
1− E2

1− E2 sin2 Φ′ .

(14.16)

The integral is called “isometric latitude”. Applyi ng “integration-by-parts”, we obtain the following
set of formulae.

f(Φ) = A1

∫ Φ

0

dΦ′
[

1
cos Φ′ −

E

2

(
E cosΦ′

1 + E sin Φ′ +
E cos Φ′

1− E sin Φ′

)]
, (14.17)

f(Φ) = A1 ln tan
(

π

4
+

Φ

2

)
− A1E

2
ln

1 + E sin Φ

1− E sin Φ
. (14.18)

At this point, let us present the mapping equations as well as the principal stretches. They are easily
computed as follows.

[
x

y

]
=

⎡⎢⎣ A1Λ

A1 ln
[
tan

(
π
4 + Φ

2

) (
1−E sin Φ
1+E sin Φ

)E/2
]⎤⎥⎦ , (14.19)

Λ1 = Λ2 =

√
1− E2 sin2 Φ

cos Φ
. (14.20)

14-23 Special normal cylindric mapping (normal equiareal, equidistant: equator)

Second, let us here apply the postulate of equiareal mapping. In doing so, we obtain the following
chain of relations.

Λ1Λ2 = 1⇔
√

1− E2 sin2 Φ

cosΦ

f ′(Φ)
A1(1− E2)

(1− E2 sin2 Φ)3/2 = 1⇒

⇒ df = A1(1− E2)
cos Φ

(1− E2 sin2 Φ)2
dΦ ⇒ f(Φ) = A1(1− E2)

∫ Φ

0

dΦ′ cosΦ′

(1− E2 sin2 Φ′)2
,

(14.21)

f(Φ) =
A1(1− E2)

4E

(
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1− E2 sin2 Φ

)
. (14.22)



14-2 Special mapping equations 305

Proof.

“Integration-by-parts”:

∫ x

0

cos x′ dx′

(1− E2 sin2 x′)2
=

1
E

∫ x

0

d(E sin x′)
(1− E2 sin2 x′)2

=
1
E

∫ E sin x

0

dy

(1− y2)2
,

1
(1− y2)2

=
1

(1 + y)2(1− y)2
=

A

(1− y)2
+

B

1− y
+

C

(1 + y)2
+

D

1 + y
,

A(1 + y)2 + B(1 + y)2(1− y) + C(1− y)2 + D(1− y)2(1 + y) = 1

⇒
A(1 + 2y + y2) + B(1 + y − y2 − y3) + C(1− 2y + y2) + D(1− y − y2 + y3) = 1 ;

(14.23)

(i)

y3 : −B + D = 0 ,

(ii)

y2 : A−B + C −D = 0 ,

(iii)

y :2 A + B − 2C −D = 0 ,

(iv)

1 : A + B + C + D = 1 ;

(14.24)

−(ii) + (iv) :2( B + D) = 1 , (i) : −B + D = 0 ⇒ B = D =
1
4

,

B = D =
1
4

, (ii) : A + C =
1
2

, (iii) :2( A− C) = 0 ⇒ A = C =
1
4

;
(14.25)

1
E

∫ E sin x

0

dy

(1− y2)2
=

1
4E

∫ E sin x

0

[
1

(1− y)2
+

1
(1 + y)2

+
1

1− y
+

1
1 + y

]
dy . (14.26)

Standard Integrals:

∫
dy

ay + b
=

1
a

ln |ay + b| ,

∫
dy

(+y + 1)2
= − 1

+y + 1
,

∫
dy

(−y + 1)2
=

1
−y + 1

, (14.27)

1
4E

[
ln

(
1 + y

1− y

)
+

1
1− y

− 1
1 + y

]∣∣∣∣E sin x

0

=
1

4E

[
ln

(
1 + E sin x

1− E sin x

)
+

2E sin x

1− E2 sin2 x

]
. (14.28)

End of Proof.



306 14 “Ellipsoid-of-revolution to cylinder”: polar aspect

To this end, we review the mapping equations and the principal stretches. They are easily computed
as follows.

[
x

y

]
=

⎡⎣ A1Λ

A1(1−E2)
4E

[
ln

(
1+E sin Φ
1−E sin Φ

)
+ 2E sin Φ

1−E2 sin2 Φ

]⎤⎦ , (14.29)

Λ1 =

√
1− E2 sin2 Φ

cosΦ
, Λ2 =

cosΦ√
1−E2 sin2 Φ

. (14.30)

14-24 Summary (cylindric mapping equations)

For the convenience of the reader, the central formulae that specify the mapping equations and the
principal stretches are summarized in the following Box 14.1.

Box 14.1 (Summary).

Type 1 (equidistant on the set of parallel circles):

x = A1Λ , y = f(Φ) , (14.31)

f(Φ) = A1

„
E(π/2, E) − E

»
π

2
− arctan

„
A2

A1
tanΦ, E

«–«
, (14.32)

Λ1 =

p
1 − E2 sin2 Φ

cos Φ
, Λ2 = 1 . (14.33)

“Elliptic integral”.

Type 2 (normal conformal):

x = A1Λ , y = f(Φ) , (14.34)

f(Φ) = A1 ln

"
tan

„
π

4
+

Φ

2

« „
1 − E sin Φ

1 + E sin Φ

«E/2
#

, (14.35)

Λ1 = Λ2 =

p
1 − E2 sin2 Φ

cos Φ
. (14.36)

Type 3 (normal equiareal):

x = A1Λ , y = f(Φ) , (14.37)

f(Φ) =
A1(1 − E2)

4E

»
ln

„
1 + E sin Φ

1 − E sin Φ

«
+

2E sin Φ

1 − E2 sin2 Φ

–
, (14.38)

Λ1 =

p
1 − E2 sin2 Φ

cos Φ
, Λ2 =

cos Φp
1 − E2 sin2 Φ

. (14.39)
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14-3 General cylindric mappings (equidistant, rotational-symmetric figure)

General mapping equations and distortion measures of cylindric mappings of type equidistant mappings
in case of a rotationally symmetric figure.

Let us here review the structure of the general mapping equations of a rotationally symmetric figure
mapped onto a cylinder: in Box 14.2, we collect the parameterization of a rotationally symmetric
figure, the left coordinates of the metric tensor, the right coordinates of the metric tensor, the left
Cauchy–Green matrix, and the left principal stretches. Following this, we present special cylindric
mappings of a rotationally symmetric figure which are equidistant on the equator. In addition, let us
assume that the image coordinate y depends only on the latitude Φ, while the image coordinate x
depends on the longitude Λ under the constraint that the equator is mapped equidistanly. x(Λ) and
y(Φ) are the result. Finally, special cylindric mappings onto the rotationally symmetric figure are
presented. As an example, we present the torus.

Box 14.2 (Rotationally symmetric figure mapped onto a cylinder).

Parameterization of a rotationally symmetric figure:

{Λ, Φ} → {X, Y, Z} ,

X(Λ, Φ) = E1F (Φ) cos Λ + E2F (Φ) sin Λ + E3G(Φ) .
(14.40)

Inverse parameterization:

{X, Y, Z} → {Λ, Φ} ,

Λ(X) = arctan Y X−1 , Φ(X) : the general form is not representable .
(14.41)

Coordinates of the left metric tensor (rotationally symmetric figure):

Gl =

"
F 2(Φ) 0

0 F ′ 2
(Φ) + G′ 2

(Φ)

#
. (14.42)

Coordinates of the right metric tensor (cylinder):

Gr = I2 . (14.43)

Parameterized mapping:

x = F (0)Λ , y = f(Φ) . (14.44)

Left Jacobi matrix:

Jl =

"
DΛx DΦx

DΛy DΦy

#
=

"
F (0) 0

0 f ′(Φ)

#
. (14.45)

Left Cauchy–Green matrix:

Cl = J∗l GrJl =

"
F 2(0) 0

0 f ′ 2
(Φ)

#
. (14.46)
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Continuation of Box.

Left principal stretches:

Λ1 =
p

c11/G11 =
F (0)

F (Φ)
, Λ2 =

p
c22/G2 =

f ′(Φ)p
F ′ 2 (Φ) + G′ 2 (Φ)

. (14.47)

Structure of the coordinate lines:

(i): x = F (0)Λ . (14.48)

(Straight line through the origin for Λ = const.)

(ii): y = f(Φ) . (14.49)

(Straight line through the origin for Φ = const.)

14-31 Special normal cylindric mapping (equidistant: equator, set of parallel circles)

We start off by the postulate of an equidistant mapping on the set of parallel circles. This leads to
the following result.

Λ2 = 1⇒ f ′(Φ)√
F ′ 2 (Φ) + G′ 2 (Φ)

= 1 ⇔ df =
√

F ′ 2 (Φ) + G′ 2 (Φ)dΦ ,

f(Φ) =
∫ Φ

0

√
F ′ 2 (Φ̃) + G′ 2 (Φ̃)dΦ̃ + const. , f(0) = 0 ⇒ const. = 0 ,

(14.50)

[
x

y

]
=

⎡⎣ F (0)Λ∫ Φ

0

√
F ′ 2 (Φ̃) + G′ 2 (Φ̃)dΦ̃

⎤⎦ , Λ1 =
F (0)
F (Φ)

, Λ2 = 1 . (14.51)

14-32 Special normal conformal cylindric mapping (equidistant: equator)

Alternatively, let us start off by the postulate of a conformal mapping. Similar as before, this leads to
the following result.

Λ1 = Λ2 ⇒ F (0)
F (Φ)

=
f ′(Φ)√

F ′ 2 (Φ) + G′ 2 (Φ)
⇔ df = F (0)

√
F ′ 2 (Φ) + G′ 2 (Φ)

F (Φ)
dΦ ,

f(Φ) =
∫ Φ

0

F (0)

√
F ′ 2 (Φ̃) + G′ 2 (Φ̃)

F (Φ̃)
dΦ̃ + const. , f(0) = 0 ⇒ const. = 0 ,

(14.52)

[
x

y

]
= F (0)

⎡⎣ Λ∫ Φ

0

√
F ′ 2(Φ̃)+G′ 2(Φ̃)

F (Φ̃)
dΦ̃

⎤⎦ , Λ1 = Λ2 =
F (0)
F (Φ)

. (14.53)
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14-33 Special normal equiareal cylindric mapping (equidistant + conformal: equator)

Here, let us depart from the the postulate of an equiareal mapping. Step by step, this leads to the
following result.

Λ1Λ2 = 1 ⇒ F (0)
F (Φ)

f ′(Φ)√
F ′ 2 (Φ) + G′ 2 (Φ)

= 1 ⇔ df =
F (Φ)
F (0)

√
F ′ 2 (Φ) + G′ 2 (Φ) dΦ ,

f(0) = 0⇒ f(Φ) =
1

F (0)

∫ Φ

0

F (Φ̃)
√

F ′ 2 (Φ̃) + G′ 2 (Φ̃) dΦ̃ + const. ,

f(0) = 0⇒ const. = 0 .

(14.54)

The following formulae define the general mapping equations and the left principal stretches for an
equiareal cylindric mapping.

[
x

y

]
=

⎡⎣ F (0)Λ

1
F (0)

∫ Φ

0
F (Φ̃)

√
F ′ 2 (Φ̃) + G′ 2 (Φ̃)dΦ̃

⎤⎦ , Λ1 =
F (0)
F (Φ)

, Λ2 =
F (Φ)
F (0)

=
1
Λ1

. (14.55)

14-34 An example (mapping the torus)

The torus is the product manifold S
1
A × S

1
B , especially for the parameter range A > B, 0 < U < 2π,

and 0 < V < 2π. ⎡⎢⎢⎣
X

Y

Z

⎤⎥⎥⎦ =

⎡⎢⎢⎣
(A + B cosV ) cos U

(A + B cosV ) sin U

B sin V

⎤⎥⎥⎦ =

⎡⎢⎢⎣
(A + B cos Φ) cos Λ

(A + B cos Φ) sin Λ

B sin Φ

⎤⎥⎥⎦ . (14.56)

The torus is the special surface which is generated by rotating a circle of radius B relative to a circle
of radius A > B around the center of the circle.

F (Φ) = A + B cosΦ , G(Φ) = B sin Φ ,

U = Λ = arctan Y
X , V = Φ = arctan Z√

X2+Y 2−A
.

(14.57)

Let us summarize in Box14.3 the (left) tangent vector s and the (left) coordinates of the metric tensor
of the torus.

Box 14.3 (A special rotational figure: the torus).

Left tangent vectors:

GΛ :=
∂X

∂Λ
= −E1(A + B cos Φ) sin Λ + E2(A + B cos Φ) cos Λ ,

GΦ :=
∂X

∂Φ
= −E1B sin Φ cos Λ − E2B sin Φ sin Λ + E3B cos Φ ,

(14.58)

F ′(Φ) = −B sin Φ , G′(Φ) = B cos Φ . (14.59)

Coordinates of the metric tensor:

Gl =

»
(A + B cos Φ)2 0

0 B2

–
. (14.60)
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The mapping equations are provided by the following formulae. As “equator”, let us define the
coordinate line Φ = 0 in the X, Y plane.⎡⎢⎢⎣

X

Y

Z

⎤⎥⎥⎦
Φ=0

=

⎡⎢⎢⎣
(A + B) cos Λ

(A + B) sin Λ

0

⎤⎥⎥⎦ , (14.61)

(X2 + Y 2)Φ=0 = (A + B)2 ,
√

(X2 + Y 2)Φ=0 = A + B , F (0) = A + B , (14.62)

x = (A + B)Λ , y = f(Φ) . (14.63)

Most notable, we could have alternatively chosen the “equator” as Φ = π. From this, we conclude the
special case F (π) = A − B. In addition, we refer to Fig. 14.2 illustrating the geometry of the torus,
namely its vertical section. As a case study, we present the special forms of the deformation tensor for
the torus as well as its left principal stretches.

Cl =
[
F 2(0) 0

0 f ′ 2 (Φ)

]
=

[
(A + B)2 0

0 f ′ 2 (Φ)

]
. (14.64)

Λ1 =
F (0)
F (Φ)

=
A + B

A + B cos Φ
, Λ2 =

f ′(Φ)√
F ′ 2 (Φ) + G′ 2 (Φ)

=
f ′(Φ)

B
. (14.65)

A

Φ

A + B

B

boundary of cylinder

Z

boundary of cylinder

X, Y plane

Fig. 14.2. Vertical section. The example of a torus.
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The special case normal cylindric mapping, equidistant on the equator and the set of parallel
circles, the special case normal conformal cylindric mapping, equidistant on the equator, and the
special normal equiareal cylindric mapping, equidistant on the equator are summarized in Box 14.4.

Box 14.4 (Summary).

Case 1

(normal cylindric mapping, equidistant on the equator and the set of parallel circles):

f(Φ) =

Z Φ

0

BdΦ′ = BΦ ,

»
x
y

–
=

»
(A + B)Λ

BΦ

–
. (14.66)

Case 2

(normal conformal cylindric mapping, equidistant on the equator):

f(Φ) = (A + B)

Z Φ

0

B

A + B cos Φ′ dΦ′ =

= (A + B)

Z Φ

0

dΦ′

AB−1 + cos Φ′ =

=
2B(A + B)√

A2 − B2
arctan

tan
Φ

2

p
A2 − B2

A + B
.

(14.67)

Mapping equations and principal stretches:

»
x
y

–
=

2
64

(A + B)Λ

2B(A+B)√
A2−B2

arctan
tan

Φ

2

p
A2 − B2

A+B

3
75 , Λ1 = Λ2 =

F (0)

F (Φ)
=

A + B

A + B cos Φ
. (14.68)

Case 3

(normal equiareal cylindric mapping, equidistant on the equator):

f(Φ) =
B

A + B

Z Φ

0

`
A + B cos Φ′´ dΦ′ =

=
AB

A + B

Z Φ

0

dΦ′ +
B2

A + B

Z Φ

0

dΦ′ cos Φ′ =
AB

A + B
Φ +

B2

A + B
sin Φ .

(14.69)

Mapping equations and principal stretches:

»
x
y

–
=

»
(A + B)Λ

AB
A+B

Φ + B2

A+B
sin Φ

–
, Λ1 =

F (0)

F (Φ)
=

A + B

A + B cos Φ
, Λ2 =

1

Λ1
=

A + B cos Φ

A + B
. (14.70)
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Let us now “switch” from the polar aspect of the mapping “ellipsoid-of-revolution to cylinder” to
the transverse aspect of the mapping “ellipsoid-of-revolution to cylinder”.



15 “Ellipsoid-of-revolution to cylinder”: transverse aspect

Mapping the ellipsoid-of-revolution to a cylinder: transverse aspect. Transverse Mercator projection,
Gauss–Krueger/UTM coordinates. Korn–Lichtenstein equations, Laplace–Beltrami equations.

Conventionally, conformal coordinates, also called conformal charts, representing the surface of the
Earth or any other Planet as an ellipsoid-of-revolution, also called the Geodetic Reference Figure,
are generated by a two-step procedure. First, conformal coordinates (isometric coordinates, isother-
mal coordinates) of type UMP (Universal Mercator Projection, compare with Example 15.1) or of
type UPS (Universal Polar Stereographic Projection, compare with Example 15.2) are derived from
geodetic coordinates such as surface normal ellipsoidal longitude/ellipsoidal latitude. UMP is classi-
fied as a conformal mapping on a circular cylinder, while UPS refers to a conformal mapping onto
a polar tangential plane with respect to an ellipsoid-of-revolution, an azimuthal mapping. The con-
formal coordinates of type UMP or UPS, respectively, are consequently complexified, just describing
the two-dimensional Riemann manifold of type of ellipsoid-of-revolution as one-dimensional complex
manifold. Namely, the real-valued conformal coordinates x and y of type UMP or UPS, respectively,
are transformed into the complex-valued conformal coordinate z = x + iy. Second, the conformal co-
ordinates (x, y) ∼ z of type UMP or UPS, respectively, are transformed into another set of conformal
coordinates, called Gauss–Krueger or UTM, by means of holomorphic functions w(z) (w := u+iv ∈ C)
with respect to complex algebra and complex analysis. Indeed, holomorphic functions directly fulfill
the d’Alembert–Euler equations (Cauchy–Riemann equations) of conformal mapping as outlined by
E. Grafarend (1995), for instance. Consult Figs. 15.1 and 15.2 for a first impression.

General coordinates,
parameters of EA1,A1,A2

Isometric coordinates
(conformal coordinates)

of type
Mercator “complexification”

Isometric coordinates
(conformal coordinates)

of type
transverse Mercator projection

Korn–Lichtenstein equations

Fig. 15.1. Change from one conformal chart to another conformal chart (c:c: Cha-Cha-Cha) according to
a proposal by C. F.Gauss (1822, 1844). First conformal coordinates: Mercator projection. Second conformal
coordinates: transverse Mercator projection. Ellipsoid-of-revolution EA1,A1,A2 .

General coordinates,
parameters of EA1,A1,A2

Isometric coordinates
(conformal coordinates)

of type
polar stereographic projection

“complexification”

Isometric coordinates
(conformal coordinates)

of type
Gauss–Krueger

transverse Mercator projection

Korn–Lichtenstein equations

Fig. 15.2. Change from one conformal chart to another conformal chart (c:c: Cha-Cha-Cha) according to a
proposal by L.Krueger (1922). First conformal coordinates: polar stereographic projection. Second conformal
coordinates: transverse Mercator projection. Ellipsoid-of-revolution EA1,A1,A2 .
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This two-step procedure has at least two basic disadvantages. On the one hand, it is in general
difficult to set up a first set of conformal coordinates. For instance, due to the involved difficulties the
Philosophical Faculty of the University of Goettingen Georgia Augusta dated 13th June 1857 set up
the “Preisaufgabe” to find a conformal mapping to the triaxial ellipsoid. Based upon Jacobi’s contri-
bution on elliptic coordinates (C. G. J. Jacobi 1839) the ”Preisschrift” of E. Schering (1857) was finally
crowned, nevertheless leaving the numerical problem open as how to construct a conformal map of the
triaxial ellipsoid of type UTM. For an excellent survey, we refer to W. Klingenberg (1982), H. Schmehl
(1927), recently, to B. Mueller (1991). There is another disadvantage of the two-step procedure. The
equivalence between two-dimensional real-valued Riemann manifolds and one-dimensional complex-
valued manifolds holds only for analytic Riemann manifolds. In E.Grafarend (1995), we give two
counterexamples of surfaces of revolution which are from the differentiability class C∞, but which are
not analytical. Accordingly, the theory of holomorphic functions does not apply. Finally, one encoun-
ters great difficulties in generalizing the theory of conformal mappings to higher-dimensional (pseudo-)
Riemann manifolds. Only for even-dimensional (pseudo-)Riemann manifolds of analytic type, multi-
dimensional complex analysis can be established. We experience a total failure for odd-dimensional
(pseudo-)Riemann manifolds as they appear in the theory of refraction, Newton mechanics, or plumb
line computation, to list just a few conformally flat three-dimensional Riemann manifolds. The the-
ory of conformal mapping took quite a different direction when A.Korn (1914) and L. Lichtenstein
(1911, 1916) set up their general differential equations for two-dimensional Riemann manifolds, which
govern conformality. They allow the straightforward transformation of ellipsoidal coordinates of type
surface normal longitude L and latitude B into conformal coordinates of type Gauss-Krueger or UTM
(x, y) without any intermediate conformal coordinate system of type UMP or UPS! Accordingly, our
objective here is a proof of our statement!

Section 15-1.

Section 15-1 offers a review of the Korn–Lichtenstein equations of conformal mapping subject to the
integrability conditions which are vectorial Laplace–Beltrami equations on a curved surface, here with
the metric of the ellipsoid-of-revolution. Two examples, namely UMP and UPS, are chosen to show
that the mapping equations x(L, B) and y(L, B) fulfill the Korn–Lichtenstein equations as well as the
Laplace–Beltrami equations. In addition, we present in Appendix D a fresh derivation of the Korn–
Lichtenstein equations of conformal mapping for a (pseudo-)Riemann manifold of arbitrary dimension.
The standard Korn–Lichtenstein equations of conformal mapping for a (pseudo-)Riemann manifold
of arbitrary dimension extend initial results of higher-dimensional manifolds, for instance, by J. Zund
(1987). The standard equations of type Korn–Lichtenstein which generate a conformal mapping of
a two-dimensional Riemann manifold can be taken from standard textbooks like W.Blaschke and
K. Leichtweiss (1973) or S.Heitz (1988).

Section 15-2.

Section 15-2 aims at a solution of partial differential equations of type Laplace–Beltrami (second order)
as well as Korn–Lichtenstein (first order) in the function space of bivariate polynomials x(l, b) and
y(l, b) subject to the definitions (15.1). The coefficients constraints are collected in Corollary 15.1 and
Corollary 15.2. Note that the solution space is different from that of type separation of variables known
to geodesists from the analysis of the three-dimensional Laplace–Beltrami equation of the gravitational
potential field.

l := L− L0 ,

b := B −B0 .
(15.1)
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Section 15-3.

Section 15-3, in contrast, outlines the constraints to the general solution of the Korn–Lichtenstein
equations subject to the integrability conditions of type Laplace–Beltrami, which lead directly to the
conformal coordinates of type Gauss–Krueger or UTM. Such a solution is generated by the equidistant
mapping of the meridian of reference L0 , for UTM up to a dilatation factor, as the proper constraint
(x(0, b) = 0 and y(0, b) given). The highlight is the theorem which gives the solution of the partial
differential equations for the conformal mapping in terms of a conformal set of bivariate polynomials.
Throughout, we use a right-handed coordinate system, namely x “Easting” and y “Northing”. Box 15.4
and Box 15.5 contain the non-vanishing polynomial coefficients in a closed form.

Section 15-4.

Section 15-4 introduces by four corollaries the left Cauchy–Green tensor and the dilatation factor for
both the UTM reference frame as well as the Gauss–Krueger reference frame with the values (15.2)
and (15.3) based upon the geometry of the “Geodetic Reference System 1980” (H.Ṁoritz 1984). Such
a result was achieved by (i) minimizing the total distance distortion or (ii) minimizing the total areal
distortion with the identical result.

UTM:

[−lE,+lE]× [BS, BN] = [−3.5◦,+3.5◦]× [80◦S, 84◦N] ,

ρ = 0.999 578

(scale reduction factor 1 : 2 370) ,

(15.2)

Gauss–Krueger:

[−lE,+lE]× [BS, BN] = [−2◦,+2◦]× [80◦S, 80◦N] ,

ρ = 0.999 864

(scale reduction factor 1 : 7 353) .

(15.3)

(The symbols S, N, E, and W as indices denote South, North, East, and West.)

Section 15-5.

Examples are the subject of Section 15-5. In particular, compare with Figs. 15.6–15.16 dealing with
the transverse Mercator projection.

Section 15-6.

Strip transformations of conformal coordinates of type Gauss–Krueger as well as of type UTM are
finally the subject of Section 15-6.

Appendix

In Appendix D, we outline the theory of the Cauchy–Green deformation tensor and its related general
eigenvalue–eigenvector problem, in particular, its conformal structure, which leads us to three forms
of the related Korn–Lichtenstein equations.
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15-1 The equations governing conformal mapping
The equations governing conformal mapping and their fundamental solution. The Korn–Lichtenstein
equations, the Laplace–Beltrami equations.

Here, we are concerned with a conformal mapping of the biaxial ellipsoid EA1,A1,A2 (ellipsoid-of-
revolution, spheroid, semi-major axis A1, semi-minor axis A2) embedded in a three-dimensional Eu-
clidean manifold E3 = {R3, δij} with a standard canonical metric δij , the Kronecker delta of ones
in the diagonal, of zeros in the off-diagonal, namely by means of (15.4), introducing surface normal
ellipsoidal longitude L and surface normal ellipsoidal latitude B.

X1 =
A1 cosB cosL√
1− E2 sin2 B

, X2 =
A1 cos B sin L√
1− E2 sin2 B

, X3 =
A1(1− E2) sin B√

1−E2 sin2 B
. (15.4)

E2 := (A2
1 − A2

2)/(A2
1) = 1 − A2

2/A
2
1 denotes the first numerical eccentricity squared. According to

[L, B] ∈ [−π,+π] × [−π/2,+π/2], we exclude from the domain [L, B] North Pole and South Pole.
Thus, [L, B] constitute only a first chart of E

2
A1,A1,A2

: a minimal atlas of E
2
A1,A1,A2

based upon two
charts, which covers all points of the ellipsoid-of-revolution, is given in all detail by E.Grafarend and
R. Syffus (1995).

Conformal coordinates {x, y} (isometric coordinates, isothermal coordinates) are constructed from
the surface normal ellipsoidal coordinates {L, B} as solutions of the Korn–Lichtenstein equations
(conformal change from one chart to another chart: c: Cha-Cha-Cha)

[
xL

xB

]
=

1√
G11G22 −G2

12

[−G12 G11

−G22 G12

][
yL

yB

]
, (15.5)

subject to the integrability conditions

xLB = xBL , yLB = yBL (15.6)

or

∆LBx :=

(
G11xB −G12xL√

G11G22 −G2
12

)
B

+

(
G22xL −G12xB√

G11G22 −G2
12

)
L

= 0 ,

∆LBy :=

(
G11yB −G12yL√

G11G22 −G2
12

)
B

+

(
G22yL −G12yB√

G11G22 −G2
12

)
L

= 0 ,

(15.7)

∣∣∣∣∣xL xB

yL yB

∣∣∣∣∣ = (xLyB − xByL) > 0

(orientation conserving conformeomorphism) .

(15.8)

∆LBx = 0 and ∆LBy = 0, respectively, are called vectorial Laplace-Beltrami equations. The matrix of
the metric of the first fundamental form of E2

A1,A1,A2
is defined by

GMN =

[
G11 G12

G12 G22

]
∀M,N ∈ {1, 2} . (15.9)

A derivation of the Korn–Lichtenstein equations is given in Appendix D. Here, we are interested in
some examples of the Korn–Lichtenstein equations (15.5) subject to the integrability conditions (15.7)
and the condition of orientation conservation (15.8).
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Example 15.1 (Universal Mercator Projection (UMP)).

x = A1L ,

y = A1 ln

[
tan

(
π

4
+

B

2

)(
1−E sin B

1 + E sin B

)E/2
]

.
(15.10)

The matrix of the metric of the ellipsoid-of-revolution E
2
A1,A1,A2

is represented by

GMN =

[
G11 G12

G12 G22

]
=

⎡⎣ A2
1 cos2 B

1−E2 sin2 B
0

0 A2
1(1−E2)2

(1−E2 sin2 B)3

⎤⎦ . (15.11)

The mapping equations of type UMP imply

xL = A1 , xB = 0 , yL = 0 , yB =
A1(1−E2)

(1−E2 sin2 B) cos B
. (15.12)

Korn–Lichtenstein equations:

xL =
√

G11

G22
yB , xB = −

√
G22

G11
yL , yL = −

√
G11

G22
xB , yB = −

√
G22

G11
xL ,

√
G11

G22
=

1−E2 sin2 B

1− E2
cosB ⇒ yB =

A1(1− E2)
(1− E2 sin2 B) cos B

.

(15.13)

Integrability conditions:

∆LBx =

(√
G11

G22
xB

)
B

+

(√
G22

G11
xL

)
L

= 0 , ∆LBy =

(√
G11

G22
yB

)
B

+

(√
G22

G11
yL

)
L

= 0 , (15.14)

√
G11

G22
xB = 0 ,

√
G22

G11
xL =

A1(1−E2)
(1−E2 sin2 B) cos B

,

(√
G22

G11
xL

)
L

= 0 ,

√
G11

G22
yB = A1 ,

√
G22

G11
yL = 0 ,

(√
G11

G22
yB

)
B

= 0 .

(15.15)

Orientation preserving conformeomorphism:∣∣∣∣∣xL xB

yL yB

∣∣∣∣∣ = (xLyB − xByL) =
A2

1(1− E2)
(1− E2 sin2 B) cos B

> 0 , (15.16)

due to −π/2 < B < +π/2 → cos B > 0.

End of Example.

The UMP solution of the Korn–Lichtenstein equations subject to the vectorial Laplace–Beltrami
equations as integrability conditions and the condition of orientation conservation is based upon the
constraint of the following type: map the equator equidistantly, for instance, x(B = 0) = A1Λ.
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Example 15.2 (Universal Polar Stereographic Projection (UPS)).

x =
2A1√
1−E2

(
1−E

1 + E

)E/2

tan
(

π

4
− B

2

)(
1 + E sin B

1− E sin B

)E/2

cos L ,

y =
2A1√
1− E2

(
1− E

1 + E

)E/2

tan
(

π

4
− B

2

)(
1 + E sin B

1−E sin B

)E/2

sin L .

(15.17)

The matrix of the metric of the ellipsoid-of-revolution E
2
A1,A1,A2

is represented by

GMN =

[
G11 G12

G12 G22

]
=

⎡⎣ A2
1 cos2 B

1−E2 sin2 B
0

0 A2
1(1−E2)2

(1−E2 sin2 B)3

⎤⎦ . (15.18)

The mapping equations of type UPS imply

xL = −f(B) sin L , xB = f ′(B) cos L ,

yL = f(B) cos L , yB = f ′(B) sin L ,
(15.19)

subject to

f(B) :=

:=
2A1√
1− E2

(
1−E

1 + E

)E/2

tan
(

π

4
− B

2

)(
1 + E sin B

1− E sin B

)E/2

,

f ′(B) :=

:= − 2A1√
1−E2

(
1− E

1 + E

)E/2 tan
(

π
4 − B

2

)
cosB

(
1− E2

1− E2 sin2 B

)(
1 + E sin B

1−E sin B

)E/2

=

= − 1− E2

cosB(1−E2 sin2 B)
f(B) .

(15.20)

Korn–Lichtenstein equations:

xL =
√

G11

G22
yB , xB = −

√
G22

G11
yL , yL = −

√
G11

G22
xB , yB =

√
G22

G11
xL , (15.21)

√
G11

G22
= cos B

1− E2 sin2 B

1− E2

⇒

yB = − 1− E2

cos B(1− E2 sin2 B)
f(B) sin L = f ′(B) sin L ,

yL = −cosB(1−E2 sin2 B)
1− E2

f ′(B) cos L = f(B) cos L .

(15.22)

End of Example.
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15-2 A fundamental solution for the Korn–Lichtenstein equations

A fundamental solution for the Korn–Lichtenstein equations of conformal mapping. The ellipsoidal
Korn–Lichtenstein equations, the ellipsoidal Laplace–Beltrami equations.

For the biaxial ellipsoid E
2
A1,A1,A2

, we shall construct a fundamental solution for the Korn–Lichtenstein
equations of conformal mapping (15.5) subject to the vectorial Laplace–Beltrami equations (15.7). The
condition of orientation conservation (15.8) is automatically fulfilled.

xL =
√

G11/G22yB , yL = −√G11/G22xB ,
or

xB = −√G22/G11yL , yB =
√

G22/G11xL ,

(15.23)

(√
G22/G11xL

)
L

+
(√

G11/G22xB

)
B

= 0 ,

(√
G22/G11yL

)
L

+
(√

G11/G22yB

)
B

= 0 ,

(15.24)

xLyB − xByL =
√

G22/G11x
2
L +

√
G11/G22x

2
B > 0 , (15.25)

√
G22/G11 ∈ R

+ ,
√

G11/G22 ∈ R
+ . (15.26)

Here, we are interested in a local solution of the ellipsoidal Korn–Lichtenstein equations around a
point {L0, B0} such that the relations L = L0 + l and B = B0 + b hold. A polynomial setup of
the local solution of the ellipsoidal Korn–Lichtenstein equations subject to the ellipsoidal vectorial
Laplace–Beltrami equations,

yl = −
√

G11/G22xb , yb =
√

G22/G11xl , (15.27)(√
G22/G11xl

)
l
+

(√
G11/G22xb

)
b

= 0 ,

(√
G22/G11yl

)
l

+
(√

G11/G22yb

)
b

= 0 ,

(15.28)

is

x(l, b) = x0 + x10l + x01b + x20l
2 + x11lb + x02b

2 + x30l
3 + x21l

2b + x12lb
2 + x03b

3+

+O(4) ,

y(l, b) = y0 + y10l + y01b + y20l
2 + y11lb + y02b

2 + y30l
3 + y21l

2b + y12lb
2 + y03b

3+

+O(4) ,

(15.29)

or

x(l, b) =
∞∑

n=0

Pn(l, b) ,

y(l, b) =
∞∑

n=0

Qn(l, b) ,

(15.30)

with
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P0(l, b) := x0 ,

P1(l, b) := x10l + x01b =
∑

α+β=1

xαβlαbβ ,

P2(l, b) := x20l
2 + x11lb + x02b

2 =
∑

α+β=2

xαβlαbβ ,

...
Pn(l, b) :=

∑
α+β=n

xαβlαbβ ,

(15.31)

and

Q0(l, b) := y0 ,

Q1(l, b) := y10l + y01b =
∑

α+β=1

yαβlαbβ ,

Q2(l, b) := y20l
2 + y11lb + y02b

2 =
∑

α+β=2

yαβlαbβ ,

...
Qn(l, b) :=

∑
α+β=n

yαβlαbβ ,

(15.32)

subject to the Taylor expansion

r :=
√

G11/G22 = cosB
1−E2 sin2 B

1− E2
= r0 + r1b + r2b

2 + r3b
3 + O(4) , (15.33)

namely

r0 := 1
0!r

(0)(B0) = r(B0) ,

r1 := 1
1!r

(1)(B0) = r′(B0) ,
...

rn := 1
n!r

(n)(B0) = 1
n(n−1)· ··· ·2·1r(n)(B0) ,

(15.34)

and vice versa

s :=
√

G22/G11 =
1

cosB

1− E2

1−E2 sin2 B
= s0 + s1b + s2b

2 + s3b
3 + O(4) =

= r−1
0 − r−2

0 r1b +
(
r−3
0 r2

1 − r−2
0 r2

)
b2 +

(−r−4
0 r3

1 + 2r−3
0 r1r2 − r−2

0 r3

)
b2 + O(4) ,

(15.35)

namely

s0 := 1
0!s

(0)(B0) = s(B0) ,

s1 := 1
1!s

(1)(B0) = s′(B0) ,
...

sn := 1
n!s

(n)(B0) = 1
n(n−1)· ··· ·2·1s(n)(B0) ,

(15.36)

given in detail by the coefficients of Box 15.1.
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Box 15.1 (Taylor expansion of r(B) and s(B)).

Taylor expansion of r(B) up to order three:

r :=
p

G11/G22 =

= cos B
1 − E2 sin2 B

1 − E2
=

=
NX

n=0

1

n!
r(n)(B0)b

n =
NX

n=0

rnbn ,

(15.37)

r0 = +
cos B0(1 − E2 sin2 B0)

1 − E2
,

r1 = − sin B0(1 + 2E2 − 3E2 sin2 B0)

1 − E2
,

r2 = −cos B0(1 + 2E2 − 9E2 sin2 B0)

2(1 − E2)
,

r3 = +
sin B0(1 + 20E2 − 27E2 sin2 B0)

6(1 − E2)
.

(15.38)

Taylor expansion of s(B) up to order three:

s :=
p

G22/G11 =

=
1 − E2

cos B(1 − E2 sin2 B)
=

=

NX
n=0

1

n!
s(n)(B0)b

n =

NX
n=0

snbn ,

(15.39)

s0 =
1 − E2

cos B0(1 − E2 sin2 B0)
,

s1 =
(1 − E2) sin B0(1 + 2E2 − 3E2 sin2 B0)

cos2 B0(1 − E2 sin2 B0)2
,

s2 =
(1 − E2)

2 cos3 B0(1 − E2 sin2 B0)3
×

× ˆ
1 + 2E2 + sin2 B0(1 − 4E2 + 6E4) − E2 sin4 B0(2 + 13E2) + 9E4 sin6 B0

˜
,

s3 =
(1 − E2) sin B0

6 cos4 B0(1 − E2 sin2 B0)4
×

× ˆ
5 + 4E2 + 24E4 + sin2 B0(1 − 17E2 − 80E4 + 24E6) − E2 sin4 B0(5 − 91E2 + 68E4)−

− E4 sin6 B0(17 − 65E2) − 27E6 sin8 B0

˜
.

(15.40)
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First, let us here consider the ellipsoidal vectorial Laplace–Beltrami equations which are defined
by (15.28), namely

∆lbx =
(√

G22/G11xl

)
l
+

(√
G11/G22xb

)
b

= 0 ,

∆lby =
(√

G22/G11yl

)
l

+
(√

G11/G22yb

)
b

= 0 ,

(15.41)

sxll + (rxb)b = sxll + rbxb + rxbb = 0 , (15.42)

syll + (ryb)b = syll + rbyb + rybb = 0 , (15.43)

x(l, b) = x0 + x10l + x01b + x20l
2 + x11lb + x02b

2 + x30l
3 + x21l

2b + x12lb
2 + x03b

3+

+x40l
4 + x31l

3b + x22l
2b2 + x13lb

3 + x04b
4 + O(5) ,

(15.44)

xl(l, b) = x10 + 2x20l + x11b + 3x30l
2 + 2x21lb + x12b

2+

+4x40l
3 + 3x31l

2b + 2x22lb
2 + x13b

3 + O(4) ,
(15.45)

xll(l, b) = 2x20 + 6x30l + 2x21b + 12x40l
2+

+6x31lb + 2x22b
2 + O(3) ,

(15.46)

sxll(l, b) = (s0 + s1b + s2b
2 + O(3))xll =

= 2s0x20 + 6s0x30l + 2s0x21b + 2s1x20b + 12s0x40l
2 + 6s0x31lb+

+6s1x30lb + 2s0x22b
2 + 2s1x21b

2 + 2s2x20b
2 + O(3) ,

(15.47)

xb(l, b) = x01 + x11l + 2x02b + x21l
2 + 2x12lb + 3x03b

2+

+x31l
3 + 2x22l

2b + 3x13lb
2 + 4x04b

3 + O(4) ,
(15.48)

xbb(l, b) = 2x02 + 2x12l + 6x03b+

+2x22l
2 + 6x13lb + 12x04b

2 + O(3) ,
(15.49)

rbxb(l, b) = (r1 + 2r2b + 3r3b
2 + O(3))xb =

r1x01 + r1x11l + 2r1x02b + 2r2x01b + r1x21l
2 + 2r1x12lb+

+2r2x11lb + 3r1x03b
2 + 4r2x02b

2 + 3r3x01b
2 + O(3) ,

(15.50)

rxbb(l, b) = (r0 + r1b + r2b
2 + O(3))xbb =

2r0x02 + 2r0x12l + 6r0x03b + 2r1x02b + 2r0x22l
2 + 6r0x13lb+

2r1x12lb + 12r0x04b
2 + 6r1x03b

2 + 2r2x02b
2 + O(3) .

(15.51)
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While (15.47), (15.50), and (15.51) represent the polynomial solution of (15.42), namely for x(l, b),
a corresponding solution for (15.43) could be found as soon as we replace x and y, namely for the
polynomial solution y(l, b). Let us write down the n − 1 constraints for n + 1 polynomials given by
the zero identiy of the sum of the three terms of (15.47) (sxll, first term), (15.50) (rbxb, second term),
and (15.51) (rxbb, third term).

Corollary 15.1 (Laplace–Beltrami equations solved in the function space of bivariate polynomials).

If a polynomial (15.29)–(15.32) of degree n fulfills the Laplace–Beltrami equations (15.42) and (15.43),
then there are n− 1 coefficient constraints, namely

n = 2 :

2s0x20 + 2r0x02 + r1x01 = 0 , (15.52)

2s0y20 + 2r0y02 + r1y01 = 0 ; (15.53)

n = 3 :

6s0x30 + 2r0x12 + r1x11 = 0 , (15.54)

6s0y30 + 2r0y12 + r1y11 = 0 , (15.55)

s0x21 + s1x20 + 3r0x03 + 2r1x02 + r2x01 = 0 , (15.56)

s0y21 + s1y20 + 3r0y03 + 2r1y02 + r2y01 = 0 ; (15.57)

n = 4 :

12s0x40 + 2r0x22 + r1x21 = 0 , (15.58)

12s0y40 + 2r0y22 + r1y21 = 0 , (15.59)

3s0x31 + 3s1x30 + 3r0x13 + 2r1x12 + r2x11 = 0 , (15.60)

3s0y31 + 3s1y30 + 3r0y13 + 2r1y12 + r2y11 = 0 , (15.61)

2s0x22 + 2s1x21 + 2s2x20 + 12r0x04 + 9r1x03 + 6r2x02 + 3r3x01 = 0 , (15.62)

2s0y22 + 2s1y21 + 2s2y20 + 12r0y04 + 9r1y03 + 6r2y02 + 3r3y01 = 0 ; (15.63)

and in general

sxll + (rxb)b =
∞∑

n=2

n−2∑
i=0

i∑
j=0

[
(j + 1)[(i− j + 1)rj+1xn−i−2,i−j+1+

+(j + 2)ri−jxn−i−2,j+2] + (n− i)(n− i− 1)sixn−i,i−j

]
ln−i−2bi = 0 ,

syll + (ryb)b =
∞∑

n=2

n−2∑
i=0

i∑
j=0

[
(j + 1)[(i− j + 1)rj+1yn−i−2,i−j+1+

+(j + 2)ri−jyn−i−2,j+2] + (n− i)(n− i− 1)siyn−i,i−j

]
ln−i−2bi = 0 .

(15.64)

End of Corollary.
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Finally, we here have to constrain the general solution x(l, b) of the Laplace–Beltrami equation
(compare with (15.29)) to the ellipsoidal Korn–Lichtenstein equation yl = −√G11/G22xb (compare
with (15.27)), in particular

yl = −r(b)xb = −(r0 + r1b + r2b
2 + r3b

3 + O(4))xb , (15.65)

yl = y10 + 2y20l + y11b + 3y30l
2 + 2y21lb + y12b

2 + 4y40l
3 + 3y31l

2b + 2y22lb
2 + y13b

3 + O(4) =

= −r0x01 − r0x11l − 2r0x02b− r1x01b− r0x21l
2 − 2r0x12lb− r1x11lb−

−3r0x03b
2 − 2r1x02b

2 − r2x01b
2 − r0x31l

3 − 2r0x22l
2b− r1x21l

2b− 3r0x13lb
2−

−2r1x12lb
2 − r2x11lb

2 − 4r0x04b
3 − 3r1x03b

3 − 2r2x02b
3 − r3x01b

3 + O(4) ,

(15.66)

Alternatively, we here have to constrain the general solution to the ellipsoidal Korn–Lichtenstein
equation yb = −√G22/G11xl (compare with (15.27)), in particular

yb = s(b)xl = (s0 + s1b + s2b
2 + s3b

3 + O(4))xl , (15.67)

yb = y01 + y11l + 2y02b + y21l
2 + 2y12lb + 3y03b

2 + y31l
3 + 2y22l

2b + 3y13lb
2 + 4y04b

3 + O(4) =

= s0x10 + 2s0x20l + s0x11b + s1x10b + 3s0x30l
2 + 2s0x21lb + 2s1x20lb+

+s0x12b
2 + s1x11b

2 + s2x10b
2 + 4s0x40l

3 + 3s0x31l
2b + 3s1x30l

2b + 2s0x22lb
2+

+2s1x21lb
2 + 2s2x20lb

2 + s0x13b
3 + s1x12b

3 + s2x11b
3 + s3x10b

3 + O(4) .

(15.68)

Corollary 15.2 (Korn–Lichtenstein equations solved in the function space of bivariate polynomials).

If a polynomial (15.29)–(15.32) of degree n fulfills the Korn–Lichtenstein equations (15.27) with respect
to an ellipsoid-of-revolution and subject to the n − 1 constraints given by (15.52)–(15.64), then the
following mixed coefficient relations hold.

n = 1 :
y10 = −r0x01 , y01 = s0x10 .

(15.69)

n = 2 :
2y20 = −r0x11 , y11 = −2r0x02 − r1x01 , y11 = 2s0x20 , 2y02 = s0x11 + s1x10 .

(15.70)

n = 3 :
3y30 = −r0x21 , 2y21 = −2r0x12 − r1x11 , y12 = −3r0x03 − 2r1x02 − r2x01 ,

y21 = 3s0x30 , 2y12 = 2s0x23 + 2s1x20 , , 3y03 = s0x12 + s1x11 + s2x10 .

(15.71)

n = 4 :
4y40 = −r0x31 , 3y31 = −2r0x22 − r1x21 , 2y22 = −3r0x13 − 2r1x12 − r2x11 ,

y13 = −4r0x04 − 3r1x03 − 2r2x02 − r3x01 , y31 = 4s0x40 , 2y22 = 3s0x31 + 3s1x30 ,

3y13 = 2s0x22 + 2s1x21 + 2s2x20 , 4y04 = s0x13 + s1x12 + s2x11 + s3x10 .

(15.72)

In general:

yl =
∞∑

n=1

n−1∑
i=0

(n− i)yn−i,il
n−i−1bi = −

∞∑
n=1

n−1∑
i=0

i∑
j=0

(i− j + 1)rjxn−1−i,i−j+1l
n−i−1bi =

= −r(b)xb ,

yb =
∞∑

n=1

n−1∑
i=0

(n− i)yn−i−1,i+1l
n−i−1bi =

∞∑
n=1

n−1∑
i=0

i∑
j=0

(n− i)sjxn−i,i−jl
n−i−1bi =

= s(b)xl .

(15.73)

End of Corollary.
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15-3 Constraints to the Korn–Lichtenstein equations
(Gauss–Krueger/UTM mappings)

The constraints to the Korn–Lichtenstein equations generating the Gauss–Krueger conformal mapping or
the UTM conformal mapping.

The equidistant mapping of a meridian of reference L0 immediately establishes the proper constraint
to the Korn–Lichtenstein equations which leads to the standard Gauss–Krueger conformal mapping
or universal transverse Mercator projection conformal mapping. The arc length of the coordinate line
L0 = const., namely the meridian, between latitude B0 and B is computed by (15.74) as soon as we
set up uniformly convergent Taylor series of type (15.75) and integrate term-wise.

y(0, b) =
∫ B

B0

√
G22(B∗)dB∗ =

∫ B

B0

M(B∗)dB∗ =
∞∑

n=1

y0nbn , (15.74)

√
G22(B) = M(B) =

A1(1− E2)
(1−E2 sin2 B)3/2

=
∞∑

n=1

1
n!

G
(n)
22 (B0)bn . (15.75)

Box 15.2, which follows subsequently, contains a list of resulting coefficients y0n, which establish the
setup of the constraints defined in Definition 15.3.

Definition 15.3 (Constraints to the Korn–Lichtenstein equations of conformal mapping).

Let there be given the ellipsoidal Korn–Lichtenstein equations (15.76), subject to the integrability con-
dition, the Laplace–Beltrami equations (15.77), which generate a conformal mapping via a polynomial
representation of type (15.29)–(15.32) and the coefficient constraints given by (15.69)–(15.73).

yl = −
√

G11/G22xb , yb =
√

G22/G11xl , (15.76)

sxll + (rxb)b = 0 , syll + (ryb)b = 0 . (15.77)

The equidistant mapping of the meridian of reference L0 establishes by means of constraints of type
(15.78) the conformal mapping of type Gauss–Krueger or UTM.

x(0, b) = 0 , y(0, b) =
∞∑

n=1

y0nbn . (15.78)

End of Definition.

Box 15.2 (The equidistant mapping of the meridian of reference L0, y(0, b) =
P∞

n=1 y0nbn, coefficients
y01, . . . , y04).

y01 =
√

G22

˛̨̨
B0

=
A1(1 − E2)

(1 − E2 sin2 B0)3/2
,

y02 =
1

2
[
√

G22]
′ =

1

4
G′

22/
√

G22

˛̨̨
B0

=
3

2

A1E
2(1 − E2) cosB0 sin B0

(1 − E2 sin2 B0)5/2
,

y03 =
1

24
[2G22G

′′
22 − G′

22
2
]/G

3/2
22

˛̨̨
B0

=
1

2

A1E
2(1 − E2)

(1 − E2 sin2 B0)7/2
(1 − 2 sin2 B0 + 4E2 sin2 B0 − 3E2 sin2 B0) ,

y04 =
1

192
[4G2

22G
′′′
22 − 6G22G

′
22G

′′
22 + 3 G′

22
3
]/G

5/2
22

˛̨̨
B0

=
1

8

A1E
2(1 − E2)

(1 − E2 sin2 B0)9/2
cos B0 sin B0(4 − 15E2 + 22E2 sin2 B0 − 20E4 sin2 B0 + 9E4 sin4 B0) .

(15.79)
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Let us now give the solution of the Korn–Lichtenstein equations with respect to the ellipsoid-of-
revolution and subject to the integrability condition of the type of the vectorial Laplace–Beltrami
equation in the function space of bivariate polynomials of type (15.29)–(15.32) and restricted to the
coefficient constraints given by (15.69)–(15.73). The quoted result is collected in the following Box 15.3.

Box 15.3 (Vanishing and non-vanishing polynomial coefficients xij and yij : n = 1 . . . n = 4).

n = 1 :

x01 = 0 , y01 given ,

[(15.69)] x10 = 1
s0

y01 . y10 = 0 .
(15.80)

n = 2 :

x02 = 0 , y02 given ,

[(15.70)] x20 = 0 , [(15.53)] y20 = − 1
2s0

(2r0y02 + r1y01) ,

[(15.52)] x11 = 1
s0

(2y02 − s1x10) . [(15.70)] y11 = 0 .

(15.81)

n = 3 :

x03 = 0 , y03 given ,

[(15.54)] x30 = − 1
6s0

(2r0x12 + r1x11) , [(15.71)] y30 = 0 ,

[(15.55)] x21 = 0 , [(15.71)] y21 = 2s0x30 ,

[(15.71)] x12 = 1
s0

(3y03 − s1x11 − s2x10) . [(15.71)] y12 = 0 .

(15.82)

n = 4 :

x04 = 0 , y04 given ,

[(15.58)] x40 = 0 , [(15.72)] y40 = − 1
4
r0x31 ,

[(15.72)] x31 = 1
3s0

(2y22 − 3s1x30) , [(15.72)] y31 = 0 ,

[(15.72)] x22 = 0 , [(15.72)] y22 = − 3
2
r0x13 − r1x12 − 1

2
r2x11 ,

[(15.72)] x13 = 1
s0

(4y04 − s1x12 − s2x11 − s3x10) . [(15.72)] y13 = 0 .

(15.83)

Theorem 15.4 (The solution of the Korn–Lichtenstein equations of conformal mapping which generates
directly Gauss–Krueger or UTM conformal coordinates).

The equidistant mapping of the meridian of reference L0, which is the constraint fixing the general
solution (15.84) of the Korn–Lichtenstein equations (15.85) subject to the integrability conditions, the
Laplace–Beltrami equations given by (15.86), leads us to the solution (15.87) in the function space of
bivariate polynomials.

x(l, b) = 0 , y(0, b) =
∞∑

n=1

y0nbn , (15.84)

xl −
√

G11/G22yb = 0 , xb −
√

G22/G11yl = 0 , (15.85)

∆LB

[
x(l, b)
y(l, b)

]
= 0 , (15.86)
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x(l, b) =

= x10l + x11lb + x30l
3 + x12lb

2 + x31l
3b + x13lb

3 + x50l
5 + x32l

3b2+

+x14lb
4 + O(6) ,

y(l, b) =

= y01b + y20l
2 + y02b

2 + y21l
2b + y03b

3 + y40l
4 + y22l

2b2 + y04b
4 + y41l

4b + y23l
2b3+

+y05b
5 + O(6) .

(15.87)

Box 15.4 and Box 15.5 are a collection of the coefficients x10, . . . , y05.

End of Theorem.

m, n ↔ xmn

n

m

Fig. 15.3. Monomial diagram. The ideal J of conformal bivariate polynomials of type Gauss–Krueger/UTM.
The solid dots illustrate monomials in J , those not in J are open circles, x(l, b), according to D. Cox, J. Little,
and D.O’Shea (1996).

m, n ↔ xmn

n

m

Fig. 15.4. Monomial diagram. The ideal J of conformal bivariate polynomials of type Gauss–Krueger/UTM.
The solid dots illustrate monomials in J , those not in J are open circles, y(l, b), according to D.Cox, J. Little,
and D.O’Shea (1996).
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Box 15.4 (A representation of the non-vanishing coefficients in a polynomial setup of a conformal mapping
of type Gauss–Krueger or UTM).

x(l, b) =

= x10l + x11lb + x30l
3 + x12lb

2 + x31l
3b + x13lb

3 + x50l
5 + x32l

3b2+

+x14lb
4 + O(6) ,

(15.88)

x10 =
A1 cos B0

(1 − E2 sin2 B0)1/2
,

x11 =
−A1(1 − E2) sin B0

(1 − E2 sin2 B0)3/2
,

x30 =
A1 cos B0(1 − 2 sin2 B0 + E2 sin4 B0)

6(1 − E2)(1 − E2 sin2 B0)1/2
,

x12 =
−A1(1 − E2) cosB0(1 + 2E2 sin2 B0)

2(1 − E2 sin2 B0)5/2
,

x31 =
−A1 sin B0

6(1 − E2)(1 − E2 sin2 B0)3/2
×

×[5 − E2 − 6 sin2 B0(1 + E2) + 3E2 sin4 B0(3 + E2) − 4E4 sin6 B0] ,

x13 =
A1(1 − E2) sin B0

6(1 − E2 sin2 B0)7/2
×

×[1 − 9E2 + 2E2 sin2 B0(5 − 3E2) + 4E4 sin4 B0] ,

x30 =
A1 cos B0

120(1 − E2)3(1 − E2 sin2 B0)1/2
×

×[5 − E2 − 4 sin2 B0(7 + 4E2) + 2 sin4 B0(12 + 43E2 + 13E4)−

−4E2 sin6 B0(18 + 25E2 + 3E4) + E4 sin8(77 + 39E2) − 28E6 sin10 B0] ,

x32 =
−A1 cos B0

120(1 − E2)(1 − E2 sin2 B0)5/2
×

×[5 − E2 − 2 sin2 B0(9 + 4E2 + E4) + 15E2 sin4 B0(3 + E2)−

−2E4 sin6 B0(23 + 3E2) + 16E6 sin8 B0] ,

x14 =
A1(1 − E2) cos B0

24(1 − E2 sin2 B0)9/2
×

×[1 − 9E2 + 36E2 sin2 B0(1 − 2E2)+

+12E4 sin4 B0(5 − 2E2) + 8E6 sin6 B0] .

(15.89)
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Box 15.5 (A representation of the non-vanishing coefficients in a polynomial setup of a conformal mapping
of type Gauss–Krueger or UTM).

y(l, b) =

= y01b + y20l
2 + y02b

2 + y21l
2b + y03b

3 + y40l
4 + y22l

2b2 + y04b
4 + y41l

4b + y23l
2b3+

+y05b
5 + O(6) ,

(15.90)

y01 =
A1(1 − E2)

(1 − E2 sin2 B0)3/2
,

y20 =
A1 cos B0 sin B0

2(1 − E2 sin2 B0)1/2
,

y02 =
3A1E

2(1 − E2) cos B0 sin B0

2(1 − E2 sin2 B0)5/2
,

y21 =
A1(1 − 2 sin2 B0 + E2 sin4 B0)

2(1 − E2 sin2 B0)3/2
,

y03 =
A1E

2(1 − E2)

2(1 − E2 sin2 B0)7/2
×

×[1 − 2 sin2 B0(1 − 2E2) − 3E2 sin2 B0] ,

y40 =
A1 cos B0 sin B0

24(1 − E2)(1 − E2 sin2 B0)1/2
×

×[5 − E2 − 6 sin2 B0(1 + E2) + 3E3 sin4 B0(3 + E2) − 4E4 sin5 B0] ,

y22 =
−A1 cos B0 sin B0

4(1 − E2 sin2 B0)5/2
×

×[4 − 3E2 − 2E2 sin2 B0 + E4 sin4 B0] ,

y04 =
−A1E

2(1 − E2) cos B0 sin B0

8(1 − E2 sin2 B0)9/2
×

×[4 − 15E2 + 2E2 sin2 B0(11 − 10E2) + 9E2 sin4 B0] ,

y41 =
A1

24(1 − E2)2(1 − E2 sin2 B0)3/2
×

×[5 − E2 − 4 sin2 B0(7 + 4E2) + 2 sin4 B0(12 + 43E2 + 13E4) − 4E2 sin6 B0(18 + 25E2 + 3E4)+

+E4 sin8 B0(77 + 39E2) − 28E6 sin10 B0] ,

y23 =
−A1

12(1 − E2 sin2 B0)7/2
×

×[4 − 3E2 − 4 sin2 B0(2 − 4E2 + 3E4) − 2E2 sin4 B0(2 − 5E2)−

−4E4 sin6 B0 + E6 sin8 B0] ,

y05 =
−A1E

2(1 − E2)

40(1 − E2 sin2 B0)11/2
×

×[4 − 15E2 − 4 sin2 B0(2 − 32E2 + 45E4) − 2E2 sin4 B0(38 − 181E2 + 60E4)−

−4E4 sin6 B0(41 − 34E2) − 27E5 sin5 B0] .

(15.91)
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15-4 Principal distortions and various optimal designs (UTM mappings)

Principal distortions and various optimal designs of the Universal Transverse Mercator Projection (UTM)
with respect to the dilatation factor.

By means of the general eigenvalue problem, we can constitute the principal distortions. At first, we
compute the left Cauchy–Green tensor for the universal transverse Mercator projection modulo an
unknown dilatation parameter according to Corollary 15.5.

Corollary 15.5 (E2
A1,A1,A2

, left Cauchy–Green tensor, Universal Transverse Mercator Projection (UTM)
modulo an unknown dilatation parameter).

The solution of the boundary value problem subject to the integrability conditions of type Box 15.4
and Box 15.5 constitute the Universal Transverse Mercator Projection (UTM) modulo an unknown
dilatation parameter ρ, namely (15.92), in the function space of bivariate polynomials.

x(l, b) =

= ρ
(
x10l + x11lb + x30l

3 + x12lb
2 + x31l

3b + x13lb
3 + x50l

5 + x32l
3b2 + x14lb

4+

+O(6)
)

,

y(l, b) =

= ρ
(
y01b + y20l

2 + y02b
2 + y21l

2b + y03b
3 + y40l

4 + y22l
2b2 + y04b

4 + y41l
4b + y23l

2b3 + y05b
5+

+O(6)
)

.

(15.92)

The coordinates of the left Cauchy–Green deformation tensor Cl are represented by

c11 := x2
l + y2

l ,

c12 := c21 := xlxb + ylyb = 0 ,

c22 := x2
b + y2

b ,

(15.93)

or

xl = ρ
(
x10 + x11b + 3x30l

2 + x12b
2 + Olx(3)

)
,

yl = ρ
(
2y20l + 2y21lb + Oly(3)

)
,

xb = ρ
(
x11l + 2x12lb + Obx(3)

)
,

yb = ρ
(
y01 + 2y02b + y21l

2 + 3y03b
2 + Oby(3)

)
,

(15.94)

and

c11 = ρ2
(
x2

10 + (4y20 + 6x10x30)l
2 + 2x10x11b + x2

11b
2 + Ol(3)

)
,

c22 = ρ2
(
y2
01 + (x11 + 2y01y21)l2 + 4y01y02b + (4y2

02 + 6y01y03)b2 + Ob(3)
)

.
(15.95)

End of Corollary.
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The proof of Corollary 15.5 4 is lengthy, namely for c12 = c21 = 0. Instead, we refer to the solution of
the general eigenvalue problem in Corollary 15.6.

Corollary 15.6 (E2
A1,A1,A2

, principal distortions, Universal Transverse Mercator Projection (UTM) modulo
an unknown dilatation parameter).

Under the mapping equations (15.92), which constitute the Universal Transverse Mercator Projection
(UTM) modulo an unknown dilatation parameter ρ, the principal distortion or factor of conformality,
after a lengthy computation, amounts to

Λ2 := Λ2
1 = Λ2

2 =
c11

G11
=

c22

G22
(15.96)

or

Λ2 = ρ2

(
1 + cos2 B

(
1 +

E2

1−E2
cos2 B

)
l2 + OΛ2(l4)

)
. (15.97)

End of Corollary.

In summarizing, we get the squared factor of conformality proportional to the order of squared l2.
In the following few passages, we determine the unknown dilation factor either by the postulate of
minimal total distance distortion (Airy optimality) or by the postulate of minimal total areal distortion.
Results are collected in two corollaries, two examples (UTM and Gauss–Krueger conformal coordinate
systems) and five graphical illustrations.

Corollary 15.7 (Dilatation factor for an optimal transversal Mercator projection, minimal total distance
distortion, Airy optimum).

(i)
For a conformal map of the half-symmetric strip [−lE,+lE] × [BS, BN] of type Universal Transverse
Mercator Projection (UTM), the unknown dilatation factor ρ is optimally designed under the postulate
of minimal total distance distortion if (15.98) accurate to the order O(E4) holds.

ρ = 1− 1
6
l2E

[
sin BN + E2 sin BN − 1

3 sin3 BN − E2

5 sin5 BN

sin BN + 2
3E2 sin3 BN − sin BS − 2

3E2 sin3 BS

+

+
− sin BS −E2 sin BS + 1

3 sin3 BS + E2

5 sin5 BS

sin BN + 2
3E2 sin3 BN − sin BS − 2

3E2 sin3 BS

+ · · ·
]

.

(15.98)

(ii)

For the symmetric strip [−lE,+lE]× [−BN, BN], we specialize

ρ = 1− 1
6
l2E

(1 + E2) sin BN − 1
3 sin3 BN − 1

5E2 sin5 BN

sin BN + 2
3E2 sin2 BN

. (15.99)

(iii)

If BN −BS = π/2 up to O(E4), ρ amounts to

ρ(π/2) = 1− 1
9

(
1 +

8
15

E2

)
l2E . (15.100)

End of Corollary.
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Example 15.3 ([−lE,+lE]× [BS, BN] = [−3.5◦,+3.5◦]× [80◦ S, 84◦ N]).

The classical UTM conformal coordinate system is chosen for a strip of 6◦ width with 1◦ overlays and
between BS = −80◦ of southern latitude and BN = +84◦ of northern latitude. Once we refer to the
Geodetic Reference System 1980 (H. Moritz, 1984), E2 = 0.006 694 380 022 90, in particular, with lE
given by lE = 3.5◦ = 0.061 086 5 rad, the dilatation parameter amounts to

ρ = 0.999 578 (scale reduction factor 1 : 2 370) . (15.101)

End of Example.

Example 15.4 ([−lE,+lE]× [BS, BN] = [−2◦,+2◦]× [80◦ S, 80◦ N]).

The classical Gauss–Krueger conformal coordinate system is chosen for a strip of 3◦ width with 0.5◦

overlays and between BS = −80◦ of southern latitude and BN = +80◦ of northern latitude. Once we
refer to the Geodetic Reference System 1980, E2 = 0.006 694 380 022 90, in particular, with lE given
by lE = 2◦ = 0.034 906 5 rad, the dilatation parameter amounts to

ρ = 0.999 864 (scale reduction factor 1 : 7 353) . (15.102)

End of Example.
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Fig. 15.5. (1) The ratio of scale factors Λ/ρ(l) as a function of l, B = 70◦ (→ (15.97)). (2) The ratio of
scale factors Λ/ρ(B) as a function of B, l = 3◦ (→ (15.97)). (3) Dilatation factor ρ(lE) as a function of
lE = 0.006 694 380 022 90 (→ (15.100)). (4) ρ(lE) as a function of eccentricity E, lE = 3.5◦, first illustration
(→ (15.100)). (5) ρ(lE) as a function of eccentricity E, lE = 3.5◦, second illustration (→ (15.100)).
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For the proof, we start from the formula Λ2(l, b) as a representation of formula (15.97), namely the
principal distortion as a function of the longitudinal difference L − L0 =: l and the latitude B. The
criterion of optimality for the first design of the transverse Mercator projection modulo an unknown
dilatation factor ρ is the minimal total distance distortion over a meridian strip [lW, lE]× [BS, BN] be-
tween a longitudinal extension LW and LE and a latitudinal extension BS and BN (namely the symbols
S, N, E, and W as indices denote South, North, East, and West), in particular, the G.B.Airy (1861)
distortion measure (15.103) with respect to the principal distortions Λ1 and Λ2 and the spheroidal
surface element, locally (15.104) and globally (15.105). The G. B. Airy distortion minimization subject
to Λ1 = Λ2 = Λ, the criterion for conformality, leads directly to the representations (15.98)–(15.100).

IlA :=

:=
1

2S

∫
dS

[
(Λ1 − 1)2 + (Λ2 − 1)2

]
= min ,

(15.103)

dS =

= A2
1(1− E2) cos B dl dB(1−E2 sin2 B)2 ,

(15.104)

S =

= 2A2
1(1− E2)lE×

×[sinBN + (2/3)E2 sin3 BN − (sinBS + (2/3)E2 sin3 BS)+

+ON(E4) + OS(E4)] .

(15.105)

As an alternative, we could base a second design of the transverse Mercator projection modulo an
unknown dilatation factor ρ on a minimal total areal distortion over a meridian strip [lW, lE]×[BS, BN]
between a longitudinal extension LW and LE and a latitudinal extension BS and BN, in particular,
the distortion measure (15.106) with respect to principal distortions Λ1 and Λ2, and the spheroidal
surface element. But surprisingly, it does not differ from the one of the previous corollary, the optimal
Airy design, see Corollary 15.8, the proof of which we want to leave to the reader.

Il(areal) :=

:=
1
S

∫
dS

(
Λ1Λ2 − 1

)
.

(15.106)

Corollary 15.8 (The dilatation factor for an optimal universal transverse Mercator projection, the zero
total distortion).

For a conformal map of the half-symmetric strip [−lE, lE]× [BS, BN] of type universal transverse Mer-
cator projection, the postulate of minimal total distance distortion (Airy optimum) and the postulate
of minimal total areal distortion lead to the same unknown dilatation factor ρ (→ (15.98)–(15.100)).
The total areal distortion amounts to zero!

End of Corollary.
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(1996), A. Dermanis and E. Livieratos (1983, 1993), A. Dermanis, E. Livieratos, and S.Pertsinidou
(1984), J. Engels and E. Grafarend (1995), L. Euler (1755, 1770), A. Finzi (1922), C. F. Gauss
(1813, 1816–1827, 1822, 1844), H.Glasmacher, K.Krack (1984), H.Goenner, E.Grafarend, and
R. J. You (1994), E.Grafarend (1995), E. Grafarend and R. Syffus (1995, 1998c), G. Green (1841),
E. R. Hedrick and L. Ingold (1925a,b), S.Heitz (1988), M. Hotine (1946, 1947), C. G. J. Jacobi (1839),
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(1944, 1976), L. Lichtenstein (1911, 1916), R. Lilienthal (1902–1927), J. Liouville (1850), E. Livieratos
(1987), C. F. van Loan (1976), D. H. Maling (1960, 1973), H. Maurer (1935), A. I. Markuschewitsch
(1955), O. M. Miller (1941), C. W. Misner (1978), S. K.Mitra and C. R. Rao (1968), B. deMoor
and H. Zha (1991), B. Mueller (1991), G.Ricci (1918), P.Richardus and R.K.Adler (1972a,b),
C. F. B. Riemann (1851), M. Rosenmund (1903), E. Schering (1857), H. Schmehl (1927), J. A. Schouten
(1921), J. P. Snyder (1979a–c, 1982), K. Spallek (1980), E. M. Stein and G. Weiss (1968), T. C. T. Ting
(1985), N. A. Tissot (1881), F. Uhlig (1976, 1979), H. Weber (1867), T. Wray (1974), K.Yano (1970),
A. I. Yanushaushas (1982), M. Zadro and A.Carminelli (1966), H. Zha (1991) and J. Zund (1987).

15-5 Examples (Gauss–Krueger/UTM coordinates)

Various interesting Examples. Mapping of the transverse Mercator projection. Gauss–Krueger/UTM co-
ordinates. Strip system, meridian strip system of Germany.

There has been the result that the regular transverse Mercator projection of the sphere is simple and
its mathematical version does not cause any problem. The picture changes if we move to the transverse
Mercator projection of the ellipsoid-of-revolution.

Im
p
or

ta
nt

! It relates to the elliptical transverse cylinder. It is conformal. Its central meridian and each
meridian 90◦ apart from it are straight lines. Its equator is a straight line, other meridians and
parallels are complex curves. Scale is true along the central meridian or along two straight
lines in the map equidistant from and parallel to the central meridian, constant along any
straight line on the map parallel to the central meridian. Scale becomes infinite 90◦ from
the reference meridian. It is used extensively for quadrangle maps at scales from 1 : 25000
to 1 : 250000.

We recall the representation of Transverse Mercator coordinates for the ellipsoid-of-revolution in the
following form.

x(l, b) =

= x10l + x11lb + x30l
3 + x12lb

2 + x31l
3b + x13lb

3 + x50l
5 + x32l

3b2 + x14lb
4+

+O(6)

(Easting) ,

(15.107)

y(l, b) =

= y01b + y20l
2 + y02b

2 + y21l
2b + y03b

3 + y40l
4 + y22l

2b2 + y04b
4 + y41l

4b + y23l
2b3+

+O(6)

(Northing) .

(15.108)
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poleimage of the
meridian of reference

equator

L = L0

B = 0

image of the equator

the elliptic cylinder
mapped to a plane

Fig. 15.6. Mapping of the transverse Mercator projection, the surface of the elliptical cylinder and the
line-of-contact L0.
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Fig. 15.7. Mapping of the transverse Mercator projection, central meridian L = L0. Mapping of the point P
with respect to the point P0(L0, B0) of reference, l := L − L0, b := B − B0.
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Fig. 15.8. Mapping of the transverse Mercator projection, strip system.



15-5 Examples (Gauss–Krueger/UTM coordinates) 337

x
x

y
y

y

P

L
=

L
0
1

L
=

L
0
2

L
=

L
0
3

L
=

L
0
1

L
=

L
0
2

s
tr

ip
w

id
th

P
(
L

,B
)

y
1

x
1

x
2

L
=

L
P

y
2

6
°

6
°

1
2
°

1
2
°

9
°

1
5
°

9
°

1
5
°

2

3

4

5

6

1

5
4
°

equa

to
r

2
l

l
1

Fig. 15.9. Mapping of the transverse Mercator projection, meridian strip system of Germany: reference
meridians L0 = {6◦, 9◦, 12◦, 15◦}, overlapping range ±0.5◦.
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Fig. 15.10. Mapping of the transverse Mercator projection, meridian strip system of Germany, strip width
±1.5◦, Gauss–Krueger coordinates.

Im
p
or

ta
nt

!

West and East of the reference meridian, we choose a strip of ±1.5◦ in longitude for a
Gauss–Krueger strip system, for instance, according to Example 15.5 and Example 15.6 in
the strips 6◦, 9◦, and 12◦ for Germany. In contrast, ETRS 89 is given in UTM coordinates
requiring a strip of ±3◦ width, a 6◦ wide strip reference system.

In order to avoid negative coordinates which are located West of the reference meridian and not to
lose reference to the reference meridian, Easting coordinates as well as Northing coordinates of the
Gauss–Krueger strip system are to changed in the following way.

Im
p
or

ta
nt

!

(i) x: add 106 times the meridian number L0/3◦, (ii) x: add the number 500000m, and (iii)
y: define y0 + y(l, b) as the number reflecting the distance of a point from the equator. y0 is
the length of the meridian arc from the equator to the ellipsoidal latitude B0.
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Fig. 15.11. Mapping of the transverse Mercator projection, meridian strip system of Germany, strip width
±1.5◦, Gauss–Krueger coordinates, point 1 is indicated by the dot–circle.

Example 15.5 (Gauss–Krueger coordinates. Easting versus Northing coordinates).

The point 1, which is located on the Bessel ellipsoid, is described by ellipsoidal normal coordinates
L = 6.8◦ and B = 51.2◦. Compare with Fig. 15.11.

Im
p
or

ta
nt

!

x1(Gauss–Krueger) = 55 909.151m, y1(Gauss–Krueger) = 5 674 057.263m.

Easting: 2 555 909.151m, Northing: 5 674 057.263m.

Im
p
or

ta
nt

!

The point 1 is located 55 909.151m East of the reference meridian with the meridian number
2, that is L0 = 6◦ and 5 674 057.263m North of the equator.

End of Example.
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Fig. 15.12. Mapping of the transverse Mercator projection, meridian strip system of Germany, strip width
±1.5◦, Gauss–Krueger coordinates, point 6 (dot–circle) in two separate strips.

Example 15.6 (Gauss–Krueger coordinates. Easting versus Northing coordinates).

The point 6, which is located on the Bessel ellipsoid, is described by ellipsoidal normal coordinates
L = 13.75◦ and B = 53.8◦. Compare with Fig. 15.12.

First meridan strip.

Im
p
or

ta
nt

!

x1(Gauss–Krueger) = 115 287.428m, y1(Gauss–Krueger) = 5 964 460.428m.

Easting: 4 615 287.428m, Northing: 5 964 460.428m.

Im
p
or

ta
nt

!

The point 6 is located 115 287.428m East of the reference meridian with the meridian number
4, that is L0 = 12◦ and 5 964 460.428m North of the equator.
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Second meridan strip.
Im

p
or

ta
nt

!

x2(Gauss–Krueger) = −82 350.056m, y2(Gauss–Krueger) = 5 963 764.424m.

Easting: 5 417 649.944m, Northing: 5 963 764.424m.

Im
p
or

ta
nt

!

The point 6 is located 82 350.056m West of the reference meridian with the meridian number
5, that is L0 = 15◦ and 5 963 464.424m North of the equator.

End of Example.
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Fig. 15.13. Mapping of the universal transverse Mercator projection, strip width ±3◦, scale factor 0.999 587
(Geodetic Reference System 1980, H.Moritz 1984).

If we choose a Universal Transverse Mercator Projection as our reference system, we have to acknowl-
edge that the central meridian is not equidistantly mapped. Instead, two meridians West and East of
the central meridian are mapped equidistantly.
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We compute the scale factor of the reference meridian by minimizing the Airy distortion measure in
a given strip with respect to the ellipsoid-of-revolution in a preceding section. There is an International
Agreement to use the scale factor 0.999 587.

Im
p
or

ta
nt

! In practice, we use relative to the reference meridian the zone number (L0+3◦)/6◦+30. In use
is also the reference Easting/Northing with respect to the meridians L0 = −177◦ = 177◦ W,
L0 = −171◦, · · · , L0 = −3◦, L0 = 3◦, . . . , L0 = 171◦ = 171◦ E. For instance, Germany is
located between the zone 32 and the zone 33. The easterly coordinate is equipped with an
offset number 500000m, called “false Easting”. In contrast, Northings are changed by an
offset of 10 000 000m on the southern hemisphere (y < 0) to avoid negative coordinates, an
artifical effect, called “false Northing”. The strip overlap is chosen as 0.5◦.

Example 15.7 (UTM coordinates. Easting versus Northing coordinates).

The point 1 is described relative to the Geodetic Reference System 80 (GRS 80), the surface normal
cooordinates by L = 6.8◦ and B = 51.2◦. Compare with Figs. 15.14–15.16.

First meridan strip (scale factor 0.999 578).

Im
p
or

ta
nt

!

x1(UTM) = −153 697.036m, y1(UTM) = 5 674 241.346m.

Easting: 346 302.964m, Northing: 5 674 241.346m, zone 32.

Im
p
or

ta
nt

!

The point 1 is located 153 697.036m West of the reference meridian of the zone 32, that is
L0 = 9◦ and 5 674 241.346m North of the equator.

Second meridan strip (scale factor 0.999 578).

Im
p
or

ta
nt

!

x2(UTM) = 265 448.926m, y2(UTM) = 5 678 805.917m.

Easting: 765 448.926m, Northing: 5 678 805.917m, zone 31.

Im
p
or

ta
nt

!

The point 1 is located 265 448.926m East of the reference meridian of the zone 31, that is
L0 = 3◦ and 5 678 805.917m North of the equator.

End of Example.
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12°6°
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Fig. 15.14. Mapping of the universal transverse Mercator projection, strip width ±3◦, scale factor 0.999 578,
point 1 (dot–circle), zone 32 and zone 33.

(1)

(2)

(3)

(3)

(4)

(4)

Fig. 15.15. Mapping of the universal transverse Mercator projection, strip width ±3◦, scale factor 0.999 578,
point 1 (dot–circle), zone 32 and zone 33, map scale 1 : 50000 (Germany). (1) Zone n, UTM grid. (2) Ellipsoidal
normal coordinates of the underlying ellipsoid. (3) East and North values with respect to the central meridian,
zone 32. (4) East and North values with respect to the central meridian, zone 33.
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Fig. 15.16. Mapping of the transverse Mercator projection, zones 31, 32, and 33, design of identity zones.



15-5 Examples (Gauss–Krueger/UTM coordinates) 345

The summary concerning the Gauss–Krueger coordinates is presented in Box 15.6, the summary
concerning the UTM coordinates is presented in Box 15.7, and a comparison is shown in Box 15.8.

Box 15.6 (Summary: Gauss–Krueger coordinates).

(1)

Choose {L0, B0} such that |l| = |L − L0| < lmax = 2◦, |b| = |B − B0| < 1◦, and L0 multiple of 3◦.

False Easting: x(l, b) + L0
3◦ × 106 + 5 × 105, Northing: y0 + y(l, b).

y0 is the length of meridian from the equator to the latitude point B0: B0 = B is permitted.

(2)

Choose {L, B} out of {False Easting, Northing}.

Choose y0 such that |y| = |Northing − y0| < 100 km and
|x| =

˛̨
False Easting − 106 × meridian number − 5 × 105

˛̨
< lmax × R0 × cos B/ρ,

ρ := 180◦/π, R0 = 6 380 000m.

Longitude: L = L0 + l(x, y), latitude: B = B0 + b(x, y).

B0 is the latitude of the meridian arc y0, y0 = Northing is admissible, L0 = 3◦ × meridian number.

Box 15.7 (Summary: UTM coordinates).

(1)

Choose {L0, B0} such that |l| = |L − L0| < lmax = 3.5◦, |b| = |B − B0| < 1◦, and L0 + 3◦ multiple of 6◦.

False Easting: x(l, b) + 5 × 105, False Northing: y0 + y(l, b) +

j
0 if Northing > 0 ,
107 if Northing < 0 .

y0 is the length of meridian from the equator to the latitude point B0: B0 = B is permitted.

(2)

Choose {L, B} out of {False Easting, False Northing} subject to scale 0.999 578.

Choose y0 such that |y| = |False Northing − y0| < 100 km and
|x| =

˛̨
False Easting − 5 × 105

˛̨
< lmax × R0 × cos B/ρ,

ρ := 180◦/π, R0 = 6380000 m.

Longitude: L = (zone − 30) × 6◦ − 3◦ + l(x, y), latitude: B = B0 + b(x, y).

B0 is the latitude of the meridian arc y0, y0 = Northing is admissible.
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Box 15.8 (Comparison: Gauss–Krueger versus UTM, GRS 80, UTM scale factor 0.999 578).

(i)

Strip width:

3◦ 6◦

(ii)

Strip overlay:

0.5◦ 0.5◦

(iii)

Strip extension at B = 50◦:

∼ 287 km ∼ 502 km

(iv)

Scale of the reference meridian:

1 0.999 578

(v)

Scale at strip boundary (B = 50◦):

1.000 25 (l = 2◦) 1.000 37 (l = 3.5◦)

(vi)

No distortion at:

l = 0◦ l ∼ 2◦35′12′′ (B = 50◦)

(vii)

Interpretation:

transversal tangent cylinder transversal secant cylinder

15-6 Strip transformation of conformal coordinates
(Gauss–Krueger/UTM mappings)

Strip transformation of conformal coordinates of type Gauss–Krueger and of type UTM. Conformal
polynomial, inverse conformal polynomial.

Due to the increasing demand of connectivity of geodetic charts of the Earth surface, namely caused by
digital cartography in transport systems (“vehicles”), strip transformations of conformal coordinates
have gained new interest, namely under the postulate of efficiency and speed of computation. Accord-
ingly, we derive here a set of new formulae for the strip transformation of conformal coordinates of
type Gauss–Krueger and of type Universal Transverse Mercator Projection (UTM) with an optimal
dilatation factor different from one.

Section 15-61 has its objective in the derivation of transformation formulae of conformal coor-
dinates {x1, y1} of a strip of ellipsoidal longitude L01 to conformal coordinates {x2, y2} of a strip
of ellipsoidal longitude L02. A two-step-approach is proposed which generates the solution (15.123)
and (15.124) of the strip transformation problem. Section 15-612 focuses on two examples of strip
transformations relating to (i) the Bessel reference ellipsoid and (ii) the World Geodetic Reference
System 1984 (WGS84). In particular, we compare the strip transformation results with those pro-
duced by a direct transformation of ellipsoidal longitude/latitude of a point on the reference ellipsoid
(ellipsoid-of-revolution) into conformal coordinates in the first and second strip.
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15-61 Two-step-approach to strip transformations

Here, we outline the two-step-approach which leads us by inversion technology of bivariate homo-
geneous polynomials to the strip transformation x2 = X(x1, y1) and y2 = Y (x1, y1) of conformal
coordinates {x1, y1} of the first L01-strip into conformal coordinates {x2, y2} of the second L02-strip,
namely for conformal coordinates of type Gauss–Krueger (GK) and UTM.

x2 = X(x1, y1)
y2 = X(x1, y1){x1, y1}

GK or UTM
L01

{x2, y2}
GK or UTM

L02

x1 = f1(L, B)
y1 = g1(L, B)

x2 = f2(L, B)
y2 = g2(L, B)

Fig. 15.17. Commutative diagram for a strip transformation of conformal coordinates of type Gauss–Krueger
or of type UTM.

Assume the conformal coordinates {x1, y1} in the first Gauss–Krueger or UTM strip system of
ellipsoidal longitude L01 to be given. We also refer to L01 as the ellipsoidal longitude of the meridian
of reference which is mapped equidistantly (or up to an optimal dilatation factor) under a conformal
mapping of Gauss–Krueger type (or of UTM type). The minimal distance mapping of a topographic
point on the Earth surface onto the ellipsoid-of-revolution E

2
A1,A2

of semi-major axis A1 and semi-minor
axis A2 as outlined by E.Grafarend and P. Lohse (1991) identifies the point {ellipsoidal longitude,
ellipsoidal latitude} = {L, B} of surface normal type on E

2
A1,A2

. The problem of a strip transformation
may be formulated as following: given the conformal coordinates {x1, y1} with respect to a first strip
system L01 of a point {L, B} on E2

A1,A2
, find its conformal coordinates {x2, y2} with respect to a second

strip system L02. An illustration of the involved transformations is presented in the commutative
diagram of Figs. 15.17 and 15.18. The transformation x2(x1, y1) and y2(x1, y1) to which we refer as
the strip transformation of conformal coordinates of type Gauss–Krueger or of type UTM is generated
as following.

equator

North

Pole

P (L, B)

y2x1
x2

y1

P01 P02

L01 L02

Fig. 15.18. Oblique orthogonal projection of an ellipsoid-of-revolution E
2
A1,A2 , semi-major axis A1, semi-minor

axis A2; meridian of reference L01 and L02, respectively, reference points {L01, B01 = B0} and {L02, B02 = B0},
respectively; L01-strip, L02-strip; a point P (L,B) on E

2
A1,A2 .
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15-611 The first step: polynomial representation of conformal coordinates in the first strip and
bivariate series inversion

The standard polynomial representation of conformal coordinates of type Gauss–Krueger or UTM
in the L01-strip is given by (15.109) and (15.110) subject to the longitude/latitude differences
l1 := L− L01 and b1 := B −B01 with respect to the longitude L01 of the reference meridian and
the latitude B01 of the reference point {L01, B01} of series expansion.

Easting:

x1 = ρ
(
x10l1 + x11l1b1 + x30l

3
1 + x12l1b

2
1 + O4x

)
.

(15.109)

Northing:

y1 = ρ
(
y0 + y01b1 + y20l

2
1 + y02b

2
1 + y03b

3
1 + O4y

)
.

(15.110)

y0 denotes the length of the meridian arc from zero ellipsoidal latitude to the ellipsoidal latitude B01

of the reference point {L01, B01}. The dilatation factor ρ amounts to one for a classical Gauss–Krueger
conformal mapping. Optimal alternative values for the dilatation factor depending on the width of the
strip, namely for UTM, are given in Box 15.9. The coefficients {xij , yij} of the conformal polynomial
of type (15.109) and (15.110) of order five are derived in E.Grafarend (1995, p. 457–459), for instance,
and listed in Boxes 15.4 and 15.5. The length y0 of the meridian arc from the equator to the reference
point is computed from (15.114) in Box 15.10.

Box 15.9 (Optimal dilatation factor for a Universal Transverse Mercator mapping of an ellipsoid-of-revolution
E

2
A1,A2 according to E. Grafarend (1995 p. 459–461), lE := L−L0 eastern longitude difference, BS and BN

southern latitude and northern latitude).

Strip width [−lE, lE] × [BS, BN]: Optimal dilatation factor:

[−3.5◦, +3.5◦] × [80◦, 84◦] , 0.999 578 ,

[−2◦, +2◦] × [80◦, 80◦] . 0.999 864 .
(15.111)

As outlined by E. Grafarend, T. Krarup and R. Syffus (1996, p. 279–284), the inversion of the bivari-
ate homogeneous conformal polynomial (15.109) and (15.110) leads us to the bivariate homogenous
polynomial (15.112) and (15.113) with coefficients {lij , bij} summarized in Box 15.11.

l1 = L− L01 =

= l10
x1

ρ
+ l11

x1

ρ

(
y1

ρ
− y0

)
+ l30

(
x1

ρ

)3

+

+l12
x1

ρ

(
y1

ρ
− y0

)2

+ O4l ,

(15.112)

b1 = B −B01 =

= b01

(
y1

ρ
− y0

)
+ b20

(
x1

ρ

)2

+ b02

(
y1

ρ
− y0

)2

+

+b21

(
x1

ρ

)2 (
y1

ρ
− y0

)
+ b03

(
y1

ρ
− y0

)3

+ O4b .

(15.113)
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Box 15.10 (Meridian arc y0 = M(B0)).

y0 = A1(1 − E2)

Z B0

0

dB

(1 − E2 sin2 B)3/2
= A1

»
B0

„
1 − 1

4
E2 − 3

64
E4 − 5

256
E6 − 175

16384
E8

«
−

−3

8
E2

„
1 +

1

4
E2 +

15

128
E4 − 35

512
E6

«
sin 2B0 +

15

256
E4

„
1 +

3

4
E2 +

35

64
E4

«
sin 4B0−

− 35

3072
E6

„
1 +

5

4
E2

«
sin 6B0 +

315

131072
E8 sin 8B0

–
+ O(E10) .

(15.114)

Box 15.11 (Inverse conformal polynomial {l(x, y), b(x, y)}, coefficients {lij , bij}).

l10 =
(1 − E2 sin2 B0)

1/2

A1 cos B0
, l11 =

(1 − E2) tan B0(1 − E2 sin2 B0)

A2
1(1 − E2) cos B0

,

l30 =
−(1 − E2 sin2 B0)

3/2

6A3
1(1 − E2) cos3 B0

(1 + sin2 B0 − 3E2 sin2 B0 + E2 sin4 B0) ,

l12 =
(1 − E2 sin2 B0)

3/2

2A3
1(1 − E2) cos3 B0

(1 + sin2 B0 − 3E2 sin2 B0 + E2 sin4 B0) ,

l31 =
− tan B0(1 − E2 sin2 B0)

2

6A4
1(1 − E2)2 cos3 B0

×

×(5 − 9E2 + sin2 B0 − 4E2 sin2 B0 + 15E4 sin2 B0 + E2 sin4 B0 − 13E4 sin4 B0 + 4E4 sin6 B0) ,

l13 =
tan B0(1 − E2 sin2 B0)

2

6A4
1(1 − E2)2 cos3 B0

×

×(5 − 9E2 + sin2 B0 − 4E2 sin2 B0 + 15E4 sin2 B0 + E2 sin4 B0 − 13E4 sin4 B0 + 4E4 sin6 B0) ,

l50 =
(1 − E2 sin2 B0)

5/2

120A5
1(1 − E2)3 cos5 B0

×

×(5 − 9E2 + 18 sin2 B0 − 64E2 sin2 B0 + 90E4 sin2 B0 + sin4 B0 − E2 sin4 B0−

−31E4 sin4 B0 − 105E6 sin4 B0 + 2E2 sin6 B0 + 20E4 sin6 B0 + 162E6 sin6 B0−

−7E4 sin8 B0 − 109E6 sin8 B0 + 28E6 sin10 B0) ,

l32 =
−(1 − E2 sin2 B0)

5/2

12A5
1(1 − E2)3 cos5 B0

×

×(5 − 9E2 + 18 sin2 B0 − 64E2 sin2 B0 + 90E4 sin2 B0 + sin4 B0 − E2 sin4 B0−

−31E4 sin4 B0 − 105E6 sin4 B0 + 2E2 sin6 B0 + 20E4 sin6 B0 + 162E6 sin6 B0−

−7E4 sin8 B0 − 109E6 sin8 B0 + 28E6 sin10 B0) ,

l14 =
(1 − E2 sin2 B0)

5/2

24A5
1(1 − E2)3 cos5 B0

×

×(5 − 9E2 + 18 sin2 B0 − 64E2 sin2 B0 + 90E4 sin2 B0 + sin4 B0 − E2 sin4 B0−

−31E4 sin4 B0 − 105E6 sin4 B0 + 2E2 sin6 B0 + 20E4 sin6 B0 + 162E6 sin6 B0−

−7E4 sin8 B0 − 109E6 sin8 B0 + 28E6 sin10 B0) ;

(15.115)
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Continuation of Box.

b01 =
(1 − E2 sin2 B0)

3/2

A1(1 − E2)
,

b02 =
−3E2 cos B0 sin B0(1 − E2 sin2 B0)

2

2A2
1(1 − E2)2

,

b20 =
− tan B0(1 − E2 sin2 B0)

2

2A2
1(1 − E2)

,

b21 =
−(1 − E2 sin2 B0)

5/2(1 − 5E2 sin2 B0 + 4E2 sin4 B0)

2A3
1(1 − E2)2 cos2 B0

,

b03 =
−E2(1 − E2 sin2 B0)

5/2

2A3
1(1 − E2)3

×

×(1 − 2 sin2 B0 − 5E2 sin2 B0 + 6E2 sin4 B0) ,

b40 =
tanB0(1 − E2 sin2 B0)

3

24A4
1(1 − E2)3 cos2 B0

×

×(5 − 9E2 − 2 sin2 B0 − 7E2 sin2 B0 + 21E4 sin2 B0 + 10E2 sin4 B0 − 22E4 sin4 B0 + 4E4 sin6 B0) ,

b22 =
− tan B0(1 − E2 sin2 B0)

3

4A4
1(1 − E2)3 cos2 B0

×

×(2 − 15E2 + 19E2 sin2 B0 + 35E4 sin2 B0−

−8E2 sin4 B0 − 61E4 sin4 B0 + 28E4 sin6 B0) ,

b04 =
E2 cos B0 sin B0(1 − E2 sin2 B0)

3

8A4
1(1 − E2)4

×

×(4 + 15E2 − 38E2 sin2 B0 − 35E4 sin2 B0 + 54E4 sin4 B0) ,

b41 =
(1 − E2 sin2 B0)

7/2

24A5
1(1 − E2)4 cos4 B0

×

×(5 − 9E2 + 4 sin2 B0 − 74E2 sin2 B0 + 126E4 sin2 B0 + 88E2 sin4 B0 − 83E4 sin4 B0 − 189E6 sin4 B0−

−32E2 sin6 B0 − 80E4 sin6 B0 + 368E6 sin6 B0 + 64E4 sin8 B0 − 228E6 sin8 B0 + 40E6 sin10 B0) ,

b23 =
−(1 − E2 sin2 B0)

7/2

12A5
1(1 − E2)4 cos4 B0

×

×(2 − 15E2 + 4 sin2 B0 + 13E2 sin2 B0 + 210E4 sin2 B0 − 32E2 sin4 B0 − 536E4 sin4 B0 − 315E6 sin4 B0+

+16E2 sin6 B0 + 520E4 sin6 B0 + 881E6 sin6 B0 − 176E4 sin8 B0 − 852E6 sin8 B0 + 280E6 sin10 B0) ,

b05 =
E2(1 − E2 sin2 B0)

7/2

40A5
1(1 − E2)5

×

×(4 + 15E2 − 8 sin2 B0 − 172E2 sin2 B0 − 210E4 sin2 B0 + 184E2 sin4 B0 + 872E4 sin4 B0+

+315E6 sin4 B0 − 704E4 sin6 B0 − 944E6 sin6 B0 + 648E6 sin8 B0) .

(15.116)
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15-612 The second step: polynomial representation of conformal coordinates in the second strip
replaced by the conformal coordinates in the first strip

The standard polynomial representation of conformal coordinates of type Gauss–Krueger or UTM
in the L02-strip is given by (15.117) and (15.118) subject to the longitude/latitude differences
l2 := L− L02 and b2 := B −B02 with respect to the longitude L02 of the reference meridian and
the latitude B02 of the reference point {L02, B02} of series expansion.

Easting: x1 = ρ
(
x10l2 + x11l2b2 + x30l

3
2 + x12l2b

2
2 + O4x

)
. (15.117)

Northing: y1 = ρ
(
y0 + y01b2 + y20l

2
2 + y02b

2
2 + y21l

2
2b2 + y03b

3
2 + O4y

)
. (15.118)

y0 denotes the length of the meridian arc from zero ellipsoidal latitude to the ellipsoidal latitude B02

of the reference point {L02, B02} chosen by the identity B01 = B02 = B0 for operational reasons. The
coefficients {xij , yij} can be taken from Boxes 15.4 and 15.5. In addition, the optimal dilatation factor ρ
has been set identical in the L01-strip and the L02-strip of the same strip width. The longitude/latitude
differences {l1, b1} as well as {l2, b2} are related by l2 = (L01−L02)+l1 and b2 = (B01−B02)+b1 being
derived from the invariance L = L01 + l1 = L02 + l2 and B = B01 + b1 = B02 + b2. Now we are on duty
to replace {l2, b2} by means of l2 = (L01−L02)+ l1 and b2 = (B01−B02)+ b1 by {(L01−L02)+ l1, b1}
within (15.117) and (15.118), which leads us to

x2 = ρ
[
x10(L01 − L02) + x10l1 + x11(L01 − L02)b1 + x11l1b1 + x30(L01 − L02)3+

+3x30(L01 − L02)2l1 + 3x30(L01 − L02)l21 + x30l
3
1 + x12(L01 − L02)b2

1 + x12l1b
2
1 + O4x

]
,
(15.119)

y2 = ρ
[
y0 + y01b1 + y20(L01 − L02)2 + 2y20(L01 − L02)l1 + y20l

2
1 + y02b

2
1+

+y21(L01 − L02)2b1 + 2y21(L01 − L02)l1b1 + y21l
2
1b1 + y03b

3
1 + O4y

]
.

(15.120)

Obviously, the conformal coordinates {x2, y2} in the second strip L02 depend on the difference L01−L02

of the chosen L01-strip, respectively. Finally, we have to replace {l1, b1} within {x2, y2} by the bivariate
homogeneous polynomial {l1(x1, y1), b(x1, y1)} given by (15.112) and (15.113) and coefficients {lij , bij}
of Box 15.11. In this way, we have achieved a solution of the strip transformation problem presented
in the form

x2 = ρ

(
x10(L01 − L02) + x10

[
l10

x1

ρ
+ l11

x1

ρ

(
y1

ρ
− y0

)
+ O3l

]
+

+x11(L01 − L02)
[
b01

(
y1

ρ
− y0

)
+ b20

(
x1

ρ

)2

+ b02

(
y1

ρ
− y0

)2

+ O3b

]
+

+x11

[
l10

x1

ρ
+ l11

x1

ρ

(
y1

ρ
− y0

)
+ O3l

]
×

×
[
b01

(
y1

ρ
− y0

)
+ b20

(
x1

ρ

)2

+ b02

(
y1

ρ
− y0

)2

+ O3b

]
+ O3x

)
,

(15.121)

y2 = ρ

(
y0 + y01

[
b01

(
y1

ρ
− y0

)
+ b20

(
x1

ρ

)2

+ b02

(
y1

ρ
− y0

)2

+ O3b

]
+

+y20(L01 − L02)2 + 2y20(L01 − L02)
[
l10

x1

ρ
+ l11

x1

ρ

(
y1

ρ
− y0

)
+ O3l

]
+

+y20

[
l10

x1

ρ
+ l11

x1

ρ

(
y1

ρ
− y0

)
+ O3l

]2

+

+y02

[
b01

(
y1

ρ
− y0

)
+ b20

(
x1

ρ

)2

+ b02

(
y1

ρ
− y0

)2

+ O3b

]2

+ O3y

)
.

(15.122)
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In general:

x2 = x1 + ρ

[
s00 + s10

x1

ρ
+ s01

(
y1

ρ
− y0

)
+ s20

(
x1

ρ

)2

+

+s11
x1

ρ

(
y1

ρ
− y0

)
+ s02

(
y1

ρ
− y0

)2

+ O3s

]
,

(15.123)

y2 = y1 + ρ

[
t00 + t10

x1

ρ
+ t01

(
y1

ρ
− y0

)
+ t20

(
x1

ρ

)2

+

+t11
x1

ρ

(
y1

ρ
− y0

)
+ t02

(
y1

ρ
− y0

)2

+ O3t

]
.

(15.124)

The coefficients {sij , tij} are collected in Box 15.12 and are computed by MATHEMATICA up to order
five as a polynomial in terms of L01−L02. Fig. 15.19 outlines the transformation steps of various orders.
It should be noted that the explicit formula manipulation of the coefficients {sij , tij} in Box 15.12 was
restricted by the postulate x1 = x2 and y1 = y2 if L01 − L02 = 0 holds!

Box 15.12 (Conformal polynomial {x2 = X(x1, y1), y2 = Y (x1, y1)}, coefficients {sij , tij}).

s00 =
A1(L01 − L02) cosB0

(1 − E2 sin2 B0)1/2
+

A1(L01 − L02)
3 cos B0(1 − 2 sin2 B0 + E2 sin4 B0)

6(1 − E2)(1 − E2 sin2 B0)1/2
+

+A1(L01 − L02)
5 cos B0

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0 + 86E2 sin4 B0+

+26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0 + 77E4 sin8 B0 + 39E6 sin8 B0−
−28E6 sin10 B0

–»
120(1 − E2)3(1 − E2 sin2 B0)

1/2

–−1

,

s10 =
(L01 − L02)

2(1 − 2 sin2 B0 + E2 sin4 B0)

2(1 − E2)
+

+(L01 − L02)
4

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0 + 86E2 sin4 B0+

+26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0 + 77E4 sin8 B0 + 39E6 sin8 B0−
−28E6 sin10 B0

–»
24(1 − E2)3

–−1

,

s01 = −(L01 − L02) sin B0−
−(L01 − L02)

3 sin B0

»
5 − E2 − 6 sin2 B0 − 6E2 sin2 B0 + 9E2 sin4 B0+

+3E4 sin4 B0 − 4E4 sin6 B0

–»
6(1 − E2)2

–−1

,

s20 =
(L01 − L02) cosB0(1 − E2 sin2 B0)

3/2

2A1(1 − E2)
+

+(L01 − L02)
3 cos B0(1 − E2 sin2 B0)

3/2

»
5 − E2 − 18 sin2 B0 − 18E2 sin2 B0 + 45E2 sin4 B0+

+15E4 sin4 B0 − 28E4 sin6 B0

–»
12A1(1 − E2)3

–−1

,

s11 = −2(L01 − L02)
2 cos B0 sin B0(1 − E2 sin2 B0)

5/2

A1(1 − E2)2
+

+(L01 − L02)
4 tan B0(1 − E2 sin2 B0)

1/2

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0+

+86E2 sin4 B0 + 26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0+

+77E4 sin8 B0 + 39E6 sin8 B0 − 28E6 sin10 B0

–»
24A1(1 − E2)3

–−1

,

(15.125)
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Continuation of Box.

s02 = − (L01 − L02) cosB0(1 − E2 sin2 B0)
3/2

2A1(1 − E2)
−

−(L01 − L02)
3 cos B0(1 − E2 sin2 B0)

3/2

»
5 − E2 − 18 sin2 B0 − 18E2 sin2 B0 + 45E2 sin4 B0+

+15E4 sin4 B0 − 28E4 sin6 B0

–»
12A1(1 − E2)3

–−1

;

t00 =
A1(L01 − L02)

2 cos B0 sin B0

2(1 − E2 sin2 B0)1/2
+

+A1(L01 − L02)
4 cos B0 sin B0

»
5 − E2 − 6 sin2 B0 − 6E2 sin2 B0 + 9E2 sin4 B0+

+3E4 sin4 B0 − 4E4 sin6 B0

–»
24(1 − E2)2(1 − E2 sin2 B0)

1/2

–−1

,

t10 = (L01 − L02) sin B0+

+(L01 − L02)
3 sin B0

»
5 − E2 − 6 sin2 B0 − 6E2 sin2 B0 + 9E2 sin4 B0+

+3E4 sin4 B0 − 4E4 sin6 B0

–»
6(1 − E2)2

–−1

,

t01 =
(L01 − L02)

2(1 − 2 sin2 B0 + E2 sin4 B0)

2(1 − E2)
+

+(L01 − L02)
4

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0 + 86E2 sin4 B0+

+26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0 + 77E4 sin8 B0 + 39E6 sin8 B0−

−28E6 sin10 B0

–»
24(1 − E2)3

–−1

,

t20 =
(L01 − L02)

2 cos B0 sin B0(1 − E2 sin2 B0)
5/2

A1(1 − E2)2
−

−(L01 − L02)
4 tan B0(1 − E2 sin2 B0)

1/2

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0+

+86E2 sin4 B0 + 26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0+

+77E4 sin8 B0 + 39E6 sin8 B0 − 28E6 sin10 B0

–»
48A1(1 − E2)3

–−1

,

t11 =
(L01 − L02) cos B0(1 − E2 sin2 B0)

3/2

A1(1 − E2)
+

+(L01 − L02)
3 cos B0(1 − E2 sin2 B0)

3/2

»
5 − E2 − 18 sin2 B0 − 18E2 sin2 B0 + 45E2 sin4 B0+

+15E4 sin4 B0 − 28E4 sin6 B0

–»
6A1(1 − E2)3

–−1

,

t02 = − (L01 − L02)
2 cos B0 sin B0(1 − E2 sin2 B0)

5/2

A1(1 − E2)2
−

−(L01 − L02)
4E2 cos B0 sin B0(1 − E2 sin2 B0)

1/2

»
5 − E2 − 28 sin2 B0 − 16E2 sin2 B0 + 24 sin4 B0+

+86E2 sin4 B0 + 26E4 sin4 B0 − 72E2 sin6 B0 − 100E4 sin6 B0 − 12E6 sin6 B0+

+77E4 sin8 B0 + 39E6 sin8 B0 − 28E6 sin10 B0

–»
16A1(1 − E2)4

–−1

.

(15.126)
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step one

L, B

l1 := L − L01

b1 := B − B01

l2 := L − L02

b2 := B − B02

l1 = L(x1, y1)

b1 = B(x1, y1)

conformal polynomial inversion

step two

x1, y1

x2, y2

x2 = X(x1, y1)

y2 = Y (x1, y1)

x2 = Xlb(l1, b1; L01 − L02)

y2 = Ylb(l1, b1; L01 − L02)

B01 = B02 = B0

l2 = (L01 − L02) + l1

b2 = (B01 − B02) + b1

Fig. 15.19. Flow chart of the two step approach for generating the strip transformation x2 = X(x1, y1) and
y2 = Y (x1, y1).

15-62 Two examples of strip transformations

Let us consider two examples of a strip transformation of conformal coordinates of Gauss–Krueger type
with a dilatation factor ρ = 1 (A. Schoedlbauer 1981c, 1982c,a) and a strip transformation of conformal
coordinates of UTM type with ρ = 0.999 578. Due to Example 15.8, we start from the coordinates ellip-
soidal longitude/latitude of TP I.O. Bonstetten ({L, B} = {10◦42′59.′′3215, 48◦26′45.′′4355}) on the
Bessel ellipsoid of semi-major axis A = 6377 397.155m and reciprocal flattening f−1 = 299.152 812 85.
The first and second strip has been fixed with L01 = 9◦ and L02 = 12◦, respectively. The ellip-
soidal latitude of the reference point was chosen to B0 = 48◦. In addition, we compared the di-
rect transformation {L, B} → {x1, y1} and {L, B} → {x2, y2} as illustrated by the commutative
diagram of Fig. 15.17, leading to differences in the submillimeter range. By contrast, Example 15.9
gives the strip transformation of a point {L, B} = {12.01◦, 49◦} on the ellipsoid referring to WGS84
(A = 6378 137m, f−1 = 298.257 223 563) with a first reference meridian of L01 = 9◦ and a second of
L01 = 15◦. The differences again in the comparison of both ways of calculating the UTM coordinates
have been in the submillimeter range the closer B0 is chosen to the point {L, B}.

Im
p
or

ta
nt

!

The strip transformation of conformal coordinates of type Gauss–Krueger (ρ = 1) or UTM
(ρ = 0.999 578) for a strip [−lE, lE]× [BS, BN] = [−3.5◦, 3.5◦]× [80◦S, 84◦N]) represented by
x2 = X(x1, y1) and y2 = Y (x1, y1) is derived in terms of a bivariate polynomial up to order
five. {x1, y1} represent the conformal coordinates in the first strip of ellipsoidal longitude L01,
while {x2, y2} represent those conformal coordinates in the second strip of ellipsoidal longi-
tude L02. X(x1, y1) and Y (x1, y1) are power series in terms of L01 − L02 given by (15.123),
(15.124), and Box 15.12. Two examples (Bessel ellipsoid, World Geodetic Reference System
1984 (WSGS84)) document the numerical stability of the derived strip transformation.
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Example 15.8 (Bessel ellipsoid, strip transformation x2(x1, y1) and y2(x1, y1) of conformal coordi-
nates of Gauss–Krueger (GK) type versus direct transformations {L, B} → {x1, y1} with respect to
L01 =9 ◦ and {L, B} → {x2, y2} with respect to L02 =12 ◦, TP 1.O. Bonstetten (L =10 ◦42 ′59 .′′3215 ,
B =48 ◦26 ′45 .′′4355 )).

{L, B} → {x1, y1}:

L01 =9 ◦ ,

dilatation factor ρ =1 ,

B0 =48 ◦ ,

x1 =126967 .24833m , y1 =51005 .56924m ,

y0(B0 =48 ◦) =5317885 .23232m .

Conventional Gauss–Krueger coordinates:

Northing yGK = y0 + y1 =5368890 .80155m ,

False Easting xGK = L01
3◦ × 10 6 m +500000m + x1 =3626967 .24833m .

{L, B} → {x2, y2}:

L02 =12 ◦ ,

dilatation factor ρ =1 ,

B0 =48 ◦,

x2 = −94942 .37114m , y2 =50378 .01551m .

Conventional Gauss–Krueger coordinates:

Northing yGK =5368263 .24782m ,

False Easting xGK = L02
3◦ × 10 6 m +500000m + x2 =4405057 .62886m .

{x1, y1} → {x2, y2}:

B0 =48 ◦ ,

x2 = −94942 .37110m , y2 =50378 .01551m ,

End of Example.
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Example 15.9 (WGS84 reference ellipsoid, strip transformation x2(x1, y1) and y2(x1, y1) of conformal
coordinates of UTM type versus direct transformations {L, B} → {x1, y1} with respect to L01 =9 ◦ and
{L, B} → {x2, y2} with respect to L02 =15 ◦, B =49 ◦, and L =12 ◦0′36 ′′).

{L, B} → {x1, y1}:

L01 =9 ◦,

dilatation factor ρ =0 .999578 ,

B0 =48 ◦

⎧⎪⎪⎨⎪⎪⎩
x1 = ρ× 220233 .08033m ,

y1 = ρ× 115567 .83991m ,

y0 = ρ× 5318427 .59549m ,

B0 =48 .8◦

⎧⎪⎪⎨⎪⎪⎩
x1 = ρ× 220233 .08033m ,

y1 = ρ× 26609 .36314m ,

y0 = ρ× 5407386 .07226m .

Conventional UTM coordinates:

Northing yUTM = y0 + y1 =5431702 .28933m ,

False Easting xUTM =500000m + x1 =720140 .14200m , zone L01+3◦
6◦ +30=32 .

{L, B} → {x2, y2}:

L02 =15 ◦ ,

dilatation factor ρ =0 .999578 ,

B0 =48 ◦
{

x2 = −ρ× 218769 .92264m ,

y2 = ρ× 115509 .96794m ,

B0 =48 .8◦
{

x2 = −ρ× 218769 .92264m ,

y2 = ρ× 26551 .49117m .

Conventional UTM coordinates:

Northing yUTM =5431644 .44178m ,

False Easting xUTM =281322 .39827m, zone L02+3◦
6◦ +30=33 ,

{x1, y1} → {x2, y2}:

B0 =48 ◦ {x2 = −ρ× 218769 .91979m , y2 = ρ× 115509 .96826m ,

B0 =48 .8◦ {x2 = −ρ× 218769 .92193m , y2 = ρ× 26551 .49146m .

End of Example.



15-6 Strip transformation of conformal coordinates (Gauss–Krueger/UTM mappings) 357

Within the world of map projections, the Oblique Mercator projection (UOM) plays an important
role. In the next chapter, let us have a closer look at the Oblique Mercator Projection (UOM).
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16 “Ellipsoid-of-revolution to cylinder”: oblique aspect

Mapping the ellipsoid-of-revolution to a cylinder: oblique aspect. Oblique Mercator Projection (UOM),
rectified skew orthomorphic projections. Korn–Lichtenstein equations, Laplace–Beltrami equations.

In the world of conformal mappings of the Earth or other celestial bodies, the Mercator projection
plays a central role. The Mercator projection of the sphere S

2
r or of the ellipsoid-of-revolution E

2
A1,A2

beside conformality is characterized by the equidistant mapping of the equator. In contrast, the trans-
verse Mercator projection is conformal and maps the transverse meta-equator, the meridian of refer-
ence, equidistantly. Accordingly, the Mercator projection is very well suited for regions which extend
East–West around the equator, while the transverse Mercator projection fits well to those regions which
have a South–North extension. Obviously, several geographical regions are centered along lines which
are neither equatorial, parallel circles, or meridians, but may be taken as central intersection of a plane
and the reference figure of the Earth or other celestial bodies, the ellipsoid-of-revolution (spheroid). For
geodetic applications, conformality is desired in such cases, the Universal Oblique Mercator Projection
(UOM) is the projection which should be chosen. A study of the conformal projection of the ellipsoid-
of-revolution by M.Hotine (1946, 1947) is the basis of the ellipsoidal oblique Mercator projection,
which M. Hotine called the “rectified skew orthomorphic”, mainly applied in the United States (e. g.
for Alaska), for Malaysia, and for Borneo (M. Hotine 1947), for the sphere by Laborde (1928) for
Madagaskar, by M.Rosenmund (1903) for Switzerland and by J. H.Cole (1943) for Italy, namely
in the context of the celebrated Gauss double projection (conformal mapping of the ellipsoid-of-
revolution to the sphere and of the sphere to the plane). According to J. P. Snyder (1982 p. 76),
the Hotine Oblique Mercator Projection (HOM) is the most suitable projection available for mapping
Landsat type data. HOM has also been used to cast the Heat Capacity Mapping Mission (HCMM)
imagery since 1978. Note that our interest in the Oblique Mercator was raised by the personally ob-
scure procedure to derive the mapping equations which should be based on similar concepts known for
Normal Mercator and Transverse Mercator. The mapping equations should guarantee that the elliptic
meta-equator should be mapped equidistantly. Accordingly, we derive here the general mapping equa-
tions x(L, B) and y(L, B) for conformal coordinates (isometric coordinates, isothermal coordinates)
as a function of ellipsoidal longitude L and ellipsoidal latitude B, which map the line-of-intersection
(an ellipse) of an inclined central plane and the ellipsoid-of-revolution equidistantly.

0◦

180◦

Fig. 16.1. Universal Oblique Mercator Projection of the sphere S
2
r, meta-pole coordinates L0 = 180◦ and

B0 = −30◦. Compare with Fig. 16.2.



360 16 “Ellipsoid-of-revolution to cylinder”: oblique aspect

Section 16-1.

In particular, in Section 16-1, we review the fundamental equations which govern conformal map-
ping of a two-dimensional Riemann manifold, namely (i) the Korn–Lichtenstein equations, (ii) the
Laplace–Beltrami equations (the integrability conditions of the Korn–Lichtenstein equations), and (iii)
the condition preserving the orientation of a conformeomorphism, for the ellipsoid-of-revolution E2

A1,A2

parameterized by ellipsoidal longitude L and ellipsoidal latitude B. Two examples for the solution of
the fundamental equations (i), (ii), and (iii) are given, namely (1) the Universal Mercator Projection
(UMP), and (2) the Universal Polar Stereographic Projection (UPS). If the equations (i), (ii), and (iii)
of a conformeomorphism are specialized to UMP or UPS as input conformal coordinates, the equations
for output conformal coordinates of another type are obtained as (α) the d’Alembert–Euler equations
(the Cauchy–Riemann equations), (β) the Laplace–Beltrami equations (the integrability conditions
of the d’Alembert–Euler equations), (γ) the condition preserving the orientation of a conformeomor-
phism. A fundamental solution of the equations (α), (β), and (γ) is given in the class of homogeneous
polynomials and interpreted with respect to the two-dimensional conformal group C6(2) constituted
by six parameters (2 for translation, 1 for rotation, 1 for dilatation, 2 for special conformal) embedded
in the two-dimensional conformal group C∞(2), which is described by infinite set of parameters.

Section 16-2,Section 16-3.

Section 16-2 introduces the oblique reference frame of E
2
A1,A2

, in particular, the oblique meta-equator
E

2
a′,b′ which is parameterized by reduced meta-longitude α. Section 16-3 determines the unknown

coefficients of the fundamental solution for the equations (α), (β), and (γ) which govern conformeo-
morphism by an equidistant map of the oblique meta-equator. In such a way, a boundary value problem
for the d’Alembert–Euler equations (Cauchy–Riemann equations) is defined and solved. Finally, we
show that special cases of the universal oblique Mercator projection for E

2
A1,A2

are normal Mercator
and transverse Mercator. In addition, we shortly outline the local reduction of the universal oblique
Mercator projection of E2

A1,A2
towards S2

r given in Box 16.1 and as an example plotted in Fig. 16.1.

Fig. 16.2. Universal Oblique Mercator Projection of the sphere S
2
r, inclination i of a satellite orbit.
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Box 16.1 (The universal oblique Mercator projection of the sphere S
2
r. α, β : meta-longitude, meta-latitude.

L, B : longitude, latitude. Ω, i : longitude, inclination of the oblique meta-equator).

x = rα =

= r arc tan
ˆ
cos i tan(L − Ω) + sin i tan B/ cos(L − Ω)

˜
,

(16.1)

y = r ln tan

„
π

4
+

β

2

«
=

= r ar tanh(sin β) =

= r ar tanh
ˆ
cos i sin B − sin i cos B sin(L − Ω)

˜
,

(16.2)

tan
x

r
=

= cos i tan(L − Ω) + sin i tan B/ cos(L − Ω) ,

(16.3)

tanh
y

r
=

= cos i sin B − sin i cos B sin(L − Ω) .

(16.4)

16-1 The equations governing conformal mapping

The equations governing conformal mapping and their fundamental solution. Korn–Lichtenstein equations
and Laplace–Beltrami equations. Universal Mercator Projection (UMP) and Universal Polar Stereographic
Projection (UPS).

We are concerned with a conformal mapping of the biaxial ellipsoid E
2
A1,A2

(“ellipsoid-of-revolution”),
“spheroid”, semi-major axis A1, semi-minor axis A2) embedded in a three-dimensional Euclid manifold
E3 = {R3, δij} with standard “canonical” metric {δij}, the Kronecker delta of ones in the diagonal,
of zeros in the off-diagonal, namely by means of

x1 =
A1 cos B cos L√
1−E2 sin2 B

,

x2 =
A1 cosB sin L√
1−E2 sin2 B

,

x3 =
A1(1− E2) sin B√

1− E2 sin2 B
,

(16.5)

introducing “surface normal” elipsoidal longitude L as well as “surface normal” ellipsoidal latitude
B, where E2 := (A2

1 − A2
2)/A2

1 = 1 − A2
2/A

2
1 denotes the first relative eccentricity. According to the

relation L, B ∈ {0 ≤ L ≤ 2π,−π/2 < B < π/2}, we exclude from the domain {L, B} North and South
Pole. Thus, {L, B} constitutes only a first chart of E

2
A1,A2

. A minimal atlas of E
2
A1,A2

based on two
charts and which covers all points of the ellipsoid-of-revolution is given by E. Grafarend and R. Syffus
(1994), in great detail.
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Conformal coordinates x and y (isometric coordinates, isothermal coordinates) are constructed
from the “surface normal” ellipsoidal coordinates L and B as solutions of the Korn–Lichtenstein
equations (conformal change from one chart to another chart, c:cha-cha-cha)

[
xL

xB

]
=

1√
G11G22 −G2

12

[−G12 G11

−G22 G12

][
yL

yB

]
, (16.6)

subject to the integrability conditions xLB = xBL and yLB = yBL or

�LBx :=

(
G11xB −G12xL√

G11G22 −G2
12

)
B

+

(
G22xL −G12xB√

G11G22 −G2
12

)
L

= 0 ,

�LBy :=

(
G11yB −G12yL√

G11G22 −G2
12

)
B

+

(
G22yL −G12yB√

G11G22 −G2
12

)
L

= 0 ,

(16.7)

and∣∣∣∣∣xL yL

xB yB

∣∣∣∣∣ > 0

(orientation preserving conformeomorphism) ,

(16.8)

{gµν} :=

[
G11 G12

G12 G22

]
∀µ, ν ∈ {1, 2}

(metric of the first fundamental form of E
2
A1,A2

) .

(16.9)

�LBx = 0 and �LBy = 0, respectively, are called the vectorial Laplace–Beltrami equations. We here
note that a Jacobi map (16.6) can be made unique by a proper boundary condition, e. g. the equidis-
tant map of a particular coordinate line. Examples are equidistant mappings of the circular equator
(Mercator projection) or of the elliptic meridian (transverse Mercator projection). Furthermore, we
here note that only few solutions of the Korn–Lichtenstein equations (16.6) subject to the integrability
condition (16.7) (vectorial Laplace–Beltrami equations) and the condition of orientation preservation
are known. We list two in the following.

Universal Mercator Projection (UMP):

x = A1L =: pUMP ,

y = A1 ln

[
tan

(
π

4
+

B

2

)(
1− E sin B

1 + E sin B

)E/2
]

=: qUMP .

(16.10)

Universal Polar Stereographic Projection (UPS):

x =
2A1√
1− E2

(
1− E

1 + E

)E/2

tan
(

π

4
− B

2

)(
1 + E sin B

1− E sin B

)E/2

cosL =: pUPS ,

y =
2A1√
1−E2

(
1− E

1 + E

)E/2

tan
(

π

4
− B

2

)(
1 + E sin B

1− E sin B

)E/2

sin L =: qUPS .

(16.11)
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Once one system of conformal coordinates is established, we can use it as the input for another system
of conformal coordinates (conformal change from one conformal chart to another conformal chart,
c:c:cha-cha-cha). Accordingly, the Korn–Lichtenstein equations reduce to the d’Alembert–Euler equa-
tions (16.12) (more known as the Cauchy–Riemann equations) subject to the integrability conditions
(16.13) or (16.14), which is automatically orientation preserving according to (16.15). Here, we have
denoted {p, q} as being generated by (16.10) (UMP) or by (16.11) (UPS).

xp = yq , xq = −yp , (16.12)

xpq = xqp , ypq = yqp , (16.13)

∆LBx := xpp + xqq = 0 , ∆LBy := ypp + yqq = 0 , (16.14)

xpyq − xqyp = x2
p + y2

p = y2
q + x2

q > 0 . (16.15)

A fundamental solution of the d’Alembert–Euler equations (16.12) (Cauchy–Riemann equations) sub-
ject to the integrability conditions (16.14) in the class of polynomials is provided by (16.16), or in
matrix notation, based on the Kronecker–Zehfuss product ⊗ and transposition T, provided by (16.17).

x = α0 + α1q + β1p + α2(q2 − p2) + β22pq+

+
N∑

r=3

αr

r/2∑
s=0

(−1)s

(
r
2s

)
qr−2sp2s +

N∑
r=3

βr

(r+1)/2∑
s=1

(−1)s+1

(
r

2s− 1

)
qr−2s+1p2s−1 ,

y = β0 + β1q − α1q + β2(q2 − p2) + α22pq+

+
N∑

r=3

βr

r/2∑
s=0

(−1)s

(
r
2s

)
qr−2sp2s

N∑
r=3

αr

(r+1)/2∑
s=1

(−1)s+1

(
r

2s− 1

)
qr−2s+1p2s−1 ,

(16.16)

[
x
y

]
=

[
α0

β0

]
+

(
β1I2 + α1A

) [p
q

]
+

+

[
vec

[−α2 β2

β2 α2

]
, vec

[−β2 −α2

−α2 β2

]]T [
p
q

]
⊗

[
p
q

]
+ O3 ,

(16.17)

identifying the conformal transformation group, namely of type translation (parameters α0 and β0),
of type rotation (parameter α1), of type dilatation (parameter β1), and of type special-conformal
(parameters α2 and β2) up to order three (O3), actually the six-parameter subalgebra C6(2) of the
infinite dimensional algebra C∞(2) in two dimensions {q, p} ∈ R

2. Note that the rotation parameter α1

operates on the antisymmetric matrix (16.18), while the matrices (16.19), which generate the special
conformal transformation, are traceless and symmetric.

A :=
[

0 1
−1 0

]
, (16.18)

H1 :=
[−α2 β2

β2 α2

]
, H2 :=

[−β2 −α2

−α2 β2

]
. (16.19)

There remains the task to determine the coefficients α0, β0, α1, β1, α2, β2 etc. by means of properly
chosen boundary condition.
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16-2 The oblique reference frame

Oblique reference frame and normal reference frame, central oblique plane, circle-reduced meta-longitude
and circle-reduced meta-pole.

In the following discussion, let us orientate a set of orthonormal base vectors {e1,e2,e3} along the
principal axes of E

2
A1,A2

:= {x ∈ R
3 [( x1)2 + (x2)2]A−2

1 + (x3)2A−2
2 = 1, A1 ∈ R

+, A2 ∈ R
+}. Against

this frame of reference {e1,e2,e3,O} (consisting of the base vectors ei, and the origin O), we introduce
the oblique one {e1′ ,e2′ ,e3′ ,O} by means of (16.20) illustrated by Figure 16.3.⎡⎣e1′

e2′

e3′

⎤⎦ = R1(i)R3(Ω)

⎡⎣e1

e2

e3

⎤⎦ . (16.20)

The rotation around the 3 axis, we have denoted by Ω, the “right ascension of the ascending node”,
while the rotation around the intermediate 1 axis by i, the “inclination”. R1(i) and R3(Ω) are or-
thonormal matrices such that (16.21) holds.

R1(i)R3(Ω) =

⎡⎣ cos Ω sin Ω 0
− sin Ω cos i + cosΩ cos i sin i
+ sin Ω sin i − cos Ω sin i cos i

⎤⎦ ∈ R
3×3 . (16.21)

Accordingly, (16.22) is a representation of the placement vector x in the orthonormal bases {e1,e2,e3,O}
and {e1′ ,e2′ ,e3′ ,O}, respectively. Note that (16.23) and (16.24) hold.

x =
3∑

i=1

eix
i =

3∑
i′=1

ei′x
i′ , (16.22)

x1 = x1′
cos Ω − x2′

sin Ω cos i + x3′
sin Ω sin i ,

x2 = x1′
sin Ω + x2′

cos Ω cos i − x3′
cosΩ sin i ,

x3 = x2′
sin i + x3′

cos i ,

(16.23)

x1′
= +x1 cosΩ + x2 sin Ω =: x′ ,

x2′
= −x1 sin Ω cos i + x2 cosΩ cos i + x3 sin i =: y′ ,

x3′
= +x1 sin Ω sin i − x2 cosΩ sin i + x3 cos i =: z′ .

(16.24)

Corollary 16.1 (Intersection of E
2
A1,A2

and L
2
O).

The intersection of the ellipsoid-of-revolution E2
A1,A2

and the central oblique plane L2
O (two-dimensional

linear manifold through the origin O) is the ellipse (16.25) of semi-major axis A′
1 = A1 and semi-minor

axis A′
2 = A1

√
1− E2/

√
1− E2 cos2 i.

E
1
A′

1,A′
2

:=

:=
{

x ∈ R
2 x′ 2

A′
1

2 + y′ 2

A′
2
2 = 1, A′

1 = A1, A
′
2 = A1

√
1−E2√

1−E2 cos2 i
, A′

1 > A′
2

}
.

(16.25)

End of Corollary.
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e3

e3′

Ω

i

e1′

e1 e2

e2′

Fig. 16.3. Oblique reference frame {e1′ , e2′ , e3′ , O} with respect to the normal reference frame {e1, e2, e3, O}
along the principal axes of E

2
A1,A2 := {x ∈ R

3 [(x1)2 + (x2)2]A−2
1 + (x3)2A−2

2 = 1, A1 ∈ R
+, A2 ∈ R

+}.

Proof.

[( x1)2 + (x2)2]A−2
1 + (16.23)

⇒
[( x1)2 + (x2)2]A−2

1 = A−2
1 [x′ 2 + y′ 2 cos2 i + z′ 2 sin2 i− 2y′z′ sin i cos i] ,

(16.26)

[( x3)2]A−2
2 + (16.23)

⇒
[( x3)2]A−2

2 = A−2
2 [y′ 2 sin2 i + z′ 2 cos2 i] ,

(16.27)

if x′ = 0, then

[( x1)2 + (x2)2]A−2
1 + [( x3)2]A−2

2 =
x′ 2

A2
1

+
(

cos2 i

A2
1

+
sin2 i

A2
2

)
y′ = 1 ,

A2
2 = A2

1(1− E2)

⇒
x′ 2

A2
1

+
y′ 2

A2
1(1−E2)

[(1 −E2) cos2 i + sin2 i]=
x′ 2

A2
1

+
y′ 2

A2
1(1−E2)

(1−E2 cos2 i) = 1 .

(16.28)

End of Proof.

In the plane {x′, y′} ∈ {x′ ∈ R
2 Ax′ + By′ + C = 0}, we introduce circle-reduced meta-longitude α

in order to parameterize E1
A′

1,A′
2
, namely by (16.29), illustrated by Fig. 16.4.

x′ = A′
1 cos α = A′

1 sin α∗ , α∗ = π
2 − α ,

y′ = A′
2 sin α = A′

2 cos α∗ , α = π
2 − α∗ .

(16.29)

In terms of circle-reduced metalongitude α or of circular reduced meta-pole distance α∗ = π/2 − α,
we are able to represent the arc length of E

1
A′

1,A′
2

as an elliptic integral of the second kind.
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y′

A′
2

A′
1

α

A′
1 = A1

x′

e1′

e2′

A′
2

Fig. 16.4. Oblique reference frame {e1′ , e2′ , e3′ , O}, intersection of E
2
A1,A2 and L

2
O: the ellipse E

1
A′

1,A′
2

as given
by (16.25), circle-reduced meta-longitude α.

Corollary 16.2 (Arc length of E
1
A′

1,A′
2
).

The arc length s(α) of E
1
A′

1,A′
2

can be represented by (16.30) with respect to the elliptic integral of
the second kind E(·;E′) and the first relative eccentricity E′ := (1−A′2

2 /A′2
1 )1/2. A series expansion

of s(α) up to order E′12 is provided by (16.31).

s(α) = A′
1

[
E (π/2;E′)−E (α∗;E′)

]
, (16.30)

s(α) = A′
1α

[
1− 1

2 · 2 E′ 2 − 1 · 1
2 · 4

3 · 1
4 · 2 E′ 4 − 1 · 1 · 3

2 · 4 · 6
5 · 3 · 1
6 · 4 · 2 E′ 6−

−1 · 1 · 3 · 5
2 · 4 · 6 · 8

7 · 5 · 3 · 1
8 · 6 · 4 · 2 E′ 8 − 1 · 1 · 3 · 5 · 7

2 · 4 · 6 · 8 · 10
9 · 7 · 5 · 3 · 1
10 · 8 · 6 · 4 · 2 E′ 10 −O(E′ 12)

]
−

−A′
1 cos α sin α

[
1
2

1
2

E′ 2 +
1 · 1
2 · 4

3 · 1
4 · 2 E′ 4 +

1 · 1 · 3
2 · 4 · 6

5 · 3 · 1
6 · 4 · 2 E′ 6 +

+
1 · 1 · 3 · 5
2 · 4 · 6 · 8

7 · 5 · 3 · 1
8 · 6 · 4 · 2 E′ 8 +

1 · 1 · 3 · 5 · 7
2 · 4 · 6 · 8 · 10

9 · 7 · 5 · 3 · 1
10 · 8 · 6 · 4 · 2 E′ 10 + O(E′ 12)

]
−

−A′
1 cos3 α sin α

[
1 · 1
2 · 4

1
4

E′ 4 +
1 · 1 · 3
2 · 4 · 6

5 · 1
6 · 4 E′ 6 +

1 · 1 · 3 · 5
2 · 4 · 6 · 8

7 · 5 · 1
8 · 6 · 4 E′ 8 +

+
1 · 1 · 3 · 5 · 7
2 · 4 · 6 · 8 · 10

9 · 7 · 5 · 1
10 · 8 · 6 · 4 E′ 10 + O(E′ 12)

]
−

−A′
1 cos5 α sin α

[
1 · 1 · 3
2 · 4 · 6

1
6

E′ 6 +
1 · 1 · 3 · 5
2 · 4 · 6 · 8

7 · 1
8 · 6 E′ 8 +

1 · 1 · 3 · 5 · 7
2 · 4 · 6 · 8 · 10

9 · 7 · 1
10 · 8 · 6 E′ 10 + O(E′ 12)

]
−

−A′
1 cos7 α sin α

[
1 · 1 · 3 · 5
2 · 4 · 6 · 8

1
8

E′ 8 +
1 · 1 · 3 · 5 · 7
2 · 4 · 6 · 8 · 10

9 · 1
10 · 8 E′ 10 + O(E′ 12)

]
.

(16.31)

An alternative expansion in terms of powers of ∆α is

s(α0 + ∆α) = s(α0) + s1(α0)∆α + s2(α0)∆α2 + O(∆α3) , (16.32)

s1(α) :=
ds

dα
= A′

1

√
1− E′ 2 cos2 α , s2(α) :=

1
2!

d2s

dα2
=

1
2

A′
1 E′ 2 sin α cos α√
1− E′ 2 cos2 α

. (16.33)

End of Corollary.



16-2 The oblique reference frame 367

Proof.

E
1
A′

1,A′
2

:

ds =
√

dx′ 2 + dy′ 2 = A′
1

√
1− E′ 2 cos2 αdα = −A′

1

√
1− E′ 2 sin2 α∗dα∗

⇒

s(α) = A′
1

∫ α

0

√
1− E′ 2 cos2 α′dα′ =

= −A′
1

∫ α∗

π/2

√
1− E′ 2 sin2 α∗dα∗ = A′

1

∫ π/2

α∗

√
1− E′ 2 sin2 α∗dα∗ =

= A′
1

∫ π/2

0

√
1− E′ 2 sin2 α∗dα∗ −A′

1

∫ α∗

0

√
1− E′ 2 sin2 α∗dα∗ =

= A′
1

[
E (π/2;E′)−E (α∗;E′)

] ∀ E′ 2 =
E2 sin2 i

1−E2 cos2 i
.

(16.34)

End of Proof.

Proof.

(1− x)1/2 = 1− 1
2
x− 1 · 1

2 · 4x2 − 1 · 1 · 3
2 · 4 · 6x3 − 1 · 1 · 3 · 5

2 · 4 · 6 · 8x4 − · · · ∀ |x| ≤ 1 , (16.35)

√
1− E′ 2 cos2 α′ = 1− 1

2
E′ 2 cos2 α′ − 1 · 1

2 · 4 E′ 4 cos4 α′ − 1 · 1 · 3
2 · 4 · 6 E′ 6 cos6 α′−

−1 · 1 · 3 · 5
2 · 4 · 6 · 8 E′ 8 cos8 α′ − 1 · 1 · 3 · 5 · 7

2 · 4 · 6 · 8 · 10
E′ 10 cos10 α′ −O(E′ 12) ∀E′ < 1 .

(16.36)

These series are uniformly convergent. Accordingly, in the arc length integral, we can interchange
integration and summation and are directly led to (16.31).

End of Proof.

The proof for (16.32) is now straightforward. In Corollary 16.3, the relation of meta-longitude α to
longitude L and latitude B is summarized.

Corollary 16.3 (Cha-cha-cha: meta-longitude α versus longitude L and latitude B).

tan(L−Ω) =
√

1− E′ 2 cos i tanα , (16.37)

tanB =
A′

2 sin i

(1− E2)
sin α√

A′
1
2 cos2 α + A′

2
2 cos2 i sin2 α

(16.38)

versus

tanα =
√

1− E2 cos2 i√
1− E2

1
cos(L−Ω)

[
(1− E2) sin i tanB + cos i sin(L−Ω)

]
. (16.39)

End of Corollary.
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Proof.

x3′
= z′ = 0

⇒

tanL =
x2

x1
=

x1′
sin Ω + x2′

cosΩ sin i

x1′ cos Ω − x2′ sin Ω cos i
=

A′
1 cosα sin Ω + A′

2 sin α cos Ω cos i

A′
1 cosα cosΩ −A′

2 sin α sin Ω cos i

⇒

(A′
1 cos α cosΩ −A′

2 sin α sin Ω cos i) sin L = (A′
1 cosα sin Ω + A′

2 sin α cosΩ cos i) cosL

⇒

A′
1 cosα(cos Ω sin L− sin Ω cos L) = A′

2 sin α cos i(cosΩ cos L + sin Ω sin L)

⇒

A′
1 cosα sin(L−Ω) = A′

2 sin α cos i cos(L−Ω)

⇒

tan(L−Ω) =
A′

2

A′
1

cos i tanα =
√

1− E′ 2 cos i tanα .

(16.40)

End of Proof.

Proof.

x3′
= z′ = 0

⇒

tanB =
1

1− E2

x3√
(x1)2 + (x2)2

=

=
1

1− E2

[
x2′

sin i
][(

x1′
cosΩ − x2′

sin Ω cos i
)2 +

(
x1′

sin Ω + x2′
cos Ω cos i

)2]−1/2
,

(16.41)

√
(x1′)2 + (x2′)2 cos i =

√
A′

1
2 cos2 α + A′

2
2 sin2 α cos i ,

x2′
sin i = A′

2E sin α sin i

⇒

tanB =
A′

2 sin i

(1− E2)
sin α√

A′
1
2 cos2 α + A′

2
2 cos2 i sin2 α

.

(16.42)

End of Proof.
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Proof.

x3′
= z′ = 0

⇒

tanα =
y′

x′
A′

1

A′
2

=

=
y′

x′
1√

1− E′ 2
=

=
√

1−E2 cos2 i√
1− E2

(−x1 sin Ω cos i + x2 cosΩ cos i + x3 sin i

x1 cosΩ + x2 sin Ω

)
=

=
√

1− E2 cos2 i√
1− E2

(
cos B sin(L−Ω) cos i + (1− E2) sin B sin i

cosB cos(L−Ω)

)
⇒

tanα =
√

1− E2 cos2 i√
1− E2

1
cos(L−Ω)

[
(1− E2) sin i tanB + cos i sin(L−Ω)

]
.

(16.43)

End of Proof.

16-3 The equations of the oblique Mercator projection

Universal oblique Mercator projection. D’Alembert–Euler equations (Cauchy–Riemann equations), oblique
elliptic meta-equator.

The fundamental solution (16.16) of the d’Alembert–Euler equations (Cauchy–Riemann equations)
here are specified by {p, q}UMP of type (16.10) and by the boundary condition of an equidistant
mapping of the oblique elliptic meta-equator illustrated by Figs. 16.3 and 16.4. In particular, we
depart from (16.16) and (16.10), conventionally written as (16.44), here only given up to degree three.

∆x := x− α0 =

= α1∆q + β1∆l + α2(∆q2 −∆l2) + β22∆q∆l + Ox3 ,

∆y := y − β0 =

= β1∆q − α1∆l + β2(∆q2 −∆l2)− α22∆q∆l + Oy3 .

(16.44)

We are left with the problem to determine the unknown coefficients α1, β1, α2, β2 etc. by a properly
chosen boundary condition we outline as follows.

Definition 16.4 (Universal oblique Mercator projection).

A conformal mapping of the ellipsoid-of-revolution E
2
A1,A2

is called Universal oblique Mercator pro-
jection if its oblique elliptic meta-equator E

1
A′

1,A′
2

for A′
1 = A1 and A′

2 = A1(1−E2)/
√

1− E2 cos2 i is
mapped equidistantly as a straight line.

End of Definition.
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Theorem 16.5 (Universal oblique Mercator projection).

The boundary condition of the equidistantly mapped elliptic meta-equator E
1
A′

1,A′
2
,

∆x(meta-equator) = ∆s(∆α) , ∆y(meta-equator) = 0 , (16.45)

with respect to first power series s(α),

∆s(∆α) = s1∆α + s2∆α2 + Os3 , ∆α := α− α0 , (16.46)

the second power series B(α) and L(α),

∆b(∆α) = b1∆α + b2∆α2 + Ob3 ,

∆b := B −B0 ,
(16.47)

∆l(∆α) = l1∆α + l2∆α2 + Ol3 ,

∆l := L− L0 ,
(16.48)

∆b2(∆α) = b2
1∆α2 + O2

b3 , ∆l2(∆α) = l21∆α2 + O2
l3 , (16.49)

and the third power series qUMP(B),

∆q = q1∆b + q2∆b2 + Oq3 , ∆q := qUMP(B)− qUMP(B0) , (16.50)

leads to the parameters of the second order universal oblique Mercator projection,

∆x =

= α1q1∆b + β1∆l + (α1q2 + α2q
2
1)∆b2 + 2β2q1∆b∆l − α2∆l2 + Ox3 ,

∆y =

= β1q1∆b− α1∆l + (β1q2 + β2q
2
1)∆b2 − 2α2q1∆b∆l − β2∆l2 + Oy3 ,

(16.51)

namely

α1 =
q1b1s1

q2
1b2

1 + l21
, β1 =

l1s1

q2
1b2

1 + l21
, (16.52)

α2 =
1

(q2
1b2

1 + l21)3
×

×
(

s2(q2
1b2

1 − l21)(q2
1b2

1 + l21) + s1[(q1b2 + q2b
2
1)(3l21 − q2

1b2
1)q1b1 − l1l2(3q2

1b2
1 − l21)]

)
,

(16.53)

β2 =
1

(q2
1b2

1 + l21)3
×

×
(

2q1b1l1(q2
1b2

1 + l21)s2 + s1[(q1b2 + q2b
2
1)(−3q2

1b2
1 + l21)l1 + (−3l21 + q2

1b2
1)q1b1l1]

)
.

(16.54)

End of Theorem.
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The coefficients {q1, q2}, {s1, s2}, {b1, b2}, and {l1, l2} are collected in the following Boxes 16.2–16.5.

Box 16.2 (Isometric latitude q(b) as a function of latitude b).

Power series expansion ∆q =
PN

r=1 qr∆br up to order N = 2

(higher-order terms are given by J. Engels, E.Grafarend (1995)):

q1 :=
1 − E2

cos B0(1 − E2 sin2 B0)
,

q2 :=
sin B0

2 cos2 B0(1 − E2 sin2 B0)2
[1 + E2(1 − 3 sin2 B0) + E4(−2 + 3 sin2 B0)] .

(16.55)

Box 16.3 (Arc length of the oblique meta-equator).

Power series expansion ∆s =
PN

r=1 sr∆αr up to order N = 2:

s1(α0) := A1

p
1 − E′ 2 cos2 α0 ,

s2(α0) :=
1

2

A′
1 E′ 2

sin α0 cos α0p
1 − E′ 2 cos2 α0

.

(16.56)

Box 16.4 (Latitude B(α) as a function of meta-longitude α).

Power series expansion ∆b =
PN

r=1 br∆αr up to order N = 2:

b1 := − A′
2A

′
1
2
(1 − E2) sin i cos α0

[A′
1
2(1 − E2)2 + E2A′

2
2 sin2 i sin2 α0]

[A′
1
2

+ (A′
2
2
cos2 i − A′

1
2
) sin2 α0]

−1/2 ,

2b2 := − A′
2A

′
1
2
(1 − E2) sin i

[A′
1
2(1 − E2)2 + E2A′

2
2 sin2 i sin2 α0]2

[A′
1
2

+ (A′
2
2
cos2 i − A′

1
2
) sin2 α0]

−3/2×

×
„

[A′
1
2
(1 − E2)2 + E2A′

2
2
sin2 i sin2 α0][A

′
1
2

+ (A′
2
2
cos2 i − A′

1
2
) sin2 α0] sin α0+

+2[A′
1
2

+ (A′
2
2
cos2 i − A′

1
2
) sin2 α0]E

2A′
2
2
sin2 i sin α0 cos2 α0+

+[A′
1
2
(1 − E2)2 + E2A′

2
2
sin2 i sin2 α0](A

′
2
2
cos2 i − A′

1
2
) sin α0 cos2 α0

«
.

(16.57)

Box 16.5 (Longitude L(α) as a function of meta-longitude α).

Power series expansion ∆l =
PN

r=1 lr∆αr up to order N = 2:

l1 := +
A′

1
2
A′

2
2
cos i

A′
1
2 cos2 α0 + A′

2
2 cos2 i sin2 α0

,

2l2 := −2
A′

1
2
A′

2
2
cos i(A′

2
2
cos2 i − A′

1
2
) sin α0 cos α0

(A′
1
2 cos2 α0 + A′

2
2 cos2 i sin2 α0)2

.

(16.58)
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The relations (16.44) together with the relations (16.50) lead to the relations (16.51). Let us prove
the other central relations here.

Proof: (16.47): b1.

tanB =
A′

2

1− E2
sin i

sin α√
A′

1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α

,

d tanB

dα
=

1
cos2 B

dB

dα
=

A′
2

1− E2
sin i

A′
1
2 cos α

[A′
1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α]3/2

,

dB

dα
= cos2 B

d tanB

dα
=

1
1 + tan2 B

d tanB

dα
=

= [A′
2A

′
1
2(1− E2) sin i cosα][A′

1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α]−1/2×

×[A′
1
2(1− E2)2 + E2A′

2
2 sin2 i sin2 α]−1

⇒

b1 :=
dB

dα
(α0) .

(16.59)

End of Proof.

Proof: (16.48): l1.

tan(L−Ω) =
A′

2

A′
1

cos i tanα , (16.60)

d tan(L−Ω)
dα

=
1

cos2(L−Ω)
dL

dα
=

A′
2

A′
1

cos i

cos2 α
,

cos2(L−Ω) =
1

1 + tan2(L−Ω)
=

1

1 + A′
2
2 cos2 i

A′
1
2 tan2 α

⇒

dL

dα
=

A′
2

A′
1

cos i

cos2 α
=

1

1 + A′
2
2 cos2 i

A′
1
2 tan2 α

=

=
A′

1A
′
2 cos i

A′
1
2 cos2 α + A′

2
2 cos2 i sin2 α

⇒

l1 :=
dL

dα
(α0) .

(16.61)

End of Proof.
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Proof: (16.47): b2.

d2B

dα2
= A′

2A
′
1
2(1−E2) sin i×

×
(
− sin α[A′

1
2(1− E2)2 + E2A′

2
2 sin2 i sin2 α]−1[A′

1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α]−1/2−

−2E2A′
2
2 sin2 i sin α cos2 α×

×[A′
1
2(1− E2)2 + E2A′

2
2 sin2 i sin2 α]−2[A′

1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α]−1/2−

−(A′
2
2 cos2 i−A′

1
2) sin α cos2 α×

×[A′
1
2(1−E2)2 + E2A′

2
2 sin2 i sin2 α]−1[A′

1
2 + (A′

2
2 cos2 i−A′

1
2) sin2 α]−3/2

)
⇒

2b2 :=
d2B

dα2
(α0) .

(16.62)

End of Proof.

Proof: (16.48): l2.

d2L

dα2
= −2

A′
1A

′
2 cos i(A′

2
2 cos2 i−A′

1
2) sin α cos α

(A′
1
2 cos2 α + A′

2
2 cos2 i sin2 α)2

,

2l2 :=
d2L

dα2
(α0) .

(16.63)

End of Proof.

Proof: (16.52)–(16.54).

In a first step, (16.44) is specified by

∆x(meta-equator) =

= α1∆q + β1∆l + α2(∆q2 −∆l2) + β22∆q∆l + Ox3 ,

∆y(meta-equator) =

= β1∆q − α1∆l + β2(∆q2 −∆l2)− α22∆q∆l + Oy3 = 0 .

(16.64)

Implementation of (16.50) constitutes the second step:

∆x(meta-equator) =

= α1q1∆b + α1q2∆b2 + β1∆l + α2(q2
1∆b2 −∆l2) + β22q1∆b∆l + Ox3 ,

∆y(meta-equator) =

= β1q1∆b + β1q2∆b2 − α1∆l + β2(q2
1∆b2 −∆l2)− α22q1∆b∆l + Oy3 = 0 .

(16.65)
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In a third step, the boundary condition in the above form is represented in the
meta-longitude dependence by means of (16.47)–(16.49)
(where in a fourth step we identify (16.45) by (16.46)):

∆x(meta-equator) =

= α1(q1b1∆α + q1b2∆α2 + q2b
2
1∆α2) + β1(l1∆α + l2∆α2)+

+α2(q2
1b2

1∆α2 − l21∆α2) + β22q1b1l1∆α2 + Ox3 =

= s1∆α + s2∆α2 ,

∆y(meta-equator) =

−α1(l1∆α + l2∆α2) + β1(q1b1∆α + q1b2∆α2 + q2b
2
1∆α2)−

−α22q1b1l1∆α2 + β2(q2
1b2

1∆α2 − l21∆α2) + Oy3 = 0 .

(16.66)

A comparison of the coefficients of the two polynomials ∆x(∆α) and ∆y(∆α)
constitutes the fifth step:

∆x(meta-equator)

⇒

∆α : q1b1α1 + l1β1 = s1 ,

∆α2 : (q1b2 + q2b
2
1)α1 + l2β1 + (q2

1b2
1 − l21)α2 + 2q1b1l1β2 = s2 .

(16.67)

∆y(meta-equator)

⇒

∆α : −l1α1 + q1b1β1 = 0 ,

∆α2 : −l2α1 + (q1b2 + q2b
2
1)β1 − 2q1b1l1α2 + (q2

1b2
1 − l21)β2 = 0 .

(16.68)

A matrix version of the above equations is

⎡⎢⎢⎢⎢⎢⎣
q1b1 l1 0 0

q1b2 + q2b
2
1 l2 q2

1b2
1 − l21 2q1b1l1

−l1 q1b1 0 0

−l2 q1b2 + q2b
2
1 −2q1b1l1 q2

1b2
1 − l21

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
α1

β1

α2

β2

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
s1

s2

0

0

⎤⎥⎥⎥⎥⎥⎦ . (16.69)
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1st row, 3rd row

⇒
q1b1α1 + l1β1 = s1 , −l1α1 + q1b1β1 = 0

⇒

(q2
1b2

1l
−1
1 + l1)β1 = s1 , α1 = q1b1l

−1
1 β1

⇒

β1 = l1s1(q2
1b2

1 + l21)−1 ,

α1 = q1b1s1(q2
1b2

1 + l21)−1 .

(16.70)

2nd row, 3rd row

⇒
(q1b2 + q2b

2
1)α1 + l2β1 + (q2

1b2
1 − l21)α2 − 2q1b1l1β2 = s2 ,

−l2α1 + (q1b2 + q2b
2
1)β1 − 2q1b1l1α2 + (q2

1b2
1 − l21)β2 = 0

⇒
(q1b2 + q2b

2
1)q1b1s1(q2

1b2
1 + l21)

−1 + l2l1s1(q2
1b2

1 + l21)
−1 − s1 =

= (l21 − q2
1b2

1)α2 − 2q1b1l1β2 ,

(q1b2 + q2b
2
1)l1s1(q2

1b2
1 + l21)

−1 − l2q1b1s1(q2
1b2

1 + l21)
−1 =

= 2q1b1l1α2 + (l21 − q2
1b2

1)β2 ,

(16.71)

[
q2
1b2

1 − l21 2q1b1l1

−2q1b1l1 q2
1b2

1 − l21

][
α2

β2

]
=

=

[
s2 − (q2

1b2
1 + l21)

−1l1l2s1 − (q1b2 + q2b
2
1)(q

2
1b2

1 + l21)
−1q1b1s1

(q2
1b2

1 + l21)
−1l2q1b1s1 − (q2

1b2
1 + l21)

−1(q1b2 + q2b
2
1)l1s1

]
⇒

α2 =
1

(q2
1b2

1 + l21)3
×

×
(

s2(q2
1b2

1 − l21)(q
2
1b2

1 + l21) + s1[(q1b2 + q2b
2
1)(3l21 − q2

1b2
1)q1b1 − l1l2(3q2

1b2
1 − l21)]

)
,

β2 =
1

(q2
1b2

1 + l21)3
×

×
(

2q1b1l1(q2
1b2

1 + l21)s2 + s1[(q1b2 + q2b
2
1)(−3q2

1b2
1 + l21)l1 + (−3l21 + q2

1b2
1)q1b1l1]

)
.

(16.72)

End of Proof.



376 16 “Ellipsoid-of-revolution to cylinder”: oblique aspect

The equations (16.51), which represent locally the oblique Mercator projection, reduce (i) to the
equations of the standard Mercator projection of E2

A1,A2
for zero inclination, see Box 16.6, or (ii) to the

equations of the transverse Mercator projection of E2
A1,A2

for ninety degrees inclination, see Box 16.7,
or (iii) to the equations of the oblique Mercator projection of S2

r for zero relative eccentricity E = 0,
compare with Box 16.1 presented already before.

Box 16.6 (The equations of the standard Mercator projection of E
2
A1,A2 for zero inclination).

i = 0

⇒
E′ = 0 , A′

1 = A1 , A′
2 = A1 ,

(16.73)

tan(L − Ω) = tan α

⇒
α = L − Ω ,

(16.74)

tan B = 0

⇒
bj = 0 ∀ j = 1, 2, . . . ,

(16.75)

s1(α) = A′
1 = a , s2(α) = 0 , s3(α) = 0 , . . . , (16.76)

α1 = 0 , α2 = 0 , β1 = s1 = a , β2 = 0

⇒
∆x = a∆l , ∆y = a∆q = aq1∆b + aq2∆b2 + O3 .

(16.77)

Box 16.7 (The equations of the transverse Mercator projection of E
2
A1,A2 for ninety degrees inclination).

i = π/2

⇒
E′ = E , A′

1 = A1 , A′
2 = A1

p
1 − E2 ,

(16.78)

tan(L − Ω) = 0

⇒
L = Ω ,

(16.79)

tan B = tan α/
√

1 − E2 , (16.80)

s1(α) = A1

√
1 − E2 cos2 α , s2(α) =

1

2

A1E
2 sin α cos α√

1 − E2 cos2 α
, (16.81)

l1 = 0 , l2 = 0 , . . . , (16.82)

b1 =
dB

dα
(α0) =

p
1 − E2/(1 − E2 cos2 α0) =

cos2 B0√
1 − E2

[1 + (1 − E2) tan2 B0] , b2 = · · · . (16.83)
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The oblique Mercator projection is particularly well suited for long and narrow countries. As an
example, Fig. 16.5 shows the HOM of Italy. Note that i and Ω of the intersecting ellipse (which appears
in the map as x axis) were fitted to the location of this country.

∆x

∆y
0◦

L

30◦
30◦

B

50◦

Fig. 16.5. Oblique Mercator projection of E
2
A1,A2 . Inclination i = 125.02◦, right ascension of the ascending

node Ω = 53.01◦.

We close this chapter on the rectified skew orthomorphic projection or HOM by referring to
K. Bretterbauer (1980), J. H.Cole (1943), E. Grafarend (1995), E.Grafarend and R. Syffus (1995), and
J. Engels and E.Grafarend (1995).
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17 “Sphere to cone”: polar aspect

Mapping the sphere to a cone: polar aspect. Equidistant, conformal, and equal area mappings. Ptolemy,
de L’Isle, Lambert, and Albers projections. Point-like North Pole. Tangent cones, secant cones, and
circles-of-contact.

For mapping regional areas of medium latitude, conic mappings are particularly adequate (compare
with Fig. 17.1). The characteristic feature of conic mappings is that in the polar aspect meridians are
represented by straight lines which intersect in one point, the apex. Parallels are mapped onto arcs
of equicentric circles with the apex as the central point. As with cylindrical mappings, there exist
two cases: first, the cone touches the sphere along a parallel circle (compare with Fig. 17.2, top) and,
second, it intersects the sphere along two parallels (compare with Fig. 17.2, bottom). Both cases are
driven by the opening angle Θ ∈ (0, π/2), which is the vertex angle made by a cross section through
the apex and center of the base (compare with Fig. 17.3).

Fig. 17.1. Mapping the sphere to a (tangent) cone. Polar aspect. Line-of-contact: Φ0 = 30◦.
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Θ = Φ0

Φ0

Φ1 < Θ < Φ2

Φ1

Φ2

“tangent cone”

“secant cone”

Fig. 17.2. Tangent cone and secant cone.

slant height r0

circle-of-contact Φ = Φ0

central meridian Λ = Λ0

meridian Λ = ΛP

Θ

apex S

vertex angle Θ ∈ (0, π/2)

N

P

Φ0

R

R0

O

Fig. 17.3. Geometry of a right tangent cone.
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17-1 General mapping equations

Setting up general equations of the mapping “sphere to cone”: projections in the polar aspect. Jacobi
matrix, Cauchy–Green matrix, principal stretches.

The axis of the cone coincides with the polar axis of the Earth, i. e. the straight line passing through
the North Pole N and the center O of the sphere. The main construction principals are that first two
points of equal spherical latitude Φ have the same distance r0 from the map center, which is the image
of the apex. Second, the cone is sliced along the image of that meridian which is diametrically opposed
to the image of the central meridian (compare with Fig. 17.4). Third, the cone can be developed into
the plane. The circle-of-contact is that parallel circle Φ = Φ0 where the cone touches the sphere. If
necessary, the cone is shifted along the polar axis until the touching position is reached. The radius
R0 of the circle-of-contact is given by R0 = R cosΦ0. The slant height r0, which is the radius of the
map image of the circle-of-contact, is r0 = R0/ sin Φ0 = R cot Φ0.

r0 = R0/ sin Φ0

(slant height)image of the
meridian
Λ = ΛP

radius r0 = R cotΦ0

(circle-of-contact)

image of the
central meridian

Λ = Λ0

α

r
p

r0α

Fig. 17.4. Image of the developed cone.



382 17 “Sphere to cone”: polar aspect

We know that there are two fundamental rules how to map longitudes Λ and latitudes Φ. The angle
(first polar coordinate) α = α(Λ) of the image p of a spherical point P (ΛP , ΦP ) shall only depend
on its spherical longitude Λ = ΛP . In particular, corresponding arcs on the circle-of-contact and their
images shall coincide, and this is expressed by (17.1).

R0Λ = r0α , R0 = R cos Φ0 ⇒ RΛ cos Φ0 = r0α = R0
α

sin Φ0
= R

cos Φ0

sin Φ0
α

⇒
α = Λ sin Φ0 .

(17.1)

The term n := sin Φ0 is called the cone constant, 0 < n < 1. For n = 0, a cylindrical, for n = 1, an
azimuthal mapping is generated. The second rule concerns to the second polar coordinate r which shall
depend only on the latitude Φ = ΦP , i. e. r = f (π/2− Φ). We therefore obtain the general mapping
equations for conical mappings (17.2) with the left Jacobi matrix (17.3) and the left Cauchy–Green
matrix (17.4) (Gr = diag [r2, 1] = diag [f2, 1]). For the reason that both Cl and Gr are diagonal
matrices, the left principal stretches are easily computed as follows (17.5).

[
α
r

]
=

[
nΛ

f(Φ)

]
, (17.2)

Jl =
[
n 0
0 f ′

]
, (17.3)

Cl = J∗l GrJl =
[
n2f2 0

0 f ′ 2

]
. (17.4)

Λ1 =
√

C11

G11
=

nf

R cos Φ
, Λ2 =

√
C22

G22
=

f ′

R
. (17.5)

17-2 Special mapping equations

Setting up special equations of the mapping “sphere to cone”. Equidistant, conformal, and equal area
mappings. Ptolemy, de L’Isle, Lambert, and Albers projections. Point-like North Pole.

17-21 Equidistant mapping (de L’Isle projection)

The general mapping equations for this type of mappings are derived from the postulate (17.6) such
that (17.7) holds. The integration constant c has to be determined from the additional requirement
that the image of the North Pole is a point or a circular arc. Setting c = 0, a point-like image of the
North Pole is attained.

Λ2 =
f ′(π

2 −Φ)
R

= 1 ⇔ f ′ (π
2 − Φ

)
= R ⇒ f

(
π
2 − Φ

)
= R(π

2 − Φ) + c , (17.6)

[
α
r

]
=

[
nΛ

R
(

π
2 − Φ

)
+ c

]
,

Λ1 =
n[R(π

2 − Φ) + c]
R cos Φ

, Λ2 = 1 .

(17.7)
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17-211 Equidistance and conformality on the circle-of-contact (C.Ptolemy, 85–150 AD),
compare with Fig. 17.5

We require the circle-of-contact to be mapped equidistantly and thus state (17.8) from which – together
with the cone constant n = sin Φ0 – the integration constant c is determined as (17.9).

Λ1|Φ=Φ0
=

n[R(π
2 − Φ0) + c]
R cosΦ0

= 1 , (17.8)

c = R(
cos Φ0

n
− π

2
+ Φ0) = R(cot Φ0 − π

2
+ Φ0) . (17.9)

Since c �= 0, the image of the North Pole is a circular arc. The final mapping equations now result to
(17.10) or (17.11) with the left principal stretches (17.12). The circle-of-contact, Φ = Φ0, is mapped
equidistantly and conformally, i. e. Λ1|Φ=Φ0

= Λ2|Φ=Φ0
= 1.

[
α

r

]
=

[
Λ sin Φ0

R(Φ0 − Φ + cot Φ0)

]
, (17.10)

[
x

y

]
= R(Φ0 − Φ + cot Φ0)

[
cos(Λ sin Φ0)

sin(Λ sin Φ0)

]
, (17.11)

Λ1 =
sin Φ0(Φ0 − Φ + cot Φ0)

cos Φ
,

Λ2 = 1 .

(17.12)

Fig. 17.5. Mapping the sphere to a cone. Polar aspect, equidistant mapping of the set of meridians, equidistant
and conformal on the standard parallel Φ = Φ0 = 30◦ (Ptolemy projection).
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17-212 Equidistance and conformality on the circle-of-contact, point-like image of the North Pole,
compare with Fig. 17.6

As a special case of the Ptolemy projection the equidistant mapping with point-like pole is obtained
by setting the integration constant c to zero. The mapping equations (17.14) or (17.15) and the left
principal stretches (17.16) are easily derived from equations (17.7).

Λ1|Φ=Φ0,c=0 =
nR(π/2 − Φ0)

R cosΦ0

= 1

⇒

n =
cos Φ0

π/2− Φ0
,

(17.13)

[
α
r

]
=

⎡⎢⎣Λ
cos Φ0

π/2− Φ0

R(π/2 − Φ)

⎤⎥⎦ , (17.14)

[
x
y

]
= R(

π

2
− Φ)

⎡⎢⎢⎢⎣
cos

(
Λ

cosΦ0

π/2− Φ0

)
sin

(
Λ

cosΦ0

π/2− Φ0

)
⎤⎥⎥⎥⎦ , (17.15)

Λ1 =
cos Φ

cos Φ0

π/2− Φ0

π/2− Φ
, Λ2 = 1 . (17.16)

Fig. 17.6. Mapping the sphere to a cone. Polar aspect, equidistant mapping of the set of meridians, equidistant
and conformal on the standard parallel Φ = Φ0 = 30◦, point-like North Pole.
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17-213 Equidistance and conformality on two parallels (secant cone, J. N. de L’Isle 1745),
compare with Fig. 17.7

If instead of one parallel two parallel circles are required to be mapped equidistantly, this approach
leads to a secant cone, the so-called de L’Isle projection, named after the French astronomer Joseph
Nicolas de L’Isle. We start from (17.7) and demand that (17.17) is satisfied for the two parallel circles
Φ = Φ1 and Φ = Φ2. We obviously receive two equations for the two unknowns n := sinΦ0 (cone
constant!) and c, the result of which is (17.18). We end up with the mapping equations (17.19) or
(17.20) with the left principal stretches (17.21). For Φ = Φ1 or Φ = Φ2, we even experience conformality
(isometry), Λ1 = Λ2 = 1.

Λ1|Φ=Φ1
=

n[R(π
2 − Φ1) + c]
R cos Φ1

= Λ1|Φ=Φ2
=

n[R(π
2 − Φ2) + c]
R cos Φ2

= 1 , (17.17)

sin Φ0 = n =
cos Φ1 − cosΦ2

Φ2 − Φ1
, c = R

(π
2 − Φ1) cos Φ2 − (π

2 − Φ2) cos Φ1

cos Φ1 − cosΦ2
, (17.18)

[
α

r

]
=

⎡⎢⎢⎣
cos Φ1 − cos Φ2

Φ2 − Φ1
Λ

R

(
−Φ +

Φ1 cos Φ2 − Φ2 cos Φ1

cos Φ2 − cosΦ1

)
⎤⎥⎥⎦ , (17.19)

[
x

y

]
= R

(
−Φ +

Φ1 cosΦ2 − Φ2 cos Φ1

cosΦ2 − cos Φ1

)⎡⎢⎢⎢⎣
cos

(
cosΦ1 − cos Φ2

Φ2 − Φ1
Λ

)
sin

(
cosΦ1 − cos Φ2

Φ2 − Φ1
Λ

)
⎤⎥⎥⎥⎦ , (17.20)

Λ1 =
Φ2 cosΦ1 − Φ1 cos Φ2 + Φ(cos Φ2 − cos Φ1)

(Φ2 − Φ1) cos Φ
, Λ2 = 1 . (17.21)

Fig. 17.7. Mapping the sphere to a cone. Polar aspect, equidistant mapping of the set of meridians, equidistant
and conformal on two parallels Φ = Φ1 = 0◦ and Φ = Φ2 = 60◦ (de L’Isle projection).
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17-22 Conformal mapping (Lambert projection)

The general mapping equations for this type of mappings are derived from the identity (17.22). The
mapping equations are obtained as (17.25). The left principal stretches are obtained as (17.26).

Λ1 =
√

C11

G11
=

nf

R cosΦ
= Λ2 =

√
C22

G22
=

f ′

R
(17.22)

⇓
f ′

f
=

n

cos Φ
⇒

∫
df

f
= n

∫
dΦ

cos Φ

(17.23)

⇓

ln f = n ln tan
(

π

4
− Φ

2

)
+ ln c ,

(17.24)

[
α

r

]
=

[
nΛ

c tan
(

π
4 − Φ

2

)n

]
, (17.25)

Λ1 = Λ2 =
cn tan

(
π
4 − Φ

2

)n

R cos Φ
. (17.26)

17-221 Equidistance on the circle-of-contact, compare with Fig. 17.8

The constant n is defined using the parallel circle Φ = Φ0 which shall be mapped equidistantly, i. e.
through the cone constant n = sin Φ0. It follows from (17.26) that (17.27) holds.

Λ1|Φ=Φ0
= Λ2|Φ=Φ0

=
cn tan

(
π
4 − Φ0

2

)n

R cosΦ0
= 1

⇔
c =

R cosΦ0

n tan
(

π
4 − Φ0

2

)n =
R cot Φ0

tan
(

π
4 − Φ0

2

)n .

(17.27)

The mapping equations for this kind of projection are therefore defined through (17.28) or (17.29).
The left principal stretches are provided by (17.30).

[
α

r

]
=

⎡⎢⎢⎣
Λ sin Φ0

R cot Φ0

(
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ0

2

))n

⎤⎥⎥⎦ , (17.28)

[
x

y

]
= R cot Φ0

(
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ0

2

))n [
cos(Λ sin Φ0)

sin(Λ sin Φ0)

]
, (17.29)

Λ1 = Λ2 =
cos Φ0

cosΦ

(
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ0

2

))n

. (17.30)



17-2 Special mapping equations 387

Fig. 17.8. Mapping the sphere to a cone. Polar aspect, conformal mapping, equidistant on the standard
parallel Φ = Φ0 = 45◦.

17-222 Equidistance on two parallels (secant cone, J. H. Lambert 1772), compare with Fig. 17.9

The basic idea is to determine the cone constant n = sin Φ0 from an equidistant mapping of two
standard parallel circles Φ = Φ1 and Φ = Φ2. Starting from (17.31), we immediately arrive at (17.32),
from which the integration constant c according to (17.33) is computed as a function of the unknown
cone constant n. Since c can also be determined via Λ1|Φ=Φ2

= Λ2|Φ=Φ2
:= 1, the equality (17.34) is

used to compute n according to (17.35).

Λ1 = Λ2 =
cn tan

(
π
4 − Φ

2

)n

R cosΦ
, (17.31)

Λ1|Φ=Φ1
= Λ2

∣∣
Φ=Φ1

=
cn tan

(
π
4 − Φ1

2

)n

R cos Φ1

= 1 , (17.32)

c =
R cos Φ1

n tan
(

π
4 − Φ1

2

)n , (17.33)

R cos Φ1

n tan
(

π
4 − Φ1

2

)n =
R cos Φ2

n tan
(

π
4 − Φ2

2

)n , (17.34)

n =
ln cos Φ1 − ln cos Φ2

ln tan
(

π
4 − Φ1

2

)− ln tan
(

π
4 − Φ2

2

) . (17.35)
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Fig. 17.9. Mapping the sphere to a cone. Polar aspect, conformal mapping, equidistant on two standard
parallels Φ = Φ0 = 30◦ and Φ = Φ0 = 60◦ (Lambert projection).

The resulting mapping equations are given by (17.36) or (17.37). The left left principal stretches are
given by (17.38). [

α

r

]
=

=

⎡⎢⎣ nΛ

R cos Φ1
n

[
tan(π

4 −Φ
2 )

tan(π
4 −Φ1

2 )

]n

⎤⎥⎦ =

⎡⎢⎣ nΛ

R cos Φ2
n

[
tan(π

4 −Φ
2 )

tan(π
4 −Φ2

2 )

]n

⎤⎥⎦ ,

(17.36)

[
x
y

]
=

= R
cos Φ1

n

[
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ1

2

)]n [
cosnΛ
sin nΛ

]
= R

cos Φ2

n

[
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ2

2

)]n [
cosnΛ
sin nΛ

]
,

(17.37)

Λ1 = Λ2 =

=
cos Φ1

cosΦ

[
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ1

2

)]n

=
cosΦ2

cos Φ

[
tan

(
π
4 − Φ

2

)
tan

(
π
4 − Φ2

2

)]n

.
(17.38)

It is worthwhile noting that this famous map (Lambert map, also called conical orthomorphic mapping)
has interesting limiting forms. First, if one of the poles is selected as a single standard parallel, the
cone is a plane and a stereographic azimuthal projection is generated. If the equator or two parallels
Φ = Φ1 and Φ = −Φ1 are chosen as the standard parallels, the cone becomes a cylinder and the
Mercator projection results.
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17-23 Equal area mapping (Albers projection)

The general mapping equations for this type of mappings are derived from the requirement that the
product of the principal stretches equals unity, i. e.

Λ1Λ2 =
nf

R cos Φ

f ′

R
= 1 ⇒ ff ′ =

R2 cosΦ

n
⇒

∫
fdf =

R2

n

∫
cosΦdΦ

⇓
1
2
f2 = −R2

n
sin Φ +

1
2
c ⇒ f =

√
−2R2

n
sin Φ + c .

(17.39)

For the root to be real for all Φ, the integration constant c should fulfill the inequality c ≥ 2R2

n . The
general mapping equations thus are given by (17.40) or (17.41), and the general left principal stretches
are given by (17.42).

[
α

r

]
=

⎡⎣ nΛ√
− 2R2

n sin Φ + c

⎤⎦ , (17.40)

[
x

y

]
=

√
−2R2

n
sin Φ + c

[
cos(nΛ)

sin(nΛ)

]
, (17.41)

Λ1 =
n
√
− 2R2

n sin Φ + c

R cosΦ
, Λ2 =

R cosΦ

n
√
− 2R2

n sin Φ + c
. (17.42)

17-231 Equidistance and conformality on the circle-of-contact, compare with Fig. 17.10

For the reason to map the standard parallel (circle-of-contact) Φ = Φ0 equidistantly, we claim that
(17.43) holds, with the consequence that – together with the cone constant n = sin Φ0 – (17.44) is
immediately obtained.

Λ1|Φ=Φ0
=

n
√
− 2R2

n sin Φ0 + c

R cos Φ0

= 1 , (17.43)

c = R2(2 + cot2 Φ0) . (17.44)

The mapping equations therefore are provided by (17.45) or (17.46). The left principal stretches are
provided by (17.47). [

α

r

]
=

⎡⎣ nΛ

R
√
− 2

n sin Φ + cot2 Φ0 + 2

⎤⎦ , (17.45)

[
x

y

]
= R

√
− 2

n
sin Φ + cot2 Φ0 + 2

[
cos(nΛ)

sin(nΛ)

]
, (17.46)

Λ1 =
√−2n sin Φ + n2 + 1

cos Φ
, Λ2 =

cos Φ√−2n sin Φ + n2 + 1
. (17.47)
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Fig. 17.10. Mapping the sphere to a cone. Polar aspect, equal area mapping, conformal on the standard
parallel Φ = Φ0 = 45◦.

17-232 Equidistance and conformality on the circle-of-contact, point-like image of the North Pole,
compare with Fig. 17.11

Starting from the general mapping equations, in (17.40) the postulate of a point-like image of the pole
is achieved by setting r|Φ=90◦ := 0, which is equivalent to assigning c = 2R2n−1. We therefore obtain
after some trigonometric conversions the general mapping equations and general left principal stretches
that are defined by (17.48) and (17.49). The further requirement that the parallel circle Φ = Φ1 shall
be mapped equidistantly now determines the cone constant n = sin Φ0. From the postulate (17.50),
we get the value (17.51). [

α

r

]
=

[
nΛ

2R√
n

sin
(

π
4 − Φ

2

)] , (17.48)

Λ1 =
2
√

n sin
(

π
4 − Φ

2

)
cosΦ

=
√

n

cos
(

π
4 − Φ

2

) ,

Λ2 =
cos

(
π
4 − Φ

2

)
√

n
,

(17.49)

Λ1|Φ=Φ1
=

√
n

cos
(

π
4 − Φ1

2

) = 1 , (17.50)

n = cos2
(

π

4
− Φ1

2

)
. (17.51)
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Fig. 17.11. Mapping the sphere to a cone. Polar aspect, equal area mapping, equidistant and conformal on
the standard parallel Φ = Φ0 = 45◦, point-like North Pole.

The final mapping equations thus are given by (17.52), and the left principal stretches are given by
(17.53). It is easily seen that for the standard parallel Φ = Φ1 conformality and isometry is guaranteed.

[
α

r

]
=

⎡⎢⎢⎢⎣
cos2

(
π

4
− Φ1

2

)
Λ

2R

cos
(

π
4 − Φ1

2

) sin
(

π

4
− Φ

2

)
⎤⎥⎥⎥⎦ ,

[
x

y

]
= 2R

sin
(

π
4 − Φ

2

)
cos

(
π
4 − Φ1

2

)
⎡⎢⎢⎢⎣

cos
(

cos2
(

π

4
− Φ1

2

)
Λ

)
sin

(
cos2

(
π

4
− Φ1

2

)
Λ

)
⎤⎥⎥⎥⎦ , (17.52)

Λ1 =
cos

(
π
4 − Φ1

2

)
cos

(
π
4 − Φ

2

) , Λ2 =
cos

(
π
4 − Φ

2

)
cos

(
π
4 − Φ1

2

) . (17.53)

17-233 Equidistance and conformality on two parallels (secant cone, H.C.Albers),
compare with Fig. 17.12

This famous projection which was introduced by Heinrich Christian Albers (1773–1833) in 1805 has
interesting limiting forms. If one of the poles is defined to be the single standard parallel, then the
Lambert azimuthal equal area projection in the polar aspect (compare with Section 5-23) is generated:
the cone becomes a plane. If, on the other hand, the equator is used as the single standard parallel,
the cylindrical equal area projection (Lambert projection, compare with Section 10-23) is obtained.
In order to derive the mapping equation, we again start from equations (17.43) and claim that for an
equidistant mapping of the standard parallel Φ = Φ1, we have

Λ1|Φ=Φ1
=

n
√
− 2R2

n sin Φ1 + c

R cosΦ1

= 1 . (17.54)
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We solve this equation in order to determine the integration constant c and obtain (17.55). Since c
can also be computed from Λ1|Φ=Φ2

:= 1, we obtain (17.56) and (17.57). Resubstituting this result
into (17.56) gives the final form of c, namely (17.58).

c = R2 cos2 Φ1 + 2n sin Φ1

n2
, (17.55)

R2 cos2 Φ1 + 2n sin Φ1

n2
= R2 cos2 Φ2 + 2n sin Φ2

n2

⇒
cos2 Φ1 + 2n sin Φ1 = cos2 Φ2 + 2n sin Φ2 ,

(17.56)

n =
cos2 Φ1 − cos2 Φ2

2(sin Φ2 − sin Φ1)
=

1− sin2 Φ1 − 1 + sin2 Φ2

2(sin Φ2 − sin Φ1)
=

sin2 Φ2 − sin2 Φ1

2(sin Φ2 − sin Φ1)
=

=
(sinΦ2 − sin Φ1)(sin Φ2 + sin Φ1)

2(sin Φ2 − sin Φ1)
=

=
1
2
(sin Φ1 + sin Φ2) ,

(17.57)

c = 4R2 1 + sin Φ1 sin Φ2

(sin Φ1 + sin Φ2)2
. (17.58)

As a matter of course, the cone constant and the integration constant are symmetric in Φ1 and Φ2.
The final mapping equations are given by (17.59) or (17.60), and the final left principal stretches are
provided by (17.61). Indeed, the requirements Λ1|Φ=Φ1

= Λ2|Φ=Φ1
= Λ1|Φ=Φ2

= Λ2|Φ=Φ2
= 1 are

met and the inverse mapping equations are defined through (17.62).[
α

r

]
=

=

[
nΛ

R
n

√
cos2 Φ1 + 2n sin Φ1 − 2n sin Φ

]
,

(17.59)

[
x
y

]
=

=
R

n

√
cos2 Φ1 + 2n sin Φ1 − 2n sin Φ

[
cos(nΛ)

sin(nΛ)

]
,

(17.60)

Λ1 =
√

cos2 Φ1 + 2n sin Φ1 − 2n sin Φ

cos Φ
=

√
1 + sin Φ1 sin Φ2 − (sinΦ1 + sin Φ2) sin Φ

cos Φ
,

Λ2 = Λ−1
1 .

(17.61)

Λ =
α

n
, Φ = arcsin

1
2n

[
cos2 Φ1 + 2n sin Φ1 −

(nr

R

)2
]

. (17.62)
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Fig. 17.12. Mapping the sphere to a cone. Polar aspect, equal area mapping, equidistant and conformal on
two standard parallel Φ = Φ1 = 30◦ and Φ = Φ2 = 60◦ (Albers projection).

With these formulae, we close the discussion of the polar aspect of the mappings “sphere to cone”.
In the chapter that follows, let us discuss the pseudo-conic aspect.
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18 “Sphere to cone”: pseudo-conic projections

Mapping the sphere to a cone: pseudo-conic projections. The Stab–Werner mapping and the Bonne
mapping. Tissot indicatrix.

First, let us develop the general setup of pseudo-conic projections from the sphere to a cone. Second,
let us present special pseudo-conic mappings like the Stab–Werner mapping and the Bonne mapping
including illustrations.

18-1 General setup and distortion measures of pseudo-conic projections

Conic projections, polyconic projections. Mapping equations, deformation tensor. Lemma of Vieta and
postulate of equal area mapping.

In general, pseudo-conic projections are based upon the setting (18.1) if we use spherical longitude Λ
and spherical co-latitude ∆ = π/2 − Φ and polar coordinates α and r. The next extension leaves us
with the polyconic projections of type (18.2). Our analysis is based upon Lemma 18.1.

α = α(Λ,∆) = Λ cos∆ , r = r(∆) = f(∆) , (18.1)

α(Λ,∆) = g(∆)Λ cos ∆ , r = r(∆) = f(∆) . (18.2)

Lemma 18.1 (Equiareal mapping).

A general mapping of any surface to the plane is equiareal or area preserving if and only if

det [Cl] /det [Gl] = 1 . (18.3)

Cl and Gl are the left Cauchy–Green matrix and the left metric matrix, respectively.

End of Lemma.

Proof.

det
[
Cl − Λ2

SGl

]
= 0

⇔
Λ4

S − Λ2
Str

[
ClG

−1
l

]
+ det

[
ClG

−1
l

]
= 0 ,

(18.4)

(
Λ2

S

)+ (
Λ2

S

)− = 1

(canonical postulate of equal area mapping)

⇔
det [Cl] /det [Gl] = 1

(Lemma of Vieta:
the product of the solutions of a quadratic equation equals the absolute term) .

(18.5)

End of Proof.

From the general form of the deformation tensor, the metric tensor, and the postulate of equal area
mapping, we derive the general structure of equal area pseudo-conic mappings of the sphere in Box 18.1.
As a side remark, we use the result that only pseudo-conic projections of type equal area exist.
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Box 18.1 (General structure of equal area pseudo-conic mappings of the sphere).

Mapping equations:

α = g(∆)Λ cos ∆ = h(∆)Λ , r = f(∆) . (18.6)

Left Cauchy–Green matrix:

Cl = JT
l GrJl =

"
f2h2 f2hh′Λ

f2hh′Λ f2h′ 2Λ2 +f ′ 2

#
, (18.7)

det [Cl] = f2h2(f2h′ 2Λ2 +f ′ 2
) − f4h2h′ 2Λ2 = f4h2h′ 2Λ2 + f2h2f ′ 2 − f4h2h′ 2Λ2 = f2f ′ 2h2 . (18.8)

Left Jacobi matrix:

Jl =

"
DΛα D∆α

DΛr D∆r

#
=

"
h(∆) Λh′(∆)

0 f ′(∆)

#
. (18.9)

Right metric tensor:

Gr =

"
r2 0

0 1

#
=

"
f2 0

0 1

#
. (18.10)

Left metric tensor:

Gl =

"
R2 sin2 ∆ 0

0 R2

#
, det [Gl] = R4 sin2 ∆ . (18.11)

Postulate of an equal area mapping:

det [Cl] = det [Gl] ⇒ ff ′g cos ∆ = +R2 sin ∆

(only the + sign is here correct due to the orientation constance)

⇔
(18.12)

g = 2R2 tan ∆

(f2)′
= R2 tan ∆

ff ′ . (18.13)

General structure

(equal area mapping: pseudo-conic):

α = α(Λ, ∆) = g(∆)Λ cos ∆ = 2R2 sin ∆

[f2(∆)]′
Λ = R2 sin ∆

ff ′ Λ ,

r = r(∆) = f(∆) .

(18.14)
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Proof. (
Λ2

S

)+ =

=
1
2

[
tr
[
ClG

−1
l

]
+

√(
tr
[
ClG

−1
l

])2 − 4det
[
ClG

−1
l

]]
,

(
Λ2

S

)− =

=
1
2

[
tr
[
ClG

−1
l

]−√(
tr
[
ClG

−1
l

])2 − 4det
[
ClG

−1
l

]]
,

(18.15)

det [Cl] =

=
1
4
[
(f2)′

]2
h2 =

=
1
4
[
(f2)′

]2 cos2 ∆g2(∆) =

=
1
4
[
(f2)′

]2 cos2 ∆ 4R4 tan2 ∆[
(f2)′

]2 =

= R4 sin2 ∆ .

(18.16)

End of Proof.

Proof.

tr
[
ClG

−1
l

]
=

= c11G
−1
11 + c22G

−1
22 =

= f2h2
(
R2 sin2 ∆

)−1 +
(
f2h′ 2Λ2 +f ′ 2)(R2

)−1 =

=
1

R2 sin2 ∆
f2g2 cos2 ∆ +

1
R2

[
f2

(
g′ cos∆− g sin ∆

)2
Λ2 +f ′ 2] =

= 4R2 f2[
(f2)′

]2 +

+
1

R2

(
f2

[
2R2 cos ∆(1 + tan2 ∆)(

f2
)′ − 2R2 sin ∆[

(f2)′
]2 (f2

)′′ − 2R2 sin ∆ tan ∆(
f2

)′ ]2

Λ2 +f ′ 2
)

,

(18.17)

det [Gl] = R4 sin2 ∆ . (18.18)

End of Proof.
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18-2 Special pseudo-conic projections based upon the sphere

The Stab–Werner mapping and the Bonne mapping. The mapping equations and the principal stretches.
Tissot indicatrix.

We use the setup (“Ansatz”)

r(∆) = f(∆) = a∆ + b , f ′(∆) = a . (18.19)

18-21 Stab–Werner mapping

In the framework of the Stab–Werner mapping, let us take advantage of the following two postulates.

Postulate.

The North Pole should be mapped to a point.

b = 0 : r(∆ = 0) = 0 . (18.20)

End of Postulate.

Postulate.

An arc on the meridian should be mapped equidistantly.

a = R : r(∆) = R∆ . (18.21)

End of Postulate.

α(Λ,∆ = 0) = lim
∆−→0

=
sin ∆

∆
Λ = lim

∆−→0

cos ∆

1
Λ = Λ , (18.22)

α(Λ,∆) =
sin ∆

∆
Λ =

cos Φ
π
2 − Φ

Λ , r(∆) = R∆ = R
(π

2
− Φ

)
(direct mapping equations) ,

(18.23)

Λ =
r

R sin r
R

α , Φ =
π

2
− r

R

(inverse mapping equations) .

(18.24)

At this point, we collect the Stab–Werner mapping equations and analyze the principal stretches. In
particular, we observe that the principal stretch components are not directed along the coordinate
lines ∆ = const./Φ = const. and Λ = const. because Cl is not a diagonal matrix, in general. We
here additionally note that Johannes Werner (1514) in his work “Libellus de quatuor terrarum orbis
in plano figurationibus, Nova translatio primi libri geographiae El. Ptolemai: Neuenberg (Latin)”
remarks: “computed assisted by Johann Stabius”. Furthermore, note that the first published map is
due to Petrus Aqianus, World Map of Ingolstadt (1530). Moreover, note that the term cardioform is
translated in the form of a heart.
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Mapping equations (Stab–Werner):

x = r cos α =

= R
(π

2
− Φ

)
cos

(
cos Φ
π
2 − Φ

Λ

)
,

y = r sin α =

= R
(π

2
− Φ

)
sin

(
cosΦ
π
2 − Φ

Λ

)
.

(18.25)

Principal stretches (Stab–Werner):

(
Λ2

S

)
1

=
1
2

[
2+

+Λ2
(
cos ∆− sin ∆

∆

)2
+

√
4Λ2

(
cos ∆− sin ∆

∆

)2
+ Λ4

(
cos ∆− sin ∆

∆

)4
]

,

(
Λ2

S

)
2

=
1
2

[
2+

+Λ2
(
cos ∆− sin ∆

∆

)2 −
√

4Λ2
(
cos ∆− sin ∆

∆

)2
+ Λ4

(
cos ∆− sin ∆

∆

)4
]

.

(18.26)

Fig. 18.1. Stab–Werner mapping, pseudo-conic projection, Tissot ellipses of distortion.
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18-22 Bonne mapping

We agree upon the postulate that the line-of-contact of the cone shall be mapped equidistantly. We
start the theory of the Bonne mapping from the following two postulates, from which follows (18.29).
Compare with Fig. 18.2.

Postulate.

r(∆) = a∆ + b . (18.27)

End of Postulate.

Postulate.

r(∆0) = R tan∆0 , a = R . (18.28)

End of Postulate.

b = R(tan ∆0 −∆0) . (18.29)

Next, we summarize the mapping equations of type Bonne, the inverse mapping equations, and the
principal stretches. Note that r(∆ = 0) = R(tan ∆0 − ∆0): “Pointwise mapping of the North Pole,
but not at the coordinate origin {x = 0, y = 0}”! Note that Rigobert Bonne’s work can be read in
“Ptolemaeus Geographia” (Francesco Berlinghieri, Florenz 1482). Furthermore, note that very often
Φ0 = 50◦ N is chosen.

Mapping equations:

α = α(Λ,∆) =
sin ∆

∆−∆0 + tan∆0
Λ =

cos Φ

Φ0 − Φ + cot Φ0
Λ ,

r = r(∆) = R(∆−∆0) + R tan∆0 = R(Φ0 − Φ) + R cotΦ0 .

(18.30)

Φ0

r(∆0)

R cos Φ0 = R sin ∆0

“Ansatz”:

R cos Φ0 = R sin ∆0 = r cos ∆0

⇒
r(∆0) = R tan ∆0

Fig. 18.2. Bonne mapping, pseudo-conic projection, parallel circle and conic center.
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Direct mapping equations:

⎡⎣x

y

⎤⎦ = R(Φ0 − Φ + cot Φ0)

⎡⎢⎢⎢⎣
cos

(
cosΦ

Φ0 − Φ + cot Φ0
Λ

)
sin

(
cos Φ

Φ0 − Φ + cot Φ0
Λ

)
⎤⎥⎥⎥⎦ .

(18.31)

Inverse mapping equations:

Λ =
r
Rα

cos
(
cotΦ0 + Φ0 − r

R

) ,

Φ = cotΦ0 + Φ0 − r

R
.

(18.32)

Principal stretches:

(
Λ2

S

)
1

=
1
2

[
2 + Λ2

(
cos∆− sin ∆

∆ + tan∆0 −∆0

)2

+

+

√
4Λ2

(
cos∆− sin ∆

∆+tan ∆0−∆0

)2

+ Λ4
(
cos ∆− sin ∆

∆+tan ∆0−∆0

)4
]

,

(
Λ2

S

)
2

=
1
2

[
2 + Λ2

(
cos∆− sin ∆

∆ + tan∆0 −∆0

)2

−

−
√

4Λ2
(
cos∆− sin ∆

∆+tan ∆0−∆0

)2

+ Λ4
(
cos ∆− sin ∆

∆+tan ∆0−∆0

)4
]

.

(18.33)

Fig. 18.3. Bonne mapping, pseudo-conic projection, Tissot ellipses of distortion.
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Exercise 18.1 (Stab–Werner projection).

In the 16th century and the 17th century, the pseudo-conic, the equal area, and the cordiform (heart
shaped) Stab–Werner projections (J. Stab and J. Werner, ∼ 1514) was frequently used for world maps
and some continental maps. The mapping equations are specified trough polar coordinates α and r or
Cartesian coordinates x and y as follows. (Λ and Φ describe spherical longitude and spherical latitude.)

α = Λ
cosΦ

π/2− Φ
, r = R(π/2 − Φ) , (18.34)

x = R(π/2− Φ) cos
(

Λ
cosΦ

π/2− Φ

)
, y = R(π/2− Φ) sin

(
Λ

cos Φ

π/2− Φ

)
. (18.35)

(i) Prove analytically that the Stab–Werner projection is equal area and (ii) determine the numerical
values of the elements of the Tissot indicatrix (Tissot ellipse: minor distortions and major distortions,
and coordinates of the corresponding eigendirections in the map) for the point Aachen, Germany
(Λ = 6◦06′ E, Φ = 50◦46′ N).

Solution.

From the general eigenvalue problem in Lemma 1.7 or from (18.26), the minor and the major distortions
are easily calculated as (18.36), and detDl = ΛminΛmax = 1. The matrix Fl of eigenvectors, fulfilling
the requirements FT

l ClFl = D2
l and FT

l GlFl = I2 (“left diagonalization”), results to (18.37). These
eigenvectors refer to the base vectors of the left tangential space TM

2
l . In order to properly plot the

Tissot ellipses of distortion, the eigendirections in the right tangential space TM
2
r are needed.

Dl :=

:= diag [Λmin, Λmax] =

[
0.992 10 0

0 1.007 97

]
,

(18.36)

Fl =

=

[
1.122 42 1.113 55

−0.704 30 0.709 91

]
.

(18.37)

With the help of the left Jacobi matrix

Jl =

[
DΛx DΦx

DΛy DΦy

]
Λ=6◦06′ E, Φ=50◦46′ N

=

[−0.062 10 −0.996 73

0.629 42 −0.082 38

]
, (18.38)

the transformation left-to-right is easily performed as

Fr = JlFlD
−1
l = JlFlDr =

[
0.770 59 0.637 33

−0.637 33 0.770 59

]
, (18.39)

and

FT
r CrFr = D2

r , FT
r GrFr = FT

r Fr = I2 . (18.40)

Indeed, Fr is an orthonormal matrix.

End of Exercise.
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Exercise 18.2 (Bonne projection).

Until recently, the pseudo-conic equal area Bonne projection (R. Bonne, 1727–1795) was frequently
used for atlas maps of continents. The mapping equations are specified through polar coordinates α
and r or Cartesian coordinates x and y as follows. (Λ and Φ describe spherical longitude and spherical
latitude. Φ0 = 60◦ N is the parallel circle which is mapped isometrically, i. e. without any distortion.)

α = Λ
cos Φ

Φ0 − Φ + cotΦ0
, r = R(Φ0 − Φ) + R cotΦ0 , (18.41)

x = R(Φ0 − Φ + cotΦ0) cos
(

Λ
cos Φ

Φ0 − Φ + cotΦ0

)
,

y = R(Φ0 − Φ + cotΦ0) sin
(

Λ
cos Φ

Φ0 − Φ + cotΦ0

)
.

(18.42)

(i) Prove analytically that the Bonne projection is equal area and (ii) determine the numerical values
of the elements of the Tissot indicatrix (Tissot ellipse: minor distortions and major distortions,
and coordinates of the corresponding eigendirections in the map) for the point Alexandria, Egypt
(Λ = 29◦55′ E, Φ = 31◦13′ N).

Solution.

In this case, the minor and the major distortions amount ot (18.43), and detDl = ΛminΛmax = 1. The
matrix Fl of eigendirections from the left diagonalization is provided by (18.44). As before, FT

l ClFl = D2
l

and FT
l GlFl = I2 are satisfied.

Dl :=

:= diag [Λmin, Λmax] =

[
0.931 07 0

0 1.074 03

]
,

(18.43)

Fl =

=

[
0.855 79 0.796 80

−0.681 43 0.731 88

]
.

(18.44)

The Jacobi matrix Jl reads

Jl =

[
DΛx DΦx

DΛy DΦy

]
Λ=29◦55′ E, Φ=31◦13′ N, Φ0=60◦ N

=

[−0.343 70 −0.973 14

0.783 11 −0.270 98

]
. (18.45)

Finally, the orthonormal matrix of (right) eigendirections results to

Fr =

[
0.918 11 0.396 32

−0.396 32 0.918 11

]
. (18.46)

FT
r CrFr = D2

r and FT
r GrFr = FT

r Fr = I2, which enables us to orientate the Tissot ellipse in the map.

End of Exercise.
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The above two exercises close the discussion of the mappings “sphere to cone”. In the next chapter,
let us study the mappings “ellipsoid-of-revolution to cone”.



19 “Ellipsoid-of-revolution to cone”: polar aspect

Mapping the ellipsoid-of-revolution E
2
A1,A2

to a cone: polar aspect. Lambert conformal conic mapping
and Albers equal area conic mapping.

Section 19-1, Section 19-2.

First, in Section 19-1, we review the general equations of a conic mapping to the ellipsoid-of-revolution,
the polar aspect only. Second, in Section 19-2, we treat a special set of conic mappings, namely three
types and special aspects. Indeed, the detailed computations are rather elaborate.

19-1 General mapping equations of the ellipsoid-of-revolution to the cone
Deformation tensor of first order, the meridian radius, the radius of curvature in the prime vertical, the
principal stretches.

The first postulate fixes the surface normal ellipsoidal coordinate as follows. The opening angle half,
representing the latitude Φ0 of the cone, agrees to the latitude of the circle-of-contact. For practical
reasons, we use the polar distance ∆0 = π/2− Φ0. We refer to Fig. 19.1.

Line-of-contact:

∆0 = π/2− Φ0 .

(19.1)

For the deformation tensor of first order, we specialize Cl = JT
l GrJl. In detail, we note[

α

r

]
=

[
nΛ

f(∆)

]
, (19.2)

Jl =

[
DΛα D∆α

DΛr D∆r

]
=

[
n 0

0 f ′(∆)

]
, Gr =

[
r2 0

0 1

]
=

[
f2(∆) 0

0 1

]
, (19.3)

c11 = n2f2(∆) , c12 = 0 , c21 = 0 , c22 = f ′ 2 (∆) , (19.4)

M =
1
κ1

=
A1(1− E2)

(1− E2 sin2 Φ)3/2
(meridian radius) ,

N =
1
κ2

=
A1

(1− E2 sin2 Φ)1/2
(radius of curvature in the prime vertical) ,

(19.5)

Gl =

[
N2 cos2 Φ 0

0 M2

]
=

[
N2 sin2 ∆ 0

0 M2

]
, (19.6)

and finally, we note the principal stretches

Λ1 =
√

c11/G11 =
nf(∆)
N sin ∆

, Λ2 =
√

c22/G22 =
f ′(∆)

M
. (19.7)
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Φ0

Φ0

p

∆0 = π/2 − Φ0

central point on the axis of the ellispoid

parallel to the equator

Fig. 19.1. Mapping the ellipsoid-of-revolution to the cone, polar aspect, line-of-contact.

19-2 Special conic projections based upon the ellipsoid-of-revolution

Normal mappings of type equidistant, conformal, and equal area. The mapping equations and the principal
stretches. Lambert mapping and Albers mapping.

In this section, we present special normal mappings of type equidistant, conformal, and equal area as
second postulates.

19-21 Special conic projections of type equidistant on the set of parallel circles

Let us transfer the postulate of an equidistant mapping on the set of parallel circles. As it is shown
in (19.9), we get a typical elliptic integral of the second kind.

Λ2 = 1 and Λ2 =
f ′(∆)

M

⇒
f ′(∆) = M

⇔

f ′(∆) =
A(1− E2)

(1−E2 cos2 ∆)3/2
,

(19.8)

f(∆) = A(1− E2)
∫

(1−E2 cos2 ∆)−3/2 d∆

= A(1− E2)
∫ ∆

0

(1−E2 cos2 ∆∗)−3/2 d∆∗ .

(19.9)
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19-22 Special conic projections of type conformal

Here, we depart from the postulate of conformality. After integration-by-parts and after application
of the addition theorem, we are finally led to (19.15).

Λ1 = Λ2 ⇒ nf(∆)
N sin ∆

=
f ′(∆)

M
⇒ f ′

f
=

nM

N sin ∆

⇔∫
df

f
= n

∫
(1− E2)d∆

(1−E2 cos2 ∆) sin ∆
⇒ ln f = n(1− E2)

∫
d∆

(1− E2 cos2 ∆) sin ∆
.

(19.10)

Here, let us substitute u := E cos ∆:

sin2 ∆ =
E2 − u2

E2
,

du

d∆
= E(− sin ∆) , ln f = −n(1− E2)E

∫
du

(1− u2)(E2 − u2)
. (19.11)

By integration-by-parts, we find in detail:∫
du

(1− u2)(E2 − u2)
=

∫
Adu

1− u2
+

∫
Bdu

E2 − u2
, (19.12)

A(E2 − u2) + B(1− u2) = 1 , AE2 + B − u2(A + B) = 1 ,

AE2 + B = 1 , A + B = 0

⇒

A = − 1
1− E2

, B =
1

1− E2

⇒∫
du

(1− u2)(E2 − u2)
= − 1

1−E2

[∫
du

1− u2
−

∫
du

E2 − u2

]
=

= − 1
1−E2

[
1
2

ln
1 + u

1− u
− 1

2E
ln

E + u

E − u

]
=

= − 1
2(1−E2)

[
ln

1 + E cos ∆

1− E cos ∆
+

1
E

ln
1− cos∆

1 + cos∆

]
.

(19.13)

We take advantage of the addition theorem:∫
d∆

(1− E2 cos2 ∆) sin ∆
= − 1

2(1− E2)

[
ln

1 + E cos∆

1− E cos∆
+

1
E

ln tan2 ∆

2

]
+ ln c′′

⇒

ln f =
nE

2
ln

[
1 + E cos ∆

1− E cos ∆
tan2/E ∆

2

]
+ ln c′ = ln

[(
1 + E cos ∆

1− E cos ∆

)En/2

tann ∆

2
c

]
⇒

(19.14)

f(∆) := c

[(
1 + E cos ∆

1− E cos ∆

)E/2

tan
∆

2

]n

. (19.15)
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Let us here also summarize the general form of the conformal mapping equations as well as the
principal stretches.

[
α

r

]
=

⎡⎢⎣ nΛ

c

[(
1+E cos ∆
1−E cos ∆

)E/2

tan ∆
2

]n

⎤⎥⎦ , (19.16)

[
α

r

]
=

⎡⎢⎣ nΛ

c

[(
1+E sin Φ
1−E sin Φ

)E/2

tan
(

π
4 − Φ

2

)]n

⎤⎥⎦ , (19.17)

Λ1 = Λ2 =
cn

N sin ∆

[(
1 + E sin Φ

1−E sin Φ

)E/2

tan
(

π

4
− Φ

2

)]n

. (19.18)

We here distinguish between two cases.

∆ = 0 : r = f(0)
(the central point is mapped to a point)

and

∆ = π/2 : r = f(π/2) = c

(the parallel circle-of-reference ∆ = π/2 or Φ = 0 is mapped to a circle of radius c).

There are two variants of conformal mappings.

19-221 Conformal mapping: the variant of type equidistant on the parallel circle-of-reference

We first consider the variant of type equidistant on the parallel circle-of-reference. In this context, let
us fix the projection constant n by

n := sinΦ0 = cos ∆0 . (19.19)

The radius of the parallel circle p is computed as follows.

Input:

X2 + Y 2

A2
1

+
Z2

A2
2

= 1

(equation of the ellipsoid-of-revolution) .

(19.20)

Output:

p2 := X2 + Y 2 , A2
2 = A2

1(1− E2) , Z =
(1−E2)A1 sin Φ√

1− E2 sin2 Φ
⇒

(19.21)

p =
A1 cos Φ√

1− E2 sin2 Φ
. (19.22)
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We use the postulate of an equidistant mapping on the parallel circle-of-reference Φ0.

A1 cos Φ0√
1− E2 sin2 Φ0

Λ = f(Φ0)α

⇒
A1 sin ∆0√

1− E2 cos2 ∆0

Λ = c

[(
1 + E cos ∆0

1− E cos ∆0

)E/2

tan
∆0

2

]n

cos∆0Λ

⇒

c =
A1 tan∆0√

1− E2 cos2 ∆0

[(
1 + E cos ∆0

1− E cos ∆0

)E/2

tan
∆0

2

]−n

⇒

(19.23)

[
α

r

]
=

[
nΛ

f(∆)

]
,

f(∆) =
A1 tan∆0√

1−E2 cos2 ∆0

[
tan ∆

2

tan ∆0
2

(
1− E cos∆0

1− E cos ∆

1 + E cos ∆

1 + E cos∆0

)E/2
]n

=
A1

tanΦ0

√
1− E2 sin2 Φ0

⎡⎣ tan
(

π
4 − Φ

2

)
tan

(
π
4 − Φ0

2

) (
1 + E sin Φ

1 + E sin Φ0

√
1−E2 sin2 Φ0√
1− E2 sin2 Φ

)E
⎤⎦n

.

(19.24)

19-222 Conformal mapping: the variant of type equidistant on two parallel circles
(Lambert conformal mapping)

We then consider the variant of type equidistant on two parallel circles. In this context, the projection
constant n is determined byt he postulate of an equidistant mapping on two parallel circles fixed by
∆1 = π

2 − Φ1 and ∆2 = π
2 − Φ2.

Λ1(∆1) = Λ2(∆2) = 1 ⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

cn

N1 sin ∆1

[(
1 + E sin Φ1

1− E sin Φ1

)E/2

tan
(

π

4
− Φ1

2

)]n

=

cn

N2 sin ∆2

[(
1 + E sin Φ2

1−E sin Φ2

)E/2

tan
(

π

4
− Φ2

2

)]n

,

(19.25)

sin ∆2(1− E2 cos2 ∆1)1/2

sin ∆1(1− E2 cos2 ∆2)1/2
=

⎡⎢⎣
(

1+E cos ∆2
1−E cos ∆2

)E/2

tan ∆2
2(

1+E cos ∆1
1−E cos ∆1

)E/2

tan ∆1
2

⎤⎥⎦
n

⇒

(19.26)

n =
1
2

ln[(1 − E2 cos2 ∆1) sin2 ∆2]− ln[(1 −E2 cos2 ∆2) sin2 ∆1]

ln tan
∆2
2

tan
∆1
2

+ E
2 ln (1+E cos ∆2)(1−E cos ∆1)

(1−E cos ∆2)(1+E cos ∆1)

. (19.27)
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The general form of the conformal, conic mapping takes the special form (19.28) subject to the
equidistant mapping of the parallel circle (19.29), a formula from which we derive the constant c and
finally the radial component r according to (19.30) and (19.31).

r = c

[(
1 + E cos ∆

1−E cos ∆

)E/2

tan
∆

2

]n

, (19.28)

A1 sin ∆1√
1− E2 cos2 ∆1

= cn

[(
1 + E cos ∆1

1− E cos ∆1

)E/2

tan
∆1

2

]n

, (19.29)

c =
A1 sin ∆1

n
√

1−E2 cos2 ∆1

[(
1+E cos ∆1
1−E cos ∆1

)E/2

tan ∆1
2

]n

⇒
(19.30)

r =
A1 sin ∆1

n
√

1− E2 cos2 ∆1

⎡⎢⎣
(

1+E cos ∆
1−E cos ∆

)E/2

tan ∆
2(

1+E cos ∆1
1−E cos ∆1

)E/2

tan ∆1
2

⎤⎥⎦
n

. (19.31)

19-23 Special conic projections of type equal area

We here depart from the postulate of equal area. Fixing the integration constant, we finally arrive at
the general form of the mapping equations, namely (19.35).

Λ1Λ2 = 1 ⇒ nf(∆)
N sin ∆

f ′(∆)
M

= 1

⇒

fdf =
MN sin ∆

n
, M :=

A1(1− E2)
(1− E2 cos2 ∆)3/2

, N :=
A1

(1− E2 cos2 ∆)1/2

⇒∫
fdf =

∫
A2

1(1− E2) sin ∆

(1− E2 cos2 ∆)2n
d∆⇒ 1

2
f2 =

A2
1(1− E2)

n

∫
sin ∆

(1− E2 cos2 ∆)2
d∆ .

(19.32)

Here, let us substitute u := E cos ∆:

−
∫

sin ∆

(1−E2 cos2 ∆)2
d∆ =

∫
1

E(1− u2)2
du =

=
u

2E(1− u2)
+

1
4E

ln
1 + u

1− u
+ c′ =

cos ∆

2(1− E2 cos2 ∆)
+

1
4E

ln
1 + E cos∆

1− E cos∆
+ c′

⇒
1
2
f2 =

1
2
c2 − A2

1(1− E2)
2n

(
cos ∆

1−E2 cos2 ∆
+

1
2E

ln
1 + E cos∆

1− E cos∆

)
⇒

f =
[
c2 − A2

1(1−E2)
n

(
cos ∆

1− E2 cos2 ∆
+

1
2E

ln
1 + E cos ∆

1−E cos ∆

)]1/2

.

(19.33)
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We fix the integration constant:

∆ =
π

2
:

r = f(π/2) = c .

(19.34)

We summarize the general form of the mapping equations:

[
α

r

]
=

⎡⎢⎣ nΛ[
c2 − A2

1(1− E2)
n

(
cos ∆

1− E2 cos2 ∆
+

1
2E

ln
1 + E cos∆

1−E cos∆

)]1/2

⎤⎥⎦ . (19.35)

19-231 Equiareal mapping: the variant of type equidistant and conformal on the reference circle

The projection constant n is fixed by the postulate of an equidistant and conformal mapping on the
reference circle Φ0.

Condition on Φ0:

A1 sin ∆0Λ

(1− E2 cos2 ∆0)1/2
= f(∆0)nΛ ,

n = cos ∆0 ,

A2
1 sin2 ∆0

1− E2 cos2 ∆0
=

[
c2 − A2

1(1− E2)
n

(
cos∆0

1−E2 cos2 ∆0
+

1
2E

ln
1 + E cos∆0

1− E cos∆0

)]
n2

⇒

c2 =
A2

1(1 + tan2 ∆0 − E2)
1− E2 cos2 ∆0

+
A2

1(1− E2)
2E cos ∆0

ln
1 + E cos∆0

1− E cos∆0
,

(19.36)

1
cos2 ∆0

= 1 + tan2 ∆0

⇒

c2 = A2
1

[
1

cos2 ∆0
+

1− E2

2E cos∆0
ln

1 + E cos∆0

1− E cos∆0

]
⇒

r = f(∆) =

= A1

[
1

cos2 ∆0
− (1− E2) cos ∆

cos ∆0(1− E2 cos2 ∆)
+

1− E2

2E cos ∆0
ln

(
1 + E cos ∆0

1−E cos ∆0

1− E cos ∆

1 + E cos ∆

)]1/2

.

(19.37)
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We summarize the general form of the mapping equations:

[
α

r

]
=

=

⎡⎣ cos∆0Λ

A1

[
1

cos2 ∆0
− (1−E2) cos ∆

cos ∆0(1−E2 cos2 ∆) + 1−E2

2E cos ∆0
ln

(
1+E cos ∆0
1−E cos ∆0

1−E cos ∆
1+E cos ∆

)]1/2

⎤⎦ ,

(19.38)

[
α

r

]
=

=

⎡⎣ sin Φ0Λ

A1

[
1

sin2 Φ0
− (1−E2) sin Φ

sin Φ0(1−E2 sin2 Φ)
+ 1−E2

2E sin Φ0
ln

(
1+E sin Φ0
1−E sin Φ0

1−E sin Φ
1+E sin Φ

)]1/2

⎤⎦ .

(19.39)

19-232 Equiareal mapping: the variant of a pointwise mapping of the central point, equidistant and
conformal on the parallel circle

We here apply two postulates. First, we map the central point pointwise (∆ = 0: r = f(0) = 0).
Second, let us apply the equidistant mapping on the parallel circle (∆1 = π

2 − Φ1).

The first postulate:

∆ = 0 : r = f(0) = 0

⇒

f(0) = c2 − A2
1(1−E2)

n

(
1

1− E2
+

1
2E

ln
1 + E

1− E

)
= 0

⇒

c2 =
A2

1

n

(
1 +

1− E2

2E
ln

1 + E

1− E

)
⇒ c =

A1√
n

(
1 +

1− E2

2E
ln

1 + E

1−E

)1/2

⇒

f(∆) =
A1√

n

[
1− (1−E2) cos ∆

1− E2 cos2 ∆
+

1−E2

2E

(
ln

1 + E

1− E
− ln

1 + E cos ∆

1−E cos ∆

)]1/2

.

(19.40)

A first form of the mapping equations is given by

[
α

r

]
=

⎡⎢⎣ nΛ

A1√
n

[
1− (1− E2) sin Φ

1− E2 sin2 Φ
+

1− E2

2E

(
ln

1 + E

1− E
− ln

1 + E sin Φ

1− E sin Φ

)]1/2

⎤⎥⎦ . (19.41)
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The second postulate:

∆1 =
π

2
− Φ1 :

A1 sin ∆1

(1− E2 cos2 ∆1)1/2
= f(∆1)n

⇒
sin ∆1

(1− E2 cos2 ∆1)1/2
=

=
√

n

[
1− (1−E2) cos ∆1

1− E2 cos2 ∆1
+

1− E2

2E

(
ln

1 + E

1− E
− ln

1 + E cos ∆1

1−E cos ∆1

)]1/2

⇒

(19.42)

n =
1

1− E2 cos2 ∆1

sin2 ∆1

1− (1−E2) cos ∆1
1−E2 cos2 ∆1

+ 1−E2

2E

(
ln 1+E

1−E − ln 1+E cos ∆1
1−E cos ∆1

) . (19.43)

19-233 Equiareal mapping: the variant of an equidistant and conformal mapping on two parallel
circles (Albers equal area conic mapping)

In contrast, we here use the two postulates of equidistant mapping on two parallel circles Φ1 and Φ2.
We finally arrive at the relations (19.46)–(19.49).

A1 sin ∆iΛ

(1− E2 cos2 ∆i)1/2
= f(∆i)nΛ ∀ i ∈ {1, 2} , (19.44)

f(∆i) =
[
c2 − A2

1(1−E2)
n

(
cos∆i

1− E2 cos2 ∆i
+

1
2E

ln
1 + E cos∆i

1− E cos∆i

)]1/2

⇒
A2

1 sin2 ∆i

n2(1− E2 cos2 ∆i)
= c2 − A2

1(1−E2)
n

(
cos ∆i

1− E2 cos2 ∆i
+

1
2E

ln
1 + E cos ∆i

1− E cos ∆i

)
⇒

c =
A1√

n

[
sin2 ∆i

n(1− E2 cos2 ∆i)
+ (1− E2)

(
cos∆i

1− E2 cos2 ∆i
+

1
2E

ln
1 + E cos ∆i

1−E cos ∆i

)]1/2

,

c(∆1) = c(∆2) .

(19.45)

Let us substitute the two functions h(∆i) and g(∆i):

h(∆i) = hi :=
sin2 ∆i

1− E2 cos2 ∆i
,

g(∆i) = gi := (1− E2)
(

cos ∆i

1−E2 cos2 ∆i
+

1
2E

ln
1 + E cos ∆i

1− E cos ∆i

)
.

(19.46)
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For c, we then arrive at

c =
A1√

n

[
hi

n
+ gi

]1/2

. (19.47)

For n, we then arrive at

A1√
n

[
h1

n
+ g1

]1/2

=
A1√

n

[
h2

n
+ g2

]1/2

⇒

n =
h1 − h2

g2 − g1

⇒

(19.48)

n =
sin2 ∆1

1−E2 cos2 ∆1
− sin2 ∆2

1−E2 cos2 ∆2

(1−E2)
[

cos ∆2
1−E2 cos2 ∆2

− cos ∆1
1−E2 cos2 ∆1

+ 1
2E ln

(
1+E cos ∆2
1−E cos ∆2

1−E cos ∆1
1+E cos ∆1

)] . (19.49)
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In this section, we review mappings of the ellipsoid-of-revolution onto the circular cone. They
range from equidistant mappings on the set of parallel circles (they lead to typical elliptic
integrals of the second kind) to conformal mappings (summarized by (19.16)–(19.18), of
type equidistant on one circle-of-reference and of type equidistant on two parallel circles:
the celebrated Lambert conformal conic mapping), and finally to the equal area mappings
of type equidistant and conformal on the reference circle as given by (19.38) and (19.39), of
type of a pointwise mapping of the central point, equidistant and conformal on the parallel
circle, and of type of an equidistant and conformal mapping on two parallel circles (the
celebrated Albers equal area conic mapping). The Lambert conformal conic mapping and
the Albers conformal conic mapping were, of course, developed on the sphere instead of the
ellipsoid-of-revolution.

With this summary, we close this chapter. In the chapter that follows, let us have a more detailed
look at geodesics and geodetic mappings.



20 Geodetic mapping

Geodesics, geodetic mapping. Riemann, Soldner, and Fermi coordinates on the ellipsoid-of-revolution,
initial values, boundary values. Initial value problems versus boundary value problems.

A global length preserving mapping of a geodetic reference surface such as the sphere or such as
the ellipsoid-of-revolution (spheroid) onto the plane (the chart) does not exist. Thus, as a compro-
mise, equidistant mappings of certain coordinate lines like the equator or the central meridian of a
UTM/Gauss–Krueger strip system have been proposed. Of focal interest are geodetic mappings: a
mapping of a surface (two-dimensional Riemann manifold) is called geodetic if geodesics on the given
surface (in particular, shortest geodesics like the “great circles” on the sphere) are mapped onto
straight lines in the plane (the chart). In the plane (the chart), straight lines are geodesics, of course.
According to a fundamental lemma of E. Beltrami (1866), a geodetic mapping of a surface exists if
and only if the surface is characterized by constant Gaussian curvature. Thus, a geodetic mapping of
the sphere does exist, for example, (the gnomonic projection). Compare with Fig. 20.1.
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E.Beltrami (1866): a geodetic mapping of a surface exists if and only if the surface is
characterized by constant Gaussian curvature.

Unfortunately, the ellipsoid-of-revolution (spheroid) is not of constant Gaussian curvature; to the
contrary, its Gaussian curvature depends on ellipsoidal latitude. In this situation, B. Riemann (1851)
has proposed to use instead a geodetic mapping with respect to one central point only: with respect to
one particular point P of contact, a tangential plane TP M2 of the surface (two-dimensional Riemann
manifold M

2) is chosen to map P -passing geodesics equidistantly onto the tangential plane TP M
2.

In the tangential plane TP M
2 at point P , either polar coordinates {α, r} or normal coordinates

{x, y} = {r cosα, r sin α} are used where α is the azimuth of the geodesic passing P ∈ TP M
2 and r

is its length. These Riemann coordinates (polar or normal) represent length preserving mappings with
respect to the central point P ∈ TP M

2.

Fig. 20.1. Gnomonic projection of the sphere, the straight lines are geodesics (great circles), the loxodromes
(rhumblines) are circular. Great circle (1) and rhumb line (2).
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Section 20-1.

The elaborate presentation of Riemann polar/normal coordinates starts in Section 20-1 by the setup of
a minimal atlas of the biaxial ellipsoid, namely in terms of {ellipsoidal longitude, ellipsoidal latitude}
and {meta-longitude, meta-latitude}. Box 20.1 and Box 20.2 collect all fundamental elements of sur-
face geometry of E2

A1,A2
(two-dimensional ellipsoid-of-revolution, semi-major axis A1, semi-minor axis

A2). The Darboux frame of a one-dimensional submanifold in the two-dimensional manifold E2
A1,A2

is reviewed, in particular, by Corollary 20.3, the representation of geodetic curvature, geodetic tor-
sion, and normal curvature in terms of elements of the first and second fundamental form as well as
of Christoffel symbols. First, we define the geodesic. Second, we define the geodesic circle following
A. Fialkow (1939), J.A. Schouten (1954), W.O.Vogel (1970, 1973) and K.Yano (1940a–d, 1942) en-
riched by two examples. Corollary 20.2 states that a curve is a geodesic if and only if it fulfills a system
of second order ordinary differential equations (20.42). In contrast, a curve is a geodesic circle if and
only if it fulfills a system of third order ordinary differential equations (20.43). Proofs are presented
in AppendixE-1 and E-2. Finally, we define Riemann polar/normal coordinates and by Definition 20.4
the Riemann mapping.

Section 20-2.

Section 20-2 concentrates on the computation of Riemann polar/normal coordinates. First, by solving
the two second order ordinary differential equations of a geodesic in the Lagrange portrait , namely
by means of the Legendre recurrence (“Legendre series”), in particular, initial value problem versus
boundary value problem, by the technique of standard series inversion. Second, the three first order
ordinary differential equations of a geodesic in the Hamilton portrait (“phase space”) subject to the
A.C.Clairaut constant for a rotational symmetric surface like the ellipsoid-of-revolution are solved by
means of the Lie recurrence (“Lie series”), in particular, initial value problem versus boundary value
problem, by the technique of standard series inversion.

Section 20-3.

Section 20-3 treats the elaborate Soldner coordinates or geodetic parallel coordinates. These coordinates
compete with Gauss–Krueger coordinates and Riemann normal coordinates. The way of construction
is illustrated by Fig. 20.4. As the first problem of computing such a geodetic projection, we treat the
case (1). In contrast, the second problem in computing Soldner coordinates may be summarized by
(2). As an example, we introduce the Soldner map centered at the Tübingen Observatory.

=⇒
(1)

Input:

at the initial point,
longitude/latitude are given as well as

the azimuth of the orthogonal projection
(geodetic projection)

of a point P (L, B) onto the
reference meridian: {L0, B0, Ac, yc}.

Output:

longitude/latitude
of the point {L, B} as well as the

meridian convergence γ.

=⇒
(2)

Input:

at the initial point {L0, B0}
as well as at the moving point {L, B},

the geodetic coordinates are given.

Output:

the Soldner coordinates are computed:
{x, y} = {yc, xc}.
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Section 20-4.

Section 20-4 focuses on the celebrated Fermi coordinates which extend the notion of a geodetic pro-
jection. An initial point {L0, B0} is chosen. A moving point {L, B} is projected at right angles onto
the point PF, which is fixed. The two-step solution from {L0, B0, u, v, uF, vF} to {L, B, Ac

PF } is given.
{u, v} are the Fermi coordinates of the moving point and {uF, vF} are the Fermi coordinates of the
geodetic projections {L, B} onto {uF, vF}. The geodetic projections are fixed by identifying the coor-
dinates of the point {uF, vF}.

Section 20-5.

Section 20-5 reviews all the details of Riemann coordinates, compares them with the Soldner coor-
dinates, and additionally compares them with the Gauss–Krueger coordinates. First, we introduce
the left deformation analysis or distortion analysis of the Riemann mapping, namely by outlining the
additive measure of deformation, called the left Cauchy–Green deformation tensor. Solving the gen-
eral eigenvalue/eigenvector problem for the pair {Cl,Gl} of symmetric matrices, Gl positive-definite,
we succeed to compute and illustrate the principal distortions of the Riemann mapping. We conclude
with a global distortion analysis generated by charting the ellipsoid-of-revolution E

2
A1,A2

by means
of conformal Gauss–Krueger coordinates, parallel Soldner coordinates and normal Riemann coordi-
nates summarized by the Airy measure of total deformation or total distortion for a symmetric strip
[−lE,+lE]× [−bN,+bN] relative to a point {L0, B0}. A special highlight is Table 20.5, comparing those
three coordinate systems in favor of normal Riemann coordinates. Assume a celestial body like the
Earth can be globally modeled by an ellipsoid-of-revolution. Then in terms of the Airy measure of to-
tal deformation on a symmetric strip [−lE,+lE]× [−bN,+bN] given by Table 20.5, normal coordinates
produce the minimal Airy global distortion when compared to parallel Soldner coordinates and con-
formal Gauss–Krueger coordinates. Let us therefore push forward the geodetic application of normal
Riemann coordinates.

20-1 Geodesic, geodesic circle, Darboux frame, Riemann coordinates

Riemann polar/normal coordinates. Frobenius matrix, Gauss matrix, Hesse matrix, Christoffel symbols.
Surface fundamental forms.

Let there be given the ellipsoid-of-revolution E
2
A1,A2

(biaxial ellipsoid, spheroid, with semi-major A1,
with semi-minor axis A2, and with relative eccentricity E2 := (A2

1 − A2
2)/A

2
1). It is embedded in

E
3 := {R3, δIJ}, the three-dimensional Euclidean space of canonical metric I = {δIJ} of Kronecker

type. The Latin indices I and J are elements of {1, 2, 3}.
E

2
A1,A2

:= {X ∈ R
3|(X2 + Y 2)/A2

1 + Z2/A2
2 = 1} . (20.1)

The ellipsoid-of-revolution E
2
A1,A2

is globally covered by the union of the two charts {L, B} and {U, V }
constituted by {ellipsoidal longitude, ellipsoidal latitude} and {meta-longitude, meta-latitude}, in
particular (20.2), for open sets (20.3) illustrated in Fig. 20.2.

XI = +E1
A1 cos B cos L√

1−E2 sin2 B

+E2
A1 cos B sin L√

1−E2 sin2 B

+E3
A1(1−E2) sin B√

1−E2 sin2 B

versus

XII = +E1′ A1 cos V cos U√
1−E2 sin2 U cos2 V

+E2′
A1(1−E2) cos V sin U√

1−E2 sin2 U cos2 V
+

+E3′ A1 sin V√
1−E2 sin2 U cos2 V

,

(20.2)

0 < L < 2π , −π
2 < B < +π

2 ,

0 < U < 2π , −π
2 < V < +π

2 .
(20.3)
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The placement vector X ∈ {R3, δIJ} is represented either in the orthonormal triad {E1,E2,E3},
which is oriented along the ordered principal axes of the ellipsoid-of-revolution, or is represented
in the transverse orthonormal triad {E1′ ,E2′ ,E3′} = {−E1,E3,E2}. XI ∈ XI ∪ XII � XII

constitute the minimal atlas of E
2
A1,A2

. Inverse formulae {L, B}(X, Y, Z) and {U, V }(X, Y, Z) are
given by E. Grafarend and P. Lohse (1991). Note that in both charts (local coordinates {L, B} and
{U, V }, respectively) the surface normal vector G3 is represented by (20.4), motivating why the local
coordinates {L, B} and {U, V }, respectively, are called surface normal coordinates.

G3 = +E1 cosB cosL + E2 cosB sin L + E3 sin B

versus

G′
3 = +E1′ cos V cosU + E2′ cosV sin U + E3′ sin V .

(20.4)

The embedding E2
A1,A2

⊂ {R3, δIJ} is characterized by the mapping equations

tanL =
Y

X
versus tan U = − Z

(1− E2)X
, (20.5)

tanB =
Z

(1−E2)
√

X2 + Y 2
versus tan V =

(1−E2)Y√
(1− E2)X2 + Z2

. (20.6)

S

N

meta-S meta-N

A2

A1

A1

E2

E3

E1

Fig. 20.2. The minimal atlas of E
2
A1,A2 . First chart: “surface normal” ellipsoidal longitude, ellipsoidal

latitude {0 < L < 2π,−π/2 < B < +π/2}. Second chart: “surface normal” meta-longitude, meta-latitude
{0 < U < 2π,−π/2 < V < +π/2}. Half ellipse L = 0, South Pole B = −π/2, North Pole B = +π/2 excluded
in the first chart. Half circle U = 0, meta-South Pole V = −π/2, meta-North Pole V = +π/2 excluded in the
second chart. {E1, E2} span the equator plane, {E1′ , E2′} = {−E1, E3} span the meta-equator plane.
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From these mapping equations, we derive cha-cha-cha (“change from one chart to another chart”)

tanL = − tanV

cos U
versus tan U = − tanB

cosL
, (20.7)

tanB =
tanU√

1 + tan2 V/ cos2 U

=
sin U√

cos2 U + tan2 V

versus

tanV =
tanL√

1 + tan2 B/ cos2 L

=
sin L√

cos2 L + tan2 B
,

(20.8)

in particular, the diffeomorphism⎡⎣dU

dV

⎤⎦ =

=

[ − sin L tan B
cos2 L+tan2 B − cos L

cos2 B cos2 L+sin2 B

cos L
(cos2 L+tan2 B)1/2

− sin L tan B
(cos2 L+tan2 B)1/2

]⎡⎣dL

dB

⎤⎦ ,

(20.9)

⎡⎣dL

dB

⎤⎦ =

=

⎡⎢⎣
− tan V sin U

cos2 U+tan2 V
− cos U

cos2 V (cos2 U+tan2 V )

cos U
(cos2 U+tan2 V )1/2

− sin U tan V
(cos2 U+tan2 V )1/2

⎤⎥⎦
⎡⎣dU

dV

⎤⎦ .

(20.10)

Box 20.1 and Box 20.2 summarize the surface geometry of E
2
A1,A2

⊂ {R3, δIJ}, in particular, the
matrices F, G, H, and J of type Frobenius, Gauß, Hesse, and Jacobi as well as the curvature matrix
K := −HG−1, especially the surface fundamental forms {I, II, III}.

Let C : [0,∞]→ {E2
A1,A2

, GKL} be a smooth curve which is parameterized by arc length. Denote by
{D1,D2,D3} its Darboux frame defined by (20.11). Its derivational equations are given by (20.12),
introducing the antisymmetric connection matrix Ω (κg, κn, τg) containing geodetic curvature κg,
normal curvature κn, and geodetic torsion τg. In terms of the first fundamental form, in particular
{GKL}, the second fundamental form, in particular {HKL}, the Riemann connection, in particular the
Christoffel symbols { M

KL}, the curvature measures of the curve C as a submanifold of {E2
A1,A2

, GKL}
can be represented by Corollary 20.1.

D1 :=
dX{Uk(S)}

dS
=

∂X

∂UK
U

′K = GKU
′K ,

D2 := ∗(D3 ∧D1) = D3 ×D1 ,

D3 := G3 ,

(20.11)

D′
1 = +κgD2 + κnD3 ,

D′
2 = −κgD1 + τgD3 ,

D′
3 = −κnD1 − τgD2 ,⎡⎣D′

1

D′
2

D′
3

⎤⎦ =

⎡⎣ 0 κg κn

−κg 0 τg

−κn −τg 0

⎤⎦⎡⎣D1

D2

D3

⎤⎦ , D′ = ΩD , Ω =

⎡⎣ 0 κg κn

−κg 0 τg

−κn −τg 0

⎤⎦ .

(20.12)
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Box 20.1 (Surface geometry of E
2
A1,A2).

Matrices`
Frobenius matrix F (elements a, b, c, d), Gauss matrix G = JTJ, (elements e, f , g),

Hesse matrix H =
˘˙

X ,KL, G3

¸¯
(elements l, m, n), curvature matrix K,

Jacobi matrix J =
˘
∂XJ/∂UK

¯´
:

F = {F 1
KL} =

2
64
√

1−E2 sin2 B

A1 cos B
0

0 (1−E2 sin2 B)3/2

A1(1−E2)

3
75 , F ∈ R

2×2 , (20.13)

G = {G1
KL} =

2
4 A2

1 cos2 B

1−E2 sin2 B
0

0
A2

1(1−E2)2

(1−E2 sin2 B)3

3
5 , G ∈ R

2×2 , G = JTJ , (20.14)

H = {H1
KL} =

2
64−

A1 cos2 B√
1−E2 sin2 B

0

0 − A1(1−E2)

(1−E2 sin2 B)3/2

3
75 , H ∈ R

2×2 , (20.15)

K = {K1
KL} =

2
64
√

1−E2 sin2 B

A1
0

0 (1−E2 sin2 B)3/2

A1(1−E2)

3
75 = −HG−1 , K ∈ R

2×2 , (20.16)

h = − tr[K]
2

= −
√

1−E2 sin2 B(2−E2(1+sin2 B))

2A1(1−E2)
, (20.17)

k = det[K] = (1−E2 sin2 B)2

A2
1(1−E2)

, (20.18)

J = {J1
KL} = ∂(X,Y )

∂(L,B)
=

2
666664
− A1 cos B sin L√

1−E2 sin2 B
−A1(1−E2) sin B cos L

(1−E2 sin2 B)3/2

A1 cos B cos L√
1−E2 sin2 B

−A1(1−E2) sin B sin L

(1−E2 sin2 B)3/2

0 + A1(1−E2) cos B

(1−E2 sin2 B)3/2

3
777775 , J ∈ R

3×2 . (20.19)

Eigenvalues:

1st eigenvalue of K: κ1 =
p

1 − E2 sin2 B/A1;

κ−1
1 =: N(B) = A1/

p
1 − E2 sin2 B (1st curvature radius);

2nd eigenvalue of K: κ2 = (1 − E2 sin2 B)3/2/A1(1 − E2);

κ−1
2 =: M(B) = A1(1 − E2)/(1 − E2 sin2 B)3/2 (2nd curvature radius).

Christoffel symbols
˘

M
KL

¯
:

{ 1
11}(L, B) = { 1

22}(L, B) = { 2
12}(L, B) = 0 , { 1

12}(L, B) = −− tan B(1−E2)

1−E2 sin2 B
,

{ 2
11}(L, B) = sin B cos B(1−E2 sin2 B)

1−E2 , { 2
22}(L, B) = 3E2 sin B cos B(1 − E2 sin2 B) .

(20.20)
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Box 20.2 (Surface geometry of E
2
A1,A2).

Matrices`
Frobenius matrix F (elements a, b, c, d), Gauss matrix G = JTJ, (elements e, f , g),

Hesse matrix H =
˘˙

X ,KL, G3

¸¯
(elements l, m, n), curvature matrix K,

Jacobi matrix J =
˘
∂XJ/∂UK

¯´
:

F = {F 2
KL} = (1−E2 sin2 U cos2 V )1/2

A1(1−sin2 U cos2 V )1/2

2
4− sin U sin V

cos V
cos U(1−E2 sin2 U cos2 V )

(1−E2) cos V

− cos U − sin U sin V (1−E2 sin2 U cos2 V )

(1−E2)

3
5 , (20.21)

G = {G2
KL} =

=

»
G11 G12

G21 G22

–
,

8>>>><
>>>>:

G11 =
A2

1 cos2 V (1−2E2(1−sin2 U sin2 V )+E4(1−sin2 U sin2 V (1+sin2 U cos2 V )))

(1−E2 sin2 U cos2 V )3
,

G12 = G21 =
A2

1E2 cos U sin U cos V sin V (2−E2(1+cos2 V sin2 U))

(1−E2 sin2 U cos2 V )3
,

G22 =
A2

1(1−2E2 sin2 U+E4 sin2 U(1−cos2 V cos2 U))

(1−E2 sin2 cos2 V )3
,

(20.22)

H = {H2
KL} =

2
64

−A1 cos2 V (1−E2(1−sin2 U sin2 V ))

(1−E2 sin2 U cos2 V )3/2
−A1E2 sin U cos U sin V cos V

(1−E2 sin2 U cos2 V )3/2

symmetric −A1(1−E2 sin2 U)

(1−E2 sin2 U cos2 V )3/2

3
75 , (20.23)

K = {K2
KL} =

=

2
64

(1−E2 sin2 U)(1−E2 sin2 U cos2 V )1/2

A1(1−E2)

− cos U cos V sin U sin V E2(1−E2 sin2 U cos2 V )1/2

A1(1−E2)

− cos U sin U sin V E2(1−E2 sin2 U cos2 V )1/2

A1(1−E2) cos V

(1−E2(1−sin2 U sin2 V ))(1−E2 sin2 U cos2 V )1/2

A1(1−E2)

3
75 ,

(20.24)

h = − tr[K]
2

= −
√

1−E2 sin2 U cos2 V (2−E2(1+sin2 U cos2 V ))

2A1(1−E2)
, k = det[K] = (1−E2 sin2 U cos2 V )2

A2
1(1−E2)

, (20.25)

J = {J2
KL} =

2
66664

A1 cos V sin U(1−E2 cos2 V )

(1−E2 sin2 U cos2 V )3/2
−A1 cos U sin V

(1−E2 sin2 U cos2 V )3/2

A1(1−E2) cos V cos U

(1−E2 sin2 U cos2 V )3/2
−A1(1−E2) sin U sin V

(1−E2 sin2 U cos2 V )3/2

A1E2 sin U cos U sin V cos2 V

(1−E2 sin2 U cos2 V )3/2
A1 cos V (1−E2 sin2 U)

(1−E2 sin2 U cos2 V )3/2

3
77775 . (20.26)

Eigenvalues:

1st eigenvalue of K: κ1 =
p

1 − E2 sin2 U cos2 V /A1;

2nd eigenvalue of K: κ2 = (1 − E2 sin2 U cos2 V )3/2/A1(1 − E2).

Christoffel symbols
˘

M
KL

¯
:

{ 1
11}(U, V ) = E2 sin U cos U cos2 V (3−E2(3−sin2 U sin2 V ))

(1−E2 sin2 U cos2 V )(1−E2)
,

{ 1
12}(U, V ) = − sin V (1−E2−E4 sin2 U cos2 U cos2 V )

(1−E2 sin2 U cos2 V )(1−E2) cos V
, { 1

22}(U, V ) = E2 sin U cos U(1−E2 sin2 U)

(1−E2 sin2 U cos2 V )(1−E2)
,

{ 2
11}(U, V ) = sin V cos V (1−E2(1+2 sin2 U cos2 V )+E4 sin2 U cos2 V (2−sin2 U sin2 V ))

(1−E2 sin2 U cos2 V )(1−E2)

{ 2
12}(U, V ) = E2 sin U cos U cos2 V (1−E2(1+sin2 U sin2 V ))

(1−E2 sin2 U cos2 V )(1−E2)
, { 2

22}(U, V ) = −E2 sin2 U sin V cos V (3−E2(2+sin2 U))

(1−E2 sin2 U cos2 V )(1−E2)
.

(20.27)
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Corollary 20.1 (κg, κn, τg).

κ2
g = GM1M2 [U

′′M1 + U
′K1U

′L1{ M1
K1L1

}][U ′′M2 + U
′K2U

′L2{ M2
K2L2

}] , (20.28)

κn = HKLU
′KU

′L , (20.29)

τg = [HKLU
′′KU

′L + { N
KL}HNMU

′KU
′LU

′M ]×

×[GM1M2 [U
′′M1 + U

′K1U
′L1{ M1

K1L1
}][U ′′M2 + U

′K2U
′L2{ M2

K2L2
}]]−1/2 .

(20.30)

End of Corollary.

The curve C is called geodesic if κg = 0 and the curve C is called a geodesic circle if κg = const.,
κn = const., and τg = 0. Compare with Examples 20.1 and 20.2.

Example 20.1 (Geodesic as a submanifold in {E2
A1,A2

, GKL}, L = c = const: “meridian”).

X = +E1
A1 cos T cos c√
1− E2 sin2 T

+ E2
A1 cos T sin c√
1− E2 sin2 T

+ E3
A1(1− E2) sin T√

1− E2 sin2 T
, (20.31)

D1 = −E1 sin T cos c−E2 sin T sin c + E3 cosT =: Ẋ/‖Ẋ‖ ,

D2 = E1 sin c−E2 cos c ,

D3 = E1 cosT cos c + E2 cos T sin c + E3 sin T ,

(20.32)

D =

⎡⎢⎢⎣
− sin T cos c − sin T sin c cosT

sin c − cos c 0

cos T cos c cos T sin c sin T

⎤⎥⎥⎦E , (20.33)

D = RE , D′ = R′E = R′RTD = ΩD ∀ R ∈ SO(3) , (20.34)

R′ =

⎡⎢⎢⎣
−T ′ cosT cos c −T ′ cosT sin c −T ′ sin T

0 0 0

−T ′ sin T cos c −T ′ sin T sin c +T ′ cos T

⎤⎥⎥⎦ , Ω := R′RT =

⎡⎢⎢⎣
0 0 −T ′

0 0 0

+T ′ 0 0

⎤⎥⎥⎦ , (20.35)

κg = 0 , κn = −T ′ , τg = 0 ,

‖Ẋ‖ =
dS

dT
=

A1(1− E2)
(1−E2 sin2 T )3/2

, T ′ :=
dT

dS
=

(1− E2 sin2 T )3/2

A1(1− E2)
,

(20.36)

κg = 0 , κn = − (1− E2 sin2 T )3/2

A1(1− E2)
, τg = 0 . (20.37)

End of Example.

Obviously, the meridian L = const. is a geodesic.
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Example 20.2 (Geodesic as a submanifold in {E2
A1,A2

, GKL}, B = c = const: “parallel circle”).

X = +E1
A1 cos c cos T√
1−E2 sin2 c

+ E2
A1 cos c sin T√
1−E2 sin2 c

+ E3
A1(1− E2) sin c√

1− E2 sin2 c
, (20.38)

D1 = −E1 sin T + E2 cosT =: Ẋ/‖Ẋ‖ ,

D2 = −E1 sin c cos T −E2 sin c sin T + E3 cos c ,

D3 = +E1 cos c cos T + E2 cos c sin T + E3 sin c ,

(20.39)

D =

⎡⎢⎢⎣
− sin T cos T 0

− sin c cos T − sin c sin T cos c

cos c cos T cos c sin T sin c

⎤⎥⎥⎦E ,

D = RE , D′ = R′E = R′RTD = ΩD ∀ R ∈ SO(3) ,

R′ =

⎡⎢⎢⎣
−T ′ cos T −T ′ sin T 0

+T ′ sin c sin T −T ′ sin c cos T 0

−T ′ cos c sin T +T sin c cos T 0

⎤⎥⎥⎦ ,

Ω := R′RT =

⎡⎢⎢⎣
0 +T ′ sin c −T ′ cos c

−T ′ sin c 0 0

+T ′ cos c 0 0

⎤⎥⎥⎦ ,

(20.40)

κg = +T ′ sin c , κn = −T ′ cos c , τg = 0 ,

‖Ẋ‖ =
dS

dT
=

A1 cos c√
1− E2 sin2 c

,

T ′ :=
dT

dS
=

√
1− E2 sin2 c

A1 cos c

⇒

κg = +

√
1− E2 sin2 c

A1
tan c = const ,

κn = −
√

1− E2 sin2 c

A1
= const ,

τg = 0 .

(20.41)

End of Example.

Obviously, the parallel circle B = const is a geodesic circle. Note that for a sphere S
2
R great circles

are geodesics, but small circles are geodesic circles. Following the curvature measure representation in
Corollary 20.1, we can characterize geodesics and geodesic circles by differential equations.
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Corollary 20.2 (Geodesics, geodesic circles).

A curve C(S) is a geodesic if and only if

U
′′M + { M

KL}U
′KU

′L = 0 . (20.42)

A curve C(S) is a geodesic circle if and only if

U
′′′M + GKLU

′′KU
′′LU

′M + 3{ M
KL}U

′′KU
′L + 2GKL{ L

PQ}U
′′KU

′P U
′QU

′M+

+({ M
KL},P +{ Q

KL}{ M
QP })U

′KU
′LU

′P + GKL{ K
PQ}{ L

ST }U
′P U

′QU
′SU

′T U
′M = 0 .

(20.43)

End of Corollary.

In the tangent space {TUE
2
A1,A2

, GKL}, which is spanned by the two tangent vectors G1 and G2

(G1 and G2 are neither orthogonal nor normalized), C1 and C2 (orthonormal Cartan frame), or
D1 and D2 (orthonormal Darboux frame) at the point U0 = {U1

0 , U2
0 } (e. g. {L0, B0} or {U0, V0}),

we define (Riemann) polar coordinates and normal coordinates by (20.44), in particular, referring to
(20.45) called {“eastern”/“right”/“horizontal”} and (20.46) called {“northern”/“up”/“vertical”}.

x = r cosα , y = r sin α , (20.44)

∂X
∂L

‖∂X
∂L ‖

=
G1

‖G1‖ =: C1 , (20.45)

∂X
∂B

‖∂X
∂B ‖

=
G2

‖G2‖ =: C2 . (20.46)

The polar coordinate α is called “East azimuth” (ninety degrees minus “North azimuth” or minus
ninety degrees plus “South azimuth”/“astronomical azimuth”) while r characterizes the Euclidean
distance of a point in {TUE

2
A1,A2

, GKL} with respect to the origin {U1, U2}. Figure 20.3 illustrates the
tangent space {TU0E

2
A1,A2

, GKL} at the point U0 = {U1
0 , U2

0 }. Furthermore, Figure 20.3 illustrates the
Cartan two-leg {C1(East),C2(North)}. In contrast, Table 20.1 summarizes the various definitions of
polar and normal coordinates with respect to alternative azimuth definitions.

Table 20.1. Various definitions of (Riemann) polar and normal coordinates.

orthonormal two-leg (Cartan two-leg) azimuth (Riemann) polar/normal coordinates

{East, North}:
XL

‖XL‖ = C1 , XB
‖XB‖ = C2

East azimuth x = r cos α , y = r sin α

{North, East}:
XB

‖XB‖ = C∗
1 , XL

‖XL‖ = C∗
2

North azimuth

(left oriented),

α∗ = 90◦ − α

x∗ = r cos α∗ = r sin α ,

y∗ = r sin α∗ = r cos α

{South, East}:
− XB

‖XB‖ = C∗∗
1 , XL

‖XL‖ = C∗∗
2

South azimuth

(right oriented),

α∗∗ = 90◦ + α

x∗∗ = r cos α∗∗ = −r sin α ,

y∗∗ = r sin α∗∗ = r cos α
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S

N

C2(North)

C1(East)
P0

y

x

Fig. 20.3. Oblique tangential plane TU0E
2
A1,A2 , Cartan frame C1(East) and C2(North) at point P0(U0).

Let us discuss how to relate the polar or normal tangential coordinates {α, r} to those coordinates
which parameterize E2

A1,A2
, here {longitude L, latitude B} or {meta-longitude U , meta-latitude V },

respectively. At first, let us identify the curve C : [0,∞]→ {E2
A1,A2

, GKL} with a geodesic defined by
{κg = 0, (20.42)}. Preparatory is Corollary 20.3.

Corollary 20.3 (Geodesic Darboux frame {D1,D2,D3}, Gauss frame {G1,G2,G3} in E
2
A1,A2

).

G1KU
′K =

√
G11 cosα , G2KU

′K =
√

G22 cos β

∀⎧⎪⎪⎨⎪⎪⎩
cos α :=

〈
D1 G1

〉
/(‖D1‖‖G1‖) ,

cos β :=
〈
D1 G2

〉
/(‖D1‖‖G2‖) ,

cos(α + β) = G12/(
√

G11

√
G22) .

(20.47)

If G12 = 0, then (20.48) holds.

L′ :=
dL

dS
=

cos α√
G11

, B′ :=
dB

dS
=

sin α√
G22

. (20.48)

End of Corollary.

The proof is straightforward from the definitions of the angles α and β and the representation of
the Darboux one-leg D1 according to (20.11). We have to interpret the results (20.47) and (20.48)
as follows: The East azimuth α can be related to L′ or B′, respectively, either by cosine or sinus
normalized by the roots of metric coefficients

√
G11 or

√
G22, respectively. Finally, we define the polar

coordinate r as the length S of the geodesic starting from the point P0(L0, B0) and leading to the
point P (L, B) or from (U0, V0) to (U, V ), respectively.
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Definition 20.4 (Riemann mapping).

The mapping {L, B} �→ {α, r} with respect to the initial point {L0, B0} is denoted as Riemann
(polar/normal coordinates) if (20.49) and (20.50) hold.

α = arc cos
√

G11L
′
0 = arc sin

√
G22B

′
0 , r = S , (20.49)

x = S
√

G11L
′
0 , y = S

√
G22B

′
0 . (20.50)

Alternatively, the mapping {U, V } �→ {α, r} with respect to the initial point {U0, V0} is called Riemann
(polar/normal coordinates) if (20.51) and (20.52) hold.

α = arc cos(G1KU
′K
0 /

√
G11) , r = S , (20.51)

x = SG1KU
′K
0 /

√
G11 , y = S

√
1−G1KG1LU

′K
0 U

′L
0 /G11 . (20.52)

End of Definition.

20-2 Lagrange portrait, Hamilton portrait, Lie series, Clairaut constant

Lagrange and Hamilton portrait of a geodesic, Legendre series, Hamilton equations, initial value and
boundary value problem, Riemann polar and normal coordinates, Lie series, Clairaut constant, the case
of the ellipsoid-of-revolution.

In order to materialize the definition of (Riemann) polar coordinates and normal coordinates, in
particular, Definition 20.4 and formulae (20.49)–(20.52), we have to solve the system of second order
ordinary differential equations (20.42) of a geodesic in E

2
A1,A2

. We refer to (20.42) as the geodesic
equations in the Lagrange portrait: they can be derived from a stationary Lagrangean functional of
the arc length (20.53) with SA and SB as fixed boundaries.

δ
SB∫

SA=0

dS = 0 . (20.53)

Alternatively, the geodesic equations as a system of two second order ordinary differential equations
can be transformed into a system of four first order ordinary differential equations subject to the
Hamilton portrait of a geodesic, for example, following E.Grafarend and R. J. You (1995) as a sample
reference. The four first order ordinary differential equations can be reduced to three in case of
rotational symmetry, for instance, for an ellipsoid-of-revolution in terms of {L, B, α} in phase space.
Note that for both systems, we here present to you the first solutions in terms of Legendre series and
the second solutions in terms of Hamilton equations, both for the initial value problem and for the
boundary value problem.

20-21 Lagrange portrait of a geodesic: Legendre series, initial/boundary values

The ellipsoid-of-revolution E
2
A1,A2

is an analytic manifold . Therefore, in this context the following
Taylor expansion exists:

UA(S) = UA
0 + SU

′A
0 + 1

2!S
2U

′′A
0 + limn→∞

n∑
m=3

1
n!S

mU
(m)A
0 . (20.54)

Q
ue

st
io

n. Question: “But how to effectively compute the higher derivatives of UA(S) with respect
to an initial point UA

0 and subject to the differential equations which govern a geodesic,
a submanifold in E2

A1,A2
?” Answer: “A proper answer is given by the Legendre recurrence

(“Legendre series”) of U (m)A in terms of U
′A summarized in Box 20.3.”
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Box 20.3 (The Legendre recurrence of U (m)A in terms of U
′A, index set A1, A2, . . . , Am−1, Am ∈ {1, 2}

(Legendre 1806)).

U
′′A = −{ A

A1A2}U
′A1U

′A2
`
geodesic, (20.42)

´
, (20.55)

U
′′′A =

= −{ A
A1A2}A3U

′A3U
′A2U

′A1 + 2{ A
A1A2}{ A1

A3A4
}U ′A2U

′A3U
′A4 ,

U (4)A =

= −{ A
A1A2},A3A4 U

′A4U
′A3U

′A2U
′A1 + 3{ A

A1A2},A3 { A3
A4A5

}U ′A1U
′A2U

′A4U
′45

+{ A
A1A2},A3 { A1

A4A5
}A′A2U

′A3U
′A4U

′A5 + 6{ A
A1A2}{ A1

A3A4
}{ A3

A5A6
}U ′A2U

′A4U
′A5U

′A6 ,

etc.

(20.56)

If we replace U (m)A in the Taylor expansion (20.54) by means of the Legendre recurrence of Box 20.3,
we have solved the initial value problem of the geodesic (20.42) in terms of power series U

′A1
0 , U

′A1
0 U

′A2
0 ,

U
′A1
0 U

′A2
0 U

′A3
0 etc. generating an exponential map, in particular

UA(S) =

= UA
0 + SU

′A
0 + S2AA

A1,A2
U

′A1
0 U

′A2
0 + · · ·+ lim

n→∞

n∑
m=3

SmAA
A1A2...Am

U
′A1
0 U

′A2
0 . . . U

′Am
0 .

(20.57)

With respect to the first chart , part of the minimal atlas of E
2
A1,A2

, namely the orthogonal coordinates
{L, B}, we transform U

′A
0 via

L′
0 = U1′

0 =
x

S
√

G11

, B′
0 = U2′

0 =
y

S
√

G22
(20.58)

into (Riemann) normal coordinates {x, y} (inverse Riemann mapping, inverse Riemann cha-cha-cha).
Accordingly, we succeed to represent the Taylor series (20.54) in terms of (Riemann) normal coordi-
nates {x, y}, in particular, x1 := x/

√
G11 and x2 := y/

√
G22

L(SB)− L(SA = 0) = lim
n→∞

n∑
m=1

AL
A1...Am

xA1 . . . xAm ,

B(SB)−B(SA = 0) = lim
n→∞

n∑
m=1

AB
A1...Am

xA1 . . . xAm .

(20.59)

By standard series inversion of the homogeneous two-dimensional polynomial (20.59), we have
solved the boundary value problem for given values {LA, BA} := {L(SA = 0), B(SA = 0)} and
{LB, BB} := {L(SB), B(SB)} coordinating the points PA = P (LA, BA) and PB = P (LB , BB), re-
spectively, particularly in the form of the polynomial for

xA = lim
n→∞

n∑
m=1

AA
A1...Am

[UA1(SB)− UA1(SA)] . . . [UAm(SB)− UAm(SA)] . (20.60)



428 20 Geodetic mapping

Im
p
or

ta
nt

! The Lagrange portrait of a geodesic is based upon Legendre series up to order five in terms
of series {U1, U2} = {L, B}, power series {S0, S1, . . . , Sn} in terms of distance functions.
The initial values {L0, B0, L

′
0, B

′
0} constitute the initial value problem. In contrast, in the

boundary value problem, the homogeneous polynomial in terms of {LA − LB, BA − BB}
as power series is given, while the Riemann Cartesian coordinates {x, y} = {x1, x2} are
completely unknown.

20-22 Hamilton portrait of a geodesic: Hamilton equations, initial/boundary values

The Hamilton portrait of a geodesic, here a submanifold in E
2
A1,A2

, is based upon the generalized
momenta given by (20.61), in particular, for an orthogonal set of coordinates {L, B} given by (20.62).

PK := GKLU
′L =

⎧⎨⎩
√

G11 cosα

√
G22 cosβ

, (20.61)

P1 = G11L
′ =

√
G11 cos α = N(B) cos B cos α ,

P2 = G22B
′ =

√
G22 sin αM(B) sin α .

(20.62)

The Hamilton equations of a geodesic as a system of four first order ordinary differential equations can
be written as (20.63) for a Hamilton function (20.64) which is produced by the Legendre transformation
of the Lagrange function 2L2 := U

′KGKLU
′L.

dUK

dS
= GKLPL =

∂H2

∂PK
,

dPK

dS
= −1

2
∂GAB

∂UK
PAPB = − ∂H2

∂UK
,

(20.63)

H2 := PK
dUK

dS
−L2 =

1
2
GKLPKPL . (20.64)

First, let us assume that the differentiable manifold E2
A1,A2

is partially covered by a set of orthogonal
coordinates {L, B}, especially in the sense of G12 = 0: the Hamilton equations are firstly specified
towards (20.65), (20.66), and (20.67).

L′ = G11P1 = cos α/
√

G11 ,

B′ = G22P2 = sinα/
√

G22 ,

(20.65)

P ′
1 = P ′

L = −1
2
(G11

,LP 2
1 + G22

,LP 2
2 ) = −1

2
(cos2 αG11G

11
,L + sin2 αG22G

22
,L) , (20.66)

P ′
2 = P ′

B = − 1
2 (G11

,BP 2
1 + G22

,BP 2
2 ) = − 1

2 (cos2 αG11G
11
,B + sin2 αG22G

22
,B) . (20.67)

If we compare (20.67) and (20.62), differentiated by (
√

G22 sin α)′, G11
,B = G−1

11,B = −G−2
11 G11,B , and

G22
,B = G−1

22,B = −G−2
22 G22,B , we are led to (20.68). Of course, the same result would have been

achieved by the comparison of (20.66) and (20.62), differentiated by (
√

G11 cosα)′.

α′ =
1√

G11G22

(
−∂
√

G22

∂L
sin α +

∂
√

G11

∂B
cosα

)
. (20.68)
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Second, we specify the metric tensor GKL by Box 20.1, 1st chart, in terms of orthogonal coordinates
{L, B} covering partially E2

A1,A2
. Obviously, P ′

L = 0 (which holds for arbitrary surfaces-of-revolution)
generates the conservation of angular momentum P1 = N(B) cos B cos α = A, where the constant A
is the A.C.Clairaut constant.

L′ =
cos α

N(B) cos B
, B′ =

sin α

M(B)
, (20.69)

P ′
1 = P ′

L = [N(B) cos B cos α]′ = 0 ,

P ′
2 = P ′

B =
1
2

[
cos2 α

d
dB

ln(N2(B) cos2 B) + sin2 α
d

dB
ln(M2(B)

]
,

(20.70)

α′ = − tanB

N(B)
cosα . (20.71)

The ellipsoid-of-revolution E
2
A1,A2

is an analytic manifold . Thus, there exists the Taylor expansion in
phase space {L, B, PL, PB} or {L, B, α}, respectively, namely

L(S) = L0 + SL′
0 +

1
2!

S2L
′′
0 + lim

n→∞

n∑
m=3

1
m!

SmL
(m)
0 ,

B(S) = B0 + SB′
0 +

1
2!

S2B
′′
0 + lim

n→∞

n∑
m=3

1
m!

SmB
(m)
0 ,

α(S) = α0 + Sα′
0 +

1
2!

S2α
′′
0 + lim

n→∞

n∑
m=3

1
m!

Smα
(m)
0 .

(20.72)

Q
ue

st
io

n. Question: “But how to effectively compute the higher derivatives of {L(m)
0 , B

(m)
0 , α

(m)
0 } with

respect to an initial point {L0, B0, α0} and subject to the differential equations which govern
a geodesic in the Hamilton portrait, a submanifold in E2

A1,A2
?” Answer: “A proper answer

is immediately given by the Lie recurrence (“Lie series”) of {L(m)
0 , B

(m)
0 , α

(m)
0 } in terms of

x = r cosα0 = S
√

G11L
′
0 and y = r sin α0 = S

√
G22B

′
0 summarized in Box 20.4.”

If we replace {L(m)
0 , B

(m)
0 , α

(m)
0 } in the Taylor expansion (20.72) by means of the Lie recurrence of

Box 20.4, we have solved the initial value problem of the geodesic (20.69) and (20.71) in the Hamilton
portrait in terms of power series x, y, x2, xy, y2 etc., in particular

L = L0 + [10]x + [11]xy + [12]xy2 + [30]x3 + O4L , (20.73)

B = B0 + [01]y + [20]x2 + [02]y2 + [03]y3 + O4B , (20.74)

α = α0 + [10]αx + [11]αxy + [12]αxy2 + [30]αx3 + O4α . (20.75)
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The coefficients [µν] are given in Box 20.5. Solving the initial value problem for E
2
A1,A2

with semiaxes
A1 and A2 of Earth dimension up to an accuracy of l := L − L0 = 0′′.0003, b := B − B0 = 0′′.0002,
and α − α0 = 0′′.001, we are limited to distances up to 100 km for series expansion up to order five
(H. Boltz 1942).

Box 20.4 (The Lie recurrence (“Lie series”) of {L(m), B(m)} in terms of x = r cos α0 = SN(B0) cosB0L
′
0

and y = r sin α0 = SM(B0)B
′
0, E2 = (A2

1 − A2
2)/A

2
1, N0 = N(B0), M0 = M(B0)).

L′ =
cos α

N(B) cos B
, B′ =

sin α

M(B)
, α′ = − tan B

N(B)
cos α , (20.76)

L′′ =
− sin α

N(B) cos(B)
α′ + cos α

„
d

dB

1

N(B) cos B

«
B′ =

2 sin α cos α sin B

N2(B) cos2 B
,

B′′ =
cos α

M(B)
α′ + sin α

„
d

dB

1

M(B)

«
B′ = −cos2 α tan B + 3E2 sin2 α tan B

N2(1 − E2)2
,

α′′ =
tan B sin α

N(B)
α′ − cos α

„
d

dB

tan B

N(B)

«
B′ = −2 tan2 B sin α cos α

N2(B)
− sin α cos α

N(B)M(B)

(20.77)

etc.

SL′
0 =

x

N0 cos B0
, SB′

0 =
y

M0
, Sα′

0 =
tan B0

N0
x , (20.78)

SL′′
0 =

2 sin B0

N2
0 cos2 B0

xy ,

SB′′
0 = − tanB0

N2
0 (1 − E2)2

x2 − 3E2 tanB0

N2
0 (1 − E2)2

y2 ,

Sα′′
0 = −

„
2 tan2 B0

N2
0

+
1

N0M0

«
xy ,

(20.79)

E2 =
A2

1 − A2
2

A2
1

, N0 = N(B0) , M0 = M(B0) (20.80)

etc.

By series inversion of the homogeneous two-dimensional polynomial (20.72), l := L−L0 = l(x, y) and
b := B−B0 = b(x, y), we solved the boundary value problem for given values {L(SA = 0), B(SA = 0)}
and {L(SB), B(SB)}, in particular, in the form of the polynomials (20.81) and (20.82). The coefficients
(µν) are given in Box 20.6. Numerical examples for both the initial and the boundary value problem
can be found in A. Schoedlbauer (1981b).

x = (10)l + (11)lb + (12)lb2 + (30)l3 + O4x , (20.81)

y = (01)b + (20)l2 + (02)b2 + (03)b3 + O4y . (20.82)
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Box 20.5 (Coefficients of the solution of the initial value problem with respect to the Hamilton portrait
η2
0 := E2/(1 − E2) cos2 B0, V 2

0 := 1 + η2
0 , t0 := tan B0).

[10]=
1

N0 cos B0
, [01]=

V 2
0

N0
, [02]= −3V 2

0 η2
0t0

2N2
0

, [20]= −V 2
0 t0

2N2
0

, [11]=
t0

N2
0 cos B0

, (20.83)

[12]=
1 +3 t20 + η2

0

3N3
0 cos B0

, [21]= −V 2
0 (1 +3 t20 + η2

0 − 9η2
0t20)

6N3
0

, (20.84)

[03]= −V 2
0 η2

0(1 − t20 + η2
0 − 5η2

0t20)

2N3
0

, [30]= − t20
3N3

0 cos B0
, (20.85)

[13]=
t0(2 +3 t20 + η2

0 − η4
0)

3N4
0 cos B0

, [31]= − t0(1 +3 t20 + η2
0)

3N4
0 cos B0

, (20.86)

[40]=
V 2

0 t0(1 +3 t20 + η2
0 − 9η2

0t20)

24N4
0

, (20.87)

[22]=
−V 2

0 t0(4 +6 t20 − 13η2
0 − 9η2

0t20 − 17η4
0 +45 η4

0t20)

12N4
0

, (20.88)

[04]=
V 2

0 η2
0t0(12 +69 η2

0 − 45η2
0t20 +57 η4

0 − 105 η4
0t20)

24N4
0

, (20.89)

[50]=
t20(1 +3 t20 + η2

0)

15N5
0 cos B0

, (20.90)

[41]=
V 2

0

120N5
0

[1 +30 t20 +45 t40 + η2
0(2 − 72 t20 − 90t40) + η4

0(1 − 102 t20 +225 t40)] , (20.91)

[32]=
1 +20 t20 +30 t40 + η2

0(2 +13 t20) + η4
0(1 − 7t20)

15N5
0 cos B0

, (20.92)

[23]=
V 2

0

60 N5
0

[−4 − 30 t20(1 + t20) +9 η2
0(1 +2 t20 +5 t40)+

+2 η4
0(15 − 177 t20) + η6

0(17 − 402 t20 +525 t40)] ,

(20.93)

[14]=
1

15N5
0 cos B0

[2 +15 t20 +15 t40 +3 η2
0(1 +2 t20) − 3η4

0t20 − η6
0(1 − 6t20)] , (20.94)

[05]=
V 2

0 η2
0

40N5
0

[4 − 4t20 + η2
0(27 − 142t20 +15 t40)+

+2 η4
0(21 − 226t20 +105 t40) + η6

0(19 − 314 t20 +315 t40)] ,

(20.95)

[10] α = − t0
N0

, [11] α = −1 +2 t20 + η2
0

2N2
0

, [30] α =
t0(1 +2 t20)

6N3
0

,

[12] α = − t0(5 +6 t20)

6N3
0

, [31] α =
1 +20 t20 +24 t40

24N4
0

, [13] α = −5 +28 t20 +24 t40
24N4

0

.

(20.96)
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Box 20.6 (Coefficients of the solution of the boundary value problem with respect to the Hamilton portrait
η2
0 := E2/(1 − E2) cos2 B0, V 2

0 := 1 + η2
0 , t0 := tan B0).

(10) = N0 cos B0 , (01) =
1

V 2
0

N0 , (20.97)

(02) =
3η2

0t0
2V 4

0

N0 , (20) =
t0
2

N0 cos2 B0 , (20.98)

(11) = − t0
V 2

0

N0 cos B0 , (20.99)

(12) = −2 +2 η2
0 +9 η2

0t20
6V 4

0

N0 cos B0 , (21) =
1 − 3t20 + η2

0

6V 2
0

N0 cos2 B0 , (20.100)

(03) =
η2
0(1 − t20 + η2

0 +4 η2
0t20)

2V 6
0

N0 , (30) = − t20
6

N0 cos3 B0 , (20.101)

(13) = −η2
0t0(7 − 3t20 +7 η2

0 +12 η2
0t20)

6V 6
0

N0 cos B0 , (31) = − t0(1 − t20 + η2
0)

6V 2
0

N0 cos3 B0 , (20.102)

(40) =
t0(1 − t20 + η2

0)

24
N0 cos4 B0 , (20.103)

(22) =
−t0(4 +3 η2

0 +9 η2
0t20 − η4

0)

12V 4
0

N0 cos2 B0 , (20.104)

(04) =
−η2

0t0(4 +17 η2
0 − 9η2

0t20 +13 η4
0 +76 η4

0t20)

8V 8
0

N0 , (20.105)

(50) = − t20(3 − t20 +3 η2
0)

120
N0 cos5 B0 , (20.106)

(41) =
N0 cos4 B0

360 V 2
0

[7 − 50t20 +15 t40 +2 η2
0(7 − 37 t20) + η4

0(7 − 24t20)] , (20.107)

(32) = − N0 cos3 B0

180 V 4
0

[8 − 40t20 + η2
0(16 − 31 t20 − 45t40) + η4

0(8+9 t20)] , (20.108)

(23) =
N0 cos2 B0

180 V 6
0

[−8 − η2
0(7+174 t20 − 45t40)+

+2 η4
0(5 − 83 t20 − 90t40) +3 η6

0(3+2 t20)] ,

(20.109)

(14) = − N0 cos B0

360 V 8
0

[8+4 η2
0(28 − 69 t20)+

+η4
0(200 − 507 t20 +405 t40) +3 η6

0(32 − 77 t20 − 1140t40)] ,

(20.110)

(05) =
N0η

2
0

40V 10
0

[−4 +4 t20 + η2
0(3 − 98t20 +15 t40)+

+2 η4
0(9 − 179 t20 +90 t40) + η6

0(11 − 256t20 − 1320 t40)] .

(20.111)
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Im
p
or

ta
nt

! For the ellipsoid-of-revolution, we present the solution of the initial value problem given
{L0, B0, α0} relating x = r cosα0 = SN(B0) cos B0L

′
0, y = r sin α0 = SM(B0)B′

0. Box 20.5
contains the coefficients [µν] up to order five based upon the Lie recurrence. In contrast, we
add the solution of the boundary value problem x(l, b) and y(l, b) in terms of the coefficients
(µν) up to order five in Box 20.6. This approximation is accurate to the order smaller than
0′′.0003 for l := L− L0, 0′′.0002 for b := B −B0, and 0′′.001 for α− α0 for distances up to
100 km (Boltz approximation).

20-3 Soldner coordinates: geodetic parallel coordinates

Soldner coordinates: geodetic parallel coordinates. Geodetic projection, geodetic field of geodesics, and
meridian convergence. Soldner coordinates as elements of an ellipsoid-of-revolution.

In this section, “geodetic parallel coordinates” as developed by J. H. Soldner (astronomer and geodesist:
1776–1833) are reviewed. His basic paper is entitled J. H. Soldner, Theorie der Landervermessung 1810,
Herausgeber J. Frischauf, Oswalds Klassiker der exakten Wissenschaften, No. 184, Leipzig 1911. It
formed the basis of local surveys in many countries like Bavaria, Württemberg, Baden, Hessen, and
Prussia. The basis of “geodetic parallel coordinates” competing with C. F. Gauss’s Gauss–Krueger
coordinates is the notion of a “geodetic field of geodesics” in the following sense.

Im
p
or

ta
nt

!

If a field of geodesics and its orthogonal trajectories are used as coordinate lines, then we
can use its arc length of geodesics as coordinates. In reverse, if we express in a coordinate
system the line element as ds2 = du2 + g(u, v)dv2, in consequence, the u coordinate line is
a geodesic.

Soldner origin P0(L0, B0)

geodesic parallel
yc = const.

geodesicprojectionx = yc

parallel circle through
P (L,B)

parallel circle through
P0(L0, B0)

γ

P (L, B)

PF

L0 = const.

L = const.

geodetic vertical
y = xc

North Pole
↑

northern azimuth APF

eastern azimuth αP0

meridian through
P0(L0, B0)

α0P

A0P

A0F = 0

α0F = π
2

meridian through
P (L, B)

Fig. 20.4. Soldner coordinates, geodetic parallels, conventional coordinate system {xc, yc}, systematic Soldner
coordinates {y, x} = {xc, yc}, footpoint PF of a geodetic projection, conventional (northern) azimuth A,
systematic (eastern) azimuth α.
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The construction principle is as follows. A point P0(L0, B0) is defined as the origin of a local reference
system. The xc axis of the coordinate system, which is called “Hochwert” (Soldner wording), agrees
with the chosen reference meridian L0. A point P (L, B) is described by geodetic parallel coordinates
as follows. Through the point P , we compute the unique geodetic line, which cuts the meridian L0 at
a right angle to produce the footprint point PF. The length of the geodesic P–PF is chosen as the yc

coordinate, which is called “Rechtswert” (Soldner wording). The angle which is in between the local
meridian of the point P and the geodetic parallel through the point P is called meridian convergence
γ = APF − π/2. The angle γ is fixed as the northern part of the meridian, lefthand-oriented positive.
We always say that the azimuth of the coordinate line yc = const. is the angle γ. Most notable, the
geodetic parallel yc = const. is not a geodesic. Compare with Fig. 20.4.

Im
p
or

ta
nt

!

The yc lines produce the geodesic field. In contrast, the geodetic parallels are the orthogonal
trajectories ds2 = E(xc, yc)dx2

c + dy2
c = dx2 + G(x, y)dy2.

20-31 First problem of Soldner coordinates: geodetic parallel coordinates, input
{L0, B0, xc = y, yc = x} versus output {L, B, γ (meridian convergence)}

For the problem of given coordinates {L0, B0, xc = y, yc = x} and unknown coordinates {L, B, γ}, we
use the standard method of Legendre series u = s cos α0P and v = s sin α0P . In Box 20.7, the details
are collected.

Box 20.7 (The problem of given coordinates {L0, B0, xc = y, yc = x} and unknown coordinates {L, B, γ}).
First, we rewrite (20.73)–(20.75) in terms of u = s cos α0P and v = s sin α0P and obtain

(the coefficients [µν] are collected in Box 20.5 and have to be computed at the point B0)

BP = B0 + [01]v versus LP = L0 + [10]u versus αP0 = α0P + [10]αu

+ [20]u2 + [11]uv + [11]αuv

+ [02]v2 + [12]uv2 + [12]αuv2

+ [21]u2v + [30]u3 + [30]αu3

+ [03]v3 + [31]u3v + [31]αu3v

+ [40]u4 + [13]uv3 + [13]αuv3

+ [22]u2v2 + . . . + . . . .

+ [04]v4

+ . . .

(20.112)

First step: determine LF, BF, αF0, starting point P0, s = y = xc, x = yc = 0, αF0 = π/2 given.

As a result, we compute {u = 0, v = y} and obtain the series

(the coefficients [µν] are collected in Box 20.5 and have to be computed at the point B0)

BF − B0 = [01]y + [02]y2 + [03]y3 + [04]y4 + · · · (a polynomial in y) ,

LF − L0 = 0 , αF0 − α0F = 0 ,
(20.113)

BF = B0 + (BF − B0) , LF = L0 , αF0 = α0F = π/2 . (20.114)
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Continuation of Box.

Second step: determine L, B, γ, starting point PF, s = x = yc, y = xc = 0, αFP = αF0 + 3π/2 = 0 given.

As a result, we compute {u = x, v = 0}, which leads to the series

(the coefficients [µν] are collected in Box 20.5 and have to be computed at the point BF)

B − BF = [20]x2 + [40]x4 + · · · (an even polynomial in x) ,

L − LF = [10]x + [30]x3 + [50]x5 + · · · (an odd polynomial in x) ,

αPF = γ = [10]αx + [30]αx3 + · · · ± π (an odd polynomial in x) ,

(20.115)

B = BF + (B − BF) ,

L = LF + (L − LF) .
(20.116)

An alternative procedure is the following one-step method: set up a Taylor series for the coefficients

[µν] in (20.115), which have to be computed at the point BF, with B0 as the point of expansion, i. e.

[µν]|F = [µν]|0 +
∂[µν]

∂B

˛̨̨
˛
0

(BF − B0) +
1

2!

∂2[µν]

∂B2

˛̨̨
˛
0

(BF − B0)
2 + hit

`
[µν]

´
, (20.117)

[µν]α|F = [µν]α|0 +
∂[µν]α

∂B

˛̨̨
˛
0

(BF − B0) +
1

2!

∂2[µν]α
∂B2

˛̨̨
˛
0

(BF − B0)
2 + hit

`
[µν]α

´
. (20.118)

The terms BF − B0, (BF − B0)
2 etc. are computed from the first step, for instance,

BF − B0 = [01]|0 y + [02]|0 y2 + [03]|0 y3 + [04]|0 y4 + · · · ,

`
BF − B0

´2
=

`
[01]|0 y + [02]|0 y2 + [03]|0 y3 + [04]|0 y4 + · · · ´2

etc. ,

(20.119)

leading to

[µν]|F = [µν]|0 + ∂[µν]
∂B

˛̨̨
0
( [01]|0 y + [02]|0 y2 + [03]|0 y3 + [04]|0 y4 + · · ·)+

+ 1
2!

∂2[µν]

∂B2

˛̨̨
0
( [01]|0 y + [02]|0 y2 + [03]|0 y3 + [04]|0 y4 + · · ·)2

+ · · ·+
+ 1

n!
∂n[µν]
∂Bn

˛̨̨
0
( [01]|0 y + [02]|0 y2 + [03]|0 y3 + [04]|0 y4 + · · ·)n ,

(20.120)

[µν]α|F = [µν]α|0 + ∂[µν]α
∂B

˛̨̨
0
( [01]α|0 y + [02]α|0 y2 + [03]α|0 y3 + [04]α|0 y4 + · · ·)+

+ 1
2!

∂2[µν]α
∂B2

˛̨̨
0
( [01]α|0 y + [02]α|0 y2 + [03]α|0 y3 + [04]α|0 y4 + · · ·)2

+ · · ·+
+ 1

n!
∂n[µν]α

∂Bn

˛̨̨
0
( [01]α|0 y + [02]α|0 y2 + [03]α|0 y3 + [04]α|0 y4 + · · ·)n .

(20.121)
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Continuation of Box.

The final step consists of substituting (20.120) and (20.121) into (20.115), and summing up (20.115)
and (20.114). The finally resulting representation for the ellipsoidal coordinates {L, B} of point P , given
the Soldner coordinates {x, y} with respect to the point P0(L0, B0), is of the form (20.73)–(20.75) with
Soldner coefficients [µν]SL and [µν]SB :

L = LP = L0 +
∞X

µ=0

∞X
ν=0

[µν]SLxµyν ,

B = BP = B0 +

∞X
µ=0

∞X
ν=0

[µν]SBxµyν ,

γ = αPF =

∞X
µ=0

∞X
ν=0

[µν]Sαxµyν .

(20.122)

As an alternative, the numerical computation of {L, B, γ} is done using the two-step-method combined
with a numerical integration of (20.69) and (20.71), for example, by classical Runge–Kutta techniques.
First integrate (20.69) and (20.71) numerically with initial values (20.123) in order to obtain (20.124),
then integrate (20.69) and (20.71) a second time with initial values (20.125) with the result for (20.126):

{L0 = LP0 , B0 = BP0 , s = xc = y, α0 = α0F = π/2} , (20.123)

{LF, BF, αF0 = α0F } , (20.124)

{L0 = LF , B0 = BF , s = yc = x, α0 = αFP = 0} , (20.125)

{L = LP, B = BP, γ = αPF} . (20.126)

A numerical example is given in Table 20.2.

Table 20.2. First problem of Soldner coordinates: input {L0, B0, x, y} versus output {L, B, γ = αPF}.

Reference ellipsoid, Bessel:

A1 = 6377 397.155 m, E2 = 0.006 674 372 20.

Soldner origin, Tübingen observatory:

B0 = 48◦31′15”.723 4N, L0 = 9◦3′7”.144 5E.

Soldner coordinates:

y = 29 682.228 m, x = 2469.517 m.

Ellipsoidal coordinates, footpoint PF:

BF = 48◦47′16”.741 0, LF = 9◦3′7”.144 5.

Ellipsoidal coordinates, point P :

B = BP = 48◦47′16”.723 4, L = LP = 9◦5′8”.145 0.
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PF x = yc

y = xc
PS (1)

(2)

P0

„
x0 = 0
y0 = 0

« ↓

↓

Fig. 20.5. Soldner coordinates as elements of an ellipsoid-of-revolution. y = const. (1), x = const. (2).

Fig. 20.6. An example of a Soldner map, centered at the Tübingen Observatory, Germany, original map.
x ≡ yc, y ≡ yc.
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20-32 Second problem of Soldner coordinates: geodetic parallel coordinates, input
{L, B, L0, B0} versus output {x = yc, y = xc}

The inverse problem to derive the Soldner coordinates {x = yc, y = xc} from the given values of
{L, B, L0, B0} is again solved by series inversion, the result of which is provided by (20.127) and
(20.128), with (µν)Sx and (µν)Sy as Soldner inverse series coefficients.

x =
∞∑

µ=0

∞∑
ν=0

(µν)Sx(B −B0)µ(L− L0)ν , (20.127)

y =
∞∑

µ=0

∞∑
ν=0

(µν)Sy(B −B0)µ(L− L0)ν . (20.128)

20-4 Fermi coordinates: oblique geodetic parallel coordinates

Fermi coordinates: oblique geodetic parallel coordinates. Geodetic projection. The two-step solution and
the two-step solution equations.

E. Fermi (1901–1954), Italian–American physicist, developed special geodetic coordinates which might
be called “oblique geodetic parallel coordinates”. They are generated as outlined in Box 20.8. Compare
with Fig. 20.7.

PF αF0

αFP

xy

L0 = const. BF = const.

A0F

B0 = const.

α0F

L = const.

APF

αPF

P (x, y) B = const.

P0(x0, y0)

Fig. 20.7. Fermi coordinates {x, y}. αFP = αF0 + 3π/2.
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Box 20.8 (Oblique geodetic parallel coordinates, Fermi coordinates).

Choose an origin P0(L0, B0) of an arbitrary coordinate system and a second point P (L,B) moving on
the ellipsoid-of-revolution. Choose a fixed reference point PF(LF 
= L0, BF). The first coordinate axis is
generated as the geodetic projection of the point P onto the point PF. The second coordinate axis can be
arbitrarily chosen, for instance, as a second geodetic projection of the point PF onto the point P0, which
meets at the point PF at right angles. Such a pair of coordinates {x, y} establishes two geodesics, which
are easily computed once P0 and PF are fixed. Here, we only present the two-step solution. We note in
passing that the one-step solution operates as described in Section 20-3 dealing with Soldner coordinates.

First step:

determine LF, BF, αF0 
= α0F 
= π/2, starting point P0, s = y = xc, x = yc = 0, α0F 
= π/2 given.

As a result, u = y cos α0F =: u0 
= 0 and v = y sin α0F =: v0 
= y lead to the general series (20.112),

just replacing BP, LP, αP0, and α0P by BF, LF, αF0, and α0F, respectively.

Second step:

determine BF, LF, αFP 
= γ, starting point PF, s = x = yc, y = xc = 0, αFP = αF0 + 3π/2 given.

L = LF + [10]FuF + [11]FuFvF + [12]FuFv2
F + · · ·

= L0 + [10]0u0 + [11]0u0v0 + [12]0u0v
2
0 + · · ·

+ [10]FuF + [11]FuFvF + [12]FuFv2
F + · · · ,

(20.129)

B = BF + [01]FvF + [20]Fu2
F + [02]Fv2

F + [21]Fu2
FvF + · · ·

= B0 + [01]0v0 + [20]0u
2
0 + [02]0v

2
0 + [21]0u

2
0v0 + · · ·

+ [01]FvF + [20]Fu2
F + [02]Fv2

F + [21]Fu2
FvF + · · · ,

(20.130)

αPF = αFP + [10]αFuF + [11]αFuFvF + [12]αFuFv2
F + · · ·

= αF0 + [10]αFuF + [11]αFuFvF + [12]αFuFv2
F + · · · + 3π

2

= α0F + [10]α0u0 + [11]α0u0v0 + [12]α0u0v
2
0 + · · · + 3π

2

+ [10]αFuF + [11]αFuFvF + [12]αFuFv2
F + · · · .

(20.131)

The coefficients [µν]0 and [µν]F, respectively, have to be computed at the point B0 and BF, respectively.

A numerical example is given in Tables 20.3 and 20.4.

Table 20.3. Fermi coordinates: input {L0, B0, x, y} versus output {L, B}. Part one.

Reference ellipsoid, WGS84 (GRS80):

A1 = 6 378 137 m, E2 = 0.006 694 380 02.

Fermi origin:

B0 = 48◦ N, L0 = 9◦ E.

Fermi coordinates:

y = 234 123.034 m, x = 65 356.124 m.

Initial azimuth α0F:

α0F = 50◦48′13”.512 4.
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Table 20.4. Fermi coordinates: input {L0, B0, x, y} versus output {L, B}. Part two.

Ellipsoidal coordinates, footpoint PF:

BF = 49◦36′49”.565 8, LF = 11◦2′50”.469 0.

Azimuth αF0:

αF0 = 49◦15′46”.470 6.

Azimuth αFP:

αFP = 319◦15′46”.470 6.

Azimuth αPF:

αPF = 318◦44′47”.456 2.

Ellipsoidal coordinates, point P :

B = BP = 49◦13′41”.779 7, L = LP = 11◦43′38”.092 5.

Length of the geodesic s = P0 − P as a result from the corresponding boundary value problem:

s = 243 070.157 m.

Azimuth of s in P0:

α0P = 35◦12′9”.629 4.

Azimuth of s in P :

αP0 = 33◦9′22”.334 2.

20-5 Deformation analysis: Riemann, Soldner, Gauss–Krueger coordinates

Riemann coordinates, Soldner coordinates, and Gauss–Krueger coordinates. Deformation analysis:
Cauchy–Green matrix, Jacoby matrix, principal distortions.

In the following, the metric dS2 of E
2
A1,A2

is to be compared with the metric ds2 of the chart established
by Riemann normal coordinates {x, y}, namely

dS2 = GKL(UM )dUKdUL versus ds2 = gkl(um)dukdul , (20.132)

dS2 = N2(B) cos2 BdL2 + M2(B)dB2 versus ds2 = dx2 + dy2 = r2dα2 + dr2 , (20.133)

subject to the mapping equations x(l, b) (→ (20.81)) and y(l, b) (→ (20.82)). By pullback, we derive
the left Cauchy-Green tensor Cl with the right metric matrix Gr = I2 and the left Jacobian matrix Jl,
namely

Cl = JT
l GrJl or cKL =

∂xi

∂UK
δij

∂xj

∂UL
, (20.134)

Jl =

[
∂x
∂L

∂x
∂B

∂y
∂L

∂y
∂B

]
=

=

⎡⎣(10) + (11)b + (12)b2 + 3(30)l2 + O3x (11)l + 2(12)lb + O3x

2(20)l + O3y (01) + 2(02)b1 + 3(03)b2 + O3y

⎤⎦ .

(20.135)
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The matrix[ cKL] is given in Box20.9. Let us canonically compare the two positive-definite, symmetric
matrices left metric matrix Gl = {GKL} and left Cauchy-Green matrix Cl = {cKL}, namely by the
simultaneous diagonalization (20.136).

FT
l ClFl = diag (Λ2

1, Λ
2
2) versus FT

l GlFl = I2 . (20.136)

By means of the left Frobenius matrix Fl, the left Cauchy–Green matrix Cl is transformed into a
diagonal matrix, (( Λ1, Λ2) are the eigenvalues). In contrast, the left metric matrix Gl is transformed
into a unit matrix I2. The problem to simultaneously diagonalize the two symmetric matrices {Cl,Gl},
where Gl is positive-definite, is equivalent to the general eigenvalue–eigenvector problem. Here, we are
left with eigenvalues {Λ1, Λ2 = 1} (typical for (Riemann) polar/normal coordinates), which are given
by Box20.10. Finally, we compute the maximum angular distortion (20.137) in Box20.11.

ω := 2 arcsin
Λ1 − Λ2

Λ1 + Λ2
. (20.137)

Box 20.9 (Left Cauchy–Green deformation tensor, Riemann coordinates).

c11 =

= 1 − 2t0
V 2

0

b +
3t20 − 2 − 2η2

0 − 9η2
0t20

3V 4
0

b2 − cos2 B0t0
3

bl2 +
t0(2 − η2

0(5 + 12t20) − η4
0(7 + 12t20))

3V 6
0

b3+

+
V 2

0 t20 cos4 B0

12
l4 − (14 − 60t20 + η2

0(28 − 63t20) + η4
0(14 − 3t20)) cos2 B0

90V 4
0

b2l2+

+
b4

60V 8
0

h
4 − η2

0(24 − 292t20 + 60t40) − η4
0(60 − 369t20 − 240t40)−η6

0(32 − 77t20 − 1140t40)
i!

×

×N2
0 cos2 B0 ,

c12 = c21 =

= − 1

3V 2
0

bl +
t(2 − 3η2

0 − 5η4
0)

6V 6
0

b2l +
cos2 B0t0

6
l3+

+
4 − 2η2

0(17 − 81t20) − η4
0(80 − 39t20) − η6

0(42 + 123t20)

90V 8
0

b3l+

+
(4 − 10t20 + η2

0(8 + 17t20) + η4
0(4 + 27t20)) cos2 B0

90V 4
0

bl3
!
×

×N2
0 cos2 B0 ,

c22 =

=
1

V 4
0

+
6η2

0t0
V 6

0

b +
3(1 − t20 + η2

0 + 7η2
0t20)

V 8
0

b2 +
cos2 B0

3V 2
0

l2 − 4η2
0t0(1 + 2η2

0 + η4
0(1 + 10t20))

V 10
0

b3+

+
4η2

0t0 cos2 B0

3V 4
0

bl2 +
(3 − 5t20 + η2

0(6 − 11t20) + 3η4
0(1 − 2t20)) cos4 B0

45V 4
0

l4+

+
4(2 + η2

0(13 − 9t20) + η4
0(20 + 27t20) + 9η6

0(1 + 4t20)) cos2 B0

45V 8
0

b2l2+

+
b4

V 12
0

h
η2
0(t20 − 1 + η2

0(3 − 41t20 + 6t40)+η4
0(9 − 127t20 + 54t40) + η6

0(5 − 85t20 − 522t40))
i!

×

×N2
0 .

(20.138)
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Box 20.10 (General eigenvalue problem (Λ1, Λ2), Riemann coordinates).

Λ1 = 1 +
1

6V 2
0

b2 +
V 2

0 cos2 B0

6
l2 − t0(1 + 2η2

0) cos2 B0

6
bl2+

+
η2
0t0(1 − η2

0(71 − 72t20) − 72η4
0(1 − 4t20))

6V 6
0

b3+

+
(7 − 5t20 + η2

0(14 − 29t20) + η4
0(7 − 24t20)) cos4 B0

360
l4−

− (1 + η2
0(8 − 7t20) + 13η4

0(1 − t20) + 6η6
0(1 − t20)) cos2 B0

60V 4
0

b2l2+

+
b4

360V 8
0

h
7 + 2η2

0(19 − 12t20) + η4
0(55 + 1107t20 − 1080t40)+

+η6
0(24 − 2109t20 + 7560t40) − 3240η8

0t20(1 + 4t20)
i

,

Λ2 = 1 .

(20.139)

Box 20.11 (Maximum angular distortion (ω), Riemann coordinates).

ω =
1

6V 2
0

b2 +
V 2

0 cos2 B0

6
l2 − t0(1 + 2η2

0) cos2 B0

6
bl2+

+
η2
0t0(1 − η2

0(71 − 72t20) − 72η4
0(1 + 4t20))

6V 6
0

b3+

+
(2 − 5t20 + η2

0(4 − 29t20) + η4
0(2 − 24t20)) cos4 B0

360
l4−

− (8 + η2
0(34 − 21t20) + η4

0(44 − 39t20) + 18η6
0(1 − t20)) cos2 B0

180V 4
0

b2l2+

+
b4

360V 8
0

h
2 + 4η2

0(7 − 6t20) + η4
0(50 + 1107t20 − 1080t40)+

+η6
0(24 − 2109t20 + 7560t40) − 3240η8

0t20(1 + 4t20)
i

.

(20.140)

8◦ 9◦ 10◦

0◦

−1◦

+1◦

2.5 5

8◦ 9◦ 10◦

48◦

47◦

49◦

2.5 5

Fig. 20.8. Principal distortion Λ1 [ppm], Riemann coordinates. Left: L0 = 9◦, B0 = 0◦ (equator). Right:
L0 = 9◦, B0 = 48◦.
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8◦ 9◦ 10◦

0◦

−1◦

+1◦

1

8◦ 9◦ 10◦

48◦

47◦

49◦

1

Fig. 20.9. Maximum angular distortion ω [◦], Riemann coordinates. Left: L0 = 9◦, B0 = 0◦ (equator). Right:
L0 = 9◦, B0 = 48◦.

Figures 20.8–20.10 illustrate over a 2◦×2◦ grid the principal distortion Λ1(x, y) as well as the maximum
angular distortion ω for L0 = 9◦ and (i) B0 = 0◦, (ii) B0 = 48◦, and (iii) B0 = 70◦, respectively.
Figure 20.11 illustrates the local Riemann mapping and the distortion ellipses with axes {Λ1, Λ2 = 1}.

8◦ 9◦ 10◦

70◦

69◦

71◦

2.5

8◦ 9◦ 10◦

70◦

69◦

71◦

1

Fig. 20.10. Left: principal distortion Λ1 [ppm], L0 = 9◦, B0 = 70◦. Right: maximum angular distortion ω [◦],
L0 = 9◦, B0 = 70◦.
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100◦ 140◦120◦

0◦

−20◦

+20◦

−15◦ 0◦ 35◦15◦

50◦

40◦

60◦
−20◦ 0◦ 40◦20◦

80◦ 80◦

180◦ 140◦−140◦−120◦ −160◦ 160◦150◦

Fig. 20.11. Riemann mapping, (Riemann) normal coordinates, distortion ellipses with axes {Λ1, Λ2 = 1}.
Top: L0 = 120◦, B0 = 0◦. Middle: L0 = 10◦, B0 = 80◦. Bottom: L0 = 10◦, B0 = 50◦.
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For a local representation of the ellipsoidal surface, namely the reference figure of the Earth,
conformal Gauss-Krueger and parallel Soldner coordinates are the most popular. Therefore, they are
compared with (Riemann) polar/normal coordinates. As a measure of the total deformation energy
(total distortion energy), according to G. B. Airy (1861), we introduce (20.142) once we map the area
over the symmetric strip (20.141).

[lW = −lE,+lE = −lW]× [BS = B0 + bS, BN = B0 + bN] . (20.141)

The indices W, E, S, and N refer to “West”, “East”, “South”, and “ North”. The area of the symmetric
strip is provided by (20.143). Results characterizing the total deformation energy are collected in
Corollary 20.5.

IA :=

:=
1

2SE
2
A1,A2

lE∫
lW

dl

BN∫
BS

dB
cos B{(Λ1 − 1)2 + (Λ2 − 1)2}

(1− E2 sin2 B)2
,

(20.142)

SE
2
A1,A2

=
∫

dSE
2
A1,A2

:=

:= A2
1(1− E2)

lE∫
−lE

dl

BN∫
BS

dB
cosB

(1− E2 sin2 B)2
=

= 2A2
1(1−E2)lE[sinBN +

2
3
E2 sin3 BN − (sinBS +

2
3
E2 sin3 BS) + O(E4)] .

(20.143)

Corollary 20.5 (E2
A1,A2

, the total deformation energy, the Airy measure, Gauss–Krueger coordinates,
Soldner coordinates, and Riemann coordinates).

The principal distortions read as follows (l := L− L0, b := B −B0).

Conformal coordinates of type Gauss–Krueger:

Λ1 = Λ2 = 1 +
cos2 B

2

(
1 +

E2

1− E2

)
l2 + OGK(l4) . (20.144)

Parallel coordinates of type Soldner:

Λ1 = 1 +
cos2 B

2

(
1 +

E2

1− E2
cos2 B

)
l2 + OS(l4) ,

Λ2 = 1 .

(20.145)

Normal coordinates of type Riemann:

Λ1 = 1 +
cos2 B0

6
1−E2 sin2 B0

1− E2
l2 +

1
6

1−E2

1− E2 sin2 B0

b2 + OR(l3, b3) ,

Λ2 = 1 .

(20.146)
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The total deformation energy (total distortion energy, total distance distortion) over the symmetric
strip [−lE,+lE]× [BS = B0 + bS, BN = B0 + bN], L0 = (LW +LE)/2, and B0 = (BS +BN)/2 are given
as follows.

Conformal coordinates of type Gauss–Krueger:

IAGK =
1
20

l4E
(1− E2)2

×

×
(

1− 2
3

sin3 BN − sin3 BS

sin BN − sin BS
+

1
5

sin5 BN − sin5 BS

sin BN − sin BS

)
×

×
(

1− 2
3
E2 sin3 BN − sin3 BS

sin BN − sin BS
+ O2(E4)

)
+

+OGK(l6E) ,

(20.147)

IAGK(BN = −BS) =
1
20

l4E
(1−E2)2

×

×
(

1− 2
3

sin2 BN(1 + E2) + sin4 BN

(
4
9
E2 +

1
5

)
− 2

15
E2 sin6 BN + O2(E4)

)
+

+OGK(l6E) .

(20.148)

Parallel coordinates of type Soldner:

IAS =
1
2
IAGK + OS(l6E) . (20.149)

Normal coordinates of type Riemann:

IAR =
1

2 cos B0

[
A

5
l4E +

B

9
b3
N − b3

S

bN − bS
l2E +

C

5
b5
N − b5

S

bN − bS
+

+
D

10
(bN + bS)l4E +

P

12
b4
N − b4

S

bN − bS
l2E +

Q

6
b6
N − b6

S

bN − bS

]
×

×
[
1− 2E2 sin2 B0 + sin B0(1− 2E2 sin2 B0 − 4E2 cos2 B0)(bN + bS)/2 cosB0

]
+

+OR(6) ,

(20.150)

IAR(bN = −bS) =
cos4 B0

360

(
1 + 2E2 cos2 B0 + O(E4)

)
l4E+

+
cos2 B0

324

(
1 + O(E4)

)
b2
Nl2E +

(
1− 2E2 cos2 B0 + O(E4)

)
360

b4
N+

+OR(6) .

(20.151)

(A, B, C, D, P, Q are given by (20.173)).

End of Corollary.
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Proof (Gauss–Krueger, Λ1 = Λ2 = Λ, l := L− L0).

IAGK =
1

SE2
A1,A2

∫
dSE

2
A1,A2

(Λ− 1)2 =
A2

1(1− E2)
SE2

A1,A2

+lE∫
−lE

dl

BN∫
BS

dB
cosB(Λ− 1)2

(1− E2 sin2 B2)2
, (20.152)

Λ− 1 =
1
2

cos2 B
1− E2 sin2 B

1−E2
l2+

+OGK(l4) ,

(Λ− 1)2 =
1
4

cos4 B
(1− E2 sin2 B)2

(1− E2)2
l4+

+OGK(l6) ,

(20.153)

∫
dSE

2
A1,A2

(Λ− 1)2 =
1
4

A2
1

1− E2

+lE∫
−lE

dl

⎡⎣l4
BN∫

BS

dB cos5 B + OGK(l6)

⎤⎦ =

=
1
10

A2
1

1− E2
l5E

[
sin BN − sin BS − 2

3
(sin3 BN − sin3 BS) +

1
5
(sin5 BN − sin5 BS)

]
+

+OGK(l7E) ,

(20.154)

1
SE2

A1,A2

=
1

2A2
1(1− E2)

l−1
E

[
sin BN − sin BS +

2
3
E2(sin3 BN − sin3 BS) + O1(E4)

]−1

=

=
1

2A2
1(1− E2)

l−1
E (sin BN − sin BS)−1

[
1− 2

3
E2 sin3 BN − sin3 BS

sin BN − sin BS
+ O2(E4)

]
,

(20.155)

IAGK =
1
20

l4E
(1− E2)2

(
1− 2

3
sin3 BN − sin3 BS

sin BN − sin BS
+

1
5

sin5 BN − sin5 BS

sin BN − sin BS

)
×

×
[
1− 2

3
E2 sin3 BN − sin3 BS

sin BN − sin BS
+ O2(E4)

]
+

+OGK(l6E) ,

(20.156)

IAGK(BN = −BS) =
1
20

l4E
(1−E2)2

×

×
[
1− 2

3
sin2 BN(1 + E2) + sin4 BN

(
4
9
E2 +

1
5

)
− 2

15
E2 sin6 BN + O2(E4)

]
+

+OGK(l6E) .

(20.157)

End of Proof.
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Proof (Soldner, l := L− L0).

Λ1 = 1 +
cos2 B

2
1−E2 sin2 B

1− E2
l2 + OS(l4) , Λ2 = 1 , (20.158)

IAS =
1

2SE2
A1,A2
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dSE

2
A1,A2

(Λ1 − 1)2 =
A2

1(1− E2)
2SE2

A1,A2

+lE∫
−lE
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BN∫
BS

dB
cos B(Λ1 − 1)2

(1− E2 sin2 B)2
, (20.159)

Λ1 − 1 =
cos2 B

2
1− E2 sin2 B

1− E2
l2 + OS(l4) ,

(Λ1 − 1)2 =
1
4

cos4 B
(1−E2 sin2 B)2

(1− E2)2
l4 + OS(l6) ,

(20.160)

∫
dSE2

A1,A2
(Λ1 − 1)2 =

1
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A2
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1− E2
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−lE

dl

⎡⎣l4
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dB cos5 B + OS(l6)

⎤⎦ =

=
1
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A2
1

1− E2
l5E

[
sin BN − sin BS − 2

3
(sin3 BN − sin3 BS) +

1
5
(sin5 BN − sin5 BS)

]
+

+OS(l7E) ,

(20.161)

1
2SE2

A1,A2

=
1

4A2
1(1− E2)

l−1
E (sin BN − sin BS)−1×

×
[
1− 2

3
E2 sin3 BN − sin3 BS

sin BN − sin BS
+ O2(E4)

]
,

(20.162)

IAS =
1
40

l4E
(1−E2)2

×

×
(

1− 2
3

sin3 BN − sin3 BS

sin BN − sin BS
+

1
5

sin5 BN − sin5 BS

sin BN − sin BS

)
×

×
[
1− 2

3
E2 sin3 BN − sin3 BS

sin BN − sin BS
+ O2(E4)

]
+

+OS(l6E) ,

(20.163)

IAS(BN = −BS) =
1
40

l4E
(1− E2)2

×

×
[
1− 2

3
sin2 BN(1 + E2) + sin4 BN

(
4
9
E2 +

1
5

)
− 2

15
E2 sin6 BN + O2(E4)

]
+

+OS(l6E) .

(20.164)

End of Proof.
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Proof (Riemann, l := L− L0, b := B −B0).

Λ1 = 1 +
cos2 B0

6
1− E2 sin2 B0

1− E2
l2 +

1
6

1− E2

1−E2 sin2 B0

b2 + OR(l3, b3) , Λ2 = 1 , (20.165)

IAR =
1

2SE2
A1,A2

∫
dSE

2
A1,A2

(Λ1 − 1)2 =
A2

1(1−E2)
2SE2

A1,A2

+lE∫
−lE

dl

BN∫
BS

dB
cos B(Λ1 − 1)2

(1− E2 sin2 B)2
, (20.166)

Λ1 − 1 =
cos2 B0

6
1−E2 sin2 B0

1− E2
l2 +

1
6

1−E2

1− E2 sin2 B0

b2 + OR(l3, b3) ,

(Λ1 − 1)2 =
cos4 B0

36
(1− E2 sin2 B0)2

(1− E2)2
l4 +

1
36

(1− E2)2

(1− E2 sin2 B0)2
b4 +

cos2 B0

18
l2b2 + OR(l5, b5) ,

(20.167)

cosB = cos(B0 + b) = cos B0 − sin B0b + OC(b2) ,(
1−E2 sin2 B2

)−2
= 1 + 2E2 sin2 B + O(E4) =

=
[
1 + 2E2 sin B0 + 4E2 sin B0 cos B0 + O(E4)

]
b + O(b2) ,

cos B(1− E2 sin2 B)−2 =

= cosB0 − sin B0b + 2E2 sin2 B0 cosB0 − 2E2 sin3 B0b + 4E2 sin B0 cos2 B0b + O(b2) ,

BS = B0 + bS , BN = B0 + bN ,

(20.168)

SE2
A1,A2

= A2
1(1− E2)

+lE∫
−lE

dl

bN∫
bS

db(cos B0 + 2E2 sin2 B0 cosB0)+

+A2
1(1− E2)

+lE∫
−lE

dl

bN∫
bS

db
[− sin B0 − 2E2 sin3 B0 + 4E2 sin B0 cos2 B0 + o(E4)

]
b + O(b2) ,

(20.169)

SE2
A1,A2

= A2
1(1− E2)lE

(
2(cosB0 + 2E2 sin2 B0 cos B0)(bN − bS)+

+
[− sin B0 − 2E2 sin3 B0 + 4E2 sin B0 cos2 B0 + O(E4)

]
(b2

N − b2
S) + O(b3

N − b3
S)
)

,

(20.170)

IAR =
A2

1(1− E2)
2SE2

A1,A2

+lE∫
−lE

dl

bN∫
bS

db

[
cosB0 + 2E2 sin2 B0 cos B0+

+
[− sin B0 − 2E2 sin3 B0 + 4E2 sin B0 cos2 B0 cos2 B0 + O(E4)

]
b + O(b2)

]
×

×
[
cos4 B0

36
(1− E2 sin2 B0)2

(1−E2)2
l4 +

cos2 B0

18
l2b2 +

1
36

(1− E2)2

(1− E2 sin2 B0)2
b4 + OR(l5, b5)

]
,

(20.171)
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IAR =
A2

1(1− E2)
2SE2

A1,A2

+lE∫
−lE

dl

bN∫
bS

db
[
Al4 + Bl2b2 + Cb4 + Dl4b + Pl2b3 + Qb5 + OR(6)

]
, (20.172)

A :=
[
cos B0 + 2E2 sin2 B0 cos B0 + O(E4)

]cos4 B0

36
(1− E2 sin2 B0)2

(1−E2)2
,

B :=
[
cos B0 + 2E2 sin2 B0 cos B0 + O(E4)

]cos2 B0

18
,

C :=
[
cos B0 + 2E2 sin2 B0 cos B0 + O(E4)

] 1
36

(1−E2)2

(1− E2 sin2 B0)2
,

D :=
− sin B0 cos4 B0

36
[
3 + 2E2(3− cos2 B0)

]
+ O(E4) ,

P :=
− sin B0 cos2 B0

9
[
1 + 2E2(1− 2 cos2 B0)

]
+ O(E4) ,

Q :=
− sin B0

36
[
1 + 2E2(1− 5 cos2 B0)

]
+ O(E4) ,

(20.173)

IAR =
A2

1(1− E2)
SE2

A1,A2

[
A

5
l5E(bN − bS) +

B

9
l3E(b3

N − b3
S)+

+
C

5
lE(b5

N − b5
S) +

D

10
l5E(b2

N − b2
S) +

P

12
l3E(b4

N − b4
S) +

Q

6
lE(b6

N − b6
S) + O(8)

]
,

(20.174)

1
SE

2
A1,A2

=

=
1− 2E2 sin2 B0 + + sin B0(1− 2E2 sin2 B0 − 4E2 cos2 B0)(bN + bS)/2 cos B0 + O(b2)

2A2
1(1−E2) cos B0lE(bN − bS)

,

(20.175)

IAR =
1

2 cosB0

[
A

5
l4E +

B

9
b3
N − b3

S

bN − bS
l2E +

C

5
b5
N − b5

S

bN − bS
+

+
D

10
(bN + bS)l4E +

P

12
P

b4
N − b4

S

bN − bS
l2E +

Q

6
b6
N − b6

S

bN − bS

]
×

×1− 2E2 sin2 B0 + sin B0(1− 2E2 sin2 B0 − 4E2 cos2 B0)(bN + bS)
2 cos B0

+ OR(6) ,

(20.176)

IAR(bN = −bS) =
cos4 B0

360
(1 + 2E2 cos2 B0 + O(E4))l4E+

+
cos2 B0

324
(1 + O(E4))b2

Nl2E +
(1− 2E2 cos2 B0 + O(E4))

360
b4
N + OR(6) .

(20.177)

End of Proof.
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As an example, we compare in Table 20.5 the total deformation energy for conformal Gauss–
Krueger coordinates, parallel Soldner coordinates, and normal Riemann coordinates. Obviously, in
the range of application, normal Riemann coordinates generate the smallest global distortion, followed
by parallel Soldner coordinates (factor half compared to conformal Gauss–Krueger coordinates), and
conformal Gauss-Krueger coordinates.

Table 20.5. Total deformation energy. L0 = 9◦. Three cases: (i) B0 = 0◦, (ii) B0 = 48◦, (iii) B0 = 70◦.
lE = 2◦, bN = −bS = 2◦. IAGK, IAS, IAR.

L0 = 9◦ IAR (“normal Riemann”) IAGK (“conformal Gauss–Krueger”) IAS (“parallel Soldner”)

B0 = 0◦ 1.283 × 10−8 7.518 × 10−8 3.759 × 10−8

B0 = 48◦ 6.983 × 10−9 1.503 × 10−8 7.517 × 10−9

B0 = 70◦ 4.710 × 10−10 1.048 × 10−9 5.239 × 10−10

Here, we take reference to G. B. Airy’s definition of “balance of erros”. Conformal geodesics
were treated by E. Beltrami (1869), A. Fialkow (1939), A. M. Legendre (1806), J. A. Schouten (1954),
W.A.Vogel (1970, 1973), J. Weingarten (1861), and K.Yano (1970, 1940a,b). H.Boltz (1943) pre-
sented formulae and tables for the normal computation of Gauss–Krueger coordinates which we use
here. For the optimal Universal Transverse Mercator Projection, we refer to E. W. Grafarend (1995),
the Riemann coordinates and its deformation analysis to E.W.Grafarend and R. Syffus (1995). The
special Newton form of a geodesic in Maupertuis’ gauge on the sphere and the ellipsoid-of-revolution
is presented in AppendixE to which we refer. H. Lichtenegger (1987) presented his theory of three
boundary problems and one initial problem. Here, we present only two out of four.
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21 Datum problems

Analysis versus synthesis, Cartesian approach versus curvilinear approach. Local reference system versus
global reference system. Datum parameters, collinearities, error propagation. Partial least squares, ridge
type regression (Tychonov regularization), truncated or total least squares. Gauss–Krueger coordinates
and UTM coordinates. Stochastic pseudo-observations and variance–covariance matrix, dispersion matrix.

The evolutionary process of (2 + 1)-dimensional geodesy separating horizontal control and vertical
control towards three-dimensional geodesy, namely enforced by satellite global positioning systems
(“global problem solver”: GPS), confronts us with the problem of curvilinear geodetic datum transfor-
mations of the following type. In a local two-dimensional geodetic network ellipsoidal longitude and
ellipsoidal latitude (equivalent: Gauss–Krueger coordinates, UTM coordinates) are available in a local
geodetic reference system. From a global three-dimensional geodetic network, namely for a few identical
points, ellipsoidal longitude, ellipsoidal latitude, and ellipsoidal height are known in a global geodetic
reference system. Here, we aim at the analysis of datum parameters (seven parameter global conformal
group C7(3): translation, rotation, scale). We set up curvilinear linearized pseudo-observational equa-
tions for given ellipsoidal longitude and ellipsoidal latitude, with incremental parameters of translation
(three parameters), rotation (three parameters), and scale (one parameter), and with incremental form
parameters of the ellipsoid-of-revolution (two parameters: semi-major axis, squared eccentricity). In
particular, we investigate the rank deficiencies in the curvilinear datum transformation Jacobi matrix
(collinearities). A strict collinearity between the incremental datum parameter tz and the incremental
semi-major axis δA has been identified. For geodetic networks of regional extension, we experienced
also configurations close to a collinearity.

Section 21-1.

A regression system close to a collinearity (near linear dependence) experiences damaging effects
on the ordinary least squares estimator, as small changes in the Jacobi matrix or in the vector of
pseudo-observations may result in unproportionally large changes in the solution. Three methods
of overcoming the problem of collinearity are currently used: (i) partial least squares, for exam-
ple, P. J. Young (1994), (ii) ridge type regression (Tychonov regularization), for example, A. K. Saleh
and B. M. G. Kibria (1993), and (iii) truncated or total least squares, for example, R. D. Fierro and
J. R. Bunch (1994). Indeed, in the analysis of the curvilinear datum transformation Jacobi matrix
for regional geodetic networks, we identified a spectral condition number (the ratio of the largest
and smallest eigenvalue) of the order of 109. For some reasons, we have accordingly chosen partial
least squares in analyzing the datum parameters from horizontal control, exclusively. Our results are
presented in Section 21-1.

Section 21-2.

In contrast, Section 21-2 is devoted to the synthesis of ellipsoidal longitude and ellipsoidal latitude
known in the local reference system and to be transformed into the global reference system or,
equivalently into Gauss–Krueger coordinates or UTM coordinates from local to global reference. A
real data example is given.

Section 21-3.

Finally, Section 21-3 three reviews the error propagation in the analysis and synthesis of a curvilinear
datum transformation.
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21-1 Analysis of a datum problem

Datum transformation, datum parameters (translation, rotation, scale). General conformal group, special
orthogonal group. Jacobi matrix, chain Jacobi matrix.

Analysis is understood as the determination of datum parameters between two sets of curvilinear coor-
dinates of identical points which cover R

3 equipped with an Euclidean metric. The datum parameters
like translation t, rotation R, and scale 1 + s characterize a datum transformation (“Kartenwechsel”)
which leaves (as a passive transformation) angles and distance ratios equivariant. In its linear vari-
ant, they are the parameters of the conformal group C7(3), the seven-parameter transformation in
R

3. The general conformal group C10(3), in contrast, includes three parameters more, as outlined in
E. Grafarend and G. Kampmann (1996), for instance. As soon as we cover R

3 by Cartesian coordi-
nates (say {x, y, z} in the local reference system versus {X, Y, Z} in the global reference system), we
arrive at the forward transformation (21.1) of datum type versus the backward transformation (21.3)
of datum type. Actually, (21.1) and (21.3) are datum transformations of R

4 covered by homogeneous
coordinates. All datum transformations are written in the sequence (i) rotation, (ii) scale, and (iii)
translation, what has to be mentioned since the transformation elements are non-commutative. The
formulae (21.1)–(21.5) constitute Box 21.1. We here note that SO(3) abbreviates the manifold of the
three-dimensional special orthogonal group, namely SO(3) := {R RTR = I3, |R| = +1}, where I3 is the
three-dimensional unit matrix.

Box 21.1 (The conformal group C7(3), the forward and the backward transformation, Cartesian coordinates
{x, y, z} of local type versus Cartesian coordinates {X, Y, Z} of global type covering R

3 equipped with an
Euclidean metric).

Forward transformation:

2
4x

y
z

3
5 = (1 + s)R

2
4X

Y
Z

3
5 +

2
4tx

ty

tz

3
5 ,

2
4tx

ty

tz

3
5 =: t ∈ R

3 ,

s ∈ R
+ , R ∈ SO(3) ,

(21.1)

2
64

x
y
z
1

3
75 =

"
(1 + s)R | t||0 | 1

# 2
64

X
Y
Z
1

3
75 . (21.2)

Backward transformation:

2
4X

Y
Z

3
5 = (1 + s∗)R∗

2
4x

y
z

3
5 +

2
4t∗x

t∗y
t∗z

3
5 ,

2
4t∗x

t∗y
t∗z

3
5 =: t∗ ∈ R

3 ,

s∗ ∈ R
+ , R∗ ∈ SO(3) ,

(21.3)

2
64

X
Y
Z
1

3
75 =

"
(1 + s∗)R∗ | t∗||0 | 1

# 2
64

x
y
z
1

3
75 . (21.4)

“Backward–forward”:

(1 + s∗)R∗ = (1 + s)−1RT , t∗ = −(1 + s)−1RTt . (21.5)
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Since the datum parameters of a geodetic datum transformation are usually close to the identity,
Box 21.2 is a collection of the rotation matrix close to the identity, parameterized by Cardan angles
into the forward and backward transformations (21.8) and (21.9) of that type, finally by (21.10) given
as a system of linear equations with seven parameters (three for translation, three for rotation, and
one for scale) as unknowns.

Box 21.2 (The conformal group C7(3), forward and backward transformation close to the identity).

R = R1(α)R2(β)R3(γ) ∈ SO(3) , (21.6)

R1(α) = R1(0) + R′
1(0)α + O1(α

2) , R′
1(0) =

2
64

0 0 0

0 0 1

0 −1 0

3
75 ,

R2(β) = R2(0) + R′
2(0)β + O2(β

2) , R′
2(0) =

2
64

0 0 −1

0 0 0

1 0 0

3
75 ,

R3(γ) = R3(0) + R′
3(0)γ + O3(γ

2) , R′
3(0) =

2
64

0 1 0

−1 0 0

0 0 0

3
75 .

(21.7)

Forward transformation close to the identity:

x = X + tx − Zβ + Y γ + Xs + O2x ,

y = Y + ty + Zα − Xγ + Y s + O2y ,

z = Z + tz − Y α + Xβ + Zs + O2z .

(21.8)

Backward transformation close to the identity:

X = x − tx − yγ + zβ − xs + O2X ,

Y = y − ty − zα + xγ − ys + O2Y ,

Z = z − tz − xβ + yα − zs + O2Z .

(21.9)

“Backward–forward”:

2
64

x − X

y − Y

z − Z

3
75 =

2
64

1 0 0 | 0 −Z Y |X| || |0 1 0 | Z 0 −X |Y| || |0 0 1 |−Y X 0 |Z

3
75

2
66666666666664

tx
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γ

s

3
77777777777775

. (21.10)
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Fig. 21.1. Gauss surface normal coordinates, curvilinear geodetic datum transformations, “global” {L, B, H}
versus “local” {l, b, h}.

Since the “legal” geodetic coordinates relate to longitude l and L, latitude b and B, and height
h(l, b) and H(L, B) of a topographic point as an element of the Earth’s two-dimensional surface and
with respect to an ellipsoid-of-revolution E

2
a1,a2

and E
2
A1,A2

of local type and global type, Box 21.3 sum-
marizes the standard transformations of ellipsoidal coordinates {l, b, h} and {L, B, H} into Cartesian
coordinates {x, y, z} and {X, Y, Z} and vice versa, namely by means of (21.13)–(21.17). In addition,
we introduce the curvature radii {n(b),m(b)} and {N(B),M(B)} of E

2
a1,a2

and E
2
A1,A2

. While the
direct transformation (21.11) is given in a closed form, the inverse transformation (21.12) (following
E. Grafarend and P. Lohse (1991)) is a complicated closed form, in particular, for b(x, y, z), B(X, Y, Z)
and h(x, y, z), H(X, Y, Z). The height functions h(l, b) and H(L, B) have been computed with respect
to a set of functions which are orthonormal with respect to an ellipsoid-of-revolution by E. Grafarend
and J. Engels (1992). Note that one set of ellipsoidal coordinates {l, b, h} and, {L, B, H} does not
cover the Earth’s surface completely, namely due to the pole singularity of these coordinates.

{l, b, h} �→ {x, y, z} , {L, B, H} �→ {X, Y, Z} , (21.11)

{x, y, z} �→ {l, b, h} , {X, Y, Z} �→ {L, B, H} . (21.12)

The main idea of the applied datum transformation of curvilinear coordinates as being outlined
in Box 21.3 is the following. In the global coordinate system, ellipsoidal coordinates {L, B, H} are
available, for example, from a survey by means of the Global Positioning System (GPS, GLONASS,
PRARE), but in the local coordinate system, only ellipsoidal longitude, ellipsoidal latitude are acces-
sible. It has to be emphasized that, due to the older separation of “horizontal control” and “vertical
control”, the ellipsoidal height h(l, b) in the local coordinate system is not available. It is for this reason
that, by means of (21.18) and (21.19) , we have only formulated the curvilinear datum transformation
close to the identity for ellipsoidal longitude, ellipsoidal latitude {l, b} in the local reference system as a
function of {L, B, H} and {tx, ty, tz, α, β, γ, s}, respectively. A closed form expression was derived only
for ellipsoidal longitude l. The Taylor series expansion up to second order in terms of datum parame-
ters of type translation, rotation, and scale as well as of variation of semi-major axis δA and of squared
first eccentricity δE2 is outlined by (21.20). The detailed results of the linearization are collected in
Box 21.4. In particular, we end up with the linear system of first order y = Ax+ hit, where hit means
“higher order terms”, introducing l−L, b−B as the given vector y and {tx, ty, tz , α, β, γ, s, δA, δE2}
as the unknown vector x. The Jacobi matrix A is rigorously computed by the chain rule J23J1, where
the Jacobi matrix J1 contains the derivatives of Cartesian coordinates with respect to the datum pa-
rameters as well as ellipsoidal form parameters. In contrast, J23 includes the relevant 2× 3 submatrix
∂(l, b)/∂(x, y, z) at the Taylor point of the general 3× 3 matrix ∂(l, b, h)/∂(x, y, z). Indeed, the com-
plicated derivative matrix ∂(l, b, h)/∂(x, y, z) is computed from its simple inverse ∂(x, y, z)/∂(l, b, h).
(21.28) is the closed form representation of the Jacobi matrix A given as a function of {L, B, H} of
the global curvilinear coordinate system!
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Box 21.3(Curvilinear coordinate conformal transfor mation (datum transformation) extended by ellipsoid
parameters, ellipsoid-of-revolution E

2
A1,A2 versus E

2
a1,a2 , ellipsoidal coordinates {l, b, h} of local type versus

ellipsoidal coordinates {L, B, H} of global type ).

A1, a1 ∈ R
+ semi-major axes; E :=

p
(A2

1 − A2
2)/A

2
1, e =

p
(a2

1 − a2
2)/a2

1 relative eccentricities.

Direct transformation {l, b, h} �→ {x, y, z}:

x =

"
a1p

1 − e2 sin2 b
+ h(l, b)

#
cos b cos l = [n(b) + h(l, b)] cos b cos l ,

y =

"
a1p

1 − e2 sin2 b
+ h(l, b)

#
cos b sin l = [n(b) + h(l, b)] cos b sin l ,

z =

"
a1(1 − e2)p
1 − e2 sin2 b

+ h(l, b)

#
sin b = [(1 − e2)n(b) + h(l, b)] sin b ,

(21.13)

n(b) :=
a1p

1 − e2 sin2 b
, m(b) :=

a1(1 − e2)p
(1 − e2 sin2 b)3

. (21.14)

Direct transformation {L, B, H} �→ {X, Y, Z}:

X =

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B cos L = [N(B) + H(L, B)] cos B cos L ,

Y =

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B sin L = [N(B) + H(L, B)] cos B sin L ,

Z =

"
A1(1 − E2)p
1 − E2 sin2 B

+ H(L, B)

#
sin B = [(1 − E2)N(B) + H(L, B)] sin B ,

(21.15)

N(B) :=
A1p

1 − E2 sin2 B
, M(B) :=

A1(1 − E2)p
(1 − E2 sin2 B)3

. (21.16)

Inverse transformation {x, y, z} �→ {l, b, h}:

l = arctan(y/x) +

„
−1

2
sgn y − 1

2
sgn y sgn x + 1

«
π

∈ {R 0 ≤ l < 2π} ,

b = arctan

"
zp

x2 + y2

a1(1 − e2 sin2 b)−1/2 + h(l, b)

a1(1 − e2)(1 − e2 sin2 b)−1/2 + h(l, b)

#
=

= arctan

"
zp

x2 + y2

n(b) + h(l, b)

(1 − e2)n(b) + h(l, b)

#

∈ {R − π/2 < b < +π/2} .

(21.17)

h(l, b) = h(x, y, z) (E.W.Grafarend and P. Lohse (1991)).
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Continuation of Box.

Curvilinear coordinate conformal transformation close to the identity

(datum transformation).

1st variant:

l =

= arctan
“
Y + ty + Zα − Xγ + Y s

”
/

“
X + tx − Zβ + Y γ + Xs

”
,

b = b(X, Y, Z, tx, ty, tz, α, β, γ, s) .

(21.18)

2nd variant:

tan l =

=
“
[A1/

p
1 − E2 sin2 B + H(L, B)] cos B sin L + ty

+ [A1(1 − E2)/
p

1 − E2 sin2 B + H(L, B)] sin Bα

− [A1/
p

1 − E2 sin2 B + H(L, B)] cos B sin Lγ

+ [A1/
p

1 − E2 sin2 B + H(L, B)] cos B sin Ls
”

/
“
[A1/

p
1 − E2 sin2 B + H(L, B)] cos B cos L + tx

− [A1(1 − E2)/
p

1 − E2 sin2 B + H(L, B)] sin Bβ

+ [A1/
p

1 − E2 sin2 B + H(L, B)] cos B sin Lγ

+ [A1/
p

1 − E2 sin2 B + H(L, B)] cos B cos Ls
”

,

l = l(L,B, H(L, B), tx, ty, tz, α, β, γ, s, A1, E
2) ,

b = b(L,B, H(L, B), tx, ty, tz, α, β, γ, s, A1, E
2) .

(21.19)

Taylor expansion:

l =

= L + ltxtx + lty ty + ltz tz + lαα + lββ + lγγ + lss + lAδA + lEδE2 ,

b =

= B + btxtx + bty ty + btz tz + bαα + bββ + bγγ + bss + bAδA + bEδE2 ,

(21.20)

subject to

ltx :=
∂l

∂tx
(tx = ty = tz = 0, α = β = γ = 0, s = 0, A1 = a1, E

2 = e2)

etc.

(21.21)

and

δA := A1 − a1 , δE2 := E2 − e2 , δE = (2E)−1δE2 . (21.22)
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Box 21.4 (Curvilinear conformal coordinate transformation (datum transformation) extended by ellipsoid
parameters close to identity, Jacobi matrix ).

y =

"
l − L

b − B

#
= A

2
66666666666666666664

tx

ty

tz

α

β

γ

s

δA

δE2

3
77777777777777777775

+ O2lb = Ax + O2x . (21.23)

Jacobi matrix:

A :=

j
∂(l, b)

∂(tx, ty, tz, α, β, γ, s, A1, E2)

ff
taylor

∈ R
2×9 ,

taylor := {tx = ty = tz = α = β = γ = s = 0, A1 = a1, E
2 = e2} .

(21.24)

Chain Jacobi matrix:

A := J23J1 =

j
∂(l, b)

∂(x, y, z)

ff
taylor

j
∂(x, y, z)

∂(tx, ty, tz, α, β, γ, s, A1, E2)

ff
taylor

, (21.25)

j
∂(x, y, z)

∂(l, b, h)

ff−1

=

j
∂(l, b, h)

∂(x, y, z)

ff
,

J2 :=

j
∂(x, y, z)

∂(l, b, h)

ff
=

2
64

∂x/∂l ∂x/∂b ∂x/∂h

∂y/∂l ∂y/∂b ∂y/∂h

∂z/∂l ∂z/∂b ∂z/∂h

3
75 , J2 :=

`
J2´−1

=

j
∂(l, b, h)

∂(x, y, z)

ff
,

(21.26)

J2 =

2
64
−(n + h) cos b sin l −(m + h) sin b cos l cos b cos l

(n + h) cos b cos l −(m + h) sin b sin l cos b sin l

0 (m + h) cos b sin b

3
75, J2 =

2
664
− sin l

(n+h) cos b
cos l

(n+h) cos b
0

− cos l sin b
m+h

− sin l sin b
m+h

cos b
m+h

cos b cos l cos b sin l sin b

3
775, (21.27)

J23 :=

j
∂(l, b)

∂(x, y, z)

ff
taylor

=

"− sin L
(N+H) cos B

+ cos L
(N+H) cos B

0

− cos L sin B
M+H

− sin L sin B
M+H

cos B
M+H

#
∈ R

2×3 ,

J1 :=

j
∂(x, y, z)

∂(tx, ty, tz, α, β, γ, s, A1, E2)

ff
taylor

=

=

2
664
1 0 0 | 0 −Z Y | X | N cos B cos L

A1

M cos B sin2 B cos L
2(1−E2)| | || | |0 1 0 | Z 0 −X | Y | N cos B sin L

A1

M cos B sin2 B sin L
2(1−E2)| | || | |0 0 1 | −Y X 0 | Z | N sin B(1−E2)

A1

M sin3 B−2N sin B
2

3
775 ∈ R

3×9 .

(21.28)
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Various remarks with respect to the rank and the stability of the Jacobi matrix A have to be
made. First, the Jacobi matrix A indicates that columns seven and eight, namely a7 and a8, are
linearly dependent, in particular, Aa8 = a7. Obviously, the incremental scale s and the incremental
semi-major axis δA cannot be determined independently. Since we cannot discriminate s and δA, we
may consult data files of the global and local reference ellipsoid in order to fix the values δA := A− a
as well as δE2 := E2 − e2 and remove by b − B − (a28δA + a29δE

2) the quantities {δA, δE2} from
the analysis. Note that only the differences in latitude are influenced by {s, δA, δE2}, respectively.
Second, for a geodetic network for which both {l, b} and {L, B, H} are available, the extension in
latitude {b,B} may lead to an instability within the Jacobi matrix A as we have experienced. In the
analysis of column a3 (acting on translation component tz) and column a7 (acting on scale s), sin B
is approximately discriminating the two columns. In the above-quoted network configuration, a3 and
a7 are nearly linearly dependent. The following rationale has accordingly been chosen, following the
method of partial least squares (P. J. Young (1994)), for instance.

Im
p
or

ta
nt

!

The system (21.23) of linear equations y = Ax+hit is characterized by two pseudo-observed
ellipsoidal longitude and ellipsoidal latitude differences. In case we have access to the ellip-
soidal form parameter variation δA and δE2, we are left with two equations for seven datum
parameters per station point. Obviously, in order to determine the seven datum parameters,
we need at least four station points with the data {l, b} and {L, B, H} available. But, in
general, we are left with an adjustment problem when the data are accessible at four or
more station points. Since ellipsoidal longitude and ellipsoidal latitude {l, b} are elements
of E

2
a1,a2

, the distance between the adjusted points and the given data points {l, b} has to
be minimized. The distance along a geodesic as outlined in Box 21.5 originates from a series
expansion of the minimal geodesic on E

2
a1,a2

. A zero order approximation is the Euclidean
distance known as the method of least squares. (For a review of robust distance functions
for those pseudo-observations given on a circle S

1
r or on a sphere S

2
r of radius r, we refer

to Y. M. Chan and X.He (1993)). Here, we have chosen the zero order approximation, the
method of least squares ‖y − Ax‖2 = min leading to x̂ = (ATPA)−1ATPy as the best
approximation of the datum parameters.

In the first step of the partial least squares solution, we have given the prior information of the
rotation parameters as well as the scale parameter a large weight. Accordingly, we have solved for
the translation parameters x1 := [tx, ty, tz ] exclusively. The second step is split up into a forward
and a backward one. First, we remove the data x̂1 (translation parameters) of best approximation
from the reduced pseudo-observed data, namely y− (a8δA−a9δE

2). Second, in the 2nd partial least
squares solution, we associate to the prior information of the scale parameter a large weight. Indeed,
we compute the rotation parameters x2 := [α, β, γ] exclusively from γ. The third step is split up
again into a forward and a backward one. First, we remove the data x̂2 (rotation parameters) of best
approximation from the reduced pseudo-observed data, namely y1 − A2x̂2 =: y2. Second, in the 3rd
partial least squares solution, we finally compute the scale parameter x3 = s exclusively from y2.

Box 21.5 (The distance between the points {l, b} and {l0, b0} on E
2
a1,a2 along a minimal geodesic ).

s2 =
a2
1

1 − e2 sin2 b0

»
(b − b0)

2 (1 − e2)2

(1 − e2 sin2 b0)2
+ (l − l0)

2 cos2 b0+

+3(b − b0)
3 (1 − e2)2 cos b0 sin b0

(1 − e2 sin2 b0)3
− (b − b0)(l − l0)

2 (1 − e2) cos b0 sin b0

1 − e2 sin2 b0

+

+(b − b0)
4 (1 − e2)e2[4 − 8 sin2 b0 + e2 sin2 b0(25 − 21 sin2 b0)]

4(1 − e2 sin2 b0)4
−

−(b − b0)
2(l − l0)

2 (1 − e2) cos2 b0(2 + 7e2 sin2 b0)

6(1 − e2 sin2 b0)2
− (l − l0)

4 cos2 b0 sin2 b0

12

–
+ O(l5, b5) .

(21.29)
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l[
◦ ]

b
[◦

]
L

[◦
]

B
[◦

]
H
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l
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L
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a
2
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+

+
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2
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δE
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[′′
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+
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Fig. 21.2. Pseudo-observations, part one. Courtesy of Landesvermessungsamt Baden–Württemberg. 1st: point
counter. 2nd: station number. 3rd: station name. 4th: l [◦]. 5th: b [◦]. 6th: L [◦]. 7th: B [◦]. 8th: H [m]. 9th:
l − L [′′]. 10th: lateral variation [′′] due to δA, δE2. 11th: b − B − (column10) [′′].
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Fig. 21.3. Pseudo-observations, part two. Courtesy of Landesvermessungsamt Baden–Württemberg. 1st: point
counter. 2nd: station number. 3rd: station name. 4th: l [◦]. 5th: b [◦]. 6th: L [◦]. 7th: B [◦]. 8th: H [m]. 9th:
l − L [′′]. 10th: lateral variation [′′] due to δA, δE2. 11th: b − B − (column10) [′′].
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A real case study is the following. For the analytic part, i. e. the determination of local to global
transformation parameters, we have chosen 60 points from the German and European GPS reference
network (DREF 91, EUREF), where global coordinates {X, Y, Z} given with respect to the GRS 80
datum have been determined. The same points are equipped with official local coordinates {x, y, z}
in the Gauss–Krueger system given with respect to the Bessel ellipsoid and Potsdam datum. In the
above Figs. 21.2 and 21.3, we have listed these data being transformed into ellipsoidal coordinates
{L, B, H} and {l, b, h}, respectively. (Ellipsoidal longitude l and ellipsoidal latitude b of local type
(“Rauenberg”, Bessel ellipsoid-of-revolution, a1 = 6377397.155m, e2 = 0.006674372) versus ellip-
soidal longitude L and ellipsoidal latitude B, ellipsoidal height H of global type (DREF ITRF 91,
GRS 80, A1 = 6378137m, E2 = 0.0066943800229) of German 1st order stations.) No heights are
available in the local system. Column 10 shows the impact of the incremental semi-major axis δA
and squared first eccentricity δE2 on the pseudo-latitudes in the partial least squares process. The
estimated transformation parameters according to the partial least squares process as described before
are presented in Table 21.1.

Table 21.1. Analysis of datum parameters of type translation, rotation, and scale. This analysis is based
upon the pseudo-observations presented in Figs. 21.2 and 21.3.

tx = −610.144 m ,

ty = −21.658 m ,

tz = −421.401 m ,

α = −1′′.0396

β = −0′′.1859

γ = −1′′.2712

s = −0.519 485 × 10−6p‖y − Ax̂‖2/(n − 7) (longitude) = 0′′.03117710 ,
p‖y − Ax̂‖2/(n − 7) (latitude) = 0′′.02640297

A =

=

⎡⎣− sin L
(N+H) cos B

cos L
(N+H) cos B 0 [(1−E2)N+H] sin B cos L

(N+H) cos B
[(1−E2)N+H] sin B sin L

(N+H) cos B

− sin B cos L
M+H − sin B sin L

M+H
cos B
M+H

[N2(E2−1)−MH] sin L
M(M+H)

[N2(1−E2)+MH] cos L
M(M+H)

· · ·

· · ·
−1 0 0 0

0 −E2N sin B cos B
M+H −E2N sin B cos B

A1(M+H) − [E2M sin2 B+2(1−E2)N ] sin B cos B
2(M+H)(1−E2)

⎤⎦
∈ R

2×9 .

(21.30)

21-2 Synthesis of a datum problem

Datum transformation, datum parameters (translation, rotation, scale). Synthesis matrix, local heights.
Jacobi matrix, chain Jacobi matrix.

Synthesis is understood as the determination of curvilinear global coordinates of points from curvilinear
local coordinates based upon given datum parameters. Since the datum parameters are close to the
identity, Box 21.6 collects the formulae for the computation of ellipsoidal longitude L and ellipsoidal
latitude B sought for in the global reference system from known ellipsoidal longitude l and ellipsoidal
latitude b and given datum parameters {txty, tz, α, β, γ, s, δa, δe2} by a Taylor series expansion. In
particular, Box 21.7 highlights the computation of the synthesis matrix B. Since in the local reference
system pseudo-observations of ellipsoidal heights h(l, b) are not available, in general, we here study
by Box 21.8 the impact of local heights on the synthesis matrix B, namely by the decomposition
B = B0 + hB1.
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Box 21.6 (Inverse coordinate conformal transformation (datum transformation) extended by ellipsoid param-
eters close to the identity ).

Inverse transformation {X, Y, Z} �→ {L, B, H}:

L = arctan(Y/X) +

„
−1

2
sgn Y − 1

2
sgn Y sgn X + 1

«
π ∈ {R 0 ≤ L < 2π} ,

B = arctan

»
Z√

X2 + Y 2

A1(1 − E2 sin2 B)−1/2 + H(L, B)

A1(1 − E2)(1 − E2 sin2 B)−1/2 + H(L, B)

–
=

= arctan

»
Z√

X2 + Y 2

N(B) + H(L, B)

(1 − E2)N(B) + H(L, B)

–
∈ {R − π/2 < B < +π/2} .

(21.31)

Inverse curvilinear coordinate conformal transformation close to the identity

(datum transformation).

1st variant:

L = arctan
“
y − ty − zα + xγ − ys

”
/

“
x − tz + zβ − yγ − xs

”
,

B = B(x, y, z, tx, ty, tz, α, β, γ, s) .

(21.32)

2nd variant:

tan L =

=
“
[a1/

p
1 − e2 sin2 b + h(l, b)] cos b sin l − ty − [a1(1 − e2)/

p
1 − e2 sin2 b + h(l, b)] sin bα

+[a1/
p

1 − e2 sin2 b + h(l, b)] cos b sin lγ − [a1/
p

1 − e2 sin2 b + h(l, b)] cos b sin ls
”

/
“
[a1/

p
1 − e2 sin2 b + h(l, b)] cos b cos l − tx + [a1(1 − e2)/

p
1 − e2 sin2 b + h(l, b)] sin bβ

−[a1/
p

1 − e2 sin2 b + h(l, b)] cos b sin lγ − [a1/
p

1 − e2 sin2 b + h(l, b)] cos b cos ls
”

,

L = L(l, b, h(l, b), tx, ty, tz, α, β, γ, s, a1, e
2) , B = B(l, b, h(l, b), tx, ty, tz, α, β, γ, s, a1, e

2) .

(21.33)

Taylor expansion:

L = l + Ltxtx + Lty ty + Ltz tz + Lαα + Lββ + Lγγ + Lss + Laδa + Leδe
2 ,

B = b + Btxtx + Bty ty + Btz tz + Bαα + Bββ + Bγγ + Bss + Baδa + beδe
2 ,

(21.34)

subject to

Ltx :=
∂L

∂tx
(tx = ty = tz = 0, α = β = γ = 0, s = 0, a1 = A1, e

2 = E2)

etc.

(21.35)

and

δa := a1 − A1 = −δA , δe2 := e2 − E2 = −δE2 , δe = (2e)−1δe2 . (21.36)
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Box 21.7 (Inverse curvilinear conformal coordinate transformation (datum transformation) extended by
ellipsoid parameters close to identity, Jacobi matrix ).

"
L

B

#
=

"
l

b

#
+ B

2
666666666666666664

tx

ty

tz

α

β

γ

s

δa

δe2

3
777777777777777775

+ O2LB =

"
l

b

#
+ Bx + O2LB . (21.37)

Jacobi matrix:

B :=

j
∂(L, B)

∂(tx, ty, tz, α, β, γ, s, a1, e2)

ff
taylor

∈ R
2×9 ,

taylor := {tx = ty = tz = α = β = γ = s = 0, a1 = A1, e
2 = E2} .

(21.38)

Chain Jacobi matrix:

B := J′23J
′
1 =

j
∂(L, B)

∂(X, Y, Z)

ff
taylor

j
∂(X, Y, Z)

∂(tx, ty, tz, α, β, γ, s, a1, e2)

ff
taylor

, (21.39)

j
∂(X, Y, Z)

∂(L, B, H)

ff−1

=

j
∂(L, B, H)

∂(X, Y, Z)

ff
,

J′2 :=

j
∂(X, Y, Z)

∂(L, B, H)

ff
=

2
64

∂X/∂L ∂X/∂B ∂X/∂H

∂Y/∂L ∂Y/∂B ∂Y/∂H

∂Z/∂L ∂Z/∂B ∂Z/∂H

3
75 , J′2 :=

`
J′2

´−1
=

j
∂(L, B, H)

∂(X, Y, Z)

ff
,

(21.40)

J′2 =2
64
−(N + H) cos B sin L −(M + H) sin B cos L cos B cos L

(N + H) cos B cos L −(M + H) sin B sin L cos B sin L

0 (M + H) cos B sin B

3
75,

J′2 =2
664
− sin L

(N+H) cos B
cos L

(N+H) cos B
0

− cos L sin B
M+H

− sin L sin B
M+H

cos B
M+H

cos B cos L cos B sin L sin B

3
775,

(21.41)

J′23 =

j
∂(L, B)

∂(X, Y, Z)

ff
taylor

=

"− sin l
(n+h) cos b

+ cos l
(n+h) cos b

0

− cos l sin b
m+h

− sin l sin b
m+h

cos b
m+h

#
∈ R

2×3 ,

J′1 =

j
∂(X, Y, Z)

∂(tx, ty, tz, α, β, γ, s, a1, e2)

ff
taylor

=

=

2
6664
−1 0 0 | 0 z −y | −x | n cos b cos l

a1

m cos b sin2 b cos l
2(1−e2)| | || | |

0 −1 0 | −z 0 x | −y | n cos b sin l
a1

m cos b sin2 b sin l
2(1−e2)| | || | |

0 0 −1 | y −x 0 | −z | n sin b(1−e2)
a1

m sin3 b−2n sin b
2

3
7775 ∈ R

3×9 .

(21.42)
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Box 21.8 (Decomposition of the synthesis matrix B = B0 + hB1 + O2(h
2). ).

B =

=

2
4 sin l

(n+h) cos b
− cos l

(n+h) cos b
0 − [(1−e2)n+h] sin b cos l

(n+h) cos b
− [(1−e2)n+h] sin b sin l

(n+h) cos b

sin b cos l
m+h

sin b sin l
m+h

− cos b
m+h

[n2(1−e2)+mh] sin l
m(m+h)

− [n2(1−e2)+mh] cos l
m(m+h)

· · ·

· · ·
1 0 0 0

0 e2n sin b cos b
m+h

− e2n sin b cos b
a1(m+h)

− [e2m sin2 b+2(1−e2)n] sin b cos b

2(m+h)(1−e2)

3
5 ∈ R

2×9 ,

(21.43)

B0 :=

=

" sin l
n cos b

− cos l
n cos b

0 −(1 − e2) tan b cos l −(1 − e2) tan b sin l

sin b cos l
m

sin b sin l
m

− cos b
m

[n2(1−e2)] sin l

m2 − [n2(1−e2)] cos l

m2

· · ·

· · ·
1 0 0 0

0 e2n sin b cos b
m

− e2n sin b cos b
a1m

− e2m sin3 b cos b+2(1−e2)n sin b cos b

2m(1−e2)

3
5 ,

(21.44)

B1 :=

=

2
4 − sin l

n2 cos b
cos l

n2 cos b
0 − e2

n
tan b cos l − e2

n
tan b sin l

− sin b cos l
m2 − sin b sin l

m2
cos b
m2

[m2−n2(1−e2)] sin l

m3
[n2(1−e2)−m2] cos l

m3

· · ·

· · ·
0 0 0 0

0 − e2n sin b cos b
m2

e2n sin b cos b
a1m2

[e2m sin2 b+2(1−e2)n] sin b cos b

2m2(1−e2)

3
5 .

(21.45)

Example 21.1 numerically illustrates that for the computation of global {L, B} from local {l, b} and
from datum parameters {tx, ty, tz, α, β, γ, s, δa, δe2} we can neglect hB1. Accordingly, the synthesis of
{L, B} is performed by [L, B]T = [l, b]T + B0[tx, ty, tz , α, β, γ, s, δa, δe2]T.

Example 21.1 (Synthesis of {L, B} from {l, b} and from datum parameters {tx, ty, tz , α,β, γ, s, δA, δE2},
simulation of impact of local height h).

a1 := 6 377 397.155 [m], e2 := 0.006 674 372, A1 := 6 378 137 [m], E2 := 0.006 694 380 022 9.

l = 14◦, b = 40◦, h = 1000m (assumed)
{tx, ty, tz , α, β, γ, s, δA, δE2} from first section.

L0 = L(l, b) L = L(l, b, h)
13◦59′54′′.269 6 13◦59′54′′.270 4

B0 = B(l, b) B = B(l, b, h)
40◦00′00′′.069 44 40◦00′00′′.069 42

End of Example.
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21-3 Error propagation in analysis and synthesis of a datum problem

Nonlinear error propagation. Dispersion, dispersion transformation, dispersion matrix, variance–covariance
matrix. Stochastic pseudo-observations.

First, in the analysis of the datum parameters from given {l, b} and {L, B, H} pseudo-observations
by means of a best approximation (21.46) subject to (21.47), via nonlinear error propagation,
we have to consider the variance–covariance matrix/dispersion matrix of the datum parameters
x =[ tx, ty , tz, α, β, γ, s] functionally related to the variance–covariance matrix/dispersion matrix of
the pseudo-observations {l, b} and {L, B, H}. The stochastic pseudo-observations {l, b} and {L, B, H}
enter via the relative data vector (21.48) and via the analysis matrix (21.49). Accordingly, we expand
x̂(l, b, L,B,H) into the dispersion (21.50) as outlined in Box 21.9. If a prior dispersion matrix of the
form parameters {A1, E

2, a1, e
2} is available, it could also be implemented.

Second, the synthesis of global ellipsoidal coordinates {L, B} from given local ellipsoidal coordi-
nates {l, b} and datum parameters/ellipsoidal form parameters {tx, ty, tz, α, β, γ, s, δa, δe2}, we again
experience the impact of the dispersion matrix of {l, b} as well as of {tx, . . . , δe2} via nonlinear error
propagation. The random character of the pseudo-observations {l, b} enters firstly linearly and sec-
ondly nonlinearly via B0(l, b), while the stochastic a posteriori parameters {t̂x, . . . , δê2} enter linearly.
Box 21.10 reviews the expansion [L, B]( l, b, t̂x, . . . , δê2) towards the dispersion (21.51).

x̂ =
(
ATPA

)−1
ATPy =: Ly , (21.46)

L =
(
ATPA

)−1
ATP , (21.47)

y :=[ l − L, b−B]T , (21.48)

A = A(L, B, H) , (21.49)

D(x̂) = MkDkl(l, b, L,B,H)MT
l , (21.50)

D(L, B) = KµDµν(l, b, t̂x, . . . , δê2)Kν . (21.51)

Box 21.9 (Error propagation with respect to analysis x̂(l, b, L, B, H) ).

dx̂ = dLy + Ldy . (21.52)

dL =

= −(ATA)dATA(ATA)−1AT + (ATA)−1dAT − (ATA)−1ATdA(ATA)−1AT =

= −NdATAL − LdAL + N−1dAT

(21.53)

subject to

N := ATA , P = I . (21.54)

dx̂ = −NdATAx̂ − LdAx̂ + N−1dATy + Ldy ,

vec dx̂ =
ˆ − (Ax̂)T ⊗ N

˜
vec dAT − ˆ

(x̂)T ⊗ L
˜
vec dA +

ˆ
(y)T ⊗ N−1

˜
vec dAT + L vec dy

(21.55)

subject to

(decomposition of a double Cayley product by a Kronecker–Zehfuss product)

vec (ABC) = (CT ⊗ A) vec B . (21.56)
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Continuation of Box.

vec dx̂ = Q vec dA + R vec dy (21.57)

subject to

Q :=
ˆ − (Ax̂)T ⊗ N

˜
I7,2 +

ˆ
(y)T ⊗ N−1˜

I7,2 −
ˆ
(x̂)T ⊗ L

˜
,

R := L .

(21.58)

vec dx̂ = Q vec

„
∂A

∂pk
dpk

«
+ R vec

„
∂y

∂pk
dpk

«
(21.59)

with respect to the parameters pk := {l, b, L, B, H}.

Dispersion transformation:

D(x̂) = MkD(pk, pl)M
T
l (21.60)

subject to

Mk := Q
∂A

∂pk
+ R

∂y

∂pk
(21.61)

with

{k, l} ∈ {1, 2, 3, 4, 5} . (21.62)

Box 21.10 (Error propagation with respect to synthesis [L, B](l, b, t̂x, . . . , δê2) ).

Parameters:

Li := [L, B] , li := [l, b] , tp := [tx, ty, tz, α, β, γ, s, δa, δe2] . (21.63)

Error propagation:

∂Li

∂lj
= δij +

∂b0
ip

∂lj
tp ,

∂Li

∂tp
= b0

ip , (21.64)

D(Li, Lj) =
`
δim + b0

ip,mtp

´
D(lm, ln)

`
δjn + b0

jq,ntq

´
+ b0

ipD(tp, tq)b
0
jq . (21.65)

(Summation convention over repeated indices, {i, j, m, n} ∈ {1, 2} and {p, q} ∈ {1, . . . , 9}.)
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21-4 Gauss–Krueger/UTM coordinates: from a local to a global datum

Transformation of conformal coordinates of type Gauss–Krueger or UTM from a local datum (regional,
National, European) to a global datum (WGS 84).

A key problem of contemporary geodetic positioning is the transformation of mega data sets of con-
formal coordinates of type Gauss–Krueger or UTM from a local datum, also called regional, National,
European etc., to a global datum, for instance, the World Geodetic System 1984 (WGS 84) with ref-
erence to M. J. Boyle (1987). As an example, let us refer to the mega data sets of more than 150 Mio.
Gauss–Krueger conformal coordinates of Germany, where the West German conformal coordinates
relate to the Bessel reference ellipsoid, while the East German conformal coordinates relate to the
Krassowsky reference ellipsoid. Thanks to the satellite Global Positioning System (“global problem
solver”: GPS) and advanced computer software, geodetic positions are given as conformal coordinates
of type Gauss–Krueger or UTM relating to the reference ellipsoid of the World Geodetic System (WGS
84). In connection with a chart, GPS-derived conformal coordinates of type Gauss–Krueger or UTM
can only be used when they are transformed from the global datum to the local datum, which the chart
is based upon. Or vice versa: the conformal coordinates of type Gauss–Krueger or UTM which are
presented in a chart of local datum have to be transformed to the global datum. The transformation
of conformal coordinates (Gauss–Krueger or UTM) from a local datum to a global one and vice versa
is the objective of our contribution.

coordinate transformation coordinate transformation

conformal mapping of E
2
a1,a2 conformal mapping of E

2
A1,A2

curvilinear
datum transformation

nonlinear affine
datum transformation

conformal group C7(3)

local conformal coordinates
(Gauss–Krueger, UTM)

global conformal coordinates
(Gauss–Krueger, UTM)

{x1, x2, x3} {X1, X2, X3}

{l, b, h} {L, B, H}

{x, y} {X, Y }

Fig. 21.4. The basic commutative diagram, rectangular, curvilinear, and conformal datum transformation,
with three parameters of translation, three parameters of rotation, and one scale parameter, local reference
ellipsoid-of-revolution E

2
a1,a2 , global reference ellipsoid-of-revolution E

2
A1,A2 .

As outlined by means of the commutative diagram of Fig. 21.4, Cartesian coordinates {X1, X2, X3}
(capital letters: global datum) are first transformed into Cartesian coordinates {x1, x2, x3} (small
letters: local datum) by means of the conformal group C7(3). Notably the conformal group C7(3)
(seven parameters in a three-dimensional Weitzenböck space: three parameters for translation, three
parameters for rotation, one scale parameter) leaves angles and distance ratios invariant (equivariant,
form invariant). Such a datum transformation is called a rectangular datum transformation.
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Second, in contrast, surface normal ellipsoidal coordinates of type ellipsoidal longitude, ellipsoidal
latitude, ellipsoidal height {L, B, H} and {l, b, h} replace the Cartesian coordinates as user coordinates.
{L, B, H} refer to a global datum, in particular, to a global reference ellipsoid-of-revolution E2

A1,A2

(semi-major axis A1, semi-minor axis A2, relative eccentricity squared E2 := (A2
1 − A2

2)/A2
1), while

{l, b, h} refer to a local reference ellipsoid-of-revolution E
2
a1,a2

(semi-major axis a1, semi-minor axis a2,
relative eccentricity squared e2 := (a2

1−a2
2)/a2

1. Accordingly, a transformation of ellipsoidal coordinates
from {l, b, h} to {L, B, H} or vice versa is called a curvilinear datum transformation, i. e. close to the
identity, expressed as a linear function represented by three parameters {tx, ty, tz} of translation, three
parameters {α, β, γ} of rotation, and one scale parameter s. Such a curvilinear datum transformation
(user oriented) has been investigated by A. Leick and B. H. W. van Gelder (1975), T. Soler (1976),
R. Schreiber (1991), E.Grafarend, F.Krumm, and F. Okeke (1995) as well as F.Okeke (1997). Third,
the target of our contribution is the datum transformation of conformal coordinates {X, Y } of type
Gauss–Krueger or UTM from a local datum to global one and vice versa. The first subsection is
devoted to the derivation of the direct equations of the datum transformation {x, y} �→ {X, Y },
where we take advantage of computer-aided bivariate polynomial inversion pioneered by H. Glasmacher
and K.Krack (1984), G. Joos and K. Joerg (1991), and E.Grafarend, T. Krarup and R. Syffus (1996).
The second subsection collects the inverse equations {X, Y } �→ {x, y} of a datum transformation
of conformal coordinates of type Gauss–Krueger or UTM. Both transformations, direct and inverse
equations, respectively, amount to bivariate polynomials with coefficients which depend on the datum
transformation parameters {tx, ty, tz , α, β, γ, s} and the change of the form parameter δE2 := E2−e2.
Some remarks to our notation have to be made. We already mentioned that all quantities which refer
to a global datum are written in capital letters, while those with reference to a local datum are written
in small letters.

21-41 Direct transformation of local conformal into global conformal coordinates

The problem of generating Gauss–Krueger or UTM conformal coordinates {X, Y } of a global reference
ellipsoid-of-revolution E

2
A1,A2

in terms of Gauss–Krueger or UTM conformal coordinates {x, y} of a
local (regional, National, European) reference ellipsoid-of-revolution E

2
a1,a2

under a curvilinear datum
transformation is solved here by a three-step-procedure according to the commutative diagram of
Fig. 21.5. The first step is a representation of global conformal coordinates of type Gauss–Krueger or
UTM in terms of conformal bivariate polynomials X(L−L0, B−B0) and Y (L−L0, B−B0) with respect
to surface normal ellipsoidal longitude/ellipsoidal latitude increments {L−L0, B−B0}. The second step
is divided into two sub-steps. First we transform the global ellipsoidal longitude/ellipsoidal latitude
increments into local ellipsoidal longitude/ellipsoidal latitude increments {l − l0, b − b0} by means
of a curvilinear datum transformation (i. e. a linear function of the three parameters of translation,
three parameters of rotation, and one scale parameter). Second, we implement the transformation
{L−L0, B−B0} �→ {l−l0, b−b0} into the representation {X(l−l0, b−b0), Y (l−l0, b−b0)}, in particular,
including the curvilinear datum transformation for polynomial coefficients, too. Finally, the third step
is split into two sub-steps. First, we repeat the representation of local conformal coordinates of type
Gauss–Krueger or UTM in terms of conformal bivariate polynomials {x(l− l0, b− b0), y(l− l0, b− b0)}
with respect to surface normal ellipsoidal longitude/ellipsoidal latitude increments {l − l0, b − b0},
namely in order to construct the inverse polynomials {l − l0(x, y), b − b0(x, y)} by bivariate series
inversion. Second, we transfer the bivariate polynomial representation {l − l0(x, y), b − b0(x, y)} to
the power series {X(l − l0), Y (b − b0)} in order to achieve the final bivariate general polynomials
{X(x, y), Y (x, y)}.

21-411 The first step: conformal coordinates in a global datum

Conformal coordinates of an ellipsoid-of-revolution E2
A1,A2

in a global frame of reference (semi-major
axis A1, semi-minor axis A2, relative eccentricity squared E2 := (A2

1−A2
2)/A

2
1) of type Gauss–Krueger

or UTM are generated by a polynomial representation in terms of surface normal ellipsoidal longitude
L and ellipsoidal latitude B with respect to an evaluation point {L0, B0}: see Box 21.11 in connection
with Boxes 15.4 and 15.5.
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curvilinear
datum transformation

step two 1

step three2

step two 2

step three1

step one

{x, y}, E2
a1,a2

{X, Y }, E
2
A1,A2

{L − L0, B − B0} {l − l0, b − b0}

Fig. 21.5. The basic commutative diagram, genesis of the transformation of Cartesian conformal coordinates
{x, y} in a local reference system to Cartesian conformal coordinates {X, Y } in a global reference system by
means of a curvilinear datum transf ormation, three-step-procedure.

L0 is also called the ellipsoidal longitude of the meridian of reference. While the coefficient Y00

represents the arc length of the meridian L0 of reference, the coefficients are generated by solving
the vector-valued boundary value problem of the Korn–Lichtenstein equations of conformal mapping
subject to the integrability conditions, the vector-valued Laplace–Beltrami equations. The constraint
of the vector-valued boundary value problem is the equidistant mapping of the meridian L0 of reference
and outlined by E. Grafarend (1995) and E. Grafarend and R. Syffus (1997).

Box 21.11 (Polynomial representation of conformal coordinates of type Gauss–Krueger or UTM, ellipsoid-
of-revolution E

2
A1,A2 (Easting X, Northing Y ), surface normal ellipsoidal longitude L and ellipsoidal lat-

itude B, evaluation point {L0, B0}, optimal factor of conformality ρ =0 .999 578 (UTM) for a strip
[−lE, +lE] × [BS, BN]=[ −3.5◦, +3 .5◦] × [80 ◦S, 84 ◦N]; coefficients are given in Boxes 15.4 and 15.5).

X =

= ρ
h
X10(L − L0) + X11(L − L0)(B − B0) + X30(L − L0)

3 + X12(L − L0)(B − B0)
2+

+X31(L − L0)
3(B − B0) + X13(L − L0)(B − B0)

3
i
+

+O(5) ,

Y =

= ρ
h
Y00 + Y01(B − B0) + Y20(L − L0)

2 + Y02(B − B0)
2 + Y21(L − L0)

2(B − B0)+

+Y03(B − B0)
3 + Y40(L − L0)

4 + Y22(L − L0)
2(B − B0)

2 + Y04(B − B0)
4
i
+

+O(5) .

(21.66)
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{m, n} ↔ Xmn

Fig. 21.6. Polynomial diagram, the polynomial representation of the conformal coordinate Easting X in a
global frame of reference of type Gauss–Krueger or UTM, the solid dots illustrate non-zero monomials, the
open circles zero monomials, according to D.Cox, J. Little and D.O’Shea (1996, pp. 433–443).

21-412 The second step: curvilinear datum transformation

With reference to E.Grafarend, F.Krumm and F. Okeke (1995, pp. 344–348), let us introduce the
curvilinear datum transformation from a local datum (regional, National, European) to a global datum
close to the identity reviewed in Box 21.12. Note that l and b refer to surface normal ellipsoidal
longitude/ellipsoidal latitude of an ellipsoid-of-revolution E

2
a1,a2

in a local frame of reference (semi-
major axis a1, semi-minor axis a2, relative eccentricity squared e2 := (a2

1 − a2
2)/a2

1). The datum
transformation close to the identity is expressed as a linear function of the datum transformation
parameters, three parameters of translation {tx, ty, tz}, three parameters of rotation {α, β, γ} and
one scale parameter s. Note that the datum transformation in longitude close to the identity is
independent of the translation parameter tz and of the scale parameter s. In contrast, the datum
transformation in latitude close to the identity does not depend on the rotation parameter γ (z axis
rotation). The coefficients {s10, . . . , s27} are given in Box 21.13. The synthesis matrix S of a datum
transformation close to the identity depends on the ellipsoidal height h in a local frame of reference.
Only in a few cases local ellipsoidal height information is available. Within the matrix decomposition
S(h) = S0 + hS1 + O(h2), we study the influence of local ellipsoidal height h.

{m, n} ↔ Ymn

Fig. 21.7. Polynomial diagram, the polynomial representation of the conformal coordinate Northing Y in a
global frame of reference of type Gauss–Krueger or UTM, the solid dots illustrate non-zero monomials, the
open circles zero monomials, according to D.Cox, J. Little and D.O’Shea (1996, pp. 433–443).
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Box 21.12 (Curvilinear datum transformation, synthesis close to the identity).

L =

= l + s10 + s11tx + s12ty + s13tz + s14α + s15β + s16γ + s17s = l + δL ,

δL :=

= s10 + s11tx + s12ty + s13tz + s14α + s15β + s16γ + s17s ,

B =

= b + s20 + s21tx + s22ty + s23tz + s24α + s25β + s26γ + s27s = b + δB ,

δB :=

= s20 + s21tx + s22ty + s23tz + s24α + s25β + s26γ + s27s .

(21.67)

Box 21.13 (Synthesis matrix S of a curvilinear datum transformation close to the identity, decomposition
S(h) = S0 + hS1 + O(h2)).

n(b) := a1/(1 − e2 sin2 b)1/2,

m(b) := a1(1 − e2)/(1 − e2 sin2 b)3/2,

p(b) := [A1(1 − e2 sin2 b)1/2]/a1(1 − E2 sin2 b)1/2,

q(b) := [A1(1 − E2)(1 − e2 sin2 b)3/2]/a1(1 − e2)(1 − E2 sin2 b)3/2.

s10 = 0 , s13 = 0 , s17 = 0 ,

s11 =

= +sin l/[(pn + h) cos b] =

= + sin l/[pn cos b] − h sin l/[p2n2 cos b] + O(h2) ,

s12 =

= − cos l/[(pn + h) cos b] =

= − cos l/[pn cos b] + h cos l/[p2n2 cos b] + O(h2) ,

s14 =

= − tan b cos l[n(1 − e2) + h]/(pn + h) =

= − tan b cos l(1 − e2)/p + h tan b cos l(1 − e2 − p)/(np2) + O(h2) ,

s15 =

= − tan b sin l[n(1 − e2) + h]/(pn + h) =

= − tan b sin l(1 − e2)/p + h tan b sin l(1 − e2 − p)/(np2) + O(h2) ,

s16 =

= (n + h)/(pn + h) = 1/p + h(p − 1)/(p2n) + O(h2) .

(21.68)
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Continuation of Box.

s26 = 0 ,

s20 =

= − cos b sin b(qE2 − e2)n/(qm + h) =

= − cos b sin b(qE2 − e2)n/qm + h cos b sin b(qE2 − e2)n/(qm)2 + O(h2) ,

s21 =

= sin b cos l/(qm + h) =

= sin b cos l/(qm) − h sin b cos l/(qm)2 + O(h2) ,

s22 =

= sin b sin l/(qm + h) =

= sin b sin l/(qm) − h sin b sin l/(qm)2 + O(h2) ,

s23 =

= − cos b/(qm + h) =

= − cos b/(qm) + h cos b/(qm)2 + O(h2) ,

s24 =

= + sin l(a2
1 + hn)/[n(qm + h)] =

= +a2
1 sin l/(nqm) + h sin l(nqm − a2

1)/(nq2m2) + O(h2) ,

s25 =

= − cos l(a2
1 + hn)/[n(qm + h)] =

= −a2
1 cos l/(nqm) − h cos l(nqm − a2

1)/(nq2m2) + O(h2) ,

s27 =

= e2 sin b cos bn/(qm + h) =

= e2 sin b cos bn/(qm) − he2 sin b cos bn/(qm)2 + O(h2) .

(21.69)

As soon as we implement the curvilinear datum transformation close to the identity (21.67) into
the global representation (21.66) of conformal coordinates, we are led to the first version of global
conformal coordinates (21.70) of Box 21.14 in terms of local ellipsoidal coordinates: see Box 21.15
and Box 21.16. Note that the coefficients {UMN , VMN} in Box 21.15 and Box 21.16 depend on the
coefficients {XMN , YMN} which, in turn, are given in terms of the parameters A1, E

2, B0. Accordingly,
all the coefficients are transformed under the change of the form parameter E2 from the global system
of reference to the local one. The evaluation points {L0, B0} and {l0, b0} have been chosen to be
identical in order to conserve the meridians-of-reference in both reference systems as well as the
parallel-of-reference. Box 21.17 is a collection of Taylor expansions of order one of conformal series
coefficients under a variation of form parameter δE2 listed separately in Box 21.18 and Box 21.19.
In consequence, upon a replacement of global coefficients by local coefficients of Box 21.18 in the
coefficients of Box 21.19 and Box 21.15 , we derive the second version of global conformal coordinates
(21.70) in terms of local ellipsoidal coordinates with the coefficients of Box 21.20 and Box 21.21.
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Box 21.14 (Polynomial representation of conformal coordinates of type Gauss–Krueger or UTM after a curvi-
linear datum transformation).

X(l − l0, b − b0) =

= ρ
h
U00 + U10(l − l0) + U01(b − b0) + U20(l − l0)

2 + U11(l − l0)(b − b0) + U02(b − b0)
2+

+U30(l − l0)
3 + U21(l − l0)

2(b − b0) + U12(l − l0)(b − b0)
2 + U03(b − b0)

3
i
+

+O(4) ,

Y (l − l0, b − b0) =

= ρ
h
V00 + V10(l − l0) + V01(b − b0) + V20(l − l0)

2 + V11(l − l0)(b − b0) + V02(b − b0)
2+

+V30(l − l0)
3 + V21(l − l0)

2(b − b0) + V12(l − l0)(b − b0)
2 + V03(b − b0)

3
i
+

+O(4) .

(21.70)

Box 21.15 (Polynomial coefficients of a conformal series of type Gauss–Krueger or UTM after a curvilinear
datum transformation, Easting X(l − l0, b − b0), first version).

U00 = X10δL + X11δLδB ,

U10 = X10 + X11δB , U01 = X11δL ,

U20 = 3X30δL , U11 = X11 + 2X12δB , U02 = X12δL ,

U30 = X30 + X31δB , U21 = 3X31δL , U12 = X12 + 3X13δB , U03 = X13δL .

(21.71)

Box 21.16 (Polynomial coefficients of a conformal series of type Gauss–Krueger or UTM after a curvilinear
datum transformation, Northing Y (l − l0, b − b0), first version).

V00 = Y00 + Y01δL + Y20δL
2 + Y02δB

2 ,

V10 = 2Y20δL , V01 = Y01 + 2Y02δB ,

V20 = Y20 + Y21δB , V11 = 2Y21δL , V02 = Y02 + 3Y03δB ,

V30 = 4Y40δL , V21 = Y21 + 2Y22δB , V12 = 2Y22δL , V03 = Y03 + 4Y04δB .

(21.72)

Box 21.17 (Transformation of the coefficients of a conformal series under a curvilinear datum transformation,
including the change of form parameter by δE2, transformation close to the identity).

X10 =
A1

a1

`
x10 + x10,e2δE2´

, X12 =
A1

a1

`
x12 + x12,e2δE2´

,

X11 =
A1

a1

`
x11 + x11,e2δE2´

, X30 =
A1

a1

`
x30 + x30,e2δE2´

,

(21.73)

Y00 =
A1

a1

„
y00 + y00,e2δE2 + y00,e2e2

(δE2)2

2

«
,

Y01 =
A1

a1

`
y01 + y01,e2δE2´

, Y02 =
A1

a1

`
y02 + y02,e2δE2´

,

Y20 =
A1

a1

`
y20 + y20,e2δE2´

, Y21 =
A1

a1

`
y21 + y21,e2δE2´

,

Y03 =
A1

a1

`
y03 + y03,e2δE2´

.

(21.74)
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Box 21.18 (Transformation of the coefficients of a conformal series under a curvilinear datum transformation,
including the change of form parameter by δE2, East components XMN ).

x10,e2 =

=
a1 cos b0 sin2 b0

2(1 − e2 sin2 b0)3/2
,

x11,e2 =

=
a1 sin b0(2 − 3 sin2 b0 + e2 sin2 b0)

2(1 − e2 sin2 b0)5/2
,

x12,e2 =

=
a1 cos b0(2 − 9 sin2 b0 + 11e2 sin2 b0 − 6e2 sin4 b0 + 2e4 sin4 b0)

4(1 − e2 sin2 b0)7/2
,

x30,e2 =

=
a1 cos b0(2 − 3 sin2 b0 − 3e2 sin2 b0 + 6e2 sin4 b0 − e2 sin6 b0 − e4 sin6 b0)

12(1 − e2)2(1 − e2 sin2 b0)3/2
.

(21.75)

Box 21.19 (Transformation of the coefficients of a conformal series under a curvilinear datum transformation,
including the change of form parameter by δE2, North components YMN ).

y00,e2 =

= −a1

4

“
b0 +

3

2
sin 2b0 +

3

8
e2

h
b0 + 2 sin 2b0 − 5

4
sin 4b0

i
+

+
15

64
e4

h
b0 +

9

4
sin 2b0 − 9

4
sin 4b0 +

7

12
sin 6b0

i”
+ O(e6) ,

y00,e2e2 =

= −3a1

32

“
b0 + 2 sin 2b0 − 5

4
sin 4b0

”
+ O(e2) ,

y01,e2 =

= −a1(2 − 3 sin2 b0 + e2 sin2 b0)

2(1 − e2 sin2 b0)5/2
,

y20,e2 =

=
a1 cos b0 sin3 b0

4(1 − e2 sin2 b0)3/2
,

y02,e2 =

=
3a1 cos b0 sin b0(2 − 4e2 + 3e2 sin2 b0 − e4 sin2 b0)

4(1 − e2 sin2 b0)7/2
,

y21,e2 =

=
a1 sin2 b0(3 − 4 sin2 b0 + e2 sin4 b0)

4(1 − e2 sin2 b0)5/2
,

y03,e2 =

=
a1[2 − 4e2 − sin2 b0(4 − 29e2 + 27e4) − 2e2 sin4 b0(11 − 18e2 + 2e4) − 3e4 sin6 b0(3 − e2)]

4(1 − e2 sin2 b0)9/2
.

(21.76)
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Box 21.20 (Polynomial coefficients of a conformal series of Box 21.11 of type Gauss–Krueger or UTM after
a curvilinear transformation, Easting X(l − l0, b − b0, ρ, tx, ty, tz, α, β, γ, s, δE2), second version).

U00 =
A1

a1

ˆ`
x10 + x10,e2δE2´

δL + x11δLδB
˜

,

U10 =
A1

a1

`
x10 + x10,e2δE2 + x11δB

´
,

U01 =
A1

a1
x11δL ,

U20 =3
A1

a1
x30δL ,

U11 =
A1

a1

`
x11 + x11,e2δE2 +2 x12δB

´
,

U02 =
A1

a1
x12δL ,

U30 =
A1

a1

`
x30 + x30,e2δE2 + x31δB

´
,

U21 =3
A1

a1
x31δL ,

U12 =
A1

a1

`
x12 + x12,e2δE2 +3 x13δB

´
,

U03 =
A1

a1
x13δL .

(21.77)

Box 21.21 (Polynomial coefficients of a conformal series of Box 21.11 of type Gauss–Krueger or UTM after
a curvilinear transformation, Northing Y (l − l0, b − b0, ρ, tx, ty, tz, α, β, γ, s, δE2), second version).

V00 =
A1

a1

h
y00 + y00,e2δE2 + y00,e2e2

(δE2)2

2
+( y01 + y01,e2δE2)δB + y20δL

2 + y02δB
2
i

,

V10 =2
A1

a1
y20δL ,

V01 =
A1

a1

`
y01 + y10,e2δE2 +2 y02δB

´
,

V20 =
A1

a1

`
y20 + y20,e2δE2 + y21δB

´
,

V11 =2
A1

a1
y21δL ,

V02 =
A1

a1

`
y02 + y02,e2δE2 +3 y03δB

´
,

V30 =4
A1

a1
y40δL ,

V21 =
A1

a1

`
y21 + y21,e2δE2 +2 y22δB

´
,

V12 =2
A1

a1
y22δL ,

V03 =
A1

a1

`
y03 + y30,e2δE2 +4 y04δB

´
.

(21.78)
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{m, n} ↔ lmn

Fig. 21.8. Polynomial diagram, the polynomial representation of longitude increments l − l0, conformal
coordinates {x, y} of type Gauss–Krueger or UTM, the solid dots illustrate non-zero monomials, the open
circles zero monomials, according to D.Cox, J. Little and D. O’Shea (1996, pp. 433–443).

21-413 The third step: global conformal coordinates in a local datum

By means of the bivariate series (21.70) of Box 21.14 subject to the coefficients of Boxes 21.20 and 21.21,
we have succeeded to express global conformal coordinates of type Gauss–Krueger or UTM in terms of
local ellipsoidal coordinates, namely the eastern coordinate X(l− l0, b− b0, ρ, tx, ty, tz , α, β, γ, s, δE2)
and the northern coordinate Y (l − l0, b− b0, ρ, tx, ty, tz , α, β, γ, s, δE2). Only the transformation (the
third step) from local ellipsoidal coordinates {l− l0, b−b0} is left. Such a transformation is achieved by
a bivariate series inversion outlined in E.Grafarend, T.Krarup and R. Syffus (1996), namely of type
(21.66). In Box 21.14, we have reviewed the result of a bivariate series inversion of conformal type
subject to the coefficients given by Boxes 21.23 and 21.24 as well as illustrated by Figs. 21.8 and 21.9.

{m, n} ↔ bmn

Fig. 21.9. Polynomial diagram, the polynomial representation of latitude increments b − b0, conformal coor-
dinates {x, y} of type Gauss–Krueger or UTM, the solid dots illustrate non-zero monomials, the open circles
zero monomials, according to D.Cox, J. Little and D. O’Shea (1996, pp. 433–443).
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Box 21.22 (Series inversion of a local system of conformal coordinates of type Gauss–Krueger or UTM into
ellipsoidal coordinates).

l − l0 =

= l10
x

ρ
+ l11

x

ρ

„
y

ρ
− y00

«
+ l30

„
x

ρ

«3

+ l12
x

ρ

„
y

ρ
− y00

«2

+ O(4) ,

b − b0 =

= b01

„
y

ρ
− y00

«
+ b20

„
x

ρ

«2

+ b02

„
y

ρ
− y00

«2

+ b21

„
x

ρ

«2 „
y

ρ
− y00

«
+ b03

„
y

ρ
− y00

«3

+ O(4) .

(21.79)

Box 21.23 (Coefficients of a bivariate series inversion of conformal type, the ellipsoidal longitude increments
l − l0).

l10 =
(1 − e2 sin2 b0)

1/2

a1 cos b0
,

l11 =
tan b0(1 − e2 sin2 b0)

a2
1 cos b0

,

l30 =
−(1 − e2 sin2 b0)

3/2(1 + sin2 b0 − 3e2 sin2 b0 + e2 sin4 b0)

6a3
1(1 − e2) cos3 b0

,

l12 =
+(1 − e2 sin2 b0)

3/2(1 + sin2 b0 − 3e2 sin2 b0 + e2 sin4 b0)

2a3
1(1 − e2) cos3 b0

.

(21.80)

Box 21.24 (Coefficients of a bivariate series inversion of conformal type, the ellipsoidal latitude increments
b − b0).

b01 =
(1 − e2 sin2 b0)

3/2

a1(1 − e2)
,

b20 =
− tan b0(1 − e2 sin2 b0)

2

2a2
1(1 − e2)

,

b02 =
−3e2 cos b0 sin b0(1 − e2 sin2 b0)

2

2a2
1(1 − e2)2

,

b21 =
−(1 − e2 sin2 b0)

5/2(1 − 5e2 sin2 b0 + 4e2 sin4 b0)

2a3
1(1 − e2)2 cos2 b0

,

b03 =
−e2(1 − e2 sin2 b0)

5/2(1 − 2 sin2 b0 − 5e2 sin2 b0 + 6e2 sin4 b0)

2a3
1(1 − e2)3

.

(21.81)

As soon as we implement (21.79) into (21.70), we gain the final transformation of Cartesian
conformal coordinates {x, y} in a local frame of reference into Cartesian conformal coordinates
{X, Y } in a global frame of reference. Indeed, via the coefficients of the bivariate polynomials
(21.82) of Box 21.25 listed in Boxes 21.26 and 21.27, the final transformation depends on the pa-
rameters of a curvilinear datum transformation, namely three parameters {tx, ty, tz} of translation,
three parameters {α, β, γ} of rotation, one scale parameter s and the change of the form parameter
δE2 = E2 − e2. The bivariate polynomial representation (21.82) is given up to order three due to the
limited space in printing the lengthy coefficients in Boxes 21.26 and 21.27. Indeed, the final transfor-
mation X(x, y, ρ, tx, ty, tz , α, β, γ, s, δE2), Y (x, y, ρ, tx, ty, tz, α, β, γ, s, δE2) highlights the key result of
a datum transformation from local conformal coordinates of type Gauss–Krueger or UTM to global
conformal coordinates of type Gauss–Krueger or UTM. We therefore summarize the results as follows.
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Box 21.25 (Polynomial representation of global conformal coordinates {X, Y } in terms of local conformal
coordinates {x, y} due to a curvilinear datum transformation, Gauss–Krueger conformal mapping or UTM,
polynomial degree three, Easting X, x, Northing Y , y).

X(x, y, ρ, tx, ty, tz, α, β, γ, s, δE2) =

= ρ

"
x̄00 + x̄10

x

ρ
+ x̄01

„
y

ρ
− y00

«
+ x̄20

„
x

ρ

«2

+ x̄11
x

ρ

„
y

ρ
− y00

«
+ x̄02

„
y

ρ
− y00

«2

+

+x̄30

„
x

ρ

«3

+ x̄21

„
x

ρ

«2 „
y

ρ
− y00

«
+ x̄12

x

ρ

„
y

ρ
− y00

«2

+ x̄03

„
y

ρ
− y00

«3
#

+ O(4) ,

Y (x, y, ρ, tx, ty, tz, α, β, γ, s, δE2) =

= ρ

"
ȳ00 + ȳ10

x

ρ
+ ȳ01

„
y

ρ
− y00

«
+ ȳ20

„
x

ρ

«2

+ ȳ11
x

ρ

„
y

ρ
− y00

«
+ ȳ02

„
y

ρ
− y00

«2

+

+ȳ30

„
x

ρ

«3

+ ȳ21

„
x

ρ

«2 „
y

ρ
− y00

«
+ ȳ12

x

ρ

„
y

ρ
− y00

«2

+ ȳ03

„
y

ρ
− y00

«3
#

+ O(4) .

(21.82)

Box 21.26 (The polynomial coefficients, the East components, namely x̄mn, the datum transformation of
conformal coordinates).

x̄00 = U00 ,

x̄10 = U10l10 ,

x̄01 = U01b01 ,

x̄20 = U01b20 + U20l
2
10 ,

x̄11 = U10l11 + U11l10b01 , x̄02 = U01b02 + U02b
2
01 ,

x̄30 = U10l30 + U11l10b20 + U30l
3
10 ,

x̄21 = U01b21 + 2U20l10l11 + 2U02b01b20 + U21b01l
2
10 ,

x̄12 = U10l12 + U11(l10b02 + l11b01) + U12l10b
2
01 ,

x̄03 = U01b03 + 2U02b01b02 + U03b
3
01 .

(21.83)

Box 21.27 (The polynomial coefficients, the North components, namely ȳmn, the datum transformation of
conformal coordinates).

ȳ00 = V00 ,

ȳ10 = V10l10 ,

ȳ01 = V01b01 ,

ȳ20 = V01b20 + V20l
2
10 ,

ȳ11 = V10l11 + V11l10b01 , ȳ02 = V01b02 + V02b
2
01 ,

ȳ30 = V10l30 + V11l10b20 + V30l
3
10 ,

ȳ21 = V01b21 + 2V20l10l11 + 2V02b01b20 + V21b01l
2
10 ,

ȳ12 = V10l12 + V11(l10b02 + l11b01) + V12l10b
2
01 ,

ȳ03 = V01b03 + 2V02b01b02 + V03b
3
01 .

(21.84)
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Lemma 21.1 (Local conformal coordinates are transformed into global conformal coordinates of type
Gauss–Krueger or UTM).

Let there be given conformal coordinates {x, y} of type Gauss–Krueger or UTM of a local reference
ellipsoid-of-revolution E2

a1,a2
. Then, under a curvilinear datum transformation (21.67) and (21.66)

represented by three parameters {tx, ty, tz} of translation, three parameters {α, β, γ} of rotation, and
one scale parameter s, the conformal coordinates {X, Y } of type Gauss–Krueger or UTM of a global
reference ellipsoid-of-revolution E

2
A1,A2

are represented by the bivariate polynomial

X = X(x, y, ρ, tx, ty, tz, α, β, γ, s, δE2) = ρ
∞∑

m=0,n=0,m+n=N

x̄mn

(
x

ρ

)m (
y

ρ
− y00

)n

,

Y = Y (x, y, ρ, tx, ty, tz, α, β, γ, s, δE2) = ρ
∞∑

m=0,n=0,m+n=N

ȳmn

(
x

ρ

)m (
y

ρ
− y00

)n

.

(21.85)

X and Y are given by (21.82) in Box 21.25 up to order three. The coefficients x̄mn and ȳmn, which
are given in Box 21.26 and Box 21.27, are product sums of the coefficients UMN and VMN of Box 21.20
and Box 21.21 and of the coefficients lmn and bmn of Box 21.23 and Box 21.24. y00 indicates the arc
length of the meridian-of-reference l0 in the interval [0, b0].

End of Lemma.

21-42 Inverse transformation of global conformal into local conformal coordinates

The software attached to a satellite Global Positioning System (GPS) allows the direct conversion
of global ellipsoidal coordinates {L − L0, B − B0} into global conformal coordinates {X, Y } of type
Gauss–Krueger or UTM, namely with reference to a global reference ellipsoid-of-revolution E

2
A1,A2

,
i. e. WGS 84. In order to locate an observer with first hand information of global conformal coor-
dinates {X, Y } of type Gauss–Krueger or UTM in a Gauss–Krueger or UTM chart given in a local
reference system (regional, National, European), we are left with the problem of transforming global
conformal coordinates {X, Y } into local conformal coordinates of type Gauss–Krueger or UTM, the
chart coordinates. The problem is solved by the inverse representation of the bivariate polynomials
{X(x, y), Y (x, y)}: such bivariate polynomials are inverted by means of the GKS algorithm presented
by E.Grafarend, T.Krarup and R. Syffus (1996). Box 21.28 contains the inverse bivariate polynomi-
als {x(X, Y ), y(X, Y )} with respect to the coefficients of Box 21.29 and Box 21.30, where the datum
parameters are included in the coefficients {xMN , yMN}.

Im
p
or

ta
nt

!

The direct and inverse equations for a datum transformation of conformal coordinates of type
Gauss–Krueger or UTM from a local datum (regional, National, European) to a global datum
(i. e. WGS 84) are given in terms of a bivariate polynomial representation. The polynomial
coefficients depend on the datum transformation parameters, namely three parameters of
translation, three parameters of rotation, one scale parameter, and one form parameter
change, in total eight parameters. The form parameter change accounts for the variation of
the eccentricity of the reference ellipsoid-of-revolution under the change from one geodetic
datum to another one, namely from local to global or vice versa. The equations generating
the transformation of local conformal coordinates of type Gauss–Krueger or UTM to global
conformal coordinates of the same type enable us to transform mega data sets stored in
data bases or in charts from the local datum (the datum of the data base, the datum of
the chart) to the global datum (the datum of satellite derived coordinates by means of the
Global Positioning System, i.e. WGS 84) and vice versa.
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Box 21.28 (Polynomial representation of local conformal coordinates {x, y} in terms of global conformal
coordinates {X, Y } due to a curvilinear datum transformation, Gauss–Krueger conformal mapping or UTM,
polynomial degree three, Easting X, x, Northing Y , y).

x(X, Y, ρ, tx, ty, tz, α, β, γ, s, δE2) =

= ρ

"
x10

„
X

ρ
− x̄00

«
+ x01

„
Y

ρ
− ȳ00

«
+ x20

„
X

ρ
− x̄00

«2

+ x11

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«
+

+x02

„
Y

ρ
− ȳ00

«2

+ x30

„
X

ρ
− x̄00

«3

+ x21

„
X

ρ
− x̄00

«2 „
Y

ρ
− ȳ00

«
+

+x12

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«2

+ x03

„
Y

ρ
− ȳ00

«3
#
+

+O(4) ,

y(X, Y, ρ, tx, ty, tz, α, β, γ, s, δE2) =

= ρ

"
y00 + y10

„
X

ρ
− x̄00

«
+ y01

„
Y

ρ
− ȳ00

«
+ y20

„
X

ρ
− x̄00

«2

+ y11

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«
+

+y02

„
Y

ρ
− ȳ00

«2

+ y30

„
X

ρ
− x̄00

«3

+ y21

„
X

ρ
− x̄00

«2 „
Y

ρ
− ȳ00

«
+

+y12

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«2

+ y03

„
Y

ρ
− ȳ00

«3
#
+

+O(4) .

(21.86)

Box 21.29 (The polynomial coefficients, the East components, namely xMN , the datum transformation of
conformal coordinates).

x̄00 =

"
δL

a1 cos b0

(1 − e2 sin2 b0)1/2
+ δE2δL

a1 cos b0 sin2 b0

2(1 − e2 sin2 b0)3/2
− δLδB

a1(1 − e2) sin b0

(1 − e2 sin2 b0)3/2

#
A1

a1
,

x10 =

"
1 − δE2 sin2 b0

2(1 − e2 sin2 b0)
+ δB

(1 − e2) tan b0

(1 − e2 sin2 b0)

#
a1

A1
,

x01 =

"
δL sin b0

#
a1

A1
,

x20 =

"
− δL

cos b0(1 − e2 sin2 b0)
3/2

2a1(1 − e2)

# „
a1

A1

«2

,

x02 =

"
+ δL

cos b0(1 − e2 sin2 b0)
3/2

2a1(1 − e2)

# „
a1

A1

«2

,

x11 =

"
δB

1 + e2 sin2 b0 − 2e2 sin4 b0

a1 cos2 b0(1 − e2 sin2 b0)1/2
− δE2 cos b0 sin b0

a1(1 − e2)(1 − e2 sin2 b0)1/2

# „
a1

A1

«2

.

(21.87)
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Continuation of Box.

x30 =

"
δB

tan b0[1 + 3e2 − sin2 b0(4 + 11e2 − 3e4) + 2e2 sin4 b0(7 − e2) − 4e4 sin6 b0]

6a2
1(1 − e2) cos2 b0

−

−δE2 1 − 2 sin2 b0(2 − e2) + e2 sin4 b0

6a2
1(1 − e2)2

# „
a1

A1

«3

,

x21 =

"
+ δL

sin b0(1 − e2 sin2 b0)
2(1 + 3e2 − 4e2 sin2 b0)

2a2
1(1 − e2)2

# „
a1

A1

«3

,

x12 =

"
δB

tan b0[2 + 3e2 − e2 sin2 b0(11 + e2) + e2 sin4 b0(4 + 5e2) − 2e4 sin6 b0]

2a2
1(1 − e2) cos2 b0

−

−δE2 1 − 2 sin2 b0 + e2 sin4 b0

2a2
1(1 − e2)2

# „
a1

A1

«3

,

x03 =

"
− δL

sin b0(1 − e2 sin2 b0)
2(1 + 3e2 − 4e2 sin2 b0)

6a2
1(1 − e2)2

# „
a1

A1

«3

.

(21.88)

Box 21.30 (The polynomial coefficients, the North components, namely yMN , the datum transformation of
conformal coordinates).

ȳ00 =

"
y00 + y00,e2δE2 + y00,e2e2

(δE2)2

2
+ δB

a1(1 − e2)

(1 − e2 sin2 b0)3/2
−

−δBδE2 a1(2 − 3 sin2 b0 + e2 sin2 b0)

2(1 − e2 sin2 b0)5/2
+ δL2 a1 cos b0 sin b0

2(1 − e2 sin2 b0)1/2
+ δB2 3a1e

2(1 − e2) cos b0 sin b0

2(1 − e2 sin2 b0)5/2

#
A1

a1
,

y10 =

"
− δL sin b0

#
a1

A1
, y01 =

"
1 + δE2 2 − 3 sin2 b0 + e2 sin2 b0

2(1 − e2)(1 − e2 sin2 b0)
− δB

3e2 cos b0 sin b0

(1 − e2 sin2 b0)

#
a1

A1
,

y20 = −
"
δB

1 − 2 sin2 b0 − 3e2 sin2 b0 + 4e2 sin4 b0

2a1 cos2 b0(1 − e2 sin2 b0)1/2
+ δE2 cos b0 sin b0

2a1(1 − e2)(1 − e2 sin2 b0)1/2

# „
a1

A1

«2

,

y11 = −
"
δL

cos b0(1 − e2 sin2 b0)
3/2

a1(1 − e2)

# „
a1

A1

«2

,

y02 = −
"
δB

3e2(1 − 2 sin2 b0 + e2 sin2 b0)

2a1(1 − e2)(1 − e2 sin2 b0)1/2
+ δE2 3 cos b0 sin b0

2a1(1 − e2)(1 − e2 sin2 b0)1/2

# „
a1

A1

«2

,

y30 = −
"
δL

sin b0(1 − e2 sin2 b0)
2(1 + 3e2 − 4e2 sin2 b0)

6a2
1(1 − e2)1

# „
a1

A1

«3

,

y21 =

"
δB

tan b0[2 + 5e2 − 3e2 sin2 b0(5 + e2) + 3e2 sin4 b0(2 + 3e2) − 4e4 sin6 b0]

2a2
1(1 − e2) cos2 b0

−

−δE2 1 − 2 sin2 b0 + e2 sin4 b0

2a2
1(1 − e2)2

# „
a1

A1

«3

,

y12 = +

"
δL

sin b0(1 − e2 sin2 b0)
2(1 + 3e2 − 4e2 sin2 b0)

2a2
1(1 − e2)1

# „
a1

A1

«3

,

y03 =

"
δB

e2 cos b0 sin b0[4 − 3e2 − 2e2 sin2 b0 + e4 sin2 b0]

2a2
1(1 − e2)2

− δE2 1 − 2 sin2 b0 + e2 sin4 b0

2a2
1(1 − e2)2

# „
a1

A1

«3

.

(21.89)
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21-43 Numerical results

Here, we depart from the polynomial representation of the global conformal coordinates {X, Y } in
terms of local conformal coordinates {x, y} due to a curvilinear datum transformation and its inverse
by Box 21.31 and Box 21.32. In our case studies, we concentrate on the State of Baden–Württemberg.
The transformation of 50 BWREF points from a global to a local datum and vice versa has been
computed. Table 21.2 summarizes those datum transformation parameters that are available to us.

Box 21.31 (Polynomial representation of the global conformal coordinates {X, Y } in terms of local conformal
coordinates {x, y} due to a curvilinear datum transformation, Gauss–Krueger conformal mapping or UTM,
polynomial degree three, Easting X, x, Northing Y , y).

X = X(x, y, ρ, tx, ty, tz, α, β, γ, s, A1, E
2, a1, e

2) =

= ρ

"
x̄00 + x̄10

x

ρ
+ x̄01

„
y

ρ
− y00

«
+ x̄20

„
x

ρ

«2

+ x̄11
x

ρ

„
y

ρ
− y00

«
+ x̄02

„
y

ρ
− y00

«2

+

+x̄30

„
x

ρ

«3

+ x̄21

„
x

ρ

«2 „
y

ρ
− y00

«
+ x̄12

x

ρ

„
y

ρ
− y00

«2

+ x̄03

„
y

ρ
− y00

«3
#

+ O(4) ,

Y = Y (x, y, ρ, tx, ty, tz, α, β, γ, s, , A1, E
2, a1, e

2) =

= ρ

"
ȳ00 + ȳ10

x

ρ
+ ȳ01

„
y

ρ
− y00

«
+ ȳ20

„
x

ρ

«2

+ ȳ11
x

ρ

„
y

ρ
− y00

«
+ ȳ02

„
y

ρ
− y00

«2

+

+ȳ30

„
x

ρ

«3

+ ȳ21

„
x

ρ

«2 „
y

ρ
− y00

«
+ ȳ12

x

ρ

„
y

ρ
− y00

«2

+ ȳ03

„
y

ρ
− y00

«3
#

+ O(4) .

(21.90)

Box 21.32 (Polynomial representation of the local conformal coordinates {x, y} in terms of global conformal
coordinates {X, Y } due to a curvilinear datum transformation, Gauss–Krueger conformal mapping or UTM,
polynomial degree three, Easting X, x, Northing Y , y).

x = x(X, Y, ρ, tx, ty, tz, α, β, γ, s, A1, E
2, a1, e

2) =

= ρ

"
x10

„
X

ρ
− x̄00

«
+ x01

„
Y

ρ
− ȳ00

«
+ x20

„
X

ρ
− x̄00

«2

+ x11

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«
+

+x02

„
Y

ρ
− ȳ00

«2

+ x30

„
X

ρ
− x̄00

«3

+ x21

„
X

ρ
− x̄00

«2 „
Y

ρ
− ȳ00

«
+

+x12

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«2

+ x03

„
Y

ρ
− ȳ00

«3
#

+ O(4) ,

y = y(X, Y, ρ, tx, ty, tz, α, β, γ, s, A1, E
2, a1, e

2) =

= ρ

"
y00 + y10

„
X

ρ
− x̄00

«
+ y01

„
Y

ρ
− ȳ00

«
+ y20

„
X

ρ
− x̄00

«2

+ y11

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«
+

+y02

„
Y

ρ
− ȳ00

«2

+ y30

„
X

ρ
− x̄00

«3

+ y21

„
X

ρ
− x̄00

«2 „
Y

ρ
− ȳ00

«
+

+y12

„
X

ρ
− x̄00

« „
Y

ρ
− ȳ00

«2

+ y03

„
Y

ρ
− ȳ00

«3
#

+ O(4) .

(21.91)
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Table 21.2. Datum transformation. Datum parameters global (WGS 84) to local (BW).

tx = 592.271 m , ty = 76.286 m ,

tz = 407.335 m

α = −1.092843′′ , β = −0.097832′′ ,

γ = 1.604106′′

s = 8.537829 ppm

a1 = 6377397.155 m , A1 = 6378137 m

e2 = 0.006674372231 , E2 = 0.00669437999

For space reasons, we review the results for only ten points, both for the forward and backward
transformations. Table 21.3 and Table 21.4 represent the differences between the Gauss–Krueger con-
formal coordinates {X, Y } and those computed ones {X(trans), Y (trans)}. Indeed, the differences
of the Easting were larger than those of the Northing. We have to mention that all transformation
parameters were based on those data of “Deutsches Hauptdreiecksnetz” (DHDN). Accordingly, the
accuracy of the transformation cannot be better than a few centimeters. For a more detailed analy-
sis, we have chosen five points (Katzenbuckel, Gerabronn, Karlsruhe, Stuttgart, Oberkochen) whose
Gauss–Krueger conformal coordinates as well as ellipsoidal heights are given in Table 21.5. Table 21.6
and Table 21.7 summarize those polynomial coefficients given in Box 21.31 and Box 21.32 representing
(21.92) and (21.93), respectively. Note that x̄10x/ρ is denoted as ā10, x̄10(x/ρ− y00) is denoted as ā01

etc. From those tables, we conclude that there are only three terms larger than a centimeter. Accord-
ingly, with such results, we can reduce the computational efforts by 30%. Indeed, we need only the
coefficients {a10, a01, b00, b10, b01} and {ā00, ā10, ā01, b̄00, b̄10, b̄01}, respectively. For fast less accurate
computations, we can disregard the coefficients a01 and ā01. The value of such a term is smaller than
10 cm. Obviously, just for mapping purposes this accuracy is sufficient: it is an advantage when you
have to compute datum transformations of conformal coordinates for mega data sets.

X =

= X(x, y, ρ, tx, ty, tz , α, β, γ, s, A1, E
2, a1, e

2) ,

Y =

= Y (x, y, ρ, tx, ty, tz, α, β, γ, s, A1, E
2, a1, e

2) ,

(21.92)

x =

= x(X, Y, ρ, tx, ty, tz , α, β, γ, s, A1, E
2, a1, e

2) ,

y =

= y(X, Y, ρ, tx, ty , tz, α, β, γ, s, A1, E
2, a1, e

2) .

(21.93)

Finally, we repeat all computations by replacing the “global” reference system of type WGS 84 by the
new World Geodetic Datum 2000, E.Grafarend and A.Ardalan (1999). Table 21.8 reviews the best
estimates of type semi-major axis A1, semir-minor axis A2 and linear eccentricity ε =

√
A2

1 −A2
2 both

for the tide-free geoid-of-reference and for the zero-frequency tide geoid-of-reference. The related data
of transformation of type UTM {X84, Y84} versus {X2000, Y2000}, originating from a reference system
of Bessel type, are collected in Table 21.9 and Table 21.10. Indeed, they document variations of the
order of a few decimeter!
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Table 21.3. Difference between Gauss–Krueger conformal coordinates X and X(trans): Easting.

point X [m] X(trans) [m] dX [mm]

6324 3558357.7304 3558357.7333 −2.9

6417 3473105.6664 3473105.6701 −3.7

6520 3503525.3824 3503525.3858 −3.4

6725 3567188.4423 3567188.4454 −3.1

6922 3529538.2613 3529538.2647 −3.4

7016 3462353.7891 3462353.7930 −3.9

7220 3506195.9031 3506195.9068 −3.7

7226 3579947.1053 3579947.1084 −3.1

7316 3462442.3184 3462442.3224 −4.0

7324 3556797.2523 3556797.2556 −3.3

Table 21.4. Difference between Gauss–Krueger conformal coordinates Y and Y (trans): Northing.

point Y [m] Y (trans) [m] dY [mm]

6324 5502059.3111 5502059.3116 −0.5

6417 5488314.3903 5488314.3904 −0.1

6520 5481082.8905 5481082.8908 −0.3

6725 5458730.7146 5458730.7152 −0.6

6922 5437066.5236 5437066.5240 −0.4

7016 5429412.0806 5429412.0807 −0.1

7220 5405925.8183 5405925.8187 −0.4

7226 5406962.3048 5406962.3055 −0.7

7316 5386837.0856 5386837.0857 −0.1

7324 5387475.3472 5387475.3477 −0.5

Table 21.5. Some selected BW points, Gauss–Krueger conformal coordinates, Easting x and Northing y,
ellipsoidal height h, name of the point.

point x [m] y [m] h [m] name

6520 3503600.491 5480643.197 514.164 Katzenbuckel

6725 3567263.651 5458291.202 477.449 Gerabronn

7016 3462429.201 5428972.406 277.644 Karlsruhe

7220 3506271.260 5405486.180 519.481 Stuttgart

7226 3580022.573 5406522.794 734.318 Oberkochen
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Table 21.6. Transformation from a local to a global reference system, polynomial coefficients.

point 6520 ā00 −75.66265 b̄00 5485113.89500

ā10 3601.00945 b̄10 −0.04992

ā01 −0.05588 b̄01 −4030.98709

ā20 −0.00001 b̄20 0.00002

ā11 −0.00013 b̄11 0.00003

ā02 0.00002 b̄02 0.00004

ā30 0.00000 b̄30 0.00000

ā21 0.00000 b̄21 0.00000

ā12 0.00000 b̄12 0.00000

ā03 0.00000 b̄03 0.00000

point 6725 ā00 −84.78176 b̄00 5462873.73554

ā10 67273.28296 b̄10 −1.03759

ā01 −0.06389 b̄01 −4142.01666

ā20 −0.00471 b̄20 0.00589

ā11 −0.00234 b̄11 0.00058

ā02 0.00002 b̄02 0.00004

ā30 −0.00011 b̄30 −0.00002

ā21 0.00000 b̄21 −0.00002

ā12 0.00000 b̄12 0.00000

ā03 0.00000 b̄03 0.00000

point 7016 ā00 −69.99003 b̄00 5429511.99128

ā10 −37576.15475 b̄10 0.47341

ā01 −0.00126 b̄01 −100.33634

ā20 −0.00121 b̄20 0.00177

ā11 0.00003 b̄11 0.00000

ā02 0.00000 b̄02 0.00000

ā30 0.00002 b̄30 0.00000

ā21 0.00000 b̄21 0.00000

ā12 0.00000 b̄12 0.00000

ā03 0.00000 b̄03 0.00000

point 7220 ā00 −76.25150 b̄00 5407273.53640

ā10 6272.14936 b̄10 −0.08549

ā01 −0.01837 b̄01 −1347.65541

ā20 −0.00004 b̄20 0.00005

ā11 −0.00007 b̄11 0.00002

ā02 0.00000 b̄02 0.00000

ā30 0.00000 b̄30 0.00000

ā21 0.00000 b̄21 0.00000

ā12 0.00000 b̄12 0.00000

ā03 0.00000 b̄03 0.00000

point 7226 ā00 −86.67361 b̄00 5407274.38804

ā10 80033.90922 b̄10 −1.23993

ā01 −0.00482 b̄01 −310.92454

ā20 −0.00682 b̄20 0.00777

ā11 −0.00020 b̄11 0.00005

ā02 0.00000 b̄02 0.00000

ā30 −0.00018 b̄30 −0.00003

ā21 0.00000 b̄21 0.00000

ā12 0.00000 b̄12 0.00000

ā03 0.00000 b̄03 0.00000
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Table 21.7. Transformation from a global to a local reference system, polynomial coefficients.

point 6520 a00 0.00000 b00 5484673.72823

a10 3600.53002 b10 0.04992

a01 0.05588 b01 −4030.54839

a20 0.00001 b20 −0.00002

a11 0.00013 b11 −0.00003

a02 0.00002 b02 −0.00004

a30 0.00000 b30 0.00000

a21 0.00000 b21 0.00000

a12 0.00000 b12 0.00000

a03 0.00000 b03 0.00000

point 6725 a00 0.00000 b00 5462432.75066

a10 67263.59513 b10 1.03753

a01 0.06390 b01 −4142.55231

a20 0.00471 b20 −0.00589

a11 0.00234 b11 −0.00058

a02 −0.00002 b02 −0.00004

a30 0.00011 b30 0.00002

a21 0.00000 b21 0.00002

a12 0.00000 b12 0.00000

a03 0.00000 b03 0.00000

point 7016 a00 0.00000 b00 5429072.73102

a10 −37570.86126 b10 −0.47340

a01 0.00126 b01 −99.89921

a20 0.00121 b20 −0.00177

a11 −0.00003 b11 0.00000

a02 0.00000 b02 0.00000

a30 −0.00002 b30 0.00000

a21 0.00000 b21 0.00000

a12 0.00000 b12 0.00000

a03 0.00000 b03 0.00000

point 7220 a00 0.00000 b00 5406833.68349

a10 6271.26892 b10 0.08549

a01 0.01837 b01 −1347.56586

a20 0.00004 b20 −0.00005

a11 0.00007 b11 −0.00002

a02 0.00000 b02 0.00000

a30 0.00000 b30 0.00000

a21 0.00000 b21 0.00000

a12 0.00000 b12 0.00000

a03 0.00000 b03 0.00000

point 7226 a00 0.00000 b00 5406833.68349

a10 80022.44576 b10 1.23987

a01 0.00483 b01 −312.04750

a20 0.00682 b20 −0.00777

a11 0.00020 b11 −0.00005

a02 0.00000 b02 0.00000

a30 0.00018 b30 0.00003

a21 0.00000 b21 0.00000

a12 0.00000 b12 0.00000

a03 0.00000 b03 0.00000
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Table 21.8. World Geodetic Datum 2000 (WGS 2000), E.Grafarend and A.Ardalan (1999).

“tide-free”

A1 [m] A2 [m] ε [m]

6378136.572 6356751.920 521853.58

“zero-frequency”

A1 [m] A2 [m] ε [m]

6378136.602 6356751.860 521854.674

Table 21.9. Transformation from conformal coordinates of type Gauss–Krueger (Bessel reference ellipsoid)
to conformal coordinates of type Gauss–Krueger (WGS 84 and WGS 2000, “tide-free geoid”).

point X84 [m] Y84 [m] X2000,tf [m] Y2000,tf [m]

6324 3558357.6411 5502059,3874 3558357.6374 5502059.0228

6417 3473105.6872 5488314.2616 3473105.6989 5488313.8979

6520 3503525.2908 5481082.8581 3503525.2906 5481082.4948

6725 3567188.4302 5458730.6878 3567188.4259 5458730.3259

6922 3529538.2090 5437066.5340 3529538.2071 5437066.1735

7016 3462353.8528 5429412.1301 3462353.8552 5429411.7702

7220 3506195.8794 5405925.7956 3506195.8790 5405925.4371

7226 3579947.2236 5406962.2314 3579947.2185 5406961.8728

7316 3462442.3282 5386837.1695 3462442.3306 5386836.8123

7324 3556797.3245 5387475.3087 3556797.3209 5387474.9514

Table 21.10. Transformation from conformal coordinates of type Gauss–Krueger (Bessel reference ellipsoid)
to conformal coordinates of type Gauss–Krueger (WGS 84 and WGS 2000, “zero-frequency tide geoid”).

point X84 [m] Y84 [m] X2000,zf [m] Y2000,zf [m]

6324 3558357.6411 5502059.3874 3558357.6372 5502059.0320

6417 3473105.6872 5488314.2616 3473105.6990 5488313.9072

6520 3503525.2908 5481082.8581 3503525.2906 5481082.5041

6725 3567188.4302 5458730.6878 3567188.4256 5458730.3353

6922 3529538.2090 5437066.5340 3529538.2070 5437066.1830

7016 3462353.8528 5429412.1301 3462353.8553 5429411.7796

7220 3506195.8794 5405925.7956 3506195.8790 5405925.4467

7226 3579947.2236 5406962.2314 3579947.2182 5406961.8824

7316 3462442.3282 5386837.1695 3462442.3308 5386836.8219

7324 3556797.3245 5387475.3087 3556797.3207 5387474.9610

Note that for our numerical computations, we took advantage of E.Grafarend (1995), E.Grafarend
and R. Syffus (1998e), D. Friedrich (1998), and E.Grafarend and A.Ardalan (1999).
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21-5 Mercator coordinates: from a global to a local datum

Transformation of conformal coordinates of type Mercator from a global datum (WGS 84) to a local
datum (regional, National, European).

The equations which govern the datum transformation in the extended form of parameters of the
Universal Mercator Projection (UMP) are discussed here.

Section 21-51.

In Section 21-51, the basic equations are reviewed: compare with Box 21.33 and Table 21.11.

Section 21-52.

In Section 21-52, a numerical exampls is presented: compare with Tables 21.12–21.19.

21-51 Datum transformation extended by form parameters of the UMP

Let us refer to Definition 21.2 as the universal Mercator projection of the ellipsoid-of-revolution E
2
a1,a2

in local coordinates, namely ellipsoidal coordinates in a local datum.

Definition 21.2 (Universal Mercator projection, local coordinates).

A conformal transformation of ellipsoidal coordinates of type “surface normal” ellipsoidal longitude λ
and “surface normal” ellipsoidal latitude ϕ into Cartesian coordinates {x, y} with respect to a local
ellipsoid-of-revolution E

2
a1,a2

is called a universal Mercator projection if (21.94) holds, where a1 denotes
the semi-major axis, a2 the semi-minor axis, and e =

√
1− a2

2/a2
1 the relative eccentricity of E

2
a1,a2

.

x = a1λ ,

y = a1 ln

[
tan

(π

4
+

ϕ

2

)(
1− e sin ϕ

1 + e sin ϕ

)e/2
]

.

(21.94)

End of Definition.

In order to transform Mercator coordinates which are given in a global datum with respect to the
ellipsoid-of-revolution E

2
A1,A2

into Mercator coordinates which are given in a local datum with respect
to the ellipsoid-of-revolution E

2
a1,a2

, we take advantage of the Taylor expansion of second order, namely

a1 = A1 + δa , e = E + δe ,

λ = Λ + δΛ , ϕ = Φ + δΦ

(21.95)

so that

x(λ, a1) = x(Λ + δΛ, Φ + δΦ, A1 + δA) = A1Λ + Λδa + A1δΛ + δAδΛ + O3x ,

x := x0 + x1 + x2 + x3 + O3x

(21.96)

and
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y(ϕ, a1, e) =

= y(Φ + δΦ, A1 + δa, E + δe) =

= A1 ln

[
tan

(
π

4
+

Φ

2

)(
1− E sin Φ

1 + E sin Φ

)E/2
]

+

+ ln

[
tan

(
π

4
+

Φ

2

)(
1−E sin Φ

1 + E sin Φ

)E/2
]

δa + A1

[
1
2

ln
(

1− E sin Φ

1 + E sin Φ

)
− E sin Φ

1− E2 sin2 Φ

]
δe+

+A1

[(
1−E2

cos Φ

)(
1

1− E2 sin2 Φ

)]
δΦ−A1

[
sin Φ

(1− E2 sin2 Φ)2

]
(δe)2+

+
1
2
A1

[(
1− E2

cosΦ

)(
1 + 2E2 − 3E2 sin2 Φ

(1−E2 sin2 Φ)2

)
tanΦ

]
(δΦ)2+

+
[
1
2

ln
(

1− E sin Φ

1 + E sin Φ

)
−

(
E sin Φ

1−E2 sin2 Φ

)]
δaδe−

−2A1E

[
cosΦ

(1− E2 sin2 Φ)2

]
δΦδe +

[(
1−E2

cosΦ

)(
1

1− E2 sin2 Φ

)]
δΦδa+

+O3y ,

(21.97)

y :=

:= y0 + y1 + y2 + y3 + y4 + y5 + y6 + y7 + y8+

+O3y .

(21.98)

δa, δe and δΛ, δΦ, respectively, as increments, account for the variation of the semi-major axis a1 −
A1, the variation of the relative eccentricity e − E, the variation of the ellipsoidal longitude λ − Λ,
and the variation in the ellipsoidal latitude ϕ − Φ under a geodetic datum transformation, namely,
the conformal group C(3), subject to a variation of the form parameters {a1 → A1, e → E} from
E2

a1,a2
to E2

A1,A2
. Here, we refer to the curvilinear datum transformation, namely {λ → Λ,ϕ → Φ}.

As soon as we implement the curvilinear datum transformation extended by the ellipsoidal form
parameters {δa, δe2 = 2eδe} in (21.97), we arrive at the linear representation of local coordinates of
the universal Mercator projection as a function of global coordinates and extended datum parameters
of Box 21.33. Note that the algorithmic version of the datum transformation of UMP coordinates is
given by Table 21.11. Assume that we have measured the ellipsoidal coordinates of a point by means
of {Λ,Φ,H}, for instance, by satellite positioning technology of type GPS, GLONASS, or other. First,
for the synthesis of the design matrix A, we need the global ellipsoidal height. Second, we have to
get information of the variation of the seven datum parameters and the two form parameters, namely
about the basic data which established a local and a global UMP chart. Finally, by means of (21.99)
and (21.100), we are able to compute Easting x(Λ) and Northing y(Φ), namely local UMP coordinates
from global ellipsoidal coordinates {Λ,Φ,H}.
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Table 21.11. Algorithm for computing coordinates of the universal Mercator projection as a function of
global coordinates (GPS, GLONASS) and extended datum parameters

Step one.

Collect global coordinates of type {Λ, Φ, H} by means of GPS, GLONASS,

or other satellite positioning system.

Step two.

Collect the elements of a curvilinear datum transformation,

namely three translation parameters {tx, ty, tz}, three rotation parameters {α, β, γ},
one scale parameter s, and two ellipsoidal form parameters {δa, δe2 = 2eδe}.

Step three.

Compute x(Λ) by means of (21.99) as Easting (“Rechswert”).

Step four.

Compute y(Φ) by means of (21.100) as Northing (“Hochwert”).

Box 21.33 (Local coordinates of the universal Mercator projection as a function of global coordinates and
extended datum parameters).

x(Λ) = A1Λ + Λδa + A1(a11tx + a12ty + a14α + a15β − γ) + δaδΛ , (21.99)

y(Φ) = A1 ln

"
tan

„
π

4
+

Φ

2

« „
1 − E sin Φ

1 + E sin Φ

«E/2
#

+

+A1

»„
1 − E2

cos Φ

« „
1

1 − E2 sin2 Φ

«–
[a21tx + a22ty + a23tz + a24α + a25β + a27s] +

+

"
ln tan

„
π

4
+

Φ

2

« „
1 − E sin Φ

1 + E sin Φ

«E/2

+ A1

»„
1 − E2

cos Φ

« „
1

1 − E2 sin2 Φ

«–
a28

#
δa+

+

„
A1

»
1

2
ln

„
1 − E sin Φ

1 + E sin Φ

«
− E sin Φ

1 − E2 sin2 Φ

–
+ 2EA1

»„
1 − E2

cos Φ

« „
1

1 − E2 sin2 Φ

«–
a29

«
δe+

+O2y .

(21.100)

21-52 Numerical results

In order to test the algorithm for computing coordinates of the universal Mercator projection as a
function of global coordinates (GPS, GLONASS) and extended datum parameters, we present some
numerical examples. Special emphasis is on the estimation of the order of magnitude of the nonlinear
terms in (21.96) and (21.97). Let us begin with a set of extended datum parameters as given in
Table 21.12. These represent the transformation of global curvilinear coordinates given in Table 21.14
into local curvilinear coordinates as given in Table 21.13. By means of (21.94), we have computed
Easting and Northing for the five points given in Table 21.15. In contrast, by means of Table 21.17,
we have computed the terms {x0, x1, x2, x3} as well as {y0, y1, y2, y3, y4, y5, y6, y7, y8} of (21.96) and
(21.97), which sum up to Easting and Northing in Table 21.17. Obviously, the bilinear term x3 := δaδΛ
accounts for approximately 2 cm, while the terms y5 (quadratic in δe2) 0.2 cm, y6 (quadratic in δΦ2)
0.4 cm, y7 (bilinear in δaδe) 0.8 cm, and finally y8 (bilinear in δΦδe) 5 cm. As a computational
test, we have compared the difference between Easting and Northing in local coordinates and global
coordinates (columns 4 and 5 of Table 21.17), namely in the submillimeter range. If we neglect the
quadratic-bilinear terms of (21.96) and (21.97), respectively, we document errors of the order of 40
cm according to Table 21.18 and Table 21.19.
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Table 21.12. Datum parameters.

tx = −584.911 m , ty = −66.121 m ,

tz = −402.257 m

α = 0”.0038 , β = 0′′.0013 ,

γ = −2”.3960

s = −10.11 × 10−6 ppm

a1 = 6377397.155 m , A1 = 6378137.000 m

e2 = 0.0066743700 , E2 = 0.00669438

Table 21.13. Local coordinates.

λ ϕ h

point (deg min sec) (deg min sec) (m)

1 6 0 0.0000 12 0 0.0000 1500.000

2 15 0 0.0000 6 0 0.0000 1000.000

3 14 0 0.0000 1 0 0.0000 500.000

4 6 0 0.0000 15 0 0.0000 1400.000

5 12 0 0.0000 9 0 0.0000 200.000

Table 21.14. Global coordinates.

Λ Φ H

point (deg min sec) (deg min sec) (m)

1 5 59 57.7487 12 0 9.6854 1486.898

2 14 59 54.7547 6 0 11.4852 946.327

3 13 59 55.1020 1 0 12.8335 415.134

4 5 59 57.7485 15 0 8.7493 1401.750

5 11 59 55.7340 9 0 10.6083 167.849

Table 21.15. Easting and Northing. Computed from (21.96) and (21.97).

point Easting (m) Northing (m)

1 667839.46837 1336701.67669

2 1669598.67093 664614.06647

3 1558292.09287 110569.36672

4 667839.46837 1677985.89579

5 1335678.93674 999245.35612
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Table 21.16. Values (in m) of the terms of (21.96) and (21.97).

terms point 1 point 2 point 3 point 4 point 5

x0 667847.32987 1669630.16630 1558321.41475 667847.32369 1335701.97592

x1 −77.46831 −193.67215 −180.76066 −77.46831 −154.93747

x2 69.61488 162.19559 151.45635 69.62106 131.91359

x3 −0.00807 −0.01881 −0.01756 −0.00807 −0.01530

y0 1337134.43138 665032.56636 110974.20953 1678425.85952 999671.26343

y1 −155.10363 −77.14180 −12.87267 −194.69242 −115.95890

y2 26.56589 13.35831 2.23700 33.07201 19.98880

y3 −304.22496 −354.73999 −394.24321 −278.34340 −329.95309

y4 −0.01987 −0.00999 −0.00167 −0.02474 −0.01495

y5 0.00153 0.00105 0.00021 0.00160 0.00136

y6 −0.00308 −0.00154 −0.00025 −0.00383 −0.00231

y7 −0.00586 −0.00707 −0.00794 −0.00523 −0.00649

y8 0.03528 0.04114 0.04573 0.03228 0.03827

Table 21.17. Easting and Northing. Computed from (21.96) and (21.97) and their differences δE and δN
computed from Table 21.15.

point Easting (m) Northing (m) δE (m) δN (m)

1 667839.46837 1336701.67668 0.00000 0.00001

2 1669598.67093 664614.06646 0.00000 0.00001

3 1558292.09287 110569.36671 0.00000 0.00001

4 667839.46837 1677985.89579 0.00000 0.00000

5 1335678.93674 999245.35611 0.00000 0.00001

Table 21.18. Easting and Northing. Computed from (21.96) and (21.97) without the second-order terms and
their differences δE and δN computed from Table 21.15.

point Easting (m) Northing (m) δE (m) δN (m)

1 667839.47645 1336701.66858 −0.00808 0.00801

2 1669598.68975 664614.04287 −0.01882 0.02360

3 1558292.11044 110569.33064 −0.01757 0.03608

4 667839.47645 1677985.89572 −0.00808 0.00007

5 1335678.95205 999245.34023 −0.01531 0.01589

Table 21.19. Easting and Northing. Computed from (21.99) and (21.100) and their differences δE and δN
computed from Table 21.15.

point Easting (m) Northing (m) δE (m) δN (m)

1 667839.47033 1336701.69887 −0.00196 −0.02218

2 1669598.66261 664614.09336 +0.00832 −0.02689

3 1558292.08521 110569.39362 +0.00766 −0.02690

4 667839.47117 1677985.91764 −0.00280 −0.02185

5 1335678.93078 999245.38223 +0.00596 −0.02611
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The chapters of the Appendix that follow may supply the readers with additional interesting
information. In particular, further details regarding elliptic integrals, Korn–Lichtenstein equations,
and geodesics.
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A Law and order
Relation preserving maps. Symmetric relations, asymmetric relations, and antisymmetry. The Cartesian
product and the Venn diagram. Euler circles, power sets, partitioning or fibering.

A-1 Law and order: Cartesian product, power sets

In daily life, we make comparisons of type . . . is higher than . . . is smarter than . . . is faster than . . . .
Indeed, we are dealing with order. Mathematically speaking, order is a binary relation of type

xR1y : x < y (smaller than) ,

xR2y : x ≤ y (smaller-equal) ,

xR3y : x > y (larger than, R3 = R−1
1 ) ,

xR4y : x ≥ y (larger-equal, R4 = R−1
2 ) .

(A.1)

Example A.1 (Real numbers).

x and y, for instance, can be real numbers: x, y ∈ R.

End of Example.

Q
ue

st
io

n.

Question: “What is a relation?” Answer: “Let us explain the term relation in the frame of
the following example.”

Example A.2 (Cartesian product).

Define the left set A = {a1, a2, a3} as the set of balls in a left basket, and {a1, a2, a3} = {red,green,blue}.
In contrast, the right set B = {b1, b2} as the set of balls in a right basket, and {b1, b2} = {yellow,pink}.
Sequentically, we take a ball from the left basket as well as from the right basket such that we are led
to the combinations

A×B =
{

(a1,b1) , (a1, b2) , (a2, b1) , (a2, b2) , (a3, b1) , (a3, b2)
}

, (A.2)

A×B =
{

(red,yellow) , (red,pink) , (green,yellow) , (green,pink) , (blue,yellow) , (green,pink)
}

. (A.3)

End of Example.

Definition A.1 (Reflexive partial order).

Let M be a non-empty set. The binary relation R2 on M is called reflexive partial order if for all
x, y, z ∈ M the following three conditions are fulfilled:

(i) x ≤ x (reflexivity) ,

(ii) if x ≤ y and y ≤ x, then x = y (antisymmetry) ,

(iii) if x ≤ y and y ≤ z, then x ≤ z (transitivity) .

(A.4)

End of Definition.

Obviously, in a reflexive relation R, any element x ∈ M is in relation R to itself. But a relation is
not symmetric if at least one element x ∈ M is in relation to an element y ∈ M , which in turn is
not in relation to x. If xRy, but by no means yRx applies, we speak of an asymmetric relation. This
notion should not be confused with antisymmetry: if xRy and yRx applies for all x, y ∈ M , then x = y
is implied. And R is transitive in M if, for all x, y, z ∈ M , xRy and yRz implies xRz. Now we are
prepared for to introduce more strictly the method of a Cartesian product.
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b1

b2

a1 a2 a3

Fig. A.1. Cartesian product, Cartesian coordinate system.

The elements of the Cartesian product can be illustrated as point set if A and B are bounded
subsets of R. Actually, we consider the ordered pair (a, b) as (x, y) coordinate of the point P (a, b) in
a Cartesian coordinate system such that all ordered pairs of A×B are represented as points within a
rectangle. ExampleA.2 and Fig.A.1 have indeed prepared the following definition.

Definition A.2 (Cartesian product).

The Cartesian product A×B of arbitrary sets A and B is the set of all ordered pairs (a, b) whose left
element is a ∈ A and whose right element is b ∈ B. Symbolically, we write

A×B := {(a, b) | a ∈ A, b ∈ B} . (A.5)

End of Definition.

For the Cartesian product, alternative notions are direct product, product set, cross set, pair set, or
union set.

Exercise A.1 (Cartesian product).

The set of theoretical operations ∩,∪,∆, \, and ×, we shortly call intersection, union, symmetric
difference, difference, and Cartesian product. They are illustrated by Figs. A.2–A.8. With respect to
these operations, draw the Cartesian product A×B of the following sets A and B:

(i) A := {x ∈ N | x ∈ [1;3] ∨ x = 4} ,

B := {y ∈ N | y ∈ [1;2] ∨ y = 3} ,

(ii) A := {1, 2, 3} ,

B := {y ∈ N | y ∈ [1;2[ ∪{3}} ,

(iii) A := [1;2] ∪ ]3;4[ ,

B := [0;1] ∪ [3;4[ .

(A.6)

Here, we have applied the definitions of a closed, left and right open intervals:

[x; y]:= x ≤ • ≤ y ,

]x; y]:= x < • ≤ y ,

[x; y[:= x ≤ • < y ,

]x; y[:= x < • < y .

(A.7)

End of Exercise.
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A B

A ∩ B

Fig. A.2. Venn diagram/Euler circles A ∩ B: the intersection A ∩ B of two sets A and B is the set of all
elements which are elements of the set A and the set B: A ∩ B := {x | x ∈ A ∧ x ∈ B}.

A B

A ∪ B

Fig. A.3. Venn diagram/Euler circles A ∪ B: the union A ∪ B of two sets A and B is the set af all elements
which are in the set A or the set B: A ∪ B := {x | x ∈ A ∨ x ∈ B}.

A B

A∆B

Fig. A.4. Venn diagram/Euler circles: the symmetric difference A∆B of two sets A and B is the set af all
elements which are either in set A or in set B: A∆B := {x | x ∈ A∨̇x ∈ B}.

A B

A \ B

Fig. A.5. Venn diagram/Euler circles: the difference set A \ B of two sets A and B is the set af all elements
of A which are not in B: A \ B := {x | x ∈ A ∧ x 
∈ B}.
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y

x

A × B

Fig. A.6. Cartesian product A × B; A := {x ∈ N | x ∈ [1; 3] ∨x = 4} and B := {y ∈ N | y ∈ [1; 2] ∨ y = 3}.

y

x

A × B

Fig. A.7. Cartesian product A × B; A := {1, 2, 3} and B := [1; 2[∪{3}.

y

x

A × B

Fig. A.8. Cartesian product A × B; A := [1; 2]∪]3; 4[ and B := [0; 1] ∪ [3; 4[.

In order to interpret the Cartesian product A × B as a set of third kind, we have to understand
better the power set P (A) of a set, the intersection and union of set systems, and the partitioning of
a set system into subsets called fibering.
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Example A.3 (Power set).

The power set as the set of all subsets of a set A may be demonstrated by the set A = {1, 2, 3}, whose
complete list of subsets read

M1 = ∅ ,

M2 = {1},M3 = {2},M4 = {3} ,

M5 = {1, 2},M6 = {2, 3},M7 = {3, 1} ,

M8 = {1, 2, 3} ,

(A.8)

namely built on 8 elements:

power(M) =
{∅, {1}, {2}, {3}, {12}, {13}, {23}, {123}} . (A.9)

End of Example.

Exercise A.2 (Power set).

If n is the number of elements of a set A for which we write |A| = n, then

|power(A)| = 2n , (A.10)

namely the power set of A has exactly 2n elements. The result motivates the name power set. The
proof is based on complete induction:

A ∅ 1 2 3 4 5 6 . . . n
power(A) 1 2 4 8 16 32 64 . . . 2n . (A.11)

End of Exercise.

ExampleA.3 and ExerciseA.2 have already used the following definition.

Definition A.3 (Power set).

The power set of a set A, shortly written power(A), is by definition the set of all subsets M of A:

power(A) := {M |M ⊆ A} (A.12)

End of Definition.

power(A) is a set sytem whose elements are just all subsets of A. If A is a set of first kind, power(A)
is a set of second kind. Inclusions of the above type can be illustrated by Hasse diagrams, also called
order diagrams (H. Hasse 1896–1979). In such a diagram, two sets M1 and M2 are identified by two
points and are connected by a straight line if the lower set M2 is a subset of M1 or M2 ⊆ M1. In this
way, a set M is contained in any set which is above of M , illustrated by an upward line.

Example A.4 (Hasse diagram).

For the set A = {1, 2, 3}, |A| = 3:

power(A) =
{∅, {1}, {2}, {3},

{12}, {13}, {23}, {123}} ,

|power(A)| = 8 .

(A.13)

End of Example.
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M8

M5

M2

M6

M1

M3

M7

M4

Fig. A.9. Hasse diagram for power(A), |A| = 3, |power(A)| = 8.

A-2 Law and order: Fibering

For a set system (which we experienced by power( A), for instance) M = {A1, A2, ..., An}, we call
∩ M = ∩n

i=1Ai and ∪M = ∪n
i=1Ai intersection and union of the set system. The inverse operation

of the union of a set system, namely the partioning or fibering of a set system into specific subsets is
given by the following definition.

Definition A.4 (Fibering).

A set system M = {M1,M2, . . . ,Mn} (n ∈ N
∗) of subsets M1, . . . ,Mn is called a partioning or a

fibering of M if and only if

(i) Mi �= ∅ for any i ∈ {1, 2, ..., n} ,

(ii) Mi ∩Mj = ∅ for any i, j ∈ {1, 2, ..., n} ,

(iii) M = M1 ∪M2 ∪ . . . ∪Mn = ∪M = ∪n
i=1Mi

holds. These subsets of M , the elements of M, are called fibres of M or of M, respectively.

End of Definition.

In other words, M1, . . . ,Mn are non-empty subsets of M , their paired intersection Mi ∩ Mj is the
empty set and their ordered union is M again.

axiom

analysis

algorithm

algebra

absolute value

abacus

Fig. A.10. Hasse diagram, lexicographic order.
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Example A.5 (Fibering).

Let M = N∗, M1 = {1}, M2 = P (set of prime numbers) and M3 =
{
x | ab = x for any a ∈ P and for

b ∈ N
∗ \ {1}} the set of compound numbers. Then

M = {M1,M2,M3} (A.14)

is a partitioning or a fibering of M . For instance,

M1 = {1} ,

M2 = {2, 3, 5, 7, 11, 13, 17, . . .} ,

M3 = {4, 6, 8, 9, 10, 12, 14, . . .}

(A.15)

fulfills

(i) M0 �= ∅ ,

(ii) Mi ∩Mj = ∅ (i, j ∈ {1, 2, 3}, i �= j) ,

(iii) M = M1 ∪M2 ∪M3 = N
∗ .

(A.16)

End of Example.

Exercise A.3 (Fibering).

Find three fibres of the set of

M = {M0,M1,M2} . (A.17)

Answer:

M0 := 3Z :=
{
x | 3y = x and y ∈ Z

}
=

= {. . . ,−6,−3, 0, 3, 6, . . .} ,

M1 := 3Z + 1 :=
{
x | 3y + 1 = x and y ∈ Z

}
=

= {. . . ,−5,−2, 1, 4, 7, . . .} ,

M2 := 3Z + 2 :=
{
x | 3y + 2 = x and y ∈ Z

}
=

= {. . . ,−4,−1, 2, 5, 8, . . .} .

(A.18)

End of Exercise.

Example A.6 (Hasse diagram, lexicographic order).

The Hasse diagram of a lexicographic order in a set of words which begin with the initial letter “a”
is called a chain. That is, all elements are ordered along a half line or line; there are no bifurcations:
compare with Fig.A.10.

End of Example.
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Example A.7 (Inverse relation).

The smaller-equal-relation ≤ is in the space of real numbers a reflexive partial order. Its inverse
relation is the inverse relation ≥, again a reflexive partial order.

End of Example.

Definition A.5 (Irreflexive partial order).

Let M be a non-empty set. The binary relation R1 on M is called irreflexive partial order if for all
x, y, z ∈ M the two conditions

(i) −x < x (x < x is not true)

(irreflexivity) ,

(ii) if x < y and y < 2, then x < 2

(transitivity)

(A.19)

are fulfilled.

End of Definition.



B The inverse of a multivariate homogeneous polynomial

Univariate, bivariate, and multivariate polynomials and their inversion formulae. Cayley multiplication and
Kronecker–Zehfuss product. Triangular matrix.

For inversion problems of map projections like the computation of conformal coordinates of type
Gauss–Krueger or Universal Transverse Mercator Projection (UTM), or alternative coordinates of type
Riemann or Soldner–Fermi, we may take advantage of the inversion of (i) an univariate homogeneous
polynomial outlined in Section B-1, (ii) a bivariate homogeneous polynomial outlined in Section B-2,
or (iii) a trivariate, in general, multivariate homogeneous polynomial of degree n, which is discussed
in Section B-3.

T
ec

hn
ic

al
as

id
e.

Note that on the basis of an algorithm that is outlined in R. Koenig and K.H. Weise (1951,
p. 465–466, 501–511), H.Glasmacher and K.Krack (1964, degree 6) as well as G. Joos and
K. Jörg (1991, degree 5) have developed symbolic computer manipulation software for the
inversion of a bivariate homogeneous polynomial.

Furthermore, solutions for the inversion of a univariate homogeneous polynomial are already tabulated
in M. Abramowitz and J. A. Stegun (1965, p. 16, degree 7). However, we follow here E. Grafarend,
T.Krarup, and R. Syffus (1996), where the inversion of a general multivariate homogeneous polynomial
of degree n suited for symbolic computer manipulation is presented. For the mathematical foundation
of the GKS algorithm, we refer to H. Bass, E. H. Cornell, and D. Wright (1962).

B-1 Inversion of a univariate homogeneous polynomial of degree n

Assume the univariate homogeneous polynomial of degree n, namely y(x) of Box B.1, to be given
and find the inverse univariate homogeneous polynomial of degree n, namely x(y), i. e. from the set
of coefficients {a11, a12, . . . , a1n−1, a1n}, by the algorithm that is outlined in Box B.1, find the set of
coefficients {b11, b12, . . . , b1n−1, b1n}.

Box B.1 (Algorithm for the construction of an inverse univariate homogeneous polynomial of degree n).

y(x) = a11x + a12x
2 + · · · + a1n−1x

n−1 + a1nxn ,

x(y) = b11x + b12x
2 + · · · + b1n−1x

n−1 + b1nxn .
(B.1)

GKS algorithm: given {a11, a12, . . . , a1n−1, a1n}, find {b11, b12, . . . , b1n−1, b1n}.

Forward substitution:

x = b11y + b12y
2 + · · · + b1n−1y

n−1 + b1nyn + β′
1n+1 ,

x2 = b22y
2 + b23y

3 + · · · + b2n−1y
n−1 + b2nyn + β′

2n+1 ,
(B.2)

xn−1 = bn−1n−1y
n−1 + bn−1nyn + β′

n−1n+1 ,

xn = bnnyn + β′
nn+1 ,

(B.3)

2
66664

y

y2

.

yn

3
77775 =

2
66664

a11 a12 · · · a1n

0 a22 . . . a2n

. . . . . .

0 0 . . . ann

3
77775

2
66664

x

x2

.

xn

3
77775 + α′

n , (B.4)
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Continuation of Box.

subject to

a22 = a2
11 ,

a23 = 2a11a12 ,

a24 = 2a11a13 + a2
12 ,

a25 = 2a11a14 + 2a12a13 ,

etc.

a33 = a3
11 ,

a34 = 3a2
11a12 ,

a35 = 3a2
11a13 + 3a11a

2
12 ,

etc.

a44 = a4
11 ,

a45 = 4a3
11a12 ,

etc.

(B.5)

A =

2
66666664

a11 a12 a13 · · · a1n

0 a2
11 2a11a12 . . . a2n

. . . . . . . . .

0 0 . . . an−1n−1 an−1n

0 0 . . . 0 ann

3
77777775

, (B.6)

B =

2
66666664

b11 b12 . . . b1n−1 b1n

0 b22 . . . b2n−1 b2n

. . . . . . .

0 0 . . . bn−1n−1 bn−1n

0 0 . . . 0 bnn

3
77777775

. (B.7)

Consult Box B.4 for the general representation of amn.

Backward substitution:

A B = I

⇔
(i) b11a11 = 1

⇒
b11 = a−1

11 ,

(ii) b11a12 + b12a22 = 0

⇒
b12 = −b11a12a

−1
22 = −a−3

11 a12 ,

(iii) b11a13 + b12a23 + b13a33 = 0

⇒
b13 = − (b11a13 + b12a23) a−1

33 = a−1
11

`
a12a

−1
22 a23 − a13

´
a−1
33 ,

(iv) b11a14 + b12a24 + b13a34 + b14a44 = 0

⇒
b14 = − (b11a14 + b12a24 + b13a34) a−1

44 = a−1
11

ˆ
a12a

−1
22

`
a24 − a23a

−1
33 a34

´
+ a13a

−1
33 a34 − a14

˜
a−1
44 .

(B.8)

Consult Box B.5 for the general representation of b1n.
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Notable for the GKS algorithm is the following. In the first step or the forward substitution, a set of
equations {x, x2, . . . , xn−1, xn} is constructed by substituting x(y) into the powers x, x2, . . . , xn−1, xn,
finally written into a matrix equation. The upper triangular matrix A is gained by a multinomial
expansion as indicated. In contrast, the second step or the backward substitution is based upon
the upper triangular matrix B := −1

A , the inversion of A. Its first row contains the unknown
coefficients we are looking for: {b11, b12, . . . , b1n−1, b1n} The construction of A as well as −1

A can be
based on symbolic computer manipulation. The algebraic manipulation becomes more concrete when
we pay attention to ExamplesB.1 and B.2. The first example aims at the inversion of an univariate
homogeneous polynomial of degree n = 2, namely y(x) = a11x + a12x

2 → x(y) = b11y + b12y
2. The

GKS algorithm determines the set of coefficients {b11, b12} from the two given coefficients a11 and a12.
In contrast, the second example focuses on the inversion of an univariate homogeneous polynomial of
degree n = 3, namely y(x) = a11x+a12x

2 +a13x
3 → x(y) = b11y + b12y

2 + b13y
3. The GKS algorithm

determines the set of coefficients {b11, b12, b13} from the three given coefficients a11, a12, and a13 .

Example B.1 (Inversion of an univariate homogeneous polynomial of degree n = 2).

Assume the univariate homogeneous polynomial y(x) = a11x + a12x
2 to be given and find the inverse

univariate homogeneous quadratic polynomial x(y) = b11y + b12y
2 by the GKS algorithm.

1st step:

x(y) = b11y + b12y
2 = b11a11x +

(
b11a12 + b12a

2
11

)
x2 + β′

13 ,

x2(y) = b22y
2 + β′

23 = b22a
2
11x

2 + β′
23 .

(B.9)

2nd step (forward substitution):[
x

x2

]
=

[
b11 b12

0 b22

][
a11 a12

0 a22

][
x

x2

]
+

[
β′

13

β′
23

]
=

[
b11a11 b11a12 + b12a22

0 b22a22

][
x

x2

]
+

[
β′

13

β′
23

]
, (B.10)

subject to a22 = a2
11.

Both the matrices A := A and B := B are upper triangular such that

A B = I2 ⇔ B = −1
A . (B.11)

3rd step (backward substitution):

B = −1
A = (a11a22)−1

[
a22 −a12

0 a11

]
=

[
a−1
11 −a−3

11 a12

0 a−2
11

]
⇒ b11 = a−1

11 , b12 = −a−3
11 a12 , (B.12)

or

b22a22 = b22a
2
11 = 1⇒ b22 = a−1

22 = a−2
11 , b11a11 = 1⇒ b11 = a−1

11 ,

b11a12 + b12a22 = 0 ⇒ b12 = −a−1
22 a12b11 = −a−3

11 a12 ,
(B.13)

x(y) = a−1
11 y − a−3

11 a12y
2 . (B.14)

End of Example.
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Example B.2 (Inversion of an univariate homogeneous polynomial of degree n = 3).

Assume the univariate homogeneous polynomial y(x) = a11x + a12x
2 + a13x

3 to be given and find
the inverse univariate homogeneous quadratic polynomial x(y) = b11y + b12y

2 + b13y
3 by the GKS

algorithm.

1st step:

x(y) = b11y + b12y
2 + b13y

3

= b11a11x +
(
b11a12 + b12a

2
11

)
x2 +

(
b11a13 + 2b12a11a12 + b13a

3
11

)
x3 + β′

14 ,

x2(y) = b22y
2 + b23y

3 + β′
24

= b22a
2
11x

2 +
(
2b12a11a12 + b23a

3
11

)
x3 + β′

24 ,

x3(y) = b33y
3 + β′

34

= b33a
3
11x

3 + β′
34 .

(B.15)

2nd step (forward substitution):⎡⎢⎢⎣
x

x2

x3

⎤⎥⎥⎦ =

⎡⎢⎢⎣
b11 b12 b13

0 b22 b23

0 0 b33

⎤⎥⎥⎦
⎡⎢⎢⎣

a11 a12 a13

0 a22 a23

0 0 a33

⎤⎥⎥⎦
⎡⎢⎢⎣

x

x2

x3

⎤⎥⎥⎦ +

⎡⎢⎢⎣
β′

14

β′
24

β′
34

⎤⎥⎥⎦ , (B.16)

subject to a22 = a2
11, a23 = 2a11a12, and a33 = a3

11.

Both the matrices A := A and B := B are upper triangular such that

A B = I3 ⇔ B = −1
A . (B.17)

3rd step (backward substitution):

B = −1
A =

⎡⎢⎢⎣
a11 a12 a13

0 a2
11 2a11a12

0 0 a3
11

⎤⎥⎥⎦
−1

=

⎡⎢⎢⎣
a−1
11 −a−3

11 a12 a−4
11 (2a−1

11 a2
12 − a13)

0 a−2
11 −2a−4

11 a12

0 0 a−3
11

⎤⎥⎥⎦⇒
⇒ b11 = a−1

11 , b12 = −a−3
11 a12 , b13 = a−4

11 (2a−1
11 a2

12 − a13) ,

(B.18)

or

b33a33 = b33a
3
11 = 1 ⇒ b33 = a−1

33 = a−3
11 , b22a22 = b22a

2
11 = 1 ⇒ b22 = a−1

22 = a−2
11 ,

b22a23 + b23a33 = 2a−1
11 a12 + b23a

3
11 = 0 ⇒ b23 = −2a−4

11 a12 ,

b11a11 = 1 ⇒ b11 = a−1
11 , b11a12 + b12a22 = a−1

11 a12 + b12a
2
11 = 0 ⇒ b12 = −a−3

11 a12 ,

b11a13 + b12a23 + b13a33 = a−1
11 a13 − a−3

11 a12a23 + b13a
3
11 = 0⇒ b13 = a−4

11 (2a−1
11 a2

12 − a13) ,

(B.19)

x(y) = a−1
11 y − a−3

11 a12y
2 + a−4

11 (2a−1
11 a2

12 − a13)y3 . (B.20)

End of Example.
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B-2 Inversion of a bivariate homogeneous polynomial of degree n

Assume the bivariate homogeneous polynomial of degree n, namely y(x) or {y1(x1, x2), y2(x1, x2)} of
Box B.2, to be given and find the inverse bivariate homogeneous polynomial of degree n, namely x(y)
or {x1(y1, y2), x2(y1, y2)}, i. e. from the set of coefficients {A11,A12, . . . ,A1n−1,A1n}, by the algorithm
that is outlined in Box B.2, find the set of coefficients {B11,B12, . . . ,B1n−1,B1n}.

Box B.2 (Algorithm for the construction of an inverse bivariate homogeneous polynomial of degree n).

y(x) :=

"
y1

y2

#
=

= A11

"
x1

x2

#
+ A12

"
x1

x2

#
⊗

"
x1

x2

#
+ · · · + A1n−1

"
x1

x2

#
⊗ · · ·⊗| {z }

n − 1 times

"
x1

x2

#
+ A1n

"
x1

x2

#
⊗ · · ·⊗| {z }
n times

"
x1

x2

#
=

=

nX
k=1

A1k

"
x1

x2

#[k]

,

(B.21)

x(y) :=

"
x1

x2

#
=

= B11

"
y1

y2

#
+ B12

"
y1

y2

#
⊗

"
y1

y2

#
+ · · · + B1n−1

"
y1

y2

#
⊗ · · ·⊗| {z }

n − 1 times

"
y1

y2

#
+ B1n

"
y1

y2

#
⊗ · · ·⊗| {z }
n times

"
y1

y2

#
=

=

nX
k=1

B1k

"
y1

y2

#[k]

.

(B.22)

GKS algorithm: given {A11, A12, . . . , A1n−1, A1n}, find {B11, B12, . . . , B1n−1, B1n}.

1st polynomial:

"
x1

x2

#
= B11

nX
k=1

A1k

"
x1

x2

#[k]

+ B12

0
@ nX

k1=1

A1k1

"
x1

x2

#[k1]
1
A ⊗

0
@ nX

k2=1

A1k2

"
x1

x2

#[k2]
1
A + · · ·+

+B1n−1

0
@ nX

k1=1

A1k1

"
x1

x2

#[k1]
1
A ⊗ · · · ⊗

0
@ nX

kn−1=1

A1kn−1

"
x1

x2

#[kn−1]
1
A +

+B1n

0
@ nX

k1=1

A1k1

"
x1

x2

#[k1]
1
A ⊗ · · · ⊗

0
@ nX

kn=1

A1kn

"
x1

x2

#[kn]
1
A =

= B11A11

"
x1

x2

#
+ (B11A12 + B12A11 ⊗ A11)

"
x1

x2

#[2]

+ · · ·+

+(B11A1n−1 + · · · + B1n−1An−1n−1)

"
x1

x2

#[n−1]

+

+(B11A1n + · · · + B1nAnn)

"
x1

x2

#[n]

+

+β′
1n+1 .

(B.23)
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Continuation of Box.

2nd polynomial:

"
x1

x2

#[2]

= B22

"
y1

y2

#[2]

+ B23

"
y1

y2

#[3]

+ · · · + B2n−1

"
y1

y2

#[n−1]

+ B2n

"
y1

y2

#[n]

+ β′
2n+1 =

= B22 (A11 ⊗ A11)

"
x1

x2

#[2]

+ (B22A23 + B23A33)

"
x1

x2

#[3]

+ · · · + (B22A2n + · · · + B2nAnn)

"
x1

x2

#[n]

+

+β′
2n+1 .

(B.24)

nth polynomial:

"
x1

x2

#[n]

= BnnAnn

"
x1

x2

#[n]

+ β′
nn+1 . (B.25)

(According to E.Grafarend and B. Schaffrin (1993) or W. H. Steeb (1991).)

Forward substitution:

2
6666666666666664

"
x1

x2

#[1]

"
x1

x2

#[2]

."
x1

x2

#[n]

3
7777777777777775

=

2
66664

B11 B12 . . . B1n

0 B22 . . . B2n

. . . . . .

0 0 . . . Bnn

3
77775

2
66664

A11 A12 . . . A1n

0 A22 . . . A2n

. . . . . .

0 0 . . . Ann

3
77775 =

2
6666666666666664

"
x1

x2

#[1]

"
x1

x2

#[2]

."
x1

x2

#[n]

3
7777777777777775

+

2
666664

β′
1n+1

β′
2n+1

.

β′
nn+1

3
777775 , (B.26)

subject to

A22 = A11 ⊗ A11 , A23 = A11 ⊗ A12 + A12 ⊗ A11 ,

A2n =

n−1X
i=1

A1i ⊗ A1n−i ;

A33 = A
[3]
11 ,

A3n =

n−2X
i=1

A1i ⊗
n−i−1X

j=1

A1j ⊗ A1n−i−j ;

A44 = A
[4]
11 ,

A4n =

n−3X
i=1

A1i ⊗
"

n−i−2X
j=1

A1j ⊗
n−i−j−1X

k=1

A1k ⊗ A1n−i−j−k

!#
;

A5n =

n−4X
i=1

A1i ⊗
"

n−i−3X
j=1

A1j ⊗
n−i−j−2X

k=1

A1k ⊗
"

n−i−j−k−1X
l=1

A1l ⊗ A1n−i−j−k−l

#!#
.

(B.27)

(Consult Box B.4 for the general representation of Amn.)
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Continuation of Box.

Backward substitution:

A B = I

⇔2
66666664

B11 B12 . . . B1n−1 B1n

0 B22 . . . B2n−1 B2n

. . . . . . .

0 0 . . . Bn−1n−1 Bn−1n

0 0 . . . 0 Bnn

3
77777775

2
66666664

A11 A12 . . . A1n−1 A1n

0 A22 . . . A2n−1 A2n

. . . . . . .

0 0 . . . An−1n−1 An−1n

0 0 . . . 0 Ann

3
77777775

= I .

(B.28)

(i) B11A11 = I2 ⇒ B11 = A−1
11 ;

(ii) B12A12 + B12A22 = 0 ⇒ B12 = −B11A12A
−1
22 = −A−1

11 A12A
−1[2]
22 ;

(iii) B11A13 + B12A23 + B13A33 = 0 ⇒ B13 = − (B11A13 + B12A23)A−1
33 =

= A−1
11

`
A12A

−1
22 A23 − A13

´
A−1

33 ;

(iv) B11A14 + B12A24 + B13A34 + B14A44 = 0 ⇒ B14 = − (B11A14 + B12A24 + B13A34)A−1
44 =

= A−1
11

ˆ
A12A

−1
22

`
A24 − A23A

−1
33 A34

´
+ A13A

−1
33 A34 − A14

˜
A−1

44 .

(B.29)

(Consult Box B.5 for the general representation of B1n.)

Notable for the GKS algorithm is the following. In the first step or the forward substitution, a set
of equations for (B.30) with respect to the Kronecker–Zehfuss product is constructed by substituting
(B.31) into (B.32) into the powers of (B.33) set up in matrix equations for the first polynomial, the
second polynomial, and finally the nth polynomial:[

x1

x2

][
x1

x2

][2]

, . . . ,

[
x1

x2

][n−1] [
x1

x2

][n]

, (B.30)

y(x) :=

[
y1

y2

]
= A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

]
+ · · · , (B.31)

x(y) :=

[
x1

x2

]
= B11

[
y1

y2

]
+ B12

[
y1

y2

]
⊗

[
y1

y2

]
+ · · · , (B.32)

[
x1

x2

]
, . . . ,

[
x1

x2

][n]

=

[
x1

x2

]
⊗ · · · ⊗︸ ︷︷ ︸
n times

[
x1

x2

]
. (B.33)

Throughout, we particularly take advantage of the fundamental Kronecker–Zehfuss product rule
(AB) ⊗ (BD) = (A ⊗ B)(C ⊗D), i. e. its reduction to the Cayley product of two matrices. A heavy
computation of the matrices {A22,A23, . . . ,A33,A34, . . .} is taken over by the general representation of
Amn ∀ m < n in Box B.4. Finally, the upper triangular matrix A is gained such that the backward
substitution can be started: B := −1

A is constructed. Note that it is very helpful that only its
first row is needed, which contains the unknown coefficients {B11,B12, . . . ,B1n−1,B1n}, summarized
in Box B.5. Furthermore, note that a symbolic computer manipulation of Box B.5 is available from
the author.
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The elaborate algebraic manipulation becomes more clear when we consider ExamplesB.3 and B.4.
The first example illustrates our intention to invert a vector-valued bivariate homogeneous polynomial
of degree n = 2, namely y(x) = A11x+A12x⊗x → x(y) = B11y +B12y⊗y. The Kronecker–Zehfuss
product of column arrays is explicitly given. The GKS algorithm determines the set of matrices
{B11,B12} from the two given matrices A11 and A12. In contrast, the second example introduces the
problem of inversion of a vector-valued bivariate homogeneous polynomial of degree n = 3, namely
y(x) = A11x + A12x ⊗ x + A13x ⊗ x ⊗ x → x(y) = B11y + B12y ⊗ y + B13y ⊗ y ⊗ y. An explicit
representation of the Kronecker–Zehfuss product of double and triple column arrays is presented.
Again, the GKS algorithm determines the set of matrices {B11,B12,B13} from the three given matrices
A11, A12, and A13.

Example B.3 (Inversion of a bivariate homogeneous polynomial of degeree n = 2).

Assume the bivariate homogeneous polynomial y(x) = A11x + A12x ⊗ x to be given and find the
inverse bivariate homogeneous polynomial x(y) = B11y + B12y ⊗ y by the GKS algorithm.

Basic equations:

y(x) =

[
y1

y2

]
= A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

]
(B.34)

or

y1 = a11
11x1 + a12

11x2 + a11
12x

2
1 +

(
a12
12 + a13

12

)
x1x2 + a14

12x
2
2 ,

y2 = a21
11x1 + a22

11x2 + a21
12x

2
1 +

(
a22
12 + a23

12

)
x1x2 + a24

12x
2
2 ,

(B.35)

[
x1

x2

]
⊗

[
x1

x2

]
=

[
x1

x2

][2]

=

⎡⎢⎢⎢⎢⎢⎣
x2

1

x1x2

x2x1

x2
2

⎤⎥⎥⎥⎥⎥⎦ (B.36)

(Kronecker–Zehfuss product);

x(y) =

[
x1

x2

]
= B11

[
y1

y2

]
+ B12

[
y1

y2

]
⊗

[
y1

y2

]
(B.37)

or

x1 = b11
11y1 + b12

11y2 + b11
12y

2
1 +

(
b12
12 + b13

12

)
y1y2 + b14

12y
2
2 ,

x2 = b21
11y1 + b22

11y2 + b21
12y

2
1 +

(
b22
12 + b23

12

)
y1y2 + b24

12y
2
2 ,

(B.38)

[
y1

y2

]
⊗

[
y1

y2

]
=

[
y1

y2

][2]

=

⎡⎢⎢⎢⎢⎢⎣
y2
1

y1y2

y2y1

y2
2

⎤⎥⎥⎥⎥⎥⎦ (B.39)

(Kronecker–Zehfuss product).
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1st polynomial:[
x1

x2

]
= B11

(
A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

])
+

+B12

(
A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

])
⊗

(
A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

])
=

= B11A11

[
x1

x2

]
+ (B11A12 + B12A11 ⊗ A11)

[
x1

x2

][2]

+ β′
13 .

(B.40)

According to E.Grafarend and B. Schaffrin (1993) or W.H. Steeb (1991). Note that we here have used
(AC)⊗ (BD) = (A⊗B)(C ⊗D), i. e.(

A11

[
x1

x2

])
⊗

(
A11

[
x1

x2

])
= (A11 ⊗ A11)

([
x1

x2

]
⊗

[
x1

x2

])
. (B.41)

2nd polynomial:[
x1

x2

]
⊗

[
x1

x2

]
= B11

[
y1

y2

]
⊗

[
y1

y2

]
+ β′

23 = B22 (A11 ⊗ A11)

([
x1

x2

]
⊗

[
x1

x2

])
+ β′

23 . (B.42)

Forward substitution:⎡⎢⎢⎢⎢⎢⎣

[
x1

x2

]
[
x1

x2

]
⊗

[
x1

x2

]
⎤⎥⎥⎥⎥⎥⎦ =

[
B11 B12

0 B22

][
A11 A12

0 A22

]⎡⎢⎢⎢⎢⎢⎣

[
x1

x2

]
[
x1

x2

]
⊗

[
x1

x2

]
⎤⎥⎥⎥⎥⎥⎦ +

[
β′

13

β′
23

]
, (B.43)

subject to A22 = A11 ⊗A11. Note that the matrices A := A and B := B are upper triangular such
that A B = I2 ⇔ B = −1

A .

Backward substitution:

A B = I6 ⇔
[
B11 B12

0 B22

][
A11 A12

0 A22

]
= I6 ; (B.44)

(i) B11A11 = I2 ⇒ B11 = A−1
11 ,

(ii) B11A12 + B12A22 = 0⇒ B12 = −B11A12A
−1
22 = −A−1

11 A12

(
A−1

11 ⊗ A−1
11

)
.

(B.45)

First, we have used (A ⊗ B)−1 = A−1 ⊗ B−1 for two invertible square matrices A and B. Second,
we have used the standard solution of a system of upper triangular matrix equations. For the inverse
polynomial representation, only the elements of the first row of the matrix B := B are of interest.
An explicit write-up is [

x1

x2

]
= A−1

11

[
y1

y2

]
− A−1

11 A12

(
A−1

11 ⊗ A−1
11

) [y1

y2

][2]

. (B.46)

End of Example.
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Example B.4 (Inversion of a bivariate homogeneous polynomial of degeree n = 3).

Assume the bivariate homogeneous polynomial y(x) = A11x + A12x⊗ x + A13x⊗ x⊗ x to be given
and find the inverse bivariate homogeneous polynomial x(y) = B11y + B12y ⊗ y + B13y ⊗ y ⊗ y by
the GKS algorithm.

Basic equations:

y(x) =

[
y1

y2

]
=

= A11

[
x1

x2

]
+ A12

[
x1

x2

]
⊗

[
x1

x2

]
+ A13

[
x1

x2

]
⊗

[
x1

x2

]
⊗

[
x1

x2

]
,

(B.47)

[
x1

x2

]
⊗

[
x1

x2

]
⊗

[
x1

x2

]
=

[
x1

x2

][3]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x3
1

x2
1x2

x2
1x2

x1x
2
2

x2x
2
1

x2
2x1

x2
2x1

x3
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R8×1 (B.48)

(triple Kronecker–Zehfuss product);

x(y) =

[
x1

x2

]
=

= B11

[
y1

y2

]
+ B12

[
y1

y2

]
⊗

[
y1

y2

]
+ B13

[
y1

y2

]
⊗

[
y1

y2

]
⊗

[
y1

y2

]
,

(B.49)

[
y1

y2

]
⊗

[
y1

y2

]
⊗

[
y1

y2

]
=

[
y1

y2

][3]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y3
1

y2
1y2

y2
1y2

y1y
2
2

y2y
2
1

y2
2y1

y2
2y1

y3
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R8×1 (B.50)

(triple Kronecker–Zehfuss product).



B-2 Inversion of a bivariate homogeneous polynomial of degree n 515

1st polynomial:[
x1

x2

]
= B11

3∑
k=1

A1k

[
x1

x2

][k]

+

+B12

⎛⎝ 3∑
k1=1

A1k1

[
x1

x2

][k1]
⎞⎠⊗

⎛⎝ 3∑
k2=1

A1k2

[
x1

x2

][k2]
⎞⎠+

+B13

⎛⎝ 3∑
k1=1

A1k1

[
x1

x2

][k1]
⎞⎠⊗

⎛⎝ 3∑
k2=1

A1k2

[
x1

x2

][k2]
⎞⎠⊗

⎛⎝ 3∑
k3=1

A1k3

[
x1

x2

][k3]
⎞⎠ =

= B11A11

[
x1

x2

]
+ (B11A12 + B12A11 ⊗ A11)

[
x1

x2

][2]

+

+ [B11A13 + B12 (A11 ⊗ A12 + A12 ⊗ A11) + B13 (A11 ⊗ A11 ⊗ A11)]

[
x1

x2

][3]

+ β′
14 .

(B.51)

2nd polynomial:[
x1

x2

]
⊗

[
x1

x2

]
=

[
x1

x2

][2]

= B22

[
y1

y2

][2]

+ B23

[
y1

y2

][3]

+ β′
24 =

= B22 (A11 ⊗ A11)

[
x1

x2

][2]

+ [B22 (A11 ⊗ A12 + A12 ⊗ A11) + B23 (A11 ⊗ A11 ⊗ A11)]

[
x1

x2

][3]

+ β′
24 .

(B.52)

3rd polynomial:[
x1

x2

]
⊗

[
x1

x2

]
⊗

[
x1

x2

]
=

[
x1

x2

][3]

= B33 (A11 ⊗ A11 ⊗ A11)

[
x1

x2

][3]

+ β′
34 . (B.53)

Forward substitution:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
x1

x2

][1]

[
x1

x2

][2]

[
x1

x2

][3]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎣
B11 B12 B13

0 B22 B23

0 0 B33

⎤⎥⎥⎦
⎡⎢⎢⎣

A11 A12 A13

0 A22 A23

0 0 A33

⎤⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
x1

x2

][1]

[
x1

x2

][2]

[
x1

x2

][3]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎣
β′

14

β′
24

β′
34

⎤⎥⎥⎥⎦ , (B.54)

subject to

A22 = A11 ⊗ A11 , A23 = A11 ⊗ A12 + A12 ⊗ A11 , A33 = A11 ⊗ A11 ⊗ A11 . (B.55)

Both the matrices A := A and B := B are upper triangular such that

A B = I14 ⇔ B = −1
A . (B.56)
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Backward substitution:

A B = I14 ⇔

⎡⎢⎢⎣
B11 B12 B13

0 B22 B23

0 0 B33

⎤⎥⎥⎦
⎡⎢⎢⎣

A11 A12 A13

0 A22 A23

0 0 A33

⎤⎥⎥⎦ = I14 ; (B.57)

(i) B11A11 = I2

⇒
B11 = A−1

11 ;

(ii) B12A12 + B12A22 = 0
⇒

B12 = −B11A12A
−1
22 = −A−1

11 A12A
−1[2]
22 ;

(iii) B11A13 + B12A23 + B13A33 = 0
⇒

B13 = − (B11A13 + B12A23)A−1
33 =

= −A−1
11 A13A

−1[3]
11 + A−1

11 A12A
−1[2]
11 (A11 ⊗ A12 + A12 ⊗ A11)A

−1[3]
11

= A−1
11

[−A13 + A12

(
A−1

11 ⊗ A−1
11

)
(A11 ⊗ A12 + A12 ⊗ A11)

] (
A−1

11 ⊗ A−1
11 ⊗ A−1

11

)
.

(B.58)

First, we have used (A ⊗ B)−1 = A−1 ⊗ B−1 for two invertible square matrices A and B, secondly
we have used the standard solution of a system of upper triangular matrix equations. For the inverse
polynomial representation, only the elements of the first row of the matrix B := B are of interest.
An explicit write-up is [

x1

x2

]
= A−1

11

[
y1

y2

]
− A−1

11 A12

(
A−1

11 ⊗ A−1
11

) [y1

y2

][2]

−

−A−1
11

[
A13 − A12

(
A−1

11 ⊗ A−1
11

)
(A11 ⊗ A12 + A12 ⊗ A11)

] (
A−1

11 ⊗ A−1
11 ⊗ A−1

11

) [y1

y2

][3]

.

(B.59)

End of Example.

B-3 Inversion of a multivariate homogeneous polynomial of degree n

Assume a multivariate homogeneous polynomial of degree n, namely y(x), to be given and find the
inverse multivariate homogeneous polynomial of degree n, namely x(y), and

y(x) = A11x + A12x
[2] + · · ·+ A1n−1x

[n−1] + A1nx[n] =
n∑

k=1

A1kx[k] ∀ x ∈ R
p ,

x(y) = B11y + B12y
[2] + · · ·+ B1n−1y

[n−1] + B1ny[n] =
n∑

k=1

B1ky[k] ∀ y ∈ R
p ,

(B.60)

This defines the general problem of homogeneous polynomial series inversion. It reduces to construct
the matrices {B11,B12, . . . ,B1n−1,B1n} from the given matrices {A11,A12, . . . ,A1n−1,A1n} by the GKS
algorithm as outlined in Box B.3.
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Box B.3 (Algorithm for the construction of a multivariate homogeneous polynomial of degree n).

1st polynomial:

x =

nX
k1=1

B1k1

0
@ nX

k2=1

A1k2x[k2]

1
A[k1]

+ β′
1n+1 . (B.61)

2nd polynomial:

x[2] =
nX

k=2

B2ky[k] + β′
2n+1 =

nX
k1=2

B2k1

0
@ nX

k2=1

A1k2x[k2]

1
A[k1]

+ β′
2n+1 . (B.62)

nth polynomial:

x[n] = Bnny[n] + β′
nn+1 = BnnAnnx[n] + β′

nn+1 . (B.63)

Again taking advantage of the basic product rule between Cayley and Kronecker–Zehfuss multiplication,
i. e. (AC) ⊗ (BD) = (A ⊗ B)(C ⊗ D), we arrive at the following results.

Forward substitution:

2
666666664

x

x[2]

.

x[n−1]

x[n−1]

3
777777775

= B A

2
666666664

x

x[2]

.

x[n−1]

x[n−1]

3
777777775

. (B.64)

(Note that A is given by Box B.4.)

Backward substitution:

A B = I

⇒
see first row B1n given in Box B.5.

(B.65)

First, in the forward substitution, we construct a set of equations for {x,x[2], . . . ,x[n−1],x[2]}, where
the column array powers are to be understood with respect to the Kronecker–Zehfuss product. Again,
advantage is taken from the basic product rule (AC)⊗(BD) = (A⊗B)(C⊗D), also called “reduction
of the Kronecker–Zehfuss product to the Cayley product”, by replacing such an identity into the power
series equations, the upper triangular matrix A as well as its inverse B := −1

A . Second, while
Box B.4 collects the input matrices Amn, which built up A, by means of BoxB.5, we compute its
inverse B , namely its first row {B11,B12, . . . ,B1n−1,B1n}, the one being only needed. A symbolic
computer manipulation software package of Box B.5 is available from the author, in particular, for the
backward substitution step.



518 B The inverse of a multivariate homogeneous polynomial

Box B.4 (Inversion of a multivariate homogeneous polynomial of degree n: the upper triangular matrix
A := A).

Recurrence relation:

Amn =

n−(m−1)X
i=1

A1i ⊗ Am−1n−i ∀ m ≤ n . (B.66)

Inversion relations (A11, A1n given):

A22 = A
[2]
11 , A2n =

n−1X
i=1

A1i ⊗ A1n−i ,

A33 = A
[3]
11 , A3n =

n−2X
i=1

A1i ⊗
n−i−1X

j=1

A1j ⊗ A1n−i−j ,

A44 = A
[4]
11 , A4n =

n−3X
i=1

A1i ⊗
n−i−2X

j=1

A1j ⊗
n−i−j−1X

k=1

A1k ⊗ A1n−i−j−k ,

A55 = A
[5]
11 , A5n =

n−4X
i=1

A1i ⊗
n−i−3X

j=1

A1j ⊗
n−i−j−2X

k=1

A1k ⊗
n−i−j−k−1X

l=1

A1l ⊗ A1n−i−j−k−l ,

. . .

Amn =

n−(m−1)X
k1=1

A1k1 ⊗
n−k1−(m−2)X

k2=1

A1k2 ⊗
n−k1−k2−(m−3)X

k3=1

A1k3 ⊗ · · ·⊗

⊗ · · · ⊗
n−k1−k2−···−km−2X

km−1=1

A1km−1 ⊗ A1n−k1−k2−···−km−2−km−1 .

(B.67)

Box B.5 (Inversion of a multivariate homogeneous polynomial of degree n: 1st row of the triangular matrix
B := B).

Recurrence relation:

B1n = −
n−1X
i=1

B1iAin

!
A−1

nn ∀ n ≥ 2 , subject to A−1
nn =

“
A

[n]
11

”−1

=
`
A−1

11

´[n]
. (B.68)

Inversion relations (A11, A1n given):

B11 = +A−1
11 , B12 = −A−1

11 A12A
−1
22 , B13 = +A−1

11

ˆ
A12A

−1
22 A23 − A13

˜
A−1

33 ,

B14 = +A−1
11

ˆ
A12A

−1
22

`
A24 − A23A

−1
33 A34

´
+ A13A

−1
33 A34 − A14

˜
A−1

44 ,

B15 = +A−1
11

ˆ
A12A

−1
22

`
A25 − A24A

−1
44 A45 − A23A

−1
33

`
A35 − A34A

−1
44 A45

´´
+

+A13A
−1
33

`
A35 − A34A

−1
44 A45

´
+ A14A

−1
44 A45 − A15

˜
A−1

55 ,

. . .

B1n = +A−1
11

»
− A1n +

n−1X
i=2

A1iA
−1
ii Ain −

n−2X
i=2

A1iA
−1
ii Ain−1A

−1
n−1n−1An−1n−

−
n−3X
i=2

A1iA
−1
ii Ain−2A

−1
n−2n−2

`
An−2n − An−2n−1A

−1
n−1n−1An−1n

´ − · · ·
–
∀ n ≥ 2 .

(B.69)



C Elliptic integrals

Elliptic kernel, elliptic modulus, elliptic functions, and elliptic integrals. Differential equations of elliptic
functions. Sinus amplitudinis, cosinus amplitudinis, and delta amplitudinis.

We experience elliptic integrals when we are trying to compute the length of a meridian arc or the
length of a geodesic of an ellipsoid-of-revolution. Here, we begin with an interesting example from
circular trigonometry, which is leading us to the notion of elliptic integrals of the first kind as well as
elliptic functions.

C-1 Introductory example

Example C.1 (Elliptic functions).

u := arcsinx ⇒

⎡⎢⎢⎣u′ =
1√

1− x2
,

u′2 =
1

1− x2
,

u := F (x) :=
∫ x

0

dx′√
1− x′2

= arcsin x . (C.1)

End of Example.

C-2 Elliptic kernel, elliptic modulus, elliptic functions, elliptic integrals

Such a well-known formula from circular trigonometry expresses the inverse function of sinx as an
integral. The integral kernel is 1/

√
1− x2. As soon as we switch to elliptic trigonometry, the following

“elliptic kernel” appears:

1√
1− x2

1√
1− k2x2

(0 ≤ k2 ≤ 1) . (C.2)

We here note that the factor k is called the elliptic modulus and that the function x = am(u, k) is
called Jacobian amplitude within

u := F (x, k) :=
∫ x

0

dx′√
1− x′2

√
1− k2x′2

, x = F−1(u, k) = am (u, k) . (C.3)

By means of the elementary substitution x = sin Φ, the elliptic integral of the first kind is reduced to
the following normal trigonometric form:

u := F (φ, k) :=
∫ φ

0

dφ′√
1− k2 sin2 φ′

, φ = F−1(u, k) = am (u, k) . (C.4)

We here additionally note that C.G. J. Jacobi (1804–1851) and N.H.Abel (1802–1829) had the bright
idea to replace Legendre’s elliptic integral of the first kind by its inverse function. The inverse function
is the “simplest elliptic function”: see DefinitionC.1.

Definition C.1 (Elliptic functions).

sin φ = sin am(u, k) =: sn (u, k) ,

cos φ = cos am(u, k) =: cn (u, k) ,
(C.5)

√
1− k2 sin2 φ =

√
1− k2 sin2 am(u, k) =: dn (u, k) , (C.6)

to be read “sinus amplitudinis”, “cosinus amplitudinis”, and “delta amplitudinis”.

End of Definition.
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These functions are doubly periodic generalizations of the circular trigonometric functions satisfying

sn (u, 0) = sin u ,

cn (u, 0) = cos u ,

dn (u, 0) = 1 .

(C.7)

sn (u, k), cn (u, k), and dn (u, k) may also be defined as solutions of the differential equations (C.9),
(C.11), and (C.13) of first order or as solutions of the differential equations (C.15), (C.17), and (C.19)
of second order : see Lemma C.2 and LemmaC.3.

Lemma C.2 (Differential equations of elliptic functions).

The elliptic functions sn (u, k), cn (u, k), and dn (u, k) satisfy the trigonometric and the algebraic
differential equations of first order that follow:

x = sn u , sn′u =
dsn u

du
= cn u dnu , (C.8)(

dx

du

)2

=
(
1− x2

) (
1− k2x2

)
; (C.9)

y = cn u , cn′u =
dcn u

du
= −sn u dnu , (C.10)(

dy

du

)2

=
(
1− y2

) (
1− k2 + k2y2

)
; (C.11)

z = dnu , dn′u =
ddnu

du
= −k2sn u cn u , (C.12)(

dz

du

)2

=
(
1− z2

) [
z2 − (

1− k2
])

. (C.13)

End of Lemma.

Lemma C.3 (Differential equations of elliptic functions).

The elliptic functions sn (u, k), cn (u, k), and dn (u, k) satisfy the algebraic differential equations of
second order that follow:

x = sn u , (C.14)

x′′ =
d2x

du2
= −(1 + k2)x + 2k2x3 ; (C.15)

y = cn u , (C.16)

y′′ =
d2y

du2
= − (

1− 2k2
)
y − 2k2y3 ; (C.17)

z = dnu , (C.18)

z′′ =
d2z

du2
= +

(
2− k2

)
z − 2z3 . (C.19)

End of Lemma.
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Proof (Proof of formulae (C.8) and (C.9)).

x := sn u ,
√

1− x2 = cn u ,
√

1− k2x2 = dnu , (C.20)

dx

du
=

1
du/dx

=
√

(1− x2) (1− k2x2) ,

dx

du
= cn u dnu q. e. d.

(
dx

du

)2

=
(
1− x2

) (
1− k2x2

)
q. e. d.

(C.21)

End of Proof (Proof of formulae (C.8) and (C.9)).

Proof (Proof of formulae (C.10) and (C.11)).

y := cnu =
√

1− x2 , sn u =
√

1− y2 = x , dnu =
√

1− k2 (1− y2) =
√

1− k2x2 , (C.22)

dy

du
=

d
√

1− x2

du
= − x√

1− x2

dx

du
,

dy

du
= −x

√
1− k2x2 = −sn u dnu q. e. d.

(
dy

du

)2

=
(
1− y2

) (
1− k2 + k2y2

)
q. e. d.

(C.23)

End of Proof (Proof of formulae (C.10) and (C.11)).

Proof (Proof of formulae (C.12) and (C.13)).

z := dnu =
√

1− k2x2 , sn u =
√

1− z2

k
= x , cn u =

√
k2 − (1− z2)

k
=

√
1− x2 , (C.24)

dz

du
=

d
√

1− k2x2

du
= − k2x√

1− k2x2

dx

du
,

dz

du
= −k2sn u cn u q. e. d.

dz

du
= −k2x

√
1− x2 = −

√
1− z2

√
k2 − (1− z2) ,

(
dz

du

)2

=
(
1− z2

) [
z2 − (

1− k2
)]

q. e. d.

(C.25)

End of Proof (Proof of formulae (C.12) and (C.13)).
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Proof (Proof of formula (C.15)).

x′ = sn′u = cn u dnu

⇒

x′′ = sn′′u = cn′u dnu + cn u dn′u ,

x′′ = −snu dn2u− k2sn u cn2u ,

x′′ = −x
(
1− k2x2

)− k2x
(
1− x2

)
= −x + k2x3 − k2x + k2x3 ,

x′′ = −x
(
1 + k2

)
+ 2k2x3 q. e. d.

(C.26)

End of Proof (Proof of formula (C.15)).

Proof (Proof of formula (C.17)).

y′ = cn′u = −snu dnu

⇒

y′′ = cn′′u = −sn′u dnu− sn u dn′u ,

y′′ = −cn u dn2u + k2sn2u cn u ,

y′′ = −y
[
1− k2

(
1− y2

)]
+ k2y

(
1− y2

)
= −y + k2y

(
1− y2

)
+ k2y

(
1− y2

)
,

y′′ = −y + 2k2y
(
1− y2

)
= −y + 2k2y − 2k2y3 ,

y′′ = −y
(
1− 2k2

)− 2k2y3 q. e. d.

(C.27)

End of Proof (Proof of formula (C.17)).

Proof (Proof of formula (C.19)).

z′ = dn′u = −k2sn u cn u

⇒

z′′ = −k2sn′u cn u− k2sn u cn′u ,

z′′ = −k2cn2u dnu + k2sn2u dnu ,

z′′ = − [
k2 − (

1− z2
)]

z +
(
1− z2

)
z = −k2z + 2z

(
1− z2

)
,

z′′ = +
(
2− k2

)
z − 2z3 q. e. d.

(C.28)

End of Proof (Proof of formula (C.19)).
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The standard elliptic functions satisfy special identities collected in CorollaryC.4, where 1 − k2 is
the complementary elliptic modulus. Similarly, we summarize addition formulae of elliptic functions
in CorollaryC.5.

Corollary C.4 (Special identities).

sn2u + cn2u = 1 , k2sn2u + dn2u = 1 ,

k2cn2u +
(
1− k2

)
= dn2u , cn2u +

(
1− k2

)
sn2u = dn2u .

(C.29)

End of Corollary.

Corollary C.5 (Addition formulae).

sn(u + v) =
sn u cn v dn v + sn v sn u dnu

1− k2sn2u sn2v
,

cn(u + v) =
cn u cn v − sn u sn v dnu dn v

1− k2sn2u sn2v
,

dn(u + v) =
dnu dn v − k2sn u sn v cn u cn v

1− k2sn2u sn2v
.

(C.30)

End of Corollary.

Series expansions of “sinus amplitudinis”, “cosinus amplitudinis”, and “delta amplitudinis” are useful
in Mathematical Cartography. In the following CorollaryC.6, series expansions of “sinus amplitudinis”,
“cosinus amplitudinis”, and “delta amplitudinis” are summarized.

Corollary C.6 (Series expansions of elliptic functions).

sn (u, k) = u− 1
6
(
1 + k2

)
u3 +

1
120

(
1 + 14k2 + k4

)
u5 + O(u7) ,

cn (u, k) = 1− 1
2
u2 +

1
24

(
1− 4k2

)
u4 − 1

720
(
1 + 44k2 + 16k4

)
u6 + O(u8) ,

dn (u, k) = 1− 1
2
k2u2 +

1
24

(
4k2 + k4

)
u4 − 1

720
(
16k2 + 44k3 + k6

)
u6 + O(u8) .

(C.31)

End of Corollary.

In analysis, we have been made familiar with integrals of type
∫

R
(
x,
√

ax2 + 2bx + c
)
dx, whose

kernel is a square root of a polynomial up to degree two like
∫

dx/x,
∫

dx/(1 + x2), or
∫

dx/
√

1− x2.
Those integrals can be integrated, for example, to lnx, arctan x, or arcsinx. Alternatively, if the
integral is of the form

∫
R
(
x,
√

a4x4 + a3x3 + a2x2 + a1x + a0

)
dx (a3 �= 0, a4 �= 0 admitted), we

arrive at elliptic integrals whose kernel is a square root of a polynomial up to degree four, with
distinct modal points. DefinitionC.7 is a collective summary of elliptic integrals of the first, second,
and third kinds given in both polynomial form and trigonometric form. In general, integrals of the
following form are needed:

I =
∫

R
(
x,

√
aJxJ + aJ−1xJ−1 + . . . + a1x + a0

)
dx (J ≥ 5) . (C.32)
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Definition C.7 (Elliptic integrals of the first, second, and third kinds).

The following integrals F (x, k), E(x, k), and π(x, k) are called normal elliptic integrals of the first, the
second, and the third kind:

F (x, k) :=
∫ x

0

dx′√(
1− x′2) (1− k2x′2) ,

E(x, k) :=
∫ x

0

√
1− k2x′2dx′√(

1− x′2) ,

π(x, k) :=
∫ x

0

dx′(
1 + nx′2)√(

1− x′2) (1− k2x′2) .

(C.33)

The following integrals F (φ, k), E(φ, k), and π(φ, k) are called trigonometric elliptic integrals of the
first, the second, and the third kind:

F (φ, k) :=
∫ φ

0

dφ′√
1− k2 sin2 φ′

,

E(φ, k) :=
∫ φ

0

√
1− k2 sin2 φ′dφ′ =

∫ u

0

dn2(u′, k) du′ ,

π(φ, k) :=
∫ φ

0

dφ′

1 + n sin2 φ′
√

1 + k2 sin2 φ′
.

(C.34)

Note that for φ = π/2, i. e. F (π/2, k), E(π/2, k), and π(π/2, k), these trigonometric elliptic integrals
are called complete.

End of Definition.

For the numerical analysis of elliptic functions, the periodicity of sn u, cn u, and dnu is of focal interest.
Lemma C.8 defines the periodic properties of sn u, cn u, and dnu more precisely. Note that a proof
can be based upon the addition theorem of elliptic functions.

Lemma C.8 (Periodicity of elliptic functions: C. G. J. Jacobi).

The elliptic functions sn u, cn u, and dnu are doubly periodic in the sense of (n,m ∈ {1, 2, 3, 4, 5 . . .})
sn (u + 4mK + 2niK ′) = sn u ,

cn [u + 4mK + 2n(K + iK ′)] = cn u ,

dn (u + 2mK + 4niK ′) = dnu ,

(C.35)

subject to

K =
∫ π/2

0

dφ√
1− k2 sin2 φ

, K ′ =
∫ π/2

0

dφ√
1− (1− k2) sin2 φ

. (C.36)

End of Lemma.
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These notes on elliptic functions and elliptic integrals are by no means sufficient to get some in-
sight into these special functions. For numerical calculations based upon the Landen transformation,
we refer to R. Bulirsch (1965a,b,1969a,b), M. Gerstl (1984), and A. Kneser (1928). General references
are M. Abramowitz and J. A. Stegun (1972), R. Ayoub (1984), R. Bellman (1961), R. Cooke (1994),
D.Dumont (1981), R. Fricke (1913), P.M.Porter (1989), W.H.Press et al. (1992), M.Rosen (1981),
A. Schett (1977), E. I. Slavutin (1973), L.A. Sorokina (1983), J. Spanier and K.B.Oldham (1987),
J. Stillwell (1989), F. Toelke (1967), and F. Tricomi (1948).
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D Korn–Lichtenstein and d’Alembert–Euler equations

Conformal mapping, Korn–Lichtenstein equations and d’Alembert–Euler (Cauchy–Riemann) equations.
Polynomial solutions. Conformeomorphism, condition of conformality.

D-1 Korn–Lichtenstein equations

Our starting point for the construction of a conformal diffeomorphism (in short conformeomorphism)
is provided by (D.1) of a left two-dimensional Riemann manifold {M2,Gl} subject to the left metric
Gl = {GMN} parameterized by the left coordinates {U, V } = {U1, U2} and a right two-dimensional
Euclidean manifold {M2,Gr = I2} subject to the right metric Gr = I2 = diag [1, 1] or {gµν} = {δµν}
parameterized by the right coordinates {x, y} = {x1, x2} of Cartesian type.[

dx
dy

]
= Jl

[
dU
dV

]
, Jl =

[
xU xV

yU yV

]
. (D.1)

Jl constitutes the left Jacobi matrix of first partial derivatives, which is related to the right Jacobi
matrix Jr by means of the duality JlJr = I2 or Jl = J−1

r and Jr = J−1
l with Jl ∈ R2×2 and Jr ∈ R2×2.

Let us compare the left and the right symmetric metric forms, the squared infinitesimal arc lengths
(D.2) subject to the summation convention over repeated indices which run here from one to two, i. e.
{M,N, µ, ν} ∈ {1, 2}. (D.3) constitutes the right Cauchy–Green deformation tensor which has to be
constraint to the condition of conformality (D.4).

dS2 = dUMGMNdUN = dxµ ∂UM

∂xµ GMN
∂UN

∂xν =

= dxµCµνdxν
versus

ds2 = dx2 + dy2 =

= dxµδµνdxν ,
(D.2)

Cµν :=
∂UM

∂xµ
GMN

∂UN

∂xν
or Cr := JT

r GlJr , (D.3)

Cµν = λ2δµν or Cr = λ2I2 . (D.4)

Consequently, the left symmetric metric form (D.5) enjoys a particular structure which is called
conformally flat. The factor of conformality λ2 is generated by the simultaneous diagonalization of
the matrix pair {Cr,Gr}, namely from the general eigenvalue–eigenvector problem (Cr−λ2Gr)F r = 0,
the characteristic equation

∣∣Cr − λ2Gr

∣∣ = 0 subject to Gr = I2 and the canonical conformality postulate
λ2

1 = λ2
2 = λ2. The condition of conformality transforms the right Cauchy–Green deformation tensor

into (D.6).

dS2 = λ2(dx2 + dy2) , (D.5)

Cr = JT
r GlJr = λ2I2 or C−1

r = JlG
−1
l JT

l =
1
λ2

I2 . (D.6)

(D.6) can be interpreted as an orthogonality condition of the rows of the left Jacobi matrix with
respect to the inverse left metric matrix G−1

l . G−1
l -orthogonality of the rows of the left Jacobi matrix

Jl implies (D.7). (D.7) be derived from (D.8), namely with respect to the permutation symbol (D.9).
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dx = �dy , (D.7)

dx = xUdU + xV dV = xIdU I ,

x1 :=
∂x

∂U
, x2 :=

∂x

∂V
,

�dy := eIJ

√
det [Gl]GJKyKdU I ∀ {I, J, K} ∈ {1, 2} ,

y1 :=
∂y

∂U
, y2 :=

∂y

∂V
,

(D.8)

eIJ =

⎧⎪⎪⎨⎪⎪⎩
+1 even permutation of the indices

−1 odd permutation of the indices

0 otherwise

, (D.9)

dx := xIdU I =

= eIJ

√
det [Gl]GJKyKdU I = �dy ⇔ ∂x

∂UI = eIJ

√
det [Gl]GJK ∂y

∂UK .
(D.10)

Indeed, we have to take advantage of the Hodge star operator, which generalizes the cross product
on R

3. Lemma D.1 outlines the definition of the Hodge star operator of a one-differential form. It
may be a surprise that (D.10) constitutes the Korn–Lichtenstein equations of a conformal mapping
parameterized by {x(U, V ), y(U, V )}. Note the representation (D.11) of the inverse left metric matrix
in order to derive the third version of the Korn–Lichtenstein equations in Lemma D.1.

Gl = GIJ =
[
G11 G12

G21 G22

]
(subject to G21 = G12)

⇔

G−1
l = GJK =

[
G11 G12

G21 G22

]
=

1
det [Gl]

[
G22 −G12

−G12 G11

]
.

(D.11)

Lemma D.1 (Conformeomorphism, M
2
l �→ M

2
r = E

2
r , Korn–Lichtenstein equations).

Equivalent formulations of the Korn–Lichtenstein equations which produce a conformal mapping
M

2
l �→ M

2
r = E

2
r are the following:

dx = �dy , (D.12)

∂x

∂U I
= eIJ

√
det [Gl]GJK ∂y

∂UK
, (D.13)

xU =
1√

det [Gl]
(−G12yU + G11yV ) ,

xV =
1√

det [Gl]
(−G22yU + G12yV ) .

(D.14)

End of Lemma.

Generalizations to a conformeomorphism of higher order, namely M
3
l �→ M

3
r = E

3
r , lead to the Zund

equations, and its generalizations M
n
l �→ M

n
r = E

n
r are referred to E.Grafarend and R. Syffus (1998d).
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D-2 D’Alembert–Euler (Cauchy–Riemann) equations

Once an isometric coordinate system of a two-dimensional Riemann manifold {M2, λ−2δµν} (“surface”)
has been established, an alternative isometric coordinate system can be constructed by solving a
boundary value problem of the d’Alembert–Euler equations (Cauchy–Riemann equations) subject to
the integrability conditions of harmonicity type. Here, we are going to construct fundamental solutions
of these basic equations governing conformal mapping.

Lemma D.2 (Fundamental solution of the d’Alembert–Euler equations subject to integrability conditions
of harmonicity, polynomial representation).

A fundamental solution of the d’Alembert–Euler equations (Cauchy–Riemann equations) subject to
the integrability conditions of harmonicity type is

x = α0 + α1q + β1p+

+
n∑

r=2

αr

[r/2]∑
s=0

(−1)s

(
r

2s

)
qr−2sp2s +

N∑
r=2

βr

[(r+1)/2]∑
s=1

(−1)s+1

(
r

2s− 1

)
qr−2s+1p2s−1 ,

(D.15)

y = β0 + β1q + α1p+

+
n∑

r=2

βr

[r/2]∑
s=0

(−1)s

(
r

2s

)
qr−2sp2s +

N∑
r=2

αr

[(r+1)/2]∑
s=1

(−1)s+1

(
r

2s− 1

)
qr−2s+1p2s−1 .

(D.16)

End of Lemma.

Proof.

Once the fundamental solution of the d’Alembert-Euler equations is based on the function space of
homogeneous polynomials

Pr(q, p) =
∑

α+β=r

cαβqαpβ (0 ≤ α ≤ r) , (D.17)

the vectorial Laplace-Beltrami equation has to be fulfilled. (r − 1) constraints are given for (r + 1)
coefficients such that for any r ≥ 2 two linear independent harmonic polynomials exist which we are
going to construct.

Pr(q, p) = cr,0q
r + cr−1,1q

r−1p + cr−2,2q
r−2p2 + cr−3,3q

r−3p3 + cr−4,4q
r−4p4 + · · ·

· · ·+ c3,r−3q
3pr−3 + c2,r−2q

2pr−2 + c1,r−1qp
r−1 + c0,rp

r ,

(D.18)

∆Pr(q, p) = ( ∂2

∂q2 + ∂2

∂p2 )Pr(q, p) =

= r(r − 1)cr,0q
r−2 + (r − 2)(r − 3)cr−2,2q

r−4p2 + (r − 4)(r − 5)cr−4,4q
r−6p4 + · · ·

· · ·+ 2cr−2,2q
r−2 + 4 · 3cr−4,4q

r−4p4 + · · ·

· · ·+ (r − 1)(r − 2)cr−1,1q
r−3p + (r − 3)(r − 4)cr−3,3q

r−5p3 + · · ·

· · ·+ 3 · 2cr−3,3q
r−3p + · · · .

(D.19)
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Obviously, the recurrence relation (D.20) connects the coefficients of even second index with each
other, similarly the coefficients of odd second index according to the following set of coefficient pairs:
cr,0|cr−2,2, cr−1,1|cr−3,3, cr−2,2|cr−4,4, cr−3,3|cr−5,5 etc.

ck,r−kk(k − 1) + ck−2,r−k+2(r − k + 2)(r − k + 1) = 0

⇔

ck−2,r−k+2 = − ck,r−kk(k − 1)
(r − k + 2)(r − k + 1)

.

(D.20)

Those harmonic polynomials with coefficients of even second index are denoted by Pr,1, while alter-
natively those with coefficients of odd second index are denoted by Pr,2. Once we chose cr,0 = 1, the
recurrence relation leads to (D.21) or (D.22). In contrast, once we choose cr−1,1 = r we are led to
(D.23) or (D.24).

Pr,1(q, p) = qr − r(r−1)
2 qr−2p2 + (r−3)(r−2)(r−1)

4∗3∗2 qr−4p4 + · · · , (D.21)

Pr,1(q, p) =
[ r
2 ]∑

s=0
(−1)s

(
r
2s

)
qr−2sp2s , (D.22)

Pr,2(q, p) = rqr−1p− (r−2)(r−1)r
3∗2 qr−3p3 + · · · , (D.23)

Pr,2(q, p) =
[ r+1

2 ]∑
s=1

(−1)s+1
(

r
2s−1

)
qr−(2s−1)p2s−1 . (D.24)

[ r
2 ] denotes the largest natural number ≤ r

2 , [(r+1)/2] the largest natural number ≤ r+1
2 , respectively.

In summarizing, the general solution of the first Laplace–Beltrami equation is given by (D.25).

x = α0 + α1q + β1p +
N∑

r=2
αr

[ r
2 ]∑

s=0
(−1)s

(
r
2s

)
qr−2sp2s +

N∑
r=2

βr

[ r+1
2 ]∑

s=1
(−1)s+1

(
r

2s−1

)
qr−2s+1p2s−1 . (D.25)

Next, we implement the terms x = Pr,1(q, p) and x = Pr,2(q, p) in the d’Alembert–Euler equations
(Cauchy–Riemann equations) (D.26). Obviously, there hold the polynomial relations (D.27).

∂Pr,1

∂q
=

[ r
2 ]∑

s=0
(−1)s(r − 2s)

(
r
2s

)
qr−2s−1p2s =

[ r+1
2 −1]∑
s=0

(−1)s(r − 2s)
(

r
2s

)
qr−2s−1p2s ,

∂Pr,1

∂p
=

[ r
2 ]∑

s=0
(−1)s2s

(
r
2s

)
qr−2sp2s−1 =

[ r
2 ]∑

s=1
(−1)s2s

(
r
2s

)
qr−2sp2s−1 ,

∂Pr,2

∂q
=

[ r+1
2 ]∑

s=1
(−1)s+1(r − 2s + 1)

(
r

2s−1

)
qr−2sp2s−1 =

[ r
2 ]∑

s=1
(−1)s+12s

(
r
2s

)
qr−2sp2s−1 ,

∂Pr,2

∂p
=

[ r+1
2 ]∑

s=1
(−1)s+1(2s− 1)

(
r

2s−1

)
qr−2s+1p2s−2 =

[ r+1
2 ]−1∑
s′=0

(−1)s′
(r − 2s′)

(
r

2s′
)
qr−2s′−1p2s′

,

(D.26)

∂Pr,1

∂q
=

∂Pr,2

∂p
,

∂Pr,1

∂p
= −∂Pr,2

∂q
. (D.27)
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The general solution of the d’Alembert–Euler equations (Cauchy–Riemann equations) subject to
the integrability conditions of the harmonicity type thus can be represented by

x = α0 + α1q + β1p + α2(q2 − p2) + 2β2qp+

+
N∑

r=3
αr

[ r
2 ]∑

s=0
(−1)s

(
r
2s

)
qr−2sp2s+

+
N∑

r=3
βr

[ r+1
2 ]∑

s=1
(−1)s+1

(
r

2s−1

)
qr−2s+1p2s−1 ,

(D.28)

y = β0 − β1q + α1p− β2(q2 − p2) + 2α2qp−

−
N∑

r=3
βr

[ r
2 ]∑

s=0
(−1)s

(
r
2s

)
qr−2sp2s+

+
N∑

r=3
αr

[ r+1
2 ]∑

s=1
(−1)s+1

(
r

2s−1

)
qr−2s+1p2s−1 .

(D.29)

It should be mentioned that the fundamental solution is not in the class of separation of vari-
ables, namely of type f(q)g(p). Accordingly, we present an alternative fundamental solution of the
d’Alembert–Euler equations (Cauchy–Riemann equations) subject to the integrability conditions of
the harmonicity type now in the class of separation of variables.

End of Proof.

The fundamental solution (D.15), (D.16), (D.28), and (D.29) of the equations which govern con-
formal mapping of type isometric cha–cha–cha can be interpreted as following. In matrix notation,
namely based upon the Kronecker–Zehfuss product, we write[

x
y

]
=

[
α0

β0

]
+ (α1I + β1A)

[
q
p

]
+

+
[
vec

[
α2 β2

β2 −α2

]
, vec

[−β2 α2

α2 −β2

]]′ [
q
p

]
⊗

[
q
p

]
+ O3 ,

(D.30)

where we identify the transformation group of motion (translation (α0, β0), rotation β1, in total three
parameters), the transformation group of dilatation (one parameter α1) and the special-conformal
transformation (two parameters (α2, β2)), actually the six-parameter O(2, 2) sub-algebra of the infinite
dimensional conformal algebra C(∞) in two dimensions {q, p} ∈ R

2. We here note in passing that
the “small rotation parameter” β1 operates on the antisymmetric matrix (D.31), while the matrices
{H1,H2}, which generate the special-conformal transformation are traceless and symmetric, a property
being enjoyed by all coefficient matrices of conformal transformations of higher order. A more detailed
information is D. G. Boulware, L. S. Brown and R. D. Peccei (1970) and S. Ferrara, A. F. Grillo and
R. Gatto (1972).

A :=
[

0 1
−1 0

]
,

H1 :=
[
α2 β2

β2 −α2

]
, H2 :=

[−β2 α2

α2 β2

]
.

(D.31)
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Lemma D.3 (Fundamental solution of the d’Alembert-Euler equations subject to integrability conditions
of harmonicity, separation of variables).

A fundamental solution of the d’Alembert–Euler equations (Cauchy–Riemann equations) subject to
the integrability conditions of harmonicity type in the class of separation of variables is

x(q, p) = x0 +
M∑

m=1
[Am exp(mq) + Cm exp(−mq)] cos mp+

+
M∑

m=1

[Bm exp(mq) + Dm exp(−mq)] sin mp ,

(D.32)

y(q, p) = y0 +
M∑

m=1
[Bm exp(mq)−Dm exp(−mq)] cos mp+

+
M∑

m=1

[−Am exp(mq) + Cm exp(−mq)] sin mp .

(D.33)

End of Lemma.

Proof.

By separation-of-variables, namely by using x(q, p) = f(q)g(p) and y(q, p) = F (q)G(p), the vectorial
Laplace–Beltrami equation leads to (D.34) and to similar equations for F (q) and G(p).

f ′′

f
+

g′′

g
= 0 ⇒ f ′′

f
= −g′′

g
=: m2 ⇒ f ′′ = m2f

⇒
f = c̄m exp(mq) + d̄m exp(−mq) ⇒ g′′ = −m2g ⇒ g = ām cos mp + b̄m sin mp .

(D.34)

Superposition of base functions gives the setups (D.35) and (D.36). The d’Alembert–Euler equations
(Cauchy–Riemann equations) xp = yq and xq = −yp then are specified by (D.37) and (D.38).

x(q, p) =
M∑

m=1

[
Am exp(mq) cos mp + Bm exp(mq) sin mp+

+Cm exp(−mq) cos mp + Dm exp(−mq) sin mp
]

+ x0 ,
(D.35)

y(q, p) =
M∑

m′=1

[
A′

m′ exp(m′q) cos m′p + B′
m′ exp(m′q) sin m′p+

+C ′
m′ exp(−m′q) cos m′p + D′

m′ exp(−m′q) sin m′p
]

+ y0 ,

(D.36)

xq =
M∑

m=1

[
mAm exp(mq) cos mp + mBm exp(mq) sin mp−

−mCm exp(−mq) cos mp−mDm exp(−mq) sin mp
]

,

(D.37)

yp =
M∑

m′=1

[
−m′A′

m′ exp(m′q) sin m′p + m′B′
m′ exp(m′q) cos m′p−

−m′C ′
m′ exp(−m′q) sin m′p + m′D′

m′ exp(−m′q) cos m′p
]

⇔
A′

m′ = Bm , B′
m′ = −Am , C ′

m′ = −Dm , D′
m′ = Cm .

(D.38)

End of Proof.
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Lemma D.4 (Fundamental solution of the d’Alembert-Euler equations subject to integrability conditions
of harmonicity, separation of variables).

A fundamental solution of the d’Alembert-Euler equations (Cauchy-Riemann equations) subject to
the integrability conditions of harmonicity type in the class of separation of variables is

x(q, p) =

= x0 +
M∑

m=1
[Im cosh mq + Km sinhmq] cos mp +

M∑
m=1

[Jm cosh mq + Lm sinhmq] sin mp ,
(D.39)

y(q, p) =

= y0 +
M∑

m=1
[Lm cosh mq + Jm sinhmq] cos mp +

M∑
m=1

[−Km cosh mq − Im sinhmq] sin mp .
(D.40)

End of Lemma.

Proof.

By separation-of-variables, namely by using x(q, p) = f(q)g(p) and y(q, p) = F (q)G(p), the vectorial
Laplace–Beltrami equation leads to (D.34) and to similar equations for F (q) and G(p).

f ′′

f
+

g′′

g
= 0 ⇒ f ′′

f
= −g′′

g
=: m2 ⇒ f ′′ = m2f

⇒
f = k̄m cosh mq + l̄m sinhmq ⇒ g′′ = −m2g ⇒ g = īm cosmp + j̄m sin mp .

(D.41)

Superposition of base functions gives the setups (D.42) and (D.43). The d’Alembert–Euler equations
(Cauchy–Riemann equations) xp = yq and xq = −yp then are specified by (D.44) and (D.45).

x(q, p) =
M∑

m=1

[
Im cosh mq cos mp + Jm cosh mq sin mp+

+Km sinhmq cos mp + Lm sinhmq sin mp
]

+ x0 ,

(D.42)

y(q, p) =
M∑

m′=1

[
I ′m′ cosh m′q cosm′p + J ′

m′ cosh m′q sin m′p+

+K ′
m′ sinhm′q cosm′p + L′

m′ sinhm′q sin m′p
]

+ y0 ,

(D.43)

xq =
M∑

m=1

[
mIm sinhmq cos mp + mJm sinhmq sin mp+

+mKm cosh mq cosmp + mLm cosh mq sin mp
]

,

(D.44)

yp =
M∑

m′=1

[
−m′I ′m′ cosh m′q sin m′p + m′J ′

m′ cosh m′q cos m′p−

−m′K ′
m′ sinhm′q sin m′p + m′L′

m′ sinhm′q cosm′p
]

⇔
I ′m′ = Lm , J ′

m′ = −Km , K ′
m′ = Jm , L′

m′ = −Im .

(D.45)

End of Proof.
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Example D.1 (S2
r, transverse Mercator projection).

As an example, let us construct the transverse Mercator projection locally for the sphere S2
r based

on the fundamental solution (D.15), (D.16), (D.28), and (D.29) of the d’Alembert–Euler equations
(Cauchy–Riemann equations). Let us depart from the equidistant mapping of the L0 meta-equator,
namely the boundary condition

x = x{q(L = L0, B), p(L = L0, B)} = rB , y = y{q(L = L0, B), p(L = L0, B)} = 0 . (D.46)

There remains the task to express the boundary conditions in the function space (D.15) and (D.16).
There are two ways in solving this problem.

First choice.

A Taylor series expansion of B(Q) around B0(Q0) leads directly to

B = arcsin(tanhQ) ,

B = B0 + ∆B = B0 + b ∀ b := ∆B ,

Q = Q0 + ∆Q = Q0 + q ∀ q := ∆Q

⇒
b = d1q + d2q

2 +
N→∞∑
r=3

drq
r

∀
d1 =

dB

dQ
(Q0) , d2 =

1
2!

d2B

dQ2
(Q0) , · · · , dr =

1
r!

drB

dQr
(Q0) .

(D.47)

The standard coefficients are given by

d1 = cos B0 ,

d2 = −1
2

cos2 B0 tanB0 ,

d3 = −1
6

cos3 B0[1− tan2 B0] ,

d4 =
1
24

cos4 B0 tanB0[5− tan2 B0] ,

d5 =
1

120
cos5 B0[5− 18 tan2 B0 + tan4 B0] .

(D.48)

Second choice.

The first or remove step is materialized by a Taylor series expansion of Q(B) around Q0(B0)
and leads directly to

Q = artanh(sinB) = ln tan
(

π

4
+

B

2

)
, (D.49)

Q = Q0 + ∆Q = Q0 + q ∀ q := ∆Q ,

B = B0 + ∆B = B0 + b ∀ b := ∆B

⇒
q = c1b + c2b

2 +
∞∑

r=3
crb

r

∀
c1 =

dQ

dB
(B0) , c2 =

1
2!

d2Q

dB2
(B0) , · · · , cr =

1
r!

drQ

dBr
(B0) .

(D.50)
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Consequently, the second or restore step is based upon standard series inversion (D.51)
according to (D.52) and (D.53).

b = d1q + d2q
2 +

∞∑
r=3

drq
r , (D.51)

c1 =
1

cos B0
, c2 =

1
2

tanB0

cos B0
,

c3 =
1
6

1
cos B0

[1 + 2 tan2 B0] , c4 =
1
24

tanB0

cos B0
[5 tan2 B0] ,

c5 =
1

120
1

cos B0
[5 + 28 tan2 B0 + 24 tan4 B0] ,

(D.52)

q =
N→∞∑
r=1

crb
r ⇔ b =

N→∞∑
r=1

drq
r ,

d1 =
1
c1

, d2 = −c2

c3
1

, d3 =
2c2

2

c5
1

− c3

c4
1

, d4 = −5c3
2

c7
1

+
5c2c3

c5
1

− c4

c5
1

.

(D.53)

Thus we are led to the series representation of the boundary condition, namely

x{q, p = 0} = rB0 + rb = rB0 + r

N→∞∑
r=1

drq
r = α0 + α1q + α2q

2 +
N→∞∑
r=3

αrq
r , (D.54)

y{q, p = 0} = β0 − β1q − β2q
2 −

N→∞∑
r=3

βrq
r = 0 (D.55)

⇔

α0 = rB0 , α1 = rd1 , α2 = rd2 , · · · , αr = rdr ; β0 = β1 = β2 = · · · = βr = 0 . (D.56)

This leads to the local representation of the transverse Mercator projection in terms of the incremental
isometric longitude/latitude p/q, namely

x(q, p) = rB0 + r cos B0q − 1
2
r cos2 B0 tanB0(q2 − p2) + · · · ,

y(q, p) = r cos B0p− r cos2 B0 tanB0qp− · · · .

(D.57)

Once we remove the incremental isometric longitude/latitude p/q, respectively, in favor incremental
longitude/latitude l/b, respectively, with respect to the first chart, we gain

x(q, p) = rB0 + r cos B0

N→∞∑
r=1

crb
r − 1

2
r cos2 B0 tanB0

(
N→∞∑
r,s=1

crcsb
rbs − l2

)
− · · · ,

y(q, p) = r cosB0l − r cos2 B0 tanB0

N→∞∑
r=1

crb
rl − · · · .

(D.58)

How does the local representation of the transverse Mercator projection reflect its representation in
closed form? We only have to apply a Taylor series expansion around {B0, L0} or around {Q0, L0} to
arrive at (D.58).

End of Example.
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Example D.2 (S2
r, transverse Mercator projection).

As an example, let us construct the transverse Mercator projection locally for the sphere S2
r based on

the fundamental solution of the d’Alembert–Euler equations (Cauchy–Riemann equations) in terms of
separation of variables. Let us depart from the equidistant mapping of the L0 meta-equator, namely
the boundary condition

x = x{q(L = L0, B), p(L = L0, B)} = rB , y = y{q(L = L0, B), p(L = L0, B)} = 0 . (D.59)

There remains the task to express the boundary conditions in the function space. Here, we depart
from (D.60). A Taylor series expansion of B(Q) for Q ≥ 0 (northern hemisphere), u := exp Q, leads
to (D.61).

B(Q) = 2 arctan expQ− π

2
, (D.60)

arctan u =
π

2
− 1

u
+

1
3u3

− 1
5u5

+
N→∞∑
r=3

(−1)r+1 1
2r + 1

1
u2r+1

=

=
π

2
+

N→∞∑
r=0

(−1)r+1 exp[−(2r + 1)Q]
2r + 1

.

(D.61)

We are thus led to the series representation of the boundary condition, for example, to (D.62) and
(D.63), where we have eliminateed the coefficients {Am, Bm} by the postulate q →∞, {x, y} finite.

x{q, p = 0} = x0 +
M→∞∑
m=1

Cm exp(−mq) = r

(
π

2
− 2

N→∞∑
n=0

(−1)n+1 exp[−(2n + 1)Q]
2n + 1

)
, (D.62)

y{q, p = 0} = y0 +
M→∞∑
m=1

Dm exp(−mq) = 0 . (D.63)

Once we compare the coefficients, we find (D.64). Finally, we find the local representation of the
transverse Mercator projection in terms of isometric longitude and latitude p/q, namely (D.65), and
in terms of longitude and latitude {l = L− L0, B}, namely (D.66).

x0 = r
π

2
, y0 = 0 ,

C2n = 0 , C2n+1 = r
2(−1)n+1

2n + 1
, Dm = 0 ,

(D.64)

x(q, p) = r
π

2
+ 2r

N→∞∑
n=0

(−1)n+1 1
2n + 1

exp[−(2n + 1)q] cos(2n + 1)p ,

y(q, p) = 2r

N→∞∑
n=0

(−1)n 1
2n + 1

exp[−(2n + 1)q] sin(2n + 1)p ,

(D.65)

x(B, l) = r
π

2
+ 2r

N→∞∑
n=0

(−1)n+1 1
2n + 1

cos(2n + 1)l
[tan(π

4 + B
2 )]2n+1

,

y(B, l) = 2r

N→∞∑
n=0

(−1)n 1
2n + 1

sin(2n + 1)l
[tan(π

4 + B
2 )]2n+1

.

(D.66)

End of Example.
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Example D.3 (Optimal universal transverse Mercator projection, biaxial ellipsoid E
2
a,b).

First, let us here establish the boundary condition for the universal transverse Mercator projec-
tion modulo an unknown dilatation factor. Second, with respect to the d’Alembert–Euler equations
(Cauchy–Riemann equations), let us here solve the firstly formulated boundary value problem. Fi-
nally, the unknown dilatation factor is optimally determined by an optimization of the total distance
distortion measure (Airy optimum) or of the total areal distortion.

The boundary condition.

With reference to the two examples (transverse Mercator projection of the sphere S
2
r), we generalize the

equidistant mapping of the L0 meta-equator, namely the boundary condition (D.67), by an unknown
dilatation factor �, subject to later optimization. We begin with the solution to the problem to express
the boundary condition in the function space.

x = x{q(L = L0, B), p(L = L0, B)} = �a(1− e2)

B∫
0

dB

(1− e2 sin2 B)3/2
,

y = y{q(L = L0, B), p(L = L0, B)} = 0 .

(D.67)

Since the boundary condition (D.67) is given in terms of surface normal ellipsoidal latitude B, in the
first step, we have to introduce ellipsoidal isometric latitude Q(B): [−π/2,+π/2] �→ [0,±∞] by (D.68),
where e2 = (a2 − b2)/a2 = 1− (b2/a2) is the first numerical eccentricity.

Q = ln

[
tan

(
π

4
+

B

2

)(
1− e sin B

1 + e sin B

)e/2
]

= ln tan
(

π

4
+

B

2

)
− e

2
ln

1 + e sin B

1− e sin B
=

= artanh(sin B)− e artanh e sin B .

(D.68)

In the second step, we set up a uniformly convergent series expansion of the integral transformation
according to (D.69) by means of the recurrence relation (D.70). The coefficients ar are collected in
(D.71). They are given as polynomials in 1, e2, e4 etc. and cosB, cos(2B), cos(3B) etc.

x = �

∞∑
r=0

arq
r ∀ x0 := x(L0, B0) , ar =

1
r!

drx

dQr
(Q0(B0)) , q := Q−Q0 = Q−Q(B0) , (D.69)

drx

dQr
=

d
dB

(
dr−1x

dQr−1

)
dB

dQ
∀ dB

dQ
= cosB

1− e2 sin2 B

1− e2
, (D.70)

a0 = x0 = a(1− e2)

B∫
0

dB

(1− e2 sin2 B)3/2
, a1 =

a cos B√
1− e2 sin2 B

, a2 =
−a cosB sin B

2
√

1− e2 sin2 B
,

a3 =
−a cosB

(
1− 2 sin2 B + e2 sin4 B

)
6 (1− e2)

√
1− e2 sin2 B

, a4 =
a cos B sin B

24(1− e2)2
√

1− e2 sin2 B
×

×[5− 6 sin2 B − e2(1 + 6 sin2 B − 9 sin4 B) + e4 sin4 B(3− 4 sin2 B)] ,

a5 =
−a cos B

120(1− e2)3
√

1− e2 sin2 B
×

×[−5 + 28 sin2 B − 24 sin4 B + e2(1 + 16 sin2 B − 86 sin4 B + 72 sin6 B)+

+e4 sin4 B(−26 + 100 sin2 B − 77 sin4 B) + e6 sin6 B(12− 39 sin2 B + 28 sin4 B)] .

(D.71)
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Solution of the boundary value problem.

Let us consider the boundary value problem for the d’Alembert–Euler equations (Cauchy–Riemann
equations) subject to the integrability conditions of harmonicity type, namely (D.72) and (D.73), in
the function space of polynomial type (D.74) and (D.75). Once we compare the boundary conditions
in the base {qr−2sp2s , qr−2s+1p2s−1}, we are led to(D.76).

xp = yq , xq = −yp ,

∆x = xpp + xqq = 0 , ∆y = ypp + yqq = 0 ,
(D.72)

x(0, q) =
∞∑

r=0

�arq
r, y(0, q) = 0 , (D.73)

x(p, q) = α0 + α1q + β1p + α2(q2 − p2) + 2β2qp+

+
N∑

r=3
αr

[r/2]∑
s=0

(−1)s
(

r
2s

)
qr−2sp2s +

N∑
r=3

βr

[(r+1)/2]∑
s=1

(−1)s+1
(

r
2s−1

)
qr−2s+1p2s−1 ,

(D.74)

y(p, q) = β0 − β1q + α1p− β2(q2 − p2) + 2α2qp−

−
N∑

r=3
βr

[r/2]∑
s=0

(−1)s
(

r
2s

)
qr−2sp2s +

N∑
r=3

αr

[(r+1)/2]∑
s=1

(−1)s+1
(

r
2s−1

)
qr−2s+1p2s−1 ,

(D.75)

αr = �ar(B0), βr = 0 ∀ r = 0, . . . ,∞ . (D.76)

End ofExample.

Corollary D.5( E
2
a,b, universal transverse Mercator projection modulo unknown dilatation parameter,

c:c:cha–cha–cha).

The solution of the boundary value problem, where the L0 meta-equator is modulo a dilatation
parameter � equidistantly mapped, is given by (D.77), (D.78), and the ar of TableD.1.

x(p, q) = �
[
a0 + a1q + a2(q2 − p2) +

N∑
r=3

ar

[r/2]∑
s=0

(−1)s

(
r

2s

)
qr−2sp2s

]
, (D.77)

y(p, q) = �
[
a1p + 2a2qp +

N∑
r=3

ar

[(r+1)/2]∑
s=1

(−1)s+1

(
r

2s− 1

)
qr−2sp2s−1

]
. (D.78)

End ofCorollary.

In practice, points on the biaxial ellipsoid are given in the chart of surface normal coordinates of
type {longitude L, latitude B}, but not in the chart of isometric coordinates {p, q}. Thus, similarly
to the second example “second choice”, we take advantage of the Taylor series expansion of Q(B)
around Q0(B0) as given by (D.79) according to standard series inversion. Additionally, implementing
the remove step b �→ q(b), we finally arrive at CorollaryD.6.

q =
∞∑

r=1

crb
r ⇔ b =

∞∑
r=1

drq
r . (D.79)
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Corollary D.6( E
2
a,b, universal transverse Mercator projection modulo unknown dilatation parameter,

c:c:cha–cha–cha).

The solution of the boundary value problem, where the L0 meta-equator is modulo a dilatation
parameter � equidistantly mapped, is given by (D.80), (D.81), and the ar of TablesD.2 and D.3.

x(l, b) = �
[
a0 + a10b + a20b

2 + a02l
2 + a30b

3 + a12bl
2 + a40b

4+

+a22b
2l2 + a04l

4 + a50b
5 + a32b

3l2 + a14bl
4 + ox(b6, l6)

]
,

(D.80)

y(l, b) = �
[
a01l + a11bl + a21b

2l + a03l
3 + a31b

3l + a13bl
3+

+a41b
4l + a23b

2l3 + a05l
5 + oy(b6, l6)

]
.

(D.81)

End ofCorollary.

Table D.1. E
2
a,b, the transverse Mercator projection, the series expansion q(b) =

PN
r=1 crb

r for B = B0, the
coefficients cr are given up to N = 5, up to N = 10 available from the author.

c1 = Q′(B) =
1 − e2

cos B
`
1 − e2 sin2 B

´ ,

c2 =
1

2!
Q′′(B) =

sin B
ˆ
1 + e2

`
1 − 3 sin2 B

´
+ e4

`−2 + 3 sin2 B
´˜

2 cos2 B
`
1 − e2 sin2 B

´2 ,

c3 =
1

3!
Q′′′(B) =

1

6 cos3 B
`
1 − e2 sin2 B

´3 [1 + sin2 B − e2 `−1 + 5 sin2 B + 2 sin4 B
´−

−e4 `
2 − 10 sin2 B + 11 sin4 B − 9 sin6 B

´ − e6 sin2 B
`
6 − 13 sin2 B + 9 sin4 B

´
] ,

c4 =
1

4!
QIV (B) =

sin B

24 cos4 B
`
1 − e2 sin2 B

´4×

×[5 + sin2 B + e2 `−1 − 18 sin2 B − 5 sin4 B
´

+ e4 `
20 − 63 sin2 B + 96 sin4 B − 17 sin6 B

´
+

+e6 `−24 + 104 sin2 B − 159 sin4 B + 82 sin6 B − 27 sin8 B
´
+

+e8 sin2 B
`−24 + 68 sin2 B − 65 sin4 B + 27 sin6 B

´
] ,

c5 =
1

5!
QV (B) =

1

120 cos5 B
`
1 − e2 sin2 B

´5×

×[5 + 18 sin2 B + sin4 B − e2 `
1 + 22 sin2 B + 93 sin4 B + 4 sin6 B

´−
−e4 `−20 + 136 sin2 B − 338 sin4 B + 68 sin6 B − 86 sin8 B

´−
−e6 `

24 − 380 sin2 B + 1226 sin4 B − 1588 sin6 B + 1178 sin8 B − 220 sin10 B
´−

−e8 sin2 B
`
240 − 1100 sin2 B + 1936 sin4 B − 1633 sin6 B + 518 sin8 B − 81 sin10 B

´−
−e10 sin4 B

`
120 − 420 sin2 B + 541 sin4 B − 298 sin6 B + 81 sin8 B

´
] .
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Table D.2. E
2
a,b, the transverse Mercator projection, the series expansions x(l, b) and y(l, b) based upon

x(q) =
P∞

r=0 arq
r. Part one.

q(b) =
X
r1=1

cr1br1 ,

q2(b) =
P

r1,r2

cr1cr2br1br2 =
∞P

r=2

(cc)rb
r ,

q3(b) =
P

r1,r2,r3

cr1cr2cr3br1br2br3 =
∞P

r=3

(ccc)rbr

etc.

a10(b) =
a

`
1 − e2

´
`
1 − e2 sin2 b

´ 3
2

,

a01(b) =
a cos bp

1 − e2 sin2 b
,

a11(b) =
−a

`
1 − e2

´
sin b`

1 − e2 sin2 b
´ 3

2
,

a02(b) =
a cos b sin b

2
p

1 − e2 sin2 b
,

a03(b) =
a cos b

`
1 − 2 sin2 b + e2 sin4 b

´
6 (1 − e2)

p
1 − e2 sin2 b

,

a12(b) =
a

`
1 − 2 sin2 b + e2 sin4 b

´
2

`
1 − e2 sin2 b

´ 3
2

,

a13(b) =
a sin b

6 (1 − e2)
`
1 − e2 sin2 b

´ 3
2
×

× ˆ−5 + 6 sin2 b + e2 `
1 + 6 sin2 b − 9 sin4 b

´
+ e4 sin4 b

`−3 + 4 sin2 b
´˜

,

a04(b) =
a cos b sin b

24 (1 − e2)2
p

1 − e2 sin2 b
×

× ˆ
5 − 6 sin2 b − e2 `

1 + 6 sin2 b − 9 sin4 b
´

+ e4 sin4 b
`
3 − 4 sin2 b

´˜
,

a14(b) =
a

24 (1 − e2)2
`
1 − e2 sin2 b

´ 3
2
×

×[5 − 28 sin2 b + 24 sin4 b + e2 `−1 − 16 sin2 b + 86 sin4 b − 72 sin6 b
´
+

+e4 sin4 b
`
26 − 100 sin2 b + 77 sin4 b

´
+ e6 sin6 b

`−12 + 39 sin2 b − 28 sin4 b
´
] ,

a05(b) =
−a cos b

120 (1 − e2)3
p

1 − e2 sin2 b
×

×[−5 + 28 sin2 b − 24 sin4 b + e2 `
1 + 16 sin2 b − 86 sin4 b + 72 sin6 b

´
+

+e4 sin4 b
`−26 + 100 sin2 b − 77 sin4 b

´
+ e6 sin6 b

`
12 − 39 sin2 b + 28 sin4 b

´
] .
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Table D.3. E
2
a,b, the transverse Mercator projection, the series expansions x(l, b) and y(l, b) based upon

x(q) =
P∞

r=0 arq
r. Part two.

a20(b) =
3 a e2

`
1 − e2

´
cos b sin b

2
`
1 − e2 sin2 b

´ 5
2

,

a30(b) =
−a e2

`
1 − e2

´
2

`
1 − e2 sin2 b

´ 7
2
×

× ˆ−1 + 2 sin2 b + e2 sin2 b
`−4 + 3 sin2 b

´˜
,

a21(b) =
−a

`
1 − e2

´
cos b

`
1 + 2 e2 sin2 b

´
2

`
1 − e2 sin2 b

´ 5
2

,

a40(b) =
−a e2

`
1 − e2

´
sin b

8 cos b
`
1 − e2 sin2 b

´ 9
2
×

× ˆ
4 + e2 `−15 + 22 sin2 b

´
+ e4 sin2 b

`−20 + 9 sin2 b
´˜

,

a31(b) =
−a

`
1 − e2

´
sin b

6
`
1 − e2 sin2 b

´ 7
2
×

× ˆ−1 + e2 `
9 − 10 sin2 b

´
+ e4 sin2 b

`
6 − 4 sin2 b

´˜
,

a22(b) =
a cos b sin b

`−4 + e2
`
3 + 2 sin2 b

´ − e4 sin4 b
´

4
`
1 − e2 sin2 b

´ 5
2

,

a50(b) =
a e2

`
1 − e2

´
40 cos2 b

`
1 − e2 sin2 b

´ 11
2
×

×[−4 + 8 sin2 b + e2 `
15 − 128 sin2 b + 116 sin4 b

´
+

+e4 sin2 b
`
180 − 362 sin2 b + 164 sin4 b

´
+ e6 sin4 b

`
120 − 136 sin2 b + 27 sin4 b

´
] ,

a41(b) =
−a

`
1 − e2

´
24 cos b

`
1 − e2 sin2 b

´ 9
2
×

×[−1 + e2 `
9 − 36 sin2 b

´
+ e4 sin2 b

`
72 − 60 sin2 b

´
+

+e6 sin4 b
`
24 − 8 sin2 b

´
] ,

a32(b) =
a

12
`
1 − e2 sin2 b

´ 7
2
×

×[−4 + 8 sin2 b + e2 `
3 − 16 sin2 b + 4 sin4 b

´
+

+e4 sin2 b
`
12 − 10 sin2 b + 4 sin4 b

´ − e6 sin8 b] ,

a23(b) =
a cos b

12 (1 − e2)
`
1 − e2 sin2 b

´ 5
2
×

×[−5 + 18 sin2 b + e2 `
1 + 8 sin2 b − 45 sin4 b

´
+

+e4 sin2 b
`
2 − 15 sin2 b + 46 sin4 b

´
+ e6 sin6 b

`
6 − 16 sin2 b

´
] .
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E Geodesics
Geodetic curvature, geodetic torsion, geodesics. Lagrangean portrait, Hamiltonian portrait. Maupertuis
gauge, Universal Lambert Projection, Universal Stereographic Projection, dynamic time.

Three topics are presented here.

Section E-1.

In SectionE-1, we review the presentation of geodetic curvature, geodetic torsion, and normal curva-
tures of a submanifold on a two-dimensional Riemann manifold.

Section E-2.

In Section E-2, in some detail, we review the Darboux equations. Relatively unknown is the derivation
of the differential equations of third order of a geodesic circle.

Section E-3.

In Section E-3, we concentrate on the Newton form of a geodesic in Maupertuis gauge on the sphere
and the ellipsoid-of-revolution.

E-1 Geodetic curvature, geodetic torsion, and normal curvature

For the proof of Corollary 20.1, we depart from the Darboux equations (20.11). According to (20.11),
the first Darboux vector D1 is represented in terms of the tangent vectors {G1,G2}, thus enjoying
the derivative (E.1). In contrast, (E.2) expresses the derivative of the third Darboux vector D3 = G3,
which coincides with the surface normal vector.

D′
1 = GK,LU

′KU
′L + GKU

′′K , (E.1)

D′
3 = G′

3 = G3,LU
′L . (E.2)

The Gauss–Weingarten derivational equations govern surface geometry, in particular

GK,L = { M
KL}GM + HKLG3 (C. F.Gauss 1827) ,

G3,L = −HLMGMKGK (J. Weingarten 1861) .
(E.3)

Once being implemented into D′
1 and D′

3, we gain (E.4), to be confronted with (E.5).

D′
1 = { M

KL}U
′KU

′LGM + U
′′KGK + HKLU

′KU
′LD3 ,

D′
3 = −HLMGMKGK ,

(E.4)

D′
1 = +κgD2 + κnD3 ,

D′
3 = −κnD1 − τgD2 .

(E.5)
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Proof (Corollary 20.1).

First statement:

({ M
KL}U

′KU
′L + U

′′M )GM = κgD2

=⇒
κ2

g = 〈κgD2|κgD2〉 =

= ({ M1
K1L1

}U ′K1U
′L1 + U

′′M1)GM1M2({ M2
K2L2

}U ′K2U
′L2 + U

′′M2)
=⇒

(20.28) .

(E.6)

Second statement:

=⇒
κn = HKLU

′KU
′L

=⇒
(20.29) .

(E.7)

Third statement:

D′′
1 = κ′

gD2 + κgD
′
2 + κ′

nD3 + κnD′
3 ,

D′
2 = −κgD1 + τgD3

=⇒
D′′

1 = −(κ2
g + κ2

n)D1 + (κ′
g − κnτg)D2 + (κgτg + κ′

n)D3 ,

(E.8)

D1 = GKU
′K ,

D′
1 = GK,LU

′KU
′L + GKU

′′K ,

D′′
1 = GK,LMU

′KU
′LU

′M + GK,L(U
′′KU

′L + U
′KU

′′L) + GK,LU
′′KU

′L + GKU
′′′K ,

(E.9)

GK,LM =

= { N
KL},M GN + { N

KL}GN,M + HKL,MG3 + HKLG3,M ,

GK,LM =

= −HKLHMM2G
M2K2GK2+

+{ N1
KL}{ M2

N1M}GM2 + { N1
KL}HN1,MG3 + { N

KL},M GN + HKL,MG3 ,

(E.10)

D′′
1 =

= [U
′′′M + (2U

′′KU
′L + U

′KU
′′L){ M

KL}+ U
′KU

′LU
′M2({ M

KL},M2 +{ M1
KL }{ M

M1M2
}−

−HKLHM1M2G
M1M )]GM + [(2U

′′KU
′L + U

′KU
′′L)HKL+

+U
′KU

′LU
′M2({ M1

KL }HM1M2 + HKL,M2)]G3 .

(E.11)
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{ M
KL} = { M

LK}, “symmetry” of Christoffel symbols leads to

D′′
1 =

= [U
′′′M + 3U

′′KU
′L{ M

KL}+ U
′KU

′LU
′N ({ M

KL},N +{ Q
KL}{ M

NQ} −HKLHNQGQM )]GM+

+[3U
′′KU

′LHKL + U
′KU

′LU
′N ({ Q

KL}HNQ + HKL,N )]D3 .

(E.12)

τg then is obtained as

κgτg + κ′
n = 3U

′′KU
′LHKL + U

′KU
′LU

′N ({ Q
KL}HNQ + HKL,N ) ,

κ′
n = HKL,NU

′KU
′LU

′N + 2HKLU
′′KU

′L

=⇒
κgτg = HKLU

′′KU
′L + { Q

KL}HNQU
′KU

′LU
′N

=⇒

τg =
HKLU

′′KU
′L + { Q

KL}HNQU
′KU

′LU
′N√

GM1M2({ M1
K1L1

}+ U ′′M1)({ M2
K2L2

}+ U ′′M2)
=⇒ (20.30) .

(E.13)

End of Proof.

E-2 The differential equations of third order of a geodesic circle

For the proof of Corollary 20.2, we depart from the Darboux derivational equations under the postulate
of geodesic circle κg = const., κn = const., and τg = 0, namely

D′′
1 = −(κ2

g + κ2
n)D1 = −(κ2

g + κ2
n)U

′MGM . (E.14)

Proof (Corollary 20.2).

D′′
1 = [U

′′′M + 3U
′′KU

′L{ M
KL}+ U

′KU
′LU

′N ({ M
KL},N + { Q

KL}{ M
NQ} −HKLHNQGQM )]GM

=⇒
(κ2

g + κ2
n)U

′M = U
′′′M + 3U

′′KU
′L + U

′KU
′LU

′N ({ M
KL},N +{ Q

KL}{ M
NQ} −HKLHNQGQM ) ,

(E.15)

κ2
g + κ2

n = GM1M2(U
′K1U

′L1{ M1
K1L1

}+ U
′′M1)(U

′K2U
′L2{ M2

K2L2
}+ U

′′M2)+

+HK1L1HK2L2U
′K1U

′K2U
′L1U

′L2

=⇒
U

′′′M + 3U
′′KU

′L{ M
KL}+ U

′KU
′LU

′N ({ M
KL},N +{ Q

KL}{ M
NQ})− U

′KU
′LU

′NHKLHNQGQM+

+GM1M2(U
′K1U

′L1{ M1
K1L1

}+ U
′′M1)(U

′K2U
′L2{ M2

K2L2
}U ′′M2)U

′M+

+HK1L1HK2L2U
′K1U

′K2U
′L1U

′L2U
′M = 0

⇔
U

′′′M + GKLU
′′KU

′′LU
′M + 3{ M

KL}U
′′KU

′L + 2GKL{ L
PQ}U

′′KU
′LU

′P U
′M+

+({ M
KL},P + { Q

KL}{ M
QP })U

′KU
′LU

′P + GKL{ K
PQ}{ L

ST }U
′P U

′QU
′SU

′T U
′M = 0 .

(E.16)

Compare our result with W.O.Vogel (1970 p. 642, formula 3).

End of Proof.
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E-3 The Newton form of a geodesic in Maupertuis gauge (sphere,
ellipsoid-of-revolution)

Geodesics, in particular minimal geodesics, are of focal geodetic interest. In terms of Riemann normal
coordinates, they are used in map projections to establish azimuthal maps – maps on a local tangential
plane TpM – which are geodetic with respect to the point p of evaluation. Straight lines in a Riemann
map (plane chart) are the shortest on the surface, for example the Earth, with respect to the point
p of evaluation. In geodetic navigation – aerial navigation, space navigation – minimal geodesies
are applied to connect points on the Earth surface or in space. In both applications, initial value
problems, boundary value problems as well as their mixed forms play the dominant role in solving the
differential equations of a geodesic. (See E. Lichtenegger (1987) for a review of the four fundamental
geodesic problems.)

Section E-31.

The differential equations of a geodesic can be written either as a system of two differential equations
of second order (Lagrange portrait) or as a system of four differential equations of first order (Hamilton
portrait) as long as we refer to two-dimensional surfaces. The Lagrange portrait and the Hamilton
portrait of a geodesic is presented in the first section.

Section E-32.

Recently, H.Goenner, E.Grafarend and R. J. You (1994) have shown that the Newton law balancing
inertial forces, in particular accelerations, and acting forces, in particular, those forces which are being
derived from a potential, can be interpreted as a set of three geodesics in a three-dimensional Rie-
mann manifold. In this case, the three-dimensional Riemann manifold is parameterized by conformal
coordinates (isometric coordinates), in short, the three-dimensional Riemann manifold is said to be
conformally flat. In addition, the factor of conformality represents as a Maupertuis gauge the potential
of conservative forces. In turn, we try in the second section to express geodesics firstly by conformal
coordinates (isometric coordinates) and secondly by Maupertuis gauge, in particular, aiming at a
representation of geodesics in their Newton form (Newton portrait).

Section E-33, Section E-34.

The program to express the minimal geodesies as the Newton law is realized for geodesics in the
sphere S2

R in the third section and in the ellipsoid-of-revolution E2
A1,A2

in the fourth section. Extensive
numerical examples in the form of computer graphics are given.

Section E-35, Section E-36.

We refer to Section E-35 for a review of Maupertuis gauged geodesics parameterized in normal co-
ordinates with respect to a local tangent plane. We refer to Section E-36 for a review of Lie series,
Maupertuis gauged geodesics, and the Hamilton portrait.

E-31 The Lagrange portrait and the Hamilton portrait of a geodesic

Let there be given a two-dimensional Riemann manifold {M2, gµν} with the standard metric G given
by G = {gµν} ∈ R

2×2, symmetric and positive-definite, shortly a surface. For geodetic applications,
we shall assume the following important properties.



E-3 The Newton form of a geodesic in Maupertuis gauge (sphere, ellipsoid-of-revolution) 547

Im
p
or

ta
nt

!

{M2, gµν}: orientable, star-shaped, second order Hölder continuous, compact.

Thus, we have excluded corners, edges, and self-intersections. {M2, gµν} is totally covered by a set of
charts which form by their union a complete atlas. Any chart is an open subset of a two-dimensional
Euclidean manifold E

2 := {R2, δµν} with standard canonical metric I = {δµν}, the unit matrix.
Indeed, we shall deal only with topographic surfaces which are assumed to be topologically similar to
the sphere. Thus, a minimal atlas of {M2, gµν} is established by two charts, for example, as described
by J. Engels and E. Grafarend (1995), based upon the following coordinates.
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Quasi-spherical coordinates. Meta-quasi-spherical coordinates.

According to a standard theorem, for example, S. S. Chern (1955) applied to two-dimensional Rie-
mann manifolds, conformal (isothermal, isometric) coordinates {q1, q2} always exist. They establish
a conformal diffeomorphism {M2, gµν} → {R2, δµν} which is angle preserving. In the following, we
shall adopt {M2, gµν} to be conformally flat, in particular gµν = λ2(q1, q2)δµν , where λ2(q1, q2) is
the factor of conformality. The infinitesimal distance between two points (q, q + dq) in {M2, λ2δµν}
can correspondingly be represented by (E.17) and (E.18). Obviously, dqµ is an element of the tangent
space TqM2 at q, while gµνdqν is an element of the cotangent space ∗TqM2, which is the dual space
of TqM2 := {R2,Gq}.

ds2 = dqµgµνdqν ∀ gµν = λ2(q1, q2)δµν ,

dqµ ∈ TqM
2 , gµνdqν ∈∗ TqM

2 ,

(E.17)

ds2 = λ2(q1, q2)
[
(dq1)2 + (dq2)2

]
. (E.18)

E-311 Lagrange portrait

The Lagrange portrait of the parameterized curve, called minimal geodesic qµ(s), a one-dimensional
submanifold in the two-dimensional Riemann manifold, is provided by (E.19) and (E.20). The func-
tional (E.19) subject to (E.20) is minimal if the following hold: (α) zero first variation (zero Fréchet
derivative) and (β) positive second variation (positive second Fréchet derivative).

∫
L

(
q,

dq

dτ

)
dτ = min or

∫
L2

(
q,

dq

dτ

)
dτ = min (fixed boundary points) , (E.19)

2L2

(
q,

dq

dτ

)
:=

ds2

dτ2
=

dqµ

dτ
gµν

dqν

dτ
∀ gµν = λ2(q1, q2)δµν ,

2L2

(
q,

dq

dτ

)
:= λ2(q1, q2)

[(
dq1

dτ

)2

+
(

dq2

dτ

)2
]

.

(E.20)
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Under these necessary and sufficient conditions, a minimal geodesic (E.21) as a self-adjoint system of
two differential equations of second order with respect to the parameter arc length s and the Christoffel
symbols [µν, λ] of the first kind is being derived. (Only with respect to Christoffel symbols of the first
kind the system of differential equations (E.21) is self-adjoint: the alternative representation in terms
of Christoffel symbols of the second kind with the second derivative d2qµ/ds2 as the leading term is
not, thus cannot be derived from a variational principle.)

gµν
d2qν

ds2
+ [µν, λ]

dqν

ds

dqλ

ds
= 0 ∀ gµν = λ2(q1, q2)δµν ,

λ2 d2qµ

ds2
+ (∂νλ2)

dqν

ds

dqµ

ds
− 1

2λ2
∂µλ2 = 0 .

(E.21)

E-312 Hamilton portrait

In contrast, the Hamilton portrait of a minimal geodesic qµ(s) in {M2, λ2δµν} is based upon the
generalized momentum, the generalized velocity field gµνdqν/dτ , being an element of the cotangent
space ∗TqM

2 at point q, namely

pµ :=
∂L2

∂ dqµ

dτ

= gµν
dqν

dτ
∈∗ TqM

2 ∀ gµν = λ2(q1, q2)δµν ,

pµ = λ2(q1, q2)
dqµ

dτ
∈∗ TqM

2 .

(E.22)

By means of the Legendre transformation, the dual of the Lagrangean L2(q, dq/dτ), in particular
the Hamiltonian H2(q, p), is established according to (E.23) with respect to the four-dimensional
phase space {pµ, qµ} ∈ ∗TM

2, where ∗TM
2 is the union of cotangent spaces ∗TqM

2 at points q, in
particular ∗TM

2∪q
∗TqM

2, supported by a symplectic metric (skewquadratic form) outlined elsewhere.
The Hamilton variational principle is formulated by (E.24) and (E.25).

H2 := pµ
dqµ

dτ
− L2 =

1
2
gµνpµpν ∀ gµν = λ2(q1, q2)δµν ,

H2 =
1

2λ2(q1, q2)
(p2

1 + p2
2) ,

(E.23)

∫ (
pµ

dqµ

dτ
−H2

)
dτ = min (fixed boundary points in phase space) , (E.24)

2H2(q, p) = gµνpµpν ∀ gµν = λ2(q1, q2)δµν ,

2H2(q, p) =
1

λ2(q1, q2)
(p2

1, p
2
2) .

(E.25)

The functional (E.24) subject to (E.25) is minimal if the following holds: (α) zero first variation (zero
Fréchet derivative) and (β) positive second variation (positive second Fréchet derivative). Under these
necessary and sufficient conditions, a minimal geodesic in phase space is given by (E.26) and (E.27).
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dqµ

dτ
=

∂H2

∂pµ
= gµνpν ∀ gµν =

1
λ2(q1, q2)

δµν ,

dpµ

dτ
= −∂H2

∂qµ
= −1

2
∂gαβ

∂qµ
pαpβ ∀ gµν =

1
λ2(q1, q2)

δµν ,

(E.26)

dqµ

dτ
=

∂H2

∂pµ
=

1
λ2(q1, q2)

pµ ,

dpµ

dτ
= − (p2

1 + p2
2)

2
∂

∂qµ

1
λ2(q1, q2)

.

(E.27)

Note that the Hamilton equations as a system of four differential equations of first order in the variable
{q(τ), p(τ)} do not appear in the form we are used to from mechanics, a result caused by the effect
that no dynamical time has been introduced. (E.27) can also be directly derived by (E.21) as soon as
the system of two differential equations of second order in the variable qµ(τ) is transformed by means
of (E.22) into a system of four differential equations of first order in the “state variable” {q(τ), p(τ)}.
Furthermore, note that a condensed form of the Hamilton equations is achieved as soon as we introduce
the antisymmetric metric tensor (symplectic tensor) (E.28).

Ω :=

:= {ωij} =
[

0µν +δµν

−δµν 0µν

]
=

[
0 +I2
−I2 0

]
,

Ω−1 :=

:= {ωij} =
[

0µν −δµν

+δµν 0µν

]
=

[
0 −I2

+I2 0

]
.

(E.28)

In terms of the four-vector (E.29) (state vector) being an element of the phase space, the Hamilton
equations in their contravariant and covariant form, respectively, are given by (E.30). In particular,
the phase space is equipped with the metric (E.31).

y :=

⎡⎢⎢⎣
q1

q2

p1

p2

⎤⎥⎥⎦ , (E.29)

dyi

dτ
− ωij ∂H2

∂yj
= 0 ∀ i, j ∈ {1, 2, 3, 4} ,

ωij dyi

dτ
− ∂H2

∂yj
= 0 ∀ i, j ∈ {1, 2, 3, 4} ,

(E.30)

ω2 :=

:=
1
2
ωijdyi ∧ dyj =

= dpµ ∧ dqµ = dp1 ∧ dq1 + dp2 ∧ dq2 .

(E.31)
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E-32 The Maupertuis gauge and the Newton portrait of a geodesic

How can we gauge dynamic time into the system of differential equations for a geodesic? According to
Maupertuis (1744) elaborated by C. G. J. Jacobi (1866), let us represent the arc length ds according
to (E.32) as the product of the factor of conformality λ2 and the time differential dt or, equivalently,
according to (E.33), identifying the factor of conformality as the kinetic energy (E.34). Therefore, we
introduce dynamic time into the one-dimensional submanifold q(τ) → q(t), the minimal geodesic in
the two-dimensional Riemann manifold.

ds := λ2(q1, q2)dt , (E.32)

λ4(q1, q2) :=

:=
ds2

dt2
=

dqµ

dt
gµν

dqν

dt
∀ gµν = λ2(q1, q2)δµν ,

λ2(q1, q2) :=

:=
ds

dt
=

(
dq1

dt

)2

+
(

dq2

dt

)2

,

(E.33)

2T :=
(

dq1

dt

)2

+
(

dq2

dt

)2

. (E.34)

E-321 Lagrange portrait

The Laqrangean L2(q, dq/dτ) is transformed into the Lagrangean L2(q, dq/dt) subject to the metric
gµν = λ2(q1, q2)δµν and λ2 = (q̇1)2 +(q̇2)2, where the dot differentiation is defined with respect to the
dynamic time t. We here note in passing that the prime differentiation is defined with respect to the
affine parameter arc length s.

L2(q(t), q̇(t)) =
1
2
δµν q̇µq̇ν +

1
2
λ2(q1, q2) , (E.35)

q′µ =
1

λ2(q1, q2)
q̇µ ,

λ2q′′µ = λ−2q̈µ − λ−4(∂νλ2)q̇ν q̇µ .

(E.36)

Implementing (E.36) into (E.21) or directly deriving from (E.32), we are led to CorollaryE.1. Obvi-
ously, thanks to the Maupertuis gauge of a geodesic, in particular, by introducing dynamic time t, we
have found the Newton form of a geodesic, an extremely elegant form we shall apply furtheron.

Corollary E.1 (Newton portrait of a Maupertuis gauged geodesic).

q̈µ − ∂µ
λ2

2
= 0 . (E.37)

End of Corollary.
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E-322 Hamilton portrait

It should not be too surprising that by introducing the Maupertuis gauge, in particular dynamic time
t, we are led to familiar Hamiltonian equations. The Hamiltonian H2(q(τ), p(τ)) is transformed into
the Hamiltonian H2(q(t), p(t)) subject to the metric gµν = λ2(q1, q2)δµν and λ2 = (q̇1)2 + (q̇2)2.

H2(q(t), p(t)) =

=
1
2
δµνpµpν − 1

2
λ2(q1, q2) .

(E.38)

(E.38) used as the input to minimize the functional leads to CorollaryE.2.

Corollary E.2 (Newton portrait of a Maupertuis gauged geodesic in phase space).

dqµ

dt
=

∂H2

∂pµ
= δµνpν , (E.39)

dpµ

dt
= −∂H2

∂qµ
=

1
2

∂

∂qµ
λ2(q1, q2) . (E.40)

End of Corollary.

E-33 A geodesic as a submanifold of the sphere (conformal coordinates)

Let us represent the differential equations of a geodesic as a submanifold of the sphere M
2 := S

2
R as

functions qµ(t) as well as the Lagrangean L2(q(t), q̇(t)) and the Hamiltonian H2(q(t), p(t)) with respect
to conformal coordinates (isothermal, isometric) of the most important applicable map projections
listed below. Compare with Figs. E.1–E.4. The related computer-graphical illustrations of Maupertuis
gauged geodesics document the elegance of those submanifolds in S

2
R parameterized in dynamic time.
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(i) The Universal Polar Stereographic Projection (UPS) (central perspective projection from
the South Pole to a tangent plane TnpM

2 at the North Pole), (ii) the Universal Mercator
Projection (UM) (conformal diffeomorphism of the sphere onto a circular cylinder S

1
R × R

where the circle S
1
R is chosen as the equator of the sphere), (iii) the Universal Transverse

Mercator Projection (UTM) (conformal diffeomorphism of the sphere onto a circular cylinder
S1

R × R where the circle S1
R is chosen as a definite meridian of the sphere), and (iv) the

Universal Conic Lambert Projection (UC) (conformal diffeomorphism of the sphere onto a
circular cone {x ∈ R

3 (x2 + y2)/a2− z2/b2 = 0, a2 + b2 = R2} where the circle S
1
a is chosen

as a definite parallel circle (line-of-contact) and b as the definite distance of the circle S
1
a

from the equatorial plane).

Boxes E.1–E.3 contain (i) the conformal coordinates as a function of spherical longitude and spheri-
cal latitude, especially the factor of conformality, (ii) the Lagrangean version versus the Hamiltonian
version of a geodesic in S

2
R in terms of conformal coordinates (isometric coordinates) and Mauper-

tuis gauge, and (iii) the differential equations of a geodesic in S
2
R in terms of conformal coordinates

(isometric coordinates) and Maupertuis gauge: Lagrange portrait, two differential equations of second
order, Hamilton portrait, four differential equations of first order.
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0 h 3 h 6 h 9 h 11.7 h

Fig. E.1. Maupertuis gauged geodesic on S
2
R, conformal coordinates generated by the universal stereographic

projection, solution of the boundary value problem, departing point Frankfurt, arrival point Taipeh, time given
for constant speed movement with respect to the arrival point.

11.7 h 9 h 6 h 3 h 0 h

Fig. E.2. Maupertuis gauged geodesic on S
2
R, conformal coordinates generated by the universal Mercator

projection, solution of the boundary value problem, departing point Frankfurt, arrival point Taipeh, time
given for constant speed movement with respect to the arrival point.
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11.7 h 9 h 6 h 3 h 0 h

Fig. E.3. Maupertuis gauged geodesic on S
2
R, conformal coordinates generated by the universal transverse

Mercator projection, solution of the boundary value problem, departing point Frankfurt, arrival point Taipeh,
time given for constant speed movement with respect to the arrival point.

11.7 h 9 h 6 h 3 h 0 h

Fig. E.4. Maupertuis gauged geodesic on S
2
R, conformal coordinates generated by the universal Lambert

projection, solution of the boundary value problem, departing point Frankfurt, arrival point Taipeh, time
given for constant speed movement with respect to the arrival point.



554 E Geodesics

Box E.1 (The conformal coordinates as functions of spherical longitude and spherical latitude and the factor
of conformality).

(i) Universal Polar Stereographic Projection (UPS):

q1 = 2R tan

„
π

4
− Φ

2

«
cos Λ , q2 = 2R tan

„
π

4
− Φ

2

«
sin Λ , (E.41)

λ = cos2
„

π

4
− Φ

2

«
=

4R2

4R2 + (q1)2 + (q2)2
, (E.42)

ds2 =
16R4

(4R2 + (q1)2 + (q2)2)2
ˆ
(dq1)2 + (dq2)2

˜
. (E.43)

(ii) Universal Mercator Projection (UM):

q1 = R Λ , q2 = R ln tan

„
π

4
+

Φ

2

«
= R artanh (sin Φ) , (E.44)

λ = cos Φ =
1

cosh q2/R
, (E.45)

ds2 =
1

cosh2 q2/R

ˆ
(dq1)2 + (dq2)2

˜
. (E.46)

(iii) Universal Transverse Mercator Projection (UTM):

q1 = R arctan
tan Φ

cos(Λ − Λ0)
, q2 = R artanh (− cos Φ sin(Λ − Λ0)) , (E.47)

λ = cos [arcsin(− cos Φ sin(Λ − Λ0))] , (E.48)

cos Φ = cos
q1

R
1 + tan2 q1

R
tanh2 q2

R
, sin(Λ − Λ0) = − tanh

q2

R
/ cos Φ , (E.49)

λ = cos

»
arcsin

„
tanh

q2

R

«–
, (E.50)

ds2 = cos2
»
arcsin

„
tanh

q2

R

«– ˆ
(dq1)2 + (dq2)2

˜
. (E.51)

(iv) Universal Conic Projection (UC):

q1 = r cos α , q2 = r sin α , α = nΛ , r = c

„
tan

„
π

4
− Φ

2

««n

, (E.52)

λ =
r cos Φ

cn
`
tan

`
π
4
− Φ

2

´´n . (E.53)
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Continuation of Box.

Variant one (UC). Equidistant map of the parallel circle Φ0/line-of-contact:

n = sin Φ0 , c = R
cot Φ0`

tan
`

π
4
− Φ

2

´´n , (E.54)

λ =
cos Φ

cos Φ0

tan
`

π
4
− Φ0

2

´
tan

`
π
4
− Φ

2

´
!n

=
1

n
sin arctan

„
1

c

p
(q1)2 + (q2)2

«1/n

, (E.55)

ds2 =
1

n2
sin2 arctan

„
1

c

p
(q1)2 + (q2)2

«1/n ˆ
(dq1)2 + (dq2)2

˜
. (E.56)

Variant two (UC). Equidistant map of two parallel circles Φ1/Φ2 (Lambert conformal projection):

n =
ln cos Φ1

cos Φ2

ln
tan

“
π
4 − Φ1

2

”

tan
“

π
4 − Φ2

2

”
, c =

R cos Φ1

n
`
tan

`
π
4
− Φ1

2

´´n ,
(E.57)

λ =
cos Φ

cos Φ2

tan
`

π
4
− Φ2

2

´
tan

`
π
4
− Φ

2

´
!n

=
1

n
sin arctan

„
1

c

p
(q1)2 + (q2)2

«1/n

, (E.58)

ds2 =
1

n2
sin2 arctan

„
1

c

p
(q1)2 + (q2)2

«1/n ˆ
(dq1)2 + (dq2)2

˜
. (E.59)

Box E.2 (The Lagrangean version versus the Hamiltonian version of a geodesic in S
2
R in terms of conformal

coordinates (isometric coordinates) and Maupertuis gauge).

(i) Universal Polar Stereographic Projection (UPS):

L2(q(t), q̇(t)) =
1

2
δµν q̇µq̇ν +

8R4

(4R2 + (q1)2 + (q2)2)2
,

H2(q(t), p(t)) =
1

2
(p2

1 + p2
2) − 8R4

(4R2 + (q1)2 + (q2)2)2
.

(E.60)

(ii) Universal Mercator Projection (UM):

L2(q(t), q̇(t)) =
1

2
δµν q̇µq̇ν +

1

2 cosh2(q2/R)
, H2(q(t), p(t)) =

1

2
(p2

1 + p2
2) − 1

2 cosh2(q2/R)
. (E.61)

(iii) Universal Transverse Mercator Projection (UTM):

L2(q(t), q̇(t)) =
1

2
δµν q̇µq̇ν +

1

2
cos2 arcsin[tanh(q2/R)] ,

H2(q(t), p(t)) =
1

2
(p2

1 + p2
2) − 1

2
cos2 arcsin[tanh(q2/R)] .

(E.62)

(iv) Universal Conic Projection (UC):

L2(q(t), q̇(t)) =
1

2
δµν q̇µq̇ν +

1

2n
sin2 arctan

„
1

c

p
(q1)2 + (q2)2

«1/n

,

H2(q(t), p(t)) =
1

2
(p2

1 + p2
2) − 1

2n
sin2 arctan

„
1

c

p
(q1)2 + (q2)2

«1/n

.

(E.63)
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Box E.3 (The differential equations of a geodesic in S
2
R in terms of conformal coordinates (isometric co-

ordinates) and Maupertuis gauge: Lagrange portrait, two differential equations of second order, Hamilton
portrait, four differential equations of first order).

(i) Universal Polar Stereographic Projection (UPS):

q̈µ +
32R4

(4R2 + (q1)2 + (q2)2)3
qµ = 0 ∀ µ = 1, 2 ,

q̇µ = δµνpν ∀ µ, ν = 1, 2

(summation convention) ,

ṗµ = − 32R4

(4R2 + (q1)2 + (q2)2)3
qµ ∀ µ = 1, 2 .

(E.64)

(ii) Universal Mercator Projection (UM):

q̈1 = 0 , q̈1 +
1

R

sinh(q2/R)

cosh3(q2/R)
= 0 ,

q̇1 = p1 , q̇2 = p2 ,

ṗ1 = 0 (p1 cyclic) , p1 = const. ,

ṗ2 = − 1

R

sinh(q2/R)

cosh3(q2/R)
.

(E.65)

(iii) Universal Transverse Mercator Projection (UTM):

q̈1 = 0 ,

q̈2 +
1

2R
sin

„
2 arcsin

„
tanh

q2

R

«« r
1 − tanh2 q2

R
= 0 ,

q̇1 = p1 , q̇2 = p2 ,

ṗ1 = 0 (p1 cyclic) , p1 = const. ,

ṗ2 = − 1

2R
sin

„
2 arcsin

„
tanh

q2

R

«« r
1 − tanh2 q2

R
.

(E.66)

(iv) Universal Conic Projection (UC) (variant one and variant two):

q̈µ − 1

2c1/nn3
sin 2 arcsin

„
1

c

p
(q1)2 + (q2)2

«1/n
!
×

× 1 +

„
1

c

p
(q1)2 + (q2)2

«2/n
!−1 ˆ

(q1)2 + (q2)2
˜(1−n)/2n

qµ = 0 ,

q̇1 = p1 , q̇2 = p2 ,

ṗµ =
1

2c1/nn3
sin 2 arctan

„
1

c

p
(q1)2 + (q2)2

«1/n
!
×

× 1 +

„
1

c

p
(q1)2 + (q2)2

«2/n
!−1 ˆ

(q1)2 + (q2)2
˜(1−n)/2n

qµ .

(E.67)
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E-34 A geodesic as a submanifold of the ellispoid-of-revolution (conformal coordinates)

Let us represent the differential equations of a geodesic as a submanifold of the ellispoid-of-revolution
M

2 := E
2
A,B as functions qµ(t) as well as the Lagrangean L2 and the Hamiltonian H2 with respect

to conformal coordinates (isothermal, isometric) of the most important applicable map projections
listed below. Compare with Fig. E.5, which illustrates the Maupertuis gauged geodesic E

2
A,B generated

by the Universal Transverse Mercator projection (UTM) with the dilatation factor ρ = 0.999 578
(E. Grafarend 1994). Compare with Boxes E.4–E.6, which collect the central relations.

Im
p
or

ta
nt

!

(i) The Universal Polar Stereographic Projection (UPS) (central perspective projection from
the South Pole to a tangent plane TnpM2 at the North Pole), (ii) the Universal Mercator
Projection (UM) (conformal diffeomorphism of the ellipsoid-of-revolution onto a circular
cylinder S

1
A × R where the circle S

1
A is chosen as the equator of the ellipsoid-of-revolution),

(iii) the Universal Transverse Mercator Projection (UTM) (conformal diffeomorphism of
the ellipsoid-of-revolution onto a elliptic cylinder (Λ0 meta-equator), where the Λ0 ellipse is
chosen as the reference meridian of the ellipsoid-of-revolution), and (iv) the Universal Conic
Lambert Projection (UC) (conformal diffeomorphism of the ellipsoid-of-revolution onto a
circular cone {x ∈ R3|(x2 + y2)/a2 − z2/b2 = 0, a2 + b2 = const.}, where the circle S1

a with
a = A cos Φ/(1− e2 sin2 Φ)−1/2 is chosen as a definite parallel circle (line-of-contact) and b
as the latitude dependent definite distance of the circle S

1
a from the equatorial plane, and

e2 = (A2 −B2)/A2 = 1− (B2/A2)).

7° 8° 9° 10° 11°
47° 47°

48° 48°

49° 49°

50° 50°

Karlsruhe

Stuttgart

42min
28min

14min
0min

Fig. E.5. Maupertuis gauged geodesic on E
2
A,B , conformal coordinates generated by the universal trans-

verse Mercator projection, solution of the boundary value problem, departing point Stuttgart, arrival point
Karlsruhe, time given for constant speed movement (70 km/h) with respect to the arrival point.
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Box E.4 (The conformal coordinates as functions of ellipsoidal longitude and ellipsoidal latitude and the
factor of conformality).

(i) Universal Polar Stereographic Projection (UPS):

q1 = f(Φ) cos Λ , q2 = f(Φ) sin Λ , (E.68)

f(Φ) :=
2A√
1 − e2

„
1 − e

1 + e

« e
2

„
1 + e sin Φ

1 − e sin Φ

« e
2

tan

„
π

4
− Φ

2

«
, (E.69)

λ =
A cos Φp

1 − e2 sin2 Φ

1

f(Φ)
=

A cos f−1
“p

(q1)2 + (q2)2
”

r
1 − e2 sin2 f−1

“p
(q1)2 + (q2)2

” 1p
(q1)2 + (q2)2

, (E.70)

ds2 =
A2 cos2 f−1

“p
(q1)2 + (q2)2

”
1 − e2 sin2 f−1

“p
(q1)2 + (q2)2

” 1

(q1)2 + (q2)2
ˆ
(dq1)2 + (dq2)2

˜
. (E.71)

(λ(q1, q2) from series inversion of q1(Λ, Φ) and q2(Λ, Φ) leading to Λ(q1, q2) and Φ(q1, q2).
See J. P. Snyder (1987), pp. 162.)

(ii) Universal Mercator Projection (UM):

q1 = A Λ , q2 = A f(Φ) , (E.72)

f(Φ) := ln tan

„
π

4
+

Φ

2

« „
1 − e sin Φ

1 + e sin Φ

« e
2

, (E.73)

λ =

p
1 − e2 sin2 Φ

cos Φ
=

p
1 − e2 sin2 f−1(q2/A)

cos f−1(q2/A)
, (E.74)

ds2 =
1 − e2 sin2 f−1(q2/A)

cos2 f−1(q2/A)

ˆ
(dq1)2 + (dq2)2

˜
. (E.75)

(λ(q2) from series inversion of q2(Φ) leading to Φ(q2).
See J. P. Snyder (1987), pp. 45.)

(iii) Universal Transverse Mercator Projection (UTM):

q1 = ρ[a0 + a10b + a20b
2 + a02l

2 + a30b
3 + a12bl

2 + a40b
4 + a22b

2l2 + a04l
4 + a50b

5+

+a32b
3l2 + a14bl

4 + O1(b
6, l6)] (northern) ,

q2 = ρ[a01l + a11bl + a21b
2l + a03l

3 + a31b
3l + a13bl

3 + a41b
4l+

+a23b
2l3 + a05l

5 + O2(b
6, l6)] (eastern) .

(E.76)

(Valid ∀ b := Φ − Φ0, l := Λ − Λ0, ρ := 0.999 578 (dilatation factor).
Coefficients see E.Grafarend (1994), Table 3.3.)
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Continuation of Box.

1

λ2
= ρ2[1 + c02l

2 + c12bl
2 + c04l

4 + c22b
2l2 + c14bl

4 + c32b
3l2 + Oλ2(b6, l6)] ,

λ2 =
1

ρ2
[1 + d02(q

2)2 + d12q
1(q2)2 + d22(q

1)2(q2)2+

+d32(q
1)3(q2)2 + d04(q

2)4 + d14q
1(q2)4 + Oλ2((q1)6, (q2)6)] ,

(E.77)

ds2 = λ2(q1, q2)
ˆ
(dq1)2 + (dq2)2

˜
. (E.78)

(λ2(q1, q2) from series inversion of q1(l, b) and q2(l, b) leading to l(q1, q2) and b(q1, q2).)

The coefficients cµν and dµν are defined as follows

(η2
0 = e2

1−e2 cos2 Φ0 and t = tan Φ0):

c02 = (1 + η2
0) cos2 Φ0 ,

c12 = −2t0(1 + 2η2
0) cos2 Φ0 ,

c04 =
1

12
(8 − 4t20 + 20 η2

0 − 28 η2
0t20 + 16η4

0 − 48η4
0t20 − 24η6

0t20 + 4η6
0) cos4 Φ0 ,

c22 = (t20 − 1 − 2 η2
0 + 6 η2

0t20) cos2 Φ0 ,

c14 =
1

3
(−7 + 2t20 − 44η2

0 + 28 η2
0t20 − 56η4

0 + 72η4
0t20 + 48η6

0t20 − 22η6
0)t0 cos4 Φ0 ,

c32 =
2

3
(2 + 10η2

0 + 6 η2
0t20)t0 cos2 Φ0 ,

(E.79)

d02 =
−2(1 − e2 sin2 Φ0)

2

A2(1 − e2)
,

d12 =
4(1 − e2 sin2 Φ0)

5/2

A3(1 − e2)2
sin Φ0 cos Φ0 ,

d22 =
−2e2(1 − e2 sin2 Φ0)

3

A4(1 − e2)3
×

×[−1 + 2 sin2 Φ0 + e2 sin2 Φ0(6 − 7 sin2 Φ0)] ,

d32 =
−4e2(1 − e2 sin2 Φ0)

7/2

3A5(1 − e2)4
×

×[2 + e2(9 − 22 sin2 Φ0) + e4 sin2 Φ0(−24 + 35 sin2 Φ0)] sin Φ0 cos0 ,

d04 =
3(1 − e2 sin2 Φ0)

4

A4(1 − e2)2
− (1 − e2 sin2 Φ0)

3

12A4(1 − e2)3
×

×[1 + e2(3 − 5 sin2 Φ0) + e4 sin2 Φ0(−27 + 28 sin2 Φ0)] ,

d14 =
−12(1 − e2 sin2 Φ0)

9/2

A5(1 − e2)3
sin Φ0 cos Φ0 +

2e2(1 − e2 sin2 Φ0)
7/2

A5(1 − e2)4
×

×[2 + e2(9 − 19 sin2 Φ0) + e4 sin2 Φ0(−27 + 35 sin2 Φ0)] sin Φ0 cos Φ0 .

(E.80)
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Continuation of Box.

(iv) Universal Conic Projection (UC):

q1 = r cos α , q2 = r sin α , (E.81)

α = n Λ , r = c

„
tan

`
π
4
− Φ

2

´ “
1+e sin Φ
1−e sin Φ

” e
2

«n

, (E.82)

λ = A cos Φ

c n
√

1−e2 sin2 Φ

„
tan

`
π
4
− Φ

2

´ “
1+e sin Φ
1−e sin Φ

” e
2

«−n

=

=
A cos r−1

„q
(q1)2+(q2)2

«

c n
√

1−e2 sin2 r−1

„q
(q1)2+(q2)2

«×

×

0
B@tan

0
@ π

4
−

r−1
„q

(q1)2+(q2)2
«

2

1
A

0
@ 1+e sin r−1

„q
(q1)2+(q2)2

«

1−e sin r−1

„q
(q1)2+(q2)2

«
1
A

e
2

1
CA

−n

.

(E.83)

Variant one (UC). Equidistant map of the parallel circle Φ0/line-of-contact:

n = sin Φ0 , (E.84)

c = A cot Φ0√
1−e2 sin2 Φ0

„
tan

`
π
4
− Φ0

2

´ “
1+e sin Φ0
1−e sin Φ0

” e
2

«−n

, (E.85)

ds2 =
A2 cos2 r−1

“
(q1)2+(q2)2

”

c2n2

„
1−e2 sin2 r−1

„q
(q1)2+(q2)2

««×

×

0
B@tan2

0
@ π

4
−

r−1
„q

(q1)2+(q2)2
«

2

1
A

0
@ 1+e sin r−1

„q
(q1)2+(q2)2

«

1−e sin r−1

„q
(q1)2+(q2)2

«
1
A

e
2

1
CA

−n h`
q1

´2
+

`
q2

´2
i

.

(E.86)

Variant two (UC). Equidistant map of two parallel circles Φ1/Φ2 (Lambert conformal projection):

n =
ln

“
cos Φ1

√
1−e2 sin2 Φ1

”
−ln

“
cos Φ2

√
1−e2 sin2 Φ2

”

ln tan
“

π
4 − Φ1

2

”“
1+e sin Φ1
1−e sin Φ1

” e
2 −ln tan

“
π
4 − Φ2

2

”“
1+e sin Φ2
1−e sin Φ2

” e
2

, (E.87)

c = A cos Φ1

n
√

1−e2 sin2 Φ1

„
tan

`
π
4
− Φ1

2

´ “
1+e sin Φ1
1−e sin Φ1

” e
2

«−n

, (E.88)

ds2 =
A2 cos2 r−1

“
(q1)2+(q2)2

”

c2n2

„
1−e2 sin2 r−1

„q
(q1)2+(q2)2

««×

×
0
@tan2

0
@ π

4
−

r−1
„q

(q1)2+(q2)2
«

2

1
A

0
@ 1+e sin r−1

„q
(q1)2+(q2)2

«

1−e sin r−1

„q
(q1)2+(q2)2

«
1
A

e1
A

−n h`
q1

´2
+

`
q2

´2
i

.

(E.89)

(λ(q1, q2) from series inversion of q1(Λ, Φ) and q2(Λ, Φ) leading to Λ(q1, q2) and Φ(q1, q2).
See J. P. Snyder (1987), pp. 109.)
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Box E.5 (The Lagrangean version versus the Hamiltonian version of a geodesic in E
2
A,B in terms of conformal

coordinates (isometric coordinates) and Maupertuis gauge).

(i) Universal Polar Stereographic Projection (UPS):

L2 (q(t), q̇(t)) = 1
2

h`
q̇1

´2
+

`
q̇2

´2
i

+
A2 cos2 f−1

„q
(q1)2+(q2)2

«

2

„
1−e2 sin2 f1

„q
(q1)2+(q2)2

«« 1

(q1)2+(q2)2
, (E.90)

H2 (q(t), p(t)) = 1
2

`
p2
1 + p2

2

´ −
A2 cos2 f−1

„q
(q1)2+(q2)2

«

2

„
1−e2 sin2 f1

„q
(q1)2+(q2)2

«« 1

(q1)2+(q2)2
. (E.91)

(ii) Universal Mercator Projection (UM):

L2 (q(t), q̇(t)) = 1
2

h`
q̇1

´2
+

`
q̇2

´2
i

+
1−e2 sin2 f1(q2/A)
2 cos2 f−1(q2/A)

, (E.92)

H2 (q(t), p(t)) = 1
2

`
p2
1 + p2

2

´ − 1−e2 sin2 f−1(q2/A)
2 cos2 f1(q2/A)

. (E.93)

(iii) Universal Transverse Mercator Projection (UTM):

L2 (q(t), q̇(t)) = 1
2

h`
q̇1

´2
+

`
q̇2

´2
i

+ 1
2ρ2 (1 + d02(q

2)2 + d12q
1(q2)2 + d22(q

1)2(q2)2+

+d32(q
1)3(q2)2 + d04(q

2)4 + d14q
1(q2)4 + Oλ2((q1)6, (q2)6)) ,

(E.94)

H2 (q(t), p(t)) = 1
2

`
p2
1 + p2

2

´ − 1
2ρ2 (1 + d02(q

2)2 + d12q
1(q2)2 + d22(q

1)2(q2)2+

+d32(q
1)3(q2)2 + d04(q

2)4 + d14q
1(q2)4 + Oλ2((q1)6, (q2)6)) .

(E.95)

(iv) Universal Conic Projection (UC) (variant one and variant two):

L2 (q(t), q̇(t)) = 1
2

h`
q̇1

´2
+

`
q̇2

´2
i

+
A2 cos2 r−1

“
(q1)2+(q2)2

”

2c2n2

„
1−e2 sin2 r1

„q
(q1)2+(q2)2

««×

×
0
@tan2

0
@ π

4
−

r−1
„q

(q1)2+(q2)2
«

2

1
A

0
@ 1+e sin r−1

„q
(q1)2+(q2)2

«

1−e sin r−1

„q
(q1)2+(q2)2

«
1
A

e1
A

−n

,

(E.96)

H2 (q(t), p(t)) = 1
2

`
p2
1 + p2

2

´ − A2 cos2 r−1
“
(q1)2+(q2)2

”

2c2n2

„
1−e2 sin2 r1

„q
(q1)2+(q2)2

««×

×
0
@tan2

0
@ π

4
−

r−1
„q

(q1)2+(q2)2
«

2

1
A

0
@ 1+e sin r−1

„q
(q1)2+(q2)2

«

1−e sin r−1

„q
(q1)2+(q2)2

«
1
A

e1
A

−n

.

(E.97)
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Box E.6 (The differential equations of a geodesic in E
2
A,B in terms of conformal coordinates (isometric

coordinates) and Maupertuis gauge: Lagrange portrait, two differential equations of second order, Hamilton
portrait, four differential equations of first order).

(i) Universal Polar Stereographic Projection (UPS):

q̈µ + A2

(q1)2+(q2)2
(1−e2) cos f−1

„q
(q1)2+(q2)2

«
sin f−1

„q
(q1)2+(q2)2

«
„

1−e2 sin2 f−1

„q
(q1)2+(q2)2

««2 ×

×
∂f−1

„q
(q1)2+(q2)2

«

∂qµ − A2h
(q1)2+(q2)2

i2

cos2 f−1
„q

(q1)2+(q2)2
«

1−e2 sin2 f−1

„q
(q1)2+(q2)2

« qµ = 0

∀ µ = 1, 2 ,

(E.98)

q̇µ = δµνpν ∀µ, ν = 1, 2 , (E.99)

ṗµ = − A2

(q1)2+(q2)2

(1−e2) cos f−1
“√

(q1)2+(q2)2
”

sin f−1
“√

(q1)2+(q2)2
”

„
1−e2 sin2 f−1

„q
(q1)2+(q2)2

««2 ×

×∂f−1
“√

(q1)2+(q2)2
”

∂qµ + A2

[(q1)2+(q2)2]2
cos2 f−1

“√
(q1)2+(q2)2

”

1−e2 sin2 f−1

„q
(q1)2+(q2)2

«qµ

∀ µ = 1, 2 .

(E.100)

(ii) Universal Mercator Projection (UM):

q̈1 = 0 , q̈2 − (1−e2) sin f−1(q2/A)

cos3 f−1(q2/A)

∂f−1(q2/A)

∂q2 = 0 , (E.101)

q̇µ = δµνpν , (E.102)

ṗ1 = 0 (p1 cyclic) , p1 = const. , (E.103)

ṗ2 = (1−e2) sin f−1(q2/A)

cos3 f−1(q2/A)

∂f−1(q2/A)

∂q2 . (E.104)

(iii) Universal Transverse Mercator Projection (UTM):

q̈1 − 1
2ρ2 [d12(q

2)2 + 2d22q
1(q2)2 + 3d32(q

1)2(q2)2 + d14(q
2)4 + Oλ2((q1)5, (q2)6)] = 0 ,

q̈2 − 1
2ρ2 [2d02q

2 + 2d12q
1q2 + 2d22(q

1)2q2 + 2d32(q
1)3q2 + 4d04(q

2)3+

+4d14q
1(q2)3 + Oλ2((q1)6, (q2)5)] = 0 ,

(E.105)

q̇µ = δµνpν , (E.106)

ṗ1 = 1
2ρ2 [d12(q

2)2 + 2d22q
1(q2)2 + 3d32(q

1)2(q2)2 + d14(q
2)4 + Oλ2((q1)5, (q2)6)] ,

ṗ2 = 1
2ρ2 [2d02q

2 + 2d12q
1q2 + 2d22(q

1)2q2 + 2d32(q
1)3q2 + 4d04(q

2)3+

+4d14q
1(q2)3 + Oλ2((q1)6, (q2)5)] .

(E.107)
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Continuation of Box.

(iv) Universal Conic Projection (UC) (variant one and variant two):

q̈µ −
"

A2(1−e2) cos2 r−1
“√

(q1)2+(q2)2
”“

1+sin r−1
“√

(q1)2+(q2)2
””−1

2c2n
“
1−e2 sin2 r−1

“√
(q1)2+(q2)2

””“
1−e sin r−1

“√
(q1)2+(q2)2

””2 ×

× tan π
4
− r−1

“√
(q1)2+(q2)2

”
2

!
1+e sin r−1

“√
(q1)2+(q2)2

”

1−e sin r−1
“√

(q1)2+(q2)2
”

! e
2

!−2n−1

−

−A2(1−e2) cos r−1
“√

(q1)2+(q2)2
”

sin r−1
“√

(q1)2+(q2)2
”

c2n2
“
1−e2 sin2 r−1

“√
(q1)2+(q2)2

”” ×

× tan π
4
− r−1

“√
(q1)2+(q2)2

”
2

!
1+e sin r−1

“√
(q1)2+(q2)2

”

1−e sin r−1
“√

(q1)2+(q2)2
”

! e
2

!−2n#
×

×∂r−1
“√

(q1)2+(q2)2
”

∂qµ = 0 ,

(E.108)

q̇µ = δµνpν , (E.109)

ṗµ =

"
A2(1−e2) cos2 r−1

“√
(q1)2+(q2)2

”“
1+sin r−1

“√
(q1)2+(q2)2

””−1

2c2n
“
1−e2 sin2 r−1

“√
(q1)2+(q2)2

””“
1−e sin r−1

“√
(q1)2+(q2)2

””2 ×

× tan π
4
− r−1

“√
(q1)2+(q2)2

”
2

!
1+e sin r−1

“√
(q1)2+(q2)2

”

1−e sin r−1
“√

(q1)2+(q2)2
”

! e
2

!−2n−1

−

−A2(1−e2) cos r−1
“√

(q1)2+(q2)2
”

sin r−1
“√

(q1)2+(q2)2
”

c2n2
“
1−e2 sin2 r−1

“√
(q1)2+(q2)2

””2 ×

× tan π
4
− r−1

“√
(q1)2+(q2)2

”
2

!
1+e sin r−1

“√
(q1)2+(q2)2

”

1−e sin r−1
“√

(q1)2+(q2)2
”

! e
2

!−2n#
×

×∂r−1
“√

(q1)2+(q2)2
”

∂qµ .

(E.110)

E-35 Maupertuis gauged geodesics (normal coordinates, local tangent plane)

The unit tangent vector (Darboux one-leg) d at a point q of a geodesic can be represented in the
local base {g1, g2}, the local tangent vectors (Gauss two-leg), which spans the tangent space TqM

2 at
a point q, namely by (E.111), where x′ (q1, q2

)
denotes the immersion {M2, gµν} → {R3, δij}. Note

that from now on, we assume {g1, g2} to be an orthogonal, but not normalized Gauss two-leg which
can be materialized by orthogonal coordinates {q1, q2}.

d = x′(q1, q2) =
∂x

∂qµ
q′µ = g1q

′1 + g2q
′2 . (E.111)
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Alternatively, we can represent d by polar coordinates as follows: by means of the scalar products
(inner products) (E.112), we introduce the azimuth α with respect to the first Gauss two-leg g1.
Inserting (E.111) into (E.112) and differentiating (E.112), we obtain (E.113) or, in terms of conformal
coordinates, we obtain (E.114). The parameter change s→ t, (E.112) implemented, leads to (E.115).

〈d, g1〉
‖d‖‖g1‖ := cos α ,

〈d, g2〉
‖d‖‖g2‖ := sinα ,

(E.112)

(i)

〈d, g1〉 = g11q
′1 = ‖d‖‖g1‖ cos α =

√
g11 cosα ,

(ii)

〈d, g2〉 = g22q
′2 = ‖d‖‖g2‖ sin α =

√
g22 sin α ,

(iii)

dα

ds
= α′(s) =

1√
g11g22

(
−∂
√

g22

∂q1
sin α +

∂
√

g11

∂q2

)
cosα ,

(E.113)

q′1 =
cos α

λ
,

q′2 =
sin α

λ
,

α′ =
1
λ2

(
− ∂λ

∂q1
sin α +

∂λ

∂q2
cos α

)
,

(E.114)

dq1

dt
=

dq1

ds

ds

dt
= λ cosα ,

dq2

dt
=

dq2

ds

ds

dt
= λ sin α ,

dα

dt
=

dα

ds

ds

dt
=

∂λ

∂q2
cosα− ∂λ

∂q1
sin α .

(E.115)

Similarly, the generalized momenta pµ ∈∗ TqM
2 are represented by (E.116), leading to the Hamilton

equations of a geodesic in terms of polar coordinates, namely to (E.117), and these are solved by
means of Lie series in Section E-36.

p1 = λ cosα , p2 = λ sin α , (E.116)

q̇1 = λ cos α , q̇2 = λ sin α ,

ṗ1 =
1
2

∂λ2

∂q1
, ṗ2 =

1
2

∂λ2

∂q2
.

(E.117)
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Finally, as local polar/normal coordinates, we take advantage of DefinitionE.3.

Definition E.3 (Local polar/normal coordinates).

In the tangent plane TqM
2, we introduce local polar/normal coordinates by (E.118), where t is the

parameter of the Maupertuis gauged geodesic and α is the azimuth of the geodesic passing the point
q ∈ {

M2, gµν

}
.

u1 = u := t cos α ,

u2 = u := t sin α .
(E.118)

End of Definition.

E-36 Maupertuis gauged geodesics (Lie series, Hamilton portrait)

M
2 := E

2
A,B and the geodesic “Maupertuis gauged” in their Hamilton form are analytic. Accordingly,

we can solve (E.113) by the Taylor expansion (E.119).

q1 = q1
0 +

dq1

dt
(t = 0)t +

1
2!

d2q1

dt2
(t = 0)t2 + lim

n→∞

n∑
m=3

1
m!

d(m)q1

dtm
(t = 0)tm ,

q2 = q2
0 +

dq2

dt
(t = 0)t +

1
2!

d2q2

dt2
(t = 0)t2 + lim

n→∞

n∑
m=3

1
m!

d(m)q2

dtm
(t = 0)tm .

(E.119)

Im
p
or

ta
nt

! By means of (E.113) and (E.118), we here are able to take advantage of the Lie recurrence
(“Lie series”) which is summarized in the following Box E.7 in order to formulate the solution
of the initial value problem (“erste geodätische Hauptaufgabe”). By standard series inversion
of the homogeneous polynomial qµ − qµ

0 , we have finally solved the boundary value problem
(“zweite geodätische Hauptaufgabe”) in terms of local polar/normal coordinates.

qµ = qµ
0 + λ0u

µ + aµγuµuγ + lim
n→∞

n∑
m=3

aµ
µ1...µm

uµ1 . . . uµm , (E.120)

uµ = b0(qµ − qµ
0 ) + bµγ(qµ − qµ

0 )(qγ − qγ
0 ) + lim

n→∞

n∑
m=3

bµ
µ1...µm

(qµ1 − qµ1
0 ) . . . (qµm − qµm

0 ) . (E.121)

By means of the Lie series to solve (E.113), which is generated by the Universal Transverse Mercator
Projection (UTM), we are led to (E.122) and (E.123), with ∆q1 := q1 − q1

0 and ∆q2 := q2 − q2
0 . The

coefficients fµν , gµν , rµν , hµν , and kµν are listed in Box E.8.

q1 = q1
0 + f10u + f20u

2 + f02v
2 + f30u

3 + f03v
3 + f21u

2v + f12uv2 + · · · ,

q2 = q2
0 + g01v + g20u

2 + g02v
2 + g30u

3 + g03v
3 + g21u

2v + g12uv2 + · · · ,

α = α0 + r10u + r01v + r20u
2 + r02v

2 + r11uv + · · · ,

(E.122)

u = t cos α0 =

= h10∆q1 + h20(∆q1)2 + h02(∆q2)2 + h30(∆q1)3+

+h03(∆q2)3 + h21(∆q1)2∆q2 + h12∆q1(∆q2)2 + · · · ,

v = t sin α0 =

= k01∆q2 + k20(∆q1)2 + k02(∆q2)2 + k30(∆q1)3+

+k03(∆q2)3 + k21(∆q1)2∆q2 + k12∆q1(∆q2)2 + · · · .

(E.123)
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Box E.7 (Lie recurrence up to the third derivatives, all quantities are to be taken at Taylor point t = 0,
higher derivatives are available from the authors).

q̇1 = λ cos α ,

q̇1t = λu = λu1 ,

q̇2 = λ sin α ,

q̇2t = λv = λu2 ,

α̇ = λ.2 cos α − λ.1 sin α ,

α̇t = λ.2u − λ.1v ,

q̈1 = λ̇ cos α − λα̇ sin α = λλ.1(cos
2 α + sin2 α) ,

q̈1t2 = λλ.1(u
2 + v2) ,

q̈2 = λ̇ sin α + λα̇ cos α = λλ.2(cos
2 α + sin2 α) ,

q̈2t2 = λλ.2(u
2 + v2) ,

α̈ = λ̇.2 cos α − λ̇.1 sin α − λ.2α̇ sin α − λ.1α̇ sin α ,

α̈t2 = (λλ.12 − λ.1λ.2)u
2 − (λλ.12 − λ.1λ.2)v

2 + (λλ.22 − λλ̇.11 + (λ.1)
2 − (λ.2)

2)uv ,

···q 1 = λ̇λ.1(cos
2 α + sin2 α) + λλ̇.1(cos

2 α + sin2 α) ,

···q 1t3 = (λ(λ.1)
2 + λ2λ.11)u

3 + (λλ.1λ.2+

+λ2λ.12)u
2v + (λ(λ.1)

2 + λ2λ.11)uv2 + (λλ.1λ.2 + λ2λ.12)v
3 ,

···q 2 = λ̇λ.2(cos
2 α + sin2 α) + λλ̇.2(cos

2 α + sin2 α) ,

···q 2t3 = (λ(λ.2)
2 + λ2λ.22)v

3 + (λλ.1λ.2 + λ2λ.12)uv2+

+(λ(λ.2)
2 + λ2λ.22)u

2v + (λλ.1λ.2 + λ2λ.12)u
3 ,

···α = −4(λλ.12 − λ.1λ.2)α̇ cos α sin α+

+(λλ.22 − λλ.11 + (λ.1)
2 − (λ.2)

2)(cos2 α − sin2 α)α̇+

+(cos2 α − sin2 α) d
dt

(λλ.12 − λ.1λ.2)+

+cos α sin α d
dt

((λλ.22 − λλ.11 + (λ.1)
2 − (λ.2)

2) ,

···αt3 = (λλ.2λ.22 − 2λλ.2λ.11 + (λ.1)
2λ.2 − (λ.2)

3 + λ2λ.121)u
3+

+(5λ.1(λ.2)
2 − (λ.1)

3 − 6λλ.2λ.12 + 2λλ.1λ.11 − λλ.1λ.22 + 2λ2λ.122 − λ2λ.111)u
2v+

+(−5(λ.1)
2λ.2 − (λ.2)

3 + 6λλ.1λ.12 − 2λλ.2λ.22 + λλ.2λ.11 − 2λ2λ.112 + λ2λ.222)uv2+

+(−λλ.1λ.11 + 2λλ.1λ.22 + (λ.1)
3 − λ.1(λ.2)

2 − λ2λ.122)v
3 .

(E.124)

Note that λ.µ, λ.µν , and λ.µνγ denote the first derivative with respect to qµ, the second derivative with
respect to qµ and qν , and the third derivative with respect to qµ, qν , and qγ .
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Box E.8 (The coefficients of the Lie series up to the third order, all quantities are to be taken af Taylor point
t = 0).

f10 = λ = 1
ρ

`
1 + d02

2
(q2)2 + d12

2
q1(q2)2

´
,

f20 = 1
4ρ2

`
d12(q

2)2 + 2d22q
1(q2)2

´
,

f30 = 1
12ρ3

`
2d22(q

2)2 + 6d32q
1(q2)2

´
,

f03 = 1
12ρ3

`
2d12q

2 + (d12d02 + 4d14)(q
2)3 + 4d22q

1q2 + 6d32(q
1)2q2

´
,

f02 = f20 , f21 = f03 , f12 = f30 ,

(E.125)

g01 = λ = 1
ρ

`
1 + d02

2
(q2)2 + d12

2
q1(q2)2

´
,

g20 = 1
4ρ2

`
2d02q

2 + 2d12q
1q2 + 2d22(q

1)2q2 + 4d04(q
1)2

´
,

g30 = 1
12ρ3

`
2d12q

2 + (d12d02 + 4d14)(q
2)3 + 4d22q

1q2 + 6d32(q
1)2q2

´
,

g03 = 1
12ρ3

`
2d02 + 2d12q

1 + 2d22(q
1)2 + (d2

02 + 12d04)(q
2)2 + 2d32(q

1)3+

+(2d12d02 + 12d14)q
1(q2)3

´
,

g02 = g20 , g21 = g03 , g12 = g30 ,

(E.126)

r10 = 1
ρ

`
d02q

2 + d12q
1q2 + d22(q

1)2q2 +
`
2d04 − 1

2
d2
02

´
(q2)3

´
,

r01 = − 1
ρ

`
1
2
d12(q

2)2 + d22q
1(q2)2

´
,

r20 = 1
2ρ2

`
d12q

2 + 2d22q
1q2 + 3d32(q

1)2q2 +
`
2d14 − 1

2
d02d12

´
(q2)3

´
,

r11 = 1
2ρ2

`
d02 + d12q

1 + d22(q
1)2 + (6d04 − d22)(q

2)2 + d32(q
1)3+

+ (2d02d12 + 6d14 − 2d32) q1(q2)2
´

,

r02 = r20 ,

(E.127)

h10 =
1

f10
, h20 = − f20

(f10)3
,

h02 = − f02

f10(g01)2
, h30 =

2(f20)
2

(f10)5
− f30

(f10)4
,

h03 =
2f02g02

f10(g01)4
− f03

f10(g01)3
, h21 =

2f02g02

(f10)3(g01)2
− f21

(f10)3g01
,

h12 =
2f20g02

(f10)3(g01)2
− f12

(f10)2(g01)2
,

(E.128)

k01 =
1

g01
, k02 = − g02

(g01)3
,

k20 = − g20

g01(f10)2
, k03 =

2(g20)
2

(g01)5
− g03

(g01)4
,

k30 =
2f20g20

(f10)4g01
− g30

g01(f10)3
, k21 =

2g02g20

(f10)2(g01)3
− g21

(f10)2(g01)2
,

k12 =
2f02g20

(f10)2(g01)3
− g12

f10(g01)3
.

(E.129)

Last but not least, let us here additionally note that AppendixE-3 is based upon the contribution of
E. Grafarend and R. J. You (1995).
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F Mixed cylindric map projections

Mixed cylindric map projections of the ellipsoid-of-revolution. Lambert projection and Sanson–Flamsteed
projection, generalized Lambert projection and generalized Sanson–Flamsteed projection. The mapping
equations and the conditions. Vertical coordinates and horizontal coordinates, horizontal weighted mean
and vertical weighted mean. Deformation analysis of vertically/horizontally averaged equiareal cylindric
mappings. Cauchy–Green deformation tensor and principal stretches.

The mixed spherical map projections of equiareal, cylindric type to be considered here are based
upon the Lambert projection and the sinusoidal Sanson–Flamsteed projection. These cylindric and
pseudo-cylindrical map projections of the sphere are generalized to the ellipsoid-of-revolution (biaxial
ellipsoid). They are used in consequence by two lemmas to generate a horizontal (a vertical) weighted
mean of equiareal cylindric map projections of the ellipsoid-of-revolution. Its left–right deformation
analysis via further results leads to the left–right principal stretches/eigenvalues and left–right eigen-
vectors/eigenspace as well as the maximal left–right angular distortion for these new mixed cylindric
map projections of ellipsoidal type. Detailed illustrations document the cartographic synergy of mixed
cylindric map projections.

Mixed cylindric map projections of the sphere are very popular projections, for instance, those
equiareal cylindric projections named after H.C. Foucaut (1862) or A.M.Nell (1890) and E.Hammer
(1900). The variants are the horizontal or vertical weighted means of the Lambert equiareal projections
and the equiareal pseudo-cylindrical mapping of sinusoidal type which is also known as Sanson–
Flamsteed projection of the sphere. In this chapter, let us exclusively aim at mixed cylindric map
projections of the ellipsoid-of-revolution.

Section F-1.

In Section F-1, we derive the conditions which must be fulfilled for a pseudo-cylindrical equiareal
map projection of a biaxial ellipsoid and the general form of ellipsoidal equiareal pseudo-cylindrical
mapping equations of Box F.2.

Section F-2.

In Section F-2, we start from the setup of the ellipsoidal generalized Lambert projection and the
ellipsoidal generalized Sanson–Flamsteed projection, which are both equiareal. By two lemmas, we
shall present the vertical–horizontal mean of the generalized Lambert projection and the generalized
Sanson–Flamsteed projection of the biaxial ellipsoid.

Section F-3.

The deformation analysis of vertically and horizontally averaged equiareal cylindric mappings is the
topic of SectionF-3. We especially compute the left–right principal stretches, their corresponding
eigenvectors/eigenspace, and the maximal left angular distortion.

The following references are appropriate. The equiareal cylindric map projection of the sphere is
addressed to J. H. Lambert (1772), while the equiareal pseudo-cylindrical map projection of the sphere,
namely of sinusoidal type, to N. Sanson (1650), J. Cossin (1570), and J. Flamsteed (1692). Equally
weighted vertical and horizontal components of Lambert and Sanson–Flamsteed map projections of
the sphere have been presented by H. C. Foucaut (1862), A. M. Nell (1890), and E. Hammer (1900).
The theory of weighted means of general map projections of the sphere has been critically reviewed
by W. R. Tobler (1973).
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F-1 Pseudo-cylindrical mapping: biaxial ellipsoid onto plane

First, we refer to a chart of the biaxial ellipsoid E
2
A,B (ellipsoid-of-revolution, spheroid) with semi-

major axis A and semi-minor axis B based upon local coordinates of type {longitude Λ, latitude Φ} as
surface coordinates summarized in Box F.1. Second, we set up pseudo-cylindrical mapping equations
of the biaxial ellipsoid E

2
A,B onto the Euclidean plane {R2, δµν} in terms of surface normal ellipsoidal

{longitude Λ, latitude Φ}, in particular

x = x(Λ,Φ) = AΛ
cos Φ√

1− E2 sin2 Φ
g(Φ) ,

y = y(Φ) = f(Φ) ,

(F.1)

x := {x ∈ R
2|ax + by + c = 0} . (F.2)

The structure of the pseudo-cylindrical mapping equations with unknown functions f(Φ) and g(Φ) is
motivated by the postulate that for g(Φ) = 1 parallel circles of E2

A,B should be mapped equidistantly
onto {R2, δµν}. ([δµν ] denotes the unit matrix, all indices run from one to two.) Note that for zero
relative eccentricity E = 0, we arrive at the pseudo-cylindrical mapping equations of the sphere S

2
R.

Box F.1 (Chart of the biaxial ellipsoid E
2
A,B).

X ∈ E
2
A,B :=

j
X ∈ R

3 X2 + Y 2

A2
+

Z2

B2
= 1, A ∈ R

+, B ∈ R
+, A > B

ff
. (F.3)

Chart (surface normal longitude Λ, surface normal latitude Φ):

X(Λ, Φ) =

= e1
A cos Φ cos Λp
1 − E2 sin2 Φ

+ e2
A cos Φ sin Λp
1 − E2 sin2 Φ

+ e3
A(1 − E2) sin Φp

1 − E2 sin2 Φ

(0 < Λ < 2π,−π/2 < Φ < +π/2) ,

(F.4)

Λ(X) =

= arctan Y
X

+ 180◦ ˆ
1 − 1

2
sgn(Y ) − 1

2
sgn(Y )sgn(X)

˜
,

(F.5)

Φ(X) =

= arctan
1

1 − E2

Z√
X2 + Y 2

.
(F.6)

Relative eccentricity:

E2 := (A2 − B2)/A2 = 1 − B2/A2 . (F.7)

Next, by means of a CorollaryF.1, we want to show that in the class of pseudo-cylindrical mapping
equations given by (F.1) only equiareal map projections are possible. At the same, we correct a printing
error in formula (1.9) of E. Grafarend and A. Heidenreich (1995 p. 166).
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Corollary F.1 (Pseudo-cylindrical mapping equations).

In the class of pseudo-cylindrical mapping equations of type (F.1), only equiareal map projections are
possible restricting the unknown functions to (F.8). Conformal map projections are not in the class
of pseudo-cylindrical mapping equations.

g = Mf ′−1 or f ′ = Mg−1 . (F.8)

End of Corollary.

For the proof, we are going to construct the left Cauchy–Green deformation tensor according to
E. Grafarend (1995 pp. 432–436) and solve its general eigenvalue problem with respect to the metric
matrix of the biaxial ellipsoid E

2
A,B, i. e. in order to compute the left principal stretches {Λ1, Λ2}.

The tests Λ1Λ2 = 1 for an equiareal mapping and Λ1 = Λ2 for a conformal mapping according to
E. Grafarend (1995 p. 449) are performed.

Proof.

The infinitesimal distance ds between two points x and x + dx both elements of the plane {R2, δµν}
is pullback transformed into the {Λ,Φ} coordinate representation, in particular

ds2 = dx2 + dy2 = δµνdxµdxν =

= δµν
∂xµ

∂UA

∂xν

∂UB
dUAdUB ∀ U1 = Λ,U2 = Φ ,

ds2 = cABdUAdUB ∀ cAB := δµν
∂xµ

∂UA

∂xν

∂UB
.

(F.9)

Throughout, we apply the summation convention over repeated indices. For example, we here apply
aµbµ = a1b1 + a2b2. In addition, we adopt the symbols provided by (F.10) as the symbols for the
meridional radius of curvature M(Φ) and the normal radius of curvature N(Φ), respectively.

M(Φ) :=
A(1− E2)

(1− E2 sin2 Φ)3/2
, N(Φ) :=

A

(1− E2 sin2 Φ)1/2
. (F.10)

Indeed, M(Φ) is the radius of curvature of the meridian, the coordinate line Λ = const., but N(Φ) as
the transverse radius of curvature of a curve formed by the intersection of the normal or transverse
plane P

2 ⊥ TxE
2
A,B which is normal to the tangent space TxE

2
A,B of the biaxial ellipsoid E

2
A,B and is

perpendicular to the meridian at a point {Λ,Φ} ∈ E
2
A,B. In contrast, N(Φ) cos Φ = L(Φ) is the radius

of curvature of the parallel circle, the coordinate line Φ = const. The principal curvature radii of the
biaxial ellipsoid E2

A,B are {M(Φ), N(Φ)}.

x = x(Λ,Φ) = [N(Φ) cos Φ]Λg(Φ) = L(Φ)Λg(Φ) ,

y = y(Φ) = f(Φ) .
(F.11)

The left Cauchy–Green deformation tensor cAB is generated by (F.12). (xΛ, yΛ, xΦ, yΦ) denote the
partials of (x, y) with respect to (Λ,Φ) so that we are led to (F.13).

c11 = x2
Λ + y2

Λ , c12 = xΛxΦ + yΛyΦ , c21 = c12 , c22 = x2
Φ + y2

Φ , (F.12)

{cAB} =

[
L2g2 ΛLg(L′g + Lg′)

ΛLg(L′g + Lg′) Λ2(L′g + Lg′)2 + f ′2

]
. (F.13)



572 F Mixed cylindric map projections

The infinitesimal distance dS between two points X and X+dX, both elements of the biaxial ellipsoid
E2

A,B , represented in terms of the first chart is

dS2 = GABdUAdUB

∀

{GAB} =

[
N2(Φ) cos2 Φ 0

0 M2(Φ)

]
=

[
L2 0

0 M2

]
.

(F.14)

Simultaneous diagonalization of the two matrices {cAB} and {GAB} being positive–definite leads to
the general eigenvalue problem (F.15), leading to the left principal stretches (F.16), solved by (F.17),
subject to (F.18).

|cAB − Λ2
SGAB | = 0 =

∣∣∣∣∣ L2g2 − Λ2
SL2 ΛLg(L′g + Lg′)

ΛLg(L′g + Lg′) Λ2(L′g + Lg′)2 + f ′2 − Λ2
SM2

∣∣∣∣∣ , (F.15)

Λ4
S − Λ2

S

[
Λ2 (L′g + Lg′)2

M2
+

f ′2

M2
+ g2

]
+

g2f ′2

M2
= 0 , (F.16)

Λ1 =

√
1
2
(a +

√
a2 − 4b) , Λ2 =

√
1
2
(a−

√
a2 − 4b) , (F.17)

a := Λ2(L′g + Lg′)2/M2 + f ′2/M2 + g2 ,

b := g2f ′2/M2 .
(F.18)

The postulate of equiareal mapping Λ1Λ2 = 1 leads to (F.19) being equivalent to b = 1 or g = Mf ′−1

or g2f ′2/M2 = 1. Obviously, the postulate of a conformal mapping Λ1 = Λ2 cannot be fulfilled since
a2 = 4b leads to a nonlinear functional F (g′4, g′2, g4, g2, f ′4, f ′2).

1
2
(a +

√
a2 − 4b)

1
2
(a−

√
a2 − 4b) = 1 (F.19)

End of Proof.

In summarizing, we are led to the equiareal pseudo-cylindrical mapping equations of Box F.2.

Box F.2 (Equiareal pseudo-cylindrical mapping).

x =
A2(1 − E2) cos Φ

(1 − E2 sin2 Φ)2
Λ

1

f ′(Φ)
= M(Φ)N(Φ) cos Φ Λ

1

f ′(Φ)
,

y = f(Φ) .

(F.20)

F-2 Mixed equiareal cylindric mapping: biaxial ellipsoid onto plane

The variants of mixed equiareal mappings of the biaxial ellipsoid onto the plane are generated by
the weighted mean of the normal equiareal cylindric mapping (for the sphere S

2
R this is the Lambert

equiareal projection) and the equiareal pseudo-cylindrical mapping of sinusoidal type (for the sphere
S

2
R this is the Sanson–Flamsteed equiareal projection). The separate mappings are beforehand collected

in CorollaryF.2.
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Corollary F.2 (Ellipsoidal equiareal cylindric projection of normal type).

The ellipsoidal equiareal cylindric projection of normal type (generalized Lambert projection) in the
class of cylindric projections in terms of surface normal longitude Λ and latitude Φ of E

2
A,B is repre-

sented by (F.21) mapping the circular equator equidistantly.

x = AΛ ,

y =
A(1− E2)

4E

[
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1− E2 sin2 Φ

]
=

=
A(1− E2)

2E

[
artanh(E sin Φ) +

E sin Φ

1−E2 sin2 Φ

]
.

(F.21)

End of Corollary.

Proof.

For the proof, let us depart from the setup x = AΛ and y = f(Φ) as special case of (F.11) with L(Φ) = 1
and g(Φ) = 1 such that the equator is mapped equidistantly. The left Cauchy–Green deformation
tensor cAB is generated by c11 = A2, c12 = 0, and c22 = f ′2(Φ) such that the left principal stretches,
following (F.12)–(F.14), amount to (F.22), which leads by partial integration (decomposition into
fractions) subject to the condition f(Φ = 0) = 0 directly to (F.21).

Λ1 =
A

N(Φ) cos Φ
, Λ2 =

f ′(Φ)
M(Φ)

,

Λ1Λ2 = 1

⇔
df = A−1N(Φ)M(Φ) cos ΦdΦ ,

df = A(1− E2)
cosΦ

(1− E2 sin2 Φ)2
dΦ .

(F.22)

End of Proof.

Corollary F.3 (Ellipsoidal equiareal projection of pseudo-sinusoidal type).

The ellipsoidal equiareal projection of pseudo-sinusoidal type (generalized Sanson–Flamsteed projec-
tion) in the class of pseudo-cylindrical projections is represented in terms of surface normal longitude Λ
and latitude Φ of E

2
A,B by (F.23) mapping a parallel circle equidistantly.

x =
A cos Φ√

1− E2 sin2 Φ
Λ ,

y ≈ A(1−E2)
[
Φ +

3
8
E2(2Φ− sin 2Φ) + O(E4)

]
≈

≈ A

[
Φ− 1

8
E2(2Φ + 3 sin 2Φ) + O(E4)

]
.

(F.23)

End of Corollary.
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Proof.

For the proof, let us depart from the setup (F.24), which leads under the postulate of an equiareal
mapping via (F.8) of CorollaryF.1 to (F.25), expressing the arc length of the meridian, namely in
terms of the standard elliptic integral of second kind, here instead by series expansion.

x = x(Λ,Φ) =

=
A cos Φ√

1−E2 sin2 Φ
Λ = [N(Φ) cos Φ]Λ = L(Φ)Λ ,

y = f(Φ) ,

(F.24)

g(Φ) = 1 , f ′(Φ) = M(Φ) ,

f(Φ) =

Φ∫
0

M(Φ∗)dΦ∗ =

Φ∫
0

A(1− E2)dΦ∗

(1− E2 sin2 Φ∗)3/2
.

(F.25)

Note the integral kernel expansion as powers of E2 is uniformly convergent.

f(Φ) ≈ A(1−E2)×

×
[
Φ +

3
8
E2(2Φ− sin 2Φ) +

15
256

E4(12Φ− 8 sin 2Φ + sin 4Φ) + O(E6)
]

.
(F.26)

End of Proof.

Note that the coordinate lines Λ = const., the meridians, are mapped close to a sinusoidal arc as
can been seen by Φ in (F.23). Here, we find the reason for our term “pseudo-sinusoidal”. This is in
contrast to the coordintae lines Φ = const.: the parallel circles are mapped onto straight lines parallel
to the x axis represented by x = c1Λ and y = c2, where c1, c2 are constants.

The first variant of mixed equiareal mapping of the biaxial ellipsoid onto the plane is generated as
weighted mean of the vertical coordinates {ygL, ygSF} with respect to the generalized Lambert coordinate
ygL (→ (F.21)) and the generalized Sanson–Flamsteed coordinate ygSF (→ (F.23)). In contrast, the
horizontal coordinate x is constructed from the postulate of equiareal pseudo-cylindrical mapping
equations of the type (F.20).

Definition F.4 (Equiareal mapping of pseudo-cylindrical type: vertical coordinate mean).

An equiareal mapping of pseudo-cylindrical type of the biaxial ellipsoid is called vertical coordinate
mean if (F.27) holds where α and β are weight coefficients.

x = x(Λ,Φ) =

=
A2(1− E2) cos Φ

(1−E2 sin2 Φ)2
Λ

1
f ′(Φ)

,

y = y(Φ) =

=
αygL + βygSF

α + β
=: f(Φ) .

(F.27)

End of Definition.
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The unknown function f(Φ) is constructed as follows. Obviously, the vertical coordinate mean y(Φ),
i. e. (F.28), is the basis which generates the horizontal coordinate x(Λ,Φ), namely (F.29), subject to
(F.30) and (F.31).

f(Φ) ≈ A(1−E2)
α + β

×

×
(

β

[
Φ +

3
8
E2(2Φ− sin 2Φ) +

15
256

E4(12Φ− 8 sin 2Φ + sin 4Φ) + O(E6)
]
+

+
α

4E

[
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1− E2 sin2 Φ

])
,

(F.28)

f ′(Φ) =
1

α + β
(αy′

gL + βy′
gSF) ,

1
f ′(Φ)

=
α + β

αy′
gL + βy′

gSF

, (F.29)

y′
gL(Φ) = A(1− E2)

cosΦ

(1− E2 sin2 Φ)2
= A−1N(Φ)M(Φ) cos Φ ,

y′
gSF(Φ) =

A(1− E2)
(1− E2 sin2 Φ)3/2

= M(Φ) ,

(F.30)

x = x(Λ,Φ) = N(Φ)M(Φ) cos ΦΛ
1

f ′(Φ)
=

=
N(Φ)M(Φ) cos ΦΛ(α + β)

αA−1N(Φ)M(Φ) cos Φ + βM(Φ)
=

(α + β)A cos Φ

α cosΦ + β
√

1−E2 sin2 Φ
Λ .

(F.31)

Thus, we have proven Lemma F.5.

Lemma F.5 (Vertical mean of the generalized Lambert projection and of the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B).

The vertical mean of the generalized Lambert projection and of the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid leads to the equiareal mapping of pseudo-cylindrical type represented
by (F.32).

x = x(Λ,Φ) =
(α + β)A cos Φ

α cos Φ + β
√

1− E2 sin2 Φ
Λ ,

y = y(Φ) ≈ A(1− E2)
α + β

×

×
(

β

[
Φ +

3
8
E2(2Φ− sin 2Φ) +

15
256

E4(12Φ− 8 sin 2Φ + sin 4Φ) + O(E6)
]
+

+
α

4E

[
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1− E2 sin2 Φ

])
.

(F.32)

End of Lemma.
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The second variant of mixed equiareal mapping of the biaxial ellipsoid onto the plane is generated
as weighted mean of the horizontal coordinates {xgL, xgSF} with respect to the generalized Lambert
coordinate xgL (→ (F.21)) and the generalized Sanson–Flamsteed coordinate xgSF (→ (F.23)). In
contrast, the vertical coordinate y is constructed from the postulate of equiareal pseudo-cylindrical
mapping equations of the type (F.20).

Definition F.6 (Equiareal mapping of pseudo-cylindrical type: horizontal coordinate mean).

An equiareal mapping of pseudo-cylindrical type of the biaxial ellipsoid is called horizontal coordinate
mean if (F.33) holds where α and β are weight coefficients.

x = x(Λ,Φ) =

=
αxgL + βxgSF

α + β
=

A2(1− E2) cos Φ

(1− E2 sin2 Φ)2
Λ

1
f ′(Φ)

,

y = y(Φ) =: f(Φ) .

(F.33)

End of Definition.

This time, in constructing the unknown function f(Φ), the horizontal coordinate mean x(Λ,Φ), i. e.
(F.34), is the basis generating the vertical coordinate y(Φ), i. e. (F.35)–(F.38).

αxgL + βxgSF

α + β
=

A2(1−E2) cos Φ

(1− E2 sin2 Φ)2
Λ

f ′(Φ)
, (F.34)

xgL = AΛ , xgSF =
A cos ΦΛ√

1− E2 sin2 Φ
, (F.35)

f ′(Φ) =
A2(1−E2) cos ΦΛ

(1− E2 sin2 Φ)2
α + β

αxgL + βxgSF
,

f ′(Φ) =
A2(1− E2) cos ΦΛ

(1− E2 sin2 Φ)2
α + β

αA Λ + β(A cos Φ)Λ/
√

1− E2 sin2 Φ
=

=
(α + β)A(1− E2) cos Φ(1− E2 sin2 Φ)−3/2

α
√

1− E2 sin2 Φ + β cos Φ
,

(F.36)

f(Φ = 0) = 0

⇔

f(Φ) =

Φ∫
0

f ′(Φ∗)dΦ∗ ,

(F.37)

y(Φ) = A(1− E2)(α + β)

Φ∫
0

cos Φ∗(1− E2 sin2 Φ∗)−3/2

α
√

1− E2 sin2 Φ∗ + β cos Φ∗
dΦ∗ . (F.38)
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In detail, we use

(1− E2 sin2 Φ)−3/2 ≈

≈ 1 +
3
2
E2 sin2 Φ +

15
8

E4 sin4 Φ + O(E6) ,

√
1− E2 sin2 Φ ≈

≈ 1− 1
2
E2 sin2 Φ− 1

8
E4 sin4 Φ + O(E6) ,

(F.39)

α
√

1− E2 sin2 Φ + β cos Φ ≈

≈ α + β cosΦ− α

2
E2 sin2 Φ− α

8
E4 sin4 Φ + O(E6) ,

(α
√

1− E2 sin2 Φ + β cos Φ)−1 ≈

≈ 1
α + β cos Φ

+
αE2 sin2 Φ

2(α + β cos Φ)2
+

αE4(3α + β cosΦ) sin4 Φ

8(α + β cosΦ)3
+ O(E6) ,

(F.40)

cos Φ(1− E2 sin2 Φ)−3/2

α
√

1− E2 sin2 Φ + β cos Φ
≈

≈ cosΦ

α + β cosΦ
×

×
[
1 +

E2(4α + 3β cos Φ) sin2 Φ

2(α + β cos Φ)
+

+
E4(24α2 + 37αβ cos Φ + 15β2 cos2 Φ) sin4 Φ

8(α + β cosΦ)2
+ O(E6)

]
,

(F.41)

Φ∫
0

cos Φ∗(1− E2 sin2 Φ∗)−3/2

α
√

1−E2 sin2 Φ∗ + β cos Φ∗
dΦ∗ ≈

≈ 2α

β
√

α2 − β2
arctan

(β − α) tan Φ/2√
α2 − β2

[
1 + E2

(
1− α2

2β2

)]
+

+
Φ

β

[
1 + E2

(
3
4
− α2

2β2

)]
+

+E2 (α− β cos Φ)(2α + 3β cos Φ) sin Φ

4β2(α + β cos Φ)
+ O(E4) .

(F.42)

For the term-wise integration in (F.42) by MATHEMATICA, uniform convergence of the kernel has
been necessary. In summarizing, we have proven Lemma F.7.
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Lemma F.7 (Horizontal mean of the generalized Lambert projection and of the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E2

A,B).

The horizontal mean of the generalized Lambert projection and of the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid leads to the equiareal mapping of pseudo-cylindrical type represented
by (F.43).

x = x(Λ,Φ) =
AΛ

α + β

(
α +

β cosΦ√
1− E2 sin2 Φ

)
. (F.43)

α > β:

y = y(Φ) ≈ A(1− E2)(α + β)×

×
(

2α

β
√

α2 − β2
arctan

(β − α) tan Φ/2√
α2 − β2

[
1 + E2(1− α2

2β2
)
]
+

+
Φ

β

[
1 + E2

(
3
4
− α2

2β2

)]
+

+E2 (α− β cos Φ)(2α + 3β cos Φ) sin Φ

4β2(α + β cosΦ)
+ O(E4)

)
.

(F.44)

α < β:

y = y(Φ) ≈ A(1− E2)(α + β)×

×
(
− α

β
√

β2 − α2
ln

β + α cos Φ +
√

β2 − α2 sin Φ

α + β cos Φ

[
1 + E2

(
1− α2

2β2

)]
+

+
Φ

β

[
1 + E2

(
3
4
− α2

2β2

)]
+

+E2 (α− β cos Φ)(2α + 3β cos Φ) sin Φ

4β2(α + β cosΦ)
+ O(E4)

)
.

(F.45)

α = β = 1:

x = x(Λ,Φ) ≈ 1
2
AΛ

√
1− E2 sin2 Φ + cos Φ√

1−E2 sin2 Φ
,

y = y(Φ) ≈ 2A(1−E2)×

×
[
Φ

(
1 +

E2

4

)
− tan

Φ

2

(
1 +

E2

2

)
+ E2 1− cos Φ

4(1 + cos Φ)
(2 + 3 cos Φ) sin Φ + O(E2)

]
.

(F.46)

End of Lemma.
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F-3 Deformation analysis of vertically/horizontally averaged equiareal
cylindric mappings

The deformation analysis of vertically and horizontally averaged equiareal cylindric mappings based
upon E.Grafarend (1995) will inform us about the minimal and maximal scale distortions, also called
left and right principal stretches, as well as the maximal angular distortion. Indeed, we collect in
CorollaryF.8 the representation of left principal stretches {Λ1, Λ2} in terms of the invariant tr

[
ClC

−1
l

]
,

both for the vertical as well as the horizontal mean of mixed equiareal cylindric mappings of the biaxial
ellipsoid E

2
A,B . In Boxes F.3 and F.4, we present the items of left Cauchy–Green deformation tensor

based upon (F.32) or (F.43)–(F.46). CorollaryF.9, in contrast, reviews the representation of maximal
left angular distortion in terms of the sum and the difference of the left principal stretches. The two
left eigenvectors of the left Cauchy–Green deformation are by CorollaryF.10 computed in the basis of
images of tangent vectors {G1,G2} which locally span TE

2
A,B , the tangent space at {Λ,Φ} of E

2
A,B.

In order to analyse the distortion measures in the chart (x, y) ∈ {R2, δαβ} the coordinates of the
right Cauchy–Green deformation tensor for the vertical-horizontal mixed equiareal cylindric mapping
(F.32) and (F.43) in Boxes F.5 and F.6 have been computed. The right principal stretches are inversely
related to the left principal stretches. The right eigenvectors of the right Cauchy–Green deformation
tensor of the vertical–horizontal mean of mixed equiareal cylindric mapping of E2

A,B are given in
CorollaryF.11, in particular, the orientation of the right principal stretches.

Corollary F.8 (Left principal stretches of the vertical–horizontal mean of mixed equiareal cylindric map-
ping of the biaxial ellipsoid E

2
A,B).

The left principal stretches {Λ1, Λ2} of the coordinates cAB of the left Cauchy–Green deformation
tensor normalized with respect to the coordinates GA,B of the left metric tensor are represented by
(F.47) if the mapping equations (F.32) for the vertical mean and (F.43)–(F.46) for the horizontal
mean of mixed equiareal mappings of the biaxial ellipsoid apply.

Λ1 = +

√
1
2

[(
tr

[
ClG

−1
l

])
+

√(
tr

[
ClG

−1
l

])2 − 4
]

,

Λ2 = +

√
1
2

[(
tr

[
ClG

−1
l

])−√(
tr

[
ClG

−1
l

])2 − 4
]

.

(F.47)

First, for the vertical mean holds (F.48).

tr
[
ClG

−1
l

]
=

c11

G11
+

c22

G22
=

=
A4(α + β)4[A2Λ2β2 sin2 Φ + (αL + βA)2] + (αL + βA)6

A2(α + β)2(αL + βA)4
.

(F.48)

Second, for the horizontal mean holds (F.49).

tr
[
ClG

−1
l

]
=

c11

G11
+

c22

G22
=

=
(αA + βL)4 + Λ2β2 sin2 ΦL2(αA + βL)2 + L4(α + β)4

(α + β)2L2(αA + βL)2
.

(F.49)

End of Corollary.
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Proof (of (F.47)).

For the proof of (F.47), we depart from the general eigenvalue problem (F.15), whose characteristic
equation is solved under the postulate of equal area Λ1Λ2 = 1, which is equivalent to det

[
ClG

−1
l

]
= 1.∣∣cAB − Λ2

SGAB

∣∣ = 0

⇒
Λ4

S − Λ2
Str

[
ClG

−1
l

]
+ det

[
ClG

−1
l

]
= 0 ,

(F.50)

Λ2
1,2 =

1
2

[(
tr

[
ClG

−1
l

])±√(
tr

[
ClG

−1
l

])2 − 4
(
det

[
ClG

−1
l

])]
⇒

det
[
ClG

−1
l

]
= 1 .

(F.51)

End of Proof.

Proof (of (F.48)).

For the proof of (F.48), we depart from the vertical mixed equiareal cylindric mapping (F.32), compute
the Jacobi matrix of partial derivatives of {x(Λ,Φ), y(Φ)} and constitute the coordinates of the left
Cauchy–Green deformation tensor cAB as well as the matrix ClG

−1
l implementing (F.14) and finally

the trace tr
[
ClG

−1
l

]
.

x(Λ,Φ) =
(α + β)A cos Φ

α cosΦ + β
√

1−E2 sin2 Φ
Λ ,

y(Φ) =
A(1− E2)

α + β

⎛⎝β

Φ∫
0

dΦ∗

(1−E2 sin2 Φ∗)3/2
+

α

4E

[
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1−E2 sin2 Φ

]⎞⎠ ,

(F.52)

xΛ =
A(α + β)L
αL + βA

, yΛ = 0 , xΦ = −A2(α + β)β sin ΦMΛ

(αL + βA)2
, yΦ =

M(αL + βA)
A(α + β)

, (F.53)

c11 = x2
Λ + y2

Λ =
A2(α + β)2L2

(αL + βA)2
,

c12 = xΛxΦ + yΛyΦ = −A3(α + β)2β sin ΦLMΛ

(αL + βA)3
,

c22 = M2

[
A4(α + β)2β2 sin2 ΦΛ2

(αL + βA)4
+

(αL + βA)2

A2(α + β)2

]
,

(F.54)

det [cAB ] = det [GAB ] =
A4(1−E2)2 cos2 Φ

(1− E2 sin2 Φ)4
,

tr
[
ClG

−1
l

]
=

c11

G11
+

c22

G22
=

A2(α + β)2

(αL + βA)2
+

A6(α + β)4β2Λ2 sin2 Φ + (αL + βA)6

A2(α + β)2(αL + βA)4
.

(F.55)

End of Proof.
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Proof (of (F.49)).

For the proof of (F.49), we depart from the horizontal mixed equiareal cylindric mapping (F.43)–(F.46),
compute the Jacobi matrix of partial derivatives of {x(Λ,Φ), y(Φ)} and constitute the coordinates of
the left Cauchy–Green deformation tensor cAB as well as the matrix ClG

−1
l implementing (F.14)and

finally the trace tr
[
ClG

−1
l

]
.

x(Λ,Φ) =
AΛ

α + β

(
α +

β cos Φ√
1− E2 sin2 Φ

)
,

y(Φ) = A(1− E2)(α + β)

Φ∫
0

cos Φ∗(1− E2 sin2 Φ∗)−3/2

α
√

1− E2 sin2 Φ∗ + β cos Φ∗
dΦ∗ ,

(F.56)

xΛ =
αA + βL

α + β
, yΛ = 0 , xΦ = −β sin ΦMΛ

α + β
, yΦ =

(α + β)LM

αA + βL
, (F.57)

c11 = x2
Λ + y2

Λ =
(αA + βL)2

(α + β)2
, c12 = xΛxΦ + yΛyΦ = −β sin ΦM(αA + βL)Λ

(α + β)2
,

c22 = x2
Φ + y2

Φ = M2

[
β2 sin2 ΦΛ2

(α + β)2
+

(α + β)2L2

(αA + βL)2

]
,

(F.58)

det [cAB ]= det [ GAB ]=
A4(1−E2)2 cos2 Φ

(1− E2 sin2 Φ)4
,

tr
[
ClG

−1
l

]
=

c11

G11
+

c22

G22
=

(αA + βL)2

(α + β)2L2
+

β2Λ2 sin2 Φ(αA + βL)2 + (α + β)4L2

(α + β)2(αA + βL)2
.

(F.59)

End of Proof.

Box F.3 (Left Cauchy–Green deformation tensor (vertical mixed equiareal cylindric mapping)).

The coordinates of the left Cauchy–Green deformation tensor
for the vertical mixed equiareal cylindric mapping:

c11 =
A2(α + β)2L2

(αL + βA)2
, c12 = −A3(α + β)2β sin ΦLMΛ

(αL + βA)3
,

c22 = M2

»
A6(α + β)4β2 sin2 ΦΛ2 + (αL + βA)6

A2(α + β)2(αL + βA)4

–
.

(F.60)

Box F.4 (Left Cauchy–Green deformation tensor (horizontal mixed equiareal cylindric mapping)).

The coordinates of the left Cauchy–Green deformation tensor
for the horizontal mixed equiareal cylindric mapping:

c11 =
(αA + βL)2

(α + β)2
, c12 = −β sin ΦM(αA + βL)Λ

(α + β)2
,

c22 = M2

»
β2Λ2 sin2 Φ(αA + βL)2 + (α + β)4L2

(α + β)2(αA + βL)2

–
.

(F.61)
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Corollary F.9 (Maximal left angular distortion of the vertical–horizontal mean of mixed equiareal cylindric
mapping of the biaxial ellipsoid E2

A,B).

The right maximal angular distortion Ω generated by the mapping equations (F.32) for the vertical
mean and (F.43)–(F.46) for the horizontal mean of mixed equiareal mappings of the biaxial ellipsoid
is represented by (F.62) subject to (F.63), where tr

[
ClG

−1
l

]
is given by (F.48) for the vertical mean

of (F.32) and by (F.49) for the horizontal mean of (F.43)–(F.46).

Ω = arc sin
Λ1 − Λ2

Λ1 + Λ2
, (F.62)

Λ1 − Λ2 =
√(

tr
[
ClG

−1
l

])− 2 , Λ1 + Λ2 =
√(

tr
[
ClG

−1
l

])
+ 2 . (F.63)

End of Corollary.

Proof.

For the proof of (F.63) just compute (Λ1 − Λ2)2 and (Λ1 + Λ2)2 under the postulate of an equiareal
mapping Λ1Λ2 = 1, namely by means of (F.48).

(Λ1 − Λ2)2 = Λ2
1 + Λ2

2 − 2Λ1Λ2 = Λ2
1 + Λ2

2 − 2 = tr
[
ClG

−1
l

]− 2 ,

(Λ1 + Λ2)2 = Λ2
1 + Λ2

2 + 2Λ1Λ2 = Λ2
1 + Λ2

2 + 2 = tr
[
ClG

−1
l

]
+ 2 .

(F.64)

End of Proof.

Corollary F.10 (The left eigenvectors of the left Cauchy–Green deformation tensor).

The left eigenvectors of the left Cauchy–Green deformation tensor normalized with respect to the left
metric tensor can be represented with respect to the basis {G1,G2} which spans the local tangent
space TE2

A,B

End of Corollary.

The infinitesimal distance dS between two points X and X+dX both elements of the biaxial ellipsoid
E

2
A,B , see (F.65), is push–forward transformed into the {x, y} coordinate representation, in particular,

into (F.66) and (F.67).

f l1 =
−(c12 − Λ2

1G12)G2 + (c22 − Λ2
1G22)G2√

G22(c12 − Λ2
1G12)2 + G11(c22 − Λ2

1G22)2 − 2G12(c12 − Λ2
1G12)(c22 − Λ2

1G22)
,

f l2 =
−(c12 − Λ2

2G12)G1 + (c11 − Λ2
2G11)G2√

G11(c12 − Λ2
2G12)2 + G22(c11 − Λ2

2G11)2 − 2G12(c12 − Λ2
2G12)(c11 − Λ2

2G11)
,

(F.65)

dS2 = GABdUAdUB = GAB
∂UA

∂uα

∂UB

∂uβ
duαduβ

∀ u1 = x , u2 = y ,

(F.66)

dS2 = Cαβduαduβ

∀ Cαβ := GAB
∂UA

∂uα

∂UB

∂uβ
.

(F.67)
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The right Jacobi matrix [∂UA/∂uα] =: Jr is the inverse of the left Jacobi matrix [∂uµ/∂UA] =: Jl,
i. e. Jr = J−1

l . Since we have already computed Jl, we are left with the problem of calculating

Jr = J−1
l = (xΛyΦ)−1

[
yΦ −xΦ

0 xΛ

]
=

[
Λx Λy

Φx Φy

]
, (F.68)

Λx = x−1
Λ , Λy = −xΦ(xΛyΦ)−1 , Φx = 0 , Φy = y−1

Φ , (F.69)

C11 = G11Λ
2
x + G22Φ

2
x ,

C12 = G11ΛxΛy + G22ΦxΦy ,

C22 = G11Λ
2
y + G22Φ

2
y ,

(F.70)

C11 =
N2 cos2 Φ

x2
Λ

,

C12 = −N2 cos2 ΦxΦ

x2
ΛyΦ

,

C22 =
N2 cos2 Φx2

Φ

x2
Λy2

Φ

+
M2

y2
Φ

.

(F.71)

The coordinates of the right Cauchy–Green deformation tensor for the vertical as well as the horizontal
mixed equiareal cylindric mapping of (F.32) and (F.43)–(F.46) are collected in Box F.5 and Box F.6.
The results enable us to compute the right eigenvectors given by CorollaryF.11. Indeed, they are
needed to orientate by tan ϕ = C12/(λ2

2 − C11) the right principal stretches, once we relate Λ1 = λ−1
1

such that λ1 = Λ−1
1 and λ2 = Λ−1

2 holds. There exists a right analogue ω of the left maximal angular
distortion Ω, namely of (F.62) , as soon as we replace left principal stretches by right ones.

Box F.5 (The coordinates of the right Cauchy–Green deformation tensor for the vertical mixed equiareal
cylindric mapping of (F.32)).

The coordinates of the right Cauchy–Green deformation tensor for the vertical mixed equiareal cylindric
mapping of (F.32) are provided by

C11 =
(αL + βA)2

A2(α + β)2
, C12 =

Aβ sin Φ

αL + βA
,

C22 =
A2(α + β)2

(αL + βA)2

„
1 +

(A2β2 sin2 Φ

(αL + βA)2

«
.

(F.72)

Box F.6 (The coordinates of the right Cauchy–Green deformation tensor for the horizontal mixed equiareal
cylindric mapping of (F.43)–(F.46)).

The coordinates of the right Cauchy–Green deformation tensor for the horizontal mixed equiareal cylindric
mapping of (F.43)–(F.46) are provided by

C11 =
(α + β)2L2

(αA + βL)2
, C12 =

β sin ΦLΛ

αA + βL
,

C22 =
1

(α + β)2

„
β2 sin2 ΦΛ2 +

(αA + βL)2

L2

«
.

(F.73)
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Corollary F.11 (The right eigenvectors of the right Cauchy–Green deformation tensor).

The right eigenvectors of the right Cauchy–Green deformation tensor normalized with respect to the
right metric tensor Gr = I2 can be represented by

fr1 =
−C12e2 + (C22 − λ2

1)e1√
C2

12 + (C22 − λ2
1)2

, fr2 =
−C12e1 + (C11 − λ2

2)e2√
C2

12 + (C11 − λ2
2)2

, (F.74)

namely with respect to the orthonormal basis {e1,e2} which spans {R2, δαβ}. The coordinates of the
eigenvectors {fr1,fr2} generate the orthonormal matrix

Fr =

[
cos ϕ sin ϕ

− sin ϕ cos ϕ

]
= [fr1,f r2] , (F.75)

such that

tanϕ =
C12

−(C11 − λ2
2)

=
2C12

C22 − C11 −
√

(C11 − C22)2 + (2C12)2
, cotϕ =

2C12

C11 − C22
. (F.76)

End of Corollary.

As a visualization for the derived pseudo-cylindrical mappings of the biaxial ellipsoid onto the plane,
the following Figs. F.1–F.10 here are given for different weight parameters α and β including their
Tissot indicatrices.

Fig. F.1. Vertical weighted mean of the generalized Lambert projection and the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters α = 1,

β = 0.1.

Fig. F.2. Vertical weighted mean of the generalized Lambert projection and the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters α = 1,

β = 0.5.
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Fig. F.3. Vertical weighted mean of the generalized Lambert projection and the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid E

2
A,B (generalized Foucaut projection), squared relative eccentricity E2 = 0.1,

weight parameters α = β = 1.

Fig. F.4. Vertical weighted mean of the generalized Lambert projection and the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters α = 0.5,

β = 1.

Fig. F.5. Vertical weighted mean of the generalized Lambert projection and the generalized Sanson–Flamsteed
projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters α = 0.1,

β = 1.

Fig. F.6. Horizontal weighted mean of the generalized Lambert projection and the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters

α = 1, β = 0.1.



586 F Mixed cylindric map projections

Fig. F.7. Horizontal weighted mean of the generalized Lambert projection and the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters

α = 1, β = 0.5.

Fig. F.8. Horizontal weighted mean of the generalized Lambert projection and the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B (generalized Nell–Hammer projection), squared relative

eccentricity E2 = 0.1, weight parameters α = β = 1.

Fig. F.9. Horizontal weighted mean of the generalized Lambert projection and the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters

α = 0.5, β = 1.

Fig. F.10. Horizontal weighted mean of the generalized Lambert projection and the generalized Sanson–
Flamsteed projection of the biaxial ellipsoid E

2
A,B , squared relative eccentricity E2 = 0.1, weight parameters

α = 0.1, β = 1.
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Note that our results are based upon the contributions of J. Cossin (1570), J. Flamsteed (1692),
H.C. Foucaut (1862), E.Grafarend (1995), E.Grafarend and A.Heidenreich (1995), E.Grafarend and
R. Syffus (1997c), E. Hammer (1900), J. H. Lambert (1772), A. M. Nell (1890), N. Sanson (1675) and
M.R. Tobler (1973).
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G Generalized Mollweide projection

Generalized Mollweide projection of the ellipsoid-of-revolution, the standard Mollweide projection, the
generalized Mollweide projection, general equiareal pseudo-cylindrical mapping equations.

The standard Mollweide projection of the sphere S2
R which is of type equiareal pseudo-cylindrical is

generalized to the biaxial ellipsoid E2
A1,A2

.

Im
p
or

ta
nt

!

Within the class of pseudo-cylindrical mapping equations (G.8) of E
2
A1,A2

(semi-major axis
A1, semi-minor axis A2) it is shown by solving the general eigenvalue problem (Tissot anal-
ysis) that only equiareal mappings, no conformal mappings exist. The mapping equations
(G.20), which generalize those from S

2
R to E

2
A1,A2

, lead under the equiareal postulate to a
generalized Kepler equation (G.39), which is solved by Newton iteration, for instance, see
TableG.1. Two variants of the ellipsoidal Mollweide projection, in particular, (G.35) and
(G.36) versus (G.37) and (G.38), are presented, which guarantee that parallel circles (co-
ordinate lines of constant ellipsoidal latitude) are mapped onto straight lines in the plane,
while meridians (coordinate lines of constant ellipsoidal longitude) are mapped onto ellipses
of variable axes. A theorem collects the basic results. Computer graphical examples illustrate
the first pseudo-cylindrical map projection of E

2
A1,A2

of type generalized Mollweide.

With advent of artificial satellites of the Earth measuring precisely its size and shape, the ellipsoidal
reference figure becomes more and more obvious. In order to present an equiareal map of a biaxial
reference ellipsoid (which is of central importance for a graphical representation of environmental
data, for example, from remote sensing) the popular Mollweide projection of the sphere S

2
R of radius

R has to be generalized into an equiareal pseudo-cylindrical projection of the ellipsoid-of-revolution or
spheroid E2

A1,A2
with the semi-major axis A1 and with the semi-minor axis A2, for example, according

to the Geodetic Reference System 1980.

Section G-1.

In order to generalize the standard Mollweide projection of S
2
R towards E

2
A1,A2

(compare with
J. P. Snyder (1977, 1979)), SectionG-1 is a setup of general pseudo-cylindrical mapping equations of
class (G.8) which allow only equiareal, but no conformal projections. (We met the same situation for
S

2
R.) By solving a general eigenvalue–eigenvector problem, the principal distortions as well as their di-

rections (eigenvectors) are computed, in particular, on the basis of the metric of the plane represented
by pullback in terms of the left Cauchy–Green deformation tensor and of the metric of the spheroid.

Section G-2.

In Section G-2, we specialize the ellipsoidal Mollweide projection by an “Ansatz” (G.20), leading to
the problem to solve a generalized Kepler equation (G.39), for example, by Newton iteration, see
TableG.1. The basic results are collected in three corollaries and one theorem.

Section G-3.

Finally, completing the preceding SectionsG-1 and G-2, Section G-3 presents computer graphics of
the generalized Mollweide projection of E2

A1,A2
.

G-1 The pseudo-cylindrical mapping of the biaxial ellipsoid onto the plane

First, we construct a minimal atlas of the biaxial ellipsoid E
2
A1,A2

(“ellipsoid-of-revolution”, “spheroid”)
based on local coordinates of type {longitude, latitude} and {meta-longitude, meta-latitude}.
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X ∈ E
2
A1,A2

:=

:=
{

X ∈ R
3 X2 + Y 2

A2
1

+
Z2

A2
2

= 1, A1 ∈ R
+, A2 ∈ R

+, A1 > A2

}
,

(G.1)

X(L, B) =

= e1
A1 cosΦ cos Λ√
1− E2 sin2 Φ

+ e2
A1 cosΦ sin Λ√
1− E2 sin2 Φ

+ e3
A1(1−E2) sin Φ√

1−E2 sin2 Φ
.

(G.2)

For surface normal ellipsoidal {longitude Λ, latitude Φ}, we choose the open set 0 < Λ < 2π and
−π/2 < Φ < +π/2 in order to avoid any coordinate singularity once we endow the manifold E

2
A1,A2

with a differentiable structure. Indeed, (G.2) covers all points of E
2
A1,A2

except the meridians Λ = 0
and Λ = π, respectively, as well as the poles Φ = ±π/2. E denotes the relative eccentricity of the
biaxial ellipsoid E2

A1,A2
defined by E2 := (A2

1−A2
2)/A2

1. In order to guarantee bijectivity of the mapping
{X, Y, Z} �→ {Λ,Φ}, we use

Λ(X) = arctan
Y

X
+

[
−1

2
sgn (Y )− 1

2
sgn (Y )sgn (X) + 1

]
180◦ ,

Φ(X) = arctan
1√

1− E2

Z√
X2 + Y 2

.

(G.3)

In order to establish the second set of local coordinates, in particular {meta-longitude, meta-latitude},
we transform the orthonormal triad {e1,e2,e3}, which spans E

3 = {R3, δij} where δij is the Kronecker
symbol for a unit matrix (i, j = 1, 2, 3), into the transverse orthonormal triad {e1′ ,e2′ ,e3′} by means
of the rotation matrices R3(Λ0) and R1(π/2).

[e1′ ,e2′ ,e3′ ] = [e1,e2,e3]RT
3 (Λ0)RT

1 (π/2) , (G.4)

X ′ ∈ E
2
A1,A2

:=

:=
{

X ′ ∈ R
3 X ′2 + Z ′2

A2
1

+
Y ′2

A2
2

= 1, A1 ∈ R
+, A2 ∈ R

+, A1 > A2

}
,

(G.5)

X ′(α, β) =

= e1′
A1 cosα cosβ√

1− E2 sin2 α cos2 β
+ e2′

A1(1−E2) sin α cos β√
1− E2 sin2 α cos2 β

+ e3′
A1 sin β√

1−E2 sin2 α cos2 β
.

(G.6)

For surface normal ellipsoidal {meta-longitude α, meta-latitude β}, we choose the open set 0 < α < 2π
and −π/2 < β < +π/2 in order to avoid any coordinate singularity once we differentiate X ′(α, β)
with respect to meta-longitude and meta-latitude. In order to ensure bijectivity of the mapping
{X ′, Y ′, Z ′} �→ {α, β}, we use

α(X ′) = arctan
1

1− E2

Y ′

X ′ +
[
−1

2
sgn (Y ′)− 1

2
sgn (Y ′)sgn (X ′)

]
180◦ ,

β(X ′) = arctan(1−E2)
Z ′√

(1− E2)X ′2 + Y ′2 .

(G.7)

The union of the two charts X(L, B)∪X ′(α, β) covers the entire biaxial ellipsoid E2
A1,A2

, thus gener-
ating a minimal atlas. (Surfaces which are topological similar to the sphere, for example, the biaxial
ellipsoid, are uniquely described by a minimal atlas of two charts. An alternative example is the torus
whose minimal atlas is generated by three charts.)
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Second, we set up pseudo-cylindrical mapping equations of the biaxial ellipsoid E
2
A1,A2

onto the
plane R

2 in terms of surface normal ellipsoidal {longitude Λ, latitude Φ}, in particular

x = x(Λ,Φ) = A1Λ
cosΦ√

1−E2 sin2 Φ
g(Φ) ,

y = y(Φ) = A1f(Φ) ,

x :=
{
x ∈ R

2 ax + by + c = 0
}

.

(G.8)

The structure of the pseudo-cylindrical mapping equations with unknown functions f(Φ) and g(Φ) is
motivated by the postulate that for g(Φ) = 1 parallel circles of E2

A1,A2
should be mapped equidistantly

onto R2. Note that for zero relative eccentricity E = 0, we arrive at the pseudo-cylindrical mapping
equations of the sphere S

2
R.

Third, by means of CorollaryG.1, we want to show that in the class of pseudo-cylindrical mapping
equations (G.8), only equiareal map projections are possible.

Corollary G.1 (Pseudo-cylindrical mapping equations).

In the class of the pseudo-cylindrical mapping equations of type (G.8), only equiareal map projections
are possible restricting the unknown functions to (G.9). Note that conformal map projections are not
in the class of pseudo-cylindrical mapping equations.

f ′ = g−1 or g = f ′−1 . (G.9)

End of Corollary.

For the proof, we are going to construct the left Cauchy–Green deformation tensor and solve its general
eigenvalue problem in order to compute the principal distortions {Λ1, Λ2}. The tests Λ1Λ2 = 1 for
equiareal and Λ1 = Λ2 for conformality are performed.

Proof.

The infinitesimal distance ds between two points x and x + dx, both elements of the plane {R2, δµν}
is by pullback transformed into a {Λ,Φ} coordinate representation, in particular

ds2 = dx2 + dy2 = δµνdxµdxν = δµν
∂xµ

∂UA

∂xν

∂UB
dUAdUB ∀ U1 = Λ , U2 = Φ ,

ds2 = cABdUAdUB ∀ cAB := δµν
∂xµ

∂UA

∂xν

∂UB
.

(G.10)

Throughout, we apply the summation convention over repeated indices, for example, aµbµ = a1b1+a2b2

and aibi = a1b1+a2b2+a3b3. In addition, we adopt the notation (G.11), the symbols for the meridional
radius of curvature M(Φ) and the normal radius of curvature N(Φ), respectively.

M(Φ) :=
A1(1− E2)

(1− E2 sin2 Φ)3/2
,

N(Φ) :=
A1

(1−E2 sin2 Φ)1/2
.

(G.11)

The normal or transverse radius of curvature of E
2
A1,A2

is the curvature radius of a curve formed by
the intersection of the normal or transverse plane R

2 ⊥ TxE
2
A1,A2

which is normal to the tangent space
TxE

2
A1,A2

of the ellipsoid E
2
A1,A2

and is perpendicular to the meridian at a point X ∈ E
2
A1,A2

.

x = x(Λ,Φ) = N(Φ)Λ cos Φg(Φ) = A1ΛP (Φ)g(Φ) ,

y = y(Φ) = A1f(Φ) .
(G.12)
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Thus, the left Cauchy–Green deformation tensor cAB is generated by

c11 =
(

∂x

∂Λ

)2

+
(

∂y

∂Λ

)2

= A2
1P

2g2 ,

c12 = c21 =
∂x

∂Λ

∂x

∂Φ
+

∂y

∂Λ

∂y

∂Φ
= A2

1ΛPg(P ′g + Pg′) ,

c22 =
(

∂x

∂Φ

)2

+
(

∂y

∂Φ

)2

= A2
1Λ

2(P ′g + Pg′)2 + A2
1f

′2 ,

(G.13)

{cAB} = A2
1

[
P 2g2 ΛPP ′g2 + ΛP 2gg′

ΛPP ′g2 + ΛP 2gg′ Λ2P ′2g2 + Λ2P 2g′2 + 2Λ2PP ′gg′ + f ′2

]
. (G.14)

The infinitesimal distance dS between two points X and X+dX, both elements of the biaxial ellipsoid
E

2
A1,A2

, is in terms of the first chart represented by (G.15). Simultaneous diagonalization of the two
matrices {cAB} and {GAB} being positive–definite leads to the general eigenvalue problem (G.16)
with the eigenvalues (principal distortions) {Λ1, Λ2} given by (G.17).

dS2 = GABdUAdUB ∀ {GAB} =

[
N2(Φ) cos2 Φ 0

0 M2(Φ)

]
= A2

1

[
P 2 0

0 M2

]
, (G.15)

∣∣cAB − Λ2
SGAB

∣∣ = 0 , (G.16)

Λ4
S[Λ2(P ′g + Pg′)2 + f ′2 + g2M2] + g2f ′2 = 0

⇔
Λ2

S =
1
2
(Λ2P ′2g2 + Λ2P 2g′2 + 2ΛPP ′gg′ + f ′2 + g2M2)±

±
√

1
4
(Λ2P ′2g2 + ΛPP ′gg′ + f ′2 + g2M2)2 + 1

⇔
Λ2

S = a± b⇔ Λ2
1 = a + b , Λ2

2 = a− b .

(G.17)

The postulate of an equiareal mapping Λ2
1Λ

2
2 = 1 leads to (a + b)(a− b) = a2 − b2 = 1 or gf ′2 = 1 or

g = f ′−1 or g−1 = f ′. Obviously, the postulate of a conformal mapping Λ2
1 = Λ2

2 cannot be fulfilled
since a + b �= a− b, b �= 0 holds, in general.

End of Proof.

In summarizing, we are led to the equiareal pseudo-cylindrical mapping equations (G.18) with the
principal distortions (G.19).

x = A1Λ
cos Φ√

1− E2 sin2 Φ

1
f ′(Φ)

= N(Φ)Λ cos Φ
1

f ′(Φ)
= A2

1Λ
cosΦ√

1−E2 sin2 Φ

1
dy
dΦ

,

y = A1f(Φ) ,

(G.18)

Λ2
S =

1
2
(Λ2P ′2 + Q2 + 1)±

√
1
4
(Λ2P ′2 + Q2 + 1) + 1

∀ P ′(Φ) = − sin Φ√
1− E2 sin2 Φ

+
E2 sin Φ cos2 Φ

(1− E2 sin2 Φ)3/2
.

(G.19)
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G-2 The generalized Mollweide projections for the biaxial ellipsoid

The characteristics of the spherical Mollweide projection within the class of pseudo-cylindrical map-
pings are as follows. The graticule parallel circles are mapped on parallel straight lines, while meridians
on ellipses. We shall keep these properties for the ellipsoidal Mollweide projection by the “Ansatz”

x(Λ,Φ) = aΛ cos t, y(Φ) = b sin t . (G.20)

The polar coordinate t can be interpreted as the reduced latitude of the ellipse x2/a2(Λ) + y2/b2 = 1,
where a(Λ) = aΛ holds. Note that for longitude Λ = 0, a(Λ) = 0 follows. Therefore, the central
Greenwich meridian Λ = 0 is mapped onto a straight line. Of course, any other central meridian could
have been chosen alternatively. Again, we compute the left Cauchy–Green deformation tensor, this
time represented in terms of t(Φ) as follows.

∂x

∂Λ
= a cos t(Φ) ,

∂x

∂Φ
= −aΛ sin t(Φ)

dt

dΦ
,

∂y

∂Λ
= 0 ,

∂y

∂Φ
= b cos t(Φ)

dt

dΦ
, (G.21)

(G.13), (G.21)
⇒

{cAB} =

⎡⎣ a2 cos2 t(Φ) −a2Λ sin t(Φ) cos t(Φ) dt
dΦ

−a2Λ sin t(Φ) cos t(Φ) dt
dΦ a2Λ2 sin2 t(Φ)

(
dt
dΦ

)2
+ b2 cos2 t(Φ)

(
dt
dΦ

)2

⎤⎦ ,
(G.22)

(G.14), (G.15), (G.22) ⇒ ∣∣cAB − Λ2
SGAB

∣∣ = 0

⇔∣∣∣∣∣∣
a2 cos2 t− Λ2

SG11 −a2Λ sin t cos t dt
dΦ

−a2 sin t cos t dt
dΦ (a2Λ2 sin2 t + b2 cos2 t)

(
dt
dΦ

)2 − Λ2
SG22

∣∣∣∣∣∣ = 0

⇔

Λ4
SG11G22 − Λ2

S[G11(a2Λ2 sin2 t + b2 cos2 t)
(

dt

dΦ

)2

+ G22a
2 cos2 t]+

+a2 cos2 t(a2Λ2 sin2 t + b2 cos2 t)
(

dt
dΦ

)2 − a4Λ2 sin2 t cos2 t
(

dt
dΦ

)2
= 0

⇔

Λ4
S − Λ2

S

G11(a2Λ2 sin2 t + b2 cos2 t)
(

dt
dΦ

)2

G11G22
+

G22a
2 cos2 t

G11G22
+

+
a2 cos2 t(a2Λ2 sin2 t + b2 cos2 t)

(
dt
dΦ

)2

G11G22
− a4Λ2 sin2 t cos2 t

(
dt
dΦ

)2

G11G22
= 0 ,

(G.23)

Λ2
S =

1
2

G11(a2Λ2 sin2 t + b2 cos2 t)
(

dt
dΦ

)2

G11G22
+

G22a
2 cos2 t

G11G22
±

±
[

1
4

(
G11(a2Λ2 sin2 t + b2 cos2 t)

(
dt
dΦ

)2

G11G22
+

G22a
2 cos2 t

G11G22

)2

−

−a2 cos2 t(a2Λ2 sin2 t + b2 cos2 t)
G11G22

− a4Λ2 sin2 t cos2 t

G11G22

(
dt

dΦ

)2
]1/2

= µ±
√

µ2 − γ ,

(G.24)
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Λ2
1Λ

2
2 = 1 ⇔ µ2 − (µ2 − γ) = 1 ⇔ γ = 1

⇔

[a2 cos2 t(a2Λ2 sin2 t + b2 cos2 t)− a4Λ2 sin2 t cos2 t]
(

dt

dΦ

)2

= G11G22

⇔
ab cos2 t

dt

dΦ
=

√
G11G22 = M(Φ)N(Φ) cos Φ = A2

1(1− E2)
cos Φ

(1− E2 sin2 Φ)2
.

(G.25)

Let us collect the previous results in CorollaryG.2.

Corollary G.2 (Generalized Kepler equation, generalized Mollweide projection for the biaxial ellipsoid).

Under the equiareal pseudo-cylindrical mapping equations (G.26), where parallel circles are mapped
onto straight lines and meridians are mapped onto ellipses x2/a2(Λ) + y2/b2 = 1 with a(Λ) = aΛ, the
generalized Kepler equation (G.27) has to be solved.

x(Λ,Φ) = aΛ cos t(Φ) , y(Φ) = b sin t(Φ) , (G.26)

ab cos2 t
dt

dΦ
= A2

1(1− E2)
cosΦ

(1− E2 sin2 Φ)2
. (G.27)

End of Corollary.

Next, let us integrate the generalized Kepler equation.

dt

dΦ
=

A2
1(1− E2)

ab

1
cos2 t(Φ)

cos Φ

(1− E2 sin2 Φ)2
, cos2 t(Φ) dt =

A2
1(1− E2)

ab

cosΦ

(1− E2 sin2 Φ)2
dΦ . (G.28)

The forward substitution x = E sin Φ leads to (G.29).

t∫
0

cos2 tdt =
A2

1(1− E2)
Eab

x∫
0

1
(1− x2)2

dx

⇔
1
2
t +

1
4

sin 2t =
A2

1(1− E2)
abE

[
x

2(1− x2)
+ ar tanhx

]
.

(G.29)

The backward substitution finally leads to the integrated generalized Kepler equations (G.30).

1
2
t +

1
4

sin 2t =

=
A2

1

ab

1− E2

E

[
E sin Φ

2(1− E2 sin2 Φ)
+

1
2
ar tanh (E sin Φ)

]
.

(G.30)

Due to ar tanh (E sin Φ) = 1
2 ln 1+E sin Φ

1−E sin Φ , we alternatively obtain (G.31).

2t + sin 2t =

=
A2

1

ab

1− E2

E

[
ln

1 + E sin Φ

1− E sin Φ
+

2E sin Φ

1− E2 sin2 Φ

]
.

(G.31)
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Note that the total area of the biaxial ellipsoid E
2
A1,A2

(for example, E.Grafarend and J. Engels (1992))
is represented by (G.32). This result can be used to determine the unknown ellipsoid axes a and b
according to the Mollweide gauge. In case of the sphere S2

R, C. B.Mollweide (1805) has proposed that
the half–sphere −π/2 ≤ Λ ≤ +π/2 should be mapped equiareally onto a circle in the plane P

2. For the
biaxial ellipsoid E

2
A1,A2

, a corresponding postulate would define the half–ellipsoid −π/2 ≤ Λ ≤ +π/2
to be mapped equiareally onto an ellipse, in particular (G.33).

SE
2
A1,A2

= πA2
1

1− E2

E

[
ln

1 + E

1−E
+

2E

1− E2

]
, (G.32)

a(Λ = π/2) = aπ/2 , πa(Λ = π/2)b =
1
2
SE

2
A1,A2

⇔
1
2
π2ab =

1
2
S E2

A1,A2

⇔
π2ab = SE2

A1,A2

⇔

(G.33)

πab = A2
1

1−E2

E

[
ln

1 + E

1− E
+

2E

1− E2

]
. (G.34)

Corollary G.3 (Generalized Mollweide gauge for the biaxial ellipsoid).

Under the postulate that the half–ellipsoid −π/2 ≤ Λ ≤ +π/2 to be mapped equiareally onto an
ellipse in P

2, the generalized Mollweide gauge (G.34) holds. The result (G.34) approaches the original
Mollweide gauge once we set the relative eccentricity E = 0.

End of Corollary.

There are two variants of interest in order to determine the axes a and b of the ellipse that is defined
by x2/a2(Λ) + y2/b2 = 0. (i) Variant one is being motived by the original Mollweide projection for
the sphere S2

R. Accordingly, we define (G.35) and (G.36). If we set E = 0, the spherical Mollweide
projection is derived. (ii) An alternative variant is the postulate of an equidistant mapping of the
equator of E

2
A1,A2

according to (G.37) and (G.38).

b := A1

√
2 , (G.35)

(G.34), (G.35)⇔ a =
A1(1−E2)

πE
√

2

[
ln

1 + E

1− E
+

2E

1− E2

]
; (G.36)

x(Φ = 0) = 2πa := 2πA1 , y(Φ = 0) = 0
⇔

a := A1 ,

(G.37)

(G.34), (G.37)⇔ b =
A1(1− E2)

πE

[
ln

1 + E

1−E
+

2E

1− E2

]
. (G.38)
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As soon as we implement the axe a and the axe b in the generalized Kepler equation (G.31), we gain its
final form (G.39). We here note the symmetry of the right–side representation. TableG.1 is a Newton
iteration solution (see W. Toernig (1979)), for instance) of the generalized Kepler equation for the
biaxial ellipsoid E

2
A1,A2

for the axes A1 and A2 as well as the relative eccentricity E according to the
Geodetic Reference System 1980 (Bulletin Geodesique 58 (1984) pp. 388–398).

2t + sin 2t = π
ln 1+E sin Φ

1−E sin Φ + 2E sin Φ
1−E2 sin2 Φ

ln 1+E
1−E + 2E

1−E2

. (G.39)

Table G.1. Newton iterative solution of the generalized Kepler equation. Parameters: A1 = 6 378 137 m,
A2 = 6356 752.314 1m, E2 = 0.006 694 380 002 290.

Φ t[rad] t[◦]

90◦ 1.56673055580 89.767053190

80◦ 1.23781233200 70.921424475

70◦ 1.03751932140 59.445479975

60◦ 0.86517291851 49.570758193

50◦ 0.70717579230 40.518189428

40◦ 0.55790136480 31.965394499

30◦ 0.41428104971 23.736556358

20◦ 0.27434065788 15.718562294

10◦ 0.13663879358 7.828826413

0◦ 0.00000000000 0.000000000

Before we present examples of the ellipsoidal Mollweide projection, we briefly summarize the basic
results in TheoremG.4.

Theorem G.4 (Generalized Mollweide projection of the biaxial ellipsoid E
2
A1,A2

).

In the class of pseudo-cylindrical mappings of the biaxial ellipsoid E
2
A1,A2

, the equations (G.40) gen-
erate an equiareal mapping.

x(Λ,Φ) = aΛ cos t(Φ), y(Φ) = b sin t(Φ) . (G.40)

For a given ellipsoidal latitude Φ, the reduced latitude t is a solution of the transcendental equation
(G.41), which for relative eccentricity E = 0 coincides with the Kepler equation.

2t + sin 2t = π
ln 1+E sin Φ

1−E sin Φ + 2E sin Φ
1−E2 sin2 Φ

ln 1+E
1−E + 2E

1−E2

. (G.41)

There are two variants for the gauge of the axes a and b of the ellipse x2/a2(Λ)+y2/b2 = 1, a(Λ) = aΛ,
in particular, b := A1

√
2, a = (G.36) (variant one) and a := A1, b = (G.38) (variant two). The principal

distortions Λ1 and Λ2 of the generalized Mollweide projection are given by (G.24) inserting dt/dΦ
according to (G.25) and t(Φ), solution of (G.41), which are the eigenvalues of the general eigenvalue
problem (cAB −Λ2GAB)EBC = 0. The principal distortions are plotted along the eigenvectors which
constitute the eigenvector matrix {EBC}

The coordinate lines Φ = const. (t = const.) called parallel circles are mapped onto straight
lines y = const. while the coordinate lines Λ = const. called meridians are mapped onto ellipses
x2/a2(Λ) + y2/b2 = 1, a(Λ) = aΛ, a straight line for Λ = 0 (Greenwich meridian), in particular.
For relative eccentricity E = 0, the generalized Mollweide projection of the biaxial ellipsoid E

2
A1,A2

,
variant one, coincides with the standard Mollweide projection of the sphere S

2
R.

End of Theorem.
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G-3 Examples

The following sixexamples illustrate by computer graphics the generalized Mollweide projection of
the biaxial ellipsoid.

Fig. G.1. Standard Mollweide projection of the sphere S
2
R.

Fig. G.2. Generalized Mollweide projection of the biaxial ellipsoid E
2
A1,A2 , E2 (Geodetic Reference System

1980), variant one.
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Fig. G.3. Generalized Mollweide projection of the biaxial ellipsoid E
2
A1,A2 , E2 = 0.7, variant one.

Fig. G.4. Generalized Mollweide projection of the biaxial ellipsoid E
2
A1,A2 , E2 (Geodetic Reference System

1980), variant two.
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Fig. G.5. Generalized Mollweide projection of the biaxial ellipsoid E
2
A1,A2 , E2 = 0.7, variant two.

Fig. G.6. Generalized Mollweide projection of the Earth (biaxial ellipsoid E
2
A1,A2 , E2 (Geodetic Reference

System 1980)), continental contour lines.
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A
si
de

.
With our students of Stuttgart University has been the vote that the Mollweide projection
was in the list of the two most popular map projections.

Note that the original contribution mapping the sphere is due to C. B. Mollweide (1805). Here, we use
the works of E.Grafarend and J. Engels (1992), E.Grafarend and A.Heidenreich (1995), J. P. Snyder
(1977, 1979) for mapping the ellipsoid-of-revolution. The numerical treatment is based upon the work
of W.Toernig (1979).



H Generalized Hammer projection

Generalized Hammer projection of the ellipsoid-of-revolution: azimuthal, transverse, rescaled equiareal.
Mapping equations. Univariate series inversion.

The classical Hammer projection of the sphere, which is azimuthal, transverse rescaled equiareal,
is generalized to the ellipsoid-of-revolution. Its first constituent, the azimuthal transverse equiareal
projection of the biaxial ellipsoid, is derived giving the equations for an equiareal transverse azimuthal
projection. The second constituent, the equiareal mapping of the biaxial ellipsoid with respect to a
transverse frame of reference and a change of scale, is reviewed. Then considered results give collections
of the general mapping equations generating the ellipsoidal Hammer projection, which finally lead to
a world map.

A
si
de

.

One of the most widely used equiareal map projection is the Hammer projection of the
sphere (Hammer 1892). It maps parallel circles and meridians of the sphere onto algebraic
curves of fourth order; its limit line (Λ = ±π) is an ellipse with respect to the gauge c1 = 2,
c2 = 1, c3 = 1/2, and c4 = 1 as illustrated by Fig.H.1 with respect to the mapping equations
(H.87), (H.88), and (H.96), respectively. Many celestial bodies like the Earth are pronounced
ellipsoidal. It is therefore our target to generalize the spherical Hammer projection to an
ellipsoid-of-revolution to which we refer as a biaxial ellipsoid.

SectionH-1, Section H-3, SectionH-4.

The first constituent of the Hammer projection is the transverse equiareal projection onto a tangent
plane, namely of azimuthal type. Section H-1 outlines accordingly the introduction of a transverse
reference frame for a biaxial ellipsoid. In particular, formulae in (H.12) are derived which consti-
tute the transformation from surface normal ellipsoidal longitude/latitude {Λ∗, Φ∗} to surface normal
ellipsoidal meta-longitude/meta-latitude {A∗, B∗} defined in the ellipsoidal transverse frame of refer-
ence. In consequence, the transverse equiareal mapping of a biaxial ellipsoid onto a transverse tangent
plane is given by corollaries in terms of ellipsoidal meta-longitude/ meta-latitude. Finally, the elaborate
transformation {Λ∗, Φ∗} → {A∗, B∗} in these transverse equiareal mapping equations is performed,
leading to the final result of Lemma H.3 and CorollaryH.4. Mathematical details are collected in
SectionsH-3 and H-4

Section H-2, Section H-5.

The second constituent of the Hammer projection is an alternative equiareal mapping of the biaxial el-
lipsoid with respect to a transverse frame of reference and a change of scale outlined in Section H-2. As a
reference, we firstly present an equiareal mapping from a left biaxial ellipsoid to a right biaxial ellipsoid.
We secondly give the explicit form of the mapping equations generating an equiareal map from a left bi-
axial ellipsoid to a right biaxial ellipsoid with respect to a transverse frame of reference and a change of
scale. The general mapping equations x = c1x

∗(Λ∗, Φ∗) and y = c2y
∗(Λ∗, Φ∗) are specified by means of

the differential equations dΛ∗/dΛ = c3 and dΦ∗/dΦ = c4(1−E2 sin2 Φ∗)2 cos Φ/[(1−E2 sin2 Φ)2 cosΦ∗]
subject to the initial data {Λ∗(Λ = 0) = 0, Φ∗(Φ = 0) = 0} of left and right longitude/latitude. In
order to guarantee an equiareal mapping, the constants of gauge have to fulfill c1c2c3c4 = 1. Termwise
integration of the differential equation dΦ∗/dΦ leads to the problem to determine sin Φ∗ from a homo-
geneous polynomial equation which is solved by univariate series inversion in Section H-5. Third, the
general equations of the ellipsoidal Hammer projection are presented in Lemma H.5 and made more
specififc by CorollaryH.6, namely with respect to the Hammer gauge {c1 = 2, c2 = 1, c3 = 1/2, c4 = 1}
which guarantees a map of the total left biaxial ellipsoid onto one chart. Finally, Fig.H.3 presents a
world map of the ellipsoidal Hammer projection for a relative eccentricity E �= 0.
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Fig. H.1. Hammer projection of the sphere S
1
R.

Due to length restriction of the manuscript, we had to exclude the deformation/distortion analysis
of the ellipsoidal Hammer projection. Another investigation of how parallel circles and meridians are
mapped onto transverse tangent plane of the biaxial ellipsoid has to be performed. For an up-to-date
reference of the Hammer projection of the sphere under a general gauge {c1, c2, c3, c4}, we refer to
J.Hoschek (1984) and K.H.Wagner (1962).

H-1 The transverse equiareal projection of the biaxial ellipsoid

The first constituent of the Hammer projection is the transverse equiareal projection, now being
developed for the ellipsoid-of-revolution. First, we set up the transverse reference frame which leads
to an elliptic meta-equator and a circular zero meta-longitude meta-meridian. In particular, we derive
the mapping equations from surface normal ellipsoidal longitude/latitude to surface normal ellipsoidal
meta-longitude/meta-latitude. Second, we derive the differential equation for a transverse equiareal
projection of the biaxial ellipsoid and find its integral in terms of meta-longitude/meta-latitude. Third,
we express the mapping equations which generate a transverse equiareal diffeomorphism in terms of
ellipsoidal longitude/latitude. Mathematical details are presented in SectionsH-3 and H-4.

H-11 The transverse reference frame

First, let us orientate a set of orthonormal base vectors {E1,E2,E3} along the principal axes of
(H.1). Against this frame of reference {E1,E2,E3; 0} consisting of the orthonormal base vectors
{E1,E2,E3} and the origin 0, we introduce the oblique frame of reference {E1′ ,E2′ ,E3′ ; 0} by
means of (H.2).

E
2
A1,A2

:=
{
X ∈ R

3 (X2 + Y 2)/A2
1 + Z2/A2

2 = 1, R+ � A1 > A2 ∈ R
+
}

, (H.1)

⎡⎣E1′

E2′

E3′

⎤⎦ = R1(I)R3(Ω)

⎡⎣E1

E2

E3

⎤⎦ . (H.2)
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The rotation around the 3 axis, we have denoted by Ω, the right ascension of the ascending node,
while the rotation around the intermediate 1 axis by I, the inclination. R1 and R3, respectively, are
orthonormal matrices such that (H.3) holds.

R1(I)R3(Ω) =

⎡⎣ cosΩ sin Ω 0
− sin Ω cos I + cosΩ cos I sin I
+ sin Ω sin I − cos Ω sin I cos I

⎤⎦ ∈ R
3×3 . (H.3)

Accordingly, (H.4) is a representation of the placement vector X in the orthonormal bases {E1,E2,E3}
and {E1′ ,E2′ ,E3′}, respectively. We aim at a transverse orientation of the oblique frame of reference
{E1′ ,E2′ ,E3′ ;0 }, which is characterized by a base vector E3′ in the equatorial plane P

2(X, Y ) and the
base vectors {E1′ ,E2′} in the rotated plane P2(−Y,−Z). Such an orientation of the transverse frame
of reference {E1′ ,E2′ ,E3′ ;0 } is achieved choosing the inclination I = 270◦ (cos I = 0, sin I = −1),
for instance, namely (H.5) or (H.6).

X =
3∑

i=1

EiX
i =

3∑
i′=1

Ei′X
i′ , (H.4)

E1′ = E1 cos Ω + E2 sin Ω , E2′ = −E3 , E3′ = −E1 sin Ω + E2 cos Ω , (H.5)

X ′ = X cosΩ + Y sin Ω , Y ′ = −Z , Z ′ = −X sin Ω + Y cosΩ . (H.6)

Example H.1 (An example: Ω = 270◦ (cos Ω = 0, sin Ω = −1)).

As an example, let us choose Ω = 270◦ (cos Ω = 0, sin Ω = −1) so that we obtain (H.7) or (H.8),
identified as western, southern, and Greenwich.

E1′ = −E2 , E2′ = −E3 , E3′ = E1 , (H.7)

X ′ = −Y , Y ′ = −Z , Z ′ = X . (H.8)

Indeed, the meta-equator is elliptic in the plane P
2(X, Y ) directed towards Greenwich.

End of Example.

The example may motivate the exotic choice of Ω = 270◦, I = 270◦. Fig.H.2 illustrates the special
transverse frame of reference {E1′ ,E2′ ,E3′ ;0 }.

E1

E20

E3 E1′ = −E2

E2′ = −E3

0′ = 0

E3′ = E1

Fig. H.2. The frame of reference {E1, E2, E3; 0} and the transverse frame of reference {E1′ , E2′ , E3′ ; 0} for
the special choice Ω = 270◦, I = 270◦.
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While (H.1) is a representation of the biaxial ellipsoid E
2
A1,A2

of semi-major axis A1 and semi-
minor axis A2 in terms of {X, Y, Z} coordinates along the orthonormal basis {E1,E2,E3}, (H.9) is
the analogous representation of E2

A1,A2
in terms of {X ′, Y ′, Z ′} along the transverse orthonormal basis

{E1′ ,E2′ ,E3′}.
E

2
A1,A2

=
{
X ∈ R

3 (X ′2 + Z ′2)/A2
1 + Y ′2/A2

2 = 1, R+ � A1 > A2 ∈ R
+
}

. (H.9)

The meta-equator X ′2/A2
1 +Y ′2/A2

2 = 1 is elliptic, while the meta-meridian X ′2+Z ′2 = A2
1 is circular.

These properties of the meta-equator and the meta-meridian motivate the introduction of surface
normal ellipsoidal meta-longitude/meta-latitude {A∗, B∗}, namely in order to parameterize E

2
A1,A2

according to (H.10) in contrast to (H.11) with respect to surface normal ellipsoidal longitude/latitude
{Λ∗, Φ∗} and with respect to relative eccentricity E2 = (A2

1 −A2
2)/A2

1.

X ′ =
A1

√
1− E2

√
1− E2 cos2 A∗ cos B∗ cos A∗ , Y ′ =

A1

√
1− E2

√
1− E2 cos2 A∗ cos B∗ sin A∗ ,

Z ′ = A1 sin B∗ ,

(H.10)

X =
A1 cosΦ∗ cos Λ∗√

1− E2 sin2 Φ∗
, Y =

A1 cos Φ∗ sin Λ∗√
1−E2 sin2 Φ∗

, Z =
A1(1− E2) sin Φ∗√

1− E2 sin2 Φ∗
. (H.11)

The third equation of (H.10) as well as the second equation of (H.10) divided by the first equation
of (H.10) subject to (H.8) lead to the transformation {Λ∗, Φ∗} → {A∗, B∗}, namely tan A∗ = Y ′/X ′,
sin B∗ = Z ′/A′ and

tanA∗ =
−(1−E2) tan Φ∗

cos(Λ∗ −Ω)
, sin B∗ =

cosΦ∗ sin(Λ∗ −Ω)√
1−E2 sin2 Φ∗

. (H.12)

Later on, we have to use sin A∗, cos A∗, cosB∗, which is derived from (H.12) to coincide with

cosA∗ =
1√

1 + tan2 A∗ ,

sin A∗ =
tanA∗

√
1 + tan2 A∗ ,

(H.13)

cosA∗ =
cos(Λ∗ −Ω)√

cos2(Λ∗ −Ω) + (1− E2)2 tan2 Φ∗ ,

sin A∗ =
−(1− E2) tan Φ∗√

cos2(Λ∗ −Ω) + (1− E2)2 tan2 Φ∗ ,

(H.14)

cos B∗ =

√
1− E2 sin2 Φ∗ − cos2 Φ∗ sin2(Λ∗ −Ω)√

1− E2 sin2 Φ∗
. (H.15)

For the special choice Ω = 270◦, the transformation {Λ∗, Φ∗} → {A∗, B∗} is given by

tanA∗ =
(1− E2) tan Φ∗

sin Λ∗ , sin B∗ =
cos Φ∗ cosΛ∗√
1− E2 sin2 Φ∗

. (H.16)
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H-12 The equiareal mapping of the biaxial ellipsoid onto a transverse tangent plane

We are going to construct the equiareal mapping of the biaxial ellipsoid E
2
A1,A2

onto the transverse
tangent plane normal to E3′ which is parameterized either by Cartesian coordinates {x∗, y∗} or by
polar coordinates {α, r} related by x∗ = r cosα, y∗ = r sin α. The mapping {A∗, B∗} is transverse
azimuthal by means of {α = A∗ + π, r = r(A∗, B∗)}, namely

x∗ = −r(A∗, B∗) cos A∗ ,

y∗ = −r(A∗, B∗) sin A∗ .

(H.17)

Meta-longitude A∗ coincides with the polar coordinate α, the western azimuth in case of Ω = 270◦,
in the transverse plane; the radius r is an unknown function r(A∗, B∗) of meta-longitude A∗ and
meta-latitude B∗ which has to be determined. In order to derive the unknown function r(A∗, B∗),
we calculate the left Cauchy–Green deformation tensor Cl := {cKL}, i. e. the infinitesimal distance
between two points in the plane covered by {α, r}, namely

ds2 = gkldukdul = g11dα2 + g22dr2 = r2dα2 + dr2 , (H.18)

ds2 = gkl
∂uk

∂UK

∂dul

∂UL
dUKdUL = cKLdUKdUL = c11dA∗2

+ 2c12dA∗dB∗ + c22dB∗2
, (H.19)

c11 = r2

(
∂α

∂A∗

)2

+
(

∂r

∂A∗

)2

,

c12 = r2 ∂α

∂A∗
∂α

∂B∗ +
∂r

∂A∗
∂r

∂B∗ ,

c22 = r2

(
∂α

∂B∗

)2

+
(

∂r

∂B∗

)2

,

(H.20)

∂α

∂A∗ = 1 ,
∂r

∂A∗ = rA∗ ,

∂α

∂B∗ = 0 ,
∂r

∂B∗ = rB∗ ,

(H.21)

Cl := {cKL} =

⎡⎣r2 + r2
A∗ rA∗rB∗

rA∗rB∗ r2
B∗

⎤⎦ . (H.22)

Corollary H.1 (Equiareal mapping of the biaxial ellipsoid onto the transverse tangent plane).

The mapping of the biaxial ellipsoid onto the transverse tangent plane normal to E3′ is equiareal if
(H.23) and (H.24) hold with respect to the left Cauchy–Green deformation tensor Cl = {cKL} of type
(H.22) and the left metric tensor Gl = {GKL} of E2

A1,A2
.

det
[
ClG

−1
l

]
= 1 , (H.23)

rrB∗ =
1
2
r2
B∗ = −

√
det [GKL] . (H.24)

End of Corollary.
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For the proof of (H.23), we refer to E.Grafarend (1995).

Proof.

(H.24) follows directly from (H.23) and (H.22). The negative sign has been chosen in order to guarantee
that the orientation of E

2
A1,A2

is conserved. Traditionally, the polar distance ∆∗ := π/2−B∗ is chosen
for (H.24) generating the positive sign within

rr∆∗ = +
√

det [GKL] . (H.25)

Furthermore, we compute GKL(A∗, B∗), namely

G11 = 〈XA∗ XA∗〉 =

=
A2

1(1− E2)
(1−E2 cos2 A∗)3

(1− 2E2 cos2 A∗ + E4 cos2 A∗) cos2 B∗ ,

G12 = 〈XA∗ XB∗〉 =

=
A2

1E
2(1− E2) sin A∗ cos A∗ sin B∗ cos B∗

(1− E2 cos2 A∗)2
,

G22 = 〈XB∗ XB∗〉 =

=
A2

1(1− E2 + E2 cos2 B∗ sin2 A∗)
1− E2 cos2 A∗ ,

det [GKL]=
A4

1(1− E2)2 cos2 B∗

(1− E2 cos2 A∗)3
×

×
[
1− E2 cos2 A∗ +

E2 cos2 B∗ sin2 A∗

1−E2

]
,

(H.26)

and subsequently

r2 = −2

B∗∫
π/2

√
det [GKL]( A∗, B∗)dB∗ , (H.27)

for r(B∗ = π/2) = 0 = r(∆∗ = 0)

r2 = − 2A2
1(1− E2)

(1− E2 cos2 A∗)3/2
×

×
B∗∫

π/2

dB∗ cosB∗

√
1− E2 cos2 A∗ +

E2 cos2 B∗ sin2 A∗

1− E2
.

(H.28)

End of Proof.
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Corollary H.2 (Equiareal mapping of the biaxial ellipsoid onto the transverse tangent plane, special case
Ω = I = 3π/2).

The mapping of the biaxial ellipsoid onto the transverse tangent plane normal to E3′ is equiareal if

(i)

α = A∗ + π ,
(H.29)

(ii)

r =
A1(1− E2)1/4

(1− E2 cos2 A∗)3/4
×

×
[
− sin B∗

√
(1− E2)(1− E2 cos2 A∗) + E2 cos2 B∗ sin2 A∗−

−1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ arcsin
E sin B∗ sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗+

+
√

(1−E2)(1−E2 cos2 A∗)+

+
1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ arcsin
E sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗

]1/2

,

(H.30)

(iii)

r = 2A1 sin
∆∗

2
=

= A1

√
2
√

1− cos ∆∗ = A1

√
2
√

1− sin B∗

(if E = 0) .

(H.31)

End of Corollary.

The proof for the integrals is presented in Section H-3.

H-13 The equiareal mapping in terms of ellipsoidal longitude, ellipsoidal latitude

We implement the transformation {Λ∗, Φ∗} → {A∗, B∗} into the mapping equations (H.29)–(H.31)
which generate an equiareal mapping onto the transverse tangential plane according to (H.21) and
(H.16), respectively, in particular (H.14). Let us decompose (H.30) term-wise, namely

r2(A∗, B∗) =

=
A2

1

√
1− E2

(1− E2 cos2 A∗)3/2
(t1 + t2 + t3 + t4) .

(H.32)

The elaborate computation of the factor and the four terms t1, t2, t3 and t4 as functions of {Λ∗, Φ∗} has
been performed in Section H-4. Here, the result is presented in form of Lemma H.3 and CorollaryH.4.
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Lemma H.3 (Equiareal mapping of the biaxial ellipsoid onto the transverse plane).

The mapping of the biaxial ellipsoid onto the transverse tangent plane normal to E3′ is equiareal if

(i)

α = arctan
(1− E2) tanΦ∗

− cos(Λ∗ −Ω)
,

r = A1

√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1−E2)2 sin2 Φ∗

(cos2(Λ∗ −Ω) cos2 Φ∗ + (1−E2) sin2 Φ∗)3/4

√
t∗1 + t∗2 + t∗3 + t∗4

(in polar coordinates) ,

(H.33)

subject to

t∗1 = − sin(Λ∗ −Ω) cosΦ∗

1− E2 sin2 Φ∗

√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2) sin2 Φ∗ ,

t∗2 = −1− sin2(Λ∗ −Ω) cos2 Φ∗

E sin Φ∗ arcsin
E sin(Λ∗ −Ω) sin Φ∗ cos Φ∗√

(1− E2 sin2 Φ∗)(1− sin2(Λ∗ −Ω) cos2 Φ∗)
,

t∗3 =
√

cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2) sin2 Φ∗ ,

t∗4 =
1− sin2(Λ∗ −Ω) cos2 Φ∗

E sin Φ∗ arcsin
E sin Φ∗√

1− sin2(Λ∗ −Ω) cos2 Φ∗
,

(H.34)

(ii)

cosα =
− cos(Λ∗ −Ω)√

cos2(Λ∗ −Ω) + (1− E2)2 tan2 Φ∗ ,

sin α =
(1−E2) tan Φ∗√

cos2(Λ∗ −Ω) + (1− E2)2 tan2 Φ∗

(in Cartesian coordinates x∗ = r cos α and y∗ = r sin α) ,

(H.35)

(iii)

α = lim
E→0

α(E) = arctan
tanΦ∗

− cos(Λ∗ −Ω)
,

r = lim
E→0

r(E) = A1

√
2
√

1− sin(Λ∗ −Ω) cos Φ∗

(if E = 0) .

(H.36)

End of Lemma.
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Corollary H.4 (Equiareal mapping of the biaxial ellipsoid onto the transverse tangent plane, special case
Ω = 3π/2).

The mapping of the biaxial ellipsoid onto the transverse tangent plane normal to E3′ is equiareal if

(i)

α = arctan
(1− E2) tanΦ∗

sin Λ∗ ,

r = A1

√
sin2 Λ∗ cos2 Φ∗ + (1−E2)2 sin2 Φ∗

(sin2 Λ∗ cos2 Φ∗ + (1−E2) sin2 Φ∗)3/4

√
t∗1 + t∗2 + t∗3 + t∗4

(in polar coordinates) ,

(H.37)

subject to

t∗1 = − cos Λ∗ cosΦ∗

1− E2 sin2 Φ∗

√
sin2 Λ∗ cos2 Φ∗ + (1− E2) sin2 Φ∗ ,

t∗2 = −1− cos2 Λ∗ cos2 Φ∗

E sin Φ∗ arcsin
E cos Λ∗ sin Φ∗ cos Φ∗√

(1− E2 sin2 Φ∗)(1− cos2 Λ∗ cos2 Φ∗)
,

t∗3 =
√

sin2 Λ∗ cos2 Φ∗ + (1− E2) sin2 Φ∗ ,

t∗4 =
1− cos2 Λ∗ cos2 Φ∗

E sin Φ∗ arcsin
E sin Φ∗

√
1− cos2 Λ∗ cos2 Φ∗ ,

(H.38)

(ii)

cos α =
sin Λ∗√

sin2 Λ∗ + (1−E2)2 tan2 Φ∗
, sin α =

(1− E2) tan Φ∗√
sin2 Λ∗ + (1−E2)2 tan2 Φ∗

(in Cartesian coordinates x∗ = r cos α and y∗ = r sin α) ,

(H.39)

(iii)

α = lim
E→0

α(E) = arctan
tanΦ∗

sin Λ∗ , r = lim
E→0

r(E) = A1

√
2
√

1− cosΛ∗ cos Φ∗

(if E = 0) .

(H.40)

End of Corollary.

H-2 The ellipsoidal Hammer projection

The second constituent of the Hammer projection is a proper change of scale of the transverse equiareal
projection which conserves the local area.
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Fig. H.3. The ellipsoidal Hammer projection, squared relative eccentricity E2 = 0.1.

Section H-21.

As a starting point, we set up in Section H-21 the equations of an equiareal mapping from a left biaxial
ellipsoid to a right biaxial ellipsoid in order to be motivated for the structure of a change of scale.

Section H-22.

Section H-22 introduces in detail the rescaled equations x = c1x
∗(Λ∗, Φ∗) y = c2y

∗(Λ∗, Φ∗) of a trans-
verse equiareal projection with respect to a right biaxial ellipsoid E

2
A1,A2

. Surface normal ellipsoidal
longitude Λ∗(Λ,Φ; c3, c4) and latitude Φ∗(Λ,Φ; c3, c4) of the right biaxial ellipsoid are in consequence
related to surface normal ellipsoidal longitude/latitude {Λ,Φ} of the left biaxial ellipsoid, particularly
postulating dΛ∗/dΛ = c3, dΦ∗/dΦ = c4(1−E2 sin2 Φ∗)2 cos Φ/[(1−E2 sin2 Φ)2 cos Φ∗], where the scale
constants {c1, c2, c3, c4} are chosen in such a way to guarantee an areomorphism by c1c2c3c4 = 1. The
final form of the mapping equations generating the ellipsoidal Hammer projection is achieved by the
inversion of an odd homogeneous polynomial equation for sinΦ∗ outlined in SectionH-5.

H-21 The equiareal mapping from a left biaxial ellipsoid to a right biaxial ellipsoid

The equiareal mapping of a left biaxial ellipsoid E2
A1,A2

to a right biaxial ellipsoid E2
A1∗,A2∗ which is

outlined by Box H.1 is of preparatory nature for the following section. We assume that pointwise the
surface normal ellipsoidal longitude {Λ,Λ∗} of types left and right coincide, but the function which
relates surface normal ellipsoidal latitude from the left to the right, namely Φ∗(Φ), is unknown. Based
upon the structure of the mapping equations (H.41), the postulate of an equiareal mapping (H.23), in
particular det [ClG

−1
l ] = 1, leads to the left Cauchy–Green deformation tensor (H.42) with respect to

the left metric tensor (H.43) of E
2
A1,A2

. The equivalence of det [ClG
−1
l ] with det [Cl] = det [Gl] leads
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to the differential equation (H.44) for the unknown function Φ∗(Φ). For the identities of (H.45) and
(H.46), we have used only the positive preserving diffeomorphism [dΛ∗,dΦ∗]T = J[dΛ, dΦ]T, |J| > 0,
namely a positive determinant of the Jacobi matrix J. Left and right integration of (H.46) with respect
to the condition Φ∗(Φ = 0) = 0 leads finally to the mapping equations in (H.47) of equiareal type
from a left biaxial ellipsoid E

2
A1,A2

to a right biaxial ellipsoid E
2
A1∗,A2∗ .

Box H.1 (Equiareal mapping from a left biaxial ellipsoid to a right biaxial ellipsoid).

Λ∗ = Λ∗(Λ) , Φ∗ = Φ∗(Φ) , (H.41)

Cl =

"
G∗

11Λ
∗2

Λ 0

0 G∗
22Φ

∗2

Φ

#
=

2
4 A2

1∗ cos2 Φ∗
1−E2∗ sin2 Φ∗ Λ∗2

Λ 0

0
A2

1∗(1−E2
∗)2

(1−E2∗ sin2 Φ∗)3
Φ∗2

Φ

3
5 , (H.42)

Gl =

2
4 A2

1 cos2 Φ

1−E2 sin2 Φ
0

0
A2

1(1−E2)2

(1−E2 sin2 Φ)3

3
5 , (H.43)

det [Cl] = det [Gl] ⇔ A4
1∗(1 − E2

∗)2 cos2 Φ∗

(1 − E2∗ sin2 Φ∗)4
Φ∗2

Φ =
A4

1(1 − E2)2 cos2 Φ

(1 − E2 sin2 Φ)4
, (H.44)

Φ∗
Φ =

dΦ∗

dΦ
=

(1 − E2
∗ sin2 Φ∗)2

(1 − E2 sin2 Φ)2
cos Φ

cos Φ∗
A2

1(1 − E2)

A2
1∗(1 − E2∗)

, (H.45)

A2
1∗(1 − E2

∗)

»
ar tanh (E∗ sin Φ∗)

2E∗
+

sin Φ∗

2(1 − E2∗ sin2 Φ∗)

–
=

= A2
1(1 − E2)

»
ar tanh (E sin Φ)

2E
+

sin Φ

2(1 − E2 sin2 Φ)

–
.

(H.46)

H-22 The explicit form of the mapping equations generating an equiareal map

We here consider the explicit form of the mapping equations generating an equiareal map from a left
biaxial ellipsoid to a right biaxial ellipsoid with respect to a transverse frame of reference and a change
of scale. Let us begin with the setup (H.47) of Box H.2 of general mapping equations x = c1x

∗(Λ∗, Φ∗)
and y = c2y

∗(Λ∗, Φ∗) in a transverse frame of reference and under a change of scale with respect to
gauge constants {c1, c2}. Those coordinates {Λ∗, Φ∗} which characterize a point on the right ellipsoid-
of-revolution are related via (H.48) {Λ∗(Λ), Φ∗(Φ)} to the coordinates {Λ,Φ} characteristic for a point
on the left ellipsoid-of-revolution. Note that right ellipsoidal longitude/latitude depend only on left
ellipsoidal longitude/latitude. In addition, we assume a coincidence between the semi-major axis A1∗
and A1, respectively, the semi-minor axis A2∗ and A2 between right and left E2

A1∗,A2∗ and E2
A1,A2

,
respectively, expressed by (H.49). Next, by (H.50) and (H.51), we subscribe the differential relations
dΛ∗/dΛ = c3 subject to Λ∗(Λ = 0) = 0 and dΦ∗/dΦ = c4(1−E2 sin2 Φ∗)2 cos Φ/[(1−E2 sin2 Φ)2 cosΦ∗]
subject to Φ∗(Φ = 0) = 0 with respect to gauge constants {c3, c4}. (H.45) has motivated (H.51). The
detailed computation of the left Cauchy–Green tensor via (H.52), (H.53), (H.54), and (H.55) leads us
to the postulate (H.56) of an equiareal mapping. Indeed, we take advantage via (H.56), (H.57), and
(H.58) of the fact that {x∗(Λ∗, Φ∗), y∗(Λ∗, Φ∗)} is already an equiareal mapping. Thus, we may consider
the transformation {x∗, y∗} → {x, y} as a change from one equiareal chart to another equiareal chart
(a:a: cha–cha–cha). (H.59) is a representation of the postulate of an areomorphism which leads by
subscribing dΛ∗/dΛ = c3 to the explicit form of dΦ∗/dΦ of type (H.52), too. Indeed, we do not have
to postulate (H.51)! In order to guarantee an equiareal mapping {Λ,Φ} → {x, y}, the gauge constants
have to fulfill (H.60), namely c1c2c3c4 = 1.
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Box H.2 (The equiareal mapping from a left biaxial ellipsoid to a right biaxial ellipsoid with respect to a
transverse frame of reference and a change of scale (the Hammer projection of the ellipsoid-of-revolution)).

x = c1x
∗(Λ∗, Φ∗) , y = c2y

∗(Λ∗, Φ∗) , (H.47)

Λ∗(Λ) , Φ∗(Φ) , (H.48)

subject to

A1∗ = A1 , A2∗ = A2, E∗ = E , (H.49)

Λ∗
Λ =

dΛ∗

dΛ
= c3 , (H.50)

Φ∗
Φ =

dΦ∗

dΦ
= c4

(1 − E2 sin2 Φ∗)2

(1 − E2 sin2 Φ)2
cos Φ

cos Φ∗ . (H.51)

The left Cauchy–Green deformation tensor:

xΛ =
∂x

∂Λ
= c1

∂x∗

∂Λ∗
dΛ∗

dΛ
= c1Λ

∗
Λx∗

Λ∗ , xΦ =
∂x

∂Φ
= c1

∂x∗

∂Φ∗
dΦ∗

dΦ
= c1Φ

∗
Φx∗

Φ∗ ,

yΛ =
∂y

∂Λ
= c2

∂y∗

∂Λ∗
dΛ∗

dΛ
= c2Λ

∗
Λy∗

Λ∗ , yΦ =
∂y

∂Φ
= c2

∂y∗

∂Φ∗
dΦ∗

dΦ
= c2Φ

∗
Φy∗

Φ∗ ,

(H.52)

ds2 = dx2 + dy2 =

= (x2
Λ + y2

Λ)dΛ2 + 2(xΛxΦ + yΛyΦ)dΛdΦ + (x2
Φ + y2

Φ)dΦ2 =

2X
A,B=1

cABdUAdUB ,
(H.53)

c11 = Λ∗2

Λ (c2
1x

∗2

Λ∗ + c2
2y

∗2

Λ∗) , c12 = Λ∗
ΛΦ∗

Φ(c2
1x

∗
Λ∗x∗

Φ∗ + c2
2y

∗
Λ∗y∗

Φ∗) , c22 = Φ∗2

Φ (c2
1x

∗2

Φ∗ + c2
2y

∗2

Φ∗) , (H.54)

p
det [Cl] =

q
c11c22 − c2

12 = c1c2Λ
∗
ΛΦ∗

Φ(x∗
Λ∗y∗

Φ∗ − x∗
Φ∗y∗

Λ∗) . (H.55)

The postulate of an equiareal mapping:

p
det [Cl] =

p
det [Gl] ⇔ c1c2Λ

∗
ΛΦ∗

Φ(x∗
Λ∗y∗

Φ∗ − x∗
Φ∗y∗

Λ∗) =
A2(1 − E2) cosΦ

(1 − E2 sin2 Φ)2
, (H.56)

x∗
Λ∗y∗

Φ∗ − x∗
Φ∗y∗

Λ∗ =
q

det [C∗
l ] =

q
det [G∗

l ] , (H.57)

x∗
Λ∗y∗

Φ∗ − x∗
Φ∗y∗

Λ∗ =
A2

1(1 − E2) cos Φ∗

(1 − E2 sin2 Φ∗)2
, (H.58)

p
det [Cl]p
det [Gl]

= 1 ⇔ Λ∗
Λ = c3c1c2Λ

∗
ΛΦ∗

Φ
(1 − E2 sin2 Φ)2

(1 − E2 sin2 Φ∗)2
cos Φ∗

cos Φ
= 1

⇔
c1c2c3Φ

∗
Φ

(1 − E2 sin2 Φ)2

(1 − E2 sin2 Φ∗)2
cos Φ∗

cos Φ
= 1 , Φ∗

Φ = c4
(1 − E2 sin2 Φ∗)2

(1 − E2 sin2 Φ)2
cos Φ

cos Φ∗

⇔

(H.59)

c1c2c3c4 = 1 . (H.60)
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Box H.3 outlines the explicit solutions of the differential equations (H.50) and (H.51) transformed into
(H.61) and (H.62) and being subjected to the initial values Λ∗(Λ = 0) = 0 and Φ∗(Φ = 0) = 0 as
given by (H.63). Left and right integration of (H.61) and (H.62) with respect to the initial data (H.63)
lead us directly to the solutions (H.64) and (H.65). For zero relative eccentricity, E = 0, by (H.66),
we arrive at the spherical solution sin Φ∗ = c4 sin Φ. But for the ellipsoidal case, a series expansion of
(H.65) in even powers of E, namely E0, E2, E4 etc., represents sin Φ∗ as a homogeneous polynomial
of odd degree which has to be inverted as outlined in Section H-3. As a result, we gain sinΦ∗(sin Φ; c4)
of type (H.67).

Box H.3 (The mapping equations of equiareal type from a left biaxial ellipsoid to a right biaxial ellipsoid with
respect to a transverse frame of reference and a change of scale (the Hammer projection of E

2
A1,A2)).

dΛ∗ = c3dΛ , (H.61)

cos Φ∗

(1 − E2 sin2 Φ∗)2
dΦ∗ = c4

cos Φ

(1 − E2 sin2 Φ)2
dΦ , (H.62)

subject to

Λ∗(Λ = 0) = 0 , Φ∗(Φ = 0) = 0 , (H.63)

Λ∗ = c3Λ , (H.64)

ar tanh (E sin Φ∗)
2E

+
sin Φ∗

2(1 − E2 sin2 Φ∗)
=

= c4

»
ar tanh (E sin Φ)

2E
+

sin Φ

2(1 − E2 sin2 Φ)

–
.

(H.65)

If E = 0, then

sin Φ∗ = c4 sin Φ . (H.66)

If E 
= 0, then

sin Φ∗ =

= c4 sin Φ

»
1 +

2

3
E2 sin2 Φ(1 − c2

4) +
1

15
E4 sin4 Φ(9 − 20c2

4 + 11c4
4) + O(E6)

–
.

(H.67)

As prepared by Box H.2 and Box H.3, we can finally present by LemmaH.5 the equiareal mapping of
the biaxial ellipsoid with respect to a transverse frame of reference and a change of scale, in short the
Hammer projection of the biaxial ellipsoid. In particular, the transfer of the four characteristic terms
{t∗1, t∗2, t∗3, t∗4}, namely (H.34), being functions of Λ∗ = c3Λ and sinΦ∗(sinΦ; c4), has to be made. While
case (i) of CorollaryH.6 highlights the general ellipsoidal Hammer projection, case (ii) is its specific
form for zero relative eccentricity, E = 0, namely its spherical counterpart. For the choice c1 = 2,
c2 = 1, c3 = 1/2, c4 = 1 of case (iii), we receive by means of (H.89)–(H.92) the ellipsoidal mapping
equations of special equiareal projection in the Hammer gauge. In contrast, case (iv) specializes, for
E = 0, (H.96) to the spherical mapping equations in the Hammer gauge, indeed the original Hammer
mapping equations (Hammer 1892). Various alternative variants of the ellipsoidal mapping equations
of equiareal type can be chosen, for different gauge constants {c1, c2, c3, c4} as long as they fulfill
c1c2c3c4 = 1. In particular, they refer to a pointwise map of the North Pole or not or to other criteria.
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Lemma H.5 (The equiareal mapping of the biaxial ellipsoid with respect to a transverse frame of reference
and a change of scale (the Hammer projection of E2

A1,A2
)).

The mapping of the right biaxial ellipsoid E
2
A1,A2

with respect to left biaxial ellipsoid E
2
A1∗,A2∗ subject

to A1∗ = A1, A2∗ = A2 onto the transverse tangent plane normal to E3′ and with respect to a change
of scale is equiareal if

x = c1r(Λ,Φ; c3, c4) cos α(Λ,Φ; c3, c4) , (H.68)

y = c2r(Λ,Φ; c3, c4) sin α(Λ,Φ; c3, c4) , (H.69)

subject to

cosα(Λ,Φ; c3, c4) =

=
− cos[Λ∗(Λ; c3)−Ω]√

cos2[Λ∗(Λ; c3)−Ω]+ (1 − E2)2 tan2[Φ∗(Φ; c4)]
,

(H.70)

sin α(Λ,Φ; c3, c4) =

=
(1−E2) tan[Φ∗(Φ; c4)]√

cos2[Λ∗(Λ; c3)−Ω]+ (1 − E2)2 tan2[Φ∗(Φ; c4)]
,

(H.71)

r2(Λ,Φ; c3, c4) =

= A2
1

(
cos2[Λ∗(Λ; c3)−Ω]cos 2[Φ∗(Φ; c4)]+ (1 −E2)2 sin2[Φ∗(Φ; c4)]

)
/
[(

cos2[Λ∗(Λ; c3)−Ω]cos 2 [Φ∗(Φ; c4)]+ (1 − E2)2 sin2[Φ∗(Φ; c4)]
)3/2]

×

×
[
t∗1(Λ,Φ; c3, c4) + t∗2(Λ,Φ; c3, c4) + t∗3(Λ,Φ; c3, c4) + t∗4(Λ,Φ; c3, c4)

]
,

(H.72)

Λ∗ = c3Λ , (H.73)

sin Φ∗ =

= c4 sin Φ
[
1 +

2
3
E2 sin2 Φ(1− c2

4) +
1
15

E4 sin4 Φ(9− 20c2
4 + 11c4

4) + O( E6)
]

,
(H.74)

c1c2c3c4 = 1 . (H.75)

End of Lemma.

Corollary H.6 (The equiareal mapping of the biaxial ellipsoid with respect to a transverse frame of refer-
ence and a change of scale, special case Ω = 3π/2 (the Hammer projection of E

2
A1,A2

)).

(i)

The mapping of the right biaxial ellipsoid E
2
A1,A2

with respect to left biaxial ellipsoid E
2
A1∗,A2∗ subject

to A1∗ = A1, A2∗ = A2 onto the transverse tangent plane specialized by Ω = 3π/2 being normal to
E3′ and with respect to a change of scale is equiareal if

x = c1r(Λ,Φ; c3, c4) cos α(Λ,Φ; c3, c4) ,

y = c2r(Λ,Φ; c3, c4) sin α(Λ,Φ; c3, c4) ,
(H.76)
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subject to

cos α(Λ,Φ; c3, c4) =
sin[Λ∗(Λ; c3)]√

sin2[Λ∗(Λ; c3)]+ (1 −E2)2 tan2[Φ∗(Φ; c4)]
, (H.77)

sin α(Λ,Φ; c3, c4) =
(1− E2) tan[Φ∗(Φ; c4)]√

sin2[Λ∗(Λ; c3)]+ (1 − E2)2 tan2[Φ∗(Φ; c4)]
, (H.78)

r2(Λ,Φ; c3, c4) = A2
1

(
sin2[Λ∗(Λ; c3)]cos 2[Φ∗(Φ; c4)]+ (1 − E2)2 sin2[Φ∗(Φ; c4)]

)
/
[
(sin2[Λ∗(Λ; c3)]cos 2[Φ∗(Φ; c4)]+ (1 − E2)2 sin2[Φ∗(Φ; c4)]) 3/2

]
×

×
[
t∗1(Λ,Φ; c3, c4) + t∗2(Λ,Φ; c3, c4) + t∗3(Λ,Φ; c3, c4) + t∗4(Λ,Φ; c3, c4)

]
,

(H.79)

Λ∗ = c3Λ , (H.80)

sin Φ∗ = c4 sin Φ
[
1 +

2
3
E2 sin2 Φ(1− c2

4) +
1
15

E4 sin4 Φ(9− 20c2
4 + 11c4

4) + O( E6)
]

, (H.81)

c1c2c3c4 = 1 . (H.82)

(ii)

If the relative eccentricity vanishes, E = 0, then we arrive at the Hammer projection of the sphere
S2

A1
, namely

x = c1r(Λ,Φ; c3, c4) cos α(Λ,Φ; c3, c4) ,

y = c2r(Λ,Φ; c3, c4) sin α(Λ,Φ; c3, c4) ,
(H.83)

subject to

cos α(Λ,Φ; c3, c4) =

√
1− c2

4 sin2 Φ sin c3Λ√
1− (1− c2

4 sin2 Φ) cos2 c3Λ
, (H.84)

sin α(Λ,Φ; c3, c4) =
c4 sin Φ√

1− (1− c2
4 sin2 Φ) cos2 c3Λ

, (H.85)

r = A1

√
2

√
1−

√
1− c2

4 sin2 Φ cos c3Λ , (H.86)

x = c1A1

√
2

√
1− c2

4 sin2 Φ sin c3Λ√
1 +

√
1− c2

4 sin2 Φ cos c3Λ

, (H.87)

y = c2A1

√
2

c4 sin Φ√
1 +

√
1− c2

4 sin2 Φ cos c3Λ

.
(H.88)
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(iii)

If we choose c1 = 2, c2 = 1, c3 = 1/2, and c4 = 1 which fulfills c1c2c3c4 = 1 (Hammer’s choice), then
the mapping of the right biaxial ellipsoid E

2
A1,A2

with respect to left biaxial ellipsoid E
2
A1∗,A2∗ subject

to A1∗ = A1, A2∗ = A2 onto the transverse tangent plane being normal to E3′ and rescaled, namely
of equiareal type, reduces to

x = 2r(Λ,Φ) cos α(Λ,Φ) , y = r(Λ,Φ) sin α(Λ,Φ) , (H.89)

cos α(Λ,Φ) =
sin Λ/2√

sin2 Λ/2 + (1− E2)2 tan2 Φ
,

sin α(Λ,Φ) =
(1− E2) tan Φ√

sin2 Λ/2 + (1− E2)2 tan2 Φ
,

(H.90)

r2(Λ,Φ) = A2
1

sin2 Λ/2 cos2 Φ + (1− E2)2 sin2 Φ

(sin2 Λ/2 cos2 Φ + (1− E2) sin2 Φ)3/2
(t∗1 + t∗2 + t∗3 + t∗4) , (H.91)

t∗1 = − cos Λ/2 cosΦ

1− E2 sin2 Φ

√
sin2 Λ/2 cos2 Φ + (1− E2) sin2 Φ ,

t∗2 = −1− cos2 Λ/2 cos2 Φ

E sin Φ
arcsin

E sin Φ cos Φ cos Λ/2√
(1− E2 sin2 Φ)(1− cos2 Λ/2 cos2 Φ)

,

t∗3 =
√

sin2 Λ/2 cos2 Φ + (1− E2) sin2 Φ ,

t∗4 =
1− cos2 Λ/2 cos2 Φ

E sin Φ
arcsin

E sin Φ√
1− cos2 Λ/2 cos2 Φ

.

(H.92)

(iv)

If the relative eccentricity vanishes, E = 0, then we arrive at the special Hammer projection of the
sphere S

2
A1

subject to c1 = 2, c2 = 1, c3 = 1/2, and c4 = 1, namely

x = 2r(Λ,Φ) cos α(Λ,Φ) , y = r(Λ,Φ) sin α(Λ,Φ) , (H.93)

cos α(Λ,Φ) =
cos Φ sin Λ/2√

1− cos2 Φ cos2 Λ/2
, sin α(Λ,Φ) =

sin Φ√
1− cos2 Φ cos2 Λ/2

, (H.94)

r = A
√

2
√

1− cos Φ cos Λ/2 , (H.95)

x = 2A1

√
2

cosΦ sin Λ/2√
1 + cos Φ cos Λ/2

, y = A1

√
2

sin Φ√
1 + cos Φ cos Λ/2

. (H.96)

End of Corollary.

As a visualization for the derived mapping equations for the ellipsoidal Hammer projection, at the
beginning of this section, Fig.H.3 is given including the Tissot indicatrices.
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H-3 An integration formula

(H.28) may be written as an integration formula. The following relations (H.97)–(H.100) specify this
integration formula. If the relative eccentricity approaches E = 0, then the radial coordinate specializes
to (H.101) according to the L’Hôpital Rule (H.102) and (H.103).∫

sin x

√
1 + p2 sin2 xdx = −1

2
cosx

√
1 + p2 sin2 x− 1 + p2

2p
arcsin

p cos x√
1 + p2

, (H.97)

subject to

p2 :=
1

1−E2

E2 sin2 A∗

1− E2 cos2 A∗ , (H.98)

r2 =
A2

1(1− E2)
1− E2 cos2 A∗×

×
[
− cos ∆∗

√
1 +

E2 sin2 A∗ sin2 ∆∗

(1−E2)(1−E2 cos2 A∗)
−
√

1− E2
√

1− E2 cos2 A∗

E sin A∗ ×

×
(

1 +
E2 sin2 A∗

(1− E2)(1− E2 cos2 A∗)

)
×

× arcsin

(
E sin A∗

√
1−E2

√
1− E2 cos2 A∗

cos∆∗√
1 + E2 sin2 A∗

(1−E2)(1−E2 cos2 A∗)

)]∆∗

0

,

(H.99)

r2 =
A2

1

√
1− E2

(1−E2 cos2 A∗)3/2
×

×
[
− cos∆∗

√
(1− E2)(1− E2 cos2 A∗ + E2 sin2 ∆∗ sin2 A∗)−

−1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ arcsin
E cos∆∗ sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗+

+
√

(1−E2)(1−E2 cos2 A∗)+

+
1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ arcsin
E sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗

]
,

(H.100)

r = A1

√
2
√

1− cos∆∗ = A1

√
2
√

1− sin B∗ , (H.101)

lim
x→0

arcsin x

x
= lim

x→0

a√
1− a2x2

= a , (H.102)

lim
E→0

arcsin(E sin A∗ cos ∆∗)
E sin A∗ = cos ∆∗ ,

lim
E→0

arcsin(E sin A∗)
E sin A∗ = 1 .

(H.103)
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H-4 The transformation of the radial function r(A∗, B∗) into r(Λ∗, Φ∗)

In this section, the transformation of the radial function r(A∗, B∗) into r(Λ∗, Φ∗) is presented. The
following relations (H.104)–(H.112) specify this transformation.

First factor (see (H.14), (H.30)):

A2
1

√
1− E2

(1− E2 cos2 A∗)3/2
=

A2
1

(1− E2)
(cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2)2 sin2 Φ∗)3/2

(cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2) sin2 Φ∗)3/2
. (H.104)

First term (see (H.12),(H.14), (H.15), (H.30)):

t1 = t1(A∗, B∗) := − sin B∗
√

(1−E2)(1−E2 cos2 A∗) + E2 cos2 B∗ sin2 A∗ , (H.105)

t1 = t1(Λ∗, Φ∗) := − sin(Λ∗ −Ω) cosΦ∗(1− E2)
1−E2 sin2 Φ∗ ×

×
√

cos2(Λ∗ −Ω) cos2 Φ∗ + (1−E2) sin2 Φ∗√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2)2 sin2 Φ∗

.

(H.106)

Second term (see (H.12),(H.14), (H.15), (H.30)):

t2 = t2(A∗, B∗) := −1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ ×

× arcsin
E sin B∗ sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗ ,

(H.107)

t2 = t2(Λ∗, Φ∗) := − 1− E2

E sin Φ∗
1− sin2(Λ∗ −Ω) cos2 Φ∗√

cos2(Λ∗ −Ω) cos2 Φ∗ + (1−E2)2 sin2 Φ∗
×

× arcsin
E sin(Λ∗ −Ω) sin Φ∗ cosΦ∗√

(1− E2 sin2 Φ∗)(1− sin2(Λ∗ −Ω) cos2 Φ∗)
.

(H.108)

Third term (see (H.14), (H.30)):

t3 = t3(A∗, B∗) :=
√

1−E2
√

1−E2 cos2 A∗ , (H.109)

t3 = t3(Λ∗, Φ∗) := (1− E2)

√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2) sin2 Φ∗√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1−E2)2 sin2 Φ∗

. (H.110)
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Fourth term (see (H.14), (H.30)):

t4 = t4(A∗, B∗) :=
1− 2E2 cos2 A∗ + E4 cos2 A∗

E sin A∗ arcsin
E sin A∗

√
1− 2E2 cos2 A∗ + E4 cos2 A∗ , (H.111)

t4 = t4(Λ∗, Φ∗) :=
1− E2

E sin Φ∗×

× 1− sin2(Λ∗ −Ω) cos2 Φ∗√
cos2(Λ∗ −Ω) cos2 Φ∗ + (1− E2)2 sin2 Φ∗

arcsin
E sin Φ∗√

1− sin2(Λ∗ −Ω) cos2 Φ∗
.

(H.112)

H-5 The inverse of a special univariate homogeneous polynomial

In order to solve (H.65) for sinΦ∗, we proceed to present the series expansions of ar tanhx in (H.113)
and of (1 + x)−1 in (H.114) (compare with M. Abramowitz and J. A. Stegun 1965). Those series ex-
pansions is applied to the two terms (H.115) and (H.116) which appear in (H.65). In particular,
we recognize the homogeneous polynomial form of (H.117) as soon as we substitute x := sinΦ∗ by
(H.118) and y by (H.119). The inverse of the univariate homogeneous polynomial (H.120) represented
by (H.121) is computed up to degree five. Forward and backward substitution amount to (H.129)
reevaluated by means of the final solution to the inversion by (H.131).

ar tanhx = x +
x3

3
+

x5

5
+

x7

7
+ O(x9) (|x| < 1) , (H.113)

(1 + x)−1 = 1− x + x2 − x3 + O(x4) (−1 < x < 1) , (H.114)

1
2E

ar tanh (E sin Φ∗) =
1
2

sin Φ∗ +
1
6
E2 sin3 Φ∗ +

1
10

E4 sin5 Φ∗ + O(E6) , (H.115)

sin Φ∗

2(1−E2 sin2 Φ∗)
=

1
2

sin Φ∗ +
1
2
E2 sin3 Φ∗ +

1
2
E4 sin5 Φ∗ + O(E6) , (H.116)

1
2E

ar tanh (E sin Φ∗) +
sin Φ∗

2(1−E2 sin2 Φ∗)
= sin Φ∗ +

2
3
E2 sin3 Φ∗ +

3
5
E4 sin5 Φ∗ + O(E6) . (H.117)

(H.65) can now be written as univariate special homogeneous polynomial of degree n, namely

x := sinΦ∗ , (H.118)

y := c4

[
1

2E
ar tanh (E sin Φ) +

sin Φ

2(1− E2 sin2 Φ)

]
=

= c4

[
sin Φ +

2
3
E2 sin3 Φ +

3
5
E4 sin5 Φ + O(E6)

]
,

(H.119)

y(x) = a11x + a13x
3 + a15x

5 + · · ·+ a1nxn (n odd) , (H.120)

x(y) = b11y + b13y
3 + b15y

5 + · · ·+ b1nyn (n odd) , (H.121)

subject to

a11 = 1 . (H.122)
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Following E.Grafarend et al. (1996), we can immediately formulate the series expansion with respect
to an upper triangular matrix RA truncated up to degree five according to (H.123) subject to (H.124)
as a forward substitution.⎡⎣ y

y3

y5

⎤⎦ =

⎡⎣1 a13 a15

0 1 a35

0 0 1

⎤⎦⎡⎣ x
x3

x5

⎤⎦ + r = RA

⎡⎣ x
x3

x5

⎤⎦ + r , (H.123)

a13 =
2
3
E2 , a15 =

3
5
E4 , a35 = 3a13 = 2E2 . (H.124)

In contrast, the backward substitution leads to (H.125) or (H.126).⎡⎣ x
x3

x5

⎤⎦ =

⎡⎣1 b13 b15

0 1 b35

0 0 1

⎤⎦⎡⎣ y
y3

y5

⎤⎦ + s = RB

⎡⎣ y
y3

y5

⎤⎦ + s , (H.125)

RARB = I3 ,

⎡⎣1 b13 b15

0 1 b35

0 0 1

⎤⎦⎡⎣1 a13 a15

0 1 a35

0 0 1

⎤⎦ =

⎡⎣1 0 0
0 1 0
0 0 1

⎤⎦ . (H.126)

Finally, we obtain (H.127) and thus (H.128).

b13 = −a13 , b15 = 3a2
13 − a15 , b35 = −3a13 , (H.127)

b13 = −2
3
E2 , b15 =

11
15

E4 . (H.128)

Using the first row of RB, we arrive at (H.129).

x = y + b13y
3 + b15y

5 + O(y7) . (H.129)

The powers of y are computed according to (H.130), leading to (H.131).

y = c4

[
sin Φ +

2
3
E2 sin3 Φ +

3
5
E4 sin5 Φ + O(E6)

]
,

y3 = c3
4

[
sin3 Φ + 2E2 sin5 Φ +

47
15

E4 sin7 Φ + O(E6)
]

,

y5 = c5
4

[
sin5 Φ +

10
3

E2 sin7 Φ +
67
9

E4 sin9 Φ + O(E6)
]

,

(H.130)

sin Φ∗ = c4 sin Φ

[
1 +

2
3
E2 sin2 Φ(1− c2

4) +
1
15

E4 sin4 Φ(9− 20c2
4 + 11c4

4) + O(E6)
]

. (H.131)
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A
si
de

.
With our students of Stuttgart University has been the vote that the Hammer projection
was in the list of the two most popular map projections.

Note that the original contribution “mapping the sphere” is due to E. Hammer (1892). Here, we use
the works of E.Grafarend and R. Syffus (1997e), J. Hoschek (1984), and K.H.Wagner (1962). We
used M.Abramowitz and J. A. Stegun (1965) as well as E.Grafarend, T. Krarup, and R. Syffus for the
mathematical details. Special reference is also E. Grafarend (1995).
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I Mercator projection and polycylindric projection

Optimal Mercator projection and optimal polycylindric projection of conformal type. Case study Indonesia.
Universal Transverse Mercator Projection (UTM), Universal Polycylindric Projection (UPC).

As a conformal mapping of the sphere S
2
R or as a conformal mapping of the ellipsoid-of-revolution

E
2
A1,A2

, the Mercator projection maps the equator equidistantly while the transverse Mercator pro-
jection maps the transverse meta-equator, the meridian-of-reference, with equidistance. Accordingly,
the Mercator projection is very well suited to geographic regions which extend East–West along
the equator. In contrast, the transverse Mercator projection is appropriate for those regions which
have a South–North extension. Like the optimal transverse Mercator projection, which is also known
as the Universal Transverse Mercator Projection (UTM) and which maps the meridian-of-reference
Λ0 with an optimal dilatation factor ρ = 0.999 578 with respect to the World Geodetic Reference
System (WGS 84) and a strip [Λ0 − ΛW, Λ0 − ΛE] × [ΦS, ΦN] = [−3.5◦,+3.5◦] × [−80◦,+84◦], we
construct an optimal dilatation factor ρ for the optimal Mercator projection, summarized as the
Universal Mercator Projection (UM), and an optimal dilatation factor ρ0 for the optimal polycylin-
dric projection for various strip widths which maps parallel circles Φ0 equidistantly except for a
dilatation factor ρ0 summarized as the Universal Polycylindric Projection (UPC). It turns out that
the optimal dilatation factors are independent of the longitudinal extension of the strip and depend
only on the latitude Φ0 of the parallel circle-of-reference and the southern and northern extension,
namely the latitudes ΦS and ΦN, of the strip. For instance, for a strip [ΦS, ΦN] = [−1.5◦,+1.5◦] along
the equator Φ0 = 0, the optimal Mercator projection with respect to WGS 84 is characterized by an
optimal dilatation factor ρ = 0.999 887 (strip width 3◦). For other strip widths and different choices
of the parallel circle-of-reference Φ0, precise optimal dilatation factors are given. Finally, the UPC for
the geographic region of Indonesia is presented as an example.

Im
p
or

ta
nt

!

The Mercator projection of the sphere S2
R or of the ellipsoid-of-revolution E2

A1,A2
is, amongst

conformality, characterized by the equidistant mapping of the equator. In contrast, the trans-
verse Mercator projection is conformal and maps the transverse meta-equator, the meridian-
of-reference, equidistantly. Accordingly, the Mercator projection is very well suited to regions
which extend East–West along the equator, while the transverse Mercator projection fits well
to those regions which have a South–North extension. For geographic regions which are cen-
tered along lines neither equatorial, parallel circles, nor meridians, the oblique Mercator
projection according to J. Engels and E.Grafarend (1995) is the conformal mapping which
has to be preferred.

A typical feature of the Universal Transverse Mercator Projection (UTM) is the equidistant mapping
of the central meridian of a zone except for a dilatation factor ρ which is determined by an optimal-
ity criterion. As outlined in E.Grafarend (1995), the Airy criterion of a minimal average distortion
over the zone leads to an optimal value of the dilatation factor ρ depending on the strip width. An
Airy optimal dilatation factor ρ, in addition, sets the average areal distortion over the zone to zero,
which is quite a welcome result of an optimal map projection. Here we aim at a similar result for
the Universal Mercator Projection (UM) and for the Universal Polycylindric Projection (UPC): the
classical Mercator projection is designed Airy optimal for a finite zone along the equator. The equator
is equidistantly mapped except for an Airy optimal dilatation factor. In particular, we analyze the
Airy optimal dilatation factor as a function of the strip width. The UM strip is bounded by a southern
as well as a northern parallel circle. While UM with an Airy optimal dilatation factor is well suited
for geographic regions along the equator, the Airy optimal UPC has its merits for those territories
which extend along a parallel circle – as a case study, Indonesia has been chosen. For such a conformal
projection, a chosen parallel circle is equidistantly mapped except for a dilatation factor ρ0 which is
designed Airy optimal for a zone bounded by a southern as well as a northern parallel circle. For both
types of optimal mapping, namely UM and UPC, the Airy criterion of a minimal average distortion
over the zone produces zero average areal distortion, too.
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Section I-1.

In detail, Section I-1 focuses on the optimal Mercator projection of the ellipsoid-of-revolution E
2
A1,A2

with respect to the WGS 84. Figure I.1 displays the Airy optimal dilatation factor as a function of
the strip width, while Table I.1 lists various optimal dilatation factors for the given strip widths 3◦,
6◦, 12◦, 20◦.

Section I-2.

In contrast, Section I-2 presents the optimal polycylindric projection of conformal type. Figure I.2
displays various Airy optimal dilatation factors for given parallel circles-of-reference parameterized by
the ellipsoidal latitude Φ0 and the strip width ΦN−ΦS of northern and southern boundaries. Tables I.2
and I.3 are detailed lists of various optimal dilatation factors in different zones sorted by the strip
widths of 3◦ and 6◦. As a detailed example, the optimal UPC for the geographic region of Indonesia
is presented as a case-study.

Particular reference is made to G.B. Airy (1861) for the Airy optimality criterion, to Snyder (1987)
with respect to the Mercator projection, to J. Engels and E. Grafarend (1995) with respect to the
oblique Mercator Projection, and to E.Grafarend (1995) for a review of the Tissot distortion analysis
of a map projection and for the optimal transverse Mercator projection.

I-1 The optimal Mercator projection (UM)

Here we present three definitions which relate to the generalized Mercator projection, the Airy optimal
generalized Mercator projection (UM) and finally the generalized Mercator projection of least total
areal distortion. Three lemmas and one corollary describe in detail the optimal Mercator projection
which is finally illustrated by one table, one figure and two examples with respect to WGS 84.

Definition I.1 (Generalized Mercator projection, mapping equations).

The conformal mapping of the ellipsoid-of-revolution (I.1) with semi-major axis A1, semi-minor axis
A2, and relative eccentricity squared E2 := (A2

1−A2
2)/A2

1 onto the developed circular cylinder C2
ρA1

of
radius ρA1 is called a generalized Mercator projection if the equator of E2

A1,A2
is mapped equidistantly

except for a dilatation factor ρ such that the mapping equations (I.2) hold with respect to surface
normal coordinates (longitude Λ, latitude Φ) which parameterize E

2
A1,A2

.

X ∈ E
2
A1,A2

:=

:=
{

X ∈ R
3

∣∣∣∣X2 + Y 2

A2
1

+
Z2

A2
2

= 1, A1 ∈ R
+, A2 ∈ R

+, A1 > A2

}
,

(I.1)

x = ρA1(Λ− Λ0) ,

y = ρA1 ln

(
tan

(
π

4
+

Φ

2

)(
1− E sin Φ

1 + E sin Φ

)E/2
)

.
(I.2)

Λ0 is called the surface normal longitude-of-reference. The plane covered by the chart {x, y}, Cartesian
coordinates, with an Euclidean metric, namely {R2, δkl} (Kronecker delta, unit matrix) is generated
by developing the circular cylinder C2

ρA1
of radius ρA1.

End of Definition.
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Lemma I.2 (Generalized Mercator projection, principal stretches).

With respect to the left Tissot distortion measure represented by the matrix ClG
−1
l of the left Cauchy–

Green deformation tensor Cl = JT
l GrJl multiplied by the inverse of the left metric tensor Gl, the matrix

of the metric tensor of E2
A1,A2

, the left principal stretches of the generalized Mercator projection are
given by

Λ1 = Λ2 = ρ

√
1− E2 sin2 Φ

cos Φ
. (I.3)

The eigenvalues {Λ1, Λ2} cover the eigenspace of the left Tissot matrix ClG
−1
l . Due to conformality,

they are identical, Λ1 = Λ2 = ΛS. Jl denotes the left Jacobi map (dx,dy) �→ (dΛ, dΦ), Gr the matrix
of the right metric tensor of the plane generated by developing the circular cylinder C

2
ρA1

of radius
ρA1, namely the unit matrix Gr = I2.

End of Lemma.

Definition I.3 (Generalized Mercator projection, Airy optimum).

The generalized Mercator projection of the ellipsoid-of-revolution E
2
A1,A2

onto the developed circular
cylinder C

2
ρA1

of radius ρA1 is called Airy optimal if the deviation from an isometry (I.4) in terms
of the left principal stretches {Λ1, Λ2} averaged over a mapping area of interest, namely the surface
integral (I.5), is minimal with respect to the unknown dilatation factor ρ.

(Λ1 − 1)2 + (Λ2 − 1)2

2
, (I.4)

JlA :=
1

2S

∫
area

[
(Λ1 − 1)2 + (Λ2 − 1)2

]
dS = min

ρ
. (I.5)

End of Definition.

The infinitesimal surface element of E
2
A1,A2

is represented by the expression
√

det[Gl]dΛdΦ, namely
by (I.6). In contrast, for the equatorial strip [ΛW, ΛE] × [ΦS, ΦN] between a longitudinal extension
(Λ0 − ∆Λ,Λ0 + ∆Λ) and a latitudinal extension (ΦS, ΦN), the finite area is computed by (I.7); the
subscripts S, N, E, and W denote South, North, East, and West. The actual computation up to the
fourth order in relative eccentricity, namely O(E4), is performed by an uniform convergent series
expansion of (1− x)−2 for |x| < 1 and a term-wise integration, namely interchanging summation and
integration. Note that along the surface normal longitude of reference Λ0 the strip has been chosen
symmetrically such that (I.8), i. e. ΛE − ΛW = Λ0 + ∆Λ− (Λ0 −∆Λ) = 2∆Λ, holds.

The areal element of E2
A1,A2

is provided by

dS =
A2

1(1− E2) cos Φ

(1− E2 sin2 Φ)
dΛdΦ , (I.6)

S := area
{

E
2
A1,A2

∣∣ΛW=Λ0−∆Λ≤Λ≤Λε=Λ0−∆Λ

ΦS≤Φ≤ΦN

}
=

∫ ΛE

ΛW

dΛ

∫ ΦN

ΦS

A2
1(1− E2) cos Φ

(1− E2 sin2 Φ)2
dΦ =

= A2
1(1− E)

∫ ΛE

ΛW

dΛ

∫ ΦN

ΦS

cosΦ[1 + 2E2 sin2 Φ + O(E4)]dΦ =

= 2A2
1(1−E2)∆Λ[sin ΦN +

2
3
E2 sin3 ΦN − (sin ΦS +

2
3
E2 sin3 ΦS) + O(E4)] ,

(I.7)

ΛE − ΛW = 2∆Λ . (I.8)
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Lemma I.4 (Generalized Mercator projection, Airy distortion energy).

In case of the generalized Mercator projection, the left Airy distortion energy JlA is the quadratic
form in terms of the dilatation factor ρ, in particular

JlA(ρ) = c0 − 2c1ρ + c2ρ
2 , (I.9)

such that

c0 = 1 ,

c1 =
[
(ΦN − ΦS)

(
1 +

3
4
E2 +

45
64

E4

)
− 3

4

(
1 +

15
16

E2

)
E2 (cos ΦN sin ΦN − cos ΦS cos ΦS)−

−15
32

E4
(
cosΦN sin3 ΦN − cosΦS sin3 ΦS

)]
/[

sin ΦN +
2
3
E2 sin3 ΦN +

3
5
E4 sin5 ΦN − sin ΦS − 2

3
E2 sin3 ΦS − 3

5
E4 sin5 ΦS

]
+ O(E6) ,

c2 =
[(

1 + E2 + E4
)
ln

(
tan

(
π

4
+

ΦN

2

)
/ tan

(
π

4
+

ΦS

2

))
− E2

(
1 + E2

)
(sinΦN − sin ΦS)−

−1
3
E3(sin3 ΦN − sin3 ΦS)

]
/[

sin ΦN +
2
3
E2 sin3 ΦN +

3
5
E4 sin5 ΦN − sin ΦS−2

3
E2 sin3 ΦS − 3

5
E4 sin5 ΦS

]
+ O(E6)

(I.10)

hold.

End of Lemma.

Constitutional elements of the left Airy distortion energy are

JlA =
1
S

∫
S

(ΛS − 1)2dS =
1
S

∫
S

(Λ2
S − 2ΛS + 1)dS = 1− 2

S

∫
S

ΛSdS +
1
S

∫
S

Λ2
SdS , (I.11)

∫
S

ΛSdS = ρ

∫
S

√
1− E2 sin2 Φ

cos Φ

A2
1(1−E2) cos Φ

(1− E2 sin2 Φ)2
dΛdΦ , (I.12)

∫
S

Λ2
SdS = ρ2

∫
S

1− E2 sin2 Φ

cos2 Φ

A2
1(1− E2) cos Φ

(1−E2 sin2 Φ)2
dΛdΦ , (I.13)

JlA(ρ) = c0 − 2c1ρ + c2ρ
2

⇔
c0 := 1
⇔

c1 :=
1
S

∫
S

ΛSdS =
1
S

A2
1(1−E2)

∫
S

dΛdΦ

(1− E2 sin2 Φ)3/2
,

c2 :=
1
S

∫
S

Λ2
SdS =

1
S

A2
1(1− E2)

∫
S

dΛdΦ

cosΦ(1−E2 sin2 Φ)
.

(I.14)
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Furthermore, constitutional elements of the left Airy distortion energy are∫ ΛE

ΛW

dΛ

∫ ΦE

ΦS

dΦ

(1− E2 sin2 Φ)3/2
=

∫ ΦN

ΦS

(ΛE − ΛW)dΦ

(1− E2 sin2 Φ)3/2
, (I.15)

∫
dx

(1− E2 sin2 x)3/2
=

= x

(
1 +

3
4
E2 +

45
64

E4

)
− 3

4
cos x sin x

(
1 +

15
16

E2

)
E2 − 15

32
E4 cosx sin3 x + O(E6)

⇒
c1 (see first equation of (I.10)) ,

(I.16)

∫ ΛE

ΛW

dΛ

∫ ΦE

ΦS

dΦ

cos Φ(1− E2 sin2 Φ)
=

∫ ΦN

ΦS

(ΛE − ΛW)dΦ

cos Φ(1− E2 sin2 Φ)
, (I.17)

∫
dx

cosx(1− E2 sin2 x)
=

=
(
1 + E2 + E4

)
ln tan

(π

4
+

x

2

)
− E2

(
1 + E2

)
sin x− 1

3
E4 sin3 x + O(E6)

⇒
c2 (see second equation of (I.10)) .

(I.18)

Note that for the proof of Lemma I.4, we have collected all constitutional items in (I.10)–(I.18). Indeed,
as soon as we represent the left principal stretches Λ1 = Λ2 = ΛS according to (I.3) within the left Airy
distortion energy JlA, in particular (I.9), we are left with the quadratic polynomial of (I.11) which
constitutes the integrals of (I.12) and (I.13). First, the left principal stretch ΛS has to be integrated
over the area of interest. Second, the squared left principal stretch Λ2

S has to be integrated over the area
of interest. In this way, we are led to the coefficients c0, c1, abd c2 of type (I.14). (I.15)–(I.18) describe
the involved integrals which are computed by term-wise integration of the uniformly convergent kernel
series, namely by interchanging integration and summation. The integral series expansions are of the
order O(E6) for (I.16) and (I.18).

Lemma I.5 (Minimal Airy distortion energy).

The Airy distortion energy (I.9) is minimal if the dilatation factor amounts to ρ̂ = c1/c2 and

ρ̂(ΦS, ΦN) =

=
[
(ΦN − ΦS)

(
1 +

3
4
E2 +

45
64

E4

)
− 3

4

(
1 +

15
16

E2

)
E2 (cos ΦN sin ΦN − cos ΦS sin ΦS)

−15
32

E4
(
cosΦN sin3 ΦN − cosΦS sin3 ΦS

)]
/

[
ln

(
tan

(
π

4
+

ΦN

2

)
/ tan

(
π

4
+

ΦS

2

))
×

× (
1 + E2 + E4

)−E2(1 + E2)(sin ΦN − sin ΦS)− 1
3
E4(sin3 ΦN − sin3 ΦS)

]
+ O(E6) ,

ρ̂(ΦS = −ΦN) =

=
[
ΦN

(
1 +

3
4
E2 +

45
64

E4

)
− 3

4

(
1 +

15
16

E2

)
E2 cos ΦN sin ΦN−15

32
E4 cosΦN sin3 ΦN

]
/[(

1 + E2 + E4
)
ln tan

(
π

4
+

ΦN

2

)
− E2(1 + E2) sin ΦN − 1

3
E4 sin3 ΦN

]
+ O(E6) .

(I.19)

End of Lemma.
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Proof.

ρ̂ = c1/c2 is proven by the following procedure.

JlA = c0 − 2c1ρ + c2ρ
2 = min

ρ
. (I.20)

Necessary:

dJlA

dρ
(ρ = ρ̂) = −2c1 + c2ρ̂ = 0

⇔
ρ̂ = c1/c2 .

(I.21)

Sufficient:

d2JlA

dρ2
(ρ = ρ̂) = 2c2 > 0 . (I.22)

(I.19) directly follows from (I.10) and ρ̂ = c1/c2.

End of Proof.

Before we go into numerical computations of the optimal dilatation factor ρ̂ for the generalized Mer-
cator projection, let us here briefly present a result for zero total areal distortion as it is outlined by
E.Grafarend (1995).

Definition I.6 (Generalized Mercator projection, optimal with respect to areal distortion).

The generalized Mercator projection of the ellipsoid-of-revolution E
2
A1,A2

onto the developed circular
cylinder C

2
ρA1

of radius ρA1 is called optimal with respect to areal distortion if the deviation from an
equiareal mapping Λ1Λ2 − 1 in terms of the left principal stretches (Λ1, Λ2) averaged over a mapping
area of interest, namely the total areal distortion (I.23), is minimal with respect to the unknown
dilatation factor ρ.

Jl :=
1
S

∫
S

(Λ1Λ2 − 1)dS = min
ρ

. (I.23)

End of Definition.

Corollary I.7 (Generalized Mercator projection, dilatation factor).

For a generalized Mercator projection of the half-symmetric strip [ΛW = Λ0 − ∆Λ,Λ0 + ∆Λ =
ΛE] × [ΦS, ΦN], the postulates of minimal Airy distortion energy (minimal total distance distortion)
and of minimal total areal distortion lead to the same unknown dilatation factor ρ̂ of (I.19) by first-
order approximation. The total areal distortion amounts to zero.

End of Corollary.

Proof.

We start from the representation of the left principal stretches for a mapping of conformal type
implemented into, firstly, JlA, secondly, Jl. The squared left principal stretches are assumed to be
given by 1 plus a small quantity µ except for the dilatation factor ρ:

Λ2
1 = Λ2

2 = Λ2
S = ρ2(1 + µ) ∀ µ" 1 ,

Λ1 = Λ2 = ΛS = ρ
(
1 +

µ

2

)
+ O(µ2) ∀ µ " 1 .

(I.24)
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JlA:

JlA :=
1

2S

∫
S

[(Λ1 − 1)2 + (Λ2 − 1)2]dS ∀ Λ1 = Λ2 = ΛS ,

JlA :=
1
S

∫
S

(ΛS − 1)2dS = 1 +
1
S

∫
S

[
(1 + µ)ρ2 − 2

(
1 +

µ

2

)
ρ
]
dS + O(µ2) ,

(I.25)

J ′
lA(ρ) = 0
⇔

ρ̂ =
∫

S

(
1 +

µ

2

)
dS

/∫
S

(1 + µ)dS + O(µ2)

⇔
ρ̂ =

(
1 +

1
2S

∫
S

µdS

)/(
1 +

1
S

∫
S

µdS

)
+ O(µ2)

= 1− 1
2S

∫
S

µdS + O(µ2) .

(I.26)

Jl:

Jl :=
1
S

∫
S

(Λ1Λ2 − 1)dS ∀Λ1 = Λ2 = ΛS ,

Jl :=
1
S

∫
S

(Λ2
S − 1)dS ,

(I.27)

Jl = 0
⇔

1
S

∫
S

[ρ2(1 + µ)− 1]dS = 0

⇔
ρ2(Jl = 0) =

1
1 + 1

S

∫
S
µdS

= 1− 1
S

∫
S

µdS + O(µ2)

⇔
ρ(Jl = 0) = 1− 1

2S

∫
S

µdS + O(µ2) .

(I.28)

ρ̂(JlA = min) = ρ(Jl = 0).

End of Proof.

As a basis for a discussion of the Airy optimal generalized Mercator projection (UM), we refer to
Table I.1 and Fig. I.1 where the Airy optimal dilatation factor ρ̂(ΦN) as a function of the strip width
2ΦN with respect to WGS 84 has been computed or plotted, respectively. Finally, we present two
examples for the optimal design of the generalized Mercator projection which can be compared to
those of E. Grafarend (1995) for the optimal transverse Mercator projection.
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Example I.1 ([ΦS = −ΦN, ΦN] = [−1.5◦,+1.5◦]).

For the Airy optimal generalized UM, we have chosen a strip width of 3◦ between ΦS = −1.5◦ southern
latitude and ΦN = 1.5◦ northern latitude. Once we refer to the WGS 84, the Airy optimal dilatation
factor amounts to

ρ̂ = 0.999 887 . (I.29)

End of Example.

Example I.2 ([ΦS = −ΦN, ΦN] = [−3◦,+3◦]).

For the second example, we have chosen a strip width of 6◦ between ΦS = −3◦ southern latitude and
ΦN = 3◦ northern latitude. Once we refer to WGS 84, the Airy optimal dilatation factor amounts to

ρ̂ = 0.999 546 . (I.30)

End of Example.

Table I.1. Airy optimal dilatation factor ρ̂ for a symmetric strip [ΛW, ΛE]× [ΦS = −ΦN, ΦN], ΛW = Λ0−∆Λ,
ΛE = Λ0 + ∆Λ, generalized UM, WGS 84, A1 = 6378 137 m, E2 = 0.006 694 379 990 13.

ΦN = 1.5◦ ΦN = 3◦ ΦN = 6◦ ΦN = 10◦

ρ̂ = 0.999 887 ρ̂ = 0.999 546 ρ̂ = 0.998 183 ρ̂ = 0.994 943

I-2 The optimal polycylindric projection of conformal type (UPC)

Here, we present two definitions which relate to the generalized polycylindric projection of conformal
type and the Airy optimal generalized polycylindric projection of conformal type (UPC). Three lemmas
describe in detail the optimal UPC for the ellipsoid-of-revolution, which is finally illustrated by four
tables and five figures, including a detailed example for the geographic region of Indonesia. All optimal
map projections refer to WGS 84.

ΦN

ρ̂

0◦ 2◦ 4◦ 6◦ 8◦ 10◦ 12◦ 14◦

1.000

0.998

0.996

0.994

0.992

0.990

Fig. I.1. Airy optimal dilatation factor ρ̂ for a symmetric strip [ΛW, ΛE]×[ΦS = −ΦN, ΦN] with ΛW = Λ0−∆Λ
and ΛE = Λ0+∆Λ, generalized UM, WGS 84, ρ̂(ΦN): Airy optimal dilatation factor as function of the half-strip
width ΦN.
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Definition I.8 (Generalized polycylindric projection, mapping equations).

The conformal mapping of the ellipsoid-of-revolution (I.32) with semi-major axis A1, semi-minor axis
A2, and relative eccentricity squared E2 := (A2

1 − A2
2)/A2

1 onto the developed circular cylinder C
2
R

of radius (I.31) is called a generalized polycylindric projection if the parallel circle-of-reference Φ0 is
mapped equidistantly except for a dilatation factor ρ0 such that the mapping equations (I.33) hold.

R = ρ0A1 cos Φ0/

√
1−E2 sin2 Φ0 , (I.31)

X ∈ E
2
A1,A2

:=
{

X ∈ R
3

∣∣∣∣X2 + Y 2

A2
1

+
Z2

A2
2

= 1, A1 ∈ R
+, A2 ∈ R

+, A1 > A2

}
, (I.32)

x = ρ0A1
cosΦ0(Λ− Λ0)√

1−E2 sin2 Φ0

,

y = ρ0A1
cosΦ0√

1−E2 sin2 Φ0

ln

(
tan

(
π

4
+

Φ

2

)(
1−E sin Φ

1 + E sin Φ

)E/2
)

.

(I.33)

The plane covered by the chart (x, y). Cartesian coordinates, with an Euclidean metric, namely
{R2, δkl} (Kronecker delta, unit matrix) is generated by developing the circular cylinder C

2
R of radius

(I.31) with respect to the surface normal latitude Φ0 of reference.

End of Definition.

Lemma I.9 (Generalized polycylindric projection, principal stretches).

With respect to the left Tissot distortion measure represented by the matrix ClG
−1
l of the left Cauchy–

Green deformation tensor Cl = JT
l GrJl multiplied by the inverse of the left metric tensor Gl, the matrix

of the metric tensor of E
2
A1,A2

, the left principal stretches of the generalized polycylindric projection
are given by

Λ1 = Λ2 = ρ0
cos Φ0√

1− E2 sin2 Φ0

√
1−E2 sin2 Φ

cosΦ
. (I.34)

The eigenvalues {Λ1, Λ2} cover the eigenspace of the left Tissot matrix ClG
−1
l . Due to conformality,

they are identical, Λ1 = Λ2 = ΛS. Jl denotes the left Jacobi map (dx,dy) �→ (dΛ, dΦ), Gr the matrix of
the right metric tensor of the plane generated by developing the circular cylinder C

2
Rof radius (I.31),

namely the unit matrix Gr = I2.

End of Lemma.

Definition I.10 (Generalized polycylindric projection, Airy optimum).

The generalized polycylindric projection of conformal type of (I.33) and (I.34) of the ellipsoid-of-
revolution E

2
A1,A2

onto the developed circular cylinder C
2
R of radius (I.31) is called Airy optimal if the

deviation from an isometry (I.35) in terms of the left principal stretches {Λ1, Λ2}, in particular (I.34),
averaged over a mapping area of interest, namely the surface integral (I.36), is minimal with respect
to the unknown dilatation factor ρ0.

[(Λ1 − 1)2 + (Λ2 − 1)2]/2 , (I.35)

JlA :=
1

2S

∫
area

[(Λ1 − 1)2 + (Λ2 − 1)2]dS = min
ρ0

. (I.36)

End of Definition.
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Let us refer to the representation of the areal elements {dS, S} of the ellipsoid-of-revolution of
Section I-1. With the next step, we move on to Lemma I.11 for a representation of JlA subject to
Λ1 = Λ2, in particular (I.34).

Lemma I.11 (Generalized polycylindric projection, Airy distortion energy).

In case of the generalized polycylindric projection of conformal type, the left Airy distortion energy
JlA is the quadratic form in terms of the dilatation factor ρ0, in particular

JlA(ρ0) = c00 − 2c01ρ0 + c02ρ
2
0 , (I.37)

such that

c00 = 1 ,

c01 = c1 cosΦ0/

√
1− E2 sin2 Φ0 ,

c02 = c2 cos2 Φ0/(1− E2 sin2 Φ0)

(I.38)

hold.

End of Lemma.

Once we start from the proof of Lemma I.4, the extension to the result of (I.37) and I.38) with
respect to (I.34) into Lemma I.11 is straightforward.

Q
ue

st
io

n.

Question: “Where, with respect to the dilatation factor ρ0, is the Airy distortion energy
minimal?” Answer: “The detailed answer is given in Lemma I.12.”

Lemma I.12 (Minimal Airy distortion energy).

The Airy distortion energy (I.37) is minimal if the dilatation factor amounts to ρ̂0 = c01/c02 and

ρ̂0(ΦS, ΦN) =

= ρ̂0(ΦS, ΦN)

√
1−E2 sin2 Φ0

cosΦ0
,

ρ̂0(ΦS = −ΦN) =

= ρ̂0(ΦS = −ΦN)

√
1− E2 sin2 Φ0

cos Φ0
,

(I.39)

where c01 and c02 follow from (I.38) and (I.10), ρ̂0(ΦS = ΦN) from (I.19) (see the first equation), and
ρ̂0(ΦS = −ΦN) from (I.19) (see the second equation), respectively.

End of Lemma.

The proof of Lemma I.12 completely follows along the lines of the proof of Lemma I.5 and is therefore
not repeated here. In addition, we note zero total areal distortion over a half-symmetric strip [ΛW =
Λ0 − ∆Λ,Λ0 + ∆Λ = ΛE] × [ΦS = Φ0 − ∆Φ,Φ0 + ∆Φ = ΦN] if the Airy optimal dilatation factor
ρ̂0 of type (I.39), first equation, or of type (I.39), second equation, is implemented. Definition I.6
and Corollary I.7 apply accordingly. As a basis for a discussion of the Airy optimal UPC, let us
here refer to Table I.2 and Table I.3 as well as to Fig. I.2, where the Airy optimal dilatation factor
ρ̂0(Φ0, ΦS = Φ0 −∆Φ,ΦN = Φ0 + ∆Φ) as a function of the strip width ΦN − ΦS = 2∆Φ with respect
to WGS 84 has been computed or plotted, respectively.
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∆Φ = 3◦

6◦ 12◦ 18◦ 24◦ 30◦

∆Φ = 1.5◦

3◦ 6◦ 9◦ 12◦ 15◦ 18◦

ΦΦ

21◦24◦ 27◦ 30◦ 33◦

ρ̂0ρ̂0

0.9998

0.9996

0.9994

0.9992

0.9998

0.9996

0.9994

0.9992

Fig. I.2. Airy optimal dilatation factor ρ̂0 for a symmetric strip, generalized UPC. ρ̂0(Φ0, ∆Φ): Airy optimal
dilatation factor ρ̂0 as a function of the chosen parallel circle latitude Φ0 and strip width ∆Φ, WGS 84.
Symmetric strip [ΛW = Λ0 − ∆Λ, Λ0 + ∆Λ = ΛE] × [ΦS = Φ0 − ∆Φ, Φ0 + ∆Φ = ΦN].

Table I.2. Airy optimal dilatation factor ρ̂0 for a symmetric strip, generalized UPC, WGS 84. Symmetric
strip [ΛW = Λ0 − ∆Λ, Λ0 + ∆Λ = ΛE] × [ΦS = Φ0 − ∆Φ, Φ0 + ∆Φ = ΦN], strip width 3◦, ∆Φ = 1.5◦.

zone Φ0 ΦS ΦN ρ̂0 zone Φ0 ΦS ΦN ρ̂0

0 0◦ −1.5◦ +1.5◦ 0.999 887 ±1 ±3◦ ±1.5◦ ±4.5◦ 0.999 886

±2 ±6◦ ±4.5◦ ±7.5◦ 0.999 884 ±3 ±9◦ ±7.5◦ ±10.5◦ 0.999 881

±4 ±12◦ ±10.5◦ ±13.5◦ 0.999 876 ±5 ±15◦ ±13.5◦ ±16.5◦ 0.999 870

±6 ±18◦ ±16.5◦ ±19.5◦ 0.999 862 ±7 ±21◦ ±19.5◦ ±22.5◦ 0.999 852

±8 ±24◦ ±22.5◦ ±25.5◦ 0.999 840 ±9 ±27◦ ±25.5◦ ±28.5◦ 0.999 826

±10 ±30◦ ±28.5◦ ±31.5◦ 0.999 809 ±11 ±33◦ ±31.5◦ ±34.5◦ 0.999 789

±12 ±36◦ ±34.5◦ ±37.5◦ 0.999 764 ±13 ±39◦ ±37.5◦ ±40.5◦ 0.999 735

±14 ±42◦ ±40.5◦ ±43.5◦ 0.999 699 ±15 ±45◦ ±43.5◦ ±46.5◦ 0.999 656

±16 ±48◦ ±46.5◦ ±49.5◦ 0.999 602 ±17 ±51◦ ±49.5◦ ±52.5◦ 0.999 535

±18 ±54◦ ±52.5◦ ±55.5◦ 0.999 450 ±19 ±57◦ ±55.5◦ ±58.5◦ 0.999 341

±20 ±60◦ ±58.5◦ ±61.5◦ 0.999 197 ±21 ±63◦ ±61.5◦ ±64.5◦ 0.999 002

±22 ±66◦ ±64.5◦ ±67.5◦ 0.998 729 ±23 ±69◦ ±67.5◦ ±70.5◦ 0.998 330

±24 ±72◦ ±70.5◦ ±73.5◦ 0.997 714 ±25 ±75◦ ±73.5◦ ±76.5◦ 0.996 691

±26 ±78◦ ±76.5◦ ±79.5◦ 0.994 804 ±27 ±81◦ ±79.5◦ ±82.5◦ 0.990 705

±28 ±84◦ ±82.5◦ ±85.5◦ 0.978 842 ±29 ±87◦ ±85.5◦ ±88.5◦ 0.910 273

Table I.3. Airy optimal dilatation factor ρ̂0 for a symmetric strip, generalized UPC, WGS 84. Symmetric
strip [ΛW = Λ0 − ∆Λ, Λ0 + ∆Λ = ΛE] × [ΦS = Φ0 − ∆Φ, Φ0 + ∆Φ = ΦN], strip width 6◦, ∆Φ = 3◦.

zone Φ0 ΦS ΦN ρ̂0 zone Φ0 ΦS ΦN ρ̂0

0 0◦ −3◦ +3◦ 0.999 546 ±1 ±6◦ ±3◦ ±9◦ 0.999 536

±2 ±12◦ ±9◦ ±15◦ 0.999 504 ±3 ±18◦ ±15◦ ±21◦ 0.999 448

±4 ±24◦ ±21◦ ±27◦ 0.999 362 ±5 ±30◦ ±27◦ ±33◦ 0.999 236

±6 ±36◦ ±33◦ ±39◦ 0.999 057 ±7 ±42◦ ±39◦ ±45◦ 0.998 796

±8 ±48◦ ±45◦ ±51◦ 0.998 407 ±9 ±54◦ ±51◦ ±57◦ 0.997 799

±10 ±60◦ ±57◦ ±63◦ 0.996 782 ±11 ±66◦ ±63◦ ±69◦ 0.994 899

±12 ±72◦ ±69◦ ±75◦ 0.990 804 ±13 ±78◦ ±75◦ ±81◦ 0.978 942

±14 ±84◦ ±81◦ ±87◦ 0.910 374
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zone 1

geographic region of Indonesia

zone 0

zone -1

zone -2

+8◦

+4◦

0◦

−4◦

−8◦

−12◦

Λ = 95◦ Λ = 120◦ Λ = 145◦

Fig. I.3. UPC, geographic region of Indonesia, strip [95◦ < Λ < 145◦] × [−12◦ < Φ < +8◦] and strip width
ΦN − ΦS = 2∆Φ = 6◦, the zones 0,±1,−2.

Finally, we present as an example the Airy optimal UPC for a strip system which extends to −12◦

of southerly and +8◦ of northerly latitude. Again this example can be considered as analogous to one
given by E.Grafarend (1995) for the optimal transverse Mercator projection.

Example I.3 ([95◦ < Λ < 145◦]× [−12◦ < Φ < +8◦]).

For the Airy optimal UPC, we have chosen a strip width of 6◦ between ΦS = −12◦ and ΦN = 8◦ of
southern and northern latitude, in particular, to match the geographic region of Indonesia. Once we
refer to WGS 84, the strip system as well as the dilatation factor ρ̂0 per strip is illustrated by Fig. I.3,
namely for the zones 0,±1,−2.

End of Example.

Furthermore, we computed by means of (I.34) the left principal stretches Λ1 = Λ2 = ΛS(Φ0, Φ; ρ̂0) of
each strip and plotted them in Figs. I.4–I.6. Moreover, Tables I.4 and I.5 give the latitude Φ̄ of each
strip according to the strip width ρ̂0 and Φ0 along which the mapping is equidistant. Φ̄ is determined by
solving (I.34) for given strip width, ρ̂0 and Φ0 under the condition that Λ1 = Λ2 = 1 holds. Obviously,
the variation of the left principal stretch Λ1 = Λ2 = ΛS(Φ0, Φ; ρ̂0) is small within the chosen strip.
Alternatively, we may say that the radius of the left Tissot circle Λ1 = Λ2 = ΛS(Φ0, Φ; ρ̂0) varies only
for a small amount, a favourable result of the Airy optimal UPC.
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nt

! For regions with a East–West extension around the equator, the universal Mercator pro-
jection is Airy optimal. In contrast, the universal transverse Mercator projection is Airy
optimal if the region extends North–South. The oblique Mercator projection is Airy optimal
for an oblique extension of a region. The analogue statement holds for the Universal Poly-
cylindric Projection (UPS), the Universal Transverse Polycylindric Projection (UTPC), and
the Oblique Polycylindric Projection (OPC).
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zone 0

Λ1 = Λ2
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Fig. I.4. Airy optimal UPC, WGS 84, zone 0: variation of the radius of the left Tissot circle, the left principal
stretches Λ1 = Λ2 = ΛS(Φ0 = 0, Φ; ρ̂0).
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Fig. I.5. Airy optimal UPC, WGS 84, zone ±1: variation of the radius of the left Tissot circle, the left
principal stretches Λ1 = Λ2 = ΛS(Φ0 = ±6◦, Φ; ρ̂0).

zone ±2

Λ1 = Λ2

±9◦ ±10◦ ±11◦ ±12◦ ±13◦ ±14◦ ±15◦

1.010

1.005

1.000

0.995

0.990

Fig. I.6. Airy optimal UPC, WGS 84, zone ±2: variation of the radius of the left Tissot circle, the left
principal stretches Λ1 = Λ2 = ΛS(Φ0 = ±12◦, Φ; ρ̂0).



636 I Mercator projection and polycylindric projection

Table I.4. Latitude Φ̄ for a symmetric strip [ΛW = Λ0−∆Λ, Λ0 +∆Λ = ΛE]× [ΦS = Φ0−∆Φ, Φ0 +∆Φ = ΦN]
along which the generalized UPC is equidistant, WGS 84, strip width 3◦, ∆Φ = 1.5◦.

zone Φ0 Φ̄ zone Φ0 Φ̄ zone Φ0 Φ̄ zone Φ0 Φ̄

0 0◦ ±0◦51′58′′ ±1 ±3◦ ±3◦7′23′′ ±2 ±6◦ ±6◦3′48′′ ±3 ±9◦ ±9◦2′36′′

±4 ±12◦ ±12◦2′1′′ ±5 ±15◦ ±15◦1′41′′ ±6 ±18◦ ±18◦1′28′′ ±7 ±21◦ ±21◦1′20′′

±8 ±24◦ ±24◦1′14′′ ±9 ±27◦ ±27◦1′11′′ ±10 ±30◦ ±30◦1′8′′ ±11 ±33◦ ±33◦1′7′′

±12 ±36◦ ±36◦1′7′′ ±13 ±39◦ ±39◦1′8′′ ±14 ±42◦ ±42◦1′9′′ ±15 ±45◦ ±45◦1′11′′

±16 ±48◦ ±48◦1′14′′ ±17 ±51◦ ±51◦1′18′′ ±18 ±54◦ ±54◦1′23′′ ±19 ±57◦ ±57◦1′28′′

±20 ±60◦ ±60◦1′36′′ ±21 ±63◦ ±63◦1′45′′ ±22 ±66◦ ±66◦1′57′′ ±23 ±69◦ ±69◦2′12′′

±24 ±72◦ ±72◦2′33′′ ±25 ±75◦ ±75◦3′3′′ ±26 ±78◦ ±78◦3′48′′ ±27 ±81◦ ±81◦5′4′′

±28 ±84◦ ±84◦7′39′′ ±29 ±87◦ ±87◦16′10′′

Table I.5. Latitude Φ̄ for a symmetric strip [ΛW = Λ0−∆Λ, Λ0 +∆Λ = ΛE]× [ΦS = Φ0−∆Φ, Φ0 +∆Φ = ΦN]
along which the generalized UPC is equidistant, WGS 84, strip width 6◦, ∆Φ = 3◦.

zone Φ0 Φ̄ zone Φ0 Φ̄ zone Φ0 Φ̄ zone Φ0 Φ̄

0 0◦ ±1◦43′56′′ ±1 ±6◦ ±6◦14′59′′ ±2 ±12◦ ±12◦8′2′′ ±3 ±18◦ ±18◦5′52′′

±4 ±24◦ ±24◦4′57′′ ±5 ±30◦ ±30◦4′34′′ ±6 ±36◦ ±36◦4′29′′ ±7 ±42◦ ±42◦4′37′′

±8 ±48◦ ±48◦4′57′′ ±9 ±54◦ ±54◦5′30′′ ±10 ±60◦ ±60◦6′24′′ ±11 ±66◦ ±66◦7′49′′

±12 ±72◦ ±72◦10′16′′ ±13 ±78◦ ±78◦15′23′′ ±14 ±84◦ ±84◦32′22′′



J Gauss surface normal coordinates in geometry and gravity
spaceThree-dimensional geodesy, minimal distance mapping, geometric heights. Reference plane, reference
sphere reference ellipsoid-of-revolution, reference triaxial ellipsoid.

With the advent of artifical satellites in an Earth-bound orbit, geodesists succeeded to position points
of the topographic surface T2 by a set of {X, Y, Z} ∈ R3 coordinates in a three-dimensional reference
frame at the mass center of the Earth oriented along the equatorial axes at some reference epoch t0 ∈ R.
In particular, global positioning systems (“global problem solver”: GPS), were responsible for the
materialization of three-dimensional geodesy in an Euclidean space. Based upon a triple {X, Y, Z} ∈ R

3

of coordinates new concepts for converting these coordinates into heights with respect to a reference
surface have been developed.
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In the geometry space, the triplet {X, Y, Z} ∈ T
2 is transformed by a geodesic projection

into geometric heights with respect to (i) a reference plane P2, (ii) a reference sphere S2
r, (iii)

a reference ellipsoid-of-revolution E2
A1,A2

, or (iv) a reference triaxial ellipsoid E2
A1.A2,A3

.
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! First, the geodesic projection is performed by a straight line as the geodesic in flat geom-
etry space. Second, the special geodesic passing the point {X, Y, Z} ∈ T has been chosen
which has minimal distance S to the reference surface. The length of the geodesic from
{X, Y, Z} ∈ T to {x̂, ŷ, ẑ} ∈ P

2 or S
2
r or E

2
A1,A2

or E
2
A1.A2,A3

, in short, {x̂, ŷ, ẑ} being deter-
mined by the minimal distance mapping, constitute the projective height in geometry space,
namely of type (i) planar, (ii) spherical, (iii) ellipsoidal, or (iv) triaxial ellipsoidal.

Section J-1.

By algebraic mean, Section J-1 outlines various step procedures to establish projection heights in
geometry space. By means of minimal distance mapping, various computational steps, either forward
or backwards, are reviewed depending on the nature of the projection surface. The projection surfaces
include (i) the plane, (ii) the sphere, (iv) the ellipsoid-of-revolution, and (iv) the triaxial ellipsoid.

Section J-2.

More specific, Section J-2 reviews various algorithms of computing Gauss surface normal coordinates
for the case of an ellipsoid-of-revolution. The highlight is the computational algorithm by means of
Gröbner basis and the Buchberger algorithm in establishing an ideal for the polynomial solution for the
minimum distance mapping. From the Baltic Sea Level Project, we refer to detailed solutions of twenty-
one points varying from Finland, Sweden, Lithuania, Poland, and Germany and taking reference to
the World Geodetic Datum 2000 with the {A1, A2} data A1 = 6378 136.602m (semi-major axis) and
A2 = 6656 751.860m (semi-minor axis) following E.Grafarend and A.Ardalan (1999).

Section J-3.

Finally, Section J-3 presents the computation of Gauss surface normal coordinates for the case of a
triaxial ellipsoid. For the Earth, we compute the position and orientation, and from parameters of the
best fitting triaxial ellipsoid, we chose the geoid as the ideal Earth figure closest to the mean sea level.
This important result is extended to other celestial bodies of triaxial nature, namely for Moon, Mars,
Phobos, Amalthea, Io, and Mimas.



638 J Gauss surface normal coordinates in geometry and gravity space

J-1 Projective heights in geometry space: from planar/spherical to
ellipsoidal mapping

First, we outline how points in {R3, δkl} are connected by geodesics, namely by straight lines which are
derived from a variational principle. The general solution of the differential equations of a geodesic,
in particular, in terms of an affine parameter of its length, is represented by a linear one-dimensional
manifold embedded into {R3, δkl}. Second, based upon geodesics in {R3, δkl}, in Fig. J.1, we introduce
the orthogonal projection of a point P (the peak of a mountain, the top of a tower) onto a horizontal
plane through P0 by p = π(P ) generating the height pP of P with respect to the plane P

2
0 through P0.

Alternatively, we may interpret the orthogonal projection p = π(P ) along a geodesic/straight line as a
minimal distance mapping of P with respect to P0 generating p = π(P ). Third, by Fig. J.2, we illustrate
the minimal distance mapping of a topographic point P ∈ T

2 as an element of the topographic surface
(two-dimensional Riemann manifold) of the Earth along a geodesic/straight line onto a plane P

2

which may be chosen as the horizontal plane at some reference point. In this way, we generate the
orthogonal projection p = π(P ) and the length of the shortest distance pP , called the geometric
height of P with respect to P

2. The choice of the height pP is very popular in photogrammetric and
engineering surveying. By contrast, by Figs. J.3 and J.4, we illustrate the minimal distance mapping
of a point P onto p ∈ S2

r or p ∈ E2
A1,A2

or p ∈ E2
A1,A2,A3

along a geodesic/straight line through P .
Let us here assume that the reference surface is no longer the plane P2, but the sphere S2

r of radius
r or the ellipsoid-of-revolution E

2
A1,A2

of semi-major axis A1 and semi-minor axis A2 or the triaxial
ellipsoid E

2
A1,A2,A3

with the axes A1 > A2 > A3. Fourth, by Box J.1, let us here outline a variant of the
analytical treatment of generating geometric heights with respect to (i) the plane P

2, (ii) the sphere
S

2
r, (iii) the ellipsoid-of-revolution E

2
A1,A2

, and (iv) the triaxial ellipsoid E
2
A1,A2,A3

by the minimal
distance principle.
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By (J.15)–(J.18), the constraint Lagrangean is defined with respect to the Euclidean distance
‖X−x‖2/2 subject to X ∈ T

2, x ∈ P
2 or S

2
r or E

2
A1,A2

or E
2
A1,A2,A3

, and the following con-
straint. The point x is an element of the plane P

2, the sphere S
2
r, the ellipsoid-of-revolution

E2
A1,A2

, or the triaxial ellipsoid E2
A1,A2,A3

. The constraint enters the Lagrangean by a La-
grange multiplier Λ. The routine of constraint optimization is followed by (J.9)–(J.13) The
focus is on the normal equations (J.10)–(J.13), which constitute a system of algebraic equa-
tions of second degree. A solution algorithm is outlined by (J.19)–(J.23). In order to guaran-
tee a minimal distance solution, the solution points of the nonlinear equations of normal type
have to be tested with respect to the second variation, i. e. the positivity of the Hesse matrix
of second derivatives with respect to the unknown coordinates {x1, x2, x3} of p = π(P ).

First, we alternatively present a second variation of the contruction of projective heights in geometry
space by a minimal distance mapping of a topographic point X ∈ T

2 onto a reference surface of type
(i) plane P

2, (ii) sphere S
2
r, (iii) ellipsoid-of-revolution E

2
A1,A2

, and (iv) triaxial ellipsoid E
2
A1,A2,A3

,
namely based upon ‖X −x(u, v)‖ = ext. x(u, v) indicates a suitable parameterization of the surfaces
(i)–(iv) by means of coordinates {u, v}, which constitute a chart of the Riemannian manifold (i)–(iv).
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The first variation δL(u, v) = δ‖X − x(u, v)‖ = 0 leads to the normal equations (J.15)–
(J.18), which establish the orthogonality of type X − x(ũ, ṽ) = hn and ∂x/∂uα(ũ, ṽ) = tα,
namely of the normal surfaces n and the surface tangent vector tα for all α ∈ {1, 2}. In
particular, projective heights for (i) the plane P

2 by (J.5), (ii) the sphere S
2
r by (J.6), (iii)

the ellipsoid-of-revolution E
2
A1,A2

by (J.7), and (iv) triaxial ellipsoid E
2
A1,A2,A3

by (J.8).
With respect to the second variation, besides (J.15)–(J.19) as the necessary condition for a
minimal distance mapping, (J.19)–(J.23) establishes the sufficiency condition.

The sufficiency condition has been interpreted by the matrices of the first and second fundamental
form in E. Grafarend and P. Lohse (1991). In addition, we like to refer to N. Bartelme and P. Meissl
(1975), W. Benning (1974), H. Fröhlich and H. H. Hansen (1976), B. Heck (2002), M. Heikkinen (1982),
M. K. Paul (1973), P. O.Penev (1978), M. Pick (1985), H. Sünkel (1976), T. Vincenty (1976, 1980),
recently J. Awange and E.Grafarend (2005).
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P0

X

x

P

p = π(P )

‖X − x‖ = h

P0p =

q
P0p

2 − pP
2

= P0P

q
1 − `

pP/P0P
´2

= P0P
`
1 − pP/2P0P

´
Fig. J.1. Projective heights in geometry space, orthogonal projection p = π(P ) of a topographic point X ∈ T

2

onto a local horizontal plane X0 ∈ T
2, minimal distance mapping δ‖X − x‖2 = 0.

Indeed, for a suitable choice of surface parameters/surface coordinates of a chart, the unconstrained
optimization problem may be preferable to constraint optimization, however, which we do not want
to treat here.

X

x

Fig. J.2. Projective heights in geometry space, minimal distance mapping with respect to a reference plane
P

2 at X0 ∈ T
2, orthogonal projection p = π(P ).
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X

x

Fig. J.3. Projective heights in geometry space, minimal distance mapping with respect to a reference sphere
S

2
r, spherical heights hS (length of the geodesic from X ∈ T

2 to x ∈ S
2
r).

Let us calculate the projection heights in geometry space, in detail, the minimal distance with
respect to a reference surface of type (i) plane P

2, (ii) sphere S
2
r, (iii) ellipsoid-of-revolution E

2
A1,A2

,
and (iv) triaxial ellipsoid E2

A1,A2,A3
in Box J.2.

X

x

Fig. J.4. Projective heights in geometry space, minimal distance mapping with respect to a reference triaxial
ellipsoid E

2
A1,A2,A3 or a reference ellipsoid-of-revolution E

2
A1,A2 , ellipsoidal heights hE (length of the geodesic

from X ∈ T
2 to x ∈ E

2
A1,A2 or E

2
A1,A2,A3).
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Box J.1 (Projection heights in geometry space: minimal distance mapping).

Geodesics in geometry space:

d

dt

ẋkp
ẋ2 + ẏ2 + ż2

= 0 . (J.1)

Minimal distance mapping:

S := [X − x(u, v)]2 + [Y − y(u, v)]2 + [Z − Z(u, v)]2 . (J.2)

Reference surface:

(i)

x(u, v) ∈ P
2 (plane) ,

(ii)

x(u, v) ∈ S
2
r (sphere) ,

(iii)

x(u, v) ∈ E
2
A1,A2 (ellipsoid-of-revolution) ,

(iv)

x(u, v) ∈ E
2
A1,A2,A3 (triaxial ellipsoid) .

(J.3)

Heights in geometry space:

h := ‖X − x(u, v)‖ . (J.4)

Box J.2 (Projection heights in geometry space: minimal distance mapping, formulae and relations).

Stationary functional:

(i)

L(x1, x2, x3, x4) :=
1

2
‖X − x‖2 + Λ(a1x + a2y + a3z + a4) =

= 1
2

ˆ
(X − x1)2 + (Y − x2)2 + (Z − x3)2

˜
+ x4(a1x

1 + a2x
2 + a3x

3 + a4) ,

(J.5)

(ii)
L(x1, x2, x3, x4) := ‖X − x‖2 + Λ(x2 + y2 + z2 − r2) =

= (X − x1)2 + (Y − x2)2 + (Z − x3)2 + x4[(x1)2 + (x2)2 + (x3)2 − r2] ,

(J.6)

(iii)

L(x1, x2, x3, x4) := ‖X − x‖2 + Λ

»
(x1)2 + (x2)2

A2
1

+
(x3)2

A2
2

− 1

–
or

L(x1, x2, x3, x4) := (X − x1)2 + (Y − x2)2 + (Z − x3)2 + x4 `
A2

2[(x
1)2 + (x2)2] + A2

1(x
3)2 − A2

1A
2
2

´
,

(J.7)

(iv)

L(x1, x2, x3, x4) := ‖X − x‖2 + Λ

»
(x1)2

A2
1

+
(x2)2

A2
2

+
(x3)2

A2
3

− 1

–
or

L(x1, x2, x3, x4) := ‖X − x‖2 + x4 ˆ
A2

2A
2
3x

2 + A2
1A

2
3y

2 + A2
1A

2
2z

2 − A2
1A

2
2A

2
3

˜
.

(J.8)
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Continuation of Box.

First variation:

∂L
∂xµ

(x̂ν) = 0 ∀ µ, ν ∈ {1, 2, 3, 4} (J.9)

⇐⇒

(i) plane P
2:

−(X − x̂1) + a1x̂
4 = 0 , −(Y − x̂2) + a2x̂

4 = 0 , −(Z − x̂3) + a3x̂
4 = 0 ,

a1x̂
1 + a2x̂

2 + a3x̂
3 + a4 = 0 ;

(J.10)

(ii) sphere S
2
r:

−(X − x̂1) + x̂1x̂4 = 0 , −(Y − x̂2) + x̂2x̂4 = 0 , −(Z − x̂3) + x̂3x̂4 = 0 ,

(x̂1)2 + (x̂2)2 + (x̂3)2 − r2 = 0 ;

(J.11)

(iii) ellipsoid-of-revolution E
2
A1,A2 :

−(X − x̂1) + A2
2x̂

1x̂4 = 0 , −(Y − x̂2) + A2
2x̂

2x̂4 = 0 , −(Z − x̂3) + A2
1x̂

3x̂4 = 0 ,

A2
2[(x̂

1)2 + (x̂2)2] + A2
1(x̂

3)2 − A2
1A

2
2 = 0 ;

(J.12)

(iv) triaxial ellipsoid E
2
A1,A2,A2 :

−(X − x̂1) + A2
2A

2
3x̂

1x̂4 = 0 , −(Y − x̂2) + A2
1A

2
3x̂

2x̂4 = 0 , −(Z − x̂3) + A2
1A

2
2x̂

3x̂4 = 0 ,

A2
2A

2
3(x̂

1)2 + A2
1A

2
3(x̂

2)2 + A2
1A

2
2(x̂

3)2 − A2
1A

2
2A

2
3 = 0 .

(J.13)

Second variation.

The second variation decides about the solution of type “minimum” or “maximum” or “turning point”.

In our case

1

2

∂2L
∂xk∂xl

(x̂γ) > 0 (J.14)

⇐⇒

(i) plane P
2:

2
4+1 0 0

0 +1 0
0 0 +1

3
5 > 0 ; (J.15)

(ii) sphere S
2
r:

2
4+1 + Λ̂ 0 0

0 +1 + Λ̂ 0

0 0 +1 + Λ̂

3
5 > 0 ; (J.16)

(iii) ellipsoid-of-revolution E
2
A1,A2 :

2
4+1 + A2

2Λ̂ 0 0

0 +1 + A2
2Λ̂ 0

0 0 +1 + A2
1Λ̂

3
5 > 0 ; (J.17)

(iv) triaxial ellipsoid E
2
A1,A2,A2 :

2
4+1 + A2

2A
2
312Λ̂ 0 0

0 +1 + A2
1A

2
3Λ̂ 0

0 0 +1 + A2
1A

2
2Λ̂

3
5 > 0 . (J.18)
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The solution algorithm presented in Box J.3 determines in the forward step from the first variational
equations (i), (ii), and (iii) the quantities x̂1, x̂2, and x̂3, and inserts them afterwards into (iv) as a
second forward step. The backward step is organized in first solving for x̂4 in a polynomial equation
of type linear, quadratic, or order three. Second, we have to decide whether our solution fulfills the
condition of positivity of the Hesse matrix of second derivatives in order to discriminate the non-
admissible solutions.

Box J.3 (Solution algorithm).

Forward step:

(i) plane:

(a2
1 + a2

2 + a2
3)Λ̂ = a1X + a2Y + a3Z + a4 ;

(J.19)

(ii) sphere:

(Λ̂ + 1)2 = (X2 + Y 2 + Z2)/r2

⇒
Λ̂− = −1 −√

X2 + Y 2 + Z2/r ,

Λ̂+ = −1 +
√

X2 + Y 2 + Z2/r ;

(J.20)

(iii) ellipsoid-of-revolution:

A2
1A

2
2(1 + A2

1Λ̂)2(1 + A2
2Λ̂)2 − A2(X

2 + Y 2)(1 + A2
1Λ̂)2 − A2

1Z
2(1 + A2

2Λ̂)2 = 0 ;
(J.21)

(iv) triaxial ellipsoid:

A2
2A

2
3X

2(1 + A2
1A

2
3Λ̂)2(1 + A2

1A
2
2Λ̂)2+

+A2
1A

2
3Y

2(1 + A2
2A

2
3Λ̂)2(1 + A2

1A
2
2Λ̂)2 + A2

1A
2
2Z

2(1 + A2
2A

2
3Λ̂)2(1 + A2

1A
2
3Λ̂)2−

−(1 + A2
2A

2
3Λ̂)2(1 + A2

1A
2
3Λ̂)2(1 + A2

1A
2
2Λ̂)2A2

1A
2
2A

2
3 = 0

(J.22)

or

a6(Λ̂
2)3 + a4(Λ̂

2)2 + a2(Λ̂
2) + a0 = 0

(cubic equation for Λ̂) .
(J.23)

Backward step:

“Reset x̂4 ∼ Λ̂ into (i), (ii), and (iii), and solve the three equations for x̂1, x̂2, and x̂3, and test the
condition of positivity of the Hesse matrix in order to discriminate the admissible solutions.”

J-2 Gauss surface normal coordinates: case study ellipsoid-of-revolution

First, we review surface normal coordinates for the ellipsoid-of-revolution. Second, we extend the
derivation to three-dimensional surface normal coordinates in terms of the forward transformation
as well as of the backward transformation by means of the constraint minimum distance mapping in
terms of the Buchberger algorithm.



644 J Gauss surface normal coordinates in geometry and gravity space

J-21 Review of surface normal coordinates for the ellipsoid-of-revolution

The coordinates of the ellipsoid-of-revolution of type {ellipsoidal longitude, ellipsoidal latitude, ellip-
soidal height} are surface normal coordinates in the following sense. They are founded on the famous
Gauss map of the surface normal vector ν(x) of the ellipsoid-of-revolution (J.24) in terms of the semi-
major axis A1 > A2 and of the semi-minor axis A2 < A1. ν(x) is also called normal field. Compare
with Fig. J.5.

E2
A1,A2

:=
{

x ∈ R3 f(x, y, z) := x2+y2

A2
1

+ z2

A2
2
− 1 = 0, R+ � A1 > A2 ∈ R+

}
. (J.24)

Definition J.1 (Gauss map).

The spherical image of the surface norm vector ν(l, b) ∈ S
2 := {x ∈ R

3 x2 + y2 + z2 − 1 = 0} of
the ellipsoid-of-revolution E

2
A1,A2

⊂ R
3 is defined as (J.25) with respect to the orthonormal left basis

{e1,e2,e3 O} in the origin O of the ellipsoid-of-revolution.

ν(l, b) = e1 cos b cos l + e2 cos b sin l + e3 sin b =

= [e1,e2,e3]

⎡⎣cos b cos l
cos b sin l

sin b

⎤⎦ ∈ NlbE
2
A1,A2

.

(J.25)

{l, b} are called surface normal longitude and surface normal latitude, respectively. The orthonormal
basis vector with respect to the origin O spans a three-dimensional Euclidean space.

End of Definition.

Q
ue

st
io

n. Question: “How can we find with given parameterized structure of the surface normal vec-
tor ν(l, b) the set of functions {x(l, b), y(l, b), z(l, b)} of the embedding of the ellipsoid-of-
revolution f(x, y, z) := (x2 + y2)/A2

1 + z2/A2
2?” Answer: “Starting from the gradient grad of

the of the gradient function f(x, y, z), this set of functions is immediately derived as shown
by the calculations that follow.”

The surface normal vector of an algebraic surface (“polynom representation”) has the representation
(J.26), where ‖gradf(x, y, z)‖ is identified as the l2 norm of Euclidean length of the gradient function
f(x, y, z). In detail, we compute (J.27).

ν(x, y, z) :=
gradf(x, y, z)
‖gradf(x, y, z)‖2 , (J.26)

gradf(x, y, z) = [e1,e2,e3]

⎡⎢⎣2x/A2
1

2y/A2
1

2z/A2
2

⎤⎥⎦ ,

‖gradf(x, y, z)‖ =
2
√

A4
2(x2 + y2) + A4

1z
2

A2
1A

2
2

.

(J.27)

We need the relative eccentricity of the ellipsoid-of-revolution (J.28) for representing finally the surface
normal vector.

E2 :=
A2

1 −A2
2

A2
1

or
1

1− E2
=:

A2
1

A2
2

. (J.28)
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ν(x5)

ν(x3)

ν(x4) ν(x2)

ν(x1)

e1
e3

ν(x5)

ν(x3)
ν(x4) ν(x2)

ν(x1)

Gauss map↓

Fig. J.5. Vertical section of the ellipsoid-of-revolution E
2
A1,A2 ⊂ R

3 and the spherical image of the surface

normal vector (Gauss map) ν(l, b) ∈ S
2, position vectors x1, . . . , x5 and associated surface normal vectors

ν(x1) = ν1, . . . , ν(x5) = ν5.

Lemma J.2 (E2
A1,A2

surface normal vector).

Let f(x, y, z) := (x2 +y2)/A2
1 +z2/A2

2−1 be a polynomial representation of the ellipsoid-of-revolution.
Then (J.29)–(J.31) are Cartesian forms of the surface normal vector.

ν(x, y, z) :=
gradf(x, y, z)
‖gradf(x, y, z)‖2 , (J.29)

ν(x, y, z) := [e1,e2,e3]

⎡⎢⎣2x/A2
1

2y/A2
1

2z/A2
2

⎤⎥⎦ A2
1A

2
2√

A4
2(x2 + y2) + a4

1Z
2

, (J.30)

ν(x, y, z) := [e1,e2,e3]

⎡⎢⎢⎢⎣
x√

x2+y2+z2/(1−E2)

y√
x2+y2+z2/(1−E2)

z√
(1−E2)2(x2+y2)+z2

⎤⎥⎥⎥⎦ . (J.31)

End of Lemma.

The four steps that are outlined in Box J.4 are needed to derive the desired representation. Com-
paring the spherical representation and the Cartesian representation in terms of the surface normal
vector (J.32) or (J.33) under the side condition (J.34), we are able to derive an isometric embedding
{x(l, b), y(l, b), z(l, b)} of E

2
A1,A2

⊂ R
3.



646 J Gauss surface normal coordinates in geometry and gravity space

ν(l, b) = ν(x, y, z) , (J.32)

⎡⎢⎣cos b cos l

cos b sin l

sin b

⎤⎥⎦ =

⎡⎢⎣ x

y

z/(1− E2)

⎤⎥⎦ 1− E2√
(1− E2)2(x2 + y2) + z2

, (J.33)

f(x, y, z) =
x2 + y2

A2
1

+
z2

A2
2

− 1 or x2 + y2 +
z2

1−E2
= A2

1 . (J.34)

Box J.4 (Four steps towards an isometric embedding {x(l, b), y(l, b), z(l, b)} of E
2
A1,A2 ⊂ R

3).

The first operation. Use (J.33), the first and second equation, and add

cos2 b = (1 − E2)2
x2 + y2

(1 − E2)2(x2 + y2) + z2

⇒
x2 + y2 =

ˆ
x2 + y2 + z2/(1 − E2)2

˜
cos2 b .

(J.35)

The second operation. Use (J.33), the third equation:

sin2 b =
z2

(1 − E2)2(x2 + y2) + z2

⇒
z2/(1 − E2) = (1 − E2)

ˆ
x2 + y2 + z2/(1 − E2)2

˜
sin2 b .

(J.36)

The third operation. Replace the terms in (J.34) by (J.35) and (J.36):

A2
1 = x2 + y2 + z2/(1 − E2) =

ˆ
x2 + y2 + z2/(1 − E2)2

˜
(1 − E2 sin2 b)

⇒
x2 + y2 + z2/(1 − E2)2 =

A2
1

1 − E2 sin2 b
⇒p

x2 + y2 + z2/(1 − E2)2 = A1/
p

1 − E2 sin2 b .

(J.37)

The fourth operation. Solve (J.33) for {x, y, z} and replace the square root by (J.37):

x =
p

x2 + y2 + z2/(1 − E2)2 cos b cos l ,

y =
p

x2 + y2 + z2/(1 − E2)2 cos b sin l ,

z = (1 − E2)
p

x2 + y2 + z2/(1 − E2)2 sin b .

(J.38)

The result is summarized in Lemma J.3.



J-2 Gauss surface normal coordinates: case study ellipsoid-of-revolution 647

Lemma J.3 (E2
A1,A2

surface normal coordinates).

Let the surface normal vector ν(l, b) of an ellipsoid-of-revolution be the spherical image (Gauss map)
represented by (J.25). Then (J.39) and (J.40) hold and (J.41) is the parameter representation of
the ellipsoid-of-revolution E

2
A1,A2

in terms of surface normal coordinates, namely in terms of surface
normal longitude and surface normal latitude.

ν(l, b) = e1
A1√

1−E2 sin2 b
cos b cos l + e2

A1√
1− E2 sin2 b

cos b sin l+

+e3
A1(1− E2)√
1− E2 sin2 b

sin b ,

(J.39)

x(l, b) = [e1,e2,e3]

⎡⎢⎣ cos b cos l

cos b sin l

(1− E2) sin b

⎤⎥⎦ A1√
1−E2 sin2 b

, (J.40)

x(l, b) =
A1 cos b cos l√
1− E2 sin2 b

, y(l, b) =
A1 cos b sin l√
1− E2 sin2 b

,

z(l, b) =
A1(1−E2) sin b√

1−E2 sin2 b
.

(J.41)

End of Lemma.

We have the proof that the normal field ν(l, b) is not a gradient field, in consequence an anholonomic
variable, to the reader. In terms of surface normal coordinates, the differential invariants {I, II, III}
take a simple form, namely

I ∼ dµ2 := 〈µldl + µbdb µldl + µbdb〉 , (J.42)

II ∼ −〈dµ dν〉 := 〈µldl + µbdb νldl + νbdb〉 , (J.43)

III ∼ dν2 := 〈νldl + νbdb νldl + νbdb〉 , (J.44)

or

I ∼ dµ2 =
A2

1 cos2 b

1− E2 sin2 b
dl2 +

A2
1(1−E2)2

(1− E2 sin2 b)3/2
db2 , (J.45)

II ∼ −〈dµ dν〉 =
A2

1 cos2 b√
1−E2 sin2 b

dl2 +
A1(1− E2)

(1− E2 sin2 b)3/2
db2 , (J.46)

III ∼ dν2 = cos2 bdl2 + db2 . (J.47)
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Corollary J.4 (E2
A1,A2

Gauss differential invariants).

The Gauss differential invariants {I, II, III} of the ellipsoid-of-revolution E
2
A1,A2

are characterized
by Gauss surface normal coordinates represented by (J.42), (J.43), and (J.44). Especially, the Gauss
map NE

2
A1,A2

�→ S
2 has the spherical metric III.

End of Corollary.

J-22 Buchberger algorithm of forming a constraint minimum distance mapping

The forward transformation of Gauss coordinates of an ellipsoid-of-revolution takes the form (J.48) and
(J.49) illustrated by Fig. J.6. The triplet {surface normal longitude, surface normal latitude, surface
normal height} describes the position of a point X(L, B, H) where the surface normal height H(L, B)
is a given function of longitude and latitude.

Box J.5 (Forward transformation of Gauss coordinates of an ellipsoid-of-revolution).

X(L, B, H) = +e1

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B cos L

+e2

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B sin L

+e3

"
A1(1 − E2)p
1 − E2 sin2 B

+ H(L, B)

#
sin B ,

(J.48)

X =

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B cos L ,

Y =

"
A1p

1 − E2 sin2 B
+ H(L, B)

#
cos B sin L ,

Z =

"
A1(1 − E2)p
1 − E2 sin2 B

+ H(L, B)

#
sin B .

(J.49)

In order to solve in algorithmic form the characteristic normal equation by means of a constraint
minimum distance mapping given earlier, we outline the first and second forward step of reduction,
which leads us to a univariate polynomial equation of fourth order in terms of Lagrangean multipliers.
As soon as we have implemented standard software to solve the fourth order equation, we continue to
determine with the backward step the Cartesian coordinates {x1, x2, x3} of the point p ∈ E

2
A1,A2

, which
has been generated by means of the minimum distance mapping of a point P ∈ T to p ∈ E

2
A1,A2

. Finally,
by means of Box J.5, we convert the Cartesian coordinates {X, Y, Z} ∈ T

2 and {x1, x2, x3} ∈ E
2
A1,A2

to Gauss ellipsoidal coordinates {L, B, H}.
Without the various forward and backward reduction steps, we could automatically generate an

equivalent algorithm for solving the normal equations in a closed form by means of Gröbner basis and
the Buchberger algorithm (D. Cox., J. Little, and D. O’Shea (1996), T. Becker and V. Weispfenning
(1998), B. Sturmfels (1996) and R. Zippel (1993)). Let us write the Ideal of the polynomials in lexico-
graphic order x1 > x2 > x3 > x4 (read: x1 before x2 before x3 before x4) into Box J.6. The Gröbner
basis of the Ideal characteristic for the minimum distance mapping problem can be computed either
by MATHEMATICA software or by MAPLE software.
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Box J.6 (Algorithm for solving the normal equations of the constraint minimum distance mapping).

First forward step. Solve (i), (ii), and (iii) for {x1, x2, x3}:

(i)

x∧
1 (1 + b2x∧

4 ) = X ⇒ x∧
1 =

X

1 + b2x∧
4

,

(ii)

x∧
2 (1 + b2x∧

4 ) = Y ⇒ x∧
2 =

Y

1 + b2x∧
4

,

(iii)

x∧
3 (1 + a2x∧

4 ) = Z ⇒ x∧
3 =

Z

1 + a2x∧
4

.

(J.50)

Second forward step. Substitute {x∧
1 , x∧

2 , x∧
3 , x∧

4 }:

x∧2
1 + x∧2

2 =
1

(1 + b2x∧
4 )2

`
X2 + Y 2´

, x∧2
3 =

1

(1 + a2x∧
4 )2

Z2 ,

b2 `
x∧2

1 + x∧2
2

´
+ a2x∧2

3 − a2b2 ⇔ b2 X2 + Y 2

(1 + b2x∧
4 )2

+ a2 Z2

(1 + a2x∧
4 )2

− a2b2 = 0 .

(J.51)

The characteristic quadratic equation.

Multiply the rational equation of constraint by (1 + a2x4)
2(1 + b2x4)

2:

b2(1 + a2x4)
2 `

X2 + Y 2´
+ a2(1 + b2x4)

2Z2 − a2b2(1 + a2x4)
2(1 + b2x4)

2 = 0

⇔
(1 + 2a2x4 + a4x2

4)b
2 `

X2 + Y 2´
+ (1 + 2b2x4 + b4x2

4)a
2Z2−

−a2b2(1 + 2a2x4 + a4x2
4)(1 + 2b2x4 + b4x2

4) = 0 ,

(J.52)

−x4
4a

6b6 − 2x3
4a

4b4(a2 + b2) + x2
4a

2b2[a2 `
X2 + Y 2´

+ b2Z2 − 4a2b2 − a4 − b4]+

+2x4a
2b2 `

X2 + Y 2 + Z2´
+ b2 `

X2 + Y 2´
+ a2Z2 − a2b2 = 0 ,

(J.53)

x4
4 + 2x3

4
a2 + b2

a2b2
+ x2

4

4a2b2 + a4 + b4 − a2
`
X2 + Y 2

´ − b2Z2

a4b4
−

−2x4

`
X2 + Y 2 + Z2

´
a4b4

− b2
`
X2 + Y 2

´
+ a2Z2 − a2b2

a6b6
= 0 .

(J.54)

Backward step. Substitute {x∧
1 (x∧

4 ), x∧
2 (x∧

4 ), x∧
3 (x∧

4 )}:

x∧
1 = (1 + b2x∧

4 )−1X , x∧
2 = (1 + b2x∧

4 )−1Y , x∧
3 = (1 + a2x∧

4 )−1Z . (J.55)

Test:

Λ1 = Λ2 = 1 + b2x∧
4 > 0, Λ3 = 1 + a2x∧

4 > 0 if Λ1 = Λ2 > 0 and Λ3 > 0 then end.

Here, we used MATHEMATICA 2.2 for DOS 387. The executable command is “GroebnerBasis [Poly-
nomials, Variables]” in a specified ordering. The fourteen elements of the computed Gröbner basis can
be interpreted as following. The first equation is a univariate polynomial of order four in the Lagrange
multiplier identical to (J.53). As soon as we substitute the admissible value x4 into the linear equations
(J.61), (J.65), and (J.69), we obtain the unknowns {x1, x2, x3} = {x, y, z}.
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Box J.7 (Closed form solution).

{X, Y, Z} ∈ T
2, {x1, x2, x3} ∈ E

2
a,a,b to {L, B, H}.

Pythagoras in three dimensions:

H :=
p

(X − x1)2 + (Y − x2)2 + (Z − x3)2 . (J.56)

Convert {x1, x2, x3} and {X, Y, Z} to {L, B}:

tan L =
Y − x2

X − x1
=

Y − y

X − x
, tan B =

Z − x3p
(X − x1)2 + (Y − x2)2

=
Z − x3p

(X − x)2 + (Y − y)2
. (J.57)

Box J.8 (Buchberger algorithm, Gröbner basis for solving the normal equations of the constraint minimum
distance mapping).

Ideal I :=

:=
ˆ
x1 + b2x1x4 − X, x2 + b2x2x4 − Y, x3 + a2x3x4 − Z, b2x2

1 + b2x2
2 − a2x2

3 − a2b2
˜

Groebner basis G :=

:=
ˆ{x1 + b2x1x4 − X, x2 + b2x2x4 − Y, x3 + a2x3x4 − Z, b2x2

1 + b2x2
2 − a2x2

3 − a2b2}{x1, x2, x3, x4}
˜

Computed Gröbner basis for the minimum distance mapping problem:

a2b2x4
4 + (2a6b4 + 2a4b6)x3

4 + (a6b2 + 4a4b4 + a2b6 − a4b2X2 − a4b2Y 2 − a2b4Z2)x2
4+

+(2a4b2 + 2a2b4 − 2a2b2X2 − 2a2b2Y 2 − 2a2b2Z2)x4 + (a2b2 − b2X2 − b2Y 2 − a2Z2) ,
(J.58)

(a4Z − 2a2b2Z + b4Z)x3 − a6b6x3
4 − (2a6b4 + a4b6)x2

4−
−(a6b2 + 2a4b4 − a4b2X2 − a4b2Y 2 − a2b4Z2)x4 − a2b4 + a2b2X2 + a2b2Y 2 + 2a2b2Z2 − b4Z2 ,

(J.59)

(2b2Z + b4x4Z − a2Z)x3 + a4b6x3
4 + (2a4b4 + a2b6)x2

4+

+(a4b2 + 2a2b4 − a2b2X2 − a2b2Y 2 − b4Z2)x4 + a2b2 − b2X2 − b2Y 2 − 2b2Z2 ,
(J.60)

(1 + a2x4)x3 − Z , (J.61)

(a4 − 2a2b2 + b4)x2
3 + (2a2b2Z − 2b4Z)x3 − a4b6x2

4−
−2a4b4x4 − a4b2 + a2b2X2 + a2b2Y 2 + b4Z2 ,

(J.62)

(2b2 − a2 + b4x4)x
2
3 − a2Zx3 + a4b6x3

4 + (2a4b4 + 2a2b6)x2
4+

+(a4b2 + 4a2b4 − a2b2X2 − a2b2Y 2 − b4Z2)x4 + 2a2b2 − 2b2X2 − 2bY 2 − 2b2Z2 ,
(J.63)

(X2 + Y 2)x2 + a2b4Y x2
4 + Y (a2b2 − b2x2

3 − b2Zx3)x4 + Y x2
3 − Y 3 − Y Zx3 − Y X2 , (J.64)

(1 + b2x4)x2 − Y , (J.65)

(a2x3 − b2x3 + b2Z)x2 − a2x3Y , (J.66)

Y x1 − Xx2 , (J.67)

Xx1 + a2b4x2
4 + (a2b2 + b2x2

3 − b2Zx3)x4 + x2
3 − Zx3 + Y x2 − X2 − Y 2 , (J.68)

(1 + b2x4)x1 − X , (J.69)

(a2x3 − b2x3 + b2Z)x1 − a2Xx3 , (J.70)

x2
1 + a2b4x2

4 + (2a2b2 + b2x2
3 − b3Zx3)x4 + 2x2

3 − 2Zx3 + x2
2 − X2 − Y 2 . (J.71)
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Let us adopt the World Geodetic Datum 2000 with the data “semi-major” axis A1 = 6378 136.602m
and “semi-major axis” A2 = 6356 751.860m of the International Reference Ellipsoid (E.Grafarend
and A.Ardalan 1999). Here, we take advantage of given Cartesian coordinates of twenty-one points
of the topographic surface of the Earth presented in Table J.1. Compare with Fig. J.6.

Table J.1. Cartesian coordinates of topographic point (Baltic Sea Level Project).

station X [m] Y [m] Z [m]

Borkum (Ger) 3770667.9989 446076.4896 5107686.2085
Degerby (Fin) 2994064.9360 1112559.0570 5502241.3760

Furuögrund (Swe) 2527022.8721 981957.2890 5753940.9920
Hamina (Fin) 2795471.2067 1435427.7930 5531682.2031
Hanko (Fin) 2959210.9709 1254679.1202 5490594.4410

Helgoland (Gcr) 3706044.9443 513713.2151 5148193.4472
Helsinki (Fin) 2885137.3909 1342710.2301 5509039.1190
Kemi (Fin) 2397071.5771 1093330.3129 5789108.4470

Klagshamn (Swe) 3527585.7675 807513.8946 5234549.7020
Klaipeda (Lit) 3353590.2428 1302063.0141 5249159.4123
List/Sylt (Gcr) 3625339.9221 537853.8704 5202539.0255

Molas (Lit) 3358793.3811 1294907.4149 5247584.4010
Mäntyluoto (Fin) 2831096.7193 1113102.7637 5587165.0458

Raahe (Fin) 2494035.0244 1131370.9936 5740955.4096
Ratan (Swe) 2620087.6160 1000008.2649 5709322.5771

Spikarna (Swe) 2828573.4638 893623.7288 5627447.0693
Stockholm (Swe) 3101008.8620 1013021.0372 5462373.3830

Ustka (Pol) 3545014.3300 1073939.7720 5174949.9470
Vaasa (Fin) 2691307.2541 1063691.5238 5664806.3799
Visby(Swc) 3249304.4375 1073624.8912 5364363.0732

Ölands N. U. (Swe) 3295551.5710 1012564.9063 5348113.6687

From the algorithm of Box J.8, the first polynomial equation of fourth order of the Gröbner basis
is obtained as (J.72). Numerical values are provided by Table J.2.

Table J.2. Polynomial coefficients of the univariate polynomial of order four in x4.

point c0 c1 c2 c3 c4

1 −2.3309099e + 22 1.334253e + 41 1.351627e + 55 4.382358e + 68 4.441958e + 81
2 −1.142213e + 22 1.3351890e + 41 1.352005e + 55 4.382358e + 68 4.441958e + 81
3 −1.720998e + 22 1.335813e + 41 1.352259e + 55 4.382358e + 68 4.441958e + 81
4 −8.871288e + 21 1.335264e + 41 1.352035e + 55 4.382358e + 68 4.441958e + 81
5 −1.308070e + 22 1.335160e + 41 1.351993e + 55 4.382358e + 68 4.441958e + 81
6 −2.275210e + 22 1.334345e + 41 1.351665e + 55 4.382358e + 68 4.441958e + 81
7 −1.272935e + 22 1.335205e + 41 1.352012e + 55 4.382358e + 68 4.441958e + 81
8 −1.373946e + 22 1.335906e + 41 1.352296e + 55 4.382358e + 68 4.441958e + 81
9 −1.981047e + 22 1.334546e + 41 1.351746e + 55 4.382358e + 68 4.441958e + 81
10 −2.755981e + 22 1.334574e + 41 1.351758e + 55 4.382358e + 68 4.441958e + 81
11 −2.330047e + 22 1.334469e + 41 1.351715e + 55 4.382358e + 68 4.441958e + 81
12 −1.538357e + 22 1.334580e + 41 1.351759e + 55 4.382358e + 68 4.441958e + 81
13 −1.117760e + 22 1.335399e + 41 1.352090e + 55 4.382358e + 68 4.441958e + 81
14 −1.124559e + 22 1.335785e + 41 1.352246e + 55 4.382358e + 68 4.441958e + 81
15 −1.200556e + 22 1.335704e + 41 1.352214e + 55 4.382358e + 68 4.441958e + 81
16 −1.427443e + 22 1.335496e + 41 1.352130e + 55 4.382358e + 68 4.441958e + 81
17 −1.836471e + 22 1.335087e + 41 1.351965e + 55 4.382358e + 68 4.441958e + 81
18 −1.772332e + 22 1.334410e + 41 1.351690e + 55 4.382358e + 68 4.441958e + 81
19 −1.012020e + 22 1.335593e + 41 1.352168e + 55 4.382358e + 68 4.441958e + 81
20 −1.427711e + 22 1.334856e + 41 1.351870e + 55 4.382358e + 68 4.441958e + 81
21 −1.644250e + 22 1.334815e + 41 1.351854e + 55 4.382358e + 68 4.441958e + 81
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A1

A2

p

P

spray at P , orthogonal projection p

Fig. J.6. Minimum distance mapping of a point P on the Earth’s topographic surface to a point p on the
International Reference Ellipsoid E

2
A1,A2 .

c4x
4
4 + c3x

3
4 + c2x

2
4 + c1x4 + c0 = 0 ,

c4 = a6b6, c3 = 2a6b4 + 2a4b6 ,

c2 = a6b2 + 4a4b4 + a2b6 − a4b2X2 − a4b2Y 2 − a2b4Z2 ,

c1 = 2a4b2 + 2a2b4 − 2a2b2X2 − 2a2b2Y 2 − 2a2b2Z2 ,

c0 = a2b2 − b2X2 − b2Y 2 − a2Z2 .

(J.72)

J-3 Gauss surface normal coordinates: case study triaxial ellipsoid

First, we review surface normal coordinates for the triaxial ellipsoid. Second, it is our duty to review
representative data for the triaxial ellipsoid for the Earth and other celestial bodies.

J-31 Review of surface normal coordinates for the triaxial ellipsoid

In case of a triaxial ellipsoid, we depart from the representation (J.73) subject to (J.74) once we use
surface normal coordinates.

X2

A2
1

+
Y 2

A2
2

+
Z2

A2
3

= 1 ,

⎡⎣X2

Y 2

Z2

⎤⎦ =
A2

1

W

⎡⎣ cos B cos L(
1− E2

12

)
cos B cos L(

1− E2
13

)
sin B

⎤⎦ , (J.73)

W = W (L, B) :=
√

1− E2
13 sin2 B − E2

12 cos2 B sin2 L . (J.74)
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The inverse transformation is characterized by (J.75) and (J.76) .

L =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
arctan

1
1− E2

12

Y

X

)
for X > 0 ,(

arctan
1

1− E2
12

Y

X

)
+ π for X < 0 ,

(sgnY )
π

2
for X = 0 and Y �= 0 ,

not defined for X = 0 and Y = 0 ,

(J.75)

B =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
arctan

1− E2
12

1− E2
13

Z√
(1−E2

12)2X2 + Y 2
for X �= 0 or Y �= 0 ,

(sgnZ)
π

2
for X = 0 and Y = 0 and Z �= 0 ,

not defined for X = 0 and Y = 0 and Z = 0 .

(J.76)

We here note that A1 is the semi-major axis, A2 is the intermediate semi-major axis A2 < A1, and
finally A3 is the semi-minor axis A3 < A2 < A1. The eccentricity of the intersection ellipses is given
by (J.77) in the {1, 2} = {X, Y } plane and by (J.78) in the {1, 3} = {X, Z} plane.

E12 =
√

1 + A2
2/A

2
1 , (J.77)

E13 =
√

1 + A2
3/A

2
1 . (J.78)

Furthermore, we here point out that elliptic heights on top of a triaxial ellipsoid can be expressed by
(J.79) subject to (J.80).

X =
[
A1

W
+ H(L, B)

]
cos B cos L ,

Y =
[
A1(1− E2

12)
W

+ H(L, B)
]

cos B sin L ,

Z =
[
A1(1− E2

13)
W

+ H(L, B)
]

sin B ,

(J.79)

W =
√

1− E2
13 sin2 B − E2

12 cos2 B sin2 L . (J.80)

J-32 Position, orientation, form parameters: case study Earth

Let us here assume that we refer to the geoid as the equipotential surface of gravity close to the
Mean Sea Level fitted to the triaxial ellipsoid. Actually, with respect to the biaxial ellipsoid, fitting
the triaxial ellipsoid is 65% better. The difference of axes in the equatorial plane A1–A2 rounds up
to 69 meters. With respect to the center of the best fitting triaxial ellipsoid, the mass center of the
Earth is displaced approximately by 11–15 meters. The orientation of the triaxial axes with respect
to the principal axes is given by

A1 = 6378 173.435m (14◦53′42′′ westerly of the Greenwich meridian) ,

A2 = 6378 103.9m , A3 = 6356 754.4m ,

A1 −A2 = 69.5m , A1 −A3 = 21 419.0m .

(J.81)



654 J Gauss surface normal coordinates in geometry and gravity space

The reciprocal polar flattening is provided by

1
α13

:=
A1

A1 −A3
=297 .781 194 . (J.82)

The polar flattening is provided by

α13 =3 .35817 × 10−3 , 1− α13 =0 .99664383 . (J.83)

The reciprocal equatorial flattening is provided by

1
α12

:=
A1

A1 −A2
=91 650 .826 . (J.84)

The equatorial flattening is provided by

α12 =1 .091 097× 10−3 , 1− α12 =0 .999 989 089 . (J.85)
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The transformation of Cartesian coordinates {x∗, y∗, z∗} in an Earth fixed equatorial refer-
ence system f0 = {f10 , f20 , f30} into Cartesian coordinates {x, y, z} in the elliptic reference
system is described by the following relations.

⎡⎣x
y
z

⎤⎦ = RT(δα, δβ, ∆λ)

⎡⎣x′

y′

z′

⎤⎦ +

⎡⎣∆x
∆y
∆z

⎤⎦ , (J.86)

RT(δα, δβ, ∆λ) =

= R3(∆λ)R2(δβ)R1(δα) =

=

⎡⎣ cos ∆λ sin ∆λ δβ cos ∆λ + δα sin ∆λ
− sin ∆λ cos∆λ δβ sin ∆λ− δα cos∆λ

δβ −δα 1

⎤⎦ .

(J.87)
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The numbers that follow below have been determined in the Ph.D. Thesis of B. Eitschberger
(Bonn 1975). The terms {∆λ, δα, δβ} define the orientation parameters, and the terms
{∆x,∆y,∆z} define the translation parameters.

∆λ = −14◦53 ′42 ′′ , δα =0 .16′′ , δβ =0 .10′′ , (J.88)

∆x = −5.9 cm , ∆y = −2.4cm , ∆z =+1 .8cm . (J.89)
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Fig. J.7. Azimuthal mapping of the triaxial ellipsoid, case study Earth.

J-33 Form parameters of a surface normal triaxial ellipsoid: Earth, Moon, Mars,
Phobos, Amalthea, Io, Mimas

The following is a list of reference figures of the Earth, the Earth’s moon, and other celestial bodies
which are pronounced triaxially.

Table J.3. Form parameters of reference figures

body axis A1 [km] axis A2 < A1 [km] axis A3 < A2 < A1 [km] source

Earth 6 378.245 6 378.032 4 6 356.863 0 Schliephake (1955)

Earth 6 378.173 435 6 378.103 9 6 356.754 4
Eitschberger (1978)

(∆Λ = −14◦53′42′′)

Moon 1 738.30 1 738.18 1 737.65 Wu (1981)

Mars 3 394.6 3 393.3 3 376.3
Wu (1981)

(∆Λ = −105◦)

Phobos 12.908 11.410 9.122 Bursa (1989)

Phobos 13.5 10.7 9.6 Bursa (1988)

Amalthea 135 82 75 Bursa (1988)

Io 1 833 1 922 1 819 Bursa (1988)

Mimas 209.1 196.1 191.9 Bursa (1988)

As an example, we illustrate by Fig. J.7 an azimuthal mapping of the triaxial ellipsoid of the Earth,
which is equidistant along the meridian parameterized by polar coordinates of type (J.90) referred to
the elliptic integral E(·, π/2). Compare with the Diploma Thesis of B. Mueller (1991).
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α = arctan
(√

1−E2
12 tanΛ

)
, r = A1

√
1− E2

12 sin2 Λ E

⎛⎝
√

E2
13 − E2

12 sin2 Λ

1− E2
12 sin2 Λ

,
π

2

⎞⎠ . (J.90)
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Important references are M. Bursa (1989a,b), B. Eitschberger (1978), E. Grafarend and
P. Lohse (1991), B.Heck (2002), W.Klingenberg (1982), L. P. Lee (1965), H.Merkel (1956),
B.Müler (1991), G. Schliephake (1955, 1956), H. Schmehl (1927, 1930), J. P. Snyder (1985),
H. Viesel (1971), J. A. Weightman (1961) and S.C. Wu (1981).
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98. Bieberbach L. (1916): Über die Koeffizienten derjenigen Potenzreihen, welche eine schlechte
Abbildung des Einheitskreises vermitteln, Sitzungsberichte der Königlich Preussischen Akademie der
Wissenschaften, Verlag der Königlichen Akademie der Wissenschaften, Berlin 1916

99. Biernacki F. (1966): Theory of representation of surfaces for surveyors and cartographers, The
Scientific Publications Foreign Cooperation Center of the Central Institute for Scientific, Technical
and Economic Information, Warsaw 1966

100. Bills B.G. (1987): Planetary Geodesy, Reviews of Geophysics 25 (1987) 833–839

101. Bills B.G., Kiefer W.S., Jones R.L. (1987): Venus gravity: a harmonic analysis, Journal of Geophysical
Research 92 (1987) 10,335–10,351

102. Bisegna P., Podio–Guidugli P. (1995): Mohr’s Arbelos, Meccanica 30 (1995) 417–424

103. Bishop E. (1965): Differentiable manifolds in complex Euclidean Space, Duke Mathematical Journal
32 (1965) 1–21
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Zeitschrift für Vermessung und Geoinformation 83 (1995) 146–150

148. Bretterbauer K. (2001a): Die Himmelssphäre, eben dargestellt, Sterne und Weltraum 3 (2001)
276–279

149. Bretterbauer K. (2001b): Eine Variante der trimetrischen Projektion, Kartographische Nachrichten 51
(2001) 130–132

150. Bretterbauer K. (2002a): Die runde Erde, eben dargestellt, Abbildungslehre und sphärische
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(1962) 233–236, 239–247

234. Chen B.Y. (1973): Geometry of submanifolds, Marcel Dekker Inc., New York 1973

235. Chen B.Y., Deprez J., Dillen F., Verstraelen L., Vrancken L. (1988): Curves of finite type, in:
Geometry and topology of submanifolds, II, Boyom M., Morvan J.-M., Verstraelen L. (Hrsg.), pages
76–110, World Scientific, Singapore 1990

236. Chen B.Y., Yano K. (1973): Special conformally flat spaces and canal hypersurfaces, Tohoku Math.
Journ. 25 (1973) 177–184

237. Chen J.Y. (1980): On the geodetic problem of long distances in two different projections, Zeitschrift
für Vermessungswesen 105 (1980) 256–271

238. Cheney M. (2001): A mathematical tutorial on synthetic aperture radar, Siam Review 43 (2001)
301–312
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asterisque 62, société mathematique de France, Paris 1979

328. Donaldson S.K., Kronheimer P.B. (1990): The geometry of four–manifolds, Clarendon Press, Oxford
1990

329. Dorrer E. (1966): Direkte numerische Lösung der geodätischen Hauptaufgaben auf Rotationsflächen,
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anderen gegebenen Fläche so abzubilden, daß die Abbildung dem Abgebildeten in den kleinsten
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592. Hauer F. (1943): Flächentreue Abbildung kleiner Bereiche des Rotationsellipsoids in der Ebene bis
einschließlich Glieder 4. Ordnung, Zeitschrift für Vermessungswesen 72 (1943) 179–189

593. Hauer F. (1949): Entwicklung von Formeln zur praktischen Anwendung der flächentreuen Abbildung
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1, G. Teubner, Leipzig 1880

615. Helms L.L. (1969): Introduction to potential theory, Wiley Interscience Pure and Applied
Mathematics 22, New York (1969)
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660. Hotine M. (1946): The orthomorphic projection of the spheroid, Empire Survey Review 8 (1946)
300–311

661. Hotine M. (1947a): The orthomorphic projection of the spheroid–II, Empire Survey Review 9 (1946)
25–35

662. Hotine M. (1947b): The orthomorphic projection of the spheroid–III, Empire Survey Review 9 (1946)
52–70

663. Hotine M. (1947c): The orthomorphic projection of the spheroid–IV, Empire Survey Review 9 (1946)
112–123

664. Hotine M. (1947d): The orthomorphic projection of the spheroid–V, Empire Survey Review 9 (1946)
157–166

665. Hotine M. (1969): Mathematical Geodesy, U.S. Department of Commerce, Washington 1969

666. Hotine M. (1991): Differential Geodesy, Springer–Verlag, Berlin – Heidelberg – New York 1991

667. Hristow W.K. (1937a): Potenzreihen zwischen den stereographischen und den geographischen
Koordinaten und umgekehrt, Zeitschrift für Vermessungswesen 66 (1937) 84–89

668. Hristow W.K. (1937b): Berechnung der Koordinatendifferenzen und der Ordinatenkonvergenz aus der
Länge und dem Richtungswinkel einer geodätischen Strecke für eine beliebige Fläche und ein
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Gotha 1935

891. Mc Gehee O.C. (2000): An introduction to complex analysis, J. Wiley & Sons, New York Chichester
2000

892. McDonnell P.W. (1979): Introduction to map projections, Marcel Dekker Inc., New York and Basel
1979

893. McLachlan R. (1994): A gallery of constant–negative–curvature surfaces, The Mathematical
Intelligencer 16 (1994) 31–37

894. McLachlan R.I., Segur H. (1994): A note on the motion of surfaces, Physics Letters A 194 (1994)
165–172

895. McLain D.H. (1976): Two dimensional interpolation from random data, The Computer Journal 19
(1976) 178–181

896. Mehl C. (1999): Condensed forms for skew–Hamiltonian / Hamiltonian pencils, SIAM J. Matrix Anal.
Appl. 21 (1999) 454–476

897. Meichle H. (2001): Digitale Finite Element–Höhenbezugsfläche (DFHBF) für Baden–Württemberg
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1074. Sansò F. (1972): Cartografia – Carta conforme con minime deformazioni areali, Atta della Accademia
Nazionale dei Lincei, Rendiconti della Classe di Scienze fisiche, matematiche e naturali, Serie 7, Vol.
52 (1972) 197–205
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1115. Schouten J.A. (1921): Über die konforme Abbildung n–dimensionaler Mannigfaltigkeiten mit
quadratischer Maßbestimmung auf eine Mannigfaltigkeit mit Euklidischer Maßbestimmung, Math. Z.
11 (1921) 58–88

1116. Schouten J.A. (1954): Ricci–calculus, 2nd ed., Springer–Verlag, Berlin 1954
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1232. Tissot N.A. (1881): Mémoire sur la représentation des surfaces et les projections des cartes
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angewandte Mathematik 59 (1861) 382–393



Bibliography 705
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Stuttgart/Leipzig 1997

1352. Wyszecki G., Stiles W.S. (1967): Color science, concepts and methods, quantitative data and
formulas, J. Wiley & Sons, New York Chichester 1967

1353. Xiao H., Bruhns O.T., Meyers A. (1997): Hypo–elasticity model based upon the logarithmic stress
rate, Journal of Elasticity 47 (1997) 51–68



706 Bibliography

1354. Xiao H., Bruhns O.T., Meyers A. (1998): On objective corotational rates and their defining spin
tensors, Int. J. Solids Structures 35 (1998) 4001–4014

1355. Xiao H., Bruhns O.T., Meyers A. (1999): Existence and uniqueness of the integrable–exactly
hypoelastic equation and its significance to finite inelasticity, Acta Mechanica 138 (1999) 31–50

1356. Yang Q.H., Snyder J.P., Tobler W.R. (2000): Map Projection Transformation, Taylor & Francis, 2000

1357. Yano K. (1940a): Concircular geometry I. Concircular transformations, Proc. Imperial Academy
(Japan) 16 (1940) 195–200

1358. Yano K. (1940b): Concircular geometry II. Integrability conditions of, Proc. Imperial Academy
(Japan) 16 (1940) 354–360

1359. Yano K. (1940c): Concircular geometry III. Theory of curves, Proc. Imperial Academy (Japan) 16
(1940) 442–448

1360. Yano K. (1940d): Concircular geometry IV. Theory of subspaces, Proc. Imperial Academy (Japan) 16
(1940) 505–511

1361. Yano K. (1940e): Conformally separable quadratic differential forms, Proc. Imp. Acad. Tokyo 16
(1940) 83–86

1362. Yano K. (1942): Concircular geometry V. Einstein spaces, Proc. Imperial Academy (Japan) 18 (1942)
446–451

1363. Yano K. (1955): The theory of lie derivatives and its applications, North–Holland Publishing Co.,
Amsterdam 1955

1364. Yano K. (1970): On Riemannian manifolds admitting an infinitesimal conformal transformation,
Math. Z. 113 (1970) 205–214

1365. Yanushaushas A.I. (1982): Three–dimensional analogues of conformal mappings (in Russian) Iz da te
l’stvo Nauka, Novosibirsk 1982

1366. Yates F. (1949): Systematic sampling, Philosophical transactions of the Royal Society 241 (1949)
355–77

1367. Yeremeyev V.F., Yurkina M.J. (1969): On the orientation of the Reference Geodetic Ellipsoid,
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Index

Airy criterion, 624
Airy distortion energy, 280–282, 626, 632
Airy distortion measure, 342
Airy global distortion, 417
Airy–Kavrajski criterion, 279
Airy–Kavrajski optimum, 280
Airy optimal criterion, 279
Airy optimal dilatation factor, 623
Airy optimum, 279, 331, 333, 537, 625, 631
Albers equal area conic mapping, 405
Albers mapping, 379, 389, 393, 405, 406, 413, 414
Amalthea, 637, 655
angular distortion, 37
angular shear, 37, 39–41, 43, 86, 88–91
– absolute, 41
– relative, 40–42
areal distortion, 74
areomorphism, 74, 76, 79, 85, 86, 97, 106, 114, 161
Armadillo double projection, 92
ascending node, 132
atlas
– complete, 113, 117–120
– minimal, 113, 117, 121, 148
authalic equal area projection, 257
authalic latitude, 76, 269
authalic mapping, 76
azimuthal projection, 163, 165, 223

Baltic Sea Level Project, 637, 651
Berghaus star projection, 32
Bessel ellipsoid, 339, 354, 469
best polar azimuthal projection, 197
Boltz approximation, 433
Bonne mapping, 75, 395, 398, 400, 401, 403
Bonne-pseudo-conic projection, 75
boundary condition, 534–537
boundary value problem, 426, 430, 529, 537
boundary values, 415
Buchberger algorithm, 637, 643

canonical criteria, 83, 86, 111
– a review, 80
canonical formalism, 1, 2
canonical postulate, 161
Cardan angles, 455
Cartan frame, 87, 88
Cartesian product, 497, 498
cartographic synergy, 569
Cauchy–Green matrix, 20, 21, 24, 25, 64, 87, 88, 92,

381, 382
Cauchy–Green deformation energy, 84

Cauchy–Green deformation tensor, 5, 7, 8, 12–15,
18–21, 24, 25, 29, 32, 40, 41, 47, 74, 80, 83, 86, 97,
261, 579

– polar representation, 8
Cauchy–Green distortion energy, 85
Cauchy–Riemann equations, 48, 55, 72, 97, 101, 360,

363, 369, 527, 529
chart, 113
– direct aspect, 113
– oblique aspect, 113
– transverse aspect, 113
Christoffel symbols, 162
Clairaut constant, 416, 426, 429
collinearities, 453
conformal coordinates, 48
conformal diffeomorphism, see conformeomorphism
conformal mapping, 43, 168, 225, 232, 277
conformal Mercator projection, 273
conformally flat, 527
conformeomorphism, 43, 48, 49, 53, 55, 62, 83, 85,

86, 97, 101–104, 106, 161, 527
conical orthomorphic mapping, 388
constraint optimization, 2
coordinates, 113
– meta-spherical, 126
– Cartesian, 24, 498
– conformal, 46, 48, 69, 70, 360, 363, 490
– Fermi, 415, 417, 438, 439
– Gauss–Krueger, 416, 417, 433, 440, 445, 446, 451
– oblique quasi-spherical, 144
– orthogonal, 47
– polar, 24, 33–35, 70
– Riemann, 415–417, 424, 426–428, 440–445, 451
– Soldner, 415–417, 433, 437–440, 445, 446, 451
– surface normal, 53, 637, 643, 644
cotangent space, 4, 7
Craster projection, 298
curvilinear geodetic datum transformations, 453
cylindric mapping equations, 306
cylindrical Lambert projection, 273

d’Alembert–Euler equations, see Cauchy–Riemann
equations

Darboux frame, 87, 88, 417
datum parameters, 453–455
datum problem, 453
– analysis, 454
– synthesis, 463
datum transformation, 454, 455, 463, 469
– curvilinear, 470
– rectangular, 469
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de L’Isle mapping, 379, 382, 385
deformation, 4, 5
deformation measure, 1, 5, 36, 37, 74
– a review, 37
– additive, 75
– multiplicative, 5, 11
– scalar-valued, 84
– tensor-valued, 83
Deutsches Hauptdreiecksnetz, 485
diagonalization of symmetric matrices, 1, 2, 11, 14
diffeomorphism, 2, 4, 43, 74, 102, 103, 376, 611
dilatation factor, see stretch, 315
direct problem, 142
direct transformation, 148
dispersion matrix, 453, 467, 469
distortion analysis, 165
distortion energy, 37, 84, 85, 280–282, 445, 446
distortion energy density, 84
dynamic time, 543, 550

Earth, 33, 75, 82, 359, 417, 456, 638, 652, 655
Easting, 485, 486
Eckert II, 19–22, 299
Eckert mapping, 19
ellipsoid-of-revolution, 2, 3, 5, 32, 36, 39, 41, 53, 55,

56, 61, 62, 64, 70, 71, 76, 81, 83, 106–108, 110, 122,
125, 129, 143, 144, 221, 223, 225, 232, 234, 238,
240, 257, 262, 264, 269, 313, 316, 405, 415–418,
426, 437, 439, 569

– geodesic circle, 417
– geodesics, 415
– initial value problem, 433
– Taylor expansion, 429
ellipsoidal Hammer projection, 609
ellipsoidal isometric latitude, 55, 264
ellipsoidal Korn–Lichtenstein equations, 325
elliptic function, 519, 520, 524, 525
– addition theorem, 524
– periodicity, 524
– series expansion, 523
elliptic integral, 406, 519, 523–525
elliptic modulus, 519, 523
elliptic pseudo-cylindrical mapping, 293, 296
equal area mapping, 276, 278
equatorial frame of reference, 122–124, 126, 128–130
equatorial plane, 23, 33
equiareal azimuthal projection, 171, 173
equiareal mapping, 76, 106, 171, 225, 238
equidistant mapping, 82, 167, 225, 234, 276
Equidistant Polar Mapping (EPM), 166
equivalence theorem, 43, 74, 76, 79, 101
error propagation, 453, 467
erste geodätische Hauptaufgabe, 565
Euler parameters, 248
Euler rotation matrix, 248
Euler–Lagrange deformation energy, 84
Euler–Lagrange deformation tensor, 29–34, 40, 41,

43, 74, 83, 84, 97, 99
Euler–Lagrange distortion energy, 85
exterior calculus, 102

factor of conformality, 51–53, 55, 56, 60–62, 64,
68–70, 527, 551

Fermi coordinates, 415, 417, 438, 439
fibering, 500
form parameters, 653, 655
Foucaut projection, 585
Frobenius matrix, 163
Frobenius norm, 2
fundamental form, 1

Gauss double projection, 257
Gauss–Krueger coordinates, 339, 416, 417, 440, 445,

446, 451, 469
Gauss–Krueger strip, 415
Gauss map, 644
Gauss projection, 61
Gauss surface normal latitude, 55, 62
Gauss surface normal longitude, 55, 62
Gauss–Weingarten equations, 543
Gauss–Krueger conformal coordinate system, 332
Gauss–Krueger conformal mapping, 325
Gauss–Krueger reference frame, 315
Gaussian curvature, 1, 56, 60, 61, 64, 68, 81, 153, 415
Gaussian curvature matrix, see Gaussian curvature
Gaussian differential invariant, 1
Gaussian factorization, 56
general eigenvalue–eigenvector problem, 2, 14
general eigenvalue problem, 13, 14, 29
general normal perspective mapping, 174, 177, 179,

185
general rotationally symmetric surfaces, 301
generalized Kepler equation, 589, 594
generalized Lambert projection, 569, 584
generalized Mollweide projection, 589
generalized Sanson–Flamsteed projection, 569, 584
geodesic circle, 417, 422, 424, 545
geodesics, 415, 416, 422, 428, 429, 543, 546, 551, 638
– Newton form, 546
geodesy
– three-dimensional, 637
geodetic curvature, 543
geodetic field of geodesics, 433
geodetic line, 434
geodetic mapping, 415
geodetic parallel, 434
geodetic parallel coordinates, 416
geodetic projection, 417, 433, 438
Geodetic Reference Figure, 313
Geodetic Reference System 1980, 222, 332, 342, 589
Geodetic Reference System 1984, 346, 354
geodetic torsion, 543
geoid, 637
geometric height, 637, 638
geometry space, 638
global datum, 469, 490
Global Positioning System (GPS), 113, 456, 469, 637
global reference system, 453
global rotation vector, 248
gnomonic projection, 161, 187
gravity vector, 248
Greenwich Meridian, 116, 119, 121, 138
Gröbner basis, 637, 648
group, 360, 454
– conformal, 360, 363, 454
– special orthogonal, 454
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Hamilton equations, 428
Hamilton portrait, 416, 426, 428, 429, 431, 543, 546,

548
Hammer projection, 601
– ellipsoidal, 601, 616
– equiareal modified azimuthal, 33, 36
– retroazimuthal, 10
– – ID card, 10
Hasse diagram, 501–503
Hausdorff axiom of separation, 113
Hausdorff topological space, 113
Helmholtz differential equation, 61, 64
Hesse form, 37
Hesse matrix, 1, 81, 643
Hilbert invariants, 83
Hodge star operator, 102–104, 528
homeomorphism, 113, 114
Hooke matrices, 84
horizontal coordinate mean, 576
Hotine Oblique Mercator Projection (HOM), 113,

359

inclination, 132
indirect problem, 142
initial value problem, 426, 427, 429
initial values, 415
integrability conditions, 52
international reference ellipsoid, 113
inverse transformation, 151
Io, 637, 655
isometric, 48
isometric coordinates, see coordinates, conformal,

313, 316
isometric latitude, 264
isometry, 80
isoparametric mapping, 61
isothermal, 48
isothermal coordinates, see coordinates, conformal,

316

Jacobi matrix, 1, 5

Kartenwechsel, 11, 113, 454
Killing equations, 125
Killing symmetry, 126
Killing vectors, 113, 122–126, 129, 143
Korn–Lichtenstein equations, 43, 46, 48–51, 53,

55–57, 62, 64, 65, 97, 101, 313, 527
Krassowsky reference ellipsoid, 469
Kronecker delta, 361
Kronecker–Zehfuss product, 363

Lagrange function, 2
Lagrange multiplier, 2
Lagrange portrait, 416, 426, 428, 543, 546, 547
Lagrange projection, 161, 193
Lambert azimuthal, 391
Lambert conformal conic mapping, 405
Lambert conformal mapping, 409
Lambert cylindrical equal area projection, 276, 278
Lambert map, 161, 388
Lambert mapping, 379, 382, 386–388, 391, 405, 406,

409, 414
Lambert projection, 569

Laplace equation of harmonicity, 48
Laplace–Beltrami equations, 51–53, 55, 56, 62, 313,

325, 359–362, 529, 530
Laplace–Beltrami operator, 49, 50, 56, 64
least squares, 453, 460
left metric tensor, 7
Legendre recurrence, 416, 426–428, 434
Legendre series, see Legendre recurrence
length distortion, 11, see stretch
lexicographic order, 503
L’Hôpital Rule, 617
Lie recurrence, 416, 426, 429, 430, 433, 565
Lie series, see Lie recurrence
local datum, 469, 490
local reference system, 453
loxodrome, 273

mapping
– biaxial ellipsoid-of-revolution to sphere, 32
– concircular, 1
– conformal, 1, 32, 42, 43, 46, 48, 70, 72, 80, 83, 85,

86, 97, 101, 102, 105, 106, 221, 325, 359–361, 369,
406–409, 411–414, 497, 505, 519, 527

– conic, 405–407, 410, 414
– double projection, 32
– ellipsoid-of-revolution to cone, 405
– ellipsoid-of-revolution to cylinder, 313, 359
– ellipsoid-of-revolution to sphere, 2, 5, 39, 41, 53,

55, 62, 76, 83
– ellipsoid-of-revolution to tangential plane, 221
– equiareal, 1, 19, 20, 74, 76, 78, 79, 83, 85, 86, 111,

221, 406
– equidistant, 1, 42, 53, 55, 56, 75, 82, 83, 111, 221,

406, 411, 412, 414
– geodesic, 1
– geodetic, 415–417, 433, 439
– harmonic, 1
– isoparametric, 2–5, 7, 32, 39, 61, 70
– Jacobi, 4, 6
– loxodromic, 1
– mixed cylindric, 569, 589, 601, 637
– northern hemisphere to equatorial plane, 19, 33
– oblique orthogonal, 92, 93
– orthogonal, 19, 23, 28, 33–35, 92, 122, 638
– perspective, 221, 240
– pseudo-azimuthal, 10
– pseudo-cylindrical, 19, 589
– relation preserving, 497
– Riemann manifolds to Euclidean manifolds, 97
– sphere to cone, 379, 395
– sphere to cylinder, 19
– sphere to equatorial plane, 23, 33
– sphere to tangential plane, 23, 161
– sphere to torus, 92
Mars, 637, 655
matrix
– positive-definite, 2
– rotation, 8
– triangular, 507, 508, 511, 513, 517, 518
Maupertuis gauge, 543, 550
maximal angular distortion, 86
maximum angular distortion, 441–443
mean sea level, 637
mega data sets, 469
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Mercator projection, 276, 277, 313, 315, 335, 357,
359, 360, 362, 369

– optimal, 623, 624
meridian convergence, 433
meta-azimuthal projection, 209, 215
meta-colatitude, 128
meta-cylindrical projection, 285, 289
meta-equator, 369–371, 373, 374
meta-equatorial (oblique) frame of reference, 130
meta-equatorial North Pole, 126
meta-equatorial plane, 121
meta-equatorial reference frame, see reference frame,

oblique
meta-latitude, 128, 132, 136, 290
meta-longitude, 121, 128, 132, 136, 290
meta-North Pole, 121, 126–128, 141
meta-South Pole, 121
meta-spherical latitude, 286
meta-spherical longitude, 286
metric, 1
– canonical form, 18
– conformally flat, 64
– Euclidean, 6
Mimas, 637, 655
minimal atlas, 184
minimal distance mapping, 637, 638
minimal total areal distortion, 333
minimal total distance distortion, 333
mixed cylindric map projection, 569
Mollweide gauge, 595
Mollweide projection, 97, 106–109, 296
– generalized, 109, 110, 589
– spherical, 595
Moon, 637, 655

National data files, 113
Nell–Hammer projection, 586
Newton portrait, 546, 550
normal field, 644
normal perspective, 161
normal perspective mapping, 182, 186
Northing, 485, 486

oblique Mercator projection, 291
oblique conformal projection, 289
oblique equal area projection, 289
oblique equatorial plane, 97
oblique equidistant projection, 289
oblique Lambert projection, 218, 291
Oblique Mercator Projection (UOM), 357, 359–361,

369
oblique plane, 93, 126
oblique Plate Carrée projection, 290
oblique Postel projection, 216
oblique quasi-spherical latitude, 144
oblique quasi-spherical longitude, 144
oblique radius, 144
oblique stereographic projection, 217
optimal cylinder projection, 279
optimal map projections, 80, 85
optimal Mercator projection, 623
optimal polycylindric projection, 623
optimal transversal Mercator projection, 331

optimal universal transverse Mercator projection,
537

order diagram, see Hasse diagram
orthogonal projection, 23, 25, 27, 28, 33–35, 190
orthographic projection, 161, 190

parabolic pseudo-cylindrical mapping, 293
parallel projection, 190
parallel transport, 126
perspective mapping, 240
perspective ratio, 174
Phobos, 637
photogrammetric surveying, 638
Plate Carrée projection, 273, 276
polar aspect, 161
polar azimuthal projection, 201
polar coordinate, 248
polar decomposition, 5, 8–10
polynomial
– bivariate homogeneous, 505, 509, 512, 514
– inversion of a bivariate homogeneous, 509, 512
– inversion of a multivariate homogeneous, 516
– inversion of an univariate homogeneous, 505, 508
– multivariate homogeneous, 505, 519
– univariate homogeneous, 505, 507, 508
– vector-valued bivariate homogeneous, 512
Postel map, 161
power set, 500, 501
principal distortion, 417, 440, 443, 445
projection, see mapping
projection plane, 24, 64, 70, 72
pseudo-azimuthal projection, 202
pseudo-conic projection, 395
pseudo-cylindrical mapping equations, 570
pseudo-cylindrical projection, 19, 293
pseudo-observations, 453, 460, 463, 467
Ptolemy mapping, 379, 382–384
pullback, 4, 5, 29, 440
pushforward, 4, 29

quadrant rule, 249

Rechtswert, 485
rectified skew orthomorphic projections, 359, 377
rectilinear pseudo-cylindrical mapping, 293, 299
reference ellipsoid, 469
reference frame
– Cartan, 87, 88
– Darboux, 87, 88, 416, 417, 419, 424, 425
– meta-equatorial, 124, 126, 128
– oblique, 124, 126, 128, 129, 131, 138, 139, 141, 143,

360, 364–366
– – of the sphere, 126–128, 132
– oblique equatorial, 126
– orthogonal, 24
– transformations between oblique frames, 139
relative angular shear, 40
relative eccentricity, 361, 366, 376
remote sensing, 589
rhumb line, 273
Riemann coordinates, 415–417, 426
Riemann manifold, 1–3, 32, 43, 47, 49, 53, 74, 80, 82,

92, 95
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right metric tensor, 7
rotation matrix, 8
rotationally symmetric figure, 307

Sanson–Flamsteed projection, 295, 569
scale difference
– canonical form, 31
scale ratio, 11
simultaneous diagonalization, 11
– of two symmetric matrices, 2
singular value decomposition, 8, 9
sinusoidal pseudo-cylindrical mapping, 293, 295
Soldner coordinates, 416, 417, 433, 437–440, 445, 451
Soldner map, 416, 437
special Kepler equation, 296
spherical isometric latitude, 55, 264
spherical side cosine lemma, 129
spherical sine lemma, 129
Stab–Werner mapping, 395, 398, 399, 402
standard series inversion, 416
star orientation, 248
– antipolar, 248
stereographic projection, 70, 543, 552
stretch, 1, 8, 11, 80, 88, 90
– principal, 14, 15, 43, 74, 76, 80, 82, 92
strip transformation, 346, 354

tangent plane, 70
tangent space, 4, 6, 18, 24, 31, 37
tangent vector, 80, 82, 87, 88
Taylor expansion, 426, 427, 429
Taylor series, see Taylor expansion
Tissot circle, 18
Tissot ellipse, 13, 18, 19, 403
Tissot indicatrix, 395, 403, 584, 616
Tissot portrait, 11
torus, 92, 309, 310
torus mapping, 301
transverse frame of reference, 136, 138

transverse Lambert cylindrical equal area projection,
286

transverse Lambert projection, 213, 285, 287
transverse Mercator projection, 285–287, 313, 325,

333, 334, 344
transverse Plate Carrée projection, 285, 286
transverse Postel projection, 210
transverse stereographic projection, 211
triad, 248
triaxial ellipsoid, 655
Tychonov regularization, 453

Universal Lambert Projection, 543, 553
Universal Mercator Projection (UMP), 53, 55, 313,

317, 325, 361, 490, 623
Universal Polar Stereographic Projection (UPS), 53,

62, 161, 168, 318, 360, 361, 551
– sphere, 62
Universal Polycylindric Projection (UPC), 623, 630
Universal Transverse Mercator Projection (UTM),

113, 285, 330, 331, 333, 341, 346, 553, 557, 623
UTM conformal mapping, 325
UTM coordinates, 342, 469
UTM reference frame, 315
UTM strip, 415

variance–covariance matrix, 453, 467
vertical coordinate mean, 574, 575

weight coefficients, 574, 576
Weitzenböck space, 469
Wiechel polar pseudo-azimuthal projection, 205
World Geodetic Datum 2000, 222, 485, 489
World Geodetic System (WGS 84), 469, 490

Zund equations, 53, 528
– three-dimensional conformal mapping, 102, 103
– two-dimensional conformal diffeomorphism, 104
zweite geodätische Hauptaufgabe, 565
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