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yrobHoe o6o3naueHue, KoTopoe OyAeM HCIOJbL30BaTh H B JajbHell-
weMm, dS,=(0U%/dn)dS, Tax uTO MOXKHO 3amHcaTh COOTHOLIEHHS!

dS] == d)CQ dxs, d82 = de dxl, dSa — dxl dxz,
dS4ZX2 ng_x?, ng, dS5:x3 dS] ‘_xl dSs, (7)
dSG = x} dSQ - xg dSl‘

[To camomy ompeneneHHIO BeNHUYHHBI Thp OUEBHAHO PaBEHCTBO
hk“‘PfohdSkafodeh' ®

QueBHAHO TAKXKe, YTO ecjH 0603HAYHTHL uyepe3 p CKAJsIpHOE Ha-

BJIEHHE, TO ffpdSl, ffpng, ffp dS, npeacrasasoT coGoi
KOMMOHEHTBl CuAbl, ¢ KOTOpPOH Teno X JQeHCTBYeT Ha XKHAKOCTb, a

f f pdS,, f f r4dsSs, f f P dSs mnpexcraBasioT oot KOMIOHEH-

THI MOMEHTQ 3TOR CHJIBL.

Tenepb pacCMOTPHM TeueHHe, BO3HHKAIOUlee H3 COCTOSHHS TMO-
KOSl NpH eNMHHYHOM YCKODEHUH B HANPAaBJIEeHWM gx. JIeTKo nmoa-
cuurath, uto eciu B Hauaje U =0 u OU/0t = U*, to U(x;t) or-
anuaerca ot tUM(x) Ha GeCKOHeuHO Majyi BeNHUHHY BTOPOTO IO-
paaka otHocuTenbHO f. Tak Kak MBI cBeJM 3ajgauy K cayvawo g =0,
TO U3 ypaBHeHHs DepHyJuIH And JaBlAeHHS KHAKOCTH, ABHXKYLIEHCH
¢ yexopenueM [ra. I, (5)], cienyer ypaBHenne

p-{—-%— pVUVU—}—p%—L—t/«:--const. (8%)

Orciofla BHAHO, YTO HauajbHOe T'HADOJHHAMHYECKOEe HaBjeHHe ph
BCIOJly PABHO MPOH3BENEHHIO «NOTEeHUHAana yckopenuf» U* ua nior-
Hocte p. CooTBeTcTByOLlAsi MOJCTaHOBKA B (opMmyay (8) naer

Ty, == " dS,, T. e Twn ecTd k-KOMNOHEHTA cuavl npu Oudce-
hk k

MUL U3 COCTOAHUS NOKOS, BbI3BAHHOM eOUHUYHBIM YCKOPEHUEeM 8 Ha-
npagaenuu qy. B uacraoctu, Qy, Qo, Q3 npencrasasior coboit 06bIy-
Hble KOMIIOHEHTHI CU.16 OTHOCHTENBHO BLIOPAHHBIX HaMu ocef, a Qy,
Qs, Qs — COOTBETCTBYIOLIHE MOMEHThHl. DTHM ONPABRAHO MPEANOJO-
)keHHe (3) mna cayuyas (B), T. e. AJs ciyuas YCKOPeHHs Teja H3
COCTOSIHHSA IOKOS.

Korna nsukeHnue CBOAHTCH TOJBKO K HOCTYNATEAbHOMY, KOOPIH-
HaThl {q;, G2, §3) MOTYT ObiTh HCHOJAB3OBaHBl & Goaswom. Toraa
T;3(q) = T4;(0), 1. e. nocroanusie, u, TakuM oGpasoM, H3 GOPMyJbI
(3) caeayer cooTHOLIEHHE

d [oT ar . )
| s — — o ) A » —_ 2 .
% dt (dz}i) og; Tyqp 16, 7=1,2, 3] ©)
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Orcioga BuAaHO, uto mapajgokc [lanambepa (§ 7) BO3HHKaer yxe
¥3-32 MPHHSTHS NpPeAnoJoxKeHHs (3), ¥ 3TO 3acTaB/isfer HAC BCHO-
MHHTb, YTO Hamia Mojesip B o6lieM He COOTBETCTBYeT (H3HYecKOH
JeficTBUTENBHOCTH. Doslee C/IOXKHBIM OKa3bplBaeTCss HCCHENOBAHHE
MOMENTO8 ¥ BOOOLle BEJIHUHH, XapaKTePH3YIOLIMX BpallleHHe MNpH
HAJHYHH TOCTYyNATeNbHOro ABHKeHus (cM. § 111—112).

BuiBefeHnble Bbille (GOPMYJbl OTHOCATCH K «NPHCOENXHHEHHOH»
macce. OueBUHO, UTO Kaxcyw,aaca macca, onpejeisieMas Kak CyM-
Ma COBCTBEHHOH Maccel HaXOAsILerocsi B JKHAKOCTH (TBEpAOro)
Tena ¥ U NPUCOEJMHEHHOH Macchl, MPeJCTABAALTCS ADYTHM CHMMe-
TPHYHBIM TEeH30pOM (MaTpHueH), o6iafalOUIUM B TOYHOCTH TeMH
e CBOHCTBAMH.

§ 102. Teomerpuyeckne (Urypbl YacTHHIX BUAOB; Teio PaHknHa')

KoapuuuenTsl NPHCOSIHHEHHOH Macchl ObllMM MOJCYHTAHB TEO-
PETHUECKH He TOJBbKO JIsi C(hephl, HO U JJIsl TeJ NPOCTOH TeOMETpH-
yeckoit popMbl. OGbIYHO UX NpPHBOAAT B 0€3pa3MEPHOM BHIE, BbI-
paxas HX uepe3 OTHOLIEHHe K NPHCOeIMHEHHOH Macchl KO BCed mac-
ce, PaBHOIf NPOU3BEIeHHIO NJIOTHOCTH p HA 00beM (Z) BhITeCHEHHOI
KHIKOCTH.

Muor#e pesy/bTaThl, NOJAYyUEHHbIE Pa3JHUHBIMH aBTOPAMH, NpPH-
BelleHbl B KHure Jlam6a {7]. danuntHyeckue UHJARHAPHL B cayuae mo-
CTYNaTeNLHOrO ABHKEHHS H BpalleHHs paccMaTpuparotcaB[7], § 71
n § 105—107, cdepounrt u sanuncoumsl —B [7], § 106—107 u
§ 113—116; napa chep — 8 [7], § 113—116. '

MOXKHO TaxKe BBHIYHCAUTb NPHCOELHHEHHYIO MAacCy PasJHYHbIX
IPYTHX <IBYMEPHBIX» QUTYp (UMAHHAPOB, ABHKYUIUXCS TMapasiesb-
Ho coeit ocu). Tak, Teitnop 2) moacuuTan BeIHYHHY R AJST pasiuy-
HbIX MHOTOYTOJBHHKOB M mapabonuyecKuX ABYYroJbHHKOB. Paszinu-
Hble aBTOpHI %) paccMaTpHBA/lH TaKKe KPYrH M JJHICH ¢ CHMMe-
TPHYHO PACMONIOKEHHBIMU CTAa0M/IN3aTOPAMH C LEJbI0 HCCAENOBaTh
cTaOWIH3HpYIOLlee JeHCTBHE, KOTOPOE OKAa3biBalOT Ha JieTaTeJbHbIA
annapar pyJeBble OBEPXHOCTH.

) MHorue ©3 pe3yJbTaToB, NPUBEJCHHLIX B 3TOM Naparpade u B APYTHX
naparpadax 9TOM TMiaBh, MOXHO HaiiTH B paGotax JI. M. Cegosa [25%] u [27*];
cM. Takxke Puman U C, Kpenc P. JI, Mpucoenuuentple Macchl Tejl pasmuy-
Hoit popmet, Tp. LIATH Ne 635, 1947 r. — [Ipus. ped.

) Taylor J. L., Phil. Mag., 9 (1930), 161—183. Cayuaii napantenbusix
mnacTHHOK cM. Pa6ywmunckui [, Proc. Int. Math. Congress, Strasbourg
(1920), 568—585; . cm. Takxke Bickley W. G. Phil. Trans, A228 (1929),
235--274 w Proc. Lond. Math. Soc., 37 (1934), 82—105 u Seth B. N., Publ
Lucknow Univ. (1938—1939).

% Kuerti G. u ap, Navord Rep. 2295 (1952); Bryson A. E, J. Aer.
Sci., 20 (1953), 297—308 u 21 (1954), 424—426; Summers R. C, Tam xe,
12 (1953), 856—857, cp. ¢ dopmynoi (22).
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M3 apyrux ocecHMMETPHUHBIX TeJ, AJsi KOTOPHIX aHAJNHTHUECKH
HalileHa NpUCOeAMHeHHAas Macca, MOXKHO Has3BaTh TOp, chepuueckue
JYHOUKM M <«JHH3bl», OFPAHHUYEHHBIE COOCHBIMH C(ePHUECKHMH Cer-
menTaMu !). B cayuae cdep Obuin uccaenoBansl U caabo medopMu-
poBaxHble cephl.

MoxHO TakxKe paccMoTperh reaa PInkuna — TBepable Teaa
BpallleHus, KOTopble NPH 0OTEKAHHH PABHOMEDHBIM MOTEHHHAJBHEIM
MNOTOKOM MapaJjyieIbHO OCH X; 3KBHBAJIEHTHH CHCTEME HCTOUHHUKOB H
CTOKOB, Pa3MelleHHbIX Ha 3ToH ocH. Mul paccMoTpuM cefiuac nopo6-
Hble Tesa P3HKMHAa B nopsiake o6oGiueHHs peayasratoB Makca
Mysuxa n Ix. Teitsopa 2).

IlepBmiit mar sakaouaercs B TOM, YTO K BbipaxeHuio UVx, —
— x,VU npumensiercss BTopoe ToxjectBo [pHHA ¢ yueToM TOro, 4TO
VU =V2x;=0. HUrak, ecniu S” — Gonbiuas cdepa, comepmxauias
2, a R— obaacTe MexAy MOBepXHOCTHIO S Tena X u chepoit S, 10,
noaaras U = U, mMpl noayuaem us Qopmyast (8)

Tlthfo(%.%‘)dSm
S

w5 [ (e %) 0
S 5"

npuuem —3d/0n = 0/0r ua cdepe S”. Harerpann no cdepe S mo-
3HO JIETKO OLEHHTb ACHMITOTHYECKH, €CJAH BOCHOJBb30BAThCH NpeN-
CTaBJieHHEM
©iX; ~ oU Bexy -
—U=3" 400, =23 Loy

r

Tak kak mouwanb chepst S” paBHa 4wr?, yienamu O(r-?) coort-
sercteedno O(r*) B ¢opmyne (10) MoxkHo npenebpeus. B cuay
CHMMETPHH OTNaJaloT cjaaraemsle, COmepxKauine fg, ps. HYrobwl oue-
HHTb OCTAaTOK, Mbl BOCIOJB3YyeMcsi cdepHueCKHMH KOOpAHHATaMH,

1} Orsocnresnno Topa cm. Hicks W. M., Phil. Trans, 172 (1881}, 609
# Dyson F. W, tam xe, 184 (1892), 42. O cdpepHuecKHX JYHOUK2X CM.
Bassett A B, Proc. Lond. Math. Soc., 16 (1885), 286. OrrocuTe/nbHO JHH3
em, Shifiman M. and Spencer D. C, Quar. Appl. Math, 3 (1947},
270—288; Payne L. E, tam xe 10 (1952), 197—204. Tlo moBopgy noutu
cihepuneckux ten eM. Szego G, Duke Math. J., 16 (1949), 209—223; raxkxe
Plana, Mem. accad. sc. Torino, 38 (1835), 209.

2) NACA Tech. Notes, 104—106 u [83]; cm. rakxe[7], § 121a; Tollmien W,
Ing.-Archiv, 9 (1938); Landweber L., Quar. Appl. Math., 14 (1956), 5156
u J. Fluid Mech., 1 (1956), 319—336.



204 Ta. VI, Hpucoedunennbie maccot

MOJOXKHB Xx; = r sin @, dS = 2nd (sin ¢). Hnterpan no cdepe S” ¢
rounocThio o O(r-!) paBeH BexuuHHe

2
2mpp f {25in? ¢ |- sin? ¢} d (sin @) = 2mppy [sind ], = dmpp,.
—2

[TosToMy, mepexois K Npefeay NpH r-> 0o, Mbl MOJYUYHM COOT-
HOLIEHHE

== Ty = 4mppl~ Pff X, (ég;) as, (12)

rie pt ecTs Moment munoas BenmuumEr US U HAmpaBaeHHS Xi.
3amerum, uro BeiBox dopmya (10) — (12) copasensnus naa arwobod
¢yuxunu U, peryasipsoli Ha GeCKOHEYHOCTH H YIOBJETBOPSAOmIeH

VCIAOBHIO f f (QU/onydS =0.
SVI

Mu nonyuniu oGoGuienve pesyabratra Teftnopa [83], koropuiit
paccMarpusan cayuail £ = 1. B srom cayuae (8UY/dn)a3S ectp dS,,
¥ MHTErPHPOBAHHEM IO YaCTAM IO BHYTPeHHeH o61acTi X NOBEpPXHO-

CTH S MBI HaXOJHM, 4TO ff Xy dSlwfff dR npencrasiasier co-
Goit o6pem tena . [TosToMy MOMXKHO 3anmucaTe PaBEHCTBO

T, =4mppl —o - 06beM (Z). {12

Hannune Beauuusr o6bema tena ¥ B dopmyae (12) Tefinop
OGBACHUI TEM, UTO 3amOJHEHHAas MKUIKOCTBIO NOJOCTh B X NPH [O--
CTYNATeJbHOM JBHIKeHUH YBeJAHUHBAET €ro NPHCOeNXHHEHHYI0 Maccy
Ha BEJHYHHY, DAaBHYIO NMPOM3BEAEHHUIO p HA 00BEM MOJOCTH, HE H3Me-
Has gunoJbHoro Momenta U! Ha GecKOHEYHOCTH.

OH TaKXe OTMETH], YTO B cilydae Teaa Panxuna p}nz.xgk)ek.
Clief0BaTeABHO, NPH NOCTYNATENBHOM ABHKEHHH BJAOJb OCH Xy TPH-
coejMHEHHas Macca paBHa NPOH3REJEHHIO MOMeHTa J[HuoJs,
onpeneasomeil TeJO CHCTEMBl HCTOYHMKOB M CTOKOB, HA BeJHUHHY
4mp MHHYC Macca BBHITeCHEHHOH XHIKOCTH.

Gopmyaa ansa cdepsi, Korna p==a%2, kax B § 98 dopmyna
{1), siBAsieTCs YACTHEIM CJydaeM BbIparxKeHHA

dra®y _ 2mpa?
)=

Ty =2mpa® —p ( 3

Cayyalo BHITSHYTOrO cepousia BpalleHHst COOTBETCTBYET JHHEH-
HOe pacnpejesieHHe HCTOUHHKOB MEXAy (OKYyCaMu.
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§ 103. Teopusi ¥ KCHEPUMEHT

XoTs Mbl Hauaad C TEOPETHUECKOro PacCMOTDPEHHS, HO SBJEHHE
MPHCOENMHEHHON Macchl BlepBble GbLIO OTKPHITO 3KCIePHMEHTalbHO.
B 1776 r. Hio6ya!) uaGmonaj ero BAHsSHHE Ha NEPHON MajbiX
KoneBanuil chepnyeckoro MasfTHHKA. M3mepenHble uM 3HauenHa k
Jaexar B unrtepsase 0,45—0,67.

B TO Bpems cuCTeMAaTHUYeCKOe M TOWHOe OIpejesieHHe Iepuona
KoJeSanuii MasiTHHKOB HMeno 00Jbmioe HayuHOe M INPAKTHUECKOS
suauense. yKenarenpHo GBIIO TOYHO 3HATH, YEMY PABHO g H KaKOBH
€ro aHOMAaJHH, a AJsl ONpPeleseHusl JOJTrOTH BO BpeMsl JJIHTeNbHBIX
MODCKHX TyTellecTBHii TPeGOBaJHCh XOpOLIHe XpoHOMeTpsl. B my-
cTore Mbl HMeeM mlf= mgsin@, crano 6biTh, g CBA3aHO C MEpPHO-
AOM T MaJbiX KojeGauuil MasiTHHKA AJMUHBL [ opMynoit g = 4w/
Ho neo6xomuMBl NONPaBKH KAaK Ha BJANsSIHHE BO34yXa, OKPyXKalo-
Lero MasTHUK, TAaK U Ha TPEHHE B CHCTEME IOJBeca.

OueBHAHO, UTO H3-3a NOLBEMHOH CHJIB BOCCTAaHABJXBAOLIAS
cHia mgsinf MagTHHKA INIOTHOCTH p YMEHbIIAETCs B OTHOLIEHHH
1 — (p’/p), rae p’ — nioTHOCTL BO3AyXa. Baaromaps oueHb TOUHBIM
usMepennsM Befinu 2) Gruio BBHISICHEHO, YTOG 5Ta NONpPAaBKa, AOXO4s-
miasi NPUMEPHO 10 5/p MHHYT B JeHb, ABJsieTcsl HejoctaTouHol, Or-
clioa sicHO, Kakoe Gosbpllioe 3HauyeHHMe uMmen pesyasrtart Ilyaccona u
I'pusa, uTo M B JeBOH YAaCTH YDABHEHHN MASTHHKA HYXKHO 3aMEHUTh
Ha «KAXYULYIOCS Maccy» m¥*, uTo YBeJWYHBaeT BEJNHUHHY T B OTHO-
wenun 1:[1 + (m’/m)] Taxoe pbiuncienne a priori 3Hauvenus
m’ = m*—m pas chepHuecKoro MamTHHKA ObIO NOPA3UTENLHBIM
pe3yJIbTaTOM. :

OnHako TOuHble H3MEDEeHHs BHISBHJAM TO OOGCTOATENLCTBO, UTO
nabmiofaemsle 3HaueHuss m’ = kp-o6bem (X), nosyueHHble MO H3-
MEHEHHOMY ypaBHeHHI0 MastHuKa (m + m’)l0=m[l — (p/p)]sin8,
CHCTEMATHUYeCKH IPEeBHIIANH 3HAYeHHS, HalJeHHble no dopMyraM
ITyaccona u I'puna.

drto cucremartuueckoe pacxoxnenue Croxe ([13], 1. 3, ctp. 1—
101) obwbacuan Bausuuem gasxocru. Ero coobpaxeHuss GYAYT KOH-
CneKTHBHO u3JoxeHul B § 115; ua yux ciaemyer, yTo yKasanHas pas-
HOCTh 3HAYEHHH mpomopuuoHanpHa uucay Crokca S = y%/w':a, rme
® ~—4acToTa, a a— pajguyc cheprl. CTOKC MOMYUMJ TAKKe BS3KOE
3611‘%16&&&6, KOTOpOe B OOBINHEIX YCJAOBHSX TOXKE NPONOPIHOHAIb-
HO S.

OTciofa Cnenyer, uto npu GbiCTPbIX KOACOQHUAYX MAAOL AMMLAL-
Tydot, Ko20a S Mano, TEOPUS MAeaNbHON KHAKOCTH JOJNKHA AOCTa-

Y DuBuat, Principes d’hydraulique, 3-e wusz., Paris, 1816, 221—251
(nepBoe n3manue—B 1776 r.). OG63op Gonee paunux pabor cM. B [13], T 3,
crp. 76122 win s [79], crp. 97—101.

?) Baily F., Trans. Roy. Soc., London (1832), 399492,




206 Ia. VI, Hpuceedunennsle maccel

TOYHO XOPOLIO COIVIACOBHIBaThCsl ¢ Halbmoaenusimu. WM peficTsu-
TeJIbHO, MHOTHE SKCHEepHMEHTH !) MOKa3aju XOpollee COMJIacoBaHHe
¢ teopueil. K coxajeHuio, aMIVIHTYAbl NPH 3TOM OGBLIYHO He H3Me-
PSUIHCh, @ MOTPEUIHOCTH SKCIePUMEHTa YacTo ObIM OXHOIO TOPSAKa
¢ nonpaBkofi Ha BsskocTb. Jlaunble Beccesst, mo-supumomy, 3aHu-
MaioT ocofoe MecTo; HeKoTopble noGounbie 3¢ (ekTsl B 3THX ONBITAX
6biau mpoanasusupoBansl Crokcom ([13], 1. 3, crp. 112).

Brio ycTaHOBJNEHO TaK¥XKe, YTO BJAJIH OT BCeX TBEPIBIX IPAHHIL
IBHIKEHHE XKHAKOCTH NpU YCKOPEHUU U3 HAYAAbHO20 COCTOAHUR NO-
KOR Ha NPOTSANKEHHM NPHMEPHO AHAMeTpPa XOPOIIO COTJIAcyercs C
Teopuell uneanpHOl xuaxkoctu. OfHAKO, NOCAe TOro Kak cdepa mo-
IBHHETCS Ha HECKOJbKO AHaMeTPoB, HaG/ojaeTcss OTPHIB NOTOKa
(oTmensiercs BUXpeBOH CJOH), M TOrZa CTauHoHapHoe 3Hayenue Cp
craHoBuTcq Oosee BaxuuIM ?). Eme cxkopee 370 NPOHMCXONHT nNpHU
YCKOPEHHOM JBHXKEHHH JHCKa HepHeHIUKYJsiPHO K ero MJIOCKOCTH 3);
3TOr'0 M CJAEI0BAJO OXKHAATb, TAK KaK OCTpasi KpOMKa GJaronpHearT-
cTByer OTphiBy. BooGuie roBops, TEHIEHUHsI K OTPBIBY 3aBHCHUT OT
BEJIMUHHBI TIOJIHOTO NEepeMellleHus, BhIDaXKeHHOH B AHaMerpax; Tak,
Npu TNEPHOAHYECKOM NBHKEeHHH oHA 3aBUCHAT OT Umaxt/d, rae 17—
nepuoj.

§ 104. Kostdhduunentnl ycroitynBocTH

Tlpu nccaenoBaHHH YCTOHYUBOCTH CTALMOHADHOTO [ABHIKEHHT B
BOJ@ MHOTHX THNOB Tel GBIJIH HCHOJb30BAHH B COOTBETCTBYIOIIEM
oopMileHHH HIeH, NOACKA3BIBaeMble JiarpaHxKeBbiMH (OpPMYJH-
poBkamu (§ 99, 100). Ecau stH ¢opMyJHPOBKH TPHMEHHMBI, TO
MOJXKHO NOACTaBHTb Gopmyny (2) B coortHomenue (3), uroOul noay-
YHTh CleAyIolliee YpaBHeHHe:

Q=2 T(q) ‘;j+ Fi(q, q) (13)
rae F; BupaxaioTes GopMyJioi
Fy=2T1"(4);qs (13)

W Laird L. H, Phys. Rev., 7 (1898), 102—105; Krishnayar S,
Phil. Mag., 46 (1923), 1049—1053; Yu Y. T., J. Appl. Phys., 13 (1942), 66—69
n 16 (1945), 727—729; Stelson T. H., Thesis Ph. D, Carnegie Inst. Tech.
(1952). Cum. Takxe npejbIAyIlHe CCHIJIKH, a TakXe ppuMeuanuss Kk § 104—115.

2y Cook G., Phil. Mag., 39 (1920), 350—382; Hirsch P., ZAMM, 3
{1923), 93—107; Bagliarello G, Ric. Sci, 26 (1956), 437—461. O sruncye-
HHH DAacCTOSIHEH, HA KOTODHIX NPOHCXOZMT OTpHis notoxa, cM. Tollmien H,
Handbuch Exp. Phys., 4 (1931), u. 1, 272—279; Goldstein S, Rosen-
head L., Proc. Camb. Phil. Soc., 32 (1936), 392—401.

) Luneau J, C. R. Paris, 227 (1948), 823—825 u 229 (1949), 227--228;
Iverson H. W, Balent R, J. Appl. Phys, 22 (1951), 324—328; B natu
cyyasix HaGJIONaNoCh TeoperHyecKoe K.
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a P{k=(aTi,-/qu+0Tik/0qj-—0Tjk/0q,-)/2 CYTh KOMIIOHEHTHI TeH-
3opa Kpucrodpdens ([76], crp. 39). Kpome Toro, Bxomsiue B 3TH
dopMyabl QYHKUMH B NPHHIHNE MOXKHO, Kak yTBepxkjgaa Jlarpanx
(§ 1), onpenenutp 2 priori NpH NOMOIUM TEOPHH IOTEHIHANA,

Ha npaxruxe npeanosiaraercsi H3BeCTHBIM JHIIL 840 YpaBHEHHH
(13) u (13), npuuem ¢opmyna (13’) ¢akTHuecKH COOTBETCTBYET
HPHHATHIO «HHepUHaJbHOro Moneauposanusy» (§ 70). Ykasaunnie
ypaBHeHHS NPHMEHSIOTCS OOBIYHO TOMBKO K MaJbiM BO3MYILIEHHSM

CTalHOHADHOTO JBHXKEHHS, 4TQ NO3BOJseT cyuTtath Tij H r/* B
ypasHenHax (13) u (13’) mocTOAHHBIMH BedMYHHAMH. DTH IOCTOSH-
aele (nofo6Ho Cp, Cr W 1p.) OGBLIUHO ONPEEIAT IMNUPULECKY —
TaK, 4YTOObl OHH COOTBETCTBOBAJH /[ aHHBIM HAOJ/IONEHNS; 3MOHpHYeE-
CKHE KOHCTAHTHI, OmpejiesiieMbie TaKUM 00pa3oM, HA3LIBAIOTCH KO-
sppuyuenramu ycroduusocTu.

Bo BpeMst nepsoil MHPOBOH BOMHBI TakKue KO3((HUIHEHTH HC-
[I0JIb30BAJIACh, HAmpHMep, AJS HCCAEAOBAHHS YCTOHYMBOCTH Bpa-
mammuxes cHapsajgos!). B HacTosiliee BpeMsi OHM IPHMEHSIOTCH
K aHaJH3y YCTOHUYHBOCTH IOJIETA PaKeT H YNpaBJseMbIX CHapsigOB;
cayyaidl CHapsaoB co CcTabH/IH3aTOPOM Tropas3fo Npolle AJs H3Y-
YeHHsl.

Upe3pbiualtHO BaXKHO H XOPOIIO Pa3paboTaHO HX NPUMEHEHHE K
4HaJAM3y YCTOHYHMBOCTH MOJIeTa caMoJeToB. TecHo CBSI3aH C 3THM
AHAJM3 YCTOMYMBOCTH JBHXKEHHS AUPHKa6yell (M NOMBOLHBIX JIOLOK).
B aTHX cayuasx oco6eHHO GOJIbLIYIO POJIb HIPAeT HHEPIUHS BO3AYXa
(BOmBI), B KOTOPOM HaXORMTCS ABHXKylleecs Teso. CM. [45%].

Broxnosasiemble unesMu Jlarpauxa, pasiuuHbie aBTOpBI IIbITa-
JIHCh BBIYHCAATh KO3((QHUIHEHTH YCTOHUHBOCTH HCXORSI H3 Qnpuop-
Hotx coobpaxennii. Xorsi And Qupukabiedl H HOZBOAHBIX JOLOK
yAanoch JOOHTbCS HEKOTOPBIX YCHEXOB, 3KCIEPHMEHTH NOKasaJd,
YTO B AEHCTBUTENILHOCTH NPHCOEAHHEHHAs Macca NPH CTAUHOHAPHOM
ABHKEHHHM HCIBITBIBAET 3HauyHMTe/bHble H3MeHeHHsi. COOTBETCTBYIO-
LHe BBIYHCJIEHHS KO9(P(HIHEHTOB YCTONUMBOCTH /JIsi CAMOJIETOB
ropasjio TpyJaHee: HYXKHO YUHTBIBATb LUPKYJIAIMIO H pacrnpelesieHne
BUXpeil; 60/bLIMe COMHEHHUS! BHI3BIBAET HCIOJb30BaHHe ycaosus JKy-
KOBCKOro. Mbl OTCHIIaeM 4YdTaTe/Isi 32 NMOAPOGHOCTAMH K TeXHHYe-
CKOil iuTeparype 2).

') Fowler, Gallop, Lock, Richmond, Phil. Trans. Roy. Soc.,
A221 (1920), 295—387 u A222 (1922), 227—247, cm. McShane E. Y., Kel-
ley J. L, Reno F. V., Exterior ballistics, Denver, 1953.

2) O6sope Bmecre ¢ GuGmuorpadueii xaam Reissner E., Bull. Am. Math.
Soc., 55 (1949), 825—850 n Garrick I. E, Appl. Mech. Revs, 5 (1952)
89—91; cm. Takxe Scruton W. R, Aer. Res. Comm. Rep., 1931. OruocHrenbHO
aupuxkabrei cm. Cowley, Levy, Frazer, Relf, Jones, Adv. Comm.
Aer., Tech. Rep., 1918, 1919, ctp. 95—127; Szebehely V., Proc. Sec. Nat.
Congr. Applied Mech. USA (1954), 771—776.
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Ha npaxrtuke KaxyuleHdcss Maccoii HHTepeCcyloTCs Takxe B CBf3H
€ TeM BJHSHHEM, KOTOPOEe OHa OKa3blBaeT Ha COGCTBEHHBIE YaCTOTHI
KoneGanuil Kopabas, paBHO KakK H Ha yacToThl GOPTOBON M KHJEBOH
Kaukd, B mepBoM cayuae BJMsIHHE CBOOONHOH NOBEPXHOCTH JIEIKO
OIleHHTh. B BHAY OTHOCHTEJNBHO $OJBOION 4aCTOTH MOXKHO TOJOXKHTb
npu 3tom U = 0. B apyrux cayuasx BausHue o6pasyouXCs Ha
TIOBEPXHOCTH BOJH YUecTh CJoxHee. M Ha 3T0T pas Mbl OTCHIaeM
ynrarens k aureparype!). Ilo-sumumoMy, Mano HMeercsl CHcTeMa-
THYECKHX 3HaBHUE OTHOCHTENHLHO 3aBHCHMOCTH Ko3¢({HUHeHTOB yC-
TOHYHBOCTH OT uncia Ppyna.

Haxonen, MHOTHe aBTOPH NPHMEHSAJNH NOHATHE KaxKyljefics Mac-
CBHl [151 OHEHKH YAapHBIX CHJ NPH NOcajke ruiponyiaHa Ha BOAY
TIpH BXOJAE CHApsiNOB B BOAY ¥ Apyrie xujgkoctd. Kpartkoe pesiome
110 3TOMY BOnpocy npHBeneHo B pabore {17]2, crp. 243—250.

Xora penyxruBHas reopus § 99—102, crtporo roBops, He npuMe-
HUMa HH¥ K OLHOMY H3 TIPMBEJEHHBIX NPHMEPOB, BCE Xe B KaXIAOM
U3 HUX MOHATHE TeH30Pa NPHCOCAHUHEHHOH MacCH 0KasaJjoch ILIOKO-
TBOPHBIM.

§ 105. MpucoeanHeHHass Macca B KOJHYECTBO JBHKEHWUS

B GonbmIMHCTBE MPHJIOKEHHH BIMAHME NPHCOSAHHEHHOH Macchi
coyeraeTcss ¢ BO3JeHCTBHEM MHOTHX APVIrHX (PaKTOPOB, B HCCHAENO-
BaHHH KOTOPLIX 32HHTEPECOBAHBI TOJILKO crnenHanuctsl. I10aToMy Mbi
cefiyac BepHeMCH K YHCTOH Teopuu KamymeHcs Maccsl — TEOpHH,
NPHBJEKATENBHOH H C 3CTETHYECKOR H C MaTeMaTHYeCKOH TOuexk 3pe-
nus. Ho npexne uem nepefita k 6osee afoTpakTHHIM PaCCMOTPEHHAM,
(§ 108—112), Mu nmpuBeseM HECKOJBKO YACTHBIX Pe3yJbTaTOB, KO-
TOpBIE TIOMOTYT YACHHTb CMBICA BBOAMMBHIX HaMu aGcrpakuuil

CocraBasiiolise TeH30pa mpHcoeAHHeHHOH Maccel Haubosee yao-
BJIETBOPUTENLHO ONPEeResIOTCS IOCPEACTBOM HHTErpPaJioB KHHETH-
vyecKoil snepeuu mnojpobuo dopmynam (2) u (4). Dt HHTerpaJsi
cxodarca Ha OeckoneyHoctH, Tak Kak (§ 7) V U = O(r?) s npo-
crpancrse. B cayuae niockux Tewenuit upuxse mHTErpas KHHETH-
YyecKOofl HEePTHH TaKXKe CXOIUTCS HA OECKOHEUHOCTH: U B 3TOM CJy-

yae HHTErpan ff(VUVU)dxdymO(fr"’rdr) KOHEUeH,

1y Nicholls H. W, Trans. Inst. Nav. Arch., {(1924), 141—163; Le-
wis F. M, Trans. Nav. Arch. Mar. Eng., 37 (1929), 1——}8 Moullin E. B,
Proc. Camb. Phil. Soc., 24 (1928), 400413 n 531—558: Brown A. D. u Ip.
Tam e, 26 (1930}, 258——262 Weinblum G, Schiffbau, 32 (1931), 488—495:
509——011 u 520—529 Xacxﬁﬂn M. NI, Hss. AH CCCP (1946), 23—34 4
12{)1\41\/{2 10 (1946), 475—480; Wendel K., Jahr. der Schiffshan Ges., 44 (1950Y,

7—255.

%) TlepBas 3azaya O TMPHCOEAMHEHHON Macce MaaBsaloluero Tefa GEUIA pelleHa
H. E. JXyxosckum [28*]. CoBpemennoe cocrosasue Bonpoca c¢Mm. B paforax [7*],
[17%], [26¥—33+%]. — [Tpum. peo,
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Ceituac Mb GydeM HHTepnpeTHPOBaTb Thy KaK HHTErpaJn KOJH-
yecTBa ABHXeHHA. PasnnuHble aBTOPbl OoTMeuaan '), 4yTo HHTErpani
KOJIHUeCTBAa ABHXEHHA pacxoastcs B 0ObiunoM cMbicne, [losTomy
NpH MHTepnperauHy BeNHYHH Thy C NOMOULBIO KOJIMUECTBA ABHXKe-
HHS HYXHO COGJIIOAaTb OCTOPOXKHOCTb. A Tenepb pacCMOTPHM 3TO
noapoGHee.

Kospduunentnt Thy u3 dopmyan (8) npeactasasior co6oil HH-
Terpanb!, B3siThieé MO rpaHuue S Tena I, H B HOBLIX 0603HAUEHHAX
HX MOXHO 3anKHcaTh B BHAe

Tm=>0 [ [UdSx, (14)
M

R
rie U = U* —rapMmoHHueckass ¢yHKuHa u dS, = 12 K;dS, Bu-
-]

paxaer auddepenunan noroka Bekropnoro noas K= (K,(x),
K.(x), K3(x)) uepes S. Tak, B cayuae nepeHocOB, Napa/iienbublX
ocH xy, K= (1, 0, 0); B cayyae noBOpOTOB BOKPYI OCH Xy MOJY4HM
K = (0, x3, —x3) u 7. 4. [TocpeactsoM 3T0ro yao6Horo o603HaueHHs
onpeneasercs NoJe3HbIH Kaacc uHrerpasos CTuabTheca mo nosepx-

HOCTAM NPH YCJOBHH, YTO nmerpa.nfflde | KoHeueH. 3aMeTHM, 4TO

Bceraa, koraa K ectb mose ckopocteit tBeproro Tesa, divK = 0.
10 ycaoBHe u eute To, uTo U ecTh rapMonnyeckas (yHKuUHA, pery-
asipHasi Ha GeckoHeynocTH ([4], cTp. 217), — BoT ¥ Bece, uTO HAM no-
Tpe6GyeTcs ANA NaJbHEHLIUX BHBOIOB.

OnpeaennM «K-HHHIO®» KakK HHTErpajibHyl0o KPHBYIO CHCTeMbl
dx;/dt = K;(x), nau dx/dt = K(dx; = Kidt). Takum o6pa3om, ecau
K cooTBeTcTBYeT mocTynatesibHOMYy ABHMXEHHIO apaJjJielbHO OCH X,
ro K-auuuu cytb npsimbie, napaaneabHbie 3710 ocH; ecan K coor-
BETCTBYET BHHTOBOMY [ABHXKEHHMIO OTHOCHTEJbHO OCH X, TO K-AHHHH
npeacTasadiorT co0oii BHHTOBHE JIHHHH BOKPYr 3TOH OCH H T. I.
Tenepnb k BekTopHOMy noaio UK Haa o6nacTsaMu R, orpaHH4YeHHbBIMH
nosepxHoctasin SUS' U S”, rae §” cocrour u3 K-aunuit, Mo npu-
MeHHM TeopeMy o muBeprenuuu. Tak kak dSk==0 Ha noBepxHoctH §’,
cocrositedt u3 K-HHuM, 0 Tak Kak

div (UK =K, 32 + Udivk.

10, noab3ysics pasercTsoM div K = 0, Mb nonyuaem u3 $opMynH
(14) cneaytoluee cooTHoLIEeHHe:

rh,=pf,jf(K,§%)dR—p{fUds.(. (14)

(7, 119; Tollmien H.. ZAMM, 18 (1938), 154.
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[TokazaHHble 34ech 3HAKKH feped ABOHHLIM ¥ TPOHHBIM HHTErpa-
NaMy BepHbl, eCJIH HOPMAJH HanpasJ/eHbl 8HYTPs obaactu R. B uacr-
HocTH, ecau R — GeckonedHas o6JacTb M NOBEPXHOCTh S’ oTOABH-
raercs Ha GeCKOHEUHOCTb H ecJH mn*erpa.n B obnactu R cxomurcst,
TO NOAYUHM (OpMYyay

Taume S J 1 (K 32)ar. a4

Teneps paccMOTpUM pasjiHuHble CAyYaH, COOTBETCTBYIOLIHE 4acT-
fibiM 3HAUEHHUAM KO3(D(DHUHEHTOB B BbipaXKeHWW AJS NPHCOENNHEH-
HO® Macchl.

Ecan k=1, 10 K= (1, 0, 0) = grad x; = Vx; B 3aBucuMOCTH
ot obosnavenuil. [Tycte 87 ecth GeckoHeuHO NJAMHHBIR YUAUHOP, OCH
KOTOPOFO mapaJjuieibHa OCH Xy W KOTOpbi comepxut Teqno X. Torna,
MOCKOJIBKY MHTErpas oT KOJHYEeCTBa ABHIKEHHUS

T,_r,,,pffu dxgdxg,—pfff( )a’R (15a)

CXOOHTCS Ha GECKOHeuHOCTH, Mbl MOJIyyaeM CJeNYIOUHA pe3yJbTart.
Koagppuyuentor 8 sotpaxceruu 048 npucoeOuUHeHHOl Maccel, COOT-
BETCTBYIOUUE NOCTYNATENbHOMY OBUNCCHUIO NAPAAACABHO OCU Xy,
PABHLL COCTABAAIOULEL 1O Xy KOAULECTBA OBUMCH A HUOKOCTU BHYTPU
4106020 OeckoHeuHO20 YUAUHOPA, COOCHO20 ¢ Xy U coOepxcauezo
Teao ¥ npu dsuscenuu ¢ eQUHUHHOU CKOPOCTbIO 8 Hanpagaeruu h. O6-
nacte R npote Bcero GpaTh B BHAE UHJIHHAPA, ONHCAHHOTO BOKDPYT.
tena . DTOT pe3yJabTarT NPHMEHHTENbHO K BeauunHe Ty MOJAYUHJA
Teonopcen [84].

Hanee, ecan k=4, o K= (0, x5 —x3) = x3Vxy — x,Vx,.
Ilycts 8” orpauuuupaer qi06oe T8epOoe Tea0 8paUeHUS, KOTOPOE
COZEpPXAT Teso X U JJIsl KOTOPOTO OCb X; ecThb OCb cHMMeTpuu. Torna
rpanuna SUS” obaactu R cocrout n3 mosepxHoctn S u us K-au-
uuii (kpyros), tak uto ¢opmyaa (14%) ceoaurcst K BHAY

Tuse [ [ [ (g =555 ) aR=e [ [ [ (55) aR
(156)

rae § = arctg xs/x,. CnenoBarenbto, Thy — MOMEHT KOAUYECTBA OB~
HeHiis OTHOCHTEBHO OCH X; JKHAKOCTH, Haxolsulelica B obaactu R.

C noMouibio HKAHYeCKOH nepectraHoBkH ocell u3 (15a) u (156)
MOIKHO JIEFKO MOJIYUHTb OCTaJjibHbie BeMuuuHbl Tpy. Coyuait suntoso-
20 Osunmenus BOKPYr ocu x;, korza K= aVx; + B(x2Vx3— x3Vxy),
JEerKo MOJIYYHTh Cyneprnoduuueil ABYX npeablaymux  dopmya.
[lyets  nosepxuocts S — kpyeosoid  yuaunOp, ONUCAHHBIA BO-
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kKpyr Teaa X. Toraa npucoeintieHHas Maccd PaBHA KOJAHYECTBY BHH-
TOBOTO [ABHXKEHHS MKHAKOCTH, HAXOASILEHCS BHYTPH MOBEPXHOCTH

S”, a uMeHHO pfj (@ 0U™0x, + B 0U"09)dR; To xe camoe BepHO
LJif BCeX LUMJAMHAPOB, COOCHBIX C X; H COAepXallHX Teao 3.

§ 106. lpyrue untepnperauun

CoBcem HepaBHo Y. [lapBun!) nan HOBYIO W OueHb NPOCTYIO HH-
TepIpeTautio TeOPeTHUECKOH NPHCOeAHHEHHOH Macchl TBePJOro Tena,
BBe[s MpejcTaBjeHHe o dpetighe, T. €. O CMELIEHUH MOMEPEYHOl Mo-
BEPXHOCTH XMXHIKOCTH, Bbi3biBAEMOM TIOCTYNAaTeJbHbIM [ABHMKEHHEM
Tesqa X U3 —oo B 4 oo BAOJAb AaHHOH ocH. OH mokasaJn, 4To npu-
coedunennbili 006vem pi/p, onpejensieMblil KaK OTHOLUEHHe BeJHUHHbI
NPHCOCAHHEHHOH Macchl NPH NOCTYNATeNbHOM ABHXKEHHH K MJOTHO-
CTH KHAKOCTH, paBeH 00beMy, 3aKJIOUEHHOMY MEXJAY HauaJjbHbiM H
KOHEUHbIM MOJIOXKEHHAMH J1I000H TaKOH MOBEPXHOCTH.

B canyuae naocko-napassresornoeo o6rekannsi HEKOTOPO# NJOCKOMH
obnactn £ MOXHO HaTh APYrylo, COBCEM MPOCTYI0 HHTEpPNpeTaunuio
B TePMHHAX KOH(POPMHOro oTOOpaKeHus:

’=az+c0+-cz-'+%+---, >0, (16)

NepeBoAsILUlero BHEUIHOCTh €AHHMUYHOrO KpPyra Ha BHELIHOCTb o6.ja-
ctH X. Kak yxe oTmeuasnocs B § 8, umeercs OJHO H TOJIbKO OJHO
Takoe npeobpasoBanue. 3aMeTuM, uTo ecau V ecTb PyHKuMS TOKa,
10 audoepenuuan (VV - VV)dxdy KuneTHUeCKOR 3HEPruM coxpa-
HsieTCsl NPH KOH(OPMHOM 0TOOpaKeHHH U CKOPOCTb HAa GeCKOHeuHo-
CTH M3MEHSIeTCS] NMPH 3TOM B OoTHOweHHW | :a. C apyroil CTOpOHLI,
¢byukuusa V u3 ypaBHeHHS V + Uy = ¢ ydOBJAETBOPsiET KPaeBOMY
ycaosuio V = 0 na X.

HenocpencTBennas acuMntoTHyeckas oueHKa, yYHTbIBAIOLLAS 3TH
nanubie ([86], ctp. 204), nokasbiBaeT, YTO B caydae TEUEHHH, napas-
JIeJIbHBbIX OCH X1, NpUCcoeanHeHHas mMacca My, tesna ¥ ygoBJaeTBopsieT
ypaBHEeHHIO ?)

M /p+ nnowans(X) = 2ra? |1 — Re (¢,))]. (17)
®opmynoit (17) 3agaua BbIUHCJAEHHS MPHUCOEAMHEHHOfi Macchl CBO-
OUTCS K 3alaye KOHPOPMHOro 0ToOparKeHusl.

Hpyro# untepecHsili pesysabTat — 310 Teopema [lofia o Tom, 4TO
43 BCeX IJIOCKHX o6JacTtel, HMEUWHUX [JaHHYIO MJOLla[b, KPYIJIbi
aucKk obGJaajaerT HaWMeHbLlefi ycpeaHeHHOH NpHCOeNHHEHHOR Maccof

) Proc. Camb. Phil. Soc., 49 (1953), 342--354; cM. Takke Light-
hill M. Y., J. Fluid Mech., 1 (1956), 31—53 u 311—312.

%) B _[7*] naHm Bblpaxenus Aas BCEX KOIPQHUIMEHTOB [PUCOEAUHEHHLIX
macc. — Ilpum. ped.
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(ycpenHeHHOH NO BCEBO3MOXKHBIM OpHeHTANMAM). AHajoruuHblH
pesyJabTaTt AAg chep B npocTpaHcTBe HeaasHo noayuna Uluddep ).

Hakonew, wuMeercss 3aMeuaresibHbI Pe3yabTaT, BHISBASIOULHI
€BSI3b MOHSATHS MNPHCOENMHEeHHOH Macchl C TeopHeH cTPyH, pac-
cmotpennoit B ra. III. Kak BnepBbie jokasan PsabymnHckui,
B ceMe{CTBe TIpaHHl, OXBaTHIBAIOUIMX OJHH M TOT Ke OO6beM
(uan, B clyuae MJIOCKHX TedeHHH, — OJAHY H TY XKe IJIOLAAb), 3KC-
TPeMAAbHOe 3HAYeHle NpUcOeOUNeHHOU maccel 0aroT c80000HbIE
eparuybt. OTHOCHTEJILHO BBHIBOJA H NPUMeHeHHUil >TOH TeopeMbl Mbl
orchblsiaeM yurarens K [17], crp. 85—89 u 177—184.

§ 107. Kanonuueckasn ¢opma

Kak yxe nosicusnocsk B § 101, Ten3op Kaxyiuefics maccel Tena
3 3aBHCHT OT BbIGOpa OceH KOODAMHAT, CBA3AHHBIX C TEJOM, H H3Me-
HseTcs ¢ M3MEHEHHeM IOJIOXKEHHs Tesa OTHOCHTENbHO HEeKOTOPOro
3a/laHHOTO HayaJbHOro nonoxeHusa orcuera q = 0. Cayuait chepnl
BecbMa npoct. Ecau ocu mpoxoasit uepes uentrp coeps, 10 B 060-
3Hauenusx u3 § 100 cnpaBeasiuBel paBeHCTBA

Ty=Typ=Ty=m", Tyu=Tgz="Tg=2ma’5,

a Bce T BHe rJIaBHOI AMAaroHanw [{ # j] paBHB HYJIO.

Jpyroii u3BeCcTHBIH 4acTHBHI caydall — 3TO TBepJOe TeJO B AYC-
rore. Ecnu 3a HauaJo KOOPAMHAT B3ATb LEHTP THAKECTH, TO BCE
Tiyili#+jui j=1,2, 3] o6parsitca B Hyab, a Ty = Toy =T33 =
= m, rjle m — Macca tenaa. llanee, NpHHSAB [J1aBHble OCH HHEpPIIHH
B KauecTBe JAeKapTOBLIX OCeHl KOOPAMHAT, Mbl MOXeM 0OpaTdHThb B
Hyab Bce T4(i +ju i, j =4, 5, 6). CiienoparenbHo, TeH30p HHep-
IIUH OfpejJessieTcsl YeThipbMsl CKaAspHbIMH BeanuuHaMu Ty, Tys, Tss,
Te6, KOTOpblE MyTeM H3MEHEHHs eJMHHIl AJMHBI U BDPEMEHH MOXKHO
cBectH K 08ym. 3ateM, T4y + T55 > Tge ¥ T. A. 0OPH UHKJIHYECKOH
3aMeHe UHAEKCOB; cJyual 3JJIMNCOHAA ABJISAETCS BNOJNHE OGLUIHM.

B nByx ykasanubix cayyasx matpuua ||7;;/| npusoautcs kK nua-
roHaJbHOH (popMe C NOMOLUBIO HaAJeKallero Bbi6opa oceit KOOpaH-
nar. IlpeacraBisier MHTepec BBISICHUTb, HACKOJbKO MOXKHO YIpO-
CTHTb MaTpHUIly HHepUHaJbHBIX KO3(¢uuuerToB I';; NpH MOMOLIH Had-
Jexaulero Boi6opa 1eKapToBOHl CHCTeMbl KOOPAHHAT M UEHTPaJbHOM
TOUKK 2) A5 obllero ciyuas KHAKOCTH C MOJOXKHTEABHON MJOT-
HOCTBIO. DTO NpeicTaB/sieT co6OH NPOCTOe yNpakHeHHe N0 TEOPUH
KBaApaTHYHBIX dopM.

) Polya G., Proc. Nat. Acad. Sci., 33 (1947), 218—221; Schiffer M,
Comptes Rendus, Paris, 244 (1957), 3118—3121.

2) OrHOCHTENBbHO UeHTpasbHOR Toukn cM. [34*]. Mo Bonpocy 06 ynpoueruu
MaTpHUbl HHEpUHaJbHbIX KOdbduunento cm. [25*]. — I[Tpun. ped.
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Ha npuwmepe secaa (§ 98) BuaHo, uT0o Kaxyulasacs HHePUHS MO-
*eT GHTh Pa3JUYHON ITPH NMOCTYNATENbHOM [BHKEHHMH B PasJHYHBIX
HanpaBJIeHHsIX; rOpasfo Jerue Co3iaTh yCKOpeHHe, paccekas Bec-
JOoM Boay, uem 3arpebas. Ognako TaK Kak BCSKas KBajpaTUYHAS
¢dopmMa 3KBHBAJeHTHA !) OTHOCHTENbHO TPYNNBl BPALIEHHH XHATO-
HaJabHOH QropMe, TO MBI BCErja MOXKEM MOBEPHYTb OCH TaK, YTOGHI
noayuntb T2 = Tos3 = T3 = 0, npuuem BemuunHsl Tyy, Tag, Tas
6YAyT COOTBETCTBOBATb <«IJIABHBIM HanpaBJeHUSAM» MOCTyNaTelb-
HOrO I BHKEHHUS.

3a uCKA©QUEeHHEeM Caydas BRIPOXKAEHHA (cayualt HEBECOMOH TOH-
KO# IVIACTHHKH), Korjga ojaHa u3 Besinunl Ty [ = 1, 2, 3] o6pamaer-
¢ B HYJh, BO3MOXKHO [ajbHeliliiee YNpOMieHHe HajJeXall¥M Bbl-
6opom Hauajia KOOpAMHAT B HeHTpanbHOH Touke. IlycTh w), Wy, w3
00038auyal0T BpAalleHHs CO CKOPOCTbIO OJHH DajHaH B CEKYHAY
OTHOCHTEJIbHO HEKOTOPOH CHCTEeMBl oOCell, napaJijieflbHBiX TVIaBHBIM
HaNpaBJeHHsIM NOCTYNATeNEHOro ABHKeHus; nycts X, Y, Z o6osna-
9al0T NepeMelieHnst B IVIaBHLIX HANPAaBJIEHHSX NPH €AHHHYHOH CKO-
POCTH, ¥ NyCTh W;, W, W; 0GO3HAYAOT BPAIUEHUS OTHOCHTENbHO

ocell, CMeLeHHbIX Ha BeKTop (x, y, 2). Torna
w, =, +yZ—2zY,

Wy, =W, 42X — xZ, (18)
w,=w,+xV —yX.

IMoacranoBka w; BMeCTo w; He H3MeHsieT 74— 3HEPTHIO B3aH-

vopefictBus Mexay X M @), NMOCKOJbKY 3HEpPrusi B3aHMOJAEHCTBHUS
mexay X u Y uan Z pasHa nymo. C Jpyroit CTOPOHbI, NPH 3TOM
Beaununna Ti5 = Ts; ysesnuusaercs Ha 27Ty, BeauunHa Tig = T —
Ha xT2, a BenuunHa T94 yMeHbiaercs Ha 2792 u T. .

ITosTomy HaanexamwuM BHIOOPOM 2 MOXKHO JOOHMTHCSH PaBEHCTBA
Tis = Ty v ananorudno nonyuutb Iyg = T3y U Tog = Tgs. Takuam 06-
Da30M, MATPUYY UHEPUUAALHOIX KOIPOUUUEHTO8 MONHO NpUBECTU
K ynpollueHHOH ¢opmMe, KoTopasi ykasaHa Ka puc. 27.

B 3Ty KaHOHHYECKYI0 (OPMY BXOAAT NATHAOYAT6 NPOUIBONLHLLX
HROCTOAHHbLX, YACTAO KOTOPBIX MOKHO CBECTH K TPHHAJLATH, H3MEHHUB
MacwitaG AjauHBL 1 BpeMeHu. Mrtak, obuinit ciyuail XxapakTepusyercst
Tpunadyareio Geapa3MepHbIMH OTHOILIEHHSIMH M AByMa npeobpaso-
BaHHAMH €[HAL, H3MEPEeHH. ,

Ecan Teno uMeer Tpn B3aHMHO NepHeHIHKYJAPHbIE MJOCKOCTH
CHMMETPHH, KaK JUIMNCOH[, TO MX MOXHO B35iThb B KauyecTBe KOOp-

'} Hcnonbayemble 3pmeck anrefpauyecKkne TeopeMnl JOKasaHbl, HampuMep, B
[45], ra. 1X, Tteopema 21. [lo nomogy camux pesyabrato cM. [7], § 126; oGmuit
cnyuali paccmotpen Clebsch, Math. Annalen, 3 (1870), 238. Ortuocsauiuecs
clopa apyrue pesyabtathl cM. Morgan G. W, Quar. Appl. Math., 12 (1954}.
277—285.
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nuHATHBIX TJockoctedl. OTpakenue, cKaxeM, B IVIOCKOCTH (X, Y)
ocrasaser Z, w), Wy HEU3MEHHHMH, HO MEHSeT 3HaK Ha UPOTHBOIO-
goxuntit y X, Y, ws; KHHETHYECKAs SHEPTUs NPH 3TOM He H3MEHseT-
ca. B cuny sroro Ty3 = —T3 = 0, u anasornuHo

Tp=Tg=Ty=Typ=Ty="Ty="TyH="T5=0.

IToBTOpSiA 3TO pacCyXJeHHe IJsi APYTuX KOOPAHHATHBIX MNJOC-
KocTefl, MBl BHAMM, 4YTO MAaTPHIY HHEPHHAJbHBIX KO3Gh(HUHEHTOB

fleperoc Bpaugenue
« 0 0 P £ U]
0 B 0 ¢ a {
0 0 7 4 T
P ¢ ) T4 Tss T4
¢ o ¢ Tss Tss T
7 ; 7 T46 T56 Tﬁs

Puc 27.

MOXKHO QMaroHaJgusHpoBaTh. TakuM 06pasoM, Yy HAC OCTAIOTCH WeECTb
NPOU3BOJBHBIX TNOCTOSHHBIX M 4Yersipe Ge3pasMepHBIX OTHOLICHHS
(¥X TONIBKO J(Ba B CJAyuae TBEPJAOrO TeJa B BaKyyMe).

Hpyroii uxTepecHH cayyalt — CHMMETDPHS OTHOCHTENBHO Tpex
B3aMMHO NEepNeHAHKYIAPHBIX ocell, HO 6e3 CHMMETPHH OTHOCHTE/IbHO
NJIOCKOCTEH, NPOXOASIIUX uepe3 9TH OCH. TUNWYHBIM HPHUMEpPOM sB-
Jsiercsi BUHTOBasi JIHHHS: X =rcosz, y=rsinz, [rl<1, |2/ < 2%

B cusly cUMMeTPHH OTHOCHTEJBHO OCH 2 OCTAlOTCH HEU3MEHHBIMU
Z, w3, HO MeHseTCd 3HaK Ha NPOTHBOMOJNOXKHBIN y Beauuun X, Y, w,
wy. [TosroMy, Kakg U BhIIIe, NOJAyYaeM PaBeHCTBA

Txa = T23 = T43 == Tss = Tm == Tzs = T4s = Tss =0.

TToBTOpHB 3TO0 paccy:KIeHHe 1 APYTHX KOOPAHHATHBIX MJIOCKO-
cTeill, Mbl BHIHM, YTO, KPOME «BHHTOBBIX NDOH3BEJEHHI] HHEPUHH>
p, ©, T, Bce KO3 UIHEHTH, CTOsIHE BHe IMIaBHOH AuMaroHaJu, oGpa-
aTCs B HYAb., Takum o6pa3soM, 31ech Mbl HMeeM 0e8ars Koahdu-
HWEHTOB HHEDLHH, U IIPH NOMOIIH H3MeHEeHHs MacHiTaGoB AJHHBE H
BpeMeHH MX MOXKHO CBECTH K CeMmu CYLIeCTBEHHO He3aBHCHMBIM Ia-
paMerpam.

IlpuBesienHble BhIIe DPACCYXKACHHS MOXKHO paBHBIM 00pasoM
OPHMEHHTb K TeH30pYy NpHCOeJHHEHHOli Macchl, XOTdA, BoOOlie ro-
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BOPS, IV1aBHble OCH OYAYT NIPH 3TOM KPYTHMH, €CH TOJAbKO OHH He
SIBJISIIOTCST OCAMH CHMMETPHH. Mul paccMaTpHBasi TEH30P Kaxyulei-
CA Maccel ¢ UeNbI0 BRJAIUWTH CIOJa H3BECTHHI# cayuwall TBepaoro
TEJIA 8 NYCTOTE B KAYECTBE YACTHOrO !).

§ 108, I'eomerpuyeckan uuTepHpeTanHn

Teneps Mpl Gynem TPAKTOBATHL TEOPHID KANKYLIMXCH Mace Kax
pasgen udcrofl reomerpuu. Hauwem ¢ toro pesyavtarta us § 100,
101, uto cucreMa, COCTOSIINIASE U3 TREPAOTO Tesa X B HAeaNbHON Kuj-
KOCTH, €CTb UHEPUUQAbHAA AQ2DAHICESE CUCTEMO ¢ KHHEeTHYECKOH

sneprueit, pasuoft T == 5 T;,g,q,. OTCIONA MOXHO JIETKO BBIBECTH

KJIACCHUECKHH DPe3yJAbTaT ?), 3akMioyamomuiics B TOM, YTO <«E€CTeCT-
BEHHBIEY TPACKTOPHH, HOJYUAIOLIYECS NPH OTCYTCTBHH BHEIHMX CHJ,
npeacrapasior coboli ceodesuueckue aunuu. B wactHoctH, @ =0

B dopmyne {3) TOorma ¥ TONBKO TOTAA, KOTRa f Tdf npunamaer

MHHUMaJbHOE 3HauYeHne. DTO OUEBHJHOE CJEACTBHE W3 ypaBHEHUH
Ditnepa npeacrasaser cofofl npocTeRmui cayvadl NpHUHIHNA HaH-
MeHbINero JefcrBuf -—— BapHauuoHuofl (QopMynupoBKE AMHAMHYe-
CKHMX 3a/a4.

Tounee, npocTpaHcTBO «KoHbUrypauuily q = (g1, ..., §s) Hammel
CHCTEMH €CTh PHMAaHOBO MHOrooGpasue ¢ «IAJAHHON ayruy
dst=2 Ty (@) dg; dq;. (19)

KpomMe TOro, MOCKONBKY 3HEPrus He uaMmensiercs, ds/df ects Be-
JIHUKHA HOCTOSHHAS, H TOITOMY Kak f Tds, rak u f T dt wnpuun-

MaoT IKCTpeMaJlbHbie 3HAyeHHd (JOKaABHBI MHHHMYM). OTH no-
JIOXKEHUS JIETKO MPOBEPHTh HA H3BECTHBIX NPHMepax.

Tax, ecin V = V, ecto noBepxHocTh Ges TpeHusi X = x(qi, §2)
B OOBIYHOM NPOCTPAHCTBE, MBI BHAMM, YTO PeakiiHs CBA3M NepHen-
RHKYJSIDHA TIOBEPXHOCTH V) MO3TOMY NPH OTCYTCTBHH BHEHIHHX CHJI
HOPMaJb K TPAEKTODHMH YACTHUH CJAYKHT HOPMaAblo K Vi Kak H3-
BECTHO, 3TO YCJIOBHE XapaKTepH3YeT recfeanyeckue junuu. B Hoxee
ofuieM cayuae pacCMOTPHM NPOH3BOJNBLHYIO TPAEKTOPHIO y HA MO-
sepxuocTa Vo HopManbHolt k nosepxuocta V, cocTapasiouied CHIb
peaxiun ofbiuHo npenebperaior, Ocraercs cuaa B MIOCKOCTH, Kaca-
TEJBbHOR K NOBEPXHOCTH Ve. Ona pasnaraercs Ha ABe COCTABASIO-

ixe: Ha COCTABJAIOIYIO §, KACQATEABRYID K v, KOTOPYIO MOMHO Bbi-

;g ?'mocmlgahfrs]o matepuana § 107 om. [30L
epu I, Tpwnunny mexanuxy, M. 1959; [76], § 100; Syn g
Pril, Trans.,, A226 (1926), 31—106. e § ynee b
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yncanTs M0 hopMysie S = Qigr + Quge, HCmONB3ys BHpamenue T =

1%
==~§-in, H Ha COCTABJAWILYIO, HOPMAALRYO K ¥ B IJIOCKOCTH, Ka-

cartesbROM K noBepXHOCTH V3, PABHYIO NPOU3BENEHHUIO Fe0Je3UYecKol
KPHBH3HH Ha v? = s2.

Ananoruunbie (GOPMyJBl CIPaBeNJHBHL BO BCSKOM DPHMAHOBOM
npoctpancrBe V. B uactroctH, Q mpeo6Gpasyercs Kak (KOHTpaBapH-
aHTHBIH) 8eKTOp, a ee HOPMaJibHAs COCTABJAWIIas PaBHA NPOUsBe-
JAEHHIO BEKTOPa reoJe3nyeckoil KpHBH3HH Ha v ClenosarelsibHO, 3a-
Aauy GuHAMUKY VHEPUHANbHBIX JAarpankeBbiX CHCTEM SKBHUBAJEHT-
HBl 20METPUYECKUM 3aauaM.

§ 109. Jloxka3aTeabCTBO TOr0, YTO CHCTEMA SBJASETCH Jarpamxenol

Teneps 1A TpeXMepHOTO TeNa OrPaHUYEHHOro 0ObeMa Mbl KO-
KaxXeM CIIpaBelJMBOCTb NPERNIOJONKEHHs!, 4To 060OlIeHHble CHIIBI
Q;. onpenensieMble BapHalMOHHEIMH ypaBHeHusiMu Jlarpamxka (3),
NefCTBHTeNBLHO SBASIOTCH KOMNOHeHTaMu Q% pesyapTHpyloLlero aa-

BJEHHUS WJM COOTBETCTBEHHO MOMEHTA CHJBI JaBJEHHS B OOBLIUYHOM
cmeicnie 1), TTocnennne, KoHeUHO, ONpeNesIOTCS MaTeMaTHYECKH KaK
HHTErpajnbl 1o MOBepXHOCTH Tesia

Q= [[pN,as. 20)

3aecy N; o603HauaeT HOPMAJBHYIO COCTABJAIOIIYIO CMEIIEHHS NO-
BEDXHOCTH NPH HOCTYHATENbHOM HJIHM BPAllaTeNbHOM JBHXKEHHH, CO-
OTBETCTBYIOILYIO i-#i 0606IeRHON KOOPANHHATE, a p onpenensercs u3
ypaBuenus bepuynnu

P+ 0[5 VUVU+ 5] =pot) @

AJIS HEYCTAHOBHMBINErocs ABHIKEHHS B mIeasbHOR xuukoeru [ra. I,
(5)], ecau, Kak oG6biuHO, npeneGpeub FMAPOCTATHUECKHMU MOABEM-
HBIMY CHJAAMH.

Crporoe mpoBeJeHHe NOKA3aTeNbCTBA 3aTPYAHSETCH TEM, 4TO
NoJIHAasg Macca paccMaTDHBAeMOHR cucTeMbl GeCKOHeuHasl, a TaKkKe .
6eCKOHEYHO YHCJIO H3MEDEHHH «IPOCTPAHCTBA KOHQHrypauui» B CO-

') BoaMoXHOCTL npuHsTh ypaByewmus (3) crasuam moa Bonmpoc Boasuman
(Crelle, 1. 73, crp. 111) u Ilepcep; cm. takme Mises R, ZAMM, 4 (1924),
155—181 n 193—213.
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OTBETCTBHH ¢ OECKOHEUHOCTBIO YHCJA CTemeHefl CBOOOAB NMpH ABH-
JKEeHHH XuaKocTH. Bonmpocom npeoposieHus 3THX TPYAHOCTeH 3aHH-
MmaJncsa aumb Jlam6 ([82] u [71, § 135, 136), u, Kak Kaxercs, He COB-
ceM ycnemno '), ITosTomy Mbl npuBeAeM HOBOe M BecbMa H3fllHOE
BapHAaUHOHHOE [0Ka3aTeNbCTBO, NPHHaAMexallee, ¢ TOYHOCTBIO A0
nebosabmux BupousMenenudl, JIx. DBpeiixsenny. Ilpn n3noxenuu
3TOFO JOKa3aTeNbCTBa Mb! GyAeM MOJb30BATHCS BHIPA3UTENbHOH 8-
CHMBOJHKOH Ans Bapuanuil, o6uieynorpeOHTe/IbHOH B JAHHAMHKE,
x0T GOABLIMHCTBO COBPEMEHHBIX aBTOPOB, 3aHHMAIOIUHUXCHA Bapua-
UHMOHHBIM HCuHCJeHHEeM %), npeanouutaloT OObIYHbie 0603HAUEHHSA
nuddepeRuanbHOro HCUHCIEHHA.

Mu npumennM Ge3 [oKa3aTesnbCTBa IBe obmue TeopeMmul. Ilep-
Basg M3 HHX OpeacTaBiasier coGoll ToxzecrBo Diijiepa Ang nepBoH
BapHaluH#

1y 4
3 J Tdt = f Q3q,(t)dt, (22)
ta tﬁ

rae Q; Te Xe, 4yTO U B ypaBHeHusix (3), # NOxpasyMeBaeTcs CyMMH-
poBaHHe NO NOBTOPSIOIIMMCA HHAekcaM. Bropas rteopeMa 3ak/io-
yaercss B TOM, 4TO B TOXJAecTBe (22) BO3MOXHBI BCe BapHauHH
3¢ (), numub 651 OHH YIOBJETBOPAJH yClaoBHsM 3¢g;(fy) = 3g:(f) =
= (. 3T0 PaBHOCHJBHO «TOJIOHOMHOCTH» NPOCTpPaHCTBa KoHdurypa-
umii aas tBepporo tena. Orcioa caefyer, YTo JJsl NOKa3aTejbCTBa
ToxknecrBa Q; = Q] npu cpasneruu dopmya (3) u (2) KocTaTouHO
JOKa3aTh NepBoe TOX/IECTBO H3 CAEAYIOIHX ABYX:

4L 4]

fQjaqi(t)dtz?adet-——fdt{ﬁfff—;—VUVUdm}. (23)
ty

to fo

BTopoe TOXKAECTBO CTAHOBHTCS OUEBUIHHIM, ecan auddepeHunan
Maccel dm B popmysie (23) 3anucath B Buze p dR.

ToxnecrBo (23) MoxHO moKasaTh, npeofpa3ys NpPaByli0 4acThb
ciaeayomumM obpasom. Haure npeobpa3oBanye IOMNYCTHMO, MOCKOJb~
Ky, Kak u panbite, VUVU = O (1/r%), 6narogaps ueMy deThHpexkKpart-
HhIf MHTErpaj No MPOCTPAHCTBY H BPeMEHH CXOAHMTCA abGCONIOTHO, H,
ClielOBaTeIbHO, MOXHO MeHSTb NOPSAOK MHTerpupoBaHus. [Tpexne
BCEro, BOCMOJb30BABIIHCh JarpaHXeBoil CHCTEMOH KOODAMHAT, ABH-

'} Tag, paccmaTpuBaemble B [82] uHTerpann He cxomsitcst, a B [7] Tounmi
CMBIC]I NPHHATBIX TaM 3a OCHOBY NOMYHIeHHH, KaK HAM KayKeTcs, He BMOJHE fceH,

%) Morse M, The Calcuius of Variations in the Large, New York, 1934;
baucce HOx. A, Jlekuud no BapHaLMOHHOMY HCYHC/JeHHio, M., 1950.



218 I'a. VE Hpucoedunennsie maccol

H(ymeﬁ(:ﬂ BMeCTe ¢ XKHUAKOCTBIO, Mbl HENOCPEACTBEHHO nojgyyaem
COOTHOLIEeHHE
.3

;{dt{%fff%VUVUdm}ztfdt{fffa;i&uidml:
szfdm{j‘uiﬁuidt}, (24)

rae u; = 0U/0x;. Vnrerpupys no uacrsim, AJs KaXIO# 4YacCTHIb!
HUJKOCTH HAXOIUM COOTHOIIEHHE

4 t
f u; 3, dt = [u, b)) — f a;3x, dt, (25)
te o

rae a; = dug/dt oGo3HauaeT ycKOpeHue.

W3 ypasuenu#t guxenus (ri. I, (2)) caexnyer, uto ecim MOXKHO
npexHeGpeyb rHAPOCTATHIECKOH nombeMHON cunoit (§ 21, Teopema 1),
TO —a; = Op/p0X;, ¥, CJAENOBATENBHO,

div (p dx) = 2 3x; (-t%%)—{—p div (3x) ==
= Yox(5)=—s Y a3x, (26)

rak kKark div (3x) = 0 anas HecxkuMaeMOH XHIKOCTH. AHAJNOTHYHO
div (Udx)= X udx;,. Cuoa noxcrasam opmyay (25) B nocaes-
Hee BrIpaxeHHe B Gopmyne (24) H, KpoMe TOTO, BOCIOJNB3YEMCS AJ151
npeoGpasoBanusi (24) ¢opmyaamu (26) ¥ aHAJOTHUHBIM €My COOT-
HOlIeHHeM. MBI ONyuuM CAelyOWHH pe3yabTar:

[ [ [ ardiv (U3 §;+fffdze{fdiv(psx)d¢}. 27

Tak kak p = O(1/r%), & = O(r) u dR = 4nr¥dr, yernpexkpat-
MBI HWTErpaj, Kak M panblie, cxomurca abcomotHo. IlostoMy Mbr
MOMXKeM M3MEHHTh NOPSAOK HHTEIPUPOBAHHS H 3aTeM, IPHMEHHB TEO-
peMy o AMBepreHNHH !), NONYYHM PABEHCTBO

8det:[fprBx,,dS]h—é»frldt{ffpsxndS}- (28)
fo 3 ty Y

ty

1) Uro6ul onmpaBaaTh Takoe NpHMEHEHHe, HEOOXOAUMO BOCIONb30BATHCH TEO-
pemoft Jlarpanka o TOM, YTO YaCTHiB! JKHAKOCTH, CONPHKACAIOIMMECH C TBEPAbIM
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3necy dx, o6osHAuaeT COCTABJASICLIYID BeKkTOpa $X, HOPMAJbHYIO
K ofLueil rpaunne S TBepAOro Teia ¥ XKHUAKOCTH. Tak Kax TBepjoe
TeNO ¥ KHAKOCTb CONPHKAcaloTCs, TO B 00603HayeHusx (opMyJbl
(20) Bxg=ZNi 8g;. B wactHoCTH, 3xn, = 0 B TOUKAxX lo M f; u nmep-
BbIN uJieH B NPaBod uyacTH paseHcrBa (28) ofpamaercs B HyJb, TaK
kaK 3q:(fy) = 8¢:(#1) = 0. V3 paBencrna 3x,= N N,3q, Mb nony-
4UM TakxKe B cuay dopmyan (20) caenyioniee BHIpaxKeHHeE:

[ [pix,as=Y [ [ pNi3q,ds =Y Q4.

S
IToxcraBHB 3TO B paBeHCTBO (28), noJqyuuM COOTHOLIEHHE

I #
3 f Tdt=0-+ f Q:3g, (9) dt. (29)
to to

AT0 COOTHOIIEHHE HOKa3biBaeT ToxkAaecTBa (23), corenoBaTelbHO,

Q = Q.
§ 110. OxHOpORHOCTD

Pumanoso muoroo6pasue V, onmpenensiemoe dopmyaoit (19) no
npocTpaHcTBy KoHGHrypanuii TtBeproro Tena X B OeCKOHEYHOM
HleasbHON JKMIKOCTH, 3aMeYaTesJbHO TeM, YTo OHO ofJaajaer mpoc-
TOM TpPAHSHTHUBHON Trpynmofl «u3oMeTpuily (ABHXKeHUH TBEpAOroO
Tena), OCTABASIOUIMX HHBapHaHTHHM dS. Ilo coBpeMenHo# maTeMa-
THYECKOH TEePMHHOJIOTHH OHO SBJSIETCS OOHOPOORbBIM NpPOCTPaH-
crgom. ATo OOBSACHAETCH CASAYIOUWIUM QUYEBHAHBIM TEOPETHKO-TPyMN-
TIOBbIM HPHHIMIOM OTHOCHTENLHOCTH: OTHOCUTENAbHO paccmarpusae-
MO20 TeAq 8Ce NOAOKHCEHUA 3KBUBAAEHTHbL. POPMaJbHO 2TO MOKHO
BBIPA3UTh CJAELYIOMIHM 06pasoM.

Pasauunble noJjioXewuss ¢ =a, b, ¢, ... Te1a B NPOCTPAHCTBE
B3aUMHO OJHO3HAYHO COOTBETCTBYIOT PA3JHUHBIM JABHMKEHHSM TBEp-
Ioro Tena, a, B, 1, - .., MEPEMeUAIOUHM TeJ0 U3 (PHKCHPOBAHHOTO HaA-
yaJspHOrO nosoxkenus orcuera 0 B mosoxkenus a, b, ¢, ... . TTosromy
MBI MOXEM OTOXIECTBHTb TOYKH INPOCTPAHCTBA KOH(HIypauHi C
IJieMeHTaMu eskaudosod epynnet [45, ctp. 259]. Kpome Toro, ecan
@ €CThb HEKOTOPOe OTHesibHOe JBMKEHHe TBepJOoro rteja, TO AJS Ha-
fmonaTens B NOJIOXKEHHH a NOJOXEHHe as NPe;ACTaBAseTCcs TOYHO Ta-

Tenom, 06pasyioT umBsapuantnoe muoxecrso ([I1], T 1, m 50). Hyxuo rtakxke
OTMETHTb, YTO TIOBEPXHOCTHHIE WHTErpajtst or UBx, W pdxp,, B3ATHE N0 GOJbUIMM

chepam, CTPEMATCA K HYJIO, TaK Kak dx, == QO (f u di) =0 (/7).
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KHM Xe, KaKHM o NpeicTasjasieTcs Habmonartenio B 0, NOCKOJBKY
BCE [JeKapPTOBbl CHCTEMbI KOODJAHHAT 3KBHBaJeHTHHL. [loaToMy «rpyn-
na NMepeHoCoB» ¢—>ao HEe MOXKeT H3MeHHThb MeTpHky (19), onpene-
JNAEMYIO KHHETHUYeCKOH sHepruei.

Ilycte Tenepr a u3Menserca: paccMmarpuBas V Kak rpynmnosoe
MHOrCO0pa3ie eBKAHAOBLIX IPYMH, Mbl BHAKM, 9T0 V uMeer «unpocro
TPaH3HTHUBHYIO® !) Tpynny «usoMmerphit» (T. €. ABHKeHHH, ocTa-
BASIOLIMX HHBapHaHTHOH Merpuky ds?). Tlomo6Hoe MHorooGpasue
Mbl OyleM Ha3blBaTh PUMOHOBLIM 2PYNNOBbIM MHO2000pa3uem; 0 Mbl
BCerga MOKeM DAcCMaTPHBAThb H30METPHH Kak JieBble HEPEHOCH.

KpoMe 13/10:KeHHOr0, MOXKHO CeaThb elle OJHO TEOPETHKO-TPYM-
nosBoe 3ameuyanue, «CTaUHOHAPHBIM JBWKEHHEM» B JHHAMHKE Ha3bl-
BalOT ABHIKEHHEe, KOTOPOE, eC/IH PacCMaTpPHBATh €ro 1Mo OTHOLIEHHIO
K OCSIM, CBSI3aHHBIM C TEJIOM, He 3aBUCHT OT BpeMenu. Kak u B ¢op-

myse (13), yckopeHHe q CTaHHOHAPHOTrO ABHUXKEHHSl YBEJHUHBAET
3HayeHHe Qi=2d(Ti,qj)/a’t+(6Tkk/dq,-)qhqk Ha Beamunny Ty;q;.
CnenoBatenpHo, Ansi TOro 4toGbl MOJYYHTb CHJBI NPH MPOU3BOJb-
' HOM [IBUXKEHHH, Mbl NPOCTO MOXKEM CJIOXHTb CHJIBI, COOTBETCTBYIO-

HiHe YCKOPEHHIO U3 HauaJbHOTO COCTOSIHHUS TIOKOS, pacCMOTPeHHbIe
B § 100—102, u cuanl, AeficTBYIOLIHE IPH CTALHOHADHOM ABMIKEHHH.
Tak, ecnn MBI XOTHM ONpeNeHTH CHJBL, AEHCTBYWOUIHE HA TBEpAOe
TEJIO NPH €ro CTAYUOHAPHOM OBujCeHu:u B HAeaNbHOA (T. . HeCKH-
MaeMOf HeBA3KOH) MKHAKOCTH, TO MBI MOXeM ONpPEIEeNHTh CHJbI
v npu JawoboM ABRKenHH. [losTomy Mbl orpadHuyMMcs 3ana-
uell onpelesieHAs CHJ, AeHCTBYIOLIMX HPH CTALHOHAPHOM J[BHKe-
HHH.

Xopowo u3BecTHO?), 4TO €JMHCTBEHHBIMH [€OMETPHUECKH BO3-
MOXHBIMH CTAUHOHAPHBIMH JBHIKEHHSIMH TBEPJOrO T€Ja B eBKJHIO0-
BOM MPOCTPAaHCTBE SIBJSIOTCA HOCTYNAaTeNbHOE W BpallaTejbHOe JBU-
¥EeHHs C MOCTOSHHOH CKOPOCTHIO H BHHTOBOE JABHXKEHHE ¢ (HKCHpPO-
BAHHBIM LIArOM H TOXKeE C IOCTOSSHHOH CKOPOCTBHIO.

o onpenenennio, ecin a(f) — cTaMOHapHOE JBHUXKEHHE, TO CMe-
nleHue o, HeoOXoauMoe Aasi nepexona ot a(f) K a{f + k), saBucur
TOJILKO OT /1, T. e. ¢ ecTh o (k). [ToaTomy

a(0)s(h + k) =a(h+ k) =a(h)o (k') =a(0)s (K)o ().
CokpaTuB B paBeHCTBe cjeBa Ha BeauunHy «(0), noayuum Torza

o(h + #’) =o(h)o(h’); cnepoBatensHo, nepemeutenus o(k) obpa-
3YIOT OOHONAPAMETPULECKYI0 nOCePpYNiYy OTHOCHTENbHO KAHOHHYECKUX

"} Tlon sTum nosjpasymemaertcst, 4TO Npu AaHHEIX ©,T € V cyulecTsyeT oxmo
H TOJBKO OIHO O, TaKoe, 4To O« = T. Mbl npeanosiaraem 3xech HEKOTOpOE 3Ha-
KOMCTBO C JieBHIMH NepeHocaMy aGeTPAKTHOH Fpynmb.
Cwm., nanpumep, Ames J. S, Murnaghan F. D, Theoretical Mecha-
nics, crp. 87



$§ 111 Csedenun us reopun epynn Jlu 221

napametpoB '), a a(f) asasgercs ee oToOpa)kKeHueM NPH H3OMETPHH,
a WMeHHO npu rpynnosoM nepenoce o{f) > a(0)c(f) = a(f).

KpoMe TOro, Tak Kak [oJHasi KHHeTHUeCKasi SHepPrus npu cra-
IMOHAPHOM ABHIKEHHH I[IOCTOSIHHA, TO, OUEBHJHO, § = U MOCTOSHHA
B COOTBETCTBYIOLIEM pHMaHoBoM MHorooGpasuu V. Orciona, cornac-
Ho § 108, npH cTauMOHAPHOM ABHKEHHH BeKTOpP CHIb Q paBeH mpo-
U3BEJEHHIC BEKTOpa reofe3wuecKoil KPHBM3HBI OJHONAapaMerpHue-
ckoii noarpynmei o(h) Ha nocrosinaylo vl CheloBartefibHO, CUAG,
dedicTeyroujas Ha T8epdloe Teno NpiU e20 CTAYUOHAPDHOM OBUINCeHUL
8 ufearbHol HuUOKOCTU, NPONOPYUOHANLHA BEKTOPY 2e00e3uueckoli
KPUBLSHbL COOTBETCTBYIOWel o0HOnapameTpudeckol nodapynnst eg-
Kaudosoii epynnet 'V npu Hadresxcaujeli «1e80-UHBAPUAHTHOUS MeT-
puke 8 epynne V. A 3ta JeBo-UHBADHAHTHAA METPHKA ONpeaensercs
BO BCex TOukax yxe paccmorpeHHbiMH B § 100—102 «unepuuans-
ubMH K03 duunentamu» Ty (0).

§ 111. Ceenenns u3 teopuu rpynn Jin

Teneps ™Mbl BoiBeeM (GOPMYJly AJS reofe3HYecKOll KpPHBH3HHI
OAHONAPAMETPHUECKHX MOATPYHI NPOH3BOJBHOTO PUMAaHOBOrO rpyi-
TIOBOrO MHOT00O6pasusi. DTOT pesysbTar, MeXIy NpPOuYHM, Npeicra-
BJSI€T MHTEpPEC ¥ B reoMetrpuu rpynn JIu— 310 elile OZHO CBHIE-
TeJLCTBO TOTO, YTO BCS MaTeMaTHKAa Mo CYLIecTBY eJHHa.

O6beM KHUTH He MO3BOJISIET H3JOXKHUTH TeOopHio rpynn JIu pocra-
TOUHO MOJHO, IJIs TOro YyTo6H BCe nOoAPOOHOCTH BHBOLA ObIIH SICHBL
Bee ke xouercss NaTh JOCTATOYHO CBENEHUH AJs1 TOrO, YTOOH MOXKHO
6bisi0 YACHHTH Cce6e CMbICA OKOHUaTesNbHOH (GOpMyabl, no xpafined
Mepe B c/lyyae eBKJAHAOBOH Ipynmbl.

Ecan TBepaoe Teno ABHKETCS C €IHHHUHON CKOPOCTbIO Mapadg-
JIeIbHO OCH X, TO CKOPOCTh J060# wactuusl tesia paeua (1, 0, 0).
Tlostomy ecau F(x, X2, X3) ecTb NMPOH3BOJIbHAA (DYHKUHMS, onpele-
7AeHHas BO BCeM INPOCTPAHCTBE, TO CKOPOCTb H3MEHEHHs! 3HAueHHsd
3TOft (DYHKLUMHM MO OTHOIIEHHIO K TakoH uyacTHue paBHa 0F/dx;. One-
paTtop 0/0x,, onpeJeseHHbH TakuM 06pasoM, HA3BIBAETCA CHMBOJIOM
Jlarpauxa u BeIpaxkaeT 6ecKOHeuHO manroe npeobpasogantie, CBsi-
3aHHOE C NOCTYMATEJABHBIM JBUXKEHHWEM TBEpAOro Teja B HalpabJje-
HUH, NapaJjIeibHOM OCH Xi.

Ecau TBeproe TeJO BpAlaeTcs: ¢ eHHHUHOH YIVIOBOH CKOPOCTHIO
(oMK panHaH 3a CEKYHLY) BOKPYT OCH Xy, 4aCTHIAa C KOOPAHHATaMH
{(x1, X3, x3) 6yzer umerhb ckopocth (0, —ux3, x3). CKOpOCTL U3MeHe-
uust GyHKuuA F(X;, X;, X3) OTHOCHTEJbHO HAHHOA YaCTHIH DaBHA
X30F [0x3 — x30F/0x,. TloaTOMYy GeckoHeuHO Manoe npeobpasosanmue,
CBSI3aHHOE C BpalUeHMeM OTHOCHTENBHO OCH X), BHpaxaercs

') O HExX cM. B caepyoweM naparpade, — Ilpus. nepes.
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cuMBosioM Jlarpanxa (auHedHBIM JAHddepeHHHANbHBIM ONeparo-
poM) X20/0x3 — x30/0%2.

Hrak, B COOTBETCTBHH C HIECTBIO CTENEHSMH CBOGOALI JBHXKEHHS
TBEPAOro Tejga Mbl OVIeM HMMeThb WiecTb GECKOHEeYHO MAaJblx Mmpeob-
pa3oBaHuil, KOTOpble MOXKHO 3aTHCATh B BUAE

. __ 0 . 0 . i}

E=ga E=xngg—%gg
¢ 7] a

523'5:5, E5:X3 FET”—XI'O_}J’ (30)
g a a

Ev=g5 Ee=%gg— % gy

MM cooTBeTCTBYIOT BeKTOPHBIE MOJs (nojas ckopocreit) (1, 0, 0),
0, 1, 0), (0, 0, 1), (0, —x3, x2), (3, 0, —x1), (~—x2, X1, 0).

Pesynbrar AeficTBHA NoJs cKkopocTell (6ecKoHeyHO MaJoro mpe-
obpasoBanusi) E; B TeueHne BpeMeHn ! o6Go3Hauaercs uepes
exp(tE;); rakum o6pasoM, exp (2E,;) o6o3Hayaer mOBOPOT OKOJO OCH
X, Ha aBa paauana. Ecan £ < 0, To exp ({E;) Gyner o6o3nauars npe-
o6pazoBanue, o6partHoe npeoGpaszoBaHuiw exp(—iIE;). Takum 06-
pasoM, AAs BCeX AEHCTBUTENBHBIX f, 4 MMEeM TOXIECTBO

exp (¢E;) exp (uE;) = exp ({t -+ u} E). (31)

Kanonuueckumu napamerpamu, Hanpumep €BRJHIOBOH rpynisi,
Ha3bpIBAIOTCH TapaMeTPHUYeCKHe NPEACTaBJACHHST <«TBEPALIX» JIBHKe-
HUH NpY¥ TIOMOUIH BEKTOPOB, TaK 4YTO ABHXKeHHe TBEPIAOro TeJjaa, Ko-

TopoMy coorBetcTBYeT Bektop t = (4, ..., f5), npencranisier coboii
KOoHeuHoe npeobpasoBanue
exp(HE,+ ... +teEy), (32)

KOTOpOE BhIpaXKaeT NMOJHOE nepeMellleHHe Teja NPH BO3XEHCTBHH Ha
Hero noas cxkopocrefi £E; + ... + £E¢ B TeueHHe eIHHALBI BDEMEHHU.

Haxkonen, ckobxa [Tyaccona, unu kommyrarop [E;, E;] nyx Gec-
KOHeUHO ManbiXx npeo6pasosanuit £y u E; onpengensiercs kak ABOH-
HOH npenen

, i .
f;I:srg() [?; exp (—¢E;) exp (—uE;)exp (¢E)) exp (zzEj)} . (33}

Hssectno, uto 3TOT mnpejen npeiacrasiaser co6oii pudpdepen-
IHaJbHBH onepatop 1)

QE® IEPY o
— — E {71) [ - Bt
E,E} EjEl o (E] dxh Ei axb ) ka » (34)

') 3amuce E;:E; Bciomy 03Hauaer, uTo CHayania npuMeHsercs onepatop £:.
a norom £;.
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KOTOPBIl. MOXKHO JIErKO BBIYHCAHTHL, Tak, Hanpumep; B cjayuae es-
KJIHOBOM TPYNIbI MOAYYHM TOXKIAECTBA!

|Ey Esl==|E}, E=0;
[EI’ ESI:WEB; {54, Eg!w“"Es. (35)

C nomouisio oueBuaHoro roxupecrea [E;, Ej} = —[E; E;], us.xo-
TOPOrO, B wacTHocTH, caeayer [E;, E;] = 0, u uHkanueckux nepecra-
HOBOK HHJIEKCOB B TOXKZecTBaXx (35) MOXHO BBHIYHCJHTD TAKXKE H BCE
apyrue ckobku Ilyaccona Ey, ..., Es.

MurepecHO OTMeTUTH, 4TO B ciiyuae GECKOHEUHO Majkix Bpaile-
unit E,4, Es, Es, cko6ka [E;, Ej] ectb npocro BHeuiHee, HJIH BeKTOpP-
noe, npouspenenve £; X E;. Onsite-taxu, ecnn E; v E; (unn 3kBAH-
BajienTHoie exp (fE;) u exp (uE;)) nepecrancsouns:, tax uto E;E; =
= E;E;, to [E;, E;] = 0, u Hao6opor.

3ameTuM. yTo B TOXAecrsax (35) Bcerja cnpaBeAsHBO COOTHO-
wmenne

[Ey Ejl= § c¥’En (36)

rIe c¢F — COOTBeTCTByWOILMe Noctosumele, OcHoBHas Teopema Jim
3aK/I0YAETCH B TOM, 4TO COOTHOLIeHHs, aHajornuseie (36), cmpa-
BeAJHBH IS 400010 KOHeYHo-mapaMerpuyeckoll rpynnsl. Ilocrosn-

uste ¢ masmiBaTCH CTPYKTYPHBIMU NOCTOAHKBIME TPYIINBL ¥ Onpe-
LEeJSI0T TPYHIY C TOYHOCTBIO 0 H30MOP(hHIMA.

Mp! HajfieeMcsl, uTO NIPUBEIEHHABIE TONBKO ¥TO OODBSCHEHUS NO3BO-
JST NOHATH H3JaraeMple HUXKe DE3YJLTATH, jame HeCMOTDHE HaA TO,
YTO HX AOKABATENLCTBA MOMKET NOHATH JHIIb TOT, KTC VKe 3HAKOM
¢ Tecpurei rpynn Jlun.

§ 112. Cuabl # KOMMYTATOPH

Ilycts Teneps G — mpou3BOJBHOE 7-NaPAMETPHYRCKOE PHMAHOBO
rpynnosoe MuorooGpasue, u nycte C-—mo6asi ofHOnapaMerpuye-
cxas moarpynna rpymnsl U, nopoxieHHas OGeCKOHEYHO MaJbM npe-
obpasosanuem E.

B rpynne G BGan3um TOXKAECTBEHHOTO NpeobpasoBaHus Bcerga
Moxuo ([78], cTp. 47) TaK BBECTH KaQHOKU4ECKUe napamerps. ¢ Ga-

3HCcOM H3 (ecKoHeyHO MaJsiblx npeoGpasoBanuit E;, Es, ..., En, 4TO
ecan g = (g1, ... ¢gn) — M0GOH ZOCTATOYHO MAJHIH BeKTOPHLII ane-
MeHT rpynnst G, 10

Gq=exp(g,£;+ ... +9.E,). (37

C nomoipio storo o6obmenus GopMyan (32) MOXHO NOAYYHTH
cnenylontee o6o6ienne Toxaecrsa (31):

Mpq=QA+p)q (38)
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rae r-s o6o3Hayaer («rpynmnosoe») nNpousBeneHue r u s B rpynmne G.
Tenepe paccMOTPUM reOI€3HUYECKYIO KPHBH3HY noarpynnst C npu

q=0 B merpuke ds?==XT,;dq,dg, B cuay § 108, ee Bennuuna
NPONOPLUHOHABHA CIAYIOLiell BeTHUHHE:

d (0T oT d . 1 0Ty, - -
szgf( )“Tgxﬁ(ﬂk%)“? 0qik 9dr =

0g;
» - 0Ty - 1 0T » - oT; 1 oTy,;
== m%“f“qk'a"&%%““g”@&‘qh‘Ikﬁ“gﬁ“?“a}%' (39

Tak Kak i =1, ¢;=0mnpu j=2,..,7 u ¢» = 0 npu scex & D10 —
BuIOH3MeHeHHbH TeHsop Kpucroddens (137); cornacuo § 110, ko-
s dunuest nponopuHonanbHocTd v? = T NOAXOASIIHM BHIGOPOM
macwtaGa BPeMEHH MOXHO CBeCTH K ejAuHHUe. B xoHeunom cuerte
B JeHCTBHTENBHOCTH HAC MHTEPecyeT He reoJe3nyeckasi KPUBH3HA,
a seauuuHa Q, Tak uro BOmpoc O Ko3ddHIHEHTe MPONOPUHOHAb-
HOCTH HE JOJIKEH Hac 3aHHMaTh.

BruiuncauM Teneph YacTHble NPOH3BOJHBIE, BXOAALNHE B MOCJAEH~
Hiol0 H3 ¢opmyn (39). [ias 3TOro 3aMeTHM, 4TO, MO ONpPeleseHHIO,
GeckoHeuHO Maablil BekTop dq’ ¢ Hauasnom B exp(fE;) skBuBaneH-
TEH IPH JIeBOM CABHre GECKOHEYHO MaJIOMy BeKTOPY dq ¢ HayajoMm
B TOXIecTBeHHOM npeobpasoBanuu 0 TOTAA M TOJBKO TOrja, KOraa

exp(tE;+dq')={exp (¢E})} - dq. (40)

Ho npasyio uacte Boipaxenus (40) ¢ NMOMOIIBIO PA3/IOKEHHST
B pan llypa — Komn6eana — Xaycnopda !) MoKHO npencTasuthb B
BHIE

(exp ()} - da=exp (tE,+da+ F4[E, dal+ ...). (@)

rle ONYLIEHbl WIEHB, COiepxKaiuue { Bo BTOpoH cTeneHu. [10CKOIbKY
dq n dq’ 3xkBUBaJleHTHble OECKOHEUHO MaJble, OTCIONA CHEeAYeT COOT-
HOUIeHHE

7 1 7
dq=dq' — 5 ¢[E, dq']+ ... (41’

Teneps, 3anucas, 410 dq=dgE1+ ...+ dg.E, udq = dqiE; +
+ ...+ dgaEy, noayuum, no onpesenennio, nonoGuo dopmyae (36)
caegyiollee paBeHCTBO!

[, dQ'l=dq;|E,, E;|=dqcl/E,.

Y} Ora knaccuyeckas QopMyna HOKazaHa NPH BecbMa OGWHX YCAOBUAX HA
ctp. 92 crathu apropa «Analytical groups» (veopema 14), Trans. Am. Math.
Soc., 43 (1938), 61—101,
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IToncraBus ero B BeKTOpHOe ypaBueune (41’) u npupaBnuBas CooT-
BETCTBYIOLME KOMNOHEHTHI, MOJYUYHM OCHOBHOE COOTHOLIEHHE

. 1 ’
dg,=dq,—<tcjdg;+ ..., 42

rjie OTOpOLIEHbl UIeHbl CO CTENEHAMH ¢ BhIILIE NEPBOH.

Ho, no onpenenennio puMaHOBOro rpynmnoBoro MHOT00Opasus,
ds? UHBADHAHTHO OTHOCHTE/IBHO JieBbIX mepeHocos. ITostomy, B cuay
ycaosus (40) m coortHomeHust (42), MOXHO 3amucaTh CAeAYIOMHE
paBeHcTBa:

dq,T,, (fE;)dq;=dq;,T;,k 0)dg, =

=(dg,— g tel/ dq)) T, 0) (dg; — 5 tet dg;) =

=dq,T,, (0)dg,— 5 ¢ |c dq;T,, (0) dg,+ci dq,T,, (0) dg))
C TOYHOCTBIO L0 YJIEHOB BbILIE NEPBOH CTeneHH OTHOCHTENbHO f. [le-
pecTanyifgs «HeMble HHIEKCBI» CYMMHpPOBaHus J, & u [, k B Qurypusix

cko0Kax, 4To6bl NpUPaBHATh KOS (HUHEHTH, NOJyYaeM COOTHOLIe-
HUe

1 .
TwaCE) =T (0)— 5 ¢t [c T, (0)+ T (0)} + ... .
Teneps, npoxuddepenuposas no £ U 0603uauuB 06a UHAEKCA CYM-
MHPOBaHHS uepes j, noaydum QopMyay

T, 1 ‘
oq}:k =— 5 [¢T ,~cT,;} npu 0. | 43)

Hanee, noncrasus Gopmyny (43) B puipaxenue (39), moayuum pa-
BEHCTBO

4Q,=—2cYT;, — 21T, + ' T+ T, .

Kpome Toro, B cuay wu3sBecTHOH aHtrucHMMerpum [E;, Ei] =
= —{E), Ei] nonyuaem A/ CTPYKTYPHBIX NOCTOSHHBIX — i ==¢il u
¢'==0. TloacraBass 5TH BHIPAKEHHS B NpPeAbIAYMIYIO (popMmyny
¥ cOKpalllas Ha ueThlpe, MBI NOJIyuaeM OKOHYaTeqbHYI dopmyay !)

Q,=ciTy; (44)

1) dopmyaa (44) 6suta moayuena B 1945 r. Jxonom Bpefixysanom u asro-
pom }Eeaasgcgm{o 1x(pyr or Apyra. CM. Abstract, 52—7—242, Bull. Am. Math. Soc.,

52 (1946), 617,
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QOueBHJHO, YTO B CJyyae CTAIMOHADHOrO HBHIKEHHS BJOJb OCH
E; coorBeTcTBYyIOIasi popMyna GyNeT uMers BHI

n n
Qi = jgl ci’k ka = ]gi c?i Tfii‘ (44%)

CrefoBaTelibHO, 018 CYUECTBOBARUS CTAYUOHAPHO20 OBUNCEHUS
HACTUYbL 8 HEKOTOPOM PUMAHOBOM. 2pynnosom mHozoobpasuu G
86oap Ey Tpebyerca erewnas cuaa (44%). Jpyrumm croBamy,
¢*Ty;/ Ty, (cyMMHpOBaHHe 5O j, HO He 1O #) ecTb reofesuyecKas

KPHBH3HA OJHONapaMeTpHueckoil noArpynnst exp (£Ex) Ha rpynmne G.
Ecau Me BuHGepeM HODMasbHBIH OpTOTOHAJbHBIN 6asuc Ey, ..., En
B MeTpHKe ds? npu 0, To 3Ta KPHBH3HA GYAeT PaBHATbCH NPOCTO CL

§ 113. Npuaoxenns

IMoabsysicb Tosbko o6mtelt popmynoit (44*) M COOTHOLIEHHSAMH
KoMMyTaTHBHOCTH (35) eBKJHAOBOH Trpynmbl, MOXHO BbIBECTH
BEIpaXKEHHE [UIsl BHEUIHeH CHJIH, KOTOpas Heo6XOAHMa, yTOObl mOj-
AepKHBaTh CTALHOHAPHOE NMOCTYNATENbHOE WJHM BpallaTesabHOe JBH-
JKenwe B HieanapHoH XugkocTH. (Cuna, ¢ KOTOPOH XKHIKOCTb Aefi-
CTBYET Ha TeJO, KOHEUHO, PaBHAa 3TOH CHJIE 10 BEJIUYMHE U NMPOTHBO-
MOJIOXKHA Mo Hampasienuio.) Tak, npu crainnoHapHoM meperoce Ej,
BJOJIb OCH Xy 9Ta CHJIA PaBHaA

(0, 0, 0; O, T13’ - Tm)« (45)

AHaJOrHYHO NPH CTAllHOHAPHOM BpauleHHH Ey ¢ yriioBoit cKOPOCTHIO
B OJIMH pajyaH 3a CeKyHLY BOKPYT OCH X; TpefyeTcs cunia

0, Ty, — T3 0, Tyeo — Tg)- (46)

1o kaaccuueckue dopmyan Kupxroda m Keabsunal); samerum,
yto opmyaa (45) ceopurca K 0 (cranHOHapHOe ABHKEHHE NPH OT-
CYTCTBHHM BHEIIHHX CHJ), €CJH TEH30D KHHETHUYeCKOH 9HepruH
3

> T.iq:q; nocrynaressrozo dsuscerus auaronanusuposan. Huaue ro-
i,f=1

BOpPf, CTAUHOHAPHOE NOCTYNaTeNbHOE MABHMKEHHE MPH OTCYTCTBHH
BHEIIHHMX CHJl (TEOpPETHYECKH) BO3MOXKHO BJOJb IVIABHBIX OCEH TeH-
30pa KHHETHYECKOH HEPTHH NMOCTYNATENIBHOrO ABHKEHHS U HH B Ka-
KOM ApyroM cayuae?).

1y Ornocutensno QopMynant (45) om: [7}, n. 124, dopmyana (4); B § 125 n3
[7] dopmyna (46) nana HesBHO; CM. TaKXe NpHBeAEHHYIO Tam OuGanorpaduio.

%) VcroBumBOCTb TaKuX INOCTYHATeNBHHIX  JABUxenn#f scciegoBam  Ur-
sell H. D, Proc. Camb. Phil, Soc., 37 (1941), 150—167.



§ 113. Hpuroxenun 227

Hecyorps Ha To uto npexpuiecTBywIiHe GopMyJibl cyry6o Teope-
THYECKHE H YTO CTAIMOHAaPHOe NOCTYIATeNbHOEe ABHIKEHHe NPH OT-
CYTCTBHH BHEIIHHUX CHJ DU3HYECKH HEBO3MOXKHO, dopmyna (45) paer
Kiaccuuyeckoe OODBSICHEHHE CTPEMACHUIO NAOCKOU NAACTUNKY CTATb
wiupoKkot CTOPOHOU NepHneHAUKYASIpHO K Teuenuio. HerpynHo noka-
3ath ¢ noMouipio (45), uro ycroduuseim GyHer CrTamHOHApHOE HO-
CTynaTe/bHOe [BHXKEHHE BIOJb IVIABHOH OCH, COOTBETCTBYHOLIeH
MAKCUMOALHOMY KOMMOHEHTY TeH30pa KWHeTHYeCKo#d 3Hepruu. DTOT
BBHIBOX KAYECTBEHHO COTMIAcyercs ¢ 3KCHepHMeHTOM.

B kauecTBe Apyroro mnpuiaokenus obuieli dopmyan (44*) Mbt
MOX€eM. OTMETHTh, 4TO cocraBisiomas o80OMeHHOH CHJbl paBHa
HyJiI0 B JI060OM HanpaBJeHHH, COOTBETCTBYIOIIeM OeCKOHEYHO Ma-
JioMy mnpec0pa3oBaHHIO, NEPECTAHOBOYHOMY C PpacCMaTPHBAEMBIM
CTAaUMOHAPHBIM JBHXKeHHEM. IDTO CJhelyeT H3 TOr0O, UYTO €CHH
[En, Ei} = 0, To Q; paBHO HYJIIO.

YKa3aHHOe CBOHCTBO Jaer TEOPETHKO-TPYNnoBoe oOOCHOBaHHE
napapoxca HanamGepa, CranuoHapHOe MOCTYHATENbHOE ABHXKEHHE
BIOJb J1060# OCH He BBI3BIBAeT (TEOpeTHYeCcKH) HUKAKOro NPOTHBO-
JlaBJieHNs, a TOJNBKO BpPAIIATeIbHBIA MOMEHT, NMOCKOJMLKY BCe NOCTY-
nartesibHbie JBHXKEHHMs NepecTaHOBOYHH. Tak Kak mOCTynatedbHbIe
¥ BpalllaTesbHble [BHXKEHHS OTHOCHTENBHO OJHOH M TOH Ke OCH nie-
pPecTaHoBOUHBL, MOCTYNATENbHOE ABMIKEHHE He BBI3BIBAET H HUKAKOTO
BpaniaTeJbHOTO MOMEHTa BOKPYT OCH NepeHoca, — OCh MOMeHTa nep-
NEHAHKYASPHA OCH NOCTYNATENBHOIO ABHKEHHH,

To xe camoe paccyXIeHHe HENOCPEJACTBEHHO HPHBOIHT K TOMY.
YTO MOXHO Ha3BaTh mapajokcom nponessepa, [Ipu BHHTOBOM JABH-
JKeHUH BOKPYT OCH (B KJacCH4ecKol TeOpHH) HeT HH NPOTHBOJaBJje-
HUSI B HANpPaBJIeHHH 3TOH OCH, HH BPAalATEJbHONO MOMEHTa OTHOCH-
teapHo nee! TlosToMmy anst BHHTA caMoJeTa MIM HJAS Kakoro-nubo
JApyroro mpeamera, o6jajaloliero n-KPaTHOH BPAIMATENBHOH CHM-
MeTpHell OTHOCHTeNbHO 3TOH ocu (n > 1), BCe KOMIOHEHTHI CHJIbI
(TeopeTHyecKu) paBHb HYJIO 1),

Kaxk noxasano B [2], ra. V, § 14, npuBeleHHble pe3ylibTaThl MOX-
HO 0606HTL Ha cayyall BooGpaxaeMbix aGCOMIOTHO TBEPIBIX Ten
B HI€aJbHOH >KHIKOCTH, 3aNOJHSIOWER HeesxAud080 nPOCTPAHCTRO.
Onnago Mbl He GyAeM NPHBOJAHTH 3TOr'O 3[€Ch, IIOCKONbKY (pusHue-
CKOe 3HaueHHEe TAKHX DPe3yJbTaTos jajexko He sicHo, OcHOBHOe Xe
COCTOHT B TOM, YTO KAQCCUHECKYIO Teopuro Osuxcenus abGCOAIOTHO
T8epB020 Tead 8 UOCAAbHOU SCUOKOCTU MONXCHO PACCMATPUBATL KAK
uacre Teopuu Jlu 00HOPOOHBIX NPOCTPANCTE ?). '

1y Tax Kak 06:acTh BHe NpPOTENIEPa OAHOCBASHA, TO 3T0 MOJOXKEHHE HEAB3R
HCNPABHTh BBENCHHEM <UHPKYJSUHH» BOKPYr JjonacTelf npogeinepa — Gea 3uauu-

TeIbHHIX OTFOBOPOK.
%) Wesaane K, Teopus rpynn Jlu, WJI, M, 1. 1--2, 1948—1958.
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§ 114. CrokcoBo 3atyxanHe

B ciyuae Manbix KoneGaHHil JarpaHKeBbl METOAB NPEABbIAYILHX
naparpadoB NPUBOAAT K BHIBOAY O HaJAU4YHH NPHCOEHMHEHHOH Mac-
Chl, H3-32 4ero YAJNHHSETCH nepuoj cBOGOAHBIX KoaeGaHHH, HO 3a-
TyXaHus Kosnebanuil oHu He naior. IlepBoe TeopeTHueckoe HCCAENO-
BaHHe 3aTyXaHHs cBOOOIHBIX KoJsieGaHHH, BEI3BAHHOILO BA3KOCTHIO,
6euto Beimosineno Crokcom B 1850 r. IMpu atom Croke npeneGperadt
KOHBeKuHeH, yto 000CHOBAHO B Clyuyae AOCTATOYHO MajbiX KoJeba-
HMH, H JHHEeaDH30BaJ ypaBHeHHS ABHXKeuus. Beaenctsne sTolt JH-
Heapysalyy OH MOJYUHJ «JIorapudmuyeckuil AekpeMeHT» (onpesge-
JisleMblil Kak Jiorapu@M OTHOLIEHHs AMIJHTYA MOCJAEeL0BaTe/NbHBIX
KoneGaHHii), KOTOPHIi He 3aBHCHT OT aMIMIUTYAbl. Mbl KPaTKoO H3-
AOMHM CXeMY BBIYHCJEHHH.

[lpu oGbluHOH TPAaKTOBKE NOABEMHONH CHJBI JHMHEapU30BaHHbLIE
YPaBHEHHS IBHKEHHS] CBOIATCS JIMIIb K YPaBHEHHUIO

7] v
SF=— -;'i+ e, (47)

Mpl MOXeM HCKIIOUHTb p, NPHMEHHB K o6enM cropoHam (47) ome-
pauuio porop. O6o3nauus Buxper V X u uyepes §, nonyuuM cienywo--
Ilee ypaBHEHHE

9%
W b= ‘IV2;. (48)
B cayuae eovinyscOennblx CHHYCOHAANBHBIX KoMeGaHHH MOCTOSIH-

HOH aMIUIMTYAbl B YIVIOBOH YacTOTH o ypaBHeHue (48) sxkBuBaseur-
HO YpaBHEHHIO

v = ()t (48%)

Ilpn atoM MBI NpHAepXKHBaeMcH OOBLIYHOILC COrJIAlleHHsi, 4To Pusu-
qecKull BHXPb CKODOCTH eCTb OelCTBUTEeAbHASA YacTh KOMILIEKCHOH
(O VHKIHH NPOCTPAHCTBEHHBIX KOOPAHHAT H BPEMEHH, anaJHTHYECKOH
[0 BPEMEHH.

B cayuae njocKHX M OCeCHMMETDHYHBIX TeueHHH (T. e. B Ciyuae
1onepeyHbIX KoJeGaHHH UHJIHMHAPOB H NPOMOJbHHEIX KoJMeOGaHHid Ten
Bpallenysa) BEJIHYHHY § MOXHO BBIPA3HTb uepes CTOKCOBY ()YHKHHIO
toka V. (Tak, aas naockoro tewenus { = V2V). Dto nmamuoro yn-
pollaeT KpaeBbie YCIOBHS.

Herann nosonbHo anueHbIX Berumcaenust ([13], 1. 3, crp. 22—54,
unn [7], § 345—354) Mmbi omyckaem. Iasi cgpepst pagmyca a mos-
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HOW JWHaMuuecKod XxapakrepuctHxoil smasiercs cmaa ([7], § 354,

(26))
— X=p-ovem {3 i+5% 0 +5 (75 +5)e )

=1y %

DTO 3HAYHT, YTO NOMHMO Haxomsiefics B ToH ke (ase CHJIB HHEp-
. 1
LHY NPHCOENHHEHHOR MACCH 5 p - 06beM (X) (corsacHo § 98), nmeer-

Csi elle CHHYCOMAaJbHAas cHJa ¢ aMIVHTYAol B 9S pas Goabueit
H co caBuroM ¢assl Ha 135° i gpyras cuHYCOMAANbHASA CHJIa C aMILIH-
tynok B 95% paz Gosnbme#l u co caBuroM (asel Ha 180° no ornoure-
HUIO K (pase KoneGaHHH.

INocaennsas cuina— 3TO NPOCTO CONPOTHBJIEHHE CTALMOHAPHOMY
«T0A3yleMy oOTekanuio» chepsl, NBHXKYIeHcS ¢ NOCTOSHHOH CKO-
poctbio (§ 30). IlepBywo e Cusiy MOXHO HCTOJKOBATb KaK CHAY
TOPMOJNCEHUA NOSPAHUYHO20 CAOA, H TAKYI0 CXEMY Mbl PacCMOTPHUM
ceffuac B ofleM cayuae.

(49)

§ 115. TopmoxenHe NOrpaHNYHOro CJ04

B 1850 r. Croke ({13} 7. 3, crp. 21) npennosoXHuM, uTO «BO3-
neHCcTBHE MUIKOCTH MOXKHO BBIYHCAHTL ¢ BecbMa GoJabmio cre-
HEeHBIO TOYHOCTH, ©CJM PacCMaTPHBATh KaXK/bl 3JIeMEHT NOBEPXHO-
CTH TBEPJOro Tesla KaK 3JEMEHT HEKOTOPoi 6eCKOHeuHO# MIOCKOCTH,
xonebmomiefica ¢ Tolf ke aunefinofl ckopocreio». Xoras Croke npex-
JIOXHUJ 3TO TOJNBKO AJIS1 KPYTHABHBIX KoJieOanuil TBepHoro resia Bpa-
LIeHHs1 BOKPYI €ro OCH, TO Ke camoe npubikeHue GbIO NPERno-
KEHO M Ui MalblX NOCTynartesbHbBIX KoseGannit '), Tlockonbky aTa
ujes BhITeKaeT M3 TeopuM norpanuyHoro cnost [lpawaras (§ 27),
ec/IM npeHebpeyb KOHBeKIMeH, TO BHIUHCIEHHYIO BBIILE CUNY Mbl Oy-
IleM Ha3bIBATh CHJIOH NOSPAHUUHO20 CAOS.

Jlns cuHycounanpHbIX NPOJOJbHBIX KOMeGaHHA ee MOXKHO JIerko
BBIYMCAUTh. DTa cuyia cABHHYTA o ¢ase Ha 135° oTHOCHTENBHO IBH-
xenus ([7], crp. 620). ITosTomy ecau F ecTb MakcHMasbHOe 3Haye-

HHe CHABl ¥ —FE ecTh ycpeJHeHHAsl CKOPOCTb DacCesiHHs IHEPruH,
10, ouerunuo, —E = Fq/2V 2, rze g — MAKCHMaJbHasi CKOPOCTh KO-
Jaie6anuit Teproro tena X. Ho cpennss ckopocTh paccesHHs SHep-

Y Boussinesq J, J. de Math, 4 (1878), 835—376. Carrier G. F,,
Prima R. C, J. Appl. Mech.,, 23 (1956), 601605, npepmoxuam nonpasky
BTOPOro TOPAIKa,
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rUM B pacuere Ha 3JeMeHT HOBePXHOCTH nuomazud dS pasua ([7],
crp. 620, (9)) Beauunnue

—dE=p) -2} (x)dS, (50)

rie ve(X) ecTb MaxCHMa/bHasl JOKaJlbHAsl TAHTEHIHAIbHAS CKOPOCTH
B TeyeHHH Dinepa. 3Had v¢(X), MGIKHO BBIYHCJAHTD —F u, crenoBa-
TeJIbHO, CHNY F, mpoHHTerpHpoBas Beipaxenue (50) mo moBepXHOCTH
Tena.

Tak, ecan X — cdepa paguyca a, 10 vi(X) = (3:};’2) sin§. Mure-
rpupysi, noayuaem — E ==3mp Vvo/2¢%?2. CnenosartensHo, cunia,
neficTeyomas Ha cdepy co CTOPOHE MOrPaHHYHOTO CJOS, PaBHA

F=6rpq Vvo = [- p - 06BEM (E)}( AT ) =9m'S. (51)

Ananoruynyio QOpMYyJay MOKHO BBLIBECTH AJsi CHHYCOHAAJbHBIX
Kosie6aHuil TBEPAOro Tea MPOH3BOJIbHOH GOPMBI ).

IlpuMenus Kk ypasHenuio (48) npeofpasosaHne Pypbe, MOXKHO
TaK3Ke BBIUKCJHTH Pe3YJbTUPYIOIYIO CHAY B CJyyae MaJoro ABHKe-
nus npu Ja06oM ero NpoTeKaHud B npournoM 2). OQHAKo OCHOBHOM
BONPOC TAKOB: APUMEHUMbL NN TNOJYUYEHHble TakMM 06pasom ¢op-
MYVJIBL, I €10 MBI ceffyac pacCMOTPHM.

§ 116. KoneGanus ¢ Goabuwioi aMmiHTya0H

XoTa uacel ¢ MaATHHKOM Ceffyac HMEIT KyZa MeHblue 3HAUeHHS,
yem B 1800 r., ogHako 610 BHINOJHEHO MHOTO ONBITOB C T€M, YTOGH
poBepUTh npaBHAbHOCTL Gopmyan Crokca (49) 8). Ouesunno, yto
MHOXKHTENb HPHCOENHHEHHON Macchl k2 u KO3(pOHUHEHT 3aTyXaHH
ABAAIOTCS PYHKHUAMH KakK OTHOCHTEIbHOIl aMIVIMTYABL &, TAK H YHC-
aa Crokca S. K coxanenuio, nps cBo60JHOM 3aTYXaHHH BeNHYHHA
o — NepeMeHHas, u B 6ONBUIMHCTBE ONBITOB OHA He 3aMepsach;
MO 3TOH H MO APYrHM NPHYMHAM 3HAUEHMe MHOT'HX ONBITOB OCTaercH
HesICHBIM.

Toxanyil, Hanfonee BaXKHBIMH I ciayuas GOJbLIMX aMIIHTYR
1 Maabx S sBasiorcst ombithi Kefinerama u Kapnenrepa!) c uu-

) Lighthill M. J, Proc. Roy. Soc., A224 (1954), 123

2y Rayleigh, Phil Mag., 21 (1911) 697—710; eme panbumie TaKue
dopmyant noayunau Boussinesg u Bassel

8 Mever O. E, J. f Math, 73 (1871}, 31—68; Northway M. Y,
Mackenzi, Phys. Rev 13 (1901), 145—164; McEwen G. F, Ttam xe,
33 (1911), 492511, Marty L., J. de Phys. et Radium (Paris), 6 (1935),
373—-382; Valensi J., Clarion C, Bull Soc. France Mec, Ne 8 Ri-
chardson E. G, Tait R. I, Ost. 1ng~Archw 8 (1954), 200—207. Hpyrue
CCHIIRKM RaHBl HWXe # B § 103—-%04; oM. Takxke § 31—32.

) Keulegan G. H, Carpenter L. H, J. Res. Nat. Bu. Standards,
60 (1958), 423—440,
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JUHAPAMH W MJACTHHKAMH, MOMELIEHHBIMH B KOJMeOMIOLLYIOCsH KHI-
kocTb. [TonydyeHHble B 3THX ONBITAX NaHHbIE NMOKAa3bIBAKOT JOGOMBIT-
HYI0 3aBHCHMOCTb NPHCOENHHEHHOH Macchl H 3aTyXaHHs OT OTHOCH-
TeJLHON aMIVIMTYABL, uero Het B Gopmyne Crokca.

Ilycts x = A sin §f ofosuavaer 3aBHcsilee OT BPEMEHH CMelle-
uue, Tak uto T = 2n/B ecTb nepHof, § = pf — basza v Uy = AB— max-
cumanbhas ckopocts. Cuaa X (8) uamepssach Kaxk QyHKuus ¢assl
sauny cummerpuh, X (8 + w) = —X(8). OGoznauum AHaMeTp Teaa
¥ yepes d, TaK YTO OTHOCHTEJbHAT AMIVIETYHA paBHa a = 24/d.

Ina usMepenHnx sHavenuil ¢pyuxuun X(8) oxasanace noaxois-
weft noayaMnupuueckas dopmyna

— X (7)) ~cx| x|+ Mx. (52)

B ocroee sTOH DOpPMYJB JIeXKHT NPEANONOKEHHE, YTO CHJA
—-X(8) mosmxkua O6prte cymMMoli cuiel oGoBoro conpotusienus D =

m}- pdfc?CD, TIPONOPHHOHAABHON KBAAPATY CKOPOCTH, H HHEpUHA/b-

Holl cratbt Mx = (':cpd2/4)CMx NMPONOPUHOHANABHOH yCKOperHo. Ecan
6b1 geficTBUTENBHO GbIO TaK, TO Cp # Cpr MOXKHO OblIO OBl BBIYHC-
J5TE 10 hopMysiaM

b=17 gd f X (8) cos 0 d (53)

Cy=—str f X (9)sin 6 d9. (53"

ad2

AMnupuueckd GBUI0 HafJEHO, YTO JVIS HAHHBIX, NOJYYEHHBIX IPH
Kose6anusax ¢ OOJbIIOH aMIJHTYHZOH, BIONHE CnipaBeinHBa HoOpMy-
na (52), xorpa sMnupHueckHe noctosHEble Cp u Cy onpefensorcs
no gopmynam (53) u (53”). MamepeHnnsle sHauenus nocToaHHux Cp
u Cy 3aBHCAT B NEPBYIO OYepelb OT OTHOCHTENAbHON AMILIHTYbI
@ = 24/d u cpasuurensnHo Mano!) — or yncaa Crokca S. I'paduxn
usMepenHnix 3HaueHuit Cp u Cy H300paxkeHnl Ha puc. 28.

Hurepecro comocraButh opMyay (52) c ¢opmysioll, Kotopas
NOJIYYaeTCsl NPH CTOKCOBBIX NMPHOJIMMKEHHAX JJISi MaJOH aMIIHTY[b,
T. €. ¢ hopmyJol

—X (6)=c{x—{—m*x, m* = (m’ - my), (52))

Y} Koraa ? MOXHO OXHJaTh, 4YTO CBA3H C «uucaoM Pefinoasacas
Re = umd/v = a/25? 6vne'r BEMeTh Ooablioe sHauenue; cM, Bagliarello — padory,
nutuposannyo B § 103,
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rpe m’-— TeopeTHyeckas NPHCOeJHHEHHAs Macca, a Macca BhITec-
HEHHOH XHIKOCTH — mp = p-00beM (). s miocko#l naacTHHKE,
NOCTaBJIEHHOH IToNepeK TeUeHHs, WK /IS KPYroBOro UHJAHHADA H3Be-
ctro ({7], crp. 85), uro m’ = npd?/4. B dopmyay (52’) meobxonumo

3

T T 1 !

0 25 50 75 100 125
e

Puc. 28. [Ipucoennsennas Macca UARKADPA (BBEPXY) M NNACTHHKY (BHH3Y).

BKJIOUHTD WJEH Mg, TaK KaK NPensTCTBHE YAEPKHBACTCS HEHOABHK-
HbIM B KoseOumomiefics KUAKOCTH, 3TOTO CJIaraeMoro He Onijo G6HI,
ecan Obl NMPENATCTBHE KOJAeGasNoCh B HENONBHIKHON XHAKOCTH. D1y
Pa3sHOCTb MOKHO BBIUHCJIHTB, €CJIH Y4YecTh, YTO B CHCTeMe IKH[-
KOCTh MOCTOSIHHOH IJIOTHOCTH p ¥ TBepAOe TeNO IIDH CHHYCOH-
HanbHBIX TOCTYNATENbHBIX KOJEGaHHAX Bcell CHCTEMbl Ha TBep-
poe Teso X peicreyer cuia mox. Ouesnpno, uto X{8) He 3aBu-
€HT OT p.

Jas cpaBueHHs ObliH BbiYEPYEHH TaKXKe KpHBbie 3HaueHUH
Cy — AN LUAWHADOB H TVIACTHHOK COOTBETCTBEHHO, — NMOJIYYEHHHIX
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no JuHeapusoBanuoii reopun Crokca. OueBHgHO, 4TO GOPMYJH
Crokca COBepIIEHHO HeNPHMEHHMB K KojaeGaHusM ¢ OGoabuiol
aMIHTYROM.

§ 117. 3akaouurtenbhbii naparpad

[leAb KHUTH — KO€-YTO BHECTH B HAYKY O NpHpOAe. 3aHMCTBYSt
cinosa y Hseiorona!l), mMoxHO 6Bi10 OB CKa3aTh, YTO <«COYHHEHHE
9TO NPEAJaraercs B KayecTBe MAaTEeMATHYECKHX NPHHIHIOB HayKH,
u60, No-BUIHMOMY, BCe TPYAHOE He/0 HAYKH COCTOHT B TOM, 4TOOH
MO SBACHHSIM [JBHIXKEHHSI Paclo3HaTb, KAKOBBl CHJBI NPHPOMABI, H MO
3THM cHJaM OOBSCHHTL SIBJIeHHS». Mb cTapajuCh Cjie[JOBaTh BbICKA-
spiBannio Apucrorens: «JlaBaiite cHawana nofiMeMm axrei, a Toraa
MBI YK€ CMOMEM HCKaTb NPHYHHBI», MaAMATYS TaKke O NPHHIHIE
HeloTona (uuTt. cou., crp. 398): «Hawm, koneuHo, He caefyer orGpa-
ChIBATH CBHETENbCTBA IKCIEPHMEHTOB PAJH BUACHUH H NPU3PauHbIX
H3MBILIIeHHH, TPUAYMaHHBIX HAMH CaMHMHE» 2).

B COOTBETCTBHH C 3THM Mbl Haya/lM C ONMCAHMS pALa napajnok-
COB, KOTOpbIE MOJAYYAlOTCA NPU H3YUEHUM JABHKEHHH XHIKOCTH KakK
YHCTO JIOTHUECKHE BBHIBOABI H NPHM H3YYEHHH CJAOXKHBIX ABJICHHH HeH-
CTBHTEJLHOCTH. Dta TeMa Gbljia OCHOBHOM B NIePBHIX Tpex riasax,
OHa NPOXOAMT H B YETBEPTOH, Iie YKa3aHbl HEKOTOPbHIE CIIOPHbIE Me-
cTa B OOBLIYHON TEOPHH MOIEJNHPOBAHHS, H BPEMs OT BPEMEHH Mbl
ofpalaiuch K Hell 0 MOCHEAHHX NaparpaoB BKJIOUHTENbHO.

Hosnsua naumero crocofa M3JI0XKeHHS COCTOMT B TOM, YTO MBI
BHAMM NPHUYHHY NapajoKcoOB B HeJOCTAaTOUHOM CTPOTOCTH HCCIEHO-
BaHHS: NPaBla, HEKOTOPbIE CIENHAJUCTE OODBABISIOT ITOT HEAOCTA-
TOK NPOSIBlE€HHEM MYKECTBEHHOH CHJIbL, ~— HO, KOHEYHO, NOA Takoe
3HaMsi He ctaau 6b vu Hsioton, Hu Diep, uy Jlarpaux, uu Croke
U HUKTO APYroil 3 OCHOBONOJOKHHKOB HAYKH O RBHXKEHHH XKHIKOC-
teit. Y, nmoxany#, ryiaBHaa 3acayra (KpUTHUECKOro Xapakrepa) 3ToH
KHHUTH — CTPOTHH aHaNN3 TeOPETHUECKHX OCHOB MeXaHHMKH peaJib-
HBIX JKHIKOCTeH.

B xauecTBe Halllero rJaBHOTO HOJOXKHTENBHOrO JOCTHXEHHS Mbl
yKa)KeM Ha NPHMEHeHHe B MeXaHHMKe XKHAKOCTEH MOHATHS [PYNIbL.
Tax, B ueTBepTOil ryiaBe 0BHAPYIKUBALTCH, UTO TO NOHATHE SABJAET-
Cs1 KJIOYEBHIM B TEODHH MOAeNHpOBaHus (TeopHu «moaobusi»). He-

1y [Ipeaucnosue K ero Principa Mathematica. Aprop noapsosasicg aHriui-
cxuM mepesogom B usnammm F. Cajori, Berkeley, 1947, erp. XVII—XVIIL '

{Cp. ¢ nepesogom Ha pyccxkmii si3. A. H. Kpstiosa 8 VII Tome ero «CoGpa-
wus TpymoB», M.—JI, 1936, ctp. 3]— Hpum. nepes.

%) B nepesoge A. H. Kpunoea (cum. npeaninymiee npuMedaHue) STO MecTo
nepefano Gosee sHepruyHo: «[IOHATHO, 4TG B NPOTHBHOCTH DALY ONBITOB He cie-
JAyeT W3MBINJIATD Ha aBOCh Kakux-An6o Opeamedh..» (uur, cou, crp, 503). —
Hpun. nepes,
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MaJo APYTHX [PUMEHEHHI TEODHHM Fpynn AaHO B NSTOH W InecTod
raasax. KyJpMuHanuei sgech GblJIO HCTONKOBaHHE CHJBI, AeHCTBYIO-
el Ha TBEpROE TeJo npH JAIOOM €ro CTalHOHaPHOM JBUIKEHHH B
HAeaNbHON MHAKOCTH, KaK KPHBH3HBI COCTBETCTBYIOHIeH ojHonapa-
MeTpHUEecKOH NOATPYMNIBl B NMPOCTPAHCTBE €BKIMAOBBIX TPy, Mer-
pHKa KOTOPOTO OnpeaensieTcsi KWHeTHUEeCKOHR aHepruefi.

Mrax, aBTop nuiTajcs nepe6poCHTb ABa MOCTa uepe3 paculHpsio-
uiics npoBas MeXKAY 49HUCTOR mMaTeMaTHKOH m dusukoit. O6 ycmexe
5TOTO HaJO CYAUTh No OYAYIIKM paboTaMm Tex udTaTesell KHUIH, Aas
KOTOPbIX OHa OKaXKeTcs CTHMYJIOM K HCCJACHLOBAHHUSIM.
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